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Abstract

We collect the concepts and tools necessary to describe monoids, mo-
noid acts and automata in some abstract category C.

We give the details of a proof of the coherence theorem for monoidal
categories suggested in [Mac98] and develop a visual calculus for equa-
tional reasoning in monoidal categories that simplifies calculations in com-
parison to the naive approach, bringing them close to the ease with which
such calculations are carried out in the category Set of sets.

We sum up and give proofs of results that describe limits, colimits
and free objects in the various categories of monoids and monoid acts
internal to our abstract category C. In fact the results we get describe
these structures in any category corresponding to what would in Set be
the category of a variety of algebras for which the universally quantified
variables in the equations describing that variety are in the same order on
both sides of every equation (this restriction leads to a more “economical”
description than can be given in the general case). This description works
in terms of limits and colimits in the ambient category C.

Finally we relate the category of automata to the category of biacts
via a functor from the former to the latter and present the construction of
the tensor product of biacts over some monoid, showing that our functor
takes serial composition of automata to the tensor product of biacts.
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1 Introduction

1.1 Overview

The process which lead to the creation of this paper was born from the desire
to understand the structure of limits, colimits and other categorical structures
in the various categories of monoid acts and automata — with the hope that
such an understanding might be beneficial in developing a theory of connected
automata which maneuver each other into specific states — expecting that one
might be able to say something about the effect that the (co-)limit process has
on this property of manouvering each other into some specific state. This could
have had applications in the development of algorithms which generate solvers
for pathfinding problems in automata which are (co-)limits of other automata
from solvers for these other automata.

We will not develop such a theory in this paper and it is also not clear to
the author at this point whether this is possible or not. Nonetheless, in the
process of trying to understand these categories of automata/actions (the two
are closely related in a number of possible ways) some things have come to light
which seemed worth writing down.

Monoids, acts and algebraic objects in general, although usually presented as
sets with some additional structure can be described in a more general context.
In fact very little additional structure is needed in a category to be able to
describe what for example a monoid is.

Remember that a monoid in the classical sense is a set M together with an
associative binary operation (-) : M x M — M and a specified element 1 € M
which acts as both a left and right unit of (-). That is, (M, (-), 1) form a monoid
if

(a-b)y-c=a-(b-c) and lra=a-1=a (1)

for all a,b,c € M.
These equations for a monoid can also be expressed as the commutativity of
the following diagrams

MxMée—— Mx MxM  {*x M50 0 i 82250 67 5 %)

() X1ar
L(J J{lMX(‘) N J(‘) ot
M

M#MXM

(2)

Here 7 is the map which maps the element of the one point set {*} to the
element 1 € M, and we will write 15, for the identity map on M. pps and Aps
are the isomorphisms pps (m,*) := m and Ay (¥, m) := m.

As is also done in for example [Mac98] we will transport the concept of a
monoid (and of other algebraic structures) from the category Set to some other
category C by taking the diagrams in (2) and interpreting them in the category
C. One can already guess what will be required of the category C for these
diagrams to make sense — we will need some functor that takes the role of the
product and for this functor there should be an object of the category which is
a kind of “identity” (the one point set in Set). Also, it makes sense to require



that this functor be “associative”. (All of this will be made precise in the next
part.)

It turns out that very little about the description which is usually given of
limits and colimits in the category of monoids and other algebraic categories
actually depends on the ambient category being Set. (For a good explicit
account of the structure of limits and colimits in categories of acts in the case
where the ambient category is Set see [KKMO00].)

In this paper we work out what this description looks like in an arbitrary
ambient category with the appropriate structures to support talking about al-
gebraic objects. A lot of what is familiar carries over. Still, some work has to
be done because many things — like for example associativity of the product
up to isomorphism and “in the right way” — that are so obvious (or maybe just
familiar) in the category of sets that one does not usually even mention them,
one cannot take for granted in an abstract category described only by axioms.

Sections 2 and 3 are dedicated to working out the details of what one has to
think about when describing algebraic structures in arbitrary categories.

In section 2 we give the definition of a monoidal category (taken from [Mac98])
which will be the structure inside which all other considerations in this paper
take place and we give the definitions of the various algebraic structures we will
be working with.

In section 3 we present a proof of the coherence theorem for monoidal categories
(a fleshed out version of a proof suggested in an exercise in [Mac98]) — a
theorem which essentially says that the definition of a monoidal category makes
sense and models what we were hoping it would model — and develop a visual
calculus which is useful for calculations in monoidal categories and reduces the
cognitive burden of carrying out these calculations (and allowed the author to
draw pretty pictures under the pretext of doing mathematics).

In section 4 we take a moment to lay out how the following parts 5, 6 and
7 will combine to give a picture of limits, colimits and free objects in categories
of algebras internal to monoidal categories. As an application of the calculus
developed in part 3 and also as a preliminary to and a justification for consid-
ering some of the structures we talk about in parts 6 and 7 we give a proof of
the generalized associative law for monoids in monoidal categories. This proof
— although not very surprising or complicated — is interesting because it hints
at the nature of the connection between monoids and monoidal categories. Ig-
noring some of the technical details one could even say that we reuse the same
proof that was used for the coherence theorem. We take a moment to discuss
this connection, albeit in informal terms.

In section 5 we state and prove a number of general theorems about lim-
its/colimits. These can be found elsewhere but it seemed useful to include them
here for the reader not familiar with them as we will make heavy use of them
later.

Section 6 is dedicated to monads and the structure of limits and colimits
in the category of Eilenberg-Moore algebras for some monad. A lot can be
said about this topic and we focus on what is important for us in this context.
We recount a theorem about colimits in categories of Eilenberg-Moore algebras
due to [Lin69] — a theorem which gives colimits in terms of free objects and
corresponds very closely to the usual explicit description of for example the
coproduct of groups in the category of sets.

Free objects in the categories Mong, Actc and BiActc of monoids, acts



and biacts respectively (and many others), which are considered internal to
some category C, are constructed in section 7. These are interesting in their
own right, but they also consitute the final piece of the puzzle in the description
of colimits in these categories.
The construction we give is inspired by and can in fact be seen as a direct
generalization of the construction of the free monoid in the general setting of an
arbitrary ambient category, as it can be found in for example [Mac98, section
VII.3]. Although the general case is a little unwieldier than the special case of
monoids (but not unreasonably so) it has the benfit of making it clearer why the
free monoid can be constructed in this manner. Remember that although free
objects in categories of algebras in Set can always be described as an appropriate
factor set of the set of all trees which can be constructed from operator symbols
and generating elements, the free monoid has a more concise description which
does not require taking any factor sets. The construction we give shares this
property of requiring only coproducts and no coequalizers (provided the product
of the ambient category gets along well enough with the coproduct of the same).
In section 8 we describe one way of representing automata as biacts. We de-
scribe a bifunctor on the category of automata which we call serial composition
and which intuitively corresponds to serial composition of automata in the cat-
egory of sets. We also construct the tensor product of biacts and show that the
functor giving the representation of automata as biacts takes the operation of
serial composition to the operation of taking the tensor product. In this section
we will again be making heavy use of the visual calculus developed in section 3.
Section 9 consists of remarks and ideas for future work. We hint at some of
the results that one would expect to hold for the operations of serial composition
and tensor product and which could probably be shown with reasonable effort.
We discuss how some of the properties of these two operations, which are starting
to come into view, suggest a reworking in more general terms of parts of the
theory that we have seen in this paper.

1.2 On notation

We use boldface to denote categories, so Set is the category of sets and C will
be the default name for an arbitrary category (often with additional structure)
relative to which our considerations take place. I and J will be used to denote
categories that conceptually play the role of index categories — for example
categories that appear as the domain of a functor whose limit we are interested
in.

We use lower case letters a, b, ¢, d from the beginning of the latin alphabet to
denote objects of a category and lower-case letters f, g, h, k to denote morphisms
of a category. For some categories which play a special role we will use a different
typeface for the objects and morphisms.

We write Obj(C) for the set/class of objects of the category C and Arr(C)
for the set/class of arrows of the category C. Often we will write a € C to mean
a € Obj(C) and f in C to mean f € Arr(C).

For f in C we use s(f) to denote the source of the arrow f and t(f) to
denote the target of f.

For a,b € C we write f : a — b when we mean that f is an arrow of C and
that s(f) = a and t(f) = b.



When f:a — band g:b— c we write gof for the composite “first f then

2

g
With regard to directions this is the traditional convention which is compati-
ble with writing the argument that a function is applied to to the right of that
function. To lessen the cognitive burden when switching between reading dia-
grams and reading formulas we will usually draw arrows in diagrams from the
right to the left (and from top to bottom). This way the order of arrows in the
picture

c g b f a

is the same order that we get when writing out the composite gof.
We use 1, to denote the identity morphism on a.

We use homc (a, b) or hom (a,b) for the hom-set of arrows f:a — b in C.

We use upper case letters for functors (upper case letters are also used for
sets). F': C — C’ means that F is a functor from the category C to the category
C’. If additionally G : C' — C” then we write G o F for their composite.

We use parentheses to denote application of functors (and also of functions).
F'(a) is the object of C" which is the result of applying F to the object a € C and
F(f) is the morphism of C’ which is the result of applying F' to the morphism
fin C.

In addition we of course use parentheses for disambiguation.

We usually use greek letters to denote natural transformations. We write
o: F3G: C — C’ when we mean that o is a natural transformation from the
functor F' to the functor G and that F' and G are functors from C to C’. When
the domain and codomain of F' and G are clear we may omit the second part
to write only o : F5@G.

We use a subscript to denote the value of the natural transformation at a cer-
tain object a € C as in e.g. 0, : F'(a) — G(a).

Ifo: F5G:C— Cand7:G3H : C— C/, then we write Teo for the vertical
composite “first o then 7”7 — that is 7e0 : F5H : C — C’ and (7+0), = 74°0,.
We use the same symbol as for functor composition for the “horizontal” com-
posite of natural transformations — that is, if ¢ : F5G : C — C’ and
T: F3G :C — C’ then too : FFoF53G oG : C — C” is defined
by

(T00), =Tcwe° (F'(0a))
= (G/ (Ua))°TF(a) .

As is customary we will use 7o F' as an abbreviation for Tolr and F' oo as an
abbreviation for 15 o 0 — that is

(TOF)a :TF(a)
(F'o0), = F'(0a) -

Nat (F, G) is the set of natural transformations from F' to G.

We use angle brackets to denote tuples/lists, as in {(a, b, ¢).

We use A x B to denote the product of sets A and B. We use C x C’ to
denote the product of categories C and C’ and if F': C - D and G: D — D’
then F' x G : C x C' — D x D’ denotes the product-functor of F and G —
that is, the functor which sends an object (a,a’) € C x C’ which consists of



objects a € C and o’ € C’ to the object (F'(a),G(a’)) of D x D’, and likewise
for morphisms.

We will usually silently identify the categories (C x C’) x C” and C x
(C’' x C") — writing just C x C’ x C” for this category. In a similar vein,
if F: CxC — D then we will usually write F(a,a’) instead of F({a,a’))
for the result of applying F to the object (a,a’) € C x C’ and likewise for
morphisms.

Some of the structures we describe consist of multiple levels of nested lists.
There we do try to be exact and keep e.g. (a,b, {c,d)) distinct from (a,b, c,d)
to avoid confusion.

For tuples we will — in addition to ellipsis-notation (F'(a1),...,F(a,)) —
use the notation (F'(a;))?_; to mean the same thing. For space reasons we will
also sometimes omit the bounds, as in (F(a;));. We will sometimes also have
an index run “in the other direction”, so e.g. ((fi ;)j<,){_; means

(it Fomds (Frottsos Pt dre s (Fits oo Frm)) -
<al-7j);-’;1f:1 means the list
(@1,1,01,2, - 3010150215« A2 055y Bl 15 - - -y Wk )
(no nesting). A single dot “-” denotes concatenation of tuples/lists, e.g.
(a1,)7y (a2, )12 = (ai)1i
£(1) denotes the length of a tuple
L({ar,...,an)) :=n.
If % is an associative binary operator, then we will use the notation
xieq (fi) = fix fax-ox f .

For the product (of categories or sets) we use the more traditional
n
HCi =Cy x---xC, .
i=1

For a set X we will use X* to denote the set of all sequences with letters in
X, that is

X* =0, (H X) .
j=1



2 A first look at monoids and monoidal cate-
gories

2.1 Monoidal categories

In this section we give the definition of a monoidal category. We will later
develop some of the theory of monoidal categories. For additional background
and context the reader can also refer to [Mac98, chapter VII].

The tuple (C,K, e, a, A, p), where C is a category, K : C x C — C is a
bifunctor and agpe: ¢ X (0Rc) = (aRb)Ke, Ay :eMa—a, p,:ale —a
are natural isomorphisms, is called a monoidal category if the diagrams below
commute for all a,b,c,d € C.

Cab,c,d AXa b,c®d
<;

(a®b)Re)Kd =222 (K b) K (¢ X d) aR(BR(cRd) (3)

aa,b,cgldw Jlalzab,c,d

(aX(bXc))Xd aX ((bXc) X d)

Qg bRe,d

(aRe)Rb 2" K (eXb) (4)

pam‘ Akb

aXb

A monoidal category where a, A and p are identities (and therefore a X
(bR ¢)=(aXb)Kcand eXa =ale = a) is called a strict monoidal category.
X is called the tensor product or just the product of the monoidal category and
we will call a, A and p the (basic) structural transformations of the monoidal
category.

If the selection of diagrams here seems a little arbitrary that is because it
is. What we actually think of when we talk about a monoidal category is a
category where all diagrams involving only a, A and p commute. We shall soon
see that the diagrams (3) and (4) imply just that.

Note that the definition of a monoidal category is symmetric Specifically,
if we define a X' b :=bNa, a,, . = ofl A, = p, and pa := Aqg, then
(C,K, e, a,\ p) is a monoidal category if and only if (C/, &/, ¢/,a/, N, p') is a
monmdal category. This will often come in useful in mtuatlonb Where there
is a “left” and a “right” version of some structure — allowing us to treat only
one case, because the other case can be seen as the first case in the category
(C, e, a’, X, p') as defined above, which we will call the monoidally opposite
category of (C,K, e, a, A, p).

Now we have the concepts to be able to define what we mean in general by
a monoid and by other algebraic structures.

2.2 Monoids in a monoidal category

Definition 2.1. A monoid in a monoidal category (C,K, e, a, A, p) is a tuple
(m, p,m) consisting of an object m € C and of two morphisms g : mXm — m



and 7 : e — m such that the two diagrams below commute.

mgm&(m@m)gmMmX(mﬁm) (5)
l"‘( Jlmgu
m m mXm
gww, ’V"Lg
e&mbmﬁmﬂmﬁe (6)
\JH/
A Pm
m

As is the case in Set, the diagram (5) implies a general associative law. We
will prove this fact a little later when we have developed the appropriate tools
to easily deal with calculations in monoidal categories.

Note that the definition of a monoid is also symmetric. (m,u,n) is a mo-
noid in (C,X, e, o, A, p) if and only if it is a monoid in the monoidally opposite
category.

Definition 2.2. The category Monc e a,x,0) (0r Mong) of monoids in the
monoidal category (C,K, e, a, A, p) has objects all monoids in (C,K, e, a, A, p).
An arrow ¢ : {m, p,n) — (1M, [1,7) is an arrow ¢ in C such that

(7)

mm<——=—mXm

LY

T ¢ m h G — m

commute.

Remark 2.3. This is not a completely formal definition. When we say that an
arrow g : (m, p,n) — (1, 1,m) is an arrow ¢ in C with certain properties, we
mean this as a shortcut for saying that an arrow g of Mlong is given by its source
(m, u,m), its target (m,a,n) and an arrow ¢ : m — rn with those properties;
and that moreover composition of arrows of Monc is given by composition of
the underlying arrows in C and the identity arrow on (m, u, n) is the arrow with
underlying arrow 1,, in C.

We will use similar language in defining our other categories of algebraic
structures, in the conviction that the reader will be able to fill in the details of
a formal definition themselves.

2.3 Left acts, right acts and biacts

Definition 2.4. A left action of the monoid (m, u,n) in the monoidal category
(C,K, e,a, A, p) on the object @ € C is a morphism h : m K a — a of C such



that the following diagrams commute.

mBa < (mRm)Ka &2 R (mBa) mRe e g (8)

a
’ mXa

We call the pair (h,a) a left (m,u,n)-act, or just a left (monoid) act, when
(m, pu,m) is clear or not relevant. We can define a right action (b, k) (b € C,
k : b®m — b) of the monoid (m, 1, n) in an analogous manner. This will amount
to the same thing as saying that a right action of (m,u,n) in the category
(C,K®, e, a, A, p) is a left action of (m, u,n) in the monoidally opposite category
of (C,X,e,a,\,p).

As a mnemonic device we will write the morphism of a left action on the left
hand side of the object and the morphism of a right action on the right hand
side of the object in the tuple.

Definition 2.5. The category (m, u,n)—Act of left (m, u, n)-acts has objects
all left (m, u,n)-acts and if (h,a), (k',a’) are left (m, u, n)-acts then f : (h,a) —
(h',a’) is a morphism of left (m, u,n)-acts if f:a — o' and

m&a’ﬂm&a (9)

J )

O
commutes.
The category Act— (m, u, n) of right (m, p, n)-acts is defined in an analogous
manner.

Definition 2.6. Let (C,K,e,a, A, p) be a monoidal category. The category
Act(cR,e,a.0,p) (OF Actc for short) of left acts in (C, X, e, a, A, p) is the category
whose objects are tuples ((m, u,n), (h,a)) such that {m,pu,n) is a monoid in
(C,K,e,a, A, p) and (h,a) is a left (m, u,n)-act and in which a morphism (g, f) :
({m, p,m), (h,a)y = ({(m, @,n), (h',a’)) consists of two arrows g : m — 1 and
f :a — a such that g is a morphism of monoids and such that the following
diagram commutes.
ma +—————mNa

[
i (10)

The category 39A ¢ ®,e,a,1,p) Of right monoid acts in (C,X, e, a, A, p) is defined
in an analogous manner.

We will also study the case where we have both a left and a right action on
an object a € C. In this case some nice-to-have properties will depend on these
actions being compatible in a certain sense.

Definition 2.7. When (m, 1, ) and (1, 1, 7) are monoids in a monoidal cat-
egory (C,K,e,a,\,p), a € C, h:mXa — aand k: a X1 — a, then we say

10



that (h,a, k) is an (m, u, n)-(m, @, 7)-biact if (h,a) is a left (m, u, n)-act, (a, k) is
a right (rn, [, 7)-act and the diagram

m@amm&(aﬁm) (11)
h (mXa)Xim

a+———— j
% aXm

commutes.

Comparing (11) with (9) one might be tempted to say that an (m, u,n)-
(m, f1,m)-biact is just a right (rh, i, N)-act in the category of left (m, u,n)-acts.
Or replacing (11) with the equivalent (because « is an isomorphism) diagram

a ¥ a— (mXa) X

—1

m,a,mh

k m X (a X )

1, Xk

a+— mKXa
h

that an (m, u, n)-(m, i1, n)-biact is a left (m, p,n)-act in the category of right
(1, 1, m)-acts.

But with our current definitions this statement will not make sense in a
lot of cases because it would mean that we have a monoidal product on the
category of left (m,pu,n)-acts and that (rn, 1, 7n) is itself a (m, u,n)-act. This
may not necessarily be the case and it is also not really what we mean. We
will see in section 8.2 how to adapt our definitions so that we can say that an
(m, p,m)-(rn, 1, 7)-biact is a left (m, u,n)-act in the category of right (r, f1,7)-
acts.

Definition 2.8. Let (m, u,n) and (m, [t,7) be monoids in a monoidal category
(C,®, e,a, A, p). The category (m,p,n)—Act— (m, 1,n) of {(m,u,n)-(rn, f1,70)-
biacts has objects all (m, u, n)-(rh, 1, N)-biacts and a morphism f : (h,a,k) —
(Wb, K"y of {(m,u,n)—Act— (rn, f1,m) is a morphism f : a — b of C which is
both a morphism of left acts and a morphism of right acts.

Definition 2.9. Let (C,X,e,a, A, p) be a monoidal category. The category
BiAct(c,®,c,a,,p) (or BiActc) of biacts in (C,X, e, o, A, p) has objects all tu-
ples ({m, u,n), (h,a, k), (rn, 1,m)) such that (m, u,n), (m, f1,7) are monoids and
(h,a, k) is an (m, p,n)-(rn, @i, n)-biact. A morphism

(g, £ 9): ({m, om), (hsas ko), (o o, ) — ((mls '), (R B, KD, (i 1))

of BiActc consists of two morphisms of monoids g : (m,u,n) — (m/, 1/, n'),
g : (m, p,n) — (m', i/, 7) and a morphism f : a — b of C which combines with

11



g and g to yield a morphism (g, £) : ( (m, 1, m), (hya)) — ((m', /'), (W', b)) of
Actg and a morphism (f, ) : ({a, k), (riv, j1,7)) —= ((b, &), (rin
respectively.

2.4 Automata

Definition 2.10. Let (m, i, n) and (1, 1, 7) be monoids in a monoidal category
(C,K,e,a, A, p). An (m, p,n)-(rn, [, n)-automaton is a tuple (a, §) where a € C
and § : m X a — a X such that the following diagrams commute.

mﬁam(m@m)gammﬁ(mga)
1, X8

mX (a X )
s Cm,a,m

(mXa)Xrm

oX1,4,

B 1 g a B (17 D) «——— (a M i) M1y (12)
a [

a,m,m

Tea

aﬁmﬁaﬁe (13)
oA

[DeuT71] gives a definition of which the above definition is a generalization.

Definition 2.11. Let (C,X, e, a, A, p) be a monoidal category and let (m, p,n)
and (1, 1, 7) be monoids in that monoidal category. The category

<ma s 77>_AUt_ <m) I:L7 77)

of (m, p,n)-(rh, f1,M)-Automata is the category in which the objects are the
(m, p,m)-(rn, 1, 7)-Automata and in which a morphism f : {(a,d) — (b,¥) is
a morphism f of C such that the following diagram commutes.

bR = a®m (14)

12



3 Coherence

In this section we try to develop a feeling for the algebraic properties of a mo-
noidal category. To this end we will be comparing different monoidal categories.
To do this we need the notion of a monoidal functor.
3.1 Monoidal functors
Definition 3.1. A monoidal functor is a tuple

<Ra R27 R0> : <Cv IZ'? €, Q, )‘7 p> — <Clv ‘Z/a elv O/v )‘Iv p/>
where R : C — C’ is a functor, Ry : ¢ — R(e) is a morphism in C’ and

Roup : R(a) X R(b) — R(a®b) is a natural transformation, such that the
following diagrams commute.

’
*R(a),R(b),R(c)

(R(a) & R(b)) & R(c) R(a)® (R(b) X' R(c)) (15)

R0 X 1R (o 1r(a)® Rab,c
R(aXb) K R(c) R(a) X' R(bX ¢)
RyaRp,c Ry.0,pRc

R(aX (bX¢))

R((aXb)Xc)

R(aa,b,e)
R(a) & ¢ W R(a) R(a) @ R(a)X € (16)
Rol'1R(q) 1r(a)®R' Ro
lr@  R(e)® R(a) lr@  R(a)®' R(e)
R2;e,a Raia,e

R(a)mR(e&a) R(CL)(WR(GIXG)

A monoidal functor is called strong if both Ry and Ry are isomorphisms.
The composite of two monoidal functors

(R,R2,Rp): C — C" and (R',R},R}):C' — C"
is defined as

<R/7 /2a R6> o <R7 R27 R0> =
(B o B (R (Rys) Ry nty Japec: B (Ro) -Ry) - (17)

The reader is invited to draw the diagrams necessary to prove that this is
indeed a monoidal functor.

13



The diagrams in (15) and (16) all share a common shape. Horizontally we
use structural transformations of the monoidal categories — those of the target
category at the top and those of the source category with R applied at the
bottom, while vertically we use Ry and instances of Ry and 1 to, informally
speaking, shift all instances of the tensor product inside the functor R.

When R is a monoidal functor commutativity in fact holds for any diagram
of such type. To be able to formulate this precisely we need to be able to talk
about iterated products.

Definition 3.2. The set of tensor words is defined recursively as the (least) set
which contains

e the symbol eg,
e the symbol (-) and
e for any two tensor words v and w the tensor word v[Jw.

In short, tensor words are the free algebra generated by the two constants eg
and (_) and the binary operation [J with no relations imposed.

We assign to eg the length 0, to (_) length 1 and to vOw the sum of the
lengths of v and w. We write £(v) for the length of the tensor word wv.

We introduce a family of “canonical” tensor words v(™ which are recursively
defined by

’U(O) =€
D = (O™ |
Clearly ¢ (U(”)) =n.

Definition 3.3. For any tensor word v of length n and any monoidal category
(C,K, e, a, A, p) we define a functor

n
vicBears i | JC—C
=1

(where we identify the empty product with the category 1 with exactly one
object and one identity arrow for that object) by defining

* €0(C,®,e,a,rp) - 1 = C as the functor which sends the object of 1 to e and
the arrow of 1 to 1,

* ((c®eany : ©— C as the identity functor on C and

o (V0W) g @ eany : Lliz) C — C as the composite

Mo (V(cHearp X WCHearp))

ﬁC: (ﬁC) X <ﬁC> —-CxC—=C.
i=1 i=1 i=1

14



Intuitively v(c,®,e,a,1,p) (@1, -+, arn) consecutively inserts a; to a, into the
blanks () in v and replaces eg by e and O by K. When it is clear from the
context which monoidal category we are talking about, we will often abbreviate
V(C,R,e,a,\p) 10 Ve Or omit the subscript completely, writing v (a1, ..., a,) for
V(C,R,e,a,\,p) (a17 ceey an)'

In analogy to the functor defined above we write w ((vl>f(:“{)) for the tensor

word in which we have substituted v; into the ¢-th blank in w.

Definition 3.4. For a monoidal functor (R, Rs, Ry) and a tensor word v we
recursively define the natural transformation

R’U,al,...,an . v(C’,@’,e’,a’,X,p’) (R(al), ey R(an)) —

R (U(C,g,e,a,)\,m (ah cee an))

by setting

R(f) =1

RUDU),G],...,CL",U,b],.“,bn T

w

RoiR(v(a,iany)) Rw(brssbny, ) (Rvarsan, ¥ Ry, b)) - (18)

The morphisms thus defined do indeed constitute natural transformations
because

1:10—'>10:C—>C,
Ry :€'-R(e): 1 — C and
Ry:XWo(RXxR)3RoX:CxC—C’

are all natural transformations, as is the pairing (o,7) : F x GSF' x G’ :
C x D — C" x D' of natural transformations for ¢ : F3F' : C — C' and
7: GG : D — D'. The image of a natural transformation under a functor
(that is the horizontal composite of a functor and a natural transformation) and
the vertical composite of natural transformations are also natural and therefore
the last equation in (18) also defines a natural transformation.

Conceptually speaking R, shifts all monoidal structures (that is tensor prod-
uct and unit) inside the functor application.

We now define a structure whose main purpose is to enable us to make exact
the two claims we have made informally that “any diagram of such-and-such
shape commutes”.

Definition 3.5. We define the set of formal structural transformations and at
the same time we define for any element of this set a “source” and a “target”,
both of which are tensor words. In the listing below we write 5y : v — w to
indicate that By is a formal structural transformation and that its source is v
and its target is w. The set of formal structural transformations is recursively
defined as the least set which contains

o for any tensor word v, the symbol 1¢., : v — v (called the identity on v);

o for tensor words u,v,w, the symbol qg.y v w : v (V0Ow) — (u0v) Dw;

15



o for any tensor word v, the symbol Ay, : eg0v — v;
o for any tensor word v, the symbol pg., : vleg — v;

o for any formal structural transformation 5y : v — w, a formal structural
transformation o' : w — v;

o for any two formal structural transformations 3y : v — w and Bo 1 b — 1,
a formal structural transformation Bol18y : vv — wlw; and

o for any two formal structural transformations 5y : v — v and Bo v — w,
a formal structural transformation Bgofg : u — w.

Note that for any formal structural transformation 8y : v — w we have £(v) =
L(w). Set £(Bp) :=L(v) = L(w).

For any monoidal category (C, K, e, a, A, p) we recursively define a map which
sends any formal structural tranformation 5y : v — w to a natural isomorphism
Bos(C,R,e.anp) t vo—=we : [ C — C (where n = £(f)), by setting

10;1};(C,®,e,a,)\,p) = 1vc
Qu,v,w;(C,H,e,a,\,p) *— X O (UC Xvc X ’UJC)
AO;U;(C,&,E,&,)\,p) = Ao vCc

Po;v;(C,K,e,a,\,p) = PO UC

-1 o -1
(60 )(c,g,e,a,,\,m = Boy(CB.e.arp)

(50D60)<C,®,e,a,)\,p) =Ko (ﬁO;(C,@,e,a,A,p) X BO;(CJZLe,a,)\,p))

(ﬁo ﬂo)<c,&e7a,m = Boyc B,e.a,n,0) *B0i(C R esa,7,0)

We may abbreviate So,(c,®,e,a,x,p) t0 Bo,c. We will also write 3 for Sp,c and
B for Bo.cr, etc. We call a natural isomorphism 8 = Bp,c which is the image
of some formal structural transformation Sy : v — w under the mapping just
defined a structural transformation from v to w (in C).

Again, intuitively this operation sends formal structural transformations &g
to structural transformations 8 of C by replacing all placeholders by “the real
thing” — that is g is replaced by «, Aq is replaced by A, pq is replaced by p, for-
mal inverses are replaced by real inverses, formal composites by real complosites
and the symbol [ is replaced by X.

We could take a factor set of the set of formal structural transformations,
so as to make the formal composition associative, make the formal identity
an identity of composition, make the formal inverses real inverses with regard
to composition and the formal identities and turn [0 into a bifunctor on the
resulting category (which has as objects the tensor words). Because all of these
relations hold in a monoidal category, our operation By, (c,®,e,a,),p) Would still be
well-defined as a map from the factor set — giving a functor from this category
to any monoidal category. For our considerations this is not really important
though, so we do not work out the details here.

Now we can formulate precisely what we already hinted at earlier in this
section.

16



Lemma 3.6. For any two tensor words v,w and any formal structural trans-
formation By : v — w between these tensor words, the diagram below commutes.

!
BR(a1),..,R(an)
e

v(R(ay),...,R(an)) (19)

Proof. We proceed by induction over the structure of our formal structural
transformations. When S is ®.u,0,w, Aoju OF po;, commutativity of (19) follows
from one of the diagrams in (15) or (16) with a replaced by w (ay,...,an,) etc.,
combined with naturality of o/, M or p’. For example for the case of g we get
the diagram in (20) (on page 18).

The case of the inverses is also clear, as is the case where Sy is an identity.

If By is a composite of structural transformations for which the corresponding
diagrams are already known to commute, then writing the diagrams side by side
horizontally we see that the diagram for Gy also commutes.

~ So the only case we still need to check is the case when [y is a tensor product
BodBy of structural transformations By : ¥ — w and By : ¥ — W already known
to make their respective diagrams commute. In this case (19) is of a shape as
in (21).

o ((R(a:)i) & o ((R(b)));)

Bireain: ¥ Bire)) R (asys ® Ri (v

w ((R(ai))i) B ((R(b;));)

R(0 ({ai)i)) B R (5 ({b;);))

Ris (008 Ris (1), /
. , .
~ R(ﬂ(a,L),L)g R(ﬁ(bj)j) R2§i1(<ai>i)«’5(<bj>j)

R(w ((a:):)) B R( ((b);))

~

R(b ((a:)) 85 (b))

R2;w(<ai>i)ﬂb(<bj>j)
~ R<B<ai>i®5(bj>j)

R ({ai)) R (b))

(21)

In this diagram the upper square commutes because it is the image under the
bifunctor X’ of two instances of the diagram (19), one for Bo and one for Sy,
which by the induction hypothesis we already know to commute. The lower
square commutes by naturality of Rs. O

This lemma will also form part of the proof of a theorem that we already
stated informally in section 2.1 and which we can now formulate precisely.



31

(w0 ((R(a))) = v ((R(

(Ru,<ai>ix/Rv,(bj>j)IX’/Rw,(CMk

(R (@) = R(v ((

Rau((ai) i) () ) B TRw(er) k)

R (u ((a5)s) B0 ((5;),)) B R(w ((ex)e)

Roiu(ai)d)Bo(b;) ) w((ck) k)

R((u (@) ®u

w({R(@)s) & (v (R ())& w (R(e)))
—
a;(<R(ai)>i)~v(<R(bj)>j)vw(<R(Ck¢)>k)

Ru(aiyi & (Ro,v); 8 Ruw (cryn)

bi))s)) B w (R (ca))n)

R(u ({ai)i)) &' (R(U ((b;);)) X' R(w ((Ck>k)))
_——
alR(“v((ai)i)):R(“(<’7j)j))yR(w((Ck>k))

1R(“(<ai>i))®/R2§’U((bJ>j)v’w(<0k>k:)

bi)3))) B R(w ((ci)e)

R(u({a:):) & R (v (b)) Bw ({ex)))

Roju((aiyi) w((bs) ) Bw((crdr)

R (u (@) & (v ({b3);) Bw ({ewe) ) )

R(0tu((ai)i) (b)) w{er)k))

b)) Bw (el )

(20)



3.2 The coherence theorem for monoidal categories

Theorem 3.7 (coherence theorem for monoidal categories). In any monoidal
category (C, K, e, a, A, p) we have that for any two tensor words v, w of the same
length n and any two formal structural transformations By : v — w, BO U= w
between these two tensor words

ﬂalv"' an ﬁala"' LCZO

Proof. Our proof follows the idea suggested in the exercises section of [Mac98,
section XI.3]. [Mac98, section VII] also has a more elementary proof.

We will show that any structural transformation between two tensor words
v,w of the same length n is equal to a canonical structural transformation
obtained by connecting both tensor words to a specific “simple” tensor word of
length n (namely v(”)) and then tracing one path forwards and one backwards.
Formally we will package a part of this procedure by defining a monoidal functor
comparing the base category (C,K, e, a, A, p) to (a subcategory of) the category
CC of endofunctors on C and natural transformations between them and then
use the previous lemma.

Observe first that <CC, o,1¢,1,1, 1> forms a strict monoidal category. Now
define

S:C—cC°
S(a):C—=C
(S(a)(b) =aX®b

S(f):8(a) >8(d):C—C

Sy:(0)o(Sx8)3So(K):CxC— CC
S0 ¢ (S(a)) o (S(b) 5S(aXb): C— C
(S25a0), :aX (BN c) = (aXb) K e
(S2:0.0), = Qapie
Sp:le — S(e) ,
which is a morphism of C€
Sp:lc>S(e): C— C
(So), :a—ela
(So) = 2o

(22)

(for a,b,c,a’ € C; f:a—a and g in C)
Observation 3.8.
(S(ar)o---08(an)) () = v ((ai)iy)

Lemma 3.9. (S,S85,80) as defined above is a monoidal functor.
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Proof. The diagram (15) becomes

1

(§(a) o 8(b) 0 5(¢))(d) —— (S(a) 0 S(b) 0 S(c))(d)

(52;a,b01s(c))d (1S(a)082:b,c)d
(S(aXb)oS(c))(d) (S(a)oS(bX¢))(d)
(52;a®b,c)d (32;a,b|2|c)d

(§((aWb) K c))(d) (S(aX (0N ¢)))(d)

(S(Qa,b.c))d

which turns into

a® (bR (cRd) «—— aR (bK (cRd))

Qg b,cRd 1aMap ¢ a
(aXb) K (cXd) aX((bXc) X d)
AaRb,c,d Qg bMe,d

(aXb)Ke)Rd +——— (aXR (BN ) K d

ab,eXlg

when we expand the definitions, and that is just a slightly distorted version of
diagram (3) which is commutative by the definition of a monoidal category. The
diagrams in (16) become

(S(a)) (b)) «+—— (1c0S(a)(b)  (S(a))(b) +—— (S(a)o1c)(b)

(Sools(a)), (Ls(a)0S0),
1 (S(e)oS(a))(b) 1 (S(a)oS(e))(b)
(SQ;c,a)h (82;«1,6)}7

(S@)®) g SERa)®)  S@)0) 5557 (S@Re) )

where again by expanding the definitions we get

aRb+—— aRb a®b+—— aRb
P 18!
1 eX (a X b) 1 aX (e X b)
Qe a,b Qq,e,b

ax[;Amb(eXa)&b a&bpmb(aﬁe)gb :

The right hand side diagram is (again a slightly distorted version of) diagram
(4) from the definition of a monoidal category. So the only diagram whose
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commutativity we still need to prove is the left hand side diagram above, which,
if we clean it up a little bit, looks like the one below.

(eRa)Rb+— 2" ¢ (aXb) (23)
/\m‘ A};

To see why this diagram commutes in any monoidal category consider the
drawing below.

(eRe)Ha)Bb 2 (¢Re)R(a®b) 2 ¢R (e (a®b))

pegla&b:
(pﬂla)&{‘ peB(1, @u) /1&\“&’
tee,a®1p (eXa)Xb T e @ (aXb) 1eBoe,a,0
(1K, )R, 1.B(AK1,)

(eX(eXa))Xb el ((eXa)Xb)

Qe eMa,b

The triangle on the right hand side is the same as (23), only with the functor
e X — applied; but e X — is naturally isomorphic by A to 1, so if we can prove
the right hand side triangle commutative we know that (23) commutes. To that
end we inspect the other parts of the diagram.

The outermost pentagon is (3) from the definition of a monoidal category.
The triangle in the upper right corner is an instance of (4) as is the triangle
on the left. The parallelogram at the top commutes because « is natural. The
same holds for the trapezium at the bottom. This concludes the proof that
(S, 82,80) is a monoidal functor.. O

Now we can put all this together and finish the proof of the coherence the-
orem. Have a look at the following diagram — where obeservation 3.8 shows
that the uppermost part makes sense, 3.6 shows that the middle part commutes
and naturality of p shows that the lower part commutes.

a1 X (aa X (a3 X ... (a, Ke)...))

\
/

(Swarran). (Sorayon).
w(ay,...,an)Xe T HL v(a,...,a,)Xe
Lean
Pw(ay,....an) Pu(at,....an)
’U)(a]_, ,Cln) 3 U(ah 7a/n)
agseran



This means that we get that for any formal structural transformation 5y : v — w

I
Bal,...,an = pw(al,...,an)O(Sw,al,...,an)60(871411,...,(1”)6 Opv(zl,...,an) . (25)
O]

Definition 3.10. We write can(c,®,e,a,x,p),w—v for the structural transforma-
tion from v to w in (C,X, e, a, A, p). By the coherence theorem this is well-
defined. (Note that for example the right hand side in (25) is a structural
transformation from v to w, so such a structural transformation exists.)

Usually the monoidal category (C, K, e, a, A, p) will be clear from the context
and we will omit it and write only cang.,.

Observation 3.11. For any formal structural transformation By of length n
and any tuple (v;)7_; of tensor words there is a formal structural transformation

n —
Bo,c of length 3., €(v;) such that 6O;C;<vi;c((a,-,j)f(;’{>)>;;1 = 60;C;<ai,j>"’(“i>"

j=1 i=1
for all tuples of objects a; ; € C.
Proof. This is easily seen by structural induction. For example for oy v,w
choose « u w)te(o waerseyy and for Bo0f find By and
0 (002 ) (0 1) ) o (G L) Aol1fo find fo

ﬁo such that

s 3 = 3 i and
BO§C§<U1';C ((ai,j>§(:1z)) >5(:ﬁ10) BO;C;(Qi,j)ﬁ(:I)f(Zﬁlo)

o\ £(BoOB =p (w1 £(Bo OB
05C?<Ui;c((ai~j>§2{'))>i£z?50)i)1 0§C?<ai,j>§(:1l)i£e(gﬁo)i)1

and take their product BgDﬂo For Booﬂo of lenght n find ,80 and 60 such that
Poici (o (o) Yy = Poscsganiepr, a0

Poci(une (ta@0) Vi = Pocitann (L,

and use 500,80 The rest are even simpler. O

This strengthens the statement of the coherence theorem a little further.
Corollary 3.12.

can g = can 0(vi) ™
wevi(vie ((ai) 500 ) )iy w((va)imy) v ((va)imy )i g )84Ty

for £(v) = £(w) = n.

3.3 Calculations in monoidal categories

The coherence theorem already makes dealing with monoidal categories quite
a bit easier. In the sequel we will try to figure out some of the properties of
the structures structures presented in section 2. In part this will boild down
to deriving other equations (or the commutativity of other diagrams) from the
diagrams we have taken as axioms. Ideally when doing so we would like to be
able to just omit all structural transformations and do our equational reasoning
with these simplified diagrams — essentially working in a strict monoidal cate-
gory — knowing that the diagrams we really mean also commute. To see how
this is possible we begin by describing the prototypical strict monoidal category.

22



Definition 3.13 (Free strict monoidal category with signed arrow-atoms). Let
X and A be sets which we will call the set of object-atoms and non-trivial
arrow-atoms respectively. Call the set AUX the set of arrow-atoms. Denote by
X* the set of sequences in letters taken from the set X (that is, the free monoid
over X).

Let s : A — X* and t: A — X* be functions. We think of s and t as the
functions giving the source and target — or the signature — of the non-trivial
arrow-atoms.

Based on these data we are going to define a category & (X, A, s,t) which
we will call the free strict monoidal category with signed arrow-atoms. All of
X, A, s,t together will be called the generators of £ (X, A,s,t). When X, A,s,t
are clear from the context we will sometimes use just £ to denote £ (X, A, s, t).
The set of objects of £ (X, A, s,t) will be X*. The set of arrows of £ (X, A, s,t)
will be a little more complex.

Define » : AUX — X* by ,4|A := s and .4|X(a) := {(a). Similarly define
/i AUX — X* by /], :=tand /| (a) := (a).

Define a set pArr (X, A4,s,t) C ((AL'JX)*)>k (which will serve as an auxil-
liary structure for the definition of the set of arrows of £ (X, A, s,1)) as follows.
The elements of pArr (X, A, s,t) are nonempty lists of (possibly empty) lists of
arrow-atoms

({(Fig) )ik
with the property that
Tl (2(ig)) = 5 Gfirry))  foralli€ {1,...,k—1} (26)
(Where the dot denotes concatenation.)
So, () is not in pArr (X, A, s,t) while for example ( (), (), ()) is.
We call pArr (X, A, s,t) the set of pre-arrows.
Define functions s : pArr (X, A,s,t) — X* and ¢ : pArr (X, A,5,t) — X* by
setting
s ((Fig)jiadizr) = 721 (5(F1))
(i) fin)izn) = 551 G(ryg)) -

We can represent this structure pictorially. For example the element

<<glv cee 796>7 <f17 CER f11>>
of pArr (X, A, s,t) would be represented in the way shown below.

ap, a2 az, 04, s Ge, ar,,a08, a9, @19 @11 €12
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The picture shows not only the arrow-atoms but also their sources and targets.

In the top row we see the sources of the arrow-atoms f; € A. In the place where
one would expect fg there’s a “1” — this is the arrow-atom corresponding to
the element a; € A. The middle row gives the targets of the basic arrows f;
which are at the same time the sources of the basic arrows g; and the bottom
row gives the targets of g;.

Note that there is only one picture to represent any of the tuples

(0
(0,0
(0, 0,0

(namely the empty picture). This won’t pose any practical problem because in
the structure we are about to introduce we will identify all of these.

We introduce a composition - and a product [J on pArr (X, A, s, t) by vertical
and horizontal juxtaposition respectively. For composition to be defined the
source of the first arrow has to match the target of the second arrow. So, for
example, the composite ( (h1,...,04))° ({g1,...,86), (f1,--.,F11)) of

€1 €2, (€3,,¢4 €5 € €7, C8
by \\hz bs by
0; 02 03''04 05 0g''07' '0g D9 (28)
and (27) is
ap (G2 a3 04,,05 G, G708, 09 @10 @11 012
fa 1 |4|fs
by a7 | bg
g1 95
C1 7| (€8
b1 by
0; 02 03''04 05 0g''07' '0g D9 (29)

The product is always defined. If the heights of the two factors don’t match,
then we pad one of them with identities to get it to the same height as the other.
So for example
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fr //T2 Ty \F2 fr //Te
by (b2 o N = |by| |b2 Y2, 93

ANA D1 M2 sl lns 0 \

¢ clleg ¢y €1 c2lleg  cg! 1pr! T2l In3t iny

This structure is not yet a category, let alone a monoidal category. Clearly
the composition and the product are associative and we have an identity for the
product (the tuple containing only the empty list ( ())), but we do not yet have
an identity for composition. Arrows of the form

i, a2, asz, a4

a;pl 'agt tag! 'ayg

will serve that purpose. So we will be taking the factor set of pArr (X, A,s,t)
by a relation <. This relation should relate for any list h the lists h - (s(h)),
(t(h))-h and h to each other. To make sure that our product is still well-defined
we have to extend this relation a little further. For any element

<<fk,17 v 7fk,nk>7 L} <fi,17 v 7fi,ni>a <fi—1,17 ) fi—l,ni,1 >a ) <f1,13 ) fl,n1>>

of pArr (X, A, s, 1), if <fi_171, e 7fi—1,m_1> can be split into three parts

(Fic11s-- o Fic10) s (Fimtygts oo fictm) and (Fimtmtts - oo ficiney)
such that
t(Fic11) o t(Fimr) = s(Fan) - oo s(Fij—1)

(Ficta41s s fimtm) = s(Fig)
t(Fictmer) oo t(ficimy) = sFigen) oo s(Fim,)

then we relate

< <fk,1a s 7fk7nk>7 ey <fi,1a ce 7fi7ni>7
<fi—1,17 ey fi—l,ni,1 >a ceey <f1,1a ceey f17n1>>
and
oty s Foamn s e os FistevsFijm1) - (i) - (Fijtts - s Fima )
(Fic1,10 s Fim 10 Fings FimLma 1o - oo Fimtima o oo oo (Fits e e o Fime)) -

When passing from the former to the latter or the other way round we will say
that we (vertically) shifted a component in the representation.
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The relation <= is now the reflexive, symmetric transitive closure of the basic
relations just described.
Define the set of arrows of £ (X, A4, s,t) by

Arr (€ (X, A,s,t) = pAr (X, A,5,1) [« .

Call the projection 74 x 4,6 : PArr (X, A,5,t) = Arr (€ (X, A,s,t)) or just me,
when X, A, s, t are clear from the context.
In Arr (€ (X, A, s,t)) we have that for example (27) is equal to

ar a2 as

C1 Co C3 Cq C5

where f7 is indicated in a dashed style. Now the relation < is compatible with
the composition, the product, s and ¢t and therefore these operations can be
defined on the set Arr(£). This makes £ a category. The identity arrow for
any object a € Obj(€) is just (a). [ is a bifunctor on £ (compatibility with
composition can be seen by vertically shifting rows of identities on one side or
the other if necessary, as allowed by <). This bifunctor is associative and has as
two-sided identity the empty list (which is equal in pArr (X, A,s,t) / = to any
finite list with all elements empty lists).

Remark 3.14. We will use the kind of pictures introduced above to denote pre-
arrows, elements of Arr(£) and later also equivalence classes of arrows of & —
which will themselves be arrows of another category. It should be clear from
the context which we mean.

In a similar manner to the result of the coherence theorem, the main require-
ment for composites of products of arrows in monoidal categories to behave in
the simple way we expect them to behave, is that it is clear how the sources
and targets of these arrows arise as v ({a;)"_;) and which iterated products of
arrows we are taking. We will now define structures which allow us to capture
this idea more precisely.

Definition 3.15. For X, A st as in definition 3.13 call a pair of functions
vg, v from the set of non-trivial arrow-atoms A to the set of tensor words which
satisfies

(vs(F) = £(s(f))
(v (F) = €(¢(F)) (30)
a varnishing of the non-trivial arrow atoms A. We will adopt the convention
of extending vy and v; to the set AUX (and using the same symbols to denote
these maps) by setting
vs(a) := ()

ve(a) = () forall a € X. (31)
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Definition 3.16. Let X, A, s, t be generators as in definition 3.13 and let v, vy
be a varnishing as in definition 3.15. On the set of structures of the form

<Ue7 <<Ui7 <f%J>§L7:1>>zl:k7 vb> (32)
where ve, vy, v; are tensor words and f; ; are arrow-atoms define a function
ptr ((ve, (i, (510 Dieis 0)) == ((Fig )15 i, (33)

(that is, we simply forget about the tensor words and keep only the arrow
atoms). Define a path-shape or sometimes just path to be any structure p of
the form (32) for which ptr(p) lies in pArr (X, A4,s,t) and for which ¢(v.) =
Z;Lil L(t(fr,5)), L(wp) = Z?;lf(s(fl,j)) and £(v;) = n;. That is, a path-shape
is any such structure for which the concatenated sources and targets match (as
in (26)) and for which the length of v, matches the length of the target of the
ptr and the length of v, matches the length of the source of the ptr. We call vy, the
source tensor word of the path and v, the target tensor word of the path. We use
P (X, A, s,t,vs,v¢) to denote the set of all path-shapes for generators X, A, s, t
and a varnishing v, vy. Define a function tr: P (X, A,s,t,vs,v¢) = £ (X, A, 8,1)
by

tri= oo ptr . (34)

Call tr(p) the trace of the path p.
An equation-shape is a pair (p,q) of path shapes — let’s say p = (ve, D, Up)
and ¢ = (w,, G, wp) — which satisfies

Ve = We and vp = Wy . (35)

Definition 3.17. Let X be a set of object-atoms and let C be a category (in our
context C will always be a monoidal category). A realization of the object-atoms
X in the category C is any function

0: X — Obj(C)

Note that this is the same thing as a functor from X to C when we interpret
X as a discrete category and therefore also the same thing as an object of the
functor category CX. We will adopt the convention of writing the same symbol
0 for the lifted functor 0 : X™ — C” (for any natural number n) which sends
a tuple (a;)*; € X™ to (0(a;))"_;. This will shorten the notation and there
should usually be no danger of confusion as it should be clear from the context
whether something is a list of elements of X or a single element of X.

Let a monoidal category (C,X, e, a,\, p), generators X, A,s,t (definition
3.13), a varnishing vs,v; (definition 3.15) and a realization 0 of X in C be
given. Relative to these data a valid realization of the (non-trivial) arrow-atoms
A is a function

m: A— Arr(C)

which satisfies



We adopt the convention of extending any specified valid realization m of
arrow-atoms to the set AUX (and again using the same symbol for that exten-
sion) by setting

m(a) := lo(q) for all a € X. (37)

With the convention set down in equation (31) of definition (3.15) we can still
say that the extended maps satisfy equation (36).
We call the pair (0,m) a (valid) realization (of X, A, s,t,vs,v¢).

Definition 3.18. Let X, A, s,t be generators, v, v; be a varnishing and (0, m)
be a realization of atoms in a monoidal category (C,K, e, a, A, p). For any
path-shape

p = (e, ((vi, (i) io1))izrs 0b)

define the evaluation of p (in (C,K, e, a, A, p)) induced by (0, m) as

€V(o,m) (p) := Ca‘nvﬁevk((vt(fkyj»;lil);o(t(tr(p))) vk ((M (fk,j»?il) °

1 . )\
(i_k_l (Canvz‘ﬂ((Us(fi+1,j)>;LiJ{1)“Uz’(@t(fl‘,j))yﬂ (21 («(5:1)) vz(<m(fw)>j_1)>)
°CALL, ((ua(1,5)) 72 ) <vpi0(s(tr(p))) -

This is well-defined because we required that target and source of consecutive
parts of a path match and that v, and v, have the right length. The idea is
that vy and v, specify the shape of the source and target of the evaluated path
while the tensor words v; specify which of the possible iterated tensor products
to use when evaluating a row of the path. We intersperse the composite with
structural transformations to make sources and targets match.

Definition 3.19. We say that a realization of atoms (0, m) satisfies an equation-
shape (p, g) if

€V(o,m) (p) = €V(o,m) (q) -

Remark 3.20. Whenever we draw diagrams in monoidal categories, what we are
writing down are basically path-shapes. The reason for all these very formal
definitions is that we will now show a few facts about path-shapes in general
— basically stating that they behave as one would expect — so that we can
later forget about them and reason about diagrams without having to repeat
the same type of argument over and over again.

Lemma 3.21. Let X, A,s,t,vs, v (0,m), (C, X, e, a, A, p) be as in definition
3.18. If p = (ve,p,vp) and q¢ = (we, ¢, wp) are path-shapes such that vy, = w,
then

€V(o,m) (p) e €V(o,m) (q) = (ve, p - ¢, wp)

Proof. This is clear from the definition of evaluation of paths and from the
coherence theorem. O

Lemma 3.22. Let X, A,s,t,vs,v,(0,m), (C, X, e,a, \, p) be as in definition
3.18. If p = (ve,D,vp) and ¢ = (we, §,wp) are path-shapes such that ptr(p) =
ptr(q) =: f then

Canly, Cy,0(c()) ° €V(o,m) (P) = €Viom) (@) e cany, Ly, 0((r)) -
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Proof. Formally this works by induction but the reader may find the following
informal argument more convincing. Say f = ((fi;)7<;){—; and therefore

P = (i, (Fi)joa izk and G = ((wi, (55721 ))is -

Draw a diagram with the two arrows evimy(p) and eviom)(¢) and connect
the nodes in the diagram with structural transformations. At the source the
diagram looks something like this.

wy (0(s(£))) u(0(s(£)))

| !

wy ((vs (F.5) (0 (F1,5))))521) mamm v ((0s (Fs) (0 (F1,5))))520)
wl(““(ij))?il)J{ Jm«m(h,m;‘;l)

A middle segment looks like
wi ((vs (Fi,g) (0 (o (Fag))))y) = i (0 (Fi ) (0 (Fig))))
wi(<m(fi,j)>?i1)J/ vi ((M(Fi,5))540)
wi ((ve (Fi,5) (@( (F2.))))521) mamprmr— vi ((ve (Fi ) (02 (i 5))))j20)

| !

wit1 ((s (Fir1,5) O Fir1.)))7) < vigr (Vs (Fig1,5) (OGFig1,))))50)

and at the target end it looks like the picture below.

wk(<m(fk,j)>;‘lk1)J/ J{“k((m(fk.j»;kd
Wi (Vs (Fj) (0 (7 (Fi))))1E1) 4 g (0 (o) (0 (2 (Fg )y )

| !

we(0(+())) e v 0 (¢(7)))

All the unmarked arrows are structural transformations. Considering for exam-
ple the lower arrow marked with can,,,;... in the middle segment note that
by observation 3.11 the arrows

CaTyy; vy (vt (Fi,5) (0(<(Fi,5)))) j2u and can,, ((ve (5o, 520 ) =vs (e (Fag ) 720 )5t (((Farg) 720))

are equal. Using the first representation (and the corresponding representation
for the upper arrow marked with can,,,,, . in the middle segment) we see
that the upper square in the middle segment commutes by naturality of the
structural transformations and using the second representation we see that the
lower square commutes by the coherence theorem. The remaining parts can be
seen to commute in an analogous manner. O

Corollary 3.23. Let X, A, s,t,vs, v, (0,m), (C, X, e,, \, p) be as in definition
3.18. If p = (ve,p,vp) and q¢ = (we, §,wp) are path-shapes such that v, = we,
vp = wp and ptr(p) = ptr(q) then eviom (p) = eviom) (q)-
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Corollary 3.24. If (0,m) is a realization of atoms and {(p,q) and (p,q) are
equation-shapes such that

ptr(p) = ptr(p) and ptr(q) = ptr(q)
then (0,m) satisfies (p, q) if and only if (0, M) satisfies (p, ).

Proof. Because ptr(p) = ptr(p) and because structural transformations are iso-
morphisms we can use lemma 3.22 to express evmy (p) in terms of evo m) (p)-
The same works for ¢ and ¢. Moreover the structural transformations sandwich-
ing the evaluated paths are the same in both cases. O

Definition 3.25. Let X, A, s, t be generators. We call a pair <p, q> of arrows of
E(X,A,s,t) with s(p) = s(g) and t(p) =t(g) an equation in € (X, 4, s, ).

Define a function Tr from the set of all sets of equation-shapes to the set of
all sets of equations in & (X, A, s,t) by setting

Tr(D) == {(tr(p),tr(q))| (p,q) € D} (38)

for any set D of equation-shapes.

Let E be a set of equations in £ (X, A, s,t). We will construct a new strict
monoidal category with the same objects as £ (X, A, s,t) but with all pairs of
arrows (p, q) € E identified. Of course if we just identify these arrows we don’t
get a monoidal category. So we define a relation ~p as the closure of F under
reflexivity, symmetry, transitivity, composition and product. That is ~g is the
least (under ordering by inclusion) relation on the set Arr(€ (X, A, s,t)) which
contains E and for which for any three morphisms f, g, 4 in £ (X, A, s, t) we have

1. f~p f
2. f ~g g implies g ~g f

&

f ~pgand g ~p f implies f ~p f
. f ~g g implies both (fHA) ~g (§0£) and (AL f) ~p (A g)

[S2 SIS

. f ~p g implies (foﬁ) ~E (goﬁ) if both composites are defined; and f ~g g4
implies (ﬁof ) ~E (ﬁog) if these composites are defined.

That such a relation exists can be seen by either of the two standard argu-
ments, that is either “from the outside” by observing that the properties 1-5 are
preserved by intersection of relations and taking the intersection of all relations
containing E and satisfying these properties or “from the inside” by construct-
ing the relation ~g as a union U2 ~pg,; with index set the natural numbers
where ~po = F and for each n € N the relation ~g,, arises from ~g,,_; by
adding all pairs of arrows generated from the pairs in ~g,,_; by one of the rules
1-5. Because all rules only talk about a finite number of arrows the resulting re-
lation is really closed under properties 1-5 and clearly any relation closed under
properties 1-5 has to relate at least the arrows related by U2, ~g,.

Note that the conditions 1-5 are equivalent to conditions 1-3 together with

4a. f ~p g and £ ~g K implies both (fDﬁ) ~E (glﬂk) and (ﬁDf) ~E
(kHg)
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da. f ~g gand f ~g K implies (foﬁ) ~g ( o&) if both composites are defined;
f ~g gand f ~g K implies (ﬁof) ~E (kog) if these composites are defined.

Lemma 3.26. f ~p g implies s(f) = s(g) and t(f) = t(g).

Proof. This is true for the generating set E by the definition 3.25 of an equation
in £ (X, A,s,t) and clearly this property is preserved under 1-5 above. O

Remark 3.27. This also means that modifying 5 above to only require one of
the composites to be defined does not change anything.

We will need the following later.

Lemma 3.28 (explicit description of ~g). Let

E':=EU{{g,p)|{p.q) € E} .

Then f ~g g if and only if there exists a natural number n and sequences
<P17 ql>a' . 'a<p’na %l> ) ﬁlv' . '7ﬁ?1 ) 'ﬁlv . '7% ’ kla' . 'akn ) klv' . '7'%21

with <pi,qi> € E and i, ki, ki € Arr (€ (X, A,s,1) for alli € {1,...,n} such
that

f=ke (ﬁ1 Up Df.ﬁ) ok
o (A8 6D ) ok = ke (i Bpis D) ok
forallie{1,...n—1}
oo (i 0 g0 D) ok = g - (39)
We also allow n to be zero and interpret this case to mean that f = 4.

Proof. Clearly if such a sequence exists then ~ g relates f and g. Call the relation
which relates f and g if and only if these sequences satisfying (39) exist ~;. We
need to show that ~’; contains E and is closed under 1-5 above. If <f7g> cFE

then choose n =1, p1 = f, 1 = 4, b1 = f1 = 1o ((())), k1 = L5y = Ly, and

K = Ly = L) (these are equal by the previous lemma). Closure:
1, reflexivity: Empty chain.

2, symmetry: Reverse the direction of the chain.

)

3, transitivity: Concatenate the chains.

4, closure under product: Assume f, g, f are arrows of £ (X, A,s,t) and

f7.g ) <P1791>a'--a<}7m9n> ) ﬁlv‘wﬁn ) ’Zilr"aﬁn ) kl?"'?kn ) k177kn

satisfy equation (39). Then

ﬁmfzﬁm(@o(ﬁlmplmﬁl)o@) _

(Lo D)« (6D A) By D) > (L B k)
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5,

(Lo B k) o ((ﬁ ayaay A ﬁm) o (s D ki) =
An (k,»o (FLL'IZ]%DHL') kZ) _
[aa (kz—+1° (ﬁi+1 L piya B ﬁi+1) °@+1) =
(Lys) & Kig1) © ((ﬁ O A1) Opipa B ﬁi+1) o (Lsay B kit1)
foralli € {1,...n—1}

(Lo D ka) ((ﬁ [ ) 0 g, B /.in) o (Lo D ka) =
A0 (Koo (o D g D) k) = A0
Multiplication on the right works in the same way.

closure under composition: If f, g are connected by a chain as before and
s(k) = t(f) = t(g), then by lemma 3.26 we can compose K with each of
the ;. This new sequence connects Kof and Keg. The same works on the
other side.

O

Definition 3.29. Let X, A, s, t be generators and let F be a set of equations in
E (X, A, s,t). The strict monoidal category <5E (X, A, s,t),0, <>> and the strict

monoidal functor "g x A, are defined by

Obj (5E (X, A,s,t)) = Obj(E(X,A,5,1), "pxasi(a) = aforal ac
E(X,As,t).

Arr (E,N’E (X,A,s,t)) = Arr(€ (X,A,ﬁ,t))/NE where ~p is the relation
discussed in detail above. For all morphisms f of £ (X, A, s,t) the arrow
“E.x A8t (f) of Eg (X, A,s,1) is the equivalence class of f under ~p.

1,in Ep (X, A, s, t) is the equivalence class of 1, in € (X, A, s, t).

s(Cexae(f)) = s(f) and t(Cpxasc(f)) = t(f)

The composite of two arrows “g x,4.s,¢ (f) and "g x At (g) is
“ExAst(f)  BxA8(9) = Ex A8t (fg) -

“ExAst(f) D ExA89) = EBxast(fHg).

When X, A, s,t are clear from the context we will abbreviate & (X, A,s,t) to

!

Er and "g x At to “g. We also define " := " goms.

Lemma 3.30. <é~'E (X,A,s,t),0, (>> and " g, x, 4.5t are well-defined. The struc-

ture

<5E (X, A, s, 1), <>> is really a strict monoidal category and the maps

denoted by " x At Teally constitute a strict monoidal functor.
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Proof. Source and target are well-defined by lemma 3.26. Composition is well-
defined by property 5a. of the relation ~g. The bifunctor [ is well-defined by
property 4a. of the relation ~g. Properties such as s(1,) = a and associativ-
ity of composition and [ are inherited from £ (X, A,s,t). "g x 4.5 i a strict
monoidal functor by the very definition of the operations on £ (X,A,s,t). O

Lemma 3.31. Let X, A, s,t be generators and let E be a set of equations in
¢ (Xa Aa57t)' [f <H’ H27H0> : <g (X? A757t) ’ Izlv <>> - <C7 |X|,€, «, A’p> isa StTO’ﬂg
monotdal functor and H(p) = H(q) for all <p, q> € E then there is a unique
strong monoidal functor (L, La, Lo) : <€~E (X, A,s,t),0, (>> — (C,K, e, a, A, p)
such that

(L,La, Lo) o "g,x,4,s,t = (H, Ha, Hp) . (40)

Proof. By the definition 3.1 of composition of monoidal functors and because
"E,Xx,A,s,t 18 & strict monoidal functor equation (40) above implies that Lo, 5 =
L(1)°Lo 4 (a)," w(s) = Hasa5 and Lo = L(1) oL = Hy. It also implies

L(Ce(f) = H(f) - (41)

So for any equivalence-class ~E7X’A75,t(f) of arrows of £ (X, A,s,t) (which is
the same thing as an arrow of &g (X, A,s,t)) there is at most one possible
value for L. We still have to show that using (41) as the definition of L is
well-defined, that is we have to show that f ~g g implies H (f) =H (g) This
is true by hypothesis for any pair < P, q> € E. We need to check that the relation
“images of f and g under H are equal and f ~p g” satisfies closure properties
1-5 which define the relation ~g. 1-3 are obvious. 5 is satisfied because H is a
functor. It remains to check 4. So let £, g, £ be morphisms of £ (X, A, s, t) such
that H(f) = H(g) and f ~g 4. By lemma 3.26 we have s(f) = s(g) =:g and

t(f) =t(g) = 6.
H(a B s(h) 29 [ () R H (s(6)) 2220 [ (a0 s(A))
H(fﬂﬁ)l H(f)ﬁH(ﬁ)J—H(y)gHw) JH(ﬁﬁ)

H(6C1H()) 4 H(6) B H (t(R)) 55— H (6D (R))

H, is an isomorphism because (H, Hy, Hyp) is strong and therefore
H(fDR) =H (g0 h) .
Closure under product from the left is shown in the exact same way. O

Remark 3.32. This means that <éE (X, A s, 1), ~E,X,A757t> is the coequalizer of
a suitable pair of strict monoidal functors in the category of strong monoidal
functors.

For any realization of atoms we will now construct a specific strong monoidal
functor whose value on any arrow f of £ (X, A, s, 1) is given by evaluating a spe-
cific path whose trace is f. In conjunction with what we already know this will
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make it clear that if (0,m) is a realization of atoms which satisfies some set of
equation-shapes D and we set F := Tr(D) then for any two paths p = (v, p, vp)
and ¢ = (we,§,wp) we have that in generalisation of lemma 3.22 the equal-

ity "B x.4,sttr(p)) = "Ex,4s(tr(p)) implies CaNy, oy 0(e(f)) ° €V (o,m) (p) =
ev<07m> (q) ° Canwbhvb;o(s(f)) .

Let X, A, s,t, v, v, (C,K, e, a, A, p) be as in definition 3.18.

We will define a function Kx 4 s tv.,,c Which sends realizations (0, m) to
monoidal functors Kx a,s tv..0.,c ((0,M)).

Write <H7 Ho, HO> = KX,A75,t,vs7vt,C (<0a m>)

We define

H ({(ai)izy) = v™ ({0(a)isy) - (42)

On single-row arrows m (((f;)f=)) of € (X, A,s,t) with +(f;) = <ai7j>?:1 and
(fi) = <bi,j>§i:1 we define H as the composite

(S o oS0 o 0S(O(n)) e+ 0 S(0(ans,))) ()
(S”s(fl)vo(‘(fl))O”'OS“’S(Vn)-,O('(Tn)))E

(s(us. () (0(ary),. .. 7o(a1,,1))) o... OS(US (5) (0(an.1) 5 ... 70(an,ln)))> (e)

H(({f15e-5Fn))) (S(m(fl))o...os(m(fn)))

(s(ut (fl)(o(bm)7...,0(51,,“))) o... oS(vt (fn)(o(bn,l),...,o(bn,mn)))> (e)

Rsvtm>,o(f<f1>>°“‘°Svt<fn>,o(1<m>)
.

(1) 0 0S©(b1m,) 00 S(O(bui)) 0.0 S(0(anum,))) (€)

(43)
The upper and lower arrows are the (unique by the coherence theorem) struc-
tural transformations.

For any arrow 7o (( (fn,1,- s Fnkn)s---s Fi15- -5 F160))) Of E(X, A,5,t) we
define

H(W$ (< <fn,17' e 7fn,kn>7 cey <f1,17 cee 7f1,k1>>)) =
H (7o ((Fns oo k) oo oH (T (s oo Fug))) - (44)

Observation 3.33. If f = <<fi7j>§;1>}:n then

KX,A,s,t,vS,vt,C (<0, m>) (f) =
eV iom) (<U(e(t(f)))7 <<U<ki>, <fi,j>§“":1>>%=mv(z(‘(f)))» . (45)
By its very definition H preserves composition. If all of the f; in (43) are

identities (that is, elements of X), then the middle arrow is an identity and
by the convention set down in definition 3.15 we have that vs(f;) = v (f;).

34



Therefore the composite in (44) is an identity. Now we still need to show
that H is well-defined — that is, that the definition given is compatible with
the vertical shifting of components of representations of arrows of £. Because
of the way in which we have defined H, it suffices to consider an arrow with
two rows. So let < <gl, N >, <f1, . ,fnf>> be an element of pArr (X, A, s,t).
When vertical shifting is allowed we can partition each of the lists

(Froeefng) s (o1es@ng) o s (o))
E((CFre o Fug)) = s((Cons -+ 80, )) and ¢ ({1, 80, )

into three parts, such that the sources and targets of arrows in the first parts
are in the first parts of the object lists, and analogously for the second and
third parts. Because the horizontal composition of natural transformations is
an associative bifunctor we can under these circumstances write the composite

Ut

(Svs(m) o SUS (gng)).(sv_t%fl) °re Sv_tl(fnf)).
(sm@)o- 08 M) )+(Suyo o8, (5 ) (46)

(Sulan 28, ) (5@ 205 (m1,)) )

(which is just two chained instances of (43) with evaluation at e omitted) as

((Sv_f(m) OSv_f(gk)) (S(m(gl))o~--08(m(gk))).
(S”s(m) O""’Svs(gk)) (Sv %f) OSQ(fz )

(Stm()o...o8m() )+(Sug o osvsm))o

((Sviw) oSyt ) (SMl@rin) o 0 S(m@)) )-
(Sestorrn o0 Suten)*(Sibruc o 0 Sl )
(SM(i)) 0. o8(m <m>) RSN vsm))o
((5;}&“) oS;<gng))-<S(m(gl+1))o...oS(m(g"g)))-
(Suutorznoo8,, (gng)).(s;}fm) oo Sqll(fﬂ,f))'
(S(m(fj+1))o...oS(m(fnf)))-<Svs(fH1)O-~-03vs<f"f>)) (47)

where ¢ is the first splitting point for the §’s, j is the second splitting point for
the §’s, k is the first splitting point for the g’s and [ is the second splitting point
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for the g’s. When all of

fit1s-- )

are identities (that is, elements of X), then
(SmGir))o...0Sm()))
is also an identity and by convention

(1) = vs(fir1) = ve(Fis1) s vs (Fiv2) = 0 (Fiv2), -0y vs(fy) = ve(fy) -

Therefore

(Sv_t%fi-f—l) OSv_f(fg )
(SMin) o0 SM(E)) )+(Suugion 00 Suy) =1

By adding an identity

S(m (71 (7(gr+1))))0---0 S(m (W(((gkﬂ)) (/(gk+1)))) o
—oS(m(m (#(@))) o oS (M (T g (2(81))))

on the other side of the middle expression and retracing our steps backwards

with the shifted representation < <g’1, .. ,g;lg, >, < Lyeesfh >> given by
<f/173f = <f17---7f1>
<f;+1a--~7f2+(l k > = <9k,-~-,gz
<fz+(l k)+10- - 7fnT/> = <f]+1a sy fnf>
(15, 0%) = <91,-~-,gk>
/
<9k+1a e 7gk+€(t( UBht1ye01)) > ({Grt1,---500)))
<9§c+e<t(<<gk+1, S NETRRRRE: () > <91+1v-~~’9ng>

we can bring (47) back into a form of type (46) and we see that H is compatible
with the relation <. This concludes our proof that H is a functor.

It is also a strong monoidal functor with Hy = 1. and Hy;(a,,....a),(b1,....60) *
H({ag,...,am)) ®H((by,...,b,)) = H({a1,...,0n,b1,...,by,)) the structural
transformation CA () () T 0({ai) Ty - (05)7_y ) - Naturality of Hy follows
from lemma 3.22 because — using bifunctoriality of X — we see that both
H(f) X H(g) and H(f Oyg) are the result of evaluating a path, the ptr of
which is given by some representation of £ g in both cases (and we can choose
the same representation in both cases).

The equations that must hold for a monoidal functor hold by the coherence
theorem.

In summary we have
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Definition 3.34. Let X, A,s,t,vs, v, (C,K, e, a, A, p) be as in definition 3.18
and let (0,m) be a realization of atoms. The strong monoidal functor

Kx, 4,5,t,0,,0.,c ((0,M))

which in the scope of this definition we write as (H, Ho, Hp) is defined by

H ((ai)isy) = o™ ((0(ai))izy)
H(f) = eviom ({(oCOD ({0, (5, ke V)L, o COM))

(where f = (i)} )in)  (48)
Hy =1,

H2;(ai)’" <b]_>;;=1 = Canv(ern)Fv(m)Dv(n);o«ai)m (b)m ) . (49)

i=1> i=1 j=1

We use only the first equation above to define a functor Kx a,st,v,,v,,C : cX 5
CX", where we interpret both X and the set of X* of sequences in letters taken
from X as discrete categories. So Kx 4 s.¢v,,0,c (0) : X* = C.

When clear from the context we will omit (some of) the subscripts for
K. As we have already done in observation 3.33, we will sometimes write
Kx, 4,5,t,00,00,¢ ((0,M) (f) or Kx a,st0,,0,,c ((0,m))(a) when we mean that we
are applying the functor component H of Kx A s tuv,,,c ((0,M)) to an object
or a morphism of £ (X, A4, s,t). It should be clear from the context when we use
such shortcut.

As promised we get a theorem which significantly simplifies calculations in
monoidal categories.

Theorem 3.35 (Don’t Worry Theorem). Let X, A s, t, v, v, (C, K, e, a, A, p)
be as in definition 3.18, let D be a set of equation-shapes and let (0,m) be a
realization of atoms which satisfies all equation-shapes in D. Set E := Tr(D).
If p = (ve, D, vp) and q = {we, 4, wp) are path-shapes and

“B.X.As1(t1(p) = "B x,4,64(t1(q))

then with the notation p := tr(p), g :=tr(q), a:=s(p) = s(q) and b:=t(p) =
t(q) we have

Cally, «v.;0(6) ° €V(o,m) (p) = €V(o,m) (q) ° Callyy, —vp;0(a) -
Proof. The real work has already been done. If ptr(p) = <<pi,j>§i:1>}:n and

ptr(qg) = <<qi,j>§;1>}:n then by the coherence theorem and by lemma 3.22

Cally, —v,;0(6) ° €V(o,m) (p) = CaTyy, oy (€(8) ;0(5) © CALY L)) —p,;0(6) © €V (0,m) (p) =

Cally, o (£(6) ;0(6) °©

eV<07m> (<U(£(E)), <<U(ki)’ <pl,j>_]]€1:1>>21:n? ,U(é(ll))>> ° Can’u(e(“))«—vb;o(a) =
— by definition 3.34 —

canwehvu(ﬁ));o(ﬁ) oK (<0, m)) (p) ° Canvu(u))(_vb;o(u) .
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By lemma 3.31 and because (0, m) satisfies the equations in D there is a functor
L such that this is equal to

catly, vt 0(5) °L ("B (p)) * calye) cuys00

which by hypothesis of this theorem is equal to

Cally,, y(£();0(5) OL(~E(I])) ° Cally, (£(0) —vy;0(a) —

— going in the reverse direction —

Canquehv(l(ﬁ));o(ﬁ) oK (<07 m>) (Q) ° Canv(aa))(_vb;()(a) B
Cally, —u(e(5);0(5) ° €V(o,m) (<v(£(6))’ <<v(ki)’ <qi7j>§;1>>}:n’ v<£(u>)>) O
CaN, (¢() yyy;0(a) =

€V(o,m) (q) ° Cally,, y(e();0(a) © COLY (L)) —vy50(a) = €V(0,m) (q) © Callyyy, evy;0(a) -+

Corollary 3.36. If in theorem 3.35 we have v, = w, and vy, = wy, then

€V(o,m) (p) = €V(o,m) (Q) .

We will use the Don’t Worry Theorem mainly to simplify calculations. Let
us introduce at this point a kind of shorthand notation. When we are talking
about a collection of arrows f,g,... in C where (C,X, e, a, A, p) is a monoidal
category and the domains and codomains of all these arrows have been given in

the form s (f) = v, () ({e0)i2), ¢(F) = v () (a2 ), s(9) = v, (9) (b)),

t(g) = ve(9) ((bmil) , ... for some tensor words vs (f),v:(f),vs(g),v:(g),-..
then we will use expressions like for example

((((0r

02) (as

ag

to denote the morphism of C which we get if we define generators X, A,s,¢, a
varnishing vs, v; and a realization (0, m) such that

o the set X contains all objects of a;,a},b;,b},... € C which appear as

components in the specification of sources and targets,
e the set A contains f,g,...,

e vs and v; are the functions that we already implicitly alluded to when we
said that the source and target of f,g,... have to be given in a specific
way,

¢ 0 sends elements of X to themselves and

e m sends elements of A to themselves
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and then evaluate some path whose trace is given by the picture and whose
source tensor word is that which is indicated by the parentheses in the top
row of the picture, while its target tensor word is indicated by the parentheses
in the bottom row (a dot “-” denotes the unit e of the tensor product) — by
corollary 3.23 (or the previous corollary) it doesn’t matter which of the possible
paths we choose.

(If the reader prefers they can also think of the elements of the set A as being
composed of not only a morphism but also the specification of source and target
in terms of a tensor word and elements of X. If we want to be very formal
this might be necessary because in theory we could have two different names,
say f and g — one name associated with a certain specification of source and
target and the other with another — such that f and g happen to coincide
as morphisms of C (and therefore somehow their source and target happen
to coincide although they are not “formally” equal). We try not to be overly
concerned with these kind of matters. The reader can also just think of the set
A as containing the names which we have chosen in the text for the arrows.)

Sometimes we will also use the more concise notation

(B (fBgEf): (0 Mag) X (a3 W (ag W az))) Xby) K as) H¥ay
— (V) Mag) X (e X ag)

to denote the same arrow as that in the picture.

We will also use these kind of pictures to do calculations when we know
that the morphisms f, g, ... satisfy some equations. In calculations we will only
add parentheses to the source and target when for some reason we want to be
explicit about which path we are talking about. Usually though we will omit
them because by corollary 3.24 the choice does not make any difference for the
truth or falsehood of the equations we are writing down (as long as we make the
same choice on both sides of the equation — which we always implicitly assume
that we do).

In the next part, in the proof of theorem 4.2 (the main part of which is
contained in the proof of lemma 4.3) we will see quite a few of these kind
of calculations. There the construction of the generators and the varnishing
is spelled out explicitly, so as to give one clear example of how this is done.
Usually though we will leave this part implicit and we will assume that the
reader can supply the details themselves.
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4 Interlude

4.1 Outlook

Observation 4.1. A monoid (m, u,n) in a monoidal category (C,X, e, a, A, p)
is the same thing as a valid realization of atoms for object-atoms X pron := {m},
non-trivial arrow atoms

<AMon75MonatMon> = {l’l' : <ma m> — <m>’7l : <> — <m>}

(here we deviate a little from the notation used earlier by directly specifying source
and target of arrow atoms, but it should be clear what the intended meaning in
terms of the earlier notation is) and the varnishing

Us;Mon (p) = (*)D(f)avt;Mon (p) = (7),115;Mon (n) := €0, Vt; Mon (n):= ()

which satisfies the set of equation-shapes
DMon =
{< (0O O ) (OBO), ), OO (D) ),
(O O ) (B0, fm, ), (JD <<>D<)>>>,

({0 €00 0B ). (o,
(0400 ), D) ).

({0000 (0B0), () D))

(0.0, <m>>>,eom<>>>}.

The underlying object m of the monoid corresponds to the single value of 0.
corresponds to the value of m at p and n corresponds to the value of m at n.

The categories of algebras Actc, 39Ac and BiActc defined in section 2
can be described in a completely analogous fashion.

The main result of this section will be a theorem which says that a gener-
alized law of associativity holds for monoids in monoidal categories. The proof
of this theorem makes use of the characterization of monoids given above and
serves as an illustration for how one can use the visual calculus developed in
section 3.

At the same time this result gives concrete meaning to the theory we will
develop in section 7. There we will figure out how a characterization of all
the morphisms f in &g, for which ¢(f) = (a) (for some a € X) leads to a
characterization of the free objects in the category of valid realizations which
satisfy some set of equation-shapes D such that Tr(D) = E. (This category is
defined (in the obvious way) in section 7.)
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A characterization of the morphisms

f in gXM(m (AMon75Mon;tMon;Tr(DMon)) such that t(f) = (m)

is just what the generalized law of associativity gives (see lemma 4.3 below).
We do not execute the proofs here but after seeing the proof for the generalized
law of associativity for monoids it should be an easy thing for the reader to find
similar characterizations for the categories €5 which give rise to the categories
Actc, 39Ac and BiActc introduced in section 2.

Free objects in the categories (m,u,n)—Act, Act— (m,u,n) and (m, u,n)
—Act— (1h, [1,7) are even simpler. The underlying objects of the free objects on
some object a € C are given simply by mXa, alXm and mXaXm respectively
and the action is given by the multiplication of the monoids. We will describe
this in a little more detail in section 6 and in section 8.

When we have free objects in some algebraic category we can think of that
category as a category of Eilenberg-Moore algebras. We describe these cate-
gories and some of their theory in section 6.

So the roadmap is as follows: In this section we prove the generalized law
of associativity for monoids in monoidal categories. In section 5 we work out
some properties of colimits that we will need later. Before the end of section 6
we will know the structure of free objects, limits and colimits in the categories
(m, u,n)—Act and Act— (m, p,n). Section 7 completes the picture for Mong,
Actc, 39Ac and BiActc. In the beginning of section 8 we supply the details
for the remaining case of (m, u, n)—Act— (1, (1,7). This last case is not really
that much more complicated than the case of (m, u, n)—Act and Act— (m, u,n)
and if the reader wishes he may skip ahead and read (the beginning of) section
8 after section 6.

4.2 Generalized associativity for monoids

Theorem 4.2 (generalized law of associativity for monoids in monoidal cat-
egories). Let Xnron, Aron,SMon, tMon, Us:Mons Vi;Mon aNd Do, be as in ob-
servation 4.1. Let p = (ve,p,vp) and q = {(we,§,wp) be path-shapes. If
Vp = Wp, Ve = We and £(ve) = £(w.) = 1 then for any valid realization (0,m) of
XMonaAMona5Mon7tMon»Us;MonaUt;Mon which Satisﬁes DMon we have

€V(o,m) (p) = €V(o,m) (q) -

Proof. This will follow from the next lemma and corollary 3.36 of the Don’t
Worry Theorem. O

Lemma 4.3. Let X pron, Arons $Mon, tvon and Dyron be as in observation 4.1.
Set

Enton = Tt (Do)
= L ). )
( (G, (mm)), () ),
(.t o)}
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Then for any two morphisms ﬁ,ﬁ n 5~XMM (Antons SMons thons Enon) if s(h) =

s (ﬁ) and t(h) = t(ﬁ) = (m) then
hi=h .

Proof. We use this opportunity to show how one can use the visual calculus
presented in the previous chapter to do calculations in some category Er. Note
that even though the pictures we draw are in one-to-one correspondence to
pre-arrows and not to arrows of 5~EMM when writing equations like we will do
below the sign “=" is of course intended to refer to the equivalence-classes of
these pre-arrows — that is to arrows of £g,,,, -

In ((/‘XM,m (AMonyﬁl\lona thion, DI\/Ion) we have:

m m m  m m m
Nu u%
m\m|[=|m//m (50)
m m
ml| lm
m m
1 0 m N 1 m
mllm)=|q mllm|[=]q (51)
I m w m
m m
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m ... ... m
where \UZV is defined by
m
\V \ (53)

\V \ :”

From this it will follow that

m

m ...
m ... m I3
h m
_ (s1)
= m =
1\,7
1 milm
m ©

m ... m
h m ... ... m
n 53
mllm (:)\Uﬁ(V- (54)
n m
m

Any arrow of EXMU” (Arons SMons tarons Daron) is the image of some pre-arrow
under “g,,. om<. To prove (52) we proceed by induction over the number of
rows in such a pre-arrow.

If there is only one row in the pre-arrow mapped to £ then we have the

following cases.
m o om ...
m ... ... m \ f
\U}LV = milm
m 2
m

by definition of v}, (f).

o A=14:
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m ... m
m ... m f
R]‘ it m (51) m ... m
milm NN = f
u mim m
m ©
m
o A=
m m o m ... m
f
m
shift (@)
1 =
m
m

m m m ... m
1111 f m o m ... ... m
m||mllim " \v,ﬂ ) o ™ e m
1 M = milm —N(ﬂ/
milm u m
") m
m

Now assume the statement is true for pre-arrows with n > 1 rows. Because the
target has to be a single m and because nothing can precede a lone n, the last
row has to be either a single 1, or a single . Clearly for the first case the
statement is true by the induction hypothesis because we can simply omit 1.

In the second case we have
\ K (55)

where by induction hypothesis (52) is true for A" and £”. Call £(#) = n/ and
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C(#") =n". We calculate

ind. hyp.

mim

m

p .
ind. hyp. n' n'
mllm =" N (v () (56)
n
m
m

It remains to show that v} (vj.(f)) = v} ""(f). This is done by induction
on m. For m = 0 the statement is true by the definition of v{,(—). Assume the
statement is true for m = k. For m = k + 1 we get

k(,n
INACHT)! ‘
AR %\m i
u
m m

m
lef”(f) M e om
milm :%TFHV'
7 m

m

O

If the reader experienced a feeling of déja-vu while looking at the proof above
this is not surprising. The proof draws on the same ideas that we used to prove
the coherence theorem for monoidal categories. If we specialize (21) (part of the
proof of lemma 3.6 about monoidal functors) to the case which we used in the
proof of the coherence theorem, then we can recognize that Ry (which is Sy in
this specific case) stands as a token for the idea (which is an induction hypothesis
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there) that for any tensor word v the functors (ozf‘:”1 (S(f))) (w(—,...,—)) =
KRR (-Kv(—,...,—)))) and W (—,...,—)Kov(—,...,—) are closely
related. A similar idea is also an induction hypothesis in the preceding proof
and we use this induction hypothesis in the second step in (56). Similarly S,
represents the idea that for any v the functors (0?;1 (S(—))) (w(=,...,—)) =
X K(-R(-Xov(—,...,—)))) and w(—,...,—)Rw(—,...,—) are closely
related. A similar idea is used in the last step in (56). Sy — which is an instance
of a — is a testament to associativity. The corresponding idea is used in the first
step of (56). An analogue to the final step in the coherence theorem (which is
recorded in diagram 24) appeared as (54) in the proof of the previous theorem.

Of course the proofs differ when it comes to the details. Much of the com-
plexity we had to deal with in the coherence theorem is not present here because
we are only concerned with equality and not “a compatible kind of natural
isomorphism”. On the other hand in our proof of the coherence theorem the
placeholder which is called f in the proof above was never explicit because we
were free to use an exponential object — the functor category — there. This
was not possible here and so instead of the point-free style used in the proof of
the coherence theorem we were forced to name the placeholder.

This comparison should make it clear though that our use of the functor cat-
egory was purely a matter of convenience. The proof could have been executed
equally well without ever using an exponential object by making the placeholder
explicit as we did here. This leads at least the author to expect that substitut-
ing an arbitrary bicategory in place of the bicategory of categories would allow
one to derive results about monoidal objects in such a bicategory that are very
similar to the results we got for monoidal categories. At this point we run into
a kind of regress though because in this setting 1-cells of this bicategory take
the role of functors and to talk about an analogon for monoidal categories we
need an analogon for bifunctors — that would be 1-cells whose source is some-
how composed of two objects — this seems to boil down to requiring a monoidal
product on this bicategory. So we would need to develop a theory of monoidal
bicategories. The author is not versed enough in higher order category theory
to be able to easily tell whether there is a natural end to what looks like it will
lead to an explosion of levels and concepts.
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5 Some properties of (co)limits

When figuring out the structure of colimits and free objects in the category
of monoids internal to some category and the category of monoid actions we
will need a few facts about iterated colimits and preservation of colimits under
multifunctors that we state and prove here. The corresponding statements for
limits are of course also true because we will only be using general properties
of (sometimes monoidal) categories and functors. (Note that (C,K, e, «, A, p) is
a monoidal category if and only if <C‘3p,®°p,e, (ofl)Op, (/\’1)017, (p’1)0p> —
where C°P is the (normal) opposite category — is a monoidal category.) We
will primarily be needing the versions for colimits and therefore we state them
in that form.

5.1 Iterated colimits

The statements of the first two lemmata can (with a little loss of detail) be
summarized as

Colim; jyerxs (L(3,7)) = Colim;er (Colimjey (L (1,7))) -

We give an elementary proof. [Mac98, section IX.8] has a more sophisticated
proof.

Lemma 5.1 (iterated colimit to colimit of bifunctor). Let L : I x J — C be
a functor and let (L' (i), (r;; : L(i,j) — L’ (i)>j€J> be a colimit of the functor
L(i,—) for alli € 1. For allwu:i— i in 1 let L' (u) be such that the diagram
below commutes for all j € J.

L' (i) 45— L(i, j) (57)

JL/(U) JL(qu)

L' (i') ¢ L(i',))

By the colimit property of each 7; and because L is a functor this implies that
L' : 1 — C is a functor. (If this does not seem clear see for example [Mac98,
section V.3.] for some elaboration.) Moreover the arrow function of this functor
is uniquely determined once L' (i) and 7; have been fized for all i € 1. If
(', 7" L'SA(1) is a colimit of L', then

<l/, (rieTiyj : L(i,§) = ll>(i,j)€1><.]>
s a colimit of L.

Proof. First of all we have to show that (7/o7;;) ( form a natural trans-

formation.

i,5)€IxT

L)

- L(u,1;)
Il / J{L'(U) L(i/,j) L(uw)

Ti// L/ (Z/> %’il’j J/L(l'i’ ,’U)
YL



The parallelogram commutes by hypothesis of the theorem and the two small
triangles commute by naturality of 7;; and 7'.

Now assume 7 : LA (a) : I x J — C is a cone to some object a € C.
Because L’ (i) are colimits we get for every ¢ € I a unique 7/ : L' (i) — a
such that 7, ; = 7/o7;;. Have another look at the diagram above, replacing
7" by 7/ and I’ by a. Then by assumption the big outer triangle commutes.
In the right part of the diagram nothing has changed and so it still commutes.
This implies 7/7;,; = 7/,oL’ (u) o7;;;, which by the colimit property of 7; means
that 7/ = 7/,oL' (u) and therefore 7/ : L’>A (a) is natural. By assumption 7/
is a colimit and therefore we get a unique f : I’ — a such that 7/ = for/ and
therefore ’i_i,j = ’I.'iloTi;j = fOTi/OTi;j.

Assume g : I’ — a is another morphism such that 7/e7;,; = 7; j = go7/oT;;;.
Then because 7; is a colimiting cone we get 7/ = go7/ for each i € I. By the
colimit property of 7/ this means g = f. O

Lemma 5.2 (colimit of bifunctor to iterated colimit). Let

L:IxJ—=C
L':1 —-C

be functors and for alli €1 let
it L(i,—)3A(L'(i)): I - C

be a natural transformation such that (L' (i) ,7;) is a colimit of L(i,—) and such
that for all morphisms u : i — i of I and for all j € J the diagram (57)
commutes.
Moreover let
(I,7: L>A())

be a colimit of L. Then for each i € 1 the natural transformation
7 L(i,—)>A(0): T = C

is a cone from L(i,—) and therefore by the colimit property of ; we get a unique
morphism 7] : L' (i) — | such that 7; ; = 7]°7; ;.
These morphisms form a colmiting cone. That is,

(I, (Fi)iex)
is a colimit of L'.
Proof. We need to show (7]);.; natural.

Ti,j

L' (i) = L(i, j) (58)

e
L, JL’(u) JL(u,lj)
Ty -

L (i) < L, j)



The outer triangle commutes by naturality of 7 and the square is just (57).
Therefore we get 7/o7; ; = 7/,oL'(u)~7; ; which by the colmit property of 7;
implies 7] = 7/,°L’ (u).

Let ¢/ : L’3A(a) : I — C be another cone from L’. Note that the require-
ments for 7 stated above mean that it is a natural transformation

T7:L3L oP:IxJ—C
where P : I x J — I is the projection. Set
og:=(0c'oP)er: L3A(a) : IxJ — C |

and therefore 0;; = ojer; ;. By the colimit property of 7 we get a unique
f 11— asuch that o; ; = fo7; ;. This gives

/ e .. = ', P ./ P
0;°Tij = Oij = [oTij = foTioTij

which by the colimit property of 7 implies o} = fo7/. If for g : | — a we also
have o} = g7/, then

go’f‘id = go’].'i/o’]'id- = O-'EOT’L‘,]‘ = fo’i_i/oTi,j = fo/i—’i,j 5
and by the colimit property of 7 this implies f = g. O

5.2 Images of colimits under multifunctors

Lemma 5.3. If F : szl Cr — C is a multifunctor and Ly : Iy — Cy are

functors such that for every k € {1,...,n} and for every tuple {(ax/)},_, with
K £k
ar € Cys the functor

F(alv'"aak—17_7ak+17"'aan) : Ck - C
preserves colimits of Ly (we will also say that F preserves colimits of Ly, in the

k-th variable) and moreover (l,or : Ly—=A () : Iy — Cy) is a colimit of Ly
for every k € {1,...,n}, then

(P R)  (F (na i) s F UL S F (=) el 1)
is a colimit of
Fo (ﬁLk> : ﬁ:[k—)ﬁck—)c
k=1 k=1 k=1

Proof. We proceed by induction over the number of categories n.
The case n =1 is trivial.
Assume the statement of the theorem is true for n = m—1. We apply lemma
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5.1 with

I=1
J:HIk
k=2
L:Fo(HLk> JIw—=J[ck—c
k=1 k=1 k=1
L,:F(Ll (7 ,<lk>;€n:2) : Il 4)01 — C

Tig; (i), = F (]‘Ll(il)? <0k;ik >Z"b:2)
Ti/1 = F(Jl;ilv <1lk>7l?:2) .

Indeed, by the induction hypothesis applied to the functor F(L; (i1),—,...,—)
of m — 1 variables, (L' (i1),7;,) is a colimit of L (i1, —). The diagram (57) turns
into

F(1r, i) {(Okiip, ) ies)

F (L (i1), (le)its) F (L1 (i1), (L (tx))75) ,
JF(LI(“O’(% Yie2) JF(Ll(m)v@k(lik)ﬂ’?z)
F (L1 (1), (le)ies) F (L1 (dy), (Lr (ik))iss)

\_/

F<1L1 (1/1) ’<6k?ik >ZL:2)
which commutes because F' is a multifunctor. Because F' preserves colimits in
the first variable, (F'(l1, (lx)}"5),7’) is a colimit of L'. By lemma 5.1

(F (i),
<F(01;i17 (L1 )R2) °F(1L1(i1)’ <0kﬂk>7cn:2)><il,<ik>;ﬂ:2>ell SIS M
(F (ki H) )iy T 1)
is a colimit of F o ([[,~, Lx). O

The author first learned about the following concept and it’s uses from the
article [ReflCoeq] on the nLab.

Definition 5.4. A reflerive pair is a pair f,g : a — b of morphisms which
has a common right inverse; that is, there is an arrow h : b — a such that
foh = goh = 14.

A reflexive coequalizer is a coequalizer of a reflexive pair.

Definition 5.5. Call the category depicted below J,.

b
1bT ‘X (59)

[ —

1% /
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That is, we mean the category generated by the arrows f,g,h where h is a
common right inverse for f and g. Call the subcategory of J, which has only
the arrows f and g (and of course the identities) Jc, and call the inclusion
K. :Jc—Jdp.

Lemma 5.6. A reflexive coequalizer is the same thing as a colimit of a functor
from the category J.

Proof. Note first that a cone 7 : LA (a) : J, = C from a functor from J, is
the same thing as a cone 7' : Lo KA (a) : Jo — C. Obviously the restriction
of a cone 7 to the category J. is still a cone. If on the other hand we have
acone 7' : Lo K,.-A(a) : Jo = C, then what we have to show is that 7/
also commutes with L (h), that is we have to show that 7/,-L(h) = 7/. But this
follows from the commutativity with f (or g for that matter) and because h is
a right inverse for f.

TaeL(h) = e L(f) oL (h) = 1oL (1) = 7

Now if we have a colimit (I, 7 : LA (1)) of a functor L : J, — C then obviously
L(f)eL(h) = L(f)°L(h) =11 and therefore L(f) and L(g) form a reflexive
pair. A cone from L o K, (which is the same thing as an arrow k from L (b)) is
also a cone from L and therefore factors uniquely through 7. Therefore 73 is a
coequalizer of L(f) and L(g).

Now assume we have a coequalizer of a reflexive pair L'(f),L’(g). Then
because L' (f), L’ (g) have a common right inverse b’ we can extend L’ to J, by
setting L' (h) = h’. By the above argument the coequalizer also forms a cone
from the extended functor. Any other cone from J, is also a cone from J. and
therefore factors through the coequalizer. Therefore the coequalizer also gives
a colimit of the extended functor. O

Definition 5.7. Let Ay, : J, — [[\—; J» be the functor with
Aj, (j) = )iy for objects j € Jy
Ajg, (u) = (u)i, for morphisms u of J,.

That is, Ay, is just the usual diagonal functor when we regard []_, J, as a
functor category J, {1,

Lemma 5.8. If L; : J, — C;, i € {1,...,n} are functors with colimits
(L, 7 Li»A (L)) (that is, for each i € {1,...,n} the arrow T,y is the re-
flezive coequalizer of L;(f) and L;(g)) and F : ], C; — C is a multifunctor
that preserves colimits of L; in the i-th variable for alli € {1,...,n} (as defined
in lemma 5.8), then

(F({la)iza) > (F ({rig)iza) « F((Li(7))izh) = F(L)is1))jea,)

is a colimit of F o ([T}, L;) o Ag,.
In other words F ({;p)7_1) is a reflexive coequalizer of the pair

(F((Li (£))izn) s F((Li(9))i))

(whose common right inverse is the arrow F ({L;(h))")).
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Proof. We will first show, that for any functor F” : [[;_, J, — C and any ¢ € C
the map —oAj, : Nat (F', A(c)) — Nat (F' o Az,,A(c)) (note that the symbol
A is used in two different meanings here — first as the diagonl functor from
[T7, J and then as the diagonal functor from J,) is a bijection. We do this by
constructing the inverse map. (We assume that the reader is familiar with the
simpler fact that a coequalizer can be thought of as either a single arrow which
yields equal results when composed with either one of a pair of arrows or as a
cone from the category Je.)

So agssume 7" : F' o Ay, 3A(c) : J, = C. Let P : J, x J. — J; be the
projection on the first component and @ : J. x J, — J; be the projection on the
second component. For any two tuples (P;) ;, (Q;)"_; where P;,Q; € {P,Q}
by the structure of J. and because

Ty B ((f)iz1) = 7o = 7o F" ((9)is)
(by naturality of 7/) we get that

o F (P (Qi (f,9) , 1))iz) =
oo (P (Qi (f, foheg), foh))iey) =
Ty F' ((foPi(Qi (1a, heg) , h))iey) =
oo ((f)iz1) oF ((Pi(Qi (Las heg) , R))iy)
oo ((9)iz) o F ((Pi (Qi (Las heg) s 1))iy)
(
(«

oo F ((9oP; (Qi (Las heg) , h))iy) =
o F ((P;(Qi (g, 9°heg) , gh))i—y) =
oo ((Pi (9, 16))i=1)
Knowing this we can define 7/ : /A (c) : [[/_; J» = C by

Hpamyr, = ool ((Pi(Qi(f,9), 1b))iz1) (60)

where by the above calculation the choice of ; does not make any difference for
the result. For any arrow (P;(Q}(h,1s),Q7 (Qi(f,9),1)))", (again let each
Q) and each Q! be either one of the projections) of [[\-, J, (note that every
arrow of [T, J can be written in this way) we calculate

Hpanyr, o F (P (@) (0, 10), QY (Qi(f,9) , 1n))iey) =

oo (P (Qi (f, 9) , 1n))ie 1)°F'(< (Q5(h,1a), Q7 (Qi(f,9), 1n)))ier) =

Tb°F (Pi(Qi(f,9) Qi (h,1a) , Q7 (Qi(f.9) , 1b)))iz1) =

o (P (Q; (16, Qi ([, 9)), Q7 (Qi (f, 9) , 1)))i=1) =

TbOF/(<PL,(QZ(f7g)71 Niz1) = %éP{(mb))I":l
where

. {P it (B=PAQ=QV(R=QAQI=P),

@ otherwise.

Therefore 7 is a cone from F’. The assignment 7/ — 7’ is clearly a right inverse
for — o K, and it is left inverse for — o K, because for any cone 7/ from F’ we
must have

Fpawyr, = Toyr o F (Pi(Qi(f,9)  1b))iy)
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and therefore the image of 7/ o K, under the assignment just described is 7.
Now we prove the lemma. Let 7/ : F o ([[\_, L;) o Ay, —A(c) : I, — C be

a cone. Setting F' := F o (][], L;) in the above argument we get that 7/ can

be extended to a cone 7 : F o ([T, L;) 3A(c) : [[i=; J» — C. By lemma 5.3

(PN F (g o) F LGN = FOL=D e et a0
is a colimit of F o ([]!_, L;) and therefore 7' uniquely factors through
<F(<Ti;ji>?:1)><ji>yzler[;;lJ, .

Among other things this means that there is an arrow &k : F'({(l;)"_;) — ¢ such
that

Ty = 7;(/b>;"=1 = ke F({Tip)i=1)
If for k' we also have
Ty = ko F ((Tip)iz1)

then by the above description of the cone (F ({7;.;,)"1)) from F' =

Folli, L; in terms of F ({;)I) we get that

(Gidi=1 €ITiz, Ix

kloF(<T’i;jqz>?=1) = kOF(<Ti;jqz>?:1)
for any tuple (j;), € [, Jr. By the colimit property of
(P (s g eme o,

this means that k£ = k" and therefore F' ((7;,,)1_;) is a coequalizer of the pair

(F((L: (£))ia) - F((Li(9))i=1)) -
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6 Monads and algebraic structures

A monoid in the strict monoidal category C€ of endofunctors on a category C
and natural transformations between them has a special name — it is called
a monad. Such monads are interesting in their own right because they can
be constructed from adjoint pairs and in many cases a lot of the structure
of the underlying categories can be reconstructed from the monad. For more
information see [Mac98, chapter VI]. We mention them here because monoid
actions and in many cases also monoids themselves can be viewed as so-called
Eilenberg-Moore algebras of a suitable monad.

Definition 6.1. The category C” of Eilenberg-Moore algebras of a monad
(T, p,m) (where T:C - C, u:ToTST:C—C,n:1c>T:C — C) has as
objects pairs (a, f) where a € Obj(C) and f : T'(a) — a such that

T(a) «— (ToT)(a) T(a)>—a (62)
lf JT(J‘) Jf /
@ ——F— T (a) a

commute. If (a, f), (b,g) € Obj(C”) then a morphism h : (a, f) — (b, g) of
these Eilenberg-Moore algebras is an arrow h : a — b of C such that

T(b) 4555 T(@) (63)

A

<—
h
commutes.

The category of monoid acts is the canonical example of a category of
Eilenberg-Moore algebras. For some monoid (m, u,n) in (C,X, e, a, A, p) set
T :=8(m) =mMK — (here (S,S,S)) is the monoidal functor defined in (22)).
We can turn 7' into a monad by setting [ := S(u) «So.m,m and 1 := S(n) «So,
explicitly

f:ToTST:C— C
fg :mX (mRa) > mKa
/:La - (/~L X ]-a) °Om,m,a
n:le=T:C— C
Ng:a—>mNXa
Na = (nﬁla)")‘;l :

Substituting in the definitions it becomes clear that

Observation 6.2. A left action of the monoid (m, p,n) is just an Filenberg-
Moore algebra for the monad <T,,u,1'7>. The category of left (m, u,m)-acts is the
category of these Eilenberg-Moore algebras.
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This justifies spending some effort on figuring out the structure of limits and
colimits in categories of Eilenberg-Moore algebras.

Definition 6.3. The functor GT : C* — C which sends (a, f) € Obj(CT) to
a € Candh:{a,f)— (bg)toh:a—bis called the forgetful functor of the
Eilenberg-Moore category of (T, u,n).

Lemma 6.4. G has a left adjoint FT : C — CT which sends an object a € C
to (T'(a),pa) and h:a — b to T(h) : (T(a), ua) — (T'(b), us). The unit nT of
this adjunction is 1, while the counit €T : FT o GT 31ar : CT — CT is given
by elogy =1

Proof. The condition (63) that T'(h) be a morphism of Eilenberg-Moore algebras
is satisfied by naturality of u. The condition that EZL P be a morphism of
algebras is just the left hand square in (62) and naturality of ¢ is (63). One
way of saying that (F,G,7n,e) is an adjunction is to say that the identities
(eoF)e(Fon) =1p and (Goe)+(noG) = 1 hold. (For a detailed account
of different ways of characterizing adjunctions see for example [Mac98, chapter
IV].) In our case the first of these identities is one of the identities (6) satisfied
by the monoid (T, u, ) and the second is just the right hand triangle in (62). O

The following results about limits and colimits in categories of Eilenberg-
Moore algebras are either stated or hinted at in [Mac98, chapter VI]. See
specifically section VI.2 and VI.7.

6.1 Limits

Lemma 6.5. GT creates limits.

Proof. Let L : T — C” be a functor and (I,7: A(l) 3GT oL :1— C) be a
limit of GT o L. We want to find an arrow f : T'(I) — [ which turns [ into an
object of CT such that the components 7; of 7 are algebra morphisms. This
means that

ToGT oL+ A(T (1)) =T o (A(1)) (64)
GToeoLL J{A(f)
GTolL = A(l)

commutes. But by the limit property of (I, 7) there is a unique f fulfilling this
requirement. We need to check that f turns (, f) into an algebra.

ToGToL nok ToToGY oL
Tot TOV
A(pr)
AT @) 2 AT (T ()
GToeoL A(f)l lA(T(f)) ToGT oeoL
A1) g ATWD)
/ Tot
GToL T oeoll ToGTolL



In the diagram above the outermost quadrilateral commutes because L (i) are
algebras, the left, right, and lower quadrilateral commute by the definition
of f and the upper quadrilateral commutes by naturality of p. This implies
ToA(f) A () = 7oA (f) «A(T(f)). By the limit property we get that fou; =
T ().

ToGToL GToL

T
\ noG* oL -
Tot

GTo L

Again, the outermost triangle commutes because L (i) are algebras, while the
outer quadrilaterals commute either trivially, by the definition of f or by nat-
urality of 1. This implies 7eA (f)+A (1) = 7¢1, which by the limit property
implies fon = 1;. O

6.2 Colimits

Lemma 6.6. If L : I — C7 is a functor and both T and T oT preserve colimits
of GT oL : T — C, then GT creates colimits for L.

Proof. The proof is very similar to the previous one. We are given a col-
imit (I,7: GT o L3A(l) : T — C) of G* o L and want to find a unique arrow
h:T(l) — [ that turns (/, h) into an algebra and the components of 7 into mor-
phisms of algebras, that is we want the diagram below to commute.

A(T)=To(AD) +—ToG oL

A (’UJ LG’T oeoL

A(l) = GTolL

By hypothesis of the lemma T preserves colimits of G7 o L and therefore there
is a unique h satisfying this requirement. We need to check that (I, h) is an
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algebra. Consider the diagram below.

polL

ToGToL ToToGToL
Tot TOV
A(pr)
A(T (1)) % A(T(T(1)))
GToeoL JA(h) A(T(h))J ToGT oeoL
A) g AT()
/ Tort
GToL GTomol ToGToL

Again the topmost quadrilateral commutes by naturality of p and all other
flanking quadrilaterals commute by the definition of h. The outer square com-
mutes because L(i) are algebras. This implies that A (hepy)e(ToT o7T) =
A (kT (h))s (T o T o 7). Because T oT preserves colimits of G o L we get that
T oT or is a colimiting cone and therefore hopyy = hoT (h).

ToGToL GToL

Tor noGToL -
o~ Am) /
A(T(D)) A(l)

=noA(l)

GToL

Again, from commutativity of the outer triangle, naturality of 7, the definition of
h and the colimit property of 7 one derives commutativity of the inner triangle.
O

Remark 6.7. Note that if a functor F' preserves any one colimit of a functor L
then it preserves all colimits of L. This is because all colimits are isomorphic,
the colimiting cones are mapped onto each other under composition with the
isomorphisms, images of isomorphic objects under a functor remain isomorphic
and if any one object from a class of isomorphic objects is a colimit of a functor
then all other objects are colimits as well — with the colimiting cones again
given by composition with the isomorphisms.

Therefore even though the above lemma could have been stated in such a way
as to only require T and T o T to preserve a specific colimit of GT o L and only
claim creation of a specific colimit (the proof would have remained the same)
this extra precision is not really required as something more general than this
can easily be recovered from the seemingly weaker version of the lemma given
above.
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Lemma 6.5 resolves the question about the structure of limits in Eilenberg-
Moore categories and lemma 6.6 gives a corresponding result for colimits — but
only in some cases. These cases include the case of the category (m, u,n)—Act
(and of course also Act— (m, ,n)) when mX— (or —XI'm for the category Act—
(m, p,m)) preserves colimits. This seems like a reasonable enough assumption
because this is the case in many categories which are relevant in practice. For
example, any monoidal category which has an internal hom-functor — that is,
a right adjoint of the functor — X m — satisfies this condition (see the next
lemma) (strictly speaking this only works for the case of Act— (m, pu,n) but in
many cases the monoidal product is also symmetric and then it also works for
<7TL, s ﬂ)*ACt)

On the other hand, in many practical situations T" does not preserve all
colimits. For example we will see in section 7 that the category of monoids
in some monoidal category (C,X, e, a, A, p) can also be viewed as a category of
Eilenberg-Moore algebras under relatively mild assumptions about the structure
of (C,K,e,a, A, p) — but the monad in question does not preserve colimits
in any of the typical examples. In some of these cases (which, as we will see,
include the cases we are interested in in the various categories of monoids and
monoid actions) one can still describe colimits in CT in terms of colimits in C.

This is what we set out to do now. The strategy will be — roughly — to
describe general colimits as iterated colimits of two distinct specific kinds, both
of which exist and can be described under relatively general assumptions.

First of all remember that

Lemma 6.8. Any functor F' : X — A which is left adjoint to some functor
G : A — X preserves colimits.

Proof. This fact and various ways of proving it can be found in [Mac98, sec-
tion V.5]. We give another slight variation.

Let
]

homp (F'(x),a) = homx (z,G(a))

be an adjunction. When 7 : L3A(l) : I — X is a cone, then saying that
(l,7: L5A(l) : I — X) is a colimit is the same thing as saying that the map

¢! homx (I, ) — homx1 (L, A (x))
oo (f) = A(f)er

is a bijection for all z € X. So to show that F' preserves colimits we want to
deduce from this that

@l homa (F (1) ,a) — homx (F o L, A(a))
Galg) =Alg)e(For)

is a bijection for all @ € A. By naturality of ¢ we have

(L. (9°F (i) )ier = (Pa.a(9) oTi)ier = A9 (9) T = ¥ia) (9(9))

and therefore

Palg) = <90£(1i),a>iel (@E:(a) (‘P(g)))
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(<50Z(1i),a>iel : homx1 (L, G o (A(a))) = homar (F o L, A(a)) is the map which

sends cones to cones by applying <p;(1i)~a to the individual components (to be
strict, we did not show that this map really takes cones to cones but we also
do not need this property — we only need to know that it is bijective)) which

makes it plainly visible that ¢/, as a composite of bijections is also bijective. [

This means that we know the structure of colimits in CT of functors which
factor as F'T o L.

To show that in any category CT of Eilenberg-Moore algebras we definitely
have one more type of coequalizer we need the concept of a split fork/split co-
equalizer (this is different from the concept of a reflexive coequalizer introduced
earlier). For more on these see [Mac98, VI.6 and VL.7].

Definition 6.9. A split fork consists of five arrows (f, g,e, h, k) with sources
and targets related as shown below and such that the diagram below commutes.

/_\ (65)

Definition 6.10. We call a limit or colimit absolute if it is preserved by every
functor.

Lemma 6.11. In every split fork (65) the arrow e is an absolute coequalizer of
f andg.

Proof. Note first that if (f, g,e, h, k) is a split fork and F is any functor, then
(F(f),F(g),F(e),F(h),F(k))is also a split fork. So we just need to show
that in any split fork (65) the arrow e is a coequalizer of f and g.

Let r : b — d be such that rof = reg. Combining this with what we know
for the other arrows we get the diagram below.

>;

b oo —0
J’l‘ g Je
del"—pel ¢

\/

’
T

As indicated set 7’ := roh. In the diagram we can see that
7’/06 = T‘ohoe = rogok = Tofok = rolb =17T.
If for " we also have r"’se = r then

r" =r"eeoch = roh =1’
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Lemma 6.12. In any category CT of Eilenberg-Moore algebras for every object

a={a',h')y € CT the arrow I is the coequalizer of the reflexive pair E(TFToGT)(a)

and FT (GT (55)), whose common right inverse is FT (ngT(a)).

Proof. First we show that F'7 (ngT(a)) is a common right inverse for E{FTCGT) (@)

and FT (GT (¢])). Because G*' is faithful we can calculate in C.

e (FT (ngm))) =T (na)
G" (E(TFTOGT)(a)) = Ha
67 (F7 (67 (1)) = T(1)
paroT (Nar) = lp(qy because (T, u,n) is a monad and T'(h') T (nar) = lp(ar)

because a is an Eilenberg-Moore algebra. Next we will show that 62, €?FT0GT) (@)

and FT (GT (sg)) become part of a split fork when G is applied to them. With
the notation of definition 6.9 we set

e=G"(ef) =1

f=a" (E(TFToGT)(a)) = Ha’
g=G"(FT(G" (D)) =T (1)
]{7 = 7’]%:(0/)

h =

The diagram in (65) now looks like the one below.

The left hand square and the squished bottom “triangle” commute because a
is an algebra, the right hand square commutes by naturality of n” and the
upper squished “triangle” commutes because (T, u,n) is a monad. Therefore h’
is an absolute coequalizer of i, and T (h'). By lemma 6.6 and remark 6.7 this

means that GT creates coequalizers for the pair <€(TFT0GT)(Q),FT (GT (ag))>

But GT (¢T') = 1/ which in turn is a coequalizer of

(6" (lrroamya) - G (FT(G7 (1))

and therefore el is a coequalizer of <5(TFT0GT)(Q), FT(G* (55))> O
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The author learned about the following theorem from the nLab which at-
tributes it to [Lin69].

Theorem 6.13. Assume that CT is the category of Filenberg-Moore algebras
of some monad (T, u,n), that L : T — CT is a functor and that the colimits of

FToGToL and FToGToFToGToL

exist in CT.

By lemma 6.8 this is definitely the case if the colimits of GT o L and GT o
FToGT o L exist in C.

Assume further that CT has coequalizers of reflexive pairs (it will become
evident in the proof, that for every colimit that we are interested in, only the
coequalizer of one specific pair is required).

By lemma 6.6 this is the case if C has reflexive coequalizers which are
preserved by T. Under these assumptions a colimit (I, 7) of L exists in CT.

This colimit is related to the colimits (ly,04) of F¥ o GT o L and (lo,04) of
FT o GT o FT o GT o L in the way depicted below. In this diagram e is the
coequalizer of F'(f) and F'(g). The arrows F'(f), F'(g) and 7; are uniquely
determined by the requirement that the diagram below commute for all i € 1.

FT(GT(L(:))) (66)

EFT(GT<L(1:)))

FT(GT(L(1)))

Proof. This may be obvious to the reader but — justifying the sideclaim in the
theorem — note first that if T" preserves reflexive coequalizers, then any power
of T' also preserves reflexive coequalizers, because T maps a reflexive coequalizer
to a reflexive coequalizer which is then again mapped to a reflexive coequalizer
under T, etc.

From lemma 6.12 we know that the colimit we are hoping to find can be seen
as an iterated colimit. Our plan is to use our knowledge from both lemma 5.1
and lemma 5.2 about iterated colimits to reverse the order of taking colimits so
that we end up only with colimits that we know to exist.

m (¢7) .
Define a functor G : J, — (C ) by setting

G(b):=F'oG”
G(a):=FToGT o FT o GT
G(f):=eToFToG”
G(g):=FToGT oeT
G(h):=FTonmoG”



and by extending to composites in J, by composition of the images of the
generating arrows specified here. To show that G is indeed a functor we need
to check that G(f)+G(h) = G(g)+G(h) = 1gu). This is true by lemma 6.12.
Now define a functor F : J. x I — C7 as the composite

Ch <% (CT)(CT)XCT axp Jrx1

where F is the “evaluation functor” — that is, the counit of the adjunction be-
tween product and exponential in the (meta-)category of categories. Explicitly
this means that for objects 7 € I and morphisms u : 4 — 4’ in I the functor F is
defined by

F(b,i) = FT(G"(L(4)))
F(1p,u) = FT(GT(L(w)))
F(ai) = FY(GT(FT(GT(L(1)))))
F(1q,u) = FY(G"(FT (G (L(u)))))
F(f,u) = eprgr iy F T (GT(FT(GT(L(w)))))
= FT(GT )) °5£T(GT(L(i)))
F

(L(w)
Flg.w) = FT(G7 () ) -F7 (G (FT(GT(L(w)))
= (L(w)

FT(G"(L(w))) oFT(GT(Ef(Z-)))
F(hyw) = FT (1 gy ) F7 (G7(L(w)
T

G (L(w)))
= FT(GT(FT(G" (L)) F" (nfr i) -
By hypothesis of the theorem the colimits (ly, 05 : F (b, —) 2A (Iy) : I — CT') of
F(b,—) = F' o GT o L and (lg,04 : F(a,—) 3A(l,) : I— CT) of F(a,—) =
FToGT o FT o G o L exist.

By the remark in lemma 5.1 there is a unique functor F’ : J. — CT such
that F/(b) = I, F'(a) = I, and that a diagram of the shape as in (57) commutes
for all arrows v : 5 — 7’ in J, and all objects ¢ € I (in our case u is replaced
by v, ¢ and j are reversed, L is replaced by F, L’ is replaced by F’ and T is
replaced by o). This is equivalent to requiring commutativity of these kind of
diagrams for a set of arrows which generate the index category, so in our case it
means that the upper right and the lower right quadrilaterals in (66) commute
for all 7 € I, and that the diagram below commutes for all 7 € I.

T T
B (”GT@U)))

FT(GT(L(1))) FH(GT(FT(GT(L()))
lp------------ F . s 1,

By hypothesis of the theorem a colimit (I,0” : F'3A(l) : J, = CT') of F’
(that is a reflexive coequalizer e = oy, : I, — [ of F'(f) and F’(g)) exists and by
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lemma 5.1 this means that F' has a colimit
<l, <U;'°Uj;i>(j,i)eerI>

Now we reverse the roles of I and J, and apply lemma 5.2. That is for
the functor L in that lemma we use F'; for the category I from the lemma
we use our I; for J from the lemma we use J.. The reader may have no-
ticed that the arguments for F' are in reverse order to that in the lemma. A
moments reflection will make it clear that this does not change anything about
the validity of the lemma. For L’ in the lemma we use our L and 7;;; (or per-
haps we should more appropriately say 7.;, because of the reversal of argument
order) in the lemma is given by our Epr(i). The second component ;. (Or 7g;)

is given by 6€(i)°€£T(GT(L(i))) = 8€(i)°FT(GT(€€(i))). The commutativity
condition (57) is satisfied because ! o L and (ET ° L) . (ET oFToGT o L) =
(ET o L) . (FT 0oGToeT o L) are natural. The condition that our L (i) be the
required colimit is what is stated in lemma 6.12.

We see that all conditions of lemma 5.2 are met and therefore the arrows 7;
shown in (66) which are uniquely determined by the requirement that the outer
left quadrilaterals in that diagram commute (Ti°€z( o = e°0yp;) form a colimiting
cone for the functor L. O
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7 Free algebras

7.1 A cousin of the functor category

We are now going to describe a category which is closely related to the the func-
tor category CI. This category is interesting to us because it in turn is closely
related (although in a different way) to many of the categories of algebras we
are discussing. The objects are going to be monoidal functors. The morphisms
will be natural transformations which are compatible with the relevant struc-
tures. These definitions can also be found in [Mac98, p. XI.2].

Definition 7.1. Let <I,El,é,d,}\,p> and (C,X, e, a, A, p) be monoidal cate-
gories and let (R, Ra, Ro), (R, R}, R{) : <I,D,é,o’z,/'\,,i)> — (C,K,e,a, A, p) be

monoidal functors. A monoidal natural transformation
™+ (R, R, Ro)=» (R, Ry, Rg) : (LE,é,6, A, p) = (C, 1, ¢, A, p)
is a natural transformation
T:R3R :1—C
such that the diagrams (67) and (68) commute for all a,b € I.

R'(a)® R (b) +—— R(a) X R(b) (67)

7o X7p

JRIQ;QJ, JRZa,b

R (aldb) «————— R(aldd)

P (69
I

R (é) « R(é)

Te

Ro
Lemma 7.2. For any monoidal natural transformation

T <R’ RQ’RO>% <R/7 IQ’R/O> : <I’ |:|7 é7d7 >.\7p> % <C7 X? e)a7 A’ p> 7

any tensor word v and any a; € I the diagram (69) commutes.

ve (R @) gy ve (RS o)

JR;,(ai)f(vf JRm(aﬁf(?
(v (v
R (UI ((aZ-)i(:l))) o R(UI ((ai%(:f))
v1(<ui>i:1)

Proof. Again we proceed by induction over the structure of the tensor word v.
The case v = () is obvious. The case v = ¢g is (68). For vOw we get the
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diagram below.
v ((R@)i) Bw ((R(e)))
/
((TaL [(v))gw((r )e(w))

/
v (R @))i)) B ((R (b)) R i’% gy
R 40 éR ) R(U ((a»z(”))) X R( (<b1>§(:w1)))

v, (aq) oy w, ()5

/
J "e(wot) ™ w(<bj>§‘:“?)
/

R’(v (<az>( ))xR/( (< >§<:1>>) (<ab>f<v>2w( )
Bty R (o (@) B (18,2)))

(<a f(v)) w<<b >f(w)>

£\

(e )ou(E2)

/
R (o (1a)12) 3o (0)2))

The upper square commutes by induction hypothesis for v and w and because
X is a bifunctor. The lower square is (67) for v (<a1>l(v1)) and w ((bj%(_w)). O

j=1

Lemma 7.3. The vertical composite oot of monoidal natural transformations

™5 (R, R, Ro)=» (R, Ry, Rg) : (LB, é,6, A, p) = (C, 1, ¢, A, p)
and

o (R Ry, By (R, RY, BY) : (L0, A, p) — (C, K, e,0,),p)
is a monoidal natural transformation

oot (R, Ry, Ro)=> (R, Ry, R) - <I,D,e‘,o‘z7>\,p> S (C, K, e, a, A, p) -

The identity natural transformation 1g is a monoidal natural transformation

1(R,R2,Ro> : <Ra ‘R27—R0>_.> <R7 R27R0> : <I,D,é,0.[,).\7p> — (C,&,aa,A,p) .

Proof. Write the instances of (67) for o and 7 side by side. Do the same for
(68). The second claim is obvious. O

This justifies the following

Definition 7.4. The category

MFun (<I [, 6, 6, A, p>, (C, K, e, a, A, p>)
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(or MFun(I, C) for short when the monoidal structures on I and C are clear
from the context) is the category which has objects monoidal functors

<Ra R27 R0> : <I7 Da éa da ).‘7 P> — <C7 &a €, Q, )‘7 p>
and morphisms monoidal natural transformations
7: (R, Ra, Ro)=> (R, Ry, R}) - <I,B,é,d,)\,p’> S (C, R, e, M\, p) -

Composition of morphisms if given by vertical composition « of natural trans-
formations. 1 r, Rr,) is given by 1g.
The category

StrgMFun (<I [, 6, 6, A, p>, (C,K, e, a, \, p>>

is the full subcategory of MFun(<I, [, 6, 6, A, p>, (C, K, e, a, \, p>) which has

objects all strong monoidal functors.

7.2 The category of valid realizations

Definition 7.5. Let X, A, s,t be generators (definition 3.13) and let vs, vy be a
varnishing (definition 3.15). Further let D be a set of equation-shapes (definition
3.16) and let (C,X, e, , A, p) be a monoidal category. The category

Real (X, A,s,t,v5,v¢, D, (C,K, e, a, A, p))

(which we will abbreviate to Real (D, C) when the rest is clear from the context)
has as objects all valid realizations (0, m) of the above atoms with the above var-
nishing which satisfy all equation-shapes in D. In this context we also call the set
D the set of azioms for the category Real (X, A, 5,t,vs, v, D, (C, K, e, o, A, p)).
An arrow : (0,m)=>(0’,m’) of Real (X, A,s,t,vs,v;, D, (C,K, e, a, A, p)) is a
natural transformation :0-30": X — C (where we regard 0 and 0’ as functors
from the discrete category X to the category C) which satisfies

ve ({ micem i)
J{m’(f) J{m(f)

vs (e i) w0l : (70)

(m; (s (f)) is the i-th component of s (f).) The composition of arrows is given by
vertical composition of natural transformations and the identity natural trans-
formation is the identity morphism.

Observation 7.6. The category of monoids in (C,K, e, a, A, p) is the category
Real (X nron, Anon, SMons tMons Us:Mon, Vt; Mon, Daton, (C, K, e, a, A, p)) .
Observation 7.7. If D C D’ then
Real (X, A,s5,t,vs,v¢, D', (C, K, e, a, \, p))
s a full subcategory of
Real (X, A,s,t,v5,v4, D, (C, K, e, a, A, p)) .
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Definition 7.8. Again, let X, A, s, vs, v, (C,X, e, a, A, p) be as above. In
addition to the function

Kx A5 tw.,.c: Obj(Real (X, A, s,t,vs,0,0, (C,K, e, 0, A, p))) —
Obj(MFun (£ (X, A,s,t),(C,K, e, a, A, p)))
defined in 3.34 we define for any two 0,0’ € C¥ a function
Kx Astv.u,.c:homgx (0,0") = homgx+) (K (0), K (0'))
of the same name by setting
(Kx,as,oe00.0 () oy, = 0" ((adizh) (71)
for any :0-30 :X — C.
Lemma 7.9. A wvalid realization (0,m) (which is the same thing as an object of
Real (X, A,5,t,vs,v:,0,(C, X, e, a, A, p)) )

satisfies a set of equations-shapes D (which means the same thing as saying that
(0,m) is also an object of

Real (X7 A,ﬁ, ta Vs, Ut D7 <C7 @, G &, A? p>) )
if and only if Kx A tv.0.,c ({0,m)) factors through “g x a,s¢ (with
E={{tr(p),tr(q))l (p,q) € D} ).

If
<07 m>’ <0/7 m/> e Real (X7 A757 {" US) /Ut7 D7 <C7 &) e’ a? A? p>)

then a natural transformation :0->0": X — C is a morphism
: (0,m)= (0, m’)

of

Real (X, A,s,t,vs,v¢, D, (C,K e, a, A, p))
if and only if Kx a.stv,v,c( ) defined in (71) is a monoidal natural transfor-
mation
Kx Astvov,c():K({o,m) K ((0,m)): E(X, A s,t) = (C,K,e,a,\,p).
Proof. If K ({0,m)) factors through ~g then

K ({0,m)) (tr(p)) = K ({0,m)) (tr(q)) for all (p,q) € D .

By observation 3.33 the arrow K ((0,m)) (tr(p)) is the result of the evaluation of
a path whose ptr is equal to that of p, and similarly for q. By corallary 3.24 this
implies ev(om) (p) = eviom) (¢). If on the other hand (0, m) satisfies the set of
equation-shapes D then for any (p,q) € D we have ev( m (p) = ev(om) (q). By
the same argument as before this implies K ({(0,m)) (tr(p)) = K ({0, m)) (tr(q))
for all (p,q) € D. By lemma 3.31 this implies that K ({(0,m)) factors through

E-
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For the second part note first that by interpreting the arrows in the diagram
(69) (the monoidality-condition for natural transformations) as evaluations of
paths with equal traces (for appropriate generators, varnishings, etc.) we see
that this diagram commutes in any case. So we only need to think about
naturality. We also do this by choosing appropriate generators and varnishings.
More explicitly, consider

« the set of object-atoms X := ({0} x X)U ({1} x X),

« the set of non-trivial arrow-atoms A := ({0} x A)U ({1} x A)UX (so
there will be three copies of X (with different meaning) in the set of
arrow-atoms),

« the signature $,{: A — X* given by
5((0,1)) = (0,7 (s ANE) 1((0,1) == ((0,m (£ (7))
S((LD) = (1w (s NS (L) = ({1

forfe A

forae X,
e the varnishing s, v; given by

Us(<07f>) =15 ((1,f)) = vs (f)
¢ ({0, 1)) = ve ((L,f)) = ve(f) forfe A

Us (@) = vg(a) = () forae X |

o the realization (0, M) given by

0((0,a)) :==o(a)

0((1,a)) :==0"(a) forae X

m((0,)) := m(f)

m((L,§) =m'(f) forjeA
m(a) := 4 forae X,

o the trace-set

Ei={{tr(p) r(a))| (@) € D} .
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Define functors
&5@%@&%5@&&0

S ((ai)iz1) = ({0, @i))isy
S(mox ast(((Fis) 21 i) = T 3 st (CLOL i) Dim)

TE@A@OHE@A@Q
T ({ai)iey) = ({1, 0:))i4
T (e, x, A5 (((i )7 )izk)) = 7o x asi (L Fig)TE i)

(where a; € X, f; ; € AUX).
Using the closure properties of the relation ~; we get that

“xoiois (Toxoini (D) 25 (1) = "% dsi (T (1) o i (3 (1)) -

(The elements in F are exactly those that stand for the above equation where
f is an arrow consisting of a single non-trivial arrow-atom.) Now note that

Kxsnnc ( )y = K igino (0.Mm) (7o a0i((a))
KX)A757t7US7vt) (f) X JALs s 0, C (<07 m>) (S (f))
KX,A,EJ,US,W, (f) = KX A5 b vs U, C (<07 m>) (T (f))
and therefore
KX,A,E,f,US,’Ut,C ( )t(f) OKX,A,S,t,US,’Ut,C (<07 m>) (f) =
K s ivsrino (0.) (o x asi () oS (£) )

and
Kx astw,0.0 ((0,M)) (f) eKx stw,0n0 () =

K s ios, e (0.0) (T () ome i i i (5 ()

This reduces the second part of the theorem to what we have already proved in
the first part. Indeed Kx 4,4.t,v.0,,c ( ) is natural if and only if

Kx astoo.¢( )y Kxas v, ((0,m) (f) =
Kx asto.0,.c (0,M) (f) Kx astwim.c (g

which is the case if and only if

K s iv,0.c ((0,M) (%,X,A,g,t(@(f)» o5 (f)) =
K s ivsraino (0.0) (T () oo s asi ((5(9))

which in turn is the case if and only if K¢ 4 ;. 4,.c ((0,M)) factors through
"X is.ip- By the first part of the theorem this is equivalent to (0, M) satisfying
the equations in D, which by the construction of (6, M) and D is equivalent to

being a morphism : (0, m)= (o', m’). O
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The previous lemma allows us to define a functor mapping realizations sat-
isfying a set of axioms to monoidal functors from a category £g (X, A, s, t).

Definition 7.10. Let X, A s, t,v5, v, (C, K, e, a, A, p) be as before. For any set
D of equation-shapes we define a functor

Kx A5 tw. .00 Real (X, A,s,t, 05,0, D, (C,K, e, a, A, p)) —
StrgMFun (ETT(D) (X,A,5,1),(C,K, e, a, A, p))
which sends any realization (0, m) to the unique strong monoidal functor
(L, Lo, Lo)
for which
KX,A,stt,vs,vt,C (<0> m>) = <L7 Lo, L0> © ~E7X,A,s,t
and which sends : (0,m)-> (0, m’) to the monoidal natural transformation
Kx astv,0,c() -

Lemma 7.11. Kx 4 s.tv,,0,,D,C 5 an equivalence of categories.

Proof. Again, set E := Tr(D). We show that Kx 4..tv,v.,0,c is full and
faithful and that every strong monoidal functor

<L7 L23 L0> € StrgMFun (gTr(D) (X7 Aaﬁa t) s <Ca ga ¢, &, >‘7 p>)

is isomorphic to Kx,4.s t,0,,0.,0,c ({0, m)) for some
<05 m> € Real (X? A757 tv Vs, Ut, Da <C7 IX, €, Q, )‘7 p>) .

For more information on the different ways of expressing that a functor is an
equivalence of categories see [Mac98, section IV.4].
To see that Kx As.¢v.,0,,0,c is full consider any

7 Kx Astvev,n.c ((0,M) KX As .00, ((0,m)) .

By lemma 7.2 we get that 7(4,)n ~can be expressed as

v ((7(as) )iz
ot (o (o' (a:)) Y y) J e )in) ) (o (0 (a)))ry)
| +
Canv(")*v(")(<v(1)>?:1);<°’(ﬂi)>?:1 Canv(")(<v<1)>{L:1)<—v(");<0(ﬂi)>f’:1
\
Kp ({o',m")) ({a;)iq) TP Kp ({0,m)) ({a;)iq)
(a)?_,

which again by an equality-of-traces style argument means that

Tlag)n , = ) (<can(7)kv(1>;o/(ai) °T(a;)° canv(nk(f);o(ai)w:l)

= KX,A,E,t,vs,vt,D,C (< Can(_y—y(1);0/(a) °T(a)® CALNYL1) —(_);0(a) >a€£‘E(X1A’57t)>
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(where we can write the D in the subscript of K because of lemma 7.9). Similarly
we see that Kx 4. tv..v,0,c is faithful because for any

H(0,m)= (o', m')

and any a € X we have

0’ (a) . 0(a)
CAR () w10/ (a) AN, (1) —(L)i0(a)
(1) (! (1)
o0 (@ (@) o o0 (0 (a)

Now let (L, Lo, Lo) € StrgMFun (SE (X, A,s,1),(C,K,e,a,\, p>). Define

for all a € €5 (X, A, s,t) and define m (f) by

o (7) ( <L (¢ (eh))) >f_‘§f”> 0 ) ( <L ((m (s))) >f<_51<f>>)
| |

L v L .
veD (i i) vs (1), ((mi (s (D)) § 0 )

l l

L) L)) Lis®)

for any f in A. The diagram above uniquely determines m(f) because (L, Lo, Lo)
is strong.

Now consider diagram (72), in which f = 7o (( (f;)"=;)). The upper quadri-
lateral commutes by the definition of Kx 4 s ¢u,v,,c ((0,M)), the right and left
quadrilaterals commute by lemma 3.6, the middle square commutes by the defi-
nition of m(f;) just given and the lower quadrilateral commutes by naturality
of L,wy. Therefore the outer square — which generalizes the defining square
for m(f) — commutes. By placing these kind of squares next to each other it
becomes clear that for any f in £ (X, A4,s,t) the following square commutes.

K ((0,m) (t(N) «—om— K (o:m) (s()
| |

L €00 (s ety 00 Eoeo) (mis e

L) 5 L)

From this we see that Kx A s t.v,.,,c factors through “g x 4 s¢ and by lemma
7.9 this implies that (0, m) satisfies the set of equations D. We still have to

show that <Lv(l(a)) is a monoidal natural isomorphism.

(s (a))) ) >a€£’E(X,A,5,t)

71



¢l

& ({o,m) (¢ (f)) R K ((0,m)) (s(f))
Il

= =1

() (< ((m ((m»)y(j )):L:l> U(Z(S(f)))(<L(< ((fl>)>)>f((f))" )

oy /

o (e G0y ) = O (L (g i) ST PR (s 07z ) =0 CCOD) (L (o ) YT T

\ ;s 7

o <<v ) ( <L (4m (+G:2))) >f<’“ ”) >2_1> o o <<v ) ( <L (¢m 0 (fz))>)> . ”) >z_1>

O (s ()Y Lj(n)(<Lvt<m,<<w</<m>>>§<’§f“>>?1) ”(n)(<Lu (5 (g (e i 0 )i= )J

(z( ) <<ﬂ- s( )>>Z( s(f))
1) STTE v (L (s

o™ ((L (" ((F)N) Yiza)
L n
%< ANy o(®) <N

L(Ce() ()




Naturality is just the previous diagram. It is also clearly invertible because
(L, Lo, Lo) is strong. It remains to check monoidality. We will do this directly
by showing that (69) commutes because that’s just as easy in this case. So let
a;; € € (X, A, 5,1) and call (ai7j>fi:1 = g.

v <<Lv(’”> a0y >i:1>

v (L (@))is)

v ((K ({0,m) (4))i=1)

L canv( n

v, (i) Ty T ki) 4—v(<v(ki)>;":1);<L<<ui‘j>)>.];;1;l:1

| |

L (fosslinia) K ((o,m) (@)1

o(Zar %) (g ki

j=li=1
(73)
In diagram (73) we see what diagram (69) looks like in our case. This again
commutes by lemma 3.6. O

7.3 Free objects
Definition 7.12. Define a forgetful functor
GX7A75,£,US,vt7D7<C,lX7e,a,/\,p> :
Real (X, A, s,t,v,,v:, D, (C,K, e, a, \, p)) = C¥

from the category Real (X, A,s,t,vs, v, D, (C, X, e, a, A, p)) which sends any
realization (0, m) to 0 and a morphism : (0,m)= (0/,m’) to :0-50" : X — C.
Define another forgetful functor
GX,A8,4E,(CRe,ap)

StrgMFun (SE (X,A,s,1), (C,K,e,a, A,p)) X
from StrgMFun (EE (X,A,s,t),(C,K,e,a, A, p)) as

G X, A,5,L,B,(CR,e,a0p) = — O1Njx 44

where the functor injy 4 ¢: X — Ep (X, A,s,t) is the injection from the dis-
crete category X into &g (X, A, s,t). More explicitly this means

(GX,A,s,t,E,(C,&,e,a,k,p) (<L7 L27 L0>)) (Cl) - L(Cl)
(GX,A,ﬁ,t,E,(C,&,e,a,k,p) (T))a =Ta -

We will abbreviate

Gx, A4,5,t,00,01,D,(C B e,a,),p) 10 G

and
GX,A,5,4,E,(CB,e,a,xp) t0G

when it is clear from the context what we mean.
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Lemma 7.13. If E = Tr(D) then
G x,A,5,6E,(C”,e,anp) © KX A5 t0.,0,C = Cx, A5, ,00,D,(C”,e,ah,p) -
Ezplicitly the the map which sends (0,m) to the natural transformation
can( ) ,m00: v o050: X = C

is a natural isomorphism from G o K to G. We will call this natural transfor-

MAtion X A.stv.,v,.,D,(CB,eahp) O for short.

Proof. Naturality of means that

(G oK) ((o,m')) (G oK) ((0,m))

(GoK)()

can (1) 00’ can (1) °0

G ({0, m’)) G ((0,m))

G()

commutes for all : (0,m)= (0/,m’) in Real (D, C). This means that for every
aceX

o (o (@) . o (0 ()
can (1)o7 (a) A% ) cv@Djo(a)
0’ (a) 0(a)

a

commutes, which is true because can(_y ., is natural.
Because every component of is an isomorphism is also an isomorphism.
O

The next theorem will describe free objects in the categories Real (D, C)
and StrgMFun (EE, C).

Perhaps it is in order to say a few words about how we are going to construct
our free objects before we commence the more formal part. The reader may be
familiar with the construction of free objects in varieties of algebras. There one
constructs the free object on a set of generators by first forming the set of all
valid combinations of operators and letters from the set of generators and then
identifying all elements which necessarily have to be equal as a consequence
of the equations that all algebras from the variety in question are supposed
to satisfy. In category-theoretical parlance one would say that the constructed
object is a coequalizer of a coproduct of products (of different length) of the set
of generators with itself.

On the other hand there is the free monoid on a set of generators which may
of course also be constructed in the manner described above but this is not the
most “economical” way of doing it. Instead, the reader may be aware that the
underlying set of the free monoid is simply the set of all finite-length strings
in letters taken from the set of generators. In category-theoretical language we
have a coproduct of products — coequalizers are not required.
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The construction of free objects we are going to give is close to the second
case. It can in fact be seen as a direct generalization of the construction of
the free monoid (which can be found for example in [Mac98, section VIIL.3]) —
one which the author thinks shines some light on why the free monoid can be
constructed in this way.

Note however that the construction we give does not cover all types of vari-
eties usually considered. More specifically, because our ambient category only
has a monoidal structure but not a symmetric monoidal structure we are not
able to express in our set D of equation-shapes equations like for example the
equation which would in the ambient category set be written as a-b = b-a. This
means that anything “abelian” is not covered by our construction. This will
be obvious once we have given the actual construction because for example free
abelian groups simply do not have the kind of structure which our construction
creates.

On the other hand the restriction of a single base object which is often
imposed in the classical setting will not appear in our premises because it is
simply not necessary and it would not really make the construction any simpler.

Theorem 7.14. Let X, A,s,t be generators, vs,v; a varnishing, D a set of

equations shapes, E := Tr(D) and (C,X, e, a, A, p) a monoidal category.
Assume that C has coproducts of sufficiently large sets of objects of C.

More specifically we require C to have a coproduct for any family of objects of

C indexed by a set {f in g (X,A,s,t)’t(f) = <a>} for any a € X. Assume
further that for any a € C both of the functors a X — and — X a preserve
coproducts.

If
1. L(t(f)) =1 for allf € A and

2. L(t(p) = £(t(g) =1 for all (p.q) € E

then Gx, a,s,tv,,0,D,(CR,can,p) has a left adjoint

FX,A,s,t,vs,vt,D,<C,®,e,a,A,p> .
CY - Real (X, A, s, t,vs,v, D, (C, K, e, a, \, p))

and

Fx a548,(CReanp) =
Kx A5,t0,,00,D,C © FX 45, t,0.,0,D,(C 8 e,0,0,0)

CX - StrgMFun (é:E (X, A,5,1),(C,K, e, a, A, p))

is left adjoint to Gx A t,E,(CR,ea,rp)-

Proof. We will assume that the reader is familiar with the different possible
ways of defining an adjunction. For a general account see [Mac98, chapter IV].

Although it would suffice to find a left adjoint to either G or G (because then
the equivalence of categories would give the other) we will instead work with
both of the categories Real (D, C) and StrgMFun (é:E, C) because it seems

to the author that parts of the argument are more naturally executed in one
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and others fit better in the other. More specifically we will begin by defining
the object function Fp of F. Then we will chain this with K to get the object
function Fp of F'.

We will then define what will become the units of the two adjunctions.
The unit  of the adjunction between G and F is composed of morphisms g :
0-3G(Fp(0)) of the category CX and because of the way in which Fp and Fp
are related the unit of the adjunction between G and F' is composed of maps
Ne : 03G(Fp(0)) = G(K(Fop(0))). Using the natural isomorphism from lemma
7.13 we can define 7, in terms of ¢ as

Mo = ';(10). o - (74)

We will then show that Fp (0) € StrgMFun (g‘E, C) together with n satis-
fies the required universal property. This means that in diagram (75) for any
<L,L2,L0> € StrgMFun (éE,C) and any : 0—>G (<L,L2,LO>) there is
a unique morphism 7 : K(Fp(0)) = <L,L2,L0> of StrgMFun (f:'E,C) which

makes the outer “triangle” commute. When <L, Lo, L0> = K ((0o/,m’)) then be-

cause K is full there is a morphism : Fp(0) = (o', m’) with K ( ) =7. If and
" are related in the way indicated in the diagram then that means that because
is natural ' factors through ¢as "=G( ) . If ’isanother morphism of
Real (D, C) for which ' = G( /)« o, then again by naturality of ~! we have
= <_0}7m,>- "=G(K()) Eol(o)- o = G(K( ")) *ne, which by uniqueness of 7
implies K( /) = 7 and by faithfulness of K this implies ' = . Therefore we
will know at this point that 4 is universal from ¢ to G.

In this situation there is a unique arrow function for F' such that 1 becomes

a natural transformation 7 : 1 StrgMFun ( £5.C -G o I and this arrow function

makes F' left adjoint to G and 7 the unit of that adjunction. Similarly there

is a unique arrow function for F such that becomes a natural transformation
: IReal(D,c)—G o F and this arrow function makes F left adjoint to G and

the unit of that adjunction. Looking at diagram (76) and remembering that
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—1 is natural we see that F' = K o F.

o4 0
’ 76
G(F(0)) SE G(F(0)) (76)
Mo J{ J{ Mo
F(0) F(O)
:lz G(K(F("))) K(|I|:
G(F(0')) S G(F(0))

Now we still have to define Fp and

So let 6 € CX and call Fg (0) := (0,m). The realization of object-atoms 0 is
given by (remember the convention set down in definition 3.17 of also using the
symbol 0 to denote the lifted functor)

ofa):= [ o“CUD (o(s(h))) . (77)
=)

This coproduct exists by hypothesis of the theorem. For every £ in £ we have
an injection o5 : v (0 (s(£))) — o(a). Usually, when 0 is clear from the
context we will omit it in the subscript.

From our hypotheses it follows that for any tensor word v the induced func-
tor v(c,®,e,a,),p) PTEserves coproducts in every variable seperately. Indeed any
functor v (by,...,b;—1,—,bi+1,-..,b,) can be seen as a composite of functors,
each of which has either the form a X — or — X a where a is w ((b;,)}_,) for
an appropriate tensor word w and an appropriate selection of indizes i1, ..., 1.
Using lemma 5.3 we get that

(v (i) o (oM (0 (s (i) Yy ) = v ((0(@)Nat) Yoo o 1o, &

i=1

t(hi)=(a;)

forms a colimiting cone for all (a;)", € Ep.
We want to show now that in analogy to (77) we have

K ((o,m)(a)= [T o“CO(0(s(h))) . (78)
h in éE
t(h)=a
(Remember (definition 3.34) that the object function of K ((0,m)) only depends
on 0 so we can talk about K ((0,m))(a) even though we haven’t defined m yet.)
This is where the conditions on the targets of arrow-atoms and of paths in F
come into play.

Lemma 7.15. Let X, A,s,t be generators and let E be a set of equations in
E(X,A,s,t). If conditions 1 and 2 in the statement of the parent theorem are

7



met then for all (a;)7_, € Ep the function

Flaiyr, - { =1 in HEE

={(a;) Vie{l,...,n}, —

{#n S‘E\Wi) = (0}
Rag)r, ((fi)izr) ==Ly (B)
is a bijection.

Proof. Replacing £g by pArr (X, A, s,t) everywhere above we can define a func-
tion K" (q,)»_, which operates on tuples of pre-arrows. We will show that £"(q,yn
is bijective.

Next we will show that two pre-arrows are related by < if and only if the
elements of the tuples which are the images under x” ( 1>n of these two pre-
arrows are pairwise related by <. From this it will be clear that (), is a

bijection when E is the empty set, that is, when we replace £g by € (X, 4, s, 1)
everywhere above. Call this function ', Yo

Then we show that any two arrows of 5 (X, A,s,t) are related by ~p if
and only if the elements of the tuples which are the images under ' (a >n of
these two arrows of £ (X, A, s,t) are pairwise related by ~g. This will show the
statement of the lemma to be true.

So let ((fi;)721){—y be a pre-arrow with ¢ ({(fi;)j;)i_;) = (@)=, From
condition 1 it is clear that nj; must be equal to n. For each of the arrow-atoms
fr1,- -, kn we can find all arrow-atoms vertically preceding it by the following
procedure.

Because there are no arrow-atoms whose target has length bigger than 1,
for every index j € {1,...,n,_1} we can find an index j' € {1,...,n;} such
that the section of ¢ ({ (fk L)) = s({((fi)i) corresponding to #(fy—1,;)
is a subsection of the section corresponding to s(fx ;). Because there are no
arrow-atoms whose target has length 0 there is exactly one index j' with this
property. We say that we group the arrow-atom f,_;; with the arrow-atom
fr,» (or really the index-pair (k — 1, j) with the index-pair (k,j’)). Continuing
this strategy we can find all (index-pairs of) arrow-atoms which precede one of
the arrow-atoms (at one of the index-pairs) previously grouped with (the index-
pair of) the arrow-atom fy j; — thereby splitting the pre-arrow ((f; ;)j=;)i_y
into n parts, each of which is itself a pre-arrow, in such a way that the hori-
zontal juxtaposition of these n parts gives ((f; ;)j2,);_;- In our visual calculus
this procedure corresponds to starting at the bottom and tracing the outlines
of the arrow-atoms until we arrive at the top — this is possible precisely be-
cause we required the length of the target of every arrow-atom to be 1. From
the description of the process by which these parts were found it is clear that
there can be no other choice of pre-arrows whose horizontal juxtaposition yields
((Fi3)521)izy- Therefore K" (q,yn  is bijective.

< was defined in such a way as to be compatible with horizontal juxtaposition
— so clearly if f;, g; are pre-arrows with f; < g and t( z) = t( z) = qa; for all
i€ (L) then W (A1) = K o, ().

Now let # and g be pre-arrows. If f and g differ only by a row of identities
then the same is true for their components — that is their preimages under
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K" (a;yn_ . If £ is the result of shifting up a (single-letter) identity in 4 then there
is a component of £ which is the result of shifting up this same identity in the
corresponding component of g4 while the other components of f and g are equal.
This concludes the second part and shows that x’ (a;)n_, is a bijection.

Again, ~g was defined in such a way as to be compatible with monoidal
product, so iffl,gi are arrows of £ (X, A, s, t) Withﬁ- ~g giand t(f;) =t(g) = a;
for all 7 € {1,. n} then &' (q,) (<ﬁ>Z 1) ~p K @y ((gi)ie 1)-

So let f = & (a;)m (< J> ) and g = «/ (a;)my (<g]>J:1) be arrows of
E (X, A, s,t) such that f ~g g (by lemma 3.26 any two arrows which are related
by ~p have an equal target so f ~p g already implies that ¢ (f) and ¢(g) can
be written in the form indicated with the same tuple (a;)?_;).

By lemma 3.28 there exists a natural number [ and sequences

()i (89Ymn s (Yo (6O Yo (7 Y

(r,47) € BU{(g.p)| (p. 1) € B}

with

and
A9 5D k0 £ ¢ Ar(E (X, A,5,0) forall i € {1,...,1)}

such that
f= £ (ﬁ(l) Dp(l) 0 E(l)> OK(l)
£ (ﬁ(Z oPQ (z)> 40 K(iJrl)o( A+ [ 400 [ ﬁ(z+1)) 40D
forallie {1,...,1}
£ (ﬁm 0 q(z) o ﬁ(z)) o&'(l) — . (79)

Call 0= (0 0 p0 0 57) £ = £0). Then 0 = £, £ = 5 and

D G, (ﬁ(i+1) afiasio ﬁ(i+1)> K(H—l) £ ( A9 @490 ﬁ(i)) o((ﬁ

is obtained from £(*) by swapping out a p(i) contained somewhere in the middle
of that arrow for a g(¥).

Now we can split £(?) into f D ,f(l This splitting corresponds to split-
ting each of £, A @ p) [ i and K into n parts which we call %), P;Z)

and kj respectively. Because p(*) has a target with length 1 there is an index
74 such that Py)

right hand flank of £(*) and an ﬁ

= ﬁj(f) Op O ﬁ;z) for an ﬁ(i) which forms a (possibly empty)
@) which forms a (possibly empty) left hand
flank of ,é( g For all j # j; the arrow p(’) is a part of either A9 or ﬁ . Split-
ting £+ — £ (ﬁ( InPONais

-(i)
) ok~ in a similar manner corresponds to

splitting each of £, A [ q(z) ] /i and K 1nto n parts. Because q(i) has the
same shape as p( i) the parts that £(9 and k split into are exactly the same
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as before and we can call them by the same names as before. Call the parts of
A [ q( Rin ﬁ( 2 by the names q . Again ¢ (¥) is completely contained in one of
these parts and because q(’) has the same shape as p(l) and everything else has

remained the same as before thls part is the part q Wlth the same 1ndex Ji as

before. For this part we have 11 = /i(z) npla! ﬁ( ) with /i(z) and /i ) as defined
above.

(Z)

For all indizes j # j; we have q (80)

For each j € {1,...,n} we can now form a chain which uses the sequences

(o (e G (s (2

where ij.1,...,%;m, are those indizes i for which j; = j. By the discussion above
and because
follows from (79)
. ’ .e
(ijr) (igk) and K7qajyn_, bij.

ka(””“)“(ﬁa('”””mq}”*)DE(»”*)) oy ™ = kfm od

kj(ij;kﬂ)op(iﬁk“) K(“’““ (80) @(z a1, (h Kk+1) K'(ij:k+1) (79)
J
2 ) k(.”"““) -
J

kj(ij;kJrl*l)O[:'Z(ij;kJrl —1)oé§ij:k+1*1) (79)
- (455041)

e CEEF T R R

this chain (which may be empty) connects f; to g; in the manner described in
lemma 3.28.
The reader is encouraged to draw a picture of the situation. For the author

this was very helpful in developing some intuition for what is happening here.
O

" .
We have already seen that (v (( ﬁi>i:1)><ﬁi>?:1 . forms a colimiting
t(fi)=(a;)
cone to v ({0 (a;))1;). Clearly this is still true if we prepend an isomorphism to
every one of these maps. So the maps
Loy )Py "=
n
v ({ O;ﬁi>¢:1)°Canv(@(us(w)>;L:1)Hu<h.>n (0(m; (s(hi)))) s

i=1

wgayp, (106 (sCENE) = v (0 (@))iy)

form a colimiting cone when (#;)?; ranges over

{(ﬁ{>?_l in HgE t ﬁ/ = <Cl,>} .

U(syn_, is a tensor word of appropriate length.
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By the previous lemma we can just as well let rq,y» ({f;);-;) range over
{ﬁ in SE]t(ﬁ) - <ai)?:1} .
Because s (/i(a,iw:l ((fi)—1)) = %=1 (s(#;)) this means that if we define

bosougsh *= Losueugn, | (4)
then
<v (0(a)), (toreugsn : i (0(s(A))) = v (0(a))), 5E>
t(F)=a
is a colimit. Specifically, if we set
Losugsfi 7= bosp () maysh

then
<K(<0’ m)) (@), (tosuh = wa (0 (s(A))) = K ({0,m)) (a)), ;. gE>

is a colimit. Set

Lo3h "= Loy (et = Losp(t(A)) —p(@(s(D)):f -

Again in all of the arrows ¢ we omit 0 in the subscript when it is clear from the
context. Now we define m(f) by requiring that the diagram in (81) commutes
for all A in Eg for which t(#) = s (f).

0, (f)(0(s () e o)) (0 (s (A)))
m(f)
o (DOt () o(EECEIND (6 (s (1 ({ (1)) <))

\ __—
Lw<f>w(2(s("/ff(<<”>)°ﬁ)));"E<<<f>>>oﬁ

(1)
Note that this diagram also uniquely determines m(a) for any a € X — moreover
it does so in a manner consistent with the convention laid down in equation (37)
from definition 3.17 (which just says that m(a) is the appropriate identity).

We will show that K ((0,m)) is determined by a diagram which is very similar
to (81). Let f; € AUX, f; in g with t(A) = +(f;). Now set f := 7o (((f)1)),
ho:= 0, (#) and (H, Hs, Hy) := K ((0,m)). Consider the diagram in (82)
(in which all unlabelled arrows stand for the appropriate structural transfor-
mation). Commutativity of the inner square follows from the definition of
m(f;) and from functoriality of v(™ . The right hand quadrilateral is triv-
ially commutative and for the upper and lower quadrilaterals commutativity
follows from a now already familiar equality-of-traces style argument and be-

cause /it_(z) (h) =14 (/{Z(L) (@)) The left hand quadrilateral is commutative
by the definition of K ({(0,m)). Therefore the outer quadrilateral commutes.
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) Li

\.\

()
Los (71) v (€(s(6i))) 5; /

™ (v (:)(o( v ({0l (0 (s (:))) )i

H(f) ‘ M (m(Fa))iss) H

(™) ((ve () (o v(") U(ﬁ(s(@))) 0(5(@))

PR S( BUTONE))) s, >>>oﬁ

(t(f)) e oltCCeN) (0 (s ("p (£) 4)))

Define L(a) := H(a) for all a € £ and for any f € Ep define L(f) by
requiring that the diagram in (83) commutes for all £ in Eg with t(4) = s (f)-

L(s(f)) ———— v (0 (s(4)))

lL ) H (83)

L(t(f)) o eV (0 (s (24)))

This uniquely determines f because these ¢; form a colimiting cone.
To show that L = H o " we show that L is a functor.

L(s(g)) - ) (6 (s (4)))

84
% (9) \s

L(t(9)=L (s(f)) ———m——vClD) (0 (s (5-4)))

~+
o

L)) olCU D) (0 (s (fog6)))

For any f,g,h in "p with s(f) = t(g) and s(g) = t(A) the upper and lower
square in the diagram above commute by definition — therefore the outer square



commutes.

L(s(g)) = o@D (6 (s(k)))
L(fos)
L)) e o OV (0 (s(1:9°6))

also commutes and because the (4s form a colimiting cone this means that
L (fog) =1L (f) oL (g) The same type of argument shows that L applied to any
identity is an identity.

By the argument following diagram (82) we know that for single-row arrows
fin £(X,A,s,t) we have L("g(f)) = H (f). Because both sides are functors
this implies that for any arrow f in £ (X, A, s, t)

L("e(f) = H(f) -

By lemma 7.9 we see that (0,m) satisfies the set of equation-shapes D and
the functor component L of (L, Lo, Ly} = Kp (Fo(0)) =: Fo (0) is defined by
diagram (83) (LQ;a,ﬁ = Hg;aﬁ and LO = Ho)

Now we show that Fp (0) really is a free object. For any 0 € CX define the
natural transformations

o :05G(Fp(0): X —»C
( O)a = Loy (O (i1 (85)

No ¢ O*)G(Fo(O)) X —>C
(no)u = L(‘);(,)ﬂ(u) . (86)

7 will be the unit of the adjunction between F' and G.
Clearly ny = E(lc)- o-

We want to show that for any <L, Ly, L0> € StrgMFun (EE, C) and any
-G (<L, Lo, L0>) : X — C there is a unique monoidal natural transformation
7: Fo (0) > <L,L2,L0> € — (C,K, e, a, A, p) such that G (1) e =

Consider the diagram in (87). In this diagram a = <al->e(a) bec&pand h

i=1»
is a morphism of &g such that s(h) = a. The square marked with @ com-
mutes by the definition of L(4), @ has to commute if 7 is to be natural,
commutes by an equality-of-traces style argument, @ has to commute if 7 is
to be monoidal and finally if we require that G (1)1, = , then (® also has

to commute. So in summary, if 7 is to be a monoidal natural transformation
T: Fo(0) > <L,L2,L0> : g — (C,K,e,a, \, p) such that G () e = , then

necessarily the diagram in (88) (which is just the outer part of the previous dia-
£(a)

i=1"

gram) has to commute for any £ in £g for which ¢ () = fand s (£) = a = (a;)
But because

<Lﬁ>ﬁ in 5~E
t(h)=b
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MUO) (( aj >fg)
/— @

O (DY) oy (i)

. \
L@ (i@ @ Lo (it | 0 (0, )ih)
. @ \
L(a) 2 La) e o0 (0 (s(1)
L () @ L @ ‘
L(5) = L (6) o v UL (0 (s (he1,)))
(87)

L,U<e(a>), ( >>fgi
{
i(a) @) (1) -
70 \
1(8) 57— L(6) «——— v(“@) (6 (a))

o) (L ((a) )10)
|
(

o) ((a;))£L)
N
L(a) O ((0)) (89)
2
L(h) \
L(re)| L(6) = L(6) +—— v G (0 (s(h)))

i) @ o @ H

e L6t O o s (128))



is a colimiting cone, this already uniquely determines a morphism 75 : L(6) —
L(6) of C for any 6 € Eg. If we can show that the morphisms thus defined
form a monoidal natural transformation, then we have shown that 7 is indeed
universal from 0 to G.

In diagram (89) the parts marked with @ and @ commute by definition of
L(f) and 74 respectively. The two outermost paths from v“(*(!)) (¢ (s(£))) to

L(c) are also equal by definition of 7.. From this it follows that
L (f) oTgoty = TeoL (f) oLy

and because
<Lﬁ>ﬁ in éE
t(h)=6

is a colimiting cone this implies that @ commutes. Therefore T is natural.

Now we show that 7 is monoidal. For 6 = () it follows from the requirement
1 in the hypotheses of this theorem that the only arrow £ in Eg with ¢(4) = ()
is the identity 1. In this case the diagram in (88) turns into

v ()=e
L) =ko
!
L({) v (=1,
|
L(1<)):1L(<))
L) L) =e——=— v () =e

)

This means that 7, = Lo and therefore the condition (68) in the definition 7.1
of a monoidal natural transformation is satisfied.

To see that (67) in the definition of a monoidal natural transformation also
commutes consider diagram (90). In this diagram f;, Ay are morphism of Ep
with t(ﬁ]) = 5]' and S(ﬁj) = a; = (aj,i>?:j1; and £ = ﬁl ] ﬁg.

0) is the square whose commutativity we want to show. We know that
© and O commute by the definition of 7. (@ commutes by an equality-of-
traces style argument, @ commutes because Lo is natural, @ commutes by
the definition of I.Jv(nl)Dv(nz),<<a“>>g > and @ commutes by lemma 3.6. The

1j=1
outermost ovoid consisting of the two paths from v("1) (6 (a1)) K v("2) (6 (a2)) to
) 2
p(nitnz) (<L(<aj7i>)>?jl ) — call it ® — commutes by an equality-of-traces
j=1
style argument. Now a diagram chase which uses @ to @ in ascending order
of their names shows that

Loy, o (15, B 75,) 0 (g, B igy) = Thms,oLaiy 500 (bhy B igy) -

X takes <]_[i€1 ais [ 1es bj> to [T jyerxy (ai ¥ b;) (remember that this follows

from the requirement that X preserve coproducts independently in each vari-
able) and therefore (14 X i4,) Uit o) in £ xEm form a colimiting cone. From this
t(ﬁl)zﬁl
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//—\

o) (L (@) )ity ) @ o) ((L((a20))

)

L) ((ar.0))71, BEua) (g )72,

p(11) (< al,i>?=11)®”(""‘> (< u2,i>?=21)

L(m)® L(ay) @

©)

Loenouma) (aganps,2_,

@
can . .
o(M1Hn2) o (DB (L (Gag,i0)) 2, 0

Mnlﬂw><<L(@U¢»>ﬁﬁ

L(a1 L 112)
A’+"2%<<a,~,i>>?11§=1
2 )

N

L(f1)RL(h)

L(6)) R L(bs) ¢ L(61) WL (6) ¢ 0™ (0 (1)) K 0("2) (6 (a2))

thiy Mg, ‘

Loy vy @ Lz;&wz @ Lo, 6 @ Canv(n1+ng),_v(n1)[h,(n2);<g(aj)i));‘gl§:1
L6 0 ) 55— L (6 B by) ¢ 01472) (6 (y (] )

e

L(k)

2
ni+n J
v( 1 2)<< a]-,i>?i1j:1>

P



it follows that
Loty 5,0 (76, B 75,) = T5,08,°Lo:6y 5,

which concludes the proof that 7 is a monoidal natural transformation and also
the proof of the theorem. O

Theorem 7.16. If the requirements of theorem 7.14 are met, then

Real (X, A,s,t,vs5,v¢, D, (C, K, e, a, A\, p))

is isomorphic to the category (CX)T of Eilenberg-Moore algebras for the monad
(T,Go oF, ) where T:=GoF:C¥X — C¥.

Proof. First note that (T,Go oF, )isindeed a monad. Associativity of Go oF
follows from naturality of while the two identity laws follow from the equations
( oF)e(Fo )=1r and (Go )e«( oG) = 1g which hold for any adjunction.
All of this works for any adjunction. There is in fact a rich theory surrounding
the relationship between adjunctions and their induced monads of which we
have only seen glimpses in this paper. The interested reader who is not already
familiar with these topics is referred to [Mac98, chapter VI].

Before we dive in let us calculate a little more explicitly some of the entities
which are involved here and which we will need.

We start by giving a more explicit description of the arrow : F(0) = (o', m’)
induced by a morphism ’: 0-3G ((0’,m’)) — that is the unique : F(0) = (0’,m’)
such that ' = G( ) 4. Consider diagram (91), in which 4 : a = (ai>f(:a% —
6in Eg (X, A,s,t) and all unlabelled arrows denote the appropriate structural
transformations. For the lower part of the diagram we assume that 6 = (b) and
the outermost part of the diagram only makes sense when £ = "4 (((h))). In
this diagram the pentagon consisting of the two parts @ and @ commutes by
diagram (75) which relates the induced morphisms for 7 and  and by diagram
(88) which defines the induced morphism for . All other parts of the diagram
commute because the involved arrows can be seen as evaluations of paths whose
traces are equal. From this we see that the part of the diagram with the bigger
arrows commutes. The requirement that this part commute for all £ in Ep for
which ¢(#) = (b) also uniquely determines

As (o) is the morphism induced by 1g((o/,m/y) We get that the diagram in
(92) commutes (where h € AUX with »(h) = a and #(h) = (b))

LT
v (6)(0'(6))

1A v @)

T o)

while K D( <O/,m/>) is defined by the requirement that

J‘o’;<><—vs(h>f’E<<<h>>>

G(F(0)) (b) (92)

Kp ((o',m’
Ko ((0'a1)) (9 ) (<Oj:],j) *

K (M) (6) e KnlFO)(6) (%3)
p( wmy)),
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Kp(F(0)) (6) 7= v (0 (a)) —— vs (h)(6(a))

G(F(0)) (b)

o3 () s ()7 (((B)))




commute for all A:a — 6 in Ep.

Using the above diagram for Kp ( g()) and the definition of Kp (F(0)) (g)
(given in (83)) we see that the diagram in (94) commutes for all £ : a —
b, g:b6— cin &g (by the lemma about iterated colimits the requirement that
outer part of this diagram commute for these arrows even uniquely determines

Kp( F@)))-

o) (6 (a)

Losh

(0))(6)

LG(F(0))ig

Kp (F(0)(e) 4 Kn(F(G (F (0))(¢) )
D\ F))).

We calculate the defining equation for F (") = Kp(F(")) (where = : 0-50").
This is the morphism induced by ngye".

v (£(8) .. Yo L8O (- Y
f ﬁ)> sz(f(ﬁ))(o/ (6)) &12}(@(5))(0(5))

/

Loty Lol igo1,= | Lol sy @ Loy

@

\o

F(0') (¢) AETTO T F(0) (¢)

F(0') (9)
(95)

In diagram (95) (in which, like we do for K, we write F' (O)Qgc) and mean that
we apply the functor component of F'(0) to ¢) the triangle (O commutes by an
equality-of-traces style argument, &) commutes by the definition of F (¢/) (9)
and the outermost part of the diagram commutes by (88) which describes the
induced morphism. From this we glean that (0) commutes (and the requirement
that it commute for all appropriate g in £p uniquely determines F ().

Now we define two functors

V :Real (D,C) — (CX)" and W : (C*)" - Real (D, C)

and show that W oV = lgeayp,c) and Vo W = Licxyr-

V sends any (0/,m’) € Real(D,C) to (0/,G( (om) : G(F(0')) — 0') and
any I <Ol,m/>—.> <ON, m//> to <0/,G( (o’,m'>)>_'> <0H7G( (01/,m//>)>. We have
to show that G( (o m)) satisfies (62) and that ' satisfies (63) (both from defi-
nition 6.1 of Eilenberg-Moore algebras and their morphisms). Commutativity of
the left diagram in (62) follows from naturality of and the right hand diagram is
just the equation (Go )s( oG) = 1g which holds for any adjunction. Commu-
tativity of (63) also follows from naturality of . So V is well-defined. (Note that
we could have defined a functor like this for any adjunction — again the reader
is referred to [Mac98, chapter VI| for a more thorough discussion.)
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W sends any (0, h') € (CX)T to (0/,m’) where m’ () is defined as

vs (h)(0'(a))

</(h)

v ()(0'(b)) Lo’ () s (0): 5 (((0))
Cany, () (250 (0) ]
o' (b) = G(F(0)) (b) (96)
b

(s (A) =aand t(h) = 6) and any ' : (0’,h")= (0", h") to ’: (0o/,m")= (0", m").
To see that W is well-defined we have to show that (0, m’) thus defined satisfies
the set of equation-shapes D and that ' is really a morphism of realizations.

e ({ 1)
0, (6)(0"(a)) O =)5)

vs (H)(0'(a))

Lol (L) «vs (8); i (((0))) Lo/ 5(D)—vs (1) (((0)))
G(F(o")) (b) G G(F(0")) (b)
b
m”(b) hy hY, m’(h)
0" (b) , o’ (b)
b
Cally (h) ()50 (b) Cally, (h)« ()0’ (b)
v (9)(0(6)) TTe o (9)(0'(0)) (97)

In diagram (97) (in which h € A with s(h) = a = <ai>f§’{ and t(h) = (b))
the two paths in the upper square have traces that are equal to those of the
two paths that make up the square (@ in (95) for an appropriate selection of
generators and for an appropriate choice of ¢ and 6 in (95). Therefore this
square commutes. The middle square commutes because ’ is a morphism of
algebras and the bottom square commutes by naturality of can,,)—). This
shows that if (0/,m’) and (0”,m"”) turn out to satisfy the equation-shapes D,
then ’ is really a morphism of realizations.

To see that m” as defined in (96) satisfies the equation-shapes D we will show
that K ((0',m")) = Kx 4.5 tw. v, ({0',m) is defined by a diagram which has a
similar shape as that in (96). This diagram is shown in (98).

K ((0',m)) (a)

K ({o",m")) ()

K ((o',m")) (5)

L) (<h’hl>f(=ﬁi)
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(h:a— b= (bﬁfg in £g.) From this it is then obvious that K ((0/,m’)) (£) de-
pends only on the equivalence class ~g (#) and therefore that K ((0’, m’)) factors
through ~g and therfore by lemma 7.9 that (0’, m’) satisfies the equation-shapes
in D.

(96) is compatible with our convention of extending m’ to X by sending all
elements of X to the appropriate identities because h’ satisfies h's o = 1.
By applying v(“(®)) to multiple instances of (96) we see that (98) commutes
for arrows A = 7o ({{(h:)1)) € £(X, A, s,t) which consist of a single row of
arrow-atoms — this is shown in the diagram below, in which +(b;) = a;, #(;) =
(b;) and a = LI, (a), 6 = (bi)i ;.

0™ ((vg (:)(0'(a:)) )1y
/ Lo’ g ()

o™ ((vy (b;)(0'(6;)))7 1) o (o v thiri i )izt

Jewn.. |

v(")(<0’|(bi)>?:1) RS v(”)(<G(F(c:I’))(bi)>?:1)

|
K ((o',m")) (6) K (F(0")) ()

Now we proceed by induction over the number of rows in a representation
of f. So assume that £ and g are arrows of € (X, A, s,t) with t (g) = c = (ci>fg,
s(g) =+6= <bi>f(:? = t(#) and s(#) = a such that (98) commutes for £ and g.
Have a look at the diagram in (99). In this diagram the square marked with @
is just the image under v()) ¢ of multiple instances of the left hand diagram
in (62) which must hold for any Eilenberg-Moore algebra, and therefore (D
commutes. @ is the square (©) from (95), so also commutes and commutativity
of @ is what we calculated in (94). The “triangles” marked with @ commute
by the induction hypothesis. In combination this shows that the outermost
ovoid commutes and therefore completes the inductive step.

So now we know that both V' and W are well-defined.

Comparing diagrams (92) and (96) we see that W oV is the identity functor
on objects. Comparing (98) and (93) we see that h’ and G ( W((0/7h1>)) satisfy the
same equations. These equations uniquely determine them because (tor.4 fin ép

t(h)=5
forms a colimiting cone to (K (F(0"))) (6). Therefore h” and G ( w((o,ny)) have
to be equal. This shows that VV oW is the identity on objects. That both W oV
and V o W are the identity on arrows is now trivially clear from the definition
of W and V. O
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) (g, )13

o1 ((T(0) (e))i5) o) ((T(T(0) ()

o ({(6( ew))),, M) @
Nw«»(@:»f«;) ® v“<ﬁ>><<<T<h'>>u>f“’1>h<K<F<“’”)ﬂ

GO
o ()
3

!
K((o"\m"))(g)




7.4 Putting it all together

As remarked at the beginning of section 4, each of the categories Monc, Actc,
¥$9Ac and BiActc can be regarded as a category of realizations satisfying some
set D of equation-shapes, described by the diagrams given in section 2 as axioms
for this category.

Now we know that these categories can in turn be regarded as categories
of Eilenberg-Moore algebras (provided the necessary coproducts exist in C and
that a ¥ — and — X a preserve coproducts).

We immediately see (lemma 6.5) that the forgetful functor creates limits.

For this we do not really need the coproducts in C though — for any spe-
cific category of realizations satisfying some set of equation-shapes it is an easy
thing to construct a proof which is very similar to the proof of lemma 6.5, which
shows that the forgetful functor creates limits — independently from whether
free objects exist or not. The only thing we really need are the conditions 1
and 2 from the statement of theorem 7.14. If we want to prove that the forget-
ful functor creates limits for an arbitrary category of realizations, then going
through the theory of Eilenberg-Moore algebras makes things a little simpler,
because it saves us from the technicality of having to deal with diagrams whose
shape is not given explicitly.

But for colimits it’s not as simple, because for example in the category of
monoids in Set the forgetful functor does not create colimits. This is where the
theory we have developed really becomes relevant.

There is one thing we still need to check though. We need to check that under
appropriate assumptions the functor T just constructed satisfies the conditions
of theorem 6.13 — specifically we want to show that

Lemma 7.17. If the requirements of theorem 7.14 are met and for all a € C the
functors al— and —Xa preserve not only the coproducts required in theorem 7.14
but also reflexive coequalizers, then the functor T from theorem 7.16 preserves
reflexive coequalizers.

Note that if C has reflexive coequalizers, then the hypotheses above imply
that a X — and — X a preserve all colimits of functors from categories which are
small enough (because arbitrary colimits can be constructed from coproducts
and reflexive coequalizers).

Proof. Building on diagram (95) we see that for * : 030’ in C¥X the value
T(') =G(F(")) of the arrow function of T at " is given by the requirement that
the diagram below commute for all g in £g with t(g) = (c) (where s(g) = 6 =

()i,

O (¢, )19)

v ) (¢/ (6)) o) (6 (5))
Lo/ () e (E08) 5y Loy (L) enE(0) 4
(GoF)(0')(c) (GoF)(0)(c) (100)

((GoF)(")).

This means that not only the object function of T but also the arrow function of
T is given by a coproduct. More specifically, T can be written as the composite
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below.

IR
CX
The product which appears as the third category from the top is isomorphic to
a functor category C’!, where I is the discrete category

1i={(a.g,3) € X x Arr (€x) x N[t (g) = (@) and 1 <0 < £(s(g)) } -

The functor — o w is the functor which works on objects and morphisms of C¥
(remember that these are functors and natural transformations respectively) by
prepending the functor @ : I — X (which is really only a function) given by

@ ((a.g.4)) == mi (s (g))

(and thereby giving a functor / natural transformation from I to C). The
functor — o w preserves colimits because colimits in functor categories can be
calculated pointwise (see for example [Mac98, section V.3]).

We know from lemma 5.8 that under our hypotheses ng ) preserves reflexive
coequalizers. Again, because colimits in functor categories can be calculated

(¢(s(2)))

pointwise we get that [] ..y [] gin ép VC preserves reflexive coequalizers.
t(g)=(c)

The functor which we called H st Il ;e; € — C above is the functor which

sends a collection of objects indexed by the set J to their coproduct (this func-

tor is usually not unique but any one will do). J, (for a € X) is the set

{g € Arr (5E>’t(g) = <a)}. Using first lemma 5.1 with I = J; and J = J,

and then lemma 5.2 with I = J, and J = J, we see that HJu preserves reflex-
ive coequalizers. Using that colimits can be calculated pointwise one more time
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we get that [].cy H ;. breserves reflexive coequalizers. And of course a com-
posite of functors which preserve reflexive coequalizers also preserves reflexive
coequalizers. O]

Corollary 7.18. If (C,X, e, a, A, p) is a cocomplete monoidal category and both
a® — and — K a preserve colimits for all a € C and if

1. L(t(f)) =1 for allf € A and

2. L(t(p)) =€(t(q)) =1 for all {p,q) € Tr(D),

then
Real (X, A,s,t,vs,v¢, D, (C,K e, au, A, p))

is cocomplete.
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8 The tensor product over a monoid and serial
composition of automata

In this chapter we define the tensor product of biacts over a monoid and the
operation of serial composition for automata. We define a functor which encodes
automata in biacts and show that under this encoding serial composition runs
parallel to taking the tensor product over a monoid.

8.1 Supporting structures for acts on the level of cate-
gories

Earlier we mentioned that the category of biacts can be arrived at in an iter-
ated fashion by taking the category of right acts in the category of left acts in
some monoidal category, or the other way round — provided that we have used
appropriate definitions for right and left acts.

As mentioned earlier, if we want this to work out, then clearly the monoid
which acts and the object being acted on need to belong to different categories,
because the object being acted on has some additional structure — namely the
action from the other side — while the monoid generally doesn’t. This means
we need to think about bifunctors x : C x D — D where C contains the monoid
(m, p,m) and D contains the object a being acted on. To be able to say that
(m, p,n) is a monoid, C has to be a monoidal category (C,K, e, o, A, p). It also
makes sense to require some kind of associativity between X and x. This leads
to the following concept.

Definition 8.1. Let (C,X, e, a, A, p) be a monoidal category, let D be a cate-
gory and let k : C x D — D be a bifunctor. Further let dqp4 : ax (brd) —
(a®b)rdand \g : exd — d (where a,b € C and d € D) be natural transfor-
mations such that the following diagrams commute for all a,b,c € C, d € D.

(aRb)Re)gd <2 (aRb) & (exd) €2 4% (bg (cx d)) (101)
Oéa,,b,cledw J{lazélb,c,d
(aX (bR c))rd " ar ((bXec)xd)
Ao b, d
(aXe) zd%ax (exd) (102)

p% /amd

Then we say that <|X,éz, 5\> is a left (tensor) action of the monoidal category
(C,K,e,a, A, p) on D.

Again there is also the symmetric concept of a right action of a monoidal
category, which is the same thing as a left action of the monoidally opposite
category.
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8.2 Acts revisited

We can now generalize definitions 2.4 and 2.5.

Definition 8.2. Let (C,X, e, a, A, p) be a monoidal category with an action
<X,d, 5\> on a category D. Let (m, u,n) be a monoid in (C,X, e, a, A, p) and let

a € D. A left action of (m, u,n) on a is a morphism h : mxa — a of D such
that the following diagrams commute.

mea <2 (mEm)xa ¢~ m (mEa) mea e exa  (103)
hl J{lmxh }LJ/
a
a - mga

Again we call the pair (h, a) a left (m, u,n)-act in D, or just a left (monoid) act.
Flipping the sides gives the definition of a right (m, u,n)-act.

Definition 8.3. The category (m, pu,n)—Actp of left (m, u,n)-acts in D has
objects all left (m, u,n)-acts in D and if (h,a), (h',a’) are left (m, u, n)-acts in
D then f: (h,a) — (h',a’) is a morphism of left (m, u, n)-acts if f: a — o’ and

mga’(l;mxa (104)

=f
J{h/ Jh

!
a S a
f

commutes.

Definition 8.4. Let (C,X, e, a, A, p) be a monoidal category. Let (m,u,n),
(mh, f1,7M) be monoids in C. We extend the monoidal product X to a functor

mrn

X <ma 1,y 77>—ACt X Act— <ma ﬂa 77> - <m7 Hy 77>_ACt_ <m7 /-L 77>

by the definitions

(h,a)"€" (b, k) == <Q’(‘a ? La®b, (Cll Z])g?>

for (h,a) € (m, p,n)—Act , (b, k) € Act— (r, {1, )

m (a  b) (a b)m
fRg: b4 ,aXDb, Uz
mah alld allb (105)
fXg::
m(a’ bV 'R a b)ym
— \l 1 ?a ) 1 k/
a'lly a'lly

for morphisms f : (h,a) — (h',a’) in (m, p,n)—Act and
g:(bk) — (b, k') in Act— (rin, f1,7) .

(Remember the notation introduced at the end of chapter 3 on coherence.)

97



Lemma 8.5. This is well-defined.

For reference let us first restate the defining diagrams for our algebraic struc-
tures in the visual calculus developed in chapter 3. For monoids we have already
done this in (50) and (51) of section 4.2. Here’s the rest.

Definition 2.2. g: (m, p,n) — (1, f1,1) is a morphism of monoids if (diagram

(7)):
m m m
gllg I
m‘m = |m (106)
fQ g
m m

Definition 2.4. (h,a) is a left (m, u,n)-act if (diagram (8)):

a
HE
mila|= |1 (107)
h a
a

(b, k) is a right (m, u,n)-act if:

m m  a

b m m b m m b
k 1 b
b ﬁf b\m =14 (108)
k b
b
Definition 2.5. f : — (hW,ad’) is a morphism of left (m,u,n)-acts if
(diagram (9)):
m, a m a
1| f h
mlla'| = a (109)
!/
ha’ c{’

g: (b, k) — (V/, k') is a morphism of right (m, u,n)-acts if:

b m b m
gll k

k/
v v

Definition 2.7. (h,a,k) is a (m, u,n)-(m, {1,7)-biact if (h,a) is a left (m, u, n)-
act, (a, k) is a right (1h, 1, n)-act and if (diagram (11)):

m.a m m a m
1| k h ||1
mlla = allm (111)
h k
a a
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Definition 2.10. {(a,d) is an (m, u,n)-(1h, {1, N)-automaton if (diagrams (12)
and (13)):

(112)

\\ (113)
A

Definition 2.11. f: (a,d) — (b,¥) is a morphism of (m, u, n)-(rh, 1, N)-autom-
ata if (diagram (14)):

m, a m a

1 0

m{;:am (114)
v 1

b m l/jm

man

Proof of lemma 8.5. We have to show that (h,a) X (b, k) is a biact, that is, that

mm a b mm a b a b
poll]| \hl d /11@6
milal|b|= m\allb an mllallb|= 111
holl1 ho||1 ho(1]| lallb
alld allb alld

— which obviously follows from (107) —, that the symmetric equations hold
for the right action — which is also clear — and that the actions commute —
which is also clear because after a shift both ways of composing the actions give
the picture

m a b m
\h K / —
alldb
and we have to show that f X g commutes with both actions if f is a morphism
of left (m, u,n)-acts and g is a morphism of right (1, i1, N)-acts.

m a b m a b
a|b| = [mll & § (115)
Mol Nl
by (109) and a shift. The other side is again symmetric. O
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The following will sometimes allow us to skip a few case distinctions.

Observation 8.6. Let (C,X, e, a, A, p) be a monoidal category.
e:=(e,\ec = pe, le) is @ monoid and

e—Act 2 Act—e=e—Act—-e=C

<m7 Ky n)iACtie = <m7 12 77>7ACt

e—Act— <m7 /:['a 77> = Act— <m7 /:47 77>
where = denotes isomorphism of categories.

This means that definition 8.4 also gives functors

™

K C xAct— (m, 1,m) — Act— (rn, f1,7)
) 1% Il 1%

X' e—Act  xAct— (i, 1,7) — e—Act— (1, 1,7)

" Act— (m,p,n) X C = {(m,pu,n)—Act

me Il 1 IR

X Act—(m,u,n)x  e—Act - (m,pu,n)—Act—e

by composition with these isomorphisms in the appropriate places.
Lemma 8.7. <Xm,dm7xh> is a left tensor action of (C,K, e, a, A\, p) on Act—
(m, f1,m), where &' is just o regarded as a morphism of Act— (m, f1,m) and X
is just A regarded as a morphism of Act— (1, 1,m). This means that we are
also stating that « and A can be regarded as morphisms of Act— (rn, [1,7).

If (h,a) € (m,u,m)—Act, (b,k) € Act— (1, 1,7), then agecp can also be
regarded as a morphism

man m m

Wiy oy © (@) (cz’“ (b, k)) N ((h,a>mzc) X (b, k)

. mah
of biacts. o is natural.

Proof. In our calculus both composites of ., with the right action give the
left hand picture below and both composites of lambda with the right action
give the right hand picture below.

(a (c b))m

b) 1
1l %

Both composites of aq ., with the left action give the picture below.

m (a (c b))
\? 11
alle)ld

The forgetful functors from the categories Act— (r, f1,7) and (m, yu,n)—Act—
(rh, f1,M) to C are obviously faithful and therefore commutativity of the diagrams
for a and A implies commutativity of the diagrams (101) and (102) for &' and
X , and naturality of @ and A implies naturality of dm,"&m and X". O
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Lemma 8.8.

<ma 122 7l>—ACt— <ma /.1'7 77> = <ma H,y 77>_ACtAct—(7h,;l,7'7> (116)
(m,u,mfActACt_ <m7 ,uv 77)

1%

If (C,X,e,a, A, p) is a monoidal category and (m, u,n), (1, [1,7) are monoids
in (C,K,e,a, A, p) then the category of (m, u,n)-(1n, v, 7)-biacts is isomorphic
to the category of left (m, u,n)-acts in the category of right (i, f1,7)-acts in C
(where the action of C on Act— (rh, [1,7) is the one from the previous lemma)
and also to the category of right (rh, [1,7)-acts in the category of left (m, u, n)-acts
in C.

Proof. Just expand the definitions. O

In the sequel we will silently identify all of the categories in (116) and as-
sume that the reader can mentally insert the appropriate isomorphisms in the
appropriate places.

Note that observation 6.2 is still true in its essence if instead of just a monoi-

dal category we have an action <|Z7 &, 5\> of a monoidal category (C, K, e, a, A, p)

on some other category D. In this case the monad <T, 1t 7'7> is given by

T:D—D
T:=mg—
f:ToT-T:D—D
fg:mr(mrd) - mrd
fra = (L= 1a) oG m.d
n:lp=>T:D - D
Ng:d—mgd

Na = (N 1g)oA;"

Of course this works symmetrically for the other side.
So with the notation

T:=mKX—-:C—C

T =—Km:C—C

1 7 (117)
mT i=mK — : Act— <m7:u777> — Act— <Th, ,L"777>

T = —"si : (m,p,n)—Act — (m, u,n)—Act

we can say that if (m, u,n) and (1, 1,m) are monoids in C, then for all of the
above functors there is a monad which they are a part of and

Observation 8.9.

~
N———
3

IR
VRS

a
N
N———

()~ Act— (1, o, ) = (c 2
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Let us name the forgetful functors.

G:=G™ :(m,p,n)—Act — C

G, =G" Act— (1, i, 1) — C

G =G B (my, pyny—Act— (1, 1, 7) = (m, p,n)—Act (118)
G =6 )~ Act— (i, ) — Act— {1, fi, )

G, :(m, wyn)—Act— (rh, 1,m) — C

Observation 8.10.

G.o G =,GoG, =G,
17

G:nomT = OG:n
m

Lol =T 0.6

Now we can combine all this with lemma 6.6.

Lemma 8.11. If L : I — (m,u,n)—Act— (rh, 1, 1)) is a functor, G, o L has a

) mTmh

colimit and both .T" and T, preserve colimits of T'o G, o L for all T which are a
— possibly empty — composite of Ts and L s, then MC? and bn create colimits
of L.

Proof. We show that mCSn creates colimits for L. The proof for 76{ Is symmetric.

Lt

™ m

therefore if G, oL =G, o mé'h o L has a colimit, then G o L has a colimit (, )
and this colimit is preserved by G

™m*

Because T preserves colimits of G, o mG'h o L and because [ ToG, =G, o mj“h

™

we get that < (Gm o me) (1),G, o me o T> is a colimit of G, o nf o mé’h oL.
Because T, and T, o1 preserve colimits of G, o mf o mC? oL = ToG,o m(? oL
we get from lemma 6.6 that G, creates colimits of Wf ' omé'" ‘oL and therefore there
is a unique cone (I, 7') which is mapped to < (Qh o wf) (1),G, 0,1 o 7'> under
G, and this cone is a colimit of an o méh o L. But the cone <an OF an o T> is

mapped to < (Gm ° an) (0),G, o mii“h o 7‘> under G, . Therefore <me (1) ,mf o 7'>

Lemma 6.6 shows that in this situation G. creates colimits of ( o L and

is a colimit of 7" o (' o L — that is /T preserves the colimit (I, 7).
Substituting 7' o 7" for 7" and To T for T everywhere above we see
that mf’h o mf’h also preserves this colimit. (Where we use that G, o mf’h o mf’h =

By remark 6.7 "f and mﬁ o mTh preserve all colimits of mé’h o L and again by
lemma 6.6 we get that (& creates colimits of L. O

Corollary 8.12. If mX — and — K1 preserve colimits of T o G, o L (for all
T as in the lemma above), then @G, creates colimits of L.

Proof. This is just lemma 6.6 combined with the previous lemma. O

We can now define the tensor product of acts over some monoid.
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Definition 8.13. Let (m,u,n), (ri, f1,7), (M, ji,7}) be monoids in a monoidal
category (C, K, e, a, A, p).
~Let (h:mKXa—a, a, k:aXm— a) be a (m, p, n)-(rn, [1,m)-biact and let
(h:mXb—b, b, k:bXRm — b)bea (m,[,n)-(m, ji,i)-biact.
The tensor product

<h’ a? k>”@h <h7 b’ 7{:>
of (h,a,k) and (h,b, k) over (rn, fi,7) is an object of (m, u,n)—Act— (i, i, 7j)

and is defined as the coequalizer of the two arrows (kaﬁ1<b7;;>> ngh’a% i, (b,J5)
and 1<h,a>meh (shown in (119)), if that coequalizer exists. By corollary 8.12
this is definitely the case if the base category has coequalizers and if m X — and
— X7 preserve coequalizers.

d(h,a),ﬁl,(b,i{:)

(<h, @’"xm) b, B (h,a)"%" (mx’“ (b, i{;>)

L mrn min

kX 1,5 Linay X h

mimn

(h,a)<" (b, k) (h,a)E" (b, k) (119)

Lemma 8.14. When the tensor product over a monoid, as defined above, exists
everywhere, then it is a functor

77@71 : <ma s T]>7A0t7 <m? [1‘7 77> X <m7 ,[14, 7]>7ACt7 <m7 .ua 7]> -
<m7,u7,'7>_ACt_ <ma/-j’7n> (120)
Or, to be more exact, there is a unique way of extending the definition above to
a functor in such a way that the collection of coequalizers turns into a natural
transformation from ¥ o (&h el ) to that functor.

Proof. We show that the tensor product over a monoid as defined in 8.13 is a
limit with a parameter — that is, that there is a trifunctor

L:Jpx <m7 122 77>_ACt_ <m7 ﬂ7 77> X <m7 /'117 77>_A0t_ <ma /'j/v 7]) -
<mv H, 77>_ACt_ <m7 p“a 77>
such that (h, a, k)"@" (h,b, k) is the colimit of L (—, (h, a, k), (h, b, k)). From this
the statement of the theorem follows. (As mentioned in lemma 5.1, if this last

part does not seem clear to to reader they can find this discussed in [Mac98,
section V.3.].)

Definition 8.15. The category J; is the category depicted below.

/

a // @
e 7
p 2 (121)

The category J; is the category depicted above sans the arrow £ .
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We define two functors

Ly J — <m,p,n)—Act<m’“’”>_ACt_<m”'“'7>
Ly, :J — Act— <m’ﬂ7ﬁ><m,u,ﬁ>—Act—<ﬁuﬂ7ﬁ)

(”) :an L, (”) :mj;hyowﬁl’

Li(4)=T 08, L(d)=0

L(#) =G, L(£)= G (122)
L) =G0k L) =14

L) =1y D)= f

n

Where f;;” is the counit of the adjunction of which Té is the right component and

ﬁg is the counit of the adjunction of which mé’ is the right component — that
e’ (%) sends any (m, u,n)-(m, [1,7)-biact to its right action considered as a

morphism of left (m, u, n)-acts and mé'n (mz-:n) sends any (1, f1, 7)-(", ii, 7j)-biact

to its left action considered as a morphism of right (mn, ji, 7j)-acts.
Define L’ as the composite

T} % (m, g1, m)—Act— (1, f1,9) x (1, 1, 7))~ Act— (i, ji, ) (123)

AJt/><1><1

|

Jz{ X J{ X <m7M777>—ACt— <m7M>77> X <T'TL,/.J,,7;]>—ACt— <m7/1’777>

shuffle

ng X <m’/~L777>_ACt_ <m7/~La"7> X Jt/ X <T'TL,/'1,77.7>—ACt— <m’/~"777>

Lix1xL,x1

<m,,u7n)—Act<m’“’”>7ACt7<m’ﬂ’f’> x (m, p, n)—Act— (rn, [1,m)X
Act— <m7 ﬂa ,,'7'><7h,ﬂ,’r'])—ACt—(7'fL,;l,ﬁ> X <m7 /.Jw 77>_ACt_ <m7 ﬂa 77>

E(m,,/;,,n)—Act<7"aﬂv"]>*ACt*<7‘"el-""’-1> ><E(,ﬁyﬂ»ﬁ)_Act<7'n,[t,7'1)7Act7<1'iz,ﬂ,,ﬁ)

<ma s 7]>_ACt x Act— <m7 /:)'a 77>
\

mian

N
<ma L,y 77>_ACt_ <m7 /.:Lv 77>

where Ay 1 J{ — J; x Ji is the functor f — (f, f); the second functor (la-

belled “shuffle”) is the obvious functor which reorders the components of its
argument and which has the specified source and target; and what we have
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Callled t..E<m7F7T]>_tAct(m,u,n)—Act—(m,p,,ﬁ> and E<T-h7ﬂ7ﬁ>_Act(m,;l,n')—Act—(ﬁz,;’i,v’j) are the
evaluation runctors.
Define

L: Jt X <m7 Hy 77>_ACt_ <m7 ﬂa 77> X <ma ,l.l, 7;}>_ACt_ <ma /17 77> —
<m7 Hy 77>_ACt_ <m7 ﬂa 77>
as the functor which is equal to L’ on
Jt X <ma 122 7]>_ACt_ <ma /.1'7 7)) X <m7 ,ll, 77>_ACt_ <m7 .ua 7]>
and which is defined on the arrows
(£, 1,9): {a (hyay k), (hy b, K)) — (J (B ! k), (B0 K))
as

mm

% <b/, k?/>

mm

LU f.9): (hya)s (s (0, 00)) — ((,0') i)
L a9 = (6,00 ®10) €6 (9)) "Byt
:757(1/h’,a’),m,(b’,ié')o (?;m (f) k4 (1mxmmd1 (g)))
(where "&" is the natural transformation from lemma 8.7). Because of the struc-
ture of J; there is exactly one functor which satisfies these requirements. O
Definition 8.16. Let (m, u, n), (m, f1,7), (M, [, 7]) be monoids in some monoidal
category (C,K e, a, A, p). Define a functor
" (g, m)— At (v, i, 1)  (riv, 1, 1)~ Aut— (i, i, ij) =

m (a  b)
(a,8) S (b,9) = <a®b, L0 >

1| v

allb) m

fi gi=fRgfor f:{a,8) — (a,8) and g: (b,9) = (¥, 9') .

We call {(a, ) B (b, 9) the serial composition of (a,d) and (b, ).
Lemma 8.17. This is really a functor.

Proof. We have to check that the structure defined is an automaton and that
fHXg is a morphism of automata. Compatibility with composition of morphisms
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and with identities is then obvious from the definitions.

mm a b mm a b
1 5 1 1 5 1 m m a b
mlla mllb mlila ml||b 1l s Il1 m m a b
1| o 5 |[1][1 mila |l b Bl
mlla M ire @ [TID | (115 § |[1][1] mlila || b
o |tlfa] ~ 1|1l 9 | T |a, mlim|lb] = s |1
a mllb||m a b m 1] & a mlilb
1| 9 |1 | 9 |1 a||milb 1| 9
allb mlim allb mlim 1 v allb m
Li|1| @ Li|1| @ allb m
allbllm allbllm

a b a

/11 a

mlla||b| s 7 (113)

§ ||l1] — |a|m 11

a mllb n

allb m allb m

m a b m a b m a b

1{fllg ) 1 ) 1

mila|[0'| Ginie @ || 0] Gl [a Il b

LI I A1 I O 17 A I O

a' mlly a'||mlly allb m

¥ 1 g|ll

allt! m allt! m a'llv llm

We can use biacts to represent automata.

Definition 8.18. Let (m,pu,n), (th, 1,7) be monoids in a monoidal category
(C,K,e,a, A, p). Define a functor

v
e
=)

: <’I’I’L, s 77>_AUt_ <m7 /:l/a 77> — <m7 12 77>_ACt_ <m7 /:L7 77>

by
m (a 1m
mih ]_ . (a’ m)m
= ({a,0)) 5:< aém 1| @ Xm, 1 N/>
1| A allr
allm

for (a,d) € {(m, pu,n)—Aut— (1, 1, 7)
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- s il (e
|| allm
allm
m(a’ 1

6/ 1 . a’ m)m
<a/ mm 7allgm, 1 M/
|| A a’'ll

a'llm

for f: (a,8) — (a’,d") in (m, p, n)—Aut— (1, 1, 7)
Lemma 8.19. This makes sense.

Proof. We need to show that = ({(a,0)) is a biact and that = (f) is a morphism

of biacts. Compatibility with composition and identities is again obvious from
the definitions.

Left action:

mom a m m

1l s |1 1 m m, a m
mlla mlim m ®oll1l1
L{| 1] /7 omine mlila |im
mlla||m a s 11
s 1 1 a mllm
a , mllm a 11| g
|| A 1 allm
allm a

That (1 f) : (a Xri) K1 — a X is a right action follows directly from the

unit and associativity axioms for the monoid (1, i, 7). = (f) is a morphism of
left acts:

m a m m a,m m.oa m
5 ||1 5 |1 1] fl1
a m e | @ 10| (44 |l |
1] BEEAIRNIR 5 11
allm a'llmlim a’ mllm
fll1 1| & 1| A
a'llm a'llm a'llm
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=l (f) is a morphism of right acts:

a m a m
1| # Mfl‘l
allm = la'||mllm
fll1 1| A
a'llmm a'llm

Theorem 8.20. The functors
(') (2 )

and

are naturally isomorphic.

The tensor product (mEm (<a,5>)) O (nﬁn (b, 19))) over {(m, [1,7) exists for
all

<CL, 6) € <m7 122 77>7AUt7 <ma ,L.Lv 77>» <ba 19> € <m7 ﬂa 7.7>7AUt7 <ma /.)'7 77> .
Proof. We prove this by showing that for every pair of objects

<CL7 5> € <m7 Hy 77>*AUt* <m7 [L, 77>v <b7 ’l9> € <m7 ,[La 7'7>7Aut7 <ma /.]'7 77>

there is a colimiting cone from L (—, = ({a, 0)) 2 ((b, 19))) (L is defined in the
proof of lemma 8.14) to = ((a, 8B (b, 19)) and that the collection of these
colimiting cones is a natural transformation £’ from L to the functor

(j, (a,8), (b, 0)) s & ((a, 5) "% (b, q9>) .

By the usual type of argument making use of the universal properties, this im-
plies that the objects (E ({a, 6))) KO (E ((b, 19>)) and = ((a,6> "B (b, 19})
are isomorphic and that these isomorphisms form a natural transformation.
(And clearly the tensor product exists because we have found at least one co-
equalizer of the required kind.)

Because of the shape of the category J; this means finding for all

<(l, 5> € <m, Hs 77>_AUt_ <m7 ﬂa 77>’ <b7 19> € <m7 ﬂa 77>_Aut_ <m7 /:)’7 77)

a morphism

€. 00) = € oy ane (G (B (o)) (6 (' (o)) =

=4 (<a, 5) "' (b, 19))

of biacts which is the coequalizer of the two paths in (119) when we substitute
the appropriate actions from definition 8.18 and for which the diagram in (125)
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(6 (20) (€ (20))

(’ém (”5"" axa' ’"z"‘ m (”Em (W, )
J =8 ((a, 8)"B" (b, 19>)
5

I> <b/
5 (8" "B (¥ 19’)

&(a,s),(b,9)

(G (' (@o0)) & (¢ (2 (o))
)

N—

Eal, 9’
(125)

commutes. Using that all the other arrows in the colimiting cone are composites

of &4 with arrows L s Lopan s Lo for f in J;) and that L
) (6.) (f = (s B <<ba9>>> (or Jin 1)

is a functor, one easily sees that thls implies naturality of £’.

To show that €4 6),(,9) is a coequalizer we will show that

G (€00, 0,9))

is a split coequalizer and therefore an absolute coequalizer. Then it follows from
corollary 8.12 that (4 sy,(5,9) is & coequalizer

So we will need the actions on (bm ( =4 ((a, 5)))) k4 (mé’n (anm ((b, 19)))) and
= ((a, d) "B (b, 19>) as well as a candidate for (4 sy,(b,9)

Substituting in the definitions we get:

(’ém (’“E’" ((a, 5>))) 4 (ﬁ ("é’" ({0, 19>))); o ((a, )" 3" (b, 19)):

left action:

right action: left action: right action:
m((a  b) 1
m(( (b m s Il
11| ((a, m)(b i)y a, mllb i
riallrm|| b || Lt 1l 9 /
(b m allb mlin m
oo 1 1H ji
all b)lm

The candidate for £, 5y, (»,9) We choose is

to be seen 2
G sy o) = Elans), vy =
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We need to show that €<a,5>7<bﬂg> is compatible with the actions from the left.

m a m b m m a m a
1)1 9 1 ) 1)
mllal|lb mlim| |a m a m
1|11} & 1)1 1|1
mila||bl|Mm| . lal|lm 0y | @ ||
) 11| = |1 1

a mllb||m allb allb
1 9 |1 11 1|1
allb mlim allb allb
1)Ll & 1)1 11
allbllm allb allb

And that it is compatible with the actions from the right.

Q= QrF QrF Q
Q= Q9 9 Q

Now we show that é(a’5>7<b’7§> is part of a split fork in such a way that lemma

6.11 will show that é<a76>,(b,19> is an absolute coequalizer. Using the names from
definition 6.9 we have.

€ = &(a,5),(b,9)

- ((n <7 R EU EoN
= ((a,9)) ﬁ( = (<bﬂ9>)) B (b)), = (b, 9))

>
Q

Q
Il
3
o
/N
=
L&F
TR
(155
D
&
Nl
E
o
TN
R F
3
[I]S
=
2
l_
~
Il
Q= Q

Up to permutation of f and g it was clear what f and g had to be because we
want to show that e is a coequalizer of the two arrows above — it will turn out
that this choice of permutation is the one that works. For the remaining arrows
we choose:

(a b)), m (a ,,m) (b ,m
- / / 1]1 k= / / 1{]1]]1
n n
(a [Tm)1(b 11m) (a [T)l(m 11(b 11 m)
We need to check that all of the equations in definition 6.9 hold.
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p..oj.
O >

> S HS 1S =38 — 3
[\8)

L]

e hoe = gok:

e ech=1:

. fok

,0) = (a’,d") and

a

{

So let f :

We still have to show that (125) commutes.
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g : {b,¥) — (V/,¥') be morphisms of automata. We have

e <§<a',5'>,<b',ﬂ'>° < (G (2'!n)) < (¢ (2 (g)))>> =
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9 Where are we now?

Now seems like a good time to let the narrative rest for a while, take a step
back and consider where we have come. We started out with the concept of
a monoidal category and saw how one can describe algebraic structures in a
monoidal category.

The coherence theorem for monoidal categories reassured us that the concept
of a monoidal category is not unnecessarily complex and behaves roughly like
a generalisation of what we have become used to in the category of sets. We
developed a calculus for reasoning about morphisms in monoidal categories.

With these tools in hand we were able to set out to tackle the problem of
describing limits, colimits and free objects of algebraic categories in a monoidal
category. For the act categories (m,u,n)—Act, Act— (m,u,n) and (m, u,n)
—Act— (1h, (1, 1), where we regard the monoid as fixed, this was relatively sim-
ple. In these categories both, limits and colimits, are the same as in the base
category (under the assumption that the monoidal product preserves colimits
on either side). For the other algebraic categories we found that limits are in
essence the same as in the base category and that colimits can be described
through free objects, which in turn can be constructed from coproducts of the
base category.

Now we have arrived at a point where we have constructed from the base
category (C,K, e, a, A, p) two new classes of categories: the categories (m, u,n)
—Act— (1, (1,n) and (m, u, n)—Aut— (1, f1,7), for both of which we have bi-
functors which somehow combine two objects into one object. We even know
that these bifunctors are compatible in a way.

Now the obvious question is: “Are these bifunctors themselves products of some
monoidal category?”

Although this is the obvious question it turns out that it is not quite the
right question — for it only makes sense for the categories (m,u,n)—Act—
(m, p,m) and (m, p, n)—Aut— (m, u,n) — that is, when the monoids on both
sides are the same. This is because a monoidal product is a functor which has
the product of two categories which are the same as its source and also maps
into that same category. What we have here is more general.

The author thinks it very likely that both of the collections {(m, u, n)—Act—
(rn, 1, M) and (m, pu, n)—Aut— (1, i1, n) (where (m,u,n) and (1, 4, n) are mo-
noids in (C,X, e, a, A, p)) fit the definition of a bicategory. What we would
have to show is that serial composition and tensor product are associative up
to isomporphism and that diagrams similar to the diagrams (3), (4) for mo-
noidal categories commute. For serial composition this is almost immediately
obvious; for the tensor product it is a little more complicated but the author
thinks it extremely likely that a proof which works by interchanging colimits
is possible. Some ingenuity is probably necessary because the naive approach
of simply calculating explicitly all the necessary diagrams — albeit definitely
doable in theory — would result in very large diagrams and such a proof would
be neither pleasant to write nor read.

So provided this works out we have a situation in which we started with
a monoidal category and ended up with two new bicategories. Of course one
can now ask: “Could we have started with a bicategory?” The author thinks
that this is very likely. We would have to extend the theory of coherence and
calculations to this more general setting but at least on first inspection it seems
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like this should be possible in a fairly straightforward way. This does add a
little extra complexity though because there are more entities that have to be
distinguished.

This puts us in a situation where we can iterate this construction. Whether
this makes any sense from an interpretation point of view and whether it has
any applications is still to be explored.
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