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Kurzfassung

Die Dauerhaftigkeit von Betonstrukturen steht in engem Zusammenhang

mit (i) dem Massetransport im Zuge von thermischer Belastung und/oder

chemischem Angriff und (ii) dem mechanischem Versagen durch Ermüdung

oder Rissbildung. Generell sind Massetransport und mechanisches Versagen

nicht unabhängig voneinander, wobei das Ausmaß der Wechselwirkung von

den jeweiligen Zeit- und Längenmaßstäben abhängt. Simulationsmodelle

zur Untersuchung der Dauerhaftigkeit von Betonstrukturen sollten diese

Prozesse, aber auch deren Wechselwirkung, numerisch reproduzieren können.

Das Ziel dieser Arbeit ist die Entwicklung eines zuverlässigen numerischen

Modells, basierend auf der Methode der finiten Elemente, mittels denen

Dauerhaftigkeitsprobleme in Betonstrukturen simuliert werden können.

Im Detail werden numerische Techniken für die Untersuchung von drei

verschiedenen Dauerhaftigkeitsproblemen präsentiert:

• Beton jungen Alters:

Für Beton jungen Alters wird das Konzept der Mehrskalenmodellierung

in ein Mehrphasenmodell zur Simulation von Transportprozessen

implementiert, das den Wasser-Zement-Wert als Eingangsgröße

erfordert und die zeitliche Veränderung der Materialparameter als

Funktion des Hydratationsgrads berücksichtigt. Das präsentierte

mikromechanik-basierte Mehrphasenmodell für Beton jungen Alters

wird auf die Beurteilung des Rissrisikos von Betonstrukturen mit

unterschiedlicher Dicke angewendet.

• Beton unter Brandbelastung:

Die Dehydratation in temperaturbelastetem Beton wird als Umkehr der

Hydratation betrachtet. Dadurch wird die Beschreibung der zeitlichen

Veränderung des Biot-Koeffizienten möglich. Für Simulationen

brandbelasteter Bauteile wird ein axisymmetrisches Modell betrachtet,

das flächige Bauteile wie Platten, Wände und Tunnelschalen

repräsentiert. Das zugrunde gelegte Mehrphasenmodell wird zur

Bestimmung des Abplatzrisikos von Betonstrukturen verwendet, wobei

der Einfluss der Permeabilität und des Sättigungsgrades des Betons auf

das Abplatzrisiko untersucht wird.
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• Rissbildung:

Die durch einen Riss induzierten Unstetigkeiten im Verschiebungsverlauf

werden mittels des “strong discontinuity embedded approach” auf

der Ebene der Finiten Elemente berücksichtigt, die sich wiederum

durch quadratische Ansatzfunktionen, die für die Beschreibung von

Transportprozessen erforderlich sind, auszeichnen. Für die Bestimmung

der Rissausbreitung wird eine energie-basierte Methode vorgestellt,

wodurch künstliche Versteifungseffekte (“locking”) vermieden werden.

Der präsentierte Ansatz wird anhand von Nachrechnungen eines

Dreipunkt-Biegeversuchs, eines L-förmigen Bauteils und eines

Bolzen-Ausziehversuchs validiert.

Schlussendlich bilden das präsentierte Mehrskalenmodell und der Ansatz für

die Beschreibung der Rissbildung die Basis für Simulationen, die Rissbildung

und Massetransport sowie deren Wechselwirkung berücksichtigen. Das

Potential der Kombination der entwickelten Ansätze ist anhand eines

L-förmigen Bauteils illustriert, der sowohl mechanischer Belastung wie auch

einer Gasdruckbelastung ausgesetzt ist.
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Abstract

Durability of concrete structures is closely associated with i) the

mass-transport process, resulting from thermal loading and/or leading to

chemical attack, and ii) the mechanical failure caused by fatigue and

fracturing. In general, these two processes interact with each other,

depending on the time and length scale of their occurrence. Accordingly,

simulation tools for durability assessment of concrete structures should be

capable of numerically reproducing these processes as well as capturing the

interactions among them.

The aim of this thesis is to develop a reliable numerical tool, based on the

finite element method, which is able to simulate and solve durability problems

observed in concrete structures. More specifically, numerical techniques for

three investigations of concrete durability will be presented. They are as

follows:

• Early-age concrete:

For early-age concrete, multiscale homogenization is introduced into

the multifield framework, which requires the water cement ratio as

an input parameter and provides material parameters as functions of

the hydration degree for the multifield framework. The presented

micromechanics-based multifield framework for early-age concrete is

adopted for the assessment of the cracking risk of early-age concrete

structures with different thickness.

• Fire-loaded concrete:

For concrete at high temperature, dehydration as the reverse reaction

of hydration is introduced, giving access to Biot’s coefficient. Further,

an axisymmetric model, representing plate-like concrete structures

such as slabs, walls and tunnel linings, is considered together

with a corresponding damage criterion. The underlying multifield

framework is used for an assessment of the spalling risk of concrete

structures, considering different values of intrinsic permeability and

initial saturation degree.

• Fracturing:
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For fracturing of concrete, a strong discontinuity embedded approach for

a higher-order element (eight-node quadrilateral element) is developed,

considering an energy-based crack-tracking strategy in order to avoid

stress-locking. The presented approach is validated by means of a

three-point bending test, an L-shaped panel test, and a pull-out test.

Finally, the presented multifield framework and strong discontinuity

embedded approach provides the basis for simulation of fracture-permeation

problems. This kind of simulation is illustrated by an L-shaped panel,

subjected to both mechanical and gas-pressure loading, which demonstrates

the potential of the developed approach.
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List of symbols

Multifield framework:

b [-] Biot’s coefficient

cp [J kg−1 K−1] heat capacity of concrete

cg
p, cw

p , cs
p [J kg−1 K−1] heat capacity of gas, water, solid part of concrete

C
hom [MPa] homogenized elastic stiffness tensor

Deff [m2 s−1] effective diffusivity of concrete

E [MPa] Young’s modulus of concrete

fx [-] volume fraction of component x

ft, fc [MPa] tensile and compressive strength of concrete

h [J kg−1] specific enthalpy of vaporization

1 [-] second-order unity tensor

k [m2] intrinsic-permeability tensor of concrete

Khom, Ks [MPa] homogenized bulk modulus and bulk modulus of solid part

krg, krw [-] relative permeability of gas and liquid phase

lξ [J kg−1] hydration heat per unit mass of hydration products

ṁvap [kg m−3 s−1] change of vapor mass (rate) per unit volume concrete

ṁ [kg m−3 s−1] change of mass (rate) of hydration/dehydration products

per unit volume concrete

Ma, Mw, Mg [kg mol−1] molar mass of dry air, water, gas mixture

n [-] porosity of concrete

pg, pw, pc [Pa] gas, water, capillary pressure of concrete

pga, pgw [Pa] air partial pressure and vapor partial pressure in gas

R [J mol −1 K −1] universal constant for ideal gases

Sw [-] saturation degree of pores in concrete

T [K] absolute temperature in concrete

βs [K−1] thermal expansion coefficient of solid part of concrete

λ, λeff [J s−1 m−1 K−1] thermal conductivity and effective thermal conductivity co-

efficient of concrete

ξ [-] hydration degree

ηg, ηw [Pa s] viscosity of gas, water phase

ρg, ρw, ρs [kg m−3] density of gas, water, solid part of concrete

ρga, ρgw [kg m−3] density of dry air and water vapor

E [-] macroscopic strain tensor

Ee [-] macroscopic elastic strain tensor

ET [-] thermal strain tensor

Σ [MPa] macroscopic stress tensor



Early-age concrete:

Ã [s−1] chemical affinity of hydration reaction

a, b, c [s−1],[-],[-] parameters defining Ã

Ea [J mol−1] activation energy of hydration process

ft,∞, fc,∞ [MPa] tensile and compressive strength of mature concrete

L [m] structural dimension of heat diffusion

psatb, psat∞ [Pa] saturation vapor pressure at the boundary of concrete and

in the environment

Rhb, Rh∞ [-] relative humidity at the boundary of concrete and in the

environment

S [-] moisture boundary coefficient considering surface cover

Tb, T∞ [K] temperature at the boundary of concrete and in the envi-

ronment

v [m s−1] wind speed

αT [J s−1 m−2 K−1] convection coefficient

αV [J s−1 m−2 K−1] equivalent convection coefficient caused by vaporization

ξ0 [-] percolation threshold

Concrete subjected to fire loading:

ft,0, fc,0 [MPa] initial tensile and compressive strength of concrete

fb [MPa] biaxial compression strength of concrete

klits [-] load-induced thermal strain (LITS) parameter

ELIT S [-] load-induced thermal strain tensor



Strong discontinuity approach:

C [MPa] original elastic stiffness tensor

C
eq [MPa] equivalent stiffness tensor considering crack opening

Gf [N m−1] fracture energy of concrete

n [-] unit vector perpendicular to crack surface

t [-] unit vector parallel to crack surface (2D condition)

Teq [MPa] equivalent traction component

Tn, Tt [MPa] traction component along n and t

Ψ [J] total energy of deformed body

U [J] elastic strain energy of deformed body

W [J] work done by the applied load on the deformed body

E [J] dissipated energy of the deformed body

β [-] parameter governing the contributions of Mode I and Mode

II crack opening

ζn, ζt [m] crack opening (width) along n and t



1 Introduction

1.1 Background

Durability of concrete structures is associated with physical/chemical pro-

cesses within the concrete material. These processes include deforma-

tion, permeation, diffusion, conduction, hydration/dehydration, and fracture,

which may be grouped into: i) mass-transport processes and ii) mechanical

processes:

• On one hand, considering the mass-transport process inside concrete, the

micro-structure of which is illustrated in Figure 1, a numerical model

which is capable of simulating the mass-transport process evolving in

porous materials is modified and adopted for simulating this process in

concrete. Not only general properties of porous materials such as the

porosity, the saturation degree, but also properties of cementious mate-

rials changing with time in consequence of hydration/dehydration, shall

be taken into account. Aiming to simulate the mass-transport process

of concrete, a coupled thermo-hydro-chemo-poro-mechanical multifield

framework will be presented in this thesis.

• On the other hand, considering fracture processes associated with me-

chanical loading, concrete exhibits typical quasi-brittle behaviour (the

post strength response is characterized by increased deformations with

decreasing capability of stress transfer as a result of localization of dam-

age [1]). Plastic deformations within concrete show strong discontinuity

characteristics, which can be appropriately modelled by crack-embedded

approaches, such as the strong discontinuity embedded approach and the

extended finite element method, where material properties such as the

fracture energy and yield strength are taken into account. Aiming to

simulate the elasto-plastic behaviour and fracture properties (crack po-

sition and orientation, crack opening) of concrete, a strong discontinuity

embedded approach will be presented in this thesis.

The multifield framework and the strong discontinuity embedded approach,

presented in this thesis, are applied to the following engineering tasks asso-

ciated with concrete durability:
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Figure 1: Illustration of micro-structure of concrete: solid skeleton and non-saturated pores

• drying shrinkage of early-age concrete,

• spalling of concrete subjected to high temperature,

• fracturing of concrete members.

The combination of both the multifield framework and the strong-

discontinuity embedded approach, as illustrated numerically, considering an

L-shaped panel with gas permeation, provides the basis for future investi-

gations of durability problems, considering coupled transport-fracturing pro-

cesses.

1.2 Outline

The thesis is organized as follows:

• In Section 2, a coupled thermo-hydro-chemo-poro-mechanical multifield

framework for porous materials, considering multiscale homogenization

will be presented. Modifications of the underlying model formulation,

suitable for the analysis of early-age concrete and fire-loaded concrete,

will be introduced.

• In Section 3, a strong discontinuity embedded model for higher-order fi-

nite element will be presented. An energy-based crack-tracking strategy,

originally developed and applied in the frame of XFEM, will be modified

and implemented into the model.
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• In Section 4, results from engineering applications concerning the dura-

bility of concrete structures, such as drying shrinkage of early-age con-

crete, spalling of concrete subjected to high temperature, and fracturing

of concrete members will be presented.

• In Section 5, conclusions from this work will be drawn. An L-shaped

panel, experiencing fracturing and gas permeation, will be simulated,

showing the potential of the multifield framework combined with the

strong-discontinuity approach.
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2 Coupled thermo-hydro-chemo-poro-mechanical mul-

tifield framework for porous materials

2.1 Background

The behaviour of concrete is greatly influenced by physical and chemi-

cal processes inside this material. These processes include permeation,

diffusion, conduction, vaporization/condensation (phase change), hydra-

tion/dehydration and deformation. Analysis schemes considering these pro-

cesses in a coupled manner are referred to as multifield methods. The devel-

opment of multifield methods for porous media mainly started in mid 1990s,

corresponding with a period of great improvements in the field of compu-

tational mechanics. As regards the analysis of concrete, several multifield

analysis models have been applied to the investigation of early-age concrete

and of fire-loaded concrete, which are the main issues of this section.

For early-age concrete, multifield analysis models proposed in the litera-

ture mainly focus on thermo-chemical coupling [2, 3, 4] and fluid transport

[5, 6, 7]. After treatment of thermo-chemical coupling and solution of the

transport problem, the total strain theory [5] and the effective stress theory

[8, 9] are used to solve the underlying mechanical problem. Concerning appli-

cations, the resulting weakly-coupled multifield models enable treatment of

thermo-chemical processes, mass-transport processes (which are not always

considered), and of the mechanical problem, where frequently mass-transport

processes and/or the impact of mass-transport on the temperature field are

ignored [10]. More recently, fully-coupled analysis tools, based on thermo-

hydro-chemo-mechanical models, were developed [11]. Both weakly-coupled

and fully-coupled approaches have been validated and proved to be effective

for different types of concrete such as normal concrete (OPC) as well as high

performance concrete (HPC) [11, 12]. Whereas the former is more efficient,

the latter may be applied to open systems (concrete directly bare to air).

For fire-loaded concrete, multifield models adopted by previous researchers

mainly focus on thermo-mechanical [13, 14] and thermo-hydral processes [15,

16, 17], which are the main causes for spalling. Some models of different levels

of complexity were presented in [18, 19, 20, 21, 22]. For simplicity, in some

numerical models only the gas phase [15] or two phases (liquid and gas, gas
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and solid) are considered [21, 23] or an additional constitutive relationship

between the gas and the liquid phase [22] is introduced, leading to unreliable

results in some applications, as was pointed out in [24]. Hence, a fully-

coupled model, considering heat conduction, permeation and diffusion of gas

and water and all relevant phase changes is necessary to realistically simulate

the thermo-hydral processes that take place in fire-loaded concrete.

In this section, based on the model described in [9, 11, 25, 26, 27, 28,

29], a coupled thermo-hydro-chemo-poro-mechanical multifield framework is

proposed, which represents a combination of a fully-coupled multifield model

and a multiscale model. The model is presented in a form which is suitable

for both early-age concrete and fire-loaded concrete.

2.2 Thermo-hydro-chemical model

2.2.1 Balance equations

The thermo-hydro-chemical model adopted in this thesis was presented e.g.

in [9, 11, 25, 26, 27, 28, 29]. In this model, concrete is treated as a multi-

phase medium, consisting of a solid, liquid (water), and gas (water vapor

and dry air) phase. The governing equations are based on mass and energy

conservation, with pc, pg, and T as unknowns. These equations read as

follows:

• Mass-balance equation for the water phase:

n(ρw − ρgw)
DsSw

Dt
+ n(1 − Sw)

Dsρgw

Dt
+ nSw

Dsρw

Dt

− (1 − n)βs [ρgw + (ρw − ρgw)Sw]
DsT

Dt

− div

(
ρgw kkrg

ηg
grad pg

)
− div

(
ρw kkrw

ηw
grad pw

)

− div

⎡
⎣ρg MaMw

M 2
g

Deffgrad

(
pgw

pg

)⎤⎦

+
(1 − n)[ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂ξ

Dsξ

Dt

+ [ρgw(1 − Sw) + ρwSw]
ṁ

ρs
− ṁ = 0.

(1)

5



• Mass-balance equation for the dry-air phase:

− nρgaDsSw

Dt
+ n(1 − Sw)

Dsρga

Dt
− ρga(1 − n)(1 − Sw)βs

DsT

Dt

− div

(
ρgakkrg

ηg
grad pg

)
− div

⎡
⎣ρg MaMw

M 2
g

Deffgrad

(
pga

pg

)⎤⎦

+
(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂ξ

Dsξ

Dt
+ ρga(1 − Sw)

ṁ

ρs
= 0.

(2)

• Energy-balance equation:

(ρcp)eff
∂T

∂t
−

(
ρgcg

p

kkrg

ηg
grad pg + ρwcw

p

kkrw

ηw
grad pw

)
grad T

− div(λeffgrad T ) + ṁvaph + ṁlw
ξ = 0,

(3)

where ṁvap is determined from

ṁvap = −nρw DsSw

Dt
− nSw

Dsρw

Dt
+ ρw(1 − n)Swβs

DsT

Dt

+ div

(
ρw kkrw

ηw
grad pw

)
−

(1 − n)ρwSw

ρs

∂ρs

∂ξ

Dsξ

Dt

− ρwSw
ṁ

ρs
+ ṁ.

(4)

In the Equations (1) to (3), ṁ denotes an increase of mass caused by

hydration in early-age concrete (ṁ > 0) or a decrease of mass in case of

dehydration in fire-loaded concrete (ṁ < 0).

Each term in the Equations (1) to (3) can be classified as an accumulation,

a flux, or a source term. A detailed deduction of these relations and of their

finite element implementation can be found in [28, 30, 31].

2.2.2 Moisture state

For determining the moisture state of concrete, it is assumed that the sorption

isotherms keep the same shape throughout the hydration process [11]. A

formula given in [7] is used, establishing the relationship between the capillary
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pressure pc and the saturation degree Sw [31]:

Sw =

⎡
⎣1 +

(
Es

As
pc
)1/(1−m)

⎤
⎦−m

,

with⎧⎪⎪⎨
⎪⎪⎩

As = pc
b for T ≤ 100◦C

As = Bs + (pc
b − Bs)

[
2
(

T−100
Tcrit−100

)3
− 3

(
T−100

Tcrit−100

)2
+ 1

]
for T > 100◦C

and⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Es =
(

Tcrit−T0

Tcrit−T

)Ns

for T ≤ (Tcrit − Zs)

Es = Es,0

(
Ns

Zs
T + 1 − Ns

Zs
(Tcrit − Zs)

)
for T > (Tcrit − Zs)

Es,0 =
(

Tcrit−T0

Zs

)Ns

,

(5)

where pc
b is the so-called bubbling pressure (the minimum value of pc on a

drainage capillary pressure curve, at which a continuous gas phase exists in

the void space), and m is a constant parameter. As suggested in [7], for

OPC, pc
b = 18.6 MPa and m = 0.44 are chosen. For HPC, pc

b = 46.9 MPa

and m = 0.48 are taken. Bs, Ns and Zs are constant parameters, chosen as

Bs = 30 MPa, Ns = 1.2, Zs = 0.5 ◦C, and Tcrit is the critical temperature,

taken as 374.15 ◦C[31].

Kelvin’s equation is used for establishing the relationship between the cap-

illary pressure pc and the relative humidity [6, 10]:

ln (Rh) = −
Mw pc

ρw R T
. (6)

Once the temperature is known, with Equations (5) and (6) relationships for

determination of pc, Rh, and Sw are available, giving access to the moisture

state.

2.3 Thermo-chemo-poro model

2.3.1 Multiscale model for early-age concrete

The degree of hydration ξ(t) of early-age concrete is determined from the

volume fraction of cement in the material system, fcem(t), related to the

7



respective initial volume fraction, finitial
cem = fcem(t = 0), reading ξ(t) = 1 −

fcem(t)/finitial
cem . The evolution of ξ is described by an Arrhenius-type law [4, 32]:

ξ̇ = Ã(ξ)exp

(
−

Ea

RT

)
, (7)

where Ea/R is set equal to 4000 K [33]. A mathematical relation for the

chemical affinity Ã is given by Ã(ξ) = aξb(1 − ξ)c, where a, b, c may be ac-

quired from adiabatic tests [33]. Equation (7) accounts for thermo-chemical

coupling, giving an increased hydration rate with increasing temperature,

or vice versa. In this thesis, changes in pore water saturation due to dry-

ing/wetting are assumed not to affect the hydration kinetics. On the other

hand, the hydration reaction cannot continue when free water is exhausted.

Hence, the hydration process is assumed to stop when the saturation degree

Sw drops below a certain threshold value Sw, where Sw is set equal to 58.6%1.

As an engineering approximation, the hydration of cement is represented

by the hydration stoichiometry of tricalcium silicate (C3S
2), which is the main

clinker phase in all Portland cement-based material systems [34]:

C3S + 5.3 H → 0.5 C3.4S2H8 + 1.3 CH. (8)

Using the intrinsic material properties summarized in Table 1, Equation (8)

can be written as a mass balance:

228 + 5.3 × 18 → 0.5 × 454 + 1.3 × 74 in [g]

323.4 → 323.2 in [g],
(9)

or as a volumetric balance:

228
3.15 + 5.3 18

0.998 → 0.5 454
1.99 + 1.3 74

2.24 in [cm3]

167.97 → 157.02 in [cm3].
(10)

From Equation (9), the water-to-cement mass ratio (w/c) needed for com-

1According to [5], hydration stops completely when the relative humidity drops below 80%, with the
corresponding saturation degree being about 58.6% at 20◦C (see Equation (5)). However, this threshold
value does not concern the results of the numerical simulation in this thesis. Because stripping is conducted
after 24h and the maximum stress will emerge 3 hours after stripping (the argument for this assumption will
be given in Section 4.1), the increase of the hydration degree within these 3 hours is negligible.

2Standard cement chemistry abbreviations are used throughout this thesis: C=CaO, S=SiO2, A=Al2O3,
F=Fe2O3, S̄=SO3, H=H20.
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pletion of the hydration process, w/c, can be determined as

w/c =
5.3 × 18

228
= 0.418. (11)

On the other hand, the chemical shrinkage associated with the stoichio-

metric relation given in Equation (8) is accessible from Equation (10) as

1 − 157.02/167.97 = 6.52%.

Table 1: Density ρ and molar mass M of different phases in cement paste (taken from [34])

density ρ molar mass M
[kg/m3] [kg/mol]

tricalcium silicate C3S 3150 0.228
water H 998 0.018
calcium hydroxide CH 2240 0.074
calcium silicate hydrate (saturated) C3.4S2H8 1990 0.454

Together with the density of the aggregate phase (taken as ρagg = 2650

kg/m3 for quartz aggregate) and the mass fraction of cement in the con-

crete mix design mcem [kg cement/(m3 concrete)], the stoichiometric model

gives access to the volume fractions in the material system. Figure 2 il-

lustrates the volume fractions of three concrete mix designs with differ-

ent w/c ratios and mcem, all yielding a paste volume fraction of 30%. As

presented in [35], the porosity of concrete as a function of ξ is deter-

mined by the volume fraction of water, air, and C-S-H gel porosity, with

n(ξ) = fair(ξ) + fwater(ξ) + 0.373 fLDC−S−H(ξ) + 0.237 fHDC−S−H(ξ) (see Fig-

ure 3), and with the gel porosity for LD C-S-H and HD C-S-H, given as

0.373 and 0.237, respectively [35]3. The multiscale homogenization scheme

described in detail in [36] and summarized in Table 2 is employed for de-

termination of effective poroelastic properties of early-age concrete (see Fig-

ure 4). The intrinsic elastic material parameters used in the analysis are

summarized in Table 3. Whereas the Mori-Tanaka homogenization scheme

[37]4 was employed in [36], in this thesis the so-called differential scheme (see

3According to [35], the water contained in the gel porosity of C-S-H cannot be considered as structural
water. Hence, it has to be considered in the assessment of cement-based materials in the frame of a poro-
mechanics formulation.

4The Mori-Tanaka homogenization scheme may be employed for matrix/inclusion-type morphologies with
moderate values for the inclusion volume fraction of <∼ 0.2.
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Figure 2: Volume fractions fx of different phases in a cement-based material system with
(a) w/c = 0.35 and mcem = 448.99 kg cement/(m3 concrete), (b) w/c = 0.45 and mcem =
390.44 kg cement/(m3 concrete), (c) w/c = 0.55 and mcem = 345.40 kg cement/(m3 concrete)
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[38, 39]; for the extension toward multiple inclusion phases, see [40])5 is em-

ployed for homogenization of representative volume elements, characterized

by a matrix/inclusion-type morphology. As compared to the Mori-Tanaka

scheme, the differential scheme does not have limitations as regards limited

volume fractions of the inclusion phase [40].

Table 2: Multiscale homogenization scheme for determination of poroelastic properties of
early-age concrete (RVE ... representative volume element; at homogenization step 0, the
volume fraction of LD C-S-H and HD C-S-H was set equal to 0.7 and 0.3 [35], respectively)

homogeni- composite/RVE matrix phase inclusion phase(s)
zation step denomination
0 C-S-H low-density C-S-H high-density

(LD C-S-H) C-S-H (HD C-S-H)
1 porous C-S-H C-S-H water H, air
2 cement paste porous C-S-H portlandite CH,

cement (C3S)
3 concrete cement paste aggregate

Table 3: Intrinsic elastic parameters are taken from [44], accounting for drained conditions
(the stiffness values for water and air, the bulk modulus k and the shear modulus μ were set
equal to zero)

constituent Young’s modulus Poisson’s ratio
[GPa] [–]

C3S 135 0.3
LD C-S-H 21.7 0.24
HD C-S-H 29.4 0.24
CH 38 0.305
aggregate (quartz) 50 0.3

For determination of Biot’s coefficient bhom as a function of ξ, used later on

in the constitutive relation of the multifield framework, the mode of upscaling

detailed in [35], with

bhom =
∑
r

frbr〈A〉r (12)

5The model configuration for the self-consistent scheme [41, 42] is characterized by considering the differ-
ent material phases as inclusions surrounded by the homogenized medium. The differential scheme represents
an incremental formulation of the self-consistent scheme: consideration of a homogeneous medium embed-
ding an inclusion phase with infinitesimal increase of the volume fraction of the latter. After each incremental
increase, the effective material behavior, i.e., the behavior of the embedding material phase, is updated using
the result of the micromechanical homogenization scheme for dilute defect distributions [43].
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for the isotropic case, is employed. Hereby, 〈A〉r is the volumetric part of

the so-called strain localization tensor (in this thesis, in the scope of the

differential scheme) of material phase “r”. The gel porosity in LD C-S-H

and HD C-S-H was taken into account by setting b as 0.71 and 0.61 [35],

respectively, for these two material phases in the homogenization scheme.

In Figure 5, the result from multiscale homogenization is compared to the

classical micro-to-macro relation of poroelasticty (two material phases, solid

matrix “s” and porous space), given as:

bhom = 1 −
Khom

Ks
. (13)

where the homogenized bulk modulus, Khom, was determined by means of the

multiscale upscaling scheme described above. In Equation (13), Ks is deter-

mined by employing the self-consistent scheme for (the theoretical) composite

material containing the solid material phases: LD C-S-H and HD C-S-H gel

porosity, C3S, CH, and aggregate. Hereby, the gel porosity for LD C-S-H

and HD C-S-H amounts to 0.373 and 0.237 [35], respectively. Hence, the

volume fraction of the solid phase in LD C-S-H and HD C-S-H is given as

1 − 0.373 = 0.627 and 1 − 0.237 = 0.763, respectively. The intrinsic elastic

properties of the solid phase in LD C-S-H and HD C-S-H were set equal to

E = 47.75 GPa and ν = 0.25 [35].

In this thesis, the heat capacity of concrete is acquired by an empirical

law of mixtures, giving the heat capacity of the solid part of concrete cs
p as a

function of ξ from relations reported in [45]:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cfreshpaste
p = 0.75 + 3.43

w/c
w/c+1.0

cpaste
p = cfreshpaste

p (1.0 − Ap [1.0 − exp (−Bp ξ)])

cs
p = cpaste

p M paste

f + cagg
p Magg

f

, (14)

where cfreshpaste
p is the heat capacity of fresh paste, cpaste

p is the heat capacity of

the paste in the course of hydration, cagg
p is the heat capacity of the aggregate,

M paste

f and Magg

f are the mass fractions of the cement paste and the aggregate,

Ap and Bp are parameters provided by experiments, given as Ap = 0.26 and

Bp = 2.9, as suggested in [45]. Figure 7 shows the evolution of the heat

capacity in the course of the hydration process. The decrease of the heat
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capacity with increasing hydration degree can be attributed to the decreasing

mobility of water molecules [45].

Figure 7: Evolution of heat capacity obtained from the law of mixtures [45] (heat capacity
of quartz aggregate is taken as 700 J/(kg K))

The thermal conductivity of concrete is determined by the multiscale model

presented in [46], employing a two-scale homogenization procedure (cement-

paste/aggregate composite). According to [45], the thermal conductivity of

the cement paste is almost independent of the hydration degree (about 1.0

J s−1 m−1 K−1), giving the thermal conductivity of concrete exclusively as a

function of the volume fractions (mix-design).

2.3.2 Simplified model for fire-loaded concrete

In case of temperature loading, the cement paste experiences dehydration

which may be viewed as the inversion of hydration. Based on the description

of the hydration process in early-age concrete, the macroscopic properties

of concrete, such as strength and the elastic modulus, as well as the micro-

scopic properties, such as Biot’s coefficient, can be defined as functions of

temperature. Whereas the former can also be determined by macroscopic

experiments, a temperature-dependent function for the latter is difficult to

obtain from experiments, which is necessary for connecting the liquid and

the gas phase to the solid phase of porous media (see Subsection 2.4). The

15



relationship between the hydration degree and the temperature is given by

[30]: ⎧⎨
⎩ ξ(T ) = 1.0 T ≤ 105◦C,

ξ(T ) = 1
2

(
1 − sin

[
π
2

(
1 − 2 e−0.004(T−105)

)])
T > 105◦C.

(15)

Based on Equation (15), the relationship between Biot’s coefficient bhom,

the temperature T , and the hydration degree ξ is depicted in Figure 8.
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Figure 8: Relationship between Biot’s coefficient, the temperature, and the hydration degree

2.4 Thermo-mechanical model

2.4.1 General effective stress formulation

Effective stress theory [8] can be adopted for connecting the thermo-hydro-

chemical field (pore pressure) with the mechanical field (displacement). The

general effective stress formulation, considering the temperature and the pore

pressure is given by6

⎧⎨
⎩ E = Ee + ET ,

Σ = C : Ee − 1 b (pg + χ pc) ,
(16)

6Plasticity is not considered in this formulation.
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where the Bishop’s coefficient χ represents the relation between the solid

phase and the wetting phase (i.e., water). Specifically, χ is a function of the

saturation degree Sw. This function can be obtained by means of upscaling

[47] or from experimental results at room temperature [7, 9].

2.4.2 Effective stress formulation for early-age concrete

The differential form of the constitutive equation [33] is used to describe the

stress state within early-age concrete, with Σn+1 = Σn + ΔΣn+1
7. Material

parameters such as the elastic modulus and Biot’s coefficient are considered

as functions of the hydration degree ξ. Bishop’s coefficient χ is considered to

be equal to the saturation degree Sw. Hence, the effective stress formulation

for early-age concrete is given as:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ΔΣn+1 + 1 bn+1 Δ(p̄)n+1 = Δ(C : E)n+1

Δp̄ = Δpg − Δ (Sw pc)

Δ(C : E)n+1 = Cn+1 :
(
ΔEn+1 − ΔET

n+1

) , (17)

where C = C
hom(ξ) and b = bhom(ξ).

2.4.3 Effective stress formulation for fire-loaded concrete

For concrete subjected to fire-loading, the load-induced thermal strain,

ELITS, which represents the strain appearing in concrete when subjected

to combined mechanical and thermal loading, is considered8. The deforma-

tion caused by the capillary pressure pc, on the other hand, is ignored9, giving

the effective stress formulation for fire-loaded concrete as:⎧⎨
⎩ E = Ee + ET + ELITS,

Σ = C : Ee − 1 bhompg,
(18)

where C = C(T ) and b = bhom(T ).

Numerous experiments have shown that ELITS depends on the level of load-

ing, i.e., the stress Σ. Based on the approach presented in [49], a relationship

7(·)n represents the corresponding parameter at time instant tn
8In this thesis, E

LIT S may also be considered as a plastic strain in case of compressive loading.
9In fact, in [48] it was shown that drying shrinkage caused by loss of water of fire-loaded concrete has a

relatively small influence on the deformation of concrete.
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between ELITS and Σ is given in [50, 51], which reads as:

ELITS = kLITS Σ

fc(T )

Tr(ET )

3
, (19)

where kLITS is the LITS parameter (in [49], kLITS was suggested as 2.35 for

uniaxial loading and as 1.7 for biaxial loading; in [51], it was found that

kLITS = 0.4 fits well with experimental results). A comparison between the

model results (obtained with kLITS = 0.6) and experimental results is shown

in Figure 9 (see [50] for details).
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Figure 9: Comparison of model-based axial strain with experimental results [50] (s: level of
loading, fc,0: initial compressive strength)

2.5 Conclusions

In this section, a micromechanics-based coupled thermo-hydro-chemo-poro-

mechanical multifield framework was presented. The framework was given in

a form appropriate for early-age concrete and fire-loaded concrete. The main

steps of the development of this framework are summarized in the following:

• Accounting for mass and energy conservation, the mathematical rela-

tions describing thermal, hydral, chemical processes and their interac-

tion were presented.
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• Considering the hydration process of concrete, a multiscale homogeniza-

tion method for determination of the elastic modulus, porosity and Biot’s

coefficient was presented.

• By adopting the effective stress theory, the coupled thermo-hydro-

chemo-poro processes are connected with the stress and deformation

state. Hereby, the differential form of the effective stress formulation

suitable for early-age concrete as well as load-induced thermal strains

that are essential for fire-loaded concrete are taken into account.
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3 Strong discontinuity approach for quasi-brittle ma-

terials

3.1 Background

Within the finite element method (FEM), models for simulating fracture of

quasi-brittle materials like concrete exist for more than half a century [52, 53].

The traditional approaches include smeared-crack models and discrete-crack

models. Within smeared-crack models, fracture is represented by reduction

of the local stiffness and strength (at Gauss points). Discrete-crack models,

on the other hand, employ interface elements (such as the element proposed

in [54, 55]), allowing the cracks to propagate along the boundaries of the finite

elements. Though both models have been validated and applied successfully

to simulation of fracture of quasi-brittle materials [56, 57], both methods have

severe restraints, such as locking and mesh-bias.

In recent years, numerical models with cracks embedded in finite elements

were developed, considering either nodal enrichment such as XFEM (ex-

tended finite element method) [58] and PUFEM (partition-of-unity finite ele-

ment method) [59] or elemental enrichment such as SDA (strong discontinuity

embedded approach), with both approaches giving similar results. However,

nodal enrichment requires more computing time [60, 61, 62].

Considering SDA, elements which locally capture discontinuities were first

introduced in [63] and applied in [64, 65, 66, 67]. In [68], the notion of

enhanced assumed strains (EAS) was introduced, linking SDA to classical

models in plasticity and continuum damage mechanics [69, 70]. In [71], a

finite width of the localization zone, h, was introduced, taking into account

the experimentally-observed fracture process zone [72, 73, 74]. However, in

the course of cracking of quasi-brittle materials, the fracture process zone

(h > 0) transforms into a macrocrack (h = 0) [75], making the SDA a

suitable approach to describe the fracture process.

Nevertheless, SDA suffers from stress-locking caused by improper propaga-

tion of the crack [76, 77]. To overcome this locking effect, different methods

such as rotating cracks [78], multiple cracks [77, 79], delayed embedded crack

models [80, 81], and crack-tracking strategies [82, 83] were proposed in the lit-

erature. For all of these the models, crack-tracking strategies have proved to
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be reliable and robust. They permit prediction of further propagation of the

crack, based on the history of mechanical states (stress, strain, displacement,

energy), and provide continuous crack paths.

Moreover, most published applications of SDA models adopt simple fi-

nite elements, such as constant strain triangles (CST) [84, 85, 60] or bilinear

quadrilateral elements [86]. However, higher-order elements are required in

coupled displacement-permeation analysis, with quadratic interpolation func-

tions for the displacements assuring a globally continuous distribution of the

pressure field (see Figure 10). A reliable SDA framework which applies to

higher-order elements (adopting quadratic interpolation functions) will en-

able future applications of SDA to fracture-permeation coupled analysis.

In this section, SDA is combined with an energy-based crack-tracking strat-

egy [83, 87], using eight-node quadrilateral elements. The performance of the

proposed method for the analysis of fracture processes is illustrated by means

of numerical benchmarks such as the three-point bending test, the L-shaped

panel test, and the pull-out test.

Figure 10: Elements used for displacement-permeation analysis: (a) linear interpolation
functions for the displacements (discontinuous pressure field), (b) quadratic interpolation
functions for the displacements (continuous pressure field)

3.2 Basics of SDA

3.2.1 Kinematics

The SDA adopted in this section was presented in [78] and applied later in

[88, 89, 90]. Figure 11 shows the 2D domain Ω, containing a discontinuity L,

which divides the domain into Ω+ and Ω−. Parts of the subdomain Ω+ and

Ω− are taken as the localization zone. They are referred to as Ω+
ϕ and Ω−

ϕ .

The displacement field of Ω can be described as follows:
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Figure 11: Domain Ω with a discontinuity L

u(x) = ū(x) + [Hs(x) − ϕ(x)]�u�, (20)

where ū(x) is the regular part of the displacement field, Hs(x) is a Heaviside

function, and ϕ(x) is a smooth differentiable function (∇ϕ exists), with

ϕ(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 ∀x ∈ Ω− \ Ω−
ϕ ,

1 ∀x ∈ Ω+ \ Ω+
ϕ ,

continuous function ∀x ∈ Ω−
ϕ ∪ Ω+

ϕ .

(21)

Hence, the strain field within Ω is obtained as

ε(x) = ∇Su(x) = ∇Sū(x) − (�u�(x) ⊗ ∇ϕ)S︸ ︷︷ ︸ + δL(�u�(x) ⊗ n)S︸ ︷︷ ︸,
ε̄(x), ∀x ∈ Ω \ L εδ(x), ∀x ∈ L

(22)

where (·)S denotes the symmetric part of the tensor, δL denotes the Dirac-

delta distribution, and ∇�u�(x) is assumed to be zero [78]. Further, the

regular part ε̄(x) can be decomposed into compatible strains and enhanced

strains [68], giving

ε̄(x) = ∇Sū(x)︸ ︷︷ ︸ − (�u�(x) ⊗ ∇ϕ)S︸ ︷︷ ︸,
compatible strains enhanced strains

(23)

In case the crack direction is known, the normal unit vector n and the

parallel unit vector t of the failure surface, with n · t = 0, are known. Ac-
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cordingly, the displacement jump at the crack, �u�(x), can be expressed as

�u� = ζn(x)n + ζt(x)t, with ζn(x) and ζt(x) as the amplitudes of the jump

along n and t, respectively. Thus, Equation (23) can be rewritten as

ε̄(x) = ∇Sū(x)︸ ︷︷ ︸ −
[
(n ⊗ ∇ϕ)Sζn(x) + (t ⊗ ∇ϕ)Sζt(x)

]
︸ ︷︷ ︸,

ε
t

ε
p

(24)

where ε
t is the strain tensor and ε

p is the part of ε
t associated with plastic

strains. In case the crack direction is fixed, ṅ = 0 and ṫ = 0. Thus, the

strain rate ˙̄ε(x) is determined only by ε̇
t, ζ̇n, and ζ̇t.

3.2.2 Finite-element implementation

Considering a uniform displacement jump within the finite element ”e”,

�u�(x) becomes �u�(e), giving the strain field ε̄
(e)(x) as follows:

ε̄
(e)(x) ≈

ne∑
i=1

(
∇N

(e)
i ⊗ ui

)S
−
[
(n ⊗ ∇ϕ(e))Sζ(e)

n + (t ⊗ ∇ϕ(e))Sζ
(e)
t

]
, (25)

where ne is the number of nodes of element ”e”, ui is the displacement vector

of node ”i”. ϕ(e) and ∇ϕ(e) are obtained as [78]

ϕ(e) =
ne+∑
i=1

Ni, (26)

∇ϕ(e) =
1

V

∫
Ω

∇ϕ(x)dΩ, (27)

with ne+ representing the number of nodes in Ω+
ϕ [91].

3.2.3 Constitutive relation

According to [87, 92], a mixed-mode traction-separation is considered in this

section, with an equivalent amplitude of the displacement jump (or crack

opening) ζeq defined as

ζeq =
√

ζ2
n + β2ζ2

t , (28)

where β governs the contribution of Mode I and Mode II crack opening,

respectively, to ζeq. For β = 1, ζeq is equal to the face-to-face distance of the

crack, see Figure 12. According to [93, 94], β = 1 is well-suited for concrete
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and will therefore be considered in this thesis.

Figure 12: Geometric representation of ζn, ζt, and ζeq for β = 1

The traction components Tn (along n) and Tt (along t) are determined by

[87]

Tn =
Teq

ζeq
ζn, Tt = β2Teq

ζeq
ζt,

with Teq = ft exp

⎛
⎝−

ft

Gf
ζeq

⎞
⎠ ,

(29)

where ft is the uniaxial tensile strength and Gf is the fracture energy.

For initiation of damage, the Rankine criterion is used, reading φRK(σ) =

(n ⊗ n) : σ − ft = 0. After initiation, the yield functions for mixed-mode

failure, given as

φn(σ, ζn) = (n ⊗ n) : σ − Tn(ζn, ζt) = 0,

φt(σ, ζt) = (t ⊗ n) : σ − Tt(ζn, ζt) = 0,
(30)

are used for determination of the crack opening (ζn, ζt).

For iteration step i, the known state variables at a specific Gauss point are

(εt
i, ε

t
i−1, ζn,i−1, ζt,i−1), while the unknown state variables are (ζn,i, ζt,i), with

ζn,i = ζn,i−1 + Δζn,i and ζt,i = ζt,i−1 + Δζt,i. In the general return-mapping

algorithm [95], the trail stress σ
tr is introduced as

σ
tr = C :

[
ε

t
i − (n ⊗ ∇ϕ(e))Sζn,i−1 − (t ⊗ ∇ϕ(e))Sζt,i−1

]
, (31)

where C is the elastic stiffness tensor. Based on the trial state, the unknown

state variables Δζn,i and Δζt,i are determined from the yield function, read-
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ing10

⎧⎨
⎩ (n ⊗ n) : σ

tr − g11Δζn,i − g12Δζt,i − Tn = 0

(t ⊗ n) : σ
tr − g21Δζn,i − g22Δζt,i − Tt = 0

, (32)

with

g11 = (n ⊗ n) : C : (n ⊗ ∇ϕ(e))S g12 = (n ⊗ n) : C : (t ⊗ ∇ϕ(e))S

g21 = (t ⊗ n) : C : (n ⊗ ∇ϕ(e))S g22 = (t ⊗ n) : C : (t ⊗ ∇ϕ(e))S . (33)

For each iteration step, the relation between the differentials of the trac-

tions, dTn and dTt, and the crack-opening parameters, dζn and dζt, is given

as [87] ⎡
⎣ dTn

dTt

⎤
⎦ = D

⎡
⎣ dζn

dζt

⎤
⎦ , (34)

with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D = −β2ftTeq

ζ2
eq

⎡
⎢⎣

ζ2

n

β2Gf
− ζ2

t

ftζeq
ζnζt

Gf +ftζeq

Gf ftζeq

ζnζt
Gf +ftζeq

Gf ftζeq

β2ζ2

t

Gf
− ζ2

n

ftζeq

⎤
⎥⎦ for loading

D = Teq

⎡
⎣ 1 0

0 β2

⎤
⎦ for elastic unloading,

(35)

leading to the elastoplastic tangent moduli Cep as

C
ep =

dσ

dε

= C − C :
[

n ⊗ n t ⊗ n
]

: (G − D)−1 :

⎡
⎣ n ⊗ n

t ⊗ n

⎤
⎦ : C, (36)

with

G =

⎡
⎣ g11 g12

g21 g22

⎤
⎦ .

As mentioned in [78, 89], condensation of the displacement jump at the

material level without a standard static condensation technique allows the

use of classical procedures for solving elastoplastic continuum models.

The condition number κ(G) of the matrix G is employed to assess the nu-

merical stability of Equation (32) and, thus, of the SDA model, with high val-

ues of κ(G) indicating poor numerical stability. According to Equation (33),

10For loading, when the condition (n ⊗ n) : σ
tr − Tn > 0 is fulfilled, Equation (32) is solved by the

Newton-Raphson method.
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κ(G) is a function of Poisson’s ratio ν and of the angle between n and ∇ϕ(e),

denoted as θ. Figure 13 shows the condition number κ(G) as a function of

θ, indicating that the numerical stability of the SDA model decreases with

increasing θ, which has also been reported in [96].
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Figure 13: Condition number κ(G), with κ(G) = ‖G−1‖2 · ‖G‖2, as a function of ν and θ

3.2.4 Application of reduced integration for eight-node quadrilateral element

As outlined in [78, 97], in case of higher-order elements, the crack opening has

different values at difference Gauss points, with some Gauss points remaining

in the elastic state in the course of cracking. This causes stress locking, which

cannot be eliminated by tracking strategies, as it occurs at the element level.

As a remedy, reduced integration using one Gauss point at the element center

will be adopted.

The effect of the underlying integration technique is illustrated by means

of two examples, characterized by two different load cases, see Figure 14. For

both of them, the crack direction is assumed to be parallel to the y axis. The

respective force-displacement curves are shown in Figure 15.

For CASE 1, all Gauss points experience the same stress/strain states,

resulting in a crack direction parallel to the y axis. Therefore, full and reduced

integration give the same results11.
11Although full integration for CASE 1 gives the same result as reduced integration, the numerical stability
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For CASE 2, the stress/strain states vary within the element, leading to

different crack directions at different Gauss points for the case of full integra-

tion. Assuming one global crack direction for a single element, full integration

results in stress locking at the element level.

Figure 14: Single-element example: geometrical dimensions, loading conditions, and material
properties
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Figure 15: Single-element example: force-displacement curves illustrating the effect of full
and reduced integration

of full integration is poorer, since different Gauss points may be loaded differently, which is caused by
numerical errors in the course of the iteration process.
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3.3 Energy-based crack-tracking strategy for SDA

3.3.1 Introduction of crack-tracking methods

Crack-tracking strategies are used (i) to specify the propagation of the crack

and (ii) to smooth the crack path (see Table 4). Comparison of numerical

results from different crack-tracking strategies reported in the literature can

be found in [83, 98, 99, 100].

While XFEM is able to locate the exact position of crack tips, in case of

SDA, cracks propagate from one boundary of an element to another boundary

of the element, see Figure 16. Hence, the exact position of the crack tip is

Figure 16: Propagation of crack in XFEM and in SDA

not accessible for SDA, resulting in inexact stress states around the crack tip.

Accordingly, the level-set method and the maximum energy release method,

which are commonly used in XFEM and highly rely on the stress/strain

states around the crack tip, cannot be applied in SDA without considerable

modifications.

The local tracking strategy is one of the most widely used tracking strate-

gies. Applying this strategy, stress locking may be encountered. However,

this drawback may be overcome by some simple modifications [85]. In any

case, a zigzag crack path is almost inevitable.

The global tracking strategy is very powerful. For some examples, this

strategy may even give a smooth crack path in the beginning of loading, as

observed for the mixed-mode fracture test [83] and the four-point bending

test, considering a double-notched beam [101]. However, in some cases, such

as the L-shaped panel, the underlying isotherm for predicting the crack path
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is varying significantly till the end of loading [83, 100], resulting in a zigzag

crack path. The weakness of the global tracking strategy was also discussed

in [89].

The partial domain tracking strategy is a modified version of the global

tracking strategy, which combines the advantages of the local and the global

tracking strategy [89]. However, presently this strategy is only suitable for

constant-strain-triangle elements (CST elements)12.

In summary, most existing crack-tracking strategies used in XFEM and

SDA are not suitable for the SDA adopted in this section. Hence, a modi-

fied energy-based crack-tracking strategy is adopted, considering the energy

of the entire system, which does not require precise information about the

stress/strain state around the crack tip.

Table 4: Crack-tracking strategies

Criterion Smoothing Suitable for Reference
(a) MPS Maximum curvature of crack SDA [85]
(b) MPS Isotherm SDA & XFEM [82, 83]
(c) NMPS Isotherm SDA [88]
(d) MCS Level set XFEM [102]
(e) MER — XFEM [99]
(f) MPE — XFEM [87]

(a): Local tracking
(b): Global tracking
(c): Partial domain crack-tracking
(d): Level-set method
(e): Maximum energy release rate (J-integrals)
(f): Energy-based crack-tracking

MPS: Maximum principal stress/strain
NMPS: Maximum principal nonlocal strain
MCS: Maximum circumferential stress
MER: Maximum energy release rate
MPE: Minimization of total potential energy

12The partial domain and the global tracking strategy introduce an unknown on the nodes which is solved
in every loading step, with the contour lines of the unknown representing the cracking path. Whereas, [89]
only presented corresponding formulas for solving the unknown in CST element
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3.3.2 Theory of the energy-based crack-tracking strategy

Early applications of the energy-based crack propagation in finite-element

analysis can be found in [103]. Though based on linear-elastic fracture me-

chanics, unlike the maximum circumferential stress criterion or the maximum

energy release rate criterion, the energy-based criterion is capable to predict

the direction of crack propagation also for cohesive cracks [87, 99].

Considering a deformed body Ω with the body force b, the surface force

t, and a crack with the cohesive force w at its surface (see Figure 17), the

mechanical energy Ψ of the body consists of the elastic strain energy U , and

the dissipated energy E, minus the work W done by the applied forces, which

is a function of the crack-propagation angle θ and the crack-propagation

length l, i.e. Ψ = Ψ(θ, l). Based on linear-elastic fracture mechanics, θ and l

are determined by minimizing Ψ. As in the SDA, the crack propagates from

one boundary of an element to another one; Ψ is only a function of θ, i.e.

Ψ = Ψ(θ). Ψ follows from:

Figure 17: Deformed body with crack

Ψ = U + E − W,

where

U =
∫
Ω

(∫
ε

0
σ(ε) : dε

)
dΩ,

E =
∫
A

(∫ ζn

0
Tn · dζn +

∫ ζt

0
Tt · dζt

)
dA,

W =
∫
Ω

(∫
u

0
b du

)
dΩ +

∫
∂Ω

(∫
ut

0
t dut

)
d∂Ω.

(37)

where u is the displacement of a point of the body, ut is the displacement of
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a point of the surface of the body loaded by t, and A is the surface of the

crack.

With a predefined scanning angle γ and an interval angle Δγ (in [99], γ =

60◦ and Δγ = 4◦ were used), the energy Ψ is calculated for different directions

of crack propagation. The obtained discrete values of Ψ are fitted13, giving

access to the function Ψ = Ψ(θ). Then, the value of θ, which defines the angle

for further propagation of the crack, is obtained by means of minimization of

Ψ(θ), i.e. with ∂Ψ/∂θ = 0 and ∂2Ψ/∂θ2 > 0.

Figure 18: Application of energy-based crack-tracking in SDA

Nevertheless, because of Ψ = Ψ(θ) = Ψ(εp), with ε
p = ε

p [∇ϕ(θ), θ], and

because the function ∇ϕ(θ) is not continuous in SDA, scanning for the mini-

mum value of Ψ within a prescribed angle γ is rather questionable. Figure 19

illustrates this remark, using a triangular constant strain element with a

rotating crack. From Case A to Case B, the angle of the crack differs signif-

icantly, whereas the vector ∇ϕ remains the same. On the other hand, from

Case B to Case C, with only a slight variation of the crack angle, ∇ϕ changes

significantly as the nodal value of ϕ has changed.

3.3.3 Modified SDA model

The discontinuity of the total energy Ψ is caused by the sudden change of

the nodal value of ϕ as the crack passes a node (see Figure 19), which may

be obviously avoided if the vector ∇ϕ remains parallel to n14. Accordingly,
13In [99], fitting with moving least squares was suggested. In [87], it was shown that a polynomial function

with order 2-4 gives sufficiently accurate results.
14When ∇ϕ remains parallel to n, the SDA model shows best numerical stability (see Figure 13), which

is another accompanying advantage of the modified SDA model.
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Figure 19: Illustration of noncontinuous function of ∇ϕ(θ) for a rotating crack

Equation (27), originally used for determination of ∇ϕ, is replaced by

∇ϕ = s n, (38)

where s = A/V is a scaler quantity; A is the area of the crack and V is

the volume of the finite element experiencing cracking. Hereby, the crack

area A is obtained from a crack passing through the center Gauss point,

accounting for the reduced integration scheme for determination of ζn and ζt

(see Figure 20).

Figure 20: Determination of the crack area A in the modified SDA: (a) element experiencing
cracking, (b) determination of A from a crack located at the center Gauss point

In fact, s = A/V corresponds to the condition that the dissipated energy
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E is the same as with SDA localization (see Figure 21), reading:

E =
∫
A

(∫ ζn

0
Tn dζn +

∫ ζt

0
Tt dζt

)
dA

!
=
∫
Ω

(∫
ε

p

0
σ : dε

p
)

dΩ. (39)

Introducing ∇ϕ = s n into the expression for ε
p in Equation (24) yields

ε
p = s

[
(n ⊗ n)ζn + (t ⊗ n)Sζt

]
, finally giving

E = A

(∫ ζn

0
Tn dζn +

∫ ζt

0
Tt dζt

)

!
= V s

(∫ ζn

0
σ : (n ⊗ n)dζn +

∫ ζt

0
σ : (t ⊗ n)Sdζt

)
.

(40)

As Tn = (n ⊗ n) : σ and Tt = (t ⊗ n) : σ according to Equation (30)15,

s = A/V can be obtained directly from Equation (40).

��� ���
Figure 21: Strain localization: (a) element with a discrete crack, (b) element with SDA
localization

The so-obtained modified SDA model corresponds to the statically optimal

symmetric (SOS) formulation, where the stiffness matrix remains symmetric

[104]. Although stress-locking in the SOS formulation is reported in [104,

105], locking of the quadrilateral element was eliminated, as will be illustrated

in the next section.

The CST element16, subjected to one load step [106], is employed to high-

15As (σ)S equals σ, (t ⊗ n) : σ equals (t ⊗ n)S : σ.
16Even though the CST element in the SOS formulation experiences stress-locking, which cannot be

eliminated with tracking-strategy (see next section), this element is employed to illustrate the effect of the
crack direction on the evolution of the plastic strains and the strain energy within the original SDA and the
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light the beneficial effect of the modified SDA model (see Figure 22). For

simplicity, no damage in the shear direction is assumed (ζt = 0). Figure 23

shows the components of the plastic strain ε
p and the strain energy U for the

original and the modified SDA model. Both ε
p(θ) and U(θ) are continuous

functions in the modified SDA model.

Figure 22: CST model: geometric properties and material parameters

Unlike the XFEM, allowing a continuous propagation of cracks, the energy-

based crack-tracking in SDA is characterized by a mesh bias, as the propaga-

tion length is always connected to the element size. As a remedy, a smoothing

technique (see Figure 24) is employed, using similar changes in the crack di-

rection (see θ1S in Step 2 and θ2S in Step 4) for the two elements closest to

the crack tip. Hereby, the change in the crack direction is determined from

the mean value of the unsmoothed crack directions.

3.4 Elimination of stress-locking of quadrilateral elements with

SOS formulation

The origin and the corresponding elimination of stress-locking in the SDA

based on the SOS formulation is discussed, considering CASE 1 shown in

Figure 14. The domain is discretized by two elements as illustrated in Fig-

ure 25.

Considering Figure 25(a), both CST elements become plastic during load-

ing, whereas the crack area A (see Figure 20) is overestimated, resulting in ”a

zig-zag pattern” and in stress-locking [104], see the force-displacement curve

modified SDA.
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Figure 23: CST model: components of ε
p(θ) and strain energy U(θ) as obtained by means

of the original and the modified SDA model
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Figure 24: Smoothing technique for energy-based crack-tracking in the SDA

��� ��� ���
Figure 25: Finite-element discretization: (a) CST elements (b) quadrilateral elements (con-
figuration 1) (c) quadrilateral elements (configuration 2)
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in Figure 26. Unfortunately, stress-locking of the CST element cannot be

eliminated by the underlying crack-tracking strategy.

Considering Figure 25(b), the crack area A is represented correctly, even

in the unsymmetrical case. No stress-locking is encountered, see Figure 27.

Considering Figure 25(c), the crack area A which depends on the aspect

ratio of the element, is underestimated. Only one element experiences plastic

deformations, while the other one remains elastic. Even though the cohesive

stress is underestimated in cases of elements with a large aspect ratio, stress-

locking is not encountered, see Figure 28.
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Figure 26: CASE 1 in Figure 14: force-displacement curve when using CST elements

3.5 Conclusions

In this section, a strong discontinuity approach (SDA) was adopted and im-

plemented, using a higher-order element (eight-node quadrilateral element).

Since the fixed-crack formulation of the SDA was used, a crack-tracking strat-

egy became necessary in order to avoid stress-locking. For this purpose, the

energy-based crack-tracking strategy, which is commonly used in the XFEM,

was chosen, setting the orientation of the localized crack equal to the orien-

tation of the real crack, with ∇ϕ parallel to n, finally leading to the modified
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Figure 27: CASE 1 in Figure 14: force-displacement curve when using quadrilateral elements
(Configuration 1 in Figure 25)
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SDA approach. Moreover, a simple smoothing technique was applied for as-

sisting the tracking strategy.

In summary, the proper combination of models and assumptions, compris-

ing

• reduced integration for determination of stress/strain states of finite el-

ements experiencing cracking,

• the assumption of the orientation of the localized crack and the real

crack being parallel, and

• determination of the direction of cracking aiming at minimization of the

total energy in the deformed body

yields an SDA approach that is applicable to higher-order elements with a

continuous cracking path.
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4 Applications

4.1 Removal of formwork of early-age concrete

In this section, the multifield approach is employed for the investigation of

the effect of formwork removal (stripping) of early-age concrete, exposing

the concrete surface to the outside environment, which may cause early-age

cracking of concrete structures. The results from fully-coupled and weakly-

coupled models (ignoring mass-transport) are compared. A modified convec-

tion coefficient αV is introduced, in order to obtain similar results for the

weakly-coupled and the fully-coupled models. Finally, the cracking risk of

concrete members is evaluated with respect to the underlying mix-design,

the size of the concrete member, and the stripping time, providing first in-

sight into the influence of these parameters on the cracking risk of early-age

concrete.

4.1.1 Simulation model and parameters

The model adopted in this thesis is shown in Figure 29, where H is the height

of the model and R is the radius, with R � H, in order to avoid boundary

effects. The top and the bottom surface experience mass and energy exchange

with the environment. The structural response is symmetric with respect to

the x-axis (neutral plane). The employed material parameters are listed in

Figure 29: Axisymmetric model (L : structural dimension of heat diffusion [12])

Table 5. The tensile and the compressive strength are taken from [12, 107,
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Table 5: Material parameters of concrete employed in the simulation

Parameters Units OPC 045 OPC 055
w/c - 0.45 0.55
mcem [kg] 390.44 345.40
ft,∞ [MPa] 2.6 2.3
fc,∞ [MPa] 35 30
(ρcp)eff [kJ m−3 K−1] 2330.7 2330.7
k [m2] 1 · 10−18 1 · 10−18

λeff [J s−1 m−1 K−1] 1.9 1.9
∂Tr(ET )/(3 ∂T ) [K−1] 1.2 · 10−5 1.2 · 10−5

108]. The other parameters are taken from [11]. The parameters used in the

analytical function for the chemical affinity Ã are chosen as a = 48 s−1, b =

0.56, and c = 2.8. The hydration heat of the cement is set equal to 340 kJ/(kg

cement). The adiabatic temperature rise, measured in experiments taken

from [11] (original data are obtained from [109]), is compared to the numerical

simulation results in Figure 30, indicating perfect agreement. Information

on the evolution of the elastic modulus, the porosity, Biot’s coefficient, and

the specific heat capacity of early-age concrete as functions of the hydration

degree is provided in Figures 3 to 7. The strength of early-age concrete is

assumed as a linear function of the hydration degree.

Figure 30: Comparison of adiabatic temperature results
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Cauchy boundary conditions are adopted for the analysis of the multi-

field processes in early-age concrete. When neglecting radiation, the energy

balance equation at the boundary Ω is described by [110]:

(
λgrad T − hρw kkrw

ηw
grad pw

) ∣∣∣∣∣∣
Ω

= αT (Tb − T∞). (41)

In order to model the water loss from the wetted concrete surface to the

air, Menzel’s equation [111] is modified for calculation of the water loss from

the unsaturated concrete surface to the air. Hence, the moisture balance

equation at the boundary (upper and lower surface in Figure 29) can be

described by

[(
ρgw kkrg

ηg
grad pg

)
−

(
ρw kkrw

ηw
grad pw

)

−ρg MaMw

M 2
g

Deffgrad

(
pgw

pg

)⎤⎦
∣∣∣∣∣∣
Ω

= S Za(Rhb psatb − Rh∞ psat∞)(Zb + Zc v), (42)

where Za = 8.65 · 10−8 kg m−2 s−1 Pa−1, Zb = 0.253, and Zc = 0.215 s m−1

[112]. Though the overestimation of the water loss by Menzel’s equation was

pointed out in [113, 114], it is used in some research papers such as in [10].

Moreover, the ACI nomograph for estimating rate of evaporation of surface

moisture from concrete [115] was obtained with Menzel’s equation [112].

If mass-transport processes are neglected (weakly-coupled model), the tem-

perature loss caused by vaporization cannot be considered. However, when

considering Equation (42) and the specific enthalpy of vaporization h17, an

equivalent convection coefficient αV
18 may be introduced as follows:

(λgrad T )

∣∣∣∣∣∣
Ω

= (αT + αV )(Tb − T∞),

with

αV =
h S Za(Rhb psatb − Rh∞ psat∞)(Zb + Zc v)

Tb − T∞
.

(43)

17In this case, the water loss of concrete surface mwl are assumed to be all caused by vaporization with
which the energy loss is obtained as h mwl.

18αV is the convection parameter considering the vaporization of water on the concrete surface.
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In Equation (43), αV is a function of the saturated vapor pressure psatb

and the relative humidity Rhb on the concrete surface. The former is a

function of the surface temperature Tb, with psatb = psatb(Tb). Although the

latter is unknown if mass-transport processes are disregarded, Equation (43)

provides access to the range of αV , considering Rh∞ ≤ Rhb ≤ 1. Accordingly,

for an environmental temperature of T∞ = 20 ◦C and an environmental

relative humidity of Rh∞ = 0.6, αV is lying between the two curves shown in

Figure 31.
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Figure 31: Range of the value of αV for T∞ = 20◦C and Rh∞ = 0.6

The initial temperature of concrete and the environmental temperature are

set as T0 = T∞ = 20 ◦C. For the considered steel formwork, αT is set equal

to αT of the free surface (as suggested in [12]), given as 4.0 J s−1 m−2 K−1.

Furthermore, it is assumed that the concrete has no mass exchange with the

environment before removal of the formwork (S = 0), which is bare to the

air after removal of the formwork (S = 1). The relative humidity of the

environment is assumed constant: Rh∞ = 0.6.

4.1.2 Fully-coupled versus weakly-coupled model

In this subsection, numerical simulations of a concrete member with L = 1.0

m and different stripping times (24 h, 36 h, 48 h) are performed, consider-

ing both OPC 045 and OPC 055. Assuming the stress is mainly caused by
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the temperature gradient along the y direction, the temperature difference

ΔT = T (y = 0) − T (y = L ) is taken for interpretation of the numerical re-

sults. According to Figures 32 and 33, the removal of the formwork induces

vaporization and, hence, a thermal shock at the concrete surface. Vapor-

ization occurs very fast and lasts for about 3 hours. After that, because of

drying at the surface, vaporization stops. OPC 055 shows a larger increase

of ΔT , which is explained by its larger w/c ratio, providing more water for

vaporization at the surface. The stress is caused not only by the thermal

gradient but also by drying shrinkage induced by vaporization, which can be

assessed by comparing the different results from the fully-coupled and the

weakly-coupled model as shown later.

0

5

10

15

20

25

30

35

40

0 10 20 30 40 50 60 70 80 90

T
 (

 C
)

Time (h)

Stripping at 24h
Stripping at 36h
Stripping at 48h

�

�

������	
���
�

���

�

�

������	
���
�

0

5

10

15

20

25

30

35

40

0 10 20 30 40 50 60 70 80 90

T
 (

 C
)

Time (h)

Stripping at 24h
Stripping at 36h
Stripping at 48h

���

Figure 32: Evolution of ΔT for (a) OPC 045 and (b) OPC 055

Since the numerical results indicate that vaporization lasts for approxi-

mately three hours, a linear evolution of αV with Rhb = 1.0 at stripping and

Rhb = Rh∞ three hours after stripping is assumed during this time, resulting

in the following empirical formula for αV :

αV = A (B − ts) (1 − te/3) , (44)

where ts [h] is the stripping time, te = t − ts [h] is the time elapsed after

stripping, with te ≤ 3 h, and A and B are parameters depending on the

concrete type and stripping time: for OPC 045 and ts = 24 h: A = 225 J h−3

m−2 K−1, B = 56 h, for OPC 055 and ts = 24 h: A = 600 J h−3 m−2 K−1,

B = 60 h.
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Figure 33: Evolution of the maximum stress on the surface for (a) OPC 045 and (b) OPC
055

The results obtained from the fully-coupled and weakly-coupled model (ig-

noring mass-transport) for a stripping time ts = 24 h are shown in Figures 34

and 35. It is shown that the weakly-coupled model, with αV calculated from

Equation (44), produces similar results for ΔT as the fully-coupled model.

However, the stress induced by vaporization consists of two parts: the ther-

mal stress and the shrinkage stress. The weakly-coupled model cannot predict

shrinkage, leading to underestimation of the stress increase caused by the re-

moval of the formwork. According to Figure 35, the value of the shrinkage

stress is approximately of the order of the thermal stress.

4.1.3 Relationship between the cracking risk, the size and the stripping time

Focusing on the cases discussed in this thesis, the maximum stress always oc-

curs at the surface of the concrete member, additionally showing the smallest

value of the hydration degree and, thus, the smallest strength. Accordingly,

the cracking risk is defined as the ratio of the maximum stress to the ten-

sile strength at the surface, with values greater than one indicating early-age

cracking. Hereby, the tensile strength ft is assumed to increase linearly with

increasing hydration degree, i.e.,

ft(ξ) = ft,∞
ξ − ξ0

1 − ξ0
, (45)
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where the percolation threshold ξ0 is set equal to 0.01. Figure 36 contains

contour lines for the maximum value of the cracking risk as a function of the

stripping time and the thickness of the concrete members, with L = H/2.

From these results, the following conclusions can be drawn:

• The cracking risk decreases with postponement of stripping, with a re-

duction of about 20% to 40% per day.

• The cracking risk of OPC 045 is slightly higher than that of OPC 055,

mainly because of its greater temperature rise associated with hydration

(see Figure 30).

• Postponement of stripping has a higher impact in case of OPC 055 than

in case of OPC 045, with the higher w/c ratio of OPC 055 resulting in

more severe vaporization.

• For structures with a larger value of L , postponement of stripping has

limited influence, which is explained by cracking of massive concrete

being mainly controlled by the thermal field, while vaporization lasts

only for a short time (about three hours, see Section 4.1.2). Compared

to the thermal stress in massive concrete, the additional stress caused

by vaporization is found to be almost negligible.
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Figure 36: Contour lines of maximum cracking risk as a function of the stripping time and
of L for (a) OPC 045 and (b) OPC 055
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4.1.4 Conclusions

In this subsection, the developed multifield framework was applied to the

analysis of formwork removal of early-age concrete. The main conclusions

are as follows:

• The removal of the formwork causes both thermal stress and shrinkage

stress. While the former can be simulated by a weakly-coupled model

with a modified convection coefficient (as demonstrated in this thesis),

the latter can only be assessed by means of using a fully-coupled model.

• Based on the results from parameter studies, the correlation between the

cracking risk, the stripping time, and the size of the concrete member

is investigated. Contour lines of the maximum cracking risk facilitate

the specification of the stripping time with which the risk of early-age

cracking is minimized.
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4.2 Spalling risk of concrete subjected to fire loading

Employing an axisymmetric model that represents plate-like concrete struc-

tures such as slabs, walls, and tunnel linings, the effect of material properties

(intrinsic permeability, porosity) and environmental conditions (saturation

degree) on spalling is investigated. The obtained numerical results provide

insight into the spalling risk for a wide range of material properties and envi-

ronmental conditions. Based on the obtained results, the spalling risk of an

Austrian highway tunnel is assessed.

4.2.1 Numerical model and parameters

Accounting for the stress state in fire-loaded concrete members, the effect

of biaxial compression on the out-of-plane tensile stress at failure is consid-

ered (see Figure 37). The tensile strength of concrete subjected to biaxial

compression at high temperature is given as

ft(σb, T ) = ft(0, T )
σb + fb(T )

fb(T )
, (46)

where ft(0, T ) is the temperature-dependent uniaxial tensile strength of con-

crete, σb (σb < 0) is the in-plane compressive stress parallel to the heated

surface (see Figure 37(a)), and fb(T ) is the temperature-dependent biaxial

compressive strength deduced from experimental results, given by [116, 117]:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

fb(T ) = 1.16 fc,0 T < 100◦C,

fb(T ) =
[
−2.64 · 10−6 (T − 100)2 + 1.16

]
fc,0 100◦C ≤ T ≤ 600◦C,

fb(T ) = 0.0 T > 600◦C.

(47)

As mentioned previously, fire loading and spalling in plate-like concrete

structures are considered in the present numerical study (see Figure 38(a)

and (b)). For this purpose, an axisymmetric model as shown in Figure 38(c)

is employed, yielding a biaxial in-plane stress state, with σr = σϕ.

The material parameters for concrete at room temperature are listed in

Table 6. The relationship between the elastic modulus E and the temperature

follows from the experimental data in [118], see Figure 39(a). The relationship

between the uniaxial tensile strength ft(0, T ) and the temperature is taken
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Figure 37: Decrease of tensile strength in consequence of biaxial compressive loading: (a)
biaxial compression induced by fire loading, (b) yield surface at the domain σ3 > 0, (c)
simplified linear criterion corresponding to the yield surface at σ1 = σ2 and σ3 > 0

��� ��� ���
Figure 38: Numerical model for simulation of spalling: (a) tunnel lining subjected to fire
loading, (b) concrete section under fire loading and (c) simplified axisymmetric model
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from [119]. The relationship between the intrinsic permeability k and the

temperature is given in [120]. The relationship between the thermal strain

ET and the temperature is given in [119]19.

Table 6: Material parameters (values at room temperature)

Water/cement ratio (-) 0.45
Modulus of elasticity E (GPa) 38.2
Poisson’s ratio ν (-) 0.2
Tensile strength ft,0 (MPa) 3.0
Compression strength fc,0 (MPa) 40.0
LITS factor kLIT S (-) 1.0
Intrinsic permeability k0 (m2) 10−17, 10−18

Initial saturation degree Sw,0 (-) 0.4, 0.6, 0.8
Thermal conductivity λ (J s−1 m−1 K−1) 1.9
Specific heat cp (J kg−1 K−1) 900
Initial porosity n (-) 0.1, 0.15
Concrete density ρ (kg m−3) 2400

As regards the thermal boundary condition at the heated surface, both

convection and radiation are considered. The corresponding heat flux qT is

determined as

qT = α (T − T∞) + e σ (T 4 − T 4
∞), (48)

where α = 25 W/(m2 K), e = 0.56 is the emissivity of concrete and σ =

5.67 · 10−8 W/(m2 K4) is the Stefan-Boltzmann constant. Fire-loading is

considered by means of a linear increase of T∞ from 20 ◦C to 1200 ◦C within

the first 300 s. Thereafter, T∞ is kept constant at 1200 ◦C [121, 122].

4.2.2 Numerical analysis

Based on the effective-stress theory (Equation (16)) and the underlying nu-

merical model, the stress that is responsible for spalling, σz, is obtained as:

σz = Σz + bhompg = bhompg. (49)

Additionally, based on the in-plane biaxial stress state, the tensile strength

is determined from Equation (46) as ft(σr, T ), allowing to introduce the so-

19The curve adopted in this thesis has been suggested for concrete with siliceous aggregates.
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called level of loading L, defined as

L =
σz

ft(σr, T )
. (50)

This quantity provides insight into the risk of spalling. The stress σz that

is building up in the course of fire loading and the corresponding level of

loading are illustrated for three parameters which are used later on in the

content of risk assessment. In the following, details of this assessment are

described:

1. In order to illustrate the influence of the intrinsic permeability on the

stress state, results after 235 s of fire loading are shown in Figure 40.

According to Figure 40(b), ft(σr, T ) and σz along the depth of the con-

crete member give L = 1 for k0 = 10−18 m2, indicating the initiation of

spalling. The results reveal that low intrinsic permeability yields an in-

crease of the gas pressure. Consequently, the spalling risk of fire-loaded

concrete is increasing.

2. Figure 41 shows the influence of the initial saturation degree on the

stress state. The results reveal that a high saturation degree gives an

increase of the gas pressure, favouring the initiation of spalling. For

the considered saturation degrees, spalling occurs earlier with increasing

saturation and, thus, at lower temperature loading.

3. Figure 42 shows the influence of the initial porosity on the stress state

in the concrete. For increasing porosity and given initial saturation and,

thus, increasing amount of water, the gas pressure increases, leading to

earlier initiation of spalling.

According to the previous results, the risk of spalling is strongly influenced

by the intrinsic permeability k0, the initial saturation degree Sw,0, and the

initial porosity n. In order to assess the risk of spalling, contour plots rep-

resenting functions of Sw,0 and n are shown in Figures 43 to 45. Hereby, the

zones above the contour lines indicate a high explosive spalling risk whereas

the zones below the contour lines indicate a low explosive spalling risk. Fur-

thermore, the water-mass ratio (WMR), corresponding to porosity and satu-

ration, is included in Figures 43 to 45, enabling an assessment of the spalling

risk when considering WMR only, as will be discussed in the following section.
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Figure 40: Stress state after 235s of fire loading: Concrete with Sw,0 = 0.8, n = 0.15, and
(a) k0 = 10−17 m2, (b) k0 = 10−18 m2
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Figure 41: Stress state after different periods of fire loading: Concrete with k0 = 10−18 m2,
n = 0.15, and (a) Sw,0 = 0.4, (b) Sw,0 = 0.6, and (c) Sw,0 = 0.8
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Figure 42: Stress state after different periods of fire loading: Concrete with k0 = 10−18 m2,
Sw,0 = 0.8, and (a) n = 0.10, (b) n = 0.15
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4.2.3 Application to spalling risk assessment of tunnel linings

As an example for the application of the presented concept, a tunnel in Aus-

tria, built in the 1970s, is considered for assessing the spalling risk, see Fig-

ure 46. The type of concrete used for the lining is C25/C30. The compressive

strength of concrete, fc,0, is assumed as 35 MPa and the tensile strength, ft,0,

as 3 MPa. Within two representative sections, the water content (water-

mass ratio, WMR) was determined at different heights of the section, see

Figure 47. The obtained results are listed in Table 7.

Figure 46: Tunnel in Austria considered as an application example: (a) tunnel entrance, and
(b) cross section of the tunnel

Figure 47: Tunnel in Austria considered as an application example: drilling work for deter-
mination of the water-mass ratio

The porosity and the intrinsic permeability were assumed on the basis

of the concrete mix design. They were varied in the course of the risk as-
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Table 7: Water-mass ratios of the tunnel section

Height Section 1 Section 2
0.3m 2.5% 4.1%
1.0m 3.5% 6.3%
1.6m 3.9% 6.8%
2.0m 3.2% 6.6%

sessment. This has resulted in a contour plot (see Figure 48), where the

saturation is also a variable (according to the variation of the water-mass ra-

tio, see Table 7). Based on measured water-mass ratios, it can be concluded

that the tunnel is at high risk of spalling for an intrinsic permeability smaller

than 1 · 10−18 m2, since all measured water-mass ratios are found above the

corresponding contour line. The tunnel is at low risk of spalling for an in-

trinsic permeability greater than 3 · 10−18 m2, since all measured data for

the water-mass ratios are found below the corresponding contour line. Since

the range of the intrinsic permeability separating the high and low risk (low

spalling risk if k > 3 · 10−18 m2, and high spalling risk if k < 1 · 10−18 m2) in

the presented case is very small, measurement of the actual intrinsic perme-

ability of the tunnel-lining concrete is necessary before giving a definite and

reliable assessment of the spalling risk of the investigated tunnel. For that

purpose, various on-site and laboratory test methods are available [120, 123].
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Figure 48: Spalling risk of the investigated tunnel (fc,0 = 35 MPa, ft,0 = 3 MPa)
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4.2.4 Conclusions

In this section, a coupled thermo-hydro-chemo-poro-mechanical model for

assessing the spalling risk of concrete subjected to fire-loading is adopted.

Parameter studies have led to contour plots as functions of the main material

and environmental parameters responsible for spalling. These plots have

shown the following effects:

• Effect of intrinsic permeability: the risk of spalling increases with de-

creasing intrinsic permeability, because the gas pressure is more quickly

accumulated.

• Effect of porosity: in case the saturation remains unchanged, the risk

of spalling increases with increasing porosity caused by the increasing

amount of water which evaporates during heating.

• Effect of saturation: the risk of spalling increases with increasing satura-

tion, because of the increasing amount of water which evaporates during

heating and the lower relative gas permeability.

• Effect of concrete strength: the risk of spalling increases with decreasing

concrete strength20.

With the obtained contour plots, the spalling risk of an Austrian tunnel

was assessed by means of the measured water content (water-mass ratio)

which served as the input parameter. The results from this assessment high-

lights the sensitivity of the high/low spalling risk with respect to the intrinsic

permeability, necessitating permeability measurements (on-site or in the lab-

oratory) for a final assessment of the spalling risk based on the presented

contour plot.

20In reality, concrete with higher strength usually is denser, exhibiting a lower intrinsic permeability, which
results in an increase of the risk of spalling.
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4.3 Simulation of fracturing of concrete members

In the numerical simulations in this section, the parameter for further crack

propagation within the presented SDA is set equal to γ = 30◦, with Δγ = 3.0◦

(see Figure 18). If the angle giving the minimum total energy is found at the

boundaries (0◦ or 30◦), γ will be increased and the tracking process will be

repeated. For specification of the crack angle in a newly-cracked element, 10

iteration steps (as recommended in [87]) are considered.

4.3.1 Three-point bending test

The set-up and the material properties of the three-point bending test, which

was experimentally investigated in [124], are shown in Figure 49. The load is

applied under displacement control, with an increase of the displacement of

0.1 mm per step. For the numerical study, two different discretizations are

considered (see Figure 50).

Figure 49: Three-point bending test: geometric properties and material parameters

��������

�������

Figure 50: Three-point bending test: discretizations considered in the numerical investiga-
tion
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The obtained results for the crack path and the force-displacement curve

are shown in Figures 51 and 52, indicating little influence of the mesh on the

crack path. Considering the force-displacement curves, both meshes provide

reasonable values for the peak-load. Moreover, the results for the post-peak

behaviour are also reasonable. No locking is encountered.
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Figure 51: Three-point bending test: numerically-obtained crack paths

4.3.2 L-shaped panel test

The geometric dimensions, the material parameters, the loading and the

boundary conditions of the L-shaped panel, experimentally investigated in

[125], are shown in Figure 53. Four different discretizations are considered in

the numerical study (see Figure 54).

The results for the crack path are shown in Figure 55. The crack paths are

located in the upper area of the experimental range. This can be explained

by the small shear stiffness considered in the analysis by having set β = 1,

see [87].

The force-displacement curves are shown in Figure 56. For the coarse mesh

(Mesh I) and the irregular mesh (Mesh IV) a slightly oscillating behaviour is

observed. This can be explained by delayed plastification of elements when

adopting reduced integration (elements become elastoplastic only after their

center Gauss point indicates the occurrence of elastoplastic strains). For the

finest mesh, no oscillations are observed in the force-displacement curve (see

Mesh III in Figure 56). As regards the post-peak behaviour, similar results

for all considered meshes are encountered. There is no locking.
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Figure 52: Three-point bending test: numerically-obtained force-displacement curves and
experimental results presented in [124]

Figure 53: L-shaped panel test: geometric properties and material parameters
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Figure 54: L-shaped panel test: discretizations considered in the numerical investigation
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Figure 55: L-shaped panel test: numerically-obtained crack paths and experimental results
(grey areas indicate locations of cracks) presented in [125]
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Figure 56: L-shaped panel test: numerically-obtained force-displacement curves and experi-
mental results presented in [125]
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4.3.3 Pull-out test

Because of axial symmetry (see Figure 57), the pull-out test can be simulated

by a 2D axisymmetric analysis [124]. As pointed out in [124], there are two

types of failure modes: tensile failure and compressive failure. However, only

tensile failure will be considered in this benchmark example.

Figure 57: Pull-out test: geometric properties and material parameters

The numerically-obtained crack path and the load-displacement curve are

shown in Figures 58 and 59. Consistent with investigations by other au-

thors [90, 126], who considered one quarter of the structure, F/4 represents

the applied load in the force-displacement curve in Figure 59, showing good

agreement between the present results and the ones published in the litera-
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ture [90, 126].
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Figure 58: Pull-out test: numerically-obtained crack path
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Figure 59: Pull-out test: numerically-obtained force-displacement curve and numerical re-
sults reported in [90, 126]
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4.3.4 Conclusions

Based on the obtained results from numerical analysis of the three-point

bending test, the L-shaped panel test, and the pull-out test, the following

conclusion can be drawn:

• The energy-based crack-tracking strategy has shown robustness and re-

liability, giving continuous crack paths with no mesh bias.

• The SDA framework with the presented crack-tracking strategy resulted

in reasonable force-displacement diagrams corresponding well to exper-

imental data and/or numerical results obtained by other investigators.

Locking did not occur.

The so-obtained SDA approach, applicable to higher-order elements, is

expected to be useful for future applications to coupled displacement-

permeation problems, taking fluid flow and pressure redistribution in the

course of crack opening into account.
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5 Concluding remarks

The assessment of the durability of structures composed of porous materials

may require consideration of

• energy transport (thermal loading),

• mass transport (within the pore space of the material) and, finally,

• failure in consequence of mechanical loading (fracture).

In this thesis, the computational framework for these different aspects of

durability assessment were presented, employing a multifield analysis frame-

work and a strong-discontinuity approach (SDA), compatible with the mul-

tifield analysis framework for proper simulation of cracking within the finite-

element method. Moreover, finer-scale information and application of ho-

mogenization techniques allowed consideration of changes of the material

microstructure in the course of durability assessment. This situation was

encountered in the first two applications reported in this thesis, concerning

early-age concrete and concrete structures subjected to fire loading. For the

assessment of the proposed SDA, different examples with available experi-

mental and/or numerical reference data were analysed. Based on different

applications of the proposed computational framework, the following conclu-

sions can be drawn:

• As regards early-age concrete, the obtained results highlighted the cou-

pled thermal shock (temperature difference between the concrete surface

and the open air) and moisture shock (difference of moisture content

between the concrete surface and the open air) induced by stripping,

resulting in shrinkage of early-age concrete. Whereas weakly-coupled

analysis (ignoring mass-transport processes) was only capable of simu-

lating the thermal shock and, thus, underestimated the shrinkage stress

on the concrete surface, the fully-coupled analysis presented in this thesis

captured not only both shocks but also the interaction between them.

• In case of concrete subjected to fire loading, the performed durability as-

sessment of an existing tunnel in Austria showed the significant impact
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of the intrinsic permeability on the spalling risk in case of fire load-

ing. In this thesis, based on the developed computational framework,

a procedure for the safety assessment of existing tunnels was proposed,

combining the exploration of on-site information (water-mass ratio and

permeability) and computational methods.

• Finally, for the simulation of concrete fracture, continuous crack paths

were obtained in all benchmark problems, with the corresponding force-

displacement curves showing no stress locking. The employed energy-

based crack tracking strategy increased the robustness of the SDA, with

the underlying finite-element formulation applicable to the multifield

framework.

The combination of both the SDA and the multiscale-multifield compu-

tational framework presented in this thesis is the starting point for future

research work, that will deal with the coupling between transport processes

and fracturing:

• On one hand, the underlying yield function describing the initiation of

fracture may be adopted as
⎧⎨
⎩ φn = (n ⊗ n) : [Σ + 1 b (pg + χ pc)] − Tn(ζn, ζt) = 0,

φt = (t ⊗ n) : Σ − Tt(ζn, ζt) = 0,
(51)

where pg and pc represent the gas and the capillary pressure in the pores.

• On the other hand, the intrinsic permeability of concrete may be in-

creased in case of cracking, with the permeability along the crack direc-

tion depending on the crack opening ζn [m] [127] (see Figure 60):

⎧⎨
⎩ kn = k,

kt = k · 1024000 ζn.
(52)

This coupling is illustrated by means of re-analysis of the L-shaped panel

dealt with in this thesis, considering an additional gas-pressure loading at the

location of crack initiation (see Figure 61 and Table 8). The so-obtained load-

displacement curves and the gas-pressure distributions for different instants
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Figure 60: Intrinsic permeability of concrete with crack opening

of loading are shown in Figures 62 and 63. For the case of such loading

situations, with the gas pressure contributing to the fracturing process and

the opening crack affecting the gas transport, both computational models

and experiments for proper validation are still in the initial stage and topics

of ongoing and future research.

Figure 61: L-shaped panel with gas permeation: geometric properties and gas pressure
loading
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Table 8: Material parameters

Modulus of elasticity E (GPa) 25.85
Poisson’s ratio ν (-) 0.18
Tensile strength ft (MPa) 2.7
Fracture energy Gf (N m−1) 95
Biot’s coefficient b (-) 0.379
Saturation degree Sw (-) 0.001
Initial pore pressure pg

0 (Pa) 101325
Intrinsic permeability k (m2) 10−17

Porosity n (-) 0.1
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Figure 62: L-shaped panel with gas permeation: force-displacement curves

72



Figure 63: L-shaped panel with gas permeation: evolution of gas pressure (Pa)
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[13] Z. Bazǎnt, “Analysis of Pore Pressure, Thermal Stress and Frac-

ture in Rapidly Heated Concrete,” in Proceedings of the International

Workshop on Fire Performance of High-Strength Concrete (L. Phan,

N. Carino, D. Duthinh, and E. Garboczi, eds.), (Gaithersburg, Mary-

land), pp. 155–164, 1997.

[14] F.-J. Ulm, O. Coussy, and Z. Bazǎnt, “The ”Chunnel” fire I: chemo-
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[15] Z. Bazǎnt and G. Zi, “Pore pressure and drying of concrete at high

temperature,” Journal of the Engineering Mechanics Division, vol. 104,

pp. 1059–1079, 1978.

[16] Y. Anderberg, “Spalling phenomena in HPC and OC,” in Proceedings

of the International Workshop on Fire Performance of High-Strength

Concrete (L. Phan, N. Carino, D. Duthinh, and E. Garboczi, eds.),

(Gaithersburg, Maryland), pp. 69–73, 1997.

[17] P. Kalifa, F.-D. Menneteau, and D. Quenard, “Spalling and pore pres-

sure in HPC at high temperatures,” Cement and Concrete Research,

vol. 30, pp. 1915–1927, 2000.

75
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