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Abstract

Semiholography is a theoretical framework, set up to provide a consistent effective descrip-
tion of the physical systems involving both weakly coupled and strongly coupled degrees of
freedom, where the latter are modelled by gauge/gravity duality, also known as holography.
In this thesis, we explore this framework in the context of strongly coupled plasmas in non-
equilibrium settings, motivated in particular by the non-equilibrium evolution of the Quark
Gluon Plasma. In the context of QGP, the model couples a weakly-coupled sector, describing
hard partons, with a strongly-coupled soft holographic sector, representing the soft bath of
gluons radiated by the hard partons, via gauge-invariant operators. Following a brief theoreti-
cal introduction, I will describe the semiholographic approach in general and using illustrative
examples, focussing in particular on the phenomenological construction. A key element is that
the semiholographic construction has a locally conserved total energy-momentum tensor.

After the general introduction, I discuss a hybrid two-fluid model coupled via their effective
metrics. This coupling is dictated by the respective energy-momentum tensors. I explore the
consequences of such a coupling in and near thermal equilibrium by investigating the rich phase
structure and the collective modes.

Following this discussion, I will describe a semiholographic toy model for QGP thermaliza-
tion in 2+ 1 dimensions. This involves a classical Yang-Mills sector, describing the overoccupied
gluon modes at the saturation scale, coupled to a strongly interacting holographic sector, rep-
resenting the soft degrees of freedom. The toy model represents a proof of principle calculation,
demonstrating for the first time the transfer of energy from the Yang-Mills sector at the bound-
ary to a growing black hole in bulk anti-de Sitter (AdS) space including backreaction.

Finally, I will discuss a semiholographic model of trapped impurities in 0 + 1-dimensions.
Along the way, we will develop an algorithm to solve Jackiw-Teitelboim gravity coupled to non-
conformal matter. The holographic sector, represented by an infrared anti-de Sitter spacetime
with non-conformal matter, known as nearly-AdS,, represents a confining potential for the
trapped impurities. The impurities serve as a self-consistent boundary source for the holographic
sector.
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Zusammenfassung

Semiholographie ist eine theoretische Methode zur konsistenten, effektiven Beschreibung von
physikalischen Systemen, die sowohl schwach wechselwirkende als auch stark wechselwirkende
Freiheitsgrade aufweisen, wobei letztere mittels der Dualitdt von Eichtheorien und Gravitations-
theorien (Holographie) modelliert werden. Diese Arbeit behandelt Semiholographie im Kontext
stark gekoppelter Plasmen in Nichtgleichgewichtszustédnden, die insbesondere durch die Nicht-
gleichgewichtsentwicklung des Quark-Gluon-Plasmas (QGP) motiviert sind. Zur Beschreibung
des QGP verwendet man ein Model bestehend aus zwei Sektoren: einen schwach wechselwirk-
enden Sektor, der “harte” Partonen beschreibt, und einen stark wechselwirkenden, “weichen”
holographischen Sektor, welcher das weiche Bad der von den harten Partonen ausgestrahlten
Gluonen darstellt. Die Kopplung der beiden Sektoren erfolgt {iber eichinvariante Operatoren.
Nach einer kurzen theoretischen Einfithrung beschreibe ich den semiholographischen Ansatz
im Allgemeinen und verwende anschauliche Beispiele, wobei ich mich insbesondere auf die
phénomenologische Konstruktion konzentriere. Ein Schliisselelement ist, dass die semiholo-
graphische Konstruktion einen lokal erhaltenen Gesamt-Energie-Impuls-Tensor aufweist.

Nach der allgemeinen Einfiihrung diskutiere ich ein hybrides Zweifliissigkeitsmodell, das
iiber effektive Metriken gekoppelt ist. Die Kopplung wird durch die jeweiligen Energie-Impuls-
Tensoren vorgegeben. Ich untersuche die Konsequenzen einer solchen Kopplung im und in
der Nédhe des thermischen Gleichgewichts, indem ich die komplexe Phasenstruktur und die
kollektiven Moden des Systems untersuche.

Im Anschluss an diese Diskussion beschreibe ich ein semiholographisches “Spielzeugmod-
ell” fiir die Thermalisierung des QGP in 2 + 1 Dimensionen. Das Modell besteht aus einem
klassischen Yang-Mills-Sektor, der die hochbesetzten Gluon-Moden nahe der Séttigungsskala
beschreibt, gekoppelt mit einem stark wechselwirkenden holographischen Sektor, der die we-
ichen Freiheitsgrade darstellt. Das Spielzeugmodell dient als “proof of concept” der Berech-
nungsmethode und demonstriert zum ersten Mal die Ubertragung von Energie aus dem Yang-
Mills-Sektor am Rand zu einem wachsenden Schwarzen Loch im Anti-De-Sitter-Raum, unter
der Berticksichtigung von Riickkopplung.

Abschlieflend diskutiere ich ein semiholographisches Modell von eingeschlossenen Verunreini-
gungen in 0 + 1 Dimensionen. Ich entwickle einen Algorithmus, mit dem die Feldgleichungen
der Gravitationstheorie von Jackiw und Teitelboim in Verbindung mit nicht-konformer Materie
gelost werden konnen. Der holographische Sektor, der durch eine infrarote Anti-De-Sitter-
Raumzeit mit nicht konformer-Materie, N AdS,, beschrieben wird, stellt einen Potentialtopf fiir
die eingeschlossenen Verunreinigungen dar. Die Verunreinigungen dienen als selbstkonsistente
Quellen am Rand der Raumzeit fiir den holographischen Sektor.

iii


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

“Jayloljqig UsIpn NL e uud ul sjgejreAe si sisay) [2Jo1oop Siyl Jo uoisian [eulblio panoidde ay |
“regBnyian 3ayloljqig UsIpn NL Jop ue Isi uoirelassiq Jasalp uoisianeulblo apponipab ausiqoidde aig

qny a8pajmoud| INoA

Saylolqie


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

Preface

The main results and methods presented in this thesis are have been published in the
following articles:

1. A. Kurkela, A. Mukhopadhyay, F. Preis, A. Rebhan and A. Soloviev.
Hybrid Fluid Models from Mutual Effective Metric Couplings.
Journal of High Energy Physics 08, 054 (2018) [arXiv:1805.05213]

2. C. Ecker, A. Mukhopadhyay, F. Preis, A. Rebhan and A. Soloviev.
Time evolution of a toy semiholographic glasma.
Journal of High Energy Physics 08, 074 (2018) [arXiv:1806.01850]

3. L. Joshi, A. Mukhopadhyay and A. Soloviev.
Time-dependent N AdS, holography with applications.
Submitted to the Journal of High Energy Physics [arXiv:1901.08877]
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Units and conventions

For the metric signature, we take the mostly-plus convention, i.e. the Minkowski metric is
N = Diag(_lv 1,1, 1)

We will use Greek indices to denote curved coordinates u = 0,...,d. We will use Latin indices
for spatial directions.
Our conventions for the Fourier transform are

dy
1) = [ ae™ (@)

where k -z = —wt + k'xz;.
Unless stated otherwise, we will work in natural units, where the speed of light ¢ = 1,
Boltzmann’s constant k, = 1 and the reduced Planck constant h = 1.
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Chapter 1

Introduction

The study of matter produced by heavy ion collisions, performed at various major experi-
mental facilities such as the Large Hadron Collider (LHC) at CERN and the Relativistic Heavy
Ion Collider (RHIC) at Brookhaven National Laboratory, provides an enormous opportunity
for understanding the fundamental nature of strong interactions. During these high energy
ultra-relativistic collisions involving lead or gold ions, the quarks and gluons making up such
ordinary nuclear matter deconfine. This fleeting, extremely hot and dense state of matter is
known as the Quark Gluon Plasma (QGP). Studying such an exotic state of matter is key to
exploring and understanding the phase diagram of quantum chromodynamics (QCD), the the-
ory of strong interactions. Moreover, the QGP was a major component of the Universe for a
few microseconds after the Big Bang [1].

A typical heavy ion collision begins with two ions approach one another at highly relativistic
speeds. The ions appear as flattened disks or pancakes in the center of mass frame. The disks
are made of partons, namely quarks and gluons. Due to the asymptotic freedom of QCD, it
was thought that after the disks collide, the partons would be liberated and form a weakly
coupled plasma [2,3]. At such high energies, one could expect perturbation theory to apply
as the strong coupling constant, ag, would be small. Certain observables were computed at
weak coupling, such as the ratio of the shear viscosity, 7, to the entropic density, s, to be
n/s ~1/a2logay > 1 [4].

Surprisingly, this ratio was measured to be rather small, /s < 1, in the wake of a heavy ion
collision. As the remnants of the ions move away from the collision site, certain aspects of the
"fireball” of the QGP matter left behind are better captured by a strongly coupled theory, in
particular by an effective hydrodynamic description [5]. Intriguingly, a computation by Kovtun,
Son and Starinets using holographic techniques [6] yields a ratio of the shear viscosity, 1, to the
entropy density, s, to be 1 = ﬁ. It has been shown that this value is universal for a large class
of large N theories in the limit of infinite coupling [7]. The estimated value of I of the QGP
produced at CERN and RHIC lies in the ballpark of this ratio.

At late times, as the "fireball” expands, the temperature of the system decreases to a point
where it becomes more energetically favorable for the quarks and gluons to recombine and form
a gas of hadrons. This is known as the freeze-out regime. This dilute gas of bound states flies
towards the detectors, where the multiplicity and species of particles is measured.

While the final stage of the evolution is beyond a weak-coupling description, certain aspects
of the dynamics at the earliest stage are better described by a weak-coupling approximation,
suggesting the presence of both strongly and weakly coupled degrees of freedom simultaneously.

Currently, there is no theoretical framework which captures the complete evolution of heavy
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2 CHAPTER 1. INTRODUCTION

ion collisions in one framework. To date, most work has been done in a solely weak-coupling
scenario or a solely strong-coupling scenario. Weak-coupling scenarios are usually based on
perturbative QCD (pQCD) [9], where the strong coupling constant is treated as small, o, < 1.
The weak-coupling scenario should indeed be suitable to describe, in particular, the early stages
of heavy ion collisions, when the partons are highly energetic and thus, «, can be taken small.
However, for softer modes close to Agcp, o, increases sharply. The strong-coupling scenarios
are usually encapsulated by the the Anti de Sitter/Conformal Field Theory (AdS/CFT) cor-
respondence, providing a method to study collective effects which are difficult to describe per-
turbatively. Of course, the interplay between the weak and strong phenomena, for instance
between the semi-hard partons and the soft gluonic bath, would not be captured in just a
weakly or strongly coupled scenario.

Some qualitatitive and quantitative understanding has been achieved with a patchwork of
theories. One particularly notable example of this is [10, 11], where the early post-collision
stage, described via QCD kinetic theory, is matched to hydrodynamic evolution. This approach
is remarkably successful in providing hydrodynamic simulations with realistic initial conditions
arising from kinetic theory, which leads to more tractable predictions.

A proposal for a strong/weak hybrid approach in the QGP, addressing specifically jet quench-
ing, is due to [12-15], where the energy loss of a jet is modeled via the AdS/CFT correspondence.
The holographic aspect comes into play when modelling the soft interactions via trailing string
solutions behind each parton. In particular, the energy loss of partons (light quarks and gluons)
is computed from gauge/gravity duality, which then serves as an input into a hydrodynamic
description of the evolution of the QGP. Note that backreaction was not taken into account.

Another approach to incorporating weak/strong dynamics is known as semiholography, the
central topic of this thesis. The term semiholography was coined by Faulkner and Polchinski [16]
in the context of non-Fermi liquids. As in [17-20], they proposed including gauge/gravity du-
ality into the study of non-Fermi liquids, motivated by the observation that it can reproduce
the low energy critical exponents of fermionic propagators on the Fermi surface, demonstrating
particle-hole asymmetry from first principles that were previously proposed in [21] and [22] on
phenomenological grounds. Including holography in the discussion of condensed matter system
is by no means unique, [23-25]; the key insight was to realize that the non-Fermi liquids that
were studied contain a Fermi surface, which can be tackled with conventional techniques, as
well as an electron propagator with IR-singular behavior. They proposed a linear hybridization
of the conventional electron with a fermionic operator in a quantum critical holographic theory
represented by a freely propagating fermion in the AdSs x R? geometry. Only the IR “half” of
the physics was governed by holography; hence the name “semiholography”. Later Mukhopad-
hyay and Policastro [26] studied a generalization of this model introducing arbitrary couplings
within and between the two sectors with specific large N scalings, which demonstrated that
semiholography can provide an effective description for a large class of non-Fermi liquids. The
dynamical screening of Coulomb interactions reveals the possibility of a novel superconducting
mechanism [27]. For other related works see [27-31].

The first application of semi-holography in heavy ion collisions was discussed by lancu and
Mukhopadhyay [32]. Namely, the semi-hard, weakly coupled overoccupied gluon modes are
described by classical YM fields, which are minimally coupled to the soft, strongly coupled
degrees of freedom, represented by gauge-invariant operators of the IR-CFT.

This was then modified and extended in [33,34], where the self-consistency and numerical
validity of the proposed model was tested. An additional demand of this approach was to have
a well-defined action principle, allowing for the construction of a complete energy-momentum
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tensor for the total system in flat space. Although the YM system involves an effective metric,
which is determined ultra-locally by the energy-momentum tensor of the holographic sector, this
feature can be re-interpreted as a marginal deformation of the theory in flat space. Similarly the
boundary metric of the holographic geometry representing the strongly interacting IR degrees
of freedom is deformed by the energy-momentum tensor of the YM sector. The full energy-
momentum tensor which is conserved in flat space is local and can be explicitly constructed.
Furthermore, as a numerical test, the authors studied a homogeneous, isotropic model, with the
added simplification that the YM gauge field was chosen to be color-spin-locked. An iterative
procedure to solve the equations was outlined and it was demonstrated that the numerical
procedure converges rapidly.

The semiholography approach was then further supplemented in [35] by a discussion of the
derivation of semiholographic models. In particular it was argued that the perturbative physics
should be able to determine nonperturbative effects, i.e. the strongly coupled holographic sector,
as well as the hard-soft (perturbative-nonperturbative) coupling. This was explored in a simple
model, where two holographic models are coupled semiholographically. The implications for
QCD were also outlined, where the authors claimed that the renormalon Borel poles that are
found in the perturbative series of QCD need to be cancelled against non-perturbative physics.

In this thesis, we study the properties and consequences of semiholographic couplings. In
particular, we consider different aspects of applicability of semiholography. A particular inno-
vation of the semiholographic approach is that one can work with effective descriptions, i.e. the
microscopic detail of an action is not necessary. As a result, we can implement effective descrip-
tions, such as hydrodynamics and kinetic theory, to make computations analytically accessible.
To this end, we begin by considering two fluids coupled semiholographically, which we refer to
as bi-hydrodynamics [36]. This is meant to model the interaction between the long wavelength
excitations of the hard YM sector and the soft, holographic sector, which we expect to be
present at intermediate times during the evolution of the QGP. We then move on to describe
a toy model of glasma, where we demonstrate using numerical AdS/CFT techniques the first
proof of principle transfer of energy from the hard YM sector to the holographic sector [37].
This would model the early times of the QGP.

The outline of this thesis is as follows: chapter 2 describes the relevant theoretical back-
ground to understand the various models considered later, in particular the AdS/CFT corre-
spondence, hydrodynamics and an introduction to kinetic theory. In chapter 3, we describe
the near equilibrium implications of a semiholographic model with metric coupling, i.e. bi-
hydrodynamics. In chapter 4, we consider a scalar semiholographic coupling describing the early
stages of QGP evolution, where energy is transferred from classical YM fields to a black hole.
In chapter 5, a toy model describing the coupling between a scalar field and Jackiw-Teitelboim
gravity coupled to non-conformal matter, known as nearly-AdSy (N AdS,) is considered. Longer
computations can be found in the appendices. For units and conventions, see page ix. For a
list of abbreviations used, see Appendix F.


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

CHAPTER 1. INTRODUCTION

“Jayloljqig UsIpn NL e uud ul sjgejreAe si sisay) [2Jo1oop Siyl Jo uoisian [eulblio panoidde ay |
“regBnyian 3ayloljqig UsIpn NL Jop ue Isi uoirelassiq Jasalp uoisianeulblo apponipab ausiqoidde aig

qny a8pajmoud| INoA

Saylolqie


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
blio
nowledge

(]
I
rk

Chapter 2

Theoretical background

In this chapter, we aim to provide the relevant theoretical background and concepts that
will prove useful in this thesis, however without reviewing the areas of general relativity and
quantum field theory, for which we refer for example to [38-41].

We begin by describing the holographic principle as well as stating the AdS/CFT correspon-
dence, which is necessary in motivating semiholography. We then shift our attention to effective
descriptions that will be useful in chapter 4, first focussing on relativistic hydrodynamics and
concluding with an introduction to kinetic theory.

2.1 Holography and the AdS/CFT correspondence

In this section we will provide a brief overview of holography, in particular as it will be
used in this thesis. For a more complete treatment, see the following reviews [42-46] or the
following textbooks: [47-49]. In particular, for a derivation of the AdS/CFT correspondence
without recourse to string theory, it is worthwhile to read [44].

The holographic principle was originially formulated by ‘t Hooft [50] and then further refined
by Susskind [51]. It states that in a theory of gravity, the number of degrees of freedom scale
as the surface area A (instead of as volume V'), like holograms, which store information from
a higher dimensional setting (3D) to a lower dimensional film (2D). The argument describing
this arises from considering the entropy of a black hole, known as the Bekenstein-Hawking
entropy [52,53]:

A

where A is the surface area of the black hole and G is the Newton constant. The maximum
amount of entropy stored in a given volume is given by Sgy.

One concrete example of holography is known as the AdS/CFT correspondence. The
AdS/CFT correspondence, also known as the gauge/gravity correspondence, is one of the most
celebrated recent results of theoretical physics, linking two seemingly distinct theories.

The original proposal of Maldacena [54] of the AdS/CFT correspondence can be stated as
follows [48]:

N = 4 Super Yang-Mills (SYM) theory with gauge group SU(N) and coupling
constant gy is dynamically equivalent to type IIB string theory with string length

5
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6 CHAPTER 2. THEORETICAL BACKGROUND

I, and coupling constant g, on AdSy x S° with radius of curvature L. The corre-
spondence maps the free parameters on the field theory, gvyy and N, to the free
parameters on the string theory side, g, and L/I,, via

g%M = 2mg, and 2g%MN = L4/l§. (2.2)

Note that the string length is often referred to in the literature as I, = v/o/, where o is known
as the Regge slope and related to the string tension, T, via 27T = 1/a/ [55].

The name of the correspondence arises from the fact that there is a conjectured correspon-
dence between SYM, an example of a conformal field theory (CFT), and a theory of gravity,
living in an Anti-de Sitter (AdS) background.

It is necessary to point out at this point that the AdS/CFT correspondence is exactly as the
name suggests: a correspondence without a formal proof. However, there is a lot of non-trivial
evidence supporting the conjecture. For instance, a check of the correspondence was undertaken
in [56], where correlation functions were compared on both sides of the theory and found to
agree.

The meaning of the correspondence is that the two theories, one a theory of gravity and the
other a field theory, describe the same physics. The AdS/CFT correspondence provides a one-to-
one map between these two theories. This map, commonly referred to as the dictionary, relates
gauge-invariant operators on the field theory side to their respective dual fields on the gravity
side. An explicit way to express this correspondence is by relating generating functionals to
partition functions. Namely, the generating functional of CFT correlation functions is identified
with the partition function of type IIB string theory [57], i.e.

(e 1000y = Z,,5001], (2.3)

where ¢ represents a bulk field dual to an operator O of dimension A and ¢(g) represents the
asymptotic boundary value of ¢, namely lim,_,, 22 ~%¢(z, z) = ¢(0)(). This is how a theory of
gravity in d 4+ 1 dimensions is related to a field theory in d dimensions.

The conjecture can be explored by considering various limits of its parameters. For instance,
we will consider the weak coupling limit of string theory, where the coupling constant g, < 1,
while L/l is taken to be constant. Then on the field theory side, gy 3; < 1, while g2, ,N is fixed
to be constant. This is only possible in the so-called large N limit or ‘t Hooft limit, N — oo.

As a result, in this limit, we have one free parameter on each side of the correspondence,
namely the ‘t Hooft coupling A = g% u NV on the CFT side and the radius of curvature L/l on
the gravity side. Since these are to be kept finite, we can relate these parameters via

L4
T 2. (2.4)

Thus, we only have one free parameter. If we take the string length to zero, then the strings
become point-like. This represents the low-energy limit of string theory, which is described via
a supergravity theory. Taking the string length to zero means that the ‘t Hooft coupling goes to
infinity, i.e. the field theory becomes strongly coupled. More precisely, strongly coupled N' = 4
SYM is dual to type IIB supergravity on weakly curved AdSs; x S°.

Hence, the AdS/CFT correspondence in this limit is an example of a weak-strong duality:
a weakly coupled theory of gravity is related to a strongly coupled field theory. As weakly
coupled gravity theories are accessible to study, the correspondence provides a tool to explore
strongly coupled field theories. It should be pointed out that this argument can be reversed:
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2.1. HOLOGRAPHY AND THE ADS/CFT CORRESPONDENCE 7

weakly coupled field theory can be used to probe strongly coupled, quantum gravity. As this
thesis centers on studying strongly coupled plasmas, we will not pursue this aspect of the
correspondence.

2.1.1 Applications of holography to the QGP

Holography is a promising tool for making progress in understanding the QGP whenever
the coupling grows strong, i.e. ag ~ 1. In particular, this corresponds to the time a few fm/c
after a heavy ion collision, when the QGP is undergoing hydrodynamical evolution. One can
take the hydrodynamic limit of a given holographic model as in [60,61].

Holography also can tell us about the real time evolution of the QGP by mapping the
problem of colliding nuclei to colliding shock waves in a gravitational theory (the dual of
which sheds insight into the properties of the QGP), see Fig. 2.1. Chesler and Yaffe [62,63]
laid the groundwork for studying far-from-equilibrium dynamics of gravitational shocks in an
anisotropic, homogeneous system. There have since been many different applications of that
approach: demonstrating that hydrodynamics is a valid description even with large anisotropies
present [64], implementing radial flow [65] and studying collisions in non-conformal theories [66].
For a review of the current status of the field, see [67].

One of the more widely appreciated applications of the AdS/CFT correspondence is due
to Policastro, Son and Starinets [68], where they compute in a holographic model the specific
viscosity, i.e. the dimensionless ratio of the shear viscosity to the entropic density, to be

n 1
T - 2.5

s Arm (2:5)
for a strongly coupled plasma. Note that a larger shear viscosity corresponds to more momentum
exchange between distant fluid cells [67]. In a subsequent work, Kovtun, Son and Starinets
speculated that the low value of /s could be interpreted as a lower bound for a wide range of
physical models [6]. This is aptly summarized in Fig. 2.2.

Mucleus A -1 ]

X

Mucleus B

Glazmn J-'"'

Figure 2.1: Left: Gravitational shocks simulation from [58]. The nuclei collide in the plane and
move towards the bottom of the image, producing a wake. Right: CGC simulation after the
collision of two nuclei. The glasma forms in the wake of the two nuclei passing through each
other. Figure from [59].
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8 CHAPTER 2. THEORETICAL BACKGROUND
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Figure 2.2: The ratio of the shear viscosity to the entropy density is plotted against the reduced
temperature for various substances. Note that data from RHIC puts 1/s at the lowest known
value in nature, above what is predicted holographically. Plot from [69]

There are, of course, some limitations to employing the AdS/CFT correspondence to heavy
ion collisions. One important difference is that the N' = 4 SYM theory is superconformal and
does not exhibit confinement. Another is that in the AdS/CFT correspondence one tends to
work in the limit of large number of colors, N, — oo, whereas QCD has three colors. As such,
the AdS/CFT correspondence should be treated as an effective tool to access strong coupling
computations, when methods from first principles are not yet mature or the computation is
perturbatively inaccessible.

2.2 Hydrodynamics

Hydrodynamics is an effective macroscopic description of some microscopic theory. It is an
expression of the low energy, long wavelength of a theory and as such, represents an expansion
in gradients. Here, we will follow the discussion of [70]. For a discussion on standard fluid
dynamics, see [71]. A pertinent and useful review on relativistic hydrodynamics can be found in
[72]. A more recent textbook on relativistic hydrodynamics can be found in [73]. Hydrodynamics
has been an effective tool in describing collective behavior in the wake of heavy ion collisions. An
incomplete list of results include: elliptic flow coefficient prediction matching with experiment
at RHIC [74-77], evidence that the QCD shear viscosity is closer to the strong coupling value
than to the weak coupling [5] and development of 3 + 1 dimensional anisotropic relativistic
hydrodynamics [78]. For a more complete review of hydrodynamics in the QGP, see [79] and [80].
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2.2. HYDRODYNAMICS 9

The equations of motion of hydrodynamics arise from considering the conservation of energy,
momentum and other global charges. For this thesis, the hydrodynamical EOM will be just
given by the conservation of the energy momentum tensor

v, T" = 0. (2.6)

If one were to consider additional fields, e.g. heat current, then the equations above are supple-
mented by the conservation of the associated currents, e.g.

v, =0. (2.7)

2.2.1 Perfect fluids
The perfect fluid energy momentum tensor is
)" = (e + P)utu” + Pgh”, (2.8)
= eutu” + PAM,
where ¢ is the energy density, P is the pressure and the spatial projection is defined as
AP = ybu” + ghv. (2.10)

The combination € + P is known as the enthalpy. The fluid four-velocity u* is a timelike vector,
which is normalized via

utu”g,, = —1. (2.11)

As a warm-up exercise, let’s consider the linearized equations of hydrodynamics in flat space,
namely

8, Th" = 0. (2.12)

First we should see if the system is solvable, i.e. the number of variables match the number of
equations. The fluid velocity has four components, one of which is fixed by the normalization,
such that we can choose in the rest frame of the fluid

ou”
ouY
ou®

+ (2.13)

o O O

As such, we have four equations in (2.6) with five variables: ¢, P and du’. Thus, we need to
provide another equation. Specifically, it is useful to relate the energy density with the pressure,
which is known as the equation of state. For the moment, we will avoid precisely specifying the
equation of state, merely referring to the pressure as a function of the energy density:

P =P(e). (2.14)
The linearized energy density is given by

€ =¢g + de. (2.15)
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10 CHAPTER 2. THEORETICAL BACKGROUND

Now the linearized equations are

Dode + 0;6u’ = 0, (2.16)
0;P(6¢) + utd,0u" = 0. (2.17)
Noting that the gradient of the pressure can be written as 0;,P = 6—5@55 due to the chain rule

and that u#9,, = J; in the rest frame of the fluid, we can take the divergence of the last equation
and solve for du':

oprP

9;0ou’ = —ga%. (2.18)
We can now take the time derivative of (2.16) and insert (2.18) to arrive at
oP _ .
2 2 —
[ao — 5o 0:0 ]55 — 0, (2.19)

which is just the wave equation. Likewise, a similar equation holds for Ju’. We can identify the
speed of sound as

opP
2 _
=5 (2.20)

Similarly, we can repeat the above exercise in Fourier space, such that (2.16) and (2.17) read

—iwde + ik;0u’ = 0, (2.21)
ik; P(g) — iwdu’ = 0, (2.22)

|OP
=/ k. 2.2
w 9% k (2.23)

Thus, the group velocity, dw/dk, is just the speed of sound given in (2.20).

which leads to the dispersion relation

2.2.2 Dissipative fluids

To add dissipation to the above discussion, it is necessary to supplement the energy mo-
mentum tensor with an extra term:

TH = TH + TIM . (2.24)

Naturally, the question arises as to how to specify the form of II*”. First, we will need to
specify a frame because u* and T have no microscopic definitions as of yet. We can define u* as
the energy current, which means it must be the time-like eigenvector of the energy-momentum
tensor with eigenvalue interpreted as the local energy density. We will work in the Landau
frame, where the energy density is the eigenvalue of the following equation

T v’ = —eut. (2.25)

v

In this frame, the dissipative terms are thus orthogonal to the fluid velocity, i.e.

u, [T = 0. (2.26)
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2.2. HYDRODYNAMICS 11

As a side note, another common frame choice is the Eckart frame [81], where the number current
is matched to the number density via N* = nut.

It is useful to recall that the theory of hydrodynamics is given in terms of a derivative
expansion. For the purpose of this thesis, we will restrict ourselves to first order hydrodynamics
(for higher order corrections, see for example [82]). To proceed, one can write down all possible
velocity gradients subject to the chosen frame; see [70] for more details. One finds that to first
order in derivatives in the Landau frame, the dissipation term takes the following form

™ = —2pot” — (V u® AP, (2.27)

2
oM = (Vaug + Vaua) AAPY — 3 Vau A, (2.28)

where 7 is the shear viscosity and ( is the bulk viscosity. Note that the shear tensor o*” is
symmetric and traceless. The shear viscosity is a measure of the shearing force. The bulk
viscosity is a measure of the resistance of a fluid to deformations due to compression. These
parameters can be computed from the underlying microscopic physics that one is modeling
hydrodynamically or can be determined phenomenologically via experiment.

There is one outstanding issue in implementing first order hydrodynamics: the theory has
acausal modes. An easy way to see this is to consider the linearized problem in one spatial
dimension. Following [83], for the perturbation of the form

€ =¢gq+ de(t, x), u' = (1,0) + dut(t, z), (2.29)
we see that (2.17) gets an extra viscous term
0;P(8¢) + u'd,6u’ + 9;117 = 0. (2.30)

Keeping the lowest order terms in derivatives, the fluid velocity in, for example, the y-direction
obeys the following diffusion equation:

y_L 25,,Y — 2 1
050 — — -t = O(F) (2.31)

Bringing the above equation to frequency-momentum space using a mixed Laplace-Fourier trans-
form,

Su¥ — Ju¥ewitike (2.32)
one arrives at
n 2

w= k*, 2.33
) (2.33)

which has a group velocity

dw 2n

= — = k. 2.34
YT T et Py (2:34)

The speed of diffusion thus grows linearly with wavenumber, meaning that the diffusion speed
will eventually surpass the speed of light and thus violate causality.

In order to cure this potential acausality, one can go to higher order in hydrodynamics. This
is rather involved. A simpler fix is known as the Israel and Stewart method [84-86]. Essentially,
one introduces an additional equation for the dissipative tensor IT*¥, such that it relaxes to the
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12 CHAPTER 2. THEORETICAL BACKGROUND

form in (2.27). In practical terms, one improves the dissipative term to include a relaxation
time parameter, 7,:

" = —2not” — (V u*A* — 7 u*V M. (2.35)

The dissipative term relaxes to its true value in some finite time 7., limiting the acausality of
the system.

2.2.3 Linear response and the Kubo formula

In this section, we introduce the Green-Kubo formula [87,88] (also sometimes referred to as
just the Kubo formula). Although we will ground the discussion in hydrodynamics, it is impor-
tant to remember that linear response theory proves useful for many theories and techniques
outlined here can be implemented in other sectors, including holography and kinetic theory, see
e.g. [60] and [89], respectively. We will follow the discussion in [90] and [48] for this section.

First, we will provide a quick overview of linear response theory. Consider a theory with a
Hamiltonian, Hg, which is perturbed by an external field J(z*). The external field is coupled
to an operator 0. Then the change to H, is given by

oH = — / T (2" O (). (2.36)

Furthermore, the external fields provide a change to the expectation value of the operators
themselves in a causal manner, which in Fourier space reads

6(O(k")) = GRr(K")J(K"), (2.37)
where the retarded Green function is
Grla",y") = —if(z" — y°)([O(z"), O(y")]). (2.38)

In other words, the external fields, J acts as a source for the change of the expectation value,
i.e. the response.

The Kubo formula provides a method to compute transport coefficients in linear response
theory. In particular, we will demonstrate here the computation of the shear viscosity. Consider
perturbing the background metric of a viscous fluid in a homogeneous, time-dependent manner

v = My + h/ﬂ/(t)7 (239)

with hg; = h;; = h,, = 0. Note that this perturbation does not modify the equilibrium solution,
so the four-velocity is still in the rest frame u* = (1,0) and the temperature is unchanged
T =Ty. Furthermore, we are considering linear response, so we will drop all terms higher than
linear order in the perturbation, O(h%y). Fourier transforming, we can easily compute the shear
tensor (2.28) to find that the only non-zero component is

Oy = —iwnhy,,. (2.40)

The energy momentum tensor can be expanded in terms of perturbations [89] via

1
T =T — 5(;*]‘;7“%&5 ..., (2.41)
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2.3. KINETIC THEORY 13

where T/ is the unperturbed energy momentum tensor and G’é”’o‘ﬁ is the retarded Green

function. Varying the full energy momentum tensor w.r.t. the metric perturbation, we arrive
at

8 v v 1 vV,
aTaB(TM ~T(y) = —5Gh g (2.42)
= G = —iwn. (2.43)

Now if we want to read off the transport coefficient, we see that

n=— olJlLrb %ImGﬁy’my(w, k=0). (2.44)
Remember that we are considering only a time-dependent perturbation. If we were to consider
spatial dependence, then the hydrodynamic limit is given by first taking the wave number, k,
to zero first, followed by the frequency, w. This is important to point out, as these limits do
not commute in general.
Similarly, we can compute the bulk viscosity via another Kubo relation. We choose another
perturbation

v = My + h,ul/(t)7 (245)

with only h;; # 0. The shear tensor is traceless, so we only need to consider the bulk term. We
find that

« iw ]
Vau = Faao = *?6 jhlj (246)
Then
.1 ij kl
¢ = lim o —0ij0uGr (w, k= 0), (2.47)

which agrees with [91] if one takes into account the differing definition of the retarded Green
function (by a factor of 4).

2.3 Kinetic theory

Here we follow the discussion in [92]. For an introductory set of lecture notes, see [93].
Some textbooks on the topic are [94] and [95]. In the context of heavy ion collisions, kinetic
theory has a range of applicability especially during the early stages of evolution of the QGP,
when hard partons are in abundance. In particular, one can replace the complications of a first
principles QCD treatment with a kinetic theory [11]. Another example is that one can study
color mode instabilities in the QGP using kinetic theory [96].

Kinetic theory concerns itself with the microscopic detail of particles directly. For illustrative
purposes, it is useful to keep the picture of a classical gas in 3 + 1 dimensions of N distinct
particles with various momenta in mind. We can then introduce a function which keeps track
of the particles’ positions and momenta. This is known as the N-particle distribution function,
which we will call fy = fy(zf, ...,x‘]i,,p’f, ...,p’](,). As we are considering a closed system, the
evolution of fy in phase space is conserved due to Liouville’s theorem [94]:

_dfv _

0= = {p“@u + Fﬂﬁpu}fN, (2.48)
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14 CHAPTER 2. THEORETICAL BACKGROUND

where 7 is an affine parameter, p* = d(f“ is the four momentum and F* = (g’ is the four force.

Of course, keeping track of all particle positions and momenta is usually overkill — and
oftentimes unfeasible, as systems of interest typically have a large number of particles. Instead, it
is more practical to introduce the manifestly Lorentz invariant one-particle distribution function,
F = F(zM,p*), which labels a single on-shell particle with its position and momentum. The
manifestly Lorentz invariant form of the one-particle distribution function is often reduced by
putting it on-shell:

F(2", p") = 0(po)s(p"g,up” + m?) f (", p'), (2.49)

where the Heaviside function, §(p") chooses positive energies and the delta function enforces
the mass-shell condition

P’ =p'p, = —-m?, (2.50)

where m is the mass. To make contact with literature, we will now refer to f = f(z#,p’) as the
one-particle distribution function, sometimes calling it just the distribution function. Note that
the momentum is defined covariantly, with p” = ¢g"”(x)p,,, (for alternate definitions, see [97,98]
for details).

To extract some more useful macroscopic information from the one-particle distribution
function, it is helpful to integrate out the momentum dependence. The different moments of
the distribution function correspond to physically interesting quantities:

dpp

(2"

7p’£)7

d M
TH () = p Py It p), (2.51)

where n = n is the number density, n* is the number current and T is the energy momentum
tensor [99]. Note that higher moments can also be considered, but for the purposes of this thesis
these are less interesting.

As a simple example, we can compute the number density and the energy momentum tensor
for a massless gas of particles in flat space. The mass-shell condition then reads

Po = \/Pin"p;. (2.52)
The distribution function for this system is the Maxwell-Jiittner distribution [100,101]:
f=ern"/T (2.53)
where T is the temperature. We then find

n="T3/n° (2.54)
TH = Diag(e, P, P, P), (2.55)

where € = 3P = 3nT.
The evolution of the distribution function will be described by an equation similar to (2.48),

but with an extra term:
af _

4, = Clfal. (2.56)
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2.3. KINETIC THEORY 15

The term on the RHS is the so-called collision kernel. This will depend on higher order particle
distribution functions, namely the two-particle distribution function, encoding higher order
correlations between particles. The two-particle distribution function in turn depends on the
three-particle distribution function and so on. This hierarchy of equations is known as the
Bogoliubov—Born-Green-Kirkwood—Yvon (BBGKY) hierarchy [102-105].

Of course, if we wish to describe a physical system without resorting to the full N-particle
information, we will need to truncate this hierarchy at some point, i.e. specify some form for
the collision kernel. There is more than one way to truncate this theory. A widely used method
developed by Maxwell [106] was to assume that the two particle distribution function is just
the product of two independent one-particle distributions, i.e.

Folal, ps oy, ph) = f(2, ) f(2h, phy), (2.57)

which is known as the molecular chaos hypothesis.

For the purposes of this thesis, we will be interested in another truncation, namely the
relaxed time approximation (RTA), which is also known as and will be referred to in this
thesis as the Bhatnagar-Gross-Krook (BGK) approximation [107]. This extremely convenient
approximation can be used to facilitate analytical computation and probe near equilibrium
systems. It amounts to identifying the collision kernel as follows

C[f] “(f - feq)v (258)

T

where 7 is the relaxation time and f., is the equilibrium one-particle distribution function.
Clearly, if the one-particle distribution function is in equilibrium, the collision kernel vanishes.
The RTA effectively replaces the microscopic detail of the collision kernel with a tendency of
the system to relax towards its equilibrium value on some characteristic time scale, 7.

Thus, we can write down the Boltzmann equation in the RTA, describing the evolution of
the (one-particle) distribution function f = f(z*,p;):

[puau + Fui]f

apu = (f - feq)' (259)

T

We can easily see how the RTA is useful if we consider a one dimensional system, setting
F# = 0. Furthermore, since f., is a simple constant in this example, we can shift f — f., = f
without loss of generality. Then (2.59) is given by

1
O f = —;f, (2.60)
which has solution
foce T, (2.61)

Shifting back, f — f + feq, we have that f = f., + e~ ¥/7. Thus, the distribution relaxes to its
equilibrium value exponentially quickly.

The force term, F*, is dependent on the relevant physics. For instance, for describing a
system of electromagnetic particles, the force term will be given by the Lorentz force

Ft = —qF" 'y, (2.62)
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16 CHAPTER 2. THEORETICAL BACKGROUND

where ¢ is the charge, F* = 9" A¥ — 0¥ A* is the Faraday tensor and u, is the four velocity.
The Boltzmann equation with this forcing term is known as the Maxwell-Vlasov-Boltzmann
equation (see e.g. [108]). For particles in curved spacetime, which we will consider in Chapter
4 when we include effective metric couplings, we have

Fr=T" p™p° (2.63)

where I 5 is the Christoffel symbol. It is straightforward to see where this force term comes
from. We will do this in the next section, by providing a short derivation of the Boltzmann
equation from the point of view of a single particle.

2.3.1 Derivation of the Boltzmann equation in curved spacetimes

Here we present a derivation of the Boltzmann equation, following [92]. We begin by con-
sidering the action for a single particle:

dx# d$’/
:—m/ds——m/dS\/‘gﬂy ds a4

If we have a collection of N-free particles, the above action then generalizes to

m
= —mZ/ds \/‘g,ﬂ, dz; (;zz (2.65)

It is straightforward to derive the equation of motion for the relativistic free particle, also known
as the geodesic equation, which reads

(2.64)

a2zt dz® da?

r* = — ). 2.66
dSi * of dSZ' dSi ( )
Introducing the relativistic momentum as

dzt
pi = md—sl, (2.67)

we can now rewrite the action by introducing an integration over x# and p,:

s=-m | d4xd4pz / ds; 8(x = 2:(5:))3(p — pi(s:)- (2.68)

We now define the explicitly covariant distribution function

o) = 2 [ dsi 8o — (5300 — pi(s) (2.69)

Now to derive the Boltzmann equation, we make use of the following identity

N d
0=3 [ dsig- (6@ = (5050 = i) (2.70)
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2.3. KINETIC THEORY 17

which leads to

N dzt' 9 dp;, 0O
0= iz_:l/dSi[dsi 9" + d; 8}@} (5(95 — z;(s;))8(p —Pi(sz‘)))7

N o o
L5 0t Tl ) e~ e
__lN S'i ,LL T — T:\S; - (S5
_ m; /dlamﬂ(pla ()00 — pi(5)

0
g (T uspiar 3z = 2i(s)80 = pi(5) @.1)

_.I_
where we used that (2.66) can be rewritten in terms of the momentum as follows

mdpiu
dSZ’

= Fa,uﬂpiapiﬁ' (272)

Taking the ensemble average of (2.71), we arrive at the completely covariant Boltzmann equation
Bu(Fp") + 8, (FT*,5pap") = 0. (2.73)
Expanding (2.73), we have
0 =pHd,F + rauﬁpapﬁaqu
+ Fo,ph + Fo, (°,50.0") (2.74)
The last line vanishes due to metric compatibility

Oup" + 0y, (T u5pad”) = Pa(939™" +T" 597 +T%59")

Of course, as we are interested in describing on-shell particles, the covariant distribution
function is not specific enough. Thus, as mentioned previously, we can further specify

F(z",p") = 0(po)S (9" gup” +m?) f(at, p'). (2.76)

Integrating over py, we have

0= / dpo 0(p0)3(pug"” Py + m?) (P9 +T5Pap"d,, ) f (2.77)
0o

+ / dpy E)(;;())F”ogpapﬁ 5(pug"'p, +m?) f (2.78)

+ / dpo 0(po) f (9" 0y + T°15Pap" 0y, ) 3,9 Dy, + mP). (2.79)

If we examine (2.78), we see that the Heaviside step function is hit with a derivative, which is
nothing more than the delta function, i.e.

00 (po )
Ipy

= 0(po)- (2.80)
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18 CHAPTER 2. THEORETICAL BACKGROUND

Thus (2.78) vanishes for particles with non-zero energy.
Next, we examine (2.79) closer

1
(p”au +T°%5pa0" 8pj)5 (pug""p, +m?) o §p“pap58ug°‘ﬁ + T, 50" pap’,
< PyPappg” (99" + 1" + 17,97,
=V,9*" =0, (2.81)
due to metric compatability.

Thus we see that we are left with (2.77), which if we integrate over the energy, p, leaves us
with the collisionless Boltzmann equation in a curved background:

0 |r=o0 (2.82)

19, + T apap”
[p o iBPaP api

2.3.2 Linearized Boltzmann equation

Now we can proceed to linearize the curved Boltzmann equation, following [89]. For sim-
plicity, we will linearize around a flat background, namely the Minkowski metric, as follows

gw,(l'“) = Nuv + hw/(mu)' (2'83)

This perturbation will induce a change in the distribution function, as well as the equilibrium
distribution function. The equilibrium in the curved background is different to the equilbrium
in flat space. This will induce a fluctuation in the temperature and the fluid velocity

T(at) =Ty + 0T (z"), (2.84)
ut(zh) = ulfy + dut(at), (2.85)
uly = (1,0,0,0). (2.86)

Furthermore, we require that to linear order in perturbations the 4-velocity is properly normal-
ized, i.e.

—1 = vtu, = —1 = ugug(n,, + hy,) + 20utn,u”,
=-1=-1+ hoo — 26’&0,

1
= ou’ = 3hoo- (2.87)

Thus the equilibrium distribution function is

feq = fO + 5feqa (288)
fo= el (2.89)
0
_ ¢ P ic i, 0T
5 ey = fof)(v sul + ?O) (2.90)
Finally, the distribution function will be given by
f(at) = fo+df(a"). (2.91)
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2.3. KINETIC THEORY 19

Then, Fourier transforming (2.59) and expanding to linear order in perturbations, we have

. a Prugn
ip'k, S f + ", "D afg g WS — 8 fey)s (2.92)
which we can solve for d f to arrive at
1 P° 9fo
Sf=—— (%5 ' _ppP
I ipukﬁpfo(T Jeat aﬂpp(‘)#)
1 PP’ dfy
= = §fo, +TF 2.93
—z'w+w-k+1( T el 0 Bp“) (2.98)

where ¥ = p/|p].
Now we can compute the correction to the energy momentum tensor due to the metric
perturbation:

TH =TI 4 §TH (2.94)

which is just given by integrating §f in (2.51), i.e

v oy

An important step is to compute the fluctuations of the temperature and velocity as functions
of the metric perturbations. We do this by identifying §7% = é¢ and 6T = (e + P)du’, where e
is the energy density and P is the pressure. Specifying the dependence of the energy density on
temperature means that we can write de = de(7), i.e. for a relativistic massless gas the energy
density goes like

e~ T (2.96)

Thus, if we apply these four conditions, we can compute 67'(h,, ) and 5ui(huy), eliminating
these hydrodynamic variables.

2.3.3 Transport coefficients in kinetic theory

From here it is straightforward to compute retarded Greens functions, i.e.
oTH
6hag

Following the discussion from Sec. 2.2.3, we can compute transport coefficients in kinetic theory.
As a simple example, we consider the perturbation (2.83), but with h,, as the only nonzero
component.

We find that in this case the hydrodynamic variables vanish (67 = 0 = Ju’) and we are left
with the energy momentum tensor proportional to h,,. Computing (2.97) in the hydrodynamic
limit & — 0,w — 0, we find comparing to (2.44)

(e+ P)r

G 2.98
n o (2.98)

which if we use the thermodynamic identity € + P = T's, where s is the entropy density, means
we can identify [82,89] the ratio of the shear viscosity to the entropy density in the BGK
approximation to be

GHvel — (2.97)

L (2.99)


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

20 CHAPTER 2. THEORETICAL BACKGROUND

2.3.4 Conservation of the energy momentum tensor

Here we show that the energy momentum tensor for a system described by a Boltzmann
equation is indeed conserved in curved spacetime. For simplicity and elegance, we use the
manifestly covariant expression for the energy momentum tensor. We have

v, =90, T" +1°,,T" + TV ,,T"

/mf“ “"F+/p“”F6F

+Fa T,uzz_'_ru T,ua

pﬂp"F)} I O AL (2.100)

where we used that
1 1
9, =— r«
V=g V=g
We can proceed by noting that the covariant derivative of the inverse metric vanishes due to
metric compatibility:

(2.101)

V,9*" =0

,ugcw + gBVFau/J’ + gaﬂryuﬁ = 0. (2102)

Then

d4 -
u 0, (p'p"F) + p“paf”ua]

/|

d4p [ vV 4 v
=5 0,(p"'F) + Fp"d,p” + Fp!'pT ua}

d4p [ vV v v
=g 0, (P"F) + Fp'p,(0,9™ + g*T #g)}

d'p 1, va
= | g PO )+ P pa(—g™T 5] (2.103)

We can use the product rule to rewrite the last term and drop the boundary term, to arrive at

VT =

)
v, T = / F 70, F) + 8pM(FFO‘uppppa)}:O (2.104)

The last equality follows from (2.73).
Thus, we have shown that in the absence of collisions, the energy momentum tensor is
conserved.
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Chapter 3
Semiholographic couplings

In this chapter, we aim to provide an outline of the generic couplings between the two
sectors of a semiholographic construction. First, we will discuss the effective description of
semiholography, following [36]. We will then extend this by describing an action principle for
semiholographic theories. Finally, we will present a few illustrative examples, demonstrating
the semiholographic philosophy and approach in the simplest possible systems: coupled pendula
and a QFT with simple harmonic oscillation.

3.1 Semiholographic couplings and effective descriptions

The main advantage of our method in the context of phenomenology is that it works even
when we cannot invoke action principles for the effective descriptions of one or both subsystems.
The full dynamics is obtained by solving the subsystems in a mutually self-consistent way as
has been illustrated in the case of the vacuum state in a toy example [35].

We consider a dynamical system & in a fixed background metric g,(u%) (to be set to the
Minkowski metric 7, in most of Chapters 4 and 5 and set to the Bjorken background in
Sec. 4.2), which consists of two subsystems &; and &,. The notation that we will use is that
relevant quantities of the subsystems will be distinguished either with a label of 1,2 or by having
(or not) a tilde for quantities in S,.

The coupling between the two subsystems will be chosen in a democratic fashion, motivated
by the discussion in [35]. In this context, democratic coupling denotes that both subsystems
are deformed in the same way. The semiholographic coupling between the two sectors works
by promoting the background metric and the couplings of each subsystem to functionals of the
operators of the other one. The individual subsystems will exhibit covariant dynamics involving
the conservation of their respective energy momentum tensors, t*¥ and t*¥, in their respective
effective background metrics while the full system, &, will have a local energy momentum tensor
that will be conserved in the actual background metric, which for most of this thesis, will be
the flat Minkowski metric. The two subsystems are assumed to share the same topological
space so that we can use the same coordinates for both of them (and thus the total system).
Coordinate transformations would thus affect the background metric of the complete system
and the effective metrics of the subsystems simultaneously.

To see this in action, we can begin by focussing on the case of scalar operators, O and O. We
can consider two subsytems with couplings A and A. We can deform the coupling democratically

21
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22 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

MzH) = A0+ a0(zt), Mazt) = X + aO(zH), (3.1)

where we introduce the dimensionful semiholographic coupling, a, and A° and \° are constants.
It is worthwhile to point out that the coupling equations, (3.1), are a non-dynamic set of
equations, i.e. these are algebraic or auxiliary equations, so that no new degrees of freedom are
added by the coupling. In the present example, the Ward identities for each subsystem are
simply

Outt, = 09\, 9,t", =00, (3.2)
We can then construct an energy-momentum tensor, 7%,, for the full system
T =th, + i, — a0OO8", (3.3)

which is easily shown to be conserved using the coupling equations (3.1) and the Ward identities
(3.2),

0

LTV, = 0,th, + 0,8, — ad,(006L),

= 200,0 + a(8,0)0 — ad,(00) = 0. (3.4)

Next, we will describe the tensorial effective metric coupling. In this case, the two subsystems
have covariant dynamics w.r.t. their individual effective metrics g,,, and g,,,. These effective
metrics are locally determined by the subsystem energy-momentum tensors, i.e.

G = gw,[fo‘ﬁ, o, G = gu,,[to‘ﬁ, o (3.5)
The two subsystems are closed w.r.t. to their effective metrics, but they can exchange energy
and momentum from the point of view of the physical background metric gfg) (which will be

later set to be 7,,). The diffeomorphism invariance of the two subsystems imply the Ward
identities

Vit =0, V=0, (3.6)

where V and V refer to the covariant derivatives with respect to the different effective metrics
with the Levi-Civita connections
1 B) 1 B B B

Fuup = §gua(8ugop + apgm/ - 8ogup) = FMI(/P) + §gua(v1(/ )gap + VEJ )goy - vt(T )gl/p)7

= 1. . . ~ B) , 1. ,0,&(B)- = (B) ~ = (B) -~
Fuyp = 59“0(31/90,7 + 8pgm/ - aogup) = FMI(/P) + igua(vl(/ )gap + vg’ )gm/ - vt(T )gup)' (3‘7)
Above, VB) is the covariant derivative with respect to g(l?,) and F’J(B) is the corresponding Levi-

" P
Civita connection. Note that these relations indicate that from the point of view of the actual
physical background metric g,(B), the identities (3.6) imply that work is done on the respective
subsystems by external forces. The second equalities in each of the above equations can be
readily verified. Expanding the term in brackets on the RHS
1 B B B 1
§gHU(vl(/ )gop + VEJ )gozx - vt(T )gup) - 59“0(6ugop + 8pgaz/ - 6ogup)
1
- 7.9#0 [Fal(/g)gap + Fal(/Bp)gacr
2 )

B B

+ Fat(fp)gow + Fa,g)l/)gaa

g, — T gap]. (3.8)
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3.1. SEMIHOLOGRAPHIC COUPLINGS AND EFFECTIVE DESCRIPTIONS 23

The first term is just the Christoffel symbol I'*,,. The underlined terms cancel out and we are
left with

l o o(B B B 1 o [ra(B a(B
59“ (v’(f )gop + VEJ )gm/ - Vt(f )gup) = Fuup - §gﬂ r ’(/P)gozo +T ,(UV)gozo}a
=, — M), (3.9)

as required.
Finally, we require that the forms of the effective metrics g,,, and g, are chosen in such
a way that there exists an energy momentum tensor T#” for the full system, which is locally

conserved in the physical background metric gf}?,):

v B — o, (3.10)

Since the effective metrics will be described by a non-dynamical equation, we anticipate that
the full energy-momentum tensor will only depend on the energy-momentum tensors of the
individual sectors and the background metric:

T = e glB) ). (3.11)

Hence one can readily construct effective descriptions of the full dynamics from the effective
descriptions of the subsectors.

3.1.1 Determining effetive metric coupling rules

In this subsection, we determine the precise form of the coupling (3.5). We start the con-
struction of the coupling rules between two subsystems by demanding that the total system &

has a conserved energy-momentum tensor T#" in the physical background metric 9;(}?/)- Setting

g;(u]?/)) = 1),, we should have

8,T" =0, (3.12)

while simultaneously satisfying the Ward identities of the two subsystems (3.6) in their respec-
tive curved metrics.

For the rest of this section, unless indicated otherwise, all lowering and raising of indices
is done by the effective metric of the respective theory, i.e. by th, we will mean t"*g,, and
tuy = 9upt”’ gou, etc. The Ward identity of subsystem &, implies that

0= V#t“,, = ﬁﬂt"y + Fﬁptpl, — F’,jptpw (3.13)
1
=0=0,t",v—g) — it’”\/—g&,gug. (3.14)

To arrive at the second line, we multiplied both sides of (3.13) with \/—g and used

1
'y, =0,(Inv—g), TLt°, = 575“”81,9”4). (3.15)

Similarly, the Ward identity for subsystem &4 implies that

. _ 1., _
8;L(tﬂz/ V _g) = itu V _gaugucr‘ (316)
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24 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

Using these Ward identities, it is straightforward to verify that the following local relations for
the effective metrics

G = M + VM0l 150V =7 + 7 st V=3,
g/u/ = N + nuataﬂn/o’u vV—g -+ 7/ nuunab’taﬂ V5 (317)

where v and 4/ are coupling constants (with mass dimension —D, where D is the dimension of
spacetime), allow us to construct a symmetric conserved tensor for the full system in flat space.
We can now construct

KW, =th /=g +t' /=g + AKS",, (3.18)
with
AK =~ [1 (V90 B )+ 7 (V9105 7 G (3.19)
that is subject to the conservation equation
K", = 0, [t /=g + #,/=§ + AK", |,
—a L (tH/—g) + 0, (W V=3) + 8,AK
=G0, 9y + t“" V=900

— 9
1 o ~ « ey ~
=50l (V= naﬁ(tﬁ V=0Nep + 7 /=900 /=310 ,] (3.20)
1 g
= 5"V —90 [ V=900 100l 156+ 7 Do Tlapt 5)]
]' g
2#“ \V 8 [ ’ynuat 57750 +’Y nuanaﬂt 5)} (321)
=0. (3.22)

To get to (3.20), we have used the two Ward identities, (3.14) and (3.16). The final equality
holds due to the coupling equations (3.17).
Similarly, it is straightforward to see that

L)Y =t,"/ =g +1,'\/~§+ AKS," (3.23)

satisfies
81,Lu” =0. (3.24)

Putting (3.18) and (3.24) together, we can define a symmetric and conserved total energy-
momentum tensor T = n#’T," = T",n? with §,T" =0 = 0,T", by
1
T", = S (K", + L,)"). (3.25)

(B)

We can easily generalize the above construction for a curved background metric g,
of the Minkowski metric using the identities in (3.7) which imply

instead

= ) _ WV(B) ( Ner )’ (3.26)
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3.1. SEMIHOLOGRAPHIC COUPLINGS AND EFFECTIVE DESCRIPTIONS 25

where we have used that \/—g/1/—g(®) is a scalar under general coordinate transformations.
With the help of these relations, one can readily see that the consistent coupling rules have
the following general covariant forms

2

G = g + (Vond 095+ g 1% ()

G = o + (19l P+ g 7)) V= (3.27)

Then with

/ — _ _~
T (WV 7 )gﬁf;) (t"P” g )9(93), (3.28)

the full conserved energy-momentum tensor is again given by (3.25), and it satisfies VLB)T“ v =0
in the actual background where all degrees of freedom live. (Note T* = T* pg(B)p”).

It is interesting to note that more general consistent couplings can be constructed. The case
of the most general scalar couplings was studied in [35]. The case of general tensorial coupling is
explored in Appendix A of [36] (correcting and generalizing Ref. [35] in this respect). Note that
in both of these cases, we would be permitting higher powers of operators with new coupling
constants carrying correspondingly higher inverse mass dimension. In Chapter 4 and 5 we will
restrict ourselves to the lowest order coupling rules (3.17) and (3.1), respectively.

An observant reader would have noticed that the dimensionful coupling constants seem
arbitrary. It is interesting to note that we will find that physical requirements restrict the
range of these parameters. For example, as we will see in the equilibrium and near-equilibrium
systems considered in Chapter 4, requiring that the system is causal leads to the condition that
v > 0.

Note that this discussion can be generalized in a straightforward manner to n subsystems.
This would mean that there would be n coupling equations. For example, in the case of the ten-
sor coupling, the effective metrics would be each deformed by the n— 1 other energy-momentum
tensors in a democratic way, each with a pair of coupling constants exactly as in (3.27).

3.1.2 Thermodynamic consistency of the phenomenological construction

An important test that the formalism laid out in the previous section is sound is to determine
whether it is thermodynamically consistent. Practically, thermodynamic consistency means that
for any consistent effective metric coupling rule with a total conserved energy-momentum tensor
(3.25) with a globally defined temperature, 7, we will have a total entropy S(7). Note that
this discussion is general, covering not only the simplest metric coupling rules (3.17), but also
the most general ansatz for AK found in Appendix A of [36].

We proceed by considering a system with a static gravitational potential, such that the
background metric is:

gh) = diag (—e~20®,1,1,1), (3.29)
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26 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

where ¢(x) is static. We will assume that we can obtain flat-space solutions by smoothly taking
¢(x) — 0. Then, we can make static ansétze for the effective metrics of the individual sectors,
ie.

G = diag(—a(x)%, b(x)%, b(x)%,b(x)2), G = ding(—a(x)%, b(x)%,b(x)%,b(x)?).  (3.30)

The individual energy-momentum tensors will be in thermodynamic equilibrium w.r.t. to their
respective temperatures, T} and 715,

Y — diag(el(Tl(X)) Pl

( (
)
P = diag (6227(3(()32())7 P2£T2(X)) Py(Ty(x)) P2(T2(X))> ' (3.31)

The metric coupling equations will involve no derivatives of the metric and as such, will still
be algebraic. However, the coupling equations need to be taken in their generalized form with
nontrivial background metric, g,(l%).

Now, there are multiple temperatures at play for the moment. Since we are assuming that
the full system is in thermal equilibrium, the system or physical temperature, 7, of the full

system G is given simply by the inverse length of the thermal circle, i.e.
[P ®
0

where 3 is the inverse temperature and 7 is the imaginary time. The temperature for each
subsystem is defined similarly as

3

= / vV—000dT, (3.33)
0
3

Ty :/ vV —Good, (3.34)
0

so that the two subsystem temperatures are related to the temperature of the physical system
in flat space ng) = 1N Via

Ty (x)a(x) = T(x)a(x) = T(x)e "™ =T, (3.35)

where 7, is a constant, parametrizing the global thermal equilibrium of the full system in the
background metric (3.29).

Now, we demonstrate that the above assumption of a global equilbrium temperature is
compatible with the Ward identities. Using (3.14), we can check that the conservation of the
individual thermal energy-momentum tensors (3.31) in the respective effective metrics (3.30)
imply that

87;P1 8,;a 8ZP2 82d
+ =0, + —
€1 + P1 a €9 + P2 a

=0, (3.36)

respectively. Note that b(x) and b(x) do not feature directly in the above equations. Since
dP; = s;dT}, €1 + P = Ts1, APy = sod15, €5 + Py = Tys9, we can show with a little algebra
that the conservation equations (3.36) are equivalent to

8,(In(Tya)) = 0, &(In(Tha)) = 0, (3.37)
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3.1. SEMIHOLOGRAPHIC COUPLINGS AND EFFECTIVE DESCRIPTIONS 27

and thus implied by the global equilibrium condition (3.35).
By construction, the effective metric couplings ensure that the total energy-momentum
tensor, which can be parameterized as

T = diag (£(T(x))e*™), P(T(x)), P(T(x)), P(T(x))) (3.38)

will be conserved in the background metric (3.29), since the individual thermal energy-momentum
tensors are conserved with respect to the respective effective metrics. We therefore have

;P
SR i = 0. (3.39)
Equations (3.35) and (3.37) together imply that
o;T
L —0,0=0 3.40
/7—' 'l(b Y ( )
and therefore 0T 9P
= 3.41
T E+4+P (341)
Identifying £ + P = T S leads to

Since the above should hold for arbitrary smooth ¢(x), we conclude that
dP = &dT, (3.43)

where the variation is taken by changing the constant parameter 7. Together with E+P =TS
the above implies
d€ =TdS. (3.44)

This shows that thermodynamic consistency follows from the conservation of the full energy-
momentum tensor as ensured by our effective metric coupling. In particular, assuming £+ P =
TS and the global equilibrium condition (3.35), we obtain d€ = 7dS from the conservation of
the full energy-momentum tensor. Clearly, we can take the limit ¢(x) — 0 limit to obtain the
proof of thermodynamic consistency in flat space.

We can now deduce the form that & takes. Since the form of the full energy-momentum
tensor with one contravariant and one covariant index is such that the explicit interaction terms
involving AK are always diagonal, they come with opposite signs for £ and P. Therefore,

(1 + Pp)ab® + (ey + Py)ab® = (€ + P)e?™). (3.45)
Thus from (€ +P) =TS we get
Tys,ab® + Thseab® = TSe ?™), (3.46)
The relation between the temperatures (3.35) reduces this to
S = 51b% + sy0°. (3.47)

Furthermore, the above form holds for the general consistent effective metric coupling discussed
in Appendix A of [36]. Thus, we obtain a general proof of thermodynamic consistency with
(3.35) and the above form of the full entropy.
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28 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

3.2 Semiholographic couplings through an action principle

Although the orginal formulation of semiholography [32] stressed that only an effective
description of each sector was needed for a complete formulation, making it useful for phe-
nomenology, it became clear that one can reformulate the semiholographic picture from the
point of view of an action. This makes the formulation cleaner when a microscopic description
is available, while functionally equivalent to the previous method.

3.2.1 Scalar coupling

The scalar coupling action will be the subject of Chapter 5 and 6. We will provide a slightly
more general construction here. The scalar action in (3.3) is given by

S[¢, $,0,0] = S[p,0] + S[p, O] — éoé, (3.48)

where ¢ and ¢ represent matter fields, and O and O represent the auxiliary scalar sources.
The final term has the interpretation of the scalar coupling due to semiholography where «
represents the coupling.

3.2.2 Tensor coupling

Here we provide the full action of the semiholographic model with democratic tensorial
couplings. Thusfar, the method employed builds the complete energy momentum tensor of the
full system subject to the Ward identities of each subsector being satisfied. Here we turn the
argument on its head: given an energy momentum tensor, would it be possible to construct an
action which satisfies the semiholographic constuction? From (3.25), the full energy-momentum

i =g = Sy (1 + 1) + 5V g (7, + )
— o \/7\/7<2t i+ 5 tPUg(B)t’YtS (B))7 (349)

t-t=t" gég)fﬂ"gfff), (3.50)

tensor is explicitly

and the corresponding coupling equations (3.27) given by
(B) V=4 (B) V=9

G = Guv + ’7\/?.9#7 \/F

G = i) + g B 0B oy NI gD o), (3.51)

The complete action reads
Sfull[¢ ¢7g,u,1/7 Guv> g/u/ /dD 2 [: ¢7 g,uzx + v E ¢ g,u,z/

4L _g(B)(g_g( )).(g_g( ))

71098 4

2y
A omle 9™ - D)(g- g™ - D)
2V D ] (3.52)
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3.3. AN ILLUSTRATIVE EXAMPLE OF SCALAR COUPLING 29

where D = d + 1 is the number of spacetime dimensions. The variation of this action with
respect to the:

e matter fields, ¢ and ¢, gives the usual equations of motion for each subsystem,

e effective metrics, g, and g, yields the coupling equations (3.27),

(B)

e background metric, g,fj , gives the full energy-momentum tensor (3.25).

Furthermore, the individual sectors satisfy their respective Ward identities (3.6). For more
details, see Appendix A.

Remember that the effective metrics, g,, and g, are auxiliary fields. As such, they are
not dynamical. The full system has only one dynamical metric, i.e. the background metric,
gg). In this thesis, we take the background metric to be flat (either a Minkowski or Bjorken
background). In principle, one could be interested in the situation where the background metric
is evolving dynamically. One could then supplement the action (3.52) with an Einstein-Hilbert

term:

~ N 1 /
S = Sfull [(ba ¢7g,u,yag,uyvg;g€)] + m /de —g(B)R(B) (353)

We will have an extra equation of motion in this case, arising from the variation w.r.t. the
background metric:

1
RED — LR = 826, (3.54)

with the energy-momentum tensor on the RHS given by (3.25) and (3.49). We can remark that
this equation can be supplemented to the phenomenological discussion.

3.3 An illustrative example of scalar coupling

In this section, we will discuss an illustrative example of the scalar semiholographic coupling.
We will not consider a holographic sector here, as holographic computations add technical
complications.

01

Figure 3.1: A system of pendula coupled with a spring serves as an example of dynamical
sourcing.
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30 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

In fact, we will reinterpret a well-known system of two pendula coupled by a spring, as
shown in Fig. 3.1. The philosophy will be to consider each pendulum as its own subsystem,
with the spring acting as some “external” force. Of course, as the system is particularly simple,
it is clear how the spring will effect the behavior of the pendula.

The action of this system in the small angle approximation is given by

1/, . 1

Omitting the last term, the action has the interpretation of two uncoupled scalar 0 4+ 1 dimen-
sional harmonic oscillators, driven by external sources J; with i = 1, 2.

The last term acts as the semiholographic coupling. Essentially, we are supplying the system
with an additional coupling constraint equation with coupling constant k. Using the Euler-
Lagrange equations

oS oS

%0 8t876’,- =0, (3.56)
08 oS

we see that the EOM of the system is given by

él + w201 = ‘]17 (358)
52 + w201 = J2, (359)
01 == l!]27 (360)

k

1

Of course, the last two equations are not dynamical and so we can eliminate the “external”
sources J; to arrive at

él + w201 = ]{792, (362)
52 + w202 = k91 (363)
The conserved energy can be computed from (3.55). The total energy momentum tensor

is just TH = T% = E. Anticipating the later chapters, we divide the total energy into three
contributions: the energies of the two pendula, E; and E,, and the interaction energy, E;,;:

E = Ey + Ey + Ejy, (3.64)
1 .

Ey = 5(9% +w?7), (3.65)
1 .

Ey = 5(9% +w?3), (3.66)

The split of the energies is summarized in the right panel of Fig. 3.2 for a particular choice of
parameters and initial conditions.
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Figure 3.2: Example solution for two coupled pendula with frequencies w; = 2.5 and w; = 2,
initial conditions 6;(0) = 1, #7(0) = 65(0) = 65(0) = 0 and spring constant (semiholographic
coupling) k = 1. Left: the motion of the the two pendula. Right: the total energy is conserved,
while the energies of the two subsystems and the interaction energy are oscillatory.

3.4 Semiholographic harmonic oscillator

Here we consider an example of the tensorial coupling, i.e. one which induces a change in
the effective metric of each theory. The model will rest on a field theoretic description of a
classical simple harmonic oscillator in a curved background, i.e. the massive scalar field.

3.4.1 The 0+ 1D case

We can now consider a slightly more involved example, one which, however, doesn’t provide
a meaningful coupling. This negative example still provides the simplest example of a metric
coupling (as opposed to the scalar coupling in the previous section).

We begin with the action of a harmonic oscillator, z(t), in a curved background

Se(t), g = % / dty/=g(—gti® — m2a?) = % / dtel, (3.68)

where we introduce the einbein

9y = 770(,863657
= gy = —€2. (3.69)
The equation of motion is
Oye™12) + em?z = 0. (3.70)
The energy momentum tensor is simply
2 08
ty = ————— = 2% — e2L. (3.71)

The conservation equation is given by

0 = O,t" + 21, t"
= 0 = e20,t" 4 10, = 9, (™) (3.72)


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
blio
nowledge

(]
|
rk

32 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

So the combination €2t is a constant of motion.

We now couple this oscillator to another via the semiholographic metric coupling rules. We
embed the two subsystems in the same flat topological space, i.e. g,(fj = 1,,- Say the second
system is described by the action S[y(t),gy]. The two systems are coupled via the following
coupling equations:

Git = Mt + et N/ =7,

it = N + V0t /=9, (3.73)
which have the following form
—e? = —1 4+ 1ye,
Note that in higher dimensions, we have a tensorial term (e.g. g,(}z) tos ggi)) and a trace term

(e.g. o t*F gg{Bﬁ) 9;913/)) in the coupling equations. Clearly in 0+1 dimensions, there is no distinction

between these two terms.
To simplify notation, say that e
(3.72). Then the coupling equations are solvable:

2t = g and &*" = @, as these are constants of motion from

a
1—¢é%= 'yttte = 'yg

ya
cTi & (3.75)

Substituting this into the other coupling equation leads to
0=e — ayet — 28 + 2ave® + (1 — a®y?)e — ay (3.76)

which is a quintic equation for the metric €. A similar equation holds for e. This means that
once the initial conditions are specified, the metric coupling remains non-dynamical, as does
the energy-momentum tensor of each sector.

The total energy momentum tensor is then

- 1 -
TH = et 4 éf't — i’yeétttttt, (3.77)

which is conserved due to the previous discussion.
Thus, we conclude by remarking that the 0 4+ 1D dimensional case is too simplistic to have
an interesting metric coupling.

3.4.2 The 1+ 1D case

We now turn our attention to one dimension higher than the previous case. The action that
we consider is for a massive time-dependent scalar field, ¢ = ¢(t):

1
S6(),gu) = [ Pov=gL = = [ Eay=g(0,00" 0,0+ mPe?), (37
which leads to the following EOM:

o:%@@@Wfﬂ@@—m%. (3.79)
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3.4. SEMIHOLOGRAPHIC HARMONIC OSCILLATOR 33

We can parametrize the effective metric via

—CL2 0 2 —UQ 0
g;u/ - ( 0 b2> =b 0 1) (380)

where we introduce the effective light-cone velocity 1 > v = z/y > 0, a useful parameterization
which tells us about the causal structure of the solution. We discuss effective light-cones in
detail in Chapter 4. The EOM now reads

0= at(?) + m2ub%
v
= 0= ¢ — 9, log(v)¢ + m*v?b?¢, (3.81)
where ¢ = 9,6. Note that the time derivative of the logarithm of the light-cone velocity enters as

the coefficient of ¢, which would tempt us to identify it as a time dependent damping coefficient.
The energy momentum tensor of this sector is diagonal and reads

gw_ 208
Va') 89#1/’
=t = QG + g L. (3.82)

Remember that 0*¢ = g"”0,¢. Explicitly, we have the following non-zero components
th=a ¢ —a72L, and T =b"2L. (3.83)

We now introduce a second subsystem, which is also described as a free massive scalar field,
with mass 7, in a curved background with action S[¢,g,,] of the same form as (3.78). The
equation of motion for this sector is

0= ¢ — 9, log(t)é + Mm25%6%4. (3.84)

71.0F

T | Lt NW\ Il
1.05 i J |
Zz\\ /\. /\/ /\L | \/\I ! J\\O7 U

1.5¢

STV I

t t

Figure 3.3: Left panel: numerical solution for two massive scalar fields with masses m = 1.5
and 7 = 1, initial conditions ¢(0) = 1,8,¢|,—0 = 0, ¢(0) = 0,d,|,_o = 1 and couplings v = 1
and r = 2. Right panel: the effective light-cone velocities of both sectors. The green line denotes
the light-cone velocity of the Minkowski background, i.e. the speed of light ¢ = 1.
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34 CHAPTER 3. SEMIHOLOGRAPHIC COUPLINGS

1.0¢ ]

0.5/ ]

O.OVAVA A I\VAVVAVVAVA / I\.VAVVAVVI\ AN A_VAVVAVJ\ i\ I\\ — gi t
o VPR

0 10 20 30 40
t

Figure 3.4: Total energy, individual subsystem energies and interaction energy for the choice
of parameters and initial conditions described in Fig. 3.3. Note that F; refers to the energy of
the first subsystem and F, of the other subsystem.

We embed these two subsystems, S and S, in a Minkowski background metric g,(g) =1~ The

two systems are then coupled via the coupling equations (3.27), which for completeness we
reproduce for this specific case:

(0:9)”
73b2
)
~272 ¢ _£ 2¢ .
—0°b° = 1+7(v3y2 v—i—rvbt 77),

—v2b2:—1+7( —§+7“271~72t~'77)a

=1+ ')/17(5 — rb*f . n),
v =1+ (L —rb*t - n), (3.85)

where to make connection with Chapter 4 we introduce the dimensionless constant r = —v'/~
and the shorthand notation t -n =t, 0" = —ty +t,,.

Now the setup is complete. The system of equations that we need to solve involve the
EOM of each subsystem, (3.81) and (3.84), and the set of coupling equations, (3.85). Even in
this example, the equations are high degree and do not permit an analytic solution, but are
otherwise numerically solvable.

The result of a particular computation can be found in Fig. 3.3 and 3.4. Note that the
effective light-cone velocities in the right panel of Fig. 3.3 are bounded by the speed of light.
The energies can be divided as in the previous section. From (3.49), we read off

1
E, = 5‘/__9(7500 i too), (3.86)

1 ~
Ey = 51/—g(f00 +40°), (3.87)

By = — 2 Y (17— o g D00 D), (3.88)

int — 92 \/% 976
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There is no dissipation in the subsystems as can be seen in Fig. 3.4, so although (3.81) looks to

contain a dissipative term, this is illusory.
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Chapter 4

Hybrid metric model

In the present chapter, we build on the semiholographic metric coupling, introduced in
Chapter 3. Since working with holography is technically involved, we will instead focus on a
particularly interesting limit in the QGP dynamics. The physical picture to keep in mind is
that we are a few fm/c after the collision and the soft sector has had time to gain energy.
We will assume that both sectors are in thermal equilibrium and study the implications of the
semiholographic coupling in this case.

First, we will be considering the coupling between two perfect conformal fluids in a Minkowski
background in Sec. 4.1. We can characterize this equilibrium state by a set of parameters, which
we can restrict by requiring causality and ultraviolet completeness. Furthermore, we find that
the complete system exhibits a rich phase structure, which takes the system from a sum of two
individual subsystems at low temperatures to a new emergent conformal system at high temper-
atures. The transition is either a cross-over or a first-order transition, and the two are separated
by second-order critical endpoint with specific heat critical exponent o = 2/3. Next in Sec. 4.2,
we briefly consider the case of two coupled inviscid Bjorken subsystems. In Sec. 4.3, we will
consider two fluids described by relativistic hydrodynamics, in particular working in first order
hydrodynamics with viscous corrections. In the shear sector, we find that the overall viscosity
interpolates between the viscosities of the individual subsystems and decreases with the coupling
between the subsystems. In the sound sector, we have two modes where only one is propagating
with the thermodynamic speed of sound at large coupling. However both have attenuation
vanishing with the square of momentum, implying that spatially homogeneous density pertur-
bations of the individual subsystems are not attenuated. This means that more dynamics is
required for the thermal equilibrium to be reached between the two sectors. Finally, in Sec. 4.4,
we describe the perturbative sector by an effective kinetic theory and the non-perturbative sec-
tor by a strongly coupled fluid to ascertain to what extent non-hydrodynamic modes in one
subsystem are attenuated due to the other dissipative subsystem.

This chapter is largely based on work published in [36], with the exception of Sec. 4.2.

4.1 Perfect fluids

We now will outline the 3+ 1 dimensional case of two coupled perfect fluids. For a discussion
in general d + 1 dimensions, see Appendix B.

37
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38 CHAPTER 4. HYBRID METRIC MODEL

4.1.1 General equilibrium solution

We now will assume that we have a full system, &, in a flat background g,(fﬁ) = 1), composed
of two subsystems, G; and G,. These subsystems will be described as perfect fluids, which will
be interacting via the coupling equations (3.17) that deform their respective effective metrics.
Furthermore, let’s assume that the subsystems are thermalized with respect to their static,
homogeneous and isotropic effective metrics, for which we make the ansétze:

Juv = diag(—GQabQ,b2ab2)a gul/ = diag(—&2,52,52,52), (4.1)

where the constants a, b, @, b are to be determined self-consistently. It is useful to keep in mind
that if one of the systems is to be described by gauge/gravity duality, the simple metric ansatz
above does not pertain to the bulk, but rather to the boundary of the gravity dual.

The energy-momentum tensors of the subsystems are then of the form

th = (e1(Th) + P (Th))uHu” 4 P (Ty)g"”, with ut = (1/a,0,0,0),

= (ea(Ty) + Po(Ty))ata” + Py(Ty)g", with a* = (1/a,0,0,0), (4.2)
i.e.
v . 61(T1) Pl(Tl) P1(T1) Pl(Tl)
th = dlag < a2 ) b2 ) b2 ) b2 ) )
€o(Ty) Po(Ty) Pi(Th) P2(T2))

o s

t = diag < 2 e (4.3)
with individual temperatures T and T,. Recall from the previous chapter that the temperatures
of both systems are related via (3.35), which in the present case reads:

T = Tla, = TQd (44)

So although there are two temperatures, these are related in a simple manner and the system
temperature, 7, parameterizes the space of equilibrium solutions.
The simplest coupling rules (3.17) now read

1—a®= (762;152) _ A (_62552) n 3PQB(2T2)>> ai
1—-a%= <761((11211) _ (_6127;1) n 3P1b(2T1))> b,
¥ —1= (7]3115?1) 1A (_ 612{1) i 3P;(2T1)>) o, ws)

which along with (4.4) determine a, b, a and b as functions of 7 and the coupling constants ~
and /.
Finally, we can assume that the total energy-momentum tensor is given by

T = (€ + P)UFUY + Py, U* = (1,0,0,0), (4.6)
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4.1. PERFECT FLUIDS 39

where we can compute the full energy-density and pressure from (3.25) to find

E = (T))ab® + ey(Ty)ab?

7 (a(Th)e(Ty) 3P1(T1)P2(T2)> ~73 13
2 ( a2a? b202 abrab

V([ a 71 31[1(71)) (62(72) 3f2(T2)> 73 13
+72 < 2 2 + e ab’ab?,

7) = Pl(Tl)ab +P2(T2) b

v (e(Th)ex(T3) 3P1(T1)P2(T2) 73 13

5 ( 232 202 ab’ab

Y a(Ty) 3P1<T1>> (_62(T2) 3P2(T2)) 73 3

5 ( 2 + 72 2 + P2 ab’ab’. (4.7)

4.1.2 A consistency check on thermodynamics of the full system

Using the thermodynamic identities
€12t Plo=Ti2512, E+P=TS, (4.8)
and taking (4.7) into account, we can determine the total entropy density,
TS = Tys1(Th)ab® + Toso(To)ab® = T [Sl(Tl)bg + 32(T2)B3} ; (4.9)

showing that the total entropy density is the sum of the two entropy densities. Therefore, we
identify the total entropy current as

St = \/—gs\' +/—gsh (4.10)

for i = s1(T)ut, sb = so(Th)at, and SH = SU.
This indeed makes perfect sense in a general non-equilibrium situation. When each sector
has an entropy current s’fg satisfying

Vusi >0, V,sh>0, (4.11)

this implies
au(v _gslll) > Oa ap( V _gsg) > 0? (4'12)
such that

L(V—gs{ +/—gsh) =9,8" > 0. (4.13)

In thermal equilibrium, we also need to have
d€ =TdS, (4.14)

or, equivalently, dP/d7 = S, for thermodynamic consistency, which we have shown in Sec. 3.1.2.

We will now show the consistency of (4.4), (4.9) and (4.14) for the coupling discussed
here as well as for the coupling rules that generalize (3.17). The mutual compatibility of
the thermodynamic identities (4.8) and (4.14) of the full system with the global equilibrium
condition (4.4), along with the additivity of the total entropies that can be expected from the
fact that each subsystem is closed in an effective point of view, provides a strong low-energy
consistency check of our approach.
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40 CHAPTER 4. HYBRID METRIC MODEL

With the results (4.7), the thermodynamic relation € + P = TS is evidently fulfilled with
T =Tya = Tha and S = 5,b° + 5,0, when €12 + P12 =Tj 281 . Here we shall check that then
also

dP
S=— 4.15
aT’ ( )
holds provided the two subsystems satisfy
€1+P1 dPl €2+P2 dP2
= == = ==, 4.1
=T a2 AT, (4.16)

We need to evaluate

= = dffr/ [P+ Poab’] — 1 [{era78} {05} + 3 {Prab) { Pab)
—;ddT [(—ela—Q +3Pb™ ) ab3 (—62&_2 + 3P213—2) azéﬂ . (4.17)

Differentiating the equations for the metric factors allows us to substitute the derivatives of the
parts written within curly brackets as follows:

d 133 _ s @ -2 -2\ ;3 da
dT {ela b } =757 Kfela +3Pb ) ab } QCLﬁ, (4.18)
d db
_ P -2 —2 3 el
Wd'T {Pyab} = —~ T [( ea “+3Pb )ab } + 2bd7' (4.19)
d 173 / d ~—2 792\ ~73 da
'yﬁ_ {62(1 b } ~ T [(—ega + 3P0 ) ab } — QaW, (4.20)
d . . d 9 =9\ 73 db
This leads to
P d 5 - sda | -ydi 5 db = db
= T [Plab + Pyab ] b’ T+ el =~ 3Pab dT 3Pyl .
_ @dTl b polda 3 dPQdT2~3 TdPQdCLb3
dT, dT Yar ar’ T ar, at ” 2dT, dT
dT; da ~q (dT: da
_ 3 1 3 2 ~
= sib (dT +T1d7') T 52b (dT TQdT)
= S. (4.22)

The two expressions within parentheses in the last step are both d7 /dT = 1, which completes
the proof: dP/dT = S.

4.1.3 Causal structure of equilibrium solution

Causality is a powerful, necessary requirement for physical systems. The dynamics of each
subsystem are bound causally by their respective effective metrics only. As a result, causality in
the full system (which we have assumed here to be Minkowski) is not guaranteed a priori. Since
the causal structure of the dynamics taking place in the subsystems is dictated by the respective
effective metrics only, causality in the full system, which is living in Minkowski space, is not
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4.1. PERFECT FLUIDS 41

Figure 4.1: The gray light cone is the background Minkowski metric 7,,,. The blue light cone
is the effective metric g,,,,. For clarity, only one of the effective metrics is shown. Note that the
Minkowski light cone always needs to encompass the effective light cone for all values of the
coupling, v > 0. Left: Low vY/4T. Right: High '/4T. Note that massless excitations w.r.t. the
effective metric are perceived as massive excitations in the Minkowski background.

guaranteed. For instance, massless excitations in Minkowski space travel at ¢ = 1, whereas in
e.g. massless excitations in subsystem &; would propagate at a velocity v = a/b. There is no
requirement thusfar for ¢ > v.

As such, we can eliminate solutions of (3.17) that have superluminal propagation. To see
this in action, take the sum of the first and second as well as of the third and fourth equation
in (4.5), leading to

R_a? = (62(T2) n P2~(T2)> ab? > 0,

a2 b2
B —at = ~ (elgl) + Plgl)) ab® > 0, (4.23)

independent of 4/. The inequality follows by requiring that the individual light cones remain
below c:

b —a® =b*(1 —v?) > 0. (4.24)

Thus, we require that the coupling constant v > 0, the individual subsystem energy densities
are not negative €; o > 0 and we allow for a small range of negative pressures v2P1,2 > —e. The
change in the light cone can be aptly summed up in Fig. 4.1. Note that the (blue) effective
light cone defined by the metric g,,, is contained entirely within the light cone defined by the
background Minkowski metric.
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42 CHAPTER 4. HYBRID METRIC MODEL

4.1.4 Conformal subsystems

It is clear that (3.17) is not yet a closed system of equations. We need to further specify
equations of state to relate the energy densities to the pressures. For simplicity, we will consider
the case of conformal subsystems. The equations of state of the two subsystems are then simply

e2(Ty) = 3P5(Ty) = 3ny Ty, (4.25)

with constant prefactors n, and ny. Then the energy-momentum tensors t* and t"¥ are traceless
with respect to the effective metrics g,,, and g,,,, which can be seen easily by taking the trace
of (4.2) and (4.3).

It becomes useful to parameterize our coupling equations in terms of the effective light cone
velocities, where

a
vi=—, U= =, 4.26
b (1.26)

which are associated with the effective metrics g,,, and g, respectively. In this case, the total

entropy of the system (4.10) is
S =473 (Z; + n2> , (4.27)

o3

where we used that the entropy of each subsystem is just
= 4n; o175, (4.28)

The coupling equations, together with the assumption of conformality and the temperature
condition (4.4), leads to

1—r(1—10%
2,2 4
1 -0 = 3T VPR
~2 ~2
9 B 4 0F+3r(1—19°)
b -1 = 77- U ’l~)5l;2 ’
Y 1—r(1—2v?)
272 _ 4
1 — v b = 3’YT an,
N 2 Ir(1 — 2
Po1 = 4T T 7;(62 v (4.29)
)
where
/
ri= —1, (4.30)

is a dimensionless coupling constant that we shall use from now on in exchange for 4'. Elimi-
nating b and b yields the two equations

v3(1—0%)(3 + 02
ma T = B+ v2172(— 37~(1)(— :2)(1)— 2)]2’ (4.31)

(1 — v2)(3 + v?
T = G i 37~(1)E ;)(1)— T (4.32)
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4.1. PERFECT FLUIDS 43

Since causality implies 0 < v,? < 1, we see that solutions exist for arbitrary 7 only when the
denominator on the right-hand side of (4.31) is able to reach a zero. This leads to
0 =3+ 0% - 3r(1 —v?)(1 — %),
3+ 0%
=r= 4.33
"T30 -1 - ) (4.33)
Clearly, the range of r is between oo > r > 1. Thus for ultraviolet completeness for the simplest
coupling rules (3.17), we require that » > 1. Otherwise this model would exist only up to some
finite value of 7.
Now we present some general observations that we can make analytically.
Although the subsystems are conformal, when the two sectors interact, the full system in
general is no longer conformally invariant. We find the trace, using the expression for the full
energy density and pressure (4.7), to be

6ynyny TS

Ty, =& =3P = V33a2a2

[3 + 0202 — 3r(1 — v?)(1 — 52)} . (4.34)

Note that in [36] there is a typo in the coefficient of this expression.

The term in square brackets in (4.34) is the square root of the denominator in (4.32). It is
positive in the small v case (where v = ¥ = 1). Due to the previous discussion, it cannot change
sign for any finite value of v7%. Therefore, the conditions for causality v > 0 and condition
for ultraviolet completeness, » > 1, imply that the interaction measure & — 3P = —T%, is
positive, which is also a feature of (lattice) Yang-Mills theories at finite temperature [109,110].
Furthermore, since large 7% in (4.31) corresponds to a small value of the square root of the
denominator in (4.32), we see that the interaction measure goes to zero for large temperatures
and the full system thus approaches conformality for large 7.

Also, one can derive perturbative expansions for all quantities (for more details, see Ap-
pendix C). When writing down perturbative results, we shall assume that v7* and v'7* are of
the same order, i.e. 7 is of order 1. For small couplings or for small temperature, |7/, |7/| < 74,
the resulting a, @, v, and ¥ are all close to unity, and thus & — 3P ~ 24yn;n, T2, i.e., the full
system approaches conformality at small temperature as expected. This corresponds to the
decoupling limit of the system.

The emerging conformality at large temperatures can also be seen in the speed of sound
(squared) of the full system, defined thermodynamically by

dP dlnS\ !
2
_ - 4.35
“ = e (dln T> ’ (4.35)
which expanded up to third order in y7* reads
1 8 nqny 2 Mg (1] + 1) 4\3
cs(T) = —= — —=T —12— — 323278 L2122 L O((vTH)?). 4.36
(1) = 5 = o5 T it — sy T LG O(( 7)) (4.36)

With conformal subsystems the dependence on r = —+'/v appears only at third order. In

quantities which only depend on v and 9, as is the case for the entropy, also the third-order
term is still independent of 7.

As shown in Appendix C, the high-temperature behavior of the total system is governed by
the fact that the metric factors a, @, b, b asymptote to linear functions of the physical temperature
7. Since the effective temperatures of the subsystems are given by 73 = 7 /a and T, = T /a,
they stop growing together with 7~ and instead saturate at finite values proportional to v~ 1/4,
For » = 2 Fig. 4.2 displays this behavior for equal and unequal subsystems, i.e., n; = ny and
ny # ng, respectively.
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44 CHAPTER 4. HYBRID METRIC MODEL

n1:1,n2:0.1, =2

m=ny=1,r=2

. 1.0
0.6j 3 [ 5
0.5- 1 08f
o 04F 1~ o6l
= r = [
T 0.3 Is I
™~ 041
0.2 1 I
0.1 7 1 O.Zj
0.0 ! | L L 0‘0 . 1 1 1
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
71/4T ’}/1/4T

Figure 4.2: Effective temperatures of the subsystems as a function of the physical temperature
with r = 2 for equal subsystems in the left panel and unequal (ny = n,/10) subsystems in the
right panel. As the physical temperature increases, the effective temperature of the subsystems
first increases in line with the former (the dotted line marks equality), but when 7 becomes
larger than v~ /4, the effective temperatures asymptote to a limiting value. This limiting value
is larger for the subsystem with fewer degrees of freedom.

Equal subsystems

For the special case where the number of degrees of freedom are equal, i.e. ny = ngy, it is
clear that v = 9. The numerical solution of (4.31) is displayed in Fig. 4.3 for various values of
r> 1.

It turns out that for

1
Il<r<r,= %(195 +43v'15 + \/30(4082 —557v15)) = 1.1145

more than one solution exists. This corresponds to a phase transition that will be discussed in
Sec. 4.1.4. For details on how we analytically determined the critical value of r, see Appendix
B.

Concentrating first on the case r > r,, the behavior of the pressure and the interaction
measure is shown in the left panel of Fig. 4.5 for a typical case, when the coupling r = 2.
Intriguingly, P/7* shows an increase somewhat reminiscent of the deconfinement crossover
transition in QCD.

Since S/T3 o v~3, the entropy increases from the decoupling limit value at v/47 = 0,
where v = 1, in parallel to the drop in v displayed in Fig. 4.3.

The speed of sound squared (4.35) is shown in the right panel of Fig. 4.5. At ~/47T = 0,
2 unsurpisingly takes the conformal value, ¢ = %, as both subsystems are conformal and this
is the decoupling limit. For intermediate values, the speed of sound squared drops from the
conformal limit, indicating a crossover as opposed to a phase transition. Finally, for v'/47 — oo,
the speed of sound squared asymptotes to conformal behavior from below.

In the case of two identical conformal subsystems, the relation between the effective light
cone velocity v and yT* is given by the roots of a polynomial equation of 9th degree (given in
(4.31) for v = ¥), which has no general closed form solution. However, it is simple to determine
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(m=ny=1)
1.0 —— :
0.8F
| — 1=100
0.6j | : — 1r=10
0 |
3+ L II — =2
0.4r / i
t /l — r=1.1
b ’ e
ozl y ! r=1.001
= /
L ,/
L ( ------
0.0 L L L L L L L L L L L L n n n L n n n
0.0 0.2 0.4 0.6 0.8 1.0

,yl/4T

Figure 4.3: Effective light-cone speeds of the two subsystems with n; = ny = 1 for different
values of 7 = —4//~. Above r = 7, ~ 1.1145 there is a unique solution for all values of v/4T
(full lines), while below 7., there are ranges of ¥*/47 with three solutions (dashed lines).

2.0~
6 :
——r=100
1.5¢ 4t ——r=10
——r=100 _ of ——r=2
> —r=10 2|2 —r=1.1
= 1.0} = o
=2 S| =
—r=1.1 T ol
0.5¢ -
—4f /’k
0.0 n -6 L L L L L
0.0 0.5 1.0 15 2.0 2.5 0.5 1.0 1.5 2.0 2.5
V1/4-|- y1/4T

Figure 4.4: Left panel: light-cone susceptibility, x, for equal subsystems n; = ny = 1, fixed ~v
and varying r. Right panel: the logarithmic derivative of the logarithm of the susceptibility.
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46 CHAPTER 4. HYBRID METRIC MODEL

0.35
0.30F
0.25}

—
(=]
T

0.20F

0.15}

P/T%, (E-3P)/T*

0.10f
0.05¢

: : : 0.00 : : :
0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

’}/1/4T ,y1/4T

o0 N L =2} <o
T T T

Figure 4.5: Left panel: Pressure (black line) and trace of the energy-momentum tensor (red)
divided by 7%, with the asymptotic value of the pressure indicated by the short dashed line.
Right panel: speed of sound squared (full black line) — both for ny = ny = 1 and r = 2. As
~Y/AT increases from small to large values, a crossover between regimes with different values of
P/ T4 takes place that is accompanied by a dip in the speed of sound which takes on a conformal
value in both asymptotic regimes. At large v'/47 and for sufficiently low values of r (including
the case r = 2 at hand), the speed of sound in the full system turns out to be larger than the
effective light cone speed v of the subsystems (green dashed line: v?).

the asymptotic value of v:

— lim 02 — 3r—/3V4Ar — 1

T4 —00 3r—1

Vi

(4.37)

Evidently, the entire physical range 0 < v, < 1 is covered as 1 < r < oo.

It is important to point out something which might be counterintuitive. We note that for
certain values of r, the asymptotic light cone velocity can be smaller than the conformal speed
of sound, 1/v/3. From (4.37) and knowing that for large /4T the speed of sound asymptotes
to the conformal value, we see that this is the generic case for r < 7/3. In the right panel of
Fig. 4.5, we have plotted this for » = 2, where the green dotted line is the light cone velocity.
There is no contradiction to causality, since this occurs within the light cone of the physical
system, 7,,,. The dynamics of the individual subsystems are being superseded by the collective
dynamics between them. This idea will be developed further in Section 4.3.2.

Unequal subsystems

For unequal systems one can show (using formulae (4.31) and (4.32)) that there exist solu-
tions for v and @ in the limit y7% — oo for any value of ny/nq and r > 1. They are given by
the (sextic) equations

3[r(1 —vZ) —1]5/2 ny (4 —1)ag[r(1 — 0%) + 0% /3]"/*

(4r = )& fr(l — o) + 02 /312~ my Br(l— &) — 152

(4.38)

which have a unique solution in the domain 0 < v, 95 < 1 when r > 1. In the extreme limit
that one of the systems completely dominates, say ny/n; — 0, the asymptotic effective light-
cone velocity of the smaller system approaches zero, 9o, ~ O((ny/n1)'/?), while the dominant
system has the limit v,, — v/1 — r—1. This case of one dominant system is described further in
Appendix B.2.
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4.1. PERFECT FLUIDS 47

m=1m=0.1,r=2

m=1,n,=0.1, r=2

1.0f

0‘0 L L L L L L L L L L L L L L L L L L L L
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
’}/1/4T ,yl/4T

Figure 4.6: Unequal systems with n; = 1,ny = 0.1 and r» = 2. Left panel: light-cone velocities
squared in the two subsystems (v?: upper, blue line, 92: lower, red line) compared to ¢2 (dashed
black line). Right panel: entropies of the two subsystems (S;: upper, blue line, Sy: lower, red
line).

In Fig. 4.6, the full numerical solution of the effective light-cone velocities is displayed for
ny/my = 1/10 and r = 2 as well as the entropies of the two subsystems. The blue line is the
dominant system. While the smaller subsystem has a much larger relative growth of S/T3
than the larger subsystem, the latter remains dominant. Considering again the extreme limit
ny/ny — 0, Sy/S; changes from being of order ny/n; at low YT to (ng/ny)?/® at high 472

At the value r = 2 used in Fig. 4.6, the behavior of the speed of sound is similar to the case
shown in Fig. 4.5. Again, there is a dip at the crossover between the regimes of small and large
~Y/AT | where cs asymptotes to the conformal value 1/4/3. In the case displayed in Fig. 4.6, now
only one of the effective light-cone velocities, namely the smaller subsystem light-cone velocity
o, falls below the conformal value of the speed of sound at large v2/47T.

Phase transition

Here we discuss the nature of the phase transition of the two coupled perfect fluids. For
1 < r < r,, perturbative expansions have to break down for 1 < r < r,, where the light-
cone velocity is multivalued at finite values of 47*, as shown in Fig. 4.3 for ny = n,. For
1 <r<r,~1.1145 in the case n; = ny and 1 < r < r, ~ 1.25 for n; # ny, this corresponds to
a first-order phase transition that turns into a second-order phase transition at r,.

We can characterize the phase transition by introducing the light-cone susceptibility:

ov
= 4.39
XU 6(71/47-) ( )
which we have plotted in Fig. 4.4 for equal subsystems, n; = ny = 1, and various r. Note that
X, diverges near the critical temperature as we approach r.. In the right panel, we plot the
logarithmic derivative of the logarithm of y, and find that if we approach the phase transition
from above T, then the light cone susceptibility scales like

Xo ~ (AT (4.40)

In Fig. 4.7 pressure and entropy are plotted in the region around the first-order phase
transition for equal subsystems, n; = ny = 1, and r = 1.1. The range in v'/*7 where the
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48 CHAPTER 4. HYBRID METRIC MODEL

1|11=n2=|1,r=1.1| . . n1=n2=1,r=1.1
100+
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Figure 4.7: Pressure (left panel) and entropy (right panel) around the first-order phase transi-
tion with n; = ny = 1 and r = 1.1. The pressure of the ground state is given by the maximal
value at each temperature. At the critical temperature the slope changes discontinuously. The
lines which extend smoothly beyond this point when coming from lower or higher temperatures
correspond to superheating or supercooling phases, respectively. (The lower line connecting
the endpoints of supercooling and superheating corresponds to the entropy curve with negative
slope and thus cannot be accessed physically.) The dotted line in the entropy curve indicates
the jump in the entropy that occurs when there is no supercooling or superheating.

pressure has three solutions corresponds to the possibility of superheating or supercooling,
indicated by red and blue lines, respectively. This happens if one does not immediately switch
to the thermodynamically preferred phase with higher pressure (lower free energy). The third
solution, denoted by a gray line, which directly connects the endpoints of superheating and
supercooling, is always thermodynamically disfavored and cannot be accessed physically, as it
comes with negative specific heat (corresponding to the part of the curve for the entropy with
negative slope).

In Fig. 4.8 the effective temperature of the subsystems is shown for the same set of param-
eters as above. At the phase transition the effective temperature jumps and approaches the
asymptotic value from above as the physical temperature goes to infinity. In fact, although
hardly visible in the left plot in Fig. 4.2, the effective temperature also approaches the asymp-
totic value from above for » = 2 in the crossover region; only for r 2 2.048 (in the case of
ny = ny) the effective temperature eventually shows monotonic behavior.

At r = r_ the phase transition becomes second-order with continuous pressure and entropy.
In Appendix B and D, the parameters of the second-order phase transition are obtained in
closed form for ny = ny in arbitrary dimension. We can determine the critical exponent «,
which characterizes the specific heat, in 3 + 1 dimensions to find

Cy ~IT T a=, (4.41)
which is independent of ny/n;. It is different from any mean-field result, as well as larger than
the value in the Ising model (a ~ 0.11) or in the polymer models (o ~ 0.236), which are the
largest values occurring in N vector models (for N = 1 and N = 0, respectively) [111]. The
comparatively large value of a in (4.41) is within the same ballpark as in the matrix model for
deconfinement in [112], which yields @ = 3/5. Curiously, this value of « is precisely the same as
in the four-state Potts or Ashkin-Teller model, which describes a regular lattice with two Ising

spins per site [113,114].
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Figure 4.8: The behavior of the effective temperature of the subsystems during the first-order
phase transition with ny = ny =1 and r = 1.1. The dotted line in the entropy curve indicates
the jump in the effective temperature when there is no supercooling or superheating.
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Figure 4.9: Speed of sound (squared) in two systems where one or both are replaced by a gas
of free massive bosons at » = 2. If both systems are massive, the speed of sound starts from
zero at zero temperature; if one is still conformal, the lower end point remains at 1/3. The
values given in the plot legend refer to the two masses in units of y~1/4. (The massless case
corresponds to ny o = 72/90 in (4.25).)

The qualitative features of the phase transition are the same for unequal conformal subsys-
tems. For 1 < r < r,, the transition is first order, at = r, the phase transition is second order,
and for r > r, it is a crossover. Furthermore, the critical value r, shows a rather weak depen-
dence on ny/nq, it lies in the narrow interval 1.119... < r. < 1.25, and the critical exponent «
at the second-order phase transition point r = r, is always 2/3 (for more details see Appendix
D).

4.1.5 Massive subsystems

The simplest coupling rules, (3.17) and specifically (4.5) with » > 1 and v > 0, also make
sense for a more general choice of equations of state of the subsystems. In this subsection, we
consider two free Bose gases with various masses, described by the on-shell distribution function:

1

fi= gy (4.42)
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50 CHAPTER 4. HYBRID METRIC MODEL

and similarly for the other subsystem. The energy density and pressure can be computed via
(2.51), which after the integration over angles gives:

nq o0
€1 = ﬁ/o dp \/P2 + m%prlv (4.43)

ny

e 4
R L
2T 0 p2 _|_m%

and similarly for the other subsystem.

We can then proceed to compute the total energy density £ and P via (4.7) and find the
speed of sound for the full system via (4.35). In Fig. 4.9, we display the results for the speed of
sound (squared) for r = 2 and a variety of masses, where there is only a crossover. We see that
generically, when both subsystems have massive particles, the speed of sound starts from zero
at Y7* = 0 and non-monotonically approaches the conformal value at large ¥7%. When one or
both components contain massless particles, ¢2 starts from the conformal value of 1/3.

The way approximate conformality is approached at high 7 is again similar to the conformal
case discussed above, although we cannot demonstrate this analytically as in Appendix C. The
high-temperature behavior for » > 1 is governed again by an asymptotically linear behavior of
the metric coefficients a,a, b, b ~ T. Such a behavior is at least consistent with the (simplest)
coupling rules (3.17): Once a, a, b,b have grown sufficiently large, these equations are homoge-
neous of degree two in the metric coefficients, provided the effective temperatures 717, T, become
constant, which is the case when a,a ~ 7.

However, an important difference to the conformal case is that the trace-term AKJL in
the full energy-momentum tensor is no longer subdominant, but in fact needed to cancel the
contributions to the trace of the full energy-momentum tensor at order 7. This is a consequence
of the form (4.9) of the full entropy, S = s, (T})b>+s5(T)b* ~ T2, together with thermodynamic
consistency, S = dP/dT (which is proved in Section 3.1.2 for arbitrary equations of state of the
subsystems).

We expect that it is equally possible to couple more involved equations of state than gases
of free massive particles with the simplest coupling rule and to obtain a UV-complete setup.

P (4.44)

4.2 Bjorken fluids

We now briefly turn our attention to Bjorken fluids, following [115]. Bjorken flow describes
a simple model for heavy ion collisions. We assume that the collision axis is along the z-axis and
the system is otherwise homogeneous. Essentially, the nuclei are modelled as infinite flat sheets
in the transverse (z,y) directions. Furthermore, the matter produced in the forward light cone
is boost invariant. The background metric is given in Milne coordinates as

gt = diag(~1,1,1,7%), (4.45)

where 7 = /12 — 22 is the proper time. Note that the Bjorken background is flat, but expanding.
A perfect fluid in this background has the following form:

T = diag(g,,PJ_,PJ_, %) (446)

The uncoupled inviscid Bjorken equation leads to the Ward identity of the following form:
E+ P
T

VY = 0= 0,€+ —0, (4.47)
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o1

where Py, is the longitudinal pressure (in the z-direction). There are two important cases to
consider. First, in the case of a conformal isotropic fluid, i.e. P;, = P, = P and £ = 2P, where

c2 = 1/3 is the speed of sound, we find the solution of (4.47) is
£~ Y3,
In the case of extreme anisotropy, when Py < P, we find find from (4.47)
E~rl,

Thus, we are motivated to choose the following ansatz for the effective metrics

The energy-momentum tensors are given by
. € PJ_ PJ_ PL
= ding(2 g )
. (& PP P
27— dl&g(?, 677 672, ﬁ)

(4.48)

(4.49)

(4.52)

(4.53)

which we choose to be conformal, with equations of state e = 2P| + P; and € = 2P, + P;.

The evolution of both subsystems is determined by the conservation of the energy-momentum

tensors:

0 = 0.e 4 €0, log(bc) + 2P, 0, log b + Pr0; logc,
0 = 0,& + 0, log(bé) + 2P, 8, logb + P;d, log ¢,

(4.54)
(4.55)

As a check, it is instructive to see that we recover the EOM in the Bjorken background. In this

case, b =1 and ¢ = 7 and we see that we indeed recover (4.47).
The coupling equations (3.27) in this case are given by

9 ab%cr e <2PL 2P, 5)}

l—a"=r—m+t 5 = &
~~2~_~

9 . _ ab‘erpPy 2P, TPL £

b 1—7—7_ T2 r( 132 2 &2)]
S725 A 2

9 o _ab‘crrPp 2P, P, &

CERCERL xR W SR

r 2P 2P €
_"'2: - | — 7J‘ 71’_7
1-a” =y— _a2+r<b2 +— a2>},

2 2
g ety 2P TP €
b =7 L b2 T( b2 c? a2>]
o 9 ab26-7'4PL_ 9 (2P 7'2PL_ €
e (G2

(4.56)
(4.57)
(4.58)
(4.59)

(4.60)

(4.61)
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52 CHAPTER 4. HYBRID METRIC MODEL

From the discussion in the previous section, we can add (4.56) to (4.57) and (4.59) to (4.60),
which cancels the terms proportional to r to leave us with

s o ab’erP, &

b —a —’Y‘T [52 +§] >0, (4.62)

2

~2_ ~2 _ ab C PL i

b=y |5+ ] >0, (4.63)
2 ~T25 2 ~

c o ab‘crrePp €

S-d =[5t ) >0, (4.64)

=2 2. -2

C -9 ab*crT* Py, €

This set of inequalities arises from considering that the effective light-cone velocity in the per-
pendicular direction, i.e. 1 > v; = 3 > 0, as well as the light-cone velocity in the longitudinal
direction, i.e. 1 > vy, = % > 0, needs to remain within the Minkowski light cone. We can
conclude that we need to choose v > 0, as in the previous case. Notice that we can permit

negative pressures, so long as v3 ; P 1,1, > —¢ and likewise for the other subsystem.

The total energy-momentum tensor, 7#”, is computed from (3.25) and we find

b2 ab?c b2cab?c
T =-£=-25% D% TNk, (4.66)
T T T
b2 ~62~ B b2 ~l~)2~
T =p, =T p + 25 - P Ng, (4.67)
T
b2 ~52~ B b2 ~52~
Tl =P, = 2P+ 25p, - TP COAK, (4.68)
T NT T
]. EE QPLPL T PLPL
AR = 57[a2a2 b2p2 c2¢? ] (4.69)
€6~ PJ_&N pJ_E 2PJ_PJ_ QPLPL jjJ_PL pL€ PLé T4PLPL
+7T[2a2d2 T a2 e ( 22 e 2222 2&202> 22282 }

The energy-momentum tensor is conserved in the Bjorken expanding background, VELB)T“ v =0.

Note that if we compute the total (partial) enthalpy, we find that it is simply the sum of the
subsystem partial enthalpies:

E+PL=—gle+P)+/-gE+P)), (4.70)

E+Pr=+v—gle+P)+ -3+ Pp), (4.71)

We can now proceed to simplify the coupling equations by using the light-cone velocities,
v, v, 0 and 9, to replace b, b, ¢ and ¢. Eliminating a and @ and using the conformal equations
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of state, we are left with

V=gPL = o (o + 02+ 2)02) (0 - o + (1 - #d)oed ), (472)
- 010%

—gP, = fyLNg (vi + (v} + 2)1}%) (v% —v} +(1- vi)@%v%), (4.73)
v2 v?

V9P = (52 + (52 + 2001 ) (202 —20F + (1 — o})a2od), (4.74)

N T .
—gP; = ’YJ}VS (vi + (v} + 2)1)%) (21}3 — 207 + 03t (1 — v%)), (4.75)
N =2 (03 (r(9% (30} — 1) — v} +3) — 920} — 1) — 2r57 (v} + 1))
— 207 (ro? (03 + 1) — 2r07 + 7). (4.76)

If we have solutions for arbitrary large pressures, we need the denominator of the RHS to vanish.
This provides a condition for the asymptotic values of velocities, which reads
v3 0% (14 990%) + 20707

N=0=r=
o3 (83 (53302 — 1) — v} +3) — 263 (v} + 1)) — 203 (8% (3 + 1) — 253

. (4.77)

Note that if we take the isotropic limit, v;, — v and similarly for the other sector, we recover
(4.33).

A notable difference to the previous discussion is that now the effective metrics have a
non-trivial Ricci scalar, which is given by

R = %(2 [0, log(b)]2 — 40, log(a)0; log(b) — 20, log(a)d; log(c)

4 // 2 /!
+ 40, Tog(b)d, log(c) + -2 4 =),

T (4.78)

(and similarly for the other sector). Clearly, when we are in the Bjorken background with
a=0b=1and ¢ = 7, the Ricci scalar vanishes and we are again in flat space, R = 0. When we
turn on the metric coupling, we see that the Ricci scalar is non-vanishing. This is demonstrated
numerically in the left plot of Fig. 4.10.

4.2.1 A few interesting cases

In the following, we will consider a variety of numerical solutions. We will take the view
that the tilded sector will be always represented by an isotropic conformal fluid P, = P, = P
and € = 3P, whereas the untilded sector will also be conformal with e = 2P, + P, and the
different relationship between the pressures will be the distinguishing feature of the numerical
explorations. The interpretation of this setup is that the tilded subsystem represents the soft
degrees of freedom, a conformal fluid, whereas the untilded subsystem represents the hard sector.

It is also important to remember that at this level of discussion, the individual subsystems do
not have a mechanism with which to evolve their pressures. Thus, when we set the relationship
between the untilded subsystem’s longitudinal and transverse pressure, this is kept fixed. We
are then watching the evolution of the full system’s energy density and pressure.

To somewhat standardize the discussion, we will set v+ = 1 and r = 2. Furthermore, we
begin the simulation at 7y = 0.3 and set our initial conditions as () = 0.25 and £(rg) = 0.1.
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Figure 4.10: Left: Ricci scalar for the Bjorken flow, with choice of parameters as in the text
and P;, = ¢, P| = 0. Right: Trace of the full system for the same parameters. The figures
would look qualitatitively similar with the other parameters, so we have not included it here.

An interesting observation is that the anisotropic sector induces an anisotropic light cone
(i.e. v| # vp) in the other subsystem, while the isotropic sector tends to induce an isotropic
light cone.

We also note that the trace of the total system acts in a similar way for the cases that we
consider, namely the trace vanishes for late times as can be seen in Fig. 4.10.

Isotropic inviscid fluids

Here we consider the case of two coupled conformal isotropic inviscid fluids. In this case,
the perpendicular and the longitudinal light cones coincide for both fluids v;, = v, which are
plotted in Fig. 4.11. We also see that the energy of both subsystems drops with time, as we
would expect in a Bjorken expanding system. Furthermore, the anisotropy parameter, P; /P,
is exactly 1, i.e. the total pressures are isotropic. We can see in Fig. 4.12 for late times that the
total energy density tends to the isotropic value, as does the total pressure.

Transverse particle (TP) distribution

We set P;, = 0, which implies ¢ = 2P,. This corresponds to free particles with only
transverse momentum. In Fig. 4.13, we plot the light-cone velocities for both subsystems. The
generic behavior of the light-cone velocities is to asymptote to 1. This is not surprising, as we
expect for large 7 for the system to fly apart and for interactions to decrease. When we plot the
ratio of the light-cone velocities, it becomes clear that the light cones in the isotropic system
are deformed by the anisotropic system and become anisotropic. In the bottom right plot, we
also plot the ratio of the energy densities, which falls off in the same way as the previous case.

In Fig. 4.14, we plot the ratio of the longitudinal pressure to the transverse pressure of
the full system, which is known as the anisotropy parameter. It is curious to note that this
parameter increases at early times, indicating that the system is tending to isotropize, before
falling away.
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Figure 4.11: Light-cone velocities and energy densities in the case of two isotropic fluids. Left:
light-cone velocities are degenerate in each subsystem. Right: energy densities in each subsys-
tem.
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Figure 4.12: Anisotropy in the isotropic fluid case. For late times the full system seems to
isotropize. Left: The anisotropy parameter for the total pressures. The orange line represents
full isotropy, Pr,/P, = 1. Right: The power law fall-off of the total energy density. The fully
isotropic value is in orange, & ~ 7~%3. Bottom: The total pressures, P, and P. The green
line is the isotropic value 1/3.

Longitudinal particle (LP) distribution

Here, we set P;, = ¢, P| = 0. The anisotropy of this choice is apparent in Fig. 4.15. The
light cones develop anisotropically, but tellingly, the light cone of the anisotropic subsystem
(induced by the isotropic fluid subsystem), is approximately isotropic, whereas the isotropic
fluid feels an anisotropic light cone. This is summarized in the bottom left plot. As before, the
energy densities drop with increasing time.

In Fig. 4.16, the anisotropy parameter approaches the isotropic value from a maximal
anisotropic value. In the bottom plot, the two pressures approach the conformal value from two
different directions, while the total energy density approaches the isotropic fall-off (4.48).

Dark energy-like configuration

We now set P;, = —e = —P,, which is dark energy-like w.r.t. the longitudinal direction.
In Fig. 4.17, we see that the behavior of the untilded subsystem’s light cone is similar to the
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Figure 4.13: Light-cone velocities and energy densities for TP. Top left: light-cone velocity in the
perpendicular directions. Top right: light-cone velocities in the longitudinal direction. Bottom
left: ratio of the longitudinal light-cone velocities to the perpendicular light-cone velocities.
Note that the system with the isotropic equation of state has the more anisotropic behavior of
light cones. Bottom right: energy densities of the two subsystems.
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Figure 4.14: Characterizing TP anisotropy. Left: The anisotropy parameter for the total pres-
sures. Right: The power law fall-off of the total energy density. Bottom: The total pressures,
PJ_ and PL'
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Figure 4.15: Light-cone velocities and energy densities in the LP case. Top left: light-cone

velocity in the perpendicular directions.

Top right: light-cone velocities in the longitudinal

direction. Bottom left: ratio of the longitudinal light-cone velocities to the perpendicular light-
cone velocities. Bottom right: energy densities of the two subsystems.

S| 4

Qla 2.0f

Figure 4.16:

3.01

2.5¢

1.5¢

1.0

1.5¢
] %‘5 % 1.0F
| 0.5+
0 10 15 20 00, 5 10 15 20
T T
0.7F
0.6¢ —PLle
050 P.le
0.4¢
0.3
0.2
0.1F
0.0 : : : :
0 5 10 15 20
T
LP anisotropy. Left: The anisotropy parameter for the total pressures. The

orange line represents full isotropy, P /P, = 1. Right: The power law fall-off of the total
energy density. The fully isotropic value is in orange, & ~ 7~%3. Bottom: The total pressures,
P, and Pr. The green line is the isotropic value 1/3.
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o8 CHAPTER 4. HYBRID METRIC MODEL

previous case. Interestingly, the transverse light-cone velocity of the fluid subsystem freezes
to a smaller value than the speed of light. Furthermore, the behavior of the energy density
is distinct from the previous discussion: the fluid energy density decreases as before, but the
hard subsystem has its energy density increase to some finite value. Since the isotropic fluid is
drained, it is logical to conclude that the anisotropy of the system increases.

In Fig. 4.18, we see more evidence that the full system becomes more anisotropic. The
longitudinal pressure becomes more negative, while the transverse pressure becomes as positive.
Finally, from the plot on the top right, we see that the total system energy density at late times
behaves like

En~To (4.79)

as opposed to the usual fall-off behavior of the energy density in a Bjorken background, (4.48)
and (4.49). Essentially, the negative longitudinal pressure is compensating the effects of the
expansion, such that the energy density of the system remains constant.
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Figure 4.17: Light-cone velocities and energy densities in the dark energy-like case. Top left:
light-cone velocities in the perpendicular direction. Top right: light-cone velocities in the longi-
tudinal direction. Bottom left: ratio of the longitudinal light-cone velocities to the perpendicular
light-cone velocities. Bottom right: energy densities of the two subsystems.

4.3 Bi-hydrodynamics

In the following we investigate the linearized perturbations of the full hybrid system about
thermal equilibrium. We consider two subsystems, whose energy-momentum tensors are param-
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Figure 4.18: Anisotropy in the dark energy-like case. Left: The anisotropy parameter for the
total pressures. Right: The power law fall-off of the total energy density. Bottom: The total
pressures, P, and Py,.

eterized up to first order in the gradient expansion according to (2.24), which is given explicitly
as

t" = (1 + Pp)utu” + Pigh” — 2n0H7,
EMV = (62 + PQ)’ZLHT]V + PQQ#V — 2’)’]26’“”. (480)

For simplicity we will continue to analyze the case of conformal subsystems, and therefore we
will set the bulk viscosities in each subsystem, (; = (5 = 0, with equations of state given by
(4.25).

Since the thermal equilibrium is homogeneous and rotationally symmetric, we can classify
the perturbations into three distinct sectors, which are called the shear, sound and tensor
channels. Each channel has distinct low energy characteristics. If we take the hydrodynamic
limit in both sectors, only the shear and sound channels yield dynamic propagating modes with
distinct forms of dispersion relations. The tensor channel in the bi-hydrodynamic limit does
not have a pole, but is useful for computing the shear viscosity of the full hybrid system using
the Kubo formula.

4.3.1 Bi-hydrodynamic shear mode

In the shear sector, the velocity fields of both sectors point in the same direction, but are
orthogonal to the momentum of a perturbation, i.e. the direction of its propagation. Without
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60 CHAPTER 4. HYBRID METRIC MODEL

loss of generality, we will assume that the momentum k is in the z-direction and the velocity
fields are in the z-direction. We can thus consistently assume that the effective metrics are
parametrized via

Gy = diag(*QZ, b2a b27 b2) + 59;“/7 gw/ = diag(idzv 62, 627 52) + 6guu (481)
with the non-vanishing components of dg,,, and 4g,,,

0901 = 5€i(kz_wt)7 dg13 = 713€i(k2_m)7

8o = Be' RN 6,5 = et el (4.82)

The perturbed velocity fields in both sectors including the infinitesimal linearized perturbations
assume the form:

1 ) 1 s
ut — (,yedkzwﬂ,o,o) .t = ( ﬁez(kZ”t),O,O) . (4.83)
a a

Note that the metric perturbations (4.82) preserve the norm of the velocity fields (4.83) at the
linearized level. Furthermore, in the shear channel, there is no temperature perturbation, as
this would enter at higher order.

Thus the perturbed hydrodynamic energy-momentum tensors of the individual sectors is
given by

P~ diag (61(T1) P(Ty) Pi(Ty) Pl(T1)>+6t‘“’,

a? 7027 b2 b2
. Ty) Py (T5) Py(1n) Po(T: ~
L - diag (62222)7 2{52 2)7 2152 2)7 2{52 2)) _|_5t,uu7 (484)

with the non-zero components of §t** and 6" being

P,B+ (P, + e)vab® ;. Py LY Y i(kz—
01 _ 1 1T € kz—wt 13 _ 1713 1 1713 kz—wt
SO — — i gilkz—wt) 513 _ (_ s _ Y 4 o )ew swt)
5P — _Bp+ (PQj‘ €)ab? pilkz—wt) 5713 _ <_P2~713 _ Y Y 772’:71?,) pilkz—wt)
a2b? ’ bt b2 ab* '
(4.85)
The hydrodynamic equations of the two sectors in the two effective metrics are
v, =0, V#f’“’ =0, (4.86)
which read explicitly in Fourier space as
(e + P1) (B + vab®) o2V | s
w a2b? ] = —ik Nh + wk B
(eg + Po) (8 + pab®) 2TV 113
w = = —ik" = + iwk—". 4.87
a2b? b2 ab* (4.87)

As discussed previously, the hydrodynamic equations automatically guarantee the conservation
of the full energy-momentum tensor at the linearized level.
We will also introduce the dimensionless parameters k1, k9, which parameterize the shear

K K
h = =2 ”1T137 2 = =2 ”2T23 (4-88)
™ ™
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4.3. BIFHYDRODYNAMICS 61

so that 4 4
Th oy, TR (4.89)
S1 S2

With a Minkowski background metric, the linearized coupling equations determining S, 3,
Y13 and 7q3 are simply
5go1 = —ot°tab’,  Sgy3 = ottab?,
g1 = —y6t° ab’®,  6gy3 = yotPab’. (4.90)

With (4.82) and (4.85) the solutions are:

4fyn2T24al~) (dl~7217 — 'yanfb?’V)

_ ! , 4.91
8 —ad + y2n nybbTH Ty (4.91)

ivknoT3b (7m217&52 — vy TPvab(nTya — i@w))

73 = - )
w2 ('yznlnngTQ‘lad - bb) + 2oy TETS (k1 kow? — iTw(koTha + ki Tha))

and similarly for 3 and ;3.
Inserting these into the linearized hydrodynamic equations (4.87) yields equations for v and
U of the form

QAB(W,]C)VB = 0, (492)

where vy = (v,7) and Q4p is a 2 x 2 matrix. The eigenmodes have dispersion relations w(k)
for which the determinant of () vanishes, i.e.

detQ(w(k), k) = 0. (4.93)

The corresponding eigenvectors involve a momentum dependent combination of v and . These
modes are intrinsic to the full system, independent of external perturbations.
The shear-diffusion modes are modes with a dispersion relation of the characteristic form:

wy = —iDk* + O(K?), (4.94)

where the index I labels different solutions. Note that Dy = D;(T,~,v') in general.
We find that the perturbative expansions of the shear diffusion constants D; are given by:

p1 o ymmeT? P Ring T [ng(ky — Kg) +n(9kg — 56y )] 3
Do(T) = onT 7w * (k1 — ko) +00r),
3 2 0 T ) — _
DyT) = 2 _ Yham T 4 e [n1 (K1 — Kg) — na(9K1 — Bky)] + O, (4.95)

ArT T (K1 — Ko)

In the decoupling limit, 4'/47T — 0 (with fixed ), we recover the usual shear diffusion modes
of the individual subsystems.

The propagating mode corresponding to the first diffusion constant D; involves velocity
amplitudes with!

a:(@?ﬁbyﬂ+ow%ﬂ>u (4.96)

Note that the combination of v and # in the propagating mode is k—independent. This is so because each
element in the matrix @ in (4.92) is O(k?) at the leading order on-shell, i.e. when w = —iD, ,k* + - - -.
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62 CHAPTER 4. HYBRID METRIC MODEL

and therefore it is indeed localized mostly in the first subsystem when v7* is small. Similarly,
the other propagating mode has

v=— <(4n2“2~y’f4 + O(WQTS)) 7 (4.97)

K1 — Kg)

and thus is localized mostly in the second subsystem for small 7. For finite 7, both these
modes receive significant contributions from both subsystems (see Fig. 4.19).

The dependence on ' of the perturbative expansions (4.95) start only at third order in
the perturbative expansion — so this dependence is weak at small v7*. We also note that the
perturbation expansion in y7* evidently breaks down when |k, — ky| < YT?, irrespective of the
values of n; and ns.

In the coincidence limit of k| = k9 = Kk, we instead obtain the following perturbative series

K

D(T) = 7 (4.98)
3 277, (2 — 1 2
Dy(T) = 4:7- T /i(:zrl +ny) L2 Tk (ng 7TOan + n3) +O(MATIY,

where one of the diffusion modes turns out to be independent of 47%. The propagating mode
corresponding to this 47 *-independent diffusion constant has

7= (14 500~ nan T+ 0627 v (4.99)

When n; = ny, i.e. when the two subsystems are identical, then the propagating mode is exactly
given by 7 = v (parallel and equal motion within the subsystems). In any case, this mode gets
significant contributions from both subsystems even in the decoupling limit v,~" — 0. The other
propagating mode corresponding to the second diffusion constant Dy, in (4.98) is the following
combination of v and ¥ where

9
v = —% (1 + §(n1 —no)YTH + (’)(’yz,’y'Q)> v. (4.100)
1
When n; = no, this mode is exactly given by v = —7 (anti-parallel and equal motion within the

subsystems). This mode evidently gets significant contributions from both subsystems even in
the decoupling limit v*/47 — 0 (as long as |k, —ky| < 7/*T). The nonperturbative dependence
of o/v on /4T is displayed in Fig. 4.19.

Kubo formula

We now turn our attention to defining the shear viscosity of the full system. We consider
an extrinsic homogeneous time-dependent perturbation, such that the background metric is
perturbed via

v = My + h,ul/(t)v (4101)

with only hy3(¢) # 0. Now we are interested in only the external linear response, as in Sec. 2.2.3.
First, we note that the velocity fields, v and 7, as well as the temperature perturbations in each
sector, vanish at first order in the derivative expansion for homogeneous ~;3 and ;3, as can be
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4.3. BIFHYDRODYNAMICS 63

ny=1,n=1[0.1; k1=1,Kk>=1 ny=1,n>=1|0.1; k4=10,Kk>=1
1.0¢ 1.0¢
N e 0.5- emTTTTIITIIT T ]
[ | 7
w 0.0 w 0.0
-0.5} {1 -05} ]
-1.0t ‘ ! ‘ _1.0l , : :
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
y1/4-|— Y1/4-|—

Figure 4.19: The relation between the velocity amplitudes v and o of the shear eigenmodes
displayed in Fig. 4.20 in the form £ = %arctan(z?/u). A value of £ =0 or £ = £1 (with these
two latter values to be identified) means that the mode is carried only by subsystem 1 or 2,
respectively; & = 0.5 or £ = —0.5 corresponds to exactly equal amplitudes with equal or opposite
phase.

deduced from e.g. (4.87). Thus, the linearized perturbations of the energy momentum tensors
of the individual subsystems are

P m .
ot = *b*i’hg - afbléﬂw +0(87),
5t'% = —57713 - %’%3 + O(atz)- (4.102)

The coupling equations (3.17) will only involve homogeneous perturbations of v;3(¢) and 4;5(¢)
and take the following form:

= € Py - a.
Y13 = hi3 <1 — 2yPyab ++/ <—&22 + 3~2> abg) - 7P23713 + O(0),

B2
s = hos (1= 29Piab o [~ 4350 ) 083 — 7P %5+ 00 4.103
M3 13 yLab +y a2+ 2 )¢ Y 1b7137L (0y)- (4.103)

Solving the above coupling equations, we obtain

(1—27P265+'y’ (—;%Jrs%)al}?’) —yPy & (1—27P1ab+7’ (—%+3%) ab3)

713 = B 2 h13 + O(at)
1-~v2P, P, o ’
(1_27P1“b+7/ (_%+3%>ab3) P ¢ (1—27P2&l3+v’ (—;%+3§—§)a53>
N3 = 1—~2 P, Py 42 his + O(0;). (4.104)
bb

The energy-momentum tensor of the full system including the linearized perturbation is
straightforward to compute from (3.25). We find that it assumes the standard hydrodynamic
form with vanishing velocity and temperature perturbations. Note it is not a priori clear that
even if the individual sector energy-momentum tensors are hydrodynamic, the full energy-
momentum tensor also assumes a hydrodynamic form. This is particularly so because there
are two independent entropy currents. Although in this specific example, the full energy-
momentum tensor does indeed assume a hydrodynamic form, in the following subsection we
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64 CHAPTER 4. HYBRID METRIC MODEL

m=1,m=1/0.1; x;=1,kp=1 _ m=1,m,=1|0.1; x;=10,k=1
1.0 = ‘ ‘ 10 ‘ ‘ ‘
r \\ L
r N,
L \ \\
0.8} s ———
a 06} A
= [ =
K K
¥ 04f ¥
0.2r ] 2|
0.07 L L L 07 L L L L L L L L L I I I T T 7 7 7 7 7
0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 2.0
’}/1/4T ,)11/4"1‘I

Figure 4.20: Shear diffusion constants D,; (blue and orange lines) corresponding to shear
eigenmodes in the hybrid fluid model for different parameters as a function of 4'/47 compared
to the overall (Kubo) shear diffusion constant D (red lines) corresponding to the total shear
viscosity /S = TD. Full and dashed lines correspond to equal numbers of degrees of freedom,
ny = ny = 1, and unequal ones, n; = 1,1y = 1/10, respectively. The left panel has equal values
of individual shear viscosities k; = 47n;/s; = 1, the right panel has k; = 10 so that the first
system corresponds to a more weakly coupled sector.

will find counterexamples. Explicitly,
ST = —Physy — nhys + O(5?) (4.105)

where P is the equilibrium pressure of the full system given by (4.7). We can then read off the
shear viscosity 7 of the full system:

1 ~ € P ~
= bl 1—2vPyab+ /<—~2+3~2)~b?’>
n 1— ')/2P1P2% {771 |:< YLoa Y a2 b2 a

a (e P\ s

- € P,

a = € Y i3
- ’YP1E (1 — 2vPab + ’Y/ (_fLQ + 352) ab >} } (4.106)

Note that the bulk viscosity would play no role in the shear sector or in the response to a
homogeneous hq3(t) perturbation of the background metric.

Given that S of the full system is given by (4.9) we readily obtain the full system 7/S. We
may thus define the Kubo diffusion constant:

N KN+ Koy

b TS~ 4nT (ny + ny)

+0(). (4.107)

In Fig. 4.20 the shear diffusion constants D; in (4.95) corresponding to shear eigenmodes
are compared with the overall diffusion constant D corresponding to the total shear viscosity
1/S = TD for various parameters. The left panel shows the situation for two strongly coupled
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4.3. BIFHYDRODYNAMICS 65

systems with 7n;/s; = 1/4m, whereas the right panel has one sector more weakly coupled. The
dashed lines denote the case where one subsystem, namely &, contributes more to the pressure
(n1 > ngy). We find that D is always between the individual shear diffusion constants Dj.

The shear diffusion constants decrease when the effective coupling, ’yl/ 4T is dialed from
zero. There is a slight nonmonotonic behavior in the crossover region between weak and strong
coupling between the subsystems for the full viscosity. At large coupling all results appear to
saturate at finite values.

Finally, it is worthwhile to note that when solving (4.93), one in fact obtains two additional
eigenmodes which are spurious. These are non-hydrodynamic, i.e. w is finite as we take k to
zero. Furthermore, when k vanishes, these eigenmodes correspond to spontaneous fluctuations
of the effective metric components 7,3 and 4,3 without involving any fluctuation of the velocity
fields or any external background metric fluctuation. This fluctuation is possible due to the
presence of time-derivatives of the effective background metrics in (4.102): these make the
coupling equations (4.90) dynamical in the sense that these are differential equations for ;3 and
13- These spurious modes are also acausal, having positive imaginary parts in the dispersion
relation. This is related to the acausal behavior of first-order hydrodynamics. We can cure this
bad behavior by embedding the first order hydrodynamics of each sector into an Israel-Stewart
framework, kinetic theory or holographic gravity. This will be discussed in detail in the next
section.

To summarize our findings for shear diffusion and specific viscosity:

1. The full system has two shear diffusion modes with diffusion constants D, ; such that
TD,; decrease monotonically with increasing temperature 7 before saturating at finite
values at large T.

2. The overall specific viscosity /S derived using the Kubo formula from the total conserved
energy-momentum tensor is in between the values of 7D, ; with slight nonmonotonic
behavior at the phase transition.

3. When one of the systems has a dominant contribution to the total energy/pressure and
a different specific viscosity, the overall specific shear viscosity is closer to that of the
dominant system.

4.3.2 Bi-hydrodynamic sound mode

We now turn our attention to the sound mode. Owing to the rotational symmetry of the
thermal equilibrium state, we can consistently assume that the velocity fluctuations in both
sectors are longitudinal, i.e., pointing in the same direction as the momentum k. Without loss
of generality, we will take v, ¥ and k to be in the z-direction. The consistent forms of the
effective metrics are (4.81) with the non-vanishing components of ég,,, and g, are

dgo3 = Bei(k'z—wt)a dgoo = —2ada ei(kz_wt),
0911 = 0gay = (2b6b + x)e' "0, Ggg5 = (2b5b — 2x)e! =),
0oz = Be' =70, 6og = —2ada e,
8311 = 0don = (200b + X)e'*7D | §gas = (200b — 23)e'FFD . (4.108)
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66 CHAPTER 4. HYBRID METRIC MODEL

The normalized four-velocity fields are

ut = (1 _ iéae (kz—wt) ,0,0, Vez(kz Wt)>,

a a2
1 . .
" = <& - ?6& elk==wb [0, 0, ﬁe“’““"”) : (4.109)

We may also anticipate that the temperatures also fluctuate from their equilibrium values so

that we also have ' '
6T e Rt and  §TyelF#=wh), (4.110)

The non-vanishing components of the linearized perturbations of the individual hydrodynamic
energy-momentum tensors then turn out to be:

5190 — ( 12 ;1;1 5T1 _9-L (5a> (szwt)j 5193 = ( 5;2/6 + e+ P I/> ei(szwt)’
1 a

ottt = ot = (

1 dPl P1 m i(kz—wt
0T - bgcsz)—bTl 3b2ku+z b4wx>e( ),

1 dP, P P, '
5133 — <b2 dTl OT) — 25300+ 257X z@ky — 9L . X) eilhe=t) (4 111)

and similarly

P ( 1 dey des s, — 225&) gilke=wt) 708 _ ( Py G4 + Py ﬁ> gilkz—wt)
a a

a2 dT, a2h2
1dP. P. P. -
711 _ cp22 L A _ot2ep L2l 215 Up) i(kz—wt)
ot = ot*" = <l~)2 a7, —=0T, 2b3 b 7b4 3b2 kV—i—zb4wx> e ,
1dP. P Py A
33 2 _ 2 T2 o\ i(kz—wt)
ot <b2 dT25T2 253 5b+254x 3b2 oy ) e . (4.112)

The linearized coupling equations take the form:
89 = W7 (nupt%”"nay + %mpf(%‘)”nwﬁ“ﬁ 5%5)
9N/ =7 (npg5fp” + %npgf(e“)’)"éaﬁ 5%5) :
G = 1W=9 (mpét”"nay + %nupt(eq)””naygaﬁ 5%5)
+7/nuy\/jg (npaét’” + ;npat(m)pggaﬂégaﬁ) ) (4.113)

The hydrodynamic equations of motion in the respective effective metrics take the form:

tkav — iw (651 + 35b> =0,

S1 b
ikai — iw (582+35~b>: ,
S9 b
. (6T,  da (B v 4.5 m m X
/7 (s W) RN (REANIL A I 2ok _
! <T1 * a) Zw<a2+ a +3 61+P1V+ e, + Py ab? ’
(0T, da\ . (B 0b*\ 4, m X
kE(|—+—]— — —k 2wk =0. (4.114
’ <T2 * a) M(a2+ R R L ey (4-114)
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4.3. BIFHYDRODYNAMICS 67

To find the eigenmodes, we first solve (4.113) for da, da, db, &b, X, %, B and S in terms of the
physical dynamical hydrodynamic variables 77, 615, v and . Subsituting in that solution into
(4.114) leaves us with four equations for four variables, v, 7, §77 and §T5. We can represent
this, like in the previous discussion of the shear sector, via

Qap(w, k)vp =0, (4.115)

where vy = (v, 0,01, 0T,) and Q 45 is a 4 x4 matrix. The dispersion relations of the eigenmodes
are obtained by requiring that the determinant of @ vanishes, just as in the shear sector.

First off, it is useful to examine the simplest case: two identical perfect fluids, i.e. when the
subsystems have the same number of degrees of freedom n; = ny and vanishing shear viscosity,
n1 = 19 = 0. Furthermore, the individual energy momentum tensors and effective metrics are
identical. Then the eigenmodes can be obtained from

tkav —iw (651 +35b> =0,
S1 b
B (5T1 6& 3 B ]/b2 .
ik (T’l + a) —w <CL2 + CL) =0. (4116)

Remember that the full thermal equilibrium solution is parametrized by the temperature
T. We can vary (4.4) to arrive at

with da = éa = (da(T)/dT)ST, b= 6b = (db(T)/dT)ST and 6T, = 6T, = (AT, (T)/dT)6T.

We can now perturb the full energy momentum tensor by an infinitesimal velocity v in the
z-direction and an infinitesimal temperature fluctuation, such that the non-zero components of
the energy momentum tensor are

d€ dP
TV =+ 0T, TH=T2=T7T%= —6T, T® = : 4.11
&+ a7 T, P+ a7 T, (E+ P ( 8)
The conservation of the full energy-momentum tensor in flat space yields the linearized Euler
equations:
0S 4]
tkv — iwg =0, zk:77: —dwv = 0. (4.119)

The diagonal components of the fluctuations can always be mapped to a change in 67 even if
the systems are not identical. If we solve 8 and 3 in terms of v and 7 using the off-diagonal 03-
component of the coupling equations, and then compute the off-diagonal 03-component of the
full energy-momentum tensor, we can always define the v of the full system as an appropriate
linear combination of v and 7 by demanding the form (4.118) of the full energy-momentum
tensor.

We now focus on the off-diagonal component T9. Specifically, we observe from (4.118) that

6T = 0T% = (€ + P)v, 6Ty = —(€ + P)v. (4.120)

With our assumptions for the effective metric and the perfect fluid forms of the energy-momentum
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68 CHAPTER 4. HYBRID METRIC MODEL

tensor, we find

03 _ 5703 _
6% = 51% = s f+ S,
5t03 = (5t03 = *(61 + Pl)l/a,
0 - v? 1
ot 3 = ot 3 = (61 + Pl) ;I/ + ?ﬂ . (4121)

From (4.118), any consistent coupling equations should lead to
6Ty3 = 2ab®6t,®, 6T% = 2ab®6tYs. (4.122)

Furthermore thermodynamic identities for any consistent coupling ensure that £+P = 2ab(e; +
Py). Therefore it follows from (4.120), (4.121) and (4.122) that any consistent coupling equation
should imply

b? 1

—v+ 5B =va=v. (4.123)

a a

The coupling equations always ensure that conservation of the individual energy-momen-
tum tensor in the individual effective metric leads to conservation of the full energy-momentum
tensor in flat space.

We can show that the eigenmode of the full system corresponds to the thermodynamic sound
of the full system. To do this, we need to show that the Euler equations of the full energy-
momentum tensor in flat space will lead to the individual Euler equations being satisfied in the
individual effective metrics. We will need identical systems with identical energy-momentum
tensors living in identical effective metrics. Otherwise the number of conservation equations of
the full system are outnumbered by the individual conservation equations. At the linearized
level, we need to show that (4.119) implies (4.116).

We note that thermodynamic variation ensures that 6S/S = 28s,/s; +30b/b since S = 2s,b>
in the case of identical systems. Similarly, 67 /T = §1}/11+0da/a since T = Tja. It is then easy
to see that (4.119) implies (4.116) because of the two relations in (4.123) which follows from
consistent coupling equations. We then conclude that for any consistent coupling between two
identical systems with identical effective metric solutions at equilibrium, the thermodynamic
sound will correspond to one of the eigenmodes at the leading order in the derivative expansion.
In this mode, the velocity fields in the two identical systems are parallel to each other so that
U=uv.

Even for identical perfect fluid systems there is another eigenmode where d7] # 615 and
v # . In this mode, the velocity fields are anti-parallel to each other so that o = —v.
Most importantly, the thermodynamic relation 67 = §(Tya) = §(Ta) is not satisfied by the
fluctuations. This mode does not travel at the speed of thermodynamic sound. When n; # no,
it turns out that neither of the two eigenmodes does; in this case the thermodynamically defined
speed of sound is in between the velocities of the eigenmodes.

When the two systems are identical and we consider the eigenmode which at leading order
propagates at the speed of full system thermodynamic sound, we find that we cannot map
the first-order (identical) hydrodynamic fluctuations of the individual systems to that of a
hydrodynamic form for the full system. To see this, we may repeat the steps of the above
argument with y = x # 0 and n; = 1, # 0 and find that for generic 7; the modified form of
(4.123) does not imply that we can obtain (4.116) with first-order corrections from the first-order
correction of (4.119) (linearized Navier-Stokes equation in flat space).
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Figure 4.21: Sound modes and their attenuation coeflicients for equal and unequal conformal
systems, same k = 1 (corresponding to 7;/s; = 1/4m), with the slower mode a plotted in blue,
and the faster mode b plotted in orange. The black line represents the thermodynamic speed
of sound and associated attenuation coefficient from the Kubo formula. The green dashed line
shows the light-cone velocities squared of the two subsystems (in the case of ny = 1/10 only >
is in plot region). In the case n; = ny the lines for cib meet and could be continued smoothly
by switching the designation; however for any n; # ny we have ¢, > ¢, at nonzero v*/47. The
discontinuous behavior of the damping rates I';; for n; = ny is in fact the limit of smooth
curves as n; — ng from different starting values.
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70 CHAPTER 4. HYBRID METRIC MODEL

The dispersion relations of the eigenmodes have the same characteristic sound-like form,
W(ap) = Eapk — L apk® + O(K?). (4.124)

The perturbative expansions of the speed of sound modes and their respective attenuation
coefficients are given by

1
¢, = %(1 — 2y + )y T — 48mn97°T®) + O(7%),
K1M1 + Koo n1No(9K1Ny — KoMy — KNy + IKaNg) 3 2
= - T°+0O ,
@ 67TT(711 + TLQ) 37T(7’Ll + n2)2 v (7 )

1

cp = %(1 — 8n1n2727'8> + (’)(’y?’),
Komny + K{Mgy (nqy —ny) (2/4;271% + Tnyng(ky — Kg) — Zmln%) 3 9

r - _ T3+ 0(H?), (4125

b 67T (nq + ngy) 3m(ny + ngy)? 7 ) ( )

with the dependence on r = —'/~ showing up only in the higher-order terms.

For equal partial pressures, n; = ng, the dependence of the sound attenuation coefficients
on ky and ko simplifies: both I', and T’ are proportional to (K + ko) to all orders in /AT
Moreover, the attenuation coefficient of the faster mode, I'y, (which coincides with the thermo-
dynamically defined speed of sound (4.35)) becomes independent of the coupling v/47.

Mode a has velocity and temperature fluctuation fields with perturbative expansions

21
p="t (1 + 5 (ng =T+ 0,72, k)) v,
Uy 2
— T 4 2 12
Ty =+ (14207 T" + 00,72 B)) v,
0Ty = cmT (1 41 (21ny — 17n)) AT 4+ O(1%, 72, k)) v. (4.126)
o \/§ 2

and mode b similarly has

v=- (1 — %(nl — YT+ O(v*, 72, k)) v,

0T, = :I:\7/-g (1 + 20T + O(52, 42, k)) v,
6T, = q:l (1 + 1 (ny + 3n) YT + O, ~2, k)) v. (4.127)
V3 2
Above, the + sign refers to the case when the mode is propagating parallel to the momentum
k and — sign refers to the case of opposite propagation. For equal partial pressures, n; = ng,
mode a and b have 7 = v and ¥ = —v, respectively, to all orders.

It is instructive to compare the attenuation coefficients of the two modes with the full system
attenuation coefficient. The sound dispersion for a hydrodynamic system in flat space is given
by

w = tck — il k? + O(K3), (4.128)

where ¢, is the speed of thermodynamic sound and I'y = (2/3)(n/TS) is the attenuation coeffi-
cient. The shear viscosity, 1, for the system was computed in (4.106). Interestingly, none of the
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Figure 4.22: Attenuation coefficients I, j, of the sound eigenmodes (slower mode a in blue, faster
mode b in orange) for unequal conformal systems with different x. The black line gives the Kubo
formula result for sound attenuation.

propagating modes attenuates in the expected hydrodynamic way, even when one mode travels
at the speed of thermodynamic sound, as is the case for identical subsystems.

The nonperturbative results for the speeds and attenuations of the propagating modes in the
sound channel have been plotted in Fig. 4.21 and 4.22, respectively. Two cases are considered,
one where both fluids are strongly coupled and the other, where one is more weakly coupled
than the other. Furthermore, the hydrodynamic sound attenuation I'y of the full system is
included for comparison. We find that for equal partial pressures, n; = ng, the value of ¢,
coincide for two points: at the decoupling limit v*/47 = 0 and one finite value of /47 For
unequal partial pressures, ny; # ng, the crossing at the latter point is lifted, such that mode b
is always faster than mode a for v/47 > 0. A cusp in Cqp develops in the limit ny — ny, while
Iy, becomes discontinous. As we deduced previously from the perturbative series, for equal
partial pressures, max(I',,I';) is a constant independent of AYAT and the results for the two
modes could all be connected smoothly.

Fig. 4.23 displays ¢/v for the corresponding sound eigenmodes as well as the associated
(adiabatic) fluctuations of the total entropy density S#=C. The discontinuities at n; = n, are
spurious and only arise when taking the limit n; — nq starting from n; # n,.

In summary, our findings for the sound sector are:

1. The thermodynamic speed of sound of the full system, c,, is always between the velocities
of the two sound modes ¢, and ¢y, that is ¢, < ¢, < ¢, and coincides exactly with one of
the modes for n; = nsy.

2. At high temperatures, ¢, and ¢, approach 1/ V/3 due to emergent conformality.

3. At temperatures above the crossover from weak to strong inter-system coupling, the ve-
locity of the faster mode (b) quickly approaches the thermodynamically defined speed of
sound.

4. Near the crossover temperature, the velocity fields of the two modes change their phase
with v (or 7) vanishing at a certain value of v'/47 for mode a (or b). Mode a has out-
of-phase oscillations for large v/4T with decreasing total entropy fluctuations 6S#=° and
speed slower than the thermodynamic speed of sound.
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Figure 4.23: Left panel: the relation between the velocity amplitudes v and © of the sound
eigenmodes displayed in Fig. 4.20 in the form £ = % arctan(7/v). Right panel: the corresponding
fluctuation amplitude of the total entropy density, 6S = §S*=0, divided by vT>. Mode a and b
are given in blue and orange, respectively, with full and dashed lines representing n; = ny = 1
and n; = 1,ny = 1/10. The divergence of 6S/(7T3v) of mode a at one value of /4T is due to

a zero of v (corresponding to |£,| = 1); here a velocity field is present only in subsystem 2.

5. While ¢, and ¢, can become larger than the effective light-cone speeds v, ¥, the velocity of
the slower mode, ¢,, remains smaller than v, 9. This mode thus lies within both effective
light cones.

6. The value of the attenuation coefficient obtained from the Kubo formula is between that
of the sound modes for large /47"

7. While the dependence of the attenuation coefficients on v*/47 is in general complicated,
at temperatures sufficiently above the crossover region the slower “non-acoustic” sound
mode is always the more weakly damped one.

8. The coupling studied in our setup provides no pure damping modes, i.e. the imaginary
part of the speed of sound vanishes as k — 0. This reflects the fact, that this interaction
is not sufficient to equilibrate the two subsystems, e.g. in a homogeneous configuration
with subsystems at unequal temperatures.

4.4 Coupling a kinetic sector to a strongly coupled fluid

We now turn our attention to coupling a kinetic theory to a hydrodynamic sector in this
section. We do this to obtain a qualitative understanding of a coupled system of weakly inter-
acting and strongly interacting degrees of freedom. The system we have in mind is comprised of
a subsystem &1, a gas of massless particles (gluons) described by kinetic theory, and subsystem
G,, a strongly interacting holographic gauge theory described by dual gravitational perturba-
tions of a black hole, which are coupled via the mutual effective metric coupling. Using the
fluid/gravity correspondence [70], we may further simplify gravitational dynamics to that of
a fluid with a low value of /s if we are interested in the long time dynamics. Due to the
appearance of spurious modes and associated acausalities we will need to embed first-order
hydrodynamics in a more complete description, i.e. in an Israel-Stewart framework with an
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4.4. COUPLING A KINETIC SECTOR TO A STRONGLY COUPLED FLUID 73

extremely small relaxation time. In the future we plan to do a more complete calculation by
involving the relaxation dynamics of the strongly coupled sector as described holographically
via quasi-normal mode perturbations of a black brane.

It is useful to revisit some of the discussion regarding kinetic theory in curved spacetime
from Sec. 2.3. We will follow the discussion found in Refs. [89,116]. Ignoring for simplicity
effects of quantum statistics and thermal corrections, the thermal equilibrium of the weakly
coupled and dilute kinetic sector is described by a Maxwell-Jiittner distribution

folp") = nge? /1, (4.129)

where we have assumed that the distribution function is homogeneous and isotropic. Further-
more, we need to provide a mass-shell condition. We are interested in describing massless
gluons, so we can determine p° via

p'p”g,, = 0. (4.130)

We now define

p= \/pﬂ + pv2 + p?2, (4.131)

so that we can determine using (4.1) that
P =p—. (4.132)
Recalling from (4.2) that the four-velocity is u,, = (—a,0,0,0), leads us to
fo(p') = noe P/ (4.133)

We are left to determine the normalization constant of the distribution function, ngy. Recall
that the energy-momentum tensor corresponding to a quasi-particle distribution f is given
by (2.51) with py = go,p" satisfying the mass-shell condition, i.e. py = —a’pY.  As before,
v/—g = ab3. The equilibrium conformal energy-momentum tensor then takes our previously
assumed form (4.2):

v (3T T T g T
th = diag ( poa R v T e el (4.134)
where n is our previously introduced (theory-dependent) parameter if we identify
ng = nym. (4.135)

Therefore, to make contact with the previous sections, we will set ny to nym2.

For convenience, we use spherical coordinates for the components of the momenta, so that

p* = psin 6 cos ¢,
pY = psinfsin ¢
p° = pcosh. (4.136)

A linearized fluctuation of the quasi-particle distribution about equilibrium can be written as:

f(p, 97 ¢7 xia t) = nlﬂ-Qe_pb/Tl + 6f(pa ‘9’ ¢7 xiv t) (4137)
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74 CHAPTER 4. HYBRID METRIC MODEL

For computational purposes, it is useful to split the linear term ¢ f into two parts, one con-
tribtuting to the dissipation and one not, each having a specific momentum k and a specific
frequency w component, according to

0 (0,0, 6,07 t) = (8D (p,0,0) + Af (p, 0, 9)) >0, (4.138)

The term § (€9 can be defined uniquely such that it produces a perturbation 5t (€D in the
energy-momentum tensor that is of a perfect fluid form. Only the term Af will contribute to
the dissipation. If dg,, is the self-consistent effective metric fluctuation in the kinetic theory,
then in the relaxation time approximation df obeys the linearized Boltzmann equation, also
known as the Anderson-Wittig equation:

i By 9
p p°p a
Pg)of—ori PP 9 o OA 41
<8t+poaz> 5f 0 By po 8p1f0 T fa ( 39)

where 6I‘gﬁ is the linearized Levi-Civita connection obtained from dg,,. Note that p° also
receives a corresponding linear contribution, such that the mass-shell condition is satisfied.
Furthermore, in a conformal theory 7 should be proportional to T 1 and we may parametrize

551

4.140
47TT1 ( )

(1Y) =

where k is a dimensionless constant, which will be eventually identified with 477, /s, as before.
Furthermore, we will embed the strongly coupled fluid into an Israel-Stewart framework,

where the relaxation time is set to
H(Ty) 5\
T = )
27 4nT,

In order to isolate the strongly coupled fluid from the relaxation dynamics, we will take A very
small, such that 7 is small. Unlike the kinetic sector where 7 determines the shear viscosity
(this can be seen via consistent reduction to hydrodynamics), note that 7 is an independent
parameter which only affects second-order hydrodynamics.

(4.141)

4.4.1 Branch cut in response functions of the kinetic sector

We can show that an infinite number of quasi-particle distribution fluctuations decouple from
the strongly coupled sector in the sense that all perturbed observables will get contributions
purely from the kinetic sector. For instance, it is easy to see that fluctuations of the form

0f = F(p)G(0, p)e >, with  G(0,¢) = Hy() cos(ne) + Hy(0) sin(ng)
and n >3 (4.142)

have vanishing fluctuations of the energy-momentum tensor

ot oc/ p“p”éf (x,p,t) =0. (4.143)

Also, if all the perturbations in the strongly coupled fluid are set to zero, we can then self-
consistently assume that the coupling equations yield

89y = 0G0 = 0. (4.144)
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Figure 4.24: Analytic structure of the response function in the kinetic sector. The branch
cut arising from (4.146) is given by the thick black line. The pole corresponding to the pure
damping mode (4.166), which lies on the second Riemann sheet, is indicated by the cross in
violet.

In this case we have §f = Af and the linearized Anderson-Wittig equation (4.139) reduces to

a a
B T — 4.14
(w p +zT) d0f =0, (4.145)

where n! = p’/p and 7 is the relaxation time in the kinetic sector as defined in (4.140). Choosing
without loss of generality k along the z-direction we obtain

w= %l-@ cos 6 — iT(%) = vk cosf — é7'(17')’ (4.146)

where we have used that Tja = T at equilibrium with 7 being the physical temperature of the
full system. The above dispersion relation is summarized in Fig. 4.24. There is a branch cut in
the response function that stretches in the lower half of the complex w plane horizontally from
—(a/b)k—i/7(T) to (a/b)k—i/7(T). Physically, the factor of v = a/b is the effective equilibrium
light-cone velocity, which reflects that the massless gluons propagate along this effective light
cone. The imaginary part turns out to receive no correction when expressed in terms of the full
system temperature 7.

4.4.2 Poles in response functions of the kinetic sector

We now consider quasi-particle distribution fluctuations which are dissipative. As in Sec.
4.3, we can split the propagating modes of the full theory into shear, sound, and tensor channels.
Again, we will focus our attention particularly on the shear and sound channels — the tensor
channel has no hydrodynamic mode. In order to characterize it properly, we would require to
embed the strongly coupled fluid into gravity, which is beyond the scope of this thesis.

We find that some of the propagating modes in both the shear and sound channels are
identical to the case of the conformal bi-hydrodynamics. This is not surprising, as both the
kinetic and Israel-Stewart sectors can be consistently truncated to conformal hydrodynamics
individually. In particular, we will see that with the parametrization (4.140) of the kinetic
relaxation time, we get exactly the same results as before, when we identify x; with 4mn,/s;.
Reproducing the results from bi-hydrodynamics provides a consistency check of our calculations.
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76 CHAPTER 4. HYBRID METRIC MODEL

In addition to the bi-hydrodynamic modes detailed in the previous section, there are two
other non-hydrodynamic propagating modes in the full system in both the shear and sound
channel. These contribute poles in the response function. We find that one of these modes is
continuously connected to the damping in the kinetic sector as we switch off the effective metric
coupling. This is particularly worthy of attention since in the case of the hydrodynamic sector,
Israel-Stewart dynamics has been used simply as a tool for consistent embedding hydrodynam-
ics and not for capturing actual relaxation dynamics. We will see that if the Israel-Stewart
relaxation time is set to zero by taking A — 0 limit, the other damping mode has a smooth
limit that captures the effective metric interactions of the kinetic sector with a strongly coupled
fluid. Furthermore, if we take k — 0 limit, there is no way to distinguish the shear and sound
channels owing to rotational symmetry of the equilibrium. Thus, we find that the damping
coefficient of the full system will then be the same in both shear and sound channels. This
provides a consistency check of our calculations.

Let us first focus on the shear channel. The effective metric fluctuations of the two sectors
will be given by (4.81) and (4.82). In the kinetic sector, the local mass-shell condition (4.130)
will imply that at the linearized level:

b
P.0.6,20 = 245 (p.0.0.2,1),

6p°(p,0,0,2,t) = p (52 + % coS 9) sin@cosqﬁei(sz“’t). (4.147)

Recall that the four velocity has a self-consistent fluctuation of u# = (1/a, ve’**=%% 0,0) and
that there is no fluctuation in the temperature in the shear channel. Furthermore, we obtain:

puult = —pb + %(1/63 — 713 cos 0) sin 6 cos ¢ e'FFwt) (4.148)
The linearized fluctuation of the quasi-particle distribution function takes the form (4.138) with
k in the z-direction and we find

_pb
5fCD(p,0,¢)=e T %( b? — 15 cos ) sin 6 cos ¢. (4.149)
1
We compute & f(¢9 by considering the fluctuation in puu! since the local equilibrium distribution
by definition takes the form n;m2e P+**/Ti Note that 6 (9 indeed reproduces the fluctuation
in the energy-momentum tensor which takes a perfect fluid form.
The linearized Boltzmann equation (4.139) can then be explicitly solved to obtain:

psinfcos ¢ (—(8 + vab?)bw + (kva®b? — ay3w) cos )

Af(p797¢):f0 Tlab(—W'i‘k%COSQ_i%)

(4.150)

In the kinetic sector, the energy-momentum tensor (2.51) assumes the linearized form

, .. (e P PP ,
£ :dlag(a;,b;,b;,b;>+5t“, €, = 3P, = 3n, 17, (4.151)

with the non-vanishing components of §t:

2
501 — P+ (1;;2‘ €1)vab gilbe=wt) 5113 (_Plb’Xw n 7T13> gilkz—wt) (4.152)
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4.4. COUPLING A KINETIC SECTOR TO A STRONGLY COUPLED FLUID 7

where

o0 i 2m
T3 = #/_ dp/0 d9/0 de p3b® cosfsin®fcos g Af(p,0,0). (4.153)

Comparing (4.152) with (4.85), we see that the perfect fluid parts of the energy-momentum
tensor perturbation match perfectly. The dissipative contribution in (4.152) originates from A f
and is given by 3. Using the solution (4.150) for Af in (4.153) we find that:

2n, T

T3 = i (fylgw(ia + 7w) + k(—iva®b? + 67(«1)) (4.154)

(2k:3a373 + 3kab’1(a — iTw)?

kat
3(iab + brw)(—k*a’7” + (iab + brw)? th<>.
+3(iab + brw)(—k“a“1° 4 (iab + brw)*)arctan P

In order to obtain the hydrodynamic limit, we need to expand the right hand side above for
small 7, which yields
,4n1T147'
T3 = —1 1
5ab
From the above expansion, it is clear that the expansion in 7 is essentially the derivative expan-
sion. Substituting the above form of 73 in (4.152) and comparing again with the hydrodynamic
form (4.85), we find a perfect match, if we identify

(kvab2 — fylgw) + O(72). (4.155)

4y Tir

4.156
1T (4.156)

m =
ie. ny /sy =Ty7/5 and Ky = 47n; /s, as we have claimed.
The energy-momentum conservation equation with 0t*” given by (4.152) and the metric
perturbation given by (4.82) amounts to:

YVt = 8,6t" + T 0 [09,, )t 1 + T, [6g,, 1t =0
= (e1 + P))(B + vab®)w — ka®b*my3 = 0. (4.157)

It is straightforward to check that the above reduces to the standard hydrodynamic equation
(4.87) when 75 is approximated by (4.155). We can regard (4.154) and (4.157) as dynamical
equations for 73 and v.

One can explicitly check that the conservation equation (4.157) is equivalent to the linearized
version of the matching condition

w, (7 — D) = 0, (4.158)

in which the projected energy-momentum tensor obtained from the full quasi-particle distribu-
tion f should agree with that obtained from f(¢9. In fact, this matching condition is necessary
to ensure energy-momentum conservation. At the level of linearized shear-sector fluctuation,
the matching condition reduces to

PP
AtV = o 3/ dp/ dé dcb —bsm 20 cosp Af(p,0,¢) =0. (4.159)

Explicitly, we can check that if we use At%! = 0 with the on-shell form of Af given by (4.150)
and the equation of motion (4.154) for w3 to solve for the variables v and 73, we find that
indeed the energy momentum tensor (4.157) is conserved.
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78 CHAPTER 4. HYBRID METRIC MODEL

Embedding the holographic conformal fluid (with e, = 3P, = 3n,Ty as in the previous
subsection) in the Israel-Stewart framework we obtain:

PG+ (P, vab)? Py :
5%01 — 26 + ( %2‘;;‘262)(7/&[7) ez(kz—wt)’ 5%13 _ (26’113 + ﬁ13) ez(kz—wt)' (4160)
a

The linearized Israel-Stewart equation of motion of 75 is:
(—ibFw + (ab)")7y3 — ingFraw — iknyab® = 0. (4.161)

The conservation of energy-momentum tensor is similar to that of the kinetic sector in (4.157):

(€3 + Py) (B 4 vab®)w — ka’b*7y3 = 0. (4.162)

The equations (4.161) and (4.162) are the equations of motion for 713 and 7. Recall that the
hydrodynamic limit is reproduced for small 7.
We once again parametrize:

n2f2 s, (4.163)

N =

Later, we will take the limit A — 0 in which 7 (4.141) vanishes.

We now repeat the steps in the previous subsection. First, we use the coupling equations
(4.90) to solve for 3, B, ~13 and ;3 in terms of the physical variables v, 7, my3 and 713. Next,
we substitute these solutions for 3, 3, 715 and ;3 in the dynamical equations, namely (4.154),
(4.157), (4.161) and (4.162) to obtain the 4 x 4 matrix equations:

Qap(w,k)Ap =0 (4.164)

where A = (v,m3,7,73). Finally, we obtain the eigenmodes w(k) by solving det Q = 0 at
each k.

There are four propagating modes for each k£ as discussed earlier. Two of these exactly
reproduce the bi-hydro shear-like eigenmodes obtained earlier with diffusion constants D, and
Dy. This serves as a consistency check.

Additionally, there are two relaxation eigenmodes. One of these eigenmodes is related to the
Israel-Stewart relaxation mode. Its damping constant becomes large for small A and therefore
can be decoupled. The corresponding propagating mode in this limit is localized mostly in the
Israel-Stewart sector and involves the following combination of w3 and 7;3 where

T3 = <4§1’Y7-4 + 0(727-8)) 13 (4.165)

when 7% is small.
The damping constant of the other relaxation mode remains finite. It is of the form

w(k) = —i [Ty + O(k?)] (4.166)

with perturbative expansion in the limit A — 0 according to

47TT 1671'711712(5/4:1 — 4:‘?2) 2 3
Iy = @) . 4.167
0 S T 12502 YT+ 0(7?) (4.167)

This is interesting because the Anderson-Witting kinetic theory does not have a non-hydrodynamic
pole — the mutual metric coupling evidently causes a pole to be generated from the branch cut
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Figure 4.25: Pure damping modes (identical in shear sector and sound sector). Left panel:
damping constant I'y that remains finite when A — 0; right panel: damping constant I'; of
the Israel-Stewart relaxational mode which is large for small A (however, A cannot be made
arbitrarily small at large vY/47, see text).

discussed above (for Y74 — 0 it coincides with the cut). This pole is farther from the real
axis than the cut when k; > kg, i.e. when the kinetic sector is more weakly coupled than the
second sector described by pure hydrodynamics. The corresponding propagating mode involves
the following combination of 73 and 713 where

4
T3 = (75%,24:277‘4 + 0(7278)> 135 (4.168)

so that it is mostly localized in the kinetic sector as expected in the limit of small v7.

Interestingly, when 5x; = 4kq all corrections to I'g/7 vanish and we find that T'y/7 =
47 /5k1, as the perturbation series (4.167) indicates. However, in this case the A — 0 limit
becomes sick because the other mode becomes unstable. This is consistent with the expectation
that the non-kinetic sector should have a lower /s as it is more strongly coupled.

Furthermore, the departure of I'y/7 from its decoupling limit value 47 /5k; in the full
calculation is found to be very small for any value of v/4T (see the left panel of Fig. 4.25).
The damping constant I'; of the Israel-Stewart relaxational mode is evaluated in the right panel
which is indeed large for all ¥'/47 for the small value of A chosen. However, it turns out that
one cannot take the limit A — 0 for large v*/47, since T'; diverges at a certain value of v/47
beyond which it turns negative, corresponding to an instability. One thus has to keep A finite
in order to decouple this mode.

Repeating the same calculation in the sound channel, we find that we indeed reproduce the
bi-hydro sound sector modes and the same damping coefficient I'y,.

A remarkable outcome from our calculations is that non-hydrodynamic observables turn out
to receive mild or no non-perturbative corrections even when the hydrodynamic sector receives
large qualitative and quantitative modifications.
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Chapter 5

Time evolution of a toy
semiholographic glasma

In the present chapter, we describe a toy model of glasma, semiholographically coupled
to a black hole via a scalar operator. In Sec. 5.1, we will first describe the setup in general,
discussing the details of coupling an arbitrary dimensional semiholographic scalar coupling
between classical Yang-Mills and a black hole, before moving on in Sec. 5.1.1 and 5.1.2 to detail
the specifics of the model that we consider. In order to simplify the simulation presented in
this chapter, we will model the hard sector by a classical Yang-Mills theory in 2 4+ 1 dimensions
and the soft sector by a gravitational theory in 3 + 1 dimensions (although the field theoretic
dual in this case is unknown). We are confident that the qualitative behavior of the system will
not change in a 34+ 1 dimensional spacetime. In Sec. 5.3, we demonstrate that energy is indeed
transferred from the hard sector to the soft sector via this coupling.

This chapter is based on [37].

5.1 Scalar coupling between Y M and AdS

As mentioned above, we model the hard degrees of freedom by a classical Yang-Mills theory.
This is in agreement with the CGC and glasma description of the early stages of the QGP
[117,118]. We extend the glasma picture by including soft degrees of freedom by including
a holographic description. Practically speaking, we replace non-perturbative QCD by N = 4
super Yang-Mills theory, which at infinite coupling and a large number of colors allows for a
dual description in terms of classical supergravity.

In this discussion, the number of spacetime dimensions d will be kept arbitrary, before we
specify the dimension in the next section. The interaction between the hard and soft sectors is
established by deforming each of the sectors with gauge independent single trace operators of
the respective other.

The (coarse-grained) operators at our disposal in the effective description of the soft sector
are the energy momentum tensor 7#” the glueball density operator H, and the Pontryagin
density A, as discussed in [33]. In the present chapter, we will restrict ourselves to the coupling
of the scalar operator H only. This is obtained from the generating functional, W, by varying
with respect to the source, h, e.g.

1 SW)
81
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82 CHAPTER 5. TIME EVOLUTION OF A TOY SEMIHOLOGRAPHIC GLASMA

where g,,,, is the metric of the spacetime. In this context, the background metric g, serves as
a computational device and will be set to the Minkowski metric 7, eventually. Note that a
non-trivial choice for the source corresponds to a marginal deformation of the theory.

Starting from the classical Yang-Mills action, we can also easily deform the hard sector with
a scalar operator by adding a source term

Sym = — x\/jg(l + X(:U)) FSVFauyv (52)

with the Yang-Mills coupling constant gyvy; and a is an SU(N) color index running from 1 to
N. The non-Abelian field strength in terms of the gauge field is given by F},, = 9,4, — 9,4, —
i[A,, A,]. Some observations are in order. First, we notice that this deformation amounts to
locally rescaling the Yang-Mills coupling constant gvy;. Second, a calculation of the reponse

analogous to (5.1) yields
=— F} F*, 5.3
V=9 0x dgon M (5:3)
In the next step, as outlined in Chapter 3, we bring the two deformed sectors into contact by
simply adding Syn[A,,, x] and W[h] supplemented with an interaction term for the two scalar

deformations

d
S = / d?z/=g (1 + x(x)) Fa, F*" + W[h] — Qs / d?z/—ghx. (5.4)
4gYM B

The saturation scale ), appears for dimensional reasons and is accompanied by a phenomeno-
logical dimensionless free parameter 3, which allows for the tuning of the interaction between
the two sectors.

Inspecting (5.4) immediately reveals that the two scalar fields, H and h, are non-dynamical,
i.e. auxiliary fields. Computing their equations of motion yields

B8 B
10l Qi

which indeed connects the deformations of each sector to gauge independent single trace oper-
ators of the respective other sector. After integrating out H and h the action becomes

p
- 4Qd%y

This form of the action is discussed in general, including the tensor and pseudoscalar coupling
channels in [33].

Let us now turn to the equations for the dynamical degrees of freedom: the gauge field A4,
and the expectation value H. The equation of motion arising from the variation w.r.t. the gauge

field reads
D, [(1 4 Bd?-[) F“““] —0, (5.7)
Qs

where the gauge covariant derivative is D, = V, —iA}jT® with V, denoting the Levi-Civita
connection of the background metric g,,,, .

For calculating H we employ the holographic dictionary, which maps the generating func-
tional W to the (d+ 1) dimensional classical on-shell supergravity action and operators to fields
in the gravity theory satisfying asymptotically AdS boundary conditions. The relevant terms

h=——o FO,FW, = (5.5)

S=— I Fo | (5.6)

o/ —gF, FM + W
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5.1. SCALAR COUPLING BETWEEN Y M AND ADS 83

of the action for our purposes are given by the Einstein—Hilbert action with a cosmological
constant coupled to a massless Klein-Gordon scalar field

1 1
‘%M:QK/&”%M—G(R—ZA—QW%P), (5.8)
where £ = 871G, the cosmological constant is A = —% and we set the AdS radius L = 1.
The bulk equations of motion arising from (5.8) are
GYNV VN =0,
1 1
Ryn = 5RGun = AGyy = 5(Vi¢Vné = 5Gun(Ve)?). (5.9)

In Fefferman-Graham coordinates, where p = 0 denotes the location of the conformal bound-
ary of the (d+1) dimensional spacetime, the metric and the scalar field have the following
asymptotic expansions [119]:

1
G = (900 + -+ 0" gty + O 10g(p)) ) (5.10)
& =)+ ...+ p" by + O(p** log(p)), (5.11)

from which we can read off the expectation values
d
7;11/ = Eg(d)uu + X,uw (512)

d
H= ;¢(d) + ¥y, (5.13)

where X, and t(g) are local functionals of the boundary sources. The leading coefficient in
the metric expansion is fixed by the background metric, i.e. g()u, = g,,- The non-normalizable
mode of the scalar field ¢ is dual to the source in the generating functional W, which in our
setup is related to the Lagrange density of the classical Yang-Mills sector

¢@:——£—4mWW. (5.14)

4Q4g5\;
We conclude this section by briefly discussing the energy momentum tensor of our semiholo-
graphic model

T = 5y + T +thy (5.15)
1 1

= 2<1+/2H>(FWUW1—¢WEwFWQ4¥PW—hH¢W. (5.16)
9ym QS 4

Each of the three contributions is obtained by the variation of the corresponding term in (5.4)
with respect to g,, and employing Eqs. (5.5). We will refer to ¢k, as the Yang-Mills energy
momentum tensor, 7#” as the holographic energy momentum tensor (computed in (5.12)) and
tt as the interaction energy momentum tensor. Note that this expression defines the interaction
energy in a different way than in [33], where the terms in t{;; proportional to H were assigned to
the interaction energy momentum tensor. The assignment of the contributions to the different
sectors is somewhat arbitrary. The advantage of the above form is that tf; only consists of the
deformation terms, which in our case are the two simplest gauge independent single trace scalar

operators.
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84 CHAPTER 5. TIME EVOLUTION OF A TOY SEMIHOLOGRAPHIC GLASMA

The conservation of the energy momentum tensor V, 7" = 0 is implied by separate Ward
identities in the respective sectors of our model

vV, T = Hh, (5.17)
v QF ) B
Vutva = 5 —2ho <1+Qd”H) (5.18)

The sum of the terms on the right hand side is precisely —V ,ti¢. Furthermore, we also want
to mention the trace anomalies of the individual sectors, which read

G TH = (d—A)Hh+ A, (5.19)
” B d
gt = (d—4) <1 + Qﬂ) < (5.20)

where A denotes the holographic conformal anomaly, which is a local functional of the boundary
sources and vanishes for the case considered below. Note that in general even if both 7#¥ and
thy are tracefree, eg. for 9y = My and d = 4, the full system is not conformal due to the
contribution gw,tﬁl”t = —d Hh. This is a similar situation as discussed in the bi-hydrodynamics
case with the tensor coupling in Chapter 4, where the two conformal subsystems coupled semi-

holographically led to a full system which was not conformal generally.

5.1.1 Classical Yang-Mills sector

For the numerics presented in the next section, we will work in a d = 2 4+ 1 dimensional
spacetime with g, = 7, and restrict to isotropic homogeneous SU(2) color gauge fields in
temporal gauge, A = 0, A3 = 0 with @ = 1,2. To further simplify this toy model as far as
possible, we make t§y; diagonal by assuming color-space locking, A% = §¢f(t) and A? = 0 with
i = 1,2. The single remaining degree of freedom f(t) satisfies an equation for an anharmonic
oscillator with time dependent damping obtained from (5.7)*

" 3 ! /BH/
FrO)+ ) =) ——75=- (5.21)
14 @H
The energy density and the pressure are
1+ &H 1+ &H
Q3 4 Q3 4

€= f + f(t)%), p=—="=0f(1)". 5.22
2gYM< (07 + 7(1)") ) (522)

The source for the dilaton in terms of the YM fields is given by (5.5)

B 2 4

h= 21 — f5). 5.23
T ) (523)

5.1.2 Holographic sector

To be consistent with the YM sector we also impose homogeneity and isotropy in the spatial
field theory directions of the bulk theory of the holographic sector. We make the following
ansétze for the metric and the massless scalar field in in-going Eddington-Finkelstein coordinates

ds® = —A(r,v)dv* 4 2dvdr + S*(r,v)(da? + dz3), ¢ = é(r,v). (5.24)

'Eq. (5.21) is an unforced damped nonlinear Duffing equation. The latter appears in many contexts and has
been extensively studied [120,121].


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

5.1. SCALAR COUPLING BETWEEN Y M AND ADS 85

We fix the residual gauge freedom r — r + £(v) of the metric by setting £ = 0. The equations
of motion (5.9) then take the following form?

S = —%S #)?, (5.25)

S = % — SSS/ (5.26)

¢ = —S:f/ — fl (5.27)

A" 4?5 . kb (5.28)

g S;I _ '“TS, (5.29)

where prime denotes radial derivatives f’ = 0,f and the dot-derivative is defined as f =

O, f — %A(r,v)ﬁr f. Near the boundary, r = oo, solutions to these equations can be expressed
as power series in r

A(r,v) = r? Z a,(v)r=", (5.30)
n=0
S(r,v)=r i Sp(v)r™™, (5.31)
n=0
Br) =5 Bulo)r. (5.32)
n=0

Fixing the conformal boundary metric to Minkowski ds% = TQnH,,dx“dm” determines the leading
coefficients ag = 1 and sy = 1, and the gauge choice £ = 0 determines the subleading coefficient
a; = 0. Solving the equations order by order in r gives

Alrv) =72 = 266(0)” + ay(v) - +O(), (5.33)
Sr,0) =7 — S0P 7 + 5z (6h(0)* — 486 0)6h(0) 5 + O, (5:34)
B 0) = B0(0) + $h(0) -+ 63(0) 5 + OG- (53)

where the normalizable modes ¢3(v) and a3(v) remain undetermined in this procedure and need
to be extracted from the full bulk solution. Furthermore one obtains the relation

h(0) = 5 (126300(0) — 365(0)* + 464 (0)6h(0)) (5.36)

In order to identify the expectation values of the energy momentum tensor and the scalar
operator it is convenient to asymptotically transform the series solutions (5.33) and (5.35)
to Fefferman-Graham coordinates (5.10). The relevant coefficients in the Fefferman-Graham
expansion in terms of their Eddington-Finkelstein counterparts are given by

ua 1

1 1.
(b(o) = oo, ¢(3) =¢3+ §¢0 - Z(¢6)31 93)ij = gdlag(—2a3,a3,a3). (5.37)

2It is interesting to note that these equations are equivalent to those of a homogeneous but anisotropic black
brane without scalar matter.
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86 CHAPTER 5. TIME EVOLUTION OF A TOY SEMIHOLOGRAPHIC GLASMA

The expectation values of the energy momentum tensor and the scalar operator are then given
by

3 1.
T = LI@ = Edlag(—2a3, —az, —az), (5.38)
B 3 3 1 L, 3
(0) =H = "¢ = (b3 + 560 — 1(¢0)°)- (5.39)

Evaluating the holographic Ward identity (5.17) reproduces the relation (5.36) we find from
solving the near boundary expansion

(9(3)00)/ = ¢3)%(0) - (5.40)

5.2 The iterative procedure

In this section we describe how we obtain solutions for given values for the couplings S and
gym for the time evolution problem of the coupled system (5.21), (5.25)—(5.29), given initial
energies in the Yang-Mills sector (€{?i,) and the holographic sector (i}).

We proceed to solve the coupled system in an iterative manner, which is summarized in
Fig. 5.1. We initialize the iterative loop with an initial guess for the gauge field, f(t), which we

get from solving the uncoupled YM equation (5.21) with g = 0:
FO" +2f(t)*=0. (5.41)

This is just the equation for an anharmonic oscillator, with solutions given in terms of the

Jacobi elliptic function
f(t) =+v2Csn ({*/g(t —t)| — 1) : (5.42)

where the integration constant C/g%,; = €, can be identified via (5.22) with the initial energy
in the YM-sector. Without loss of generality we set t; = 0, which corresponds to our initial
time.

Using this initial guess (5.42) with a particular value for 3, we compute the time dependent
boundary source for the gravity system ¢)(t) = h(t) via (5.23). This serves as the input
for the gravity system, which we can now evolve using the spectral method as in [122], using
20 Chebyshev grid points in the holographic direction and a 4" order Adams-Bashforth time
stepping algorithm with step size At = 1/800. In order to get a well defined initial value
problem resulting in a stable time evolution, it is necessary to choose a computational domain
in the bulk direction that contains the apparent horizon r,,, defined by S(t, 7)|;,, =0, on the
initial slice.®> Initial data for the gravity system are fixed by as(t = 0) = —€ii/2 and a radial
profile for the scalar field which evaluates to ¢(r,t = 0) = —[ei?, for the initial guess (5.42)
in combination with the Ward identy (5.40). To measure the accuracy of our numerical scheme
we monitor in each time step the violation of the constraint equation (5.29) and the Ward
identity (5.40) whose absolute values we demand to be smaller than 107¢. From the solution
of the gravity problem we extract, via (5.38) and (5.39), the time evolution of 7, (t) and H(t)
respectively.

3Note that other authors [58,63,123] employ the gauge function ¢ to fix the apparent horizon to a constant
value in the radial direction which is then used to bound the computational domain.
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Generate initial guess by
solving unsourced Yang- [ Finish ]
Mills equation D, F*" = 0 .
f True
Compute sources for the False Check conservation of to-
gravity system ¢y = h[f] 1 tal EMT 0, T* = 0
new yy
20 Frew M

- Solve the gravity problem with
boundary sources and extract H
¢ = ..+ 25H A+ ...
- Check holographic WI

- Solve the sourced Yang-Mills
equation D, F" = J"[H]
H - Check YM WI

Figure 5.1: Flow chart of the iterative procedure explained in the main text.

We can now feed in #H(t) into the Yang-Mills equation (5.21) and solve for the new f(¢)
with the Mathematica routine NDSolve, with the same initial conditions as in the initial guess
(5.42). This completes the first iteration.

To check how well the iterative procedure is working, we compute the total energy momen-
tum tensor (5.16) with the new f(¢) and H(¢) and check to see if it is conserved in time up to
O(107%) or better. If this is the case, we stop the iteration. If not, we proceed to iterate again.

We usually find that one iteration is not enough. At this point, we do not have an analytic
guess for f(t), which introduces numerical noise into the gravity system via the boundary
source (5.23). This problem can be somewhat alleviated by implementing a low-pass filter on
f(t) before we feed it to the gravity code. We use the Mathematica routine LowpassFilter as
our filtering tool and choose a cutoff frequency of 0.1 and filter kernel of length 1. In Appendix
E we discuss the procedure in more detail.

5.3 Energy transfer from the hard to the soft sector

To obtain results, we set the Yang-Mills energy density to be eyy/Q3 = 1, the initial
energy of the strongly coupled sector to be €,,/Q% = 0.004 and the Yang-Mills coupling as
gym/V@s = 1. As mentioned in the previous section, we stop the iterative procedure when we
have a constant total energy of the system. The left panel in Fig. 5.2 shows the total energy
density for each iteration for 8 = 0.01. Each iteration improves the total energy conservation.
However, with each iteration the numerical errors in the solution of the respective sub-sectors
accumulate, see Appendix E. We stop the procedure after four iterations in this case, since it
provides the optimal trade off between obtaining sufficiently well-behaved total energy on the
one hand and consistent sub-sectors on the other hand.

We plot the numerical solution for the gauge field degree of freedom, f(¢), in the right panel
of Fig. 5.2 for three different values of 5. We can already see that as time goes on, the solution
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Figure 5.2: Left: Total energy for g = 0.01 as function of time for subsequent iterations. Right:
The YM gauge field, f(¢).

decreases in amplitude and in frequency, indicating that the gauge field is losing energy. The
stronger the coupling, £, the more rapidly the gauge field loses energy.

In top panel of Fig. 5.3, we see that indeed the energy is decreasing in the YM sector. In
contrast to this, the holographic sector is gaining energy almost monotonically as seen in the
middle panel of Fig. 5.3. We find that this behavior is independent of the sign of 8. The
interaction energy, dispayed in the bottom panel of Fig. 5.3, has an oscillatory behavior around
zero, while decaying over time with decreasing frequency. The energy transfer is expected to
continue until the YM sector is empty, i.e. when the source h(t) vanishes.

Motivated by the CGC picture of heavy ion collisions, we chose the initial conditions such
that the YM sector carries all of the energy initially in the form of highly overoccupied gluons
at the saturation scale, while the holographic IR sector is initially empty and thus represented
by pure AdS. However, due to numerical issues, we needed to start the simulation with a small
regulator black hole in the gravitational bulk. To understand the role of this regulator, we plot
in Fig. 5.4 the gain in the holographic energy for different initial conditions for fixed initial
YM energy. Provided ¢ := ei{loil / el{}f\/l < 1, we see that the results are fairly independent of the
regulator and thus our choice ¢ = 0.004 used for the plots is reasonable.

It is also worthwhile to discuss the role of entropy in our present setup. The hard sector
consists only of a single dynamic degree of freedom, f(t), which means that the associated
entropy is zero. In the holographic sector, the situation is different. The area of the apparent
horizon, shown in the left panel of Fig. 5.5, provides a commonly used proxy for entropy,
which we use as estimate for the lower bound for the entropy in the combined system. We
find that the entropy growth increases with increasing 3, as can be seen in the right plot of
Fig. 5.5. Furthermore, we numerically checked that the effective apparent horizon entropy is
monotonically increasing with time in all our simulations.


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

5.3. ENERGY TRANSFER FROM THE HARD TO THE SOFT SECTOR 89

----- p=0 — p=0.01 — B=0.015 — B=0.02

10 20 30 40
----- B=0 — B=0.01 — B=0.015 — =0.02

0.10f

0.05¢

10 20 30 40

— pB=0.01 — p=0.015 — p=0.02

Exc/ Q2
0.010¢

0.005¢

-0.005¢

-0.010¢

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

Figure 5.3: Upper: The energy density of the YM sector against time. Middle: The energy
density of the holographic sector. Lower: The exchange energy as a function of time.
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Chapter 6

Semiholography in N AdSy

In this chapter, we change gears and discuss a semiholographic model of impurities for low
dimensional systems. As outlined in the Introduction, from the point of view of phenomeno-
logical applications, the semiholography approach gives us a flexible way to apply holography
to various setups, where the UV-complete description is not relevant [16,124]. It is from this
perspective that we apply the semiholographic approach to study confined strongly interacting
impurities.

In particular, the nearly-AdS; (or NAdS;) holographic subsystem that we will consider
[125-128] is a useful arena to explore fundamental questions. It can be used to probe the
AdS/CFT correspondence, given that some possible dual systems, like the Sachdev-Ye-Kitaev
(SYK) model, can also be solved in the large N limit [129,130] (see also [131-133]). It can also
pave the way for a better understanding of real-time holography, potentially leading to new
insights on quantum many-body systems (especially those which are maximally chaotic) and
on the black hole information loss paradox. The latter could be approached via a solvable toy
model of real-time black hole evaporation. In order to accommodate these applications, N AdSy
holography would need to be extended to include additional propagating modes, i.e. bulk fields,
which we do here in the classical regime in real time.

In the model described in this chapter, the NAdS,; holographic sector captures the dual
infrared dynamics of many-body interactions localized at the origin, where the impurities are
confined. The motion in space of an impurity can be thought of as a deformation of this
0 + 1—dimensional N AdS5 holographic theory with the time-dependent position of the impu-
rity representing a self-consistent external source of an irrelevant operator with a dynamically
generated expectation value. The displaced impurity follows simple Newtonian dynamics un-
der the influence of the force generated by its coupling to the NAdS, — the dual irrelevant
holographic operator now generates the tension of the confining force. Since the N AdS, holo-
graphic sector is an infrared conformal theory, it should be deformed only via an irrelevant
operator. The semiholographic model probes the dynamics at intermediate energy scales phe-
nomenologically, such that the total energy of the system is always conserved. We study the
exact time-dependent solutions of the full system in this model.

The gravitational description for N AdSy holography is two-dimensional Jackiw-Teitelboim
(JT) gravity with non-conformal matter [134-136]. A key feature of the JT model is that the
metric is always locally AdSy, due to the non-propagating dilaton field. Acting like a Lagrange
multiplier, the dilaton’s equation of motion enforces the Ricci scalar to be a constant, as it
is not coupled to matter. Moreover, the dilaton’s boundary condition generates non-trivial
states in the dual theory even in the absence of matter, which can be characterized by time-
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92 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

reparametrizations just like in the SYK model. It should be noted that since the dilaton is not
coupled to matter, this form of JT gravity cannot be lifted to a higher dimensional setup, as
we expect that from a higher dimensional compactification that the dilaton would couple to
matter, see e.g. [137-141].

As a warm-up, we turn our attention first to the pure holographic setup and explore bound-
ary quenches. Unsurprisingly, we find that the mass of the pre-existing black hole always
increases. The situation is remarkably different in our semiholographic model, where we find
that the pre-existing black hole is always completely depleted of its mass at long time. This
behavior is the opposite of what we find in higher dimensional semiholographic setups in the
presence of scalar mutual couplings, as was the case in Chapter 5. A similar phenomenon of
disappearance of horizon in the bulk in nearly AdS; setups has been found in [142]. The expla-
nation proposed for this result also works naturally in our case. Furthermore, at late time the
solution does not approach the vacuum as far as the radial profile of the dilaton is concerned. At
a fixed value of the mutual coupling, we find a non-equilibrium phase transition as we increase
the initial velocity of the impurity.

To do this, we introduce in Sec. 6.1 Jackiw-Teitelboim (JT) gravity coupled to matter and
its holographic interpretation. In Sec. 6.2, we describe the algorithm used to find explicit time-
dependent solutions in JT gravity and study quenches. In Sec. 6.3, we detail the semiholographic
model of impurities and study its solutions.

The bulk of this chapter is based on work discussed in [143].

6.1 NAdS,

6.1.1 Bulk equations of motion

The simplest example of a non-trivial two-dimensional pure gravity is the Jackiw-Teitelboim
model [134-136]. The general version of the action which is suitable for taking the large N type
limit in the dual theory is

1

2 1
— 2. /= \/ —
BRTE [/d xy/—g® (R—i— ) + Smatter[g,x]} + e /du h®y K, (6.1)

1.2

where G is Newton’s constant, ® is the dilaton field with boundary value ®;, x are matter fields
and the final term is the Gibbons-Hawking-York counterterm. Note that the u appearing in the
final term is the boundary time, i.e. the time an observer on the boundary would measure.

We can learn a lot about this theory by considering the equations of motion. We see that
the dilaton field ® does not couple to matter, which means that if we vary the action w.r.t. ®,
we simply obtain

2
In other words, the bulk metric, g,,, is always locally pure AdS,. Furthermore, variation
w.r.t. the bulk metric leads us to

Ta +T,, =0, (6.3)

where
d an d T — 2 5Smatter

=g g
Note that the Bianchi identity is satisfied when R = —2/I. Therefore, the equation of motion
(6.3) is indeed consistent in a locally AdS, background spacetime. We set the AdS radius L = 1.

1
Ty =V, V,®—g,,Vo+

ny = ﬁguu (64)
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6.1. NADS, 93

We have yet to specify the matter action. In fact, we will avoid doing so until Sec. 6.1.3 to
keep the discussion general. In doing so, we will not assume that the matter sector is conformal,
thus generalizing the results in [125,128].

To proceed, we make use of the local conservation law:

v, " =0, (6.5)
where the metric is locally AdS;. We adopt Fefferman-Graham coordinates:
1
ds* = (—dr? +dz?), (6.6)
in which (6.5) reads
0.1, =0Ty, 0.(2T..) =Ty + 20Ty (6.7)
The general form of 7}, is
z
T(=t) = F()+ [ dz1 0Tu(a,), (635)
G.(t
T..(2,t) = z()+ SO Fe / dzy Ty (21,1)
z 4
+§/ dz 97Ty (21, 1) / dzy 87Ty (21, 1), (6.9)
with
F€(t) = th(evt)v (610)
2
Ge(t) - 6Tzz(6at) - %a&th(E?t)a (611)

where € is an arbitrary radial cut-off, which we will eventually take to the boundary at z = 0.

The boundary conditions for the bulk matter fields determine F,(t) and G.(t). Thus, the

components of the energy momentum tensor are entirely determined in terms of T};.
Explicitly, the components of (6.3) are

2,6 @
02 - ="Tw (6.12)
8 8t@ + ati — th, (613)

d ¢>
oK) 0. =T, (6.14)

in the Fefferman-Graham coordinates. We see that (6.12) involves only radial derivatives, which
determines the radial profile of ®. The other two equations are simply time-dependent equations
determining data at the cut-off z = e. The most general solution of (6.12) can be parameterized
as

a(t z (7 1 [*
P(z,t) = z() + Be(t)z — 5/ dzy Ty(21, 1) + g/ dzy Ty(z1,1)21. (6.15)

Substituting the above into (6.13) and (6.14), and also utilizing (6.8) and (6.9) we obtain

20,B(t) + F(t) =0, (6.16)
D2, (t) 4+ 26.(t) + G.(t) = 0. (6.17)
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94 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

As claimed, these determine the two time-dependent functions in (6.15) and thus the data on the
cut-off. Finally, with (6.10) and (6.11), we obtain the following useful form of these constraints:

1
87&66@) = _ith(Evt)7 (618)
2
&?ae(t) = th(67 t) + %a?th(ea t) - 6815112»2(67 t)' (619)

Note that (6.16) and (6.17) are equivalent to the above only if we choose appropriate integration
constants in a,(t). We can readily address this issue if we use the following integral forms for

ac(t) and S(t):

1 t
/Be(t) = _Ce - 5/ dtszt(ea tl)a (620)
a.(t) = A, + B.t + C.t*
t t t 2
+/ dtl/ dt2/ dts |T.(e,t3) — €01, (¢, t3) + EaEth(E,tS) . (6.21)

Above A,, B, and C, are arbitrary integration constants. These expressions together with (6.15)
thus completely specify @ in the presence of bulk matter.

6.1.2 Holographic interpretation

The holographic dictionary for the JT model has been established in [125-128] with holo-
graphic renormalization established in [144-146]. In general, it is necessary to establish a cut-off,
such that the dual quantum theory lives on an appropriate slice, z = ef(¢), which should be
determined self-consistently from the EOM. The dimensionful parameter ¢ is related to the UV
cut-off of the dual theory and as such is an external parameter. Under certain circumstances
when the matter sector satifies certain conditions, we can take the limit ¢ — 0 and the trajectory
z coincides with the boundary at z = 0. In this happy situation, the dual quantum theory is
UV complete.!

We first work in the latter case, when the limit € — 0 can be taken. It is natural to impose
that background metric for the dual quantum theory is ds?> = —du?. Let us parametrize bulk
coordinates via the boundary time z(u) and ¢(u), which we use to describe the cut-off trajectory.
The holographic dictionary then implies that the induced metric on the cut-off should be

1
B (3(), () = — 5. (622)
To achieve this, we require that
2(u) = et (u) + O(€?), (6.23)

where the prime denotes differentiation w.r.t. u. We can determine the function t(u) by the
boundary condition on ®. The key to obtain SL(2, R) symmetry in the IR is to impose the
boundary condition where the value of ® on the cut-off trajectory satisfies

By () = D(2(u), 1(u)) = 2L, (6.24)

€

!This statement is true strictly in the large N limit only where the classical gravity approximation is valid.
In such cases however, the theory is not actually embeddable in a higher dimensional holographic theory as
discussed before. Nevertheless, the presence of UV completion for a large range of irrelevant deformations should
not surprise us because the dual quantum theory lives in 0 + 1-D.
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6.1. NADS, 95

where ¢,(u) is an arbitrary function, which we will set to a constant and refer to it by ¢,
following [127].

We will see later that for well behaved matter sector where we can take the limit € — 0, the
most singular term in (6.15) is indeed z~! and its coefficient is

ap(t) = lim (). (6.25)

e—0

Then it follows from (6.15), (6.23) and (6.24) that
a(t(u)) = ¢, t'(u) + O(7) with >0, ie ayt(u)) = ¢t (u). (6.26)

As an example, the subleading power, 7, is 1/2 in presence of a minimally coupled massive free
bulk scalar field with m? = 5/16.

Clearly, the function ¢(u), which reparameterizes the boundary time, captures the dynamics
of gravity. It should be determined from the bulk equations of motion. To see this, we consider
the on-shell action of the pure gravity sector. First, we compute the extrinsic curvature K of
the cut-off trajectory {v(u): (2(u) = €t'(u), t(u))}. The result is

e
K = Mu) g Sch(t,u)e® + O(e*).

(1-t)’

The on-shell action of the pure gravity sector is then

- 1 <Z>
grav _ Lo K — / Rl e
Son shell 87TG /du b 87 G du—

( + other singular terms — Sch(t,u) + - ) , (6.27)

where
B 75///(u) 3 t”(u)2
Sch(t,u) = Fw) 2 0w)?

(6.28)

is the Schwarzian derivative [147]. The higher order terms vanish in the limit ¢ — 0. The
e-divergent terms, such as the ¢=2 and divergences arising from the matter sector, e.g. one
proportional to e 3/2 which occurs in the presence of a minimally coupled free bulk scalar field
with m? = 5/16, can be subtracted away by appropriate local counterterms to render the limit
e — 0 finite [144, 145]. We emphasize that new singular terms at subleading orders in € can
appear in the presence of bulk matter. After adding the counterterms and taking the e — 0
limit, we obtain

on—shell ™

ey 15: . / du (=2 Sch(t,u)), (6.29)

which gives part of the action for the variable t(u) that determines the cut-off trajectory.

This equation for ¢(u) can always be obtained from the renormalized on-shell action. How-
ever, equivalently assuming that the limit ¢ — 0 exists we will be able to also obtain it from
the constraint (6.19) rather easily. This will be the topic of the next subsection.
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96 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

6.1.3 Time-reparametrization at the boundary

We now work in the limit of € — 0. We return to (6.26) and differentiate both sides three
times w.r.t. ¢t to find

— (Sch(t(u),u))’

T t,(U,)Q i
where the dot and prime denote differentiation w.r.t. ¢ and u, respectively. Cleary (6.19) now
reads

(6.30)

Oéoz

&, (Sch(t(u),u)) = t'(u)* lim [Ty (e, t(u) — € 0, T, (e, t(w))] (6.31)

where we dropped the term proportional to €2. Thus, the existence of the limit on the RHS
consititutes a necessary condition on the matter sector. We would then only need to worry
about choosing the right integration constants, such that we have (6.20) and (6.21).

We now consider a simple example, which will be our workhorse for the rest of this chapter.
We consider a minimally coupled massive free scalar field, y, in the bulk with mass squared
m? = 5/16. The dual operator in the quantum theory has A = (14 V1 +4m?) = 2. As we
will later describe, this example can be generalized in a straightforward manner to 3/2 > A > 1.
Sourcing the bulk scalar then results in an irrelevant deformation in the dual quantum theory.

The Klein-Gordon equation for the scalar field

2 2
_ — = .32
8ZX at X 1622X 07 (6 3 )
in the locally AdS, spacetime has a solution with the following asymptotic expansion
X(2,t) = J,(0)277 + O, ()23 + J, ()27 + O(27), (6.33)

where J,,, the non-normalizable mode, will be interpreted as the source term in subsequent
discussion, while O, the normalizable mode, will be viewed as the response. Although the
Klein-Gordon equation can be solved exactly, we will focus only on its asymptotic expansion,
specified entirely in terms of J,(t) and O,(t).

The components of the energy momentum tensor of this field are given by

1 5
T, — = 2 2 2)
wo= 5 (000 + 007+ 150?)).
T, = atxazXa
1 5
T, = = 2 2~ 2). 34
Using the asymptotic expansion (6.33), we can readily find that
. 3 /5 . 1 X
lig (T(e,t) — €QTale,8)] = 5 (30,010,004 11,00, (6.35)

Therefore, we satisfy the necessary condition for our holographic dictionary to make sense in
the limit € — 0.

We can now check that the formal solution of the dilaton field, given by (6.15), indeed yields
the desired asymptotic behavior when € — 0. Using the explicit form of the energy momentum
tensor (6.34) with the asymptotic expansion (6.33), we find

ap(t) + Jg(t) + lim (ﬂe(t) _ Jg(t?))) 2z 4+ O(Z%) (6.36)

et) = 4/z 0 16¢
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6.1. NADS, 97

where all the other subleading termshave finite ¢ — 0 limit. It might seem that we have a
problem with the term proportional to z, but we can use (6.20) to obtain

B0 = ~Cot 3 [ dndyie)
1t 5 : .
5 |t (50,00 - 10,00 )
— G+ ‘fiit) - % _too dt, (ZOp(tl)jp(tl) _ 10p(t1)Jp(t1)) (6.37)
with Cy = lim._,q C,. Crucially, we have assumed above that
lim J2(t) = 0. (6.38)

t——o0

This is a vital assumption as it underpins the sensible asymptotic behavior that we want for ®.
Assembling the result using (6.20), (6.21), (6.35), (6.36) and (6.37), we find

1
P(z,t) = - <A0 + Byt + Cyt?

3 [ an [ [ 4 [So,000+ 3400,0])

+ f(\/? +2z (—CO — ;/_too dt, (ZOp(tl)Jp(h) — 4Op(t1)Jp(t1)>>

+0(22), (6.39)

where we assume (6.38).

Thus, we can conclude that if J,,(¢) vanishes sufficiently fast in the far past, then the asymp-
totic expansion of ® has non-singular coefficients in the limit € — 0. Furthermore, the relevant
integrals are finite.

Eventually we determine O, (t) from .J,,(t) due to regularity which implements causal response
in holography (see Sec. 2.2.3 for a discussion on response in hydrodynamics). Also due to the
time-translation symmetry of AdSy, if J,(t) is constant then so is O,(t). In this case, although
® is modified as evident from (6.39), the ¢ — 0 limit is non-problematic.

Now that we know we are working with a finite theory, we can investigate the time-
reparametrization equation (6.31) in the limit € — 0, which in our example reduces to

w23 (5 - 1 -
(Seh(t(u), w)' = # (- (0ut(w),(¢w) + T (w0, ¢(w)) ) (6.40)
T
The bulk regularity condition which we will study explicitly later implies that

0,(t) = /_t A Galt = 1) J,(1), (6.41)

where G(t — t1) is the retarded Green function.
We can now reparameterize our time to the boundary time, u, such that the source (per-
turbation), which couples to the dual operator with A = 5/4 is actually

J(u) =t/ (u) 7T, (H(w)) (6.42)
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98 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

and similarly the expectation value of the operator that is the measured response is

O(u) = '(u) 10, (t(w)). (6.43)
Therefore, the regularity condition implies in the boundary time that
O(w) = [ duy Gp(t() — t(un)¢/ () (w) T (u). (6.44)
Substituting (6.42) and (6.43) in (6.40), we obtain the time reparameterization equation
(Sch(t(u),w)) = 2; (ZO(u)J’(u) + iJ(u)O'(u)) . (6.45)

The above equation should be understood with O(u) defined via (6.44). Thus the time-
reparametrization equation is actually a fourth-order integro-differential equation. One of the
main properties of the Schwarzian derivative is that it is invariant under a fractional linear
transformation of ¢(u)

at(u) +b

t(u) » ———— 6.46
() ct(u) +d’ (6.46)
where ad — bc = 1. Note that this means that the transformation can be characterized by three

parameters. The reparametrized retarded correlation function

Gr(t(u) = t(un)t' () 11 (uy) 1,

is also invariant under such a transformation, owing to the SL(2, R) symmetry of the background
AdSy geometry in which the Klein-Gordon equation is solved. Thus, we can conclude that the
time-reparameterization equation (6.45) retains SL(2, R) symmetry even in the presence of
minimally coupled bulk matter.

This discussion can be generalized in a straightforward manner. It becomes clear that A has
a limited range for the case of a minimally coupled free bulk scalar field. If we choose A > 3/2,
then the leading asymptotic behavior of ® is more singular than z~!. For example, the choice
of A = 3/2 corresponds to leading z~!log z asymptotics of ®. Then the on-shell action has a
log € Sch(t,u) term, which cannot be subtracted by a local counterterm, similar to the case of a
conformal anomaly. Thus, a holographic interpretation of a A > 3/2 deformation makes sense
only after imposing a UV cut-off in the dual theory.

Hence, if we consider a minimally coupled free bulk scalar field with —1/4 < m? < 3/4,
i.e. corresponding to a deformation with 1/2 < A < 3/2, the general form of the time-
reparametrization equation is

(Sch(t(u),u)) = Ca (AO(u)J (u) + (A = 1)J(u)O'(u)), (6.47)

with
O(u) = [m duy Gp(t(u) — t(uy))t (u) >t (ug)*J (uy), (6.48)

and Cp = (2A — 1)/@,, which can be set to unity by choosing ¢, = 2A — 1. As before, the
equation is symmetric under SL(2, R) transformation of ¢(u) due to the SL(2, R) invariance of

Grt(w) = tug))' (w) > (uy) .

Furthermore, ® has an asymptotic expansion with non-singular coefficients in the limit ¢ — 0.
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6.1. NADS, 99

6.1.4 Useful coordinate transformations

As we saw from the equation of motion from the dilaton field (6.2), the metric is locally
always AdSy in JT gravity. Gravity has no local bulk dynamics. Nevertheless, a diffeomorphism
of the bulk coordinates which is non-trivial at the boundary has a physical effect as it produces
a non-topological on-shell action. The time-reparametrization is described by the variable t(u),
which maps the physical (boundary) time u of the observer to the time coordinate ¢ of Fefferman-
Graham coordinates. However, due to the SL(2, R) symmetry of the on-shell action, an SL(2, R)
transformation of ¢(u) has no physical effect on observables, such as correlation functions. Thus,
the physically distinct solutions of ¢(u) are members of the Diff /SL(2, R) coset.

In absence of matter, the time-reparametrization equation (6.47) implies that the Schwarzian
derivative of ¢(u) must be a constant, i.e.

272
5
with 3 a real parameter. This represents a third order differential equation for #(u). We have

two distinct solutions, depending on the sign of the constant.
For the negative sign of the Schwarzian derivative of ¢(u), the solution is

Sch(t(u),u) =+ (6.49)

t(u) = tanh (?) , (6.50)

up to a SL(2, R) transformation. The three parameters of the SL(2, R) transformation (6.46)
along with § supply the necessary four integration constants of (6.47).
If the Schwarzian derivative of ¢(u) is a positive constant, then the solution is

t(u) = tan () , (6.51)
B

up to a SL(2, R) transformation. In this case, the solution is periodic with period . A periodic

Lorentzian time does not make sense, so we reject such solutions as unphysical.

However, if we were working in an Euclidean signature, we would accept the periodic solu-
tions, as these can indeed be interpreted to be thermal solutions with temperature 3~'. Under
Euclidean continuation where both ¢ — it and v — iu, the Schwarzian reverses sign. In this
case, only positive constant values of the Schwarzian are physically acceptable. Futhermore,
under u — iu, the Lorentzian solution (6.50) goes to the Euclidean solution (6.51), such that
indeed t — it.

The bulk interpretation of the time reparameterization, t(u), is that it is the boundary limit
of a bulk diffeomorphism. It is important to note that the bulk diffeomorphism corresponding
to a given t(u) is not unique, since we need to gauge fiz. To address this, it is convenient to go
from Fefferman-Graham coordinates to ingoing Eddington-Finkelstein gauge in which the AdSy
metric takes the form:

2 1
ds* = —T—erdu — (742 - M(u)) du?, (6.52)
where the boundary time w is also an ingoing null bulk coordinate. The function M (u)
parametrizes the residual gauge freedom, i.e. diffeomorphisms which preserve this gauge. To
see this explicitly, we first choose M (u) = 1 and write the metric in this gauge as

2 1
ds? = —ﬁdpdT - (p2 - 1) dr?. (6.53)
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100 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

To get back to (6.52) with an arbitrary M (u), we need to perform the (gauge-preserving)
diffeomorphism

/
r=r(u), p=-— (3)(74) ; (6.54)
1— %y
()
with
—28ch(r(u),u) + 7' (u)? = M(u). (6.55)

Under such a diffeomorphism, the ingoing null coordinate (observer’s boundary time) u maps
to 7 which is the ingoing null coordinate (boundary time) of a black hole with a fixed mass
of M = 1. The map, 7(u), is determined by the dynamical mass M (u). Furthermore, the
radial coordinate, p, transforms by a time-dependent fractional linear transformation, whose
parameters are determined by 7(u).

We now want to relate the Fefferman-Graham time ¢ to the observer’s time u. We can do this
by first mapping ¢ to 7 and then mapping 7 to w. To bring the bulk metric (6.6) to the ingoing
Eddington-Finkelstein form (6.53) with M (u) = 1, we need to perform the diffeomorphism

1
t = 3 (tanh (72— + arctanh p) + tanh (;)) ,

1
2= 5 (tanh (; + arctanh p) — tanh (;)) . (6.56)

At the boundary z = 0, i.e. p = 0, we find that

t = tanh (;) , (6.57)

which matches with the form (6.50) if we set 5 = 27. In this case, as we see from (6.49),

Sch(t,r) = —%. (6.58)

Next, we obtain the general ingoing Eddington-Finkelstein form of the metric (6.52) with

an arbitrary M (u) from the canonical Fefferman-Graham coordinates by simply substituting
(6.54) into (6.56). Then at the boundary z = 0, i.e. = 0, we find that

t(u) = tanh (T(;)) . (6.59)
The composition law of the Schwarzian derivatives is given by

Sch((f o g)(u),u) = Sch(g(u),u) + g'(u)>Sch((f o g)(u), g(w)), (6.60)

which we use along with (6.58) and (6.59) to find that
Sch := Sch(t(u),u) = Sch(t(u),u) — =7’ (u)>. (6.61)
Comparing with (6.55), we obtain

Sch — —%M(u). (6.62)
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6.2. FINDING EXPLICIT TIME-DEPENDENT SOLUTIONS 101

This relates the boundary variable ¢(u) to the time-dependent black hole mass M (u), and thus
provides a bulk interpretation of ¢(u). As such, we have derived this time-reparametization
equation from the bulk gravitational constraints.

Another way to arrive at the equation of motion for t(u) given by (6.47) is by working
directly with the ADM mass, Mpy, in terms of the Schwarzian of ¢(u) [127]. The actual ADM
mass of the black hole is [125,127]

Mipu (1) = 15:- ~(-25ch) = Mf’; M) (6.63)
Therefore,
8rG
—Sch(t(u),u) = TMADM(U). (6.64)

The pure JT on-shell gravitational action (6.29) in the presence of a minimally coupled bulk
scalar field is modified to

grav 1

SE e = oy [ du(=28eh(tw), w) + 1o [ duT(w)Ow) (6.65)

Computing the EOM for ¢ leads directly to (6.47).

6.2 Finding explicit time-dependent solutions

6.2.1 Conserved charges and Ward identities

In the case of pure JT gravity, the Noether charges corresponding to the SL(2, R) sym-
metries have been discussed in [127]. The infinitesimal SL(2, R) transformations are t(u) —
t(u) + € 6t(u), with dt(u) = 1,t(u), t(u)? generating translation, dilation and special conformal
transformation, respectively, with corresponding conserved charges:

Qo = (w2 t(u)?’ (6.66)
uen aen 2 "(u
o - o (G v) )

)
///u //u2 //u /u
Q = tw)? (t ) L1 )3>2t<u> (F -2, (6.68)

We can readily see that ‘
Sch/, (6.69)

for i = 0,1,2. Clearly, these charges are conserved on-shell in pure JT gravity, i.e. when
Sch(t(u),u) is a constant. Furthermore, the Casimir

Q1 — Q@ = —25ch, (6.70)

is a constant in the absence of matter.
For later convenience, we define the Noether charges

Q=5(Q Q) Qu=5(Q+@+20) (6:7)
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102 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

Shifting to the variable 7(u), which is the boundary time of the M (u) = 1 black hole and is
related to t(u) via (6.59), we obtain the explicit forms

T /
Q T2 ) — 7' (u), (6.72)
() W @) )
QJF - (T’(U)Q - 7_/(u)g - T’(U)) € ) (6.73)
() R W)
Q- (T,(u)2 T T,(u)> e, (6.74)
which satisfy
+7(u)
Q= —Set, Q=" Sen. (6.75)
7 (u) 7(u)
Furthermore, the Casimir is
Q* - Q,.Q_ = —28ch. (6.76)

We can solve for the derivatives of 7 at a given value of 7 in terms of the Noether charges:

I CE ) 1)
o= e e @ @20, (679)
S 1 (Q2_€27 + Qie—zf —Q (Q_er + Q+e—7')) (Q_er +Qie T — QQ) . (6.79)

4

This suggests a method to obtain 7(u) in the absence of matter. We initialize at a boundary
time u = wu;, by specifying the value of 7(u;,) and the three Noether charges, Q4 and Q.
From (6.75), it is clear that in the absence of matter, the Noether charges remain constant. At
the initial instant we can then use (6.77) to obtain 7/(u;,). Next, we update 7 using a finite
difference method, such as

T(Wip + Au) = 7(u,) + 7' (us,) Au. (6.80)
Thus, we can generate the complete numerical solution of 7(u).
Note that one can always set the Noether charges to the following constant values
2
Q=-—, Q+=0, (6.81)
B
via an appropriate SL(2, R) transformation. In this case, Sch = —27%/3? and
T
7(u) = 7(u) + 3 (u = ugp). (6.82)

and reproduce (6.50). When we choose the initial value of 7(u;,), we are effectively rotating
t(u) in SL(2,R). We can define an SL(2, R) frame by the one parameter family of SL(2, R)
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6.2. FINDING EXPLICIT TIME-DEPENDENT SOLUTIONS 103

transformations that leaves a chosen set of Noether charges invariant. As such, the SL(2, R)
transformation is not physically observable, so we can derive all real-time properties of the
thermal equilibrium state at temperature 5! from the solution (6.50) linear in w.

For a constant value of Sch = —272/3%, we can parametrize all real values of SL(2, R)
charges as follows

Q= _2ﬁ7r coshfcosp, Q_ = ?(sinh@cosgb—i— sin @),
Q. = 267T(sinh 0 cos ¢ — sin ¢). (6.83)

The general solution corresponding to the above charges are:

™

M

3 (cosh 4 cos & ¢ 4+ sinh 2sin ) tanh ( ) +et (slnh 2 cos & ¢ 4+ cosh 7 sin g) )

(Smh 2 cos 2 — cosh 7sin & ) tanh ( ) te 3 (COSh 7 cos % — sinh § sin ¢

T(u) = garctanh (
e

2 2

(6.84)
The parameters 0, ¢ and n represent an SL(2, R) transformation of ¢(u) as should be clear
from (6.50). However, it is explicit in (6.83) that only # and ¢ along with § determine the
Noether charges. The parameter n nevertheless sets the value of 7(u,,) and is thus not a
redundant variable. The above parametrization will be useful in characterising the dynamics in
the presence of matter.

6.2.2 The algorithm

In this subsection, we detail the algorithm used to determine time-dependent solutions,
namely 7(u) for a given source J(u). We build on the discussion from the previous subsection,
by first turning our attention to the modified Noether charges in the presence of matter. This is
a straightforward computation, using the time reparameterization equation (6.47) and the con-
servation equations for the charges (6.75). Then, setting Cx = 1 by choosing ¢, appropriately,
these modified Ward identities are

@ = 7'w) (20u () T 4 (8= 1), 270N, (0.5
@, = ) (80 P 4 (6 -1y, (22D s
@ = ) (805 ) P (8 1) () PTG
where
T (w)) = J()7 (), (6:85)
Oy (T(1)) = O(u) 7' (u) 2. (6.89)

Note that the subscript th is meant to remind the reader that the relevant object is living in
the thermal background (6.53). The integrated form of the Ward identities are

7(u)
Q=) = [ * an (20 1 a7 ) 60
() . .
Qw0 =) = [ 7 anen (800 P 4 (4 - 1P ) o
) . .
Q-0 -0-m) = [ dne (800 T 4 (8- 1),r) P ) (692
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104 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

Furthermore, we can identify the Hamiltonian, H (u), i.e. the Noether charge corresponding
to the u-translation symmetry which is broken explicitly in the presence of J(u), by rewriting
the time-reparametrization equation (6.47) in the following form

dH (u)
du

= J'(u)O(u), (6.93)
from which we can read off

H(u) = Sch(t(u),u) — (A —1)J(u)O(u)
= Sch(r(u),u) — %T'(u)2 — (A = D7'(u) Ty (7(u)) Opp (7 (w)).- (6.94)

where in the last line we have used (6.61). In our algorithm, the Ward identity (6.93) will
provide a consistency check and accuracy test for numerics.

As a final ingredient in our algorithm, we will need a method to obtain O(u) self-consistently
from J(u). Of course, if we know ¢(u) for u < wug, then (6.48) tells us how to obtain O(u).
Unfortunately, the integral in (6.48) can only be defined via an appropriate analytic continuation
for which it is necessary to first go to frequency space — this will be a cumbersome procedure
for a non-trivial ¢(u), which is not linear or a simple function of w.

We can circumvent this problem by exploiting the scalar source, Jy,(7(u)), and the response,
Oy (7(u)), defined in (6.88) and (6.89) living in the metric (6.53) with M(u) = 1 and with

boundary time 7(u). In these coordinates, the form of the Klein-Gordon equation is

A(A - 1)

27 X =0 (6.95)

0,(dyx) +
where

dy =€V, with ¢ = —%(1 —pH), € =1. (6.96)

With an input of Jy;,(7) obtained from (6.88) and initial conditions x(p, 7 = 0), we can readily
solve this equation via the method of characteristics to obtain Oy, (7). Then, we can extract
O(u) using (6.89).

To see how this works explicitly, we return to the specific case of A = 5/4. It is useful to
first define the finite term

— 1 5 bdJy(r) _1
dyx =dyx — gdn(m)p™1 — 2 éhT( )p 1 (6.97)
because d x has a non-singular asymptotic expansion
_— 5) 1
dyx ~ —goth(T)P‘*, (6.98)
near the boundary p = 0. We note that
1 2 1 _5 5d<]th(7—) _1
Orx =dix+ 5(1 —p7)0px + thh(T)P tsTar P (6.99)
Furthermore, the equation of motion for d, x is
- 5 1 dJy(7) s
Opdyx + 32, (X — Jyp(T)p 7 — o p4) =0. (6.100)
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6.2. FINDING EXPLICIT TIME-DEPENDENT SOLUTIONS 105

so that
_ » 5 1 ddy(r) 3
dyx(p,7) = —/O dp; 32,7 <X(P1,T) — Jin(T)py * = fh_ﬂf) . (6.101)

Note that the integral above on the right hand side is finite.

We can now compute O(u) as follows. At an initial time 7;,,, we have x(p, 7 = 7;,,) and Jy;,(7)
for all 7 < 7;,,. This means that we can use (6.101) to generate d,x. We can then compute 9,y
using (6.99), which enables us to propagate x to the next time instant. Furthermore, we can
extract Oy, (1) from (6.98) for all 7 < 7y, which means we can compute O(u) from (6.89).

We are now ready to describe our algorithm for finding 7(u) for a given J(u):

1. Given initial values of 7(u;,) and the three SL(2, R) charges, we can extract 7/(u;,) using
(6.77) and 7" (uyy,) using (6.78).

2. From 7'(u;,) and known J(u), we can extract Jy,(7(u;,,)) using (6.88) and then dJy, /dr
at 7(uyy,) since we also know 7”7 (u;,).

3. Given an initial profile of x (more on this later), J;;, and d.J;;,/dr at 7(u;,) we extract the
initial profile of d x.

4. We then obtain Oy, (1) at 7(u;,) using (6.98).

5. We can now update the three SL(2, R) charges corresponding to the next time instant
using (6.90), (6.91), (6.92).

6. We propagate 7 to the next time instant using a finite difference scheme with 7/(u;,).
Furthermore, we propagate the radial profile of x to the next time instant via d,x which
can be extracted from known d, x via (6.99).

7. We repeat all steps above at the next time instant.

Note that the bulk scalar field is evolving in a geometry (6.53), whose boundary time is 7(u)
with a M (u) = 1 black hole. The integrated form of the Ward identity (6.93)

H(w) = H(ug) = [ duy () Olur) (6.102)

can be used to check the accuracy of the numerics, namely by extracting O(u) from Oy, (7(u))
using (6.89).

The source J(u) has two physical effects: (i) the Hamiltonian H becomes time-dependent,
and (ii) the SL(2, R) frame varies since all Noether charges (6.72) are time-dependent. The
latter point suggests that even if the system settles down in the far future with a constant
value of the Hamiltonian, the SL(2, R) frame will still be generically different from the initial
one. The difference between initial and final SL(2, R) frames can be detected via long-time
correlations between far past and far future, although only the relative difference between the
initial and final SL(2, R) frames is physical.

We can keep track of the change in the SL(2, R) frame of the pure AdS; boundary time by
making use of (6.83). Since we know the three Noether charges and 7(u), we can obtain the
instantaneous values of 5(u), 6(u) and ¢(u), as well as n(u). Note that we are not promoting
B, 0, ¢ and 1 to time-dependent variables in (6.84).
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106 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

An alternative algorithm: We could have followed a more direct route, without appealing
to a conformal mapping of the source J(u) to that of a state with a constant temperature. In
this case, we could have used the bulk geometry (6.52) to update M (u) = —2Sch = Q?* - Q,Q_
along with the SL(2, R) charges. The Klein-Gordon equation would contain M (u) (but not its
derivative), which leads directly to O(u) via the method of characteristics. However, it turns
out that especially in the semiholographic case of Sec. 6.3, J;;, and Oy, give us useful insights.

6.2.3 Quenches in N AdS, holography

In this subsection, we will investigate quenches in N AdS, holography. It may be interesting
to note that quantum quenches in the SYK model have been studied in [148,149], although here
we studied different types of deformations.

We perturb a pre-existing thermal state by a decaying scalar source. In this case, the mini-
mally coupled bulk scalar fields will vanish initially in absence of sources, otherwise they would
be singular. Therefore, as initial conditions, we will choose for y to vanish on the initial time
surface — if chosen sufficiently far in the past, then it will be so in any bulk coordinate system.
Furthermore, due to the presence of SL(2, R) symmetry, we can always set initial temperature
to be 1/(2m) (i.e. f(u — —o0) = 2w and M (u — —o0) = 1 in the bulk). Additionally, by means
of an appropriate time-independent SL(2, R) transformation, we can choose 7(u — —00) &~ u.
These conditions thus can be expressed as:

T(Uin) = Un, Quin) = —1,  Qy(upm) = Q_(u) = 0. (6.103)

Specifically, we will work with a Gaussian source, J(u), plotted in Fig. 6.1a. The source
J(u) couples to an operator O(u) with A = 5/4, which is ploted in Fig. 6.1b. After conformal
mapping to the state with constant temperature 27, the source Jy;,(7(u)) and the response
Oy (7(u)) are plotted in Fig. 6.1c and Fig. 6.1d, respectively. Clearly, there is little visible
difference due to the conformal mapping.

The time-dependence of the black hole mass (remember that H,, = —M/2) and the
SL(2,R) charges are shown in Fig. 6.2a and Fig. 6.2b, respectively. The final black hole
mass is larger than the initial value, although the mass does not grow monotonically, as is in
the case of high dimensional analogues. The final SL(2, R) frame is different from the initial
one. In principle, this SL(2, R) rotation would be physically measurable. There would be some
numerical difficulty, as it would require computing correlation functions G(u, u’) with very large
separation u — u/ and with fixed (u + u’)/2 when J is large. Thus, we explicitly find that the
quench (pump) leads to formation of soft hair on the black hole represented by SL(2, R) frame
rotation.

From the SL(2, R) charges, we can construct the derivatives of 7(u), shown in Fig. 6.3.
Remarkably, 7 always saturates to a constant value at late times, so that the map of the time
of the physical state to that of the fixed temperature state has a finite endpoint. We observe
that 7/ is always positive (ensuring that the map to the time of the fixed temperature state is
causal), whereas 7" is always negative.

6.3 A semiholographic model for trapped impurities

Having properly motivated the holographic sector, we can now turn our attention to a
N AdS5 semiholographic model. The model aims to describe confined impurities, which are
strongly interacting.
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Figure 6.1: Sources and responses: As expected, the responses die down at late time once the
sources vanish.
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(a) Plot of Hg.p, = —1/2 M (u): This plot is very
similar to the case of quenches in higher dimen-
sional holographic systems where M (u) grows but
not monotonically.
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(b) Plot of the SL(2, R) charges as a function
of time: Note that the final SL(2, R) frame is
different since Q% are non-vanishing.

Figure 6.2: The time-dependence of the black hole mass and the SL(2, R) charges.
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—1(u) ]

2L '(u) ,

—1"(u)

Figure 6.3: The plot of 7(u), which maps the time of the physical state to that of the fixed
temperature state, and its derivatives. The generic result is that 7(u) saturates to a constant
and its derivatives vanish.

—

The time-dependent position of an impurity, X (u), can be treated as an extra field in the
effective 0 + 1—D theory. When the orbital angular momentum vanishes, the motion is one-
dimensional. Here we will restrict ourselves to this simple situation of one-dimensional motion
of a single impurity. We will assume that the impurity follows Newtonian dynamics, subject to
a confining potential from the holographic side.

The role of the strongly interacting N AdSy holographic sector in our model is to depict
the dual IR dynamics of the localized mutual interactions of the impurities confined at the
origin X (u) = 0. The motion in space of a displaced impurity can be thought of as sourcing a
deformation of the N AdS; holographic theory. Then we can interpret X (u) as a self-consistent
external source to the NAdS,. The center of the force, X (u) = 0, is the value of the source for
which the deformation to the Schwarzian action vanishes.

Thus, the whole description is semiholographic, i.e. there is a holographic sector with a
self-consistent dynamical source at the boundary and with a total conserved energy.

The effective string tension of the confining force is the self-consistent expectation value of
an operator O in the N AdS, holographic theory. Therefore, the confining potential takes the
form

V =20 (u)X (u), (6.104)

where A is a dimensionful hard-soft coupling constant. We can then identify
J(u) = AX (u), (6.105)

i.e. that the position of the impurity is proportional the source J(u) (non-normalizable mode) of
the bulk scalar field x dual to the operator O(u). As before, we require that the holographic the-
ory admits only irrelevant deformations about the Schwarzian action, while retaining SL(2, R)
invariance in the large N limit (classical gravity approximation). This implies that O(u) must
have scaling dimension A such that 1 < A < 3/2. The dual bulk field ¥ has mass 0 < m? < 3/4
since m? = A(A — 1) (recall that we set the AdS radius to unity) with asymptotic expansion

x(ru) = AX (u)rt =2 4. (6.106)
The boundary field X (u) follows Newton’s law in the potential (6.104):

m; X" (u) = —A\O(u) (6.107)
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6.3. A SEMIHOLOGRAPHIC MODEL FOR TRAPPED IMPURITIES 109

where m; is the mass of the impurity. Its kinetic energy is
Hyipn = 7miX/(u)2v (6108)

which satisfies
Hp; = =20 (u) X' (u). (6.109)

The algorithm for determining O(u) along with the time reparametrization 7(u) (equiva-
lently, the mass M (u) of the AdSs black hole) has been discussed Sec. 6.2. Assembling our
previous results, we quote the equation of motion (6.93) for 7(u)

(Sch(T(u), u) — %T’(u)Q CMA— 1)X(u)0(u))/ — AO(u) X' (). (6.110)

As before, we can map the source to the AdS; black hole background (6.53) with M (u) =1
Xin(T(u)) = X ()7 (u)>71, (6.111)

solve the Klein-Gordon equation in that background to find Oy, (7(u)) from which we can extract
O(u) using the relation:
O(u) = Oy, ((u)) 7' (w)>. (6.112)

The equations (6.107) and (6.110) completely specify the semiholographic dynamics.
In fact, we are considering a similar semiholographic system as in Chapter 5, see (5.6), since
we have a scalar coupling. We can write the action of the full system

1

S = Tora

1
/duimiXa — Senmshen[J (1) = AX (u)], (6.113)
where S97% is given by (6.65). This action should be viewed as a functional of the impurity
position, X (u), and the time reparameterization function, ¢(u).

Varying the action w.r.t. X (u), using

58 SSE™  5J(u)
1 grav. _ 1 on—shell -\
"G X = " 5w ax) W

we recover (6.107). On the other hand, extremizing S5, |, w.r.t. t(u) yields (6.110).

We note that adding (6.109) to (6.110) yields a total conserved energy, H,,;,

Hl, =0, (6.114)
which is explicitly given by
Hygp = Higy + Seh(r(u),u) — 37/ ()* ~ MA ~ DX ()O(u),
= Hig — 3 M(u) = X(A ~ )X ()O(w),
= Hy,;,, + Hyop, + Hyypy (6.115)

In the second line, we have used (6.62) relating M (u) and 7(u). In the third line we define the
various contributions to the total energy, H,., into (i) the kinetic energy of the particle Hy;,
as defined in (6.108), (ii) the black hole mass term H,., = —1/2 M(u) and (iii) the hard-soft
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110 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

interaction energy H;,; = —A(A —1)X. We readily see that the terms other than H};, can be
interpreted as a self-consistent effective potential:

V. = —%M(u) “ A = DX (w)O(w). (6.116)

It might seem a bit unusual that the impurity and the on-shell gravitational action have
a relative sign between them in (6.113), but such a relative sign is expected in the context of
effective JT gravities (see Appendix A of [150] for a simple example of this in the case of a
central force problem).

Furthermore, we should point out that, in order to have the right dimensions, we would
need to write M (u)c?p in (6.115), where c;p is the effective velocity for causal propagation in
the infrared sector. We set c¢;p = 1.

We set our initial conditions by considering the equilibrium. This is when X (u) = 0,
where the confining force vanishes. In this case, the bulk is thermal at the ambient medium
temperature, i.e. M (u) is a constant. The bulk scalar vanishes as does O(u).

To usher in time-dependence, we introduce a kick, generated by an external force F'(u).
This can be thought of originating from a fluctuation in the medium where the impurities are
living. We will assume that the impulse has the form of a delta function, i.e.

F(u) = m;vgo(u — ug). (6.117)
The equation for X (u) given by (6.107) should be replaced by
m; X" (u) = F(u) — AO(u). (6.118)

Thus, the full system exists in the equilibrium configuration for times before the impulse
is imparted, u < ug. At u = ug, the system is kicked by F'(u), which imparts a finite velocity
X'(ug) = wg for the impurity, which means the total energy is not conserved at this time
instant. Immediately following the impulse u > wug, the total energy will be conserved. We
will set m; = 1 for convenience and the initial temperature to 3~ = 1/(27) by using scaling
symmetry as before. Thus, the time-evolution will be determined by the parameters vy and the
hard-soft coupling .

The algorithm detailed in Sec. 6.2.2 will be slightly modified in this case. Unlike in the
previous case, where the source was fixed initially to be Gaussian, here we have to update the
source X (u) dynamically according to (6.118). Thus, we update the value of X (u) via a finite
difference method after the sixth step of the algorithm.

As for parameters, we freely choose our initial SL(2, R) frame and thus choose them accord-
ing to (6.103). We will set the scaling dimension A of O to be 5/4. We will also assume that
vy > 0 because we want to investigate how far the impurity can be pushed from the center of
the confining force.

It should be noted that the sign of A is not relevant in our model. Since the source of the
bulk scalar is J(u) = AX (u), it follows that the response O(u) will also be proportional to A.
Thus, we see that the interaction term AX (u)O(u) and the confining force AO(u) in (6.107) are
even in .

6.3.1 Non-equilibrium phase transitions

In this subsection, we will numerically explore the semiholographic model described in the
previous section, by varying the initial velocity vy and the hard-soft coupling A.
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6.3. A SEMIHOLOGRAPHIC MODEL FOR TRAPPED IMPURITIES 111

The behavior of the system for any value of vy and A at early times is that the mass of the
hole M (u) increases (i.e. H,., decreases), while the interaction energy H;,, is positive. Due
to total energy conservation, it is clear that the particle kinetic energy H,;, increases initially,
i.e. the impurity accelerates.

At late times, we find the unintuitive result that the mass of the black hole M (u) always
goes to zero, with the remaining energy going to either the particle kinetic energy, Hy;,, or to
the interaction energy, H,,;.

Moreover, the late time behavior of the impurity is that it always decelerates, eventually
reaching a terminal velocity, v;. When the energy goes to the kinetic energy, the final kinetic
energy of the impurity is less than its initial velocity v;. Energy conservation implies that

%miv? — %MO = %miv]%, (6.119)
where m; is the mass of the impurity (particle) and M, is the initial black hole mass. The
interaction term is absent, as we start in equilibrium with the impurity at the center X = 0.
The above relation determines v;. In the other case, when the energy at late times goes entirely
to the interaction energy, H,;,,;, the particle comes to a full stop as its kinetic energy vanishes.

We can determine which of these outcomes is fated for the impurity, by noting that the
interaction energy at late times is always negative. The two cases then boil down to the
interaction energy going to zero from below or saturating to a negative constant. The first
outcome is possible if and only if the total energy is positive since the kinetic energy is always
positive. In the other case, the total energy has to be negative. Since the initial interaction
energy is zero as noted above, H,,, is simply given by

1, 1

Htot:§ i —§

M, (6.120)

as the sum of initial values of the kinetic energy and H,.,. The final outcomes can be summarized
for

M,

vy > ﬁ, H,,;, has non-zero energy at late times, (6.121)
(A
M,

vy < \/E, H,,; has non-zero energy at late times. (6.122)
(A

In the marginal case when vy = \/My/m;, i.e. the total energy is zero H;,; = 0, both H,,; and
Hy;, vanish at late time along with Hy,.

Another phase transition can be revealed when considering the bulk solution. The phase
transition depends on whether the mass of the black hole M (u) always stays positive throughout
the time evolution, or whether it oscillates between being positive and negative as it goes to

zero. The first case occurs for
M,
vo > ve(N) > 4/ =2, (6.123)
m;

where the energy ends up entirely in the impurity sector. We will refer to this as phase I
behavior. For vy < v.(\), we can have either the impurity comes to a full stop or reaches a
terminal velocity, depending on which condition of (6.121) or (6.122) is satisfied. We will refer
to this phase as phase II. The critical velocity v.(\) separating the two phases is a monotonically
increasing function of .
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112 CHAPTER 6. SEMIHOLOGRAPHY IN NADS,

The remarkable result of our semiholographic setup is that the final black hole mass always
vanishes for late times. This is in stark contrast to the pure holographic case considered in
the previous section and at odds with a higher dimensional picture. This is similar to the
observation of a disappearing horizon in [142], where the work was being done by the black hole
rather than on it (see also [151]). The semiholographic model has a similar interpretation due to
total energy conservation: the black hole does work on the impurity, as well as contributing to
the confining potential. Furthermore, it is worthwhile to point out that in semiholography, the
late time dynamics are controlled by the hybrid collective modes, as was discussed in Chapter 4,
and not by the quasi-normal modes of the individual subsystems. Thus, the long term behavior
of a semiholographic system can be very different from that of a purely holographic system.

However, in higher dimensions, a similar simulation shows that if the boundary fields do not
have many degrees of freedom and only scalar hard-soft couplings are present as in our case, the
black hole sucks up all the energy, depleting the boundary sources [37]. The case of JT gravity
is then peculiar. We also note that it cannot be embedded in a higher dimensional setup as the
dilaton does not couple to matter directly.

An illustrative example of phase I behavior

Here we will study the case of vy = 2.0 for A = 0.4 as an example of phase I behavior,
i.e. behavior found in (6.123). The black hole mass is always positive definite as it approaches
zero for late time. H,, is negative definite and it goes to zero from below. We plot the energies
in Fig. 6.4a. In this example, one can observe that H,., and H,,; both vanish at long time,
while Hy;,, stabilizes to a constant value.

In Fig. 6.4b, we plot the time-dependence of the SL(2, R) charges, which diverge at long
time, although the Casimir goes to zero, which is not surprising as the Casimir is proportional
to the black hole mass.

In Fig. 6.5a, we plot the sources in both geometries, X (u) and X;;,(7(u)). We plot the
responses in O(u) in Fig. 6.5b and Oy, (7(u)) in Fig. 6.5c. We find that the source X (u) reaches
a terminal velocity at late times, while the response O(u) suprisingly vanishes faster than X (u)
grows, such that H;,; also vanishes. Interestingly, the source and the response in the thermal
background, X, (7(u)) and Oy, (7(u)), respectively, do not behave at all like their counterparts
in the other geometry. This is what we would have expected from the discussion of the pumped
states in Sec. 6.2.3. Instead, we find that neither decays at late time, but H;,; is proportional
to 7'(u) X0y, which goes to zero, since 7/(u) decays rapidly. Finally, O(u) stays positive
from some intermediate timescale to late times, such that the force on the impurity is indeed
confining in the long run.

Our solution raises an interesting question: as the black hole evaporates classically, can
we recover the information of the initial conditions from the asymptotic late time behavior?
As Fig. 6.4b makes clear, all of the SL(2, R) charges diverge at late time while their Casimir
vanishes. Intriguingly, we can fit the late time behavior to an exponential proportional to e®*
extremely well (with an adjusted R square = 0.99), which means that all the SL(2, R) charges
grow exponentially with the same exponent a. Since the Casimir vanishes at late times, we
can conclude that the exponent a is SL(2, R) invariant and an observable. Remember that the
initial conditions are labelled by two parameters: (i) the velocity vy and (ii) the initial mass of
the black hole. The total conserved energy determines vy, the terminal velocity of the impurity.
We can then expect that the initial conditions can be recovered completely from the exponent
a, as well as vy. Fig. 6.6, where we have plotted a against vy for a fixed unit initial mass of
the black hole, supports this point of view, as a grows monotonically as a function of vy. This


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
blio
nowledge

(]
|
rk

6.3. A SEMIHOLOGRAPHIC MODEL FOR TRAPPED IMPURITIES 113

3 :
[ 200+ ]
2 ]
; 150 —a
1 ] o
[ 100 1
[ Q.
or | ——Hkin
-1 3 Hint ] 50 ]
: Hsch
_2}‘ I . . . I . . . | . . . | . | Hmt\i 0_7\77 | | | \_
0 2 4 6 8 0 2 4 6 8
u u

(a) Plot of energies as function of time: Note that the (b) Plot of the SL(2, R) charges as a function of time in
total energy H,,, = Hpyi, + H;ne + Hgep, is conserved phase I. Although all of them diverge at late time, their
after the initial impulse and is finally transferred to Casimir (and thus the black hole mass) vanishes.

Hy;,, the particle kinetic energy. The mass of the black

hole M = —2H,_;, remains positive and decays to zero

eventually.

Figure 6.4: The plots for energies and SL(2, R) charges for vy = 2.0 and A = 0.4

merits more investigation.

Illustrative examples of phase II behavior

The second phase appears for vy < v.(A). We first set vy = 0.9 and A = 0.4. In this case,
the mass of the black hole becomes negative after finite time (i.e. H,., becomes positive) before
vanishing at long time as shown in Fig. 6.7a. As we will discuss below, a naked singularity forms
exactly when the mass vanishes and it should imply a burst of soft bulk radiation. However,
unlike phase I, the kinetic energy of the impurity goes to zero at late time, meaning that the
impurity comes to a full stop after travelling a finite distance, with the remaining energy ending
up in H,,,, the self-consistent confining potential energy. The SL(2, R) charges decrease and
seem to saturate to a finite value, unlike in the first phase, as shown in Fig. 6.7b.

Clearly, Fig. 6.8a shows that X(u) and Xy, (u) saturate to a finite value. Similarly, in
Fig. 6.8b we can see that O(u) saturates to a non-zero value at long time, so that indeed
H;,; = —(A\/4)XO becomes a constant at long time. In the thermal geometry, O, (7(u))
diverges (see Fig. 6.8¢c), but 7 decays faster, which leaves H;,; = —(\/4)7' X};,0y, going to
a constant. Note that O(u) is positive at long time and the final value of confining potential
energy is negative as claimed before.

We now turn our attention to the case of \/My/m; < vy < v.(\). Let us study what happens
with A = 0.5. When vy = 1.1, the impurity retains a terminal velocity because we choose
VMy/m; = 1.0, but H,,, crosses zero twice before finally vanishing from below as illustrated in
Fig. 6.9 (see the inset plot). In other words, for a finite time period there is a naked singularity,
but before and after this period, the black hole mass is positive and the singularity is hidden by
the horizon. As mentioned above, the development of a naked singularity could again indicate
that the particle should disintegrate into softer fragments if we incorporate quantum effects in
the bulk as suggested in [152].
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(a) Plot of X(u) and X;;(7(u)) as functions
of time. Note X(u) eventually reaches lin-
ear growth regime implying that the particle
reaches a terminal velocity. X, (7(u)), the
source conformally mapped to a black hole of
unit mass, saturates to a constant.

0 2 4 6 8
u
(b) Plot of O(u) as a function of time. The
eventual rapid decay of O(u) ensures that
H;,; < X(u)O(u) vanishes at long time.

200 1

150 1

th

O 100} ]

0 2 4 6 8
u
(c) Plot of Oy, (7(u)): Note as Xy, (7(u)) sat-
urates, Oy, (7(u)) grows with time. However,
the rapid decay of 7' ensures that H,,; o
7/ () Xip (7(1)) Oy, (7(u)) also decays in this
frame.

Figure 6.5: The plots of sources and responses for vy = 2 and A = 0.4.
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Figure 6.6: a, the exponent for late-time growth of SL(2, R) charges as a function of v, for
A = 0.4 and fixed unit initial mass of the black hole. Note that a grows monotonically with .

Our results suggest that for /M, /my < vy < v.(A), corresponding to the energy ending up in
the kinetic sector, the mass M (u) crosses zero an even number of times before finally vanishing
from above. The case of vy = 1.1 is illustrated further in Fig. 6.10. For vy < +/M;/mg, our
results are consistent with odd number of zero crossings of M (u) before its final disappearance.
Interestingly, the case of vy = /M;/mg, where H;,;, Hy;, and M (u) all disappear finally
corresponds to a single zero crossing of M (u). However, we warn the reader that since the
amplitude of the oscillation of M (u) drops dramatically, it is not easy to numerically verify
definitively the number of zero crossings. This would require refined numerics, taking into
account higher precision and also longer time simulations.

This phase transition merits further detailed study. In particular, we know that the order
parameter of this transition is simply the inverse of the crossing time, which is the smallest
value u* when M (u*) = 0. Since M (u) never crosses the origin and is positive definite at any
finite value of u for vy > v.(A), the order parameter vanishes in phase I. In phase II, the order
parameter is finite leading to the formation of a naked singularity at v = u* as discussed above.
However, in order to study the phase transition carefully, we need to simulate the full system
for very long time for vy close to v, which is currently a significant numerical challenge. We
leave this for the future.
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0 2 4 6 8 10 12

-1.0

(a) Plot of energies as function of time: Note that the
total energy H,,, is conserved after initial kick and is
finally transferred to H,,;, the confining potential en-
ergy. The mass of the black hole M = —2H,_; becomes
negative after finite time and then eventually vanishes
at long time.

50!

(b) Plot of SL(2, R) charges as a function of time. Note that they saturate to
finite values.

Figure 6.7: The plots for energies and SL(2, R) charges for vy = 0.9 and A = 0.4.
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(a) Plot of X (u) and X;j,(7(u)): Both of them sat-
urate to constant values at late time. The particle
stops at a finite distance from the origin.
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(b) Plot of O(u): O(u) saturates to a constant value
at late time so that H;,,, & X (u)O(u) also saturates
to a constant.
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(c¢) Plot of Oy, (7(u)): Note Oy (7(u)) diverges at
late time since X,,(7(u)) saturates to a constant
value. However, H;,, oc 7' (u)X, (7(u))O (7(u))
also saturates to a constant in this frame because the
decay of 7' compensates for the growth of Oy, (7(u)).

Figure 6.8: The plots of sources and responses for vy = 1.4 and A = 0.4.
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W vp=0.8
 vo=1.1
| | V0=2.0

6 7 8

Figure 6.9: Different phases for A = 0.5 as can be seen from the behavior of M (u) = —2H ., (u)
for various choices of initial velocities. The inset plot shows that multiple crossings of zero is
possible for M (u) when the total conserved energy is positive.

150 ]
1.0/

Figure 6.10: The four energies in the case of vy = 1.1 and A = 0.5. The double crossing of
H,, about zero is hard to discern here, so one can refer to the inset plot in Fig. 6.9. The final

transfer of energy goes to the kinetic energy of the particle.
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Chapter 7

Closing remarks

7.1 Summary

In this thesis I studied semiholographic models with the ultimate goal to understand ther-
malization in nonabelian gauge theories. After reviewing in Chapter 2 the relevant theoretical
background of holography, hydrodynamics and kinetic theory, I described the semiholographic
framework in Chapter 3. I first motivated the phenomenological construction of semiholography
in Sec. 3.1. Semiholography only needs an effective description in order to provide self-consistent
couplings between two sectors. Although requiring only effective descriptions is the main ad-
vantage of semiholography for phenomenology, I discussed in Sec. 3.2 the more general case of
semiholography in the case the microscopic detail is known, i.e. when there is an action princi-
ple. I then described two simple examples of the scalar and metric coupling in Sec. 3.3 and 3.4,
respectively, to demonstrate how semiholography works.

Having set the stage, in Chapter 4, I discussed a phenomenological model of semiholography
near equilibrium. In Sec. 4.1, I described the metric coupling between two perfect fluids in a
flat Minkowski background, where the effective metric tensors encode the interactions. My
collaborators and I found that the metric coupling induces a change in the light cones of each
subsystem. Moreover, we found that there is a first or second order phase transition (otherwise
an analytic crossover) in this model depending on the coupling parameters. In Sec. 4.2, I studied
fluids in a Bjorken expanding background and found novel behavior of the coupled systems. I
then turned the discussion back to Minkowski space, where we investigated viscous corrections
to the perfect fluids in Sec. 4.3. In the shear channel, we found that the shear diffusion constant
would decrease in each subsystem with increasing coupling, while the overall shear viscosity
assumed an intermediate value between the two modes. In the sound channel, we found that
one of the two modes would always have a speed close to the thermodynamic speed of sound,
whereas the other was slower. In Sec. 4.4, one of sectors was described by a kinetic sector.
We found that the non-hydrodynamic relaxation modes changed little or not at all due to the
effective metric coupling.

Then in Chapter 5, I discussed a toy glasma model, which demonstrated for the first time
energy transfer from the hard Yang Mills UV sector to the soft IR gravity theory. This was
accomplished via a self-consistent numerical AdS/CFT simulation with a backreacted dynamical
boundary source. Although this model was formulated in 2 4+ 1 dimensions for simplicity, the
same results should hold qualitatively in 3 4+ 1 dimensions.

In the final example in Chapter 6, we investigated a semiholographic model describing the
motion of a trapped impurity, where an impurity following Newtonian dynamics was coupled

119
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120 CHAPTER 7. CLOSING REMARKS

to the strongly coupled dual of N AdS,, describing the self-consistent confining potential. We
found that there were two distinct phases, depending on the initial velocity of the impurity.
Remarkably, the black hole would always lose its mass to the dynamical boundary source or
the interaction energy.

7.2 Outlook

There are plenty of possible applications and extensions of the ideas presented in this thesis.
Here is a nonexhaustive list:

Fluctuations in semiholography. It would be useful to include fluctuations in semi-
holography. They very well may be crucial for full thermalization, but are beyond the large
N limit. Furthermore, in Chapter 5, although the strongly coupled sector was inherently
in a quantum regime, fluctuations did not couple to the glasma. Thus, the model can be
improved from a more conceptual point of view by implementing couplings to quantum
fluctuations.

Viscous corrections to Bjorken flow. In Chapter 4.2, we have only considered the
invsicid case for a semiholographically coupled Bjorken fluid. Of course, if we would like
to make the story more closely related to the situation in QGP, we would need to add
viscous effects to see if isotropization can occur.

Attractors for conformal fluids. In the context of Bjorken flow, we can also take a look
at attractor solutions in models like [82] to study off-equilibrium attractors as in [153].
It would be interesting to, say, couple two fluids and understand the late-time behaviors,
such as if the full system would go to a hydrodynamic attractor as well. One of the
sectors could be replaced by a kinetic-like sector, possibly providing an avenue to study
the interplay of non-hydrodynamic modes with hydrodynamic attractors.

Making the toy glasma model more realistic. We can make the discussion in Chap-
ter 5 more realistic by incorporating anisotropies in 3 4+ 1 dimensions. This would require
work on two fronts. First, we have to improve the numerical stability of our solution
procedure, particularly solving the Yang-Mills equation without introducing too much
numerical noise. Second, we would want to relax the symmetry assumptions, incorporat-
ing anisotropies and spatial inhomogeneities. This would mean that the spin-2 coupling
channel would be opened allowing to use the full semiholographic description as detailed
in [33,36].

Improving the NAdS, model. A simple way to extend the discussion in Chapter 6 is
to experiment with the form of the impurity. We can generalize its Newtonian dynamics
to the relativistic case. Furthermore, we can make the impurities massive, as well as
self-interacting, and investigate the effect of multiple impurities.

Recovering initial information in N AdS,. As the semiholographic N AdS, repre-
sented a simple example of an evaporating black hole, it can work as a laboratory to
study the sensitivity of the final state to initial conditions. In particular, it will be in-
teresting to explore to what extent the soft hairs, i.e. the SL(2, R) charges, can preserve
information about the initial conditions.
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7.3. CONCLUSIONS 121

N AdS; chain models. We can further expand our discussion in Chapter 6 by considering
a chain or lattice of N AdSy holographic systems. The neighboring sites would be coupled
by the the local SL(2, R) charges. This can be used to explore many interesting questions
at the interface of quantum information and many-body dynamics. For instance, as we
have mentioned previously, in the semiholographic model we are already able to recover
the complete information of the initial conditions from the final state, involving the evap-
orating black hole. We could investigate the existence of possible bounds on the response
of the final state to initial conditions. Finally, we can use this model to study chaotic
behavior in a far from equilibrium state.

Semiholography in other contexts. Semiholography is quite a flexible framework,
allowing one to couple in principle any classical field theory to a strongly coupled dual.
For instance, it would be interesting to couple a kinetic theory to a holographic theory
to study how the quasinormal mode spectrum can influence analytic structure in kinetic
theory.

7.3 Conclusions

In conclusion, semiholography is an interesting framework to explore the possible interplay
between strongly and weakly coupled subsystems, by coupling a field theory to a theory dual to
a gravitational one in a self-consistent manner. The features of the theory are as rich as they are
diverse: phase transitions, irreversible energy transfer and even something akin to black hole
evaporation in N AdS,, to name a few. Although the specific examples considered in this thesis
were motivated by understanding the QGP and other strongly coupled nonabelian plasmas, the
framework is robust enough to work in other contexts, such as condensed matter systems and
cosmology.
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Appendix A

Derivation of the semiholographic
action

Here we calculate the full action of the semiholographic model with democratic couplings,
which recovers the full stress tensor given by (3.49). We make the following ansatz for the form
of the full Lagrangian

V=8P L = V=5L19) + V5L50] =9 L (A1)

with the idea that as v,7" — 0, L;,;, — 0 and the subsystems decouple. We find that

(’yt T+ v’t"”g,(;f)twgff)) (A.2)

It is worthwhile to point out that the derivation does not depend on the variation of the stress
tensor with respect to the effective metric, i.e. the only information that we need from each
subsystem is that the variation of the subsystem Lagrangian w.r.t. the effective metric is the
subsystem stress tensor.

The derivation of this result proceeds as follows. We consider the full energy-momentum
tensor:

=y )

Tﬂ

gV —9
- _QQ&g [8(\/TBQ£) " a(\/ngE) n | —gi)ﬁmt)}’
g gty g

o (B) 8(\/iig‘C) 8gpa B(HE) agpo a( _Q(B)Eint)

= 20| p) @ T a5 @t &)

Ypo 89,1“ Ypo 89,1” 8gau
8 - (B)‘Czn

_g [Ftpo gPU + /_ tpa gPU _ ( t)} (A3)

of 90P)

gau OlM Gou
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124 APPENDIX A. DERIVATION OF THE SEMIHOLOGRAPHIC ACTION

Now we make use of the coupling equations

G = 90 + 71— 1095 + 7 gl DTG

G = G’ +7y g e e’ Guv
M M \/ﬁ Y & —g(B) K Yo
We then have
T\ —g®B) = g\ | (V=917 + V=5 )o{o}
o 0 _g
+ /_gtp (B)( % g( )twg((;f))

aga# A/ —g(B)

+y yan tPU ( V9 g(B)tvdggf))
g

au —g'P)

O (V=9 (B)ms (B)
! po 7y
+7v—gt a<B)< 9o 't°g )

0
Yop —g(B) !

- 8( —Q(B)ﬁmt)
A =G ( V=g g<B>twag§6>)_2 - } (A.5)
ga'u, —g(B) 89

We can rewrite the second line as
s 0 V=0 (B)#s (B 0 e V43 B
W = 9 1°95,)) = v—57 (V=9t" 9 1952 )
Jap —g(B) 09au _g(B)

9 gév)tw &
—g(B)

sy (rtw), (A.6)

gau

and the third line as

y\ﬁtﬂa ( V=9 (8o (B D VoI (B)jer (B) (\ﬁtvé)

/79 B 9pry g60 /79m ga“
F

9 [ (B) (B)
V=gt 950 9
/7_9(3 aggﬁ)( oo IPY )

- o 1
+ V=gV 953 05—

By \[—gB)

Similarly to the terms proportional to -y, we can rewrite the fourth line and fifth lines as

(A7)

9 V=3  (B)zs (B) V=0  (B)#s (B)
! [ 4PO ot 1P g
V=t 9o 100, ) =+ 7 B) (v=ot %(B)gpa 043

—7’\5%)9(3)2% AP ()
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and

/= V=3 - 0
! \ﬁtwa ( / (gB) g’()f)tvéggﬁ)) = / (gB) tpagg)gg?)a (B) (\/jgt75>
gozu —g —9g Gap
,}// vV —gv *g fpa{y&

J—g®

Tpo 75, (B) 9 1
+v'vV=gv—gt gpat 95 aggﬁ)( )

J—g®

D) (9h9:5")

Finally, recall that

0 1 _ 1 g(B)
ags) \[—gB)  2,/—gB)

Putting it all together

TH—g®) = gUg) [(V=gtr7 + /=5t ) 5708
VY9V =9 a5 9 V= \/ oo 0
%g P (g5 9k )+ 9 oo 0 ®) (950 45")

(B)ap V —gv _gt i B)ap VIV Y gv— tpat75 (B)

79

2\/*9(3) 2 —g( )
+ (B [ 0 —gBIL,, + Y IVI (’yt T++tr7g (B)ﬂ‘sggé))] (A.10)
o \ —g(B

V=9 (B - V=39 5 (B) (B) O
o = T (‘/jgtp ) = =g o (V9
—g( ) agau —g( ) agau
(A.11)
V —g o V —g ool 0
+ L (BpoglP (W tr ) S a2 B (\/—TJW‘S)]
/—g® ag —g(® Ogap

(A.12)

We see that the last two lines vanish. The line above that vanishes as well, if we identify

R Vi v
int — o
2 [—g®B) [ —g®B
The terms that are left are nothing more than the stress tensor. This becomes clear after
further manipulation.

(7t R *y’tpaggf)tw‘;gga)). (A.13)

22 = 3 ( + T
V- F VoIV I O @ (gg)g;}g)) ! JBanY=IV=I, ¢
+7’\/jg” —9 oo s B) <9§f)9§?)) - 9 By 0V g %, tpa} (A.14)
) agte 2 m
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We expand the first line of the above

gaﬁ (\ﬁf’w%-\ﬁt””)é(aéﬁ = 7\ﬁ(tua (B )+t"” (B))
+ - \/7(15/10 tU“géa)) (A15)

Using the coupling equations, we have

V(g + g ) 1 L5 (e + gl

- \/2?9(75“6 +15) + @(5“5 +14")
\ﬁg( 95 tﬂyég B)t;w + g(B)t'yég(g)t,ucr)
-9

'V IV TS 9gv — (t;wgﬁ t'y& (B) _i_i’uaggi)t’yé (B))

J—g® 9o

= @(t“ + tﬂ“) + \/2_7’(5“5 +14")

(B) (B)
956 9
—g(B) Gg(B)( o 7 )

B) VIV 0 o s (o262 (A.16)

0
—' Qu By \Ypo Y5
V —g'B) agr(lu) !

Thus, we have

T ) )
s 0
+79 B)FT;{;W £ PG )(g,gf)gg))

F

+ ’Ylgl(ig) vV —gv _gfpatw(s (ggf) (B)> uwV IV I B)t'y5 (B)tp0:|

—y(B) Dgl) N T ,/
(t“ +g ) + V?(f“ﬁ +£5“)
- % gr;{; 5# \2/7\/7#’0 t’75 (B) (A.17)

which is indeed the full stress tensor.
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A.1. REWRITING THE INTERACTION TERM 127

A.1 Rewriting the interaction term

Temporarily setting 4/ — 0, it is also interesting to note that we can rewrite the interaction
term via the coupling equations. First observe that using the coupling equations

(B))g(Bha(g . _ oB)y (BB _ (Bluog(Bwy V=9 ((Bpys (B V79 (B)ys ()

(G — G —dq gl 95, ga
W Iz B B m oy ) \/ﬁ 95p
= V9 VI g (A.18)
V—gB [/ —g(B)

We can write the action as

Sfull[¢? (b:g,uwg,uwguv /dD vV E ¢7gu1/ TV ‘C ¢7guu

+ %\/ ~9P) (g — 90 )9 P Gop — 05 )g PP (A19)

Then the equations of motion for the matter fields are the standard Euler-Lagrange equations.
The variation of the above action w.r.t. g"” yields

2 ul/ vV + B \/ )(guu - gl(lg))

= G = g + ytuyiﬁ, (A.20)
—g(B)

where we used the shorthand
b = g,(w)tw‘sggy). (A.21)

This is nothing more than the coupling equation, which we can view as a constraint equation
on the form of the two effective metrics.

A.1.1 Adding the trace term

We will still need to incorporate the trace term. First we take the trace of a coupling
equation with respect to the background metric

B) , V9 1By gB)y.

guu g/ll/ g(B ;UJ + Y Guv
N~ D
N I 4. B — g9 -D — (A.22)
—g(B) Y +'D
where D = gfg) g®H g the spacetime dimension. This means that we can reinterpret the

coupling equations

i-dB D —
N By 4 99 V=g
g,u,u g/“’( +7 ’Y+’Y’D )+

/_g B (B) /g g(B) — D
Y = G — G L+ YV ———7—)-
g ( 157D )

=
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128 APPENDIX A. DERIVATION OF THE SEMIHOLOGRAPHIC ACTION

So if we improve our interaction term by this factor

1 .gB) - D 503 _D
2 ea®B (g — B (1~ I (o — d B (I y A23
W\/T((g g1+ Ny ) (@—9"7( +777+7,D ))+exm), (A.23)

(where we now aim to determine the form of the extra terms), then the variation of the full

action w.r.t. g,, is
E g(B) - D

1 - B)
0=t v/—g+ -/—g® (5., — P 1

~ G-g(B) —
(B) g P (g-gP 1+ ’y,g:;]_i,_»y/DD) 5emtra>

)

!
- v +
Y 9u ( 'Y‘i"')/D ) 5gwj
- G-9B)—D
— G-aB _D g(B)'g—D(1+fy’99 D) Sext
= G = 988+ 1t /gl (L2 g D ) zx ra
\/—g® v+ v+ Gy
(B)(~ . (B)
- (B) V=9 Vg (§-¢") —D) v Sextra
Juv = 9" + 7t + 1+ — A.24
oI Y —g® v++'D ( 7+7/D) 89, (A.24)
So we see that if we add a term like
'(g-9B) — D)5 ¢B — D
Y (99 )G9 ) (4.25)

(v +7'D)?

to the action, then we have exactly the right coupling rules. Note that (A.25) is nothing more
than the term proportional to 7/ in (A.13)

Vg-9P =D)§-9P =D) _, Vg VTG, myp. ,» (A.26)

Y t-g
(v++'D)? J—gB) \/—g®

The full action now reads

Sfull[(rbv (lgagp,uvglung,gg)] = /de {\/jgﬁ[(rbvgul/] + \/jgi[(gagp,u]

1 .¢B) _ D i-adB) D
) eaB) (g — B 199 " T BN (- B 9°9 "~ &
t o VY (9-9P 1+ vy ) (5-9P 1+ S 1D
l/ _(B) (g'g(B) - D)(g'g(B) - D)
+ 59 1D ] (A.27)
which can be further simplified to
Sfull[¢7 é?gluwgpyag/(ié)] = /de{V _g£[¢7guy] + v _gﬁ[(&gpu]
1
+ 5V (9-97)-(3-97)
_ _g(B)(g'g(B)_D)(g'g(B)_D)}, (A.28)
2y v+'D

where the contractions are to be taken w.r.t. the background metric g(&)».

Now the story is complete: the variation of this action w.r.t. the matter fields yields the usual
EOMs. The variation w.r.t. the effective metrics now gives the complete coupling rules. These
can be thought of as auxiliary fields since their EOMs are just algebraic equations. Finally, the
variation w.r.t. the background metric yields the full theory stress tensor.

)
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A.1. REWRITING THE INTERACTION TERM 129

A.1.2 A check on the Ward identities

It is straightforward to see that the Ward identity for each system holds. We treat g, g,
(B)

and g, as fundamental fields and consider the variation of the on-shell action

6\/ —gL v 0 _NE g v ~ . .
0S8 puu = /d4x[5zw[gu]5xgw + \/;“(;W[gu]éxgm/ + d(interactions) (A.29)

Consider the infinitesimal spacetime translation

at — et (A.30)
under which the metrics transform as
N A A (A.31)
-9 = Ve + V2, (A.32)
5.9\ = V(B) e, +VPe,. (A.33)

(B)

Note that considering the variation with g,,” means we arrive at the Ward identity for the
complete system. Now we focus on just the variation with respect to g,,,. Then, using that

OV —9Llgw]

Y/

gt = (A.34)

and after partial integration

ozasfu”:/d%[; tﬂ”ﬁ+ 550 o[ V-9®{(5- 4" ’(1+7’%)))W

/

B B)uv ( ~ B
_’yg(B),uI/g(B)‘(g_g(B)(l_’_,y,g'g( )—D> ’7/’79( i (g.g( )_D)}]
7+7/D 7+9'D (y++'D)?
a - (B)_D v
! "/ =g B (G- ¢® 997 - D
A R (G )
'D
()uV~.(B)_D B (1. YD 7
’Y+’Y'Dg G-9 )9 ( D ’y+’y’D)H

:/d% 5 t“”\ﬁvt 6(V ){@(9—9(3)(1+V'W)>W}'

(A.35)
Then using the coupling equation, we have that
1 g-aB) — D \ v
- _ (B (7 _ (B 199" - _ p
Vv“[\/ g (5-gP 1+ D )| = vy, (A.36)
i.e.
0=0Spu /d4x5(,jvﬂ)t’“’«/—g. (A.37)

Thus the WI are satisfied for the individual subsystems.
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Appendix B

Semiholographic perfect fluids in
arbitrary dimensions

Here we generalize the previous discussion in Sec. 4.1 of two perflect fluids in 3+1 dimensions

to d + 1 dimensions. As usual, we choose the background metric to be flat gyj) = Ny, We
assume homogeneity and isotropy, so that the metric will be diagonal and of the form
goo =—a>, gy ="V’ Joo=—a and g;="b" (B.1)
The energy momentum tensors of the two perfect fluids are
00 € _P ~00_§ ~.._P
T = ?7 T“ = b727 T = ? and j—‘ZZ = 672 (BQ)
The coupling equations are
Guv = My + ’YT/M/\/E + ’y/anTaBT/aﬁ \/57
gpl/ = M + ’YT;W\/.& + 7/77yuTaBna6 \/§ (B3)
Explicitly, this reads
o [ € AP &
1—a“=ab _'y?—’y<~2 _ﬁ)}’ (B.4)
-1 P ap &
2 _ =7d| T - _ =
b*—1=ab 17 —1—7(62 d2)}’ (B.5)
~2 dl 9 ’ dP 13
- P dP ¢
2 4 adl b g0l €
b*—1=ab [’be +7 (62 GQ)} (B.7)

Clearly, there is no time dependence in these equations. As such, these equations represent a set
of algebraic equations. After specifying an equation of state for both P(e) and P(&), (B.4)-(B.7)
represents a closed set of equations.

Note that we require v > 0 to ensure that the light cones are within the light cone defined by
the Minkowski metric, i.e. 1> ¢ = b > a. This can be seen by adding the first two equations
and, equivalently, the last two:

P &9
2 2 _ ~7d
- P ¢
b2 - (12 = 'Y[ﬁ — ¥:| abd > 0 (Bg)
131
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132APPENDIX B. SEMIHOLOGRAPHIC PERFECT FLUIDS IN ARBITRARY DIMENSIONS

To make contact with Sec. 4.1, we choose for both sectors to be conformal, such that their
equation of state is

e=dP =dn T, and &=dP =dn,T¢™. (B.10)

Furthermore, we assume that the system is in thermal equilibrium, such that the physical,
system temperature, 7, is related to the effective temperatures, T} and T, via

T =vV—g00T1 = aT7, (B.11)
T =\ _§00T2 = &TQ (B12)

We now make a change of variables to include light-cone velocities, namely v = 3 and © = %.
This is a useful choice as the light-cone velocity is bounded between 1 > v > 0, 1 > ¢ > 0. This
leads to the following equations

dn T (y +4'(1 —v?))

<279
o272 +0°h° =1, (B.13)
andH(dV/(l - Uz) -7) | i
2302 +b% =1, (B.14)
dng T (v +4/(1=0) | 59
P +vb" =1, (B.15)
n2TdH(d’Y/(1 - 172) -7) 2 _
i +b°=1, (B.16)
Introducing the dimensionless ratio
,y/
r=—— (B.17)

and eliminating b2 and b2, leads us to

v - )(d+v)

T = [d+ 0202 — dr(v? — 1)(32 — 12 (B.18)
~d+2 d+ 7
T = o dr(v? e %2)_ D (B19)

Since the light cone velocities are bounded by causality to the range 1 > v, 0 > 0, we see that
solutions with arbitrary temperatures are only possible when the denominator on the right hand
side of the above equations is zero. This provides a condition on the range of r:

d+v?9?

TT A - D) - 1) (B.20)

Clearly, we require that r > 1 for arbitrary dimensions.

B.1 Phase transition in arbitrary dimensions for % =1

We now consider phase transitions in arbitrary dimensions for equal subsystems, i.e. when
v =0 and b = b. Note that a phase transition corresponds to v(7") being a multivalued function
of 7. This can be seen in Fig. B.1, where we plotted for the value of r where the second-order
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B.1. PHASE TRANSITION IN ARBITRARY DIMENSIONS FOR ]]Y,—f =1 133

0.10
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0007 ! . . . ! . . . ! . . . ! . . .
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Vv

Figure B.1: The relation between 4 7* and v = a/b (for n; = ny) at the critical value r = r,
(full line) with the critical point indicated by a black dot on top of it in 3 4+ 1 dimensions. The
dotted and dashed lines correspond to a crossover situation with r = 1.1r, and a first-order
phase transition with » = 0.95r,, respectively.

phase transition occurs, as well as one value in the crossover and another in the first-order
regime. Note that in this plot only the part connected to v = 1 (corresponding to v7* = 0) is
physically realised; increasing y7* from zero to infinity lowers v to a finite limiting value (in
3 + 1 dimensions, given in (4.37)).

Hence, if we are interested in determining the onset of a phase transition, we are interested
in the critical points of T'(v). We begin by considering (B.18) for identical systems:

v 2 (1 — v?)(d + v?)
[d + v20v2 — dr(v? —1)(v2 —1)]2°

yny T = (B.21)
Below r,, r will have multiple zeros, which correspond to the minima/maxima of T'(v). Above
Ty, there are no zeros. It is not difficult to conclude that the zero of (??) will coincide with
the minimum/maximum of r in the range 0 < v < 1. So, we are interested when r has one
minimum in the range 0 < v < 1. It turns out that there is exactly one such value. We can find
the critical points by taking the derivative of the above w.r.t. v:

d d+1) _
%<’yn17 ) =0. (B.22)
This then produces an equation linear in r, which we can then solve for
3w = 1) + & (v + 3v% — 2) 4 d(v® — 5ut 4 1207 — 4)v? — 2(v? — 2)1F
B d(v? —1)2(d?(v? — 1) + d(v* — 5v2 — 2) — 202(v2 + 2))

(B.23)

The maxima of r(v) determines the critical value 7., as this determines the critical behavior of
T. This means that we need to solve

dr
0= —
dv’
= 0=d’(v® — 1)% + 3d*(v? — 1)%0? + d®(30® — 60° — 130" + 802 — 4)
+ d?(v® — 208 — 2301 — 12)0? — 12d(v* + 2)v! — 4(v? — 20% + 4)0O (B.24)
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Figure B.2: The critical temperature as a function of the critical velocity. The blue point
represents the d = 3 critical point. Note that the d — oo limit is represented in the lower right
hand corner, T, — 0 as v — 1.

in the range 1 > v > 0. This determines the critical velocity v., which is then used to determine
r. and the critical temperature T,.

If one considers d = 1, 2, it becomes clear that the above equation has no solution for physical
values of the light-cone velocity, i.e. 1 > v > 0. This leads us to conclude that for identical
conformal subsystems, there are no phase transitions in d = 1,2. The d = 3 case is the lowest
dimension of a phase transition, which was discussed in [36] and Sec. 4 and will be the subject
of the next subsection. It is worthwhile to mention some observations on higher dimensions.
As d — oo, we have that r, — oo, T, — 0 and v, — 1. This behavior is monotonic as can be
seen in Fig. B.2.

B.1.1 The critical value in 3 + 1 dimensions

In this subsection we compute the associated critical values in 3 + 1 dimensions for equal
subsystems. We begin by considering (B.24) when d = 3, which reads

0 = 5v'0 + 350% — 1420° — 6660* — 13502 + 135, (B.25)

which is a quintic in v2. There is only one solution in the range 1 > v? > 0, which can be given
in closed form

1
v? =z (2\/85 + 10V15 — 5 — 4\/15) ~ 0.35097. (B.26)
n1=nNy

We can plug this critical value of the light-cone velocity into (B.23) to find the critical value of
r:

Te

1
= — 195+ 43V15 + \/30 (4082 - 557\/15) ~ 1.114509. (B.27)
ny=n, 540

This leads to a critical value of the temperature in (B.21) to be nyT/* ~ 0.0539768.


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

B.2. VACUUM SOLUTION 135

-
o

o
o0

o
o

©
~

o
N

o
o

1.0 1.5 2.0
T/T,

Figure B.3: The effective light-cone velocity of the vacuum subsystem as a function of temper-
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B.2 Vacuum solution

A curious observation can be made when we examine the consequences of setting the number
of degrees of freedom in one subsystem to zero, i.e. the vacuum state, whereas the other system
is non-vacuum. We can set 7, = 0, but 7}, # 0, and consider the coupling equations (B.3):

v = NMuws (B28)
g;w = N + VTuV\/g =+ 7/nuyTaBna6\/§' (B29)

Clearly, the matter sees the physical background metric 7,,, i.e. the light-cone velocity v = 1.
What about the other, empty sector? For conformal matter, the coupling equations imply that
the light-cone velocity of the empty sector is

Vv1—dyP
v1+~P
where d is the spatial dimension. Note that the light-cone velocity is physical for a limited range

of pressures. To illustrate the point, let’s consider an arbitrary dimension, where the pressure
can be parameterized by n,;T¢"!. This means that there is a critical temperature where the

(B.30)

D=

light-cone velocity drops to zero, given by
1

7. = () 7 331

This extreme case can be understood by re-examining Fig. 4.6. In the case ny — 0, v — 1 for
all /4T (the blue line), while the other line # will behave like in Fig. B.3.
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Appendix C

Low and high temperature behavior
of perfect fluids

This appendix centers on discussing the low and high temperature regime for conformal
perfect fluid subsystems in the case r = —'/y > 1 in 3+ 1 dimensions, such that solutions exist
for all values of the physical temperature 7. Moreover, we show the emergence of conformality
in the limit of large y7*.

For small y7#, a power series expansion of the solutions to the set of equations (4.29) can
be easily obtained and we find that the leading terms of the metric coefficients are

a? = 1—=3nyT*+ (12r — 27)nyny(VTH2 + (( T? )

@ = 13T+ (120 — 20)mna(1TH2 4+ 0 (1 T4?),

B = 1+4nyT 4 (12r + 5)nina(TH? + ( (T 3)

o= 1nyT 4 (12 + 5)mna(r T2 + 0 (7T4?), (C.1)

while the effective light-cone velocities can be expanded as:

= 1- 277,2’)/7-4 — 1677/177/2(’}/7-4)2 + O ((’YT4)3> )

o]
Il
S QLo

= 1= 2097 = 16mme(yTH? + 0 (1 T)?). (C.2)

Note that r first shows up at third order.

As discussed in Section 4.1.4, the light-cone velocities asymptote to finite values v, U
for large yT*, provided » > 1. These values are obtained by solving the sixth-order algebraic
equations (4.38), which reduces to a quadratic equation with solution (4.37) when n; = ny.

The full, nonperturbative equation determining the light-cone velocities as a function of v7*
is given by (4.31) and (4.32) which were obtained by solving first the quadratic equations for
b? and b? that are implied by (4.29). Using (4.31) and (4.32) in the relations for b* and b? one
finds

3+ 2
ot = vt = 1= )n1’y7-4
- . 3+
a4 = b41)4 = ﬁng’}/Tél (03)
137
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138APPENDIX C. LOW AND HIGH TEMPERATURE BEHAVIOR OF PERFECT FLUIDS

Moreover, one can derive the simple identity

b2 _ 3 + v2

V3402 (C-4)

At small 474, all metric coefficients as well as v and ¥ tend to unity, with 1 —v? and 1 — 2
proportional to v7*. As one can check easily, (C.3) confirms the first-order coefficients in (C.2).

At large vT*, where v and ¥ approach nonvanishing values v, and 7., below unity, (C.3)
implies that the metric coefficients a,a, b, b grow linearly with physical temperature 7. Since
the effective temperatures of the subsystems are given by 73 = 7 /a and T, = T /a, this means
that they saturate at finite values proportional to fy_l/ 4

- —-1/4 —-1/4
3+ 02 3+ 02
’)/7-4 — 0 = Tl — (4_1%”)7117) y T2 — <_|_%.O)TL2’)/> . (05)

Uoo(liﬁgo ﬁoo(livgo

This behavior of the metric coefficients, together with saturation of ¢/, and ¢!, implies that
at large 7 the coupling rules (3.17) become

oo 2 9o o0 Y=L o 4,087 g, VY
v up 01/\/_79 po ,ul/\/jg7

guu ~ 79uptpagau\/% + ’7, gpatpag/u/\/%' (06)

Hence, for conformal subsystems

th (7 g,upfpo.gov;g + '7/ gpofpa-g,ul/:g> ~ tuug,uz/ = 07 (C7)

V=9 V=9
or, equivalently,

~ \/—g \/—g ~
th (7 guptpagauﬁ + ’)/ gpatpgg,uu\/jg) ~ tuug,uu =0, (08)

so that the pure trace terms in the full energy-momentum tensor 7%, proportional to 6", become
small compared 74, AK/T* ~ 0. Hence, at large T,

T, )T ~ (t" =g+ t.\/=3)/T* = 0. (C.9)

From the full solution we in fact find that T%,/T* ~ v~ 1/27 2,
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Appendix D

The critical exponent of the
second-order phase transition

In this appendix, we derive the value of the critical exponent « in the specific heat of the
full system,

Cy = TOS/OT ~|T — To| ™ (D.1)

when T — 7T, for the case of two conformal subsystems (4.25) where S is given by (4.27). The
full entropy can be computed in d 4+ 1 dimensions, where we find

S=(d+1)T (nlv_d + ngﬁ_d>. (D.2)

The critical exponent « in the specific heat (D.1) can be inferred from the simple relationship
(D.2) between entropy and effective light-cone velocities. In the vicinity of the critical point we
have for equal subsystems n = n; = no,

IS = S,| ~2d(d + 1)nT v, o — v, (D.3)

As we have seen, the critical point is determined by the simultaneous vanishing of the first and
second derivatives of 7% as given by (B.21) with respect to v. Hence,

[T = T~ (d+ DTAT = Tol ~ o = v (D.4)
up to some constant prefactor, and thus
|8 =Sl ~ T = TVe, Cy ~ |T =TT (D.5)

Recall from the discussion in Appendix B for equal subsystems in d = 1,2, there is no phase
transition. Thus, this result is valid for d > 3. We see that a — 1 when d — oc.
In the main text, we are concerned with a 3 + 1 dimensional system, so we have

Cy ~ [T =T %%, (D.6)
ie. a=2/3.
In the case of two conformal systems with n; # ng, the critical exponent « is independent

of ny/ny and only the values of r, and 7, change. One then has to solve the two equations
(4.31) and (4.32) numerically, which gives functions v = v(7) and © = o(T). For sufficiently
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140APPENDIX D. THE CRITICAL EXPONENT OF THE SECOND-ORDER PHASE TRANSITION

large values of r, both functions are single-valued; phase transitions occur when these functions
develop infinite tangents. Combining (4.31) and (4.32), one finds that

ng (1 —v?) (3 + 0?2

) 3
= = = t. D.
n o BI— )31 ) = cons (D7)
Because 50 d 90 di
_gpadv  Op v
'=dvar T osar (D-8)

the zeros of dT /dv and dT /dv have to occur simultaneously in general. A critical endpoint with
second-order phase transition appears when two zeros of d7 /dv (or dT /dv) merge as r — r,
from below, such that also d?7T /dv? vanishes and a saddle point (in one dimension) arises. In
principle, such a saddle point could have the next two higher derivatives vanish, too, which
would change the critical exponent a to —4/5. However, with the one additional free parameter
ny/mq there is not enough freedom for a corresponding fine-tuning.
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Appendix E

Numerical accuracy of the toy
glasma iterative procedure

In this appendix we use an illustrative example, to demonstrate the numerical feasibility of
our iterative procedure, outlined in Chapter 5. We set our couplings to 8 = 0.2 and gy /v Qs =
0.5, while the initial conditions are €{*i,/Q3 = 0.1 and € /Q3 = 1/250. .

In Fig. E.1, we plot the violation of the total energy conservation Ae;;(t) = €/ — €401 (%).
This is defined as difference between the total energy at ¢, = 0, namely €} = €{?, + € and
the total energy during the time evolution €;,,(t) = €y s (t) + €n01(t) + €4.(t). We find that our
numerical scheme reaches Ae;,(t)/Q% ~ O(107°) (or smaller) after four iterations.

A characteristic feature of our numerical method is that more iterations make the long time
behavior better behaved, as can be seen in the plot of the Yang-Mills energy in four subsequent
iterations, see the right panel of Fig. E.1. This behavior is induced by the way we choose our
initial guess, which typically is more accurate at earlier times. At later times, when already a
significant amount of energy has been transferred, the ansatz and the true solution can have
very different amplitude and phase, thus requiring multiple iterations to improve upon the initial
guess.

— st —2nd —3d —4th initial — 1st — 2nd — 3rd — 4th

|A51m|/02 EYM/QE
1072 I\ MMIU
0.100 e
- 0.095!
0.090}
107 0.085
0.080}
1078
0.075}
: : : = Q4
Qst 50 100 150 200 °

0 50 100 150 200

Figure E.1: Left: Violation of the total energy conservation (A€ (t) = (€i%, +€i) — (eyar(t) +
€no1(t)) +€,.(t)) as function of time in four subsequent iterations for parameters described in this
appendix. Right: Time evolution of the energy in the Yang-Mills sector for the same parameters
in four subsequent iterations.
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e 1st e 2nd e 3rd e 4th e 1st @ 2nd e 3rd e 4th
|constraint|

Qit Qst

0 50 100 150 200 0 50 100 150 200
Figure E.2: Left: Violation of the holographic Ward identity. Right: Constraint in the Einstein
equations.

During each iteration, we monitor the Ward identity (5.17) and the constraint (5.29). We
can see that in the left plot of Fig. E.2, the Ward identity is fulfilled to an accuracy better
than 10~'? during most time steps. In the current example, there are a small number of times
steps for which the accuracy decreases systematically with each iteration, but we find that this
always remains below 10~7. In right plot of Fig. E.2, we see that a similar picture holds for
the constraint in the gravity simulation. During most time steps for subsequent iterations,
the absolute value of the maximum violation in the bulk direction of the constraint (5.29)
remains smaller than 107'2, while for a handful of time steps the error grows with the number
of iterations. This numerical noise can be traced back to numerical errors introduced when
solving the classical Yang-Mills equation (5.21). In particular (5.39) shows that derivative of
higher order enter the calculation of H, which then in turn complicate the solution of the
classical Yang-Mills equation and make the filtering procedure necessary in the first place.
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Appendix F

Abbreviations

341D
AdS/CFT
BGK
EOM
IR

JT
LHC
LHS
NAdS,
QCD
QGP
RHIC
RHS
RTA
SU
uv
w.r.t.

YM

3+1 dimensions / dimensional

Anti-de Sitter/Conformal Field Theory
Bhatnagar-Gross-Krook

equation(s) of motion

infrared

Jackiw-Teitelboim

Large Hadron Collider

left hand side

nearly-Anti-de Sitter in 1 + 1 dimensions
quantum chromodynamics

quark-gluon plasma

Relativistic Heavy Ion Collider

right hand side

relaxed time approximation

special unitary

ultraviolet

with respect to

Yang-Mills
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