Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Dissertation

Labeled Multi-Bernoulli Filtering Methods
for Efficient Multi-object Tracking

Ausgefiihrt zum Zwecke der Erlangung des akademischen Grades eines
Doktors der technischen Wissenschaften

unter der Leitung von
Ao. Univ.-Prof. Dr. Franz Hlawatsch
Institute of Telecommunications

von

Dipl.-Ing. Thomas Kropfreiter

Wien, im Mérz 2022




ii

“Yayloljqig usip N.L Te 1uld ul ajgejrene si sisay) 210190 Syl JO UoisiaA [eulblio panoidde ay 1
“regBnjian Yayioljqig UsIpn NL Jap ue 1sI uoneuassiq Jasalp uoisiaAfeulblO aponipab ausiqoidde aiqg

qny a8pajMmous| JNoA

Srayrolqie



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Abstract

Multi-object tracking aims to estimate the time-dependent number and states of multiple
objects from measurements provided by one or more sensors. Potential applications
include surveillance, autonomous driving, indoor localization, robotics, and biomedical
analytics. All these applications require accurate object state estimates computed by
efficient and reliable multi-object tracking algorithms. The framework of labeled random
finite sets (RFSs) provides a versatile mathematical tool for modeling the multi-object
tracking problem and moreover enables track continuity, i.e., the consistent identification
of objects over consecutive time steps. However, the practical application of many RFS-
based multi-object tracking algorithms is limited by their high computational complexity.
Therefore, to leverage the potential of labeled RFSs, there is a need for efficient yet
accurate approximations and implementations.

This thesis presents three contributions to the field of RFS-based multi-object track-
ing. All of them involve a type of high-performing RFS-based multi-object tracking
methods generically known as the labeled multi-Bernoulli (LMB) filter as well as the be-
lief propagation (BP) algorithm for iterative Bayesian inference. First, we propose a new
fast LMB filter that uses BP for probabilistic data association. The complexity of this fil-
ter is significantly smaller than that of existing LMB filters and scales only linearly in the
number of Bernoulli components and the number of measurements. This scaling behavior
is due to a new fast BP-based algorithm for probabilistic data association. The use of this
algorithm within the LMB filter is enabled by a new derivation of the original LMB filter.
In this derivation, the generalized LMB posterior probability density function (PDF) is
reformulated in terms of a joint object-measurement association distribution, which is
approximated by the product of its marginals. The new LMB filter is then obtained
by an approximate marginalization using the proposed BP-based algorithm. Contrary
to traditional LMB filter implementations based on a ranked assignment algorithm or a
Gibbs sampler, our BP-based LMB filter does not prune any association information in
the update step, which results in an improved tracking performance.

As a second contribution, we propose an efficient RFS-based algorithm for multi-
object tracking, referred to as LMB/P filter, that exhibits an even better performance
in challenging scenarios, e.g., in scenarios with a high number of objects and/or clut-

ter measurements. The LMB/P filter is based on a new system model for tuples of
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iv ABSTRACT

labeled /unlabeled state RFSs as well as a description of the multi-object state by the
tuple of an LMB RFS, i.e., a labeled RFS, and a Poisson RFS, i.e., an unlabeled RFS.
The LMB/P filter tracks objects that are unlikely to exist within the less computationally
demanding Poisson part and objects that are likely to exist within the more accurate but
also more computationally demanding LMB part. Here, only if a quantity characterizing
the plausibility of object existence is above a threshold, a new labeled Bernoulli com-
ponent is created and the object is transferred from the Poisson part to the LMB part.
Conversely, a labeled Bernoulli component is transferred back to the Poisson part if the
corresponding existence probability falls below another threshold. The fact that unlikely
objects are tracked within the less computationally demanding Poisson part combined
with additional complexity-reducing approximations and modifications results in a low
computational complexity of the LMB/P filter, especially in challenging scenarios.

Finally, we propose a distributed multi-sensor LMB filter that uses the generalized
covariance intersection (GCI) technique to fuse the local LMB posterior PDFs. A critical
aspect of such filters is to correctly associate labeled Bernoulli components describing the
same object at different sensors. Instead of using a hard association of labeled Bernoulli
components, which is done in current state-of-the-art distributed GCI-based LMB filters,
we propose a soft (probabilistic) label association scheme. To develop this scheme, we
first derive a formulation of the fused multi-object PDF that involves a label association
distribution. We then show that approximating the label association distribution by the
product of its marginals results in a fused multi-object PDF that is again of LMB form.
We finally obtain an efficient implementation of the distributed LMB filter by using a
BP-based algorithm for fast approximate marginalization and a Gaussian approximation
of the spatial PDFs.
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Abbreviations

2D Two-dimensional

BP Belief Propagation

CB-MeMBer Cardinality Balanced Multi-target Multi-Bernoulli

CPHD Cardinalized Probability Hypothesis Density
FISST Finite Set Statistics

GCI  Generalized Covariance Intersection

GLMB Generalized Labeled Multi-Bernoulli

IPDA Integrated Probabilistic Data Association
JIPDA Joint Integrated Probabilistic Data Association
JPDA Joint Probabilistic Data Association

LMB Labeled Multi-Bernoulli

LMB/P Labeled Multi-Bernoulli/Poisson

LMBM Labeled Multi-Bernoulli Mixture

MAP Maximum A Posteriori

MeMBer Multi-target Multi-Bernoulli

MB Multi-Bernoulli

MBM Multi-Bernoulli Mixture

MHT Multiple Hypothesis Tracking

MMSE Minimum Mean Square Error

MOMB/P Measurement-oriented Marginal Multi-Bernoulli/Poisson

MOSPA Mean Optimal Subpattern Assignment
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vi

OSPA Optimal Subpattern Assignment
PDA  Probabilistic Data Association
PDF  Probability Density Function
PGFL Probability Generating Functional
PHD  Probability Hypothesis Density
PMBM Poisson Multi-Bernoulli Mixture
PMF Probability Mass Function

PS Parameter Setting

RFS  Random Finite Set

ROI Region of Interest

SC Simulation Scenario

TOMB/P Track-oriented Marginal Multi-Bernoulli /Poisson

TS Tracking Scenario
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Chapter 1

Introduction

Multi-object tracking refers to the problem of estimating the time-dependent number
and states of multiple objects from measurements provided by one or several sensors.
The problem is complicated by randomly disturbed object motion, objects coming in
close proximity, noisy and cluttered sensor measurements, low signal-to-noise ratios, and
a data association uncertainty. Here, data association uncertainty refers to the problem
that it is a priori unknown which measurement was generated by which object, or by
clutter. All these issues make multi-object tracking a challenging task. Multi-object
tracking has a long history, and first solutions [Kalman, 1960] can be traced back to the
1960s for aerospace surveillance applications [Vo et al., 2015]. Since then, the range of
potential applications has expanded to a variety of areas, including further surveillance
applications [Fortmann et al., 1983, Rasmussen and Hager, 2001, Lu et al., 2018, Gaglione
et al., 2020], autonomous driving [Urmson et al., 2008, Patole et al., 2017, Levinson et al.,
2011], indoor localization [Witrisal et al., 2016, Bartoletti et al., 2014, Shen and Molisch,
2014], robotics [Bullo et al., 2009, Hu et al., 2012, Ferri et al., 2017], and biomedical
analytics [Adrian, 1991, Genovesio et al., 2006, Maska et al., 2014].

1.1 Multi-object Tracking

The multi-object tracking problem can be modeled in the framework of sequential Bayesian
estimation. More specifically, the random object states are estimated recursively over
time, relying on a statistical modeling of the object evolution process and the sensor
measurement process. The state of an object usually includes its position, velocity, and
possibly further quantities such as its extent. A sensor can be any measuring device
that senses its environment such as RADAR, SONAR, or LIDAR sensors, infrared sen-
sors, and cameras. In this thesis, we only consider methods that use point measure-
ments. Point measurements are obtained by pre-processing the raw sensor data in order
to reduce data flow and computational complexity. For linear/Gaussian system mod-

els and a Gaussian prior, the multi-object tracking problem without data association

1
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2 CHAPTER 1. INTRODUCTION

uncertainty can be solved in closed form. The resulting tracking algorithm is the well-
known Kalman filter [Kalman, 1960, Anderson and Moore, 1979, Ho and Lee, 1964]. For
nonlinear /non-Gaussian system models, computationally feasible approximations to the
optimal Bayesian state estimator comprise the extended Kalman filter [Anderson and
Moore, 1979], the unscented Kalman filter [Julier and Uhlmann, 2004], and the particle
filter [Arulampalam et al., 2002].

The aforementioned algorithms are limited to problems with a known number of
objects and without data association uncertainty, i.e., the correct association between
objects and measurements is known. For the more realistic case with data association
uncertainty, the state-of-the-art tracking approaches can be divided into “vector-type”

and “set-type” algorithms.

1.1.1 Vector-type Algorithms

Vector-type filters model the multi-object state and measurements by random vectors.
They are able to implicitly maintain track continuity (i.e., consistent identification of
objects over consecutive time steps) by associating the object state estimates at the
current time with the object state estimates at previous times. Vector-type algorithms
can be further classified into methods based on the frameworks of probabilistic data
association (PDA) and multiple hypothesis tracking (MHT).

PDA methods aim to compute the minimum mean square error (MMSE) estimate
for each single object state at each single time step. More precisely, the PDA filter [Bar-
Shalom et al., 2011, Sec. 3.4] models the data association by a nuisance variable that is
“marginalized out.” Whereas the PDA filter is able to track a single object under data
association uncertainty, the joint PDA (JPDA) filter [Bar-Shalom, 1974] extends this
principle to the tracking of multiple objects. The integrated PDA (IPDA) filter [Musicki
et al., 1994] and the joint IPDA (JIDPA) filter [Musicki and Evans, 2004] extend the
PDA filter and the JPDA filter, respectively, by modeling object existence as a Bernoulli
random variable. All four filters model the kinematic object state as a Gaussian random
variable, thus restricting them to linear/Gaussian system models. However, extensions
to nonlinear /non-Gaussian system models are possible based on the principles of, e.g.,
the extended Kalman filter or the unscented Kalman filter, still assuming a Gaussian
prior probability density function (PDF). Extensions based on particle representations of
spatial PDFs, which do not require a Gaussian prior, were proposed in [Vermaak et al.,
2005]. To lower the computational complexity of the JPDA and JIPDA filters, an efficient
approximate belief propagation (BP) based algorithm for marginalization was proposed
in [Williams and Lau, 2014]. Although the JPDA and JIPDA filters were proposed for
a known number of objects, heuristic extensions allow them to be applied also when the
number of objects is unknown.

MHT methods are based on the maximum a posteriori (MAP) estimator. More pre-

cisely, first the MAP estimator is used to find the most likely object-measurement as-
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1.1. MULTI-OBJECT TRACKING 3

sociation for a time window of a certain length [Reid, 1979]. Given this association,
the MAP estimates of the object states are then calculated. Similar to traditional PDA
methods, the kinematic object states are modeled by Gaussian PDFs. MHT can be
formulated in two different forms, namely, hypothesis-oriented MHT [Reid, 1979, Cox
and Hingorani, 1996] and track-oriented MHT [Kurien, 1990, Blackman, 2004, Morefield,
1977, Pattipati et al., 1992]. The original hypothesis-oriented MHT methods propagate
a predefined number of the most likely object-measurement hypotheses. Each of these
hypotheses is parametrized by a weight representing its plausibility and a sequence of
object state PDFs. An efficient implementation is based on the m-best assignment algo-
rithm for selecting the m-best hypotheses [Cox and Hingorani, 1996]. The more efficient
track-oriented MHT methods represent object-measurement associations in the form of
a series of tree structures [Kurien, 1990]. Each tree represents the possible measurement
association history of a single object. The most likely hypothesis is then found by choos-
ing a leaf node for each single-object tree in such a way that no measurement is used by
more than one object. An enumeration of hypotheses is avoided through combinatorial

optimization techniques [Pattipati et al., 1992].

1.1.2 Set-type Algorithms

A different approach underlies set-type algorithms. Here, the multi-object state and the
measurements are modeled as random finite sets (RFSs) [Mahler, 2007b]. (An introduc-
tion to RFSs will be provided in Chapter 2.) The probability hypothesis density (PHD)
filter [Mahler, 2003, Vo et al., 2005, Vo and Ma, 2006] approximates the posterior PDF
by a Poisson PDF such that the PHD corresponding to the Poisson PDF is matched to
the PHD corresponding to the true posterior PDF. This Poisson approximation leads to
a low computational complexity of the PHD filter but results in only moderate tracking
performance in more challenging tracking scenarios. An improved tracking performance
is exhibited by the cardinalized PHD (CPHD) filter [Mahler, 2007a]. There, the posterior
PDF is approximated by an independent and identically distributed (IID) cluster PDF
such that the PHD and the cardinality distribution corresponding to the IID cluster PDF
match the PHD and cardinality distribution corresponding to the true posterior PDF.
The improved tracking performance of the CPHD filter comes at the expense of a higher
computational complexity. Both the PHD filter and the CPHD filter do not maintain
track continuity. The PHD filter will be reviewed in Section 3.3.

Another type of RFS filters is based on the multi-Bernoulli (MB) RFS. While the
(single-) Bernoulli filter [Ristic et al., 2013] is only capable of tracking a single object,
the so-called multi-target MB (MeMBer) filter [Mahler, 2007b, Sec. 17| is an extension
to the tracking of multiple objects. In the MeMBer filter, the posterior PDF is approx-
imated by an MB PDF by applying approximations to the posterior probability gener-
ating functional (PGFL), which expresses the same information as the posterior PDF

but in a different form. The inherent cardinality bias caused by the applied approxi-
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4 CHAPTER 1. INTRODUCTION

mations results in a rather poor tracking performance. However, an improved version,
referred to as the cardinality-balanced MeMBer (CB-MeMBer) filter [Vo et al., 2009],
compensates the cardinality bias and exhibits an improved tracking performance. An-
other instance of this class of filters is the Poisson Multi-Bernoulli Mixture (PMBM)
filter [Williams, 2015], which models the posterior PDF as a combination of a Poisson
PDF and an MB mixture (MBM) PDF. If the Poisson part is neglected, the PMBM
filter simplifies to the MBM filter [Xia et al., 2019]. The Poisson part in the PMBM
filter can improve the detection of newly appearing objects at the cost of a higher com-
putational complexity. Low-complexity approximations of the PMBM filter include the
track-oriented marginal MB-Poisson (TOMB/P) filter [Williams, 2015, Kropfreiter et al.,
2016] and the measurement-oriented marginal MB-Poisson (MOMB/P) filter [Williams,
2015], which are based on the approximation of an inherent object-measurement associa-
tion distribution by the product of its marginals. A modification proposed in [Williams,
2012] extends the conventional TOMB/P filter by recycling, which performs a trans-
fer of Bernoulli components with a low existence probability to the Poisson part. All
these set-based algorithms can be implemented using Gaussian PDFs, Gaussian mixture
PDFs, or particle representations, thus making them suitable for both linear/Gaussian
and nonlinear/non-Gaussian system models. With the exception of the (CB-)MeMBer
filter and the MOMB/P filter, all algorithms mentioned in this paragraph can enable
track continuity through the use of simple heuristic post-processing techniques.

A further, more recent type of set-based algorithms relies on labeled RFSs [Mahler,
2014, Vo and Vo, 2013, Vo et al., 2014]. The label explicitly models the identity of an
object, thus enabling track continuity without any heuristic post-processing. Filters mod-
eling the multi-object state by a labeled RFS are the labeled MB (LMB) filter [Reuter
et al., 2014, Reuter et al., 2017| and the generalized LMB (GLMB) filter [Vo and Vo,
2013, Vo et al., 2014, Vo et al., 2017]. The GLMB filter is an exact solution to the
multi-object tracking problem, while the LMB filter is an approximation with reduced
computational complexity. Efficient implementations of the GLMB filter and the LMB
filter are based on the Gibbs sampler [Vo et al., 2017, Reuter et al., 2017].

An even more recent approach to multi-object tracking models the entire sequences
of multi-object states as an RFS of trajectories [Garcia-Fernandez et al., 2020b, Garcia-
Fernandez and Svensson, 2019, Xia et al., 2019, Granstrom et al., 2018]. Each trajec-
tory is characterized by the initial time, the trajectory length, and a sequence of object
states. Algorithms based on this approach include the trajectory PHD and CPHD fil-
ters [Garcia-Fernandez and Svensson, 2019|, the trajectory MBM filter [Garcia-Fernandez
et al., 2020b], and the trajectory PMBM filter [Granstrom et al., 2018, Xia et al., 2019].
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1.2 Outline and Contribution

In this thesis, we propose efficient LMB filtering algorithms for multi-object tracking.
After a review of unlabeled and labeled RFSs in Chapter 2 and Bayesian RFS-based
multi-object tracking in Chapter 3, we present in Chapter 4 an efficient LMB filter using
BP for probabilistic data association. In Chapter 5, we augment the RFS description of
the multi-object state used in Chapter 4 by a Poisson RFS, which yields a new descrip-
tion of the multi-object state as a combination of a labeled RFS, i.e., an LMB RFS, and
an unlabeled RFS, i.e., a Poisson RFS. Using this description, we develop a multi-object
tracking algorithm that, especially in challenging scenarios, has an even lower computa-
tional complexity than the LMB filter proposed in Chapter 4. In Chapter 6, we propose
a distributed LMB filter for multi-sensor multi-object tracking based on the new concept
of probabilistic label association. In the following, we provide a more detailed outline of

the individual chapters of the thesis and a summary of the main contributions.

e In Chapter 2, we review basic concepts of unlabeled and labeled RFSs [Mabhler,
2007b, Mahler, 2014], which form the foundation of the following chapters. More
precisely, we introduce the multi-object PDF, the PGFL, and the PHD as descrip-
tions of the statistics of an unlabeled RFS [Mahler, 2007b]. We furthermore present
the Poisson, Bernoulli, and MB RFSs as important types of unlabeled RFSs. Next,
we introduce labeled RFSs [Vo and Vo, 2013, Vo et al., 2014, Mahler, 2014] and
the multi-object PDF, the PGFL, and the PHD for the labeled RFS case. Then,
we introduce the LMB, labeled MBM RFS, and GLMB RFSs as important types
of labeled RFSs. Throughout the chapter, useful conversion relationships between
multi-object PDF, PGFL, and PHD are presented for both unlabeled and labeled
RFSs.

e In Chapter 3, we review the Bayes multi-object filter for unlabeled and labeled
RFSs [Mahler, 2007b, Mahler, 2014]. The Bayes multi-object filter recursively cal-
culates the posterior multi-object PDF and consists of a prediction step and an
update step. We furthermore present two common system models, each consist-
ing of a state-transition model and a measurement model, that form the basis of
many unlabeled and labeled RFS-based multi-object tracking algorithms. Three
important RFS-based multi-object tracking algorithms, namely, the PHD filter,
the TOMB/P filter, and the LMB filter, are finally discussed in detail.

e In Chapter 4, we propose a new fast LMB filter whose complexity scales only lin-
early in the number of Bernoulli components and the number of measurements. In
addition to its low complexity, the proposed fast LMB filter can achieve improved
tracking accuracy compared to other state-of-the-art tracking filters. The fast LMB
filter is derived by reformulating the GLMB posterior PDF of the original LMB filter

in terms of a joint object-measurement association distribution and approximating
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that distribution by the product of its marginals. A fast approximate marginaliza-
tion is then achieved by an adaptation of a BP-based algorithm for probabilistic
data association [Williams and Lau, 2014]. The proposed fast LMB filter also uses
a novel efficient model for generating new Bernoulli components. After present-
ing a complexity analysis, we conclude the chapter with a simulation experiment
comparing the results obtained by the proposed LMB filter with those obtained by
the Gibbs sampler-based LMB filter [Reuter et al., 2017] and the BP-based imple-
mentation of the TOMB/P filter [Williams, 2015]. The results indicate that the
proposed LMB filter significantly outperforms the Gibbs sampler-based LMB filter
and performs similarly to the TOMB/P filter, but with a much lower computational
complexity. Indeed, unlike our fast BP-based LMB filter, the Gibbs sampler-based
LMB filter ignores valuable association information by pruning GLMB components,

which results in a reduced tracking accuracy in more challenging tracking scenarios.

In Chapter 5, we propose an RFS-based multi-object tracking method that im-
proves on the fast LMB filter of Chapter 4 in challenging scenarios with, e.g., a
high number of objects and/or clutter measurements. The proposed filter, termed
LMB/P filter, combines the strengths of the LMB filter and the PHD filter in that it
achieves track continuity and good tracking performance while requiring a relatively
low computational complexity compared to other RFS-based tracking algorithms
with track continuity. In the LMB/P filter, the multi-object state is modeled as a
combination of an LMB RFS, i.e., a labeled RFS, and a Poisson RFS, i.e., an un-
labeled RFS. We propose a new system model for labeled/unlabeled multi-object
state RFSs and derive the prediction step and the exact update step based on
this system model. An excellent accuracy-complexity compromise is achieved by
a number of approximations and modifications of the exact update step, including
the partitioning of label and measurement sets, the pruning of implausible object-
measurement associations, and the transfer of certain unlabeled objects to labeled
objects and vice versa. As a consequence of these approximations, objects that are
likely to exist are tracked by the LMB RFS and objects that are unlikely to exist
by the Poisson RFS. More specifically, only if a quantity characterizing the plausi-
bility of object existence is above a predefined threshold, a new labeled Bernoulli
component is generated based on the Poisson RFS, and the corresponding object is
tracked within the more accurate but less efficient LMB part. Conversely, a labeled
Bernoulli component is transferred to the Poisson RFS if its existence probability
falls below another threshold. The fact that unlikely objects are tracked within
the less computationally demanding Poisson part is the main reason for the low
computational complexity of the LMB/P filter, especially in challenging scenarios
with many objects and/or high clutter rates. We present simulation results demon-
strating the advantages of the proposed LMB/P filter relative to the fast LMB
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1.2. OUTLINE AND CONTRIBUTION 7

filter of Chapter 4, the Gibbs sampler-based LMB filter [Reuter et al., 2017], and
the BP-based TOMB/P filter using recycling [Williams, 2012]. Similar to the fast
LMB filter of Chapter 4, our implementation of the proposed LMB/P filter uses
BP to compute approximate marginal association probabilities and does not per-
form any pruning of GLMB components. This fact results in an improved tracking
performance compared to the Gibbs sampler-based LMB filter. A comparison with
the fast LMB filter and the BP-based TOMB/P filter with recycling shows that all
three filters achieve a similar tracking accuracy while the proposed LMB/P filter
has a significantly lower computational complexity than the fast LMB filter and the
BP-based TOMB/P filter. The lower computational complexity is due to the fact
that objects that are unlikely to exist are tracked within the less computationally
demanding Poisson part of the filter. This is especially beneficial in scenarios with
many objects and/or a high clutter rate, which tend to involve a high number of
potentially existing objects. On the other hand, in scenarios with few objects and
a low ore moderate clutter rate, the modeling of unlikely objects by a Poisson RFS
may be unnecessarily complicated and result in an increased computational com-
plexity. In such scenarios, the fast LMB filter proposed in Chapter 4 can achieve a

lower computational complexity.

In Chapter 6, we propose a distributed multi-sensor LMB filter based on the con-
cepts of probabilistic label association, generalized covariance intersection (GCI),
and BP. In distributed LMB filters based on GCI fusion, each sensor in a sensor
network locally runs an LMB filter, e.g., the fast LMB filter of Chapter 4, and
then fuses its local LMB posterior PDF with the local LMB posterior PDFs of its
neighbors. A critical aspect of such filters is to correctly associate labeled Bernoulli
components describing the same object at different sensors. Distributed LMB filters
based on hard label association can result in a poor tracking performance, especially
in more challenging tracking scenarios. We propose a GCI-based fusion method for
LMB posterior PDFs that uses, for the first time, a soft (i.e., probabilistic) as-
sociation of labeled Bernoulli components and thereby avoids a hard association.
In the derivation of our distributed LMB filter, we first define a label association
vector that describes the association of the labeled Bernoulli components of two
sensors. Then, we perform GCI fusion of the two LMB posterior PDFs for a given
association vector. However, since the correct label association is unknown, we
model the label association vector by a random vector and derive the fused poste-
rior PDF using soft label associations. It turns out that this PDF is no longer an
LMB PDF but a GLMB PDF, which involves an inherent label association prob-
ability mass function (PMF). Therefore, we next approximate the fused GLMB
posterior PDF by an LMB PDF, which is achieved by approximating the label as-

sociation PMF by the product of its marginals. An efficient two-sensor distributed
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LMB filter is finally obtained by incorporating a novel BP-based algorithm for fast
approximate marginalization of the label association PMF and using a Gaussian
approximation for the spatial PDFs involved in the LMB PDFs. Networkwide fu-
sion with an arbitrary number of sensors is then obtained by iteratively applying
the proposed pairwise fusion algorithm between each sensor and all its neighboring
sensors. Qur simulation results demonstrate that the proposed distributed LMB
filter outperforms a state-of-the-art distributed LMB filter using hard label associ-
ation [Li et al., 2019] and can perform close to the centralized multi-sensor LMB
filter based on the iterated corrector approach [Reuter et al., 2014, Mahler, 2014].

In Chapter 7, we summarize our contributions and suggest possible directions of

future research.
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Chapter 2

RFS Fundamentals

A random finite set (RFS), also known as a finite point process [Daley and Vere-Jones,
2002, Daley and Vere-Jones, 2007|, is a mathematical object that captures the uncer-
tainty of both the number of set elements and the specific values of the set elements.
It was first considered by Mahler [Goodman et al., 1997, Mahler, 2007b] for modeling
object states and measurements in a Bayesian multi-object tracking context. Mahler’s
“finite set statistics” (FISST) framework enables an elegant formulation of the Bayesian
multi-object tracking problem and has facilitated the derivation of numerous novel multi-
object tracking algorithms [Mahler, 2007b]. Initially, RFSs were considered as unlabeled
quantities where all set elements are unordered and indistinguishable. As a consequence,
multi-object tracking algorithms based on unlabeled RFSs are not able to model object
identities and therefore do not support the estimation of entire object trajectories. This
limitation was removed by Vo and Vo [Vo and Vo, 2013, Vo et al., 2014] with the in-
troduction of labeled RFSs. Each element of a labeled RFS is augmented by a distinct
identification variable referred to as a label. The concept of labeled RFSs led to a vari-
ety of new and powerful multi-object tracking algorithms that are capable of estimating

entire object trajectories.!

The remainder of this chapter is structured as follows. Section 2.1 discusses some
fundamentals of unlabeled RFSs, including the description of their statistics by means
of the multi-object PDF, the PGFL, and the PHD. Furthermore, the Poisson, Bernoulli,
and MB RFSs are presented. In Section 2.2, we discuss the concept of labeled RFSs and
their statistical descriptions, and we finally present the LMB, LMBM, and GLMB RFSs.
Throughout the chapter, we present important conversion relations between multi-object
PDF, PGFL, and PHD for both unlabeled and labeled RFSs.

! An alternative approach to RFS-based multi-object tracking that also enables the estimation of object
trajectories is based on RFSs of trajectories [Garcia-Fernandez et al., 2020b, Svensson and Morelande,
2014]. This approach tends to lead to a higher computational complexity and will not be considered in
this work.
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10 CHAPTER 2. RFS FUNDAMENTALS

2.1 Unlabeled RFS

An unlabeled RFS X is a random variable whose realizations X are finite sets {z(1), ...,

(M)} of vectors (Y € R, Both the vectors x(*) and their number n = |X| (the cardinality
of X) are random quantities. Thus, X consists of a random number n of random vectors
xM_ ... x(™. Furthermore, the elements x of X are unordered, i.e., changing their order
leaves the set X unchanged. While the conventional Riemann integral is not defined for

sets, one can define the set integral of a real-valued set function ¢g(X) as [Mahler, 2007b]

J[ )oxX 2 j{:7ﬂjf o{z ™, ... 2 dzD. .. da™. (2.1)

Rnnz

Note that each term of the sum corresponds to one value of n = |X]|.

2.1.1 Statistics of Unlabeled RFS

Adopting Mahler’s FISST framework [Mahler, 2007b], the statistics of an RFS X can be
described by its multi-object PDF fx(X), briefly denoted f(X). For any given realization
X = {zW,..., 2} with cardinality | X| = n, the multi-object PDF is given by

FX) = ntp(n) fula®, .., 2). (2:2)

Here, p(n) = Pr{|X| = n}, n € Ny, is denoted as cardinality distribution and is the
PMF of the random cardinality n = |X|, and f,(xz™),... () is a PDF of the random
vectors x(1), ... x(") that is invariant to a permutation of the arguments x("). Note that
f(@) = p(0). The multi-object PDF (2.2) integrates to one using the set integral (2.1),
ie.,, [ f(X)dX = 1. Moreover, the cardinality distribution can be obtained from the
multi-object PDF according to

o) = [ 1,2 dah- da), 23)
Rz

n!

The multi-object PDF of the union of two statistically independent RFSs, X and Y, is
given by the FISST convolution according to [Mahler, 2007b, Sec. 11.5.3]

FXUY) =) V) F(X\Y). (2.4)

YCx
In addition to the multi-object PDF (2.2), the statistics of an RFS X can also be
described by the probability generating functional (PGFL) [Mahler, 2007b]. It is defined
as the expectation of A with h* £ J], .y h(x) and where h : R™ — [0,00) is any

nonnegative vector function. Thus, we have

Gx[h] £ E{p*} = / Y F(X)0X = / I r= (2.5)

xeX



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.1. UNLABELED RFS 11

Note that [[,.x h(x) = 1 for X = (. It can be easily verified that Gx[1] = 1 by
setting h(x) = 1 in (2.5). Let 0 ) (x) £ d(z— @) denote the Dirac delta function
at 2 and define the functional derivative of Gx|[h] in direction d_) as #Gx[h] =
lim,_, GX[h'JrE&méi)]_GX[h]. Then, the multi-object PDF f(X) can be recovered from Gx[h]
with X = {z®, ..., 20} according to [Mahler, 2007b]

5 5
FOO = 5 Ol & oo Oxlhl (2.6)

>

where in the last expression the functional derivative is applied iteratively.

One important property of PGFLS is the following [Mahler, 2007b]: The PGFL of the
union X = Uj:1x<j> of statistically independent RFS XU), j € {1,...,J} is the product
of the individual PGFLs Gy [h], i.e.,

J
Gx[h] = H Gy [h]- (2.7)
=1

Another important property of PGFLs is the product rule of functional derivatives
[Mahler, 2007b]: For J PGFLs Gy [h] with j € {1,...,J} of statistically independent
RFSs XU) and a finite set Y,

) 0G (1) [h] (SGX(J) [h]
— (Gxw[h] - Cxn[h]) = > X : (2.8)
5Y W o,y O SW

where the sum is over all configurations of disjoint subsets Wy,...,W; C Y such that
U‘jjlej =Y. Note that W; can also comprise the empty set, i.e., W; = 0.

The probability hypothesis density (PHD) or intensity function Dx(x): R™* — [0, 00)
of an RFS X is a probability function defined on R™* and can be considered as a first
order moment of X. It is defined in terms of the multi-object PDF according to

Dx(a) £ E{tx(w)} = [ dx(@) F(X)0X.
with
0, X =0,
Z;L:l 0(i) (x), X = {m<1), ey :l:(”)},

where §_) (x) = §(x—x?) is the Dirac delta function at () as defined previously. The
PHD has the property that for any region S C R™=, the integral [s Dx(x)dx yields the

expected number of objects whose states are located in that region, i.e.,

/Dx(a:)da: = B{XNS|} :/|Xn5|f(X)5X.
S
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12 CHAPTER 2. RFS FUNDAMENTALS

The PHD can be obtained from the corresponding PGFL by [Mahler, 2007Db]

Dx(a) = - Cxln] - (2.9)

Next, we will review three types of unlabeled RFSs that are important for RFS-based
multi-object tracking.

2.1.2 Poisson RFS

We start our review with the Poisson RFS. The cardinality n = |X| of the Poisson RFS X

is Poisson distributed with mean p, i.e.,

e Py

p(n) =

7

n!

for n € Ny, where the parameter u is equal to both the mean and the variance of n. Given
the cardinality n = n, the elements x™), ... x("™ of X are independent and identically
distributed (iid) according to a spatial PDF f(x), i.e., fu(zV, ..., 2™) = [['_, f(z¥) =
[I.cx f(z). Inserting into (2.2) yields for the multi-object PDF

FX) = e [ uf (@) = e 1208 TT Ma), (2.10)

recX xcX

where the product A(x) = pf(x) is the PHD of the Poisson RFS X. The PGFL is
obtained by inserting (2.10) in (2.5), which yields [Mahler, 2007b]

Gx[h] = M1 (2.11)

with A[h—1] £ [(h(z) — 1) A(z)dz. The Poisson RFS constitutes the basis of the PHD
filter (cf. Section 3.3) and is also an essential component of the TOMB/P filter (cf. Section
3.4).

2.1.3 Bernoulli RFS

Next, we review the Bernoulli RFS. The Bernoulli RF'S X is characterized by a probability
of existence r and a spatial PDF f(x). The Bernoulli RFS is empty with probability 1—r
and contains one element x ~ f(x) with probability . Hence, the multi-object PDF is

given by
1-r, X=0,
(X)) =<rf(x), X={z}, (2.12)
0, otherwise.

Inserting (2.12) in (2.5) yields for the PGFL
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2.1. UNLABELED RFS 13
Gx[h] = GP*[hsr, f] & 1=+ 1 f[1], (2.13)

with f[h] £ [h(z

For later use, we note that a PGFL of the form Gx[h] = a+ [ h(x)b(x)dx with a > 0,
b(x) > 0, and [b(x)dx < oo can be written as a weighted Bernoulli PGFL [Williams,
2015], i.e.,

Gx[h] = a + / h(z)b(x)de = 3 GB[h;r, f], (2.14)

with 8 = a+ [b(z)de, r = [b(z)dz/B, and f(x) x)/ [b(«')da’. Furthermore,
the linear combination of a certain number of Bernoulli pgﬁs is a Bernoulli pgfl, i.e., for

weights v; satisfying 7; > 0 and ) ,v;=1, we have
> 7 GBe [hyr®, fO] =GB g 1, f], (2.15)

where
. 1 N
r=> 2w f@) == ). (2.16)

The Bernoulli RFS is the foundation of the Bernoulli filter [Ristic et al., 2013], which is
a method for tracking a single object in the presence of sensor noise, missed detections,

clutter and measurement origin uncertainty.

2.1.4 Multi-Bernoulli (MB) RFS

An MB RFS X is the union of a fixed number .J of statistically independent Bernoulli RFSs
XU, je{1,...,J} parametrized by J probabilities of existence () and J spatial PDFs
f9(z), i.e., by the parameter set { (r?, f(j)(m))}jej with 7 2 {1,...,J}. Let fO)(X)
denote the multi-object PDF of Bernoulli component X) (cf. (2.12)). The multi-object
PDF f(X) evaluated for a realization X = {z,... 2} of cardinality n < .J (note
that f(X)=0 for n>J) can be represented as follows. Consider a mapping « that maps
an index j € J to an index «(j) € {0,...,n}. In our context, this means that n of the
J Bernoulli component PDFs f() (X) are mapped to single-vector element sets {:c(“(j))}
and the other J — n Bernoulli component PDFs are mapped to empty sets. It is assumed
that for ji, j2 such that a(j1),a(j2) € {1,...,n}, ji1 # jo implies a(j1) # a(j2), i.e., that
two or more Bernoulli component PDFs are not mapped to the same set elements. Let
P 1. denote the set of all such mappings « (there are |Pj,| = Ton n), of them). Then, the
multi-object PDF evaluated for X = {z(", ... 2} is given by [Mahler, 2007b]

FX) = MBX) = ) H FU (x(e0D) (2.17)

a€Pynj=1
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14 CHAPTER 2. RFS FUNDAMENTALS

where n = |X| and X(U)) is given by 0 for a(j) = 0 and by {x(®UD} for a(j) €
{1,...,n}. The multi-object PDF can also be represented according to (2.2) in terms of
a cardinality distribution p(n) and permutation-invariant vector PDFs f,, (1), ... ).

More precisely, by inserting (2.17) into (2.3), we get

Z H —7‘<j)) H U7 (2.18)

QG’PJn Jre(j)= Ja(i’)>0
and

ful@® ey = S ] 1@

a€Pyn jial(j)>0

In the following, we illustrate the evaluation of (2.17) for J= 3 Bernoulli components
and a realization X of cardinality n = |X| =2, i.e.,, X = {x(1), 2}, There are [P, | =
|P32| =6 different mappings « : {1,2,3} — {0,1,2}. Representing each mapping in the
form «(1,2,3) = (41,42,¢3) with ¢; € {0, 1,2}, the set of these mappings « is obtained as
P32 =1{(1,2,0),(1,0,2),(0,1,2),(2,1,0),(0,2,1),(2,0,1)}. Hence, (2.17) combined with
(2.12) gives

F00) = f({aV,2®})
= M W (M) 2 §@ (21— 7O 4 O fO (522 1) (D) (1 By
+ 7 O Wy (1= @) pB) 7O (2 4 ) (£ 2)) (1 #(2) ) 3) (1)
+ (1—rMW)r@ s@ @0 pG) (zMy 4 (1— W)@ p2) (1)) 6 (22))
(2.19)

One can easily verify that this expression is invariant to a permutation of (), 2(?). The
cardinality distribution evaluated for n=2 can be calculated by inserting (2.19) into (2.3)
or by using (2.18), which yields in both cases

Since an MB RFS is the union of J statistically independent Bernoulli RFSs, the MB
PGFL is the product of the J corresponding Bernoulli PGFLs (cf. (2.7) and (2.13))
J . .
Gx[h] = GXPln) = [ 6P fha @, fU], (220)

Jj=1

where fU[h] £ [h(z) f9)(z

A comparison of the expression of the MB PGFL (2.20) with the expression of the
MB multi-object PDF (2.17) (and also with example (2.19)) shows that the statistics of
the MB RFS can be represented much simpler in PGFL form. Consequently, many MB-
based multi-object tracking filters are derived by means of PGFLs instead of multi-object
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2.2. LABELED RFS 15

PDFs. The MB RFS is the foundation for the multi-target MB (MeMBer) filter [Mahler,
2007b, Sec. 17| and of its improved version, the cardinality balanced MeMBer (CB-
MeMBer) filter [Vo et al., 2009]. In addition, the MB RF'S is also an essential component
of the TOMB/P filter, along with the Poisson RFS (cf. Section 2.1.2). Since the MeMBer
filter and the CB-MeMBer filter are of minor importance in this work, they will not be
considered further. The TOMB/P filter will be reviewed in Section 3.4.

2.2 Labeled RFS

In an unlabeled RFS, as considered previously, the set elements are indistinguishable.
Hence, the use of an unlabeled RFS in multi-object tracking application does not allow
object identification without any further post-processing. This shortcoming is addressed
by the introduction of a labeled RFS, where the label can be used to identify different
objects. In the following, we discuss some basics of labeled RFSs and introduce important
types of labeled RFS that are relevant to multi-object tracking and, in particular, to this
thesis.

In a labeled RFS X, each element is a tuple of the form (x, 1) € R™=x L. Here, the label
space IL is a countable set; we define L,, as the set of all possible sequences of n labels
from L, i.e., L, 2 {(™M,1®, ... 1) :10) ¢ L}. Furthermore, we will use the mapping
L : R" x L. — L that returns the label of a given element, i.e., L(x,[]) = [. By extension,
L£(X) denotes the set of all labels of X. Analogously to the unlabeled RFS case, a set

integral of a real-valued function g(X) is defined as [Vo and Vo, 2013, Mahler, 2014|

. < 1
/g(X)5X 2 Z ”_'/R Z g({(m(l)J(l))’ o (a,(nr)’ ;(n))})dm(l)...dw(n)_
'n/:() . nn,r(

[{SSRNWICOIYSS I
(2.21)
The set integral for labeled RFSs extends the set integral for unlabeled RFSs (cf. (2.1))

by the sum over all possible label sequences L,, for each cardinality n.

2.2.1 Statistics of Labeled RFS

The statistics of a labeled RFS X can be described by its multi-object PDF f(X) [Vo
and Vo, 2013, Vo et al., 2014, Mahler, 2014]. The multi-object PDF integrates to one,
ie., [f(X)dX = 1 using the set integral for labeled RFSs in (2.21). The unlabeled
RFS X corresponding to X can be obtained by simply discarding the labels from X. The
corresponding multi-object PDF can be calculated by marginalizing out the labels, i.e.,
for X — X, the multi-object PDF of X evaluated for the realization X = {&®) ...z}

is given by

Fe®, ey = YT (@MW), @™}, (2.22)

(W, 1(M)eL,



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

16 CHAPTER 2. RFS FUNDAMENTALS

Here, the sum is over all all possible label sequences L,,. Note that operation (2.22) is
also part of the set integral defined in (2.21).

The PGFL of a labeled RFS X is defined similarly to the PGFL of an unlabeled
RFS (cf. (2.5)) as the expectation of hX, where hX & [xpex h(x,1) = ] oy, h(x,1) with
h:R"™ x L — [0, 00). More precisely, we get [Mahler, 2014, p. 449]

G lh]
2 BIR%Y :/ﬁfff(fc)af(:/( I1 ﬁ(m,z))f(fc)afc:/(Hh(m,Z))f(X)(sX.

(x,l)eX leL
(2.23)

Similarly to the PGFL of an unlabeled RFS (cf. Section 2.1.1), it can be easily verified
that Gg[1] = 1 by setting h(x,l) = 1 in (2.23). As was shown in [Mahler, 2014], the
unlabeled PGFL Gx|h| (with argument h(x)) corresponding to the unlabeled RFS X
obtained from X by discarding the labels, can be obtained from the labeled PGFL Gxlhl
(with argument h(x,1)) by setting h(z,1) = h(x), i.e.,

Gx[h] = Gglh) ’E(m,l):h(m) :

The PGFL of a labeled RFS and an unlabeled RFS (cf. Section 2.1.1) will be used to
derive the RFS-based multi-object tracking algorithm proposed in Chapter 5.

Families of labeled RFSs relevant to multi-object tracking include the labeled MB
(LMB) RFS, the LMB mixture (LMBM) RFS, and the GLMB RFS, which will be re-

viewed in the following.

2.2.2 Labeled Multi-Bernoulli (LMB) RFS

An LMB RFS X is an MB RFS (cf. Section 2.1.4) where for any realization X each single-
vector set {z} corresponding to Bernoulli component XU) is augmented by a distinct label
[ € L*. Adopting the labeling procedure of [Mahler, 2014], the same label [ is assigned
to each state realization x of a given Bernoulli RFS XU). Here, L*C L denotes the finite
set of assigned labels. To simplify the notation, we index the Bernoulli RFSs directly by
their labels [, i.e., they are denoted XV, I € L* with corresponding existence probabilities
() and spatial distributions f()(x) [Reuter et al., 2014]. The LMB RFS X is completely
specified by the parameter set { (r(), f{)(z)) }leL*.
The multi-object PDF of the LMB RFS X evaluated for a realization X = {(m(l), 1),
.,(m(”’),l<”’))} with cardinality n < J and label set £(X) = {{V) ..., 10} is given by
[Reuter et al., 2014]

F(X) = MMBR) 2 A w(LX) [ 07O @) (2.24)

(e l)e X
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2.2. LABELED RFS 17

Here, A(X) is referred to as “distinct label indicator” [Vo and Vo, 2013, Vo et al., 2014];
A(X) =1 if the labels of X are distinct and A(X) = 0 otherwise. Furthermore, the
indicator function 1y-({) =1 if [ € L* and 1p-(I) = 0 otherwise. These two conditions
guarantee that only realizations X = {(2",11)), ..., (2™,1™)} that have distinct labels
and are from the set I.* have a nonzero probability mass, i.e., f (f( ) > 0. In a multi-object
tracking context, this ensures that two different objects cannot be modeled by the same

label (same identity). Finally, the weights are given by

w(L) £ (Hm(l)ﬂ”) IT -9, (2.25)

leL I €L\L
for any L C L.

The PGFL of the LMB RFS can be found by inserting (2.24) into (2.23), which
yields [Mahler, 2014]

Gglh) = GEMBa) & ] &3 1hr®, rO) = 1—20 47O pO[p], (2.26)
lell*
with fO[h] = [h(a,1) fO(x)dz. Note that the LMB PGFL extends the MB PGFL (cf.

(2.20)) in the sense that every Bernoulli PGFL is associated with one specific label.
Furthermore, its PHD is given by [Mahler, 2014]

M, 1) = rD O (). (2.27)

As an example, we consider J = 3 Bernoulli components (and, hence, label set L.* =
{112 13)}) and a realization X of cardinality n = |X| = 2, i.e., X = {(=®,1WV)
(z?,1))}. We obtain from (2.24) and (2.25)

b

F&) = rE pED @) U @) (1), (2:28)

Note the difference to (2.19): The introduction of labels reduces the six terms in (2.19) to
just one term in (2.28). This is a consequence of the fact that the objects are now consis-
tently identified by a distinct label, while objects are indistinguishable in the unlabeled

case.

2.2.3 Labeled Multi-Bernoulli Mixture (LMBM) RFS

The LMBM RFS generalizes the LMB RFS in the sense that the multi-object PDF
evaluated for a realization X = {(w(l),l(l)), ey (m("),l(”))}, with cardinality n < |L*|
and labels £(X), is a mixture of a finite number of LMB PDFs with identical label sets
L*={M, ... 1D} e,

FX) = wy fyMB(X). (2.29)

beB
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18 CHAPTER 2. RFS FUNDAMENTALS

Here, BCN, the w; are positive normalized weights, i.e., >, gws = 1, fEMB(X) are LMB
PDFs (cf. (2.24)) parametrized by sets of existence probabilities 7"15) and spatial PDFs
fb(l)(m). For cardinality n > |L*|, f(X)=0. Note that the LMBM RFS X is completely
specified by |B| weights wy, |B||L*| existence probabilities rél), and |B||L*| spatial PDFs
fb(l)(m). Its PGFL can be found by inserting (2.29) in (2.23), which yields [Mahler, 2014]

Zwb H GBer a l):fbl)]a

beB lell*
with £{"[] = [ h(,1) £ (x)de. Furthermore, its PHD is given by [Mahler, 2014]

Ma, 1) =3 wy ) [0 ().

beB

2.2.4 Generalized Labeled Multi-Bernoulli (GLMB) RFS

The GLMB RFS is another extension of the LMB RFS. Its multi-object PDF evaluated
for a realization X = {(z™M,1W),... (™, 10")}, with cardinality n < |L*| and labels

L£(X), is a mixture of a finite number of products of n spatial PDFs, i.e.,

Y wex) I @), (2.30)

beB (x,l)eX

with B C N and some weights w;,(£(X). For cardinality n > |L*|, f(X)=0. Note that
each spatial PDF fb(l)(a:) in (2.30) is associated with a labeled state variable (z,1) € X.
In contrast to the LMBM RFS, the weights w;, depend on the labels of X, i.e., on £(X),
and also on the remaining labels in the label set L*, i.e., on L* \ £(X). The weights
are normalized in that > ,c 5> pc 7« ws(L) = 1, where F(IL") is the power set of
IL*, i.e., the set of all subsets of LL*. The GLMB RFS X is completely specified by
|B||F(L*)| weights ws(L), and |B||L*| spatial PDFs flgl)(:c). The GLMB pdf can be
rewritten according to [Vo and Vo, 2013, Vo et al., 2014]

03 Y w ) T 7). (2.31)

beB LeF(L¥) (m HeX

Here, 07,(£(X)) is one if L = £(X) and zero otherwise. This form is often referred to
as 0-GLMB form. By inserting (2.30) or (2.31) into (2.23), the PGFL can be found

as [Mahler, 2014]
Gl =3 3 w(@ [ 1,

beB Le F(L*) leL

with f = [h(z,!) (l)(m)d:c. Furthermore, its PHD is given as [Mahler, 2014]
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2.2. LABELED RFS 19

Mz )= Y 1()w(L) £ (). (2.32)
beB LeF(L*)

Finally, we review a close connection between the LMBM RFS and the GLMB RFS
[Garcia-Fernandez et al., 2018]. In particular, any LMBM RFS can be formulated as a
GLMB RFS. Indeed, let X be an LMBM RFS with existence probabilities r.", spatial
PDFs f\"(x), and weights w, with be BCN and [ € L*. While the spatial PDFs f” (z)
remain unchanged in GLMB form, the weights w;(L) of the GLMB RFS can be found

IEZ) according to

wb(L) - wb( H (1rlgl/))) Hﬁ()l)a

Uels\L lel

from wy, and r

with b€ B and L € F(IL*). Note that the statistical description in LMBM form requires
|B|+ 2|B||L*| parameters (consisting of |B| weights wy, |B||L*| existence probabilities rlgl),
and |B||L*| spatial PDFs), whereas the description in GLMB form requires |B||F(L*)|+
|B||L*| parameters (consisting of |B||F(L*)| weights w;(L) and |B||L*| spatial PDFs).
Because the number of parameters in GLMB form scales exponentially in |L*| (since
|F(IL*)| = 2", but only linearly in |L*| in LMBM form, the description in LMBM form

is more efficient for large |L*|.
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Chapter 3

Bayesian RFS-based Multi-object
Tracking

The aim of Bayesian RFS-based multi-object tracking is to infer the time-dependent
number and states of multiple objects from measurements provided by one or several
sensors. The Bayes-optimal method for RFS-based multi-object tracking is known as the
multi-object Bayes filter. This method consists of a prediction step and an update step;
it calculates the posterior PDF recursively in time, taking into account newly acquired
sensor measurements at each time step. However, a direct implementation of the general
multi-object Bayes filter is usually infeasible, since it requires, e.g., the computation of
complicated set integrals. A common approach then is to first assume a particular RFS
type for the multi-object state (equivalently, for the posterior PDF), such as the Poisson
RFS (PDF) or the LMB RFS (PDF), and then perform prediction and update steps for
this RFS type [Mahler, 2007b, Mahler, 2014].

For some RFS types, the multi-object state RFS obtained after applying prediction
and update steps is of the same type. The multi-object PDFs corresponding to these
RFS types are referred to as conjugate priors, and the resulting tracking algorithms are
instances of the multi-object Bayes filter and are therefore referred to as Bayes-optimal.
The RFS types that are preserved by the prediction and update steps of the multi-
object Bayes filter include the MB mixture (MBM) RFS, the union of a Poisson RFS
and an MBM RFS, and the GLMB RFS. The corresponding filters are referred to as
the MBM filter [Xia et al., 2019, Garcia-Fernandez et al., 2018], the Poisson-MB mixture
(PMBM) filter [Williams, 2015, Garcia-Fernandez et al., 2018], and the GLMB filter [Vo
and Vo, 2013, Vo et al., 2014, Mahler, 2014], respectively. However, all these filters are
computationally demanding.

On the other hand, for many types of RFS, the multi-object state RFS obtained
after applying the prediction and update steps is of a different (and, in most cases, more
complicated) type. Here, a common strategy is to approximate the posterior PDF by a
PDF of a simpler type. This strategy can also be applied to conjugate prior posterior

21
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22 CHAPTER 3. BAYESIAN RFS-BASED MULTI-OBJECT TRACKING

PDFs, i.e., to posterior PDFs that are of the same type after the prediction and update
steps, in order to reduce the computational complexity. Filters based on this approach
include the PHD filter [Mahler, 2003, Mahler, 2007b, Challa et al., 2011], the TOMB/P
filter [Williams, 2015, Williams, 2011, Kropfreiter et al., 2016], and the LMB filter [Reuter
et al., 2014, Reuter et al., 2017].

The remainder of this chapter is structured as follows. In Section 3.1, we review the
multi-object Bayes filter for unlabeled and labeled RFSs. Two common system models
used in multi-object tracking are presented in Section 3.2. The PHD filter is reviewed in
Section 3.3, the TOMB/P filter in Section 3.4, and the LMB filter in Section 3.5.

3.1 The Multi-object Bayes Filter

In Bayesian RFS-based multi-object tracking, object states and measurements are mod-
eled by RFSs. More precisely, the multi-object state at time k is either modeled as
an unlabeled RFS X = {x{"),... x"} with x; € R" or as a labeled RFS X; =
{10y <N (NOY L with (x4, 1) € R x LY. Here, L C Ly is a finite set con-
taining the labels of Xp; Ly is a countable set and is referred to as label space [Vo and
Vo, 2013, Vo et al., 2014, Reuter et al., 2014]. Furthermore, the sensor measurements at
time k are modeled as an unlabeled RFS Z;, = {z,gl), ey z,(ﬂMk)} with z; € R"=. Here, n,
is the dimension of the single-object state x; and n, of the measurement z;. The ob-
ject state xj typically consists of the object’s position, the object’s velocity and possible
further parameters describing its extent, etc., whereas | is a label modeling the identity
of the corresponding object. The measurement z; might consist of Cartesian or polar
coordinates. Note that the cardinalities of Xj or X; and Z;, i.e., N and My, are random
quantities as well.

The aim of Bayesian RFS-based multi-object tracking is to estimate the number of
objects and their respective states at all times & = 1,2,.... This task relies on the
calculation of the posterior PDF f(Xy|Z1.%), where Zy.;, = (Zy,...,Z) is the sequence
of all acquired measurements up to time k, and is usually performed in a time-recursive
manner. That is, the current posterior PDF f(X|Z;.x) is computed from the previous
posterior PDF f(Xj_1|Z1.4—1) using the current measurement set Zj.

This recursive calculation is performed in a two-step procedure consisting of a pre-
diction step and an update step. In the prediction step, the previous posterior PDF

F(Xg_1]Z1.4_1) is converted into a “predicted posterior PDF” f(Xy|Z1.x_1) according to

[(Xe|Zrk—1) = /f(X/can—ﬂZl:k—l) 0Xk—1
= /f(Xlekl)f(XkMZl:ki)(sth (3.1)

where in the last step, it is assumed that the multi-object state at time k, i.e., Xz, given



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.2. RFS-BASED SYSTEM MODELS 23

the multi-object state at time k — 1, i.e., X;_1, is independent of all measurements up to
time k — 1, i.e., Zy.;—1. Here, f(X|X_1) is referred to as (multi-object) state-transition
PDF and models the temporal evolution of the multi-object state from one time step to
the next. Note that according to the prediction relation (3.1), the state is assumed to
evolve according to a Markov process, i.e., Xg, conditioned on X 1, is independent of
all X;» with ¥ = 0,...,k—2 (in addition to Zy.;_1). Expression (3.1) is often referred to
as Chapman-Kolmogorov equation [Mahler, 2007b, Bar-Shalom et al., 2011, Challa et al.,
2011].

In the update step, the predicted posterior PDF f(X|Z1.x_1) is converted into the
current posterior PDF f(X}|Z1.;) according to

f(Zk, Xk| Z1:6-1)
F(Z| Z1k-1)

(k) Xe) f(Xkl Z1k—1)
B J(Z| Z1:5-1)

S (X Zvr) =

; (3.2)

where in the last step, it is assumed that the measurements at time k, i.e., Zj, given the
multi-object state at time k, i.e., X, are independent of all measurements up to time
k—1,1i.e., Z1.p_1. Here, f(Z,|X}y) is referred to as (multi-object) likelihood function and
models the statistical dependency of the measurements Z; on the mulit-object state Xg.
Note that according to the update relation (3.2), the measurements Z;, conditioned on
X, are assumed as independent of all object states X with ¥’ = 0,...,k—1 (in addition
to Z1.;—1). Note that expression (3.2) involves the current measurement set Zj.

The prediction step (cf. (3.1)) in combination with the update step (cf. (3.2)) is often
designated as multi-object Bayes filter [Mahler, 2007b]. In the presentation above, the
multi-object state X; is considered as an unlabeled RFS. However, the same formalism
holds for labeled RFSs simply by replacing X, by the labeled state RFS Xj. Next, we

present two common system models used in RFS-based multi-object tracking.

3.2 RFS-based System Models

3.2.1 System Model for Unlabeled RFS-based Multi-object Tracking

In the following, we present a common system model used in unlabeled multi-object
tracking consisting of a state-transition model and a measurement model. Filters based
on this model include the PHD filter [Mahler, 2003, Vo et al., 2005, Vo and Ma, 2006], the
CPHD filter [Mahler, 2007a] and the TOMB/P filter [Williams, 2015]. The PHD filter
and the TOMB/P filter will be reviewed in Section 3.3 and Section 3.4, respectively.
Recap, that here the multi-object state and the measurements at time & are modeled by
the unlabeled RFSs X; = {x,(cl), N x,gN"’)} and Z; = {z,(:), e z,E:Mk)}, respectively.

The transition of the multi-object state from time k — 1 to k, i.e., Xp_1 — Xg, is
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modeled as follows: An object with state x;_1 € X;_1 at time k— 1 survives with proba-
bility pg(@x_1) or dies with probability 1 —pg(xx—_1). If the object survives, its new state
at time k is distributed according to the single-state transition PDF f(@xg|zi—_1). Thus,
an object at time k that already existed at time k — 1 is modeled by a Bernoulli RFS
Sk(@k—1) with existence probability pg(xx—1) and spatial PDF f(@xg|xr—1) (cf. (2.12)).
It is assumed that the states of different objects evolve independently, i.e., x; is con-
ditionally independent, given x;_;, of all the other x;. Hence, all objects at time k
that already existed at time k —1 are modeled by an MB RFS U,  .x, Sk(zx-1)
with parameter set {(ps(zx_1), f(:ck]mk_l))}wkileinl. In addition, it is possible that
new objects appear at time k. These objects are referred as newborn objects and are
modeled by a Poisson RFS X2 with mean parameter g, spatial PDF fg(z4), and,
thus, PHD Ag(x) = up f(zx) [Mahler, 2007b, Williams, 2015]. Here, XP is assumed
to be conditionally independent, given the previous multi-object state RFS Xj_;, of
Ue,_,ex,_,Sk(®k—1). Summarizing, the overall multi-object state at time k, given the

previous multi-object state Xy_1, is given by

X = ( U Sk(mkl)) uXxB.

Tp_1€Xk1

This model defines the state-transition PDF f(X|X;_1) used in the derivation of the
prediction step of the PHD and TOMB/P filter. The prediction step of the PHD and
TOMB/P filter will be reviewed in Section 3.3.1 and Section 3.4.1, respectively.

The statistical dependency of the multi-object state on the measurement at time £,
i.e., Zr — Xg, is modeled as follows: An object with state x; € Xi is detected by the
sensor with probability pp(x) or is missed with probability 1 — pp(xg). If it is de-
tected, it generates a measurement z; according to the single-object likelihood function
f(zkl®r), and if it is not detected, it generates no measurement. Accordingly, the mea-
surement originated from an object with state x; is modeled as a Bernoulli RFS ©(xy)
with existence probability pp(xy) and spatial PDF f(zg|xy). It is assumed that each of
these object-originated measurements z; is conditionally independent, given the respec-
tive object state xy, of all the other measurements z and all the other object states
x;. Thus, these measurements form the MB RFS |, v, ©k(xx) with parameter set
{(pp (1), f(2zk|2K)) }mk, ¢ x,- In addition, measurements may also be originated by clut-
ter. Following [Mahler, 2007b, Williams, 2015, these clutter-originated measurements
are modeled by the Poisson RFS ZE with mean parameter puc, spatial PDF fo(zg),
and, thus, corresponding PHD A¢(z;) = pcofc(zg). Clutter-originated measurements
are assumed conditionally independent, given Xy, of the object-originated measurements
Usz,c x,Ok(zx). The overall measurement RFS at time k, given the multi-object state

Zp = ( U @k(mk)> uzg.

xLE X

Xk, is given by
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This model defines the likelihood function f(Z;|X}) used in the derivation of the update
step of the PHD and TOMB/P filter. The update step of the PHD and TOMB/P filter

will be reviewed in Section 3.3.2 and Section 3.4.2, respectively.

3.2.2 System Model for Labeled RFS-based Multi-object Tracking

We now review a system model that is common in labeled RFS-based multi-object track-
ing. Similarly to the model for unlabeled multi-object tracking presented in the previous
section, it consists of a state-transition model and a measurement model. Filters that are
based on this model include the LMB filter [Reuter et al., 2014] and the GLMB filter [Vo
and Vo, 2013, Vo et al., 2014]. The LMB filter will be reviewed in Section 3.5. Recap
that in labeled RFS-based multi-object tracking, the multi-object state is modeled by the
labeled RFS X;, = {(xg), 1, ..., (x,(ﬂNk), IND)Y and the measurements by the unlabeled
RFS Z;, = {z,(cl), . .,z,(CMk)}.

The transition of the multi-object state from time k — 1 to time k, i.e., Xp_1 to X,
is modeled as follows [Reuter et al., 2014, Mahler, 2014]: An object with state (xx—1,!) €
Xp_1 survives with probability pg(a,_1,1) or dies with probability 1 — ps(zz_1,1). If
it survives, its new state x; (without the label) is distributed according to the single-
state transition PDF f(xy|xi_1,1) and the label [ is preserved. Thus, an object at
time k that already existed at time k — 1 is modeled by a Bernoulli RFS Sj(zj_1,1)
with existence probability ps(xx—_1,!) and spatial PDF f(xg|xk_1,]). Note that the
labels [ do not change over time that is why they are denoted rather as [ than [;. The
states of different objects evolve independently, i.e., (xg,!) is conditionally independent,
given (xp_1,1), of all other (xg,!’) with I’ #£ [. Accordingly, all objects at time k that
already existed at time k — 1 are modeled by an LMB RFS Uleinlgk(mk,hl) with
parameters {(ps(a"k'*l’l)if'($k|$k*17l))heu¢;71' There may also be newborn objects.
They are modeled by an LMB RFS )N(E’, which is fully described by the parameter set
{(rg’)k, ]gl)(:ck)) } JcLBs» Where rg?k and fg) (x4) are the existence probabilities and the
spatial PDFs, respeciively, of the newborn objects with labels [ € LB* C LB. Here, LB
denotes the label space of newborn objects and is given by LP = {k} x N. The overall
label space LL; also evolves recursively according to Ly = L1 U IL.E, where Lj_q is the
label space at time k—1. Here, L;_; and LP are disjoint, i.e., Ly_1NLE = 0, which entails
that I} , NILP* = (. We furthermore assume that the newborn objects XP, given the
previous multi-object state Xj;_1, is independent of U, eL;_lgk(mk*h [). Summarizing,
the overall multi-object state at time k, given the previous multi-object state X;_1, is
given by

Xi = ( U gk(%iJ)) UXp. (3.3)

lely

This model specifies the state-transition PDF f (f( k|f( x—1) used in the derivation of the
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prediction step of the LMB filter. The prediction step of the LMB filter will be reviewed
in Section 3.5.1.

Next, we will present the statistical dependency of the multi-object state on the mea-
surements at time k, i.e., Z, — Xj,. An object with state (xg, 1) at time k is detected
by the sensor with probability pp(x,!), or missed with probability 1— pp(xk, ). If it is
detected, it generates a measurement z; according to the single-state likelihood function
f(zkleg, 1) and if it is missed, it generates no measurement. Accordingly, the measure-
ment originated by an object with state (x,!) is modeled by a Bernoulli RFS (x4, )
with existence probability pp(x«,!) and spatial PDF f(zg|zg,1). It is assumed that each
object-originated measurement z; is conditionally independent, given the respective ob-
ject state (x, 1), of all the other measurements z), and all the other object states (x],’).
Hence, the object-originated measurements are modeled by an MB RFS! |, eL; C:)k(a:k, )
with parameter set {(pp(, 1), f(zk|er, 1))}, eL: There may also be clutter-originated
measurements; they are modeled by the Poisson RFS Z,g parametrized by the mean pa-
rameter uc, the spatial PDF fo(z) and, thus, the PHD A¢(zx) = pofe(zk). This clutter
model conforms the clutter model used in the unlabeled RFS-based system model of Sec-
tion 3.2.1. Tt is assumed that Z{ is conditionally independent of UZGLZ O (1), given
the multi-object state Xj. The overall measurement RFS, given the multi-object state
Xy, is given by

Zp = ( U ék(mk,l)> uzs. (3.4)

leL;

The measurement model specifies the likelihood function f(Zx|X}) used in the derivation
of the update step of the LMB filter. The update step of the LMB filter will be reviewed
in Section 3.5.2.

In the next three subsections, we review the PHD filter, the TOMB/P filter, and the
LMB filter.

3.3 The PHD Filter

The PHD filter is a low complexity approximation of the multi-object Bayes filter (cf.
Section 3.1) and models the multi-object state X; by a Poisson RFS. Thus, the posterior
PDF at time k —1 is given by (cf. (2.10))

F(Xpo1|Zigmr) = e @090 TT 0 Mayy), (3.5)

Tp—1€Xk—1

'Note that U,EH‘Z Oy (x,1) is an unlabeled RFS describing the statistics of the object-originated

measurements and the label [ € Lj is purely used to index the Bernoulli RFSs Oy, (xy, ().
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where \(x;_1) is the posterior PHD at time k—1. A detailed derivation of the PHD filter
can be found in, e.g., [Mahler, 2003, Mahler, 2007b, Challa et al., 2011]. In the following,
we will review the prediction and update step of the PHD filter.

3.3.1 Prediction Step of the PHD Filter

The predicted posterior PDF f(X|Z1.,—1) can be obtained by inserting the previous
posterior PDF f(X;_1|Z1.5_1) in (3.5) into the prediction relation (3.1). It turns out
that the predicted posterior PDF is no longer of Poisson type, but can be approximated
by the Poisson PDF f(X|Zy.,_1) [Mahler, 2003, Garcia-Fernandez and Vo, 2015]. Here,
f (Xk|Z1.4—1) is chosen such that its corresponding PHD is equal to the PHD corre-
sponding to the exact predicted posterior PDF f(X|Z1.4—1). As was shown in [Mahler,
2003, Mabhler, 2007Db], this (approximated) predicted posterior PHD is given by

Aot (@) = M) + / F(@rl@i1) ps(@hi) Mo dap_r (3.6)

Here, A\g(@y), f(xk|Tr—1), and pg(x_1) are the birth PHD, the single-object state tran-
sition PDF, and the survival probability, respectively, introduced in Section 3.2.1, and
A(@k—1) is the posterior PHD at time k& — 1. The derivation of the prediction step of the
PHD filter relies on the state transition PDF f(X|X;_1) defined by the state transition
model of Section 3.2.1. A specific expression of f(X3|Xx—1) can be found in, e.g., [Mahler,
2007b]. Note that the prediction relation in (3.6) takes into account the birth/death of
objects and the transition of survived objects from one time step to the next. The clas-
sical PHD prediction step presented here can be extended to object spawning [Mahler,
2003, Mahler, 2007b], where each object at time k — 1 is a possible source of multiple

objects at time k. However, object spawning is not considered in this work.

3.3.2 Update Step of the PHD Filter

The current posterior PDF f(Xy|Z;.;;) can be determined by applying the update relation
in (3.2) and replacing the exact predicted posterior PDF f(X|Z1.x—1) by its approxima-
tion f(Xy|Z14—1) of Section 3.3.1. Similarly to the predicted posterior PDF, the new
posterior PDF f(X|Z1.) is no longer of Poisson type and it is hence approximated by
the Poisson PDF f(X;|Z1.). Again, f(X;|Z1.s) is chosen such that its corresponding
PHD is equal to the PHD corresponding to the exact posterior PDF f(Xy|Z1.k). As
shown in [Mahler, 2003, Mahler, 2007b], the (approximated) posterior PHD at time k is
given by

f(zklzk) po (28 ) Ajpo—1 (k)
Ac(zk) + [ f(zkler) po (®8) Mgy (25)day
(3.7)

AMzr) = (1 — pp(xr)) M1 () + Z

zL€EZ},
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Here, pp(xt), f(zk|Tk), and Ac(z) are the detection probability, single-object likelihood
function, and the clutter PHD, respectively, introduced in Section 3.2.1, and Ag;_1 () is
the predicted PHD in (3.6). The derivation of the update step of the PHD filter involves
the likelihood function f(Z;|Xy) defined by the measurement model of Section 3.2.1. A
specific expression of f(Z;|Xx) can be found in, e.g., [Mahler, 2007b]. Note that the
update relation in (3.7) takes into account the detection/misdetection of objects, the
noise corruption of detected objects, and clutter measurements.

The PHD filter is now obtained by recursively computing the prediction and update
relations (3.6) and (3.7), where the update step incorporates the currently acquired sen-
sor measurements Z. The filter equations (3.6) and (3.7) contain integrals; closed form
solutions can only be obtained for linear/Gaussian state-transition PDFs f(xk|xs—_1),
Gaussian birth models, linear/Gaussian likelihood functions f(z|®zy), and for a Gaus-
sian mixture prior, i.e., the posterior PHD A(x) at time k£ = 0 is modeled by a Gaussian
mixture PDF. These assumptions result in a Gaussian mixture implementation of the
PHD filter [Vo and Ma, 2006]. For non-linear/non-Gaussian models a particle implemen-
tation was proposed in [Vo et al., 2005].

The PHD filter provides a low complexity approximate solution to the multi-object
tracking problem by recursively propagating the posterior PHD of a Poisson RFS over
time. Recap from Section 2.1.1 that the PHD can generally be considered as first order
moment of an RFS. Thus, the Poisson assumption in the PHD filter can equivalently
be interpreted as first order moment approximation of an RFS of general type. While
this first order moment approximation of f(Xx|Z;.,) might be reasonable for some track-
ing scenarios, in more challenging scenarios, f(Xy|Z1.;) may also comprise higher order
moments that are non-zero. Here, the first order moment approximation might ignore
valuable object state information. Hence, the PHD filter performs rather poorly in chal-
lenging scenarios with, e.g., a low detection probability and/or high clutter and/or a high
number of objects [Mahler, 2003, Mahler, 2007b].

On the order hand, the PHD filter has very low computational requirements. In
fact, the computational complexity scales according to O(N;Mjy), i.e., linearly in the
number of objects and linearly in the number of measurements. Since the PHD filter
only propagates the first order moment of the posterior PDF f(Xy|Z1.x), one might
consider to improve the tracking performance by additionally propagating higher order
moments of the posterior PDF. Although, it is theoretically possible to derive a filter
that also considers, e.g., the second order moment, it was noted in [Mahler, 2007b] that
a practical implementation of such a filter seems to be infeasible. However, performance
can be improved by modeling the cardinality distribution by a general cardinality PMF
p(n) rather than a Poisson PMF as in the PHD filter. This approach is pursued in
the CPHD filter [Mahler, 2007a], which propagates the posterior cardinality distribution
in addition to the posterior PHD. The CPHD filter was found to perform significantly
better than the PHD filter, but at the expense of a higher computational complexity,
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which scales according to O(Ny, M}), i.e., linearly in the number of objects and cubically
in the number of measurements. Recap that the PHD filter scales linearly in the number
of objects and only linearly in the number of measurements. The CPHD filter will not

be discussed further in this work.

3.4 The TOMB/P Filter

In this section, we review the TOMB/P filter introduced in [Williams, 2015, Williams,
2011]. A detailed derivation can be found in [Williams, 2015]. The TOMB/P filter is
another approximation of the multi-object Bayes filter described in Section 3.1. It models
the multi-object state RFS X by the union of a statistically independent MB RFS XP
and a Poisson XE, ie., X, = X],;) U XE. Thus, the posterior PDF f(X; 1|Z1.4_1) at time
k —1 is given using the FISST convolution (2.4) as

FXea1lZiw—1) = D> fIO) P (X \Y | Z1ik1), (3.8)
YCX) 1

where fU(X_1) is the posterior PDF describing X! ; (note that X , is independent of
Z1.—1) and fP(Xy_1|Z1.x—1) is the posterior PDF describing XE_l. The Poisson PDF
fU(X}_1) is represented by the posterior PHD Ay(z;_1) (cf. Section 2.1.2) and the
MB PDF fP(Xy_1|Z1.4-1) by Jix_1 Bernoulli components with existence probabilities
7"1(521 and spatial PDFs f(j)(a:/g_l), J€ Teer = {1,...,Jp_1} (cf. Section 2.1.4). Note
that in the TOMB/P filter, the Poisson RFS models “undetected objects” and the MB
RFS “detected objects”. Undetected objects are objects that exist but have not yet
been detected, while detected objects have already been detected and thus have already
generated at least one measurement. The modeling of undetected objects can facilitate

the generation of new Bernoulli components [Williams, 2015].
In the following, we will review the prediction and update step of the TOMB/P
filter [Williams, 2015]. The derivation is based on the same system model for unlabeled
RFS as the derivation of the PHD filter, i.e., the system model presented in Section 3.2.1.

3.4.1 Prediction Step of the TOMB/P Filter

The predicted posterior PDF f(X|Z1.x,—1) can be obtained by inserting the previous
posterior PDF f(X,_1|Z1.5—1) (cf. (3.8)) into the prediction relation (3.1). It turns
out that the predicted posterior PDF f(X|Z1.,—1) preserves the convolutional form of
(3.8), i.e., it can be decomposed again into a PDF f,gk,l(XHZl:k—l) describing detected
objects and a PDF f,g 4 1(X) describing undetected objects [Williams, 2015]. Moreover,
f,gkfl(XHZl:k,l) is again an MB PDF and fﬁkfl(Xk) is again a Poisson PDF.

More precisely, the predicted posterior PHD of undetected objects )\ka' x_1(Tg) char-
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acterizing flgkq(X «) is calculated according to

)‘g|k—1(“’k:) = Ag(xk) +/f($k|wk—1)Ps(ka—1))\U(mk_l)dmk_l. (3.9)

Here, A\g(xy), f(xx|zr—1) and pg(x,_1) are the birth PHD, the single-object state tran-
sition PDF, and the survival probability introduced in Section 3.2.1, respectively, and
Ay (k1) is the posterior PHD of undetected objects at time k— 1. Furthermore, the pa-
(4)
klk—1
according to

rameters r and f,gflz_l(:ck), j € Ji_1 characterizing f]£|)k41(Xk|Z1:k—1) are calculated

s = s [pstenn) 19 (@) den, (3.10)

_ [ f@r|zr—1)ps(zh—1) fO (zh—1) dag 1

, , 3.11
s @) [0 (@ )de], . (31)

£ ()

where r,(c{) , and f (j)(wk_l) are the existence probabilities and spatial pfds at time k& —1,
respectively. Here, the number of Bernoulli components J,—;1 is not changed by the pre-
diction step. Thus, no new Bernoulli components are generated in the prediction step.
Object birth is modeled by the birth PHD Ag(«) entering the Poisson part via expres-
sion (3.9). The derivation of the prediction step here is based on the state transition PDF
f(Xk|Xk—1) defined by the state transition model of Section 3.2.1. Note that the predic-
tion relation of the undetected object component (3.9) is equal to the prediction relation
of the PHD filter (3.6) and the prediction relations of the detected object component
(3.10) and (3.11) are equal to those in the conventional MB filter (MeMBer filter) [Vo
et al., 2009].

3.4.2 Update Step of the TOMB/P Filter

The current posterior PDF f(X|Z1.,) can be determined by inserting the predicted
posterior pdf f(Xy|Z1.—1) into the update relation (3.2). Although X} and XP are still
independent, conditioned on Z.g, i.e., the convolutional form of (3.8) is preserved, the
posterior PDF is not of Poisson/MB form anymore [Williams, 2015]. In fact, the posterior
PDF fY(X}) is again a Poisson PDF, whose PHD \y(z}) is calculated according to

Au(@r) = (1—pp(@r) Ay (). (3.12)

Here, pp (k) is the detection probability introduced in Section 3.2.1 and )\gl o1 () is
the predicted posterior PHD of undetected objects (cf. (3.9)). Note that the update step
of the undetected object component in (3.12) does not include any measurements, i.e.,
Au(xy) represents previously undetected objects that remain undetected after applying
the update step at time k.

However, the posterior PDF fP(X}|Z;.;) is no longer of MB form but of MBM form.
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An expression of fP(Xy|Z;.x) can be obtained by first introducing the (random) object-
measurement association vector ay, — [a,il) a,i‘]")] with Jp = Jy_1 + M;, [Williams,
2015|. Here, a ) e {0,..., My} for j € Jr—1 and a ) e {0,1} for j € {Jp—1+1,..., Ji}.
We call an association aj; admissible if at most one measurement is associated to the
same object and no measurement is associated to more than one object. All admissible
associations are collected in the association alphabet Ax. Using ay, the posterior PDF of

detected objects can be written as

FP(XK Zra) = > plak) farP (Xe)

ap€A
=Y mla) B H FUa) (x @Gy, (3.13)
ap€Ay a€Pyy iy, =1

where p(ay) is the probability of association ay, n, = |Xj|, and f3B(X;) is an MB
PDF (cf. (2.17)) consisting of the Bernoulli PDFs f(j’“(kﬂ)(Xk), where, in turn, the
Bernoulli PDFs are parametrized by the existence probabilities r,&j’aij)) and the spatial
PDFs f (j’“l(aj))(wk). We refer to the Bernoulli components with index j € J;_1 as legacy
Bernoulli components and to those with index j € {Jt—1 + 1,...,Jx} as new Bernoulli
components. Note that fP(Xy|Z1.) is an MBM PDF with one mixture component for
each admissible object-measurement association vector a; € A and the weight of the
mixture component is given by the corresponding association probability p(aj). The

association PMF p(ay) is given up to a normalization constant by

(J)
plag) ocH b’k , ap € Ayg. (3.14)

(J a{)

Here, the are referred to as association weights. The calculation of the association

N G
weights [)’IZ’ ) , the existence probabilities r,(:’ i) , and spatial PDFs f U’“z(c]))(a:k) will be
discussed in the following.

For the legacy Bernoulli components, i.e, for j € {1,...,Jx_1}, the association

weights, existence probabilities, and spatial PDFs are given for a,,(cj) =m € M, =
{1, ceey ]Wk} by

B,i] m) rk“‘: 1/f )|m/€)pD a:,g)f/dk (zr)dey, (3.15)
T]E;j,"ﬂ) — 1’ (3‘16)

f‘(zi’")\mk)pn(xk)f‘,ﬁf,ﬁ (k)

) : (3.17)
]f( |@},) () fk|k (@) day,

FOM (@) =

Here, (3.16) indicates that the object x; described by the Bernoulli component with
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index j exists and its state is distributed according to the spatial PDF f0:) (mk) in
(3.17). The likelihood of this event is quantified by the association weight B<‘7 ™
(3.15). Furthermore, for a,? ) =0

00 =1 - [ po@n) S8 @ der, (3.18)
: (1-po (i) f17) (ﬂfk)da?k
Go) _ klk 1f kk—1 (3.19)

1‘7’1?“2; 1+rk:|k (1= pD(ka))f k-1 (@) da,

()
£ () — (1‘pD($k))fk|k: 1 (k) . (3.20)

(- po (@) ), (2}) der,

Here, (3.19) is the probability that the object x; described by the Bernoulli component

(4:0) _

with index j exists. Note that r;””” = 0 would indicate that the corresponding object

(4,0) _

does not exist and 7"’ = 1 would indicate that the object exists but did not generate

a measurement. If the object exists, its state x; is distributed according to fU-%)(z;) in

(3.20). The likelihood of these two events (object nonexistence and object existence and

)

misdetection) is quantified by the association weight £ d(J "™ in (3.18). There are also new

Bernoulli components indexed by j € {Jx_1+1,..., Ji}. Werecall that here a](gj) € {0,1}.
() _

For a;/" =1, we have
BV = Ao (z(™) /f ") po (k) A1 () da, (3.21)
oo AT m @ @de
Ao(=") + [ 1 (2 |1) po (@) Ay () de
£ () — f (Z,E;m)\Jik)pn(mk))\gk,l(mk) (3.23)

JFE" %) po (i) AT, () daf,

where the measurement index m is determined as m = j — Jp_1 with j € {Jp_1 +

., Jx}. Here, T](Cj Y —0in (3.22) would indicate that the measurement z; originated
from clutter. On the other hand, r,gj’l) = 1 would indicate that the measurement z
originated from an previously undetected object x; its state is distributed according to
fUD(x) in (3.23). The likelihood of these two events (originated by clutter or by an
undetected object) is quantified by the association weight /3,9’1) in (3.21). Finally, for
a,(f ) = 0, the association weights are 5,Ej 0 - = 1, the existence probabilities are 7',8’0) =0,
and the spatial PDFs fU:0(z;) are not defined because 7*(] 9 — 0 indicates that the
corresponding object does not exist. Note that the derivation of the exact update step
here is based on the likelihood function f(Z;|Xy) defined by the measurement model of

Section 3.2.1.
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The TOMB/P filter approximates the posterior MBM PDF fP(X}|Z;.) in (3.13) by
an MB PDF. This is achieved by first rewriting p(ax) in (3.14) in terms of the extended
association alphabet A; that includes also inadmissible ob ject-measurement associations
ay (i.e., a measurement may be associated with no object or with more than one object).
In fact, for a; € Ag, play) is equal to (3.14) and for A,\ Ay, p(a;) = 0. Next, the
association PMF p(ay) is approximated by the product of its marginals. That is,

Jk,
plag) ~ Hp(a,(c’)), ac€ Ay, (3.24)
=1
with
plaf) 2 3" plar), (3.25)
O]
k

where the summation is over all a,(cj/) with 5 € J,\{j} where J, = {1,...,Ji}. The
complexity of this summation is exponential in J; and My; however, accurate approx-
imations of p(a,(cj )) can be efficiently calculated by using the belief propagation scheme
of [Williams and Lau, 2014, Williams, 2015]. Substituting A, for A in (3.13) and using

(3.24) yields

Ji ) Jk 6 '
P Xl Zuw) = ) (Hp(ag))) S I A (x e

akEAk j=1 aepfk,nkal

Ji My

~ > I X p(a,ﬁj))fﬁaaff))(X]gam))

AEPyny 3=1 40—

Ji
= Y I, (3.26)

QEPs, ny, I=1

where in the last step, the identity -, -1, 1%, p(a,g,j )) = H;-Iil A{f) . p(a,g.j )) was used.
A =

Because f(j)(Xlga(j))) = Z%’f) . p(a,(cj))f(j’“g))(X,ga(j))) is a Bernoulli PDF, fP(X.|Zy.1)
(I,k =

is approximated by an MB PDF (cf. (2.17)), consisting of J; = Jx_1 + My Bernoulli

components.

The approximate posterior MB PDF fP(X|Z;.;) in (3.26) is characterized by the ex-
istence probabilities r,(j ) and spatial pdfs f)(z;,), which are given for the legacy Bernoulli
components, i.e., for j€{1,...,Jx_1}, by

0 ZM"’ ()y, G
ry = play’)ry , (3.27)
40
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M,
1 al
£ (@) = (_ Z J k )f(y,a;(f))(wk)’ (3.28)
Tk )

and for the new Bernoulli components, i.e, for j € {Jx_1 +1,..., i}, by

g = p(a) = 1)rY, (3.29)
FO (@) = F9D (). (3.30)

) e
n (3.27) and (3.28), the parameters r(]’ 7 and f@’“l(c]))(a:k) are given by (3.16), (3.17)
and by (3.19), (3.20), respectively, and in (3.29) and (3.30), r (]’1) and fU(x;) are given
by (3.22) and (3.23), respectively; p(a ,?)) are the marginal association probabilities given
by (3.25).

The TOMB/P filter is now obtained by first applying the prediction step by com-
puting the predicted posterior PHD of the undetected objects )\k| 1 (k) via (3.9) and,

for the detected objects, the predicted existence probabilities 7’]53“1_1 via (3.10) and the

predicted spatial PDFs fk|k ((xg) via (3.11). The update step consists of calculating
the posterior PHD of undetected objects Ay(xx) via (3.12) and updating the detected
object component as follows: first, the association weights, existence probabilities, and
spatial PDFs are computed according to (3.15) — (3.23). Next, the marginal association
probabilities are calculated according to (3.25). Note that an efficient (approximate)
marginalization is enabled by the BP-based algorithm proposed in [Williams and Lau,
2014, Williams, 2015]. Finally, the updated existence probabilities 7“( ) and spatial PDFs
fU)(x) are determined according to (3.27) — (3.30). An implementation of the TOMB/P
filter for linear/Gaussian system models based on the representation of spatial distribu-
tions by Gaussian PDFs and /or Gaussian mixture PDFs was proposed in [Williams, 2015].
An extension to nonlinear /non-Gaussian system models using particle representations of

spatial distributions was presented in [Kropfreiter et al., 2016].

The complexity of the TOMB/P filter is determined by the computation of the
marginal association probabilities in (3.25), which is exponential in both the number
of Bernoulli components J; and the number of measurements M. However, an efficient
approximate computation is enabled by BP-based algorithm [Williams, 2015]. With this
modification, the complexity scaling of the TOMB/P filter can be lowered to O(1J; M),

e., the complexity scales linearly in the number of BP iterations I, the number of

Bernoulli components .Ji, and the number of measurements Mj.

Since in each update step, My new Bernoulli components are generated, the number of
Bernoulli components increases linearly with M over time. To reduce the complexity, a
common strategy is to prune (discard) Bernoulli components with an existence probability
below some defined threshold ~vp. However, the pruning can result in a reduced tracking

accuracy. A remedy was proposed in [Williams, 2012], where Bernoulli components with



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

3.5. THE LMB FILTER 35

a low existence probability are not pruned but instead transferred to the Poisson RFS.
This transfer is referred to as recycling and the corresponding filter as TOMB/P with
recycling (TOMB/P-R) filter. It was shown in [Williams, 2012| that the TOMB/P-R
filter achieves a better tracking accuracy/complexity compromise than the conventional
TOMB/P filter.

The TOMB/P filters presented here solely rely on unlabeled RFSs. Therefore, track
continuity is theoretically impossible. However, trajectories can be formed by applying
a simple, heuristic post-processing step. In addition, a label-augmented version of the
TOMB/P filter was proposed in [Meyer et al., 2018] that avoids the post-processing step.

3.5 The LMB Filter

The LMB filter is an approximation of the (labeled) multi-object Bayes filter (cf. Section
3.1). In the LMB filter, the multi-object state at time & is modeled by an LMB RFS X
(cf. Section 2.2.2). Thus, the posterior PDF at time k —1 is given by (cf. 2.24)

f(Xk71|lek71) = A(kal)w(['(ikfl)) H 1L;;_1(l)f(l)($k71)~ (3.31)
(@p—1,0) EXp_1

Recap that A(Xk_l) — 1 if the labels of X;_; are distinct and A(Xk_l) =0 otherwise,
and 1p; ()=1iflel; , and I (I)=0 otherwise. Here, the label set L; | C L4
comprises the labels corresponding to X;_; and is a subset of the underlying label space
Lj_1 (cf. Section 3.2.2). Furthermore, f()(z;_;), I € L;_, denote the posterior spatial
PDFs at time k —1 and the weights w(L) are given according to (2.25) by

wo) 2 (T, 02) T 002, (3.32)

leL reL: \L

for any L C ILy_1. Here, r,(Ql, l € L;_, denote the posterior existence probabilities at

time k — 1. By inserting (3.32) into (3.31), the LMB posterior PDF can be equivalently

written as
F(Xe_1|Z1-1)

A(m( [T a-2)) I ot onli Q@ (333

rely \L (®r—1,0) € Xp—1

Note that f(Xk_1|Z1:/€_1) is fully parametrized by {(7";@1;f([)(wla—l))}lem;;_l- In the
following, we review the prediction step and update step of the LMB filter [Reuter et al.,
2014].
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3.5.1 Prediction Step of the LMB Filter

In the prediction step, the previous posterior PDF f(X;_|Z4_1) is converted into
the predicted posterior PDF f(X|Z1.5_1) according to (3.1). More precisely, as shown
in [Reuter et al., 2014], the prediction step preserves the LMB form of f (Xp—1|Z1:6-1)
without applying any approximation. Hence, the predicted posterior PDF f(X|Z1.6—1)
is an LMB pdf and parametrized by the existence probabilities rl(cl|)k~1 and spatial PDFs
Fijk_a(®@e), 1 € Li_y, ie, by the LMB parameter set {(rf; 1. fit 1 (@) },cy.- Here,
L = L7 , ULB* is the label set corresponding to the predicted posterior LMB PDF
f(Xi|Z1.4—1). Tt is the union of the sets L;_, and LE* containing the labels of the
survived objects and the newborn objects, respectively (cf. Section 3.2.2). The existence
probabilities and spatial PDFS can be found for [ € L} ; as [Reuter et al., 2014]

rl(cl|)kfl = T£111/p8($k1, l)f<l) (g_q)dxg_1, (3.34)

[F(@plzre_1, D) ps(@p_1,1) fFO(zp_1)des_y
fps(mi.:—l’l)fa)(w;c—l)dm?c—l .

!
.f,§|,1,1(mk) = (3.35)
Here, f(xg|xr_1,1) and ps(xk_1,1) are the single-object state transition PDF and the
survival probability introduced in Section 3.2.2, respectively, and r\” | and fO(a;_,) are
the posterior existence probabilities and spatial PDFs at time & — 1. Furthermore, for

le }LE*, we have

7",(;')1671 = 7"1(;’),{:, (3.36)
Fipe () = 1) (k). (3.37)

where the existence probabilities rg?k and spatial PDFs fg) (x) were introduced in Sec-

tion 3.2.2. Hence, the LMB filter generates new Bernoulli components according to the
underlying LMB birth model described in Section 3.2.2. Note that the prediction rela-
tions of the survived objects in (3.34) and (3.35) are equal to the prediction relations
of the detected objects in the TOMB/P filter (cf. (3.10) and (3.11)), with the extension
that the labels allow object identification over time. The derivation of the prediction
step of the LMB filter relies on the state transition PDF f (X k]f( x—1) defined by the state
transition model described in Section 3.2.2. An expression of f(Xj|X;_1) can be found
in [Mahler, 2014].

3.5.2 Update Step of the LMB Filter

The update step of the LMB filter converts the predicted posterior PDF f (X k| Z1:6-1)
into the current posterior PDF f(X}|Z1.;). However, after applying the update step, the
posterior PDF is no longer of LMB form but of GLBM form (cf. Section 2.2.4). To describe
the posterior GLMB PDF, an object-measurement mapping is introduced first [Reuter
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et al., 2014]. More precisely, the mapping 0 is defined as 6y : L — {0,1,..., My}
with L € F(L}), where F(L;) is the power set of L, i.e., the set of all subsets of L;.
Here, 0i(l) = m € My with My = {1,..., M} indicates that object state (xg,l) is
associated with measurement m and 604(l) = O indicates that it is not associated with
any measurement. Let O denote the set of all mappings 6, that describe admissible
associations, i.e., at most one measurement is associated to the same labeled object and
no measurement is associated to more than one labeled object. Note that this definition of
admissibility is similar to that one in the TOMB/P filter, where it is phrased in terms of
an association vector associating (unlabeled) detected objects instead of labeled objects.
Using 6y, the posterior GLMB PDF f(Xy|Z1.) can be expressed as (cf. (2.31))

FXilZuw) = AXR) >0 Y wB%Wsc(Xe) [T FO% (). (3.38)

LeF(L}) 0,€0L (®,0) € X},

Recap that d7,(£(X})) is one if L = £(X}) and zero otherwise. Further, the weights
wL0k) are given up to a normalization constant by

) [
w0 ( H (1— r,(dk 1 ) Hrklk— LOeD) (3.39)
VeEL;\L leL

for L€ F(L}). Here, the weights w("’*) are normalized, i.e. ) 2oLe F( L) doco, W wOr) =
0
L7k
and the factors n(-01) are given by

is the predicted existence probabilities computed according to (3.34) and (3.36),

f(1*PD(€L‘1«,l))f,gi)k_l(ka)dmk, m=0
= (3.40)

(l,m)
M
JFE @0 po (@4, 1) fiy (@6)dae/Ac(z™), me M.
Here, pp(zs,1), f(z0"|@s,1), and Ac(z{™) are the detection probability, the single-
object likelihood function, and the clutter PHD, respectively, defined in Section 3.2.2,
and flg)kq(mk) is the predicted spatial PDF computed according to (3.35) and (3.37).
Next, the spatial PDFs f(:)(z;) in (3.38) are given for m = 0 by

(1 po(@e,0) iy (@0)

, (3.41)
J (1—pp(x}, ))fm (@) de),

FEO (zy,) =

and for m € My, by

f(zi’") |z, 1) pp (2, l)f,if,l,l(wk)

g (m), ./ I "1 () d . (3.42)
ff(zk |2}, 1) pp (2}, )fkugfl(wk) Ly

FEm™ () =
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Note that (3.41) is the spatial PDF describing the case that the object with state (xg,[)
generated no measurement (misdetection) and (3.42) that it generated measurement m €
M. In fact, the two relations coincide with the spatial PDFs for detected objects (3.20)
and (3.17) in the TOMB/P filter, with the extension that here the labels allow object
identification over time. The derivation of the exact update step of the LMB filter relies
on the likelihood function f(Z;|X}) defined by the measurement model described in
Section 3.2.2. A specific expression of f(Z;|X}) can be found in [Mahler, 2014].

In the LMB filter [Reuter et al., 2014], the posterior GLMB PDF f(Xy|Z1.) in (3.38)
is approximated by an LMB PDF such that the PHD corresponding to the exact posterior
PDF (cf. (2.32)) matches the PHD corresponding to an LMB PDF (cf. (2.27)). This leads

to a update relation for the existence probabilities

= 3 Y 1w, (3.43)

LeF(LE) 0,€0,

and for the spatial PDFs

) =4 33 L @uto [0 gy, (3.44)

’“k: LeF(L;) 0,€0,

for leLL;. Here, 17,(1) is 1 if [€ L and 0 otherwise.

The LMB filter is now obtained by first performing a prediction step in which the pre-
dicted existence probabilities 7',(;'),671 are computed according to (3.34) and (3.36) and the

predicted spatial PDFs jkl 11 (xy) according to (3.35) and (3.37) for [ € ILj. Note that this
involves both the prediction of already existing (legacy) Bernoulli components (represent-
ing survived objects with labels [ € L;_,) and the generation of new Bernoulli components
(representing newborn objects with labels [ € Lf*). Then, the update step is executed by
first computing the weights w(/) in (3.39) and the spatial PDFs f(:0()(z,) in (3.41)
and (3.42), and then computing the updated existence probabilities r,(gl) and spatial PDFs
fW(xy,) according to (3.43) and (3.44). The LMB filter can be implemented for both lin-
ear/Gaussian system models using Gaussian or Gaussian mixture representations of the
spatial PDFs and nonlinear /non-Gaussian system models using particle representations
of the spatial PDFs [Reuter et al., 2014].

The complexity of the final update equations in (3.43) and (3.44) scales exponentially
in the number of Bernoulli components |L}| and the number of measurements M. By
reducing the number of summation terms by means of a k-shortest path algorithm [Epp-
stein, 1998] and a ranked assignment algorithm [Jonker and A, 1987|, a complexity of
O(KC?) with C = max{|L}|, M)} can be obtained [Vo et al., 2014]. Here, K denotes the
number of highest weights of the ranked assignment algorithm. The complexity can be
further reduced by using a Gibbs sampler-based approach to reduce the number of sum-
mation terms [Reuter et al., 2017]. This leads to a complexity of O(P|L}|*M}), where P
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is the number of samples used in the Gibbs sampler and, as before, |L;| and M}, are the
numbers of Bernoulli components and measurements, respectively. An LMB filter with

only linear complexity will be proposed in Chapter 4.
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Chapter 4

A Fast LMB Filter Using Belief
Propagation for Probabilistic Data

Association

In this chapter, we propose a new LMB filter with low complexity yet excellent tracking
accuracy. The derivation of the new LMB filter is based on a new derivation of the original
LMB filter. More precisely, the GLMB posterior PDF arising in the original LMB filter
is reformulated in terms of a joint object-measurement association PMF, and an LMB
approximation to the GLMB posterior PDF is obtained by approximating this association
PMF by the product of its marginals. Because an exact marginalization is only feasible
for simple problems with a low number of Bernoulli components and measurements,
we perform an efficient approximate marginalization by using a BP-based computation.
The resulting BP-based LMB filter possesses a complexity scaling that is only linear
in the number of Bernoulli components and the number of measurements (assuming a
fixed number of BP iterations). Contrary to conventional LMB filter implementations
using a ranked assignment algorithm or the Gibbs sampler, our BP-based LMB filter
avoids the pruning of GLMB components in the update step. This preserves valuable
association information that would otherwise be discarded. Since association information
is especially helpful in more challenging tracking scenarios, the proposed LMB filter

performs particularly well in scenarios with, e.g., a low detection probability.

The remainder of this chapter is structured as follows. In Section 4.1, we present
a new derivation of the original LMB filter. A fast BP-based algorithm for computing
approximate marginal object-measurement association probabilities is proposed in Sec-
tion 4.2. In Section 4.3, we present the new fast LMB filter, including a scheme for the
generation of new Bernoulli components, and we provide a complexity analysis. Finally,
in Section 4.4, we present simulation results analyzing the accuracy of the BP-based

marginalization and demonstrating the advantages of the proposed fast LMB filter com-

41
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42 CHAPTER 4. A FAST LMB FILTER USING BELIEF PROPAGATION

pared to state-of-the-art multi-object tracking methods.

4.1 A New Derivation of the LMB Filter

In the following, we present a new derivation of the original LMB filter of [Reuter et al.,
2014]. More precisely, we first show that the LMB filter can be derived by reformulating
the GLMB posterior PDF in (3.38) in terms of a joint object-measurement association
PMF and approximating this PMF by the product of its marginals. Note that a similar
approach is used in the TOMB/P filter in order to approximate the (unlabeled) MBM
posterior PDF by an MB PDF (cf. Section 3.4.2).

Recap from Section 3.5.2 that in the LMB filter, the GLMB posterior PDF is given
according to (3.38) as

FXelZe) = AX) > > wBWee(Xe) [ 4% (), (4.1)

LeF(Ly) 0x€OL (z1.l) € X

where L} is the set of labels underlying Xi, F (IL¥) is the power set, i.e., the set of all
subsets, of IL;, 0 and ©r are the association mapping and the set of all admissible
association mappings with respect to the label set L, respectively, w0k) are the weights
given by (3.39), and f(:%)(x,) are the spatial PDFs given by (3.41) and (3.42). We

can now rewrite the posterior PDF (4.1) as

f(X]JZlk) = A(Xk) Z 71)(£(Xk)’0k) H 1]]";; (Z)f(l’ok(l)) (:Bk) . (42)

Okeec()"(k) (z4,0) € X},

In (4.1), the factor 67,(£(Xy)) with L € F(L}) ensures that the labels of the realiza-
tion X/g, ie, l e E(Xk), are from the set Lj; this is now equivalently expressed by
H(wk’l) ex, 1y (). Next, instead of using the mapping ) to describe the object-mea-
surement associations [Reuter et al., 2014, Reuter et al., 2017], we now introduce the fully
equivalent association vector ¢x and the corresponding association alphabet Cx. The
description in terms of association vectors can be leveraged to derive the LMB filter
alternatively in terms of marginal association probabilities. In fact, we define the associ-
ation vector c; with elements c,(j) € {-1,0,..., My}, where [ €LL;. Here, c,g): m € Mg
indicates that object state (xy, 1) is associated with measurement m, c,(f): 0 indicates that
it is not associated with any measurement (misdetection), and C,Ef) = —1 indicates that it
does not exist, i.e., (xx,1) ¢ Xi. Let C; denote the set of admissible association vectors
c. Just as an admissible mapping 6, in Section 3.5.2, an admissible association vector
¢y, assigns at most one measurement to the same object and no measurement to more
than one object. We can now rewrite the GLMB PDF (4.2) in terms of the association

vector ¢ as
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JEilZi) = AZD) Y elen X we, [ O/ @), @43)

cr€Ck (iEk,l)EXk

Here, ¢(cx, X¢) = 1 for all ¢, with ¢\) = —1 for I € L2\ £(X;) and ¢\ € {0,..., My}
for € L(X}), and ¢(cy, Xk) = 0 otherwise; this factor reduces the sum over all ¢; € Cy,
in (4.3) to the sum over all corresponding mappings 6, € © L(Xp) in (4.2). Hence, both
expressions are equivalent. Furthermore, the weights w,, in (4.3) can be expressed up to

a normalization factor as (cf. (3.39))

0
we, x [[ BVF), enecy, (4.4)
leL;

where the association weights B,Ef’m) are defined as

(0 (Lym)
. Thik—1"1 , me{0,..., Mg}
B e (45)

-0

Telk—1° m= —1,

with (b given by (3.40). Finally, f¢¢) (a;,) in (4.3) equals F-00)(z) in (3.41) and
(3.42) (with 0 (1) replaced by c,g)) because f(»~1 (x;) does not occur in (4.3) (recall that
c,(j) — —1 implies (x,1) ¢ X;). In contrast to the weights w(%) in (4.1), the weights
w,, do not depend on the label set £(X}). They are normalized in that 3 epeCyWer =1

Expressions (3.43) and (3.44) can now be reformulated in terms of ¢ as

T,il) = Z We,, (4.6)

cp ECS)

/“ cr EC(’)

where C,El) = {ck €Cy: (’/E;l) €{0,..., ]\Ik}}. This reformulation is possible because 7",&1) in

(3.43) and f)(zx;) in (3.44) contain only terms involving w(X%) with L such that I € L;

this can be equivalently expressed via ¢ by removing all ¢ with c,il) = —1 from Cj, which

)

results in C,gl .

With this reformulation, we can interpret the weights w,, as the PMF of the associ-

ation vector cg. More precisely, we define the PMF of ¢ as

We,, Ck € Ck
pleg) 24 (4.8)

0, otherwise.
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We can then rewrite (4.3) as

F(XelZa) = AXR) > wlew, Xi) pler) ] 1wz £ (@), (4.9)
CkGMlk],LZl (‘Ek ne Xy

with My 2 {—~1,0,..., M}. Note that > epec, in (4.3) can be replaced by Z il

since p(c) = 0 for ¢ GMI ’“I\C;C Next, we approximate the joint association PMF p(ck)

by the product of its marginals, i.e.,

k)~ H p(cg)), c;ceM' ’“', (4.10)
lelLy
where
pe) = > plew). (4.11)
NleM‘L kI

(Here, ¢}’ ! denotes the vector c; with the I*! component, i.e. c,(cl), removed.) Inserting

(4.10) into (4.9) yields

F(Xkl Z1g) = AXR) Y (HM#'))) (e %) [ 1l m( N
Ly

crEM, | el (@i, )eX}

Next, splitting [[;c, p (cg,)) as (HZ,GLZ\E(Xk)p(CgI))) Hleﬁ(Xk)p(cg)), using the iden-

tity Z IJL* ch)eMk . ZCS“‘Z')GM}C, and evaluating (¢, Xk) leads to
X % @ il 0 oD
Iz =A%) I wle”=-1) IT 110 32 p(e)) 149 @),
I e LNL(Xy) (1,0) € X, NOn

(4.12)

Comparing expression (4.12) with (3.33), we conclude that the above approximation of
I (f( k| Z1.1) is an LMB PDF with existence probabilities

M,
i =1-p(e=-1) = 3 p(d) (4.13)
V=0
k
and spatial PDFs
(1)
FO () l) Z ) e (ay,) (4.14)

"k _g

Finally, we show that (4.13) and (4.14) are identical to (3.43) and (3.44), respectively.
Inserting (4.11) into (4.13), we obtain
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M,
1
D SR ST P
cg):o ngeM‘;LZ‘—l ckEC,g)

where the last expression follows because p(cy) equals we, for ci € Ci, and 0 otherwise.
Thus, (4.13) is identical to (4.6) and, hence, to (3.43). Similarly, it can be verified that
(4.14) is identical to (4.7) and, hence, to (3.44). This shows that our LMB approximation
(4.12) of the GLMB posterior PDF f(Xy|Z1.;) in (3.38) and (4.1) is equivalent to the
LMB approximation underlying the original LMB filter [Reuter et al., 2014].

4.2 Fast BP-based Probabilistic Data Association

In the following section, we briefly review the general framework of factor graphs and
BP [Kschischang et al., 2001] (Section 4.2.1) and derive a fast BP-based algorithm for
computing approximations of the marginal association probabilities p(c,(cl) ) (Sections 4.2.2
and 4.2.3), which forms the basis for the fast BP-based LMB filter proposed in the next

section.

4.2.1 Review of Belief Propagation

Consider J discrete random variables ¢;, j=1,...,J. We want to calculate the marginal
PMFs p(c;) from the joint PMF p(c) with ¢ = [c1---cy]T. However, often a direct
marginalization is computationally infeasible.

Using BP (or, equivalently, the sum-product algorithm [Kschischang et al., 2001]),
the marginalizations yielding the PMFs p(c;), j=1,...,J can be efficiently performed

at least approximately) if p(c) factorizes according to
( y g
Q
p(e) H d;q(c(Q)). (4.15)
g=1

Here, each argument (9 comprises certain variables ¢;. The factorization (4.15) can be
represented by a factor graph, in which each variable c; is represented by a variable node,
each factor ,(-) is represented by a factor node, and variable node “c;” and factor node
“1" are adjacent, i.e., connected by an edge, if the variable ¢; is an argument of the
factor v4(-), i.e., part of c\9. Figure 4.1 considers the case where ¢ = [c; c3]T and shows

the factor graph representing the factorization

p(e) o< P1(e1)valer, ca)Ps(ca).

BP is a message passing algorithm where each node in the factor graph passes messages
to the adjacent nodes. More specifically, consider a variable node “c;” and an adjacent

factor node “1,”, i.e., the variable c; is part of the argument ¢\ of qu(c(‘I)). Then, the
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C1 ¢2 C2

(2 U3

Figure 4.1: Factor graph representing the factorization of the PMF p(e) o< ¥yi(er)pa(er, ca)s(es),
with € = [c; c]'. Variable nodes are depicted as circles and factor nodes as squares.

message passed from factor node “t¥,” to variable node “c;” is given by

o) () =3 wy(c®) [ ' >¥(cy), (4.16)
e~ i'e Ja\4}

where Jg denotes the neighborhood set of factor node “1,”, i.e., the set of indices j of
all variable nodes “¢;” that are adjacent to factor node “1;”, > ~; denotes summation
with respect to all variables ¢y, j' € Jy except ¢, and '.f_;*{cf'_”‘b'?)(cjr) is the message
passed from variable node “ey” to factor node “¥;” (to be explained presently). For
example, the message passed from factor node “t02” to variable node “c9” in Figure 4.1
is 927 (cy) = 3, Ya(er,e2)n® ¥ (c1). The message 7Y (c;) passed from
variable node “¢;” to factor node “44” is given by the product of the messages passed to

variable node “¢;” from all adjacent factor nodes except “i¥q", i.e.,

n(ﬂj—}fﬁq)(cj) — H qb(‘,bq,_)cj)(cj), (417)
7'€Q5\{q}

where the neighborhood set @; comprises the set of indices g of all factor nodes “9,”
that are adjacent to variable node “¢;”. For example, in Figure 4.1, the message passed
from variable node “e2” to factor node “13” is (2 7¥2) (c3) = ¢(¥22¢2)(¢5). This message
passing process is started at variable nodes with only one edge, which pass a constant
message, and/or factor nodes with only one edge, which pass the corresponding factor.
We note that BP can also be applied problems with continuous random variables; the
only difference is that in (4.16) the sum is replaced with an integration operator.

When all messages have been passed as described above, then for each variable node
“c;”, a belief ﬁ(cj) is computed as the product of all incoming messages (passed from all
adjacent factor nodes) followed by a normalization, i.e, zcj p(ej)=1. For example, in
Figure 4.1,

pe2) o (;,(ﬂ’z—wz)(@)é('ﬁa—}cz)(@).

If the factor graph is a tree, then the obtained belief p(c;) is exactly equal to the marginal
PMF p(¢j). On the other hand, if the factor graph contains cycles (loops), BP is usu-

ally applied in an iterative manner, and the beliefs p(¢;) are only approximations of the

respective marginal PMFs p(c;). In these iterative “loopy BP” schemes, there is no canon-
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ical order in which the messages should be calculated, and different orders may lead to
different beliefs.

4.2.2 BP-based Computation of the Marginal Association Probabilities

We now derive a fast BP-based algorithm for calculating approximations of the marginal
association probabilities P(CIE)) l€L; involved in the update relations (4.13) and (4.14).
This algorithm is a variant! of the BP scheme for probabilistic data association proposed
in [Williams and Lau, 2014]. We recall that according to (4.8) ¢ € Mi}zl and, further,
that p(ck) = we, for cx € C and p(cg) = 0 otherwise. Using (4.4), we can then express

the joint association PMF p(cy) as

plek) < U(eg) H B beil) ,  Ck €M| k', (4.18)
leLr
where W(cy) is defined as ¥(cg) =1 if ¢ € C;, and ¥(cx) = 0 otherwise, and enforces
the validity of (4.8). Without ¥(ek), equation (4.18) would describe the probability
of “independent” single-object associations, and in the resulting algorithm, each object
would be tracked without taking into account the presence of other objects. This would
produce track losses when objects are in close proximity.

Following [Williams and Lau, 2014], we introduce the alternative measurement-object
association vector b, with elements b,gn), m € My, where b<m) = | € ILj, indicates that
measurement m is agsociated with object state (xy, ) and b(m) 0 indicates that measure-
ment m is not associated with any object state. We can reformulate the joint association
PMF p(cg) in terms of both ¢ and bg. Indeed, analogously to (4.18), we can express the
joint association PMF p(cy, by) as

(Ck;, bk) X ‘I’ C/M bk; H ﬁ lck . (419)
lelly
Here, analogously to (4.18), the admissibility of the association vectors ¢, and by is
enforced by the indicator function

My,

U(ewbe) = [[ T (00, (4.20)

lelly m=1
where ¥, (c](cl), b,(cm)) =0 if either c](c) = m and b,(cm) #£ 1 or c,(j) # m and b,(ﬁm) =1, and
Yim (C,(f), b,(;n)) 1 otherwise.

In this reformulation, it should be noted that the vector by does not carry any addi-

!The algorithm in [Williams and Lau, 2014] is not suited in this context because it presupposes that
the number of objects is known. The related algorithm in [Williams, 2015] used to compute approximate
association probabilities in the TOMB/P filter is not suited either because it combines the association
weights for object nonexistence, /31(;’71), and those for a missed detection, ,13,?’0), into common association
weights (cf. (3.18)) and also includes association weights for objects that are detected for the first time
(cf. (3.21)).
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Figure 4.2: Factor graph representing the factorization (4.19), (4.20). The following short nota-
tions are used: 3; = S ™) cj = cs )_, by = bfcm)_, U = ‘I’p,m(c:;: ), bim))_, M = M, and J=|Lj|,

with I’219) and m'écs(j)). Here, I0) e Ly = {1V, .. 1D},

tional association information compared to the vector cx. However, as discussed in [Meyer
et al., 2018] and [Williams and Lau, 2014|, the redundant formulation of the joint associa-
tion PMF using €z and bg in parallel, as given by (4.19) and (4.20), enables a fast method
for BP-based probabilistic data association. On a more general level, the introduction of
additional random variables that are redundant in that they deterministically depend on
existing random variables (such as bg, which deterministically depends on ¢) is a com-
mon means of expanding factor graphs [Kschischang et al., 2001]. In many cases, using
BP on the expanded graph is more computationally efficient than using BP on the origi-
nal graph. In our case, the introduction of the redundant association vector by results in
the expression (4.20) of the admissibility constraint, which has the important property
that it completely factorizes into individual components indexed by (I,m) € Ly x M.
Based on this complete factorization, we next derive a fast algorithm for probabilistic
data association. We want to emphazise again that the derivation is analogous to that
in [Williams and Lau, 2014|, where approximate marginal association probabilities are
calculated for a slightly different association problem.

The factorization (4.19), (4.20) can be represented by the factor graph [Kschischang
et al., 2001] shown in Figure 4.2. Then, still following [Williams and Lau, 2014|, ap-
proximations of the marginal association PMFs p(cg)) and 'p(bim}) can be obtained via
iterative BP message passing.? At message passing iteration 7 € {1,...,I}, first a mes-

(oD
sage ??E](C" —Vim) (cg‘)) is passed from each variable node “cg)” to the adjacent factor node

. - 0}
“Wpm (cg), bgcm})” in Figure 4.2. We now write v}:_ll(q‘"m_”) (cg}) for d)ll,: H(¥1m—e) (cg))

L.e., for the message passed from factor node “\Ifg,m(cg}, bim))” to the adjacent variable

1

*We note that, as studied in [Williams and Lau, 2010|, approximations of the p(cf)] can also be

calculated by running the BP algorithm on a factor graph containing only the variable nodes “c}:)“ and
factor nodes representing the admissibility constraint factor ¥(ck). However, these approximations are
inferior to those obtained by running the BP algorithm on the factor graph of Figure 4.2 [Willlams and
Lau, 2010].
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node “cg)” at message passing iteration i—1. According to (4.17), we obtain

C(l) i— ’
m( wlm>(<z) s )H e =0 (D) (4.21)
m/=1
m/#m

[2](Wy, m_>bk )(b(”l)

Then, a message ¢, i) is passed from each factor node “¥, ,, (c,(cl), b,(cm) )” to
(

the adjacent variable node “b{""”. We now write [Z](\Pl mm) (b(m)) for gzb[l](% b )(b,(cm)).

According to (4.16), this message is given by

JE;iK\IJl’mHm m) Z - ) b m)) [i](c, —>\I'zm)(cl(€l))_ (4.22)
O
Ck
Inserting (4.21) in (4.22) results in
/ L —— 0
7 m m C m 11— 1=
]il), 1 m/=1

m'£m

for [ €L;, and m € M. In a similar manner, we obtain the following expression of the

b1V 2m=1) (c") that is passed from factor node “¥; ,, (c\”, 5™ to the adjacent
13 (1)77
o™

message v,

variable node

O @y = 3wl T 6T, @2
b™ e {0}UL; el

for l € L} and m € M.

4.2.3 Efficient Formulation

Still following [Williams and Lau, 2014], the vector-valued messages (4.23) and (4.24)
(vector-valued in the sense that there is one message value for each value of b,&m) or c,(f))
can be simplified to scalar ones. Because of the admissibility constraint expressed by

\Iilm( (l), b,(cm)), each message comprises actually only two different values. Indeed, for

,[z](\pl m_”n)(l),(;”)), we have

Ck/mv b(m):l

Gl () = W
kim> Ok #L

k

where

(Im [f=1](w, . — D
k /m = ﬁk ) H " (m), (4'25)

m/'=1
m'#m
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i O T =

S Z B ). (4.26)
A m/=1
k m'#£m

RO

and similarly, for V,[Ci](%’m_)l) (c,(f)), we have

[1(¥1m—=0) Vs €=
| (W o — 1 ,m?
v (Cl(c)) =

AL S

where

szm— IT < At Hm) OF (4.27)
reLz\{1}

Mo X L), w2

™ e ({oyuL {1} VELME

C[1,] v m%m)( m)) A C['L](\I’l m—>m)( m))/C i)

We next normalize the messages according to klm

and pl1(V1m =D (0 & 1m0 vl ., which yields
[1,] [£]r (m)
(Y —m m k,l,m/cklm,’ bk =1
17 bk # l7
and
[i] [/ 0
. Vi tod Vilms Cp =M
A Tm >0 (b _ ) T/ Tl ’“l (4.30)
1, c,(c)# m.

Let us consider C[Z] Yim—m) (b(m)) for 5™ = 1. Tnserting (4.25) and (4.26) into (4.29)

yields
[z (¥ =)

l m M
T (m)
(2] (¥, m—m) ’;ém

C (l) - 0}
M, (hey) 7M. [i=10(T; =D (D)
c(l§:_1 ﬁk * Hml'czl k (Ck)
k(l) m/#£m
¢ #£m

[i—1] (¥, m—>l)( ](cl)) _ l_/][j_l](lyl’m—}[) (pl(el)) [i—1]r

Substituting v Vil the above expression becomes

[Z 1](1’1 "L,_>l)

I B Ty 7 (m)
(Y m—m m'#£m
C ()= 0} . (4.31)
l,(;" X 7[&71](‘1’ 771/4)1) l
e )
(1) mi#m
#m
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_[L 1y, mf—>l)( 0)

Finally, using the fact that according to (4.30), v ¢,’) =1 for c,(cl) £ m/,

expression (4.31) simplifies to

(1m)
=[i1(P1,m—m) By’
& (1) = —T—sT— - (4.32)
/313’ ) (zo +ZML_1 /3(1 [ I( lm%)( )
m'#m
We also recall from (4.29) that CM(‘I’Z m=m) (b,gm)) =1 for b,gm)#l.
[T (1)
Analogously, by inserting (4.27) and (4.28) into (4.30), we obtain for 7, (a;)
with a,(c): m
_[i(¥ =1 1
I/]E:]( Lm = )(m) = EETCm—— (4.33)
L+ vena Sk (@)
7[](\I’l m—1) ( ) )
Furthermore, 7, (c;’) =1 for ¢;’#m. Finally, after introducing the shorthands

gl[j](Hm) A gllj] \I’lm%m)(l) and ][j](mﬁl) 2 ’E](‘le%l)( ), the two equations (4.32) and

(4.33) become

(l,M)

[[](l=>m)
C _ m’ i— m’ ’ (434)
AT A, T
l7ém
[i(m—1) _ 1 435
Vi [ —m)’ (4.35)

L+ e Sk

for I € L}, and M. The recursion established by these two equations is initialized by
V’[CO] (m—1) -1

After the final iteration ¢ = I, approximations of the marginal association PMFs

“ ( )77

p( ,U)) l € L; are provided by the beliefs at the respective variable nodes in Fig-

ure 4.2. More precisely, the belief p(c ()) is obtained as the product of all the incoming

ROCN
Ck

messages at variable node “ in Figure 4.2 and normalizaion of the resulting function

(cf. Section 4.2.1). Thus,

~((’k _ [3;5] ,m) H [I] v, m/—>l) ,),

m/'=1

for m € Mj,. Substituting V,E: ](\Pl’m'ﬁl)(cg)) = D,E:I](\pl’m'ﬁl)(c,(j)) V][ﬂ:m,, we obtain further

el 2 (w00
- / ] m I 771.'_)
mwvmmaw(nﬁﬁg TR
m/=1

n—1

plm) H ANV m =0 oy (4.36)

m/=1



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

52 CHAPTER 4. A FAST LMB FILTER USING BELIEF PROPAGATION

(Y = 1)

Since by (4.30) 7, (m)=1 for all m'# m, expression (4.36) simplifies to

lm
0_ ﬁ]E )a mE{—l,O}

Blm) G m=D 0y e {1, My}

These expressions still need to be normalized, which amounts to division by D(l)

N
B,(Cl’gl) + ﬁ,(cl’o) + Zﬁf’;l /ilgl’m)ﬂm(‘l’l’m_”)(m). Finally, using the shorthand ym(mﬁl) =

E,[f](qll’m%l) (m), we obtain

ﬁ(lm/ mE{*l,O}
plc=m) = (4.37)
(I,m) [ [(m—1) 0 §
By, /Dy, me{l,... M},

Similarly, the belief ﬁ(b,&m)) (to be used in Section 4.3) is obtained after the final iteration

i = I as the normalized product of all the incoming messages at variable node “b,(cm)” in
Figure 4.2. A analogous derivation to the one above leads to
1/F™, 1=0

By =1) = ) (4.38)

C]EI](l—)?n)/F,k('m)7 ZGL*,

with F(’”) 214 Zle]L* [11(—m)

p(cg)) according to (4.34), (4.35), and (4.37) constitutes the basis of the fast BP-based
LMB filter proposed in next section.

This fast BP-based approximate calculation of the

4.3 The Proposed Fast LMB Filter

In the following, we propose a scheme for generating new Bernoulli components using
the approximate marginal association probabilities and the set of measurements acquired
at the previous time step. We furthermore present a summary of the resulting fast BP-
based LMB filter and conclude the section with a brief complexity analysis of our proposed
algorithm compared to two state-of-the-art LMB filter implementations.

We start by presenting a scheme for generating new Bernoulli components using the
set of previous measurements Z; 1. Recap that in the prediction step of the LMB filter
(cf. Section 3.5.1), the existence probabilities and spatial pdfs of the Bernoulli components

representing newborn objects, i.e., {(7"](;),6, 'g)(mk))} Jcp-» are computed according to
' &

(3.36) and (3.37), respectively. We now present a scheme for choosing L2*, 7'](3[_),€ and
f](;)(mk) using the previous set of measurements Z; ;. Note that in the prediction step,
the current set of measurements Z;, is not available yet. The belief ﬁ(b](:j)lz ()) computed
in (4.38) is an approximation of the probability that the measurement with index m €

M._1 was not originated by an object modeled by any Bernoulli component. Hence, if
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(m)

ﬁ(bgf)lz 0) is high, it is very likely that the corresponding measurement z,"'} originated

either from clutter or from a newborn object that is not yet modeled by any Bernoulli
component. It is therefore reasonable to generate a new Bernoulli component for all those
measurements that have a high p(b,@l = 0) value. We collect all measurement indices
m € My_q with ﬁ(b,g“f)lz 0) > Ynew in the set MP®%, where new is a threshold between
zero and one. We now define the label set of newborn objects LE* as the set of all tuples
{(k,m)} with k being the current time step and m € M}®%. Note that the number of
newly generated Bernoulli components [LB*| = |MI%| is determined by the choice of

Ynew- Next, we define the existence probabilities of newborn objects as

~ry(m)
o . kB p(b;"1=0)
g — min { W, 17, (4.39)

for I = (k,m) € ]LE*. Consequently, T]g?k is equal to the expected number of newborn
objects up (cf. Section 3.2.1), divided by the total number of newly generated Bernoulli
components |[M7Y|, and weighted by ﬁ(b,(ﬁ?l: ()), which is the (approximate) probability
that the measurement with index m is not generated by an object already modeled by
a Bernoulli component and thus already tracked by the LMB filter; this value is upper-
bounded by one. Finally, the spatial PDFs of newborn objects are chosen according to

S (@) = flae "), (4.40)

where | = (k,m) € LP* and m € M. Here, f(a:k;z,E,T)l) is a spatial PDF that is

parametrized by the measurement z,g"_b)l, its exact definition strongly depends on the

underlying tracking problem. A specific choice of f(xg; z,g”j)l) for the tracking scenario

considered in Section 4.4 will be presented there.

The proposed fast LMB filter, termed BP-LMB filter, is finally obtained by execut-
ing a prediction step, where the predicted existence probabilities and spatial PDFs are

computed according to (3.34) and (3.35) for [ € L}, and new Bernoulli components are

)

generated according (4.39) and (4.40). Next, the association weights /6’,5,[’7” are computed

according to (4.5) and the spatial PDFs f(™)(z;) for m = 0 according to (3.41) and for
m € My, according to (3.42). Then, the BP algorithm for probabilistic data association is

used to compute approximations of the marginal association probabilities by iteratively

,[Z](Hm) according to (4.34) and V,Li](ﬂlﬁl) according to (4.35) fori=1,...,1.

After the final iteration i = I, the approximate marginal association probabilities ﬁ(c,(f))

(0
k

computing ¢
are computed according to (4.37) and then the updated existence probabilities r,’ and
spatial PDFs f()(x) are determined according to (4.13) and (4.14), respectively. Finally,
objects described by a high existence probability are declared to exist, estimates of their
corresponding states are computed, and Bernoulli components with a low existence prob-
ability are pruned. It should be emphasized that the proposed BP-LMB filter is different
from the LMB filters in [Reuter et al., 2014, Reuter et al., 2017] because the underlying
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BP-based approximation is different from the approximations employed in [Reuter et al.,
2014] and [Reuter et al., 2017]. A summary of the proposed BP-LMB filter is presented
in Table 4.1.

Next, we analyze the complexity of our proposed BP-LMB filter and two state-of-
the-art LMB filters. The original LMB filter implementation in [Reuter et al., 2014] uses
a k-shortest path algorithm and a ranked assignment algorithm and has a complexity
scaling of O(KC?), where K is the number of highest weights in the ranked assignment
algorithm and C = max{|L;|, M} [Vo et al., 2014]. Recap that |L;| is the number
of Bernoulli components and My, is the number of measurements. The cubic scaling
behavior was improved by the Gibbs sampler-based LMB filter proposed in [Reuter et al.,
2017]. This filter achieves a scaling of O(P|L}|*My), where P is the number of samples
used in the Gibbs sampler. By contrast, the complexity of our proposed LMB filter is
O(I|Lj|My), where I is the number of BP iterations. The linear scaling in |Lj| improves
on the quadratic scaling exhibited by the Gibbs sampler-based LMB filter. The second
difference is that P is replaced by I. A typical value of I is 20. As we will demonstrate
in Section 4.4.3, for scenarios with a rather high clutter rate and/or a large number of
objects, P has to be chosen much higher than 20 in order for the tracking performance
of the Gibbs sampler-based LMB filter to be similar to that of our BP-LMB filter. Some
algorithmic aspects affecting the complexity and performance of the BP-based and Gibbs
sampler-based LMB filters are discussed in Section 4.4.3.

4.4 Numerical Study

In the following section, we present a simulation study in which we analyze the perfor-
mance of the proposed fast BP-LMB filter. More precisely, in Section 4.4.1, we describe
the underlying simulation scenario. A comparison of the exact and the approximate
marginal association probabilities used in the BP-LMB filter is provided in Section 4.4.2.
Finally, tracking results obtained by the proposed BP-LMB filter compared to those ob-
tained by several state-of-the-art RFS-based tracking filters are reported in Section 4.4.3.

4.4.1 Simulation Setup

For evaluating the performance of the proposed BP-LMB filter, we consider a two-
dimensional (2D) tracking scenario [Meyer et al., 2017], where a sensor is located at
p = [p1 p2]* = [0 150]T. The sensor has a measurement range of 300 and the region of in-
terest (ROI) corresponds to the sensor’s field of view, i.e., the circular disk determined by
the sensor’s measurement range. We consider two different parameter settings PS1 and
PS2. Ten (PS1) or twenty (PS2) objects appear before k=30 and disappear after k=140.
The object states x;, consist of position and velocity, i.e., xg = [X1 % X2,k X1.% >'<2_/€]T. They
evolve according to the nearly constant velocity motion model [Bar-Shalom et al., 2002,
Sec. 6.3.2]
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Table 4.1: Proposed fast BP-LMB filter algorithm—recursion at time £ > 1

Input: Previous existence probabilities r,(f) , and previous spatial PDFs f)(z;_) for le L} ;

measurements z,~C ) for m € M}, and z,~C 1 for m € M3®; approximate marginal association
probabilities p( ) for m € MR,

Output: Existence probabilities rk ) and spatial PDFs f()(xy,) for I € L}; approximate marginal
association probabilities p( ) for m e M3Je¥; object state estimates mk) for [eLD.

Operations:

Step 1 — Prediction Step:

1.1) ForleLj_,, calculate the predicted existence probabilities r,(cl‘)hl and the predicted spatial

PDFs f,illg%l(ack) according to (3.34) and (3.35).

1.2) if k=1, LB* = (); else:

Determine L.B* according to Section 4.3 and 7"1(3l,)k and f{(z)) according to (4.39) and

(4.40), respectively, using z,_; and ﬁ(bé@l) for m e M}

1.3) Determine Lj =L;_,ULP* and {( gk 1vflil|3g 1 ( )}zen* as {(Tk\k l’flii;cfl(a:k))}leﬂf

k—1
U{(Tk\k 1afk|k (@ )}IeHB* with 7I(¢|)k 1—7’1(31@ and fk\k (@ k):fB (xx) for L€ L™
Step 2 — Update Step:

2.1) For le L}, calculate the association weights ﬂ,il’m) according to (4.5) and the spatial PDFg
f&m) () for m = 0 according to (3.41) and for m € M;, according to (3.42).

[0](m—1) [{](l—m) [](m—1)

2.2) Initialize v, =1, then 1terat1vely calculate ;.
according to (4.35) for i=1,...,1.

) according to (4.34) and v},
2.3) For l€L; and m € {0} UM}, determine the approximate marginal association probabilities
p(c£ ) and according to (4.37), and for m € MPe¥, ﬁ(b( ™ = 0) according to (4.38).

2.4) For m € My, compute the approximate marginal association probabilities p(b(m) 0)
according to (4.38) and determine M7}V according to Section 4.3.

2.5) For [ € L}, compute the updated existence probabilities r,(cw and spatial PDFs £ (x;)
according to (4.13) and (4.14), respectively.

Step 8 — Object Detection, State Estimation, Pruning:

3.1) Consider an object with [ € L} to exist (to be detected) if r,il) is larger than a threshold
vp. For each detected object, calculate a state estimate as & = f:ck f,il)(:vk)dwk;

3.2) Prune (i.e., remove) the Bernoulli components /€ L; with r; D yp;

Initialization at time k=0: {( 0. (l)(mo))}lem*'
0
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Figure 4.3: Example of true trajectories for parameter setting PS1 (blue lines; starting points
indicated by blue crosses), as well as of trajectories estimated by the proposed BP-LMB filter
(red lines) and measurements acquired at time k=100 (green dots). The black circle indicates
the sensor position.

X = Axg_1 + Wug,

where A € R¥** and W € R**? are chosen as in [Bar-Shalom et al., 2002] and uj ~
N(0,021,) with 02 =0.01 is an iid sequence of 2D Gaussian random vectors. We employ
the trajectory generation scheme of [Meyer et al., 2017], according to which all objects
move toward the point (0,0), come close to each other there around time k = 60, and
separate again afterwards. A detailed description of this trajectory generation scheme
can be found in [Meyer et al., 2017], and a realization of the object trajectories is shown
in Figure 4.3. The sensor is characterized by the nonlinear range-bearing measurement

model
2= [p(xi) o(xi)]" + vi. (4.41)

Here, p(x;) = ||x}, — p||, where x}, £ [x1 4 x2x]T denotes the position of an object, and
d(xi) = tan_l(fﬁ%ﬁf). Furthermore, v, is iid Gaussian measurement noise with inde-
pendent components and component standard deviations o, = 2 and o4 = 1°. The clutter
PDF fc(zk) is uniform (in polar coordinates) on the ROI, and the mean parameter pc is
10 (PS1) or 50 (PS2). Objects are detected by the sensor with probability pp(xk,1) = 0.5.

We study the performance of the proposed BP-LMB filter in comparison to the Gibbs
sampler-based LMB filter [Reuter et al., 2017] (briefly termed Gibbs-LMB filter) and
the fast BP-based version of the label-augmented TOMB/P filter [Meyer et al., 2018,
Williams, 2015, Williams and Lau, 2014] (briefly termed BP-TOMB/P filter). All filters
use particle implementations [Reuter et al., 2014, Kropfreiter et al., 2016]. They represent
the spatial PDF of each Bernoulli component by 1000 particles, prune components with
an existence probability below vp = 107%, declare an object as detected if its existence
probability exceeds yp = 0.5, and use pg(xk_1,1) = ps(®r—1) = 0.99 and pp(xzk, 1) =
pp(xg) = 0.5. With regard to the newborn objects, the BP-LMB filter employs the
Bernoulli generation scheme proposed in Section 4.3 with up = 0.1 and spatial PDFs
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(cf. (4.40)) given by
fél)(wk) OC/f(iCklka—ﬂf(zk—1|931,k—1,$2,k—1)fv(i01,k—1,502,k—1)d$k—1, (4.42)

for I e }LE*. Here, f(zg—1|®1k—1,22k—1) is the likelihood function corresponding to our
measurement model (4.41) and fy (&1 5—1,%2%—1) is the PDF of independent, zero-mean,
Gaussian random variables X; ;_1, X2 ;—1 with variance 0.25. By constrast, the Gibbs-
LMB filter generates a new Bernoulli component for each measurement observed at the
preceding time k—1; the existence probability of that Bernoulli component is initialized
as up/My—1 with ug = 0.1 and the spatial PDFs are also initialized according to (4.42).
The number P of samples used by the Gibbs sampler in the Gibbs-LMB filter is 100
or 1000; the resulting Gibbs-LMB filters are referred to as Gibbs-LMB-100 and Gibbs-
LMB-1000, respectively. In the BP-TOMB/P filter (cf. Section 3.4), the PHD of newborn
objects A\g(@) = uB fB(x1) has mean parameter pug = 0.3 and its spatial PDF fg(xy) is
uniform on the ROI; furthermore, the posterior PHD of undetected objects is chosen as a
k-dependent constant on the ROI and initialized as A\y(zo) = uf fu(zo) with pf = 0.01
and uniform fy(x). Recap, that the BP-TOMB/P filter generates a new Bernoulli
component for each measurement at time & (cf. (3.29) and (3.30)). The BP-LMB and
BP-TOMB/P filters use I = 20 BP iterations to calculate the approximate marginal
probabilities.

4.4.2 Comparison of Exact and Approximate Marginal Association
Probabilities

Next, we experimentally examine the accuracy of the approximate marginal association
probabilities by comparing the exact marginal association probabilities p(c,(j)) calculated
according to (4.11) and used in the original LMB filter (cf. Section 4.1) with the approx-
imate marginal probabilities ﬁ(cg):m) calculated according to (4.34), (4.35), and (4.37)
and used in the proposed BP-LMB filter. For this comparison, we use a setup compris-
ing seven Bernoulli components and five measurements. It was obtained by running the
BP-LMB filter on the scenario described in the previous section and by extracting the
sensor measurements and Bernoulli components arising in the BP-LMB filter after the
prediction step at time k£ = 60. Thus, the Bernoulli components are parametrized by
{(r,i?k_l,f,gfl_l(a:k))}lew with label set Lt = {I),... (D} where k = 60. Further-
more, the measurements are given by Zgy = {z:é(l))7 e zég)}. The simulation parameters
and the parameters used in the BP-LMB filter were chosen as described in Section 4.4.1,
except that the number of objects and the mean number of clutter measurements were
both set to five. This was done because the calculation of the exact marginal probabilities
of the LMB filter [Reuter et al., 2014] becomes infeasible for higher numbers of objects

and clutter. However, the scenario is still challenging as the objects are in close proximity
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p(cgél)):m) ﬁ(cgél)):m) for =1 ﬁ(cgél)):m) for 1=2 ﬁ(cgél)):m) for I=5

-1 0.5126 0.3637 0.5015 0.5126

0 0.0928 0.0659 0.0908 0.0928

1 1.87x107° 0.007 2.67 x 1075 1.87 x 107°

2 0 0 0 0

3 6.20x10712 277 x1079 1.67 x 10710 6.20 x 10712

4 0.3945 0.5633 0.4077 0.3945

5 2.09x107% 1.6x10™* 2.04 x 1076 2.08 x 1076

o
Table 4.2: Comparison of the exact marginal probabilities p(cgol))) and the approximate marginal

@
probabilities 5(cl, ) for 1, 2, and 5 BP iterations.

around time k=60.
(1) (1)
Table 4.2 shows p(cg )) and ﬁ(cg )) at time k=60, for three different values of the

L N (1)
number I of BP iterations. One can see that p(cg, ') deviates from p(cg, ') for I=1

GO . (1)

and, somewhat less, for =2. However, for /=5, p(ag, ') is effectively equal to p(cg, ).
We observed a similar behavior for the remaining label values [ = 1@ .1 and also
for other times k. This shows that the approximate marginal association probabilities
calculated by the proposed BP-LMB filter converge to the true association probabilities
within a few BP iterations. However, if the association problem is more difficult, involving
more (close) objects and clutter measurements, the BP algorithm needs a larger number
of iterations to converge. This is the reason why we set / = 20 for our simulations in

Section 4.4.1.

4.4.3 Analysis of Tracking Accuracy and Computational Complexity

In the following, we present the simulation results for the scenario described in Section
4.4.1. The example shown in Figure 4.3 suggests that the proposed BP-LMB filter has
excellent detection and estimation performance. For a quantitative evaluation of the
average performance of the three filters, we use the Euclidean distance-based optimal
subpattern assignment (OSPA) metric with cutoff parameter ¢ = 20 and order p = 1
[Schuhmacher et al., 2008]. The OSPA metric penalizes both a deviation between the
estimated and true numbers of objects and deviations between the estimated and true
object states [Schuhmacher et al., 2008].

Figure 4.4 shows the mean OSPA (MOSPA) error (averaged over 1000 simulation
runs) versus time k for PS1 (10 objects, uc = 10) and PS2 (20 objects, uc = 50). For
PS1, the BP-LMB, BP-TOMB/P, and Gibbs-LMB-1000 filters perform best and almost
identically, closely followed by the Gibbs-LMB-100 filter. For the more challenging setting
PS2, the BP-LMB and BP-TOMB/P filters perform best and almost identically, whereas
both Gibbs-LMB filters perform substantially worse: already the Gibbs-LMB-1000 filter
has a significantly larger MOSPA error during a long time interval, and the Gibbs-LMB-
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Figure 4.4: MOSPA error versus time for (a) PS1 and (b) PS2.

100 filter has an even larger MOSPA error at almost all times. If the number of samples
is increased beyond 1000 (not shown in Figure 5.6), the MOSPA error of the Gibbs-LMB

filter decreases, but this comes at the cost of a higher complexity.

The performance difference between the BP-LMB filter and the Gibbs-LMB filter for
PS2 can be explained as follows. The Gibbs-LMB filter reduces complexity by pruning
GLMB components with low weights in (3.38). As a consequence, the summations in the
update equations (3.43) and (3.44) are performed only over the remaining (non-pruned)
components. The pruning performed by the Gibbs-LMB filter can be equivalently formu-
lated in terms of the association vector cj introduced in Section 4.1. In this formulation,
the pruning is based on drawing samples ¢; from the PMF p(ci), where each ¢ corre-
sponds to one GLMB component. After sampling, all GLMB components that do not
correspond to a sample ¢; are pruned. In PS2; the large numbers of objects and clutter
measurements lead to a large number of relevant GLMB components with significant PMF
values. As a consequence, if the number of samples is small, some of the relevant GLMB
components are necessarily pruned, which means that relevant association information is
ignored by the Gibbs-LMB filter. This results in a reduced tracking performance of the
Gibbs-LMB filter in PS2. By contrast, in the BP-LMB filter, the approximate calcula-
tion of the marginal association probabilities is not based on any pruning of components
(irrespectively of their weights).

We conclude from Figure 4.4 that for both PS1 and PS2, the proposed BP-LMB filter
performs better than or similarly to the other filters. An interesting observation is the
similarity of performance relative to the BP-TOMB/P filter. Indeed, a deeper analysis
shows that despite the differences in the underlying state and system models, the BP-
LMB and BP-TOMB/P filters are quite similar algorithmically. The BP-TOMB/P filter
differs from the BP-LMB filter mainly in that it models undetected objects by a Poisson
RFS. The modeling of undetected objects can facilitate the generation of new Bernoulli
components resulting in improved tracking performance [Williams, 2015]. However, it

did not show any performance improvements over our proposed Bernoulli generation
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Filter Total runtime AP runtime
BP-LMB (proposed) 0.4435s 2.281077s
Gibbs-LMB-100 0.4888s 2.9810%s
BP-TOMB/P 0.8189s 3.48107s
Gibbs-LMB-1000 1.7318s 3.56 10~ *s

Table 4.3: Total runtime and AP runtime for PS2.

scheme of Section 4.3, but resulted in a higher computational complexity in the considered
scenarios. As we will show in Chapter 5, the use of the Poisson RFS can be extended
from the modeling of undetected objects to the modeling of “unlikely” objects which are
objects that are unlikely to exist. This extension is achieved by a flexible transfer of
Bernoulli components between the Poisson and the LMB RFS. The modeling of unlikely
objects can lead to a large reduction in computational complexity in challenging scenarios

with a large number of objects and/or high clutter rate.

Table 4.3 lists the average runtimes of the different filters per time (k) step, referred to
as “total runtimes,” as well as the average runtimes used for calculating one approximate
marginal association probability, referred to as “AP runtimes.” The approximate marginal
association probabilities are given by ﬁ(cg): m) in (4.37) for the proposed BP-LMB filter
and similarly for the BP-TOMB/P filter, and analogous quantities are computed by the
Gibbs-LMB filter using the Gibbs sampling algorithm. The runtimes were obtained for
PS2, using a MATLAB implementation on an Intel quad-core i7-6600U CPU. The results
for the total runtimes show that the proposed BP-LMB filter is here less complex than
the BP-TOMB/P filter and the Gibbs-LMB-100 filter, and significantly less complex
than the Gibbs-LMB-1000 filter. Furthermore, the AP runtimes of the BP-LMB and
BP-TOMB/P filters are significantly lower than those of the Gibbs-LMB filter. Finally,
as may be expected, the total and AP runtimes of the Gibbs-LMB filter increase with
the number of Gibbs samples.

The observed lower runtimes of the BP-LMB filter compared to the Gibbs-LMB-1000
filter reflect also the linear scaling behavior of the BP algorithm compared to the quadratic
scaling behavior of the Gibbs sampler-based calculation (cf. Section 4.3). On the other
hand, the Gibbs-LMB filter employs a smaller number of Bernoulli components than the
BP-LMB filter; this is a consequence of the reduction of the number of summation terms
in (3.43) and (3.44) caused by the Gibbs sampling. However, this effect is counteracted by
the fact that the complexity of the Gibbs-LMB filter scales quadratically in the number
of Bernoulli components. This, together with the fact that the number P of samples
used by the Gibbs sampler is considerably larger than the number I of BP iterations,
causes the Gibbs-LMB filter to be more complex than the BP-LMB filter. Finally, the
higher runtime of the BP-TOMB/P filter results from additional operations related to an
explicit modeling of undetected objects and a different strategy for generating Bernoulli

components.
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The proposed BP-LMB filter achieves an excellent tracking accuracy/complexity com-
promise for the considered tracking scenarios. However, in scenarios with many objects
and/or a high clutter rate, the sensor generates a large number of measurements. The
large number of measurements results in a large number of newly generated Bernoulli
components according to the scheme proposed in Section 4.3, which in turn results in a
high computational complexity. In the next chapter, we augment the LMB state RFS by
a Poisson RFS. The Poisson RFS will be used to track objects that are unlikely to exist
and the LMB RFS to track objects that are likely to exist. The tracking of some part of
the multi-object state within the less computationally demanding Poisson part, results

in a reduced computational complexity, especially in scenarios of a high clutter rate.
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Chapter 5

An Efficient LMB /Poisson Filter

In this chapter, we propose an RFS-based multi-object tracking method with track con-
tinuity that improves on the fast LMB filter of Chapter 4. The proposed method com-
bines the strengths of the LMB filter (cf. Section 3.5 and Chapter 4) and the PHD filter
(cf. Section 3.3) in that it achieves track continuity and good tracking performance while
requiring a relatively low computational complexity. In our method, the multi-object
state is modeled as a combination of an LMB RFS, i.e., a labeled RFS, and a Poisson
RFS, i.e., an unlabeled RFS. After proposing a system model for labeled /unlabeled multi-
object state RFSs, we derive the exact prediction and update steps for this system model.
Then, we apply several approximations and modifications including the partitioning of
label and measurement sets, the pruning of implausible object-measurement associations,
and the transfer of certain unlabeled objects to labeled objects and vice versa.

The resulting algorithm, referred to as LMB/P filter, achieves an excellent compromise
between tracking accuracy and computational complexity. This is due to the fact that the
LMB/P filter uses the LMB RFS to track objects that are likely to exist and the Poisson
RFS to track objects that are unlikely to exist. More specifically, only if a quantity
characterizing the plausibility of object existence is above a predefined threshold, the
LMB/P filter generates a new labeled Bernoulli component based on the Poisson RFS,
and the corresponding object is tracked within the more accurate but less efficient LMB
part. Conversely, the LMB/P filter transfers labeled Bernoulli components to the Poisson
RFS if the corresponding existence probability falls below another threshold.

In scenarios with many objects and/or a high clutter rate, LMB filters have to gen-
erate and maintain a large number of Bernoulli components in order to ensure satis-
factory tracking performance. Since the proposed LMB/P filter tracks potential objects
within the less computationally demanding Poisson part until their existence is sufficiently
plausible, the LMB/P filter achieves a low complexity and a good accuracy/complexity
compromise in challenging scenarios. This advantage is demonstrated by simulation ex-
periments comparing the performance and complexity of the proposed filter to those of
two state-of-the-art filters and the BP-LMB filter of Chapter 4. On the other hand, in

63
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scenarios with few objects and a low or moderate clutter rate, the modeling of unlikely
objects by a Poisson RFS may be unnecessarily complicated and result in an increased
computational complexity. In such scenarios, the fast LMB filter proposed in Chapter 4
can achieve a lower computational complexity.

The remainder of this chapter is structured as follows. In Section 5.1, we present the
system model underlying the LMB/P filter. The prediction step and the exact update
step are derived in Sections 5.2 and 5.3, respectively. In Sections 5.4 and 5.5, we present
the approximations introduced in the update step of the proposed LMB/P filter. A
summary of the LMB/P filter algorithm is provided in Section 5.6. Finally, a simulation
study assessing the performance of the proposed algorithm in comparison to the fast LMB
filter of Chapter 4 and two state-of-the art filters is presented in Section 5.7.

5.1 System Model

In this section, we describe the system model underlying the proposed LMB/P filter. We
present the state-transition model in Section 5.1.1, the measurement model in Section
5.1.2, and the multi-object state model in Section 5.1.3.

In general, we model the multi-object state at time k—1 by the tuple (Xp_1, Xp_1),
where X;_1 is a labeled RFS (cf. Section 2.2) and X,_; an unlabeled RFS (cf. Section 2.1),
respectively. The elements of X;,_; are random tuples of the form (xg—1,1) € R™ x Ly,
while the elements of X;_; are random vectors x;_; € R"*. Here, x;_1 describes the kine-
matic part of the state and typically consists of the object’s position, the object’s velocity
and possibly further parameters and | is the label that models the object’s identity. The
finite set IL;,_; C Lx_; contains the labels corresponding to )N(k,l, which is a subset of the
label space Ly,_1 = {1,...,k—1} x N. Each label [€LL;_; is a tuple of the form [ = (¥, v),
where k' € {1,...,k—1} represents the object’s time of birth and v € N distinguishes
objects born at the same time. We next present the state-transition model underlying
the LMB/P filter.

5.1.1 State-transition Model

The state-transition of object state ()N(k;_l,Xk;_l) to object state ()N(k,X;g) can be de-
scribed by the (multi-object) state-transition pdf f()N(k,Xk|Xk_1,Xk_1). We assume
that )N(;C and X evolve independently in the sense that )N(k, and X are independent given
(Xt_1,Xg_1). Thus, the joint state-transition PDF can be decomposed according to
(X, Xe| Xn—1, Xe—1) = F(Xp| X1, Xp_1) f(Xp|Xp_1, Xp_1); by further assuming that
F( Xk X1, Xe—1) = f(XplXpo1) and f(Xg|Xpo1, Xpo1) = f(Xe|Xk—1), ie., that the
labeled objects at time k are independent of the unlabeled objects at time k—1 and that
the unlabeled objects at time & are independent of the labeled objects at time k£ — 1, we
get f(Xk,Xk|)~(k_1,Xk_1) = f(XkIXk_l)f(Xlek_l). Alternatively, the state-transition
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statistics can be described by the joint “state-transition PGFL,” which is defined as’

G, [P M X1, Xia] £ // REE RN £ (X, X X1, Xp1) 0 X 0 X, (5.1)

By inserting f(Xk,Xk’Xk_l,Xk_l) = f(Xk’Xk_l)f(Xk|Xk_1) into (5.1), we get

Gs, x, [P W Xe—1, Xi1] = Gy, [A1Xe_1]Gx, [h Xi 1], (5.2)

with
Gy, 1 Xp-1] é/ﬁX’“f(Xlek—l)(SXk; (5.3)
G, [P X 1] A/thf(Xlekl)‘SXk- (5.4)

Next, we will develop expressions for (5.3) and (5.4).

At time k£ —1, an object with labeled state (xx_1,!) €Xj_1 either survives with prob-
ability ps(@r_1,1) or dies with probability 1—pg(xr_1,1). If it survives, its new state xg
(without the label |) is distributed according to the transition PDF f(x|zi_1,1), and the
label is preserved. We assume that the states of different objects evolve independently,
i.e., (xg, ) is conditionally independent, given (x;_1,1), of all the other (x},I') € X; and
of all the x}, € X;. Due to these assumptions, the multi-object state of the labeled objects
at time k, given Xj,_1, is described by an LMB RFS (cf. Section 2.2.2)

)N(kz U Sk(:lik_l,l), (55)

leL;

where gk(mk_l, [) is a labeled Bernoulli RFS parametrized by the existence probability
ps(xk—1,0) and the spatial PDF f(xg|xr—1,l). The LMB RFS X, given f(/g_l, is thus
fully characterized by {(ps(@r—1,1), f(zklze-1,0))}, eL: The state-transition model
(5.5) defines the state-transition PDF of labeled objects f (f( k|)~( k—1) and, thus, also the
corresponding state-transition PGFL of labeled objects Gy [A|Xk—1] in (5.3), which is of

k

LMB type and given by

Gf(k [Elefl] - H GBEI‘ [ilaps (mkfla Z)7 f( . ‘mkfla ])] ) (56)
leLy
where f'[iz,‘wk,l,l] éfﬁ(wk,l)f(a:k‘xk,l,l)dmk.
Furthermore, at time k—1, an unlabeled object with state x;_1 € Xx_; either survives
with probability? pg(zs_1) or dies with probability 1— ps(xg_1). If it survives, its new

'This mixed labeled/unlabeled integral is defined as an iterated integral, e.g.,
j(j hX’Cf(X'k,XMZLk)(SXk) hXk§Xy, using first (2.1) for the inner integral and then (2.21) for
the outer integral.

2With an abuse of notation, pg(-) is used to denote both the survival probability of labeled objects
(with argument (xx_1,!)) and of unlabeled objects (with argument @;_,). A similar remark applies to
the detection probability pp(-) considered in Section 5.1.2.
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state xj is distributed according to the transition PDF f(xy|xi—1). We assume that
the states of different unlabeled objects evolve independently, i.e., x; is conditionally
independent, given @1, of all the other x} € X, and of all (x},l") € X Accordingly, the
multi-object state of the survived unlabeled objects at time &, given Xj_1, is modeled as
an MB RFS (cf. Section 2.1.4) XE = Umk_lexk_lsk(mk_l)’ where Si(x;_1) is a Bernoulli
RFS with existence probability ps(xx_1) and spatial PDF f(ag|x_1). The MB RFS Xg
is thus fully characterized by {(ps(zi—1), f(@k|ze-1))}

Tp_1€Xp_1

There may also be newborn unlabeled objects.? Their multi-object state is modeled
by a Poisson RFS X% with mean parameter g and spatial PDF fg(xy) and, hence, PHD
AB(zk) = pB fB(xK) (cf. Section 2.1.2). We furthermore assume that the newborn objects
XE are conditionally independent, given X),_1, of the survived objects XE. The entirety
of unlabeled objects at time k, given X 1, is modeled by the RFS

X = X5 UXB = ( U Sk(mk_1)> UXe. (5.7)

Tp_1€Xp_1

The state-transition model (5.7) defines the state-transition PDF of unlabeled objects
f(Xk|Xk—1) and, thus, also the corresponding state-transition PGFL of unlabeled objects
Gx, [h| Xk—1] in (5.4). Given our model assumptions described above, it follows that X?
and XP in (5.7) are conditionally independent given Xj_1; thus, the PGFL Gx, [h| Xx_1]

factorizes according to (2.7) as
G, A1 Xi1] = Cixs R Xp1] Gl (5.8)
According to our model, Gys [h| Xk—1] is of MB type (cf. (2.20)), i.e.,

GyslhlXea] = I &P [mps(@i-r), fC1zi-1)] (5.9)

Tr_1€Xp_1

with f[h|zg_1] = [h(xk) f(2r|TE—1)dX), and fo [h] is of Poisson type (cf. (2.11)), i.e.,
— etk
Gyplh] = e , (5.10)

with A\B[h —1] £ [(h(zx) —1)A\(zk)dx,. Next, we describe the measurement model
underlying the proposed LMB/P filter.

3In our system model, newborn objects may not be labeled objects. As we will explain in Section
5.3, there do exist “new” labeled objects, which are previously unlabeled objects that are augmented by
a new distinct label and thereby are transferred from the unlabeled RFS to the labeled RFS. Thus, this
creation of new labeled objects is not modeled by a birth process as in the LMB filter [Reuter et al.,
2014]; it is considered as part of the tracking algorithm, rather than of the system model.
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5.1.2 Measurement Model
o) (M)

At time k, a sensor produces My measurements z, ’,...,z, "', which are modeled as
an (unlabeled) RFS Z; & {z,(gl), . .,z,(CM’“)}‘l. The measurements may originate from a

labeled object, an unlabeled object, or clutter. The statistics of the measurements can
be described by the likelihood function f(Z| Xy, X1) or, equivalently, by the “likelihood
PGFL,” which is defined as

G719 Xk, X¢] é/QZkf(ZHXk:Xk)(SZk- (5.11)

In the following, we develop an expression for (5.11).

A labeled object with state (xj, 1) € X, is detected (i.e., it generates a measurement)
with probability pp(zg,{) or is missed (i.e., it does not generate a measurement) with
probability 1—pp(xy,1). In the first case, the object generates exactly one measurement
z;,, which is distributed according to the single-object likelihood function f(z|zg,!). We
assume that zj, is conditionally independent, given (g, 1), of all the other zj € Zy, all the
other (x,') € X, and all the x, € X;. Accordingly, the measurements originating from
labeled objects, given Xy, are modeled by an MB ZE = UleLLl@{j(mk, 1), where O (zy,, 1)
is a Bernoulli RFS with existence probability pp (@, [) and spatial PDF f(z|z, (). Thus,
Z} is characterized by the parameter set { (pp(z, 1), f(zk|@k, 1)) }lelz,l'

An unlabeled object with state x; € X, is detected with probability pp () or is missed
with probability 1— pp(xx). In the first case, it generates exactly one measurement zy,
which is distributed according to the single-object likelihood function f(zg|zr). We
assume that z; is conditionally independent, given xj, of all the other z € Z, all the
other x), € X, and all the (x,, ') €X;. Thus, the measurements originating from unlabeled
objects, given X}, are modeled by an MB RFS ZV = Ue, e x, O} (zx,), where OF (zy) is
a Bernoulli RFS with existence probability pp(z) and spatial PDF f(zy|z). Thus, ZJ
is characterized by the parameter set {(pp(zx), f(zlf’m"?))}mkexk‘

Finally, the clutter-originated measurements are modeled by a Poisson RFS Z{ with
mean parameter uc and spatial PDF fo(zg) and, hence, PHD Ac(z;) = pc fo(zk). We
furthermore assume that the clutter-orginated measurements are conditionally indepen-
dent, given (f( 1, Xr), of the measurements originated by labeled and unlabeled objects,
ie., of ZI,; and Zg. The overall measurement RFS at time k, given the multi-object state
(Xg, Xi), is

2, =20zl Uzl = ( U @I,;(mk,l)) U ( U eg(mk)> uzg. (5.12)

lelf_, T € Xy

“The measurement model describes the statistical dependency of the random (unobserved) measure-
ments on the multiobject state. Accordingly, at this point, the measurements are considered random
and thus denoted as Z; = {zs), ey Z;CM’“) } However, in the context of the proposed tracking algorithm
(see Sections 5.1.3-5.6), the measurements will be considered as deterministic (observed) and will thus

be denoted as Z, = {z.", ..., 2" 1.
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The measurement model (5.12) defines the multi-object likelihood function f(Z| X, X¢)
and, thus, also the likelihood PGFL G’zk[g])?k, X] in (5.11). Due to our model assump-
tions described above, the measurements ZI,;, Zg, and Zg are conditionally independent
given (Xy, Xz). Thus, Gz, [g| Xk, X&] factorizes according to

Gz, (91 Xk, Xi] = Gz l91Xk] Gzylgl Xi] Gzolg)- (5.13)

Here, Gz [9|Xi] and Gzu(91X4) are both of MB type, i.e.,

leL;
GulglXe] = 1 &3 lg:po (i), £(l20)], (5.15)
x€Xg

where f[glxy,l] £ [ 9(zk) f(zk|zk, 1) dz, and fg|as] = J 9(zk) f(z|wr)dz;. Further,
ng [g] is of Poisson type, i.e.,

Golg) = b=, (5.16)
where AC[g—1] £ [(g(2x) —1) Ac(2k)dzk. Next, we will specify the model of the multi-

object state.

5.1.3 Multi-object State Model

In a Bayesian sequential inference framework, the fundamental quantity to be calculated
recursively is the joint posterior multi-object PDF of X; and Xy, i.e., F( Xk, Xi| Z1k),
with Z., 2 (Z1,...,Zy). We assume that at time k—1, )N(k_l and X;_; are conditionally

independent given Zj.;_1, so that
F( X1, Xp1) Z1k-1) = F(Xp—1|Zrk—1) f(Xp—1|Z1:6-1)- (5.17)

Alternatively, we can describe the posterior statistics in form of the joint posterior PGFL,
which is defined at time k—1 as

G)”(,v,l,x,ﬁfl[i% h|Zye—1] = //ththklf(Xklan1|Z1:k1)5)~(k15Xk1- (5.18)

Inserting (5.17) into (5.18) yields

G, 3oy o Zika] = Gy, M Z1k—1] G, [P Z1k1], (5.19)

where
Gs, 1M Z1x1) A/ﬁXklf'(Xkllzhkﬂ(Sf(kL (5.20)
Gy, M Z1k1] & / X1 f (X 1| Zro—1) 0 X 1 - (5.21)
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The posterior PGFLs Gik_l[ﬁlzhk—ﬂ and Gx,_,[h|Z1.x—1] are defined as follows. We
model X;_; as an LMB RFS consisting of |L;_,| labeled Bernoulli RFSs with existence
probabilities rgzl and spatial PDFs f)(xy_1), 1€ L} |. Here, L; | C Ly_; is the set
of labels underlying the LMB state RFS X;_;. Thus, according to (2.26), the posterior
PGFL of the labeled objects at time k—1 is

5 R !
Gy, [hZiea] = [] &Bhrl 1 101, (5.22)
leL;_,
where f,g[_)l[ﬁ] = fﬁ(xk_l,l)f(l)(mkgl)da:k;l. Note that each Bernoulli component in
(5.22) represents a potentially existing object. Furthermore, we model X;_; as a Poisson
RFS with PHD A(xj_1). Thus, according to (2.11), the posterior PGFL of the unlabeled

objects at time k—1 is given by

Gy, [ Z1g—1] = et (5.23)

with A\g_1[h—1] = [(h(@g—1) — 1) M@f—1)dB)—1.

The labeled state RFS, i.e, the LMB RFS X;,_1, allows the corresponding objects to be
distinguished, whereas the objects modeled by the unlabeled state RFS, i.e., the Poisson
RFS X1, are indistinguishable. On the other hand, the Poisson RFS is parametrized
by a single function, i.e., its PHD, and it enables a much more efficient representation
and processing of a large number of potentially existing objects. Therefore, we will model
objects that are likely to exist by the computationally more demanding LMB part and
objects that are unlikely to exist by the computationally less demanding Poisson part.
The LMB part guarantees track continuity and thereby allows the consistent tracking of

distinguishable objects over consecutive time steps.

5.2 Prediction Step

The proposed LMB/P filter propagates the posterior multi-object PDF f (X, Xi| Z1.4),
equivalently the posterior PGFL Gy, [k, h| Z1.4], from one time step to the next. This
propagation consists of a prediction step and an update step.

We start with the derivation of the prediction step, which converts the previous
posterior PGFL Gik_l,xk_l[ﬁ’hlzlik—l] in (5.18), into the predicted posterior PGFL
ka’xk [h, h|Z1.5—1]. Tt is defined according to

G, x, [h, h| Zyg 1] 2 / / PXERXE f( X, X Z1p—1) 0 X1 0 X, (5.24)

where f (X %y Xi|Z1:.6—1) is the predicted posterior multi-object PDF. This conversion is
based on the multi-object state-transition model described in Section 5.1.1. The deriva-
tion of the prediction step is similar to that in [Williams, 2015] but extends it from an

unlabeled object state to a labeled/unlabeled object state.
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Recap that the prediction step is given by the Chapman-Kolmogorov equation ac-
cording to (3.1) as

f( Xk, Xi|Z14-1) ://f(Xk:Xk|Xk—1an—1)f(Xk—1:Xk—llzlzk—l)ka—l(st—l-
(5.25)

Here, expression (5.25) extends (3.1) from PDFs describing unlabeled RFSs to PDFs
describing tuples of labeled/unlabeled RFSs. Inserting (5.25) into (5.24) and grouping

terms, yields

G5, x, [B> W Z1:e1]
://(//ﬁthka(Xk:Xlek—laXk—l)(SXk5Xk>f(Xk—1:Xk—1|lek—1)5Xk—15Xk—1

//G)"(k,xk[ilah’)zk—lan—l]f()zk:—laXk:—llzlzkz—l)éj(kz—léXk—ly (5.26)

where we have used the definition of the state-transition PGFL G>~(k X, [ﬁ, h| Xp—1, Xp_1]
in (5.1). Further using (5.2) and (5.17) yields

X /ka[thk—l]f(ch—l|Z1:k—1)5ch—1-

After introducing the short notations
G)"(k[iblzlzkfl] £ /ka[ﬁlffkl] F(Xi-1]Zr—1) 6 Xk1, (5.27)
Gx, [h Z1.k-1] & /ka[h|XA:—1] F(Xk—1|Z1:6-1) 0 Xp—1, (5.28)
expression (5.26) becomes
G, x, [P Z1k—1] = Gy [h] Z1k-1) Gx, [P Z1:k-1) (5.29)

Analogously to the previous joint posterior PGFL (5.19), the predicted joint posterior
PGFL (5.29) factorizes into a labeled and an unlabeled part. Hence, the prediction
step can be performed separately for the labeled and unlabeled objects. This is a direct
consequence of the model assumptions (5.17) and (5.2). Next, we derive expressions of
the predicted posterior pgfl of labeled objects Gy, [h|Z1.4—1] in (5.27) and the predicted
posterior pgfl of unlabeled objects Gx, [h|Z1.k—1] in (5.28) based on the state-transition

model proposed in Section 5.1.1.
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5.2.1 Expression of the Predicted Posterior PGFL of Labeled
Objects Gy, [ﬁ]lek_l}

We now derive a specific expression of Gy, [h| Z1.4—1] in (5.29) by first inserting (5.6) into
(5.27), which yields

Gkk[ﬁlZM_l] = /( H GB s ps (zh—1,1), F (- |$k—1,l)]> F(Xp—1]Z1m1) 6 X1

leL:_,
= Gy, [WZ1xa). (5.30)

Here, we have used the definition of the PGFL of a labeled RFS in (2.23) and introduced

the short notation
il/(mlm Z) = GBGI' [il;pS(mk‘*la Z):f( ) ‘113]6,1, ]):I
=1—ps(®r_1,1) +ps(wk—1,l)/ﬁ(wk,l)f(mklwk—hl)dwk-

The PGFL Gf(k_l[ibl | Z1.k—1] in (5.30) is the previous posterior PGFL of labeled objects
(5.20) but with h(xk_1,1) replaced by W (zy,1). Since, according to (5.22), Gy, [h|Z15-1]
is an LMB pgfl parametrized by {( rk L O () },e L , the predicted posterior PGFL
of labeled objects (5.30) can be rewritten according to (2 26) as

h’Zl fo— l] = H 1-— T‘k 1 + T]E )1 / i]/(:llk,'l, l) f(l) (:kal)ditk,l .
lely
Note that the same expression appears in the derivation of the LMB filter [Reuter et al.,
2014]. There it was shown that it corresponds to an LMB pgfl and can thus be rewritten

according to

O] l 7 l
g [hZi-a) = T] 1-ri 1+rg|>,€_1/h<m,€,z> Fihy (i) day

leL;_,

T ) !
= I & r,Elk o f ,f|>k s (5.31)

lelly

with the existence probabilities and spatial PDFs given by

r’(cll)’ﬂ 1 _Tk)lfps (@h-1,0) fO (@p1) day 1, (5.32)

[ f@rlar—1,)ps(xp_1,1) fO(@s_1)dos_y

5.33
Jps(@_y, D) fO (@) _y)da_, 3

P (r) =

for le L;_,. Here, ps(x;—1,1) and f(xx|xi—1,1) are the survival probability and state-

transition PDF, respectively, introduced in Section 5.1.1, and r,(glzl and fU(x,_1) are the
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72 CHAPTER 5. AN EFFICIENT LMB/POISSON FILTER

posterior existence probabilities and posterior spatial PDFs, respectively, describing the
labeled objects at time k —1 (cf. (5.22)). Note that the relations (5.32) and (5.33) are
equal to the prediction relations in the LMB filter (cf. (3.34) and (3.35)).

5.2.2 Expression of the Predicted Posterior PGFL of Unlabeled
Objects Gx, [h|Z1.x-1]

Next, we derive a specific expression of the PGFL Gx, [h|Z;.4—1] in (5.28). We therefore
insert (5.8)—(5.10) into (5.28), which yields

Gx, [h| Z1:6-1]

= ( H G [h; ps (1), f(’mkl)]> AR =1] J(Xp—1|Z1g—1) 0 X541

Tp_1E€Xp_1
= Gy, [N Zysea] 2RI (5.34)

Here, we have used the definition of the PGFL of an unlabeled RFS (2.5) and introduced

the short notation
W (wp) 2 G [hyps(we—1), f( - |@r_1)]
=1—ps(®k_1) + ps(xr-1) /‘h(wk)f(wklmkl)dwb

The PGFL Gx,_, [h/|Z1.,—1] in (5.34) is the previous posterior PGFL of unlabeled objects
(5.21) but with h(x,_1) replaced by h'(zy). Note that Gx,_, [h|Z1.x—1] is of Poisson type
according to (5.23) parametrized by the posterior PHD A(x;_1). Hence, the predicted
posterior PGFL of unlabeled objects in (5.34) can be rewritten as

Gx, [h| Z1p_1] = M= [ —UHARR—] (5.35)

where M\_1[h' —1] = [(h/(z) — 1) A(xk—1)dzr. An analysis of (5.35) shows that it is
equal to the predicted posterior PGFL in the PHD filter [Mahler, 2003]. Since (5.35)
is no longer of Poisson type, we approximate it as in the PHD filter by a Poisson RFS
whose PHD equals the PHD corresponding to Gx, [h|Z1:,—1]. This yields [Mahler, 2003]

G, [ Z1g—1] = el (5.36)

where )\k|k—l[h_1] = _[(h(a:k) — 1))\k|k_1(wk)dmk with

Mgt (@) = Ap (@) + / F(@ilz)ps(@e ) A@p_1)dayr. (5.37)

Here, ps(xi—1), f(xk|xr—1), and Ag(x) are the survival probability, the state-transition
PDF, and the birth PHD, respectively, introduced in Section 5.1.1, and A(@x;_1) is the
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posterior PHD of unlabeled objects at time k& — 1 (cf. (5.23)). Expression (5.37) equals
the prediction relation of the PHD filter (cf. (3.6)).

Note that the labeled state RFS, i.e, the LMB RFS X;_1, allows the corresponding
objects to be distinguished, whereas the objects modeled by the unlabeled state RFS,
i.e., the Poisson RFS X;_, are indistinguishable. On the other hand, the Poisson RFS is
parametrized by a single function, i.e., its PHD, and it enables a much more efficient rep-
resentation and processing of a large number of potentially existing objects. Therefore,
we aim to model objects that are likely to exist by the computationally more demanding
LMB part and objects that are rather unlikely to exist by the computationally less de-
manding Poisson part. The LMB part moreover guarantees track continuity and thereby
allows the consistent tracking of distinguishable objects over consecutive time steps.

We conclude that when applying approximation (5.36), the prediction step preserves
the LMB-Poisson form of the previous posterior PGFL Gik_l,xkq [71, h|Z1.5-1]. Sum-
marizing, the prediction step of the proposed LMB/P filter now consists of comput-
ing the predicted posterior existence probabilities Tlil|)k—1 and the predicted spatial PDFs
f,giz:_l(:ck) according to (5.32) and (5.33), respectively, for the labeled objects and the
predicted posterior PHD A, () according to (5.37) for the unlabeled objects.

5.3 Exact Update Step

In the update step, the predicted posterior PGFL Gy, . [h, h| Zy.5—1] is converted into
the current posterior PGFL Gy [h, h|Z1.1], which is defined as

G e I hl Z1] = / / R F(R ) Xl Z1) 0K 6 X . (5.38)

Here, f(Xy, Xy|Z1.c) is the posterior PDF at time k. This conversion is based on the
measurement model described in Section 5.1.2 and involves the current measurement set

Z. 1t turns out that the posterior PGFL Gy [h, h| Z1.4] factors according to
G, x [ 121k = Gy (1 bl Zuk] G, [, (5.39)

where G;?p X, [h, h|Z1.4] is a joint labeled /unlabeled PGFL and G, [h] is a solely unlabeled
PGFL. The factor G;~( N [h, h] represents objects — either likely to exist or not — that
ks/NE

generated a measurement in the current or a previous update step, while the factor
Gx, |h] represents objects that are unlikely to exist and did not generate a measurement
in the current update step. Hence, we call G;?A:,Xk [ﬁ, h] the pgfl of detected objects and
Gx, [h] the pgfl of undetected objects.

The derivation of the exact update step is an extension of that in [Williams, 2015]
from an unlabeled to a labeled/unlabeled case. Similar results, but without derivation

and in terms of multi-object PDFs, were reported in [Meyer et al., 2018]. We emphasize
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that the update step of the proposed LMB/P filter is different in that it involves several
modifications and approximations, to be described in Section 5.4 and Section 5.5. In the
following subsections, we derive (5.39), i.e., we first show that Gg [, h|Z1.1] factorizes
in G;?k,Xk, [h, h|Z1.k) and Gx, [h], and we then derive specific expressions of these PGFLs.

5.3.1 Expression of the Posterior PGFL Gy, y [h, h|Zy.]

Analogously to the prediction step, we now derive the update step using PGFLs. In
addition to PGFLs G[h] (which satisfy G[1] =1 (cf. Section 2.1.1 and Section 2.2.1)), we
will also use conventional functionals F[h] (for which F[1] #1 in general) in the following,.
A functional is defined equivalently to a PGFL (cf. (2.5) and (2.23)) with the difference
that the function f(X)in (2.5) and f(X) in (2.23) is a general set function and not a valid
multi-object PDF, i.e., the function does not necessarily integrate to one ( JF(X)6X #£1
and [ f(X)6X #1).

We start by formulating the update step of the multi-object Bayes filter in (3.2) in
terms of jointly labeled /unlabeled multi-object PDFs, i.e.,

F(Zk, X, X Z1.4-1)

X, X Z1s) = : 5.40
P Xl ) = =z Zri) (540
By inserting (5.40) into (5.38), we get for the posterior PGFL
- BXE Xk F(Z, Ko, Xl Zrioo1 ) 6K 6X 4
G5, 1 1l Z0k] = il st : (5.41)

F(Zk| Z1:k—1)

Note that Z; is considered deterministic here and represents the actual measurements
generated by the sensor. Thus, f(Zj, Xy, Xi|Z1.6—1) is only a function of X} and X} and
not of Z; and consequently Gf(k,Xk [l~1,, h|Z1.k] is also only a PGFL with respect to X, and
X and not with respect to Z;. Note that the denominator of (5.41) is only a normalization
factor (since Zj is observed and deterministic) that ensures that Gy [h, h| Z1.] is a valid
PGFL, i.e., G[1] =1. Next, we define the functional given by the numerator of (5.41)

according to
Py, x,[h, bl Z1k] 2 / / BXERXE f(Zh, X, X Z1ih—1) 0 X 0 X . (5.42)

We further note that the denominator of (5.41) can be computed from (5.42) by setting
h=1and h=1,1ie.,

f(Zklzllk—l) = // f(Zk7Xkan’ZLk—l)(SXk(SXk
- F)~(,‘,,Xk [i]a h’ZlkH h=1,h=1" (543)

After replacing the numerator and the denominator of (5.41) by (5.42) and (5.43), re-
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spectively, we get for the joint posterior PGFL of labeled and unlabeled objects

Fy, x, [h, hl Z1.1)

: (5.44)
Fy, x, [l Z

Gf(k,Xk [FL: h|Zy1k] = H i .
h=1h=1

Note that (5.44) constitutes the update step of the multi-object Bayes filter for la-
beled/unlabeled state RFSs in PGFL form. A similar result for purely unlabeled RFS
was presented in [Mahler, 2007b]. Next, we derive an expression of Fy, x, [h, h|Z1.] in
(5.44).

5.3.2 Expression of Iy [, h| Zy.4]

We start by introducing the joint functional of measurements Zj, labeled objects X, and

unlabeled objects Xz according to
Fy g s, 197 bl Z1ga] £ ///gzk/}thka(Zk,Xk,XkyZLk_l)cSZkéXkchk, (5.45)

where, contrary to (5.42), the measurements Z; are considered as random. From this
expression, the functional Fy [h, h|Z1.1] in (5.42) can be obtained according to (2.6)

as
g 6F X [ga il: h,IZLk,l]
Iy, . [h, h|Z1.%] = L X 57 g=0 (5.46)
b 2y =2
M ~ .
where % = W Note that here Fy, y [h,h|Z1] is computed by first tak-

]’6(1)... z;C(Mk) and then setting g = 0.

ing the functional derivative with respect to =z
As a result of these two operations, the measurement-related part of the joint PGFL
Fy 5%, 19, h, h|Zy.4—1] is transformed into the “multi-object PDF domain”. Finally, in-
serting (conditioning on) the observed measurements Z, we obtain Fy . [h, h|Z1.4]-

Next, we develop a specific expression of the functional Fy %, [9, h, h|Z1.4—1] in
(5.45) based on the measurement model proposed in Section 5.1.2. We first use the factor-
ization f(Zk, f(k,Xk|lek,1) = f(Zk’Xk,Xk, Zl;kfl)f(Xk, Xk|lek71> and the assump-
tion that the current measurements Z; are conditionally independent of all measurements
up to time k—1, Zy.4_1, given the current object state (X, Xz), i.e., f(Zi|Xe, Xk, Z1:4—1)
= f(Zk| X1, X) (cf. Section 3.1). This leads to (cf. (5.45))

Fy %195 1 Bl Z1k 1) /// g7 Xk R f(Z1| X, Xi) f( Xk, Xl Z1:k1) 0 2 6 Xp 6 X,

//ﬁx"hx"’sz[ylxk?Xk]f(j(k,Xk|Z1;k1)55(k5Xk7

where we have used the definition of the likelihood PGFL in (5.11), i.e., Gz, [g]| Xx, Xi] £
[ 9% f(Z| Xy, X1,) 6 Z),. Using next factorizations (5.13) and (5.17), we obtain
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Fy s 0B h|Zugs] = ( [ Gl F(Rud m)

X (/ hXk ng[g!Xk] f(Xklzlzk—1)5Xk> ng[9]~

(5.47)
After introducing the short notations
Fy g 098l Z1e1] 2 /EX" Gz [91Xk] f(Xk| Z1g—1) 0, (5.48)
Fz, %19, M Z16-1] = (/ Wk Gaulgl X f(Xk|lek:—1)5Xk> Gzelgl, (5.49)
expression (5.47) can be rewritten according to
Fy s (90| Zvk 1] = Fy g (9, Bl Z1k1) Fz, %, [9, M Z11].- (5.50)
Finally, inserting (5.50) into (5.46) yields
. 5 .
Ey i [l W Zuk] = 5o | £, 5,9, 1l Zi-a] Bz, [9, M Zve] | [g=0 - (5.51)
k Zi=2

In the next subsection, we take the functional derivatives occurring in (5.51).

5.3.3 Functional Derivatives of Iy [iz, h|Zy.k]

In the following, we will develop specific expressions of the functionals Fy . [9, h|Z1:6—1]
and F7, x, |9, h|Z1.5—1] defined in (5.48) and (5.49), respectively, based on the measure-
ment model proposed in Section 5.1.2. For this purpose, we insert Gzyl;[g|)~(k] in (5.14)

into (5.48) and use hXk = Hlehz,l h(,1), which yields

sz,xk[gjblznkfl] /( H ib(%al)GBer[g;pD(ka)yf('flikjl)}) F(Xk|Z14-1) 6 X

leLy
(5.52)
By furthermore introducing the short notation
B! (i, 1) 2 B, ) G5 [gipp (i, 1), £ (- e 1)) (5.53)

and using the definition of the PGFL of labeled RFS in (2.23), expression (5.52) can be
rewritten as
Fy, 190 Zvk—1] = Gy, [W'| Zvg-a]- (5.54)
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Note that Gy, [1) Z1.—1] here is the predicted posterior LMB PGFL of labeled objects
n (5.31), but where h(xy, 1) is replaced by h”(x,1), and (5.54) can thus be rewritten as

sz’f(k[gaﬁlzlik—l] = H GBer[h/’; k:|k‘ 17f k|k— 1] (555)
leL;

Analogously, we insert Gy [9|X}] in (5.15) into (5.49) and use h*X* = e ex, M(@k),
which yields

szaxk [ga h|Z1:k:—1]

= /( Hh(mk:)GBer[g;pD(mk)af("mk)])f(Xk:’ZI:k—l)(SXk; Gzolgl.  (5.56)

xp € Xg
Next, we introduce the short notation
W' (xx) £ h(zk) GP g5 pp (k). f(-2k)] (5.57)

and use the definition of the PGFL of unlabeled objects in (2.5) to rewrite expression
(5.56) according to

Fz, x,. 19, | Z1.6—1]) = Gx, [W'|Z1.6-1] Gzo lg]- (5.58)

Note that Gx, [h"|Z1.x—1] here is the predicted posterior Poisson PGFL of unlabeled
objects in (5.36), but where h(xzy) is replaced by h”(xy), Gzclg] is the PGFL given by
(5.16), and (5.58) can thus be rewritten as

sz,Xk [-q? h’lzlikfl] - P/)\klkﬁl[hﬂilH/\g[gil] . (559)

Finally, inserting (5.55) and (5.59) into (5.51) leads to

r 0 A—1 R =1+ A [g—1
Fy, x, [l 1| Z1a] = 37 <( [T &P h s Fii 1]>C el ]> g=0
lelly 4 Zy, =2y,
(5.60)

Next, we apply the product rule of functional derivatives (cf. (2.8)) to (5.60), which yields
(analogous to [Williams, 2015])

Fy, x 7 1| Z4]

SGBER v, Fuha] § Akl =114+ 28 1g—1)

O

5z(m) g=0
deDk [EILZ 1 7n€Mdk k ZL:Zk
(5.61)
where we have introduced the index vector dj of length |L;_,| with entries dg) =m €
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{0} UMy, for L€l | (recap that My = {1,..., My}). Here, the set Dj comprises all
those vectors dj,, whose nonzero entries are different. An interpretation of d; and d,il) in
the context of object-measurement associations will be given in Section 5.3.7. Further,
Mg, € My, comprises all (nonzero) measurement indices that are not involved in the

1ndex vector dj,. Next, we will take the functional derivatives of GBe [h"; rklk . f,gf)k_l]

Aglr—1[h" =1+ [9-1] (m)

and e with respect to 2, 7, m € M.

We first consider the functionals GBe* A" r k| k " fk| 1] in (5.61) and rewrite them by
using (2.13) and (5.53) according to

I ~
GBer[h//7 k|k,‘ 17fk|k‘ 1] =1 — ](gl)k 1+ ](i‘l)k 1/}7,(113]@;0 (1_pD(mk7l)

+ pp(@t, 1) / 9(ze) f(zelar, Ddze) £, (@i)day. (5.62)

Let AU™)[h] denote the functional derivative § GB®r [R”; ,(cll)k o (ii /0z; () e {0} U
M. We get

AR = r | / A&k, O po (@, 1) £ (2" [, 1) fi)y (k) e, (5.63)

for m € M. Note that for m = 0, the functional derivative operation is not applied.

Hence, we have

ACO[R] = GB[R; 7, k|]<. 17fk|ls it (5.64)

with GBer[h”, k|k 1’fk|k .| given by (5.62).

Next, we consider the functional ¢*ik—1["~1HXFlo=1] § n (5.61). By using Agjp—q[R" —
1] = [(h"(xr) — 1) Mg (@) Ay, AT [9—1] = [(9(zx) —1) Ac(z)dzg, and furthermore
(2.13) and (5.57), we get

Mol =114 39 11 = [ (b (1= po(a) + polen) [ gz S k) dzn) —1)

X Agje—1 (k) deg, + / (9(zx) — 1) Ac(zx)d 2.

Let Ax, [h] denote [],, . Ma, 5z‘(5m) Mkt W 1AL which can be found as
’ k
Ax, [h] = Fx, [h Fx bl J] AU™[n). (5.65)
mG/\Adk

Here, the functionals Fy, [h], Fx, [h] and A(™)[R] are given by
FX, [A] A o f(b(er)(A=pp(2r)) =1 Agjp—1 (Th) de (5.66)

ka [h] £ oJ ((@r) =Dk (®p)dzr + [ (9(zr)—1) A (zx) d2k
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A £ o) + [ ) e r(@pn(en) f( e dar, (.67

respectively, with h(zy) £ h(zy)(pp(zk) [ 9(zk) f(zk|Ti)d2k). We are now ready to
insert the obtained results into (5.61).

5.3.4 Final Expression of I}y (B, h| Zy4]

We insert expressions (5.63), (5.64), and (5.65) into (5.61), which yields

()
Py x, bl Zie] = ( [T a®% [h])FXk 17 [h ] Am)[h

dpeDy “leL; meMd =0
Next, we set g(z;) = 0, which leads to
. 0) -
Fxmxk [h ] Z1:4] = Z < H NG ) ) ( H Al ) Fx, [h],
dpeD, “lely meMgq,

where AGdL )[h] is given for m € M;, by A [h] in (5.63) and for m =0 by

NI ! ! 7 !

AR =1 =7+ / @k, 1) (1= po (k. 1) £y (2r) dag (5.68)

Since the functional Fx, [h] is independent of dy, Fy, [h, h| Z1.;] can be grouped accord-
ing to
Fy, x, [, bl Z1] = F} o [, h| Z1.4] Fx, [}, (5.69)

with

By o (b bl 2] = Z( I1 Md“)[h]) T At (5.70)

di, €Dy, lelLk 1 mGMdk

Finally, to obtain the posterior PGFL Gx. X, [k, h| Z1.4;], the functional Fy x, (B, h| Z 1]
has to be normalized according to (5.44). Since it is composed of two separate function-
als (cf. (5.69)), the normalization can be performed separately for each functional. More

precisely, inserting (5.69) into (5.44) yields

. 1, h| Z1.4] Pk
G [ M 2] = — X’" a x, 1) : (5.71)
After introducing the short notations
FL  [h,h|Z14]
~ X X 3 :
G;(k,xk [h7 h’ZIk] = Lk (572)

; X5, [h” hlZlk” ;L:Lh:l
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ka [h]
Fx, (M Zvl |,y

Gx, [P Z14) = (5.73)
expression (5.71) becomes (5.39). In the next two subsections, we develop specific ex-
pressions of G;?k,xk [h, h| Z1.4] and Gx, [h|Z1.1] by performing the normalizations according
o (5.72) and (5.73), respectively. Note that the factor G;?k,xk [, h] represents objects —
either likely to exist or not — that generated a measurement in the current or a previous
update step, while the factor Gx, [h] represents objects that are unlikely to exist and did
not generate a measurement in the current update step. Hence, we call G” [h h] the
PGFL of detected objects and Gx, [h] the PGFL of undetected objects.

5.3.5 Expression of the PGFL of Detected Objects G} [, h]

We start with the normalization of F)%k X, [h, h|Z1.4] in (5.70) according to (5.72). We

notice that the functionals A*")[h] (cf. (5.63) with A(l’dg))[ﬁ] = A(Z’dg))[ﬁ] and (5.68))

and AU™[h] (cf. (5.67)) in (5.70) can be represented as weighted Bernoulli PGFLs by using

() Bex [, (Lom) 50

identity (2.14). More precisely, A [h] can be rewritten as By, .

where for l € L} _; and m € M, (cf. (5.63)), the parameters are given by

g™ — ng;l|)k L /pD(inJ)f(zzim)\“’kvl) féfi_l(wwdwk: (5.74)
rlgl,m) =1, (5.75)
, po(@i, 1) f (2" |1 >féf,1 (@)
FEm (@) = —— o — (5.76)
Ipo (@ 1) f (2|2, 1) fklk (@) day
and for €Ly _; and m = 0 (cf. (5.68)) by
515.[70) —1_ T;E;?k;—l + r/(fl)k_l / (1—pp (2, l))f/gi/)g_l(wk) dzy, (5.77)
!
A0 k|k 1 f(l pp (@, ))fzf|i)¢ y (@p)day, (5.78)
k I I v .
1= 7l(c|)k 1 +7lc|k 1f(1 po (), ‘))f1§|)k y (@) dey
1-pp (i, 1)) fip o (x2)

J (1=p (@ 1) £ (@) da),

Analogously, the functionals A)[A] can be represented as o’(m)GBer [h; ‘(m), j—./gm)]’ where
for m € Mg, C M, (cf. (5.70)), the parameters are given by

/3,5/7”) = )\C(z,gm)) + /pD(:Bk)f(z]Em) ‘:Bk) )\k|k_1(:lzk)dil?k7 (580)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5.3. EXACT UPDATE STEP 81

_(m) [po(m) f(=z (m)\a?k)kmkq(ﬂﬂk)dka
Tk - (m) (m)) , P (581)
Aa(zy”) + [po(=) f (2" |2)) Mo (2),) da),
. pp(xk) f 2™ Tp) Aple—1 (k)
Fo (gy) = —2 / ((j;) ’/ ) A1 = (5.82)
pr(wlc)f(zk |“’k) Aklk—1 () d),
Expression (5.70) now reads:
: Xk[%’ah"Zl:k]
LdDy (d? - ) =(m
Z H B GBer ( )7](-( )]) H 515 )GBer[h;T]i )7](']5 )]
drpeDy “lely g mGMdk
=Y w LM‘? & ] G, [h)- (5.83)
di€Dy,

Here, we have introduced the (unnormalized) weights wy according to

wiik A ( H B(Z d(l))> H /8(771’ (584)

lE]L;;il mGMdk

and the LMB PGFL (cf. (2.26)) and the MB PGFL (cf. (2.20)) according to

(l) (1)
G 2 TT 6P fhan ) 0] (5.85)
lelly_,
GNE 2 T ¢®=[n S P (5.86)
me/\/ldk

To finally obtain Gé?;« X, [, h|Z1.4] according to (5.72), we first have to compute the de-

. é / 7 - .
nominator By = ka’xk [h, h|Z1.k] ‘h.:l,h:l’ which can be found as

o= Y ( I1 ﬁ,ﬁ"dg))> T 5m. (5.87)

d;. €Dy, dp. €Dy \lely_, meMaq,

Here, we have used (5.84). Inserting (5.83) and (5.87) into (5.72), we get after some
reformulation
A ja Y LT ¥
Gﬁzk,xk[h’ h] = Z wq, GE%“_? *[h) c%]f;k [h], (5.88)
dj €Dy,

where we have defined the (normalized) weights wq, as

( I1 gl ) IT 5™ (5.89)

lelly mGMdk



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

82 CHAPTER 5. AN EFFICIENT LMB/POISSON FILTER

An interpretation of the posterior PGFL of detected objects in (5.88) in terms of object-
measurement associations will be presented in Section 5.3.7. In the next subsection, we

compute Gx, [h|Z;.x] according to (5.73).

5.3.6 Expression of the PGFL of Undetected Objects Gy, [h]

We continue with the normalization of Fx, [h] (cf. (5.66)) in (5.69) according to (5.73).
More precisely, by setting h =1 in (5.66), we get for the normalization factor

P (5.90)

Inserting (5.66) and (5.90) into (5.73) yields

o) (h<93k)(1—PD <mk))_1) Aklk—1(x)de,

e~ J Po(@r) M1 (e )d,

Gx, [h] =
— oJ (k) =1) A=pp (k) A o—1 (xk) dk
_ e)\k[h*117 (5.91)

with Mg[h — 1] = [(h(z) — 1) A(z)dzk, and where the posterior PHD of undetected

objects A(xg) is given according to

Mzx) = (1—pp(®r)) Apjp—1(2x) - (5.92)

Note that Gx, [h] in (5.91) is a Poisson PGFL with PHD (5.92). In the next subsection,

we will discuss some important facts about the derived exact update step.

5.3.7 Discussion of Results

In the following, we summarize the results obtained after applying the update step to
the predicted posterior PGFL in (5.29). As we showed, the updated posterior PGFL
Gg, x,[h, 1] is a product of a joint labeled/unlabeled PGFL G% %, [h, h] representing
objects that already generated a measurement in the current or a previous update step
and an unlabeled PGFL Gx, |h] that did not generate a measurement in the current time
step k. More precisely, the labeled /unlabeled PGFL is given by (5.88) according to

7 LMB,d}, 7
Gy 1l = > wa, Gz (] G?@‘ik [h].
di€Dy,
Thus, G;?k X, [h,h] is a mixture of PGFLs, each of which is the product of an LMB
LMB.dy (5
PGFL G, [h] (cf. (5.85)) and an MB PGFL Gyfgk [h] (cf. (5.86)). There are |Dy|
mixture components, where each component is indexed by a vector dy € Dy. The vector
d;. allows for an interesting interpretation in terms of object-measurement associations,

which is why dj will be referred to as (object-measurement) association vector in what



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5.4. UPDATE STEP: FIRST APPROXIMATION STAGE 83

follows. More precisely, each dj € Dy corresponds to an admissible object-measurement
association. We call an association hypothesis d; admissible if all the nonzero entries d,(cl)
are different, which implies that at most one measurement is assigned to the same labeled
object and no measurement is assigned to more than one labeled object. In fact, d,(gl) € My
describes the case where the labeled object with state (xg,!) generates measurement z,(gm)
and d,(ﬂl) = 0 the case where the object does not generate any measurement. The set
Mg, € My, comprises all measurement indices that are not associated with any labeled
object and are thus generated either by an unlabeled object or by clutter. The statistics
of each labeled object is described by a labeled Bernoulli component (cf. (5.85)) and the
statistics of each unlabeled object by a (unlabeled) Bernoulli component (cf. (5.86)). The
likelihood of each object-measurement association is quantified by the weight in (5.89).
Furthermore, the likelihood of the event that the labeled object with state (xx, [) generated
measurement m € My, is quantified by the association weight /8,?’7”) in (5.74) and of the
event that it did not generate a measurement by ,B,g’o) in (5.77). In the first case, the
object is described by a labeled Bernoulli component, whose existence probability r]gl’m) in
(5.75) indicates that the object exists and its state is distributed according to () () in
(5.76). In the second case, the object is also described by a labeled Bernoulli component.
Here, the object existence is uncertain and quantified by the existence probability 7',&1'0)
in (5.78). Note that T,il’o) = 0 would indicate that the labeled object with state (xy,!)
does not exist and r,(cl’o) =1 would indicate that the object exists but did not generate a
measurement. If the object exists, its state (xy, ) is distributed according to f:0 (z;) in
(5.79). Finally, the likelihood of the event that the measurement with index me Mg, is
either originated by an unlabeled object or by clutter is quantified by 3 ,gm) in (5.80). The
statistics of the object associated with this measurement is described by an (unlabeled)

Bernoulli component. Object existence is modeled by F,gm) in (5.81). Here, f,im) =1

would indicate that measurement z,(cm) originated from an unlabeled object; its state x
is distributed according to £ () in (5.82). On the other hand, f,im) = 0 would indicate
that z,gm) originates from clutter.

The unlabeled PGFL Gx, [h] is given by (5.91) according to
Gy, [h] = e[,
where the posterior PHD \(xj) is given by (5.92). Here, Gx, [h] models all objects that
did not give rise to a measurement at time step k.
5.4 Update Step: First Approximation Stage

The proposed LMB/P filter is now obtained by two successive approximations of the
exact update step presented above, which result in a significant reduction of complexity.

The first approximation stage results in a transformation of certain unlabeled objects
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into labeled objects. More concretely, to reduce the complexity of data association, we
first cluster the LMB-MB mixture pgfl G;(k,Xk [, h] in (5.88) into C LMB-MB mixture
PGFLs. Then we transfer unlabeled objects that were previously unlikely to exist but
satisfy a suitable threshold criterion to the labeled object part, which means that they

are now considered as objects that are likely to exist.

5.4.1 Partitioning of Label and Measurement Sets

The clustering of G [h, h] is based on a partitioning of the label set LY | and of the
ks Nk

measurement set My, ={1,..., My}. More precisely, we partition the label set L; , into
C' € N disjoint subsets, i.e.,
=L, (5.93)
ceC

where C = {1,...,C}, and we partition the measurement index set My = {1,..., M}
into C' + 1 disjoint subsets, i.e.,

My, = ( U M,‘j’) UM, (5.94)

ceC

Each measurement index subset M,(f) C My is associated with a corresponding label
subset ]L,(f_)1 C L;_,, whereas the residual measurement index subset M}® = My \
Uece M ,EC ) is not associated with any label set. More specifically, the partitionings (5.93)
and (5.94) are chosen such that for any ¢ € C, the association (described by dg)) of
an object with state (xg,l), [ € I[‘,,(:zl with a measurement with index m is plausible
for m € M,(f) and implausible for m € M,(f,) with ¢ # ¢. Here, the plausibility of
an association is quantified by the association weight 5,&1"’") in (5.74). An algorithm for
constructing the partitionings (5.93) and (5.94) is presented in the appendix of the thesis.
This algorithm uses a nonnegative threshold ~¢ that determines L,Ef?l, /\/l,iC ), and M.

The above-described partitionings of L, _; and My are illustrated in Figures 5.1
and 5.2, respectively. The proposed overall partitioning scheme is similar in spirit to
the classical gating procedure used, e.g., in the JPDA filter [Bar-Shalom et al., 2011].
However, it is different in that it considers also the (non)existence of objects, it uses
the association weights ﬁ,gl’m) as plausibility measures, it does not rely on any Gaussian

assumptions, and it collects all the residual measurement indices in M},

5.4.2 Pruning

According to our partitioning scheme, only the associations between objects with labeled
state (xg,1), | € L,@l and measurements with index m € ./\/l,(f) are plausible. Thus, by
pruning all the implausible association hypotheses d; € D; that associate some object

)

label [ € L,E,Czl with some measurement index m € M k\/\/llgC , we obtain a more efficient

representation of the relevant association information with fewer association hypotheses.
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Introduced in:
Liy Sec.5.1
]L;(cl)1 IL(G) Sec.54.1
]Lgcl)t - LLC)& Sec. 543
Liss Sec.5.44
y Y
]L}cl)‘“‘ ‘e Lff""‘ Sec.5.43
/ \ \
]L(l)leg ]L“ ]L(C ]LECG)WI Sec.5.5.1
K / e
Lyt Sec.552

Figure 5.1: Some lahel sets involved in the approximations described in Sections 5.4 and 5.5,

Let D™ € Dy denote the set of the remaining (nonpruned) association hypotheses d.

a0 —

Note that our pruning does not include missed detections (described by ), lLe.,
association vectors dg with d() =0, IEIL( )1 are part of Di*™. Therefore, each dr € D™
associates each object label I € ]Li_)l with some measurement index me {0} U ME:).

The pruning yields the following approximation of G;-(k Xy [E’ h] in (5.88):

— N 505
[h,hl =~ Y g, Gﬂf “[h] GE, [h]- (5.95)
dkEDke"l

xer

Here, the weights @g, are given by expression (5.89) but with By replaced by By =

@,dd) ‘ ~
Y dyepien (H‘ELiqﬁk k )HmeMdkﬁJ(am)- This ensures that )y cpren Way, = 1_ and,
thus, that (5.96) remains a valid PGFL. Furthermore, the LMB PGFL G,EE’“?"‘" [h] and
the MB PGFL GMB [h] are given by (5.85) and (5.86), respectively. Using the fact that
the Bernoulli compoueut factors GMEk [h] with m € M} C Mg, appear in each one of

the summation terms in (5.95), we obtain

Gy o] = GYR [ Y 0, GRPHRIGYE el (5.96)
dkEDJPJIl

Here, the MB PGFLs GM]?% [A] and G ) Mo [h] are given by (5.86) with Mg, replaced
by MY and Mg, \ M, Iespectl\f ely.
c)

As a consequence of the pruning, all objects with labels lE]Li_L L.e., corresponding

to cluster e, are now associated only with measurements of the same cluster e, m €
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{0} UM ), and not with any other measurements m € Mk\./\/l(c). This implies that
each entry d( ) of dy € D;™™ associates labels [ € L(C) Z, of cluster ¢ only with measurements
me {0} U ./\/l,(c) of cluster c. Therefore the association vector dj (of dimension |L;_,|)

can be split into C subvectors d € ({o}um C))“L’“ il ce ¢ of lower dimensions |]Lk "
Here, for each ¢ € C, the entry d,(: D of d,(:), with [ € LJQP is defined similarly to d,(c)
in Section 5.3.5 as d,(f’l) 2 mc ./\/l,(f) if the labeled object with state (xx,l) generates
measurement z,im) and d,(f’l) £ 0 if it does not generate a measurement. The admissible
association vectors d]ic) (where admissibility was defined in Section 5.3.5) are collected in

(e

the association alphabet D, ). We can now factor the weights as

Wq, = H 71)d’(€c)7 (5.97)

ceC

where (cf. (5.89))

(e:))
w0 = 1( ( I 8" ) IT & (5.98)
k

el mEM

. c 1,deh m :
with B,g = de)evéc) (H16L<c) ﬁ( )> ILnem e ﬁk ). Here, Md(c) C ./\/l( ) comprises
(c)

all measurement indices m € M~ that are not assomated with any labeled object via
d,ic) € D,E:C) and, thus, originate from an unlabeled object or from clutter. In particular,

M 4= () indicates that all measurement indices m € M,(f) are associated with an object
( ;

with label [ € L,(cczl. Furthermore, we have (cf. (5.85) and (5.86))

LMB,dj, 7 LMBd
G (k] = I;ICO 1O (5.99)
Md \Mres [h] = H M (L) [}L] (5100)
ceC
with
LMB,d\° . (z dhy L @dh
G Ej) | [h] H GBe 1k * :|a
o 1eLl?,
e e = 1] 6™ [n TS AL
'mE/\/tdl(f)

Using the factorizations (5.97), (5.99), and (5.100) as well as the identity eprem =

. . . . . (c)
> dMep® > dOep(© we can rewrite the approximation (5.96) in terms of d,’ as

Gy, 7 h] = GNEes[B] [ G [0, 1], (5.101)

ceC

where
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Introduced in:
Mk Sec.535
/ | \
MS) [ MLG) 1:5 Sec.54.1
M“’s“ Sec.544

Figure 5.2: Some measurement index sets involved in the approximations described in Sections
5.4 and 5.5.

GO L Y w d(c)GLMB a7 [h]GMB ). (5.102)
4O ep®

We note that G(©) [ﬁ,h] and G%Eph [h] represent clustered objects and nonclustered
objects, respectively, which, in both cases, may be likely or unlikely to exist. So far,
we approximated G;I-(k,xk [.;L, h] in (5.88) by expression (5.101), which is the product of
the C LMB-MB mixture PGFLs G©[h, k] in (5.102) and the MB PGFL Gl As
visualized in Figure 5.3, this is the first stage in a series of PGFL a.pproxima.tmns or
modifications that are used in the development of the proposed LMB/P filter. Next, we
will develop approximations of G(c}[fub, h] and GT,E:H [A].

5.4.3 Approximation of the PGFL of Clustered Objects G [?1, h]

We approximate the PGFL of clustered objects, G© [,?1 h], by an LMBM PGFL. To this
end, we recall from Section 5.4.2 that the MB PGFL GMB [h] involved in G©[h, h] in
(e)

(5.102) corresponds to measurements mEMk that DI'igIII:;-t.E! from an unlabeled object
or from clutter. We want to transfer unlabeled objects that are very likely to exist, or
more specifically, (unlabeled) Bernoulli components GBer [h, J(c ), _.,\[:n)]= mEMd(c) with
( ) > Ve, to the labeled RFS part. Here, ’r',(c ™ ; is given by (5.81) and v is a Ikmsitive
threslmld. This transfer is motivated by the fact that the labeled RFS part guarantees
track continuity and, in addition, after further modifications to be described in Section
5.9, achieves a higher tracking accuracy than the unlabeled RFS part. The transfer is ac-
complished by formally replacing the measurement index m arising in GBer [h.; ‘Fém), f_.,(cm}]
by the label I = (k,m). Let ]L.S:)tr collect the labels of the transferred Bernoulli components
(cf. also Figure 5.1). We note that a highﬂ threshold 7, tends to imply a smaller number

tr . .
) |. Furthermore, since the other Bernoulli com-

of transferred Bernoulli components, |IL
Ber —{m F(m) _(m)
ponents G [ s I } (with 77 < 7)), mEM (© model objects that are unlikely

to exist, we prune them. This is done by setting h= 1 bet‘au%e GBer [1 ?{m,f(m ] =1,
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Gg,o x [y 1l Z1:1]

=

i
kasxk

[, h]

\

N

Gx, [h]

Figure 5.3: Some PGFLs involved in the approximations described in Sections 5.4 and 5.5.
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With these modifications, G(9[h, ] in (5.102) is replaced by (cf. Figure 5.3)

5 LMB,d;®)
G( )[h] £ Z w ’(C)G (c)tnt [h]ﬂ (5103)
4@ cp/© F
with the LMB PGFL
/(c) ~ 1(c,l) 1(c,l)
GL?ﬁf = [ ¢ [, e ). (5.104)
leL(c)tut
k

Here, the label set ]L( ot i given as (see Figure 5.1)

L0 2 1) G 1iot (5.105)
where IL,,E °) a IL,( = (). Furthermore, the entries dy el) of the association vector d,;(c)

9 ({0} U./\/l,(:))lﬂ‘k iy x {0, 1}|L( 7| are defined as follows: for leIL,,(C)l, dk(C D i equal
to d,(:’l) (as defined in Section 5.4.2), and for ZE}LI(C ojr , dk( ) i 1 if the labeled object with

state (xi,!) generates measurement z,i ") and 0 if it does not generate a measurement.

Next, the association alphabet D () cd, 1) ¢ D( <) collects all the admissible association
vectors d /(<) (we recall that admissibility was defined in Section 5.3.5). The LMB PGFL

GLI(\f)]?Dg [A] in (5.103) comprise Bernoulli PGFLs for ZGL( )1 and for [ € ]L( " In the
L

first case, the parameters r,(f ™) and fi (Lm) (xy) of these Bernoulli components (cf. (5.85))
are given for m € M,(c) by (5.75) and (5.76), respectively and for m = 0 by (5.78) and
(5.79), respectively. In the second case, i.e., = (k,m) € }L,(:)tr, the parameters 'r,g’l) and
f,gl’l)(a:k) are given for by F,(cm) in (5.81) and f,im) (x) in (5.82), respectively; furthermore
r,il’o) = 0 whereas f,gl’o)(a:k) is not defined since the object does not exist. Finally, the

weights w () are given by (cf. (5.98))
k:

ld’(c) m
w0 = ( T & >> [T 5", (5.106)
/ﬂ

le]L(C)tOt m,GMd},c(C)

where M 4 & M ) comprises all measurement indices m € M ) that are not associated
with any obJect label le]L(C)tot For ZEL,E: )1, the association welghts p’k ) are given for
m € M(P) by (5.74) and for m = 0 by (5.77), and for lE]L(F)tr the [)’k ) are given for m =
1 by (5.80) and for m = 0 by 1. Furthermore, the [3 ) are given by (5.80). The normal-

[d/((, 1) m
ization constant B, 1) g given by B, ©) & Zd,ﬁ,(”)eD;,(C) (HZGL@M 5( )> Hm/eMd/(C) ﬁ,g, ),
k

To summarize, we approximated the PGFL of clustered objects G(“)[h, h] in (5.102),
which is an LMB-MB mixture PGFL, by the LMBM PGFL G(©[A] in (5.103). This
approximation involved the transfer of unlabeled Bernoulli components to the labeled
RFS part. Finally, replacing in (5.101) G(9[h, k] with G(©)[h], we obtain
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G x 11 = GXgas[n] [T GTh). (5.107)
ceC

5.4.4 Approximation of the PGFL of Nonclustered Objects GM Mm [h]

Next, we consider the MB PGFL G} Mres [h] of nonclustered objects in (5.107). We recall
from Section 5.4.2 that

GNPaln) = [T &P [msr™, 7).
me My

Similarly to the measurements m € M ) involved in G%!B( )[h] in (5.102), the measure-
k d\°¢

ments m € M}* involved in G%A%es [h] originate from an unlabeled ob ject or from clutter.
Analogously to Section 5.4.3, we transfer objects that are likely to exist to the labeled
RFS part, and thus we formally replace the measurement index m in each Bernoulli com-
ponent GB [; 7", ™, m € MI® of GNBur[h] with 7™ > 5 by the label L = (k, m).
These labels are collected in the set L;* AT (see Figure 5.1), and the corresponding mea-

Tes, tr

surement indices are collected in the set M~ C M (see Figure 5.2). The remaining
measurement indices are collected in the set M} = M\ M*>™ (again see Figure 5.2).
As before, a higher threshold ~;; tends to imply a smaller number of transferred Bernoulli

’eres,tr’

components, . Using these modifications, G}\([A%es [h] is approximated according to

(see Figure 5.3)
Gt ] = Gﬁafﬁr (RGN ], (5.108)

where the PGFLs are defined as

Gprek (] 2 T &, 7, (5.109)

res,tr
lel,™

with [ = (k,m) and G’MB (h] 211,.c M;@G’Ber [; f,(cm), fkm)] ; here the existence probabilities
and spatial PDFs are glven by (5.81) and (5.82), respectively. Inserting (5.108) into

(5.107) yields . 3 .
Gy x 11l Z1g] = GLreS LR GNE R TG (5.110)
ceC
Finally, inserting approximation (5.110) into (5.39) and grouping terms, we obtain (again

see Figure 5.3)

G [ M| Zu] = G [h] G, Bl (5.111)
with the labeled part
G;Zk[ £ res tr h] H G L) (5112)
ceC
and the unlabeled part
G, [h] = G (] Gx, [h]. (5.113)
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5.5. UPDATE STEP: SECOND APPROXIMATION STAGE 91

Here, Gx,[h] is the Poisson PGFL given by (5.91) and (5.92). Note that G} [h] is an
MB-Poisson PGFL representing unlabeled objects, which are objects that are unlikely
to exist.

In summary, in the first approximation stage, the exact joint posterior PGFL
G, x, [ bl Z1k) = G% %, [h, hGx, [h] in (5.39) is approximated by Gg, [ G5, [1] in
(5.111). Here, G’ [h] is the PGFL of a labeled RFS, more precisely, the product of
the LMB PGFL GE?& [4] and the LMBM PGFLs G©[h], ¢ =1,...,C. Furthermore,
G, [h] is the PGFL of an unlabeled RFS, more specifically, the product of the MB PGFL
G%E [h] and the Poisson PGFL Gy, [h]. The overall effect of the first approximation stage
is on the one hand (i) to reduce the overall complexity (via the clustering and pruning
described in Section 5.4.1 and Section 5.4.2, respectively) and on the other hand (ii) to
transfer the part of the unlabeled RFS representing likely unlabeled objects to the la-
beled RFS (see Sections 5.4.3 and 5.4.4). As a result of this transfer, some objects that
were previously modeled as unlabeled objects are now considered as labeled objects. This
transfer can be viewed as the creation of “new” labeled objects. Note that this creation is
an inherent part of our tracking algorithm, and not due to a birth process in our system
model (cf. Section 5.1.1).

5.5 Update Step: Second Approximation Stage

In the second approximation stage, we approximate Gg(k [A] in (5.111) and (5.112), which is
the product of an LMB PGFL and C LMBM PGFLs, by an LMB PGFL. Furthermore, we
modify G5 [h] in (5.111) and (5.113), which is the product of an MB PGFL and a Poisson
PGFL. This modification consists of first combining G [h] with the “unlikely” legacy
Bernoulli components of the LMB PGFL approximating G’;(k [h] and then approximating
the resulting PGFL by a Poisson PGFL.

5.5.1 Labeled Objects

We first approximate the PGFL of labeled objects, G;?k [71/], by an LMB pgfl, and then
we transfer labeled objects that are unlikely to exist to the unlabeled RFS part. This
transfer is known as recycling [Williams, 2012].

According to (5.112), G [h] = Gi%ﬁr (7] T1.cc G'1h]. To approximate G [h] by an
LMB PGFL, we first note that the product of LMB PGFLs is again an LMB PGFL and
that G’Ll\é[s]%r[h] is already an LMB PGFL. Therefore, we now approximate the LMBM
PGFLs G(C) [h], ¢ € C by LMB PGFLs. For this, we start from expression (5.103) and
exploit the fact that the weights w et d, /(e )ED (e ) n (5.106) satisfy > g Hep!

Thus, we are able to formally 1nterpret them as the PMF of the random assomatlon vector
dk(t), i.e., we set

1(c) W l(c) =1.
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1(c) /(C)
c W Li(e) s d < D
p(d) 24 _ (5.114)
0, otherwise.

Expression (5.103) can then be rewritten as

aF o) ~LMB,d/)
GOm = 3 p(dy ))GL(?)tot 7], (5.115)

(€) e (€)
dk eDk

Here, the summation over the larger set 15,(5) (i.e., larger than Dgc) in (5.103)) is possible
because p(d,é(c)) = 0 for d,lg(c) € f),gc)\Dgc). Note that ﬁ,gc) also includes inadmissible

associations.

Following the approach taken in [Williams, 2015] and our proposed fast LMB filter of

Chapter 4, we now approximate p(d,, /() ) by the product of the marginal PMFs p(d,, (e, l)),
ie.,
p(@ ) ~ I p@"), d2edy. (5.116)
ZE]L,(CC)';O';
Here,

p(d];(c,l)) 2 Zdﬁc)”leﬁﬁ)leg p(dl’c<6))> Le Li@p (5.117)

S gromiepen p(d7), LeL"
(recall that L,(Cc)t()t = L,(Cczl U L,(Cc)tr), where d,’c(c)wl denotes the vector d,;(c) without entry
d,;(c’l), and the summation sets are defined as Zslgc)leg £ ({0}u ./\/l,(f)) i, x {0, 1}/
and 1512,6)“ = ({0} UM;(CC))lLEf_)Il x {0, 1}”‘5:)“'*1. We note that an efficient and scalable

approximate implementation of the marginalization in (5.117) is provided by the belief

1L(c)tr

propagation algorithm proposed in [Williams, 2015]. Inserting approximation (5.116) in
(5.115) and using (5.104) yields the following approximation of G()[A]:

v(e) 7, c +Ber ld/,(c’l) ,[,d{(c’l)
GO R & Z H ’( 4) ) GBer [ IE: K )Jk(: k )]

c c c)tot
a9 e D) el

Using > o 50 = 2 e EREED DI ©
d, " eD, d; " e{0tuM,” ( L 24D ¢ (e, Ly 7 1+1)
hOSTR B CLORM “efopum 4, YT efo,1)
X c c)tr n c — c c)tr hl m
Zd(“’|"‘§c—)1‘+|"‘§g )t |)€{0 N and HlelLi Jtot HZEL;&L HIG]LL yer, this becomes
N ,

~ _ 1(c,l) 1(c,l)
G(C)’[h] — ( H Z p(d]’c(c’l)) GBer [h; r](glvdk )7 f]glvdk )])

1€l @/ Defoyum!d

(e,1) 1(e,l)

C[) vBer (Ld 7y L (Ld )

< [T > @)oo lhr™ p™ .
[eu‘g,)tr ’:(LZ)G{O’I}
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5.5. UPDATE STEP: SECOND APPROXIMATION STAGE 93
Using (2.15), this can be written as the LMB PGFL

¢ = ] B[kl 1], (5.118)

ZGLE:)W‘;

where, according to (2.16), r,(cl) and f()(x};) are given for ZEL,EC_)l by

1(c,l)
D DR (A L (5119)
d;“Veforum”
1 c (e,l) /(c,
f(l)(il?k) =5 Z p(d,g( vl))r,il’dk )f(l,dk( l))(mk), (5.120)

,
kg, Defopum?

and for 1€ L™ by

1(e,l)__
r,gl) = p(d,’c(c’l):l) r,(cl’d" _1), (5.121)
FO(ay) = fEE=D (g, (5.122)
a{"M= c)tr
To obtain (5.121) and (5.122), we used the fact that r(l’ B0 _ 0 for [ € L )t, as
k k

mentioned in Section 5.4.3.) Note that (5.119)—(5.122) are the update equations for
the labeled objects; more specifically, (5.119) and (5.120) are the update equations for
the legacy Bernoulli components and (5.121) and (5.122) are the update equations for
the transferred Bernoulli components. Analogously to Section 4.1, it can furthermore be
shown that our LMB approximation of the LMBM PGFLs—which is based on interpreting
the weights w a'© as the joint association PMF p(d,’g(c)) and approximating that PMF
by the product of its marginals—is fully equivalent to the LMB approximation of the
LMBM PGFLs that is obtained by matching the PHD of an LMB PGFL to that of the
corresponding LMBM PGFL.

Let L.V"*8 C L), collect the labels € L\, of those legacy Bernoulli components that
are “likely” in the sense that their existence probability 7",(!) in (5.119) satisfies r,il) 2 Veg>
where vieg is another positive threshold. The total label set of all “likely” legacy Bernoulli

components and transferred Bernoulli components is then given by (see Figure 5.1)

Li = (U oL o, (5.123)
ceC
where Li*™>" was introduced in Section 5.4.4. The LMB pgfl corresponding to L, is now
given by
v [T vBer [7, l (1
Gy 1) 2 TI 6P [frd, 1) (5.124)
leL;

(see Figure 5.3), which equals the product of the LMB pgfl GIME [4] involved in (5.112)

res,tr
]Lk,
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and the C' LMB pgfls obtained by restricting the LMB pgfls in (5.118) to the label sets
}L,ic)leg, for all ¢ € C. This is our final approximation of the labeled object part, i.e., of

the PGFL G [A] in (5.112). That is, we have

Gg(k [h] ~ G;i(k [h].

The “unlikely” legacy Bernoulli components correspond to the labels [ € ]L.](CC_)1 with
r,(f) < 7ieg, OF equivalently to [ € }L,ic)unl = }L,(Ql \]Ll(f)leg. Instead of discarding them, as
is done, e.g., in the LMB filter [Reuter et al., 2014], we transfer them to the unlabeled
RFS part. As a consequence, these unlikely objects are still being tracked but with a
smaller computational cost. A higher threshold e tends to imply that fewer Bernoulli
components remain in the labeled RFS part and more are transferred to the unlabeled
RFS part. We note that the Bernoulli components transferred to the unlabeled RFS part
comprise only legacy Bernoulli components and do not include Bernoulli components that
were previously transferred from the unlabeled RFS part to the labeled RFS part. This is
due to the fact that the corresponding label sets ]L,Eil and ]L,Ef)tr are disjoint (cf. (5.105))
and, thus, Bernoulli components that were transferred from the unlabeled RFS part to

the labeled RFS part are not transferred back in the current time step.

5.5.2 Unlabeled Objects

We proceed by representing unlabeled and currently labeled objects that are unlikely
to exist by a Poisson RFS. Compared to our previous use of an LMB RFS to represent
objects that are likely to exist, using a Poisson RF'S reduces the computational complexity
at the expense of a decreased tracking accuracy and the loss of track continuity for the
respective objects.

According to our discussion above, the labeled PGFL comprising all the unlikely

legacy Bernoulli components is (cf. Figure 5.3)

GraP[r] 2 IT e, 71, (5.125)
lelLyn!
with (see Figure 5.1)
Lyt e )L (5.126)
ceC

We now combine the labeled (LMB) PGFL GEMF‘ [h] with the unlabeled PGFL G [A] in
k
(5.113) by defining

Gy (b k] & Gl [RIGY, [h]. (5.127)

unl
]Lk:

We recall that G} [h] is the product of an MB PGFL and a Poisson PGFL (cf. (5.113)),
and it represents unlabeled objects that are unlikely to exist. Thus, the LMB-MB-
Poisson PGFL G’;TXP [h, h] represents both the labeled and unlabeled objects that are
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unlikely to exist.
In order to further reduce the complexity of the update step, we next approximate
G“n1 [h h] by a Poisson PGFL, i.e. (cf. Figure 5.3)

Gy [y h] ~ G, 1] 2 eMlh =11, (5.128)

To find the PHD \* (), we first “unlabel” the LMB PGFL of (5.125). This results in the
MB PGFL G[Uml[ 1= 11, elLyn! GBer [h; r,g), f,gl)], wherein [ € IL,‘,;I’l is used solely to index
the Bernoulli components and not as the label of a labeled state (xk,!) in an LMB RFS.
Through this unlabeling, the mixed labeled /unlabeled PGFL G“n1 [ﬁ, h] in (5.127) is
converted into the unlabeled (MB—Poisson) PGFL

G h) = Gram[h] G, [h].

The PHD \*(xy) is now chosen as the PHD corresponding to G%il[h]. That is, invoking
(2.9), we set \*(xz) = 0GY![h]/dxy|,_,. Using (5.113), (5.91), and (5.92), this can be
shown to yield

N () = Z Z Fim) f )+ (1=pp (k) A1 (zr),  (5.129)

leLys! meMj,

where r,g) and f®(x;) are given by (5.119) and (5.120), respectively, f,im) and £ ()
are given by (5.81) and (5.82), respectively, and Ay;—1 (@) is given by (5.37). The first
term in (5.129), =) cpun r,E ) ¥ (z},), corresponds to originally labeled objects that are
unlikely ot exist—either because the objects already disappeared or because no measure-
ment was associated with them for some time. The second term, > M, r,(c ™) FO) (xy),
corresponds to measurements that are not likely to originate from any labeled objects.
The third term, (1— D (:ck)))\kw,l(mk), corresponds to unlabeled objects that are un-
detected. The Poisson PGFL G, [h] defined in (5.128) is our final approximation of the

unlabeled object part.

5.6 The Proposed LMB /P Filter

The core of the proposed LMB/P filter algorithm is the approximate update step de-
veloped in Section 5.4 and Section 5.5, which transforms the predicted posterior PGFL
Gs,. [h, h| Z1g 1] = G)~(~k [h]Gx, [h] in (5.29) into the following approximation of the new
posterior PGFL Gy, y [h, h|Z1.4] in (5.39):

Gy x [ W Z14) = G [R) G, 1]

This is the product of the LMB PGFL G’;i(k [A], which is given by (5.124), (5.109) and
(5.119)—(5.122), and the Poisson PGFL G5, [h], which is given by (5.128) and (5.129). The
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update relations are (5.119)—(5.122) for the LMB parameters (existence probabilities and
spatial PDFs) and (5.129) for the Poisson parameter (PHD). Note that in the approximate
update step, implausible object-measurement associations are pruned. Furthermore, a
part of the unlabeled RFS is transferred to the labeled RFS and a part of the labeled
RFS is transferred to the unlabeled RFS. These transfers are controlled by the thresholds
YC5 Virs and Yyeg-

The proposed LMB/P filter algorithm is finally obtained by cascading the prediction
step (Section 5.2) and the approximate update step (Sections 5.4 and 5.5), and by adding
a detection-estimation step. Since the unlabeled RFS part represents objects that are
unlikely to exist, object detection and state estimation are based solely on the labeled
RF'S part. An object with label [ € IL} is detected—i.e., declared to exist—if its existence
probability r,(f) is larger than a positive detection threshold vp; the label [ is then included
in the set ]L.]k) C 7. Subsequently, for each detected object [ LP, an MMSE state

estimate is calculated according to
&) = /mkf(l)(:l:k)da:k. (5.130)

Table 5.1 summarizes the proposed LMB/P filter algorithm.

5.7 Numerical Study

In the following, we analyze the performance of the proposed LMB/P filter by means
of simulation experiments. More precisely, in Section 5.7.1, we describe the underlying
simulation scenario, and, in Section 5.7.2, we present the obtained tracking results of the
LMB/P filter compared to those obtained by several state-of-the-art RFS-based tracking
filters.

5.7.1 Simulation Setup

We evaluate the performance of the proposed LMB/P filter in two two-dimensional (2D)
tracking scenarios, termed T'S1 and TS2. In TS1, ten objects appear at randomly chosen
positions in the region of interest (ROI) before time k=40 and disappear after k= 150.
In TS2, 20 objects appear before k=100 and disappear after k= 140; they conform to
the object generation scheme of [Meyer et al., 2017], according to which all objects move
toward the point (0,0) and simultaneously come in close proximity around that point at
k=120. The object states consist of 2D position and velocity, i.e, Xx = [X1,% X2,k X1,k >'<27k.]T.
They evolve according to the nearly constant velocity motion model, i.e., xx = Ax;_1 +
Wu,, where A € R*** and W € R**? are chosen as in [Bar-Shalom et al., 2002, Sec. 6.3.2]
and ug is an iid sequence of 2D zero-mean Gaussian random vectors with independent

components and component variance o2 = 10~% The sensor is located at position p =
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Table 5.1: Proposed LMB/P filter algorithm—recursion at time k >1

Input: Previous existence probabilities 7(!) and previous spatial PDFs f()(x)_1) for [€ L |;
previous PHD A(x,_1) (in practice, this is replaced by the previously calculated approximation

A*(x4_1)); measurements z\™ for m e M.

Output: Existence probabilities r,(f) and spatial PDFs f{)(x;) for [ € L}; approximate PHD
A*(xy); object state estimates 502” for [€LD.
Operations:

Step 1 — Prediction:

1.1) ForleLj ,, calculate the predicted existence probabilities r,(fl‘i_l and the predicted spatial

PDFs /), (a) according to (5.32) and (5.33), respectively.

1.2) Calculate the predicted posterior PHD Ay j;_q(x) according to (5.37).

Step 2 — Preparations for Update:

2.1) For [ € L;_,, calculate the association weights Bkl’m), existence probabilities r,(f’m), and
spatial PDFs f(™)(x,,) according to (5.74)—(5.76) (for m € My,) and (5.77)—(5.79) (for
m=0).

2.2) For m € My, calculate 8™, 7™ and F\"™ (x1,) according to (5.80)—(5.82).

2.3) Partition the label set L;_, and the measurement index set M, as described in Section
5.4.1. This yields L\, and M\ for ¢ €C as well as MZe.

2.4) Determine ]L,(‘f")‘Br for ¢ € C as described in Section 5.4.3, and L;*™* (corresponding to
M) and M, as described in Section 5.4.4.

Step 8 — Update for Labeled Objects:

3.1) For c € C, calculate the weights w ) according to (5.106) and the joint association pmf
k
p(d) according to (5.114).

3.2) For c€C and 1€ LI = L{? UL!"™ calculate the marginal association PMF p(d;(c’l) )
according to (5.117). (An efficient BP algorithm for computing ]7(d,:fc’l)) is presented
in [Williams, 2015].)

3.3) For ¢ € C, calculate the updated existence probabilities r,(f) and spatial PDFs £ (x;,)
according to (5.119) and (5.120) (for [€ L\ ) and (5.121) and (5.122) (for [ € L{”™).

3.4) For ¢ € C, determine L!”"* and L!”"' ags described in Section 5.5.1 and Section 5.5.2,
respectively.

3.5) Determine L} according to (5.123) and L™ according to (5.126).

Step 4 — Update for Unlabeled Objects: Calculate the approximate updated posterior PHD \*(xy,)
according to (5.129).

Step 5§ — Object Detection and State Estimation:
5.1) Determine LY as described in Section 5.

5.2) For [ € LD, calculate an object state estimate :EEJ) according to (5.130).

Initialization at time k=0: L§=0, A\o(xo).
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[p1 p2]* = [0 —50]T and has a measurement range of 300. The ROI is equal to the disk
determined by the sensor’s measurement range.
The object-originated measurements conform to the nonlinear range-bearing model

z = [ﬂ(xk) 9(Xk)]T+ vi. Here, p(x;) £ |}, — p||, where x| = X1,k xzk]T is the
X2,k—P2)
X1,k—P1

measurement noise with independent components and component standard deviations

object position, and 6(x;) £ tan!( Furthermore, v, is 2D white Gaussian
o, =2 and oy = 1°. The detection probability of the sensor is modeled as pp(xi) =
PD,max exp(—||z}||?/450?) [Reuter et al., 2014] with pp max = 0.7 for TS1 and pp max= 0.5
for TS2. Thus, the detection probability has its maximum of 0.7 for TS1 and 0.5 for TS2
at the ROI center and decreases towards the ROI border, where it is 0.45 for TS1 and
0.32 for TS2. The clutter PDF fc(zk) is uniform (in polar coordinates) on the ROI with
mean parameter pc =100 for TS1 and ;¢ =150 for TS2. Note that TS2 is similar to the
simulation scenario analyzed in Section 4.4 with the main exceptions of a state-dependent
detection probability and a higher clutter rate (100 and 150 compared to 10 and 50). This
makes TS2 even more challenging than the scenario in Section 4.4.

We compare the performance of particle implementations of the proposed LMB/P
filter, the LMB filter [Reuter et al., 2017], the fast LMB filter proposed in Chapter
4, and a version of the TOMB/P filter [Williams, 2015, Kropfreiter et al., 2016] that
performs recycling of Bernoulli components as proposed in [Williams, 2012]. We remark
that our performance comparison does not consider algorithms with a significantly higher
complexity, such as the GLMB filter [Vo and Vo, 2013, Vo et al., 2014] or the trajectory-
based filters proposed in [Garcia-Fernandez et al., 2020b, Granstrom et al., 2018, Xia et al.,
2019,Garcia-Fernandez and Svensson, 2019]. Note also that the latter filters use Gaussian
representations of spatial distributions and thus presuppose a linear-Gaussian system
model, which is incompatible with our nonlinear measurement model. Qur performance
comparison uses 1000 Monte Carlo runs for each experiment. The object trajectories for
both TS1 and T'S2 are randomly generated for each run according to the state-transition
model described above.

The proposed LMB/P filter and the TOMB/P filter use the belief propagation (BP)
algorithm of [Williams, 2015] to calculate approximations of the marginal association
probabilities (cf. Eq. (5.117) and Steps 3.1 and 3.2 in Table 5.1), and the fast LMB
filter of Chapter 4 uses the BP algorithm described in Section 4.2. We will therefore
refer to these filters as BP-LMB/P, BP-TOMB/P, and BP-LMB, respectively. The LMB
filter of [Reuter et al., 2017] is based on the Gibbs sampler and will be referred to as
Gibbs-LMB. BP-LMB/P and BP-TOMB/P use 5000 particles to represent, respectively,
the posterior PHD of unlabeled objects and the posterior PHD of undetected objects.
Another 5000 particles are used by BP-LMB/P and BP-TOMB/P to represent newborn
unlabeled objects and newborn undetected objects, respectively, but the resulting 10000
particles are reduced to 5000 particles after the update step. All filters represent the
spatial PDF of each Bernoulli component by 1000 particles. BP-LMB/P, BP-LMB, and
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Figure 5.4: MOSPA error of BP-LMB/P versus time for TS1 using parameter settings PS1
through PS4 (defined in the text).

BP-TOMB/P use 20 BP iterations to calculate the approximate marginal probabilities.
The Gibbs sampler in Gibbs-LMB uses 100 samples for T'S1 and 1000 samples for TS2.
All filters declare an object as detected if the existence probability of the corresponding
Bernoulli component exceeds vp =0.5, and when this is the case, they calculate a sample
mean approximation of (5.130) from the particle representation of the corresponding
spatial PDF.

The birth statistics of all filters are established using the previous measurements z,irf)l,
m € My_1. More precisely, BP-LMB/P and BP-TOMB/P choose their birth PDF as a
mixture of the PDFs

N](gm)(mk) O</f($k|ivk—1)f(zigm)l|f'31,k—1,$2,k—1)fv(x'l,k—l & p—1)der_1,

for m € My_q1. Gibbs-LMB creates a new Bernoulli component for each measurement
z,E,T)l, m € My_1, with spatial PDF fg:(k’m))(mk;) = f]gm)(:ck) and BP-LMB uses the
Bernoulli generation scheme proposed in Section 4.3 with the spatial PDFs fg =) ()
in (4.40) being equal to f']gm)(a:k). The mean number of newborn objects is jg = 0.1 for
all filters. In BP-LMB/P and BP-TOMB /P, the mean number of, respectively, unlabeled

objects and undetected objects is initialized as 0.01.

5.7.2 Simulation Results

In Figure 5.4, we study the performance of BP-LMB/P for TS1, using four different
choices of the thresholds 74;, vo, and 7eg. The figure displays the Euclidean distance
based mean optimal subpattern assignment (MOSPA) metric with cutoff parameter ¢=20
and order p =2 [Schuhmacher et al., 2008] versus time k. Each curve shows a specific
threshold parameter setting (PS) and was obtained by averaging over 1000 Monte Carlo
runs. The PSs are defined by the values of i, 7o, and 7 specified in Table 5.2; in
particular, PS2 uses a higher value of 7ieg, PS3 a higher value of v¢, and PS4 a higher
value of ;.
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Vtr C Neg
PS1 1072 10719 1072
PS2 1072 1071 107!
PS3 1072 1072 1072
PS4 10~! 10719 1072

Table 5.2: Threshold parameter settings (PSs) used for TS1.

Vtr ale; Veg TP T
TS1 10=2 10~ 1072 1073 1073
TS2 1073 107'% 10=% 107=* 107*

Table 5.3: Thresholds 7, vc, and e used by BP-LMB/P, vp used by BP-LMB and Gibbs-
LMB, and 1 used by BP-TOMB/P.

One can see in Figure 5.4 that the lowest MOSPA curve is achieved for PS1, i.e., for
the lowest threshold values. However, a further reduction of the thresholds would not
decrease the MOSPA curves further but would result in a higher filter runtime. If 7jeg is
increased (as in PS2), then according to Section 5.5.1, there tend to be more Bernoulli
components [ such that r,(cl) falls below e, and which are hence transferred from the
LMB part to the Poisson part. In challenging scenarios, such as low pp (%) and/or high
clutter, it can then happen that Bernoulli components are transferred to the Poisson part
even though the corresponding objects exist, and this will generally reduce the tracking
performance. If v¢ is increased (as in PS3), then according to Section 5.4.1, this generally
results in a larger number of subsets }L,(:_)l, which may imply that some labeled objects are
no longer correctly associated with the measurements and thus the tracking performance
is again reduced. Finally, if v, is increased (as in PS4), then according to Sections 5.4.3
and 5.4.4, fewer Bernoulli components are transferred to the labeled RFS part, which
may again result in a poorer tracking performance.

Therefore, for TS1, we will hereafter use the thresholds of PS1. These thresholds are
shown again in Table 5.3, along with the thresholds used in TS2. In fact, for the more
challenging TS2, we observed that the thresholds in Table 5.3 resulted in a better MOSPA
performance; in particular, we use smaller values of v and 7jeg. Table 5.3 furthermore
shows the threshold vyp used by BP-LMB and Gibbs-LMB for pruning Bernoulli compo-
nents and the threshold v used by BP-TOMB/P for transferring Bernoulli components
of the multi-Bernoulli part of the posterior state RFS to the Poisson part.

Figure 5.5 shows an example of the estimated object trajectories obtained with BP-
LMB/P for TS1 and for TS2, along with the true trajectories. One can see that the
estimated trajectories closely match the true trajectories in both scenarios.

Figure 5.6 compares the MOSPA performance of BP-LMB/P, Gibbs-LMB, BP-LMB,
and BP-TOMB/P for TS1 and TS2. It is seen that for TS1, the performance of BP-
LMB/P is almost identical to that of BP-LMB and BP-TOMB/P whereas the perfor-
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Figure 5.5: Example of the true object trajectories (represented by blue lines, starting positions
indicated by blue crosses) for (a) TS1 and (b) TS2, as well as the corresponding estimates
obtained with the proposed BP-LMB/P filter (represented by red lines). The position of the
sensor is indicated by a black circle. The green circles show the measurements of the sensor at

time k=100 within the region [—150,150] x [-150, 150].
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Figure 5.6: MOSPA error of the four filters versus time k for (a) TS1 and (b) TS2.

mance of Gibbs-LMB is noticeably poorer. For TS2, the results are similar except that
the performance gap of Gibbs-LMB is much larger. This performance gap is due to the
fact that Gibbs-LMB ignores relevant association information (cf. Section 4.4.3). The
amount of relevant association information taken into account by Gibbs-LMB grows with
the number of samples used in the Gibbs sampler, but this comes at the cost of a higher
computational complexity. In challenging scenarios such as TS52, more association infor-
mation is required to obtain good results; this explains the larger performance gap of
Gibbs-LMB in that case (even though for TS2, our Gibbs-LMB implementation used ten
times more samples than for TS1). Overall, these results also demonstrate the excellent
performance of the BP algorithm used by BP-LMB/P, BP-LMB, and BP-TOMB/P to
compute the marginal association probabilities.

In Figure 5.7, we compare BP-LMB/P, Gibbs-LMB, BP-LMB, and BP-TOMB/P

for TS2, using instead of the MOSPA metric the trajectory metric proposed in |Garcia-
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Figure 5.7: Trajectory error of the four filters versus k for TS2.

Fernandez et al., 2020a] with cutoff parameter ¢=20, order p=2, and switching penalty
~=2. This metric can be decomposed into a “location error” (the location error of detected
objects), a “false error” (caused by “false objects”), a “missed error” (caused by “missed
objects”), and a “switching error.” Here, false objects are detected objects that do not
correspond to any object within the ground truth, whereas missed objects are objects
within the ground truth that do not correspond to any detected object. Differently
from the OSPA metric, the trajectory metric also takes into account the switching error
caused by track switches, i.e., when a detected object is associated with different objects
within the ground truth at different times. According to Figure 5.7, the trajectory metric
performance of BP-LMB/P is slightly better than that of BP-LMB and BP-TOMB/P and
significantly better than that of Gibbs-LMB. These results agree with our MOSPA results
in Figure 5.6 (note the different y-axis scales used in the two figures). In addition, they
show that BP-LMB/P also succeeds in estimating object trajectories, not just individual
object states.

The four error components of the trajectory metric for TS2—i.e., location error, false
error, missed error, and switching error—are shown individually in Figure 5.8. Whereas
for each error component the results of BP-TOMB/P, BP-LMB, and BP-LMB/P are
quite similar, those of Gibbs-LMB are partly very different. This can be explained by
the fact that Gibbs-LMB ignores valuable association information and thus detects some
of the objects only with a delay or not at all. As a consequence, the number of missed
objects is rather large, which leads to a significantly higher missed error (Figure 5.8(c)).
Furthermore, the smaller number of detected objects (compared to the other three filters)
in turn implies a smaller number of false objects (Figure 5.8(b)) and also lower location
and switching errors (Figures 5.8(a) and 5.8(d)).

It can also be seen that for all filters, the missed error shown in Figure 5.8(c) is
much larger than the other error components (note the widely different y-axis scale used
in Figure 5.8(c) compared to the other parts of Figure 5.8). Thus, the missed error
dominates the overall trajectory metric, which explains why Figure 5.8(c) is similar to
Figure 5.7. Furthermore, the high missed error of Gibbs-LMB (compared to the other
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Figure 5.8: Individual components of the trajectory metric of the four filters versus & for TS2:
(a) location error, (b) false error, (c¢) missed error, and (d) switching error.

three filters) is not compensated by the fact that the other error components are lower.
The other three filters, i.e., BP-TOMB/P, BP-LMB, and BP-LMB/P, exhibit a similar
performance, with BP-LMB/P performing best. The latter fact can be attributed to the
proposed transfer scheme between the Poisson part and the LMB part. Indeed, these
simulation results suggest that our transfer scheme, with an appropriate choice of the
thresholds tr, Vieg, and ¢, can result in performance advantages compared to both BP-
LMB (using a pruning of Bernoulli components) and BP-TOMB/P (using a recycling of
Bernoulli components). These advantages come in addition to the lower filter runtimes
obtained with BP-LMB/P, as reported presently.

Table 5.4 lists the average runtime per time (k) step required by MATLAB imple-
mentations of the various filters on an Intel quad core i7-6600U CPU. Also shown is the
average number of Bernoulli components per time step employed by each filter. Again,
these numbers were obtained by averaging over 1000 Monte Carlo runs. One can see that
BP-LMB/P achieves the lowest runtimes of all filters; furthermore, it employs the lowest
numbers of Bernoulli components of all filters except Gibbs-LMB. We note that, as is
demonstrated by Figure 5.6, this low complexity of BP-LMB/P does not come at the



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

104 CHAPTER 5. AN EFFICIENT LMB/POISSON FILTER

Filter RT-TS1 RT-TS2 NBC-TS1 NBC-TS2
BP-LMB/P (proposed) 1.33s  5.05s 15.21 162.82
Gibbs-LMB 5.12s 7.94s 9.69 34.23
BP-LMB 5.505s 21.68s 34.15 861.96
BP-TOMB/P 10.66s  16.09s 63.33 521.93

Table 5.4: Measured complexity of the four filters for TS1 and TS2. RT-TS1 and RT-TS2
designate the average runtime per time step, and NBC-TS1 and NBC-TS2 designate the average
number of Bernoulli components per time step.

cost of a poorer MOSPA performance. Also, while Gibbs-LMB employs fewer Bernoulli
components (especially for TS2), its MOSPA performance for TS2 is significantly poorer.

We can conclude from the results in Figures 5.6-5.8 and Table 5.4 that BP-LMB/P
offers a superior performance/complexity compromise relative to the other filters. It has
a significantly better performance than Gibbs-LMB (especially for TS2) and also a lower
runtime. When compared to BP-LMB and BP-TOMB/P, the runtime of BP-LMB/P is
much lower while its performance is almost identical. The low runtime of BP-LMB/P is
a direct consequence of the fact that objects of highly unlikely existence are modeled by
the Poisson RFS. The performance advantage of BP-LMB/P over Gibbs-LMB is mainly
due to the fact that BP-LMB/P takes into account more association information. Gibbs-
LMB ignores relevant association information, which allows it to employ fewer Bernoulli
components but also results in a poorer performance. For challenging scenarios with a
high number of (closely spaced) objects and/or a low detection probability and/or strong
clutter, the number of samples used by the Gibbs sampler must be increased significantly
to obtain an acceptable MOSPA performance, and this entails a higher complexity.

In this chapter, we proposed an efficient RFS-based multi-object tracking algorithm
based on the modeling of the multi-object state by an LMB/Poisson tuple. While the
presented algorithm achieves an excellent performance/complexity compromise, tracking
performance can be improved by the use of multiple sensors. In the next chapter, we
present a new efficient yet high-performing RFS-based distributed multi-sensor multi-

object tracking algorithm.
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Chapter 6

A Distributed LMB Filter Using

Probabilistic Label Association

In this chapter, we propose a distributed multi-sensor LMB filter that is based on the
concepts and methodologies of probabilistic label association, generalized covariance in-
tersection (GCI), and belief propagation (BP). Current state-of-the-art distributed LMB
filters use hard label associations, which can result in poor tracking performance, espe-
cially in more challenging tracking scenarios. By contrast, the proposed distributed LMB
filter uses a novel GCI-based fusion method for LMB multi-object PDFs that avoids a
hard association of the labeled Bernoulli components of neighboring sensors and instead
uses a soft (i.e., probabilistic) association. In our approach, label association probabilities
are computed and used in the fusion of the multi-object PDFs.

To develop this probabilistic association scheme, we first derive the fused posterior
PDF, which is no longer of LMB form but of GLMB form and involves an inherent
label association PMF. We then show that approximating this label association PMF by
the product of its marginals leads to a fused posterior PDF that is again of LMB type.
Next, inspired by [Williams and Lau, 2014] and the BP algorithm used in our fast LMB
filter in Section 4.2, we propose a BP algorithm for fast approximate marginalization of
the label association PMF. Moreover, to reduce both the communication requirements
and the computational complexity of the distributed LMB filter, we develop a practical
implementation of the fusion relations in which the local spatial PDFs are approximated
by Gaussian PDFs. Our simulation results demonstrate that the proposed distributed
LMB filter using soft label associations significantly outperforms a state-of-the-art LMB
filter using hard label associations [Li et al., 2019] and can perform close to the centralized
multi-sensor LMB filter based on the iterated-corrector approach [Reuter et al., 2014,
Mabhler, 2014].

The remainder of this chapter is organized as follows. Section 6.1 presents the basic
framework of pairwise (two-sensor) LMB fusion with hard label association. Section 6.2

develops a novel formulation of pairwise fusion using probabilistic label association. Sec-

105



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfiigbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

106 CHAPTER 6. A DISTRIBUTED LMB FILTER

tion 6.3 presents a fast approximate algorithm for probabilistic label association based on
BP and proposes an efficient Gaussian implementation. Section 6.4 extends the pairwise
fusion algorithm to distributed networkwide fusion in a decentralized sensor network.
Section 6.5 demonstrates the performance of the proposed distributed LMB filter using

probabilistic label association.

6.1 Pairwise LMB Fusion with Label Association

For distributed fusion of statistical information in sensor networks, most distributed
RFS-based tracking methods use the generalized covariance intersection (GCI) tech-
nique [Clark et al., 2010], also known as exponential mixture density [Uney et al., 2013]
and Kullback-Leibler average [Battistelli et al., 2015]. GCI is a suboptimal technique
that fuses the local posterior PDFs of neighboring sensors. GCI fusion of LMB posterior
PDFs is challenging because it is a priori unknown which labeled Bernoulli component
of one sensor (representing an object) corresponds to which labeled Bernoulli component
of another sensor. Current state-of-the-art distributed LMB filters are based on hard
label associations [Fantacci et al., 2018,Li et al., 2019]. More precisely, in [Fantacci et al.,
2018, it is assumed that all the local posterior PDFs are defined on the same set of labels,
and Bernoulli components with identical labels are matched. However, this assumption
is rarely satisfied in practice. In [Li et al., 2019], the labeled Bernoulli components of
different sensors are matched by minimizing a “label inconsistency indicator.” However,
in more challenging scenarios, this can still result in a significant percentage of incorrect

matching events and, thus, in a poor tracking performance.

We now start our elaboration of the probabilistic distributed LMB filter by considering
“pairwise fusion” for two sensors with sensor index s € {1,2}. The sequences of measure-
ments observed by these sensors up to a current time %k will be denoted as Z1(1,3 and Z1(2,3,
respectively. Furthermore, each sensor runs a local LMB filter, e.g., the proposed fast
LMB filter of Chapter 4, based on its own measurement sequence. Note that the local
LMB filters are not restricted to the measurement model of Section 3.2.2 and may rely
on other models [Reuter et al., 2014, Beard et al., 2016]. The LMB posterior multi-object
PDFs of the two sensors at time k, are denoted as j(f(ﬂZﬁg) and f(f(k|Z1(;2,2), and are
given according to (3.31) for s € {1,2} as

F&ilzi) = AXD) o (L&) [T 1,0-0 7O @). (6.1)
(mk‘l)eXk
Recap that A(Xy) =1 if the labels of X} are distinct and A(X;) = 0 otherwise, and

1,o-() =1if I € LY and 1
k
according to (3.32) as

L+() = 0 otherwise. The weights w®) (L) are given
k
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W s ([Twod) T 0-r0). (62

leL Z,G]L}(:)*\L

for any L C }L,(CS). Here, L,(f)* C L,(j) is the label set involved in the local posterior PDF
f (f(k]Zfs,z), which is a subset of the label set IL,(:). Different to previous sections, we
now model the label by the tuple | = (s, k’,m), which in addition to the time of object
birth &’ and the measurement index m also takes into account the sensor index s. Since
the label now additionally contains the sensor index s, the underlying label sets L(]j)*
and ]L(,f)* as well as the overall label sets }L%) and }L(kz) are trivially different because s in
1= (s, k’;m) is different for the two sensors. However, L(kl)* and IL(,?)* are usually different
even when some other label indexing is used. For example, they are typically different
when the local LMB filters employ measurement-driven birth models and/or different
strategies for pruning Bernoulli components [Buonviri et al., 2019]. Note that the local
LMB posterior PDFs f(X, k]Zfllz) and f(X k!Zﬁz) are fully characterized by the parameter

sets {(r]gl’?l,fl(l) (mk))}leL,gl)* and {(r,g’)Q,fQ(l) (mk))}lewz)*, respectively.

6.1.1 Pairwise LMB Fusion

Let us now consider “pairwise fusion” for our two sensor case, i.e., fusion of the two LMB
posterior PDFs f(f(k|Z1(1,2) and f(f(k]Zﬁz) into a fused posterior PDF f(XHZ;llz, Zl(le)1
The GCI fusion rule is given by [Fantacci et al., 2018| according to

P21 28 = - (rl 2 (rCRz) . (6.3)
with Dy, £ [ (]"(X’;JZSZ))“’(]"()~(;C|Zf/2))17‘”5}21C (here, [-6X is the set integral defined
in (2.21)) and some fixed w € [0, 1]. It was shown in [Fantacci et al., 2018] that if the label
sets are equal, i.e., L(,:)*:L(,;z)*, then f(f(“Zflk), Zl(zk)) is again an LMB PDF. However,
even in that case, it is likely that some objects are described by Bernoulli components
with different labels in the local LMB filters at the two sensors, and thus GCI fusion
according to (6.3) involves the matching of Bernoulli components describing different
objects. More precisely, suppose temporarily that ]L(,j)* = L(,f)* =: [}, and consider some
label [ € 1. The corresponding spatial PDF f()(z},) belonging to the fused LMB PDF
f (Xk]Zil,z, Zﬁz) is calculated from the spatial PDFs fla)(a:k.) and fQU) (z) belonging to
f(Xk]ZF,z) and f(XHZ{Z,z), respectively, as [Fantacci et al., 2018]

(K@) (@)™
Jare (RO (@) (£ () da

FO(ay) =

' The tilde notation indicates the fact that f(Xx|Z illz, Z ﬁz) is generally different from the true posterior
PDF f(X4|Z}), Z17)-
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However, if fl(l) (x) describes a different object than fél)(:ck), then the fused spatial
PDF f®(x;) does not describe any single object, and its meaning in the fused LMB
PDF f (Xk]Zillz,Zﬁz) is unclear. A similar statement can be made about the fused
existence probability fk[ [Fantacci et al., 2018]. The matching of Bernoulli components
descrlblng different objects will generally cause f(X k’Z1112 A <2)) to be very different from
f(X k]lek, 1@]2), and in turn reduce the performance of the distributed LMB filter.

6.1.2 Label Association

In the following, we consider the practically relevant case where (consistently with our
label representation [ = (s, k/,m)) all the elements of L(kl) are different from all the elements
of ]L( ), and thus also all the elements of ]L(k1 )* are different from all the elements of
}L(]?)*. In that case, f(f(k]Zl(l,z,Zﬁz) in (6.3) is zero for any given X, because in the
expression (6.1) of f(f(k|Z£1,2) and f(Xk|Z£2,2), 1 m«(l) or 1, 23« (1) or both will be zero
for all [ € E(f(k) Let us, for example, adopt the ’:}iewpoint okf sensor 1. Let us further
consider only realizations X with labels | € £(X}), £(Xy) C }L(kl)*. Note that other
realizations X, with labels Z¢L(,j)* are irrelevant anyway because they imply f(X k!Zl(llz)
This implies that 1. (1) = 1 for all L € LY and thus f(X.|Z})) is not zero for all
realizations with labels £(X}) C }L(k,l)*. However, 1”-(;3)*(1) =0 for all [ € £(X}), so that
F(X5|22)) =0 and thus we still obtain f(X4|2(5, Z2) = 0.

We can resolve this issue as follows: when evaluating f(X k|Z§2,3), we first map the

labels | € £(X}) C ]L( )* to some labels I’ € }Lu)* so that 11L(2)*(l’) = 1. We can now

1(1) 1IN T
[wg o U] of
2)*

describe such a label mapping by a label association vector ;k =
length I = |L(,3)*| and with entries u,(j) E}Lf)* for all ZE}L(IJ)*. For any ZGL%) ué) E]L(
indicates that the object with state (xs,[) tracked at semsor 1 is associated with the
object with state (xg, LL,E)) tracked at sensor 2. For a one-to-one mapping, we require
that different labels at sensor 1 are associated with different labels at sensor 2, which
means that all entries u,il) of w; have to be different; this will be referred to as an
admissible label association in analogy to an admissible object-measurement association
in Chapters 4 and 5. The set of all admissible association vectors u; will be denoted as

Uy Using ug, we now modify the GCI fusion rule (6.3) according to

A

Fo (%) 28), 282 (F(XRlZID) (FXL) 22 (6.4)

1:k2 D]Eul”)

with D“‘k) 2 [ (F(XulZ0D) (F(X “kNZ&))“‘“m Here, X(") 2 {(z{",u{""),...,

(x /E'L), u,k } for any realization X; = {( :1:,g ,l(l)) ..,(w,g")jl(”))}. That is, the la-

bel mapping defined by u; changes each object label 1) ¢ L(f( ) C LM* into a label
( N

W@ for j=1,...,n. Note that now, in the expression (6.1) of f(X4Z'Y) and

j(Xk"")|lek), we have, respectively, Lyw-() =1 and 1;a. () =1 for all 1 € £(Xy),
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6.1. PAIRWISE LMB FUSION WITH LABEL ASSOCIATION 109

and thus f(#r) (X k|Z£1]2, Zﬁz) is no longer zero in general.

More specifically, using the fact that f (XHZF,?) and f (Xk|Z @) ) are both given by
the LMB expression (cf. (6.1)) and that 1,0). (1) = 1L(2)*(u§€)) —1 for all [ € £(X}), the
k

fused PDF in (6.4) becomes

FO (X200, 28) o A(Xk)(w(”(c@k»)“( I1 (f”(rrk))“)
(@) € Xy,

x A (@M T (A @)™, (6.5)

(@] 1) € X ()

with (cf. (6.2))

WO (£(X é( ) T ). (6.6)

leL(Xy) reliV \L(Xy)
- I I
WieEne (T ) I -, (6.7
lec(xM)y T relP LX)

Moreover, because wuy, is an admissible label association vector, A(X ,guk)) is equal to

A(Xk) Hence, we can rewrite (6.5) as
“ Y % w o (g 1-w
FO (X1 20, 22)) o A(X) (wO(L(Xe)))* (wD (LX)

< TI (@) (1% @)™,

(wk’l)eXk
or, more compactly,
)5 : - - MO
FO (%1200, 20)) = AR wu (C(K8) T[] 704 (@), (6.8)
(ml”vl)eXl”
with the spatial PDFs
) 1 ! w 1-w
£ @) 2 — e (10 w0) (1 @) (69
D"

and the weights w,,, (£(X})), which are given by up to a normalization constant as

W (£(%0) o (VLX) (XN [ i, (6.10)
leL(Xy)

lL . w 'Uz(l) —WwW .
where D(l 2 £ [ane (fl(l)(a:k)) (fz( k )(a:k))l dz. Here, the fused posterior PDF (6.8)

constitutes the final fusion result for a given determinist label association vector uy.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

110 CHAPTER 6. A DISTRIBUTED LMB FILTER

6.2 Probabilistic Label Association

For an LMB fusion leading to good performance of the resulting distributed LMB filter,
the label mapping introduced above should be such that each mapped label of sensor 1
equals the specific label of sensor 2 that describes the same object. Because the label
association vector uy defining this “correct” mapping is unknown, we hereafter model wuy
as a random vector uy and perform an implicit (soft, probabilistic) estimation of u;. We
refer to this approach as probabilistic label association, by analogy to probabilistic data
association used, e.g., in the fast LMB filter proposed in Chapter 4 to probabilistically

associate measurements with objects.

6.2.1 Label Association Distribution

Let us define the extended label association vector @ = [ﬂ,i(l)) . ’,(CZ(U)]T of length
I= |L(kl)*| (equal to the length of uy) with entries uls) ]L( 2" {0} for L € L( * . Here,
ﬂg) € ]L(kz)* indicates (as before) that the object with state (xj,l) tracked at sensor 1 is
associated with the object with state (xg, u al! )) tracked at sensor 2, and u() 0 indicates
that an object with label I does not exist (i.e., (xx,!) ¢ Xi) according to the tracking
performed at sensor 1. Note that the latter case also implies that no object with state
(x,1) is associated with any object tracked at sensor 2. We denote by U the set of all
admissible extended association vectors uy, i.e., of all vectors u; whose nonzero entries
17,,(!) are different. Furthermore, for any L C ]L(l)*, we define ¢(uy, L) to be 1 for all
admissible w; such that u() IL(Q) for | € L and ulg) =0 forl € L “\ L, and to
be 0 otherwise. Then, using the definitions of w,, (£(X})) in (6.10) and, in turn, of
wD(£(X})) in (6.6) and w® (£(X™)) in (6.7), it can be shown that Eq. (6.8) can be

rewritten in terms of u; as
o - -~ 0
f'(uk)(Xk|Z{1127 Z(”)) A(Xk) (g, £(X1) wa, H f(lv“‘k )(a:k) (6.11)
(mk,l)GXk

Here, the weights w,, are given up to a normalization constant by

wa, < [ B W e, (6.12)
ter*

with the “label association weights”

(O \w (@ 1w el
(%,1) (m ) Dy 7 fa,(f)eﬂa(,f)*,

y u(l)
B 2 (1= ) (6.13)

1, o

)
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6.2. PROBABILISTIC LABEL ASSOCIATION 111

where D,Ef’ﬂ’(“l)) 2 Lo (PO () ( ff'(f))(xk))l“"dxk. Furthermore, the spatial PDFs
fu’ﬁl(cl))(a:k) in (6.11) are given by (6.9) with u,(cl) replaced by a,(j). (Note that f:0(z;)
does not occur in (6.11) because ﬁg) = 0 implies (xy,!) ¢ X;.) Differently from the weights
Wy, (L(X)) in our earlier expression (6.8), the weights wg, do not depend on L£(X});

however, the factor (i, £(X},)) ensures that (6.11) is still equivalent to (6.8).

Just as uy, we hereafter consider uy as random (denoted u). Our probabilistic label
association method is based on the idea of interpreting the weights wg, in (6.11) and
(6.12) as the probability distribution (PMF) of uj. More precisely, we define the PMF of
u; as

wa,, Wk EU,

plug) = ’ ’ (6.14)
0, otherwise,

for all uy € (LS?)* U {0})|L(zel)*|. We can then rewrite (6.11) as

- o~ ~ )
F(Xn, | 28), 232) = AXy) (@, £(X ) IT £ (). (6.15)
(mk’l)exk

In fact, it can be verified that integrating/summing the right-hand side of (6.15) with
respect to X, and 4y, yields 1. Accordingly, expression (6.15) defines the joint PDF /PMF
of the random variables X; and ui, whereas f(ﬁk)(XklZﬁz, Zﬁz) in (6.11) is the PDF of
the random variable Xy parametrized by the nonrandom variable @;. We can furthermore
write the Jomt PDF/PMF of X and iy, as f( X, @210, 22)) = F(Xelaw, 210, 22)
X p(uk|Z1:k, Zfz,g), with the conditional fused posterior PDF

- ‘ . D
F(Xilag, 230, 23) = AXy) (i, £ ) 11 Flm (@) (6.16)
<93k eXy

and p(ﬂk|Z£l,3, Z( )) given by the label association PMF p(ﬁklZEllg, Z(z)) in (6.14). Fol-
lowing this interpretation, we can obtain the unconditional fused posterior PDF, to be
denoted j(Xk|Z11,2,Z( ))

FXzl), 22 = N F(Xilaw, 20, 282)) pla).

UL Guk

Here, we can extend the summation set U/ to (IL(,?)* U {0})'“43«,1)*', because by (6.14) there
is p(ug) =0 for uy € (IL(,?)’k U {0})“]‘(!:1)*' \U,. We thus obtain, using (6.16),

F(XelZ(), 28) = A(Xy) 3y lan LX) [[ 79 ().

9Y 4 (1)
ﬂke(ﬂd(]j)ku{o})l“‘k | (wkﬂl)eXk

(6.17)
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112 CHAPTER 6. A DISTRIBUTED LMB FILTER

6.2.2 LMB Approximation

The PDF f(X4|2\Y), Z%)) in (6.17) is no longer of LMB form (2.24); instead, it is the
PDF of a GLMB RFS (cf. 2.30). Therefore, we approximate it by an LMB PDF as follows.
Following the approach used in the fast LMB filter in Section 4.2, we approximate the
label association PMF p(uy) by the product of its marginals, i.e.,

% (1)
[T p@?), e @? ufophl. (6.18)
leIL(kl)*
where
_(l _
p(al)) = 3 plitg).

'EL;ZG (]L(Q)*U{O})‘L(l)*‘_l

Here, @} denotes the vector i, with the Ith entry, u,g), removed. Inserting (6.18) into

(6.17) yields an approximation f(Xk|Zf1,z, Z(z)) (XUZF,E, Z( )) that is given by
F(Zelzil), 2(3)

—AK) Y so(uk,ﬁ(fck»( Hp<u§!’>>) T 74 @)

ake(mﬁcz)*u{o})'“‘(zcl)*' reLy)” @k ) € X

s _( _( .
Next, splitting Hl,GLg>*p(u,& )) as (Hz'emi?)*\ﬁ(xk)p(lbk )) HleﬁXk)p(u,E:)), using

(2)=
k

B e (D= =Y W@y L= , and evaluating ¢(uy, [,(Xk)), we obtain
7 e(]L(k) )lk ! €Ly aLk ‘e 2

S p ot _( [ u()
F(Xel 243, 23 = A(Xw( [T »a W)) [T X p@)r .
relfV*\c(Xy) (@ )€ Xk ig)elL(kQ)*

(6.19)

Comparing this expression with? (6.1), one can easily verify that f: (X k;]Zfllz Zﬁz) is an

LMB PDF parametrized by {(r,gl), f(l)(a:k)) }leLu)*, with existence probabilities
k

rlgl) = Z p(ﬂg)) (6.20)
7§€l)€]]-4(k2)*
and spatial PDFs
1 (1 o
fO@) == > ) F44 (), (6.21)

-
koa® el

2Note that, differently from (6.1), expression (6.19) does not include the factor Ly« (1). This is
k
because in (6.19), £(X;)C ]L(l:)* and thus always 1 ). (/) =1, whereas in (2.24), £(Xy)C L.
k
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6.3. EFFICIENT IMPLEMENTATION 113

where [ € L(,:)*. Expressions (6.20) and (6.21) complete the formulation of our proposed
pairwise LMB fusion scheme using soft (probabilistic) label association. The input to this

fusion scheme are the parameter sets {(7",C " f1 T )}leL(l)* and {(rk " le) (g )}ZGL@)*,

and the output is the fused Bernoulli parameter set {(rk f (l) (g )} Jerh*s with r,g)
k

given by (6.20) and () given by (6.21). Here, p(@\’) in (6.20), (6.21) is calculated
by marginalizing p(i) in (6.14), and f&%) (z,) in (6.21) is given by (6.9).
(1)

In a practical implementation, Bernoulli components [ € IL,.’" that do not have a

plausible association with any Bernoulli component !’ € }Lsﬂ)

at sensor 2 can be excluded
from the fusion procedure. The plausibility of an association can be measured by D,(gl’l,) =
Jrne (fl(l)(mk))w (fél,)(a:k))l_w dzj;. Thus, we do not fuse Bernoulli components [ € Lgcl)*

such that D{"") < yp for all € L, with a positive threshold .

6.3 Efficient Implementation

In the following section, we establish an efficient implementation of our pairwise LMB
fusion algorithm. More specifically, in Section 6.3.1, we propose a BP algorithm for
fast approximate marginalization of the label association PMF and, in Section 6.3.2,
we present an efficient implementation based on the modeling of the spatial PDFs by

Gaussians.

6.3.1 Fast BP-Based Algorithm

We now present a fast algorithm for approximate marginalization of p(wy). This algorithm
is inspired by the BP-based algorithm for probabilistic data association used in the fast
LMB filter (cf. Sections 4.2.2 and 4.2.3), which is in turn based on the BP-based algorithm
in [Williams and Lau, 2014].

Inserting (6.12) into (6.14), we can express the association pmf p(uy) as

_ _ lu _ 2) % (1)=
plag) o (ay) [] B 4 ape (LT ufopme (6.22)
ter{V*

where U(i;) = 1 if 4y € U and ¥(uy) = 0 otherwise. By analogy to Section 4.2.2,
we introduce the alternative label association vector vi = |v ,E(l)) . ,S(J))]T of length
J = [L?*| and with entries v,(f) € I[J(,j)* U {0} for I € ]L(,f)*. Here, the entry v,E) € ]L(l)*
indicates that the object with state (xg,l) tracked at sensor 2 is associated with the
object with state (xk,v,i)) tracked at sensor 1, and v,(c) = 0 indicates that an object with
label I does not exist according to the tracking performed at sensor 2. The latter case also
implies that no object with state (xg,[) is associated with any object tracked at sensor

1. Thus, v is a description of the label associations that is analogous to u but “viewed
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U, 1

1

L

Figure 6.1: Factor graph representing the factorization of p(@ig,vx) in (6.23), (6.24). Variable

. . rLaly A _q
nodes arp dppwred as circles and factor nodes as squares. The shorthands 5 = PR 77! = ui),

w2 o), by 2 g (@, o), 1= L), and J 2 L7 are used.

from the other sensor.” We can reformulate p(@) in (6.22) in terms of @ and vk as

_ _ 1l .
p(@, vg) o< (g, vg) H ﬁ,(c k ), (6.23)
tenid)”

* (1)+ * (2)+
for @k € (L2* U {0} and vx € (" U {0} || with the admissibility constraint
factor ¥(ug,vk) € {0,1} given by

Vo) = [[  [I ww@®, o). (6.24)

1el)" reL?"

Here, ¥ ;r(ﬁs),'uf)) = 0 if either ﬁs)z I and v,(:’) # 1 or ﬁg) # I’ and US‘) = [, and
Uy y(uk ,’u,{: )) =1 otherwise.

The above reformulation Dfp(ﬁ.k) in terms of g and vg allows us to devise an efficient
algorithm for calculating accurate approximations of the marginal association probabil-
ities 'p(ﬂs)). The factorization (6.23), (6.24) is represented by the factor graph |Kschis-
chang et al., 2001] is shown in Figure 6.1 and equals the factor graph in Figure 4.2 used in
the fast LMB filter of Section 4.2.2. Moreover, it can be shown that a derivation similar
to that in the fast LMB filter presented in Sections 4.2.2 and 4.2.3 results in an efficient

message passing procedure analogous to that one [)E‘IfDIIIJPd by the fast LMB filter. More

precisely, in BP iteration p € {1 , P}, a message Cz—m is passed from variable node
i (D) ), .
“ui)' via factor node “y ;r(uk ,'ui )) to variable node ° Ué )', and a message I.Q[?LI is

passed from variable node © ,{c ) via factor node “4j I'(uk ,Uk ) to variable node “ u”‘

These messages are given by:

ﬁ,(:’y)
(a 0) (LA) IP 1]’
+ Z.\ELE)'\{I"} Br™ Vi

P = (6.25)
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e ! (6.26)
k:l VS 3 .
1+ erlﬂ,j)*\{z} Cl[f]Aﬁl'

for all [ € LW* and I’ € L?*. The recursion established by these two equations is ini-
tialized for p=10 by y,[c()}, _,; = 1. After the final iteration p = P, approximations to the
marginal association probabilities p(ﬂg)), 1 e LIV* are provided by the beliefs p(u,(C))

“ ( )77

the respective variable nodes in Figure 6.1, which are given by

(l )y [r] ' (2)*
o I/k I Z/Cl’ l e L
g =t)y=9 0, " (6.27)
ﬁk " Cy, U'=0.

1,0 L) [P
Here, C; = 5,& )+Z>\61L(k2)* zg )’/l[m]—u

6.3.2 Gaussian Implementation

For a reduction of communication and computation requirements, we next assume Gaus-
sian models for the spatial PDFs of the local LMB RFSs, i.e.,

10 (an) = N (s iy, B10), 1LY,
13 @r) = N (e iy B), 1€ LY

Accordingly, the local LMB parameter sets are now given by {(7’,(6’?9, u,(cl)s, ,i[)s)} el
’ k

for s € {1,2}. In what follows, we will present the resulting expressions of f (mg))(mk),
ff’ﬂ(k”), and fO(z}), where 1€ L{*.

We recall that the spatial PDF f([’“l(cl))(a:k) is calculated from f1( (xr) and f( k )( k)

via (6.9). As was shown in [Battistelli et al., 2013], if fl(l)(a:k) and fz(l (l))(a:k) are Gaussian

0y . o
as assumed above, then f(-% )(x;) is also Gaussian, i.e.,

(gD [,u(l) lu(l)
PR (@) = N (g ) S, (6.28)

(, 7(1)) («, f(l))

with mean vector p, and covariance matrix X, given by

Lal" La® a1 ¢
T (N NI L N

(l)) ( ®

ni (wz,ﬂ,{);l +(1-w) z,j‘g h (6.30)

It can furthermore be shown that the normalization factor D([ ) = Jan. ( fl(l)(wk))w
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X (féﬂk)(ask))l_w dx occurring in (6.13) is given by

a0 a0 ) 1 1 _a®
Here,
sl x5 (i)
7]gz) _ det(%zl(c,)l) . Hl(ca;) _ det (175 wzkf )
<det (2%2,(;1)1) > (det (2772 ) )

with det(-) being the determinant operator, and A/ (,u,(C 1 u(u’“ ), iE(Z) + —E(u’“ )) de-

1)
notes the positive number obtained by evaluating the Gaussian PDF N (a:k; ,u,g 2 ) L E(l) +

?w

alh ,
ﬁEé; )) at x, = “g,)r An expression of the label association weight ﬁg’ 2
obtained by inserting (6.31) into (6.13).

Finally, according to (6.21) and (6.28), the fused spatial PDF f)(x}) is a linear

combination of the PDFs f (l’ﬁl(cl))(a:k). Because of (6.28), it is actually a Gaussian mixture

is then

PDF. We next approximate this Gaussian mixture PDF by the Gaussian PDF, i.e., we

consider a Gaussian approximation

FO@e) = N (es iy BY)), 1€l

whose mean vector ﬂ](cl) and covariance matrix Eg) are taken to be equal to those of

f®(x). Using (6.21) and (6.28), one obtains [Malladi and Speyer, 1997]

_(l 1 lu(l)
A = Y e, (6.32)

(l))

= 1 lLa lu(l) _(l lu,(l) _(l
U= 3 p@)) (S - w0 (e - 0)T), (6.33)

T .
koalel?

for | € L(kl)*. Here, 7’12) is given by (6.20), (ﬂ,(f)) is the marginal label association
. o
probability (cf. (6.18)), and u(l %) and E( ) are given by (6.29) and (6.30), re-

spectively. Within this Gaussian approximation, the fused Bernoulli parameter set is
{(T,(f), ), f),(cl)) }leIL“)* We note that in the final algorithm (cf. Section 6.4), p(@i\") is

approximated by the belief p(u,(c)) (6.27).
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6.4 The Proposed Distributed LMB Filter

In the formulation of our pairwise fusion method, we used sensor s =1 as a “reference
sensor” for fusing the posterior PDFs of sensors s =1 and s = 2. As a consequence,
the fused quantities r,(f), p(a ([)) (l) E(l), and f()(x;) are defined for | € L%)*, ie.,
the underlying label set is ]L.<k) . In a distributed implementation, each sensor s € {1,2}
runs its own instance of the pairwise fusion method, using its own label set L(,f)* as the
reference label set. This implies that the fused LMB parameter sets calculated at the two
sensors will be different. Let {(rk ;- p,,g )S, g)s) } e denote the fused LMB parameter
set calculated at sensor s € {1,2}; this should not be confused with the original local
LMB parameter set {(r,(!)g, ,u,i)g, ,il)g) } Jen

The proposed fusion algorithm (still considering pairwise fusion) is now obtained
by replacing in (6.20), (6.32), and (6.33) the marginal association PMFs p(u,i)) by the
beliefs p(u](c)) given by (6.27). The fused LMB parameter set of sensor s € {1, 2} using
this additional approximation will be denoted by {(r,(j)s, /,L](j)s, 2,(;)5)} leLf) Note that
calculation of this fused LMB parameter set at sensor s presupposes that the original local
LMB parameter set of the respective other sensor is available at sensor s. This means
that each sensor s has to transmit its local LMB parameter set {(rk - ,u,(:)g, ,(f)g) } len”
to its fusion partner.

So far, we considered the pairwise fusion of the local LMB parameter sets of two
sensors. This pairwise fusion can be used to achieve networkwide fusion in a connected
network of S > 2 sensors s € {1,...,S5} via the following iterative procedure consisting
of i = 1,...,1 iterations [Battistelli et al., 2013]. Let Ny C {1,...,S5}\{s} denote the
set of “neighbors” of sensor s, i.e., the set of sensors with which sensor s is able to
communicate. In the first iteration, i.e, ¢ = 1, each sensor s transmits its local LMB
parameter set {(rks,ulil, ks)}zeuf“)* to its neighbors s’ € N,. Then, each sensor s
performs pairwise fusion sequentially (recurswely) with each of the LMB parameter sets
it received from its neighbors, in an arbitrary order. That is, the local LMB parameter
set is fused with that of an arbitrary sensor s’ € Ny, the LMB parameter set resulting
from this pairwise fusion is fused with that of an arbitrary sensor s”€ N,\{s'}, etc. Let
{(f,il’gl), [z,sl’gl), 2 )} ren” —the superscript “1” indicates the first, i.e, i = 1, iteration—
denote the LMB parameter set resulting from this sequence of | Ng| successive pairwise
fusion steps. In the second iteration, the sequence of | Ns| pairwise fusion steps is repeated

but with { ( A g ,(f :), E @ l)) } ren) substituted for the original local LMB parameter set

{(r ,i[)q, u,(:)g, )} el and the fusion results of the other sensors substituted for their
original local LMB pa.rameter sets; this requires another round of parameter transmissions
between neighboring sensors. An analogous sequence of | Ns| pairwise fusions is performed
at each sensor also in each of the subsequent I — 1 iteration. The proposed networkwide
fusion algorithm is summarized in Table 6.1.

As an alternative to this recursive algorithm, a gossip algorithm [Dimakis et al., 2010]
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Table 6.1: Proposed distributed LMB filter algorithm with soft label association—recursion at
time k£ >1 and at sensor s € {1,...,5}

O]

Input: LMB parameter set {(rk o M Y %)} ep - of sensor s.
k

Output: Fused LMB parameter set {(rk . ﬂg)s, =) Frer o
’ k

Operations:
fe LY~ ! l
1) Initialize {(rk S),,u,i 5), )}leﬂfs’* = {(r,($ )97 uk o ! ))}leﬂfs’*'
Execute the following steps for all i = 1,...,[ iterations:

2) Receive LMB parameter sets { (7},
Ns.

~(1, Z/) (l 1) E(ZZ

k,s'?

)5 er from all neighboring sensors s’ €

3) Perform pairwise LMB fusion of sensor s with all neighboring sensors s’ € N, = N,

according to:

(Li) ~(1,9)

e Select LMB fusion sets as {(r](cl)l,ukl)l, kl)}]@(m = {0, ,E )}len“" and

{(r 1(!27#1(@[27 v )}leL<2)* = {(7 ,ﬁ’;?,ﬂ,(c’;?,22’;,)}16L<51>* with s/ randomly chosen from
’ k
N..

Perform pairwise fusion of {( T u,(f)l, 21(;,)1) }ZEkaJ)X and {(r,(f;, “l(‘ol,)? E,(fé) }leL‘,f”

according to:

e For [ € L( , calculate the label association Welghts /9’(’ ) according to (6.13) us-

_ l _
ing (6 31) and mean u(’ ¢ and covariance E b )) parametrizing the spatial PDFs

f@ u )(:ck) according to (6.29) and (6.30), respectively.

For [ e L(kl)*, calculate the approximate marginal association probabilities f)(ﬂ,(cl)) accord-
ing to (6.27) by iteratively computing C][ﬂ _,» according to (6.25) and I/]E[: %, _,; according
to (6.26) for p=1,..., P.

For | € ]L( , calculate the fused existence probability r,E) according to (6.20) and the

fused mean ,u,i and Covariance E,(‘:)

p('aif)) replaced ﬁ('a,(f)).
Remove s" from N/, set {(7 kl;),ﬂkl;),Z “))}leﬂ} e = {(rk ,uk),E l))}lemﬁj)*’ and go
back to the first bullet point unless N, = 0.

according to (6.32) and (6.33), respectively, with

4) Transmit {( Dl f]if’f))}le]h(S)* to all neighboring sensors s’ € N, and go back to
" k

8 "Fks 0

point 2) unless i = I.
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may be used. In each iteration of the gossip algorithm, the current LMB parameter sets
of randomly chosen pairs of communicating sensors are fused. This is initialized by the

original local LMB parameter sets.

6.5 Numerical Study

In the following, we present a simulation study analyzing the performance of the proposed
distributed LMB filter. More precisely, we describe the underlying simulation scenario in

Section 6.5.1 and present the obtained results in Section 6.5.2.

6.5.1 Simulation Setup

We consider two simulation scenarios, briefly referred to as SC1 and SC2, which are
inspired by [Fantacci et al., 2018] and the simulations conducted in Section 5.7. In both
scenarios, the region of interest (ROI) is [—150, 150] x [—150, 150]. We simulated ten (SC1)
and twenty (SC2) objects during 200 time steps. The object trajectories were randomly
chosen in each simulation run. The objects appear at various times before time step 40
(SC1) or 90 (SC2) and at randomly chosen positions in the area [—50,50] x [—50, 50],
and they disappear at various times after time step 150. The object states consist of two-
dimensional position and velocity, i.e., Xy = [Xx1 X&2 Xi1 Xkyg]T. They evolve according
to the nearly constant velocity motion model [Bar-Shalom et al., 2002, Sec. 6.3.2]

X = Axp_1 + Wug,

where A € R4 and W € R**? are chosen as in [Bar-Shalom et al., 2002] and uj ~
N(0,021,) with 02= 1072 is an iid sequence of 2D Gaussian random vectors. A realiza-
tion of the object trajectories for SC1 is shown in Figure 6.2(a).

There are two sensors in SC1 and five in SC2. The sensor positions are p(!) = [-50 0]T
and p® =[50 0]T and, in SC2, additionally p(® = [0 0]T, p® = [0 50]T, and p® = [0 —
50]T. The communication links between the sensors are shown in Figure 6.2. The object-

generated measurements conform to the nonlinear range-bearing measurement model
T
2, = [p(xk) ¢(xk)] " + Vi

Here, p(xi) 2 ||x,, — p(®)||, where x|, 2 [x;1 xz.2]T denotes the (o)bject position and p(®) =
Lpi)) Furthermore, vy, is iid
Xg,1—P1

Gaussian measurement noise with independent entries with standard deviations o, = 2

[pgs) pg‘s)]T the position of sensor s, and ¢(x;) = tan* (

and o4 = 1°. The detection probability is chosen as 0.7 on the entire ROL The clutter
measurements are distributed uniformly on the ROI (in polar coordinates), with mean
number equal to 10 (SC1) or 50 (SC2).

We consider a distributed LMB filter, briefly referred to as S-DLMB, that employs
the proposed fusion algorithm with probabilistic (soft) label association using the BP and
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Figure 6.2: (a) Example of the object trajectories (represented by blue lines, starting positions
indicated by blue crosses) in simulation scenario SC1, as well as the corresponding estimates
obtained with the proposed S-DLMB filter (represented by red lines). The positions of the two
sensors are indicated by black circles. The green bullets show the measurements of the second
sensor at time k=100. (b) Sensors and communication links in simulation scenario SC2.

Gaussian approximations described in Sections 6.3.1 and 6.3.2, respectively. For SC2 (five
sensors), S-DLMB uses the iterative networkwise extension of the algorithm (described
in Section 6.4) with five fusion iterations. We compare the performance of S-DLMB with
that of the distributed LMB filter proposed in |Li et al., 2019], which uses GCI fusion with
a hard label association algorithm and will be referred to as H-DLMB.? Furthermore, we
also consider a centralized multisensor LMB filter, referred to as CLMB, that is based on
the iterated-corrector scheme [Reuter et al., 2014, Mahler, 2014]. CLMB and the local
LMB filters involved in S-DLMB and H-DLMB use a particle implementation of the fast
LMB filter proposed in Chapter 4. In all filters, each spatial PDF is represented by 500
particles, and Bernoulli components with an existence probability below 10™3 are pruned
after each filter update step. In S-DLMB and H-DLMB, the particle representation of
each spatial PDF is further approximated by a Gaussian PDF after each filter update
step, with the Gaussian parameters given by the sample mean and sample covariance of
the particles. Then, S-DLMB executes the fusion algorithm described in Section 6.3.2 and
H-DLMB the fusion algorithm described in |Li et al., 2019]. The fusion parameter w is
(.5 in both cases. After the fusion step, 500 particles are drawn from the fused Gaussian
PDF, and the local LMB filters execute the next filtering step. The threshold 7 used
in S-DLMB as described in Section 6.2.2, and also used in a similar way in H-DLMB, is

*We do not show the results of the distributed LMB filter proposed in |Fantacci et al., 2018|, because
the LMB fusion performed by that filter uses the same label set for all the sensors, i.e., L(:)' =1L} for
all s, and always matches Bernoulli components with equal labels. This is not compatible with our label
indexing system, which always describes an object by different labels at different sensors. However, we
note that with any other label indexing system, too, there is a high probability that an object is described
by different labels at different sensors. This will generally result in a poor tracking performance of filters
matching Bernoulli components with equal labels,
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Figure 6.3: MOSPA error versus time % for (a) SC1 and (b) SC2.

Filter SC1 SC2
S-DLMB (proposed) 0.1072s 2.2554s
H-DLMB 0.0470s 0.6682s
CLMB 0.0186s 0.4428s

Table 6.2: Measured average runtime per time step.
10~2°. The remaining simulation parameters equal those in Section 4.4.1.

6.5.2 Simulation Results

Figure 6.2(a) shows an example of the realization of the true object trajectories for SC1.
Also shown are the corresponding estimated trajectories obtained with S-DLMB at the
second sensor (with position p(® =[50 0]T); those obtained at the first sensor are similar.
One can see that the estimated trajectories closely match the true trajectories.

For a quantitative assessment and comparison of the performance of the three fil-
ters, we computed the mean Euclidean distance based optimal subpattern assignment
(MOSPA) metric [Schuhmacher et al., 2008] with cutoff parameter ¢ = 20, order p = 2,
and averaging over 1000 simulation runs and all the sensors. Figure 6.3 shows the re-
sults for SC1 and SC2. The peaks in Figure 6.3 correspond to object appearance and
disappearance; note that several objects can appear or disappear at the same time. It
is seen that S-DLMB almost always significantly outperforms H-DLMB; furthermore,
it performs similarly to CLMB in SC1 and poorer than CLMB in SC2. These results
show that the proposed soft label association fusion is a significant improvement over
the hard label association fusion employed by H-DLMB, and the resulting LMB filter
performance can come close to the performance of the centralized LMB filter based on
the iterated-corrector approach.

Table 6.2 shows the average runtime per time (k) step of MATLAB implementations
of S-DLMB, H-DLMB, and CLMB executed on an Intel quad core i7-6600U CPU. One
can see that S-DLMB has the highest complexity, followed by H-DLMB and CLMB.
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However, we note that the lower complexity of H-DLMB (compared to S-DLMB) comes
at the cost of a significantly poorer MOSPA performance.

The communication requirements of S-DLMB and H-DLMB are generally similar.
Indeed, for both S-DLMB and H-DLMB, in each fusion iteration, each local LMB filter

broadcasts to its neighbors one set of Gaussian parameters per Bernoulli component.
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Chapter 7

Conclusion

This thesis proposed three high-performing and efficient random finite set (RFS) based
methods for multi-object tracking. A cornerstone of these methods is the labeled multi-
Bernoulli (LMB) RFS, which is an instance of a labeled RFS. The LMB RFS inherently
provides track continuity, i.e., the consistent association of the state estimates correspond-
ing to the same object over consecutive time steps. Furthermore, the proposed methods
use the framework of belief propagation (BP) for efficient probabilistic data association or
label association. This methodological approach is shown experimentally to result in an
attractive tracking accuracy/complexity compromise. In the following, the contributions
of this thesis will be reviewed in more detail.

7.1 Summary of Contributions

Our first contribution was a new fast LMB filter using BP for probabilistic data associa-
tion. The derivation of this filter was based on a new derivation of the original LMB filter
in which the posterior GLMB PDF is formulated in terms of a joint object-measurement
association PMF. We showed that the approximation of this PMF by the product of its
marginals leads to an approximate posterior PDF that is again of LMB form. We then
developed a BP-based algorithm for fast marginalization. The resulting fast LMB filter
has a computational complexity that scales only linearly in the number of Bernoulli com-
ponents and in the number of measurements. We also proposed an efficient scheme for
generating Bernoulli components using the approximate marginal association probabili-
ties provided by the BP algorithm. Finally, we presented a complexity analysis for the
proposed fast LMB filter algorithm as well as numerical results demonstrating its excel-
lent tracking performance in comparison to the Gibbs sampler-based LMB filter [Reuter
et al., 2017] and the BP-based TOMB/P filter [Williams, 2015]. The Gibbs sampler-
based LMB filter discards valuable association information through a pruning of GLMB
components. This can lead to a reduced tracking performance in challenging scenarios,

e.g., scenarios with many closely spaced objects and/or a low detection probability. By
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contrast, the proposed BP-based LMB filter does not rely on a pruning of GLMB com-
ponents. The BP-based TOMB/P filter [Williams, 2015] models undetected objects by
a Poisson RFS. In the considered scenarios, this resulted in an increased computational
complexity but did not improve the tracking performance.

A second contribution of this thesis was an RFS-based tracking algorithm, referred to
as LMB/P filter, that improves on the fast LMB filter of Chapter 4 in scenarios with a
high number of objects and/or clutter measurements. In the LMB/P filter, for the first
time, the multi-object state is modeled as the tuple of an LMB RFS and a Poisson RFS,
i.e., as the combination of a labeled and an unlabeled RFS. After proposing a new general
system model for tuples of labeled/unlabeled RFSs, we derived the prediction step and
the exact update step for the LMB/Poisson tuple state model. Next, we applied several
approximations and modifications to the exact update step, including the partitioning
of label and measurement sets, the pruning of implausible object-measurement associa-
tions, and the transfer of certain unlabeled objects to labeled objects and vice versa. As
a result, the LMB/P filter uses the LMB RFS to track objects that are likely to exist
and the Poisson RFS to track objects that are unlikely to exist. The latter fact leads to
a large complexity reduction, especially in challenging scenarios with a high number of
objects and/or clutter measurements. Our experimental results for a challenging simu-
lation scenario with a high number of clutter measurements demonstrated the excellent
performance and low complexity of the LMB/P filter. More precisely, in comparison
to the fast BP-based LMB filter of Chapter 5, the BP-based TOMB/P filter with recy-
cling [Williams, 2012], and the Gibbs sampler-based LMB filter [Reuter et al., 2017], the
BP-based implementation of the LMB/P filter achieved the lowest computational com-
plexity, while the tracking accuracy was comparable to that of the fast BP-based LMB
filter of Chapter 5 and the BP-based TOMB/P filter with recycling and significantly
better than that of the Gibbs sampler-based LMB filter.

Finally, we proposed a distributed multi-sensor LMB filtering algorithm based on
probabilistic label association, generalized covariance intersection (GCI), and BP. The
proposed algorithm uses a soft (i.e., probabilistic) association of Bernoulli components
and thereby improves on current state-of-the-art distributed LMB filters, which are based
on hard label association. Especially in challenging scenarios, hard label association may
associate “wrong” Bernoulli components of neighboring sensors and thus may lead to a
poor tracking performance. We first derived the fused posterior PDF for the two-sensor
case using GCI-based fusion with hard label association. Here, the label association was
described by a label association vector that associates the labeled Bernoulli components
of one sensor with those of the other sensor. Then, the fused posterior PDF based on
soft label association was derived by modeling the association vector by a random vec-
tor. This PDF was found to no longer be an LMB PDF but a GLMB PDF involving
an inherent label association PMF. We then showed that the approximation of the label

association PMF by the product of its marginals results in an approximated posterior
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PDF that is again of LMB form. Inspired by the algorithm in [Williams and Lau, 2014]
and the BP algorithm for probabilistic data association used in our fast LMB filter in
Chapter 4, we proposed a BP-based algorithm for fast approximate marginalization of
the label association PMF. We also developed a practical implementation of our fusion
algorithm with reduced computational complexity and communication requirements by
using Gaussian approximations of the spatial PDFs involved in the local LMB poste-
rior PDFs. Finally, we obtained a networkwide fusion algorithm by iteratively applying
the proposed two-sensor fusion scheme between each sensor and all its neighboring sen-
sors. Simulation experiments demonstrated the excellent performance of the proposed
distributed LMB filter. More specifically, we observed that our method significantly out-
performs a state-of-the-art distributed LMB filter using hard label association [Li et al.,
2019] and performs similarly to the centralized multi-sensor LMB filter based on the

iterated-corrector approach.

7.2 Future Research

The development of efficient and high-performing RFS-based multi-object tracking algo-
rithms is an area of active research. In the following, we suggest some possible extensions

of our work.

e The fast LMB filter proposed in Chapter 4 constitutes a single-sensor solution to
the multi-object tracking problem and can be extended to the multi-sensor case.
A trivial and computationally simple multi-sensor extension would be given by the
iterated-corrector approach, in which the update step is executed for each sensor
measurement separately and sequentially. An update step that uses all the sensor
measurements jointly can be expected to lead to a higher tracking accuracy but
would require the solution of a multi-dimensional association problem. We conjec-
ture that the BP approach to probabilistic data association described in Section
4.2 can be extended to the multi-sensor case. A similar multi-sensor extension can
also be envisioned for the single-sensor multi-object tracking algorithm proposed in
Chapter 5.

e The distributed GCI-based LMB filter proposed in Chapter 6 is based on the fu-
sion of two LMB posterior PDFs using probabilistic label association. On the other
hand, the efficient multi-object tracking method proposed in Chapter 5 employs
an LMB/Poisson posterior PDF. It would be interesting to derive a distributed
LMB/Poisson multi-object tracking method by applying the GCI fusion technique
combined with BP-based probabilistic label association to two LMB/Poisson pos-
terior PDFs.

e While the GCI fusion rule corresponds to the geometric average of the involved
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local posterior PDFs [Uney et al., 2013], another fusion rule corresponds to the
arithmetic average of the local posterior PDFs [Li et al., 2020]. Current state-of-
the-art distributed LMB filters based on the arithmetic average fusion rule use a
hard label association scheme [Gao et al., 2020]. We can combine our concept of
soft label association proposed in Chapter 6 with the arithmetic average fusion rule
in order to derive a distributed LMB filter using arithmetic average fusion with soft

label association.
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Appendix

In Table 7.1, we present an algorithm for constructing the partitionings (5.93) and (5.94).
This algorithm is further explained in the following. In Step 1, the sets M(l) C My
comprise the indices of all those measurements whose association with the object with
state (x,!) is plausible. (Note that the My(l) for different [ €L} , are not necessarily
disjoint.) Then, after an initialization step in Step 2, we perform the iterative procedure
constituted by Step 3, which generates label subsets ]L,(Q1 CL; 4, ced{l,...,C} and
corresponding measurement index subsets M,(f) CMy, ce{l,...,C}.

The generation of these subsets is done such that for each ¢ € {1,...,C}, the asso-
ciation of an object state (xg,[), [ € L,(Cczl with a measurement index m is plausible for
m € M,(:) and implausible for m € M,(f,) with ¢/ # c¢. This is achieved by doing the
following for each 1) € ¥ |: In Step 3.1, we determine the subset C’ of those indices
ce{l,...,C} for which the measurement index subsets ./\/l,(:) C My, have some elements
in common with My (1)), i.e., with the measurement indices corresponding to object
state (xy,!?)); this expresses the fact that the association between object state (xy, 1))
and some measurement indices from |J, ¢ M,(CCI) is plausible. If none of the M,(f) has an
element in common with M(I9)), i.e., if the association between object state (x, 1))

with any measurement index m € (.. It C}M,Ef) is implausible, then C’ is empty. In

that case, (' is incremented by 1, and a r;ex;v label subset and a new measurement index
subset are created as L7 = {I{D} and M) = M, (1)), respectively (see Step 3.2).
Otherwise, i.e., if |C'| > 1, we merge all the label subsets }L,(Cci)l with ¢ € C' as well as
the considered label {) into one common label subset ]L,(:EP and we merge all the corre-
sponding measurement index subsets M,(f,), ¢ € as well as M (1Y) into one common
measurement index subset M,Ef) (see Step 3.2, first bullet item). Here, the index c is
picked arbitrarily from C’. Next, we perform a reindexing such that the index values in
C"2 ({1,...,C}\C")U{c} become 1,2,...,|C"|. Furthermore, we update C as C = |C"|,
so that the new set of subset indices is given by {1,...,C} (see Step 3.2, second and
third bullet items). Subsequently, Steps 3.1 and 3.2 are repeated for the next 1) e L4
(if available).

The final number C of subsets L,(Ql, ce{l,...,C} is determined by this iterative

procedure. Finally, in Step 4, the measurement indices m € My that are not part of
any subset M\ are collected in MI®. We note that a larger threshold 1 used in the
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Table 7.1: Algorithm for constructing the partitionings (5.93) and (5.94)

Input: Label set L}, ={I, ... 1(%-1D}; measurement index set My; threshold ¢ .

Output: Number of subsets C, label subsets L,(f_)l, ce{l,...,C}; measurement index subsets
M cefl,...,C} and M,
Operations:

1) For each [ €L;_,, determine Mj(l) C M), as the subset of all measurement indices m € M,
for which 8™ > ~¢.
2) Initialization: Set C'=1, L{"V, = {IV}, and M = M, (1D).

3) Iteration: For j =2,...,|L;_,|, do the following:

3.1) Determine C’ C {1,...,C} as the set of all c € {1, ..., C} for which M\” N M, (1)) 0.

3.2) If C' =), then increment C by one and set L% = {I)} and M\“ = M, (11)); else do
the following;:

e Select an arbitrary ¢ € C’ and set L\, = {10)} U UC,EC,LE:,/)l and M = M, (19) U
Usee My
e Set "= ({1,...,C}\C") U {c} and C=|C"|.

e Perform a reindexing whereby the indices contained in C” are replaced by the new
indices 1,2,...,C.

4) Set M1 = M\ U, ce M.

definition of the sets M(l) in Step 1 tends to result in smaller subsets Mg(l), L,(f_)l,

and M\, a larger residual set M, a larger number C of subsets L{” | and M\”, and

a higher probability of C’ being empty.
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