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Kurzfassung

Im Jahr 2009 stellte Satoshi Nakamoto die Blockchain Technology und Bitcoin der Öffentlichkeit
vor. Seitdem ist das Interesse an Krypto-Währungen, ins besonders Bitcoin, und der in-
novative Blockchain Technology stark gewachsen. Der Preis von Bitcoin stieg spektakulär
und erreichte an seinem Höchststand fasst 20 000 USD. In dieser Arbeit wurde die Funk-
tionsweise der Blockchain, welche ein öffentliches Transaktionsregister ist, untersucht und
erklärt. Heutzutage bedarf es für eine herkömmliche Transaktion einen Mittelsmann, meist
eine Bank, der sicherstellt das die Überweisung ordnungsgemäß abgewickelt wird. Die
Blockchain Technology eröffnet hingegen die Möglichkeit Transaktionen sicher ohne einen
Mittelsmann abzuwickeln, und das Vertrauen in den Mittelsmann wird durch Kryptogra-
phie ersetzt.
Weiters wurde in dieser Arbeit die Frage untersucht ob sich Preise von Krypto-Währungen
aus einer statistischen Sichtweise von Aktienpreisen unterscheiden. Es wurde schon lang
beobachtet, dass Preise von Aktien sich an sogenannte stilisierte Fakten halten. Das heißt,
dass gewisse statistische Eigenschaften universell bei fast allen Aktienpreisen auftreten, un-
abhängig davon welche Aktie oder Markt konkret betrachtet wird. Werden zum Beispiel die
Returns (logarithmische Differenzen der Aktienpreise) betrachtet zeigt sich meist, dass diese
nicht normalverteilt sind und die Verteilung schwerer Tails besitzt als die Normalverteilung.
Weiters wird ein Volatilitäts-Clustering-Effekt beobachtet, der besagt, dass es nach Tagen
mit großen Kursschwankungen wahrscheinlicher ist, das am nächsten Tag wieder eine große
Schwankungsbreite vorherrscht.
In dieser Arbeit wurden daher die statistischen Werkzeuge zum untersuchen dieser Frage
vorgestellt und auf die Frage angewendet ob bei Preisen von Krypto-Währungen ähnliche
Effekte auftreten. Diese Fragestellung konnte positive beantwortet werden und Krypto-
Währungspreise verhalten sich aus statistischer Sicht nicht anders als Aktienpreise. Weit-
ers wurde festgestellt, dass Krypto-Währungen viel riskanter (schwankungsanfälliger) als
Aktien sind aber, dass es trotzdem vorteilhaft sein kann in Sie zu investieren, da Sie kaum
mit herkömmlichen Märkten korreliert sind und daher zur Diversifizierung benutzt werden
können.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Abstract

The blockchain technology and bitcoin were introduced in 2009 by Satoshi Nakamoto. Since
then there has been a great interest in the innovative technology and the price of bitcoin
rose spectacular and hit nearly 20 000 USD. In this thesis, the blockchain technology is
described in detail. For conventional transactions, a trusted third party (i.e. a bank) is
required to secure the transaction. But the blockchain technology offers a new way to
process transactions where the trusted third party is not required anymore and is replaced
by cryptography.
Furthermore, the question if prices of crypto-currencies behave differently than stock prices
from a statistical point of view is investigated. It is common knowledge that prices of
stocks possess so called stylized facts and therefore the question arises if crypto-currencies
conform to them too. The returns (logarithmic price differences) of stocks are not normally
distributed and possess heavier tails. Furthermore, there is the so called volatility clustering
effect, i.e. after days with high volatility it is much more likely that the next day is volatile.
Therefore the statistical tools to analyze these questions were explained and then used to
answer the question if crypto-currency prices display the same stylized facts as stock prices.
The answer is positive, i.e. crypto-currency prices display the same statistical properties as
stocks. Nevertheless, they are much more volatile than stocks but can offer benefits, from
an investor’s point of view, since they are uncorrelated to stock markets and therefore can
be used for diversification.
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1 Introduction

In the last years the blockchain technology and bitcoin, a peer to peer crypto-currency and
electronic payment system, became quite famous. Its price against the USD, commonly
referred to as bitcoin price, rose spectacular, although this rise was accompanied by extreme
volatility and on 2017-03-02 it surpassed the price of gold (against the USD) and on 2017-
12-16 reached a price of 19356 USD. It was invented and introduced in March of 2009
through a white paper [48] of Satoshi Nakamoto, whose identity is still unknown up to
now. In a normal and modern currency regime (USD, EUR, ...) a central authority (i.e.
central bank) controls the money supply and transactions are conducted through trusted
third parties (banks). In contrast, bitcoin is a decentralized and open-source payment
system which uses the blockchain technology and cryptography to secure transactions and
control the money supply. The total supply of bitcoin is capped at 21 million and new
bitcoins are produced (mined) and distributed according to a predefined schedule. This is
one of the advantages proponents often cite, because the risk of diluting the monetary base
by a central bank, which could happen via political pressure, is contained. Inflation on
existing banknotes is therefore impossible. Thus, bitcoin is often compared or mentioned
together with gold as a hedge against inflation.
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Figure 1: historic development of bitcoin price versus Gold price on log scale.
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In this master thesis, the basic structure and functionality of bitcoin and the blockchain
technology are presented in section 2. In finance it is well known that stock market price
data possess certain statistical properties, called stylized facts (see section 3, [39], [45], and
[47] for more details). In section 3 the statistical tools to analyze and test for the stylized
facts are presented in detail. Finally, in section 4 these tools are applied to analyze if
crypto-currencies behave similar to stock markets, from a statistical point of view. The
question is if crypto-assets conform to the same stylized facts as stocks. In section 5 a
summary of the thesis is provided.

2 How does bitcoin work

Bitcoin is a peer to peer open-source payment system and one unit is called bitcoin, which
is basically a private key that can be used to proof the ownership of the output of a pre-
vious transaction that is saved in the distributed ledger (i.e. the transaction history). It
relies on the blockchain technology, a publicly available database of all transactions so far,
consisting of blocks that contain the transactions and a reference to the previous block
(i.e. the hash value of the previous block). This chain is openly available and redundantly
saved on many computers (i.e nodes) participating in the peer to peer network which is
governed by the bitcoin protocol. So the chain grows when a new block is published, which
also creates new bitcoins. This is an incentive for participating and creating new blocks
which require a proof-of-work (i.e. inverting a cryptographic hash function, for bitcoin
case the SHA256 hash is used). On average all 10 minutes, a new block is created and
when a transaction is published and included in a block it is accepted by the network. The
process of creating a new block is stochastic, since many PCs compete against each other
to find a solution to a cryptographic problem, basically guessing the right input for a given
output of the hash function, and two different miners may guess a solution at the same
time creating a splitting in the chain. The network assumes the longest chain in terms
of CPU power (total difficulty see mining) to be the true one and after a split, the chain
with less CPU power behind it dies off. This makes cheating really hard or practically
impossible, since to change a transaction after it was accepted by the network you would
have to recreate the whole chain that came after the transactions and even surpass the
growing honest one. Hence, the probability that a transaction can be changed drops of
with the time that passes, Satoshi Nakamoto showed in [48] that it decays exponentially.
For transactions, a Bitcoin-wallet or Bitcoin-Client (i.e an app or software on your PC) is
needed for transactions and managing your account [2].

8

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

To understand the technology better we take a closer look at the structure of the blockchain,
transaction, and mining. First, I will briefly summarize hash functions and Merkel trees.

2.1 Hash functions and Merkle Tree root

2.1.1 Hash function

A function H(x) that has an input x of arbitrary length and output with fixed length is
called Hash function. The output is called the hash value (hash). A cryptographic hash
function is a hash function that is hard to invert but easy to evaluate (given input x it is
computationally easy to calculate H(x), but given an output y = H(x) it is very hard to
find input x) and where the output changes completely if the input is changed just a little
bit.
Bitcoin uses the Secure Hash Algorithm 256 (i.e. SHA256 ), that means the output has
a fixed length of 256 bit, for the proof-of-work in the creation of new blocks and in the
creation of bitcoin addresses (similar to the account number or IBAN, but in bitcoin you
create a new one for each transaction). To increase the security of the hash function bitcoin
uses SHA256 2, which means:

H(x) = SHA256 (SHA256 (x))

Where SHA256 (·) is the standard SHA256 hash algorithm, this algorithm partitions the
input into 512 bit blocks (respectively 16 blocks of 32 bits each)and iteratively calculates
them together with 4 logic operations and 64 constants. The constants are derived from
the square roots of the first 64 prime numbers [13] [12]
A full inversion (i.e. given an output y = H(x) find the shortest possible input x with
output y) through a brute force attack has a known running time of O(2256) which makes
it computationally infeasible [3]. For the output the hexadecimal system is used meaning
that the output of the hash function is a number with 256 bit displayed in hexadecimal.
Lets see a small example [13]:

SHA256 (”This is the master thesis in finance of Lukas”) =

6b3652a60b126db4e7dccfd6e99286056c540b1caabd567fa9d4d511df46a248
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where the output is a 256 bit number in hexadecimal. The hexadecimal system needs 16
symbols with values from {0, 1, ..., 15} = {0, 1, ..., 8, 9, a, b, c, d, e, f} so for example a 9 bit
number:

27110 = 2 · 102 + 7 · 101 + 1 · 100 = 1 · 162 + 0 · 161 + 15 · 160 = 10fhex =

= 1 · 28 + 1 · 23 + 1 · 22 + 1 · 2 + 1 · 20 = 1000011112

Remark. For bitcoin a partial inversion of SHA256 2 is required since the miner has to
find a 32 bit nonce such that the output is below a certain threshold, see section 2.4 for
more details. A brute force partial inversion by trying out all possible 32 bit nonce has run
time of O(232).

2.1.2 Merkle Tree

A Merkle Tree is a binary tree of hashes. The aim is to bundle the hash values of mul-
tiple transactions into one hash (i.e. Merkle root), for bitcoin all transactions in a given
time-span are bundled in one block. The concept is pretty straight forward and best
demonstrated by an example: Suppose we have three transactions a, b and c to bundle [4]:

d1 = H(a) d2 = H(b) d3 = H(c) d4 = H(c)

d5 = H(d1 ⊕ d2) d6 = H(d3 ⊕ d4)

root = H(d5 ⊕ d6)

where ⊕ stands for the concatenation operation. In the first line, the transaction c is used
twice so that the starting row has an even number.

2.2 Blockchain

The blockchain is a publicly available database of all recorded transactions saved on all
nodes participating in the network. When a new block is created (see section 2.4), it is
broadcasted to the network (i.e. it is sent simultaneously to all nodes participating in the
network. A node is a server of a miner where the blockchain is saved). The database is a
sequence of blocks.
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Definition 1. Block

A block consists of the header and the body. The body is essentially just a list of all trans-
actions (see section 2.3) that are included in the block. Originally the body was restricted
to 1Mb which limited the number of transactions that could be included in one block. The
header connects the previous to the current block and consists of the hash of the previous
block header, the hash of the transactions included in the body, a time stamp, and the nonce
(see section 2.4 and table 1 for details).

Definition 2. Blockchain

The blockchain is simply a distributed ledger where the blocks are stored in chronological
order since each block contains the hash of the previous block. Therefore, the chain con-
tains the transactions (see section 2.3 for details) and grows over time. This guarantees a
chronological order and makes changing transactions, once included into blocks, hard, since
all the blocks that came after the block you want to manipulate would have to be recreated.

Blocks are created through the mining process which requires a proof-of-work, so repro-
ducing a chain is harder the longer it is. The length of a chain is measured in total difficulty
(see section 2.4 for details), where difficulty is a measure for how hard it is to solve the
cryptographic problem that created the block. This measure changes over time since for a
fixed difficulty [see also mining][5] the average time it takes to produce a block with this dif-
ficulty level depends on how much CPU power is trying to solve the problem (i.e. how many
miners are out there). The bitcoin protocol aims to create a new block every 10 minutes
and adjusts the difficulty according to a predefined formula every two weeks (e.g. making
it harder when the blocks are created too quickly or vice versa) to meet this goal on average.

It is also possible for temporary splits or forks to occur, for example if two miners come
up with the solution of a block at the same time and publish them to different nodes.
Whichever of the two blocks gets integrated into the next block becomes part of the main
chain and survives. The shorter chain is used for nothing since all valid transactions in it
get integrated into the longer chain, as new transactions that need to be processed, when
it dies off, but the rewards (genesis transaction, see section 2.4 for details) for generating
the blocks of the shorter chain do not exist in the longer chain [6].

Since the whole transaction data is public it is possible to know the whole history of
bitcoin transactions and in fact, for conducting a transaction you just reference to a previ-
ous transaction where you were a receiver and sign it with your private key. So the crucial
point for privacy is the link of the bitcoin address (i.e. a character string that is used for
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Figure 2: green: genesis block; black: longest chain; purple: dead blocks

identifying the sender and receiver of transactions, see section 2.3 for more details) and bit-
coin client (e.g. wallet), if one is used, with the true identity of the bitcoin user. So if you
download software (e.g. wallet), that helps you to keep track of your keys and addresses,
with your true name and identity there exists the possibility that with this information
your whole transactions could be traced down to you. Nowadays there are hundreds of dif-
ferent wallets to choose from. There are blockchain browser which displays the transaction
history of the chain in human-friendly ways with hex editors [7] [8]

2.3 Transactions

A transaction is a transfer of bitcoin value where the input is a reference to a previous
transaction output [8]. Transactions are published to the network and then incorporated
into the next block. So it takes some time until a transaction is cleared, since it takes
a random amount of time to create a block (in fact it is Poisson distributed [9][mining
section]). This is one of the disadvantages of bitcoin which must be solved to become a
feasible payment system for everyday life. There is the possibility to include transaction
fees to give a transaction a higher priority so that it will get integrated into the next block
that is created if there is an overload of pending transactions that have to be integrated
into blocks.
Every time a new block is solved (i.e. the nonce, that solves the cryptographic problem,
is found. See section 2.4 for details) also a genesis transaction occurs which means that
bitcoins are created out of nowhere and sent to the address of the miner. This also makes
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the problem to solve uniquely for each miner since each miner includes a different genera-
tion transaction, namely his address, as the first transaction into the transaction list of the
block and the Merkle root of the transactions which is included in the problem is unique
for every miner [see mining section][10]. All bitcoins in existence were created in this way.
The smallest increment of one Bitcoin is one Satoshi in reference to the creator of bitcoin.
1 bitcoin = 100 000 000 Satoshi.

Here a little example of how a transaction looks like:

Figure 3: Data of a transaction [8]

The input takes 50 bitcoin (=5000000000 Satoshi) from output 0 (one transaction can send
bitcoin from multiple addresses to multiple receiver addresses, therefore, they are indexed)
of transaction f5d8ee..., signs them with the private key and sends them to the bitcoin
address 40437... (all values except the index and value of the transaction are in the hex-
adecimal system) [8]. Since one transaction can source funds from multiple previous ones
and send it to multiple addresses output 0 means that the first receiver address of trans-
action f58ee... sends the 50 bitcoin.

2.4 Mining

The process of solving a new block is called mining because brand new bitcoins are created
when a block is finished and transferred to the miner. To do this the miners have to solve
a difficult mathematical task (i.e. inverting the hash function). People who are part of the
bitcoin network and provide computer resource to solving blocks are called miners. First,
we will take a look at the structure of the block header which contains 6 fields
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version: block version number
hashPrevBlock: 256-bit hash of the previous block header
hashMerkleRoot: 256-bit Merkle root hash of the transactions in the block
Time: Current timestamp as seconds since 1970-01-01T00:00 UTC
Bits: Current target in compact format
Nonce: 32-bit number

Table 1: block header

The Bits and Nonce entries of the block header are related to solving the block. The nonce
is the solution to the mathematical problem and the difficulty of the problem is controlled
through the target in the Bits field. The version field is of minor importance and says
which version is used.

The body of the block consists then of a list of all transactions (see section 2.3 and figure 3)
that are compiled into the block by the miner.
Out of the header, the block hash is generated, namely concatenating all six fields and
hashing them. The problem for solving the block is to find the nonce so that the hash of
the block contains a certain number of leading zeros. Difficulty determines the number of
leading zeros required to solve the block and is adjusted all 2016 blocks [5] (on average two
weeks) so that on average all 10 minutes a block is created. The problem is unique to each
miner, since the generation transaction that is different for each miner enters the header
through the Merkle root of transactions.
So to use mathematical notation, given the current target Tt (i.e. a number set by the
bitcoin protocol) the task is to find a nonce n given the information x of the first 5 rows
such that:

H(x⊕ n) ≤ Tt

which means a certain number of leading zeroes determined by the target (a 256-bit number
in the hexadecimal system) [11] (⊕ is again the concatenation operator). So the higher the
target the lower the difficulty and vice versa. The ≤ instead of hitting the target exactly
is to control difficulty and therefore the time it takes on average to create a block. The
difficulty will depend on the hash rate of all miners combined (i.e. how often can they
evaluate the hash function in a given time-span). For example, if all miners together can
perform 106 evaluations in one second, they have a greater chance of finding the right nonce
than if they have a hash rate of 105.
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To demonstrate this we will look at a small example [10]:

H(”Hello, world!0”) =

1312af178c253f84028d480a6adc1e25e81caa44c749ec81976192e2ec934c64

where Hello, world! would correspond to x and 0 to the nonce n in the above structure.
The work is to try out different values for n such that leading zeros are produced in the
hash value (the higher the hash rate the faster the problem is solved).

H(”Hello, world!1”) =

e9afc424b79e4f6ab42d99c81156d3a17228d6e1eef4139be78e948a9332a7d8

and after some trial and error a solution n = 4250 is found for a given hypothetical target
of for example 000F000...

H(”Hello, world!4250”) =

0000c3af42fc31103f1fdc0151fa747ff87349a4714df7cc52ea464e12dcd4e9

We will look at the concept of difficulty in more detail:

Difficulty:

To calculate it you just need the highest possible target Tmax (lowest difficulty) and the
current target Tt [5].

difficulty =
Tmax

Tt

If the Tt = Tmax then the difficulty is one. You can also think about it in a probabilistic
way, since for a given target Tt ∈ [0, Tmax] =: I the probability when drawing a number
randomly out of I to be lower than Tt is

Tt

Tmax
[compare uniform distribution] and the diffi-

culty is the inverse of this probability, the lower the probability of being under the target
the higher the difficulty.

The highest possible target used in bitcoin is:

Tmax = 00000000ffff0000000000000000000000000000000000000000000000000000
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Lets look at an example where we calculate the difficulty for a target given by:

Tt = 00000000000404cb000000000000000000000000000000000000000000000000

difficulty =
Tmax

Tt

= 16307.42

The difficulty and therefore the target is adjusted all 2016 blocks in response to the
observed hash rate (how many hash values can be computed or tried out per second) of the
bitcoin network (all miners taken together). The aim is to create a block all 10 minutes
and after 2016 blocks the network compares the actual time it took and adjusts the current
target

T new
t = T old

t · tobs
t2

with the percentage deviation of time where t2 is the time-span of two weeks and to is the
observed time it took to create 2016 blocks. For example, if the used frequency is minutes,
t2 = 60 · 24 · 14 = 20160 and lets suppose it took the miners tobs = 30000 minutes to
create 2016 blocks, then the target is adjusted by multiplying with 30000/2016 = 1.49 and
difficulty difficulty = Tmax

Tnew
t

will decrease by the factor 1/1.49 = 0.67 (i.e. the difficulty is

lowered approx 33%).

A block is solved when a miner discovers a nonce such that the hash of the block is below
the target, then he publishes to the network and each node receiving the block checks if
the proof-of-work was done (i.e. hashing the block header and looking if the block hash
is below target). Then the new block and with it the transactions are integrated into the
public available chain and the outputs of the transaction can be referenced as inputs for
new ones.
Any change in the block especially in the transactions will change the hash of the block
completely and to make a valid block out of it again requires finding a new nonce such
that the block hash is below target. And, since the blocks form a chain by referencing
each block to its previous, a potential criminal would have to recreate all blocks that came
after the changed block and even surpass the growing honest chain which prevents double-
spending and gives the bitcoin network its security. An attacker would need the ability
to create blocks faster than the whole bitcoin network combined which means he must
have a higher hash rate than the network. So the more time passes after a transaction is
accepted and build into a block the more secure the transaction is. A transaction is said
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to be sufficiently secure if there are more than 6 new blocks after the block where it is in [9].

Remark. On 2017-07-01 the blockchain was split by a hard fork that was not revised later.
This split was by purpose and created two crypto-currencies (bitcoin and bitcoin cash) out
of the original bitcoin. We won’t dive into too many technical details here, but a short
summary will be presented:

Due to the limited block size (i.e. 1 Mb which limited the capacity of bitcoin to approx-
imately 7 transactions per second), there was a growing need to enhance the block size.
Since there is no central authority that could have changed the source code, all miners (i.e.
CPU power devoted to the system which produce the blocks and process the transactions)
have to agree to use a different source code and still accept the history of transactions (i.e.
chain) up until now for this change to happen. Not all miners agreed to the change and
a fork occurred on 2017-07-01 since only 97% agreed to the change to increase the block
size limit to 8Mb. The remaining miners did not change the source code and created bit-
coin cash. Basically, each user doubled the amount of currency he/she had since with their
key they had access to the same amount of bitcoin cash as they had bitcoin before without
using access to their bitcoins. The transaction history of both currencies is the same until
2017-07-01. Think of creating a new currency and every holder gets one unit of new cur-
rency for one unit of old currency he/she had. Nowadays bitcoin is, in terms of market
capitalization, dominant compared to bitcoin cash (see figure 4). For more details see [1].

2.5 Summary

The bitcoin and blockchain technology depend upon a publicly available database of all
transactions which is saved redundantly in a peer to peer network. The chain or database
consists of blocks that are ordered chronological and each block contains transactions, a
reference to the previous one and the solution to a difficult mathematical puzzle (the nonce
that solves the block as a proof of work). Since all transactions are publicly available, all
one needs to transfer bitcoins is the private key to sign and claim ownership of the output
of a previous transaction and once the transaction is broadcasted to the network and in-
cluded into a block of the chain the transaction is accepted and can be referenced to for
new transfers. The problem of double-spending or cheating is solved by the proof-of-work
that is required for creating a block since changing a block and especially the transactions
in it is hard. An attacker would have to recreate the whole chain that came after the block
the transaction is in and especially surpass the valid chain since the network considers the
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longest chain in terms of total difficulty to be the honest one. This gets computational
harder the longer the chain is, since creating each block requires a proof-of-work and the
chain grows all the time, because on average all 10 minutes a block is added (so the attacker
would need a higher hash rate than the whole network). The incentive for denoting PC
resources (mining) to block creation is that brand new bitcoins (see generation transaction)
are created when a block is solved and transferred to the miner. All bitcoins are created
through block creation and the total amount of bitcoin is capped at 21 million.

Advantages and Disadvantages of bitcoin payment system:

The capped money supply is one of the advantages since dilution of the money base due to
political decisions is impossible. Another one is that no central authority and trusted parties
are required so the whole payment system doesn’t rely on trust but instead on a crypto-
graphic proof of work and the idea that no attacker could amass more CPU power than
the combined bitcoin network to corrupt the public transaction database (i.e. blockchain).
This also means that no one can change a transaction after it is included in the chain
which could be seen as advantage or disadvantage. Another point is the anonymity if one
properly hides his identity when creating the wallet that manages and stores the private
keys which I guess is especially loved by criminals. One clear drawback of the technology
is that it can take a considerable time to clear a transaction (create a block) since time to
creation is stochastic and on average only all 10 minutes a new one is created which means
that on average you would have to wait so long until the transaction is accepted. This
makes bitcoin infeasible for a payment system for everyday life.
Another point to mention here is that the price of bitcoin against major currencies (e.g.
USD) is purely determined by supply and demand. Therefore the price is highly volatile
and the value against currencies is only underpinned by the trust of the users that bitcoin
will be used in the future and there is demand for bitcoins.

summary of bitcoin features:

• capped bitcoin supply, so no dilution due to political considerations

• new supply distributed into the system through predefined schedule

• no trusted third parties (i.e. banks) needed

• no national organization behind it
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• integrity of the system is guaranteed by cryptography

• no changes to accepted transactions possible (for example no way of correcting fat
finger errors)

• anonymity of transactions when identity is hidden properly

• takes a random amount of time to clear transactions (can range from minutes to
hours)

• due to the increasing popularity of bitcoin a spectacular rise in the price from 0 to
nearly 20000 USD

• extreme volatile price

• less regulation and security than for normal currencies

• open-source bitcoin protocol

• if private key lost no possibility of accessing ones bitcoins

3 Stylized facts of financial time series

In this section, we compare the statistical properties of the return times series of different
financial markets. It is well known that financial return series possess specific statistical
characteristics, see [47], [39], and [45], like

• log prices are integrated of order one (see 8 below), i.e. first differences are stationary

• returns are stationary, see definition 4

• returns possess little to no linear serial correlation

• squared or absolute returns have a high and slowly decaying serial correlation

• volatility clustering

• returns are not normally distributed and typically possess heavier tails than the
normal distribution

• returns are asymmetrically distributed, i.e. the skewness is non zero
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In this master-thesis, I analyze whether crypto-currencies (e.g. bitcoin, ether, ...) possess
the same statistical characteristics like prices of well established major stock indices (e.g.
S&P 500, Dow Jones, DAX, Nikkei 225, ...). So the question is if new crypto-assets behave
differently than traditional financial assets from a statistical viewpoint.
First I will give a short review of the definitions and theory in section 3.1 used to analyze
the aforementioned statistical properties.

3.1 Some facts of time series

Let (Ω,F , P ) be a probability space, and X : Ω × I → R be a stochastic process where
I denotes a index set that will represent the time domain, here it will be I = N or I =
{1, ..., T} due to the nature of financial data.

Definition 3. A stochastic process (Xt)t∈I is strict stationary if

(Xt1+k, ...,Xtn+k)
D
= (Xt1 , ...,Xtn)

for all n ∈ N, t1, ..., tn ∈ I, t1 + k, ..., tn + k ∈ I, for all k ∈ N

In this master thesis the concept of strict stationary is not used but instead the following

Definition 4. A stochastic process (Xt)t∈I is weakly stationary if

(a) E(Xt) = E(X1) for all t ∈ I

(b) E(X2
t ) < ∞ for all t ∈ I

(c) cov(Xt,Xt+k) = cov(Xk,X1) =: γ(k) for all t ∈ I and k ∈ N

Remark. γ(k) is called the autocovariance function and ρ(k) := γ(k)/γ(0) is called the
autocorrelation function (acf).

Definition 5. A stochastic process (ǫt)t∈I is white noise if

(a) E(ǫt) = 0 for all t ∈ I

(b) E(ǫ2t ) = σ2 < ∞

(c) cov(ǫt, ǫt+k) = 0 for all k 6= 0

Remark. Notation: ǫt ∼ WN(σ2)
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Definition 6. A stationary solution to the following equation (1) is called ARMA(p, q)
process

Xt = a1Xt + ...+ apXt−p + ǫt + b1ǫt−1 + ...+ bqǫt−q (1)

where ǫt ∼ WN(σ2), ai ∈ R, bi ∈ R and ap 6= 0 bq 6= 0.

For further details about definition 6 see chapter 3 of [37].

Remark. If q = 0 (i.e. all bi = 0) in (1) we call Xt an AR(p) process.

Definition 7. A stochastic process (Xt)t∈I is called integrated of order l if the l-th difference
is stationary (where l ∈ N, is the smallest l such that ∆lXt is stationary with ∆Xt =
Xt −Xt−1 and ∆lXt = ∆ . . .∆

︸ ︷︷ ︸

l−times

Xt).

Definition 8. A stochastic process (Xt)t∈I is called ARIMA(l, p, q) process (i.e. integrated
of order l) if the l-th difference of Xt is an ARMA(p, q) process.

Definition 9. A process Xt = x0+
∑t

j=1 ǫj for ǫt ∼ WN(σ2) iid and x0 ∈ R (deterministic)
is called random walk.
X̃t = tθ +Xt = x0 + tθ +

∑t
j=1 ǫj is called random walk with deterministic drift.

For a random walk we can easily calculate:

• E(Xt) =
∑t

j=1 E(ǫj) = 0

• Var(Xt) = tVar(ǫ1) = tσ2

• cov(Xt,Xs) =
∑min(t,s)

j=1 Var(ǫ1) = min(t, s)Var(ǫ1) = min(t, s)σ2

Remark. A random walk is integrated of order 1 and not stationary since the variance
grows in t, but the first differences are iid white noise and therefore stationary. A random
walk is a discrete-time analogon to a Brownian motion.

Next I briefly introduce the estimation of the autocovariance and correlation function,
since most of the test statistics used for analyzing the financial timeseries are based on
these quantities.
The mean of a stationary process is estimated by the standard arithmetic mean:

X̄T :=
1

T

T∑

t=1

Xt (2)
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and the autocovariancefunction can be estimated by

γ̂(k) :=
1

T

T−k∑

t=1

(Xt+k − X̄T )(Xt − X̄T ) (3)

and the standard estimator for the autocorrelationfunction is

ρ̂(k) :=
γ̂(k)

γ̂(0)
(4)

for a detailed analysis under which conditions 2, 3 and 4 are consistent estimators for the
population quantities and are asymptotically normal see [37].

The Box-Pierce and Ljung-Box tests are standard test for a white noise process. The
H0 hypothesis is that Xt is iid (therefore also Xt ∼ WN(σ2)). The test statistics are

• Box-Pierce: Q(k) = T
∑k

i=1 ρ̂(i)
2 D→ χ2

k under H0.

• Ljung-Box: Q(k) = T (T + 2)
∑k

i=1
ρ̂(i)2

T−i

D→ χ2
k under H0. The Ljung-Box test has

better performance for finite samples

Furthermore define the estimator for the l ∈ N centered moment (E (Xt − E(Xt))
l) as

ml :=
1

T

T∑

t=1

(Xt − X̄T )
l (5)

The skewness-estimate is
gT :=

m3

m
3/2
2

(6)

which is a measure of asymmetry of a distribution (i.e. gT < 0 indicates that the distribu-
tion is skewed to the left and vice verse). An estimator of the kurtosis is

κT :=
m4

m2
2

(7)

which is a measure for heaviness of the tails. The standard normal distribution has kurtosis
equal to 3, therefore a kurtosis higher than 3 indicates that the tails of the distribution are
heavier than the normal density tails.

Under Xt iid standard normal it holds:
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• gT

√
T
6
→ N(0, 1)

• (κT − 3)
√

T
24

→ N(0, 1)

One of the most prominent tests for normality (H0 states that (X1, ...,Xt) is iid normal
distributed) is based on the skewness and kurtosis estimate and called Jarque Bera test,
see [40]. The test statistic J is given by

J =
T

6

(

g2T +
(κT − 3)2

4

)

D→ χ2
2 (8)

3.2 Convergence of random walks

Definition 10. A stochastic process (Wt)t∈[0,1] is called Brownian motion if

• W0 = 0 a.s.

• t → Wt is continuous a.s.

• for all n ∈ N t0 < ... < tn the vector with the increments (Wt1 −Wt0 , ...,Wtn −Wtn−1)
has independent components with Wti −Wti−1

∼ N(0, ti − ti−1)

Definition 11. For s ∈ [0, 1] and ǫ ∼ WN(σ2) iid, define

XT (s) :=
1√
σ2T

⌊sT ⌋
∑

t=1

ǫt

Lemma 12. XT (s) converges for fixed but arbitrary s ∈ [0, 1] to N(0, s) in distribution.

Proof of Lemma 12: From the CLT we have

XT (s) =

√

⌊sT ⌋√
T

︸ ︷︷ ︸

→√
s

1
√

σ2⌊sT ⌋

⌊sT ⌋
∑

t=1

ǫt

︸ ︷︷ ︸

→N(0,1)

→ N(0, s)

since sT − 1 ≤ ⌊sT ⌋ ≤ sT therfore s− 1/T ≤ ⌊sT ⌋/T ≤ s

Theorem 13. Donsker Theorem:

The process (XT (s))s∈[0,1] converges to (Ws)s∈[0,1] in distribution
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To be more prices it converges in the Skorokhod topology but this is beyond the scope
of this thesis and for more details see chapters 2 and 3 of [18] or [32].
Furthermore there is a continuous mapping theorem for processes (i.e. for all continuous

functionals g(·) we have g((XT (s))s∈[0,1])
D→ g((Ws)s∈[0,1]), where continuity is with respect

to the Skorokhod metric). All functionals that come up in this thesis are continuous, fur-
ther details can be found in [52].

Next a few convergence results for random walk processes are stated and proofed that
follow from theorem 13. These results will be used to construct tests for stationarity, since
this is one of the main properties of crypto-assets that we want to investigate. The im-
portance of stationarity comes from the fact that this allows one to estimate expectations
by averaging over the time domain, since otherwise we would have for just one observation
for each t. Therefore, if we want to model something in a time-series context we have to
have some sort of stationarity. The tests, applied in section 4, do indeed indicate a positve
answere.

Observe that we have for Xt a random walk ( Xt =
∑t

j=1 ǫj for the rest of the section),

1√
T 3σ2

T∑

t=1

Xt =
1

T

T∑

t=1

Xt√
Tσ2

=

∫ 1

0

XT (s)ds = g(XT (·)) D→
∫ 1

0

Wsds (9)

where the last equality is due to XT (·) being a step function and the functional g(h) =
∫ 1

0
h(s)ds. The convergence follows from [32] and the continuous mapping theorem.

Remark. For a stationary AR(p) process, Xt, we would have (under some regularity con-
ditions, see chapter 3 and 7 of [37])

1√
T

T∑

t=1

(Xt − E(Xt))
D→ N(0, σ̃2)

where the long run variance is given by σ̃2 =
∑∞

j=−∞ γ(j) with γ(j) = cov(Xt+j,Xt). Note
the totally different scaling factor compared to the result for the white noise process.

Furthermore

1

T 2σ2

T∑

t=1

X2
t =

1

T

T∑

t=1

(
Xt√
Tσ2

)2

=

∫ 1

0

X2
T (s)ds = g(XT (·)) D→

∫ 1

0

W 2
s ds (10)
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for g(h) =
∫ 1

0
h2(s)ds and

1

T

T∑

t=1

(∆Xt)
2 =

1

T

T∑

t=1

ǫ2t → 1 a.s. (11)

due to the strong law of large numbers. Also

1

Tσ2

T∑

t=1

Xt−1∆Xt =
1

2

1

Tσ2

∑

t=1

(X2
t −X2

t−1 − (∆Xt)
2) =

1

2
(

1

Tσ2
X2

T
︸ ︷︷ ︸

XT (1)

− 1

T

T∑

t=1

(∆Xt)
2) (12)

→ 1

2
(W 2

1 − 1) =

∫ 1

0

WsdWs

where the last equality is due to the Ito formula for f(x) = x2. Next

1√
T 3σ2

T∑

t=1

t∆Xt =
XT√
Tσ2

− 1

T

T−1∑

t=1

Xt√
Tσ2

→ W1 −
∫ 1

0

Wsds =

∫ 1

0

sdWs (13)

where the last equality is due to the Ito formula for f(x, t) = xt.

1√
T 5σ2

T∑

t=1

tXt =
1

T

T∑

t=1

t

T

Xt√
Tσ2

=

∫ 1

0

sXT (s)ds →
∫ 1

0

sWsds (14)

Next we will look at a random walk with deterministic drift, X̃t = tθ+Xt and collect some
results about convergence. First observe that

1

T d+1

T∑

t=1

td =
T∑

t=1

1

T

(
t

T

)d

→
∫ 1

0

xddx =
1

d+ 1
(15)

since the sum in (15) is the upper sum (e.g. compare with Riemann integral) of the integral
on the right hand side. Then we have

1

T 2

T∑

t=1

X̃t =
θ

T 2

T∑

t=1

t

︸ ︷︷ ︸

→θ/2

+
1√
T

︸︷︷︸

→0

1

T 3/2

T∑

t=1

Xt

︸ ︷︷ ︸

→
∫ 1
0 Wsds

→ θ

2
(16)

where the first term converges due to (15) with d = 1 and the second term due to (9).
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Remark. Note that for a random walk with drift (X̃t) the deterministic drift dominates
the random walk and different scaling factors (i.e. the scaling factor of Xt is multiplied
by 1/T 1/2 to get the scaling factor for X̃t) are needed to obtain convergence. Analogous to
(16) we can handle all the sums we have analyzed for Xt also for X̃t. Further details can
also be found in section 17.4 in [37].

Collecting results for Xt and X̃t we get:
• 1

T 3/2

∑T
t=1 Xt → σ

∫ 1

0
Wsds

• 1
T 2

∑T
t=1 X

2
t → σ2

∫ 1

0
W 2

s ds

• 1
T

∑T
t=1(∆Xt)

2 → σ2

• 1
T

∑T
t=1 Xt−1∆Xt → σ

∫ 1

0
WsdWs

• 1
T 5/2

∑T
t=1 tXt → σ

∫ 1

0
sWsds

• 1
T 3/2

∑T
t=1 t∆Xt → σ

∫ 1

0
sdWs

• 1
T 1/2

∑T
t=1 ∆Xt → σ2W1

• 1
T 2

∑T
t=1 X̃t → θ

2

• 1
T 3

∑T
t=1 X̃

2
t → θ2

3

• 1
T

∑T
t=1(∆X̃t)

2 → θ2 + σ2

• 1
T 2

∑T
t=1 X̃t−1∆X̃t → θ2

2

• 1
T 3

∑T
t=1 tX̃t → θ

3

• 1
T 2

∑T
t=1 t∆Xt → θ

2

• 1
T

∑T
t=1 ∆X̃t → θ

From this we can deduce

1

T
γ̂(0) =

1

T 2

∑

t

(Xt − X̄T )
2 =

1

T 2

∑

t

X2
t −

1

T
X̄2

T → σ2

(∫ 1

0

W 2
s ds− (

∫ 1

0

Wsds)
2

)

(17)

1

T
γ̂(1) =

1

T 2

∑

t

( Xt+1
︸︷︷︸

Xt+ǫt+1

−X̄T )(Xt − X̄T ) =
1

T 2

∑

t

X2
t +

1

T

1

T

∑

t

Xt ǫt+1
︸︷︷︸

∆Xt+1
︸ ︷︷ ︸

→σ
∫ 1
0 WsdWs

− 1

T
X̄2

T

→ σ2

(∫ 1

0

W 2
s ds− (

∫ 1

0

Wsds)
2

)

ρ̂(1) =
γ̂(1)

γ̂(0)
→ 1 in probability

ρ̂(k) =
γ̂(k)

γ̂(0)
→ 1 in probability (18)

where the statement (18) uses the fact that convergence in probability is equivalent to con-
vergence in distribution if the limit is a constant. Further (18) can be proofed analogous
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to the previous statement.

3.3 Unit Root Tests

Now we are ready to derive the Dickey Fuller test (DF test) for more details see [31] and [50].

DF Test Typ A:

The basic DF test (Type A) starts from a simple AR(1) model:

Xt = aXt−1 + ǫt (19)

where ǫ ∼ WN(σ2) is iid. It can be easily seen that if a = 1 and X0 = 0 the solution is a
white noise process. We want to test if Xt is a white noise process (i.e. H0: a = 1) versus
the hypothesis that Xt is a stationary AR(1) process (i.e. H1: a < 1). Testing for a = 1 is
called unit root test.
Therefore we subtract Xt−1 on both sides of (19) and obtain

∆Xt = (a− 1)
︸ ︷︷ ︸

=:δ

Xt−1 + ǫt = δXt−1 + ǫt (20)

The idea is simple that we estimate δ by ordinary least squares and test H0 : δ = 0 ver-
sus H1 : δ < 1. This is done by using a t-test-statistic but under H0 it will not have a
t-distribution.

To see this, define:

• Y = (∆XT , ...,∆X2)
′ ∈ R

T−1

• X = (XT−1, ...,X1)
′ ∈ R

T−1

Then the estimate δ̂ is given by

δ̂ = (X ′X)−1X ′Y =

∑

t Xt−1∆Xt
∑

t(∆Xt)2
=

1

T

1
Tσ2

∑

t Xt−1∆Xt

1
T 2σ2

∑

t(∆Xt)2

therefore we have using (12) and (11) that

T δ̂ =
1

Tσ2

∑

t Xt−1∆Xt

1
T 2σ2

∑

t(∆Xt)2
D→
∫ 1

0
WsdWs

∫ 1

0
W 2

s ds
(21)
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Remark. Note that in (21) we again have a different scaling factor (i.e. T ) compared to
standard statistical theory where usually

√
T occurs as the right scaling to get convergence

to a random variable. This is called superconsistentency (i.e. δ̂ → 0 with rate 1/T ).
For an AR(1) process we would have

√
T δ̂ → N(0, 1 − a2). The distribution especially

quantiles of
∫ 1

0
WsdWs/

∫ 1

0
W 2

s ds are computed using simulations. Furthermore note that
{t ∈ [0, 1] × ω ∈ Ω : Wt(ω) = 0} is a λ × P (where λ is the Lebesgue measure) null set
therefore we have no problem in the denominator.

The least squares estimator for σ2 is given by (recall Ŷ = δ̂X and Ŷ ⊥ (Y − Ŷ ))

σ̂2 =
1

T
‖Y − Ŷ ‖22 =

1

T
‖Y ‖22 −

1

T
‖Ŷ ‖22
︸ ︷︷ ︸

=δ̂2‖X‖22

=
1

T

∑

t

(∆Xt)
2

︸ ︷︷ ︸

→σ2

−

→0
︷ ︸︸ ︷

δ̂2
︸︷︷︸

OP (T−2)

T
1

T 2

∑

t

X2
t−1

︸ ︷︷ ︸

→σ2
∫ 1
0 W 2

s ds

→ σ2

(22)
by using (11), (10) and (21).

The test statistic τ of a t-test for H0 : δ = 0 is given by

τ =
δ̂

√

σ̂2(X ′X)−1
=

∑

t Xt−1∆Xt

σ̂(
∑

t X
2
t )(
∑

t X
2
t )

−1/2
=

1
Tσ2

∑

t Xt−1∆Xt

σ̂
σ
( 1
T 2σ2

∑

t X
2
t )

1/2
→
∫ 1

0
WsdWs

√
∫ 1

0
W 2

s ds
(23)

The quantiles qα of the distributions are again calculated by simulations and can be found
in [37] the most important ones are in Table 2

Table 2: DF Test Type A cirtical values

α 10% 5% 2.5% 1%

qα for T δ̂ -5.7 -8.1 -10.5 -13.8
qα for τ -1.62 -1.95 -2.23 -2.58

The test and critical values are implemented in R in the library tseries. For comparison
in the classic statistical setting τ ∼ tT → N(0, 1) and the critical values for the standard
normal are given by −1.28,−1.65,−1.96,−2.33.

DF Test Type B:
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The type B DF test is a slight modification of type A. The model is given by:

∆Xt = θ + δXt−1 + ǫt (24)

and the H0 hypothesis is again that δ = 0 and θ = 0 (i.e. Xt = X0 +
∑t

j=1 ǫj is a random
walk plus a constant if X0 6= 0). The H1 is δ < 1, i.e. Xt is an AR(1) process plus constant.
We again estimate (θ, δ) by ordinary least squares. Define

• Y = (∆XT , ...,∆X2)
′ ∈ R

T−1

• X = (XT−1, ...,X1)
′ ∈ R

T−1

then through the estimate for δ and θ are given by

δ̂ =
ˆcov(Y,x)

V̂ar(x)
=

1
T

∑

t ∆XtXt−1 − ( 1
T

∑

t ∆Xt)(
1
T

∑

t Xt−1)
1
T

∑

t X
2
t−1 − ( 1

T

∑

t Xt−1)2
=

=
1

T

1
T

∑

t ∆XtXt−1 − ( 1
T

∑

t ∆Xt)(
1
T

∑

t Xt−1)
1
T 2

∑

t X
2
t−1 − ( 1

T 3/2

∑

t Xt−1)2

θ̂ = Ȳ − δ̂X̄

where bar over a vector indicates the ermpirical mean. With the same techniques as for
type A we get

T δ̂ =
1
T

∑

t ∆XtXt−1 − ( 1
T

∑

t ∆Xt)(
1
T

∑

t Xt−1)
1
T 2

∑

t X
2
t−1 − 1

T 3 (
∑

t Xt−1)2
→
∫ 1

0
WsdWs −W1

∫ 1

0
Wsds

∫ 1

0
W 2

s ds− (
∫ 1

0
Wsds)2

(25)

Note due to Jensen inequality and since {t × ω : Wt(ω) = 0} is a set with measure 0 the
denominator is always strictly positive. The t-test statistic τ is given by

τ =
1
T

∑

t ∆XtXt−1 − ( 1
T

∑

t ∆Xt)(
1
T

∑

t Xt−1)

σ̂
√

1
T 2

∑

t X
2
t−1 − 1

T 3 (
∑

t Xt−1)2
→
∫ 1

0
WsdWs −W1

∫ 1

0
Wsds

√
∫ 1

0
W 2

s ds− (
∫ 1

0
Wsds)2

(26)

Furthermore, we can also test for (θ, δ) = 0 ∈ R
2 by the Wald test statistics (i.e. comparing

the unrestricted model M1 (with 2 parameters) with the restricted one M2 (i.e. with 0
parameter since (θ, δ) = 0 ∈ R

2)) which is F (2, T − 2)-distributed in classic regression
setups but here again follows a non standard distribution.

F =
1

2−0
(RSS1 − RSS2)

1
T−2

RSS2

=
1
2
(
∑

t(∆Xt)
2 −∑t(∆Xt − θ̂ − δ̂Xt−1)

2)
1

T−2

∑

t(∆Xt − θ̂ − δ̂Xt−1)2
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where RSSi is the residual sum of squares of model i. Since it does not add a lot value no
more details about the wald statistc are presented.

DF Test Type C:

For the type C test the model is:

∆Xt = θ0 + θ1t+ δXt−1 + ǫt (27)

Here the H0 is (θ1, δ) = 0 ∈ R
2, i.e. Xt = X0+θ0t+

∑t
j ǫj a random walk with linear deter-

ministic trend plus constant (if X0 6= 0) if θ1 6= 0 a quadratic deterministic trend would be
present. The H1 : δ < 1 is that Xt is an AR(1) process with linear deterministic trend and
plus a constant. Then again (θ0, θ1, δ) is estimated by ordinary least squares, considere the
same test statistics as in type B but the distribution under the H0 is different again. I will
not present more details here, since it is quite technical and does not offer additional insight.

Augmented DF Test (ADF):

For the normal DF test, the errors ǫt are assumed to be iid. This might be too restrictive in
some cases since no correlation structure can be modeled in this way. There are a few tests
(Phillips-Perron, ADF, KPSS test) that circumvent this problem. The most prominent one
is the Augmented Dickey Fuller (ADF) test where the error terms in the AR equation for
Xt are modeled as AR(p) stationary process. As for the DF test, there are type A,B, and C.

ADF Type A:

The type A model is given by:

Xt = aXt−1 + ut (28)

ut = a1ut−1 + ...+ aput−p + ǫt (29)

We want to test H0 : a = 1 (i.e. Xt is an ARIMA(p − 1, 1, 0) process, see 8) versus
H1 : a < 1 (i.e. Xt is an AR(p) process, see equation (30)). Next the model is rewritten
by inserting ut = Xt − aXt−1 into

∆Xt = (a− 1)Xt−1 + ut = (a− 1)Xt−1 + a1 ut−1
︸︷︷︸

Xt−1−aXt−2

+...+ ap ut−p
︸︷︷︸

Xt−p−aXt−p−1

+ǫt (30)
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it can be shown that (30) can be reparametrized as

∆Xt = δXt−1 + ã1∆Xt−1 + ...+ ãp∆Xt−p + ǫt

where δ = (a − 1) (1− a1 − ...− ap)
︸ ︷︷ ︸

>0

(since we assumed ut to be stationary we have

a(z) = (1 − a1z − ... − apz
p) 6= 0 for all |z| ≤ 1 and since a(0) = 1 > 0 we also have

a(z) > 0 for all |z| ≤ 1). Therefore we test H0 : δ = 0 versus H1 : δ < 0 again. The
parameters are estimated using least squares and follow a non standard distribution. The
critical values are computed by simulations.

ADF Type B:

The type B model is given by:

∆Xt = θ + δXt−1 + ã1∆Xt−1 + ...+ ãp∆Xt−p + ǫt

Analog to the DF type B the H0 : δ < 0, θ = 0 hypothesis states that Xt is an ARIMA(p−
1, 1, 0) process plus a constant (i.e. X0 6= 0) versus H1 : Xt is an AR(p) process plus
constant.

ADF Type C:

The type C model is given by:

∆Xt = θ0 + θ1t+ δXt−1 + ã1∆Xt−1 + ...+ ãp∆Xt−p + ǫt

Analog to the DF type C the H0 : δ < 0, θ = 0 hypothesis states that Xt is an ARIMA(p−
1, 1, 0) process plus a linear trend (plus a constant if X0 6= 0) versus H1 : Xt is an AR(p)
process with linear trend plus constant.

Remark. For applying the ADF test one needs to choose the lag order p. It can be shown
that the asymptotic theory described above holds as long as p ≤ O(T 1/3) and in practice if
no knowledge about how to choose the lag is available one sets pmax = ⌊(T − 1)1/3⌋ or tests
with different p ∈ {1, ..., pmax} and one hopes to find a consistent pattern.
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Kwiatkowski, Phillips, Schmidt, and Shin (KPSS) Test:

The KPSS test is another test that can be used to distinguish between a stationary or
integrated process. The main difference is that for the ADF tests the H0 represents non-
stationarity (i.e. ARIMA) whereas for the KPSS test the roles are switched around. The
model is given by:

∆Xt = ut − but−1 (31)

where ut =
∑

j≥0 kjǫt−j is a centered stationary process with certain technical assumptions
(i.e. ǫj iid white noise with finite fourth moments and

∑

j≥0 j|kj| < ∞). For more details
about the KPSS test see [43].
We test H0 : b = 1 (i.e. Xt = θ+ut stationary

1, i.e. θ = X0 = E(Xt) if X0 is deterministic)
versus H1 : b < 1 (i.e. Xt = θ +

∑t
j=1(ut − but−1) non stationary).

Next, for simplicity, I will briefly introduce the test statistic under the assumption ut

iid (i.e. kj = 0 for j > 0). The KPSS test is related to the (unobserved) random walk
St =

∑t
j=1 uj. The estimates are:

θ̂ = X̄T (32)

ût = Xt − θ̂ = Xt − X̄T (33)

Ŝt =
t∑

j=1

ûj = St −
t

T
ST (34)

Then we have with the same reasoning as in theorem 12 and 13 that:

1√
T
Ŝ⌊sT ⌋ =

1√
T
S⌊sT ⌋ −

⌊sT ⌋√
T 3

ST → σ(Ws − sW1) =: σBs (35)

1

T 2

T∑

t=1

Ŝ2
t → σ2

∫ 1

0

B2
sds (36)

σ̂2 =
1

T

T∑

t=1

û2
t → σ2 (37)

1This is the solution to ∆Xt = ∆ut
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Remark. The process (Bs)s∈[0,1] is called a Brownian bridge2 since it is tied down at 0 for
s = 0, 1 (i.e. B0 = B1 = 0.

The test statistic for the KPSS test is then given by:

1

T 2

T∑

t=1

Ŝ2
t

σ̂2
→
∫ 1

0

B2
sds = ‖B·‖2L2([0,1]) (38)

Remark. The critical values of the KPSS test (38) are normally obtained by simula-
tion. But using the Karhunen–Loève-Theroem, see [44], one sees that the distribution
is a weighted χ2 distribution.
The Karhunen–Loève-theroem states that the Brownian bridge can be represented as:

Bt =
∞∑

j=1

ξjλj

√
2 sin (jπt)

where λj = 1/(jπ) and ej(·) =
√
2 sin (jπ·) are the eigenvalues and eigenfunctions of the

covariance operator3 of the Brownian bridge and ξj(ω) =
∫ 1

0
Bs(ω)ej(s)ds are iid standard

normal. The Karhunen–Loève-theroem states that this Fourier expansion (for a fixed ω ∈ Ω
view B·(ω) as element of L2([0, 1])) has certain optimality properties and the eigenfunctions
form an orthonormal base of L2([0, 1]). Therefore we have:

‖B·‖2L2([0,1]) =

∫ 1

0

B2
sds =

∑

i,j

ξiξj

∫ 1

0

ei(s)ej(s)ds

︸ ︷︷ ︸

δi,j

=
∞∑

j=1

λ2
jξ

2
j

Therefore the distribution is a infinitely weighted χ2 distribution with weights λ2
i and can

be approximated by cutting of the infinite sum. The Karhunen–Loève-theroem states also
that the eigenbasis is optimal to approximate by cutting of the sum.
The same trick can be used for the Brownian motion:

Wt =
∞∑

j=1

ξj
1

(j − 1/2)π

√
2 sin ((j − 1/2)πt)

2cov(Bs, Bt) = min(t, s)− st
3The covariance operator is given by: C : L2([0, 1]) → L2([0, 1]) by C(f)(t) :=

∫ 1

0
cov(Bs, Bt)f(s)ds

and C(ej)(·) = λjej(·)
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Next I briefly touch the general case where ut is not iid. In this setup the proce-
dure stays the same except that we have to correct (i.e. divide) for the long run variance
σ̃2 =

∑∞
j=−∞ γu(j) =

∑∞
j=−∞ E(ut+jut) since it can be shown that for ut =

∑

j≥0 kjǫt−j:

1√
T

⌊sT ⌋
∑

j=1

ut → σ̃2Ws

To correct for the long run variance σ̃2 we have to estimate it and replace the division by σ̂2

in (38) by ˆ̃σ2- To estimate the long run variance the procedure of the KPSS test is slightly
adapted:

θ̂ = X̄T

ût = Xt − θ̂ = Xt − X̄T

Ŝt =
t∑

j=1

ûj = St −
t

T
ST

γ̂u(k) =
1

T

T−k∑

j=1

ût+kût

ˆ̃σ2 =
T−1∑

k=−T+1

K(
k

mT

)γ̂u(k)

where K(·) is a kernel function (i.e. symmetric, density with expectation 0 and support
x : |x| ≤ 1, for example the Epanechnikov kernel) and mT is a bandwidth parameter that
controls the bias variance trade-off with mT → ∞,mT/T → 0.
The general KPSS teststatistic is then:

1

T 2

T∑

t=1

Ŝ2
t

ˆ̃σ2
→
∫ 1

0

B2
sds = ‖B·‖2L2([0,1])

Remark. Also for the KPSS test there exists a type B test where the model is enhanced by
a constant:

∆Xt = θ1 + ut − but−1 (39)

and under H0 : b = 1 the solution is given by Xt = θ + θ1t + ut versus H1 : b < 1
Xt = θ + θ1t +

∑t
j uj − buj−1. The procedure stays the same, (θ0, θ1) is estimated by
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least squares and only the asymptotic distribution of the test statistic (3.3) is the L2([0, 1])

norm of a second level Brownian bridge B
(2)
s := Ws + (2s − 3s2)W1 + 6(s2 − s)

∫ 1

0
Wsds

(B
(2)
0 = B

(2)
1 = 0 and

∫ 1

0
B

(2)
s ds = 1).

3.4 Tail index estimation

In this section, the tools for analyzing the heaviness of the tails of a distribution are pre-
sented. One measure is kurtosis (7) but here I will focus on the tail index of a distribution.
Heuristically speaking, we assume that the survival function (for the right tail) of a random
variable X decays with a power law and we want to estimate the power. To be more precise
define F̄ (x) = P (X > x) = 1−P (X ≤ x) = 1−F (x) and assume that for x large we have
(α > 0):

F̄ (x) ≍ Cx−α (40)

for some C > 0 where ≍ means asymptotically equivalent. Therefore α is a measure for
the speed of decay of the tail and also gives you information which moments exist.

If a distribution has Pareto-like tails:

lim
x→∞

F̄ (x)xα = β > 0 (41)

then we can look at the one sided moments, define X+ := max(0, X) and X− = min(0, X)
(f(x) is the density of X). From measure theory we know that for a positive random
variable Y the following formula holds:

E(Y ) = p

∫ ∞

0

yp−1F̄Y (y)dx

Therefore we can conclude

E(Xp
+) = p

∫ ∞

0

xp−1F̄X+(x)dx (42)

and recall that for M > 0

∫ ∞

M

xp−1−α =

{

< ∞ if p− 1− α < −1

∞ if p− 1− α ≥ −1
(43)
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Thus from (42) and (43) we can conclude that if p ≥ α then E(Xp
+) = ∞. If p < α then

E(Xp
+) < ∞.

Analog we can analyze the left tail and E(|X−|) or we combine the both tails by analyzing
the random variable |X|.

Next two procedures to estimate the (left and right) tail index are presented:

Estimation of tail index method 1:

First we observe that if the distribution of X has pareto-like tails we have for x large:

log(P (X > x)) = log(F̄ (x)) ≈ log(βx−α) = log(β)− α log(x) (44)

and we can estimate P (X > x) from the order statistics X(1) ≥ ... ≥ X(T ) by

P (X > X(t)) ≈
t

T

Therefore if we plot the points (log(t/T ), log(X(t)))t=1,...,K they should lay approximately
on a line with slope −α. Therefore we can estimate α by the regression log(t/T ) =
β̃ + α log(X(t)). One important aspect is that one should choose a reasonable cut-off point
K since we assume the power law tail behavior only for large X. One possibility is to use
only the order statistics that are above a certain threshold like the 80% empirical quantile.
Another idea is based on the plot and to choose the K in such a way that the points are
on a line as good as possible.

Estimation of tail index method 2, Hill estimator:

Another estimator for the tail index is the so called Hill-estimator. It is based one the
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same idea as presented above, i.e. log(t/T ) ≈ β̃ + α log(X(t)), therefore for k ∈ {2, ..., T}

K−1∑

t=1

log(
X(t)

X(K)

) =
K−1∑

t=1

log(X(t))− (K − 1) log(X(K)) ≈

1

α

(

−
K−1∑

t=1

log(t/T ) + (K − 1) log(K/T )

)

=
1

α

(

−
K−1∑

t=1

log(t) + (K − 1) log(K)

)

=

1

α




− log((K − 1)!)

︸ ︷︷ ︸

≈(K−1) log(K−1)−(K−1)

+(K − 1) log(K)




 ≈ 1

α
(K − 1)

where for last approximation the Stirling formula log(K)! ≈ log(KKe−K) 4 and the Taylor
approximation log(K − 2 + 1) ≈ K − 3 was used. Then rearranging for α gives the Hill
estimator:

α̂ =
K − 1

∑K−1
t=1 log(

X(t)

X(K)
)

(45)

Furthermore it can be shown that if Xt iid with tail index α then the Hill estimator is
consistent and asymptotic normality holds, for more details see [30]:

√
K(α̂− α) → N(0, α2)

Here again, choosing the cut-off point K is important and one can use the same rule of
thumb as for the first estimation procedure.

4 Empirical Results

4.1 Literature review

Since the introduction of the blockchain technology and bitcoin by the white paper of
Satoshi Nakamoto [48] in 2009 and the subsequent spectacular rise in the price, there has
been a lot of interest by the academic community. Therefore a lot of papers analyzed

4Normally the Stirling formula states K! =
√
2πK(K/e)K but for K large (e.g. K > 751) ln(K!) ≈

ln(KKe−K) offers sufficient accuracy.
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various aspects of crypto-currencies and bitcoin in particular. One extensively explored
question is if crypto-assets are speculative assets or money, in the sense that it is a store
of value and medium of exchange. To summarize the literature, the answer is mostly that
crypto-assets are too volatile and exhibit bubble behavior (Glaser et al (2014) [35], Baek
et al (2014) [16], and Chea et al (2015) [23]), which is more characteristic of a speculative
asset.The question if there is a bubble component present in the crypto-currencies was fur-
ther investigated and answered positively (Hafner (2018) [36] and Corbet et al (2017) [26]).
Vasek and Moore (2015) [51] report a high prevalence of scams in bitcoin and crypto-assets.
Further Dweyer et al (2014) [46] pointed out that the energy consumption of bitcoin is a
detriment since the trusted third parties are replaced by the proof of work concept which
requires the constant use of lots of CPU power to process transactions (see section 2). Nev-
ertheless, surprisingly, crypto-currencies especially bitcoin can offer lower bid-ask spreads
and transaction costs than foreign exchange markets (Kim (2017) [42]). Brauneis et all
(2018) [21] concluded that over time the bitcoin is highly liquid and over time the markets
get more mature, meaning the arbitrage opportunities between different exchanges vanish.
There is a growing consensus that crypto-assets are a new asset class on its own that offers
diversification benefits (Baur et al (2018) [17], Corbet et al (2018) [27] and Guesmi et al
(2018) [34]), since there seems to exist a crypto-asset risk factor that is uncorrelated to
other financial assets. Furthermore, Cretarola et all (2017) [28] modeled the dynamics of
bitcoin prices by stochastic differential equations and introduced a sentiment-factor that
can influence the price also through lagged values. They also developed pricing formulas
for derivatives of bitcoin in the model. Due to the increased popularity of crypto-assets
for investment purposes, especially also from institutional investors, the focus has shifted
to risk management. Therefore, there is a growing need to model the crypto-asset dy-
namics and compute risk measures like Value-at-Risk and Expected Shortfall (Borri (2018)
[19]). For this task, different types of GARCH models (general auto-regressive conditional
heteroscedasticity models where the volatility of the return at time t is modeled by a func-
tion of the past) seem to be well suited (Chu et al (2017) [24], Katsiampa (2017) [41]
and Guesmi et al (2018) [34]). The most recent research indicates that Markov-switching
GARCH models perform best (Caporale et al (2019) [22]) which is possibly due to struc-
tural breaks (Ardia et al (2018) [15] and Bouri et all (2018) [20]).
Furthermore the question if bitcoin prices or crypto-asset time series possess the same styl-
ized facts as other financial time series is investigated by Yelowitz et all (2015) [53], Chu et
al (2015) [25], Easwaran et al (2015) [33], Zhang et al (2018) [54], Hu et al (2018) [38], and
Cunha et al (2019) [29]. The same question viewed in a high-frequency contest is analyzed
by Platanakiset et al (2019) [49]. The answer is positive, meaning that the same stylized
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facts (see section 3) can be found in crypto-asset time series.
Nevertheless, recently C. Alexander and M. Dakos (2019) [14] pointed out that most of the
papers on crypto-assets used flawed data. For example, a lot of internet website offer free
to download data which are artificially created and do not represent traded prices. Further-
more, they pointed out that one has to be careful if prices generated by different exchanges
are compared in a multivariate statistical analysis since there is no common standard for
timestamps of trades. Therefore, in this thesis, the question about stylized facts is revisited
using data from traded prices on Kraken, one of the major crypto-currency exchanges.

4.2 Data description

In this section, the methods described in section 3 are applied to analyze the statistical
properties of price data of various major stock markets and crypto-currencies. The main
focus is on the comparison of the two and whether there are significant differences. All the
data that is analyzed is publicly available. First, a short description of the data will be
presented.

4.2.1 Crypto-currency data

Four of the main crypto-currencies are considered in the data analysis, the most prominent
one being bitcoin. They are:

(1) Bitcoin (BTC), 68.6 % of market capitalisation of crypto-assets

(2) Ethereum (ETH), 7.76 % of market cap

(3) Ripple (XRP), 4.37 % of market cap

(4) Litecoin (LTC), 1.88 % of market cap

The whole market capitalization of crypto-assets on 2019-08-11 is 298 billion USD (see the
website coinmarketcap.com for more details) and as can be seen above bitcoin is by far the
most dominant one with two-thirds of the whole market cap. Bitcoin has a much higher
market capitalisation (see figure 4) and traded volume than bitcoin cash and will therefore
be used. In figure 4 the development of the percentage of the market capitalization of the
crypto-currency space is displayed for different currencies. In figure 5 the total market cap
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of the crypto-currency universe is shown, there one sees the boom from 2017-2018. Together
these four compromise 82 % of market cap and offer a broad overview of the crypto-assets.
The price against the USD for all of them is determined by supply and demand in the
market. There are many private exchanges where crypto-currencies can be traded, the
price data used are from Kraken, one widely used exchange platform for crypto-currency
trading. The data used are from real trades on the exchange and therefore the critique
raised by [14] (see bottom of section 4.1) is not applicable here. Further the data analysis,
presented in this section, was also done for data from two exchanges bitstamp, bitfinex5

and data from the internet-site coingecko which is a coin ranking site and not an exchange.
C. Alexander and M. Dakos (2019) [14] pointed out that coingecko provides possible flawed
data. Nevertheless the results of this thesis stay the same regardless of the source of data.
The data were downloaded from the website cryptodatadownload.com on 2019-08-01. The
frequency considered is daily and the closing price of the day is used for the analysis. The
time-frame considered differs for the four different crypto-assets, since some of them are
newer than others with bitcoin being the oldest. The time frame of the analysis for bitcoin
is from 2013-10-06 6 to 2019-07-30, for Ethereum from 2015-08-07 to 2019-07-30, for Ripple
from 2017-06-21 to 2019-07-30 and fro Litecoin from 2013-10-24 to 2019-07-30. For the
analysis when possible the longest time-frame available for each currency will be used and
only if a common time-grid is needed for the analysis (computing correlations,...) will we
pick a different window. In figure 6 the price development is displayed. There, everyone
sees the spectacular price increases of crypto-currencies in the last few years. Furthermore
in table 3 the summary statistics are displayed.

min 25% qu median mean 75 % qu max

BTC 122.0 414.6 712.0 2846.0 4738.0 19360.0
ETH 0.42 10.9 126.2 206.0 298.0 1359.0
XRP 0.147 0.285 0.363 0.478 0.525 2.780
LTC 1.20 3.69 9.51 37.72 53.48 353.60

Table 3: Summary statistics of crypto-assets

5These data are downloaded from Quandl using API. There are two R-packages called Quandl and httr
which makes using an API to download data very comfortable.

6Bitcoin exists since 2009 but this time frame is chosen due to data quality and availability since at the
beginning trades occurred infrequently and not very often.
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Figure 4: Development of percentage of market capitalisation for various crypto-currencies.

4.2.2 Stock price data

We also pick four stock markets for comparison. The frequency is daily and closing prices
are used. The data was downloaded from yahoo finance on 2019-08-01. The markets are:

(1) S&P 500 (SP500) in USD

(2) NASDAQ Composite (NAS) in USD

(3) iShares MSCI Emerging Markets ETF (EEM) in USD

(4) DAX Performance-Index (DAX) in EUR

The time frames are from 1999-12-31 to 2019-07-30 for SP500, 1999-12-31 to 2019-07-30 for
NAS, 2003-04-14 to 2019-07-30 for EEM and 2000-01-03 to 2019-07-30 for DAX. In figure
7 the price charts are presented and in table 4 the summary statistics are displayed.
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Figure 5: Development of market capitalisation of whole crypto-currency space in USD.

min 25% qu median mean 75 % qu max

SP500 676.5 1147.0 1351.0 1544.0 1940.0 3026.0
NAS 1114 2075 2607 3366 4512 8330
EEM 11.22 32.27 39.55 36.66 43.03 55.73
DAX 2203 5196 6761 7320 9581 13560

Table 4: Summary statistics of stock indices

4.3 Data analysis

In this section the log-returns of the markets, described above, are analysed, so given the
price of an asset Pt we set rt = ln (Pt/Pt−1).

4.3.1 Exploratory data analysis

First, an exploratory data analysis is performed where the mean, quantiles, standard de-
viation, skewness, and kurtosis are displayed in table 5. All return series are centered
around 0. Note that the crypto-currencies have much larger (in absolute terms) min and
max values, especially ETH and LTC. Also the interquantile range and the standard de-
viation are larger across the board for the crypto-currencies than for stocks. Observe that
within the four crypto-assets BTC has the lowest volatility and has less extreme values
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Figure 6: Historic price development of the four crypto-currencies.

than the other three, this is probably due to the maturity of BTC compared to the other
ones. Further, it is interesting that XRP and LTC display a large positive skew whereas
ETH has a large negative skew. The kurtosis of the crypto currencies is in general higher
than for the stock markets except for BTC which has a smaller kurtosis than EEM and
SP, which is surprising to the author. For the stock market, the picture is quite similar
across the board with SP and DAX being quite similar in terms of volatility, also both
have negative skew. Whereas NAS and EEM are a little more volatile and surprisingly
EEM has a positive skewness and a quite large kurtosis. All in all, these findings fit to
the stylized facts that asset returns posses heavier tails than the normal distribution. If
we want to answer wheater returns are in general negative skewed the picture is less clear,
they seem to be asymmetrically distributed, but it is not clear to which side they are tilted.

For all eight time series, the Jarque-Bera and Shapiro-Wilk tests strongly reject the H0

hypothesis (p-values smaller than 10−5) that the data are iid normal, therefore th p-values
are not reported. This fits the stylized facts and the analysis of skew and excess kurtosis
in table 5. Furthermore, normal qq-plots of the return series are presented in figure 8, if
the dots are on the red line this indicates that the data come from a normal distribution.
In figure 8 again the normal distribution is strongly rejected due to the tail behavior of the
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Figure 7: Historic price development of the four stock markets.

returns. In figure 9 the histograms of the returns together with a non-parametric (red) and
parametric (blue) estimation of the density are displayed. The parametric density estima-
tion uses the normal density and just inserts the estimated mean and standard deviation.
Also here it is visible that the returns are not normal distributed.

In figure 10 the returns of the eight assets are displayed. In figure 10 one sees the higher
volatility of crypto-assets. Furthermore, the volatility clustering effect can also be seen in
all eight return series since the extreme moves tend to occur in clusters. This is especially
visible in the stock market returns where periods with high volatility (large absolute re-
turns) and low volatility can be seen. Similar patterns occur also for the crypto-currency
return series, but not as distinct and clear as for stocks.
Next, we take a look at the autocorrelation function of the returns in figure 11. In figure 11
it is visible that no autocorrelation can be found in all return time series since all acf values
are by and large inside the blue confidence band. Note the exception of LTC where there
seems to be a non-spurious, negative linear relationship between this days return and the
next one (lag 1). But all in all, the picture is quite clear that there is no linear relationship
between returns and lagged returns.
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Figure 8: QQ-plots

Next the autocorrelation function (acf) for the squared returns r2t are analyzed in figure 12.
There, an interesting pattern emerges. For the stock markets, the typical behavior of slow
decay of correlation is exhibited in figure 12 in all stock markets under consideration, this
corresponds to the volatility clustering effect. Interestingly, this pattern is much less pro-
nounced for the crypto-currencies, for BTC it is present, but the level of autocorrelation is
less than for the stock markets, for ETH there seems to be no correlation of the squared
returns after all. For XRP the pattern is present, but seems to follow a somewhat periodic
patter and for LTC there is some correlation for the first few lags and around lag 10. This
indicates that the volatility clustering effect is not so strong for crypto-currencies. To an-
alyze further we take a look at the acf of the absolute log returns (i.e. |rt|) in figure 13. In
figure 13 the same picture is present, the stock markets possess higher acf that is decaying
slower than the crypto-assets. Nevertheless figure (13) gives a clearer picture, there is some
autocorrelation in the crypto-currencies (also in ETH and LTC where nearly none could
be detected using squared returns).

In table 6 the p-values 7 of the Box-Pierce and Ljung-Box test, for testing the H0 hy-

7They are rounded to three digits.
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Figure 9: Histograms of asset returns overlaid with non-parametric (red line) and para-
metric normal (blue line) density estimation

pothesis that returns are iid, (see section3.1) are displayed for different max lag values, i.e.
k = 3, 5, 10, 15, 30. In table 6 the iid hypothesis is clearly rejected (i.e. p-value below 5%
significance level) except for XRP for all but k = 30, also DAX has for k = 3 high p-values.
The behavior of XRP can be explained by the low sample size compared to the other time
series. At first glance these results contradict figure 11 where no significant autocorrelation
is visible, but interpreting more carefully there are two factors at play. First, the sample
size is quite high for all series except XRP and in this situations test tend to find signifi-
cance quite often 8 and second if one is precise the H0 states that the returns are iid (which
implies 0 acf but not the other way round) and we see in figure 12 and 13 that there are
nonlinear dependency’s, therefore, they are not iid. The sample sizes are:

• T = 2111 for BTC

• T = 1443 for ETH

8When doing the same tests for sample size T = 200 the picture changes and H0 iid/ no autocorrelation
gets not rejected very often (except for LTC where the acf for lag 1 is significantly different from 0 see
figure 11). Nevertheless this could be an interesting observation for further analysis but this is beyond the
scope of this thesis.
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min 25% qu median mean 75 % qu max sd skew excess kurtosis

BTC -0.292 -0.014 0.002 0.002 0.019 0.299 0.045 -0.057 6.815
ETH -0.916 -0.028 0.000 0.003 0.033 0.383 0.074 -1.142 19.277
XRP -0.341 -0.033 -0.003 0.000 0.025 0.597 0.070 1.729 12.330
LTC -1.099 -0.025 0.000 0.002 0.023 1.160 0.094 0.678 39.688

SP500 -0.095 -0.005 0.001 0.000 0.006 0.110 0.012 -0.220 8.601
NAS -0.133 -0.007 -0.001 0.000 0.006 0.102 0.016 0.006 5.909
EEM -0.176 -0.008 0.001 0.000 0.009 0.205 0.018 0.166 15.468
DAX -0.089 -0.007 0.001 0.000 0.007 0.108 0.015 -0.058 4.619

Table 5: Summary of returns

• T = 759 for XRP

• T = 2095 for LTC

• T = 4925 for SP500 and NAS

• T = 4102 for EEM

• T = 4968 for DAX

Furthermore note that in the light of table 6 (i.e. iid and no correlation gets rejected for
log returns) we save space by not presenting the Box tests for the squared and absolute
returns since there iid-ness gets rejected even more clearly.

All in all figure 11, 12, and 13 tell the story that there is no linear dependence between
returns, but that there is nonlinear dependence, especially the volatility clustering effect.
This fits the stylized facts [39], [45] but it seems that the nonlinear dependence and volatility
clustering is weaker for crypto-currencies than for stock prices, which is surprising but fits
the observations for figure 10.

4.3.2 Unit root test

Here we test if the prices , log prices and returns are stationary (i.e. possess no unit root)
by using the Dickey Fuller, Augmented Dickey Fuller and KPSS tests described in sec-
tion 3.3. To keep the analysis simple 9 the ADF is used in the most general form (type

9And since that is the way how it is implemented in R.
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Figure 10: Returns

C) of the tests, since they are nested (i.e. the type C ADF incorporates the type B ADF
if one tests with the t-test-statistic) and the sample sizes are large enough that we do not
have troubles by including a few more parameters that need to be estimated. Further, the
number of lags included in the model. The KPSS will be used for level stationary (type A)
and trend stationary (type B).

In table 7 the p-values of the DF, ADF (H0 the process is non-stationary) and KPSS
(H0 the process is stationary) tests are displayed. Since the critical values for the KPSS
test are calculated by R using a table of stored values for just a certain range, for the
p-values in the range 0.01−0.1 the values are accurate (interpolation is used) whereas oth-
erwise it will just be reported if the values are below 0.01 (i.e. < 0.01 the H0 gets rejected
for the significance level 0.01) or above 0.1 (i.e. > 0.1 the H0 is not rejected for significance
level 0.1). For the DF and ADF, the p-values are reported in the range 0.01− 1 or < 0.01.
Further the ADF will be used for number of lags p = 3, 6, ⌊(T1)

1/3⌋. The hypothesis is that
levels and log levels are non-stationary and returns are stationary.
In table 7 it is visible that levels and log levels are non-stationary for crypto-assets and

stocks. EEM-log-levels seem to be stationary according to the DF and ADF test when
using a 0.1 confidence level but are also non-stationary when using 0.01 as testing level.
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Figure 11: Autocorrelation (4) of returns rt

Also, NAS and EEM-returns are non-stationary according to KPSS A, BTC and ETH are
non-stationary according to KPSS B when using 0.1 as testing level. But when a 0.01
testing level is used, all tests agree that all levels and log levels are non-stationary and all
returns are stationary. This is what we expected and fits perfectly to the stylized facts.
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k = 3 BTC ETH XRP LTC SP500 NAS EEM DAX

Box-Pierce 0.033 0.003 0.315 0 0 0 0 0.165
Ljung-Box 0.033 0.003 0.313 0 0 0 0 0.165

k = 5 B-P 0.001 0.003 0.133 0 0 0 0 0.002
L-B 0.001 0.003 0.130 0 0 0 0 0.002

k = 10 B-P 0 0.019 0.235 0 0 0.001 0 0.006
L-B 0 0.019 0.227 0 0 0.001 0 0.006

k = 15 B-P 0 0.011 0.290 0 0 0 0 0.023
L-B 0 0.011 0.277 0 0 0 0 0.023

k = 30 B-P 0 0.039 0.043 0 0 0 0 0.003
L-B 0 0.036 0.034 0 0 0 0 0.003

Table 6: p-values of Box-Pirece and Ljung-Box test for lags k = 3, 5, 10, 15, 30

Figure 12: Autocorrelation (4) of squared returns r2t
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Figure 13: Autocorrelation (4) of absolute returns |rt|
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DF ADF p = 3 ADF p = 6 ADF p = ⌊(T1)
1/3⌋ KPSS A KPSS B

BTC-level 0.4897 0.4421 0.4335 0.2365 < 0.01 < 0.01
BTC-log level 0.8028 0.8411 0.7436 0.6787 < 0.01 < 0.01
BTC-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 0.07625

ETH-level 0.7387 0.7073 0.5138 0.7084 < 0.01 < 0.01
ETH-log level 0.9685 0.9621 0.972 0.9519 < 0.01 < 0.01
ETH-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 0.03703

XRP-level 0.4213 0.3033 0.08506 0.08454 < 0.01 < 0.01
XRP-log level 0.6788 0.5787 0.5228 0.4183 < 0.01 < 0.01
XRP-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 > 0.1

LTC-level 0.3273 0.2019 0.0433 0.2304 < 0.01 < 0.01
LTC-log level 0.5842 0.808 0.7646 0.727 < 0.01 < 0.01
LTC-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 > 0.1

SP500-level 0.6876 0.7924 0.8072 0.835 < 0.01 < 0.01
SP500-log level 0.3827 0.504 0.5054 0.5179 < 0.01 < 0.01
SP500-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 > 0.1

NAS-level 0.9285 0.9499 0.9606 0.9542 < 0.01 < 0.01
NAS-log level 0.9778 0.99 0.998 0.9832 < 0.01 < 0.01
NAS-returns < 0.01 < 0.01 < 0.01 < 0.01 0.02839 > 0.1

EEM-level 0.1248 0.2595 0.3114 0.2738 < 0.01 < 0.01
EEM-log level 0.05092 0.08547 0.08881 0.09643 < 0.01 < 0.01
EEM-returns < 0.01 < 0.01 < 0.01 < 0.01 0.09963 > 0.1

DAX-level 0.3129 0.2926 0.3081 0.2636 < 0.01 < 0.01
DAX-log level 0.269 0.277 0.2824 0.2137 < 0.01 < 0.01
DAX-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 > 0.1

Table 7: p-values of unit root tests
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4.3.3 Tail index estimation

Now we will estimate the tail index for the left, right and absolute tail (i.e. using the
estimator on |rt| and thus collapsing the left and right tail to one single tail) of the return
distributions of the different assets. The estimation is performed by applying method 1
(44) and the hill estimator (45). The threshold K for the left tail is set such that 20% of
the data are below the threshold (i.e. the index of the empirical 20% quantile is used for
K and for the right and absolute tail equivalently the 80% quantile is used). Therefore,
all estimators use 20% of the data to estimate the tail index α. Furthermore, the hill es-
timator that is implemented in R in the function hillplot() is also included in the analysis
for the absolute tails. This estimator agrees with my implementation of the hill estimator
but chooses the threshold differently by an asymptotic rule and therefore displays different
values.

Furthermore, for comparison also a random draw of a standard normal and a two-sided
Pareto distribution 10 with tail index 1.5 and location parameter 1 with sample size 4000 is
included in the comparison to get a feeling for the accuracy of the estimator (i.e. compar-
ison with Pareto-distribution) and what happens if there are no Pareto-like tails present
(i.e. comparison with normal distribution).

In table 8 the results are displayed. Method 1 will be indicated by a 1, e.g. left 1 is
the estimate of the left tail index using method 1, and left hill denotes the estimate by the
Hill estimator. Further, the R implementation of the hill estimator will be indicated by
abs hill R.

In table 8 one sees that the left and right tail of the distribution are roughly on the
same level. Further, the Hill estimate using 20% of the data gives lower estimates than
method 1 using the same data. Also by collapsing both tails to one the estimated indexes
get larger than the individual ones. We also see in the last row that all estimator work well
for estimating the tail index 1.5 of the Pareto distribution and for the normal distribution
11 (second last row) higher tail indexes are estimated.

All in all the tail indexes of the stock returns are a bit higher than the ones of the crypto

10The density is given by f(x) = 1/(4|x|3/2)1{|x|≥1}
11The normal distribution tails decay with exponential speed and all moments exist, therefore the tail

index is large or ∞
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returns but the differences are not extreme. Furthermore, table 8 conveys the message that
for return series at most the second moment exists but not even the third (skewness) or
fourth (kurtosis).

left 1 left hill right 1 right hill abs 1 abs hill abs hill R

BTC 1.88 1.44 1.62 1.16 2.46 1.93 2.44
ETH 1.95 1.38 1.78 1.41 2.52 1.99 2.77
XRP 1.59 1.23 2.17 1.74 2.24 1.93 2.56
LTC 1.44 1.18 1.63 1.24 1.82 1.60 1.85

SP500 2.08 1.62 1.90 1.38 2.54 2.14 2.56
NAS 1.94 1.38 2.03 1.60 2.65 2.11 2.7
EEM 2.14 1.85 1.96 1.54 2.36 2.16 2.38
DAX 2.26 1.69 2.11 1.53 2.79 2.34 2.86

N(0, 1) 2.99 2.14 3.01 2.15 4.23 3.32 4.35
Pareto(1, 1.5) 1.52 1.52 1.46 1.42 1.47 1.48 1.49

Table 8: Tail index estimation

4.3.4 Correlation analysis

In this section, the correlation between the eight different assets is estimated. This is of
interest due to the diversification effect, i.e. including uncorrelated assets in a portfolio can
reduce risk (i.e. volatility) without diminishing the expected return. Since crypto-assets
are new, we try to answer the question if they move together with the stock markets or not.

Here we will just make a crude estimation of the correlation by the usual formula 12.
Here we have just one complication since not all eight time-series are on the same time
grid 13 and for some, there are missing values. Further, the time-frame is different for
the different assets, e.g.. some crypto-currencies are newer than others. Therefore when

12Let Xt and Yt be two uni-variate samples on the same grid with sample size T . Then the empirical
covariance is given by:

ˆcov(X,Y) =
1

T

∑

t

(Xt − X̄T )(Yt − ȲT )

and the estimated correlation is then given by
ˆcov(X,Y)√

ˆcov(X,X) ˆcov(Y,Y)
13For example, BTC is also traded on the weekend whereas stocks are not

54

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

computing the correlation between two assets the time grid is chosen such that for each
time there are values for both assets and such that the grid spans the longest possible
time-span. In table 9 the correlation matrix for the eight assets is presented. The picture
is clear, the crypto-currencies are correlated, i.e. they have correlation around 0.5, but they
are uncorrelated with stock market returns.

BTC ETH XRP LTC SP500 NAS EEM DAX

BTC 1 0.42 0.52 0.39 0.01 -0.05 0.00 0.00
ETH 1 0.67 0.37 0.03 -0.04 0.04 0.04
XRP 1 0.56 0.07 -0.07 0.15 0.05
LTC 1 0.01 -0.01 0.00 -0.01
SP500 1 0.89 0.85 0.60
NAS 1 0.81 0.55
EEM 1 0.58
DAX 1

Table 9: Correlation matrix

4.4 Robustness with respect to data source

C. Alexander and M. Dakos (2019) [14] pointed out that most of the academic literature
so far was carried out using problematic data in the sense that a lot of the freely available
data are not based on real traded prices or that when combining data of crypto-assets from
different sources it is not clear if the timestamps are comparable. For further details of the
potential problems with the crypto-currency data see [14].
In this section, we demonstrate the robustness of the findings above with respect to different
data sources. The analysis will only be presented exemplary for bitcoin prices since the
picture is the same across the board and reporting the same tables and pictures that
are presented above, for different data sources do not add value. This is done by using
two additional data sources, then repeating the same analysis and see if the results differ
substantially. The first source is bitstamp, a major exchange platform for crypto-currencies
and the second is the coin ranking website coingecko. Especially coingecko is criticized in
[14] for the data quality since it is itself not an exchange platform and therefore their prices
are not based on real trades. In figure 14 we report the percentage deviation of the bitcoin
prices of bitstamp and coingecko with respect to the time series from Kraken in the time-
frame 2014-04-15 to 2019-07-30. In figure 14 we also find large deviations of the prices
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from the three different sources like C. Alexander and M. Dakos (2019) [14] pointed out.
Nevertheless, the analysis of the stylized facts, for the three different time series, gives the

Figure 14: Deviation of bitcoin prices from bitstamp and coingecko to prices from Kraken

same answer. For all, the conclusions of the statistical tests are from a qualitative point
of view the same and the differences are minor. This will be demonstrated by revisiting
table 7 and presenting the p-values of the tests for stationarity (DF and KPSS tests) for
the different data sources. In table 10 the p-values for the three different sources of bitcoin
prices are presented and they correspond to the first three rows of table 7. In table 10 one
sees that the conclusion, that levels and log-levels are non-stationary whereas the returns
are, are robust with respect to the three different data sources. The different data sources,
therefore, have only a minor influence on the p-values and this picture is seen for all tests
that are done in section 4, but we will not report them here. Further exemplary evidence
that the statistical analysis carried out in this thesis is robust with respect to the data
source can be seen in figure 15 where the acf of the returns and squared returns from the
three different data sources are compared. The qualitative behavior is seen in figure 15
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stays the same as in figure 13.

Kraken DF ADF p = 3 ADF p = 6 ADF p = ⌊(T1)
1/3⌋ KPSS A KPSS B

BTC-level 0.4897 0.4421 0.4335 0.2365 < 0.01 < 0.01
BTC-log level 0.8028 0.8411 0.7436 0.6787 < 0.01 < 0.01
BTC-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 0.07625

bitstamp

BTC-level 0.4915 0.4408 0.4306 0.251 < 0.01 < 0.01
BTC-log level 0.6217 0.6263 0.5937 0.6427 < 0.01 < 0.01
BTC-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 0.03454

coingecko

BTC-level 0.4068 0.4071 0.4556 0.1732 < 0.01 < 0.01
BTC-log level 0.5999 0.62791 0.5973 0.6316 < 0.01 < 0.01
BTC-returns < 0.01 < 0.01 < 0.01 < 0.01 > 0.1 0.03017

Table 10: p-values of unit root tests in bitcoin prices for the three different data sources
(Kraken, bitstamp, and coingecko)

4.5 Summary of data analysis

In this section, the returns of crypto-assets have been compared to returns from major stock
market indices by statistical analysis. The question if crypto-assets behave differently than
normal asset returns and if they possess the same stylized facts have been studied and the
answer is positive. Crypto-assets conform to the same statistical properties as stocks albeit
there are slight variations. The crypto-currency prices are non-stationary and the returns
are stationary (so they are integrated of order one) like for stock prices. The crypto
returns are non-normal distributed and possess heavier tails and much larger standard
deviations than stock returns. Furthermore in terms of linear relationship over time both
behave similarly and display no autocorrelation. For both the volatility clustering effect is
present but it is of interest that this effect is less pronounced for crypto-assets. Further,
crypto-assets are uncorrelated to the major stock markets. Furthermore the robustness of
the findings with respect to different data sources is demonstrated by repeating the same
statistical analysis for three different data sources.
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Figure 15: autocorrelation of returns and squared returns for different data sources (Kraken,
bitstamp, and coingecko)

5 Conclusion

In this thesis, the blockchain technology and the most prominent application, i.e. bitcoin
is described in detail in section 2. The blockchain is, in essence, a distributed ledger of the
transaction history that is open to the public. There is no need for a trusted third party
(i.e. banks and central banks) that clears the transaction. The integrity of the transaction
history is protected by cryptography, i.e. proof of work, instead of a central clearing party.
Therefore no single party has the power to make changes, like reversing transactions, in-
creasing the money supply, denying access and so on ..., to the system. This can be seen
either as an advantage (i.e. your money will not be diluted by a central bank that decides
to print money, e.g. quantitative easing) or a disadvantage (e.g. you accidentally type in
the wrong amount or wrong address). Nevertheless, since its creation the blockchain tech-
nology and especially bitcoin gathered a lot of attention that resulted in a spectacular rise
of the price of one bitcoin (BTC) against the USD from 0 to almost 20000 USD that was in
large part driven by excitement and speculation. This resulted in extremely volatile prices
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which discourage its use as a stable and reliable payment system. The supply of bitcoin
is organized by the bitcoin protocol, an open-source code, which caps the total number of
BTC at 21 million units. Nevertheless, there are also concerns or disadvantages associated
with the technology. They include the electricity consumption by the technology, also at
the moment, the system is not capable of handling the large volumes of transaction that
come by large scale adoption of BTC as a means for everyday payments and transactions.
Furthermore, there are concerns, due to no or light regulation, that a lot of illegal transac-
tions are facilitated through the bitcoin network.

Nevertheless, the blockchain technology underpinning bitcoin is an exciting innovation
where no one knows where it will be deployed in the future. There has been an explosion of
crypto-currencies, often with fraudulent intents, that use the technology and only time will
tell which one is the best and survives. From an investor’s point of view, it is an exciting
new asset class. Therefore four of the most dominant crypto-currencies have been analyzed
and compared to stock market assets in this thesis.

Stock prices, as an asset class, are known to display certain statistical properties that are
quite universal. These are called stylized facts and include that prices are non-stationary
but the returns are stationary, that returns are not normal distributed especially have
heavier tails and asymmetry compared to the normal distribution. Furthermore, there is
the so-called volatility clustering effect, which states that volatility is not constant over
time, but instead if volatility is high than it is more likely that the volatility on the next
day is also high. Therefore volatile periods and relatively calm periods can be observed in
asset returns. This feature can, for example, be captured by the dependency of squared
or absolute returns over time. It was widely observed that returns possess no linear rela-
tionship over time (i.e. no autocorrelation) but the squared returns display a quite strong
correlation due to the volatility clustering effect.

Therefore the thesis aimed to compare crypto-assets to stock markets and see if the
same stylized facts can be observed for crypto returns. Therefore the theoretical founda-
tions and statistical tools needed for answering this question were explored in this thesis
in section 3. With this tools at hand, the question was answered by comparing four of the
main crypto-currencies (i.e. bitcoin, ethereum, ripple, and litecoin) to four major stock
markets (i.e. S&P500, NASDAQ, MSCI Emerging Markets Index, and DAX) in section 4.
The answer is positive and in general crypto-assets conform to the same stylized facts as
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stock markets albeit with slight variations. It is no surprise that crypto-currencies are more
volatile than major and liquid stock markets. Nevertheless, all the stylized facts seem to
hold also for crypto-assets albeit the volatility clustering effect is less distinct than for the
stock market. This was a surprising finding of this thesis and warrants further research.
The prices of crypto-assets are non-stationary, but the returns are. Furthermore, there is
no linear relationship (i.e. autocorrelation) in the return series. Crypto returns are not
normally distributed and possess heavier tails than the normal distribution and even heav-
ier tails than stock market returns, but this is not so surprising due to the extreme price
swings that can be observed. The returns seem to be distributed asymmetrically, but there
is no clear picture in which direction they are skewed. Last but not least, volatility is much
higher than in the stock markets that were considered in this thesis. In section 4.1 a short
overview of the existing literature is presented, where recently in 2019 C. Alexander and
M. Dakos [14] raised the concern that most previous papers used flawed data that originate
not from real trades. In this thesis data from real traded prices where used and the findings
of this thesis conform to the literature. Furthermore the analysis of the stylized facts in
this thesis were repeated using also data from bitstamp and coingecko, the latter being a
source that [14] described as potentially flawed, but the findings were robust with respect
to the source of data origin.

All in all, one can say that the crypto-currencies are a new and exciting assets class
underpinned by an innovative technology that has a lot of potential. From a statistical
viewpoint the returns they offer do not behave so different than stock prices although they
are much more volatile. Furthermore, the crypto returns are not strongly correlated with
stock markets and therefore it can be advantageous, from an investor’s point of view, to
have exposure to them. Nevertheless, only time will tell if they are meant for the long term
or if they will disappear again. Therefore strict risk management is needed when investing
due to the extreme volatility and heavy tails of crypto returns.
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