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1 Introduction

We are currently trying to determine the analog output of a CMOS inverter (see
Figure 1) based on the analog input with as little effort as possible. Unfortu-
nately an accurate formula Vj,:(V;,) can not be derived for the whole voltage
range because the inverter, or more specifically the N- and PMOS transistors,
have several operation regions with significantly different behavior. For that
reason, we will primarily model the output voltage trajectory by applying the
“Hybrid Systems” approach [3] studied by Sayan Mitra [4].
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Figure 1: CMOS Inverter

This text is organized in the following way: Section 2 provides information
on transistors and their operation regions. In Section 3 we derive a non-hybrid
continuous model for an inverter, followed by a listing of applied simplification in
Section 4. A detailed analysis of an appropriate hybrid model representation of
the inverter is carried out in Section 5. For the constants used in the calculations
measured values are presented in Section 6. At last a summary of the achieved
guards, states and invariants as well as a graphic interpretation of the states is
shown in Section 7.

2 Background

To describe the inverter appropriately it is first necessary to characterize single
transistors, which was already carried out in detail in the past (see [6]). With
decreasing feature size the characteristics of the field effect transistors however
have changed significantly, making it necessary to adapt the formulas, as shown
in [2]. This model is very accurate but requires thorough parametrization.
Therefore, we use a simplification, presented for example in [5], here, which
mainly considers effects due to carrier velocity saturation in the channel.

In general two kind of transistors are distinguished (Figure 2): PMOS and
NMOS. Both can be in one of three operation regions: sub-threshold (ST),
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Figure 2: CMOS Transistors

ohmic (OHM) and saturation (SAT).! In the first region (ST) the transistor is
nearly an open circuit, i.e., only a very small amount of current is propagated.
In the second region (OHM) the current is proportional to the applied voltage,
and finally in the last one (SAT) the current is constant independently of the
applied voltage. Table 1 shows the necessary conditions for each single region.
Ve denotes the gate voltage and controls the conductance of the transistor.
It is defined as the voltage difference between gate G and source S, where in
the case of an NMOS this voltage is measured from G to S, i.e. Vg = Vgg,
whereas it is measured from S to G, i.e., Vg = Vsg, for a PMOS. Vr, the so
called threshold voltage, marks the point when the (ST) region is left. It can be
assumed constant in this simplified model, albeit it differs between NMOS and
PMOS transistors (denoted as Vi, respectively V). Vp finally stands for the
voltage difference between source S and drain D. For the NMOS it is measured
from S to D, i.e., Vp = Vgp, and for the NMOS in the reverse direction, i.e.,
Vb = Vpg. In conjunction with the gate voltage, Vp determines the current
that flows through the transistor. If Vp exceeds Vpsqt, providing a suitable
Vg, the transistor enters the (SAT) region, thus delivering a constant current
independent of Vp.

region condition
(ST) Vo < Vr
(OHM) Vo > Ve and Vp < Vpgar
(SAT) Vo > Vr and Vp > Vpgsar

Table 1: Operation regions of NMOS and PMOS transistors

To model modern devices perfectly a lot of different short channel and narrow
width effects have to be considered. Some, but not nearly all of them, have been
considered in [1], which yields less complex formulas that will be used in the
following. They were chosen because no fitting parameters are required while
improving the accuracy significantly. An even more elaborate model based on
physical parameters can for example be found in [2].

In the subthreshold region the transistor is assumed to behave as an open
circuit, i.e., that

1Please note that the break through regions for very high or low gate voltages are not
considered here.



Ip=0 (1)

holds. In the ohmic region the current is calculated as

Cou W -
Ip= (SN (14 v} (Ve —Ve—05aVp)Vo  (2)
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Beside the width (W), length (L) and gate oxide capacitance per unit area
(Coz) the saturation velocity (vsq:) and the low field mobility

Ho

Fe = T 0(Ve — V)

is used. 6 is an empirical parameter in the range of 0.03...0.1V "1, Please
note that these parameters are all different for N- and PMOS. This will be
indicated in the following by subindices ,, respectively .

By defining Ipgq: according to Eq. (2) with Vp = Vpgar the current in the
saturation region can be expressed as

L
Ip = Ipsat ———— 3
b= Iput =T (3)
with
I, — VD - VDsat _ qNb
d— ’ a=
a 2€0€s;

In this formula the increase of the current in the saturation region due to
short channel effects is considered by the parameter [; which uses the electron
charge (q), the bulk doping (N;) and the dielectric permittivity of silicon (es;).
The saturation voltage, i.e., the value of Vp when the transistor enters the
saturation region, is thereby defined as

L., i 1/2
—( BVt ) (1 g0t (v, - 1 4
VDsat < m > { + oL vuns (Ve VT)} (4)

In Section 6 suitable values for the parameters presented so far for to the
utilized technology will be presented.




3 Uniform Transistor Model

The main difficulty when calculating the trajectory of the output voltage arises
from the different operation regions of the single transistors with their individual
current formulas. This problem is avoided by the uniform model presented in
[1], which uses a single expression for all three operation regions. In detail it is
just a slightly modified version of Eq. (2), more specifically

W s Cop < VD s
_ 1+
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-1
Ip = Ve —Vr —0.5aVp,)V]
D=L, —ld)vsat> (Vee = Vr @ Vpz)Vpa

Herein Vg, = Vg (V) and Vp, = Vp.(Vp) denote functions that realize
smooth transitions defined as

Vo — V.
Ve (Vo) =nViln [1 + exp <G77VT>} + Vi
t

1
Vpz(Vp) = VDsat{l - Eln {1 + eA(l*VD/VD”f)H

Vpsat 18 still computed according to Eq. 4 with Vi replaced by V.. For I
a differing approach can be used in this case, i.e.,

ly=Lin [1+<V[’_V[’m’5ﬂ

Vp

with Vp being a fitting parameter, which will be defined in Section 6.

In Vp, two additional parameters, namely A (a constant) and B = In(1+e4),
are introduced. A large value of A thereby marks a steep transition between the
linear and saturation region whereat a small one reults in smooth transition. A
typical value is A = 10. For high values of Vp the transistor operates in its
(SAT) region and Vp, collapses to Vpsa:. The achieved results are very similar
to the ones of Eq. (3), only differing in the applied length scaling. As Vp
decreases and approaches zero, also Vp, drops, resulting in no output current.
This is according to the real world behavior.

In Vg, the parameter n = 1+ c% is used with Cy being the depletion region
capacitance. Typical values range from 1 to 3. V; represents the thermal voltage
'“BTT which is about 26 mV at room temperature. For high values of Vi the
expression can be reduced to Vg, = Vi, for small values Vg, approaches V.
By plugging Vg, = Vi into Eq. (4) it can be observed that Vpg,: becomes zero,
resulting in no current. Again this is in accordance to the behavior of an actual
transistor.



4 Model Refinement

In the formulas presented in Section 2-3 several simplifications have been applied
to keep the resulting expressions as simple as possible. However, they could be
lifted to achieve an even more accurate model:

e The subtreshold current, i.e. when the transistor is in its (ST) region, is
not considered because the current for completely transparent transistors
is in general several magnitudes bigger.

e The formulas for the current presented earlier are only valid for the static
case. For precise dynamic analysis one would also have to consider the
capacitances inside the circuit, as these consume or provide additional
currents. A detailed analysis of those is also provided in [6]. For sim-
plicity reasons they are neglected for now, except for the external output
capacitance Cp.

5 Hybrid Model

In the following the inverter shown in Figure 3 shall be described using the hy-
brid model. Therefore it has to be defined in which regions the single transistors
operate and how the resulting current looks like, which will eventually lead to
seven different states A-G (see Figure 4). The output voltage is thereby derived
according to the capacitance equations as

d
C(L &‘/out = Iout

meaning that a positive output current charges the capacitance and a nega-
tive one discharges it. Due to this definition I,,; can be defined as

Iowt = Ippos — INmos

which is shown in Figure 3. As already mentioned these currents depend on
the operation region and the type of the single transistors. In the following the
subindices ,, and , will be used for N- respectively PMOS transistor and the
operation region will be stated in parantheses, e.g Ip,(OH M) for an NMOS in
its ohmic region or Ip,(SAT) for a PMOS in saturation. Further it has to be
noticed that for NMOS transistors Vi has to be substituted by V;,, and Vp by
Vout. For PMOS ones Vi has to replaced by Vpp — Vi, and Vp by Vpp — Vous-

The possible states of the circuit are analyzed and described in detail in the
successive subsections, which follow the naming scheme
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Figure 3: CMOS Inverter showing currents and attached capacitance

“State” <name> <operation region PMOS>, <operation region NMOS>

Please note that in Section 7 a summary of the most important parameters as
well as a graphical representation is presented. These might already be sufficient
for some readers or, if that is not the case, might help to properly understand

the relations between the single states.

Furthermore it is important to consider, that for each single state only the
guards are presented. It is however necessary to leave each state immediately
after the first guard triggered because otherwise it might happen that several
guards are activated simultaneously and the scheduler then decides indetermin-
istically on the succeeding state and the switching time, which however does not
represent a valid physical solution. For that purpose the opposite of each guard
is also implemented as invariant, i.e., X > Y is complemented by the invariant

X<Yand X <YbyX2>Y.
5.1 State A (OHM), (ST)

Let us assume for this first state that the input is LO, i.e. at ground voltage,
and the output is HI, i.e. at Vpp, causing the PMOS to be in its (OHM) and the

NMOS in its (ST) operation region. By applying the corresponding formulas

stated earlier the output current evaluates to

Iowt = Ipp,(OHM)

Please note, that this state is actually valid for all values Vpp — Vpsarp <



Vout < Vpp and 0 < V;,, < V. The first condition — stating that V,; drops
below Vpbp — Vpsatp while Vi, < Vi, — can however only be violated in theory
and not in physical circuits, due to the fact that according to our simplifications,
the NMOS is completely closed in this case, so only a charging current to the
output capacitance is possible. Therefore the only way to leave this state is by
violating the second condition, i.e. by increasing V;,, above Vp,. Therefore the
single guard? for leaving this state can be written as

name condition goal state

Al Vin > Vpp B

Please note that a state with Vot < Vpp — Vpsatp and 0 < Vi, < Vi, — as
will be defined later as state C' — does indeed exist, however it is not reachable
from this state, but only for an input voltage that drops below Vp,,.

5.2 State B (OHM), (SAT)

As the input voltage V;, rises above Vp, while being in state A the NMOS
starts to conduct, whereat it is immediately operating in its (SAT) region. Due
to the fact that the PMOS stays in its (OHM) region the output current I,
results to

Tout = Ipy(OHM) — Ip, (SAT)

This state is left if (i) V;, drops again below Vp, causing the NMOS to
switch back to its (ST) operation region, or (ii) if Vbp — Vpsatp > Vour becomes
true. In the latter case the output voltage drops to the point where the PMOS
enters its (SAT) region. Please note that theoretically it would also be possible
to leave this state as the NMOS reaches its (OHM) operation region, i.e., when
Vour < Vpsatn becomes true. This condition however can only be satisfied
after the change of the PMOS at Vpp — Vpsatp > Vour, resulting in the above
mentioned state switch, according to (ii): After all, we have a rising input
transition and thus a falling output one, and both saturation voltages are smaller
than Vpp/2. Overall the guards for leaving this state are

name condition goal state
Bl va < VTn A
B2 VDD - VDsatp > Vout D

2The notation for the guards is the region name followed by an increasing number starting
with 1.



5.3 State C  (SAT), (ST)

This state can only reached from state D by a steep falling input transition
compared to the output one and represents the case that the NMOS is in its
(ST) and the PMOS in its (SAT) operation region. Due to these facts the output
current results to

Iut = Ipy(SAT)

If V;,, stays below Vp, then V,,; will eventually reach the point where the
PMOS enters its (OHM) region (i.e. Vpp — Vpsatp < Vour). If Vi, starts rising
fast enough, however, it is possible that the NMOS enters its (SAT) operation
region. The guards for this state therefore are

name condition goal state
C1 VDD - VDsatp < Vout A
C2 Vin > Vpp, D

5.4 State D (SAT), (SAT)

In this state, finally both transistors operate in their (SAT) region. This leads
to an output current of

Iowt = Ipp(SAT) — Ip, (SAT)

Depending on the behavior of the input different successor states are possible.
If the input rises very fast, Vi, > Vpp — Vrp, becomes true causing the PMOS
to enter its (ST) region. If the rising input slope is small however the condition
Vout < Vpsatn will be fulfilled first, causing the NMOS to enter its (OHM)
operation region. When V;,, decreases while in state D it is possible — with
appropriate values of Vr,, and V7, as well as fitting input and output slopes —
that Vi, drops below Vr,, without falsifying the condition Vpp — Vpsatp > Vour-
In that particular case the NMOS enters its (ST) region while the PMOS stays
in (SAT). If the condition is violated before the input reaches Vi, however then
a switch to state B takes place. Overall the guards for leaving state D are



name condition goal state

D1 VDD - VDsatp < Vout B
D2 va < VTn c
D3 Vout < VDsatn E

F

D4 V;n > VDD - VTp

5.5 State E (SAT), (OHM)

When starting in state D and V,,; drops below Vpgan the NMOS enters its
(OHM) region, while the PMOS stays in its (SAT) one. The current then
results to

Iowt = Ipp(SAT) — I, (OHM)

If Vi, further increases V;;, > Vpp — Vrp eventually becomes true causing
the PMOS to close, i.e. enter its (ST) operation region. The other possibility,
of course, is to reduce V;, again until the NMOS returns to its (SAT) operation
region. The guards for this state are

name condition goal state
El Vout > VDsatn D
E2 Vm > VDD — VTp G

5.6 State ¥ (ST), (SAT)

This state is solely reachable from state D by a rising input transition that is
steep compared to the output one and represents the case where the NMOS is
in its (SAT) region while the PMOS is not conducting, i.e. in its (ST) region.
Considering these circumstances the current results to

Iowt = _IDn(SAT)

As V;, increases the output voltage drops below Vpgatn causing the NMOS
to enters its (OHM) region. If V;, drops however, it will eventually become
smaller than Vpp — Vi, causing the PMOS to enter its (SAT) operation region.
Therefore the guards for leaving state F' are



name condition goal state

F1 Vin < Vpp — VTp D
F2 Vout < VDsatn G

5.7 State G  (ST), (OHM)

Finally, when the transition is nearly finished, this state is entered where the
NMOS operates in its (OHM) and the PMOS in its (ST) region. The current
then results to

Iout = 7ID7I(OHM)

The only way to leave this state is to reduce V;, below Vpp — Vp, such
that the PMOS starts conducting again. It is not possible to drive the NMOS
back into its (SAT) operation region since this is equivalent to increasing V.,
for Vi, > Vpp — Vrp. For this input voltage, however, solely the NMOS is
conducting, making it only possible to discharge the capacitance at the output.
Considering this the single guard is

name condition goal state

G1 Vi, < Vpp — VTp E

6 Parameter Values

Lots of parameters have been used in the formulas of Section 2. Therefore rea-
sonable values suitable for the technology used in the simulations are presented
in this section. Some of them can be directly derived from SPICE parameters
like the width (W) and length (L) of the MOSFETS, the low field mobility maug
(SPICE: u0), the bulk doping N, (SPICE: ndep), and the gate capacitance per
unit area Cop = €45 /tor (SPICE: epsrox/toxm). The corresponding values can
be found in table 2.

’ H o [em?/V s ‘ Cou [F/cm?) ‘ W [em) ‘ L [em) ‘ Nylem ™3] ‘
NMOS 349.85 1.5¢€9 4.5e—5 | 6e—6 1.68el7
PMOS 104.45 1.42 €9 6.3e—5 | 6e—6 3.99el7

Table 2: Parameters determined from SPICE parameters

Other parameters, especially the empirical ones, were not so easy to derive.
It was, for example, necessary to estimate the values for o and 6 since empirical
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data was missing. a was computed using the electron charge ¢ = 1.602 X
1071 J as well as the permittivity values e,; = 11.68 and ¢y = 8.854 x 10714
F/cm. Unfortunately the result were not reasonable, which made it necessary
to estimate suitable ones. The threshold voltage Vi, in contrast, was fitted to
simulation results. The corresponding values can be found in Table 3.

| [ o] 0 | alV/em?] [ vatlem/s] | Ve V]| n | Vilv] | A | Vp[V] |
NMOS || 1 | 0.6 lell 8¢b 0.4 1.5 | 26e—3 | 10 1
PMOS || 1| 0.8 lell 6 c6 047 | 1.5 | 26e—3 | 10 1

Table 3: Parameters determined from simulations or assumptions

7 Summary

The above described states A-G are all reachable ones, meaning that only seven
of the possible 32 = 9 states are valid. The state where both NMOS and PMOS
are in their (ST) region would be only reachable if Vg, > % and Vp, > VLQD,
which is however not reasonable in real applications. Similarly the state where
both are in their (OHM) region requires Vpgaip > VDTD and Vpsetn > VDTD,
which is not achieved by a large margin in modern technologies. This was also
verified by simulations. Please note that the same set of states is achieved if
the transition starts from a HI input signal and a LO output one, with the only

difference that they occur in the reverse order.

Tables 4 and 5 finally summarize all important parameters in each state.
The saturation voltages for N- and PMOS can be calculated as

L.v 1/2
VDsatp = <psatp> <|:1 + 2&(‘/DD —Vin — VTp)] - 1>

Hsp Qap Lp VUsatp

and

L veny i 1/2
VDsatn = (n8an> |:1 + 2*(‘/‘“1 - VTn):| -1
Hsn On Ly Vsatn
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from state | guard name condition to state

A Al Vi > Vrp B
B1 Vin < Vg A
B2 Vop — VDsatp > Vour D
G C1 VoD — VDsatp < Vout A
C2 Vin > Vi, D
D1 Vop — VDsatp < Vout B
D D2 Vin < Vg C
D3 Vout < VDsatn FE
D4 Vin > Vpp — VTp F
5 El Vout > VDsatn D
2 Vin > Voo — Vi G
P F1 Vin < Vbp — V1p D
F2 Vout < VDsatn G
G Gl Vin < Vpp — Vrp E

Table 4: Guards of each state

’ state ‘ invariant name condition
A ATl Vin < Vrn
B BI1 Vin 2 Vrn
BI2 Vop — Vbsatp < Vout
C Cll Vbp — VDsatp 2 Vour
CI2 Vin < Vran
DI1 VoD — VDsatp < Vout
- DI2 Vin 2 Vrn
DI3 Vout 2 VbDsatn
DI4 Vin < Vbp — V1
E EIl Vout < VDsatn
EI2 Vin < Vpp — Vrp
. FI1 Vin 2 Vop — Vrp
FI2 out Z VDsatn
G GI1 Vin 2 Vbop — Vrp

Table 5: Invariants of each state

12



Table 6 shows I,,; for each state separately. For better readability the
expressions I,(Vp) and I,,(Vp), obtained from Eq. (2) by plugging in Vo =
Vbp — Vin and Vg =V, respectively, are used.

s Oox W, s !
L(Vp) = (uprp) (1 + 7 “v” : VD> (Voo = Vin = Virp — 0.5Vp) Vi
p p “satp
sn Cozn Wn sn !
I,(Vp) = (ML) (1 + LMUVD> (Vin — Vi — 0.5aVp)Vp
n n Usatn
[j— \/VD - Vout - VDsatp I _ Vout - VDsatn
= a T
state Loyt
A Ip(VDD - Vout)
B Ip(VDD - Vrout) - [n(VDsatn)%ldﬂ
C Ip(VDsatp) 727
D Ip(VDsatp)L%ldp - In(VDsatn)%ldn
E Ip(VDsatp)L_#ldp - In(‘/out)
F *In(VDsatn)L%ld"
G _In(Vout)

Table 6: I,,; in each state

Figure 4 shows a graphical interpretation of the states and their intercon-
nections. The labels at the edges mark the guards that have to be violated for
the transition to occur. In the nodes the state as well as the operation region
of both transistors is shown.
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PMOS: (ST)
NMOS: (OHM)

E

PMOS: (SAT)
NMOS: (OHM)

PMOS: (ST)
NMOS: (SAT)

D

PMOS: (SAT)
NMOS: (SAT)

B

PMOS: (OHM)
NMOS: (SAT)

PMOS: (SAT)
NMOS: (ST)

PMOS: (OHM)
NMOS: (ST)

Figure 4: graphic representation of state model, nodes contain state name as
well as operation region of NMOS and PMOS

14



References

(1]

2]

13l

4]
5]
[6]

Narain Arora. MOSFET models for VLSI circuit simulation; theory and
practice. Computational microelectronics. Wien [u.a.]: Springer, 1993. ISBN:
3-211-82395-6; 0-387-82395-6.

Alexander Klos and Arno Kostka. “PREDICTMOS - a predictive compact
model of small-geometry MOSFETS for circuit simulation and device scal-
ing calculations”. In: Solid-State Flectronics 44.7 (2000), pp. 1145-1156.
1SSN: 0038-1101. DOL: http://dx.doi.org/10.1016/50038-1101(00)
00045-9. URL: http://www.sciencedirect.com/science/article/pii/
S0038110100000459.

Sayan Mitra. “A Verification Framework for Hybrid Systems”. PhD thesis.
Massachusetts Institute of Technology, 2007. URL: http://dspace.mit.
edu/handle/1721.1/42238.

Sayan Mitra. http://mitras.ece.illinois.edu/. Accessed: 2015/12/16,
[Online].

Masakazu Shoji. CMOS digital circuit technology. Prentice-Hall Interna-
tional editions. London: Prentice-Hall Internat., 1988. 1SBN: 0-13-138843-6.

Ulrich Tietze, Christoph Schenk, and Eberhard Gamm. Halbleiter - Schal-
tungstechnik. 11. Auflage. Berlin: Springer, 1999. 1SBN: 3-540-64192-0.

15



