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Kurzfassung

Die Diplomarbeit Pantograph Modeling for Control stellt zwei unterschiedliche echt-
zeitfihige Pantographenmodelle vor, welche hinsichtlich einer Anwendung in einer
Pantographen-Oberleitungs-Co-Simulation einerseits, und fiir den Pantographen Reg-
lerentwurf andererseits entwickelt wurden. Diese Modelle wurden durch eine Modell-
auf-Modell Identifikation bestimmt, wobei ein existierendes White Box Modell des
Pantographen aus [1] als Referenz herangezogen wurde. Des Weiteren sind beide Mo-
delle als lokal-lineare Neuro-Fuzzy Netzwerke in Zustandsraumkonfiguration struk-
turiert. In der ersten Herangehensweise basiert das lineare Modellnetzwerk auf para-
metrisierten mechanischen Ersatzmodellen (Dreimassenschwinger), deren Parameter
durch eine Ausgangsfehlermethode geschétzt wurden. Das erhaltene Pantographen-
modell - pantograph LLMN (surrogate) - ist physikalisch interpretierbar und enthélt
strukturierte Matrizen des Zustandsraumes, welche mit Hilfe der Parameterverblen-
dung interpoliert werden. Ein alternativer Losungsansatz war durch das Bestreben
motiviert, mogliche Synergien der Unterraummethoden der Identifikation und der
lokalen Modellnetzwerke in Hinblick auf nichtlineare Modellbildung durch deren Zu-
sammenfiihrung zu nitzen. Das dadurch erhaltene Pantographenmodell - pantograph
LLMN (n4sid) - bietet eine hohe Genauigkeit tiber den gesamten Betriebsbereich und
beinhaltet unstrukturierte Zustandsraum-Matrizen, wobei der Systemausgang durch
die Anwendung der Ausgangsverblendung interpoliert wird. Eine umfassended qua-
litative Analyse sowie Simulationsergebnisse aller untersuchten Modelle heben das
Potential dieser Modelle als Alternative zu globalen linearen Pantographenmodellen
in echtzeitfahigen Pantographen-Oberleitungs-Co-Simulationen sowie beim Panto-
graphen Reglerentwurf hervor.

Schliisselworter

Nichtlineare Modellierung, Pantograph; Echtzeitfahigkeit; lokal lineares Neuro-Fuzzy
Netzwerk; Zustandsraumdarstellung; MIMO-System; Dreimassenschwinger; Unter-
raummethoden der Identifikation; N4SID;
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Abstract

The thesis Pantograph Modeling for Control presents two different real-time ca-
pable pantograph models, intended for an application in pantograph-catenary co-
simulations and pantograph control design. These models were derived from model-
on-model identification referencing an existing nonlinear white-box pantograph model
from [I] and are both structured as local-linear neuro-fuzzy networks in state-space
configuration. In the first approach the local linear models of the model network are
based on parametrized mechanical surrogate models (three-mass oscillator), whose
parameters were identified by utilizing an output error method. The obtained pan-
tograph model - pantograph LLMN (surrogate) - can be interpreted physically and
contains structured state-space system matrices that are interpolated by utilizing the
parameter blending method. In another approach an attempt was made to incorpo-
rate the subspace identification method N4SID into the local linear model network
with the aim of exploiting the strengths of both methods in regard to nonlinear
modeling. The obtained pantograph model - pantograph LLMN (n4sid) - provides
high accuracy over the whole operating height and inherits unstructured state-space
system matrices utilizing the output blending method to generate the system output.
An extensive qualitative analysis as well as simulation results of all examined models
are provided, emphasizing these models’ potential to replace global linear pantograph
models in real-time pantograph-catenary wire co-simulations and pantograph control
design.

Keywords

Nonlinear modeling; pantograph; real-time capability; local linear neuro-fuzzy net-

work; state-space system; MIMO system; three-mass-oscillator; subspace identifica-
tion; N4SID;
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Chapter 1

Introduction

The main task of a pantograph (mechanical framework) is to establish a continuous
connection between the railway car of a electrically powered train and the overhead
(or catenary) wire (compare e.g. [27]). While performing this task, the pantograph
has to ensure that the resulting contact force stays within certain specified boundaries
to limit attrition due to frictional contact on the one hand and to limit or minimize
the inflicted stress and displacement of the overhead wire on the other hand. These
challenges should be met with the utilization of modern day feedback control schemes
and methods (model predictive control (MPC) and observer, see e.g. [12]), which
require a real-time capable pantograph-model.

This thesis is structured as follows. The first chapter [[nfroductionl gives a brief in-
troduction to the field of pantograph design and its encompassing industry. The
motivation to approach this problem field is elucidated and the problem statement
is formulated. The second chapter [Pantograph Modeling, on one hand, introduces
an existing white-box model of the nonlinear pantograph (which represents a sim-
plified nonlinear model of the pantograph - reference model - and is utilized to gen-
erate reference data for the model-on-model identification of the developed mod-
els), and on the other hand lays out the specifications for the desired pantograph
model, which is a nonlinear static model (realized as a local linear model network).
The third chapter [Methodologies of Nonlinear Modeling and Identification| treats the
applied methodologies in the chosen approaches to this nonlinear modeling prob-
lem. The superordinated methodology i.e. the chosen model structure is a neuro-
fuzzy model implemented with local linear models in state-space form and therefore
also referred to as local linear model network in state-space configuration. In the
fourth chapter ([Numeric Studies of Pantograph Models a collection of simulation re-
sults of the identified pantograph models is presented, complemented with a prelim-
inary discussion and analysis of the obtained findings. The fifth and final chapter
[Observations and Discussionlis dedicated to an extended discussion of the developed
pantograph models, also describing some observations that were made during the
development phase. The main statements and conclusions are formulated there.
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Figure 1.1: a) State-of-the-art pantograph (Product of SIEMENS) and b)
Scheme of a pantograph ( U.S.-Patent [2])

1.1 Motivation

A state-of-the-art pantograph can be seen in Figure [[LTal (product of SIEMENS).
Figure shows a scheme of a pantograph framework (US Patent, [2]).

1.1.1 State-of-the-art Pantograph System

Some key facts about today’s pantograph system are pointed out, describing the
setting in which the problem statement will be formulated.

« Movement over a certain operating range ( 0.5[m] — 2.5[m]):

— Different kind of dynamics are occurring. On the one hand the movement
over the operating range, e.g. tunnel entrances involve a fast and large
travel in position (height). One the other hand excitation is induced from
the overhead line, depended on the traveling speed.

« Unstable mechanism (tipping between two equilibrium positions, both these
positions lie outside the operating range):

— Stabilized through an external force, i.e. coupling with overhead wire.

— In the absence of the overhead wire, the pantograph framework travels
into its uppermost position, after a critical torque M,,;; is imposed via the
pneumatic actuator.

— Comparable with a pendulum which has a torsion spring mounted to its
hinge joint. Initially in the lower equilibrium position (hanging down), the
pendulum would travel to the upper equilibrium position after reaching a
critical angle (inverse pendulum equilibrium position).

e The implemented feedback control scheme is realized via a P-controller

— A pneumatic actuator (pma. = 10 [bar]) is the single control input (ad-
justed through traveling speed).
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— The pneumatic system of the train, which provides the drive for the ac-
tuator (torque on the pantograph framework) is fluctuating and inert,
therefore precise actuator travel as well as high dynamic control are infea-
sible.

o Nonlinear dynamic behaviour of the referenced white-box model:

— Consists of two main components: lower framework (nonlinear system)
and pan-head (linear system) on top.

— The nonlinearity is given by the geometry of the mechanism, all modeled
springs and damping elements are linear, all bars are modeled rigid.

1.1.2 Limits in practical application of today’s pantograph
system

The limits in practical application of a state-of-the-art pantograph system are reached,
if certain disturbances are acting on the system (compare e.g. [3], [4] or [27]). Then
the optimal contact force cannot be maintained with the current feedback control
scheme (simple P-controller). Such disturbances are:

« Variation of overhead wire position (mounting).
« Variations in the track bed and impacts from the rails.

e Tunnel entrance and exit.

Wind/turbulence or airstream (especially crucial for high speed trains).

— One crucial factor, that limits the maximum traveling speed of a passenger
train today, is that the - with higher speed in intensity growing - airstream.

— The airstream excites the overhead wire, which leads to oscillations and
high deflections from the original position.

— Therefore the primary function of the pantograph framework cannot be
fulfilled with the current implemented feedback control scheme when reach-
ing some critical velocity.

— Solving this problem could be economically advantageous, making the
railway more competitive in the market of passenger transportation (main
rival in market: passenger plane).

1.1.3 Modern-Day Feedback Control

Implementing a modern-day feedback control scheme (e.g. model predictive control
(MPC) with or without an observer) would resolve the problem of a limitation in
traveling speed due to pantograph-sided control and furthermore would minimize
wear of the pan-head and overhead wire by keeping the contact force inside a certain
band around its optimal point (maintenance costs).
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It follows a list of possible problems in implementing such a feedback control
scheme:

 Electromagnetic induction (high currents trough overhead wire) hinders use of
sensors and actuators.

« Inhospitable ambiance (outdoor use: temperature fluctuations, rain, ice, etc.).

o The state-of-the-art feedback control implementation requires very low main-
tenance.

o A failure safety solution has to be implemented (e.g. redundant systems) due
to danger to life in case of malfunction or breakdown.

o Licensing/certification/approval is juristically challenging and time consuming
and in the passenger transport market (several legislative levels: national/EU/US/...).

1.2 Problem Statement

The developed pantograph model is meant to be used as part of an online simula-
tion tool, which shall be able to simulate the dynamics of the coupled pantograph-
contact line system. A scheme thereof is depicted in Figure [[2, which uses the
following physical quantities: contact position 7, collector head position &, contact
force F), and actuator torque M,, (see Section [Z1]). This Figure also illustrates how
the pantograph modeling problem is located in this superordinated problem, from
which the specifications for the pantograph model originate.

For the development of the pantograph model in this thesis, a fully nonlinear model

(given by [1]) with six degrees of freedom (DOF) is used as reference. In this model,
furthermore referred to as white-box model (WBM), all equations are derived from

system boundary coupled model

E, n
Contact Line Model
Contact E,
Condition
F, | ¢ Fy = k(€ —1)
Pantograph Model

My,

(LLMN model)

Figure 1.2: Localization of the pantograph model in the superordinated
problem, which is the co-simulation of the coupled pantograph-
catenary system. The contact force F), represents the coupling
condition.
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first principles, i.e. this model formulates the explicit equations of motion for the
two-dimensional nonlinear pantograph implementing certain simplifications (e.g. no
friction). A more detailed description of this white-box model and its validity range
can be found in Section 211

Remark 1.2.1 (Disclaimer). The pantograph models developed in this thesis
are models identified from data generated by the white-box model (see Section
21 and [I]) and not measurements of a real-world pantograph. Therefore this
thesis has to be understood as a model-based study on the model-on-model
identified pantograph models, serving the purpose of comparing the - for these
models developed - underlying methodologies. All examinations and results are
valid only for the white-box model and are not necessarily applicable nor neces-
sarily valid for real-world pantographs. The results have to be interpreted with
a certain caution and need to be validated for each specific pantograph. The
limitation, that friction is not considered in the white-box model is especially
stressed here, because early measurements from the pantograph test-bench show
hysteresis effects, indicating a decisive impact of friction on the pantograph be-
haviour. Nevertheless the findings of this thesis yield a comprehensive insight
into the nonlinear pantograph dynamics originating form the pantograph geome-
try. Furthermore this thesis can be utilized as a guideline for the methodical and
qualitative examination of data measured from a pantograph.

The requirements for the desired pantograph model are formulated in the following
section.
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1.2.1 Pantograph Model Specifications

The pantograph model was developed considering the following specifications:

« Computational efficiency: Real-time capable model.

e Structure: Nonlinear static model realized as a local linear model net-
work (LLMN) (see Sect. B2, chosen as a local linear TAKAGI-SUGENO
neuro-fuzzy type of network) that represents the nonlinear dynamics of the
pantograph.

« Mathematical formulation: The local linear models (LLMs) shall
contain the identified linear systems in state-space form (to be able to
exploit all advantages of this form, e.g. later incorporation into an adaptive
and predictive control system using model predictive control).

LLM; = [A;,B;, C;, D}] (1.1)

A, RV B; ... R™™ C; ... R”" D, .. R”™ (no direct feed-through)

with n ... number of states, m ... number of inputs and ¢ ... number of
outputs, determining the desired model as a local linear model in state-
space configuration.

» Performance: The error compared to the fully nonlinear model (reference
model) shall be held small, especially low frequencies (up to 15H z, which
corresponds to the expected control range of the pantograph system) shall
be mapped good (match in phase and amplitude of all signals is desired).

Remark 1.2.2. The requirement for the pantograph to be modeled as a LLIMN in
state-space configuration is essential to this thesis and necessary if one wants to
exploit the vast methodology of control techniques available for this type of system
description, which is the (in this case blended) state-space system. One key target of
this thesis was to examine if there is a suitable way of developing such a model (LMN
in state-space configuration) for a nonlinear problem, exemplary the pantograph.

A literature research was carried out for techniques that can be utilized to tackle this
problem statement [I8], 19, [33].
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Figure 1.3: Photograph of the pantograph test bed at the Vienna University
of Technology, in cooperation with SIEMENS.

1.2.2 Literature Review

This thesis, as described in the in this opening chapter, focuses on incorporating the
nonlinear dynamics of the presented white-box pantograph model into a real-time
capable local linear model network specified in Section [[L2.J] This thesis is part of
a pantograph test bench project in cooperation with SIEMENS (see photograph in
Figure [[3)) and therefore can also be seen as an evolution of the white-box panto-
graph model derived in [I]. Further publications on this project will follow in the
near future, the pantograph test bed was introduced in [29].

In the associated literature (majority of publications) the main focus lies on solving
the superordinated problem, which is given as the co-simulation of the pantograph-
catenary system (also pantograph-overhead line system, compare with Figure [[2]).
In those publications the nonlinear dynamic of the pantograph is not of major inter-
est. Hence the subsystem pantograph is described as a global linear model and all
simulations that are carried out are limited around a certain operation point, in some
cases solely to test the principal functionality of the developed concepts regarding
the co-simulation. These global linear models of the nonlinear pantograph are most
commonly described as two-mass oscillator surrogate models (see e.g. [17], [3],
[40], [14], [4]). In [40] an attempt is made to apply non-linear fuzzy controllers to
the pantograph-catenary control problem. In [I4] a comparison of different model-
ing approaches using pantograph surrogate models (two- to four-mass oscillators) in
connection with the pantograph-catenary problem is presented.

In other approaches to the same problem the pantograph is described as a multibody
model while the overhead line is described as a finite element model. A detailed de-
scription of these subsystem models and their coupling in simulation (co-simulation)
can be found in [27].



Chapter 2

Pantograph Modeling

A considerable part of this thesis is devoted to solving a nonlinear modeling problem
(with the specifications given in Section [[Z1]). As it can be read in literature (e.g.
[19, 18]) a certain state of mind is necessary to succeed in this field (see Chapter
B). To set the mood for this chapter, the principle of incompatibility as stated
informally in [44] is quoted here:

As the complexity of a system increases, our ability to make precise and
yet significant statements about its behaviour diminishes until a threshold
is reached beyond which precision and significance (or relevance) become
almost mutually exclusive characteristics. [44], page 28|

One aim of this thesis was to develop a grey-box model (see Sect. [Z2), where the
existing expert knowledge about the real-world pantograph was incorporated into
the design of the pantograph model. As a consequence of this modeling goal an
iterative design process was put in train, where expert insight, knowledge about
the purpose of the model, engineers heuristics and information in the observed data
of the white-box model were mixed. An illustration of this engineering cycle can be
found e.g. in [I8 page 30, Figure 1.18]. The following sections treat the main findings
of this design process and the resulting conclusions for the desired pantograph models.

2.1 Existing Pantograph White-Box Model

This section gives a brief introduction to an existing white-box model (WBM) of
the pantograph, which was used as a reference model for this thesis. For further
information on the white-box pantograph model see [I].

Terms of the white-box model used in this thesis (in compliance with [I]):

A sketch of the white-box pantograph model can be seen in Figure[2.Il The individual
components of the pantograph and the associated terms that will be used throughout
the thesis are as following (compare [I] Chapter 2 and Figure [LTal):

o The overhead line (generic term used by the International Union of Railways)
consists of the contact wire and a supporting catenary wire with droppers which
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connect the two wires, constructed to achieve good high speed current collection
(see e.g. [42] Figure 1) - throughout this thesis often referred to as overhead
wire or contact line.

e 1) ... contact position (carbon contact position as well as overhead wire posi-
tion).

o F, ... contact force, intrinsic force acting between pan-head and contact wire.

o The collector-head consists of the pan-head and a symmetrical suspension com-
posed of sophisticated torsion springs.

o The carbon contacts are establishing the contact to the overhead wire.
o £ ... pan-head position.

e Fpy ... crossbar force, intrinsic force acting between the lower framework (cross-
bar) and the collector head.

e The lower framework consists of several rods with the one on the top of the
structure referred to as crossbar.

e ( ... crosshar position.

» The main other rods are named upper arm (bended by «), lower arm and thrust
rod.

o The lower arm an the thrust rod are connected via joints to a rigid frame.
e 1 ... angle between the railcar and the lower arm.

e The pneumatic actuator mounted on that frame applies a certain torque to the
lower arm.

e M,y, ... torque acting on lower arm.

o Finally the frame is mounted onto the roof of the railcar via several outdoor
post insulators (see Figure [ Tal).

Structure of the white-box model (compare [I, Chapter 2]):

o The white-box model describes the movement of the pantograph in a plane
(two-dimensional movement).

« 6 degrees of freedom system (arbitrarily chosen), portrayed as a state vector
by equation (ZI]) (see Figure 2.2)).

Xwem = [¢1,$1,6,0,&, €. (2.1)

o The underlying equations are the equations of motion derived from first prin-
ciples.
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Figure 2.1: Sketch of the white-box pantograph model emphasizing the in-
dividual components and associated terms (compare [Il, Figure
2.8].

e The nonlinearity of the white-box model is given by its geometry. Further-
more, regarding nonlinear effects it has to be mentioned, that

— the material damping incorporated into the model by introducing two
DOF 9,6 and keeping all bars rigid,

— imperfect joints are not considered,

— and the friction inside the system is not considered (eventual hysteresis,
detected in pantograph test bench measurement data).

e The collector head is modeled as an one-mass-oscillator (compare [I, Section
2.2]), therefore it can be treated as a linear subsystem of the pantograph frame-
work with the identified parameters ... m¢, ke and c¢.

e The carbon contacts of the pan-head, which establish the physical contact to
the overhead wire, are modeled as a spring with high stiffness (compare [I]
Section 2.5)) ... kg.

Performance of the white-box model:

« High computational effort (real-time factor (RT F') value around magnitude
102, where RTF < 1 implies real-time capability and RT'F > 1 no real-time
capability, see Section [L.0)).

o Therefore not applicable for real-time feedback control scheme.

o Limitations in accuracy compared to the real-world pantograph due to modeling
simplifications.



2.1 EXISTING PANTOGRAPH WHITE-B0OX MODEL 11

overhead line

&€

railcar

Figure 2.2: Sketch of the white-box pantograph model with the degrees of
freedom, parameters of the collector head and internal forces.
The two inputs (contact position n and torque M,,) are high-
lighted (compare [T, Figure 2.8]).

o The parameters (e.g. material damping) of the white-box model where opti-
mized for a certain operating point, therefore additional limitations in accuracy
are given if the white-box model is evaluated in other operating points to gen-
erate reference data.

o The training data-sets for these optimizations where taken from the test-bench,
i.e. are experimental data, therefore these signals are subject to all kind of
typical measurement errors (systematic error, random error, sampling error,
ete., comp.[1]).

Application/Implementation of the white-box model in this thesis:

o The model was used to generate data-sets for training and validation of the
LLMN model.

o Therefore the white-box model represents the reference model to verify the
performance of the pantograph LLMNs.

« Awareness has to be given to the fact, that the reference signals are already
signals of a simplified model (see above) and not experimental data from a
test-bench.

Summarizing the above matters, the white-box model from [I] is simulated with
the inputs contact position 7, which acts at the top of the framework, and the
pneumatic actuator torque M,,,, which acts at the bottom, inducing the system.
These input signals were modeled as excitation signals due to expert knowledge
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" — Pantograph —— ¢
Mm,,— WBM 0

Figure 2.3: Block diagram of the pantograph white-box model illustrating
its inputs and outputs. All other signals are derived from these
quantities.

(see Section [.2)), therefore generating the reference data for the development of
the pantograph LLMNs. The resulting outputs of the white-box model are the six
degrees of freedom as portrayed in equation (Z1]), which were, together with the
inputs, utilized to compute all necessary signals (e.g. crossbar position (, see Section
[2.2.7)) according to the kinematics of the white-box model derived in [I], Section 2.1]
(compare with Figure 2.3]). The reference data is generated using analytical relations
and therefore are reproduceable.

2.1.1 Static Examinations of the Nonlinear Pantograph

Figure [2.4] shows the dependency of the contact force F), (force between pantograph
and overhead wire) of n (position of the overhead wire) and M, (momentum of the
pneumatic actuator). This nonlinear mapping of static quantities of the pantograph
was obtained by evaluating the white-box model in several operating points, varying
the two inputs contact position 7 and torque of the pneumatic actuator M,p,.

Discussion of Figure 2.4l nonlinear mapping of static quantities of the pantograph
white-box model

o There is no significant mapping present between the contact position n and the
contact force F),. The contact force is nearly independent of the position of the
contact wire in relation to the roof of the railcar.

o There is a proportional mapping present between the applied torque M, of
the pneumatic actuator and the contact force F},. The contact force depends
on the torque in a nearly linear fashion.

o Additionally it has to be stated that during the examinations, there was no
indication that the magnitude of the contact force influences the dynamics of
the pantograph system.

2.1.2 Global Linear Model

At this point it would be legitimate to linearize the white-box pantograph model
around an operating point (e.g. in the center of the operating range or expected
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Figure 2.4: These plots show the nonlinear mapping of static quantities of
the pantograph obtained by evaluation of the white-box model
in several operating points, with the output (contact force F,)
depending on the inputs contact position and torque of the pneu-
matic actuator as F, = f(n, M,,). The value of M,, ¢ is given as

1310.9 [Nm], see Section .21
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predominant point of operation) and use this global linear model in the coupled
pantograph-overhead line model (compare Figure [[.2).

For the global linear model, with regard to the definition of the model specifications
in Sect. [L2 the following statements can be formulated:

« Computational efficiency: Real-time capability of this global linear model
is given (see Chap. []).

e Structure: The linearized WBM would represent a global linear model, which
could be interpreted as a LLMN model with just one single LLM.

o Performance: The achievable performance of this simple model is quite good
and acceptable for some applications (obviously the FIT drops the further the
pantograph moves away from the selected point of linearization in the operating
range).

« Mathematical formulation: The state-space matrices of this linearized model
can be derived directly from the white-box pantograph model equations (given
by [1, equation (2.28)]).

According to the evaluation of the specifications given in Section [LZ1] the
linearized white-box pantograph model implemented as a global linear
model is set as the default or fail save model.

This thesis however focuses on the modeling goal to achieve an increased perfor-
mance in the whole operating range by incorporating the nonlinear effects of the
pantograph in a LLMN structured model. Arguments that justify the additional
effort for this approach can be found in Section 2.1.3l

2.1.3 Dynamic Examinations of the Nonlinear Pantograph

This section aims to investigate the dynamic system behaviour of the pantograph by
carving out effects of the system’s nonlinearities (engineer’s perspective on dynamic
system behaviour), which are, as mentioned above, given by the geometry of the
pantograph. Several examinations were performed utilizing the white-box model.

Frequency Analysis (DFT)

At the beginning of this section the results of a frequency analysis of several data
sets that were generated by the white-box model will be shown and discussed. The
frequency analysis of the resulting signals (outputs of the white-box models) was
carried out by a Discrete Fourier Transformation (DFT) of the respective signals.
The following statements are relevant for the DFT:

o The sampling frequency is given by the selected sampling time as Fy, = 1/T; =
1000 [Hz].
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Figure 2.5: Discrete Fourier Transformation (DFT): pan-head velocity ¢
step response of the white-box model for the whole operating
range. Three modes (resonant frequencies fr, fy and fy are
detectable. The axis |y(f)|/maz(y(f)) represents the normalized
power spectrum of the examined signal.

o Therefore the resulting NYQUIST frequency is given as Fy, = F;s/2 = 500 [Hz].

» The control range in the frequency domain (controller dynamic) is expected to
lie between 0 [Hz| and slightly above 10 [Hz], this range is of primary interest.

From these statements one can see, that the relevant frequencies lie sufficiently far
from the NYQUIST frequency. The plots show the frequency shares of the DFT (co-
efficients of the Fourier transform) over the sample frequency range 0 [Hz] to 30 [Hz]
in steps given by the sampling frequency. Additionally these results are portrayed
for the whole operating range of the pantograph (0.5 [m] to 2.5 [m]). The ana-
lyzed signals are step responses (equidistant steps of the contact position 7) of the
WBM for different operating points. The position signals (collector head position &
and pan-head position ¢) show no significant peaks in the frequency domain, which

would indicate resonant frequencies, therefore only the DFT of the velocity signals (&
in Figure25land ¢ in Figure2.6) and the contact force (F), in Figure2.7) are depicted.

The resonant frequencies of all examined signals are collected in Table 11

Conclusion:

As it can be seen from the Figures 2.5 2.6 2.7 and Table 2.1l the resonant frequencies
are not constant over the operating range. This observation indicates, that the dy-
namic system behaviour is changing correspondingly over the operating range and a
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Frequencies Positions Velocities Forces
3 ¢ 3 ¢ Fy Fp
min - - 3.052 3.052 3.174 3.174
max - - 3.601 3.601 3.662 3.662
fr [He] mean - - 3.256 3.264 3.325 3.332
median - - 3.235 3.235 3.235 3.296
mode - - 3.113 3.174 3.235 3.235
min - - 9.827 9.827 9.827 9.888
max - - 13.184 13.123 13.184 13.245
far [He] mean - - 12.078 12.092 12.078 12.107
median - - 12.390 12.451 12.390 12.451
mode - - - - - -
min - - 20.752 20.691 19.592
max - - 23.987 23.804 23.804
fr [He] mean - - 22.369 22.332 22.429
median - - 22.827 22.705 22.705
mode - - 23.865 22.217 23.804

Table 2.1: Collected values and statistical averages (mean, median and
mode) of the DFT analysis of several signals of the white-box
model of the pantograph.

global linearized model will not satisfactory describe the dynamics of the pantograph.

Dynamic Behaviour of the Linearized WBM

Additionally the behaviour of the linearized white-box model over the operating
range was examined. Therefore the WBM was linearized around several operating
points according to equation [I, Section 2.4, equations (2.28)]. The continuous-time
state-space model [I, equations (2.29) and (2.30)] was then discretized by using the
MATLAB function c2d() with zero-order hold.

By examining the entries of the discrete-time system matrix A and input matrix B,
it can be stated that the entries change their values in a continuous fashion according
to the change of the operating point, around which the model was linearized. Some in
a more linear fashion, some in a more nonlinear fashion and with strongly differing
magnitudes. This continuous change of the linearised white-box model across the
operating range can also be detected in the pole-zero map of the eigenvalues of the
system matrix A, as it is depicted in Figure 2.8

Conclusion:

Referring to the conclusion in the previous Section [Z1.3]it can be observed, that the
entries of the A and B matrix, obtained by linearizations of the white-box model
(see Section [ZT2]), vary for different operating points. As a result, also the pole
positions, due to the eigenvalues of the system matrix A, move inside the unit circle
(see Figure 2.8)) following certain trajectories. Form these findings it can be stated,
that the pantograph inherits a certain nonlinearity and therefore a nonlinear modeling
problem is present. The well-behaving linearized state-space matrices would allow
implementing a control-scheme based on a gain scheduling approach (see e.g. [12,
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Figure 2.8: Pole-positioning in the Z-domain, given by the eigenvalues of the
system matrix A of the discrete-time state-space system of the
linearized white-box model for several operating points across
the operating range. The arrows indicate the movement of the
poles with increasing operating height.

page 7, Section 2.1]).

Additional Findings

Influence of the pneumatic actuator as the solely controllable input of the state of
the art pantograph:

Although the triple shown in Figure 24l (n, F, and M,,) are related in a nonlinear
fashion, there was no indication during the examinations, that the contact force or
the torque of the pneumatic actuator have an effect on the dynamic behaviour of
the pantograph. Therefore the remaining examinations are all realized with M,, set
to an operating point at 1310.9 [Nm]|, which represents a realistic value identified on
the test bench in [I]. This constant signal is then superimposed with an excitation
signal by utilizing an amplitude modulated pseudo-random binary sequence (APRBS,
compare e.g. [19, Section 17.7]) resulting in about 6% deviation (~ 75 [Nm]|) form
the operating point and employing hold times from 50 [ms] to 200 [ms| (see Section

42).

Inference from modes or resonant frequencies fr, fir, fu to current position of the
pantograph:

In principle the potential can be recognized, that by looking e.g. at the DF'T analy-
sis plots of the velocity signals of the WBM in Figure 23 that it would be possible
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Figure 2.9: Pantograph local linear model network (LLMN) in state-space
configuration utilizing output blending with chosen partition
variable contact position 7.

to extract information about the current operating height of the pantograph from
knowledge of the position of the modes at certain operating points of a specific pan-
tograph (with a specific geometry). A scheme could be implemented based on the
distinction of cases, by examining fy (gives two possibilities of the current height:
lower or higher) and compare it with the value of fy; (leaves just one possible posi-
tion) to identify the current operating position (see e.g. the depiction of the peaks
of the resonant frequencies over the operating range in the right bottom corner of
Figure 2.0]).

2.2 Developed Pantograph Model

In this section the settings for the developed pantograph model are formulated.
The aim was to find a model satisfying the requirements given in Section by
designing a local linear model network (LLMN) utilizing a local linear TAKAGI-
SUGENO neuro-fuzzy network in state-space configuration. The developed model
will be referred to as pantograph LLMN. An illustration of a LLMN in state-space
configuration utilizing the output blending method and the chosen inputs (contact
position 7 and pneumatic actuator torque M,,) and partitioning variable (contact
position 1) can be seen in Figure 2.9 where the sys; represents the state-space model
inside the i-th LLM.
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Figure 2.10: Block diagram of the pantograph LLMN model illustrating the
set input and output configuration. The inputs are the same as

for the WBM, while the outputs are chosen differently (compare
with Figure 23]).

2.2.1 Global Inputs and Outputs of the Developed
Pantograph Model

Figure 2. T0Ishows the pantograph LLMN as a block diagram, with the inputs/outputs
set as the following quantities of the pantograph (see Section 2] for description of
the quantities):

« Pantograph LLMN inputs: contact position 7, pneumatic actuator torque M,,
T
UrrmMn = [77 Mpa} . (2.2)

« Pantograph LLMN outputs: pan-head position £ and velocity 5 , crossbar posi-
tion ¢ and velocity ¢, crossbar force Fy and contact force F),

YLLMN:k f ¢ C Fy Fp}T- (2-3)

A short discussion of the choice of inputs is required here, which are acting at the
top - position 7 or force F}, - and the bottom - pneumatic actuator torque M,, - of
the pantograph. The following two choices would be admissible:

« nand M,, (chosen, same input configuration as in the white-box model)
o F, and My,
under the following considerations:

o Partitioning: The partition space is unambiguous if the contact position 7
is chosen as partition variable, allowing to determine all nonlinear parameters
of the validity function by expert knowledge. The contact force F, however is
unemployable as partition variable without further pre-processing of the force
signal (e.g. frequency analysis, scheduling, etc.). Somehow the scheduling
variable has to qualify the current operating height of the pantograph to make
the developed model perform satisfactory, therefore 1 was chosen as an input
signal and partition variable.
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« Real-World Problem: Neither 1 nor F), are measurable in the current (state
of the art) implementation of the pantograph. However the measurement (e.g.
optical measurement) of the angle of the lower arm ¢; could be a possibility
for future designs, therefore a mapping of one of the positions (¢, £ or ) could
be realizable.

o Causality: Considering the overall model of the coupled pantograph-contact
line model (superordinated problem, see Figure [[2), F}, as an input would be
the desired choice because of causality reasons (7 is adjusting to F},).

2.2.2 Local Linear Model Network (LLMN) Setup

What follows are the choices made for the setup of the LLMN: (for a detailed
explanation of all terms see Chapter B and compare [18, [19])

« A one-dimensional partition space is used.
« The contact position 7(k) is set as the partition variable (see Section [ZZT]).

o Therefore the height of the contact position (operating range of the pantograph)
is set as the partition space.

 Several local linear models (LLMs) are equidistantly positioned over the oper-
ating range (centers of the according MSFs).

» Equal parameters (spread and proportionality factor k,) for the membership
functions (MSFs) of the according LLMs are used.

e Blending or interpolation of the LLMs is realized via a membership-function
value ®(n(k)) given by the current positioning of the partition variable (contact
position 1) in the partition space, with one of these concepts:

— Blend the outputs of the LLMs to generate the global model output
(output blending method, default solution).

— Blend the system matrices of the LLMs to generate the global model
output (parameter blending method, preferred solution).

Furthermore, as a simplification, the pantograph LLMN is set to perform only one-
dimensional movements. The deviation of the crossbar position ¢ in the driving
direction of the train over the operating range is depicted in [I, Figure 2.4]. As it
can be seen there, the divergence of the crossbar in driving direction is of about £0.1
[m] over the whole operating range of 2 [m] and therefore gets neglected to further
simplify the model. Hence, as illustrated in Figure 211l the pantograph LLMN
describes the movement of the pantograph on a line, while the WBM describes it on
a plane.
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contact line
[g

railcar

Figure 2.11: Comparison of the pantograph white-box model (two-
dimensional movement, see [I, Figure 2.4]) and the pantograph
LLMN (one-dimensional movement) regarding their dimension
of movement.

2.2.3 Local Linear Model (LLM) Setup

As required in in the specifications for the pantograph models (see Section [[.2),
the local linear models (LLMs) shall contain identified linear systems in state-space
formulation. In this thesis two approaches satisfying this requirement were realized.

A parametrized mechanical surrogate model (three-mass oscillator, see Section
B.4).

» A subspace identification method named N4SID combined with model reduc-
tion method (see Section [3.1]).

The main aspects of these two approaches are summarized in Table 221

Remark 2.2.1 (Table 22). The physical quantities crossbar force Fiy [N] and contact
force F,, [N] are post-computed in each time-step k from the global (already blended)
output signals of the LLMs according to equations (8:15) and (B:I4]) (compare LLMN
output in equation (2.3))).

Remark 2.2.2 (Table 2:2)). The pantograph LLMN (n4sid) was developed as an al-
ternative to the pantograph LLMN (surrogate), which is a computationally similar
fast (real-time capable) model. The pantographs producing industry provides frame-
works with different geometry, therefore a certain flexibility in the models was sought.
The development of a white-box model is time consuming and therefore expensive,
but necessary if a linearized global model is to be obtained (linearized from the first
principles around an operating point). Furthermore the white-box model will still
contain simplifications and therefore will not map the movement of the real-world
pantograph accurately. The identification of the surrogate model (three-mass oscil-
lator) is again time consuming and additionally requires good initial values for the
parameters (danger of local optima). The subspace identification methods however
work very efficiently and user friendly, identifying the model directly from a set of in-
put and output data. Disadvantageously the N4SID approach requires an additional
pre- and postprocessing of the inputs and outputs, where static values have to be
determined to set up a look-up table.
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Properties Pantograph LLMN Pantograph LLMN
(surrogate) (ndsid)

Physical given for the states and param- not given, modes given if state-

interpretability eters of the state-space system space system is transformed to

modal form

Uniqueness of the
state-vector

given

not given

Training strategy

underlying parametrized surro-
gate model identified by OE
method (cost fuction)

subspace identification of the
state-space matrices directly
from input/output data

Operating height
adjustment (offset
correction)

state-space system extended
with affine terms (see equations

B.33)-B.34))

preprocessing using a low-pass
filter (creating zero-mean val-
ues) and postprocessing utiliz-
ing a look-up table (static val-
ues)

LLM input-vector

T
urLLm = [77 Mpa}

LLM state-vector

xourrogate = [€ € ¢ ¢ om ou]

T
Xndsid = I::Cl z2 z3 T4 x5 335}

LLM output-vector

yLLM:[§ & < C}T

Table 2.2: Outlook on the properties of the two developed pantograph mod-
els based on local linear models (LLMNSs).



Chapter 3

Methodologies of Nonlinear
Modeling and Identification

This chapter is dedicated to discuss the in this thesis applied methods on the one
hand and on the other hand discusses the structure of the developed pantograph
models in detail. In Figure 3.1 an overview of the utilized methods is depicted.

3.1 Introduction

The main content of this thesis is the application of the local linear neuro-fuzzy
network methodology to a nonlinear modeling problem (i.e. the pantograph, for
distinctive features see Section 2.1]), often simply referred to as local linear model
network (LLMN). This modeling approach (compare [18], [19] and [39]) consists of
the attended problem fields:

e Decomposition Method: Decomposition of the global nonlinear problem
into linear subproblems (local linear models).

o Structure: Determine the structure of the local linear neuro-fuzzy network
by specifying the validity functions (hidden layer or rule premise) and
the parametrized state-space systems of the local linear models (output
layer or rule consequent).

 Identification: Determination and/or optimization of the (validity func-
tion’s) nonlinear and (the local linear models’) linear parameters of the
model from expert knowledge and/or data.

e Blending Method: Method of how to generate a global output of the local
linear neuro-fuzzy network, by blending of the outputs or the parameters
of the local linear models.
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Type of Problem: _[[ Modeling Problem }] [ Control Problem ]

Field of Method: [L Fuzzy Logic J] [[ Neural Networks ]] [[ Subspace Method J]
Class of Method: _4[[ Identification ]I, .l[ Simulation ]”
| | 1
-
Method: Local linear neuro-fuzzy network Local linear neuro-fuzzy network
with TAKAGI-SUGENO type local linear models with TAKAGI-SUGENO type local linear models
in form of discrete-time state-space systems, in form of discrete-time state-space systems
identified by Output Error optimization of the identified by a subspace method (N4SID).
parameters of a surrogate model.
\
. . ( .
Application: Real-time capable model of ( gupe.ror(llutlflted fP‘SOblem:t hocat .
the linear pantosraph o-simulation of the pantograph-catenary system
L ¢ nowinear pantostap J l Controller design for the pantograph

Figure 3.1: Overview and interplay of the applied methods which led to the
desired pantograph model. The blocks with red borders were
treated in this thesis. Additionally the superordinated problem
(coupled system) is indicated.

The remainder of this introduction gives a first idea of how these problem areas where
approached to receive the desired pantograph model, a detailed discussion is carried
out in the following sections.

The decomposition of the nonlinear problem is realized through operating regime
partitioning of a distinguished input variable to the model. The nonlinear parame-
ters of the validity functions (hidden layer/rule premise) according to this partition-
ing are fully determined by expert knowledge (no nonlinear optimization technique
was employed). This approach was possible due to the simple one dimensional par-
tition space of the pantograph’s local linear neuro-fuzzy model and the structure of
this type of model (see Section B.3)).

The structure is determined by utilizing fully determined Gaussian membership
functions (MSFs) as validity functions and MIMO discrete-time state-space systems
inside the local linear models (LLMs). This thesis follows up with two approaches
regarding the configuration of the state-space systems, namely

o a MIMO discrete-time state-space model based on a mechanical surrogate
model with identifiable parameters (see Section B.4), and

o« a MIMO discrete-time state-space model in innovation form based on the
KALMAN-filter problem (see Section [B.5]), received by the numerical algo-
rithm for subspace identification (N4SID) as stated in [33]).
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The surrogate model, designed as three-mass oscillator, was chosen for its capabili-
ties in physical interpretability (e.g. provides physical states, see Section 3.4]). The
parameters are positioned due to the oscillator equations of motion and identified by
an output error (OE) optimization method. This approach leads to a light gray
box model, resulting in more interpretability for less performance tradeoff.

The model based on state-space matrices provided by a subspace identification method
(N4SID) was chosen with the idea to exploit the great potential of subspace methods
to derive a state-space system directly from data in a very efficient fashion (see
Section [B3]) by incorporating it into the local linear neuro-fuzzy structure. This ap-
proach leads to a dark gray box model, resulting in less interpretability for more
performance tradeoff.

Finally two methods of blending are provided to receive a global output:

o Output Blending: The global output is received by blending the state-space
system outputs of the individual LLMs employing membership functions evalu-
ated in each time-step (see Section B.6.1land Figure BI8)). This is the common
method for blending in linear model networks and applied when using the
LLMs containing the state-space systems identified by the described subspace
method.

o Parameter Blending: Through blending of the parameters of the state-space
matrices of the individual LLMs employing membership functions evaluated in
each time step, an interpolated global model is computed in each time-step. Its
output represents the global output (see Section and Figure B.19). This
blending method is implemented with the LLMs based on the surrogate model.

3.2 Local Linear Model Network (LLMN)

This section treats the methodology of the modeling structure applied in this thesis,
namely a local linear neuro-fuzzy model based on first order Takagi-Sugeno
type local linear models in state-space configuration. This model structure
combines the methodologies of neural networks and fuzzy logic to - as described above
- construct a network that consists of a certain number of simple linear sub-models
(neurons containing LLMs) that are primarily valid in a local region of the work-
ing range of the problem. By applying this methodology of the - in the literature
also referred to as - neuro-fuzzy network type of system or neuro-fuzzy model, a
nonlinear static model of the pantograph is received. Throughout this thesis, the
applied neuro-fuzzy network type of system will be referred to either as local linear
model network (LLMN) in state-space configuration, linear model network (LMN)
or simply (desired or developed) pantograph model.

In general there exist several different types of nonlinear static models that can be
utilized to solve a nonlinear modeling problem (performance of these models depends
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Field of Method Discription Relevance for pantograph modeling
Method
Classical Linear Model simplest model, the nonlinearity is compare with the linearized white-
Nonlinear discounted, the problem is linearized box model (Section [Z1J)
Modeling around a certain operating point
Polynomial extension of the linear model, more flexi-
Model ble, oscillating interpolation and extrap-
olation behaviour
Look-Up Table dominant nonlinear modeling approach implemented in cooperation with the
Model for industrial applications (real-world LLMN based on subspace identified
implementations), low dimensional prob- state-space systems (copes only with
lems, low computational evaluation de- zero mean signals) to level the offset (see
mand, parameters are derived directly Section [325.4)
from measurement, no parameter esti-
mation, non-differential mappings due to
linear interpolation rule can be problem-
atic in control tasks
Neural Multilayer most widely applied neural network ar-
Networks Perceptron chitecture, high dimensional problems,

(MLP) Network

no interpretation capabilities, expert
knowledge cannot be incorporated

(Normalized) local basis functions, low and medium
Radial Basis dimensional problems, interpretation ca-
Function pabilities due to construction mecha-
((N)RBF) nism, expert knowledge can be incorpo-
Network rated

Neuro-Fuzzy Singleton interpretation of grid-based basis func-

Models

Neuro-Fuzzy
Model

tions as membership functions, compa-
rable with NRBF networks, low dimen-
sional problems

Local Linear
(TAKAGI-SUGENO)
Neuro-Fuzzy
Model

linear models in the neurons, good inter-
pretation capabilities, efficient training
algorithms low to medium dimensional
problems

LOLIMOT algorithm (see SectionB24),
the LLMN pantograph model is
based on this model structure (see Sec-

tion (23

Table 3.1: Overview of possible approaches to receive a static model to a
nonlinear problem (compare [19, page 451, Chapter 15]).

on the modeling goals and is in general application specific). Table ([BI) gives an
overview of available approaches to nonlinear modeling.

In the following sections a brief introduction to neural network architecture in com-
bination with fuzzy logic is given, focusing on the similarities and differences in these
methodologies. Historically the basic principles of neuro-fuzzy models were devel-
oped independently in different disciplines, using different specific trems and names
but close links to similar model architectures. The following excursion into neural
network theory fundamentals can be seen as an attempt to on the one hand bring
some light into this at first sight confusing part of the nonlinear modeling world, and
on the other hand to give the reader the ability to comprehend why the neuro-fuzzy
network type of system was chosen as the basis for the pantograph model.

3.2.1 Neural Networks

The motivation for the introduction of artificial neural networks came from the wish
to model biological structures (e.g. brains of humans or animals) to imitate nature’s
information processing techniques, which enable learning and adaptation (e.g. to the
environment).

According to the notion in [19], a neural network model is defined as a basis function
network with the property that all its basis functions are of the same type and differ
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input layer hidden layer output layer

N
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Figure 3.2: Scheme of a MISO neural network with one hidden layer defined
as a basis function network where all its basis functions are of
the same type (compare with equ. (3.1])).

basis fl\mctiou

output layer neuron

hidden layer neuron

only in their parameters. This kind of model is then referred to as artificial neural
network (ANN) or simply neural network (NN) (see Figure B2 for illustration).
Figure shows a neural network with a single hidden layer. The hidden layers of a
NN each contain a certain amount of nodes/neurons, which embody basis functions
®; of a certain type, depending on their nonlinear parameter vector Oz(nl) and the
input vector u. The output layer of the NN contains the output neuron which com-
monly is set as a linear combiner, therefore depending on an additional set of linear
parameters 951).

The hidden layer of the NN can be interpreted as the rule premise structure of a fuzzy
model, while the output layer of the NN would correspond to the rule consequent
structure of the fuzzy model (see Section [3.2.2]).

According to the specific type of the hidden layer neurons’ basis functions, there are
three classes of neural network architectures presented, which are commonly applied
(all belong to the class of universal approzimators):

« Multilayer perceptron (MLP) networks

« Radial basis function (RBF) and normalized radial basis function (NRBF)
networks

» Neuro-fuzzy networks (NF)

The extended basis function formulation as described in [19] page 211, equation (9.3)]
for multi-input single-output (MISO) continuous-time systems reads as follows:

09, (u, 0!"), (3.1)

NE

=

(2

Il
=)

with ngl) ... nonlinear hidden layer parameters, le) ... linear output layer parame-
ters and the dummy basis function ®¢(-) = 1 for the offset parameter 9(()[).
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The basis functions of these network architectures are dependent on a construction
mechanism x;, which preprocesses the inputs, and a subsequent nonlinear activation
function g(z;), which realizes the basis functions. The construction mechanisms
of these classes of networks can be divided into:

« ridge construction (MLP): projection of the input vector u onto a nonlinear
parameter vector Oz(nl) = [wig, .., Wijy ..., wip]" (compare [19, page 249, equ.
(11.14)]) containing the hidden layer weights w;;, with (compare [19, page 254,
equ. (11.20)])

p
7=1

« radial construction (RBF): computation of a norm (e.g. Euclidean norm or
Mahalonobis norm) of the distance between the input vector u and the centers
vector ¢; of the basis functions, with (compare [19, page 265, equ. (11.33) and
(11.35)])

P =i\’
v = Ju— i, = z( j ) (33)
j=1

Uij

e tensor product construction (NF): implementation of a certain division
strategy (e.g. operating regime decomposition) resulting in univariate functions
(depending on several nonlinear parameters) that are defined for each selected
input (z) of the input vector u, e.g. membership function (MSF, compare
Figure 34 equ. (BI1]) and according sections).

The activation functions for the MLP network are typically chosen to be of saturation
type, e.g. sigmoid functions such as logistic function or hyperbolic tangent. Whereas
for the RBF and the NF type of networks the choice of activation functions with a
maximum at the center of the neuron (z; = 0) is aspirated, to enhance the neurons
validity around it’s positioning (local character). The basis function itself however is
then computed by (compare [19, page 264, equ. (11.35)])

D, (u, anl)) = g(z;), with g(-) ... activation function. (3.4)
A typical choice for an RBF or NF network is the GAUSSIAN function, where the
nonlinear activation function reads as (compare [19, page 264, equ. (11.31)])

g(x;) = exp (—;x?) : (3.5)

Figure [3.3] shows the presented network architectures in linear model network con-
figuration, to illustrate the differences in these approaches. The obvious difference
lies in the generation of the neuron output. The conventional network structures
(MLP, RBF, compare equation (B.II)) neurons simply multiply their basis function
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with a constant term (output layer weights, w;), while the NF network (compare
equation (B.98])) provides an e.g. linear function (lin.sys.;) in each neuron, depending
on the model input u. The neurons of the NF network are called local linear models
(LLMs) and can represent different types of linear systems. This can be e.g. a linear
regression model (e.g. ARX) in polynomial form (see LOLIMOT in Section B.2.4)),
or a system of differential equations in state-space form (see developed pantograph
model as LLMN based on a three-mass oscillator).

Figure B4 shows the i-th neuron of a RBF network and a neuro-fuzzy model in com-
parison. Although there is a difference in the computation path of the basis functions
®;, they both deliver the same result if (GAUSSIANS are used as activation function
in the RBF network neuron, respectively if the MSFs are set as axis-orthogonal
GAUssIANS and the product operator is used for the conjunction of the MSFs. This
equality can be shown with equations (8.3) and (3.3]) of the RBF network and equa-
tions (B.I1)) and (BI0) of the NF network respectively. Otherwise a strong similarity
is still obtained (compare [11]).

Training Procedure: Parameter Optimization/Identification

The strategies for training of a neural network, i.e. identifying the network parame-
ters, are just mentioned here for the sake of completeness, because they mainly deal
with the determination of the nonlinear parameters (hidden layer weights, parame-
ters of the activation function). These nonlinear parameters (MSF, rule premise) will
be determined due to expert knowledge for the developed pantograph models and
not estimated. For further details on the topic consult e.g. [19, page 253, Section
11.2.4] for MLP network training or [19, page 269, Section 11.3.3] for RBF network
training.

For a MLP network two sets of parameters have to be determined during the train-
ing procedure, which are the nonlinear hidden layer weights and the linear output
layer weights. In any case an initialization method has to be applied to determine
the initial values of the hidden layer weights before the training can be started (e.g.
similarly scaled small values), with the limitation that they do not provide any in-
terpretation capabilities. For the training of a MLP network three strategies are
commonly applied:

« Regulated Activation Weight Neural Network (RAWN) approach, where the
nonlinear hidden layer weights are just initialized and the linear output layer
weights are estimated subsequently by a least squares technique. There exist
extensions and improvements to this approach. It is recommended for low-
dimensional problems only.

 Nonlinear optimization approach, where all weights (hidden and output) are
estimated simultaneously by a local or global optimization technique. This
represents the most common approach, which utilizes gradient-based learning
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Multilayer Perceptron (MLP) network in LMN representation
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Radial Basis Function (RBF) network in LMN representation
(radial construction in the hidden layer’s neuron)
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z ... selection of u

Figure 3.3: A selection of neural network architectures - MLP top, RBF mid-
dle, NF bottom - in linear model network (LMN) representation.
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Radial Construction for the i-th hidden neuron of a RBF network
U with Gaussian activation function

R ont) norm
: Gl T

. c; . 3
(nl) — !
0 w oo I
J
Va

™
distance activation function

S
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Figure 3.4: Comparison of the structure of the i-th neuron of a MISO radial
basis function network and a MISO neuro-fuzzy network, with p
inputs and M neurons (compare equations (B.3]) and of the RBF
network and equations (B:I1]) and (BI0) of the NF network).

rules where a certain loss function is optimized according to a learning rate
(step size).

o Staggered or nested training approach, which is a combination of the two ap-
proaches presented above. Here the aim is to exploit the advantages of both
approaches by applying the nonlinear optimization only for estimating the hid-
den layer weights and staggering or nesting in the least squares optimization
of the output layer weights.

The training of a RBF network demands the determination of the parameters of
its basis function (nonlinear hidden layer weights) and a subsequent estimation of
the output layer weights, very similar to the training of a MLP network (RAWN
approach). The main difference is the geometric interpretation capability of the
nonlinear parameters which can be exploited. Commonly the positioning of the
center of the basis function is determined first, while all the other parameters are
determined subsequently. Possible approaches are:

« Random Center Placement, where the centers are randomly determined (RAWN
approach).

o Clustering for Center Placement, which is based on clustering techniques (see
e.g. [19, page 142, Section 6.2]), where groups of data are searched out of a
data set, that possess some kind of similarity. Improvement of the random
approach.
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rule premise rule consequent

same for all fuzzy systems fuzzy system dependent

fuzzification — aggregation — activation — accumulation — defuzzification

Figure 3.5: Inference of a fuzzy system, by deriving an output fuzzy set given
the fuzzy rules and the known inputs.

o Complexity Controlled Clustering for Center Placement, where the complexity
of the underlying model is incorporated for further improvement.

o Grid-Based Center Placement, which is an alternative to the clustering based
approaches where the centers are placed on a certain grid of the input space.
Recommended for low dimensional problems only.

e Subset Selection for Center Placement, which is based on a subset selection
technique (see e.g. [19, page 67, Section 3.4]).

o Nonlinear Optimization for Center Placement, which is a straightforward non-
linear optimization of the hidden layer parameters, with good initial values due
to interpretation capabilities.

3.2.2 Fuzzy Systems

Fuzzy logic was invented as an extension to Boolean logic by allowing the assignment
of any value in the interval [0, 1] to a variable, instead of either 0 (false) or 1 (true).
This "fuzzy” assignment of a variable was inspired by human thought patterns and
human communication, which often is based on vague and uncertain, maybe insuf-
ficient information, resulting in unprecise (fuzzy) statements. Therefore this type of
systems incorporate a great potential for interpretation, because it somehow contains
the spirit of human nature. Fuzzy systems are, as well as the neural networks, part
of the class of universal approximators (compare [I5] and [41]).

The developed pantograph model is designed as a neuro-fuzzy network based on lin-
ear local models, which are realized as first order TAKAGI-SUGENO fuzzy systems. In
general however a neuro-fuzzy network architecture could be based on a variety of
fuzzy systems. A fuzzy system can be divided into two major parts, the rule premise
and the rule consequent (compare Figure B.5]). The output is referred to as inference
of a fuzzy system. Approzimate reasoning mechanisms based on fuzzy logic were
consequently developed to cope with linguistic statements in a rule-based form (see
Figure 3.6]), which will be discussed here (see example in Figure B.6l for illustration).

In the fuzzification stage (see Figure 1) a nonlinear transformation of the inputs
(called linguistic variables, e.g. operating height) from a crisp value to a fuzzy value
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Figure 3.6: Example of a MIMO TAKAGI-SUGENO fuzzy system with two
inputs u = [n, M,,)" and six outputs y = [£,£,(,C, 0nr, 0pr)”
illustrated for the pantograph (compare Section B.4.3)).

is performed, utilizing the univariate membership functions (MSFs):

() : RN = [0,1], (3.6)

with ¢ = 1, ..., M denoting the i-th of M partitions (number of linguistic terms) of
the j-th input (number of linguistic variables).

The fuzzy value is referred to as the degree of membership to an according linguistic
term (e.g. "Low’), which is defined by its MSF p;(u; ) (e.g. pa(n)).

If there are multiple linguistic variables available in a fuzzy system, they have to be
combined using fuzzy logic operators (t-norms, e.g. AND) determining the degree of
rule fulfillment.

A fuzzy rule is then formulated by assigning certain linguistic terms of the input
fuzzy sets to an output fuzzy set. Completing this step, as mentioned above, is
setting up the inference of the fuzzy system, which is connecting the rule premise to
the rule consequent. A selection of the commonly utilized fuzzy systems is given by
the following list (these systems differ only in their rule consequent):

o linguistic fuzzy systems (MAMDANI fuzzy systems): in the rule consequent
first the output activation of all rules is computed (activation) utilizing arbi-
trary output membership functions and fuzzy operators. Then these output
activations are joined (accumulation) using fuzzy operators and eventually a
crisp out value is generated by a final defuzzification step applying a certain
method (e.g. center of gravity) to the joined output MSFs. Alternativley a
fuzzy output is resulting.

» singleton fuzzy systems: simplification to linguistic fuzzy systems by using
singleton output MSFs, therefore the output fuzzy set contains constant values
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Figure 3.7: According membership functions p;(n) to the example TAKAGI-
SUGENO fuzzy model in Figure 3.6, defining the linguistic terms
"Low”, "Middle” and "High” of the linguistic variable contact
position 7.

s;, which determine the position of the trivial output MSF. The singleton fuzzy

output is then computed by

(3.7)

o TAKAGI-SUGENO fuzzy systems: extension to singleton fuzzy systems where

the rule consequent does not contain fuzzy sets, but linear functions (a zero-th

order consequent would deliver again a singleton fuzzy system). The output of

a first-order TAKAGI-SUGENO fuzzy system is computed by

M
S filw)u(u)
g _ =1 =
121 pi()

(3.8)

An example for a possible first-order TAKAGI-SUGENO fuzzy rule could read as fol-

lows (compare Figure B.0):

Ry: IF contact position is "Low” AND torque is "Strong” THEN § = CAsxs + CBou.

This example illustrates the main mechanisms that will be utilized in the local linear

model network (LLMN). The rule consequent’s output fuzzy set can be interpreted
as a local linear model (LLM) containing a state-space system. The fuzzyfication
step (determination of degree of membership utilizing a membership function) in the
rule premise can be interpreted as the (operating regime) partitioning of an input

variable using the LLMN structure.
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Training Procedure: Parameter Optimization/Identification

Like in Section[3.2.1] the training strategies for RBF networks are also just mentioned.
For further details consult e.g. [19, page 313, Section 12.3.3].

In general the training of fuzzy models is similar that of RBF networks commonly
realized by a grid based center placement approach. It is recommended however to
determine the nonlinear premise parameters (MSF) according to prior knowledge to
keep the strengths of the fuzzy model’s transparency in regard to interpretation of
its parameters. This is also the approach taken for the development of the presented
pantograph LLMNs. If however little prior knowledge is available, the premise param-
eters can be estimated employing nonlinear local or global optimization techniques.
If absolutely no expert knowledge is present, a global nonlinear optimization method
is suggested, e.g. a genetic algorithm, to prevent ending up in a local optimum. If
however good initial values can be found, a local nonlinear optimization is the way
to go. The rule consequent parameters (linear) can be estimated by a least squares
technique subsequently to the determination of the rule premise parameters.

Another possibility provided by fuzzy models is the optimization of the rule structure
(see e.g. LOLIMOT algorithm in Section B:2.4l), where the optimal model complexity
is sought. Here the nonlinear global search methods play an important role. Finally
it has to be mentioned, that other components of a fuzzy system can be optimized as
well, e.g. the fuzzy operators or the defuzzification method. This section is ended up
by a list of possible schemes which optimize several of the discussed parts of different
type neuro-fuzzy networks (see [19, page 323, Section 12.4] for details):

e Nonlinear Local Optimization

o Nonlinear Global Optimization

o Orthogonal Least Squares Learning

« Fuzzy Rule Extraction by a Genetic Algorithm (FUREGA)

o Nested Least Squares Optimization of the Singletons

o Constrained Optimization of the Input Membership Functions

« Adaptive Spline Modeling of Observation Data (ASMOD)

3.2.3 Local Linear Neuro-Fuzzy Model

This section now treats the methodology of the implemented nonlinear modeling ar-
chitecture - a local linear neuro-fuzzy model based on local linear models
implemented as first-order TAGAKI-SUGENO fuzzy systems - furthermore referred to
as local linear model network (LLMN) in state-space configuration.

This model structure is based on an neural network in the neuro-fuzzy architecture
(see Section B21] and Figure bottom) where the fuzzy system’s rule premise



3.2 LocAL LINEAR MODEL NETWORK (LLMN) 37

neural networks fuzzy system linear model network (local linear neuro- type of parameters
fuzzy model based on first order TAKAGI-SUGENO  present in that part of
fuzzy systems) the structure

output layer rule consequent local linear models (e.g. in state-space system linear parameters
configuration)

hidden layer rule premise operating regime partitioning using fuzzy logic nonlinear parameters

Table 3.2: Summary of specific terms for the presented model architectures:
neural networks, fuzzy systems and the linear model network.

and consequent methodology is incorporated into its hidden layer neurons (compare
Section and Figure B.0). In this configuration the hidden layer’s neurons now
contain both the hidden layer’s nonlinear and the output layer’s linear parameters.
The nonlinear hidden layer parameters are the nonlinear parameters of a fuzzy rule’s
premise structure, which incorporates GAUSSIAN membership functions. The out-
put layer’s linear parameters are the linear parameters of a TAKAGI-SUGENO fuzzy
system’s output fuzzy set, which incorporates linear (in case of the surrogate model
partial differential) equations in state-space form. The output layer neuron simply
sums up the outputs of the individual hidden layer neurons (output blending see
Section [3.6.11

A slightly different approach is also implemented, where the neuro-fuzzy network is
implemented parallel to a plant model, having the parameters of this plant model as
its output (parameter blending see Section B.6.2]).

Remark 3.2.1. The decomposition of the nonlinear problem into linear subproblems
is commonly done by an operating regime decomposition approach. In case of the
applied local linear neuro-fuzzy network, the incorporated fuzzy logic can lead to a
smooth partitioning of the input space (desired behaviour in this application case) if
the activation function is chosen appropriately (e.g. Gaussian function). An overview
of alternative local-linear neuro-fuzzy model architectures can be found in [I8, page
3, Chapter 1], which includes a discussion of different operating regime approaches
in [I8, page 5, Section 1.2]. For a detailed discussion of the applied decomposition
see Section [3.3]

Remark 3.2.2. With regard to the stability of the local linear neuro-fuzzy network in
state-space configuration, it has to be stated, that only conservative, necessary but
not sufficient conditions exist, with which the stability of a LLMN can be examined.
This topic will be further discussed in Section B.6.3l

A summary of the specific terms of the presented model architectures can be found
in Table

Training Procedure: Parameter Optimization/Identification

A great strength of fuzzy models is, that their defining parameters can be speci-
fied either by qualitative expert knowledge, by data-driven identification by mea-
surement data or any combination of these two extreme approaches. Therefrom a
interpretability-performance tradeoff results. Data-driven identification works
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more accurate if the model is more flexible. The flexibility however is limited to
keep the interpretability capabilities, while the expert knowledge is incorporated to
increase the performance where possible.

For the developed pantograph model the main motivation for applying this type of
systems were:

o The exploitation of expert knowledge: incorporation of expert knowledge into
the model before and during identification (engineering cycle).

o Improved understanding of the model process: interpretation of the model ob-
tained by identification, therefore additional information about the real-world
nonlinear pantograph can be extracted from the model.

Therefore the model was developed by setting all nonlinear parameters of the model
(operating regime partitioning) due to prior knowledge, while identifying the linear
parameters of the model (LLMs) in a data-driven fashion (output error optimization
method). In the first approach, additionally the linear parameters where kept as few
as possible by exploiting the expert knowledge when generating the parametrized
state-space systems (inside the LLMs, see Section B.4]). In the second approach the
implementation of subspace methods leads to an iteration-free determination of the
state-space matrices (see Section [B.H]).

Finally it can be mentioned, that neuro-fuzzy network modeling is utilized in advanced-
control solutions (e.g. Fuzzy-MPC) and already applied in some industry branches
(for criteria on successful applications see [22], for an overview on successful applica-
tions see [23] and [24]). It beholds a great potential as a tool to examine nonlinear
problems and develop efficient models.

3.2.4 Local Linear Model Tree (LOLIMOT) Algorithm

An algorithm based on local-linear neuro-fuzzy models that can be used for the
identification of MISO systems is called LOLIMOT, postulated by NELLES. This al-
gorithm was utilized in a first attempt to receive the desired pantograph model and
led to certain insights and conclusions. The main findings of applying this method-
ology to the pantograph problem are presented in this section in a narrative fashion.

The Local Linear Model Tree (LOLIMOT) algorithm - as proposed by NELLES in [19,
page 365, Section 13.3.1] - is an incremental tree-construction algorithm with axis-
orthogonal input space partitioning, based on linear local models in ARX-form (see
equation (39)), whose parameters are identified with a local weighted least squares
algorithm from data. The premise structure is optimized by an iterative heuristic
search method. LOLIMOT starts in an outer loop with an initial model structure
(e.g. 2 LLMs equidistantly positioned on the partition space) and estimates the ac-
cording LLM parameters in an inner loop with a regression method from data. After
a certain threshold value of accuracy or iterations is reached (early stopping), the
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contact position 7
Pantograph Model

based on LOLIMOT Algorithm angle ¢

————— >

pneumatic actuator
torque ]\/fpa partition variable: angle ¢,
one-dimensional partition space

Figure 3.8: Input/Output configuration for the pantograph model based on
the LOLIMOT algorithm.

partition space - according to the worst performing LLM - is split in half and the
optimization of the parameters of the newly set LLMs starts and so on. For a more
detailed description see [19, 20, 21].

Definition of the autoregressive with exogenous input (ARX) model (compare e.g.
[19, page 466, equation (16.10)]):

y(k) = ﬁg(‘guw G

The algorithm, as described by NELLES is considerably fast (no nonlinear structure
optimization, heuristic search method) and can cope with multidimensional inputs
but only single outputs (MISO systems only). This algorithm was used in a first
modeling approach to the nonlinear pantograph problem. Due to prior knowledge,
several choices like the order of the ARX-polynomials (corresponding to the amount
of DOF of the white-box model) as well as the input and output signals could be
made. In a first attempt, the identification of the whole mechanism was carried out,
using the inputs as specified in equation (Z2)), but an arbitrary, eventually measur-
able variable as output like the angle of the lower bar ¢; as sketched in Figure B.8]
This kind of application of the LOLIMOT algorithm employed output partioning in
an external dynamics approach with global state feedback (for further information see
[19, page 603, Fig. 20.1a]). To incorporate even more expert knowledge to the model
(to make it more white), in a second attempt a pantograph model was developed,
where the LOLIMOT algorithm was only used to identify the nonlinear part of the
pantograph (the collector head is a known linear one-mass oscillator). This early
draft of the pantograph LLMN can be seen in Figure B.9. Additionally, to fulfill the
specifications as defined in Section [[L2.1] a further attempt was made to alter the
algorithm in a way to receive the identified LLMs in state-space system form instead
of ARX polynomials. This was realized by a conversion of the identified ARX-models
polynomials to non-minimal state-space (NMSS) systems (the system matrices are
build from the coefficients of the numerator and denominator polynomials according
to [12, page 63, Section 6.3]). These state-space systems were used to replace the
ARX-models in the local linear models before simulation.

v(k), with v(k) ... white noise (3.9)

However the simulation results where not satisfactory (see Section E.3]), because the
generated output of the model configured in the described form became unstable
(see Figure L.0), even if the converted NMSS systems themselves where all stable
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Figure 3.9: Scheme of an early draft of the pantograph model based on the
LOLIMOT algorithm.

(see Figure 7). Additionally, in some cases the conversion of the ARX-polynomials
delivered unstable state-space systems, which led to an indefensible simulation per-
formance.

Another issue is that LOLIMOT is a tree-construction algorithm, where the user has
no influence on the partitioning of the selected input space. In practice the algo-
rithm tends to split the local linear models in regions where the most data points
are present in the training data set (based on the idea that more data holds more
information). This property of the algorithm is not desirable in this specific applica-
tion, because therefore the partitioning becomes dependent of the training data set
employed, while the expert knowledge of the nonlinear pantograph demands a fixed
partitioning.

Finally the states and system matrices allow no physical interpretation due to the
NMSS form of the LLMs and solely MISO systems are realizable.

At that point, with the issues described above, it came clear that the local linear
neuro-fuzzy models based on ARX-models with regression methods for estimation
are not suitable to develop a pantograph model with the specifications set in Section
[[2Z.1] and a different path had to be pursued.

3.3 Operating Regime Decomposition,
Partitioning

This section treats the implementation of the concept of operating regime de-

composition for the pantograph problem as the first step of constructing a local

linear neuro-fuzzy network. To reveal the idea behind the decomposition approach,
the divide-and-conquer strategy as stated in [I8] is repeated here:

"A complex problem is somehow partitioned into a number of simpler
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subproblems that can be solved independently, and whose individual so-
lutions yield the solution of the original complex problem." ([I8, page 4])

With other words the divide and conquer approach to a nonlinear problem requires a
decomposition into linear subproblems that are easier to solve. Therefore the whole
operating range of the nonlinear system gets partitioned (via a suitable partition
variable, e.g. contact position 7) into smaller operating regimes in which the ac-
cording linear subsystems (local linear models, LLMs) are valid (determined via a
membership function). The main idea could be formulated as a term equation:

Global approximation = Interpolation of the local approrimations

The key to this decomposition problem is to find a suitable quantity that character-
izes the operating range (could be high-dimensional in general, for the pantograph
problem the operating height is set as an one-dimensional partition space) and along
which the nonlinear problem can be partitioned into several operating regimes. These
operating regimes then form a complete partition of the operating range, without any
overlap. The interpretability is good as long as the number of partition variables (rule
premise and number of fuzzy rule sets, see Table B.2)) is small.

There exist two major techniques of how to determine the partitioning of the input
space, that are in general applied complementary:

o Expert knowledge.
e Nonlinear structure identification from data.

For the development of the pantograph models in this thesis, the partitioning is deter-
mined solely by expert knowledge, therefore no nonlinear structure identification
of the premise parameters is carried out (compare Section B.2.3).

What follows is the definition of the validity functions ®;. They are chosen as ([19,
page 343, equ. (13.4)])

pi(a(4)
3 pu(a(k)

with M the number of LLMs and time step k. The activation functions p;(z(k)) =
wi(n(k)) are chosen as normalized Gaussians and are explicitly given by (compare
with [19, page 343, equ. (13.5)] for one-dimensional partition space)

®;(z(k)) = : (3.10)

1, (n(k) — center;)?)

pi(n(k)) = exp(—§(

3.11
(ko- spread;)? ) (3:11)
where center; (center coordinates) and spread; (standard deviations) are the nonlin-
ear parameters of the according weighting function yu; (see Table B3)). k, represents
a tuning parameter introduced by [19, page 362, equ. (13.36)] for the LOLIMOT
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number of LLMs center; spread; kg :

1: LLM,; 0.5 1
2: LLM> 0.75 0.5
LLM,; 0.25 0.5

4: LLMy 0.875 0.25
LLMs 0.625 0.25
LLM>, 0.375 0.25
LLM; 0.125 0.25

Wl

Table 3.3: Parameters of the local linear models for LLMNs with different
amount of LLMs (compare with Figure BI2) for an equidistant
partitioning approach.

algorithm, which acts as a proportionality factor between the membership func-
tions extension and the standard deviation and therefore is closely related to the
spread; parameter. In general the product k,spread; determines the tradeoff be-
tween smoothness of transition between one LLM and another and the locality of each
LLMs validitiy. A small value creates step-like validity functions (non-smooth,strong
locality), while bigger values blur the area of validity until all LLMs are always valid
over the whole partition space (smooth, no locality).

Finally it can be stated, that by choosing the validity functions as described by equa-
tion (B.I0), they form a partition of unity, i.e. all contributions of all LLMs sum up
to 100 [%] at each time instance, therefore

> i (z(k)) = 1. (3.12)
which is necessary to allow proper interpretation of the validity functions.

The validity function vector can then be written as the column vector of all validity
function values of all LLMs with

(2(k)) = [0:(2(k)) -+ Pus(z(k)] . (3.13)

As it can be seen from equation (BI0) the membership functions (MSFs) are set
as non-strictly local equidistantly positioned normalized Gaussians with identical
width. An illustration of such a LLMN with four LLMs is depicted in Figure 3.10L
This configuration of the premise parameters in general represents a restriction to
the neuro-fuzzy model with regard to achievable accuracy, but is executed to guaran-
tee interpretability capabilities and prevent unexpected and undesired normalization
side effects (e.g. reactivation, compare [19, page 316, Section 12.3.4]). Furthermore
it realizes smooth transitions between the LLMs.

'Proportionality factor for the weighting functions extension (steepness). Can be interpreted as an
additional tuning parameter according to NELLES LOLIMOT algorithm [19, page 365, Section
12.3.1]. In this thesis not tuned, but set to a value recommended in [19].
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Figure 3.10: The weighting functions p;(z(k)) (upper plot, denoted as W F;)
are chosen as equidistantly positioned Gaussian functions with
identical width (spread;). The weighting functions are normal-
ized (see equation (BI0)) to receive the membership functions
®,(z(k)) (lower plot, denoted as MSF;). Depicted for a lin-
ear local model network with 4 local linear models, where the
abscissa represents the transformed operating range (partition
space).
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Figure 3.11: Membership functions ®;(n(k)) for a local linear model network
(LLMN) with 4 local linear models (LLMs) over time steps k
of a simulation over the whole operating range (sampling time
Ts =1 [ms]).

Alternative types of membership functions could be singleton, triangular (linear in-
terpolation) or trapezoidal shaped functions (strictly local).

In Figure 311 the membership functions ®;(n(k)) of a simulation of the LLMN model
with 4 LLMs over the whole operating range is shown for every time step k. The green
graph (pVar) shows the movement of the partition variable (in this case the contact
position 1) for each time step, transformed to the range [0, 1]. It is clear to see how
the LLMs are valid for the global model over the simulation time according to their
membership function value. If e.g. ®;(n(k)) = 1 the associated LLM; would be 100%
valid in this time step. The validity functions can be interpreted as operating point
dependent weighting factors. Furthermore an illustration of the operating range, its
partitioning and the positioning of the local-linear models can be seen in Figure [3.121

In this thesis simply the case of a single rule premise (operating height, one-dimensional
MSF) is treated and therefore a discussion of fuzzy logic operators (e.g. t-norms
and t-conorms) which are utilized to combine several fuzzy rules (multi-dimensional
MSFs) is obsolete. For further information on the topic consult e.g. [19, page 302,
Section 12.1.2]).

As described above the input variable u; = 7 (contact position) was chosen as the
partition variable. This realization is referred to as input partitioning, where an
input signal to the LLMN is utilized to determine the activation of the LLMs. An
alternative route would be to choose an output variable as the partitioning variable,
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Figure 3.12: Illustration of the partition space (operating range/height of
the pantograph) and the equidistant positioning of the local-
linear models along this axis, with the operating points OPXY
as defined in equation (Z.II).

e.g. the crossbar position (. In that case, referred to as output partitioning, the
selected variable (global LLMN output) is fed back to the LLMN input (global state
feedback, external dynamics approach). For further details on that matter see [19,
page 601, Chapter 20] and [19, page 603, Figure 20.1a]. Regarding stability of the
LLMN;, the output partitioning approach has to be seen more critical, as introduces
all kind of issues associated with closed loop dynamics to the partitioning procedure.

3.4 Surrogate Model (Parametrized Three-Mass
Oscillator)

This section treats the configuration of the state-space models that are based on a
mechanical surrogate model of the pantograph, namely a parametrized three-mass
oscillator (a scheme thereof is depicted in Figure 313]). This section will be opened
with an introduction to and discussion of general issues that arise in modeling using a
parametrized model structure (see Section B.4.T]). Following the equations of motion
of the three mass oscillator will be derived (see Section B.4.2]) and transcribed into a
state-space system (see Section3.4.3]). Furthermore the parameter vector (see Section

B.Z44) and the according optimization method will be defined (see Section B.4.5]).
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3.4.1 Modeling Issues with Parametrized Models

A Dbrief introduction to some concepts and approaches to issues (mainly tradeoffs)
that arise in nonlinear modeling problems using parametrized model structures is
given here.

model complexity (compare [19, page 157, Section 7.1])

The model complexity is related to the number of parameters that the model pos-
sesses (number of parameters can be a measure for model complexity) and give the
model its flexibility. However not every parameter has the same influence on model
behaviour or is equally important (parameter sensitivity, FISHER information). The
key is to determine the optimal model complexity, where neither under-fitting nor
over-fitting is occuring. By approaching the nonlinear modeling problem by utiliz-
ing a local linear TAKAGI-SUGENO neuro-fuzzy model, another perspective has to
be taken into account , which is the flexibility-interpretability tradeoff. The
flexibility strengthens the models accuracy and robustness, while the interpretability
capability inherited by the model can be used to gain a posteriori knowledge about
the examined problem (e.g.: Is the model behaviour physically plausible?, compare
[18, page 52, Section 1.6]).

bias/variance tradeoff (compare [19, page 158, Section 7.2])

As mentioned above the parameter influence the model performance by giving it
flexibility. The model error can be decomposed into the bias error and the variance
error:

e bias error: Due to structural inflexibility of the model.

o wariance error: Due to uncertainties in the estimated parameters.
According to that contemplation the following statements can be made:

« overfitting/overtraining: high variance error

 underfitting/undertraining: high bias error

« simple model (few parameters): high bias error but low variance error

 complex model (many parameters): low bias error but high variance error

curse of dimensionality (compare [19, page 190, Section 7.6.1])

This issue is in general relevant for high dimensional problems, which is not the case
for the models presented in this thesis (which employ a one-dimensional partition
space). This is due to the fact, that a linear increase in the input dimensionality
causes an exponential increase of the required data amount. Therefore a common
problem in nonlinear modeling is the desire to decrease the input dimensionality.
Some concepts for reducing the data amount are given by this list:

« non-reachable regions in the input space
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Figure 3.13: Scheme of the three-mass oscillator surrogate model, which rep-
resents the underlying model of the pantograph LLMN (surro-
gate).

« correlated or redundant inputs

« smooth behaving inputs require just sparse data (significantly less data neces-
sary)

 specific application demands different accuracies in different operating condi-
tions (inaccurate model behaviour might be acceptable in some regions)

This introduction into nonlinear modeling with parametrized models is concluded
with a quotation from [19] page 192, Section 7.6.1] regarding the relationship between
the curse of dimensionality and the bias/variance tradeoff:

"Each additional input makes the model more complex. Although each
additional input may provide the model with more information about the
process this does not necessarily improve the model performance. Only if
the benefit of the additional information exceeds the variance error caused
by the additional model parameters, will the overall effect of this input be
positive. Thus, discarding inputs can improve the model performance."
([19], page 192)

With regard to the developed pantograph model, the above statement was taken
into account by keeping the model as simple as possible (using a one-dimensional
partition space) and incorporating expert knowledge where possible.

3.4.2 Equations of Motion of the Three-Mass Oscillator

In Figure 313 a scheme of a three-mass oscillator without the influence of gravity can
be seen. The three masses m¢c, my and mj; are modeled as lumped masses. This
surrogate model serves as the underlying system for the local linear models (LLMs)
of the LLMN. The incorporated state-space matrices of the LLMs are derived from
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Figure 3.14: Free body diagram for the three-mass oscillator surrogate
model, determining the orientations of the cut forces.

the equations of motion of this multiple mass oscillator, while the parameters of this
mechanism represent the parameters that will be optimized in a cost function.

For the setting up the surrogate model, first the white-box model gets separated into
two parts, which are the (compare with Figure 2.T])

o collector head, identified /known one-mass oscillator, linear subsystem, and
the

« lower framework, nonlinear subsystem.

In the next step the lower framework (nonlinear) part is surrogated by a two-mass
oscillator with unknown parameters. The torque of the pneumatic actuator is ap-
plied via an additional bar, resulting in an additional force that acts on the lower of
the two masses. By coupling this two oscillators and bounding one end two a wall,
the three-mass oscillator surrogate model for the pantograph is received, which is a
linear system with 7 free parameters moving in a single dimension.

With the orientations of the forces defined in the free body diagram of the three-mass
oscillator given in Figure [3.14] the following relations hold:

F, =kg(§—n) (3.14)

Fy = ke (¢ =€) + co(C =€) (3.15)
Fp, = ki(a = ¢) + cp(0n — ¢) (3.16)
Fw = kw(=06y) + cw(—=0ar) (3.17)

Hence the center of mass theorem for the 3 masses can be denoted by the fol-
lowing equations of motion (compare with the free body diagram of the three-mass
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oscillator in Figure B.14)):
collector head, mass m¢:
Emo=Fy—F,
- ]CC Cc . :I{ZC Cc 1
{=—"8-— &+t —(+— (- —F (3.18)
mc mc mc mgc mc
mass mgy:
{ my="F,—Fy
= C§+ cc ¢ — c+ LC_CC+CL<+ L6M+07L(5M (3.19)
mg mg myg my mpg mpug
mass my:
. 1
(SM mM:FW—FL‘Fi Mpa
M
~~ k c, : kr+k cr +eow - 1
Syp=— (L (W s W S My, (3.20)
mas M My my MMM

3.4.3 Equations of Motion in State-Space Form

In this section the equations of motion of the three-mass oscillator surrogate model
are rewritten in state-space form. The chosen state vector for a single LLM is given

by

5CTMo(t)=[§ £ ¢ ¢ du SM}T-

(3.21)

From the equations of motion (compare equations (3.18), (B.19) and (3:20)) and the
definition of the state vector in equation (B.21]) the system matrix Aryo is given

as

I 0 1 0 0 0 0
(kptkc) _ cc ko <o 0 0
mc mc mc mc
0 0 0 1 0 0
Aryo = ke e (ketky) _ (coter) kp e
mpy mpy mpy my mgyg mgy
0 0 0 0 0 1
0 0 kr L _ (kptkw) _ (crtew)
L mar mpar my mm

. (3.22)

and with the chosen inputs - contact position 1 and torque My, - the resulting input

matrix Brjyo is given by
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Bruo = (3.23)

o
oc:c:c:cﬂ,j
~ro oo oo

MMM

With the choice of the output matrix Cryo and a zero matrix Dry0 (no direct
feedthrough)

100 000
01 00O0O0
001000
000O01O0
0000 0 1

_0 0_

0 0

0 0

0 0

0 0]

the three-mass oscillator surrogate model state equation and output equation are
found by

Xrmo(t) = Aryo Xravo(t) + Bruo u(t), (3.26)

S’TMO(t) = CTMO XTMo(t) + DTMO U_(t). (327)

This state-space system is then discretized utilizing the MATLAB command c2d ()
with zero-order hold to discrete time with a sampling time of Ty = 0.001 [s] = 1 [ms]
to the form

XTM()(]C + 1) = ATMO XTMo(k) + BTMO u(k), (328)

}A’TMO(I{?) = Cryo XTMOUf) + D70 u(k) (329)

This state-space system can be extended with an affine term, giving it the possibility
to balance out offsets. This extension is necessary if signals are to be identified, which
do not possess a zero-mean. Therefore the affine term state-space formulation
is states as:

With the definition of the affine term state vector x( as

T
XTMO0,0 = |To1 To2 To3 To4 Tos $0,6} : (3.30)
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the affine term vector ug as

urypo,0 = [U0,1 U0,2}T (331)

and the affine term output vector yq as

T
YrMmo,0 = [?/0,1 Yo2 Yo,3 Yo4a Yo 90,6] ; (3.32)

the affine term state-space system and output equation (in discrete time) can be
stated as

xrmo(k+1) = Arpo (Xrmo(k) — Xxraoo) + Bruo (u(k) —urpmoo),  (3.33)

yrmo(k) = Crayo (xXrmo(k) — Xxrao0) + Drvo (w(k) — uraoo) + yraoo- (3.34)

3.4.4 Parameter Vector

The parameter vector 6; for a single LLM for the surrogate model without affine
terms is given as

T
0:rv0 = |mu; M krio ocri Tamg Fwi CW,i] . (3.35)

The parameter vector solely for the affine terms of the surrogate model system equa-
tions as well as the parameter vector for the surrogate model with affine terms is
given by

(20,11
Z0,2,i
Z0,3,i
L0,4,i
ZL0,5,i
Z0,6,i
Uo,1,i
U0,2,i
Yo,1,i
Yo,2,i
Yo,3,i
Yo,4,i
Yo,5,i
LY0,6,i

0;
0:ar = 0, 7370 = [ éj,ﬁo] , (3.36)

The Parameter vector 6 for a single LLM for the extended surrogate model with free
identifiable pan-head without affine terms is given as

T
Oi,ETMO: mg My ]{?L Cr, Tm kJW Cw Mc k/’C Cc} . (337)



3.4 SURROGATE MODEL (PARAMETRIZED THREE-MASS OSCILLATOR) 52

3.4.5 Output Error (OE) Optimization

The free parameters of the surrogate model (see equations (3.35) and ([B.37)) are
optimized for each LLM using the MATLAB function fmincon().This MATLAB
function executes an output error optimization with the cost function given by equa-
tion (3.38)) by varying the parameters between each simulation run and additionally
supports the setting of boundaries for each parameter of the parameter vector. There-
fore expert knowledge can be incorporated into the optimization process (compare
with Figure BI3)) by the following statements.

o All parameters represent physical entities that need to be greater than or equal
to zero (no negative mass, spring stiffness or damping).

o From the knowledge of the magnitude of the forces involved in the mechanism,
boundaries for the length of the lever arm 7, of the pneumatic actuator torque
M, can be set.

» From the knowledge of the total mass of the pantograph mechanism, boundaries
for the two masses of the lower framework my and mjs can be set.

o The upper boundaries for the spring stiffness and damping factors are set to
sufficient high values, while 0 would indicate that the spring or damper has no
effect on the result.

Table gives an overview of the set parameter constraints for the MATLAB func-
tion fmincon() for a certain identification run.

Remark 3.4.1. The typical output error methods exploit the gradient and Hessian
matrix of the loss function for the search of the optimal parameters. For the parame-
ter optimization of the pantograph LLMN (surrogate) these tasks (gradient, Hessian)
are carried out by the MATLAB function fmincon() internally. Just the cost function
is handed over.

The employed cost function or optimization criterion for the output error (OE)
optimization method is given in the form

J = mein”Ydam - YH% (338)

with Y 444, and Y containing the variables that are being used for optimization utiliz-
ing the Euclidean norm ||-||2. Additionaly the cost function can be tuned by applying
weights to those signals that are more important (e.g. contact force Q) or to bal-
ance out different magnitudes of variables (e.g position in 10° [m] and forces in 103
[N], see weights @);). The optimization criterion used in most cases during the de-
velopment of the pantograph LLMN and which was used for the results shown in
Section 4 is given by equation (3:39).
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Trsro = Qo (min laata — &3 + minl|aua — CI3)
+ Qo (minllama — €13+ minGira = CIE)  (3.39)

+ Qy (meinHFH,dam — Fyl3 + Qr, (min|| Fy gata — FHH%))
with the weighting factors @Q; set as the mean of the standard deviations of the
respective type of signals with ¢ = p ... positions, v ... velocities, f ... forces.

QF, is an additional weight to lay the focus of the optimization on the contact
force signal.

3.5 Subspace lIdentification Methods

This section is devoted to give some insight into the functionality of subspace identifi-
cation methods. The applied numerical algorithm for subspace identification (N4SID)
[33] as proposed by OVERSCHEE and MOOR in [33] is implemented in the MATH-
WORKS MATLAB System Identification Toolbox (see e.g. the according User’s Guide
by Lennart Ljung for further information) as n4sid() and utilized for the panto-
graph LLMN (n4sid).

Beforehand it is mentioned, that the N4SID represents a superior structure imple-
menting all previous developed subspace identification methods. The MATLAB func-
tion n4sid () as it is currently implemented is based on a unifying theorem proposed
in [34] which allows the interpretation of different subspace identification methods as
singular value decompositions of a weighted matrix. These are the Canonical Variate
Analysis (CVA) method (see [16]), the group of MOESP methods (see [38], [36] and
[37]) and the N4SID (see [33]). Thus throughout this thesis the term N4SID has to
be understood as a generic term or umbrella term.

The methods described here, are open-loop identification methods, suitable for the
pantograph modeling problem as it is treated in this thesis. In Section B.5.4] a brief
discussion of issues arising with closed-loop subspace identification is carried out.

3.5.1 Introduction to Subspace Identification Methods

This subsection aims to elucidate the used terminology and discuss some basic knowl-
edge that is helpful when dealing with subspace identification methods.

2N4SID - "Numerical algorithms for Subspace State Space Identification. Read as a Californian
license plate: enforce id."[33]
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column space of A € R"*™
range(A) =y € R™ 1y = Az for some z € R” Orthogonal complements
left null space of A € R™™ in R™

ker(AT) =y eR™: ATy =0

row space of A € R"*™
range(A”) =z € R" : w = ATy for some y € R™ Orthogonal complements
left null space of A € R™™ in R"

ker(A) =z € R": Az =0

Table 3.4: The four fundamental subspaces of a matrix A € R™»*™.

Subspaces of a Matrix and Linear Least-Squares

In general it can be stated, that a matrix A € R™*"™ defines a linear transformation
from the vector space R™ to the vector space R™. Each of these two vector spaces
consists of two subspaces, thus defining the four fundamental subspaces related
to a matrix A € R"*™. Table B.4] summarizes the mathematical definitions of the
subspaces of a matrix.

By keeping the relation of subspaces of a matrix in mind, let’s take a look at the set
of linear equations

Ax =y. (3.40)

Geometrically speaking one seeks the linear combinations of the columns of the ma-
trix A € R™™ of rank r that equal the vector y € R™, therefore a solution x € R"
only exists provided that the vector y lies in the column space of the matrix A.
If this condition is fulfilled, the set of linear equations [3.40] are called consistent,
otherwise inconsistent. To solve an inconsistent set of linear equations, the linear
least-squares problem can be utilized (compare [39, page 28, Section 2.6]):

minl| Ax -y} (3.41)

with ||-|| 7 as the Frobenius norm, which in this case (y defined as a vector) is identical
to the Euclidean norm.

Figure illustrates the linear-least squares method, where, as described above,
linear combinations of the columns of the matrix A are sought, that determine the
vector ¥ with a minimized residual e = y — y. Or with other words a vector x is
sought, that minimizes the residual e. In the depicted case the vector y lies outside
the column space (plane spanned by the basis vectors va ; and vas) of the matrix
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€]

Figure 3.15: Illustration of the solution to the linear least-sqaures problem.
The two basis vectors va ; and v 2 spanning a two-dimensional
plane in the three-dimensional Euclidean space (e, e; and ey),
representing the column space of the matrix A. The estimated
¥ is found as the orthogonal projection of the true y with the
minimized residual e lying in the orthogonal space of the column
space of A (compare with [39, page 30, Fig. 2.1]).

A and the minimal residual e is found lying in the orthogonal space of the column
space of matrix A. The result of applying this procedure can also be understood as
a projection of the vector y onto the plane given by the basis vectors of the column
space of matrix A.

The solution X to the least-squares problem (3:41]) can be found by the so-called
normal equations (compare [39 page 29, equation (2.10)])

ATAx = ATy, (3.42)
where X is unique if the matrix A has full column rank n. Then AT A is square and
invertible and the estimate is found as (compare [39, page 32, equation (2.12)])

%= (ATA) ATy, (3.43)

The matrix (ATA)7'AT is referred to as the pseudo-inverse of the matrix A. Fur-
thermore the matrix A(ATA)"'AT € R™™ yields the orthogonal projection of a
vector in R™ onto the space spanned by the columns of the matrix A. This projec-
tion is denoted by (compare [39, page 32, Section 2.6.1])

MMy = A(ATA) AT, (3.44)
with the properties given in [39, page 32, Section 2.6.1].

Singular Value Decomposition

The subspaces of a matrix can be (numerically efficient) determined by the utilization
of a singular value decomposition (SVD) (see e.g. [39, page 26, Theorem 2.6]) and
an appropriate partitioning. In general every matrix A € R™*" can be decomposed
as (compare [39 page 26, Theorem 2.6])
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¥ 0 A\
woul oo vivi-ly
m n n

——N
4

m-—r

Figure 3.16: Hlustration of the partitioning of the SVD of a matrix A € R™*"
with m > n > r = rank(A) and U; € R™", U, € RmX(m=7),
3, eR™V, € R and V; € R ") where m =4 >n =
3 > r = 2 (compare with equation (3.40])).

A =UxVT, (3.45)

with the orthogonal matrices U € R™™ and V € R™*" and the matrix 3 € R™*"
with the singular values on its main diagonal listed in descending order (o7 > o9 >
e >0, > 0pyq = - = 0 = 0 where rank(A = r) and min(m.n) = k). The singu-
lar values can be utilized to determine the rank of a matrix, which is implemented
in the MATLAB System Identification Toolbox function ndsid () for automatic de-
termination of the order of the identified system. This is realized by counting the
nonzero singular values the system order n is obtained, in case where no noise is
present. If however noise is present on the system all singular values will differ from
zero, but a gap between the nth and (n 4 1)th singular value should be detectable
(see [39, page 311, Figure 9.4]).

If a matrix A € R™*" has rank r, where r < m and r < n the SVD from equation
(B43]) can be partitioned to (compare [39, page 27, Section 2.5])

3, 0

o w3 S

1 vivi], (3.46)
with U; € R™", Uy € R™Xm7) 5, € R™7, V; € R™ and V; € R™(")_ This
partitioning of the SVD is illustrated for a matrix A € R* with » = 2 in Figure B.16l
From equation (3.4€]), Figure and Table [3.4] it can be seen, that the columns
of the received matrices Uy, Uy, V1 and V5, provide orthogonal bases for all four
fundamental subspaces of a matrix A € R™*" with m > n > r = rank(A). These
results are collected in Table 3.5l

QR Factorization

The QR factorization is utilized by the subspace identification methods for improving
the numerical efficiency when estimating state-space system matrices from input and
output data.
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column space of A:  range(A) = range(U;)
left null space of A: ker(AT) = range(Uy)
row space of A: range(AT) = range(V,)
null space of A: ker(A) = range(Vs)

Table 3.5: The resulting matrices Uy, Uy, V; and Vj of the partitioning of
the SVD of a matrix A deliver the four fundamental subspaces of
this matrix (compare with Table 3.4], equation (3.46]) and Figure

B.16).

column space of A: range(A) = range(Q;)
left null space of A: ker(AT) = range(Qs)

row space of A: range(AT) = range(RT)

Table 3.6: The resulting matrices Qi, Qo and R; of the partitioning of the
QR factorization of a matrix A deliver again some of the funda-
mental subspaces of this matrix (compare with Table[34] equation

(348) and Section B.5.11

In general every matrix A € R™ ™ with m > n can be decomposed into (compare
[39, page 27, Theorem 2.6])

A =QR, (3.47)

with the orthogonal matrix Q € R™*™ and the augmented upper-triangular matrix
R € R™™ (zero rows at the bottom). This procedure is referred to as QR factor-
ization (compare [39, page 27, Theorem 2.7]). As above for a matrix A € R™*"
with m > n > r = rank(A) a partitioning of the QR factorization of matrix A in
equation (B47) can be carried out in the form (compare [39, page 27, Section 2.5])

R, RQ] : (3.48)

o alfy !

with Q; € R™", Qy € R™ (™) R; € R and Ry, € R™ (") In analogy to the
illustrations presented in the previous section the matrices received by the partitioned
QR-decomposition can be utilized to deliver some subspaces of the matrix A, as is
summarized in Table 3.6l

Remark 3.5.1. The RQ factorization of a matrix A is related to the QR-decomposition
of the matrix AT as is shown in [39, page 28, Section 2.5].
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Kalman-Filter Problem

In general the Kalman-filter represents a computational scheme for reconstructing
the state vector x(k) of a given state-space model in a statistically optimal manner.
The well known Kalman-filter problem (see e.g. [39, page 134, Section 5.3]) is a
minimum-error variance estimation problem (compare defintions [39, page 110, Defi-
nition 4.15] and [39, page 110, Definition 4.16]). The Kalman-filter is also referred to
as the optimal-statistical-state-observer and is a member of the class of filters used
to reconstruct missing information, such as part of the state vector from measured
quantities in a state-space model.

In relation to the subspace identification methods, it can be stated that an observer is
a filter that approximates the state vector of a dynamical system from measurements
of the input and output sequences and in general requires a model of the system
under consideration (formulation of the Kalman filter problem). Furthermore by
formulating the Kalman filter problem in a recursive manner (keywords: one-step-
ahead predicted states, time update, measurement update; compare [39, page 135,
Section 5.4]), it can be interpreted as a stochastic least-squares problem. Thereby
a connection between the Kalman filter problem, a least-squares problem and, as
described above, a projection (into a subspace) is found. This mutually interpretation
possibilities are utilized in deriving the N4SID equations as described in [33] and
Section 352 For further information see [33, page 9, Chapter 4].

It is also mentioned here, that the introduction to the functionality of the subspace
methods done in Section is in regard to classical subspace identification, where
the system matrices of the data generating system are identified. The N4SID ap-
proach however differs in its implementation, by first estimating the Kalman states
of the underlying system, and subsequently determining the system matrices (see
illustration in |33 page 47, Figure 1] and remarks throughout Section B5.2).

State-Space System Representations
The subspace identification methods are based on different forms of state-space sys-

tems, which will be briefly discussed here.

In general the stochastic (state-space) model of interest for the identification of the
pantograph is given in process form by

R(k + 1) = A(k)x(k) + B(k)u(k) + w(k), (3.49)

y(k) = C(k)x(k) + D(k)u(k) + v(k), (3.50)

with the matrices A € R™", B € R, C € R”", D € R?™, the state vector
x € R", the input vector u € R™, the output vector y € R?, the process noise w € R"”
and the measurement noise v € R? - which both have to be white and uncorrelated
sequences - and with n the number of states, m the number of inputs and ¢ the
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number of outputs. For this system (has to be observable) a Kalman filter can be
designed using a stochastic input denoted as a innovation sequence by

e(k) = y(k) — Ck)x(k|k — 1), (3.51)

which is a zero-mean white-noise sequence and independent of past input and output
data (for further information regarding the stochastic properties see [39, page 152,
Section 5.5.5]). The innovation represents the difference between the observed value
and the predicted value, therefore implementing a predictive observer based distur-
bance model. Together with the Kalman gain K (which can be obtained by solving
an algebraic Ricatti equation) the state-update and output equations can be written
as

%(k + 1|k) = A(R)%(k|k — 1) + B(k)u(k) + K(k)e(k), (3.52)

y(k) = C(k)%(k|k — 1) + e(k) (3.53)

which is referred to as the innovation representation of a state-space system or state-
space system in innovation form.

3.5.2 Subspace Identification

This section treats the approach of identifying linear time-invariant (LTI) state-space
models from input and output data of a dynamic system via subspace identification
methods. The content of the following sections aims to give the reader a basic
understanding of functionality of these methods and an overview of the common ap-
proaches. For further information on the presented methods and mathematical proofs
consult [39, Chapter 9], for the derivation of the ndsid equations see [33] as well as
[35]. Furthermore, as mentioned in the introduction of this Section, there exists a
unifying theorem (see [34]) showing the similarities of several subspace identification
methods. An overview of the state of the art subspace identification methods (for
open-loop and closed-loop systems) can be found in [25].

The general conception is to store the available input and output data in structured
block Hankel matrices with which the so-called data equation (see equation (B.60]))
or a Kalman filter can be formulated. Then, by solving a number of simple linear-
algebra problems (SVD and QR factorization and solution of a linear least-squares
problem), it is possible to retrieve certain information of the underlying state-space
system (which generated the data) either by the column space of the observability
matrix of the data equation or the row space of the Kalman filter in a non-iterative
fashion (no nonlinear optimization required). The bottom line is, that the system
matrices of a LTT system can be retrieved up to a similarity transformation solely
from input and output data, which can be utilized to generate a pantograph LLMN
(n4sid) without any knowledge about the pantograph under investigation (see Sec-
tion [3.5.4] for a discussion of issues that arise when implementing this approach).
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The subspace identification will be explained starting with deterministic (i.e. noise-
free) systems, moving on gradually ending up with models where white process and
measurement noise is present.

The state-update and output equation of a minimal (reachable and observable) de-
terministic system are given by

x(k + 1) = Ax(k) + Bu(k), (3.54)

y(k) = Cx(k) + Du(k), (3.55)

with x(k) € R™, u(k) € R™ and y(k) € R'. For the subspace ID the unknowns of
that equations are the system matrices (A, B, C and D) and the initial state vector
x(k =0).

By inserting the the state-update equations of all time steps k& from & = 0 up to
k = s — 1 with s > n into each other, the output equations of these time steps can
be written in the following formulation, giving a relationship between the input data
batch and the initial vector to the output data batch as (compare [39, page 295,
equation (9.4)])

oy 1 [ C ] [ D 0 0 0] [ u(0) ]
y(1) CA CB D 0 0 u(l)
y(2) | = | CA? x(0)+ | CAB CB D 0 u2) |,
y(s—1) CAs! CA*72B CA*3B --- CB D| |u(s—1)
Os Ts
(3.56)

where Oy is referred to as the extended observability matrix (compare [33, page
4, Section 2.1.1]).

As the underlying system is assumed to be time-invariant arbitrary time-shifts can
be employed to equation (B.56), while keeping the same matrices O, and Ty, e.g. for
a shift over k samples (compare [39, page 295, equation (9.5)]):

y (k) u(k)
Y(kf Dol o+ T u<k:+ b (3.57)
y(k +'3 - 1) u(k —i-.s -1)

If now equations ([3.56) and (3.57) are combined for different time-shifts (dependent
on the availability of according data) the data equation can be defined as (compare
[39, page 296, equation (9.5)])



3.5 SUBSPACE IDENTIFICATION METHODS 61

y(0)  y(1) y(N —1)
y(1)  y(2) y(N) _
y(s—1) y(s) - y(N+s—2)
u(0) u(1) u(N —1) (3:58)
CoXgy it | "W
u(s—1) u(s) -+ u(N+s-—2)
where (compare [39, page 296, Section 9.2.1)])
Xiy = [x(i) x(i+1) -+ x(i+N—1)]
| | | (3.59)
= [Ax(i) A™Ix(i) - ATNTIx(i)]

with n < s < N.

Remark 3.5.2 (Equation (809)). X; v as denoted in equation (3.59) only depends on
the initial state x(0) and the system matrix A if ¢ is set to 0.

The data equation can be denoted in compact form as (compare [39, page 296,
equation (9.7)])

YO,s,N = OSXO,N + 7;U0,3,N7 (360)

with the known matrices Y, v and Uy s n as block Hankel matrices containing
the input and output data, the unknown matrices O, as the extended observabil-
ity matrix and the lower block triangular Toeplitz matrix 75 (compare [33], page
5, Section 2.1.1]) containing the state-space matrices of the underlying system
up to a similarity transformation, as well as the unknown initial condition x(0)
contained in the state matrix X y.

Subspace Identification for Autonomous Systems

By looking at an autonomous system (special case of the deterministic system) the
basic operations of the subspace identification methods can be demonstrated. The
data equation (B3.60]) becomes then (matrices B and D equal zero) (compare |39, page
297, equation (9.8)])

YO,S,N = OSXO,N‘ (361)

Equation (B.61]) shows, that the columns of the block Hankel matrix of the output
data Yo, n (as defined in equation (B.58))) are linear combinations of the columns
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of the extended observability matrix Oy (as defined in equation ([B.56])). To see this
compare with Section B51] equation (340). If additionally N > s > n it can be
shown that under some mild conditions (X¢ x full row rank n, minimal system, ap-
plication of Sylvester inequality, compare [39, page 297, Section 9.2.2]) the column
spaces of Y, v and Oy are equal. Hence by applying a SVD (see Section B.5.1] equa-
tion (3:46])) to the matrix YO0, s, N the system matrices A and C can be determined
up to a similarity transformation (compare [39, page 298, equation (9.9)]):

YO,s,N - Unznvza (362)
with 3, € R™" with rank(%,) = n.

The matrix Cr = CT (similarity transformation of matrix C) can now be received
from (compare [39, page 298, Section 9.2.2))

CT Cr
CT(T'AT CrA
U,=0O,T = ( | )| - o (3.63)
CT(T'AT)"| |CrA;!
by taking the first [ rows of U, i.e. (compare [39, page 299, Section 9.2.2])
Cr=U,(1:1,:), (3.64)

with [ as the number of outputs as defined in equation (3.55). Furthermore the matrix
A can be computed from the equality resulting from equation ([B.63]) as (compare
[39, page 299, equation (9.10)])

U,(1:(s=1),:) Ay =U,(I+1,sl,:), (3.65)

which due to s > n has a unique solution. Additionally the number of nonzero sin-
gular values determines the order of the underlying system, which becomes
more relevant in the presence of noise disturbance as will be shown later on.

Figure B.I7 depicts two block Hankel matrices of the output data of a state-space
system with n = 2 states and N >> s = 3 > n. Therefore, each column of the
block Hankel matrix (see e.g. equation (B.58)) can be represented by a point in
the three dimensional space, where the two trajectories represent output data sets
of simulations realized with different initial states x(0). This illustration of the
column space of the block Hankel matrix allows a geometric interpretation due
to the fact that both curves lie in the same two-dimensional subspace (a plane).
This plane therefore has to be characteristic for the matrix pair (A, C). A different
autonomous state-space system would deliver state trajectories that lie in a different
plane, therefore this visualization shows how output data (i.e. the column space of
the block Hankel matrix) contains information about the underlying system (state-
dimension n).
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Figure 3.17: Illustration of two block Hankel matrices containing the output
data of the same autonomous state-space system for two differ-
ent initial values z(0) (blue and cyan). The state trajectories
are lying in a two-dimensional subspace of a three-dimensional
ambient space, therefore revealing information of the underlying
system.

Subspace Identification for General Input Sequences

As shown in the previous section, the subspace identification aims to retrieve a matrix
whose column space is equal to the column space of the extended observability matrix
to subsequently determine the system matrices A and C of the underlying system up
to a similarity transformation. In case of the presence of a general input to the system,
this approach would suggest subtracting the term 7,Ug s x from Y,y in equation
(B:60) and perform a SVD to determine A and B as shown in equations (3.64]) and
(3:60). However the matrix 7 is unknown and therefore has to be estimated. This
can be done by formulating an according linear least-squares problem (compare [39,
page 301, Section 9.2.4])

rr%in||Y0,s,N - 7;U0,8,N||%“7 (3.66)

which can be reformulated in analogy to equation (3.44]) as the orthogonal projection
of the block Hankel matrix Y s y onto the column space of the block Hankel matrix
Uy v utilizing a projection matrix. Thus the influence of the input on the output
can be removed in the data equation (3.60) which then can be written as (compare
[39, page 302, equation (9.17)])

YO,S,NHi),S,N = 0, Xo N1 (3.67)

Uo,s,N?

with the

orthogonal projection matrix (compare [39, page 302, equation (9.16)] and

equation (3.44)))
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HJ_

Uo,s,N

= Iy — UG, n(UosnUf o nv) ' Ugs, (3.68)
with the properties (compare [39, page 295, Section 9.2.4])

UovstHJﬁoysyN = 07 (369)
rank (Yo nIT5, ) = n. (3.70)

The subspace identification can only be carried out if the input u(k) is such that
(compare with [39, page 302, Lemma 9.1], based on the definition of input sequences
that are persistently exiting of order n in [39, page 358, Definition 10.1])

rank ([X()’NUO,S,N]) =n+ sm, (3.71)

Only then the column space of Y ; vIIiy in equation (B.67)) is contained in the column
space of the extended observability matrix and therefore the system matrices A and
Cr can be retrieved (compare [39, page 303, equation (9.19)]):

range (YO7S7NHILJO,5,N) = range (Oy) . (3.72)

As it can be shown, the numerical efficiency of the subspace identification computa-
tion can be significantly reduced by using the following RQ factorization (see Lemma
[39, page 304, Lemma 9.2] and Theorem [39, page 305, Theorem 9.1]):

Qi

Upsn| [Ri1 0 0
SN = : 3.73
l ] lel R 0] Q: (3.73)

Qs

with Ry; € R and Ry, € R Qy € R¥*N. Applying this factorization
simplifies (computationally) the relation of the column spaces to (compare [39, page
305, equation (9.22)])

range (YOVS?NH%JO,S,N) = range (Rgy) = range (Os) . (3.74)

Applying the SVD to the term Ragy retrieves the system matrices A and Cr as
shown above. Thereby the construction of the projection matrix, which is consider-
ably big and involves a matrix inversion computation, can be avoided.

Finally the matrices By and Dr as well as the initial state vector x7(0) can be
computed setting up a linear least-squares problem (see [39, page 307, equation
(9.25)]) or directly from Ry; and Rg; by exploiting the structure of the matrix 75 in
equation (350). For further information consult [3§].
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Instrumental Variables

For real world problems, the requirement of a deterministic (noise-free) system is
hardly ever fulfilled. Therefore concepts to deal with noise disturbance were de-
veloped, were in the following sections all noise sequences are assumed to be ergodic
(strong law of large numbers, see [39, page 104, Section 4.3.4]) stochastic processes.
There are three cases of subspace identification utilizing instrumental variables that
will be discussed separately:

« subspace identification with measurement noise (white - MOESP, colored - PI-

MOESP)
« subspace identification with process and measurement noise (PO-MOESP)

» subspace identification with process and measurement noise based on a least-
squares problem (N4SID)

First the system equations (B.54)-(3.553]) are reformulated for measurement noise
by

x(k+1) = Ax(k) + Bu(k), (3.75)

y(k) = Cx(k) + Du(k) + v(k). (3.76)

The data equation (B.60) for measurement noise is extended to (compare [39, page
307, equation (9.28)])

YO,S,N = OSXO,N + 7;UO,S,N + VO,S,N: (377)

with V , 5 the block Hankel matrix constructed for the measurement noise sequence
v(k).

The aim now is to carry out the subspace identification in the same fashion as shown
before, receiving unbiased estimates of the system matrices Ar, By, Cr and D7 in
the presence of measurement noise. To be able to do so, the influence of the input
Uy~ and additionally of the measurement noise V ; 5 have to be eliminated from
equation ([B77). To remove the influence of the block Hankel matrix constructed from
the noise sequence v(k) the so called instrumental variables matrix (as proposed in
[30]) was introduced, which posses the following properties (compare [39, page 314,
equations (9.37) and (9.38)]):

Properties of the instrumental-variables matrix Zy:

1
Jim Nvi,s,Nnﬁi’s’Nzﬁ =0, (3.78)

o
rank ( Jlim NXANHE,S,NZ@ —n. (3.79)
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Due to property (3.78]) it is possible to again retrieve the system matrices of the
underlying system by multiplying the data equation ([B.77) on the right first by the
projection matrix Hﬁiw and then by the instrumental variables matrix Z%,, yielding
(compare [39, page 314, Section 9.4])

1
lim NYO,S,NHL VAL

NS00 Uo.s.v

o1
= lim NOSX@NH%JO’S’NZ% (3.80)
Because of property ([B.79), the column space of the term on the left-hand side of
equation (B.80) is again contained in the column space of the extended observability

matrix Oy by (compare [39, page 314, equation (9.39)])

) 1
range (A}gnoo NY()’S’NHﬁO’S’NZ%) = range (Os) . (3.81)

In the case were measurement noise v(k) and process noise w(k) are present, the
system equations (B.54])-(B.53]) have to be reformulated, utilizing the innovation form
as purposed in Section B.5.1] by equations ([3.52)-(3.53)), yielding the data equation
([B:60) extended for measurement and process noise as (compare [39, page 321, equa-
tion (9.52)])

Yosv = O Xon + TsUgsn + SsEosnv, (3.82)

where E ¢ x is a block Hankel matrix constructed from the innovation sequence e(k)
and with the weighting matrix (compare with [39, page 322, Section 9.6])

I 0o 0 - 0
CK L 0 - 0

S,—| CAK  CK I - 0] (3.83)
CA*?K CA*PK --- CK I

Here the innovation sequence e(k) is a white-noise sequence and K is the Kalman
gain (compare Section B.0.J]). By formulating the data equation in this way, the
properties of the instrumental variables matrix are the same as in case of subspace
identification with just measurement noise, if V; ; y in equation (3.78)) gets replaced
with E; 5 n.

Finally an alternative route to subspace identification as proposed in [33] for the
derviation of the N4SID method will be introduced. Here the instrumental variable
matrix Zy is utilized to derive the extended observability matrix O, by constructing
a linear-least squares problem (projection, compare [39, page 330, equation (9.63)]
and [33] page 7, Chapter 3])

L4 L5 | = arg oin [Yoon - [L* L7 [UZS’;N] 17, (3.84)

where (compare [39, page 330, equation (9.64)])
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lim L% = O.L, + O,(A — KC)*A, (3.85)

N—oo

yields the extended observability matrix O, (for details on the involved matrices
consult [39]). The data equation (3.60) can be written for this formulation for i = s
as (compare [39, page 330, equation (9.67)])

Ys,s,N = OsﬁszN + 7;U8,8,N + SsEs,s,N + OS(A - KC)SXO,N (386)

The remaining question that needs to be answered is how to choose the instrumental
variable Zy, which is not unambiguous. Therefore several subspace identification
methods were developed, which will be discussed briefly in the upcoming section.

Subspace Identification Methods

Table B.7] and 3.8 give an overview of common subspace identification methods that
incorporate different choices of the instrumental variable Z,,, acoording to the equa-
tions introduced in the previous sections.

Remark 3.5.3 (Table3.8, subspace method N4SID). The range equation of the N4SID
method (made computationally efficient by the RQ factorization) can be used to
compute the extended observability matrix as shown before. Alternatively the matrix

X, n contains the state-sequence of a Kalman filter, which can also be estimated by
the SVD as

X,y =X2V? (3.87)

according to equation (B.45]). Taking the path of estimating the state-sequence of a
Kalman filter also allows to determine the state-space matrices Ar, By, Cr and Dy
by solving the least-squares problem (compare [39, page 332, equation (9.69)])

- X | [Ar Br| [Xova ]
AT,P];’IQ},lgerT [YS’LN_I] [CT Dr| |Usin i (3.88)

and was first proposed by [33]. These estimated system matrices Ar, By, Cr and Drp
can furthermore be used to estimate the Kalman gain of the innovation form state-
space system as defined in equation (B.52)) by solving a according Riccati equation
(for further details consult [39, page 333, Section 9.6.3]).

Finally it is mentioned, that there exists a possibility to related the different ap-
proaches to subspace identification based on the formulation of the least-squares
problem in equation (B:84]). By solving this problem in an alternative manner, it can
be shown (see [39, page 334, Section 9.6.4]) that the extended observability matrix
O, can be received from the SVD of a weighted matrix given by

W, ((YS,S,NHILJS,S,NZ%)(ZNHILJO,S,NZ%)_g W, = Unznvg- (3-89)
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MOESP Multivariable Output-Error State-sPace method ([38])

System given by equations (B.75)-([376) resulting in data equation (377) with ¢ = 0, white measure-
ment noise

Conditions with v(k) as an ergodic white-noise sequence with variance o2I; that is uncorrelated with the
ergodic sequence u(k)
with u(k) as an ergodic sequence, such that condition ([BXZT)) is satisfied.

VAN no instrumental variable necessary due to properties of the noise sequence as it is shown in

[39, page 307, Section 9.3]

U R 0
RQ factorization R " Q
Yo,s,N Ro1 Raz2| [Q2
22 + 021 0 \'%
SVD lim —-Rop = |:Un U2} n ” !
N—oo VN 0 oly n| | VT
range(Uy) = range(Os)
PI-MOESP Past Inputs Multivariable Output-Error State-sPace method ([36])
System given by equations ([B.75)-(@370) resulting in data equation [B.77) with ¢ = s, colored mea-
surement noise
Conditions with v(k) as an ergodic noise sequence that is uncorrelated with the ergodic sequences x(j)
and u(j) for all k,j € Z
with x(k) and u(k) such that the rank conditions (compare [39] page 317, equation (9.44)]
and [39) page 318, equation (9.45)])
rank lim &+ XN uT uT =n+smand lim LU u’l has full
N oo U..n 0,s,N 5,8,N - o N D0 N Y05 N
S,S,
rank, are satisfied
VAN the past inputs data block Hankel matrix is used with Zy = Ug s N

RQ factorization

SVD

Us,s,n Rll 0 0 Ql
Uos;n | = [R21 Roz 0 Q2
Yoon R31 Rs2 Rass Qs

range (ngnoo ﬁRw) = range(Os)

Table 3.7: Subspace Identification Methods with N > s > n, Part 1.
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PO-MOESP

Past Outputs Multivariable Output-Error State-sPace method ([37])

System

given by equations ([3.52)-(3.53) resulting in data equation ([3.82) with i = s, white measure-
ment noise and white process noise

Conditions

with e(k) as an ergodic white-noise sequence that is uncorrelated with the ergodic sequences
x(j) and u(j) for all k,5 € Z

with e(k) and u(k) such that the rank conditions (compare [39, page 325, equation (9.58)]
and [39] page 326, equation (9.59)])

rank [ lim + ’ [YT ur uT

N 0,5, N 0,8,N s,s,N:| =mn+sm and

rank lim =n + 2sm are satisfied

N— oo

1| Xon [

T T
XO,N UO,QS,N:|
Uo,24,N

Zyn

the past input and output data block Hankel matrices are used with Zx = [UO,S’NYO, s, N:|

Us,s,n
Rii O 0 Q:
. . UO,s,n
RQ factorization = [R21 Rao 0 Q>
YO,s,n
R31 Rs2 Rss| [Qs
YS,S,N
SVD range ([ lim —=R ) = range(O
g (N*)oo VN 32 g ( S)
N4SID Numerical Algorithm for Subspace Identification ([33])
System given by equations ([3.52)-(3.53) resulting in data equation ([3.86) with ¢ = s, white measure-
ment noise and white process noise
Conditions identical with the conditions required for the PO-MOESP method, see there
Zn the past input and output data block Hankel matrices are used with Z = [Uo, s,NYO0,s, N}

RQ factorization

SVD

Usen Ry o o]][q

11 1
UO,s,n

v = |R21 Ra2 O Q2
0,s,n

R31 Rs2 Rass| | Qs
Ys,s,N

U
range lim R32R521 0o N X range (OSXS,N) for large enough s
N —oco YO,s,N

Table 3.8: Subspace Identification Methods with N > s > n, Part 2.
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Subspace ID Method Weighting matrices

PO-MOESP Wi =1, Wy = (anﬁS’s,Nzg)%
N4SID W, =1 W = (ZyZT)?

CVA W, = (YsysyNHILJS’SYNYZj&N)’% W = (anILJS)S‘Nzg)%

Table 3.9: Weighting matrices of equation (3.89) for the weighted SVD set-
ting different approaches to subspace identification into relation.

By the choice of the nonsingular weighting matrices W; and Wy several subspace
identification matrices can be related as can be seen in Table B.9l There the Canon-
ical Variate Analysis (CVA) based approach to subspace identification follows the
idea, that the matrix on which the SVD is performed is obtained by an canonical
correlation analysis (see [16] and [25]). The CVA based approach is implemented in
the MATLAB function n4sid() and was chosen in the majority of cases if the choice
of the weighting matrices W1 and Wy in the n4sidOptions was set to >auto’ (auto-
matic determination). See the MATLAB n4sid() documentation for further details.

3.5.3 State-Space Model with N4SID

The approach, which leads to the pantograph LLMN (n4sid), implements state-space
systems identified directly form input and output data by employing the subspace
identification method N4ISD through the MATLAB function n4dsid (), where an ar-
bitrary high system order is chosen. Subsequently an order reduction achieved by
reduce() is carried out to match the dimensions of the pantograph LLMN (surro-
gate) systems. The results shown in Section are based on a (6 x 1) state space
vector (noninterpretable), a (2 x 1) input vector (contact position 7 and pneumatic
actuator torque M,,) and an (4 x 1) output vector (collector head and crossbar po-

. AT
sitions and velocities, y = {5 & C (} . Details of the derivation of the system
matrices in this approach are discussed in the following section.

By employing the MathWorks® MATLAB function ndsid () one obtains the system
matrices Ar, By, Cr, Dy and K7 of a state-space system in innovation representation
(compare Section B.5.T]) in discrete time as

XT(k’ + 1) = ATXT(]{?) + BTu(k‘) + KTeT7 (390)

yT(k) = CTXT(k') + DTUU{?) +er (391)
where D7 = 0 by default (no direct feedthrough) and index 7 indicates again the
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similarity transformed matrices. This result of ndsid() is given in form of an idss
model, which is defined as a state-space model with identifiable parameters (supports
additional functions like subreferencing). The disturbance er is defined as described
in Section B.5.1l For the identification of the system matrices for the pantograph
LLMN (n4sid) using n4sid (), there were three options of special interest that were
changed from their default settings (see MATLAB documentation of n4sid() and
n4sidOptions()):

e InitialState = ’zero’: The initial state is fixed to zero and not treated as
an independent estimation parameter.

o DisturbanceModel = ’none’: The Kalman gain matrix is fixed to zero and
not treated as an independent estimation parameter (therefore the disturbance
model is switched off).

e Form = ’modal’: The type of canonical form is set to modal form, decreasing
the number of free parameters for estimation (the default setting ’free’ allows
all matrix entries to be estimated).

All these settings decrease the performance of the ndsid(). The first two options
were deactivated, because only the system matrices A7, By, Cr and Dy are imple-
mented in the pantograph LLMN, without any disturbance model and independent
of the initial state. The choice of a modal form of the system matrix A; is done to
make the non-interpretable matrices resulting from the N4SID more similar in their
structure and therefore more compatible to each other. This is relevant in case the
parameter blending method (see Section [3.6.2)) is utilized when a pantograph LLMN
(n4sid) with multiple LLMs is constructed. However through the subsequent order
reduction procedure this form gets lost, and has to be restored by a transformation
back to the modal form (realized with the MATLAB function canon()) which again
weakens the performance. If instability occurs during parameter blending, the out-
put blending method (see Section B.6.1]) has to be employed.

By setting the options as described above it is also possible to reduce the order of the
identified system using the MATLAB function reduce() (see MATLAB documenta-
tion), which employs Hankel singular values based model reduction functions. This
function is implemented in its default setting (additive error method) and used to
receive a state-space model of order n = 6, based on the expert knowledge of the
dimension of the underlying system (DOF, see Section 2Z]). This proceeding allows
the application of the N4SID with an overpowering high order (e.g. n = 100) yielding
simulation results with astonishing performance (FIT over 90[%)] for zero-mean oper-
ation point data sets, see Chapter (), while receiving a set of matrices in a dimension
matching the expert knowledge about the pantograph system and therefore keeping
the pantograph LLMN (n4sid) simple and fast from a computational point of view.

Summarizing the presented pantograph LLMN (n4sid) incorporates sets of identified
state-space matrices A, By, Cr and Dy, derived by the subsequent application of
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the MATLAB functions ndsid () and reduce() on local data sets (around the center
of the LLMs), into the LLMs of the LLMN structure according to equations (3:28))
and (3.29). The dimensions are given with number of states n = 6, number of inputs
m = 2 and number of outputs ¢ = 4, where the input and output data (sequences)
are given as

Un4gsid = [77 Mpa}T7 (392)

yosa =€ € ¢ (] (3.93)
fork=1...N.

3.5.4 Modeling Issues with Subspace ID Methods

In this section a brief discussion of some issues that arise when using the pantograph
LLMN (n4sid) based on subspace identification methods is carried out.

Primarily the identified state-space matrices provide no interpretability possibilities,
which makes the pantograph model a dark-gray model. The main advantage of
this approach however is the very efficient way of determining a working model just
by input/output data sets, which therefore can be adapted to another pantograph
geometry very quickly, yielding strong performance.

A great computational disadvantage is the incorporation of a preprocessing (low-
pass filter) and postprocessing (look-up table) to the pantograph model (makes the
model considerably slower, compare Figure see Section [L.6). This is necessary
due to the fact, that the n4dsid() algorithm can only cope with zero-mean signals.
Furthermore an online capable implementation of that approach introduces a slight
phase shift to the input signals. Subsequently, due to the input partitioning, also the
partitioning variable carries a phase shift, distorting the blending procedure, even if
the more robust output blending method is applied.

Furthermore it is mentioned here, that applying the subspace methods to closed
loop data is a topic of its own. In the case of closed loop identification the conditions
presented in the previous sections are violated and the presented methods have to
be modified. For further information consult e.g. [39, page 336, Section 9.7] or see
[6], [13], [26] and [5].

3.6 LLMN Blending Methods

This section discusses the applied blending methods of the local linear model net-
works in state-space configuration.
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As mentioned in the previous sections, the aim of this thesis is to develop a LLMN in
state-space configuration for the nonlinear pantograph. In Section B.Il two possible
blending procedures were mentioned, that enable the LLMN to generate a global,
blended output for each of the MIMO-system’s outputs. These are the

« Parameter Blending Method, utilized for the pantograph LLMN (sur-
rogate) and the

e Output Blending Method, utilized for the pantograph LLMN (n4sid).

The underlying discrete-time state-space models for both pantograph LLMNs (sur-
rogate and n4sid) are given in the following form:

yi(k) = C; x;(k) + D; u(k), (3.95)
with the global (LLMN model) input given as

u(k) = [n(k) My (k)] (3.96)

Remark 3.6.1 (Equations (8.94)-(393])). Index ; indicates an affiliation with the local
linear model LLM;, where i =1 ... M.

Remark 3.6.2. The contact position 7 is chosen as the input partition variable, hence
the one-dimensional partition space for the computation of the according validity
function is defined as

®(2(k)) = @(n(k)). (3.97)

Remark 3.6.3. For the pantograph LLMN (surrogate) the matrices A;, B;, C; and
D; are given according to equations ([8:22) to ([B:25) (see Section B.43)). For the
pantograph LLMN (n4sid) these matrices are given by several identification runs
using the MATLAB function ndsid () as similarity transformed matrices (see Section

B53).

3.6.1 Output Blending

The output blending is the more commonly applied method, especially in connection
with LLMNs in ARX configuration. An illustration of the output blending method
implemented for the LLMN in state-space configuration can be seen in Figure B.18l
In this case the overall output y(k) of the LLMN model is realized by blending
the outputs of the respective LLMs. The system equations (3.94) and (B95) are
evaluated at each time step k for each LLM separately providing the according local
outputs ¥;(k). The evaluation of the validity functions collected in ®(n(k)) (see
equation B.I3)) determine the interpolation of the local outputs y;(k), generating the
global output y(k). Therefore an additional output blending equation, which is also
evaluated at each time step k, is received as (compare [19, page 342, equ. (13.3)]):
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z(k) = nLpr(k)

u(k) = [r\}],(k()k)}

ugprp(k) =u(k) —urprp(k)

¥ N4SID identified
state-space system sys;

$ure() = 3 $upri(,a0)

y(k)

N4SID identified Yovr(k)

state-space system sys;

Bar(a(k)) = L
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x

N4SID identified
state-space system sysys

Vuprm(k)
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Figure 3.18: Illustration of a LLMN structure utilizing the output blending

u(k)

method, implemented for the pantograph LLMN (n4sid).
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Figure 3.19: Illustration of a LLMN structure utilizing the parameter blend-

ing method, implemented for the pantograph LLMN (surro-
gate).
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M=

y(k) = >_¥i(k) ®i(z(k)) (3.98)

N
Il
i

If the the state-space system equations (8.94]) and (3.97]) are inserted into the output
blending equation (3.98)) it then reads as

(k) = f (C; A, xi(k — 1)+ C, Bju(k — 1) + D; u(k)} ®i(z(k)).  (3.99)

i=1

3.6.2 Parameter Blending

In the alternative approach, utilizing the parameter blending method, the matrices of
the local state-space systems get interpolated in every time step k, again determined
by the evaluation of the according validity functions ®;(n(k)). Therefore a blended
state-space system is received for each time step k (linear time-variant system), which
delivers the global output y(k). This method therefore only evaluates one state-
system in each time step and does not require an additional output blending equation.
An illustration of the parameter blending method implemented for the LLMN in
state-space configuration can be seen in Figure B.19. The resulting state and output
equation of the blended system are given as (compare [I8, page 295, equ. (12.5)] and
[19, page 342, equ. (13.3)])

1) = (L A8) (k)] x(0) + (L B(0) (alb) ) (i), (100)
A(k) B(k)

50 = (£0(0) 060)) x00+ (L D0 060)) w10y

=1

C(k) D(k)

Remark 3.6.4 (Equations (B.100)-(BI01)). This type of system can be interpreted
as a linear parameter varying (LPV) system, where the validity functions ®;(n(k))
represents the time-varying parameter vector of the LPV system (compare [I8, page
295, equation (12.4)]).

Remark 3.6.5 (Equations (3I00)-(3.101)). The state-space systems implemented in
the pantograph LLMN (surrogate) contain the affine terms xra00, Uramo,o and
yrmoo (compare equations (B30) to (3.32)). These additional vectors also have
to be blended in every time-step (see Figure B.19). The extension of the parameter
blending method to the extended state-space system is straight forward (compare

equations (3.33))-(3-34))), but not carried out in the equations (B.I00)-(BI01) for bet-

ter readability.

Remark 3.6.6. The state-space system matrices are denoted with their dependency
of the pantograph LLMN’s (surrogate) parameter vector 6;, because the parameter
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blending method is applied in that way for just that model. The general formulation
is obtained by omitting this dependency, e.g. A; instead of A;(8;).

Remark 3.6.7. The application of the parameter blending method to the LLMN
structure results in a single unique state-vector, which in case of the pantograph
LLMN (surrogate) is also physically interpretable.

3.6.3 Stability Considerations regarding LLMNs in
State-Space Configuration

The literature currently provides conservative stability proofs for the implemented
model structures, which are local linear models (LLMN) in state-space configura-
tion (see e.g. [7] and the following paragraph). However a stability analysis for the
presented models is not performed and subsequently stability for the pantograph
LLMNs cannot be guaranteed. To compensate for that lack of proof a discussion of
the observations gained during the development of the pantograph models regarding
their stability is carried out in Section B. 1.2l In general it can be stated, that the
systems inside the local linear models (LLMs) are modeled in such a way, that they
are all stable. According to the blending procedure and the form of the implemented
state-space systems some kind of stability preserving behaviour can be observed. Ex-
aminations on blending of different types of system matrices (controllability, jordan,
modal, etc. formulation) can be found in [2§].

In general the stability analysis of neuro-fuzzy systems is mainly based on Lyapunov
stability theory, realized as numerical methods (linear matrix inequality). There
exist three popular methods which test if a Lyapunov function of a certain type can
be found for the examined system. They all represent sufficient but not necessary
conditions on the stability of the system and are listed here starting with the most
conservative function as

 the common (or global) quadratic Lyapunov functions (see [7, page 53, Section
4.2]), also referred to as Lyapunov’s direct method (see [19, page 616, Section
20.4.2]),

« the piecewise quadratic Lyapunov functions (see [7), page 58, Section 4.3], [43])
and

o the fuzzy (or nonquadratic) Lyapunov functions (see [7), page 66, Section 4.4]).

Lyapunov’s direct method (see [19, page 616, Section 20.4.2]), which represents the
most conservative approach of the three mentioned concepts, is briefly described here.
It is carried out by the search for a common (or global) quadratic Lyapunov function
which fulfills the stability condition given in equation (8I02)). According to [31] and
[32, page 27, Theorem 1, equation (2.25)] a local linear neuro-fuzzy model with M
rules (LLMN with M LLMs) is guaranteed stable by fulfilling (Lyapunov stability
theorem)
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ATPA, - P <0, (3.102)

forv=1,2, ... , M, a positive definite quadratic matrix P and the system matrices
A, of the local linear models.

Remark 3.6.8. This stability condition follows from the local linear model structure
simply as an generalization of the stability condition of the individual LLMs state-
space systems according to Lyapunov’s direct method, where the determination of
an individual positive definite matrix P; is sufficient to guarantee the stability of the
local model.

Remark 3.6.9. The stability condition represents a linear matrix inequality,
which can be solved by numerical optimization very efficiently and due to the fact,
that the optimization problem is convex, finding a globally optimal solution is guar-
anteed [8]. The stability condition in equation (BI02)) however is a sufficient but not
necessary condition and considerably conservative. If no quadratic Lyapunov func-
tion can be found, no statement on the stability of the LLMN can be made utilizing
this method. Further information on LMI approach can be found throughout [32].

Summarizing it has to be stated, that the topic of the stability of the pantograph
LLMNs would require further research and is only treated in this thesis by a brief
discussion of experienced phenomena in Section B.1.2



Chapter 4

Numeric Studies of Pantograph
Models

This chapter is devoted to present and discuss the simulation results obtained by
the developed pantograph models, and evaluate these models according to the model
specifications defined in Section [L2.1l Therefore five different model configurations
(see Section EI) were trained and validated using two different types of reference
data sets (generated by the white-box model, see Section 2] and Section [1.2)).
Before the simulation results are presented, the simulated model configurations, the
mainstays of the developed program code and the employed excitation signals will
be introduced.

4.1 Introduction

In Table A1 an overview of the examined pantograph LLMN configurations is given.
In Figure 4.1 the main components of the utilized program code are depicted. The
code is written in a script based form using MathWorks® MATLAB® and selected
toolboxes (e.g. System Identification Toolbox ™).

For all presented results of all model configurations, as well as all the reference
data sets the chosen sampling time is always set to T = 1 [ms] (consequentially
equidistant time steps).

4.2 Excitation Signals

In this section the excitation signals for the inputs of the developed pantograph mod-
els are discussed. The same signals were used as inputs to the white-box pantograph
model from [I] to generate the reference data sets. As mentioned in Section 2:2.]
equation (22) the chosen inputs are as follows.
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Examined pantograph LLMN configurations

Approach:

Peculiarities:

Number of
LLMs:

Blending
Method:

Pantograph LLMN (surrogate)

State-space system with affine term

extension,

B3D).

see

1 LLM

equations

B.33)-

4 LLMs

Parameter
Blending (PB),
see Section

Pantograph LLMN (n4sid)

Preprocessing (low pass filter) and postprocessing (look-
up table) of input/output signals, additional transfor-
mation of the identified and post-processed system ma-
trices for the approach utilizing the parameter blending

method.
1 LLM

4 LLMs

Output Blend-
ing (OB), see
Section 3.6.1]

4 LLMs

Parameter
Blending (PB),
see Section

Training
data set:

Operation point
(OP) data set

10 [s] at OP65,
see Figure 3]

‘Whole range
(WR) data set

10 [s], see Figure

Operation point
(OP) data set

42 [s] at OP65,
see Figure

Four operation point (OP) data sets
for local identification of the LLMs

42 [s] at OP25/0P45/0P65/0PS5,
see e.g. Figure 4] and

Validation
data set:

Operation point
(OP) data set
42 [s] at OP65,

similar to Fig-
ure [£.2]

Whole range
(WR) data set
120 [s], similar
to Figure €4

Operation point
(OP) data set
42 [s] at OP65,

similar to Fig-
ure 421

Whole range (WR) data set

120 [s], similar to Figure L4

Table 4.1: Carried out training and validation runs using five pantograph
LLMN configurations and two types of data sets.



4.2

EXCITATION SIGNALS

80

Global Options
Setup of LLMN.

/

v

sampling time Ts = 1 [ms]

global inputs: contact position 7, torque My,
partition variable: constact position n

number of LLMs

blending method: output or parameter blending

Local Options
Setup of LLMs.

v

Initialization

Store options and generate
LLMN structre (net).
Load reference data, e.g.
from white-box model or
pantograph-test-bench
measurements (dataSet).

Surrogate Model

state-space system with or without

affine term (additional parameters)
cost-function: select considered signals
and according weights

OE optimization options: e.g. number of
iterations or tolerances

Subspace ID

n4sid () options: order, I/O signals, ect.
reduce () options: reduce to

system order n = 6

utilize canon() to receive system matrices
in modal form

enable low-pass filtering connected with
a look-up table

\ 4

ID process

Identify (surrogate or

n4sid approach) or load the
LLMs state-space matrices

\ 4

Simulation

Load identified matrices,
compute MSF for each time
step and employ blending

method for output generation.

Results

Determine model performance

and plot results.

Figure 4.1: Main elements of the pantograph local linear model network pro-

gram code.

—/

Surrogate Model

OE optimization of the
parametrized three-mass oscillator
models exploiting all available
measurement signals and a
tuneable cost-function utilizing
MATLAB function fmincon ()
with parameter constraints set

by expert knowledge.

Subspace ID

data-driven identification
utilizing MATLAB functions
n4sid(), reduce() and canon()
and available measurement
signals (e.g. F)).

Load Identified Matrices
Load already identified matrices
(no ID process)
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» The contact position 7 [m], which has its operating range determined in
the interval of [0.5, 2.5] [m] due to expert knowledge, and

« the pneumatic actuator torque M, [Nm|, which is set to an operating
point of 1310.9 [Nm] ( discussed in Section Z1.3]).

Remark 4.2.1. The abbreviation of operating points, that will be used in this section,
is given in a code like fashion, namely OPXY, where X denotes the operating height of
the contact position (for their definition see Figure[312]) and Y denotes the magnitude
of the torque, which will be set to the previously stated OP denoted as Y =5 in all
simulations. Exemplary:

OP65 = [n = 1.75[m] My, = 1310.9[Nm]] . (4.1)

Remark 4.2.2. For all identification runs there were two data sets generated for which
the underlying signal was of the same shape, but employed a different superimposed
noise signal (see Section F.2.).

Remark 4.2.3. In general, while going through the engineering cycle, the observa-
tion was made, that the identification runs resulted in good performing pantograph
LLMNs if the training data set contained about minimum 10000 samples (corre-
sponds to 10 [s] with a sampling time of T, = 1 [ms]). For the pantograph LLMN
(surrogate) larger amounts of samples did not improve the performance significantly
in most cases, while extending the computational time required for the optimization
of the state-space system parameters. Therefore the training data was extracted
accordingly (cut out) from the available data sets (compare Figures [£.3] and 3] for
the training of the pantograph LLMN (surrogate).

Remark 4.2.4. The state-space matrices of the LLMs of the pantograph LLMN (n4sid)
were identified using four operation point data sets, where the OPs match the posi-
tions of the centers of the LLMs of the model network (compare Figure B12]). The
simulation results of the pantograph LLMN (n4sid) for the whole range data set
therefore are just validation runs and not training/identification runs (compare with

Table EL.H).

4.2.1 Noise excitation

The modeled noise excitations are similar for each of the input data sets (slight
parameter variations). Two types of noise sequences were utilized to excite the input
signals (these are the expected types of excitation for the real-world pantograph due
to expert knowledge):

« Contact position 77: white noise sequence
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Figure 4.2: Operation point (OP) input data set OP65 with sampling

time Ty = 1 [ms] and length 42 [s]. The contact position 7 (top)

and the pneumatic actuator torque M, (bottom) are excited

around operating point OP65 (compare equation (41])) and ex-
cited according to Section [4.2.11

The employed white noise was filtered (postprocessed) using a first order low-pass
filter with the corner frequency set to 10 Hz. Therefore the pantograph is only excited
in that frequency range, which corresponds to the expected dynamic (relevant for a
future implemented control scheme). The amplitude of the white noise is adjusted
at about 4 [cm] according to the magnitude of the resulting contact force F,, which
is expected to be around a maximum of 1000 [N] in operation.

« Pneumatic actuator torque M,,: amplitude modulated pseudo-random binary

sequence (APRBS)

For further information on APRBS consult e.g. [19, page 570, Section 17.7]. The
superimposed APRBS noise results in a maximum deviation from the operating point
OPX5 = 1310.9 [Nm] of about 6% or ~ 75 [Nm] over the whole simulation time. The
employed hold times of the APRBS noise are in the interval [50,200] [ms]. These
values again were defined due to expert knowledge (gained from examinations at the
pantograph test bench).

4.2.2 Input Data Sets

The following figures (A2, 3] 14 and EH) show the input sequences of the corre-
sponding two basic types of reference data sets.
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o INM]

torque M

Figure 4.4:

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
samples [-]

Applied training data set with length 10000 samples, extracted
from the according operation point input data set OP65 depicted
in Figure (samples [10001, 20000]).

N
o

input data u

N
T

=
T

contact position n [m]
-
(&)}

05 i i i i i
2 4 6 8 10 12
samples [-] x 10°
1400 : : : : input data u,
1350
1300
1250
1200 i i i i i
2 4 6 8 10 12
samples [-] % 10*

Whole range input data set with sampling time 7 = 1 [ms]
and length 120 [s]. The contact position n (top) is driving the
pantograph gradually through the whole operating range (excited
according to Section L2.T]), while the pneumatic actuator torque
M, (bottom) is again hold around its operating point (compare
equation (A1), excited according to Section [L.2.]).
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Figure 4.5: Applied training data set with length 10000 samples, extracted
from the according whole range input data set depicted in Figure
4] (samples [25001, 35000]).

In Figure both inputs are excited around a certain operation point (here OP65,
compare equation (J])) and are superimposed by their specific noise signals (see
Section L2T]). This type of data sets are referred to as operation point (OP)
data sets.

Figure[Z4l shows a considerably long input data set, which also drives the pantograph
models through the whole operating range. This type of data sets are referred to as
whole range (WR) data sets. A certain clearance to the operating range limits
was maintained, to avoid driving the white-box model into an area of the operating
space where the computation becomes infeasible (evaluation of the white-box model
relations no longer possible due to the pantograph geometry). Sudden, unsteady
changes in the contact position input signal like steps are ruled out, because due
to expert knowledge this is not the expected behaviour of a real-world contact line
mounting (even if special events like a tunnel entrance or exit are considered).

These input data sets were utilized as inputs to the pantograph LLMNs to identify
local linear models state-space matrices together with the corresponding output data
sets. The operation point (OP) data sets (Figure X2 and [.3]) where utilized to iden-
tify the state-space matrices of single LLMs, while the whole range (WR) data sets
(Figure 4] and .0 where used to identify the parameters of several LLMs of the
pantograph LLMN (surrogate). For the pantograph LLMN (n4sid) the WR data sets
only where applied for the purpose of validating the model, since all the LLMs of
that model where identified form OP data sets.
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As mentioned above, the Figures[4.3]and depict the applied training data sets for
the pantograph LLMN (surrogate) that were applied in the following identification
runs, furthermore simply referred to as training data set. For the validation of the
received model the whole signal length was simulated (separate validation data set
with different noise excitation). The pantograph LLMN (n4sid) however was trained
on the full length operation (OP) data sets, because with that approach more data
samples deliver better identification results.

4.3 LOLIMOT algorithm with NMSS systems

Application of the existing local linear model tree (LOLIMOT) algorithm
(compare [19] page 365, Section 13.3.1] and Section[3.2.4]), using the input/output
data of the pantograph white-box model (developed in [I], see Section [ZT]).

The initial approach was carried out using an existing tool, which incorporated the
LOLIMOT algorithm, mainly to determine a potential success of applying a local
linear neuro-fuzzy type of network to the nonlinear pantograph modeling problem.
As stated in Section [B.2.4] the results were discarded due to the discussed short
comings of this approach in regard to the modeling goals specified in Section [L.2.1]
These short comings however were not due to performance deficiency but mainly due
to stability concerns. At this early stage the feasibility of the model was the main
interest, therefore no superordinated pantograph model was designed. For the 1/0O
setting of the presented results see Figure B8 (angle of the lower arm ¢; compare
Figure 22]). Finally Figure shows an achieved simulation result utilizing the
LOLIMOT algorithm for the sake of completeness, where the mentioned stability
issues are apparent, although all NMSS systems are stable (see Figure E1).

4.3.1 Performance LOLIMOT Algorithm with NMSS
systems

The FIT and the computational efficiency of the LOLIMOT based pantograph model
approach are presented in this section. Therefore the altered LOLIMOT algorithm
was applied on the training data set according to Figure 4 (whole range (WR)
data set). The following value is the resulting FIT of the angle of the lower bar ¢
according to Figure

FITpon1m07.0, = 88.2502[%). (4.2)

This value is quite good in comparison to other approaches, especially considering
that the soaring of the examined signal, which occurs during the blending of the
non-minimal state-space (NMSS) systems, is included in this result. This finding
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Figure 4.6: Simulation result of an identified pantograph model by utiliza-
tion of the LOLIMOT approach consisting of 4 local linear mod-
els, where the instability in areas of blending of the, form the
identified ARX models post-constructed, NMSS systems can be

detected, see e.g. at 92 [s].

angle of the lower bar ¢; in [rad].
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Figure 4.7: Collected information plot containing information of the identi-

fied 4 NMSS systems of the LOLIMOT based pantograph model

with 4 LLMs, which are apparently all stable. Nevertheless in-
stability (soaring) is detectable during the simulation of this par-
ticular model, caused by the parameter blending of the NMSS
systems (compare Figure [1.6]).
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also motivated the examination of more than one signal for a performance classifica-
tion as it is done from here on out (e.g. position and according velocity).

The simulation time for the examined LOLIMOT based pantograph model is mea-
sured as

tsim,rorivor = 106, 66[s]. (4.3)

with the length of the data set given as t4s = 120 [s]. Therefore the resulting real-time
factor (RTF) for the LOLIMOT based model is determined as

RT Frorivor = tsimrorivor/tas = 0.889 < 1. (4.4)

Therefore the LOLIMOT based pantograph model would be a real-time capable
model.
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three-mass oscillator,

k k

parameter vector 0; mH mM L eL ™ w ‘w
equ. (36 [5,50] (5, 50] [0,107]  [1073,2%10°] [1073,0.6] [0,107]  [0,2 % 10°]
collector head, m k ¢
additional parameters c c <
equ. (33D 1, 30] [10~7,107] (1073, 2 10°)
affine term x7rr0,0 z0.q with 7 =1,2,..., 6

[=2000, 2000]
affine term ur 0,0 wg 4 with i =1,2

additional parameters according to equation
[—2000, 2000]

affine term yr 10,0 Y0.i with i =1,2,...,6

[—2000, 2000]

Table 4.2: Parameter constraints of all available parameters for the con-
straint optimization of the pantograph LLMN (surrogate).

4.4 Pantograph LLMN (surrogate)

Application of a local linear model network (LLMN) with local linear mod-
els (LLMs) consisting of parametrized MIMO discrete-time state-space systems.
The state-space systems represent mechanical surrogate models (three-mass
oscillators) whose parameters were optimized using an output-error (OE) opti-
mization method (MATLAB function fmincon()) utilizing the cost-function as
given in equation (3.39) with Qp, set to 1 and the parameter constraints of this
constrained optimization in fmincon() set as described in Table (see Section

B.4.3).

For a detailed description of the pantograph LLMN (surrogate) see Section 3.4l

The set of parameter constrains for the constraint optimization (using MATLAB func-
tion fmincon()) of the pantograph LLMN (surrogate) parameters can be found in
Table L2l These values were set for all training runs.

The identified parameter vectors 8; (compare Section [3.4.4)) from the training (using
the whole range (WR) data set) of the pantograph LLMN (surrogate) are collected
in Table 33l The parameter values for the pantograph LLMN (surrogate) consist-
ing of 4 LLMs were acquired by training runs starting with just 1 LLM and taking
those identified values as initial parameter vectors 8; for ¢ = 1,2 for an training run
with the pantograph LLMN (surrogate) consisting of 2 LLMs. Those two vectors
then again were used as the initial vectors for the pantograph LLMN (surrogate)
employing 4 LLMs, by setting 04, = 04 = 09, and 0,43 = 044 = 055 respectively,
where the first index indicates the number of LLMs applied and the second index
refers to the LLM;, with a lower number ¢ denoting a lower position in the partition
space (i.e. positioned lower with respect to the operating height, see e.g. Figure3.12).
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Pantograph LLMN (surrogate) in affine term formulation with 4 LLMs

LLM; i=1...4 Parameters according to affine term state-space system equations (3.33)-(E34)

0, di kg kg kg kg
i,TMO  according mp [kg] myy [kg] kr (33 cr [F2] ra [m] kw (33 ew (2]

to equation

LLMy 13.72 27.33 344.24 30.42 0.19 7999.50 2500.42

LLMs3 15.20 31.41 178.05 36.42 0.03 7999.53 2500.38

LLM> 16.24 36.24 160.51 45.45 0.11 7999.22 2500.72
LLM; 16.97 44.65 155.64 51.28 0.27 7998.42 2501.77

XTMO,0,i according z0,1 [m] z0,2 [2] z0,3 [m] z0,4 [2] z0,5 [m] z0,6 [2]

to equation

LLMy 0.0044 2.63 -0.0009 -0.37 -0.053 0.41
LLMs3 0.0034 2.02 -0.0011 -0.30 -0.035 0.15
LLM2 0.0017 1.00 -0.0005 -0.12. -0.024 -0.69
LLM; 0.0003 0.15 -0.0002 0.02 0.006 -0.53
urnro,0,i according ug,1 [m] ug,2 [Nm]

to equation

LLMjy -0.67 -0.0003
LLMs3 -0.60 -0.0005
LLM> -0.33 -0.0006
LLM; -0.11 0.0003
YTMO,0,i according yo,1 [m] vo,2 [*F] y0,3 [m] yo,4 [*F] yo,5 [m] yo,6 [F]

to equation (3.32)

LLMgy 0.159 -3.04 -0.096 0.75 0 0
LLMs3s 0.096 -2.38 -0.081 0.92 0 0
LLMo 0.036 -1.20 -0.041 0.46 0 0
LLM; -0.009 -0.22 -0.004 0.16 0 0

Table 4.3: Identified parameters of the pantograph LLMN (surrogate)
with 4 LLMs for an identification run using the the whole range

(WR) data set (see Figure [L.0]).
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The determination of the initial values was experienced as a time consuming task,
having a strong effect on the achievable results. The danger of the optimization to
get caught in a local optima was ubiquitous. A brief discussion of this process is
carried out here. Choosing an interpretable mechanical surrogate model helped in
assuming initial values corresponding to the specifications of the examined real-world
pantograph (which was modeled by the white-box model in [I]). E.g. the masses of
the surrogate oscillator my and mj; were chosen according to the masses of the bars
of the real-world pantograph. Similar was the choice of the length of the lever arm r,
in the surrogate model, keeping in mind the maximum forces that can arise in the real-
world pantograph were known. This expert knowledge of the underlying model is also
apparent in the choice of the parameter constraints in Table [£.2. The determination
of initial values for the spring stiffness and damping factors however was not that
obvious and required a trail and error approach. Therefore on the one hand the
pantograph LLMN (surrogate) as a linear model (just 1LLM) utilizing the operation
point (OP) data sets was examined for several operating points. On the other hand,
the extended pantograph LLMN (surrogate), where the parameters of the collector
head are set free for identification (compare parameter vector given by equation
B31)), was examined, which makes the model more flexible and subsequently helps
the optimization to converge.

Remark 4.4.1 (Table [A3]). It can be seen from Table 3] that the affine term pa-
rameters Y5, and yo¢,, interpretable as offset correction terms for the position ¢y,
and velocity 0y of the lowest mass m,; of the three-mass oscillator (see Figure BI3),
are not altered from their initial zero values. This may be due to the fact, that this
mass of the three-mass oscillator has no reference in the white-box model, and there-
fore the optimization using fmincon() is not altering these parameters. Therefore it
could be further examined if these parameters could be set to zero, and not as free
parameters.

Figure illustrates the movement of the parameters of the pantograph LLMN
(surrogate) with 4LLMs as given in Table 3] where the continuous movement of
some parameters (e.g. masses my and mys) from one LLM to another (compare
Figure B.12)) indicate a successfully converged optimization.

4.4.1 Simulation Results, Pantograph LLMN (surrogate)

This section presents the achieved simulation results of the pantograph LLMN (sur-
rogate) as plots of the LLMN output signals (compare equation 23]) in comparison
with the white-box model reference data.

Operation point (OP) data set training, pantograph LLMN (surrogate)
with 1LLM

First the identification results of a single LLM of the pantograph LLMN (surrogate)
will be presented utilizing the operation point (OP) training data sets as exemplarily
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Figure 4.8: Illustration for the change of the parameter vector theta values
for the pantograph LLMN (surrogate) consisting of 4LLMs.
The x-axis represents the number of the LLM; with i = 1
4 corresponding to Figure [3.12, while the y-axis represents the
identified parameter value (compare with Table [.3)).
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Figure 4.9: Pantograph LLMN (surrogate), 1LLM, OP65
Part of the result shown in Figure .10 for the contact force F,
(upper figure) showing the maximum absolute error (lower fig-

ure), achieved with the pantograph LLMN (surrogate) consisting
of 1ILLM.

depicted in Figure 3l A part of the validation run of the pantograph LLMN (sur-
rogate) trained by that OP data set (OP65) can be seen in Figure 10l

Due to the importance of the contact force F, to this thesis (compare Section [[.2),
Figure shows the part for the previously exhibited simulation result, where the
error of the mapping of the contact force F), reaches its maximum. The absolute
error (where error = F, 4atq — F)p moder) is additionally plotted in the lower part of the
figure. The maximum relative error is of about 26 [%].
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Figure 4.10: Pantograph LLMN (surrogate), 1LLM, OP65

Part of the result of the validation run of a pantograph LLMN
(surrogate) with 1LLM for all LLMN output signals (compare
equation (Z3))). This LLM consists of a state-space matrix
trained from the input data set depicted in Figure using
the OE optimization of the parameter vector. The blue signals
‘data’ denotes the reference data generated by the white-box
model, while the red signals 'model’ denotes the output of the
pantograph LLMN (surrogate).
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Whole range (WR) data set training, pantograph LLMN (surrogate)
with 4LLM

Figure .11 shows the result of a simulation run with a pantograph LLMN (surro-
gate), with 4 equidistantly positioned LLMs and affine term extended state-space
system, for the validation input data set corresponding to a training (identification
procedure) with the input data set depicted in Figure (whole range (WR) data
set). The performance of that particular simulation run is presented in Section .6
Figure shows a zoomed out part of the same result, where the deviations from
the reference data can be seen more clearly. Especially for the velocity signals (§ and

() the mismatch in the higher oscillations can be detected plainly (compare with the
mismatch of the modes according to fis and fg in Figures .16l and 7).

Figure shows again the worst performing part of the previously exhibited simu-
lation result of the contact force F}, together with its absolute error over the sampling
time. This plot reveals that the slight deviations in the position signals £ and ( vis-
ible in Figure can lead to strong deviations of the contact force. This happens
due to the fact of the large magnitude of the spring stiffness kg (10°, given by the
white-box model, known quantity) of the collector head in equation (BI4]), which
can blow up a small error of the position mapping. The maximum relative error is
of about 30 [%)] for the pantograph LLMN (surrogate).

Figure A T4]shows again a zoomed in part of the simulation result for the contact force
F, and its absolute error, achieved with the pantograph LLMN (surrogate), where the
parameters of the collector head are set free for identification. At the same position
of the simulation run, the absolute error is about a third of the maximum expected
value (compare with Figure LT3]). The corresponding maximum relative error of this
model configuration therefore is of about 10 [%].

The last Figure of this section shows the absolute error of the contact force F, in
connection with the MSF values (activation of the pantograph LLMN’s (surrogate)
local linear models) for the whole range (WR) input sequence. In this plot it can
be seen, that the peaks of the contact force F), does not stem from the blending
of the LLMs (parameter blending), but from the phase shift in the mapping of the
position signals (compare with Figure LI3). The peaks obviously lie in sections
where primarily one LLM is active (above 97 [%)]).
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Pantograph LLMN (surrogate), 4LLM, WR, PB
Result of the validation run of a pantograph LLMN (surrogate)
with 4LLMs for a training with the input data set depicted
in Figure for all LLMN output signals (compare equation
(23)). ’'data’ denotes the reference data from the white-box
model, while 'model’ denotes the output of the pantograph
LLMN (surrogate).
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Figure 4.12: Pantograph LLMN (surrogate), 4LLM, WR, PB

Zoomed out part of the result shown in Figure Z T revealing the
deviations of the pantograph LLMN (surrogate) outputs from
the reference data (WBM).
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Figure 4.13: Pantograph LLMN (surrogate), 4LLM, WR, PB
Part of the result shown in Figure [4.11] for the contact force
F, (upper figure) showing a large absolute error (lower figure),
achieved with the pantograph LLMN (surrogate).
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Figure 4.14: Pantograph LLMN (surrogate), 4LLM, WR, PB, addi-
tional parameters
Part of the simulation result achieved with the pantograph
LLMN (surrogate), where the parameters of the collector head
are set free for identification, for the contact force F), showing
a smaller absolute error in comparison to Figure [£.13]
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Figure 4.15: Pantograph LLMN (surrogate), 4LLM, WR, PB

Here the whole data set for the validation of the pantograph
LLMN (surrogate) is shown, revealing peaks of the absolute
error of the contact force F, (lower figure). The maximum error
occurs in sections where just a single LLM is active, as can be
seen from the plot of the activation of the different LLMs (MSFs,
upper figure). These peaks therefore stem from the erroneous
mapping of the position signals (compare with Figure E.13)).

4.4.2 Frequency Analysis, Pantograph LLMN (surrogate)

This section treats a frequency analysis of the pantograph LLMN (surrogate), real-
ized by a discrete FOURIER transformation (DFT) of the estimated output signals of
the pantograph model. These transformed signals are compared with the white-box
model reference data for several operation point input data sets. The selected
signals are the pan-head velocity & (see Figure [T0]), the crossbar velocity ¢ (see
Figure A17)) and the contact force F), (see Figure [L18]). The results of the white-box
model are colored blue and cyan, while the results of the pantograph LLMN (surro-
gate) are shown in red and magenta, respectively for two different noise excitations in
each of the four selected operating points: OP25, OP45, OP65 and OP85 (compare
equation [l and Figure B.12).

These plots indicate, that the pantograph LLMN (surrogate) is not able to map the
second resonant frequency fy; (compare Section ZT.3] and Table [ZT]) according to
the white-box model reference data. This particular frequency is strongly represented
in the velocity signals (5 see Figure ELI6 and ¢ see Figure A17) and weakly in the
contact force signal F), (see Figure [.I8). This resonant frequency fy; at about 12.2
[Hz] is originating from the collector head suspension (and therefore also strongly
represented in the crossbar force signal Fiy). By examining the pantograph LLMN
(surrogate), where the parameters of the collector head are set free for identification
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Figure 4.18: DFT of the contact force F}, for several simulation runs with
operation point (OP) input data sets spread over the operat-
ing range. Blue and cyan represent white-box model reference
DFT data for two different excitation signals in each operat-
ing point, while red and magenta represent the with according
DFT data of the pantograph LLMN (surrogate). The axis
ly(f)|/max(y(f)) represents the normalized power spectrum of
the examined signal.

(compare Section B.44]), the mode at fys is successfully mappable. However the ref-
erence data (received by the white-box model) was generated by using the exact same
values for m¢, ko and c¢c as they were set for the pantograph LLMN (surrogate).
Therefore it has to be assumed that the better mapping of the resonant frequency
far with the collector head parameters set as free parameters is only due to the en-
hanced flexibility (10 parameters instead on 7) of the pantograph LLMN (surrogate).
By taking a look at the state-space equations of the three-mass oscillator in Section
B4l it can be stated that the free parameters of the surrogate model have no direct
influence on the collector head position ¢ nor velocity €. These signals can only be
altered through the coupling of the states over time. For a further discussion of
that issue see Section L1l

Furthermore the DFT plots reveal, that the highest resonant frequency fy of the
white-box model at about 22.4 [Hz| is not at all mapped by the pantograph LLMN
(surrogate). This result will be examined further by taking a look at the positioning
of the Eigenvalues of the state-space systems of the different LLMs, which will be
discussed in the following section.

Summarizing this section, it can be stated that the presented results give an alterna-
tive view on the phase shift of the mapped signals, that was discussed in the previous
section, originating form an inability to map the modes of the underlying white-box



4.4 PANTOGRAPH LLMN (SURROGATE) 102

Pantograph LLMN (surrogate), 4LLM Pole-Zero Map

027

"
0.3 0.09 %

04

0.085

—um
05 \

0.08

Imaginary Axis

0.075

\ 0.07
- Pole-Zero Map %
x10~ \

\ 0.992 0.994 0.996
\ Real Axis
15 \

Imaginary Axis

05 | Pole-Zero Map
0.022

Imaginary Axis

-0.5 | 0.0215 x|

(%)
| £ 0021
-15 > |
©
S
@

- S 00205 x|
0.9966 0.9966 0.9966 0.9966 0.9966 | £

Real Axis |

0.0195

I I I I I I I I
0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1

1.01 0.997 0.998 0.999
Real Axis

Real Axis

Figure 4.19: Pole positions of the parametrized state-space matrices of the
pantograph LLMN (surrogate) with 4 LLMs, trained by
the whole range input data set (training data set as shown in
Figure[ZH)). A continuous movement of the poles between L LM,

(blue), LLM; (red), LLMj (black) and LLM, (green) can be
detected.

model correctly.

4.4.3 Stability Analysis, Pantograph LLMN (surrogate)

Figure shows the pole positioning of the identified state-space systems of the
pantograph LLMN (surrogate) with 4 LLMs in the Z-plane. It can be stated, that
all state-space systems are stable, as all their poles lie inside the unit circle. Fur-
thermore it can be seen, that there are two conjugated complex pole pairs and two
real poles present in every of the four state-space systems, according to their system
orders (n = 6). Currently there exists no stability proof for LLMN in state-space
configuration where the parameter blending method is applied. Therefore no guar-
antee for stability in regions between the operation points in which the LLMs are

centered can be given (transients). For further discussion on the topic see Section
(.63 and Section B.1.2]
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4.5 Pantograph LLMN (n4sid)

Application of a local linear model network (LLMN) with local linear mod-
els (LLM) consisting of MIMO discrete-time state-space systems including a pre-
and postprocessing of the input and output signals. The state-space systems
are received by a subspace identification method (utilization of the MAT-
LAB functions ndsid(), reduce() and canon(), see Section B.H) applied on in-
put/output reference data of the pantograph white-box model. The considered
signals for the subspace identification are both inputs (contact position 7 and
pneumatic actuator torque M,,) as well as four output signals (positions £ and
¢ and velocities ¢ and ¢).

Remark 4.5.1. The pantograph LLMN (n4sid) requires the use of a low-pass filter
and a look-up table for simulation, which is applied instead of the affine term exten-
sion as described for the pantograph LLMN (surrogate) to correct the static offsets
in the signals (see e.g. Figure for illustration). The implementation of this pre-
processing of the input signals (low-pass filtering) and postprocessing of the output
signals (look-up table) in the pantograph LLMN (n4sid) is necessary due to the fact,
that the prior identified state-space matrices (using the MATLAB function ndsid (),
see Section [B.0) only can cope with zero-mean signals. Unless otherwise stated, the
presented results of the pantograph LLMN (n4sid) were achieved utilizing the output
blending method (see Section B.6.1]).

Remark 4.5.2. The corner frequency of the implemented low-pass filter is set for all
presented results to fo = 0.25 [Hz|. The corner frequency of the low-pass filter can
be seen as an additional tuning parameter for the pantograph LLMN (n4sid). In
case that fo is set to a low value, e.g. 0.1 [Hz] (corresponding to 10 [s] delay), the
activation of a LLM allocated for the current operating height gets delayed if the
pantograph travels through the operating range. Consequently, due to the faulty
blending procedure during transitions, the accuracy during simulation is worsened.
In case that fe us set to a higher value, e.g. 1 [Hz] (corresponding to 1 [s] delay),
a certain amount of noise is captured by the low-pass filtered signal. Subsequently
the input signal of the LLMs (which is given as the true unfiltered input subtracted
by the low-pass filtered signal) becomes distorted, leading to worse accuracy in the
simulation results.

The illustration of a case study in Figure[4.20is showing the FIT values for the signals
£,6,¢,¢, Fy and F,, simulated for several N4SID identified systems (various system
orders from n = 6 up to n = 50) as well as for subsequently reduced systems (system
order n = 6). In each case a training and validation data set using preprocessed
(zero mean) operating point data sets (see Section [L.2) was evaluated, where the
state-space matrices were identified first on the training data set (T) and validated
on the validation data set (V). Additionally these tasks were carried out vice versa,
hence the denotation OP25TV and OP25VT. The color code indicates good or bad
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Figure 4.20: Hlustration of a case study is showing the FIT values for the
signals &,&,¢, ¢, Fir and F,. Color code: ted = 0 [%], yellow
= 50 [%)] and green = 100 [%] of FIT, while the areas in grey
were not examined. The results were obtained with the pan-
tograph LLMN (n4sid) consisting of 1 LLM with varying
system orders.

FIT with the legend: red = 0 [%], yellow = 50 [%] and green = 100 [%] of FIT. It
can be seen that the order reduction is not compromising the performance (loss of
about 1 [%] in FIT) and that the identification performance result is dependent of
the operating height (this effect is originating either from the nonlinear geometry of
the pantograph or the given estimated white-box models parameters determined in

[1], see Section 2.1]).

Remark 4.5.3 (Figure.20). During the application of the MATLAB function n4sid ()
it was observed, that the initial value of the identified data set can have a strong
impact on the resulting FIT of the simulation, using the identified matrices. This
effect can be recognized in Figure .20 where e.g. for the OP45TV data set, the FIT
drops (yellow coloring) at system order n = 17, although the performance was already
good (dark green) for the identification with one order less. Therefore it can be stated
that some combinations of initial values and system orders are not delivering the
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Figure 4.21: Pantograph LLMN (n4sid), 1LLM, OP65
Part of the result shown in Figure [4.22] for the contact force F),
(upper figure) showing a comparably small absolute error (lower

figure), achieved with the pantograph LLMN (n4sid) consisting
of 1ILLM.

result that corresponds to the potential of this method. It is suggested, that always
multiple identification runs are performed with different parts of the considered data
set before any conclusions are drawn.

4.5.1 Simulation Results, Pantograph LLMN (n4sid)

This section presents the achieved simulation results of the pantograph LLMN (n4sid)
as plots of the LLMN output signals (compare equation 2.3]) in comparison with the
white-box model reference data.

Operation point (OP) data set training, pantograph LLMN (n4sid) with
1LLM

The Figure shows a part of the mapping of the output signals for an validation
run using the n4sid() subspace ID method on an operation point (OP) data
set as it can be seen in Figure (OP65). This simulation result was achieved by
the pantograph LLMN (n4sid) as describe above. The absolute error for the contact
force F}, depicted in Figure d.21I]is considerably smaller than the one obtained with
the pantograph LLMN (surrogate).
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Figure 4.22: Pantograph LLMN (n4sid), 1LLM, OP65

Part of the result of the validation run of a pantograph LLMN
(n4sid) with 1LLM for all LLMN output signals (compare equa-
tion (Z3))). This LLM consists of a state-space matrix identi-
fied from the reference data set depicted in Figure using
the N4SID method (CVA). The blue signals 'data’ denotes the
reference data generated by the white-box model, while the red
signals 'model’ denotes the output of the pantograph LLMN

(ndsid).
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Whole range (WR) data set training, pantograph LLMN (surrogate)
with 4LLM

The results of the simulation using the whole range (WR) data set (Figure [£.4))
are depicted in Figure .23l Figurel£.24]shows a close up of a certain part of that same
result. The pantograph LLMN (n4sid) consisting of 4LLMs was utilized to receive
these results. The state-space matrices inside the LLMs were identified prior using
the N4SID method (CVA) on 4 equidistantly positioned operating points, which were
OP25, OP45, OP65 and OP85 as shown in Figure B.12

The next plot in Figure shows a part of the same result just for the contact force
F, and its absolute deviation form the reference signal (absolute error). This is again
the part of the simulation result where the pantograph model is performing worst in
regard to the mapping of the contact force F},. The corresponding maximum relative
error of this model configuration therefore is of about 22.5 [%].

When taking a look at the whole simulation result in Figure [1.26] where additionally
the activation of the different local linear models (MSFs, degree of membership) is
depicted, it becomes obvious that the peaks of the absolute error (ringing, soaring
up) stem from the blending procedure (output blending in this case). This phenom-
ena was not detectable for the parameter blended pantograph LLMN (surrogate),
compare Figure [4.15]

Remark 4.5.4 (Figure[£.26)). In comparison to the same plot of the pantograph LLMN
(surrogate) (see Figure d.1H), the peaks of the contact force error signal can be clearly
detected during the (output) blending of two local linear models.

Remark 4.5.5 (Figure [£20). As mentioned earlier, the preprocessing of the input
signals (low pass filtering) introduces a phase shift to the partition variable which
subsequently distorts the blending procedure. The offset error of the contact force
error, where the error signal is not oscillating around the zero-axis, stem most likely
from the distorted (delayed) blending procedure. E.g. at position 45 [s] (45000
[samples|) this phenomena is clearly visible.

This subsection is completed by presenting a result of pantograph LLMN (n4sid)
validation run, where the parameter blending method was applied. To achieve
the results shown in Figure .28 an additional processing step for the state-space
matrices was carried out. These matrices are received by the MATLAB function
n4sid() in canonical form and very high order, and a subsequent order reduction
using reduce () and a transformation back to the lost canonical form as described
before. The MATLAB function canon() however does not consider the arrangement
of the Eigenvectors inside the A matrix nor the setting of sings in the By and Cr
matrices. Therefore additionally all the state-space matrices (A7, By and Cr) where
examined regarding the positioning of the modes inside the matrices. By yet another
application of a transformation matrix, which only changes signs in the By and Crp
matrices, the state-space systems of the different LLMs were made more compatible.
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Figure 4.23: Pantograph LLMN (n4sid), 4LLM, WR, OB
Simulation result (validation) of the pantograph LLMN (n4sid)
with 4 LLMs for the whole range (WR) data set (compare [.4])
for all LLMN output signals (compare equation (Z:3])). The blue
signals ’data’ denotes the reference data generated by the white-
box model, while the red signals 'model” denotes the output of
the pantograph LLMN (n4sid).
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Figure 4.24: Pantograph LLMN (n4sid), 4LLM, WR, OB
Part of the result shown in Figure .23l This plot reveals that
the signal is mapped right if it is located around an operating
point, but becomes biased as soon as the blending between two
LLMs occurs. This occurs due to the fact of the low-pass fil-
tering of the partition variable, which therefore carries a slight
phase shift.
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Figure 4.25: Pantograph LLMN (n4sid), 4LLM, WR, OB
Part of the result shown in Figure for the contact force F,
(upper figure) and the absolute error (lower figure), achieved
with the pantograph LLMN (n4sid) consisting of 4LLMs.
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Figure 4.26: Pantograph LLMN (n4sid), 4LLM, WR, OB
Simulation with validation whole range data set revealing peaks
of the absolute error of the contact force F, (lower figure). A
strong correlation between the interpolation of the local models
and peaks of the contact force error is at hand, as it can be seen
from the plot of the activation of the different LLMs (MSFs,
upper figure).
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Figure 4.27: Pantograph LLMN (n4sid), 4LLM, WR, PB
Simulation with validation whole range data set revealing peaks
of the absolute error of the contact force F), (lower figure) with
a plot of the activation of the different LLMs (MSFs, upper fig-
ure). The offset in the error signal stem from the preprocessing
procedure (LPF).

This additional step however hardly can be implemented in an automated fashion
(was realized manually for the presented LLMN (n4sid)). The result shown in Figure
should demonstrate the best achieved performance during this thesis using the
parameter blending method of neuro-fuzzy networks in connection with a subspace
identification method.

Additionally in Figure .27 again the absolute error of the contact force F), for the
whole simulation result together with the activation of the different local linear mod-
els (MSFs, degree of membership) is depicted.

Remark 4.5.6 (Figure[.2T). In comparison with the pantograph LLMN (n4sid) where
the output blending method was implemented (see Figure .20)), a different result is
obtained with the same pantograph LLMN (n4sid) in parameter blending configura-
tion. The absolute error seems to be smaller in magnitude of the ringing (soaring up)
which stems from the blending procedure, but is significantly larger in cases where
several LLMs are passed through in a considerably short period. E.g. the absolute
error of the contact force F,is larger at position 31 [s] (31000 [samples]) compared
to the result shown in Figure .26l Also the offset error, most likely stemming from
the preprocessing of the partition variable, displays a different behaviour, e.g. at
position 31 [s] (31000 [samples]) there is a positive offset compared with the negative
offset visible in Figure 20l
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Figure 4.28: Pantograph LLMN (n4sid), 4LLM, WR, PB

Simulation of the LLMN model (n4sid) with 4 LLMs using the
whole range data set. This results were achieved using the pa-
rameter blending method (see Section B.6.2) performing an ad-
ditional transformation of the by a subspace method identified
state-space matrices inside the LLMs.
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Figure 4.29: DFT of the pan-head velocity ¢ for several simulation runs
with operation point input data sets over the operating range.
Blue and cyan represents white-box model reference DFT data
for two different excitation signals in each operating point, while
red and magenta represent the with according DFT data of the
pantograph LLMN (n4sid). The axis |y(f)|/maz(y(f)) rep-
resents the normalized power spectrum of the examined signal.

4.5.2 Frequency Analysis, Pantograph LLMN (n4sid)

This section treats the frequency analysis, realized by a discrete FOURIER transfor-
mation (DFT), of the pantograph LLMN (n4sid) in comparison to white-box model
reference data for operation point (OP) input data sets. The selected signals
are the pan-head velocity & (see Figure 29), the crossbar velocity ¢ (see Figure
A30) and the contact force F), (see Figure FL3T]). The results of the white-box model
reference data are colored blue and cyan, while the results of the pantograph LLMN
(n4sid) are shown in red and magenta, respectively for two different noise excitations
in each of the four selected operating points: OP25, OP45, OP65 and OP85 (compare
equation .1 and Figure B.12]).

These plots indicate, that the pantograph LLMN (n4sid) is, in contrast to the panto-
graph LLMN (surrogate), able to map all the resonant frequencies that are detected
in the white-box model reference data. This result also leads to considerable better
results concerning the FIT values, as can be seen in Section .6l Again the position-
ing of the Eigenvalues of the implemented state-space matrices has an effect on the
mapping of the modes, which will be treated in the following section.
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DFT of the contact force F), for several simulation runs with
operation point input data sets over the operating range. Blue
and cyan represents white-box model reference DFT data for
two different excitation signals in each operating point, while
red and magenta represent the with according DFT data of the
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Figure 4.32: Positioning of Eigenvalues of the discrete-time system matrix A
of the N4SID based LLM state-space systems in the Z-domain
for several LLMS (operating points). Again for this approach, a
continuous movement of the poles over the operating range can
be observed, even for different realizations (noise sequences).

These are the pole positions of a pantograph LLMN (n4sid)
with 4LLMs.

4.5.3 Stability Analysis, Pantograph LLMN (n4sid)

Figure shows the positioning of the poles on the Z-plane for the pantograph
LLMN (n4sid). The poles depicted are those of state-space system matrices identified
from several operation point (OP) data sets. Again it is mentioned here, that two
different noise sequences were used to generate different input signals for each of the
four operating points OP25, OP45, OP65 and OP85. All the received state-space
systems are stable, but as mentioned before there exists currently no stability proof
for LLMN in state-space configuration where the output blending method is applied.
Therefore no guarantee for stability in regions between the operation points in which

the LLMs are centered can be given (transients). For further discussion on the topic
see Section B.6.3 and Section B.1.2
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Computational Efficiency

Patogaph P LN Pantograph LAY
tas [s] tas [S]0 teim [s] RTF [-] tsim [s]  RTF [-] tsim [s]  RTF [-]
OP65, T: 42 10 11429.49 272.13 1.35 0.135 27.96 0.666
OP65, V: 42 10807.28 257.32 5.52 0.132 27.85 0.663
WR, T: 120 10 30830.91 256.92 1.85 0.185 83,27 0.694
WR, V: 120 28811.58 240.97 20.56 0.171 83.45 0.695

Table 4.4: Comparison of results regarding the computational efficiency
(real-time capability) of the two developed pantograph LLMNs
and the reference data generating white-box model, where RTF
stands for real-time factor with RTF = ¢4, /tg,. T indicates the
training, V the validation data set.

4.6 Computational Efficiency and FIT

In this section the computational efficiency and the performance (FIT) of the two
developed models is compared according to the specifications in Section [L2.1l Table
4.4 summarizes the results in regard to the computational efficiency of the to panto-
graph models for different input data sets. Table summarizes the FIT of the two
pantograph models for different input data sets according to Section [1.2.2]

Remark 4.6.1 (Table £4)). As it can be seen in Table 4] the pantograph LLMN
(surrogate) and the pantograph LLMN (n4sid) are both real-time capable models
(RTF< 1), both considerably faster than the white-box model.

Remark 4.6.2 (Table ). The values presented for the whole range (WR) data sets
were obtained using the pantograph LLMNs with 4 LLMs. In case of the panto-
graph LLMN (n4sid) the results for the configuration employing the output blending
method are depicted.

Remark 4.6.3 (Table [£4]). The real-time factors (RTFs) of the pantograph LLMN
(ndsid) are considerably worse than those of the pantograph LLMN (surrogate).
This is first due to the different implemented blending methods: using the parameter
blending method only requires the simulation of a single blended state-space system
(compare Figure [3.19)), while the utilization of the output blending method demands

Lengths of training data sets for the pantograph LLMN (surrogate) only (compare Section AZ2).
2These values correspond to: OP65T ~ 3.2 [h], OP65V ~ 3.0 [h], WRT =~ 8.6 [h]) and WRV
~ 8.0 [h].
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the simulation of as many state-space systems as there are local linear models (LLMs)
present in the local linear model network (LLMN) (compare Figure BI8). The sec-
ond more decisive reason for the slower pantograph LLMN (n4sid) is definetly the
implementation of the low-pass filter and a look-up table (pre- and postprocessing of
I/O signals). A linear interpolation of the values inside the look-up table is carried
out in every time-step, at the price of a high computational effort.

Remark 4.6.4 (Table [I4]). The simulation using matrices derived by a linearization
of the relations from the white-box model in a certain operating point delivers sim-
ilar results in regard to the computational efficiency as they are presented for the
pantograph LLMN (surrogate). A global linear model derived in such way can be
considered as a real-time capable model.

Remark 4.6.5 (Table @H]). Due to magnitude of the spring stiffness kr (modeled
contact to overhead line, taken from the white-box model [I]), small errors in the
position signals are resulting in a big error of the contact force signal F},, as can be
seen by taking a look at equation (B.14).

Remark 4.6.6 (Table @1]). It has to be mentioned, that for computing these FIT
values only the last 75 [%)] of the data points of the according signals where consid-
ered, to rule out any influence on the result by some transient phenomena due to
unfavourable initial values.

Remark 4.6.7 (Table [LH). In general these results are acceptable in regard to the
contact force F),, considering that the pantograph was moved through the whole
operating range under considerable excitation and shows no signs of instability.

Remark 4.6.8 (Table @H]). It can be observed from Table that the FIT values of
the simulations using the whole range (WR) input data set considering the position
signals (collector head position £ and crossbar position () are considerably better
than the FIT values of the simulations operation point (OP) input data set. It has
to be mentioned, that due to the computation of the FIT values, which represent a
comparison of the mapped signal with the mean of the reference signal, the results
for the OP and WR data set based simulations are not directly comparable in regard
to the position signals. It has to be recognized that the OP data sets are realized at a
constant operating height only exited by noise, therefore the deviations resulting from
phase shifts diminish the computed FIT. In case of the WR data set, the movement
of the pantograph over several meters has much more impact on the FIT value than
the small deviations resulting from noise excitation (about 10 [em]).
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FIT
Model Pantograph LLMN (surrogate) Pantograph LLMN (n4sid)
ode
configura- affine term extension LPF and LUT
tion
N 1 LLM 4 LLMs 1 LLM 4 LLMs
- PB - OB PB
OP data set WR data set OP data set WR data set
Signal | Tin[% Vin[% Tin[% Vin[% Tin[% Vin[% Vin[% Vin [%]
Panhead 59.62 67.57 98.67 98.28 92.48 91.52 99.12 99.15
position &
Panhead -43.56 -30.40 30.37 -14.81 90.64 90.22 61.08 64.57
velocity &
Crossbar 89.56 91.14 99.54 99.16 92.19 91.31 99.07 99.02
position ¢
Crossbar_ 50.43 60.48 83.67 61.74 91.27 90.57 76.63 77.91
velocity ¢
Crossbar -60.44 -47.93 29.26 -28.83 91.01 90.85 68.54 49.46
force Fgy
Contact 54.69 64.86 77.56 63.33 91.41 90.81 81.33 81.78
force Fp

Table 4.5: Comparison of results regarding the FIT of the two developed
pantograph LLMNs in their respective configurations, with OP
for operation point data set and WR for whole range data set ac-
cording to Section 220 T’ stands for Training data set (training
data sets according to Figures A3 and 5l for (surrogate)) and "V’
stands for Validation data set. For the meaning of the denoted
data signals (positions, velocities and forces) see Figure 2.2
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Figure 4.33: Pole positioning of the state-space systems of the linear local
models of the pantograph LLMNs (surrogate and ndsid) in com-

parison with the poles of the - in the according operation points
- linearized white-box model.

4.7 Comparison of the Pole-Positions

At the end of this chapter Figure shows the pole positions in the Z-plane of the
pantograph LLMN (surrogate), the pantograph LLMN (n4sid) and - in comparison
- the pole positions of the linearized white-box model for the respective operating
points (OP25, OP45, OP65 and OP85) according to the positioning of the local linear
models of the pantograph LLMNs (see e.g. Figure B12).

Remark 4.7.1 (Figure 433). In Figure it becomes obvious, that the pantograph
LLMN (n4sid) identified matrices are representing the examined white-box model
better with regard to the oscillation capabilities. The pantograph LLMN (surrogate)
identified two real poles instead of an additional conjugated complex pole pair. This

inability to map the modes of the reference data correctly could also be seen in the
presented DFT plots.
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Figure 4.34: Linearized white-box pantograph model in operating
point OP45, global linear model, WR
Part of the simulation result showing the contact force F, (upper
figure) and its absolute error (lower figure), achieved with the
linearized white-box pantograph model.

4.8 Comparision of the Examined Pantograph
Models

First this section delivers some results of a global linearized model, based on a state-
space system obtained form the linearization of the pantograph white-box model at
a certain operating point (here operation point OP45, see equation (f1])). In Figure
[4.34] the mapping of the contact force F), of the global linear pantograph model is
depicted together with its absolute error. The corresponding maximum relative error
of this model configuration therefore is of about 35 [%].

Remark 4.8.1. To achieve the presented results utilizing the linearized white-box
pantograph model, the resulting output signals were postprocessed to eliminated the
appearing offset error. This offset error is due to the fact, that the linearization of the
white-box pantograph model only delivers the state-space system matrices Ay, opas,
Biin.opas, Clin,opss and Dy, opas, and therefore this model is not able to cope with
movements of the signals out of the linearized operating point (no affine terms). The
postprocessing is realized as a simple subtraction of the offset from the reference
data which is computed after the simulation is finished (for an online adaptation,
the low-pass filter and look-up table approach introduced for the pantograph LLMN
(ndsid) would be a possible realization which is not carried out here).

Table gives the comparison of the FIT of the contact force F), for the linearized
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Comparison FIT contact force F),

Ll;:ﬁi?_iii Pantograph LLMN Pantograph LLMN Pantograph LLMN

Pantograph pantograph model (surrogate) (n4sid) (n4sid)
model

configuration post processing  affine term extension LPF and LUT LPF and LUT

global linear 4 LLM 4 LLM 4 LLM

- PB OB PB

Data set WR, V in [%)] WR, V in [%)] WR, V in [%)] WR, V in [%)]

Contact force I}, 53.06 63.33 81.33 81.78

Table 4.6: Comparison of results regarding the FIT of the contact force F,.
The results of the global linear model (lineraized white-box pan-
tograph model at operating point OP45) are compared with the
two developed pantograph LLMNs in their respective configura-
tions. The results represent the best achievable FIT for the whole
range (WR) validation (V) data set (compare Section [£.2.2).

white-box pantograph model and the pantograph LLMNs, for the whole range data
set only for the validation runs. These FIT results represent the best achievable
performance of these models for the desired application case.

To round off this chapter a boxplot is presented in Figure £33 showing the FIT of
the contact force F), of the examined pantograph models for twelve different whole
range validation signals (similar to the data set shown in Figure 4], with different
slew rates, noise excitations and with a length of 70 [sec]). For these results three
different realizations of the presented models were simulated, which were received as
follows:

o Linearized white-box model, global linear model:
— M11: Linearized around operating point OP45 (previously examined model).
— M12: Linearized around operating point OP55.
— M13: Linearized around operating point OP65.

« LLMN (surrogate), 4 LLMs, parameter blending:

— M21: Identified from the training data set presented in Section 2] Figure
(previously examined model).

— M22: Identified form a training data set with the same shape as given in
Section Figure L5 but with a different noise excitation for both input
signals. The identified parameters of model M21 were used as the starting
values for the identification of this model.
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— M23: Identified form a training data set with the same shape as given in
Section Figure [L.5] but with a different noise excitation for both input
signals. The identified parameters of model M21 were used as the starting
values for the identification of this model.

« LLMN (n4sid), 4 LLMs, output blending:

— M31: Identified from four operation point data sets, as exemplary can be
seen in Section 2] Figure A.3] (previously examined model).

— M32: Identified in the same fashion as model M21, but from according
data sets with a different noise excitation for both input signals.

— M33: Identified in the same fashion as model M21, but from according
data sets with a different noise excitation for both input signals.

« LLMN (n4sid), 4 LLMs, additional manual transformation of the state-space
matrices, parameter blending:

— M41: Manually adapted model M31 with better compatibility of the state-
space matrices (previously examined model).

The motivation of this plot is to give the reader a lead of the general performance that
can be expected from the developed pantograph models. Additionally this figure can
also serve as an indication to the variation of the underlying identification procedures
(parameter estimation, ndsid).

Remark 4.8.2 (Figure [35]). The results of the global linear models (first three from
the left) mainly differ in the variance of the achievable FIT of the contact force F,.
In general this figure shows, that the three pantograph models deliver significant
differing results, where the performance of the pantograph LLMNSs is apparently
better than the global linear alternative, when mapping of the contact force over the
whole operating range is of interest.
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Figure 4.35: Boxplot giving a comparison of all examined pantograph models
and the variation due to their underlying identification proce-
dures. It shows the FIT of the contact force for twelve different
validation signals in percent on the ordinate and the different
models on the abscissa (see Section [1.§]).



Chapter 5

Observations and Discussion

This chapter describes some observations made during the development of the panto-
graph models and discusses the results of this thesis with regard to the goals defined
by the specifications in Section [L2.Il At the end of this chapter, the main findings
will be summarized in a conclusion from a methodical and a practical point of view.

5.1 Observations

This section, as announced, describes some phenomena that were encountered during
the development of the pantograph models. First the pantograph LLMN’s (surro-
gate) parameter sensitivity will be examined utilizing the Fisher Information Matrix,
followed by a discussion concerning the stability and robustness of the developed
models. An outlook on further research and suggestions for possible improvements
of the models will be given at the end of this section.

5.1.1 Pantograph LLMN (surrogate), Parameter Influence
and Fisher Information

To illustrate the influence of the parameter vector on the output of the pantograph
LLMN (surrogate), Table (.11 shows again the allocation of the parameters in the
state-space system matrices as defined in the equations (3.22) and (3:23)), where
the free parameters according to Section B.4.4] equation (3.35]) are highlighted. The
additional parameters stemming from the affine term formulation (3.33)-(3.34) are
neglected in this illustration, because they are utilized to correct a static offset and
do not influence the dynamic of the three-mass oscillator surrogate model.

From that illustration it can be recognized, that the first seven parameters of each
parameter vector 6; do not have any direct influence on the states that represent
positions as well as the output signal collector head velocity £&. Therefore no direct
influence on that part of the three-mass oscillator, that represents the collector head
is given. This is due to the fact that the output matrix C is defined as an eye matrix
and the direct feed-through matrix D as a zero matrix (i.e. states are outputs, com-
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Parameter Allocation for the pantograph LLMN (surrogate)

0= [ meg mpyr k:L CL, TM kW w }
[ o 1 0 0 T
_(kp+keo) _cc. ko cc
me mc mgo me
0 0 0 1 0 0
A= ko co _(kC+ kr ) _(Cc+ cr ) kr, cr,
my m gy m gy ™M mp mp
0 0 0 0 0 1
0 0 kr cr (kr + kw ) (ep + cw )
mM ™m g - m g - mr
_ 0 0 -
k
me 0
0 0
B = 0 0
0 0
0 1
my TM

Table 5.1: Allocation of the first seven free parameters of the parameter vec-
tor @ (compare Section [3:4.4)) in the system (A) and input matrix
(B) of the pantograph LLMN (surrogate) state-space systems.
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Fisher Information Matrix (FIM) for the

pantograph LLMN (surrogate)

Parameters

Outputs my mas kr, cr M kw
€ _ _ _ _ _ _
5 _ — _ — — —
C _ _ _ _ _ _
¢ 14 - 10 12 - -
Snr - — - — — —
Su - 2 =9 0 4 =il

0,1 0,2 0,3 0,4 0,5 0,6
13 0 1 -6 —11 —12
£ 6 7 -5 —6
¢ 0 —7 7 —4 —6
¢ 6 0 6 6 2 1
S 18 —25 -17 —-18 -5 —11
Snr —11 —17 —10 —11 —6 —4

uo,1 uo,2
13 0 —20
£ 6 14
¢ -8 —14
¢ -1 =
Sar —26 —19
St —18 —12

90,1 90,2 90,3 Y0,4 Y0,5 90,6
3 6 - - - - -
3 - 5 - - - -
¢ - - 6 - - -
¢ - - - 6 - -
Onm - - - - -5 —
dnr - - —~ - - -5

Table 5.2: Exponents of the entries of the FIM for all parameters of the pan-
tograph LLMN (surrogate) with 4LLMs (compare Section [4.7]),
where '—’ indicates no parameter sensitivity on the correspond-
ing output.
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pare Section B4]). By looking at the entries of the Fisher information matrix given
in Table .5 this phenomenon becomes more obvious.

The Fisher Information Matrix (FIM), as defined in [9], delivers a measure or insight
of how much of an impact a certain parameter has on a certain output. The results
of the FIM as they are presented in Table are based on the partial derivative of
the model output with respect to the according model parameter, without taking the
dependence of the state vector on the past values into account (coupling over time).

However the parameter sensitivity W(k) is computed for the identified pantograph
LLMN (surrogate) with 4 LLMs (compare Sectiond.4]) for each output and parameter
separately (MIMO system) in each time step and subsequently the FIM for a certain
simulation (whole range WR data set in this case) is obtained as

T- ;%@T(k)@(m, (5.1)

with the variance o of the according output. The parameter sensitivity vector ¥ (k)
is given as the partial derivation of the parameter dependent terms when equation
(3100 is inserted into equation (B.I01]) (taking the parameter blending into account)
as

w(i) = 250 — 0w (X o 00 (et~ 1)~ %o0)
- CWAR) (3 Pt w00 )

- C(k) (f T @(n(k))) *

i=1

which gets evaluated at each time step (solely partial derivative considered).

Remark 5.1.1 (Equation[5.2)). The derivation of the output matrix C; is a zero matrix
for every parameter, while the direct feed-through matrix D is defined as a zero
matrix.

Remark 5.1.2 (Equation [.2). The matrices and vectors A(k), B(k), C(k), Xo(k)

and g (k) represent in terms of better readability the blended matrices and vectors

_ M
evaluated at each time step, e.g. A(k) = (E A;(6)) @An(k))), where k is the
i=1



5.1 OBSERVATIONS 128

current time step, M the number of LLMs and the contact position 1 the one-
dimensional partition variable. Compare with denotation in Section equations
(3.100)- (3.10T).
Remark 5.1.3. For further research and an evaluation of the coupling of the states over
the past values can be realized by an Fisher information matrix in output error (OE)
configuration (see e.g. [10, page 254, Section 3.2]). There the FIM Zog has to be
computed recursively by taking the parameter sensitivity vector’s total derivation of
the model output with respect to the parameter vector into account. This evaluation
is not carried out in this thesis. The computation of the parameter sensitivity is then
given as
dj(k)

Yop(k) = 10 (5.3)
However the received values of the FIM in Table show a strong influence of some
parameters on the crossbar velocity ¢ and just a weak influence on the velocity 0,y
of the third mass mj; of the oscillator, which is not represented in the white-box
model. From the FIM values concerning the additional affine term parameters, it
can be recognized that they mainly influence the upper two masses m¢e and my,
which describing the movement of the collector head and the crossbar and also have
very weak influence on the lowest mass my.

5.1.2 Stability Considerations

A short discussion regarding the stability of the developed pantograph models is
carried out here. As mentioned earlier (see Section B.6.3), there are currently no
stability tests available for the combination of the applied methods (LLMN in state-
space configuration). It is mentioned here, that on the one hand throughout the
development of the two presented models no issues regarding instability during the
blending of the LLMs was witnessed, when implementing the one-dimensional input
space partitioning. This behaviour stems seemingly from the consistent structure of
the state-space systems inside the LLMs, where physically interpretable parameters
of similar magnitude were blended. Additionally all the local state-space systems
inside the LLMs were modeled stable. Therefore some kind of stability preserving
behaviour can be attested to this particular model.

On the other hand, the goal of applying the parameter blending method to the N4SID
based pantograph LLMN could not be reached with a high level of satisfaction, as
still signs of soaring can be detected in Figure .28l Although all possibilities of mak-
ing the identified matrices as compatible and similar in their structure as possible,
by exploiting the canonical representation of the state-space system (modal form).

5.1.3 Discussion on Model Simplifications

The white box model is designed in such a way, that the input contact position 7 at
the top of the pantograph acts like a solid wall, realizing a forced oscillation of the
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pantograph. Furthermore the connection between the pantograph and the overhead
line is as described in Section 2.1l modeled by a spring element, therefore enables the
model to map positive and negative values of the contact force F},. This is not cor-
responding to the behaviour of a real-world pantograph, where the pan-head would
lift off the contact line instead of realizing a negative contact force. This case is not
considered in the white-box model nor in the pantograph LLMNs, because in this
approaches solely the dynamic of the pantograph was of interest. At points where the
pantograph lifts off the contact line, the models do not map the considered signals
correctly.

The white box model and subsequently the developed pantograph LLMN models do
not consider any friction effects, which are apparent in early pantograph test bench
measurement data (hysteresis effects). It is expected that the mapping of real-world
pantograph data will suffer in accuracy from that model simplification.

5.1.4 Subspace Identification using N4SID

The results of the case study presented in Section Figure show, that the
MATLAB function n4dsid(), with the estimation of the initial value and the distur-
bance model switched off (see Section B.5.3)), has great difficulties identifying suitable
state-space system matrices Ar, By, Cr and Dy if the system order is chosen as
n = 6. This is an interesting result, considering that the system dimension of the
underlying system is known to be of that order (see Section 2.T]). It shows further-
more that if the subspace identified systems get reduced by the MATLAB function
reduce() to that order, the achievable simulation results are nearly as good (loss
of about 1 [%] of FIT) as the ones of an arbitrary higher order system. Therefore
it can be observed, that in the chosen configuration (initial values and disturbance
model switched off), the N4SID requires a significant higher order system to identify
the matrices of the underlying system (up to a similarity transformation, see Section
B.0) accurately. Furthermore the case study in Figure indicates that this phe-
nomenon depends on the operating height of the pantograph. E.g. the identifications
in the lower region (OP25, compare (Z1])) require a significant larger system dimen-
sion than the ones carried out with other operation point data sets. For example the
identification run in OP65 shows good results with the system order n = 13 of the
N4SID system, while in OP25 the same performance regarding the FIT can be first
achieved with an system order of n = 21.

Remark 5.1.4. As mentioned earlier (see Remark of Figure in Section [45]) the
choice of the initial value, i.e. using another part of the training data set for iden-
tification, also alters the performance of the N4SID. So it is mentioned here, that
the results presented in this case study for a certain operating point were all realized
with exactly the same part of the utilized data sets, i.e. the case study does not show
the effects of a variation of the initial values, but only of the system order.
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5.1.5 Potential Improvements, Further Research

The local linear model network was chosen for its strengths in interpretation capabil-
ities and improving the developed models with regard to accuracy could be achieved
by altering the structure of the LLMN. Furthermore another network structure could
be chosen (e.g. a RBF network), but these efforts may however diminish physical
interpretability of the model which is counterproductive if the aim is to gain knowl-
edge about the underlying process.

The positioning and validity region of the MSF parameters center and spread could
be fine tuned according to the mapping of the static values in Figure 2.4] especially
at the upper and lower end of the partition space. The optimization of these pa-
rameters, which is referred to as Splitting Ratio Optimization as discussed in [19,
page 376, Section 13.3.4], could yield promising results for simple model structures
with few rules, which is the case for the pantograph model. It should be possible
to alter the splitting ratio, with adapting widths of the validity functions (danger
of normalization side effects), due to expert knowledge by studying the edge regions
of the contact position (input) as depicted in Figure 24l Furthermore simply more
than 4 LLMs could be implemented, i.e. a finer grid partitioning could be carried out.

Special attention could be given to the proportionality factor k, (see Section B.3]),
which is often used as a tuning parameter and is simply set to fracl3 in this thesis
according to the recommendation in [19, page 365, equ. (13.37)] (rule of thumb).
However as discussed in [19, page 374, Section 13.3.3] the smoothness optimization
(nonlinear optimization of the proportionality factor k,) in general does not yield sat-
isfactory results. Summarizing this is due to the observation that when using a global
optimization approach for this parameter, it tends to become bigger, while when us-
ing a local optimization approach the smoothness parameter is resulting close to zero,
comparable to the effects in the optimization of the rule premise and consequent pa-
rameters for fuzzy systems (bias/variance tradeoff, model flexibility /interpretability
tradeoft).

The local linear neuro-fuzzy model can cope with a arbitrary dimensional partition
space, so incorporating another signal (input, fed back output) to the partition space
would be realizable. This would create LLMs which are positioned in a multidimen-
sional partition space, where new rule sets that consider additional information could
be defined. For this multidimensional partition space there exist e.g. axis-orthogonal
or axis-oblique (hinging hyperplanes see e.g. [19, page 438, Section 14.8.1]) decom-
position algorithms that provide great freedom from a modeling point of view. The
obvious disadvantages are on the one hand the increasing impact of the curse of
dimensionality and on the other hand the vanishing interpretability capabilities (hy-
perplanes). In case of the nonlinear pantograph with the given specifications (see
Section [L2Z1]) no vast improvement is expected. This is due to the fact, that the
pantograph model is defined in this thesis as a one-dimensional model and all the
available signals - positions, velocities and forces - are connected inside the state-
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SWOT analysis for the developed pantograph LLMNs

Strengths Interpretability capabilities, computational speed (real-time capable models), abil-
ity to map the nonlinear behaviour of the pantograph white-box model

‘Weaknesses Mapping accuracy (errors in magnitude and phase), variance-error: remaining
uncertainty due to data-driven identification (danger of weak local optima)

Opportunities Further structure optimization possible, real-time-capable pantograph model ap-
plicable for the pantograph-catenary co-simulationm in connection with a modern
day control scheme, possible online adaptation of the identification to develop a
nonlinear dynamic model, utilizable for pantograph controller design

Threats No guarantee for stability of the pantograph LLMN (surrogate) and (n4sid), there-
fore unexpected loss of stability cannot be precluded

Table 5.3: SWOT analysis of the developed pantograph LLMNs.

space system. Possibly such a model would yield a higher accuracy, but in this thesis
the advantages of the simpler model (faster, better interpretability) yield the better
deal.

5.2 Discussion

The final section concludes this diploma thesis by summarizing the presented findings
for the pantograph local linear model networks. First an evaluation of the developed
pantograph LLMNs is carried out utilizing the instrument referred to as SWOT
analysis, see Table 5.3, known from enterprise and project analysis. Furthermore
a confrontation of the two pantograph LLMNs (surrogate and n4sid), crossing out
their specific advantages and disadvantages is given in Table 5.4l

The aim was to identify a real-time capable pantograph model based on a specified
structure. This basic pantograph model should then be used as a static model for
further implementation in a superordinated problem, a co-simulation or a control
problem (controller design), where the interaction and coupling with a overhead line
is of primary interest. This thesis provides two different configurations of such pan-
tograph models with differing properties (interpretability, performance) that show
promising behaviour over the defined operating range of the nonlinear pantograph
(in regard to stability and accuracy). Therefore these models are qualified to be
utilized in further tasks (co-simulation and control problems).

An intense analysis of an existing white-box model was carried out in this thesis,
on the one hand supplying information of the nonlinear pantograph dynamics, and
on the other hand providing a stencil for approaching pantograph modeling in gen-
eral. This acquired knowledge can be used as basis for a different modeling approach.
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Confrontation of the developed pantograph LLMNs

Pantograph LLMN (surrogate)

Pantograph LLMN (n4sid)

Advantages

Disadvantages

High amount of expert knowledge can be
incorporated (system structure)

Physical interpretability of parame-

ters/states of the model

Tediously Output-error optimization with
possible unidentifiable parameters and
danger of ending up in a weak local op-

Only input-output data is needed (train-
ing data set), nearly no prior knowledge
required (system structure)

State-space systems are computed directly
from input/output data

Identified system matrices can only cope
with zero-meaned signals, therefore a look-
up table in connection with a low-pass fil-

tima ter has to be incorporated as a quasi affine
term, which is bad for the computational

speed
No state consistency given over the LLMs

No interpretability capabilities of the
state-space system matrices nor state vec-
tor

Table 5.4: Confrontation of the developed pantograph LLMNs revealing spe-
cific advantages and disadvantages of the different approaches.

5.3 Main Statements, Conclusion

The conclusion of this thesis will be formulated in two parts, on the one hand outlin-
ing the findings from a methodical point of view and on the other hand from an
practical point of view. Again the fact is stressed here, that this thesis examined
an existing white-box model of the nonlinear pantograph and therefore represents
a model based study. Drawing conclusions to the behaviour of a real-world panto-
graph should be done cautiously (e.g. recognizing that due to the simplifications of
the white-box model no influence of friction on the mechanism is considered).

The main goal of this thesis was the application of a local linear model network (local
linear neuro-fuzzy system) in state-space configuration to the nonlinear pantograph
modeling problem, implementing one-dimensional input partitioning in combination
with a parameter or output blending method and therefore creating a real-time capa-
ble pantograph model. Two types of models were developed, one based on a mechan-
ical surrogate model (three-mass oscillator) and one based on subspace identification
methods (N4SID) incorporating different blending methods (parameter respectively
output blending). The offset correction was realized either using the affine term
state-space formulation (case surrogate) or a low-pass filter in combination with a
look-up table respectively (case n4sid).
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5.3.1 Conclusion from a methodical point of view (scientist)

Ad pantograph LLMN (surrogate): The incorporation of expert knowledge for the
design of the pantograph LLMN (surrogate) based on a mechanical surrogate model
(three-mass oscillator) was carried out extensively as envisioned. The interpretation
capabilities of this model are seen as its primary strength, whereas the performance
with regard to the achievable accuracy is seen as its primary weakness. Especially
the inability to identify a suitable parameter set which would give the model the
ability to map the Eigenmodes detected in the white-box model data correctly in
the applied model configuration has to be lined out as a main draw back. At this
point it is not conclusive, if such a parameter set exists for this type of model (i.e. if
a global optimum exists), or if the model structure is not appropriate for the prob-
lem. It can however be stated, that the optimization is vulnerable of reaching a local
optima and sensitive to the initial values of the parameter vector (starting point).
Furthermore it can be stated, that on the one hand the collector head model (linear
one-mass oscillator) is modeled identical for the white-box model and the pantograph
LLMN (surrogate) and on the other hand the three masses of the surrogate model
theoretical provide the ability to map three modes. The allocation of the poles of
the pantograph LLMN (surrogate) system matrices in comparison with the linearized
white-box model underline a different dynamic behaviour.

Ad pantograph LLMN (n/sid): Concerning the applied methodologies for this model
it has to be stated, that the endeavor of implementing an open-loop subspace identifi-
cation method (N4SID) into a local-linear modeling structure still provides questions
but also potential. It was shown, that a stable and smooth parameter blending
procedure can be realized, if the identified state-space matrices are transformed to
modal form, where additional awareness is given to the positioning of the modes and
corresponding signs is given. The automation of this task however is not solved by
this thesis and will need further attention and research. Furthermore the training
or identification process, when the subspace identification is utilized, was realized
through somewhat a grid-based approach. Therefore in its current implementation
the pantograph LLMN (surrogate) cannot be directly identified for multiple LLMs
automatically. Another issue is the experienced seemingly arbitrary performance of
subspace identified models due to the lack of the estimation of an initial value (pos-
sible in general, but not appropriate for the given modeling problem). However, the
achievable mapping accuracy of a nonlinear mechanism utilizing the LLMN based on
subspace identification methods is impressive.

5.3.2 Conclusion from a practical point of view (engineer)

The conclusion from a practical point of view is formulated as an evaluation of the
developed pantograph models with regard to the specifications defined in Section

2.1



5.3 MAIN STATEMENTS, CONCLUSION 134

Computational efficiency

Both developed pantograph LLMNs (surrogate and n4sid) are distinct real-time ca-
pable models as documented in Table 4l The pantograph LLMN (n4sid) is due to
the applied preprocessing of the input signals and postprocessing of the output sig-
nals, which is carried out in every time-step, significantly slower than the pantograph
LLMN (surrogate).

Structure

Both developed pantograph LLMNs (surrogate and n4dsid) are realized as local linear
model networks, consisting of an arbitrary amount of local linear models (LLMs).
The validity region for those LLMs is chosen equidistant over the operating height
and they are blended via an one-dimensional partitioning variable (contact position
n) utilizing either the parameter blending method (pantograph LLMN (surrogate)) or
the output blending method (pantograph LLMN (n4sid)), therefore providing strong
capabilities for physical interpretation.

Mathematical formulation

Both developed pantograph LLMNs (surrogate and n4sid) contain state-space sys-
tems in their respective LLMs with a system order of n = 6.

Ad pantograph LLMN (surrogate): In case of the pantograph LLMN (surrogate)
these systems are given by the state-space formulation of the equations of motion
of a parametrized three-mass oscillator, whose parameters where determined with
an output error optimization method utilizing the reference data of the pantograph
white-box model. To cope with occurring offset values in the positions, the state-
space systems are extended by affine terms. Due to the parameter blending method,
uniqueness of the state-vector is given. The blended system, as well as the state-
vector are physically interpretable.

Ad pantograph LLMN (n4sid): In case of the pantograph LLMN (n4sid), the state-
space systems are reduced state-space systems, originally identified by the application
of the subspace identification method N4SID on input/output data of the pantograph
white-box model. To cope with occurring offset values in the positions, a preprocess-
ing of the inputs and a postprocessing of the outputs is carried out in every time
step. Due to the applied output blending method, no uniqueness of the state-vector
is given. The systems and states are not physically interpretable, but similar in their
structure due to the manipulations of the identified system matrices.

Performance

For a detailed comparison of the developed models mapping performance and accu-
racy consult Sections 4Tl and E5.T] as well as Table .5 and especially Figure 35l
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Ad pantograph LLMN (surrogate): As documented the strength of this pantograph
model lies in its physical interpretability, where all system matrices as well as the
state vector of the blended state-space system (obtained by the implementation of
the parameter blending method) correspond to physical quantities. The inability
of identifying the modes (resonant frequencies) of the pantograph white-box model
(reference model) has to be seen as the main drawback of this approach implement-
ing the described model structure (surrogate model as a three-mass oscillator). This
shortcoming is detectable by comparing the positioning of the poles of the utilized
state-space systems as well as the frequency analysis to the output signals to those
of the pantograph white-box model. However due to its outstanding computational
speed and its satisfactory accuracy in mapping the contact force F, over the whole
operating range, the pantograph LLMN (surrogate) could seen as an alternative to
a global linear model.

Ad pantograph LLMN (n/sid): The approach of incorporating a subspace identifi-
cation method into a local linear model structure can be seen as a success. The
pantograph model is identifiable with considerably little effort, provided the required
measurements are available. Due to this property, the model could be utilized for the
examination of different pantograph geometries. The subspace modeling approach
still withholds some potential, on the one hand in the structure of the identified
matrices (compatibility) and on the other hand in the training process of the pan-
tograph LLMN (n4sid), i.e. automatic identification of a multiple LLM LLMN or
even online adaptation. The presented solution utilizing a low-pass filter and look-up
table is costly both in regard to the effort necessary for an identification of the model
and to the computational speed of the identified model. Nevertheless the already
achieved accuracy over the whole operating range of the pantograph LLMN (n4sid)
is impressive.
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