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Kurzfassung

In Stromnetzen wird optimale Lastflussrechnung zur Optimierung des Betriebspunktes des Netzes
verwendet und Sekundérregelung um die Frequenz nach Abweichungen wiederherzustellen. Durch
das stetige Wachstum von erneuerbaren Energien steigt die Anzahl von steuerbaren Gerdten im
Stromnetz der néchsten Generation. Dieser Trend setzt die derzeitigen zentralen Regelungsme-
thoden zunehmend unter Druck, da sie eine limitierte Skalierbarkeit und Erweiterbarkeit haben
und einen ,,Single Point of Failure“ darstellen. Zur Behebung dieser Defizite wurden neuartige,
verteilte und dezentralisierte Regelungsstrategien entwickelt. Diese Arbeit gibt einen genauen Ein-
blick in die Leistungsfihigkeit von verteilter optimaler Lastfluss basierter Sekundérregelung unter
Berticksichtigung von Szenarien mit realistischen Kommunikationsnetzwerken. Nach einem Ver-
gleich aktueller Methoden und der Présentation des derzeitigen Stands der Technik, wird mittels
der ,Alternating Direction Method of Multipliers“ eine vollkommen verteilte Implementierung
gezeigt, welche zusétzlich zur Sekundérregelung die Verluste im Stromnetz minimiert. Zusétzlich
wird das Kommunikationsnetzwerk, das die Controller miteinander verbindet, mit ,,GNS3“, ei-
nem Kommunikationsnetzwerksimulator, modelliert und simuliert. Das Ziel dieser Diplomarbeit
ist es, einen neuartigen Ansatz zu zeigen und zu simulieren, welcher anhand der beiden elektri-
schen Testnetze — IEEE 13 und IEEE 123 node test feeder — unter Beriicksichtigung realistischer
Kommunikationsnetze validiert wird. Weiters wird eine Methode gezeigt, mit der Simulationen
automatisch erstellt und analysiert werden kénnen. Die vorgestellte Simulationsumgebung ist
anpassbar und kann auch zur Untersuchung weiterer Testszenarien oder zum Testen anderer
verteilter Algorithmen verwendet werden.

Abstract

In electrical power grids optimal power flow is used to optimize the operating state of the net-
work and secondary control is used to restore the frequency after disturbances. The number of
controllable devices will increase in next generation electrical grids through the penetration of re-
newable generation. This trend challenges the centralized control methods used nowadays as they
only have limited scalability, extensibility, and present a single point of failure. Distributed and
decentralized control strategies have been proposed to overcome these shortcomings. This work
takes a deep look at the interdependencies of distributed optimal power flow based secondary
control algorithms and their performance in scenarios with realistic communication networks.
After a comparison of current research activities and approaches in use, the “Alternating Direc-
tion Method of Multipliers” is implemented in a fully distributed manner to solve the power loss
problem. Furthermore, the communication network layer between the controllers implementing
the algorithm is modeled with a network emulator, namely “GNS3”. The aim of this thesis is to
formulate and simulate this novel approach, and finally validate it using the IEEE 13 and IEEE
123 node test feeders, while considering realistic communication quality of service. By leveraging
GNS3, the relation of the algorithm runtime and the latencies of the communication grid is mea-
sured. Furthermore, an automatization methodology is introduced which is used to streamline
the generation and the analysis of simulations. The proposed framework is fully customizable to
allow investigations of other test cases or of other distributed algorithms.
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1 Introduction

In electrical power systems, the production of electrical power always has to be in equilibrium
with the demand of power. However, both, the power demand and the power production is not
perfectly predictable and, therefore, often small imbalances of consumption and production exist.
If there is a power residuum in the system, the rotational energy of the turbines of the power
plants is used to cover the power surplus or shortage. This absorption or injection of energy
changes the frequency in the Alternating Current (AC) grid. Frequency control guarantees the
power equilibrium in the electrical power grid.

However, the frequency cannot be changed arbitrarily, it must stay within a defined tolerance
band. In the European Network of Transmission System Operators for Electricity (ENTSO-E)
network, where the Austrian Transmission System Operator (TSO) Austrian Power Grid (APG)
is a member, the frequency needs to stay within (50.00 £ 0.02) Hz in “Normal State” [EE09]. If
the frequency falls below the lower boundary, deliberate load shedding is done [EE15]. Within
the ENTSO-E grid, three different control layers exist which are used to control the network
frequency [EE09, MDH™ 18]. Figure 1.1 shows the intended usage of these layers.

Tertiary Control

Secondary Control

Primary Control

f Hz
50.2

50.1

50

At

30s 15 min

Figure 1.1: In the graph the three different frequency control layers are shown. The solid line (teal) is the
frequency of the system and the dashed horizontal line shows the frequency setpoint. After a
mismatch of generation and demand, the primary control stabilizes the frequency. Afterwards,
the secondary control brings the frequency back to its setpoint. Finally, the tertiary control
takes over to release activated primary and secondary control reserves.
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Primary Control: After the detection of a deviation from the setpoint frequency, the task
of the primary control is to stabilize the system frequency by ensuring the balance between
power production and consumption [EE09]. Each primary control participant generates power
proportional to the frequency deviation [MBB11]. This stabilizes the frequency at a value unequal
to the setpoint frequency in general, as shown in the first 30s in Figure 1.1. The primary control
reacts within some seconds to a frequency disturbance.

Secondary Control: After 30s the secondary control whose function is to bring the frequency
back to its setpoint takes over. A centralized controller sends all the secondary control participants
the setpoint for the control, while considering the scheduled net tie-line interchange with other
control areas [MBB11]. Each participant has its own predefined participant factor that defines
the power it has to inject. The centralized controller uses a proportional integral controller for
the calculation of the setpoint which is used to remove frequency deviations [MBB11]. As can be
seen in Figure 1.1, the secondary control brings the system frequency back to its setpoint. The
action time of the secondary control finishes 15 min after the disturbance [EE09].

Tertiary Control: Last, the TSO activates the tertiary control automatically or manually. The
tertiary control is used to free activated secondary control or to support the secondary control
and thereby free activated primary control reserves [EE09]. Furthermore, tertiary control can
be used, for instance, to minimize the operational costs of the power grid. These setpoints are
obtained from an Optimal Power Flow (OPF) algorithm [MBB11].

1.1 Motivation and Problem Statement

Due to the effort of increasing the ratio of renewable energy sources in the electrical grid, the trend
is towards replacing large generators in the transmission grid with several smaller generators in the
distribution grid [GCGEH16]. In 2017, 84 % of newly installed power plants in the European Union
(EU) fall in the category of renewable energy resources [Eurl8]. In order to further increase the
ratio of distributed energy resources, these generators need to be operated in an optimized fashion
while assuring the fulfillment of grid constraints like voltage, frequency, and line loading limits.
OPF can be used to calculate the setpoints of each distributed generator. These setpoints are
optimized in such a way that the power demand and grid constraints are fulfilled, and additionally
the power losses in the grid are reduced. This optimization method falls into the category of
OPF-based secondary control [GCGEH16]. OPF-based secondary control combines the power
equilibrium aspect from the secondary control and the optimization of the grid operation from
the tertiary control [MDS™17].

In [Far10] Hassan Farhangi presents trends and possible differences between the current electricity
grid and the grid of the future. Some of these aspects are shown in Table 1.1. As mentioned before,
centralized generation changes towards distributed generation. In order to accomplish that, the
observability and the controllability needs to be increased. Another important facet of the future
grid is the reliability of the network. The grid should automatically adapt to changes in the
current state and be able to ensure a high security of supply. For instance, a part of an electrical
grid can disconnect itself if it detects potential failures of a connection line. Hence, it is able
to continue working in an islanded mode. The frequency and voltage limits of the subgrid still
need to be fulfilled which requires control. A centralized control schema can be problematic in
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an islanded operation because of the dependency on a working communication connection to the
centralized controller.

Table 1.1: Possible changes in the electricity grid of the future [Far10]

Existing Grid Intelligent Grid
Centralized Generation Distributed Generation
Few Sensors Sensors Throughout
Manual Restoration Self-Healing
Failures and Blackouts Adaptive and Islanding
Limited Control Pervasive Control
Centralized Distributed Decentralized

O @ oo ®

— D & oo, ®

Figure 1.2: This figure shows the differences between centralized, distributed and decentralized control
[DLVG16]. In this example four different nodes run a control strategy for the three control
architectures. The communication paths are symbolized with the arrows (teal).

Distributed control can be used to eliminate these limitations. The differences between central-
ized, distributed, and decentralized control are illustrated in Figure 1.2. In centralized control
each node in the system communicates with one central unit. The central unit presents a sin-
gle point of failure in the system and complicates the scalability of the system. Moreover, it is
necessary to share all the needed (confidential) data with a centralized actor. This central unit
is removed in distributed control. Instead, each node communicates to some other nodes in the
network which makes the approach scalable, extensible, and robust. In a decentralized controlled
approach, no communication is needed at all. Unfortunately, decentralized control cannot guar-
antee global optimality. Therefore, distributed control approaches are promising candidates for
the requirements of the future grid [GCGEH16].

Extensive work has been published about distributed control in electrical grids [KCL* 14, Ers14,
ZHD™17, DZG13, MDGV14, MDS™17, LBR15, KG13, KWAB11]. However, in all of these works
the communication layers of the distributed control approaches are not considered at all. Hence,
based on these works one cannot state which requirements the communication network needs
to fulfill, such that distributed OPF-based secondary control satisfies the timing restrictions of
secondary control.

1.2 Aim of the Work and Contribution

As mentioned previously, due to the penetration of renewable energy sources, the grid is changing
and introduces new requirements like adaptivity and extensibility. These aspects were not consid-
ered in the implementation of the current control strategies. Therefore, new distributed control
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strategies have emerged which promise to cope with some of these requirements. However, prop-
erties like the quality of service of communication begin to play a more important role, which
needs to be considered. The currently available state-of-the-art simulators for electrical grids do
not support the simulation of the electrical grid with its control strategies and the communication
network simultaneously.

The aim of this work is to fill this gap and present a novel approach which is able to simulate
distributed control strategies for electrical grids and which considers the effects of the communi-
cation layer. The application of this is twofold: first to validate the correctness of the results of the
distributed power loss control and second to analyze the impact of the communication network
on the convergence time of the control strategy. For the validation of the results, the solutions of
a centralized control approach are used as reference. The centralized and the distributed solution
run their control strategies for the same scenario. Afterwards, the solutions of these methods are
compared.

Furthermore, this simulator can also be used to answer the question: which quality of service
constraints must be respected by the communication layer, such that distributed OPF-based control
solutions are usable for secondary control? The time frame of secondary control in the ENTSO-E
network is 15 min [EE09, TUA14, MBB11]. Therefore, the optimization has to finish within this
duration so that its results can be applied®.

Another cumbersome and error-prone task is setting up the simulation environment, as the com-
plexity of the scenarios is rather high, and a large number of components need to be configured.
Automating the generation of the files needed for a simulation can make significant savings on the
time required to create the simulations and reduces potential errors. Therefore, Power System
Automation JSON (PSAJ) was developed in the scope of this thesis. PSAJ is a methodology
which is used to automate the generation of simulations. To do so, the files containing the data of
the test grids are parsed and translated into PSAJ. After the automatic adjustment of the data
for the test scenarios, PSAJ generates all the necessary simulation files.

To sum up, the contributions of this thesis are the following:

1. The formulation of the distributed power loss problem for AC networks.

2. A simulation approach which is used to simulate the distributed power loss problem by
taking the properties of the communication network layer into account.

3. PSAJ, a methodology to automatize the generation of simulations.

4. The simulation and validation of the distributed power loss control on two test feeders
(IEEE 13 and IEEE 123 node test feeders).

1.3 Structure

Chapter 2 describes state of the art and related work of optimization in electrical grids and simu-
lation approaches that can be used to simulate them. Then, Chapter 3 shows the implementation

'During the execution of the OPF-based secondary control, a decentralized secondary control approach could
bring the frequency back to its setpoint. Subsequently after the optimization has finished, the optimized setpoints
could be applied.
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and the simulation framework that is used to validate the proposed OPF-based secondary control.
In Chapter 4, the results of the evaluation of the distributed approach for the IEEE 13 and IEEE
123 node test feeder are presented. In Chapter 5 a summary of the thesis and an outlook is given.



2 State of the Art and Related Work on
Optimization in Electrical Grids

This chapter discusses the state of the art and related work on optimization techniques in electrical
grids. The first section deals with centralized optimization methods. In the beginning the power
flow equations are explained and derived. Afterwards, the power loss problem is described which
is an optimal power flow problem. COBYLA, a non-linear solver, is subsequently explained. It is
used in this work to solve the power loss problem numerically. Furthermore, the semidefinite and
secondary order cone relaxation are derived. They can be used to convexify optimal power flow
problems.

In the second part of this chapter the Alternating Direction Method of Multipliers (ADMM)
is shown which can be used to transform centralized optimization problems into distributed
optimization problems with shared variables. By using a consensus method, the distributed solvers
of the optimization problem can agree on values for their shared variables. This method is used
in the next chapter in Section 3.1 to formulate the distributed power loss problem.

The last part of this chapter discusses and compares simulation tools and frameworks that can be
used to simulate distributed optimization problems and their communication layer. Furthermore,
it is stated and justified which tools and frameworks are used in this thesis.

2.1 Centralized Optimization

Traditional optimization problems are solved using centralized methods. These problems are
solved numerically on a single machine. Distributed optimization becomes relevant if the prob-
lem size and complexity increase and single machines do not have adequate processing power or
memory size in order to reach a solution in a reasonable time [BPC™11]. However, distributed opti-
mization approaches are in general more complex. Furthermore, a previously centralized program
has to be transformed before it can be approached with a distributed method. For these reasons,
this section introduces Power Flow (PF) and Optimal Power Flow (OPF) in their centralized
form first. Section 2.2 extends these centralized concepts for distributed optimization.

2.1.1 Power Flow

Electrical power grids are complex physical systems. Therefore, the grids are represented in a
simplified manner to ease their modeling. The electrical grid is composed of buses, lines, and
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devices. Each bus represents a node in the topology with an assigned voltage. Lines connect the
different buses and transport power from one bus to another one. They are usually modeled with
an equivalent lumped circuit, if effects like wave propagation are neglectable [Ber09]. Devices like
generators, batteries, and loads are connected to the buses. The appliances just mentioned have
one connection. Other devices like transformers or breakers have more than one connection. A
transformer for instance has a low and a high voltage connection.

The modeling discussed in the paragraph above is formulated more formally next. All the following
derivations of this chapter assume balanced single-phase equivalent topologies. However, the equa-
tions can be modified without many changes to support unbalanced networks. Basically, the scalar
values for impedances and admittances need to be replaced with matrices [Dom86, MDS*17].

For the definition of the grid we assume a topology with n buses. N' which is defined as N :=
{1,2,...,n} is a set that contains all the bus numbers. The set £ contains all the lines of the
power grid. If a connection between two arbitrary buses i € N and j € N exists, the notation (i, j)
is used and is equivalent to i <> j. The tuple (4, 7) is assumed to be unordered so (i, j) = (j,1). To
reformulate it with terminology from graph theory, N holds the nodes, while £ holds all the edges
of the graph. An example is given in Figure 2.1. Devices connected to a bus inject and consume
power. Figure 2.2 depicts the power flows of a bus k € A/. A generator G}, injects the apparent
power sqy into the bus, whereas load Lj subtracts power with the amount sy ;. If bus £ is adjacent
to the buses {l,m,...,p} C N, the connecting lines are in the set {(k,1), (k,m),...,(k,p)} C L.
The reference directions of the apparent powers of the lines and the loads are directed away from
the bus. Apparent power coming from a generator has its reference direction pointing from the
generator to the bus.

1 2 3
® L 9
N={1,2,3,4,5}
'C::{ ) 9 ) ) ) }

4 5
Figure 2.1: The circles (teal) represent the buses (nodes) in the topology. Section lines (edges) of the

power grid are symbolized with lines (orange). The set N holds all the buses and £ all the
lines of the topology.

Ly, Gy,

bus k Uik

5kl+ +Skm "‘+Skp

Figure 2.2: The picture shows the power flows coming from and to bus k. A generator Gy injects the
apparent power sgy and load Ly consumes sg,;. The apparent powers s; to s, are the power
flows to other adjacent buses. vjy) denotes the voltage of the bus.

The total power injected into bus k is the apparent power coming from the generator minus the
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power consumed by the load, as shown in Equation (2.1).
S[k] *= SGk — SLk (2.1)

If more than one generator is connected to a bus, they will be combined into a single generator.
The same is done for multiple loads. To have an equilibrium at the bus, the injected power must
be the same as the power flowing to the other buses. This equilibrium is necessary in order to
satisfy the law of conservation of energy [MR53]. This leads to Equation (2.2), where sy; are the
power flows from bus k to its adjacent buses. The index i : k > i used as an underscript for )
denotes a summation for all (i, k) € L.

S = Z Ski (2.2)

itk

The same must also be true for the currents flowing from and to the bus

i = ick — ik = Y ik, (2.3)

itk

where i) is the total current of the bus, iqx represents the current injected by the generator, ipy is
the current drawn by the load, and iy, igm, . . . , ixp are the currents flowing to the adjacent buses.
Each current has the same reference direction, as the corresponding apparent powers flowing
through the same line. The current of the generator flows to the bus, while all the others are
directed away. If a bus r is not connected to bus k, the apparent power and the current between
the buses are zero.

Lumped Circuit Equivalent

As mentioned before, the electrical lines can be modeled with a lumped equivalent circuit. Two
common equivalents are II- and T-section lines. In this work the behavior of the lines is modeled
using II-sections. Lumped equivalent circuits of single phase lines are represented as quadrupoles.
Such a quadrupole is shown in Figure 2.3. The left bus f € N (from) has the voltage vy and the
current iy, while the right bus ¢t € N (to) has vpg and i¢f as voltage and current. The ll-section
line consists of one series impedance Zgeries, f+ and two equally sized shunt admittances yshun, /2
The equations for the currents of the circuit are shown in Equations (2.4) and (2.5).

. Yshunt, ft Vi — YLt < 1 yshunt,ft) < 1 >

i = Upp - + =0 - +oyg | ——— 2.4
It 7 2 Zseries, ft s Zseries, ft 2 g Zseries, ft ( )
. Yshunt, ft Vit — YIS < 1 ) < 1 yshunt,ft>

Lef = Uy + = —— )+ + 2.5
gl g 2 Zseries, ft ] Zseries, ft g Zseries, ft 2 ( )

Using an admittance matrix Yy s, these two equations are rewritten in Equation (2.6) in a more
compact form.

. 1 Yshunt, ft _ 1

th Zseries, ft 2 Zseries, ft U[f]
. _ 1 1 Yshunt, ft

th Zseries, ft Zseries, ft 2 U[t]

Y, 5t
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Zseries, ft

Yshunt, ft

Yshunt, ft

Figure 2.3: A Il-section line with one series impedance zgeries and two shunt admittances yspunt-

The properties of the Il-section are direction independent. If the ends of the section line are
connected with the respectively opposite bus, the admittance matrix Yy s remains the same.
This is the case because the admittance matrix is both symmetric and persymmetric!.

Equation (2.6) can be further generalized to describe not only two interconnected buses, but the
connectivity of all n buses. All lines in the power grid are represented as quadrupoles with the
admittance matrices Yy, € C?*2. This matrix can either be a II-section model with the matrix
Y1, t, as shown before, or any other model described as quadrupole with the aid of an admittance
matrix. Algorithm 2.1 shows the steps needed to calculate the admittance matrix Y for the entire
network. Here, the index in the square brackets gives the position of the matrix’s component.
The first number indexes the row, meanwhile the second addresses the column of the matrix. For
instance, y11] is the component in the first row and column of matrix Y.

Algorithm 2.1: Generating the admittance matrix Y from the submatrices Y

1Y :=0¢gCvn // Initialize the admittance matrix
2 // Iterate through all line connections

3 for (f,t) in £ do

41 Y =Y Y

5 Y[ 2= Y[ + Ype22]

6 | Ylre = Yrepi2)

ToL YA T Vs
All bus voltages are components of the vector v = [v[l] U] e v[n]]T and all currents are in
the vector i = [i[ll i - i[n]]T. Equation (2.7) shows the relation between the voltages and
the currents.

i=Yv (2.7)

Combining Algorithm 2.1 and Equation (2.6) yields Equations (2.8) and (2.9). The equations
describe the admittance matrix of an electrical power grid in which the connections are modeled

LA persymmetric matrix is a square matrix which is symmetric in terms of its diagonal going from the top right
to the bottom left corner. [HWSH13]
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using Il-section lines.

im| - fvny o v [e
=1 : (2.8)
i[n] Y1) Ymnll (V]
Zk:kef <Zseriis,fk + ys}m;@fk)j iff —¢
v = § - if fALA(f,t) €L (2.9)
0, i f A A (S L

The admittance matrix is symmetric as all matrices corresponding to the Il-section lines are
symmetric as well.

Power Flow Equations — Polar Representation

A popular form of the power flow is the polar representation. The power flow equations couple
the bus voltages with the power injections. Equation (2.7) only brings the voltage into relation
with the current. First, the complex conjugate of a bus’s current needs to be multiplied with its
voltage to obtain the power injection

Sk) = VKK (2.10)
where m denotes the complex conjugate. Substituting the current in Equation (2.10) with Equa-
tion (2.7) yields the power flow, as shown in Equation (2.11). Here, y{;. represents the Eth row
vector of the admittance matrix Y.

sie) = Vi) (TRIY) = 0k Y Vi)Vl (2.11)
=1

For the polar representation Y is split into its real part, the conductance matrix G, and its
imaginary part, the susceptance matrix B. Additionally, by expressing the voltages in their polar
form vj) = \v[k]| &4 the power flow equations can be written as

sirg = Lo €% (g + 30pka) (v €79) = Jopgg 1D v @700 (g — jbga)
=1 =1
= [vpg] D lvjigl (cos(Opg — 0j3p) + sin(Og — 0)) (giwi) — Jbpea)- (2.12)

=1

If the real and the imaginary part of the apparent power s; are written separately, the polar
representation of the power flow equations is obtained [MDS™17, Ber09]. This representation is
shown in Equations (2.13) and (2.14).

Py = R(sp) = o > vggl (gjei cosOpg — 0j7) + by sin (055 — 0p) (2.13)
=1

qy = Lspg) = lopgl D 1vjay (g sin (0 — 63) — biiiy cos(Bp — 0j)) (2.14)
i=1

10
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The advantage of the polar representation is its physical expressiveness. With the magnitude
and the angle, it is easy to compare two voltages. For instance, to check if a voltage in polar
representation is within its limits, only the voltage magnitude needs to be compared to its lower
and upper bound. Whereas, two values, the real part and the imaginary part, have to be considered
for a voltage represented in rectangular coordinates.

Power Flow Equations — Rectangular Representation

Many solvers address real valued optimization problems and cannot handle complex values [GJ17].
A solution to this issue is the polar representation of the power flow equations. Both equations
for the active and the reactive power do not use complex numbers. A disadvantage of this repre-
sentation are the trigonometric functions. From a numerical point of view, matrix multiplications
can be easier and faster to compute, than solving several trigonometric functions [BB87]. In the
following, the rectangular representation of the power flow equations is derived.

The aim of this section is to present power flow equations with real valued vectors and matrices
that only use additions and multiplications?. First, Equation (2.15) gives the sum of all power
injections for the network.

Stot = vii=vIYv (2.15)

Both, the voltage v and the admittance matrix Y are expanded into their real and imaginary
parts

= (R(v) +JIv))" ((G+]B) (R +1IV)) )
= (R(YV) +JIv)" (G = JB) (R(v) — jI(v))
= (R(v) +jI(v))" ((GR(v) = BI(v)) + (-BR(v) ~ GI(v)), (2.16)

where R(#) denotes the real and I(#) the imaginary part of a quantity. This equation is multiplied
out and written separately for the active power and the reactive power

Prot = R(v") (GR(v) — BI(v)) + I(v") (BR(v) + GI(v)) (2.17)
G0t = R(vD) (=BR(v) — GI(v)) + I(v1) (GR(v) — BI(v)). (2.18)

Each of the equations is then formulated in its quadratic form in Equations (2.19) and (2.20).

prot = [R(vD) T(vT)] 1(3; _(13] I][f((vv))] (2.19)
i 8 i

Grot = [R (vT) T(v1)] _G]'3 :g [H]f((:))] (2.20)
i S |

2The trigonometric functions in the polar power flow representation can be eliminated with Taylor expansions.
But since a Taylor series cannot have an infinite number of terms in real world applications, this would give only
an approximation of the equations.

11
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The newly introduced matrices Y, € R**2" and Y, € R**2?" are the admittance matrices
for the active and reactive power equation. Notable is that both matrices are in general non-
symmetric, even if the conductance and the susceptance matrices are symmetric. Also, the real
and imaginary part of the voltage can be combined in a single real valued vector v, which is
defined in Equation (2.21).

V= [R(V)] e R*" (2.21)
I(v)

The first n components are the real part of the original voltage vector and the last n components

the imaginary part. Leveraging v, the Equations (2.22) and (2.23) are written in a form similar

to Equation (2.15). In contrast to a complex voltage vector and a complex admittance matrix,

all the vectors and matrices are real valued.

Prot = V' Y ¥ (2.22)
Gtot = VT YoV (2.23)
For the active and reactive power injections at a bus k the equations look like follows

— 9 ) o= [dyy B Yelk] 1§ 2.24
Pl = OkyYplke ¥ + O] Yplhnd¥V = [0k Opin)] v (2.24)

Yplk-+ne]

A~ N N ~ ~ N Yalks ~

k) = V)Y ak]V T Uktn]Yalktne] V = [v[k] U[H”]] [ o ] v (2.25)

Yaqlk-+n-]

where y ;. respectively yq. are the k" row vectors of Y, and Yq, while 0p) is component k
of the voltage vector v. Both, oy and 0, are needed in the equations, because together they
contain all the voltage information of bus k. The k"™ element of the voltage vector represents the
real part. Component k + n holds the imaginary part of the bus voltage.

If the conductance and the suceptance matrices are symmetric Equations (2.17) and (2.18) can
be further simplified. The simplification is done by leveraging the property described with Equa-
tions (2.26) and (2.27).

B =BT (2.26)
R(vD)BI(v) = (RvV)BI(v))" = I(vI)B'R(v) = I(v")BR(v) (2.27)

In the same way, the real and the imaginary voltage components are interchangeable with respect
to the conductance matrix. Using these observations, simplified formulas for the power injection
into the system can be obtained, as shown in Equations (2.28) and (2.29).

Prov = [R (vT) I(v7)] [‘5’ g] [H}f(ﬂ‘,’))] (2.28)
dot = [R(vT) I(v7)] [‘OB _OB] [”]f((;’;] (2.20)

The admittance matrices for these equations are symmetric. Moreover, the total injected active
power is independent on the susceptence matrix, whereas the total injected reactive power be-
came independent of the conductance matrix. Unfortunately, this approach cannot be applied to
Equations (2.24) and (2.25). Vertically stacking the vectors yp (. and yp[x4n. does not result in
a symmetric matrix. This is also the case for the reactive power injection at a bus. In compar-
ison to the total system injections the bus injections depend on both, the conductance and the
suspeptance matrix.

12
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Power Flow Studies

The equations derived in the previous section show the relation between the voltages at buses and
the power flow. In order to calculate the power flows, all bus voltages must be provided. However,
usually not all voltages are available for the entire electrical power grid. For some buses their
voltage information is given, meanwhile, for others the powers, or a mix of power and voltage is
provided. The buses are classified into different types depending on the given quantities and the
values that need to be calculated. Each bus k needs two fixed quantities out of active power p;,
reactive power g, voltage magnitude |U[k} |, and the voltage angle 0j)- The other two remaining
values are calculated in the so-called power flow study or load flow study. Typically, three different
bus types are considered in these studies [GS94].

1. Load buses: These buses have a connected load. The power consumption of such a bus is
fixed with the active power pj; and the reactive power gp). The load flow study calculates
the two remaining voltage quantities. Due to the fixed power values these buses are often
called pg-buses. Other possible load types, which are not always supported by power flow
methods, are the z- and the i-load [Ker0O1]. An i-load has a specified current consumption
and a z-load has a fixed line to ground or line to line impedance.

2. Voltage controlled buses: Buses with a fixed voltage |v| and an active power injection py
are buses with generators. The generators connected to these buses have a setpoint for these
two values. Controllers regulate the generators in order for them to follow the active power
and voltage setpoints. Reactive power g and the voltage angle 0} arise as result of the
power flow study.

3. Slack buses: Every load flow study needs to have exactly one slack bus which is also labeled
as reference bus. It has a fixed voltage angle 6};; which dictates the absolute voltage angles
of all the other buses. The angle of the slack bus does not affect the active and reactive
power results of the other buses, since only differences of angles appear in the equations.
Equations (2.13) and (2.14) show this property. In the sine and cosine functions only differ-
ences of neighboring bus angles appear. Usually the reference angle is set to 0°. The other
quantity which is set, is the voltage magnitude |v[;€]|. The active and reactive power are
obtained by the study.

2.1.2 Optimal Power Flow

The previous section introduced the power flow equations in polar and rectangular representation
as well as an overview about power flow studies. In a power flow study some quantities at the
buses are already known, while others are calculated. In Optimal Power Flow (OPF) the setpoints
for the various bus quantities are optimized in such a way that a cost function is minimized. For
example, considering a power grid operated in a desired optimal state. When a load change
occurs, as a result, the generators in the grid have suboptimal setpoints for the current demand.
To optimize the operation mode of the generators, an OPF algorithm computes new setpoints.
The updated setpoints are then sent to the generators and they will again run in an optimal
operation mode for the current state of the grid [Ers14, MDS™17].

Classical OPF problems try to optimize the current state of the power grid. However, the opti-
mization is not limited to the current state of the power grid, but also for time horizons. This
optimization is called Dynamic Optimal Power Flow (D-OPF) [KCL"14]. In D-OPF problems,
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several devices in the power grid have their own objective function. For example, an electric ve-
hicle should be fully charged at a certain time and as much solar energy as possible should be
used with the consideration of the weather forecast. Another example is a battery, which should
be charged and discharged accordingly with the locally produced renewable energy so that no
external energy is purchased.

In this section we will focus on the optimization of the current state of an electric power grid.
D-OPF is an interesting and complex subject as well, but is not in the scope of this work.
This section is divided into four subsections. The first one introduces the general OPF problem
definition. After that, the next sections explain three different optimization objectives in more
detail. At first voltage control, then active power control, and finally power loss control [AKZGO06].

General Optimal Power Flow

The aim of every OPF problem is the minimization of a cost function. In the following optimization
problems, this thesis considers optimization variables consisting of the bus voltages. These voltages
are constrained by limitations on their lower and upper bound. Only those voltages are in the
feasible set which fulfill all equality and inequality constraints of the optimization problem. A
general OPF problem has the form

minimize ¢(v)
v

subjectto g(v) = (2.30)

0
h(v) < 0.

The objective function ¢(v) has only dependencies to the voltage v. g(v) denotes a vector of
all the equality constraints. fl(v) contains the inequality constraints. All the equality constraints
can be transformed into inequality constraints for simplification. This transformation is shown in
Equation (2.31).

g(v)=0 <= g(v)<0and —g(v)=0 (2.31)

With a function h(v), an equivalent optimization problem is given in Equation (2.32), which does
not have equality constraints.
minimize ¢(v)
v (2.32)
subjectto h(v) <0

In the following, the limiting constraints are discussed. The voltage magnitude at each bus k € N/
has to be between the lower vy and upper voltage limit vpy(x)- The injected active power at
the bus must remain within the limits pyin) and pyag(x), and the reactive power needs to be in
the range of the lower limit gyiy(x) and the upper limit gp (k- The general OPF problem has the
following form [MDS*17]

minimize ¢(v)
v

subject to  Vinfk] < (VK| < Vmax(k] Vk e N (2.33)
Pminlk] < Dlk] < Pmax[k] Vke N
Qminlk) < d[k] < max[k] VkeN.
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If a constraint should be fixed at a certain value, both the lower and the upper bound hold the
same value. For instance, the boundaries for a fixed active power at bus k would be pyinjp =
Pmax[k]- The OPF problem described with Equation (2.33) corresponds to the more general form
in Equation (2.32). All inequalities can be transformed to be smaller or equal to zero. The active
and reactive power at bus k can be calculated in polar form with Equations (2.13) and (2.14), or
in rectangular form with Equations (2.24) and (2.25).

Voltage Control

For voltage control the buses have predefined setpoints for their voltage magnitudes. The aim
of this control method is to increase the voltage quality in the grid. For instance, this can be
achieved by controlling the reactive power generation or consumption of the devices. Voltage
control is considered to be a more complex control schema than other approaches, for example,
active power control. The control schema often contradicts the economic optimum criterions such
as the reduction of generation cost. Therefore, the voltage control is often combined with other
control methods in a multi-objective optimization problem [MDS*17].

Active Power Control

The costs of generation scale with the amount of produced active power. Thermal power plants
need extra fuel, coal, or gas if they produce more power. This also increases the operating costs
of the power plants [LM10]. Often generation costs are modeled with polynomial functions or
piecewise linear functions [ZMST09].

Power Loss Control

The aim in power loss control is to minimize the power losses occurring in the whole electrical
power grid. If the power losses are minimized, the total power demand decreases in the grid as
well. This reduced demand is reflected in reduced operating costs of the generators. Since the
losses of a line are proportional to the square of the current piosses = R(2 - |i|?), the lines become
less stressed if their losses decrease. Consequently, this also reduces the temperature of the lines,
because the electrical losses are converted into heat.

The cost function of power loss minimization is shown in Equation (2.34). The objective function
in power loss control is to reduce the sum of the injected active powers which is also called the
power loss problem.

c(v) =) py =RE"TYV) (2.34)
k=1

The cost function is quadratic, so this OPF method is a quadratic program with respect to the
voltage v. Equation (2.33) shows that some of the constraints are quadratic as well, due to the
fact that the active and the reactive power are proportional to the square of the voltage. The
optimal power flow problem is therefore a Quadratically Constrained Quadratic Program (QCQP)
[Low14a].

While some QCQP can be solved with convex solvers, this one does not respect the disciplined
convex programming rules, as some of the inequality constraints are concave. In a convex op-
timization problem only inequality constraints are allowed, where a convex function is smaller,
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or equal to an affine function [BV04]. Due to its non-convexity, the power loss control problem
is NP-hard [LGVH16]. NP-hard problems are “hard” to solve, since so far only algorithms that
scale exponentially with the problem size have been found. Therefore, either a long time is needed
to find the global minimum, or the optimization is stopped after the solution is good enough for
its use case [BCB94].

2.1.3 Options to Solve Optimal Power Flow

Several alternatives exist to solve the power loss problem which was discussed in the previous
section. Since the OPF problem is NP-hard, a tradeoff between the time spend for the optimization
and the quality of the result exists. Most of the approaches discussed in the following subsection
do not provide any information about the quality of their solution nor if a global minimum was
found. These approaches are called local optimization methods [Jon01].

The next paragraphs provide an overview about non-linear optimization, SemiDefinite Program-
ming (SDP) relaxation, Secondary Order Cone Programming (SOCP) relaxation, genetic algo-
rithms, particle swarm optimization, and approaches based on linearization for solving the OPF.
The primary focus is on a non-linear optimization method, Constrained Optimization by Linear
Approximations (COBYLA), and convex relaxations. A detailed outline of COBYLA is given,
because it is the solver that is used in this work to solve the distributed optimization prob-
lem. Convex relaxations are used to transform non-convex optimization problems into convex
problems. This is done because the global minimum of a convexified program is easier to find.
Furthermore, the solution of the convexified problem provides a lower bound of the original op-
timization problem.

Non-Linear Optimization

One possibility for dealing with the non-convexity of the OPF problem is to solve it with a non-
linear optimization algorithm. The advantage of this method is that the original optimization
problem is used and does not have to be modified. A broad variety of stable solvers like interior
point methods [WBO06] or derivative free optimization algorithms [Pow94] exist. However, the
disadvantage of these methods is that no statement can be given about the quality of the solution.
Due to the non-convexity of the OPF problem, the algorithm can yield a solution which is a non-
global optimum.

Constrained Optimization by Linear Approximations

Constrained Optimization by Linear Approzimations (COBYLA) is an algorithm proposed by
M.J.D. Powell in 1994 [Pow94]. It is a non-linear optimization method which is derivative free.
Thus, neither the gradient V f nor the Hessian matrix V2 f of the cost and constraint functions are
needed. This derivative free approach makes it an interesting candidate for optimization problems
that involve non-smooth functions where approaches like the Newton-method can fail. COBYLA
was designed at Westland Helicopters for a small optimization problem [Pow07]. It combines
ideas of several other optimization methods, amongst other things, the simplex method [NM65],
trust regions [Sor82] and linear approximations. The full description is found in the original paper
[Pow9s].
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COBYLA is based on a simplex that is used for solving and approximating the optimization
problem. Let f : R™ — R be the objective function of an optimization problem. The convex hull of
n—+1 points defines a simplex in the domain of the function. The points of the simplex are denoted
with vi,ve,...,vyr1 € R™. All these points are also located in the domain of the optimization
problem. A unique hyperplane is defined by the points of the simplex. This hyperplane x : R® — R
gives a linear approximation of the original objective function. The approximation x must have
the same results for all points v; as the non-linear function as shown in Equation (2.35). Important
for the simplex is to not be degenerated and have a volume larger than zero. This implies that
no two points of the simplex should be the same. Otherwise, the points do not span a unique
hyperplane anymore.

k(vi) = f(vk) VEe{1,2,...,n+1} (2.35)

These concepts for the R? case are explained in Figure 2.4 which shows the surface of the cost
function f together with the simplex, which is shown in orange. The extension of the orange
surface builds the linear approximation .

’ f(vxa Uy)
&

simplex
o simplex points

f(vz, vy)

(5 Uy

Figure 2.4: f is a function from R? — R. Therefore, the simplex consists of three points vi, vo, and
vs. The convex hull of these points is the simplex (orange). The points f(v1), f(v2), and
f(v3) spread the unique hyperplane x(v,v,). This hyperplane is used to create a linear
approximation of the original function.

Approximations are also created for the constraint functions. Let p be the number of constraints.
Then the constraints are hy(v) < 0 for [ being in the set {1,2, ..., p}. For each constraint function
h;, an own linear approximation ~; is calculated. The approximations must fulfill the conditions

hi(vi) = vi(vk) Vke{1,2,...,n+1},Vi € {1,2,...,p}. (2.36)

They are created in the same way as the approximation of the objective function. Consequently,
the simplex points are used as base points for the linear approximations.

Next, the objective function and the constraints are combined into one function, as shown in
Equation (2.37). Here, p is a penalty parameter that defines how strong constraint violations
must be penalized. [¢]* denotes a function which is zero if the argument is smaller than zero and
otherwise returns its argument’s value.

.
O(v) = f(v) + 1 Lrglag; mm} (2.37)
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©(v) is non-linear in general. If no constraint violations occur, this equation is equivalent to
the original objective function. In the other case — when constraint violations do happen — the
sum of f(v) and the maximum constraint violation is being minimized. p controls the weight of a
constraint violation compared to the value of the objective function. By using the approximations
from Equations (2.35) and (2.36), the last equation is rewritten with the approximated cost and
constraint functions in Equation (2.38).

+
T = 2.38
(¥) = 1) 1 s 0 (0)| (239
The penalty term is piecewise linear and always has the value of the maximum violation multiplied
by p. If none of the approximated constraint functions is violated, the penalty term is zero.

COBYLA is an iterative approach which basically tries to minimize T in a trusted region. If
the approximations become too inaccurate, a new simplex is generated which is more precise
for the current state of the optimization algorithm. Thereby, a new point v, which replaces one
of the other points of the simplex is produced. Then, COBYLA tries to minimize the objective
function again until the approximation again becomes too inaccurate. This procedure is repeated
until the algorithm terminates. Thus, COBYLA is built on two different steps, a simpler and a
minimization step. These two approaches are explained separately in the next paragraphs.

Simplex Step For each iteration, x[/ maps to the point v of the simplex for which the cost
function ©(vy) returns the smallest value. In other words, x[1 is the best point for the current
approximation and iteration index. x¥ is defined in Equation (2.39). In this notation, 7 in the
superscript denotes the iteration index and is initialized with one.

o(xll) < O(vy) vke{1,2,....n+1}, xe| J{vn} (2.39)
1<m<n+1

For each iteration, the distances between the simplex points have a suggested length All. On the
one hand, if the distances become too large, the precision of the approximation decreases in the
region of the simplex. On the other hand, the distances should not get too small, otherwise the
possibility exists that the simplex degenerates. Therefore, a minimum and a maximum threshold
for the Euclidean distances between the points should be established.

First, the upper threshold for the point distances is explained. v, is defined to be the point which
has the greatest distance to the best current point x[ as shown in Equation (2.40).

7 _ 7
Ive—xtlo = masx (flvi—]l2) (2.40)
This distance is compared to an upper threshold - All. If it exceeds the bound, v, must be
replaced by a new point which has the denotation v,.. In the work of M.J.D. Powell, the parameter
[ is assigned to the value 2.1 [Pow98|. For the calculation of the replacement point v,, a new
vector wy is used. wy is a unit vector which is orthogonal to the simplex obtained by excluding
the point vy and has its origin at xl1. Two possibilities exist for the direction of this vector, +wy
and —wy. That direction is chosen, which minimizes T(xm + All - wy). With this orthogonal
vector the new point is calculated as described by Equation (2.41).

[l 1 Al if T(x + Al . T(xl1 — Al
v, _{x + wy, if T(x + wy) < T(x wy) (2.41)
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The replacement vector has exactly a Euclidean distance of Al to the point 7.

If the distances of all the points are below the upper threshold, the lower boundaries are checked
afterwards. Let di be an orthogonal vector from an arbitrary point v of the simplex to the
hyperplane spread by the simplex points without considering vj. These vectors dj are calculated
for all vectors vy # xl1. The point v with the smallest distance ||dg||2 is named vy and dy := dj.
If the length of d; is smaller than « - All it is replaced by the replacement point v, defined
in Equation (2.41). In [Pow98] the value 0.25 is assigned to . The unit vector w; from Equa-
tion (2.41) is again an orthogonal vector to the simplex without the point vy. Summarized the
two conditions are

vy — x|, < 8- Al and (2.42)
defl2 > o Al (2.43)

If none of the threshold distances are violated, the simplex is called “acceptable”. Figure 2.5 offers
a detailed explanation to the lower and upper thresholds for an objective function in the domain

of R2.

e N Alil
/// )} . A/‘ \\\ _____________ S

! Al \ RWAY
1 \
1 1
: ° & o
! x[il ' xlt
‘\ Wy II W( - A/.

N . . V], ) , ’

.. . v,
(a) Upper simplex threshold (b) Lower simplex threshold

Figure 2.5: The left picture shows the meaning of the upper and the right picture of the lower threshold of
the simplex. The simplex is in R? and therefore has three points. On the horizontal line (gray)
and above it are the three points (blue and orange) of the simplex from the last iteration.
In the middle is the point x[? which is currently the best point of the simplex. Al is the
suggested distance for the simplex, 8- Al is the upper and a- Al the lower threshold (green).
It can be seen that the point v, has a distance larger than the upper threshold in the left
picture. Hence it is replaced by a new point v, (teal). wy is a vector of length one which is
orthogonal to the two remaining simplex points. The two dashed horizontal lines in the right
(green) picture show the minimum allowed distance to the two points on the horizontal line
(blue). ||d¢l|2 is clearly smaller than the lower threshold and therefore vy is replaced by v,..

Minimization Step The previous paragraphs described the thresholds of a simplex step. A
simplex step is followed by a minimization step. In each minimization iteration, Equation (2.38)
is minimized and a new point v, is proposed from the optimization. This point must be located
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within a trusted region with a radius of pm. Here, pm provides an upper threshold for the dis-
tance between the point x[7 and v,. Inside this region, the piecewise-linear approximation of the
optimization problem is considered to be sufficiently accurate. The trusted region is shown in
Equation (2.44) where i is the iteration index.

[ = x5 < pl (2.44)

Outside this region, the non-linearities of the original function might result in major deviations
between the approximation and the original function. The size of the trusted region is fixed during
an iteration %.

The replacement point v, has a lower threshold as well. It is denoted with Al and corresponds
with the thresholds of the simplex from Equations (2.42) and (2.43). The lower threshold for the
minimization is shown in Equation (2.45).

v, — x|y > Al (2.45)

The distance between the new point and x[! is called “long enough” if inequality (2.45) is satisfied
by the vector v,..

In many iterations both, the lower and the upper threshold have the same value. The cases in
which the thresholds are different are characterized later. Figure 2.5a is reused to give a graphical
impression for the case that the distances Al and p[i] are equal. Under this assumption, a point
v; proposed by the minimization algorithm is only used, if it has exactly the Fuclidean distance
of All to the currently best point x[1. Hence, in this example in R2, the point must be located
on the green circle. If the simplex has four points and the domain of the optimization problem is
in R3, the new replacement point must be on a sphere with the radius AlY and the center x!.

Under some conditions it makes sense to increase the trusted region after an iteration without
increasing At This means that plit! is greater than Al* in the next iteration. If the cost
O(v,) of the newly found point is smaller than the value of ©(x[!), the threshold region pli+!l
of the next iteration is increased. This increasing of the trusted region is repeated until the
minimization is not able anymore to find a better point in each iteration and x1 becomes equal
to x["*1. Under these circumstances the trusted region must be decreased. M.J.D. Powell suggests
changing the radius of the trusted region as it is done in Equation (2.46), if the minimization
cannot anymore provide a better point [Pow98|.

Pl = max (A[i], %HW _ X[i]’2> (2.46)

After each minimization iteration, the newly obtained point v, replaces one of the simplex’s
points. In comparison to a simplex step, the selection of the vector vy, which gets replaced by
the point v, obtained from the minimization, is more complex. First, v, is assigned to v,io.
Consequently, vi,...,vyyo are n + 2 possible points for a simplex which must consist of n + 1
points. For the removal of one of these points a new weighting vector a € R"*?2 is introduced. The
component afy), for which the condition x[1 = v, holds, is set to zero. a is used in Equation (2.47)

to weight the differences between the simplex points and the vector xl,

n+2

> ap(vi —xtT) =0 (2.47)

k=1
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For this equation, a non-trivial solution must be found where some of the entries are unequal to
zero. Apart from a real scaling factor, a unique solution for a exists. With this definition vector
vy is obtained with Equation (2.48) and is removed from the simplex.

lag| max (AM, lve — x[”llug) > |ag| max (AM, Ve — x[i“]”g) ke{l,2,...,n+2} (248)

x[*1 is calculated by leveraging Equation (2.39), though all n + 2 points v, ..., V,i2 and not
only n + 1 points are considered. The scaling of a does not affect the previous inequality. If a
would be scaled with a scaling factor 6, the absolute value |0] of a scaling factor would appear
as factor on both sides of the Equation (2.48). Therefore, the scaling factor does not affect the
result. After the evaluation of this function, v, is removed from the points. The remaining n + 1
points form a proper simplex.

Another open point is the decision of the value of the penalty parameter p. During the initial-
ization phase of the algorithm, p is set to zero. When during a minimization step a new point
v, is associated with a lower cost than the best point of the current simplex O(v,) < O(x!1),
1 might be changed as well. The penalty factor p is chosen in such a way, that T(v,.) < T(x)
holds. Thereby, the smallest positive real number /i is selected which fulfills this requirement.
Depending on the change of i in comparison to its recent value, the penalty parameter p is up-
dated with a new value or remains the same. The condition defined in Equation (2.49) explains

the modification of u.
{u, if p >
= .
2., ifu<

Next Step Conditions After the description of the simplex and the minimization step, the
following paragraph describes the conditions, for which the type of the next step is chosen.
Additionally, a termination criterion for the method is introduced. COBYLA terminates the op-
timization, if the suggested distance Al is smaller or equal to a parameter A,. Under conditions
explained later, A, becomes subtracted from All in an iteration. After a sufficient number of sub-
tractions Al is smaller or equal than A, as a result COBYLA terminates. Before the conditions
for the iterations are presented, the meaning of two definitions is clarified. A point from a mini-
mization step is “long enough” if it satisfies Equation (2.45) and “questionable” if the difference
| v, — x1|2 is not exactly All. A simplex is “acceptable”, if both Equations (2.42) and (2.43) are
fulfilled. For the choice of the iteration type, nine conditions are distinguished, as it is done by
M.J.D. Powell in [Pow98]. The choices of the approach are enumerated in ranked order, the first
condition is tried first then the second one, etc.:

i

A (2.49)
i

oo Nl

1. A minimization step is done in the first iteration when ¢ = 1 or, if the last iteration improved
the best point of the simplex (x11 < x[=1).

2. For the case that the last step was a simplex step and a minimization step is long enough,
a minimization step is executed.

3. A simplex step is done if the current simplex is not acceptable.

4. In the case that the simplex is acceptable, and the minimization length is long enough but
questionable, a minimization step is done. If one of these four conditions hold, the algorithm
starts again at the first case for the next iteration.
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5. For the cases five and six not case one but case seven is checked afterwards. If the mini-
mization is not long enough and the simplex is acceptable both All and pl! are decreased.

6. The remaining option is that the simplex is acceptable, the distance of the minimization is
long enough and not questionable, but the last iteration has not improved the best vector
(xl) = xli=1)_If that is true, both Al and pl? are decreased. The algorithm terminates, if
A, is reached in this case or in condition five.

7. A minimization step is executed after case five or six, if the minimization distance is long
enough for the decreased suggested length Al

8. If due to the change of Al!l the simplex is not acceptable anymore, a simplex step is com-
pleted.

9. When the algorithm comes to this option the suggested simplex distance Al still needs to
be reduced, hence A, is subtracted. Beginning with case seven the conditions are checked
again under the assumption that the reduction has not terminated the optimization.

Semidefinite Programming Relaxation

Local optimization methods cannot provide a statement about the quality of their solution, if
the optimization problem is non-convex, it might be a local or a global minimum. In contrast,
guarantees about the solution can be given for convex optimization problems. The power loss
problem can be modified in such a way that the minimization problem becomes convex which is
called “convex relaxation”. Optimization of convex programs is a well-studied field with a good
mathematical foundation. A useful property of convex optimization problems is the guarantee,
that every minimum is a global minimum [BV04]. The solution of a relaxed problem gives a
lower bound for the optimization problem. This value can be used to evaluate the results of
other algorithms which are not guaranteed to find a global minimum like non-linear optimization
approaches. A convex relaxed problem is an approximated problem of the original optimization
problem. Due to that, their solutions do not always yield a solution for the original problem.
Nevertheless, the recoverability can be easily evaluated by checking, if a matrix is rank-1. If
this condition holds, the solution of the relaxed optimization problem is the global minimum. In
the case that the relaxed program is infeasible, it can be concluded that the relaxed program is
infeasible as well [MDS™17].

In the following we will derive a semidefinite relaxation for the power loss problem. The technique
is mostly based on the work of Steven H. Low [Lowl14a, Low14b] and a survey by Molzahn et al.
[MDS*17].

First of all, the total injected power is written in terms of the complex voltage v and the admit-
tance matrix Y as written in Equation (2.50). Here, (#)f denotes the conjugate transpose of a
matrix which is the same as taking first the complex conjugate of a matrix and transposing the

matrix afterwards, id est, (o) = (o) .
Stot =VIi=vIYV = (VT?V)T =viyHy (2.50)
With the following technique, the complex apparent power s is separated into the active and

reactive power. Any complex square matrix Y can be separated into a Hermitian matrix ® and
its skew-Hermitian part W. The conjugate transpose of a Hermitian matrix is the matrix itself
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®H = &. Whereas, the conjugate transpose of a skew-Hermitian matrix is the same as negating
all the entries of the matrix ¥ = —W¥. From the Hermitian and skew-Hermitian matrices the
original matrix can be recovered by taking Y = ® + j¥. These matrices derived from Y# are
calculated in Equations (2.51) and (2.52).

1

®:=- (YI 1Y) (2.51)

‘»—ll\ﬂ

vo=_ (Y?-Y) (2.52)

&2

A remarkable property of Hermitian and skew-Hermitian matrices is that a sesquilinear® form with
an arbitrary complex vector v always has a real result: [ (VH <I>v) =1 (VH \IIV) = 0. This property
is utilized to split the equation into its real and imaginary part, as shown in Equations (2.53)
and (2.54). Equation (2.53) also represents the cost function of the power loss control problem.

Prot = v &V (2.53)
Got = VIOV (2.54)

The next step is to express the injected power at one bus k& € N in terms of Hermitian and
skew-Hermitian matrices, as shown in Equation (2.55). In the following equations, ej denotes the
k' standard vector. It has a one in the k' entry and zeros everywhere else.

Sk = v[kﬂ[k] = (etkrv) (iTeg) = (e;‘gv) (iHek) = (efv) ((YV)H ek) = e;;FVVHYHek (2.55)

As s is a scalar, the trace can be added in Equation (2.56) without affecting the result. The
product can be rearranged because the trace of a product is invariant to cyclic permutations
[Can00]. Therefore, the term of a product on the left side can be removed and inserted instead
on the right-hand side of the product and vice versa.

S[k] = trace (efvviTYey) = trace (VY epelv) = v Yepel v (2.56)
b3

The k™ column vectors of Y,? and Y# are equal. All other entries of Y,f are zero. The Hermitian
and the skew-Hermitian part of the matrix Y,f are calculated in a similar fashion as the matrices
for the total power injections in Equations (2.57) and (2.58).

1 1
Py = 3 (Yf +Yy) = B (YHeke;}F + ekefka) (2.57)
T g (V- Y0) = 5 (Vlere] —ee]Y) 2:5%)

Matrices ®; and ¥, lead to the power injections at one particular bus k, as shown in Equa-
tions (2.59) and (2.60).

Pk = vi®, v (2.59)
Q[k] = VH‘I’kV (260)

3A quadratic form is called sesquilinear, if it has the following form x Ay for complex vectors x,y € C* and
a complex square matrix A € C™*" [HJ85]
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With the objective function from Equation (2.53) and the local power injections coming from
Equations (2.59) and (2.60), the power loss control optimization problem is reformulated in Equa-
tion (2.61).
minimize v7®v
v
subject to Ufnin[k] <vHEv < vfnax[k] Vke N (2.61)
Pminlk] < VH(I)kV < Pmax[k] Vk e N

Qminlk] < VH\I’kV < Gmax[k] Vk e N

E; is a matrix with a single one in the k"™ column and row and zeros everywhere else. It can
be also defined to be E; := ekeg. The optimization problem is still non-convex since ® is not
necessarily positive semidefinite and the constraints are also not convex. In the case that the
matrix in a sesquilinear constraint v (e)v is positive semidefinite, the lower bound restriction
is non-convex. For the negative semidefinite case of the matrix, the upper bound becomes non-
convex. An indefinite matrix would result on having both, a non-convex lower and upper bound
[BV04].

Next, this quadratically constrained quadratic program is transformed into a SemiDefinite Pro-
gram (SDP) which is guaranteed to be convex. In order to do so, a trace is added around every
sesquilinear form. Afterwards, the voltage is permuted so that the voltages build an outer prod-
uct. The outer product or Kronecker product for complex vectors is defined to be vv [Sch17].
These steps are shown in Equation (2.62).

vl Av = trace (VHAV) = trace (AVVH) = trace (AW) (2.62)

The outer product of two vectors is rank-1, therefore the product of the voltages is rewritten in
Equation (2.63) as a single rank-1 matrix W.

W = vvi (2.63)

To recover the unique voltage vector out of an arbitrary matrix W, the matrix must be positive
semidefinite and rank-1 [Low14al]. A positive semidefinite matrix constraint is expressed with the
notation W = 0. This leads to the power loss problem in Equation (2.64).

minimize trace (PW)
)%

IN

subject to vﬁlin[k] < trace (Ex W) v?mx[k] Vk e N

Prinji] < trace (BpW) < praxey Yk €N (2.64)

Qmin[k] < trace (lIlkW) < Gmax[k] vk e N
W >0
rank(W) =1

The objective function and the former non-convex constraints are now assured to be convex.
Both matrix multiplication and the trace are affine functions. According to disciplined convex
programming, the composition of these functions is affine as well and is therefore convex [GBY06,
BV04]. Also, the restriction for W to be positive semidefinite is convex. Unfortunately, the newly
introduced rank-1 restriction is non-convex.

Removing the rank-1 matrix constraint yields a semidefinite program. Accordingly, the constraint
removal is called a semidefinite programming relazation. This relaxation results in a convex op-
timization problem. In the following, the generalized vector inequality x > y means component
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wise inequalities, where every entry of the vector x € R is larger than the element of y € R" with
the same index. Therefore, the generalized inequality is identical to zj; > y; Vi € {1,...,n}.
In order to write the constraints with generalized inequalities the vector vy, is introduced, con-
taining all the lower boundaries for the voltages v, = [vm-m[l] . vmin[n]]T. The vector vimax
is created in a similar way for the upper voltage boundaries. Equation (2.65) shows the SDP-
relaxation of the power loss problem, where x oy is the Hadamard product of vectors x and y.
The Hadamard product is an element wise matrix or vector multiplication [Sty73]. An element
of z is composed of the following product zj; = z; - yj;-

minimize trace (PW)
W

subject to  Viin © Vinin = diag (W) =< Vinax © Vinax
Pminf] < trace (BxW) < praxjy Vk e N (2.65)
Gminr) < trace (¥ W) < Gax(r) Vk e N
W =0

It is possible to extract an exact voltage vector v of the SDP, if W has rank-1. In this case
the solution is also globally optimal for the original non-convex problem. Otherwise, the solution
of the minimization returns a lower bound of the objective function of the power loss problem
[MDS*17, Lowl14a].

Under the assumption that the result is a rank-1 matrix, the voltage magnitudes and angles are
obtained with Equations (2.66) and (2.67).

gl == /Wiy (2.66)

Lo =~ > Luy (2.67)
(k,D)EPy,

For the calculation of the voltage angles one particular bus r must be defined as a slack bus with
a fixed reference angle. Without loss of generality the angle of the reference bus is defined to be
0, i.e., Zvp; = 0. Starting from the slack bus a path Py must be found from bus r to k. In order
to define unique paths, the lines £ are reduced to a spanning tree S C L. As a consequence, a
path P must only contain lines of the spanning tree P, C S. All the negative angle differences
of the path are summed with Equation (2.67) and result in the angle of bus k. An example of
this is given in Figure 2.6 for an electrical power grid with five nodes.

Secondary Order Cone Programming Relaxation

In the previous paragraph an SDP relaxation method was shown, which leads to a convex opti-
mization program. However, the SDP relaxation is not the only convex relaxation of the power
loss problem. In this section another convex relaxation method, namely Secondary Order Cone
Programming (SOCP) relaxation will be presented. The motivation behind the SOCP relaxation
is its reduced computational complexity for radial topologies [Low14b].

The foundation of this relaxation is the power loss problem defined in Equation (2.64) with the
voltage matrix W. Before continuing with the introduction of the SOCP relaxation, a small
discussion about partial matrices is needed. This paragraph explains fundamental properties of
partial matrices, which are needed to understand this convex relaxation method. For the interested
reader, a more detailed explanation about these matrices is given in [Low14a, FKMNO01, NFF*03].
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1 2 3 S =1 : 7 7 }
® ¢ ® Zvy =0

Lvg 1= —

lvg = — —

vy = — - -
® ® lvg = — —

4 S

Figure 2.6: This picture gives an example of how the voltage angles are recovered. A spanning tree
of the grid is drawn with arrows (orange). The edges which do not belong to the tree are
represented as lines without an arrowhead (gray). Bus 1 is the root of the spanning tree. For
the calculation of a voltage angle at a node, the unique path starting from the root and ending
with the node needs to be identified and the negative angle differences along the path are
added together. A spanning tree is defined to be a unidirected graph [GGST86]. However for
clearness, the edges in this figure have an orientation. The orientation shows the traversing
direction of the spanning tree.

Partial matrices are matrices where only some of their components are defined. Bringing this in
the context of a network, set N/ contains all the buses again and £ holds the lines of the topology.
Equations (2.68) and (2.69) describe a partial matrix Wp for the bus voltages.

Wp[kk] = |U[k}|2 Vk e N (2.68)
WPp[kl) = V[k] - V1) V(k,1) e L (2.69)

For all the elements where (k,1) ¢ £,k # [, the matrix elements wpfy; are undefined and can
hold any arbitrary complex number?. Due to the not uniquely determined elements, the matrix
Wp is a partial matrix. This matrix can be used as the optimization variable in the power loss
problem from Equation (2.64). An example about the usage of partial matrices in the power loss
problem is given in the appendix in Section A.3. Equation (2.70) defines submatrices which are
utilized in the SOCP relaxation.

Wy i= [U’P[’“’ﬂ “’PW}} kileN, (ki) eL (2.70)
Wpik) WP

Moreover, the definitions of positive semidefinite and rank-1 matrices must be extended for the
partial matrices. A partial matrix Wp is defined to be positive semidefinite if all its submatrices
coming from Equation (2.70) are positive semidefinite Wp = 0 <= Wpy = 0,(k,l) € L.
The matrix is a rank-1 matrix, if all its submatrices are rank-1 as well rank(Wp) = 1 <=
rank(kal) =1, (k, l) eL.

With these definitions the voltage matrix W can be replaced one-to-one with the partial matrix
Wp in Equation (2.64). Wp needs to be positive semidefinite and rank-1 as defined previously
for partial matrices. Additionally, W p must fulfill the so-called cycle condition which is shown in
Equation (2.71). It states that for every cycle Cp,, C L, the angles need to sum up to a multiple

4Partial matrices can be used for the power loss problem, because the entries yry) of the admittance matrix are
guaranteed to be zero for those positions where (I, m) ¢ L. This is reflected in the Hermitian matrices ® and ®y,
and the skew-Hermitian matrix . In a formal way this is characterized as @(m), @r[im)] and Ypm) = 0 for all

(I,m) & L.
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of 27, Otherwise, it is impossible to recover a unique voltage vector [Low14a).

> Zwpg mod 2w =0 (2.71)
kleCm

In other words, starting from a bus k and following any cycle C,,, the resulting sum of the angle
differences must be in phase with the voltage phase of bus k. Every cycle of a topology lies in
the superset C. Figure 2.7 shows an example of the cycle condition for a grid composed out of six
buses.

1 2 3
= {(172)7(273)7(174)7(475)’(375)}
Cs Cy:={(1,2),(1,4),(2,5),(4,5)}
C3:= {(27 3)7 (27 5)7 (37 5)}
C2 C:= { } U {CQ} U {Cg}

—
(@)

4 S

Figure 2.7: In the topology presented in the picture above three cycles Cy, Ca, and Cs exist. Bus 6 is not

part of any circle, therefore the line going from bus 6 to 5 does not belong to any circle.
With these findings, the optimization problem from Equation (2.64) is reformulated in Equa-
tion (2.72) with the partial matrix Wp and its submatrices Wpg;.

minimize trace (PWp)
Wp

subject to vfmn[k] < trace (EyWp) < vfnax[k] Vk e N
Pmin[k] < trace (PxWp) < prax(a) Vk e N

Gmink] < trace (P Wp) < Gmax(r) Vke N (2.72)
Wpp =0 V(k,l) e L
rank(Wpg) =1 V(k, 1) e L
> Zwppy mod2r =0 VCm €C

k1ECm

Both the modulus function in the cycle condition and the rank-1 restriction are non-convex.
Relaxing these constraints changes the OPF problem to a convex optimization problem. Through
the positive semidefinite constraint, the statement wps; = Wppy) holds for every line. Expanding
the rank-1 and the positive semidefinite restriction and combining them results in

WP[kk] * WP[1] = WP[k] * WP[ik] = WP[kl] * WPk = ’wP[kl}P V(k,1) € L (2.73)
WP [kk] >0 wp) >0 Vk,l € N.

Relaxing Equation (2.73) into an inequality constraint creates the hyperbolic constraints shown
in Equation (2.74).

Wp(kk] - Wy = |wP[kl]|2 wp(kk) = 0 wppy = 0 (2.74)

These constraints are equal to the SOCP constraints from Equation (2.75) [LVBL9S].

2wpgy ]
Z Wplk] + W Wwppr) >0 wppy >0 2.75
H [’WPM —wppy] ||, = TR TR Plkk] = Plu] = (2.75)

2
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By using the relaxed SOCP constraints and removing the cycle condition a SOCP is obtained.
This program is convex and is described in Equation (2.76).

minimize trace (PWp)
Wp

subjectto  Viin © Vinin = diag (Wp) =< Viax © Vimax

Pminjk) < trace (R Wp) < praxii) Vk e N
Iminfk] < trace (¥rWp) < Guax(i] Vk e N (2.76)
wpkg) = 0 Vke N

> W[k + W) V(k,1) e L

L
Wplkk] — WP ||9

For the ezact recovery of the voltages, all submatrices Wpyy, (k,1) € L need to have rank-1.
Additionally, the cycle condition must hold for all cycles in the topology. If these prerequisites
are fulfilled, the voltages are recovered with Equations (2.66) and (2.67) as it is done for the SDP
relaxation.

The SOCP relaxation takes advantage of the sparsity of the topology’s lines, because most buses
are only connected to a fraction of the other buses. This decreases the number of partial matrices
Wi and thereby the number of constraints. In comparison, the SDP relaxation has semidefinit-
ness as constraint for the whole matrix W, whereas the SOCP has only semidefinitness constraints
on the submatrices Wpy;. For sparsely connected grids, the computational complexity for SOCP
is therefore smaller. Since the SDP and SOCP produce lower bounds if the rank-1 constraint(s)
are violated, the results of the objective functions are always smaller than or equal to the global
minimum of the power loss problem. For the comparison of the results, the value of the global
optimum of the original optimization problem is denoted with c(*mg and the global minimum of
the SDP and SOCP relaxation are c§pp respectively c§ocp. The difference between 7 ;, and
cSpp, respectively c§qcp, is called “tightness” of the relaxed problem. If the power grid is radial
and has no meshes (has a tree structure), the SDP and SOCP solutions have the same tight-
ness ¢4y, = §pp = CSocp- For radial power grids the cycle condition from Equation (2.71) is
always fulfilled, because no cycles exist C = {}. The SDP relaxation is tighter as the SOCP
topology for meshed topologies cgrig > c&pp = CSocp |Lowldal. Therefore, S.H. Low suggests in
[Lowl4a, Low14b] to use the SDP relaxation for meshed networks and the SOCP relaxations for

radial topologies.

Genetic Algorithms

Genetic algorithms belong to the class of heuristic based optimization methods. The idea of this
method lays in the natural selection of nature. During the initialization phase of the algorithm sev-
eral optimization variables, which are called solution candidates, are generated randomly. These
variables are modified in a similar fashion to selection and mutation in genetics. First of all, a can-
didate can be mutated, where each of the parameters of a solution will be modified with a certain
possibility. Furthermore, two solutions can exchange their parameters in a so-called crossover. In
a selection process the solutions with the worst “fitness” — the result of the objective function
— are removed and instead new solutions are created. The domain of the optimization problem
is explored in a randomized way and good scoring solutions remain. A drawback of this heuris-
tic is its unpredictable behavior. Depending on the generated random numbers, the algorithm
converges in various numbers of iterations. Just like non-linear optimization approaches, genetic
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algorithms cannot give a statement about the quality of their solution. Another disadvantage is
the parametrization of the algorithm. Several parameters such as the population size, mutation
probability, etc. can be modified. This in turn has a direct effect on the behavior of the approach.
Genetic algorithms can be parallelized, because the evaluation of the fitnesses are independent
from each other [RFGT12].

Particle Swarm Optimization

A particle swarm optimization algorithm in the beginning creates a set of solution candidates
similar to the genetic algorithms. This starting population is also called “particles”. Each of these
particles moves through the solution domain with their own velocity. This velocity is composed
of three different summands which are weighted with randomized generated numbers. The base
velocity of a particle is the velocity of its last movement. The additional velocities are related to
the best solution obtained so far by all particles and a vector pointing to the best own solution of
the particle [Kenll]. Same as the genetic algorithm, this method suffers from the unpredictable
behavior of the algorithm caused by the random numbers. In contrast to other methods, no
additional information such as the gradient or the hessian of the functions is needed.

Linearization

The non-linear power flow equations can be linearized around a voltage profile. This simplified
problem is a linear program (LP). LPs are convex and therefore every local minimum is also
a global optimum. The linearized equations do not need to stay static during the optimization,
they can be relinearized in an iterative manner. This relinearization approach is a successive linear
program [WCL*10].

2.2 Distributed Optimization

The previous section Centralized Optimization introduced the centralized power loss problem and
different options to solve it. In this approach a central node requires the information of the entire
optimization problem, e.g., the topology with the admittance matrix, all the constraints, etc.
Typically, these constraints can be upper and lower limits for the voltages, bounds for the active
and reactive power injections, and current limits. Then, the centralized approach tries to solve
the OPF problem. After finishing the optimization, all controllable devices in the grid receive
new setpoints. These devices can be, among other things, generators or adjustable loads. This
centralized approach does not scale well with the size of the electrical grid. A disadvantage of this
centralized approach is that it reveals a single point of failure. An error in the central coordinator
affects the whole grid. Furthermore, if a part of the grid becomes disconnected from the central
coordinator, they cannot be controlled anymore by the central controller. Therefore, it is worth
investigating distributed and decentralized approaches.

This part of the thesis explains the functioning of ADMM, a method that can be used to trans-
form previously centralized optimization problems into distributed methods. Then, a consensus
approach is introduced, which allows a fully distributed implementation of distributed optimiza-
tion problems with shared variables.
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2.2.1 Alternating Direction Method of Multipliers

In this section the Alternating Direction Method of Multipliers (ADMM) is presented. Boyd et
al. wrote extensive works about distributed optimization with ADMM [BPC*11] and the theory
behind it [BV04]. These two works build the main references for this section.

ADMM has two optimization variables v € R¥ and z € R! in its general form. The cost function is
a sum of the two objective functions ¢ : R¥ — R and d : R — R. Both optimization variables are
coupled in a single equality constraint with the matrices P € R™*¥ Q e R™*! and the vector
r € R™. The ADMM optimization problem has the general form shown in Equation (2.77).

minimize ¢(v) + d(z)
v (2.77)
subjectto Pv+Qz=r

The Lagrangian function of this minimization problem combines the objective function and the
equality constraint into a single function. In order to do so, the constraint needs to be rewritten
in its canonical form Pv + Qz —r = 0. The left-hand side of this constraint is multiplied with the
transpose of a Lagrangian multiplier A € R™ and is added to the cost function. Another common
name for the Lagrangian multiplier is dual variable. Meanwhile, v and z are the primal variables of
the optimization problem. Equation (2.78) presents the Lagrangian of the optimization problem.

L(v,z,A) :=c(v)+d(z) + AT (Pv+Qz —r) (2.78)

With the Lagrangian multiplier, a deviation of the equality constraint gets penalized. £ denotes

the Lagrangian or Lagrangian function of Equation (2.77). To introduce robustness to the method,
an additional term is added to the Lagrangian. This term is the square of the euclidean norm of
the equality constraint multiplied with the factor 1/p, where p must be a positive real number
[BV04]. The Lagrangian with the additional term is the augmented Lagrangian of the optimization
problem discussed above and is shown in Equation (2.79).

Ly(v,z,A) i=c(v) +d(z) + AT (Pv+Qz —r1) + gHPV +Qz — 1|3 (2.79)
Next, the dual function is constructed in Equation (2.80).

D(A) :=inf L,(v,z,A) (2.80)

The dual function provides a lower bound to the original optimization. Its argument is the La-
grangian multiplier A. The quality of the bound depends on the value of the dual variable. By
maximizing the dual function, the dual problem is created in Equation (2.81).

.. DA
maximize (A) (2.81)

The dual problem tries to find the greatest lower bound for the original problem. T'wo possibilities
exist to calculate a solution of the optimization problem. Either solving the primal (original)
problem by minimization, or finding a boundary by maximizing the dual problem. Therefore, the
connection between these methods is called duality. Let e* :=infy , {c(v) +d(z) | Pv+ Qz =r}
be the global minimum of the primal problem and f* := sup, {D(A)} be the best value of the
dual problem. The difference between the minimum e* and its lower boundary f* is the duality
gap. If the difference is zero, it is said that strong duality exists, otherwise the duality is called
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Figure 2.8: The left plot shows a simple optimization problem in the ADMM form. The colored quarter
circles are the contour lines of the objective function c(v, z) = f(v)+d(2) := (v—2)2+(2+2)%
The straight line (orange) is the linear constraint 4z —2.5v0 = 1. The minimum of the problem
is located at the point (red), where the constraint touches the contour line tangentially. On the
right plot the dual function D(X) = inf, . ((v —2)® + (2 + 2)® + A\(4z — 2.5v — 1)) is drawn.
Since the dual function gives a lower bound on the optimization problem, it gets maximized
to obtain the best lower bound. The maximum of the dual function is marked with a point
(red). Strong duality holds in this example; therefore the results of the original problem and
the dual problem are the same. One interesting fact is that the optimal solution (v*, 2*, A*)
yields a stationary point for the Lagrangian L(v, z, A) [BV04]. Consequently, the gradient of
the Lagrangian is zero at this point VL(v*, 2%, \*) = [0 0 0]7.

weak duality. Figure 2.8 gives an illustrative example of an optimization problem and its dual
problem.

One approach to obtain a result from the dual problem is to propose first a value for the the dual
variable and then find the best primal variables for that case. This is shown in Equation (2.82).
First a Lagrangian multiplier A°® is proposed. With this argument the dual function minimizes
the Lagrangian for this dual variable and generates the primal variables v® and z°.

(v, 2°%) :=inf (L(v,z,A°)) (2.82)

v,z

Afterwards, the newly calculated primal values are used to maximize the dual function. This
improvement is done with a gradient ascent step. Thereby, the gradient of the dual function D(A?)
is calculated and A°® is moved by the length of p into the direction of this gradient. Calculating
the gradient of the dual function for the argument A® is equivalent to obtaining the gradient of
L(v®,z°, A°). The gradient of the dual function is derived in Equation (2.83) which is exactly the
left-hand side of the equality constraint in canonical form.

VADA) =Pv+Qz—r. (2.83)

This procedure is repeated for a fixed number of times. Equations (2.84) to (2.86) present the
steps to maximize the dual function with an iterative approach by using gradient ascent. This
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method is called ADMM. In the equations below, the upper index in the square brackets denote
the iteration index.

vt = arg min £(v, 217, Al) (2.84)
2 = arg min £(vIF, 2, Al (2.85)
A= Al 4 Pyt 4 Qalit! — p) (2.86)

At the beginning of each iteration the primal variable v gets updated. After that, the second
primal value z is optimized. In the end of each iteration a new vector for the Lagrangian multiplier
A is found. The gradient ascent in Equation (2.86) uses the penalty parameter p of the augmented
Lagrangian for its step size.

2.2.2 Distributed ADMM with Consensus

In the last section ADMM was introduced. The version of the algorithm as it is shown in Equa-
tions (2.84) to (2.86) is a centralized approach. This section presents adjustments to ADMM such
that it is able to solve optimization problems in a distributed way.

Alternative distributed optimization methods exist and are, for instance, Analytical Target Cas-
cading (ATC) [DRR12] and the Optimality Condition Decomposition (OCD) [CNP02]. Even
though ATC is a distributed optimization method, it needs a centralized coordinator [MDST17]
which is a disadvantage in extensible distributed systems. OCD uses the Karush-Kuhn-Tucker
(KKT) optimality conditions for the formulation of the distributed optimization problem. How-
ever, due to the extensive studies already published about the theoretical and numerical proper-
ties of the ADMM algorithm, ADMM is used in this work for the formulation of the distributed
OPF-based secondary control.

An assumption for the following steps is that a cost function ¢ can be separated into a sum of n
objective functions. Each of these cost functions ¢; : R™ — R has its own optimization variable
v € R™. The minimization problem of this form is

n

minimize Z ek (V). (2.87)

V1,V2,...;Vn
k=1

The optimization variables vi are local to each objective function c¢;. Every objective function
is only aware of its own variable and does not know the values of other optimization variables.
However, in general, the optimization variables have interdependencies to each other and some
of their elements should be equal. As a consequence, parts of the variables are shared between
multiple objective functions. To describe the interdependencies between the variables a new con-
sensus vector z € R™ is introduced. Every element of all optimization variables v maps exactly
to one component of the global vector z. In the following section, the notation v means the [th
element of vector vi.

For example, let us assume v, should be equal to vgy). Then there is the element zj, of z,
which holds a global version of these variables. So the constraint for the minimization of ¢, is
Vafp] — 2[g) = 0 and for ¢g it is vy — 2[g) = 0. Consequently, 2, is the consensus variable for these
two local variables.
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A function G(k,1) maps the local to the global indices. G(k,l) = g means the variable vy is
associated with z(g). By leveraging the mapping function, the constraints of the previous example
are Ug[p = 2g(ab) aNd Vgje] = 2g(d,c)- The last simplification in the notation is the introduction of
the variables z,. A vector Z; is associated with the cost function ¢, and maps the components
of its local optimization variable to corresponding components of z. A component Z; points to
2g(k,) Which is described in Equation (2.88).

ZE[l) = 2G(k.1) (2.88)

Every optimization variable vj corresponds to the consensus variable z; € R™ with the same
size. An example for these abstract notations is given in Figure 2.9.

C1 (Vl)
V1 21
U1[2] ”:’1[2
c2(va) z
AP Zo 20
Vo] | | Z21]
“[3]
vl | | 2208) o
U2[4] 52[1
c3(vs)
V3 23
U3[1] 53[1]
U39 Z319]

Figure 2.9: This example presents a consensus optimization problem with three objective functions
c1(v1), c2(va), and c3(vs). The optimization variables denoted with vj are not indepen-
dent from each other. Some of their components need to have the same value as elements
of other optimization variables. For the consensus finding the consensus variable z is used.
In this example v;[1; should have, for instance, the same value as vo[g). Element z[g) helps to
find the consensus between these elements. In the equations z; was introduced to simplify
the notations. For every objective function such a vector exists which points to the proper
element of the global consensus variable. Because vy} maps to z), the component Z[jj is
equal to 2. Therefore, the mapping function G has the results G(1,1) = 2 and G(2,2) = 2.
So the three vector components z(y), Z1[1], and Zy[9) are equivalent.

With the newly introduced notations the optimization problem is rewritten in Equation (2.89)
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using the consensus variables.

minimize Z ck(v) (2.89)

V1,V2,...,Vn
subjectto v, —2zp =0 Vk e {1,2,...,n}

By comparing the general form of ADMM described in Equation (2.77) and Equation (2.89),
similarities between these forms can be found. In comparison, the consensus variant above does
not have an objective function d but a sum of objective functions cg. Furthermore, there is not
only one constraint equation, but n equality constraints. If one of these constraints is observed,
it can be seen that it has the same form as the ADMM constraint with r zero and the matrices
A and B identity matrices.

The augmented Lagrangian is built for the consensus optimization problem in Equation (2.90).

n
Lo(Vis . Va2, A, .. = (ck vi) + AL (vi — zp) + gHvk - zkug) (2.90)
k=1

This leads to the iteration steps of the ADMM method that are shown in Equations (2.91)
o (2.93).

v,[:—i_l] = arg\,/inin (Ck;(Vk) =+ Ag]T(Vk - 25}) + g”vk - 2@”%) Vke{l,...,n}
(2.91)
271 = arg min (Z (i) + AT o = ) + S v —zkn%)) (2:92)
k=1
AL Al | p(yli1) _ li+)y Vk e {1,...,n}
(2.93)

In Equation (2.91) both, the Lagrangian multiplier Ay and the consensus variable z; are constant,
only vi is changed. Therefore, all terms which do not contain vi can be be removed without
affecting the result. The same is done in Equation (2.92) where only z is minimized. This yields
Equations (2.94) to (2.96).

V]LHH = arg mln (ck(vk) + AMTvk + gHVk. - ig] H%) Vke{l,...,n} (2.94)
i . = AT ~ Py [i+1 .

z = arg min <; (—AL] Zj + §Hv/,[c - zkH%)) (2.95)

AT N (ol gty Vk e {1,...,n} (2.96)

It is possible to simplify the update step of the consensus variable further. The minimization done
in Equation (2.95) has a global minimum and an analytical result for this minimum is derivable.
First, the partial derivative for the ¢'" component of the argument of argmin is computed

0 [ _[i+1] i+ i+ 2 [i] [i+1] _[i+1]
S D (Nt 2t "+ Gl = MIB) = D (A et = A ().
g GkiD)=g G(k,l)=g
(2.97)
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The result of the partial derivation is set to zero and is solved for the consensus variable z[[;rl]
For one component of the consensus variable the update in an iteration is
14 [4] [i+1]
[i+1] . _ Zg(k,l)zg (p)‘k[l] + Yk ) (2.98)

z
9] Zg(w):g 1

The number in the denominator of Equation (2.98) corresponds to the number of optimization
variables v that must find a consensus with z(;. An update step of the consensus variable is
therefore an arithmetic mean over all components of the optimization variables and their dual

variables, that use a consensus component z,).

Finally, the simplified ADMM algorithm with consensus is presented in Equations (2.99) to (2.101).

it argmin (g (vi) + A[i]TVk + P Vi — 512 Vke{l,...,n 2.99
k k 2 k112
Vi
. S o (A4l
Z[[;Tl] :: G(kD)=g (P k(1] k(1] ) Vge{1,...,m} (2.100)
226k 1)=g !
}\Li—f—l] — Al p(v][€i+1] _ ZEH}) Vke{l,...,n} (2.101)

In Equation (2.99) the update steps for the different optimization variables are all independent
to each other. Consequently, all n updates in one iteration can be computed in parallel. Equa-
tion (2.100) finds a consensus on the proposed primal variables V][€n+1] and dual variables 7\;:1.
For the update of the g** component of the consensus vector not every optimization variable and
Lagrangian multiplier must be considered. Only those components which share the same compo-
nent of the consensus variable are taken into account. The last step in each iteration is to update
the dual variables with the new optimization and consensus variables. Equation (2.101) can be

fully parallelized for each k, as it can be done with Equation (2.99).

2.3 Simulation

The aim of this thesis is not only to present a novel distributed optimization algorithm for OPF-
based secondary control, but also the implementation, simulation, and validation of the approach.
In the following, different tools are compared that can be used to simulate the distributed problems
with the consideration of the network layer. Afterwards, two possibilities and their functioning
are summarized showing how customized applications can be executed in such a simulator. The
second section gives details on the frameworks that are used to implement the distributed power
loss control. Frameworks for communication, optimization, and the description of the grid are
discussed and compared.

2.3.1 Tools

This part shows the tools and their features that can be used to simulate the distributed control
approach presented in this work. This OPF-based secondary control is a novel method, therefore
standard OPF solvers cannot be used for the simulation of the control strategy. However, a
common communication network is used for the simulation of the distributed power loss control
which can be modeled and simulated in already available tools. The application containing the
power loss control is embedded within such a simulator.
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Network Simulators

In this thesis a distributed control method is simulated, whereby the communication layer is
taken into consideration. This requires the simulation of the communication devices and connec-
tions. Several different network simulators are available that can be utilized for these simulations.
However, an important requirement is the support and the simple integration of user applications
such as the distributed power loss control.

ns3 The network simulator-8 (ns3) is a discrete-event network simulator [BOT13]. It is devel-
oped under an open source license and simulations can be created either in C++ or with Python
scripts. ns3 features distributed simulations, where a simulation is partitioned and executed in
parallel on multiple processors [Kat13]. With a method that is called Direct Code Ezecution, it is
possible to run custom applications in the simulator without the necessity to change their source
code [TUM™13]. To do so, the application needs to be recompiled and linked against ns3 libraries.
The memory of such an application is managed by ns3 and runs in the memory region of the
simulator. ns3 reimplements parts of the POSIX specification and thus emulates the functionality
of POSIX APIs called by the application.

OMNeT++ Similarly to ns-3, Objective Modular Network Testbed in C++ (OMNeT++) is
a discrete-event network simulator. While ns-3 targets primarily computer network simulations,
OMNeT++ is also used to simulate the communication of distributed hardware and complex
software systems [BO'13]. OMNeT++ simulations are written in its own programming language
NED and C++. In C++ the functionality of the modules respectively devices are defined, while
the network topology of the simulation is described in NED. Such a NED file is first compiled by
NEDC into C++ and then by another compiler into machine code. Afterwards, this machine code
is linked against a simulation file [Var10]. OMNeT++ supports the parallelization of simulations
and uses statistical synchronization to regularly synchronize the distributed simulations [Var10].

GNS3 The Graphical Network Simulator 3 (GNS3) [106] is an open-source network simulator.
It can be used to create, configure, and test a virtual communication network. A major advantage
of GNS3 is its extensive support for different virtualization and containerization formats. Cisco
routers are supported with the help of Dynamips [Well3]. Dynamips is an emulator for the MIPS
instruction set architecture, which allows the emulation of CISCO hardware [Neul5]. Therefore,
original CISCO router images are supported via Dynamips and can be included into simulations.
GNS3 provides also support, among others, for QEMU, VirtualBox, and Docker [Neul5]. QEMU is
another instruction set architecture emulator, that supports x86, amd64, PowerPC, ARM, Sparc,
and other architectures. For the emulation, QEMU translates blocks of code into the instruction
set of the host. This compilation makes these blocks executable for the host CPU [Bel05]. GNS3
uses packet filters to simulate effects like latencies and packet corruption.

In this thesis it has been decided to use GNS3 as network simulator. GNS3 allows the usage of any
software application via virtualization or containerization in its simulations. This also allows the
usage of closed source proprietary applications. Furthermore, GNS3 provides a RFEpresentational
State Transfer (REST) API for the creation and controlling of simulations which can be used
by any programming language which have an implementation of the HyperText Transfer Protocol
(HTTP).
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Docker and Virtual Machines

GNS3 supports, among others, two platforms to run custom applications in a simulation, Virtual
Machines (VMs) and Docker containers. The architecture overview of a VM is shown in Fig-
ure 2.10a, whereas Figure 2.10b gives the architecture of Docker. Both methods have the same
foundation, a host operating system running on an infrastructure. Infrastructure is some kind of
computer like a server or a Personal Computer (PC).

VM Three VMs are shown in Figure 2.10a, one of them is highlighted with a gray area. Different
applications run in each VM which are referenced with App A, App B, and App C. They use
functionalities provided by some libraries respectively binaries. An own operating system runs
in each virtual machine. The bundling of applications, binaries, libraries, and the host operating
system is called guest. Therefore, the operating system in a virtual machine has the name guest
operating system and is highlighted (green) for App B. Between the guest operating systems and
the host operating system runs a Hypervisor, which acts as link between them. The hypervisor
provides an underlying platform to the guest operating system comparable with the infrastructure
below the host operating system [SN05]. In comparison to the host, the guest operating system
cannot directly communicate with the hardware that is located in the infrastructure block. It has
to communicate with the hypervisor, which in turn contacts the host operating system and finally
the host operating system is able to access the hardware. The overhead of this communication
chain should be as small as possible, to improve the performance of virtual machines [Por12].

. -~ N
( AppA J[ AppB | AppC | [ Container )
[ Bins/Libs ] [ Bins/Libs ] [ Bins/Libs ] ( apA ) AppB |( AppC )
Guest OS ( Bins/Libs ) [ Bins/Libs | ( Bins/Libs |
Hypervisor Docker
( Host OS ) ( Host OS )
[ Infrastructure ] [ Infrastructure ]
(a) Architecture of virtual machines (b) Architecture of Docker

Figure 2.10: The figure compares the architectures of virtual machines and Docker containerization.

Docker The applications in the docker architecture run in docker containers. A container does
not include an operating system like a virtual machine, as can be seen in 2.10b. The container
only includes applications and their needed libraries and binaries. A container is able to commu-
nicate to the host operating system via an application running on the host called Docker. Docker
interacts with the kernel of the host system with its library libcontainer [Turl4]. The host must
run a GNU/Linux operating system because libcontainer uses features of the Linux kernel. All
the containers are isolated from each other and the host system with Linux namespaces. Linux
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namespaces allow the isolation of the file system, processes and the network. As a consequence,
each container has its own virtual file system, that is not readable by other containers. The distri-
bution of the system resources, like the processor and the main memory, is handled with Linux’s
control groups (cgroups) [Turl4].

Both, virtual machines and containerization with Docker, have their advantages and disadvan-
tages. Virtual machines provide virtualization at a lower level, which is also called hardware-level
virtualization, whereas containerization represents operating system-level virtualization. Docker
guests run as processes in the user space of a Linux operating system. Therefore, the virtualized
operating system of the container must in general be the same as the host operating system
[Turl4]. Each virtual machine contains its own operating system, which results in an overhead
in comparison to the containers. Containers can use functionalities of the host’s kernel, thereby
the resource demand is decreased. This overhead is identifiable in Figure 2.10. In the diagram for
the virtual machines four operating systems are present in total, whereas in the architecture of
docker only one operating system is running. As a consequence, the startup time of containers is
smaller than the startup of virtual machines [Turl4].

2.3.2 Frameworks

Python [109] is the programming language that is used for the implementation of the distributed
OPF-based secondary control. Due to its simplicity and the availability of well-established sci-
entific frameworks for the language, Python is a good choice for the prototyping and testing of
scientific algorithms. In the next paragraphs, frameworks with Python bindings are shown that
are used for the implementation of the power loss control.

Communication

Several different communication frameworks exist that can be used in distributed systems. Amongst
these are, for instance, gRPC Remote Procedure Calls (gRPC) [108], XML-RPC [Cer02], Common

Object Request Broker Architecture (CORBA) [SF00], Apache Thrift [Abel4]|, and Representa-

tional State Transfer (REST) [FT00]. In this work gRPC is used due to its low latencies, high

message throughput, and the availability of wrappers for many different programming languages

such as Python [108].

The gRPC implementation is based on Remote Procedure Calls (RPCs). RPC is a communication
protocol which is implemented in a server-client architecture [BN84]. In the context of RPC clients
are called stubs. A server provides services that can be called by the stubs. Each service needs
to be implemented in a procedure, which is called when a stub requests that service. The server
processes the request and sends a response message to the stub. It is also possible to encrypt the
messages and to use client, server authentication [108].

The gRPC framework uses HI'TP for the transport of the messages. gRPC benefits from the fea-
tures of HT'TP /2, which, among other things, allows the compression of headers and multiplexing
of streams. Stream multiplexing enables parallel RPC calls with only one open connection [108].
The data of the procedure calls are stored in a format called protocol buffers. Protocol buffers
contain serialized data represented in a binary format [PPMT16].
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Optimization

The OPF problem presented in this chapter, is a QCQP which needs a non-linear solver in
its original formulation. Pyomo [HWW11], pyOpt [PJM12], and NLopt [107] are optimization
frameworks with bindings to Python that provide the necessary methods to solve the optimization
problem. Each of these frameworks provides a high-level interface to several different solvers. It
was decided to use NLopt because of its simple API and the many different optimizers that are
supported by the package. NLopt has interfaces to solvers which support global-optimization,
local-derivative-free-optimization, local-gradient-based-optimization, and augmented-lagrangian-
algorithms [107]. The large number of solvers makes NLopt usable for a diverse set of optimization
problems.

NLopt has an implementation of the COBYLA algorithm which is discussed in Section 2.1.3.
COBYLA is used in this work for solving the distributed power loss problem because of its good
accuracy and its fast convergence for the given optimization problem. Furthermore, COBYLA
was originally designed for a non-linear optimization problem with nine optimization variables.
Each distributed optimization problem in this thesis has locally no more than ten optimization
variables, which comes fairly close to the optimization problem COBYLA was designed for. In
the IEEE 13 and 123 node test feeders, the maximum number of neighbors of a bus is four. This
means that every controller has an optimization problem with a maximum of five buses. As the
voltage of a bus is separated into its real and imaginary parts — as shown later in Section 3.1 — ,
a controller has an optimization problem with no more than ten optimization variables.

Grid Description

In this work two different network topologies and their properties must be described, the electri-
cal power grid and the communication network. Different possibilities exist for the description of
these two networks. In any case, the representation must be diverse enough to describe all needed
devices and connections described in Sections 3.2.1 and 3.2.2. An often-used format is the MAT-
POWER case format [ZMST11]. It consists of two-dimensional arrays to store the information.
In each structure the columns represent different properties and the rows certain buses, lines, or
generators. Four different data structures for buses, generators, section lines, and generator costs
exist. Most parts of the electrical grid discussed before can be covered with the MATPOWER
case format, but it cannot handle current loads out of the box. Furthermore, the Information and
Communication Technology (ICT) grid is not covered at all by this format.

Another format is the Common Information Model (CIM). It is more versatile than the MAT-
POWER format and can be used to describe more complex electrical grids. This standard uses
the Unified Modeling Language (UML) to represent the information. The part of CIM describing
the power grids is composed of two standards, IEC 61970-301 and IEC 61968-11 [McMO07]. The
first norm includes devices of the electrical power grid and other topology information. In the
second standard additional parts are defined such as different software applications used in the
grid [104]. Standardizations for the description of CIM exist in the eXtensible Markup Language
(XML) [KNN*08]. Bindings for the XML format exist for many programming languages which
makes XML a versatile applicable format. However, CIM is not designed to describe both, the
electrical and the ICT grid. Furthermore, it is not designed and does not have the support to
automatize the generation of simulations [PA18].

For the combined description of electrical and ICT-components and their connection F. Prostl
proposed a new domain specific language in [PA18]. This domain specific language is called Power
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System Automation Language (PSAL). A domain specific language is a language which is exactly
tailored for a specific use case. PSAL has been developed precisely to automate tasks in the
field of smart grids, including simulations. It is designed to be compatible with the Smart Grid
Architecture Model (SGAM) [CCE12]. SGAM is another standard to describe the architecture of
electrical and communication grids. A reference implementation for PSAL is done in [PA18] by the
usage of xText [EV06]. xText is a framework for the Eclipse integrated development environment
to design domain specific languages. A language modeled with xText has the support of Eclipse
features like syntax highlighting and auto completion. A drawback of xText is its dependency
to Eclipse and the Java programming language. It has support for the generation of code for
languages like C++ or Python [102]. However, these generators have to be implemented by the
user for each domain specific language. Therefore, Power System Automation JSON (PSAJ) is
proposed in this work. It uses the concepts and the design of PSAL but is not encapsulated as a
domain specific language but in JavaScript Object Notation (JSON).
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3 Validation and Simulation of Distributed
Control Systems

This chapter focuses on the validation and simulation of distributed systems with emphasis on the
OPF-based secondary control. In the beginning, a novel formulation of the distributed power loss
problem is explained and derived. This method uses a consensus version of the ADMM algorithm.
Afterwards, the properties and devices of both the electrical and the ICT grid are presented. In
this part another contribution of this work — PSAJ — is given. With PSAJ simulations including
both grids are describable in the JSON format. Furthermore, PSAJ can be used to automate
the code generation of simulations. The last section of this chapter shows the IEEE 13 and
IEEE 123 node test feeders that are used as test cases for the distributed power loss problem.
Moreover, it is explained how PSAJ is leveraged for the automatic generation of simulation code.
These simulations are used twofold, to validate the correctness of the results of the OPF-based
secondary control shown in this work and to measure its runtime in relation to properties of the
communication layer.

3.1 Distributed Optimal Power Flow

This section of the chapter combines the results of Sections 2.1 and 2.2 in an algorithm which solves
the distributed power loss problem. First, it is explained how the admittance matrix for Il-section
lines can be split into a sum of matrices. These matrices sum up to the original admittance matrix.
By using these matrices, the previously centralized version of the optimal power flow problem in
rectangular form is rewritten in a distributed manner. As a last step the distributed OPF problem
is slightly modified so that it can be used with the consensus version of ADMM. This yields a
distributed version of the OPF algorithm which does not need a centralized controller.

Solving the power loss problem in rectangular representation with the consensus version of ADMM
and the grid partitioning presented in this section is to the best of our knowledge something that
has not been attempted before. We consider this to be one main scientific contribution of this
work.

Splitting the Admittance Matrix

For the distributed power loss algorithm, it is necessary to partition the main optimization prob-
lem into smaller subproblems. This is done by splitting the admittance matrix into a sum of
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matrices, as shown in Equation (3.1) for m matrices.

Y=)Y; (3.1)

|
I
Zseries, ft

bus f

Figure 3.1: A grid is partitioned into two subgrids, subgrid a; on the left (has an orange polyline around
it) and area a; on the right (with a teal one). The dashed line symbolizes the cut between
these two areas. It goes lengthwise through the series impedance.

In this work, the splitting is done by virtually cutting the power grid into several smaller grids.
An illustration how such a cut is done is given in Figure 3.1. The grid in the figure is partitioned
into two subgrids area as on the left (orange) and area a; on the right (teal). Figure 3.2 shows
the result of the separation for subgrid ay. All section lines except the connection to bus f are
removed from bus ¢. The series impedance is replaced with an impedance with the value 2- zgeries, -
Furthermore, the shunt admittance connected to bus ¢ is removed. The resulting subgrid for area
ay is similar, but instead of removing the section lines from bus ¢, the lines of bus f are removed.
Additionally, the shunt admittance connected to bus f is removed instead of removing the shunt
admittance at bus t.

The admittance matrix and the voltage-current relation for the half section line going from bus
f to t for the subgrid ay is shown in Equation (3.2).

. 1 Yshunt, ft _ 1
th 2'Zseries,ft 2 2‘Zseries,ft 'U[ﬂ (3 2)
i S R ’
’Ltf 2'Zseries,ft 2'ZSe!'ieS,fi U[t]

Yruye

The matrix for the other half of the II-section line corresponding to area a; looks similar. The
only difference is that the diagonal components of the admittance matrix are interchanged. This
matrix is labeled with Yz ;.

Different possibilities for partitioning an electrical power grid into subgrids exist. One possibility
is to make a sensitivity analysis of the grid. Those lines are cut which have a weak connectivity
[TVH14]. In this work a different approach is followed. The power grid gets partitioned into
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Figure 3.2: This picture shows the remaining electrical components of a section line in subgrid ay, after
cutting the grid. The full gird is illustrated in Figure 3.1.

n subgrids, where n is also the number of buses in the grid. This approach is proposed by
C. Gavriluta et al. in [GCGEH16]. As in the previous sections, N is the set containing all the
bus indices and L is a set consisting of all the lines. For the partitioning of the grid, an arbitrary
bus k € N is cut through all its II-section lines. The resulting subgrid consists only of the bus
itself and its adjacent buses. Bus k is connected by half TI-section lines (as described in Figure 3.2
and Equation (3.2)) to all its neighboring buses. Bus k is called the main bus of area aj. The
admittance matrix of the subgrid is named Y. The components of this matrix are defined in
Equation (3.3).

Zt:k(—)t (2-2561 + yShUQHt’kt) 5 lf ]{ = f A f e t

ries,kt
yk[ft] = 2'Zserie?kt 1 7& f f (3.3)
T Y rserion it if fAEEN(f,t)eL
0, iEfACA(L)EL

This partitioning is repeated for all buses in the power grid. The resulting matrices satisfy Equa-
tion (3.1) with m := n.

Distributed Optimal Power Flow

The last section presented a method to split the admittance matrix into a sum of n matrices.
The aim in this section is to partition the power loss problem into n subproblems with mutual
interdependencies. By utilizing the matrices Y from Equation (3.3), the objective function of
the power loss minimization problem has the form

c(v):= vl <z": (Yk)> v=viYiv+ - +vY,v. (3.4)
k=1

Each of the summands builds one subproblem from the original optimal power flow problem. The
drawback of this cost function is, that the whole voltage vector is needed for each subproblem.
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This slows down a distributed implementation because a consensus for every voltage must be
found between all subproblems. The implementation is more efficient if a bus must only find a
consensus between its own voltage and the voltage of its adjacent buses.

The goal is to have a cost function which has the form of Equation (3.5).

c(v) =vIiYavi+- +vIiY,v, (3.5)

Y3 A\

_‘L ray ray & ral VISR
A A Ao |

0 Y3 V3

—) 8] 0 0 Upg [yk [32]] Yk[33] [yk[35]] V(3

vT [v[z}](v[s}](v[s}] vl

(a) Admittance matrix Ys and the corresponding (b) Reduced admittance matrix Y3
voltage v vector of area as and the corresponding voltage vec-

tor vz of area as

Figure 3.3: This example shows the admittance matrix of subgrid as from Figure 2.6. The subgrid con-
tains three buses, where bus 3 is the main bus of the area and is interconnected with buses
2 and 5. The full power grid has five buses. The first and the forth element of the voltage
vector is removed because bus 1 and 4 are only present in the full grid and not in the subgrid.
Therefore, the first and forth row and column of the admittance matrix are removed as well.
This results in the reduced admittance matrix Y 3.

All the voltages vy are subvectors of the voltage vector v. Y refers to a square submatrix of
Y. The reduced voltage vector for a subgrid is obtained by removing those components from
the original voltage vector, which are not in the subgrid. The reduced admittance matrix is built
by removing those rows and columns from the full admittance matrix that have the same indices
as the removed voltage components. Algorithm 3.1 describes this approach step by step and
Figure 3.3 gives an illustrative example.

The reduced admittance matrices Y, can be utilized for the cost functions of the distributed
optimization problem. Unfortunately, these matrices cannot be used for the active and reactive
power constraints. Due to the modified series impedance 2- zgeries k¢ from Equations (3.2) and (3.3),
the obtained power injections would be wrong. This issue is eliminated by replacing 2 - zZseries kt
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in Equation (3.2) with its original impedance Zgeries k¢ Which yields Equation (3.6).

- 1 Yshunt, ft _ v
th Zseries, ft 2 Zseries, ft [f] (3 6)
1 N ——t P v .
tf Zseries, ft Zseries, ft [t]
YHft,f

By leveraging Equation (3.6), the full admittance matrix for the constraints is created with
Equation (3.7).

Zt:k(_)t ( 1 4 yshunt,kt) ’ if k= f A f — ¢
1

Zseries, kt 2
~ s ) if k 75 f AN f =1t
yk[ft] = serles,lkt . (37)
_Zseriesk:t’ lff?ét/\(fvt)eﬁ
0, i f AN (1) ¢ L

With Algorithm 3.1 the sparsity of the admittance matrix is exploited and the matrix Y, is
generated for the constraints of a bus k.

As mentioned before, for the cost function the reduced admittance matrix Y., must be used,
while the matrix Yrk is utilized for the constraints. All methods in the previous chapter are
derived by using the same admittance matrix for the cost function and the power constraints. In
order to get a correctly distributed optimization problem, the right admittance matrices need to
be used for the objective function and the constraints.

Distributed Optimal Power Flow with Consensus

Lastly, this part of the chapter introduces a consensus approach for the power loss problem. Every
objective function ci(vy) from the last section has its own voltage vector. However, the voltages
have interdependencies because each bus and its corresponding voltage appear in the equations
corresponding to at least two subgrids. A consensus must be found between the subgrids that
optimize the same voltages. Equation (2.87) already has the same form and notation as the
cost function of the power loss problem. In contrast to the complex valued cost functions from
Section 2.2.2, the rectangular presentation of the power flow equations from Section 2.1.1 is used.
In order to express the power loss problem in the consensus ADMM form, all the vectors need to
be real valued. This is done by splitting the local voltage vectors vi, the consensus vectors zy,
and the Lagrangian multipliers Ay into their real and imaginary parts as shown in Equation (3.8).
The length of all these vectors is doubled, the first half holds the real part of the components and
the second half the imaginary parts.

Vi o= [Iﬁ((;’:))} € R¥™ 7y = [Hﬁ((gf))} € R¥m A = [}f((;‘:))} € R¥m (3.8)

Furthermore, the cost functions need to be transformed into a real valued matrix as it is done
in Equation (2.28). The construction of this matrix Y, is shown in Equation (3.9). Additional
matrices for the constraint functions are needed as well. These matrices are described with ka
and Y4 in Equation (3.9). This is based on Equations (2.19) and (2.20). In the equation below,
the conductance matrix Gy is the real part of the admittance matrix Y, and the conductance
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Algorithm 3.1: This algorithm generates the reduced voltage vector vi and admit-
tance matrix Y, for the area ag. The input of the algorithm is the voltage vector, the
admittance matrix, and the topology information.

1 =141 // Number of buses in the subgrid aj
2 v € CM® // Set the size of the voltage vector
3 h, € C™ // Vector that stores the offdiagonal admittance elements
4 Y, :=0¢eCwx™ // Set the size of the admittance matrix
5 9:=1 // Current index
6 i :=0 // Local index of the main bus
7 // Iterate over all buses

8 for bin 1,2,...,n do

9 if b = k then

10 Yek[id] *= Yr[bb] // Set the diagonal element
11 Vk[]] = V] // Map the component vg[ of the local voltage vector to vy
12 1 =1 // Set the local index of the main bus
13 hk[i] =0

14 1:=1+1

15 // Does the line exist?

16 else if (b,k) € £ then

17 Yrk[id] *= Yk(bb] // Set the diagonal element
18 Vk[i] = V] // Map the component vg[ of the local voltage vector to w,
19 hii) == Yrok) // Store the offdiagonal element
20 1:=1+1

21 Yikfipe] = Yrk[ip —i—hf // Set the offdiagonal elements in row iy
22 Yik[eiy] ‘= Yrk[oiy] + hy // Set the offdiagonal elements in column i
matrix for the constraints is defined to be Gk = ]R(Yk) The susceptance matrix Bk is the

imaginary part of Y.

G, 0 , G, -B ; -B, -G
Yo = {0’“ GJ Yoi = [’f ; ’“] Yo = {G: —B,Ij (3.9)

With these vectors and matrices, the consensus version of ADMM from Section 2.2.2 can be taken
one-to-one for the consensus finding of the voltages in the power loss problem. Additionally, the
limits on the voltages and the active and reactive power boundaries have to be taken into account.

First, the voltage update step from Equation (2.99) is rewritten for power loss control. The super-
script in squared brackets denotes the iteration number. Function G translates local indices of a
subgrid to global indices as described in Equation (2.88). In a subgrid the main bus is the only bus
which has active and reactive power constraints. In contrast to the power constraints, the voltage
boundaries apply to all buses in the subgrid. An area aj consists of nj buses. Equation (3.10)
characterizes the optimization problem for the voltage update step, where i, stands for the local
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index of the main bus.

A [i AN N S AT A A[i
VLH] ;= arg min <V£kavk + AL] Vi + gHvk — ZL] H%) (3.10)
Vi
subject to  Pink] < [Okfin]  Okfig-+nsl) [y;?k[f:.] ]] Vi < Prax]k]
ie+nge
N 5 Yakliv] | &
Qmin[k] < [Uk[zk] vk[ik-i-nk]] [quik[—:jkj v < Amax[k]

Umin[g(kJ)] < ﬁ]%[l] + 0]3”.1_7%] < Umax[g(k,l)} Vi e {1, . 77’%}

This minimization can be executed in parallel for every objective function. This represents the
first step in each ADMM iteration.

Afterwards, all neighbors of a bus k£ will have a suggestion for the new value of its voltage. Every
node precalculates the variables Bk[l] = %5\%] + f)][;; Uiorall I € {1,...,2-ng}. These values are
then sent over a communication network to the adjacent buses. This is the second step of the
ADMM iteration. The neighboring buses run a consensus algorithm for these values and their

own suggestion. The consensus step run by every bus is described in Equation (3.11).

1] . 22G(m)=G(k,0) Pl
klo] "

P Yo € {iy,2 - ny} (3.11)
m,l)=G(k,o

Basically, it is an averaging over the proper values BAkm. Then each bus sends the result of this
calculation to its adjacent buses. The received values are used to update the components of the
consensus variable z; in Equation (3.12). Figure 3.4 gives an illustration of the communication
between the nodes in order to obtain the values of the consensus variables.

2][5[::11}] = 2&2}1] Vm e {1,...,2 -ng} \ {ig, ik + ni}, L:=G(k,m), o:=1 modn (3.12)
Finally, the third step of the ADMM iteration is shown in Equation (3.13), where the Lagrangian
multiplier is updated at each bus.

~fi4+1 NI . .

AT = A el gl vk € {1,...,n} (3.13)
After thatA, the iterator ¢ is incremented and all the steps of an iteration are repeated for the new
values of A, Vi, and z.

One might argue that ADMM-based OPF behaves worse than classical gradient based methods
due to the duality gap. However, in [LL12] it was shown that OPF has a duality gap of zero.
Therefore, ADMM-based OPF has the same limitations as its centralized complement [Ers14].

3.2 Creation of Simulations with Electrical and ICT Grids

In order to validate the correctness of the functioning and the usability of the proposed distributed
power loss control from Section 3.1, test cases are needed. This algorithm should be tested in
two ways: first, the results of the distributed implementation should be compared and checked
with the results of another centralized optimization approach to validate the correctness of the
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~ . Big Bz +B33+Bap
Z3[3] *= 1

Figure 3.4: This example shows a power grid with five buses. The same topology is used in an example
in [GCGEH16]. Each bus is represented with a circle that has the bus number in its middle.
The lines with the arrows are the section lines between the buses. Bus 1 is connected to
buses 2, 3, and 4. These four buses are therefore also in the subgrid a;. Every bus has its
own unique color. All the values that are needed to find a consensus for the voltage of a
bus have the same color as the corresponding bus. The left grid visualizes the consensus
finding process described in Equation (3.11). After the minimization of Equation (3.10), the
obtained voltages are combined with their Lagrangian multipliers in the variables Bkm. To
simplify this diagram the real values Bk[l] and the imaginary parts Bk[an] are combined in
the complex variables Sy := Bk[l] + jBk[l+nk]. These values are sent to the adjacent buses.
Bus 1 for instance needs the three values that contain the suggestion for its voltage vy). As
a consequence, it receives By1) from bus 2, B3y from bus 3 and Sy} from bus 4. The last
needed value for the calculation of the element of the consensus variable is 3;;; which has
already been calculated at bus 1. These four values are averaged to find a consensus between
the four buses for the voltage v[y). The result of the averaging is stored in z[;). Every node
calculates one component of its consensus variable zy). Again, complex values are used for
the voltages and the consensus variables to simplify the diagram. Next, the buses distribute
their calculated component of the consensus variable to all their neighbors, as described in
Equation (3.12). These values are used to complete the local consensus vectors zy, for all
buses.

modeling of the power loss problem. Second, the dependency of timing properties in relation to
the communication grid should be investigated.

The cornerstone of proper validations of methods are good test cases. In the case of power loss con-
trol, the test grids provide all the necessary information from an electrical grid point of view. In the
case of testing a distributed OPF approach, the topology of the electrical grid alone is insufficient.
As discussed in the previous chapter in Sections 2.2.1 and 2.2.2, ADMM uses an iterative approach
to solve an optimization problem. In each iteration a consensus needs to be found over components
of the optimization variables which have interdependencies. For the consensus finding process,
information has to be shared between the distributed nodes. A communication grid is used for
passing messages between the nodes. Either the power grid itself using power line communication
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or an additional ICT network can be used for the communication. In order to correctly estimate
the usability of a distributed algorithm, the properties of the communication channels need to be
modeled. Messages that are sent between nodes can become corrupt or can get lost. Furthermore,
latencies and jitter of message deliveries occur in a realistically modeled communication grid. In
many papers [KCL114, Ers14, ZHD"17, DZG13, MDGV14, MDS*17, LBR15, KG13, KWAB11]
these properties of the communication layer are not considered at all. Both, physical aspects of
the electrical grid and the communication network need to be taken into account in order to
provide proper validation.

The following sections explain the devices and connections used in the validation of the distributed
power loss control approach. First, the modeling of the electrical grid is discussed including the
used test feeders. After that, important parts of the communication topology are outlined. An
engineering contribution of this work is the Power System Automation JSON (PSAJ). PSAJ is a
description file that can be used to store and modify the grid data and it combines the description
of both the electrical grid and the ICT network in a single format.

3.2.1 Electrical Grid

In most of the test feeders that have been found, the following devices were present: section
lines that connect the buses, loads, generators, transformers, and breakers. These devices and
connections are also used in this thesis for the modeling of the electrical grid. In the following,
the modeled properties of these electrical devices are described.

Section Lines

The lines in the electrical power grids are specified with three different quantities: their series
resistance, series reactance, and shunt susceptance. Often, these properties are described length-
related for different line types. Hence, the length of the lines has to also be provided to calculate
their actual values. Each of these three parameters are described either with a scalar for single-
phase systems or with a 3 x 3 matrix for three-phase systems. These matrices do not only allow
to describe the quantities for each phase independently but also give information on their mutual
coupling. Mutual capacities occur due to the coupling of the electric fields between the phases
and mutual inductivities through the linkage of the magnetic fluxes. The mutual components of
the series resistance are caused by resistances to ground per phase [Dom86].

Loads

The loads are basically divided into three categories: constant power, current, and impedance
loads. The OPF equations formulate the relation between the voltages and the powers in an
electrical grid. Therefore, these three loads are required to be model in terms of voltages, powers,
and constants. A constant power load has no dependency of the power demand and the voltage;
the power demand is constant s,q = const. Constant current loads have a linear relation between
the voltage and their apparent power demand s; = u -7 = u - const and constant impedance loads
have a quadratic relation s, = |u|?/Z = |u|?/const. These loads are further grouped into wye- and
delta-connected loads.
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Generators

The generators are modeled with distributed energy resources connected to simplified power
converters that are similar to the converter models in [DTU17]. However, instead of having limits
on the apparent and the reactive power, constraints for the active and reactive power are used.
The lower bound for the active power is assumed to be pyux) := 0 W. For the upper bound a
non-negative active power is used. The reactive power constraints are symmetric with g¢upinr =
—(max[k]- Figure 3.5 visualizes the power constraints of such a generator.

4[]
Qmax[k]

Plk]

pmin[k}] pmax[k:}

Figure 3.5: A generator has a rectangular constraint for its apparent power. The limits are drawn with
dashed lines (red). pmin[x) is the lower bound for the active power and is equal to 0 W. The
filled area (teal) is the valid region for the apparent power.

Transformers

The transformers used in this thesis are modeled with two interconnected devices, an ideal trans-
former which does not have losses and a section line. These transformers have a fixed turns ratio
n. With the aid of the section line, the losses of the windings, iron losses, and the magnetization
reactance are taken into account.

Breakers

Breakers are used to change the grid topology in meshed networks. In this thesis the breaker
position is fixed, either open or closed. The breakers are modeled with a lossless switch and two
resistances. Each resistor corresponds to the resistance of the breaker for the opened respectively
closed position.

3.2.2 Communication Network

Section 3.1 presented a distributed approach to solve the power loss problem, namely ADMM with
a consensus algorithm. Each bus needs a device with computational power and a communication
interface to run its part of the distributed power loss algorithm. Hence, controllers are introduced.
Controllers have additional interfaces to obtain measurement data and send control commands to
the electrical devices connected to the bus. For instance, the active and reactive power setpoints
of the generators can be changed by the controllers. In order to solve the distributed optimization
problem, the controllers have to communicate with each other in every iteration. For that reason,
the controllers need to be connected to a communication grid. In the current electrical grid, it is
rather unrealistic to assume that each bus has a controller connected to a communication grid
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which allows message passing between all the controllers [HMDSPK13]. This is also reflected in
the available test feeders. In most of the grids only information about the electrical grid is given
and none of the communication network.

There definitely is a need for openly accessible standardized test feeders. For the testing of many
next generation control methods both grids are mandatory. Standardized grid methods also ease
the comparison of new methods and enhance the significance of the results. Due to the fact that
these feeders are not available to the best of our knowledge at the time of writing, an algorithm
is implemented which automatically generates an ICT network for an electrical grid.

First, the different devices and connections that make the communication network used in this
work are discussed. After that, the generation of the artificial communication network is explained.

Computers

Each controller is modeled as a single computer with a communication interface from the per-
spective of the ICT grid. Another possibility is to model the controllers with a single computer
which solves all the optimization subproblems in parallel. This simplifies the approach, because
no additional communication grid is needed for the simulation. The consensus finding process can
be done for example via data structures in the main memory or by communicating with TCP /TP
sockets over the loopback network interface. A similar approach is followed in [KCL*14]. How-
ever, this approach cannot be used to validate the time-related requirements of a distributed
system properly, because the properties of distributed communication are neglected. Hence, in
the proposed approach each controller is modeled as a separate computer.

Switches

The computers are not connected directly with each other. Network layer two switches model the
devices that connect the computers. The second network layer is referred to as data link layer
in the Open Systems Interconnection (OSI) model [Zim80]. An alternative to the switches are
network hubs. Hubs work on layer one — physical layer — and are also called multiport repeaters.
A hub broadcasts a received message to all its ports, whereas a switch forwards the packet only
to one destination port [BN12]. Hub usage results in unnecessary network traffic which can limit
the network bandwidth in larger networks. Network routers and layer three switches are other
possibilities that need to be considered. Both device types work at OSI layer three which has the
name network layer [BN12]. These devices have additional capabilities compared to a layer two
switch. For instance, firewalls and network access translation can be handled by routers. These
functionalities are features which are not needed within the scope of this work. Therefore, layer
two switches are used for the modeling of the ICT network.

Connections

Many different connection types exist in modern communication networks. In [Bin00], four high-
speed connection types are differentiated. These types are Digital Subscriber Loop (DSL), coaxial
cables, optical fiber, and wireless connections. Another important technology type is Ethernet
which is often used in Local Area Networks (LANs) [SDRC82]. All these types have different
characteristics and properties. In works like [HMDSPK13, ZQ10, HFK*14], the focus is on the
communication network in smart grids. This thesis tries to verify if a distributed OPF algorithm
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which uses ADMM can be used for secondary control. Therefore, the ICT grid is simplified to only
include Ethernet cables for the connections. The length limitations for these cables are neglected.
In order to model different connection types like power line communication or 5G cellular mobile
communication, four properties are defined for the cables. These properties are applied via a
packet filter on the cables.

1. Packet Loss: The probability for each package that it gets lost during the transmission over
the communication line.

2. Corrupt: A package has a probability that it becomes corrupted while passing a line. This
is reflected with the percentage of the parameter “Corrupt”.

3. Latency: This parameter determines the time it takes for a packet to be sent from the
starting point of the line to the endpoint.

4. Jitter: The jitter is the maximum variation in the latency. Let t},; denote the latency and
t;ic the jitter. Then the minimum and maximum time a packet needs to be sent over the
line is tmin,max = tlat + tjit-

Artificial ICT network

For this work a script was written which automatically generates artificial ICT networks for
electrical test feeders. Here, two different strategies for the generation of the communication
grids are presented. Both cases have in common, that every controller is mapped to a computer
in the ICT network. Each computer is then connected via an Ethernet cable to a layer two
network switch. Packet filters are applied to these Ethernet cables to model the timing properties
of the connections. Four different parameters are adjustable for the filters. The strategies have
differences in the way the switches are connected with each other. In both strategies the switches
are interconnected with Ethernet cables. No packet filters are applied for the interconnections
between the switches.

Daisy-Chain In the first strategy the network switches are connected in a daisy-chain. Every
switch, except the ones at the end of the chain, has two neighboring switches. The ones at the end
of the daisy chain have only one neighbor and, therefore, only one connection to another switch.
Figure 3.6 shows this ICT-topology. In this scenario the least possible number of switches is used.
If n denotes the number of controllers and m is the maximum number of connections per switch,
[(n —2)/(m — 2)] is the number of needed network switches. [¢] denotes the ceiling function
which rounds a number to the next bigger or equal integer. Minus two in the denominator comes
from the fact that every switch reserves two of its m ports for the connections to the neighboring
switches. Because the outermost switches need only one connection for the neighboring switch,
minus two is also subtracted in the nominator.

Tree In [HFK'14] the network topology of a smart grid in Luxembourg is examined. This
topology is organized in a tree structure. The topology implemented in Luxembourg is used as
inspiration for a strategy, where the network switches become interconnected in a simplified tree
structure. In the paper additional devices like repeaters and concentrators exist. In this thesis
a simplified network representation that only consists of computers and switches is used. The
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Figure 3.6: In this ICT-topology the network switches are interconnected in a daisy-chain. The rectangles
(teal) on the Ethernet cables going from the computers to the switches represent the packet
filters. The pictures of the computers and switches are taken from [106] and are licensed
under the GNU Public License version 3 (GPLv3) [Ryc08].

switches are organized in a tree structure. The controllers are connected to the leaves of the tree.
This structure is visualized in Figure 3.7. The strategy with the daisy-chained switches needs less
switches in comparison to this structure. However, the maximum distance, in number of hops,
from one controller to another controller is smaller for large networks with tree ICT structure.
Let di; be the number of Ethernet cables that a packet must traverse to deliver a message from
controller k to controller [. In the case of the daisy-chain structure, the worst-case distance dy; is
2:-[(n—2)/(m—2)]+1. In the tree structure an upper boundary for this distance is 2-[log,,_;(n)],
which is smaller for a network with a sufficiently large number of controllers.

Figure 3.7: The network switches are interconnected in a tree structure. Every controller is connected
to a leaf of the tree structured switches. The rectangles (teal) represent the packet filters.
Filters are only applied at the Ethernet cables connecting the controllers and the switches.
The pictures of the computers and switches are taken from [106] and are licensed under
GPLv3.

3.2.3 Power System Automation JSON

Creating different simulations by hand is cumbersome and error-prone. For instance, the change
of the base apparent power for the per-unit value results in a modification of all the power and
admittance values in the simulation. Furthermore, most of the formats in which test feeders are
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provided are neither standardized nor machine readable. The data is stored in textual format
or in documents that are not standardized and mostly inconsistent. These exceptions make the
automatization difficult and complex. Power System Automation JSON (PSAJ) is trying to cover
this gap. PSAJ is considered to be one major engineering contribution of this thesis.

Idea

The basic idea behind PSAJ is to automatize the generation of simulations. If PSAJ is seen as a
black box, the input will be the data containing all the information of the grids that is needed for
the generation of the simulations. The outputs are the automatically generated simulation files.

The functioning of PSAJ is shown in a graph in Figure 3.8. PSAJ consists of three main steps:
Serializer, Transformer, and Code Generation. The serializer parses input data and serializes the
data into a JSON format specified by PSAJ. In the transformer step, the data is modified and
prepared for the simulations. For instance, the balancing of an unbalanced network could be seen
as such a transformation. When all the needed data is collected and transformed, the code for the
simulations is generated in the last step. These generated files can be opened with the respective
simulator for which the code was generated for.

i
Data TransformerHCode Generation)—> Simulation
J

Figure 3.8: The basic idea behind PSAJ

Structure

JSON is used as file format to represent the data. It is a subset of JavaScript and thus any
valid JSON file is a valid JavaScript file. JSON common data structures like numbers, strings,
arrays, etc. [Bas15]. The hierarchy in PSAJ is modeled with objects. A JSON object consists of
key-value pairs. The key of an object must be a string and the value can be any valid JSON data
type. The top-level datatype in PSAJ is an object. For an architecture containing an electrical
and a communication grid four keys, among others, are in the object devices_electrical,
devices_ict, connections_electrical, and connections_ict. All values of these keys are
again objects. Each key-value pair in these inner objects contains a unique ID as key and an
object as value that holds all the information about a device or connection. Listing 3.1 gives an
overview about the structure of PSAJ.

Listing 3.1: PSAJ structure

{
"devices_electrical": {"<dev_e_id1>": { ... }, ... , "<dev_e_idn>": { ... }},
"devices_ict": {"<dev_i_idi1i>": { ... }, ... , "<dev_i_idm>": { ... }},
"connections_electrical": {"<conn_e_id1>": { ... }, ... , "<conn_e_ido>": { ...
11,
"connections_ict": {"<conn_i_id1>": { ... }, ... , "<conn_i_idp>": { ... }},
}
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devices_electrical contains a collection of all the electrical devices of the topology. The keys
of this collection, e.g., "<dev_e_id1>" are the IDs of electrical devices. All the information of a
device is described inside the curly brackets, which represents a JSON object. To simplify the
explanation of the relations in PSAJ, we refer to a key-value pair of the devices_electrical
collection as DeviceElectrical. Similarly, DeviceICT is an ICT device that refers to an element
from the devices_ict collection.

A connection between two objects DeviceElectrical is stored in connections_electrical
and is denoted with ConnectionElectrical. In a similar way, a ICT connection is named
ConnectionIct and is stored in the connections_ict collection.

Each device has its own interfaces for its connections. Nested inside the object describing the data
of a DeviceElectrical or DeviceICT, the fields interfaces_electrical and interfaces_ict
contain the interfaces of a device. This structure is shown in Listing 3.2.

Listing 3.2: PSAJ interface structure

"<dev_id>": {"interfaces_electrical": { ... }, "interfaces_ict": { ... }, ...},

An ICT device can only have ICT interfaces, whereas electrical devices can have both. Some-
how, an electrical device must be able to receive commands or send measurements to its con-
troller. This is done with its ICT interfaces. From here on, the interfaces are referred to as
InterfaceElectrical and Interfacelct. Each connection contains the IDs of two interfaces.
These interfaces define the endpoints of the connection and thus which two devices are connected
with each other.

InterfaceElectrical 0..% DeviceElectrical
* * 0.*
2 0..%
-
PSAJ Connectionlct
* 0..*
g .
2
0..* 0..*
ConnectionElectrical Devicelct Interfacelct

Figure 3.9: UML diagram of PSAJ

Figure 3.9 shows the relations between the fields of the PSAJ format in UML notation. PSAJ is the
top-level object that contains all the information of the topology. A topology does not necessarily
have to contain both an electrical grid and an ICT network. Therefore, the multiplicity of the
composition of PSAJ with the devices is allowed to be zero. A device must not necessarily have
interfaces. However, a network switch, for instance, can have multiple ports in general and thus
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has multiple interfaces. Likewise, a transformer with a connection at the low- and one at the high-
voltage side has two interfaces in total. Hence, the multiplicity of the relation between the devices
and their interfaces is in the range from zero to any positive integer. Every connection requires
two interfaces, a starting and an ending interface. In PSAJ every connection must be connected
on both ends. Consequently, the aggregation between the connections and the interfaces has a
multiplicity of two.

3.3 Simulations of the Distributed Power Loss Problem

This section presents details about the test cases and their automatized generation that are
implemented to validate the distributed power loss control. First, the test feeders are presented
which are used in the simulations. Then, it is shown how PSAJ is used to generate the code
for the simulations. Afterwards, details about simulations running in GNS3, PYPOWER, and
Simscape are given.

3.3.1 Test Feeders

Many test feeders with different degrees of details and sizes exist. Depending on the problem
to be solved, different feeders for distribution and transmission grids are available. In this work
the IEEE test feeders are used [KerOl]. The data of the IEEE test feeders is partly stored in
Excel-sheets and partly in Word-documents. Most of the needed information is located in the
Excel-sheets. Only the resistance, reactance, and susceptance matrices of the section lines are
stored in the Word-document. The TEEE test feeders are often used and range from four buses up
to 8500 buses. In [SMP 18] Schneider et al. explain details about the design and the composition
of the distinct IEEE test feeders. Two different test feeders are used in this work, the IEEE 13
node test feeder with 13 buses and the IEEE 123 node test feeder with 129 buses. Both test
feeders model parts of distribution grids.

The IEEE 13 node test feeder models a radial electrical grid. Another important point that needs
to be considered during testing is debugging. The more buses there are in the grid the more
difficult debugging of errors becomes. Especially the debugging of distributed methods becomes
really complicated in bigger simulations, among others, due to the distributed data structures.
The 13 node test feeder presents a good ratio between its complexity and debuggability. After an
approach runs correctly on the IEEE 13 node test feeder, the scalability can be tested on the 129
bus test feeder.

Figure 3.10 shows the topology of the 13 node test feeder. It is designed to model a highly
unbalanced system [SMP*18]. The feeder contains one transformer, one On-load Tap Changer
(OLTC), and one breaker. This distribution grid contains 13 buses as its name suggests. The
shortest line in the topology is 91.44 m long and the longest section line has a length of 609.6 m.
Three different voltage levels are in the grid, the primary side of the OTLC located at bus 650
has 115kV while the secondary side has a base voltage of 4.15kV. The secondary side of the
transformer connected with bus 634 is specified with 0.48kV.

In Figure 3.11 the IEEE 123 node test feeder is visualized. The name of this feeder is a bit
misleading, because it consists of 129 and not 123 buses. Furthermore, the grid has one transformer
and four OLTCs. Eleven breakers are in the grid, which can be used to adjust the topology. It
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Figure 3.10: IEEE 13 node test feeder

consists of both, overhead and underground lines. The shortest section line has a distance of
45.72m and the longest section line is 304.8 m long. This feeder has the same voltage ratings as
the 13 bus test feeder. The OLTC located between the buses 150 and 149 models a substation
and has 115kV on its primary side connected with bus 150 and 4.15kV on its secondary side as
base voltage. Bus 610, on the secondary side of the transformer, is in a voltage level with 0.48kV.

The IEEE test feeders include different types of lines and devices. The next paragraphs discuss
the occurring types and explain their modeling for the distributed optimization algorithm. All
section lines in the test feeders have one to three phases. In general, all the loads and lines in the
feeder can be unbalanced. As a consequence, each bus can have up to three voltages — for every
phase a different voltage. The optimization algorithm presented in Section 3.1 assumes balanced
voltages with an equivalent single-phase network. Therefore, the IEEE test feeders have been
modified into a simplified one phase topology.

Lines

The distributed algorithm targets single-phase electrical grids and both IEEE test feeders pro-
vide data for unbalanced three-phase systems. As a consequence, the grid is transformed into a
single-phase test feeder and mutual couplings are ignored. To construct a single-phase grid, the
arithmetic mean of the diagonal components of the matrices is used. Only those phases of the
line are considered which are connected by the line. For a two-phase line with phases A and C,
for instance, only the diagonal elements of these phases are considered for the averaging. This
modeling of the lines is consistent with the II-section lines described in Equation (2.6) and Fig-
ure 2.3. It has a series impedance and two equally sized shunt admittances. The conductivity of
the shunt admittances is zero, because the IEEE test feeders only define the shunt susceptances.

Loads

The loads described in the IEEE test feeders are unbalanced three-phase delta- and wye-loads.
However, a single-phase grid cannot have delta-loads because at least two phases are needed
to make interphase connections. Therefore, all delta-connected loads are transformed into wye-
loads. Then, the parameters related to the connected phases are averaged. The constant power

o7



Validation and Simulation of Distributed Control Systems

. Bus without loads W z-load
@ Generator ’ i-load
.pq-load ’ i-load with capacitor

® pg-load with capacitor

250

30

47

o—nm:

49

50

51

151

300

Figure 3.11: IEEE 123 node test feeder
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loads are directly modeled with the active and reactive constraints of the optimization problem.
Let us assume for instance that bus k£ has a constant power load which consumes pjoaq active
and gioaq reactive power (both values are non-negative). Then the active power constraints of
Equation (310) are Pminfk] ‘= —Ploads Pmax[k] ‘= ~Pload and Qmin[k] ‘= ~load; Ymax[k] ‘= ~Yload
for the reactive power. The minus is needed because the power is not injected but consumed. For
a current load the power constraints are set with the value —|v| - R(ijoaq) for the active and

—|vpk| - I(i10aa) for the reactive power.

For impedance loads not the power constraints but the admittance matrix is changed. An impedance
load connected at bus k only affects subgrid ay. It is modeled as a shunt impedance from bus & to
ground. It modifies the components yy k) and gy of Equations (3.3) and (3.7) in such a way, that
the inverse of the impedance is added to the diagonal component. If zj,,4 is added, the diagonal
element of the admittance matrices become yy k) := Yier] + 1/210ad a0d Grr] = Tkjrk) + 1/ 210ad-
Capacitors are also specified as a separate device type in the IEEE test feeders. Despite of this,
capacitors are treated directly as impedance loads because they are equivalent to an impedance
load with a conductance of 0.

Generators

Both, the IEEE 13 and 123 node test feeders have only one bus which provides power for the
whole grid. The bus is modeled to have a fixed voltage with no power constraints. The rest of the
grid is connected via an OLTC (substation) to the bus which is modeled as a voltage source. This
bus is also used to model the connection of the test feeders with the transmission grid. Because in
this work the emphasis is on distributed generation, some buses are changed to have generators
connected. All directly connected loads on such a generator bus are removed. Furthermore, the
fixed voltage generator is removed from the grid, to model something similar to an “island mode”
in a grid.

Transformers

Two different transformer types exist in the IEEE test feeders, those that can change their turns
ratio — OLTCs — and “conventional” transformers with a fixed ratio. In this work the tap changing
capabilities of an OLTCs are not used and OLTCs are replaced by conventional transformers with
a fixed turns ratio. As Section A.2 shows, the admittance matrix for section lines with OLTCs is
not static anymore. The admittance matrix on the vector n contains the tap positions. The cost
function for augmented section lines with OLTCs are of the form v?'Y (n)v, where both v and
n are optimization variables. Due to that, the optimization problem is obviously not a QCQP.
Therefore, the scope of this work does not address OLTCs.

All quantities in the optimization problem are transformed into the per unit system. Therefore,
transformers can be modeled as single-phase lines with a series impedance. Only the base values
for the voltages and the admittances need to consider the voltage ratio of the tap changer. A
detailed explanation about the per unit system can be found in [Ber09, GS94].

Breakers

The test feeders in the distribution grid contain breakers. Unfortunately, in the data of the IEEE
test feeders no information about the properties of the breakers is given, only their position. Due
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to that, the breaker is modeled as a series resistor which has different resistances for the opened
and closed position. This approach is also followed in [105]. G. Dudgeon models the breaker in
[105] to have a resistance of 10 nQ for the closed state and 1 MQ for the opened position. This
value of the closed breaker resulted in numerical instabilities in the simulation. Therefore, a larger
resistance of 100 mQ) is chosen for the closed position in the simulations.

ICT Grid

The IEEE 13 and 123 node test feeders were created in the beginning of the 1990s when commu-
nication did not play an important role in the distribution grid [Ker0O1]. The term “smart grid”,
for instance, was first introduced in 2007 [Ind08], more than 15 years after the creation of these
IEEE test feeders. Thus, artificial communication grids are automatically generated in this work
for the two IEEE test feeders.

3.3.2 PSAJ for Automated Validation

In this work PSAJ is used to read the data of the IEEE test feeders, modify the data accordingly,
and automatically generate the simulation files. This procedure is summarized in Figure 3.12.
Thereby, the blocks are colored just like the PSAJ steps shown in Figure 3.8. The serialization
steps are: Generate PSAJ, Add Additional Information, and Generate Mapping File (blue), the
transformations are: Balance System, and Generate Artificial ICT Grid (red), and the code
generation step is: Generate Simulation Files (teal). As described in Section 3.3.1, the data
in the IEEE test feeders is stored in Excel-sheets and Word-documents. In the Word-documents,
the properties of the different section lines are stored. All the other data is in the Excel-sheets.

The extraction of the contents of the Word-documents is not automated and the properties of the
electrical connections need to be manually extracted. This data is saved in a separate JSON-file.
The parsing of the Excel-sheets is done automatically with a Python script. This script needs
the Excel-sheets and the JSON-file containing the data of the section lines as inputs. Then, it
generates a PSAJ-file which contains all the needed data of the IEEE test feeders.

Next, the electrical grid is transformed into a balanced single-phase system. For this transfor-
mation and all the following changes in the PSAJ-file, Python scripts are used. The details of
the transformation from an unbalanced three phase system into a balanced single-phase system
are explained in Section 3.3.1. Afterwards, additional data is added to the PSAJ-file which is
needed for the simulations but is not included in the data of the test feeders. For instance, the
impedances of the breakers or the voltage limits of the lines are appended. Furthermore, the
base values for the apparent power of the system and the base voltages are added, such that the
quantities of the grid can be written in per unit later on. By using one of the two strategies from
Section 3.2.2, an artificial communication network is added to the electrical grid. The information
of this generated communication grid is then merged with the previous contents of the PSAJ-file.
The resulting PSAJ-file contains both grids, the electrical and the ICT grid with all the relevant
topology information required for the simulations.

In order to be able to generate simulations, additional simulator specific information must be
provided. In this work support for GNS3, Simscape, and PYPOWER was implemented. Some
parameters are only relevant for the respective simulator. For instance, GNS3 needs to know the
name of the Docker image which contains the software of the controllers. This information is
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Figure 3.12: The graph visualizes the steps of the simulation generation by leveraging PSAJ. The upper
part of the rounded rectangles describes the action to be performed and the lower part
indicates the output. Above the graph is the input data, including the Excel-sheets which
contain the data of the IEEE test feeder, the data of the section lines stored in a JSON file,
and a Python file with additional data. In the first step this data is converted into JSON.
Then, the unbalanced grid is transformed into a balanced single-phase system. Afterwards,
additional information is added, and an artificial ICT grid is generated. In order to generate
the files needed for the simulations, in the last step simulator specific data is added in
so-called mapping files.

useless for a Simscape simulation. For each simulator, except PYPOWER/!, a different Python
script that parses the PSAJ-file containing the data of the electrical and communication grid
exists. It generates a so-called mapping file with the simulator specific information. In the last
step, the files for a specific simulation are generated by using the PSAJ file and the respective
mapping file.

This usage shows the advantages of PSAJ. As soon as all the data is in a machine-readable format,
it is relatively easy to transform the data. For instance, for the increasing of the load demand by
a fixed ratio, it is sufficient to write a simple Python script that iterates through all the loads
and increases the load setpoints respectively. Changing this by hand would be in comparison
error-prone and time consuming.

'PYPOWER does not need any additional information. The PSAJ file already comprises all needed data.
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3.3.3 Distributed OPF

In this section details of the distributed OPF implementation are given. Both, the distributed
optimization and the simulation of the communication grid run within GNS3.

Local Controller

All the software running on the controller is written using the Python programming language
[109]. As described in Section 2.3.2 NLopt is the library which is chosen for solving the optimiza-
tion problem. The library implements the COBYLA algorithm which is the used solver.

In the implementation of the controllers, each controller runs one gRPC server. The servers
provide services to set local elements of the optimization algorithm. An own procedure exists,
which can be used by a stub to send the respective values Bk[l] of Equation (3.11). Another
procedure provides functionality to update the components Z; of the local consensus variables
as described in Equation (3.12). Every controller opens one gRPC stub for each of its adjacent
controllers. If, for instance, a bus has four adjacent buses, the associated controller creates in
total four gPRC clients.

Every controller runs exactly the same piece of software. This program reads in a configuration file
which contains all the required information. JSON is used as file format for the configuration. The
configuration holds the information of the electrical subgrid that is optimized by the controller
and the IDs and ip-addresses of the neighboring buses. This includes the power and voltage
constraints and the parameters of the Il-section lines.

Docker

The TEEE 123 bus test feeder consists of 129 controllers. GNS3 provides two possibilities to run
customized software in a simulation: either with Docker containers or with VMs. The applica-
tion executed by each controller is required to run in a separate container or a separate VM.
It was decided that the controllers run an Ubuntu 18.04 operating system because Ubuntu has
out-of-the-box support for the used software libraries. It is recommended to have at least 256 MB
main memory for the server installation of Ubuntu 18.04 [103]. If virtual machines were used,
approximately 32 GB of main memory would be necessary for the guests. Therefore, the deci-
sion was made towards containerization due to its reduced resource allocation. By using Docker
containers each controller allocates approximately 22 MB and all containers use around 16 MB
shared memory.

GNS3

In the scope of this thesis, a Python script has been implemented that generates all the necessary
simulation files for a GNS3 based simulation. First, the script generates a GNS3 project file.
Furthermore, a configuration file is written for each controller which contains the parameters
of the distributed optimization algorithm and the configuration for the network interface. A
configuration file of a controller includes the topology of the electrical subgrid and information
about the adjacent neighbors of the controllers. This information includes the network addresses
and unique IDs of the adjacent controller. The application associated with a controller runs in a
Docker container. All controllers execute the same software but with different configuration files.
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The generated GNS3 project file contains the information about the virtual switches and Ethernet
cables that are used in the GNS3 simulation to connect the Docker containers in a virtual com-
munication network. Each controller solves the power loss problem formulated in Equation (3.10)
with the COBYLA algorithm. The COBYLA algorithm is taken from the NLopt library. After-
wards, the controllers communicate via gRPC with each other to find a consensus about bus
voltages using Equations (3.11) and (3.12). Then, the dual variables are updated with Equa-
tion (3.13) for each controller. These three steps are shown in a flow chart in Figure 3.13. After
finishing all iterations, the controllers save their results into files. An example of this approach is
shown in Figure 3.14.

[ coBYLA ) gRPC | [ Python |
l Optimization J | Communication | l Update

i J

Figure 3.13: Steps of the distributed optimization

Y

GNS3 comes with a REpresentational State Transfer (REST) API which can be utilized to gener-
ate, start, and stop simulations. HI'TP operations such as POST and GET are used to communicate
with GNS3 [FT00]. In an experimental implementation, the simulations have been created with
this API. However, this API has some shortcomings, for instance, it does not support all features
of GNS3’s graphical user interface yet. To overcome this issue, the GNS3 projects are directly
generated with the native GNS3 file format .gns3. This format is based on JSON, which makes it
easily read- and writeable from programming languages like Python. The starting and stopping of
the simulations is done with the REST API as before. This allows the controlling of the simulation
on computers without a graphical interface, like a server cluster. Furthermore, the graphical user
interface was unusable for the IEEE 123 node test feeder due to timeouts during the startup.

3.3.4 Simscape

Additional support for Simscape Flectrical, a library including power system elements for Sim-
scape has been implemented in the scope of this thesis. Simscape, in turn, is a toolbox for Simulink,
a graphical programming environment from MathWorks. This is used for analyzing the transient
behavior of the electrical grid during load steps. In contrast, the distributed power loss problem
describes a problem in steady state, after the decay of all transients in the system.

Different Simscape blocks are used to model the devices and lines of the electrical grid. Most
of the blocks are based on the work of G. Dudgeon [105]. He created building blocks for loads,
lines, capacitors, transformers, breakers, OLTCs, and fixed voltage supplies. For the experiments
of this thesis, these blocks were modified to support not only phasor simulations, but additionally
discrete-time simulations. Phasor simulations show the steady state of the grid, while discrete-
and continuous-time simulations also present transient behavior. Additionally, generator models
with included primary control were implemented. With primary and secondary control it is not
only possible to simulate the steady state of a grid but also the transient state. This opens the
possibility to see the dynamic impact of the control strategy including effects like overshoots or
oscillations.

For the generation of a Simscape simulation, a Python script parses the PSAJ file and writes a
Matlab .m file that contains the electrical grid and the set-points of the loads and generators.
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Figure 3.14: In the figure above, an example of a GNS3 simulation of the distributed power loss problem
is illustrated. The electrical grid is the same as in Figure 3.4 and consists of five buses.
Accordingly, five controllers exist in the simulation. Each controller is represented by a
Docker container (symbolized by a PC with the Docker logo). A network switch is used to
interconnect the controllers with each other. The black lines between the Docker containers
and the switch symbolize Ethernet cables, and the rectangles (teal) on them represent
packet filters. Dashed lines with arrow tips (gray) are the virtual communication channels.
Controller 1, for instance, needs to communicate with controllers 2, 3, and 4. Therefore, they
are interconnected with dashed lines (gray). In the rectangles with the rounded corners,
beside the controllers, the subgrids are outlined. The main bus is drawn as an orange circle,
the other buses are in blue. The images of the Docker containers and the switch are taken
from [106] and are licensed under GPLv3.

64



Validation and Simulation of Distributed Control Systems

Blocks are instantiated with add_block functions. These blocks are interconnected with the
add_line function. The properties of the devices and lines are configured with the function set.
This initializes a simulation fully. The only interaction the user has to make with Simulink is
opening and starting the simulation.

The input of the simulation is the load demand for different time intervals. Additionally, the active
and reactive set-points of the generators are provided for every time interval. The simulations
have the following procedure: first, the generators run with a set-point that minimizes the power
losses for the current state of the grid. Then, a load step occurs. Due to that, the primary control
of the generators reacts and adjusts the generation to the current demand. This results in a
non-optimal operation of the generators in relation to the power losses. Afterwards, the reference
points of the generators are updated to minimize the power losses again. The set-points come from
the secondary control which is calculated in GNS3 with the distributed power loss optimization
algorithm.

Simulink has a graphical user interface which is not needed in this case, because the whole
simulation is generated automatically. Therefore, the placement and its clarity are not important
for running the simulation and producing the results. Nevertheless, an arbitrary positioning makes
the debugging process in case of errors or unintentional results difficult. Therefore, a layout
algorithm is used to place the blocks in a clear orthogonal layout. Human-like orthogonal network
layout (Hola) is used for the layouting [KDMW16]. S. Kieffer et al., the authors of the approach,
did a user study to identify layouts which are clear for humans. The result of this study was used
to shape the algorithm Hola. The result of such an orthogonal layout created by Hola is shown
in Figure 3.15 for the IEEE 13 node test feeder.
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Figure 3.15: The graph shows an orthogonal layout of the IEEE 13 node test feeder created by the
Hola approach. The rectangles represent blocks of the Simscape simulation. The rectangles
have the same color coding as the buses in Figure 3.10. In teal are loads, the generator is
orange, capacitor banks are yellow, and buses are in blue color. The gray rectangles represent
section-lines, transformers, OLTCs, and breakers.

65

675



Validation and Simulation of Distributed Control Systems

3.3.5 PYPOWER

PYPOWER is a software framework written in Python which has PF and OPF solvers. The
solvers are implemented in a traditional centralized fashion. PYPOWER is used to validate the
correctness of the results of the distributed power loss control. First, the optimization for the
same electrical grid is done with PYPOWER and the distributed OPF. Then, the results of the
distributed power loss control are compared and validated with the results of PYPOWER. In
order to simplify this approach, a script was implemented that generates PYPOWER simulation
files out of a PSAJ file.
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In this chapter, the results generated with the distributed implementation of the power loss
control are shown. This chapter is partitioned into two main sections, the first section shows the
results of the IEEE 13 node test feeder and the other section presents the results of the IEEE
123 node test feeder. In both sections the results of the distributed optimization are compared
with the results obtained by PYPOWER, to validate the correctness of the results for the given
test cases. Additionally, the timing of the simulations is analyzed and their dependency on the
connection latency. These results give the maximum possible latency, such that this distributed
implementation could be used for secondary power loss control.

All the results and plots are in the producer reference frame and show the power injections.
Therefore, the active power results for generators have positive signs and the injected active
power of loads is negative.

4.1 IEEE 13 node test feeder

The IEEE 13 node test feeder is the smaller of the two test grids used in this work. Its topology
is shown in Figure 3.10. In order to model an islanded grid, the loads on buses 646 and 652 are
removed and each replaced with a generator that is connected to the grid via a power converter.
Furthermore, bus 650 is not connected to a high voltage grid, but to a generator.

4.1.1 Parametrization

The distributed algorithm which is used to solve the power loss problem has two parameters,
the penalty parameter p and the number of iterations i. In Equation (3.10) p acts as a penalty
parameter which penalizes deviations of the voltages from the consensus variables found in the
previous iteration. This parameter also sets the step size of the gradient ascent in Equation (3.13).
Both parameters, p and the number of iterations need to be chosen accordingly to the properties
of the test grid. This parametrization is done empirically for the different feeders.

For these experiments a so-called cold-start is performed, where the Lagrangian multipliers A
are initialized with 0. Furthermore, the voltage vectors vy and the consensus variables zj) are
initialized with the value vk 4% By contrast, a warm-start reuses values for these variables
obtained by the results of a previous simulation which had a similar power demand.
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In the following experiments, a base apparent power of Spage := H00kVA is used for this IEEE test
feeder. The three generators have active power limits of pmax := 750kW = 1.5 pu, and reactive
power limits of ¢uin := —250 VAr = —0.5 pu and gunax := 250 VAr = 0.5 pu. Figure 4.1 shows the
convergence behavior of the buses 671 and 652 for different values of p. The first bus has a pg-load
connected and the second bus a generator. On the x-axis the iteration index ¢ is plotted and on
the y-axis the active power injection of the bus. The dashed line (green) shows the constraints of
the bus. Bus 671 has a fixed active power demand of 0.77 pu, whereas the generator bus has an
upper and a lower limit for its power injection.
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Figure 4.1: Parametrization of the control algorithm for the IEEE 13 node test feeder. In the left plot
the convergence behavior of the active power of bus 671 is shown for different values of p. It
has a constrained active power demand of 0.77 pu. The right plot shows the power injection
of bus 652, which is a generator bus.

The plots show some similarities to a second order system [Haa97]. For p = 100 the system has
a damped behavior and converges slowly, whereas it overshoots for larger values of p. It can
also be seen in the plots, that the power injections oscillate more for larger p than for smaller
values of this parameter before they have converged. The right plot also shows the attempt of the
optimization problem to fulfill the constraints during all of the iterations. For a p of 1,000 and
2,500 the power injection hits the limit of 1.5 pu but does not significantly violate this constraint.
For all the presented values of p, the optimization algorithm has the tendency to converge, for
some values faster, for others slower. This distributed optimization problem does not converge for
all values of the parameter p; for some (which are not shown in the plots), the algorithm begins
to oscillate in an uncontrolled way.

Table 4.1 shows the number of iterations that the algorithm needs to converge. The optimization
problem is defined as converged, if no power injection deviates more than a value called precision
from the power and current injection setpoints for the remaining iterations. For a precision of
+0.025 pu the algorithm converges the fastest — with 212 iterations — for p = 1,500. After that
comes a p of 1,000 for which the distributed algorithm needs 222 iterations to converge. A p of
1,000 results in the fastest convergence for a precision of +0.012,5 pu with 233 iterations, followed
by p = 500 with 283 iterations, and p = 1,500 with 287 iterations. Therefore, it was decided to
use a p of 1,000 for the following tests. The iteration number is set to 300 iterations, so that the
algorithm has an additional buffer of over 60 iterations for the convergence.
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Table 4.1: Number of iterations that are needed for the algorithm to converge to a given precision. The
experiments are done for Vp € {100, 200, 500, 1,000, 1,500, 2,500}. In the column Precision the
needed precision is stated, such that the optimization problem of a controller is considered to
have converged. The distributed optimization problem is considered to be converged if after
the iteration listed in the table, all the power and current injections do not deviate more than
40.025 pu or £0.012,5 pu from their setpoints.

p
Precision 100 200 500 1,000 1,500 2,500
(£pu)

0.0250 500 261 242 222 221 278
0.0125 500 304 283 233 287 323

4.1.2 Validation

It is not enough to show that the distributed power loss problem implementation converges with
a given precision after a certain number of iterations. This only shows that the algorithm can
calculate generator setpoints that result in an equilibrium between the power injections, and the
sum of the power demands and losses. However, does the implemented algorithm really minimize
the power losses in the electrical grid? In order to test this hypothesis, the results of the distributed
power loss problem are compared with a centralized optimal power flow algorithm, namely the
one offered by PYPOWER, a tool often used for calculating OPF. PYPOWER minimizes the
generation costs of the generators in a power grid. However, the objective function can be modified
such that PYPOWER solves the power loss problem. The cost function of PYPOWER has the
form ), 7 cz P + bk - pp) + ak, where 7 is a set containing the bus numbers of the generator
buses and py) is the power injection of the bus. In order to transform this problem from active
power control to power loss control, all quadratic coefficients ¢, and all offset coefficients a; are
set to zero. Moreover, the same non-negative value is assigned to all the linear coefficients by
(b = b;,Vk,l € ). This yields the power loss problem for PYPOWER and makes its results
comparable with the results of the distributed power loss problem proposed in this work.

The results of these methods are shown in Table 4.2. Each row provides the results for one bus.
All results are shown for both the distributed implementation presented in this work (under the
columns Distributed OPF) and the results of the centralized solver PYPOWER (marked with
PYPOWER). For each bus and method, the voltage magnitude |v|, the angle of the voltage Zv,
the active power injection pp;, and the reactive power injection g are shown. The sum of the
injected active powers and reactive powers of the generators for the distributed implementation
is praist = 2.693 pu respectively g1 qist = 1.015 pu. This is equivalent to a generation of 1.347 MW
and 0.507 MVAr. PYPOWER yields an active power generation of py ,, = 2.689 pu and a produced
reactive power of grp, = 1.016 pu. The relative error of the distributed approach is 0.16 % for the
active power and —0.10 % for the reactive power injection.

The table and the results discussed in the previous paragraph validate the correct functioning of
the presented approach for this test case.

The convergence behavior of the buses is plotted for eight buses in Figure 4.2. Active power results
respectively the real part of the current injections have circular markers (blue), whereas reactive
power, respectively the imaginary parts or the current injections, have rectangular markers (or-
ange). The constraints are represented by dashed or dotted lines (green). The first row shows
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Table 4.2: Comparison of the results produced by the distributed approach implemented in this work
(Distributed OPF) and the results from PYPOWER.

Distributed OPF PYPOWER

Bus  [v] Zv Pl ) v Lv Pl qlk]
(pu) ) (pu) (pu) (pu) ) (pu) (pu)

632 1.094 -0.426 —-0.001 -0.001 1.094 —0.416 0.000 0.000
633 1.093 —-0.448 —-0.001 -0.001 1.092 —0.438 0.000 0.000
645 1.096 -0.371 —-0.341 -0.251 1.096 —-0.361 —0.340 —0.250
650 1.100 0.000 0.895 0.297 1.100 0.000 0.877 0.320
684 1.090 —0.953 0.0056 —0.003 1.089 —0.912 0.000 0.000
671 1.088 —0.975 —0.763 -—0.443 1.087 -—-0.944 —-0.770 —0.440
692 1.085 —0.950 —-0.362 -0.330 1.085 —-0.920 —-0.362 —0.330
634 1.087 -0.603 —-0.267 -0.193 1.086 —0.593 —0.267 —0.193
646 1.098 —0.327 0.809 0.406 1.098 —0.319 0.791 0.397
652 1.096 —0.940 0.973 0.323 1.095 —0.886 1.021 0.298
680 1.088 —0.975 0.000 0.000 1.087 —0.944 0.000 0.000
611 1.089 -0.994 -0.369 —-0.175 1.089 —-0.958 —0.369 —0.175
675 1.084 —1.003 —-0.560 -0.309 1.084 —-0.970 —-0.562 —0.308

two constant power loads that are connected to the buses 671 and 675. Next, in the second row,
the power injections of the generators at the buses 650 and 652 are plotted. The dashed lines are
the limits for the active power at 0 pu and 1.5 pu, whereas the reactive power limits of 0.5 pu
are shown with dotted horizontal lines. It can be seen that the active power injection of bus 652
corresponds to the line in the right plot of Figure 4.1 with the triangular markers (red) which
shows the convergence for a p of 1000. In the third row the plots show two constant current loads
located at buses 611 and 692. Finally, the forth row shows buses 632 and 684, where neither a
load nor a generator is connected. Therefore, the active and the reactive power constraints are
both 0pu.

4.1.3 Warm-Start

Both, Sections 4.1.1 and 4.1.2 showed the performance of the distributed algorithm in cold-start
scenarios. Thereby, the Lagrangian multipliers are initialized with zeros, and the voltages as well
as the consensus variables are initialized with the maximum allowed voltage magnitudes of the
buses and angles of 7/4.

This section analyses the warm-start behavior of the algorithm. Three different scenarios are
solved by the distributed power loss control method, without resetting the Lagrangian and voltage
variables to their initial values. Instead, the following simulation inherits the final values of the
previous scenario. First, a cold-start is performed, where the load profiles are equivalent to the
power demands used for the simulations of the previous section. After the distributed method
has solved this scenario, the demand of all power and current loads is increased by 25 %. In the
third scenario the demand is decreased to 75 % of the load demand of the first scenario (which is
a reduction of —40 % compared to the second scenario).

In Figure 4.3 the results of these three scenarios are plotted for bus 675, which has a power load
connected to it. The three scenarios can be well distinguished, the first scenario is from iteration
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Figure 4.3: In this plot the convergence behavior of cold- and warm-starts is compared. First at iteration
0, the distributed optimization is started in a cold-start fashion. Then at iteration 300 and
600, load steps occur, while the voltages, consensus values, and Lagrangian multipliers of the
previous scenario are reused. The convergences are marked with dashed lines (green) and
the labels Cy, Ca, and Cs. In order to converge, the active power (blue) and reactive power
(orange) represented with lines need to stay in the rectangular area of the same color.

0 to 300, the second from iteration 300 to 600, and the last one from iteration 600 to 900. The
blue areas symbolize the active power demands with their precision of £0.025 pu, whereas the
needed precisions of the reactive setpoints are marked with orange rectangles. The solid lines
show the results of the distributed solver for the active (blue) and reactive power (orange). By
comparing the first scenario of Figure 4.3 with the right plot in the first row of Figure 4.2 it can
be seen, that those scenarios are equivalent and show a cold-start. Dashed (green) lines with the
labels C1, Cy, and C3 show the time of iterations needed for convergence for each scenario. It is
recalled, that the optimization of one bus and scenario is defined to have converged, if the active
and reactive power results will remain inside the precision region after this specific iteration. By
cold-starting the optimization, it takes C7; = 203 iterations for the active and reactive power of
the bus to converge. Scenario two reuses the results of the first scenario to initialize its variables.
With this warm-start it takes only Co = 80 iterations to converge, which results in a relative
saving of —60.591 % iterations in comparison to the first scenario. Finally, in the third scenario,
the method is warm-started with the results of the second scenario. The load-step between the
second and third scenario is larger than between the first and second. Therefore, the needed
iterations to converge C's = 91 show a slight increase compared with the first load step.

Table 4.3: In this table the numbers of iterations which are needed for each controller to converge are
shown. Three different scenarios are tested, indicated with the numbers 1, 2, and 3 in the
column Scenario.

Controller ID
Scenario 611 632 633 634 645 646 650 652 671 675 680 684 692

1 165 178 117 9 70 8 11 119 221 203 37 218 220
2 62 68 38 1 21 1 1 1 93 8 19 93 93
3 28 76 49 2 29 1 1 66 119 91 5 113 115

72



Evaluation

The tendency that warm-starts converge faster than cold-start is also reflected in the results of
the other buses. Table 4.3 gives the results for all buses. In the first scenario 221 iterations are
required such that all buses converge, whereas it only takes 93 and 119 iterations in the second
and third scenario until all buses have converged.

4.1.4 Timing

For the analysis of the runtime of the distributed approach presented in this work, an artificial
network topology is generated, as it was described in Section 3.2.2. For the IEEE 13 node test
feeder all the controllers are connected to two interconnected switches. This corresponds to the
daisy-chain structure of the switches explained in the previous chapter.

All the timing tests have been performed on a virtual machine with twelve cores and 32 GB main
memory. The virtual machine runs on a cluster, where each virtual core is mapped to a physical
Intel Xeon E312xx (Sandy Bridge) CPU. Each CPU runs with 2,300 MHz. The guest operating
system running in the virtual machine is Debian 9 Stretch. The operating system runs without a
graphical user interface and the only user programs that are executed beside the simulation are
the system-monitor htop and the terminal multiplexer tmux.

Minimal Latency

First, the minimal runtime of the distributed approach is tested. For this, all the latencies of the
connection filters in GNS3 are set to O ms. In the following simulations every controller executes
300 iterations of the distributed ADMM algorithm.

In Figure 4.4 statistics for both, the time needed by each controller to solve the optimization
problems and the time required to finish the iterations are plotted. The upper plot shows the
timing characteristics for all the tasks executed in each iteration including the optimization and
communication with the neighboring controllers. The median is almost the same for all the buses.
That makes sense because each bus can at most be one iteration before or below all its adjacent
buses. This is caused by the necessity of each controller to gather the results of all neighbors in
every iteration. The maximum number of hops' in the IEEE 13 node test feeder is five, therefore
the maximum difference between two arbitrary buses in this example is five iterations. Some
controllers are able to solve each iteration faster, others are slower. However, as the current
iteration of neighboring buses cannot differ with more than one iteration, all the buses run in
lockstep after some iterations.

The lower plot of Figure 4.4 shows boxplots for the time needed to perform the optimization as
described in Equation (3.10) for every bus. It can be seen, that the median of the optimization
time varies significantly. The buses on the left side have the tendency to solve the optimization
problems faster than the buses on the right. This is caused by the ordering of the buses. The bus
IDs are ordered by the number of buses in the subgrid optimized by the respective controller. For
instance, bus 611 has only one adjacent bus, this means that the controller associated with this
bus has two buses in its optimization problem. Bus 671 has four adjacent buses, this results in
a optimization problem including five buses. The number of buses in the optimization problem
of the controllers is indicated with numbers under the curly brackets of the controller IDs. For
example, buses 633, 645, and 692 have optimization problem with three buses each.

'The number of hops can be seen as the number of devices between the sending and the receiving device.
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Figure 4.4: In the lower plot the timing characteristics of the optimization performed in each iteration is
given. Above are boxplots for the time needed for finishing the iterations.

In this simulation the slowest controller needs 46.911s for all 300 iterations. Hence, it would be
possible to use this implementation for secondary power loss control, because it takes less than
15 min to calculate the optimized setpoints for the generators respectively power plants.

One interesting question is how the time needed to solve the optimization scales with the number
of buses in the optimization problem. Figure 4.5 shows this relation. For each bus one data
point is added to the plot. The x-value is the number of buses in its optimization problem and
on the y-axis is its average time needed for solving its power loss problem. A linear regression
was performed which has a correlation of r = 98.280% and a coefficient of determination of
r? = 96.589 %. Therefore, the optimization time clearly shows a linear behavior in relation to the
number of buses in the optimization problem.

Different Latencies

Next, the timing analysis is performed for communication latencies greater than Oms. These
results can be used to estimate the convergence time of the distributed power loss control. Thereby,
the estimation is used to check if the algorithm satisfies the timing restrictions of secondary
control.

For simulating the connection latencies, network filters are added to all the Ethernet cables in the
GNS3 simulation that connect the controllers with the switches. The cables interconnecting the
switches are not getting modified and thus do not have network filters. Seven different latencies
are analyzed: 0 ms, 1 ms, 2ms, 5ms, 10 ms, 20 ms, 50 ms, and 80 ms. In the following, the latencies
of the communication will be denoted with #),;.

In the following, four different time metrics are presented which are used to compare the simula-
tions with different latencies. Let tl[z]k be the time needed for the controller associated with bus k&
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Figure 4.5: Markers (blue) represent the average optimization time in relation to the number of buses in
the subgrid. The line (orange) gives a linear fit to those data points.

to completely compute the iteration with the index . An iteration includes the steps defined with
Equations (3.10) to (3.13). Then, tg, := > o0 tl[?k is the time of controller & to solve all iterations,
where 300 is the number of iterations. With these definitions, Equation (4.1) results in the time
of the slowest controller to solve the optimization problem. This is also the time which is needed
by the secondary power loss control to finish its execution.

300 .
ty = max (Z titk) (4.1)

Next, the average time of controller k to solve an iteration is calculated with i := ng? tk]k /300.

The equation for the slowest average iteration time of all controllers is shown in Equation (4.2).

300 [i]

300 4|

tit = max 21 (4.2)
k 300

In a similar way, the maximum average optimization time of a controller is calculated in Equa-

tion (4.3), where tg}])tk is the runtime of the optimization of controller £ in iteration ¢ which is
defined in Equation (3.10).

300 [9]
Zizl 75optk

300 (4.3)

topt = max
k

Last, the average time of a controller k£ to send a message to another controller is denoted with
tcommk- The maximum of these times over all controllers in the grid is shown in Equation (4.4).

tcomm = ml?x(%commk) (44)

With the maximum average optimization time ¢,p; and the maximum average communication time
teomm, it is possible to calculate an estimation of the total runtime of the distributed method. One
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iteration of the method includes the optimization and the communication with the neighbors. Each
controller needs to communicate with all of its neighboring controllers twice, first, for gathering
all the data to calculate the consensus variable for its own voltage (Equation (3.11)) and then the
distribution of this value to the adjacent controllers (Equation (3.11)). Sending is implemented in
a blocking way whereas the receiving of data is non-blocking. Due to that, each controller has to
send its data sequentially to all its neighbors. In both test grids, the IEEE 13 and 123 node test
feeders, the maximum number of neighboring buses of one bus is four. Therefore, at maximum
two times four messages have to be sent by a controller per iteration. In Equation (4.5), the
estimation of the convergence time of the distributed secondary control is given, where 300 is the
number of iterations.

test 1= 300 (topt + 2 - 4 - teomm) (4.5)

In Table 4.4 the results of the simulations are presented for the different metrics discussed before.
For a roundtrip? — sending a packet from controller k to [ and waiting for an acknowledgment —,
a package needs to pass four cables with packet filters. First, the cable from controller &k to its
switch, second from a switch to controller [ and then the same way back. Hence, the roundtrip
time is at least 4 - tj5;. This is also reflected in the table, where the communication time has an
additional offset caused by the daisy-chained switches and packet preparations.

Interestingly, the optimization time ¢,,; decreases with the latencies t, of the filters. One argu-
mentation is, that the CPU is the main bottleneck in the simulations with small time latencies. As
the latencies increase some controllers can idle while they wait for their data to be delivered. In
the meantime, other buses can use the processing power of the CPUs to solve their optimization
problems. This relation between the optimization time and the communication time does not
exist in a fully distributed system.

Table 4.4: Five different time metrics are shown in the table for eight different cable latencies for the
IEEE 13 node test feeder. t¢ is the time to finish the distributed optimization problem, topt is
the average time needed for the optimization step of the slowest controller, and tcomm shows
the average time for one RPC of the slowest controller. With the utilization of top¢ and teomm
the runtime ¢ can be estimated with the time tq as shown in Equation (4.5).

Llat test te tit topt tcomm
(ms) (s) (s) (ms) (ms) (ms)

0 39.71 46.91 156.37 102.75 3.70
1 45.63 52.50 175.01  96.20 6.99
2 52.65 60.44 201.48 91.15 10.54
5 81.40 95.07 316.91  86.60  23.09
10 130.60 154.79 515.95  77.06  44.79
20 235.69 282.17 940.58 74.80 88.86
50  590.25 709.39 2,364.64 77.35 236.27
80 959.02 1,164.00 3,879.99 72.65 390.51

The table shows, that the algorithm needs 46.91s to finish when no latency filters are applied
and 1,164.00s for a latency of 80 ms. Figure 4.6 plots the runtime of the distributed algorithm in

2The roundtrip latency is the time it takes from sending a message until receiving the acknowledgment for this
message from the other communication partner.
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relation to the latency of the filters. As stated before, the maximum allowed time for secondary
control is 15 min which are 900s. The plot and Table 4.4 show, that this limit is fulfilled for all
latencies except for t),; = 80 ms. In order to interpolate between the different latencies, a linear
and a quadratic fit is calculated for the results of the simulations. The coefficient of determina-
tion for the linear regression is r? = 99.834 %, whereas the quadratic fit yields a coefficient of
determination of 72 = 99.982 %. Therefore, the quadratic fit is used for further calculations. The
quadratic fit is shown in Equation (4.6), where both ¢ and t),; are in seconds.

te~ 27,671.818s 1 - t2, + 11,887.277 -t + 38.409's (4.6)

By leveraging this formula, the maximum latency can be calculated such that the method
presented in this work finishes after 15min. This yields a maximum allowed filter latency of
tlat.max = 63.186 ms.

Il T ] H.H‘ e Simulation Results
1,000 " ] Linear Fit
i y 8 Quadratic Fit
| 1 Maximum Time
—~ . -
N
- &
100 [ o -
i 1 1
L Q@ B
:\ L] (.| [ :
1 10 100
tlat (ms)

Figure 4.6: Markers (blue) represent the simulated values of the total simulation time ¢ with their cor-
responding filter latencies t),¢. The solid line (orange) is the result of a quadratic fit for these
values and the dotted line shows the linear fit. Dashed (green), is the maximum allowed
simulation time drawn.

Additionally, by making a quadratic fit of the filter latencies ¢,y and the communication latencies
teomm Of Table 4.4, Equation (4.7) is obtained. The fit has a coefficient of determination of r? =
99.992 %. This formula yields a maximum allowed roundtrip latency of tcomm,max = 301.625ms
for a filter latency of tjat max = 62.416 ms.

teomm A 7.310871 - #2, +4.278 - 11,0 +2.143 x 1073 s (4.7)

In order to compare these results with common communication standards, Table 4.5 gives the
data rate and the roundtrip latency of some wireless communication standards. Before, it was
shown that the maximum allowed roundtrip latency tcomm,max is 301.625 ms. These latencies are
only met with the 4G and 5G wireless standard and not by 2G. The standard 3G is a border
case, its lower boundary is below and its upper limit above the calculated maximum latency.

Another common communication type in power systems is Power Line Communication (PLC).
PLC uses the electrical lines of the grid as transportation medium for the messages. Hence, the
electrical lines are used twice, to transport electrical energy and to transmit messages. Therefore,
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Table 4.5: Average data rate and roundtrip latency of wireless communication standards [GCGEH16]

Wireless Network Generation Data Rate Roundtrip Latency

2G 100-400 kbits~! 300-1,000 ms
3G 0.5-5Mbits~! 10-500 ms
4G 1-50 Mbit s~} <100 ms
5G >1Gbits™! 1ms

no additional communication lines are needed as with, for instance, DSL or optical fiber. However,
the communication latencies vary widely, depending on the line characteristics. The roundtrip
latency of PLC ranges from some milliseconds [GSW11] to hours [HHL05]. Therefore, PLC could
be used for the distributed power loss control of the simulated test feeder, if the communication
characteristics of the electrical lines would yield a maximum roundtrip latency of 301.625 ms.

4.1.5 Continuous Simulation

Figure 4.7 shows the frequency response of a continuous simulation done in Simscape for the IEEE
13 node test feeder. In comparison to the simulations shown before, this simulation has only one
generator that is located at bus 650. This simulation includes both, primary and secondary control.
Two events happen in this test scenario: at 1 = 1s a load step and at Fy = 3s a generator
setpoint update. First, the grid is operated without any loads. Then at event Fi, a load step is
applied with all the power demands defined in the IEEE 13 node test feeder. Due to that, the
power injection and demand are not in equilibrium and the frequency decreases continuously.
This frequency deviation triggers the primary control which stabilizes the frequency at 49.33 Hz.
The ongoing frequency deviation is detected which starts the OPF-based secondary control. After
finishing the calculation of the new generator setpoints, at event Eso, the setpoint of the generator
located at bus 650 is updated. This new setpoint brings the system back to 50 Hz.
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Figure 4.7: Continuous simulation of the IEEE 13 node test feeder done in Simscape. The plot shows
the frequency response to a load step occurring at event F; and the update of the generator

setpoint at Fs.

The Simscape simulation shown in Figure 4.7 is automatically generated by leveraging PSAJ.
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However, the coupling of GNS3 and Simscape has not been fully finished in this thesis. Therefore,
the update of the generator setpoint has been applied manually and has been obtained by a
procedural integral control.

4.2 TEEE 123 test feeder

In this section the same simulations are done as in the previous section. However, the IEEE 123
node test feeder is used instead of the IEEE 13 node test feeder. Beside the correctness and the
timing behavior this evaluates the scalability of the implemented distributed approach, as the
feeder size is increased by a factor of approximately ten in comparison to the small test feeder.
The IEEE 123 node test is shown in Figure 3.11 on page 58.

Originally, the test feeder has no generator buses and one slack bus at bus 150 connecting the test
feeder to a high voltage grid. This results in a trivial power loss minimization problem, because
there is only one unique active and reactive power injection of the slack which yields a power
equilibrium. It is recalled that one aim of this work is to handle distributed generation. Therefore,
30 % of the buses are replaced with generating buses and the connection to the high voltage grid
is removed to simulate an islanded grid. Generators are added to the following buses: 5, 8, 9, 10,
12, 15, 25, 32, 37, 40, 41, 48, 52, 53, 54, 55, 60, 62, 63, 66, 67, 72, 74, 77, 79, 80, 81, 83, 84, 90,
96, 108, 109, 112, 149, 150, 151, 300, and 450.

4.2.1 Parametrization

The loads in this feeder have a different demand than the loads in the 13 bus feeder. Therefore,
this feeder must be parametrized differently. In all of the tests of this section a base apparent

power of spase := 100kVA is used. Each generator can maximally produce an active power of
Pmax := D00kW. The reactive power limits are guin := —400 VAr and gpax := 400 VAr.

Similar to the simulations done for the IEEE 13 node test feeder, different values for the penalty
and step size parameter p are tested. The tests show, that p := 5,000 yields to a good convergence
time. In comparison, the smaller test feeder had a value of 1,000 for the penalty parameter. This
is caused by the fact that the per unit values of the power demands are greater for the IEEE
123 node test feeder with the chosen base apparent power. The penalty factor is also used as the
step size in the gradient ascent which updates the consensus variables. Therefore, p needs to be
increased when the base apparent power is decreased.

4.2.2 Validation

Figure 4.8 shows the plots of the convergence behavior of four different controllers. The buses
associated with these controllers have pg-loads. It can be seen, that the distributed algorithm
converges faster to the reference points than in the examples with the IEEE 13 node test feeder.
However, the active and reactive powers do not stay smoothly at the reference points but con-
stantly jump above and below the reference points. This noise is also not removed, when the
gradient step parameter p is decreased or increased.

Furthermore, the results of the distributed power loss control are compared with the results of
PYPOWER. The cost of generation of PYPOWER is formulated in the same way as described in
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Figure 4.8: IEEE 123 node test feeder results

Section 4.1.2. Hence, PYPOWER’s objective is also the minimization of the active power losses in
the grid. The table with the results is located in the appendix in Chapter B in Table B.1 because
three and a half pages are needed to list the results for all 129 buses in tabular format.

The sum of the injected active powers of all generators is py qisy = 20.870 pu which are 2.087 MW.
Moreover, the generators inject in total reactive power of qrgic = 9.619pu that is equal to
0.962 MVAr. In comparison, the resulting active and reactive power injections of PYPOWER are
P1py = 20.850 pu respectively g1y = 9.740 pu. These results yield a relative error of 0.098 % for
the generated active power and of —1.245 % for the relative error of the injected reactive power.
Despite the noise of the results shown in Figure 4.8, the distributed power loss control converges
to the same active power injections as PYPOWER with a relative error of less than 0.1 %.

Table B.1 and the results described in the previous paragraph validate the correct results of the
distributed algorithm presented in this work for the IEEE 123 node test feeder.

4.2.3 Timing

Next, the results of the timing simulations of the IEEE 123 node test feeder are discussed. The
experiments have been done with the same hardware and software as for the IEEE 13 node test
feeder described in Section 4.1.4. For the ICT infrastructure an artificial topology with 16 daisy-
chained switches is generated, ten ports each. This matches the formula shown in Section 3.2.2
for the needed number of necessary switches in a topology with daisy-chained switches, where
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the number of controllers is n := 129 and the maximum number of ports is m := 10. With these
parameters the formula [(n —2)/(m — 2)] yields 16 switches.

Minimal Latency

Figure 4.9 shows the average optimization time of every controller for a connection latency of
t1at := 0. The results are ordered according to the increasing number of buses in the subgrids of
the controllers. A linear regression for this relation results in a correlation of r = 95.401 % and a
coefficient of determination of 72 = 91.013 %. It can be seen, that the resulting linear function is
more imprecise for the controllers with five buses in their subgrid than for controllers which have
less buses in their optimization problem.

e  Measurements
Linear Regression

300 -

200 - ' a
[
100 a

Buses in the subgrid

Avg. Optimization Time (ms)

Figure 4.9: Markers (blue) represent the average optimization time in relation to the number of buses in
the subgrid. The line (orange) gives a linear fit to those data points.

Different Latencies

Finally, in Table 4.6 results for simulations with different filter latencies are presented. The table
has the same filter latencies and metrics for the IEEE 123 node test feeder as Table 4.4 shows for
the IEEE 13 node test feeder. As it is the case with the smaller test feeder, the time needed for
optimization per iteration t,p; decreases with an increasing filter latency fjas.

Figure 4.10 shows the total optimization time ¢ of the distributed power loss problem in relation to
the filter latency t1,t for both IEEE test feeders. Furthermore, a linear and quadratic fit is plotted
for the IEEE 123 node test feeder and a quadratic fit for the smaller feeder. It can be seen, that
the power loss problem is slower for the bigger feeder when the latencies are small. Theoretically,
in a fully distributed system, the time to solve all iterations should not depend on the number of
controllers in the system. However, the simulations are executed on a virtual machine with twelve
cores. The controller to CPU core ratio is nearly one for the small feeder, whereas the ratio is
approximately ten for the larger feeder. This introduces an additional overhead for the simulation
of the IEEE 123 node test feeder, as each CPU core needs to simulate roughly ten controllers. The
contribution of this to the total overhead decreases with increasing filter latencies. For a latency
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Table 4.6: Five different time metrics are shown in the table for eight different cable latencies for the
IEEE 123 node test feeder. t; is the time to finish the distributed optimization problem, ¢, is
the average time needed for the optimization step of the slowest controller, and t.omm shows
the average time for one RPC of the slowest controller. With the utilization of top¢ and fcomm
the runtime ¢y can be estimated with the time tqg;.

Lat test 153 tit 7fopt tcomm

(ms) (s) (s) (ms) (ms) (ms)
0 178.90 189.36 631.21 366.75  28.70

1 180.52 198.98 663.26 340.30  32.68
2 173.55 198.02 660.07 328.40  31.26
5 188.71 215.91 719.69 302.40  40.83

10 215.30 251.13 837.10 245.35  59.04
20 309.06 364.48 1,214.93 151.60 109.83
20 691.05 785.42 2,618.05 97.35 275.77
80 1,020.16 1,237.52 4,125.08 87.50 414.13

TTTT T T T 177 T T T 177

# IEEE 13 Simulation Results
1,000 -| | — IEEE 13 Quadratic Fit

1| e IEEE 123 Simulation Results
| IEEE 123 Linear Fit

: IEEE 123 Quadratic Fit

) Maximum Time
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Figure 4.10: The line with the rectangular markers (teal) shows the results for the total simulation time
t¢ in relation to the filter latency t1,; and its quadratic fit for the IEEE 13 node test feeder.
The results of the IEEE 123 node test feeder simulations have circular markers (blue). Below
these markers is the quadratic fit (orange) for the results of the bigger test feeder. Dotted
(orange) is the corresponding linear fit. The maximum allowed simulation time is symbolized
with a dashed line (green).

of t1or = 80ms the IEEE 123 node test feeder only has a relative overhead of 6.316 % to the IEEE
13 node test feeder, whereas a filter latency of t1,; = 1 ms yields an overhead of 279.010 %.

The quadratic fit for the total simulation time is shown in Equation (4.8). It has a coefficient of
determination of r? = 99.844 %.

te ~ 54,251.124s7 1 - 12 4 9,010.634 - o + 176.931 s (4.8)

By fixing the maximum allowed simulation time to 15 min, a maximum filter latency of #a¢ max =
59.168 ms is obtained. In comparison, the simulations for the 13 node test feeder yield a maximum
latency of tat max = 63.186 ms, which is similar in size.
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Furthermore, a quadratic fit is made for the filter latency ¢, and the roundtrip latency tcomm of
Table 4.6. The resulting quadratic function is shown in Equation (4.9). The fit has a coefficient
of determination of r2 = 99.725 %.

teomm ~ 2.989s 71t 4 4.715 - 1y + 0.021s (4.9)

This equation gives a maximum communication roundtrip latency of tcomm max = 310.939ms for
the filter latency of fjat max = 59.168ms from above. The maximum roundtrip latency for the
IEEE 13 node test feeder is with tcommmax = 301.625ms of a similar magnitude again. This
communication roundtrip time can be reached with the wireless network generations 4G, 5G, and
possibly with 3G as Table 4.5 indicates. This is in line with the results of the IEEE 13 node test
feeder.
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5 Summary and Outlook

This final chapter is split into two sections Summary and Outlook. In the first section the thesis
and its most important parts are summarized. Afterwards, an outlook and possibilities for future
work are given. While working on this thesis, several ideas emerged which seem to be promising
and interesting from a scientific perspective. These findings and further improvement perspectives
are covered in the second section of this chapter.

5.1 Summary

The electrical grid is in a process of change. Due to the increasing penetration of renewable
energies in the electrical grid, big power plants in the transmission grid are replaced by multiple
smaller generators in the distribution grid. The current power grid has not been designed for
this mode of operation. Traditionally, the power flows from higher to lower voltage levels. With
an increasing number of distributed energy resources, this is not true anymore. Therefore, new
operation and control strategies need to be investigated to cope with this transition and to ensure
the security of supply in the energy grid of the future.

Distributed OPF-based secondary control has properties which makes it a potential replacement
candidate for secondary control. It features, amongst other things, scalability, extensibility, and re-
liability. This optimization based distributed secondary control presents a relatively new branch of
research which has already received several extensive publications. However, in these publications
some physical properties of the communication layer are neglected, for instance, the communica-
tion quality of service. The communication latency is a crucial parameter in distributed control
applications, as it determines the convergence time of the algorithm to a large extent. In order
to address this issue, a simulator which also considers properties of the communication network
has been developed within the scope of this work. This simulator can be used to validate the
proposed control strategy. It measures the runtime of the algorithm and crosschecks the results
of the control strategy with a centralized OPF method. Thereby, a conclusion about the usability
of the proposed approach for secondary control can be formulated.

In the beginning of this thesis, the state of the art of optimization in electrical grids was pre-
sented. The chapter derived the OPF-equations that are used to formulate the problem. The
power loss problem was discussed in more detail because it was used for the objective function of
the method presented in this work. The solution of the power loss problem reduces the losses in
the electrical grid and thereby also reduces the total power demand in the grid. The power loss
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problem is a non-convex QCQP-problem that is NP-hard. Two convex relaxations that transform
the power loss problem into a convex optimization problem were presented. Convex optimization
problems are easier to solve because a local minimum of such a problem is ensured to be a global
minimum. The solution of these convex problems can be recovered if the matrix containing the
optimization variables is rank-1. Another possibility is to solve the original power loss problem
with a non-linear optimization algorithm. The functioning of COBYLA, a non-linear and deriva-
tive free optimization method, was explained. COBYLA is the optimization algorithm used in
this thesis. Afterwards, a consensus based version of ADMM that can be used to solve distributed
optimization problems with shared variables is presented.

In the same chapter, different simulation tools and frameworks have been discussed. The aim
in this part was to find appropriate tools that could be used to simulate the distributed power
loss control while taking the communication layer into consideration. The final decision was made
towards GNS3, an open source communication network simulator. Virtual network topologies can
be model and simulated in this network simulator. GNS3 is able to execute customized software
applications via virtual machines or docker containers. Docker containers are a better decision for
this thesis because they need less resources in comparison to virtual machines. Different frame-
works exist that provided the functionality to model and solve the distributed power loss problem.
The decision was made in favor of NLopt, which has a wrapper for the Python programming lan-
guage. It supports a broad variety of different optimization methods, amongst others, COBYLA.
Furthermore, standards for the description of the ICT network and the electrical grid have been
discussed. It was argued that PSAL, a domain specific language, can be modified to store the
information of the topologies and automatize the generation of simulations.

The next chapter showed a novel formulation of the distributed power loss problem for AC
grids. The electrical grid is virtually partitioned into several subgrids. This partitioning was
used to form a distributed optimization problem which has shared optimization variables. The
distributed problem is solvable by using the consensus version of ADMM and COBYLA which
have been discussed in the chapter before. Subsequently, the requirements on the modeling of
the ICT and electrical grid were explained. This included, for example, the devices that have
to be supported, the connections, and the properties of these components. Next, PSAJ, a new
automation description language written in the JSON file format was presented. It can be used
to store the information of ICT and electrical grids, and to automatize the creation of simulations
that use information from both grids. The idea behind PSAJ can be described with three steps.
First, all the needed data is serialized, then the data is transformed, and finally code for the
simulations is created out of the transformed data. In the last part of the chapter it was explained
how GNS3 is used to simulate distributed power loss control. The application of each controller in
the grid runs in a Docker container. The containers communicate with each other over a virtual
communication network simulated by GNS3. In the following the IEEE 13 and IEEE 123 node
test feeder were shown. The first feeder has 13 buses while the other test feeder includes 129
buses. The distributed power loss problem simulated within GNS3 has been validated using these
feeders.

Next, the approach was evaluated and validated with the two IEEE test feeders. First, the number
of iterations ¢ and the penalty factor p of the distributed power loss control were parameterized
for the IEEE 13 node test feeder. Then, the results of the algorithm have been compared and
validated with the results of PYPOWER, which includes a centralized OPF implementation. The
relative active power error of the distributed approach is 0.16 % and —0.10% for the reactive
power injection. Afterwards, the timing of the distributed algorithm was analyzed. It was shown
that the time needed for a controller to run its local optimization problem scales linearly with the

85



Summary and Outlook

number of buses in its subgrid. Additionally, simulations were done for latencies of the virtual
communication network cables ranging from 0 ms to 80 ms. It was concluded that the maximum
allowed communication roundtrip delay in the IEEE 13 node test feeder is 301.625 ms so that the
distributed algorithm would converge within the 15min time frame of secondary control. This
would open the possibility to run a twostep secondary control. First, a decentralized procedural
integral control would bring the frequency back to 50 Hz. After the distributed power loss con-
trol would converge, the generators could adjust their power with the amount obtained by the
optimization. Hence, the distributed secondary control would need to converge within the 15 min
time frame of secondary control. Otherwise, the optimization results would have been useless. The
obtained maximum roundtrip delay makes it a suitable candidate to use the 4G and 5G wireless
standards. Depending on the delay, power line communication is also a possible candidate for
a communication standard for this feeder. For the same test feeder, the dynamic behavior of
primary and secondary control was shown in a continuous simulation.

Additionally, the same tests have been performed for the IEEE 123 node test feeder. The compar-
ison of the distributed power loss control with PYPOWER yielded a relative error of 0.098 % for
the generated active power and —1.245 % for the injected reactive power. A maximum roundtrip
latency of 310.939 ms was obtained for this test feeder. This result is in a similar order of magni-
tude like the maximum roundtrip delay of the IEEE 13 node test feeder which makes the usage
of the 4G and 5G wireless technology suitable candidates.

5.2 Outlook

Non-Blocking Communication A promising starting point to achieve improvements in the
communication performance, is to change the blocking send approach to non-blocking. Currently
each controller can only use a single connection to send data. It stays in an idle state and waits
until it receives an acknowledgment from its communication partner. Therefore, the sending is
done sequentially for each message. With a non-blocking approach multiple messages could be
sent in parallel which would reduce the total waiting time. An important metric that needs to be
respected for these tests is the channel capacity. The channel capacity presents an upper limit of
information that can be transmitted within a set time frame.

Standarized ICT and Electrical Grids The ICT grid was modeled in a greatly simplified
way with daisy-chained switches. This topology was artificially generated because no openly
accessible test feeder that provides data for both the ICT network and the electrical grid was
available. It would be of substantive benefit for research and development applications if openly
available realistic test feeder descriptions were provided which include the electrical grid and
the communication network. Furthermore, machine readability of these datasets would ease the
automatized and correct creation of simulations. Currently most of the test feeders are either
provided in textual form in a document or in inconsistent unstandardized formats. This makes
the creation of simulations error-prone because of the possibility of typing mistakes when typing
in the values of the components. Additionally, the results would have more significance if all the
needed data was provided in the test feeders description and corresponded to realistic topologies.

Coupling of GNS and Simscape Another interesting feature would be the implementation
of communication channels between the distributed OPF-based secondary control simulated with

86



Summary and Outlook

GNS3 and the continuous model simulated by Simscape. This would simplify the simulations of a
continuous system that implements both, primary and secondary control. The loop between GNS3
and Simscape would be closed and the distributed optimization could be done for the current
load demand of the simulated electrical grid. The combined simulation would have roughly the
following steps:

1. The load demand changes in the grid simulated by Simscape. Due to the load change a
disequilibrium between the generated and consumed power occurs and the frequency in the
system changes.

2. Then, primary control activates and stabilizes the frequency at a value unequal to the
frequency reference point.

3. A longer deviation of the frequency setpoint is recognized and the current state including
the load demand is sent to the distributed secondary control. As soon as GNS3 receives the
new state, the distributed optimization is started.

(4.) Optionally, a decentralized secondary control could bring the frequency back to its reference
point. This would represent a non-optimal operation of the grid.

5. GNS3 sends the new generator setpoints to the Simscape simulation. Then, the generators
simulated by Simscape update their setpoints for the secondary control. Due to that, the
grid is operated at the reference frequency with reduced power losses until another demand
change happens.

It is also possible to run these Simscape models in Real Time (RT) in an RT-simulator. The models
from Simscape can be, for instance, exported automatically to the OPAL-RT real time simulator.
Then, GNS3 would communicate with OPAL-RT instead of Simscape. This architecture is shown
in Figure 5.1.

State

[ Distributed OPF | [ RT-Simulator |
\ GNS3 ] | oPAL-RT |

L }

Generator Setpoints

Figure 5.1: Coupling of the distributed power control simulated in GNS3 with a continuous simulation
processed by the OPAL-RT real time simulator.

Controllers Responsible for Multiple Buses In the current implementation each bus is
associated with its own controller. However, this one to one relationship between the controllers
and the buses is not compulsory. The grid can be split in other ways such that one controller is
responsible for multiple buses. This would reduce the number of needed controllers. Moreover, the
reliability in the grid could be increased with dynamic partitioning. If one controller broke, another
controller would be able to take over the part of the malfunctioning controller. For instance, in
a grid with three radially connected buses, if the controller associated with the middle bus (ID
2) breaks, either the controller on the one side (ID 1) or on the other side (ID 2) can fill in. The
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controller associated with bus 1 must update its admittance matrix and must be able to receive
the power injection measurements from bus 2. Furthermore, the controller on bus 1 must have
the possibility to control the generator on bus 2 if one exists.

Malicious Controllers Another issue are malicious controllers. With the implementation pre-
sented in this work one malicious controller is sufficient to disturb the convergence of the dis-
tributed optimization. It would be interesting to examine the detection of these malicious con-
trollers. If a malicious controller was found during the examination, the controller would reparti-
tion the grid and exclude the malicious controller from the distributed optimization.

Convex Relaxations In Section 2.1.3 the SDP and SOCP convex relaxations were presented.
However, in this thesis a non-linear optimization was used to solve the non-convex OPF equations.
In a future work the convergence behavior of the convexified equations could be compared with the
original equations. It would make sense, to model the relaxed optimization problem with a software
framework which is optimized for convex optimization. For instance, CVXPY [DB16, AAB18]| or
CVXOPT [ADV13] seem to be promising in the time of writing this thesis.

OLTCs OLTCs have not been included in the implementation of this work. Section A.2 however
shows the equations for an augmented IlI-section line including an OLTC and a phase shifter,
which provides the mathematical foundation for an optimization problem that includes OLTCs.
An OLTC can change its turns ratio n in discrete steps as defined in Equation (A.6). This would
make the optimization problem a problem of the class Mized-Integer NonLinear Programming
(MINLP). This optimization problem could be relaxed into a non-linear optimization problem
which could be solved with the non-linear solver COBYLA that has been used in this work. Some
non-linear solvers assume smooth functions that are differentiable in each point. The turns ration
could be modeled with a “smooth staircase” function, as shown in Equation (5.1) where h is the
height of the stairs, w is the width of the stairs, o an offset, and s the smoothness factor.

1.2

1.1 2

stairs (p)
—_
[
|

0.9 .

0.8 .

Figure 5.2: This graph shows a projection from the tap position p to the turns ratio of the transformer.
The resulting function is smooth and differentiable in each point.
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sairs ()= - (- tani (s (2= [ 2] = 2)) o S [ 2]) o 5.1)

To do so, each n in the admittance matrix has to be replaced with stairs (p), where p is the tap
position. In Figure 5.2 such a function is plotted for the parameters w := 1, h := 0.05, 0 := 1,

and s := 20.
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A Mathematics

A.1 Notation

Table A.1: Notation

Expression Explanation

S Scalars are typeset with italic lowercase letters

v Vectors are notated with bold lowercase letters

V(] An element of a vector has the index of the component in squared brackets in
its subscript. The element is italic and non-bold because it is a scalar. Here,
v[y) means the k'™ component of the vector v.

M Matrices are written with bold uppercase letters

mjy.] A row vector of a matrix has the index of the row followed by the symbol « in
squared brackets in the subscript. my, relates to the k™ row of the matrix
M, is a column vector, and is typeset as a vector.

K] A column vector of a matrix has the symbol « followed by the index of the
column in squared brackets in the subscript. my;) relates to the k™ column
vector of the matrix M and is typeset as a vector.

M Components of a matrix have two indices in squared brackets in the subscript,
the first relates to the row and the second to the column of the matrix.

R(M) The real part of a quantity is notated with R(e)

(M) The imaginary part of a quantity is notated with I(e)

M A line over a quantity U means the conjugate complex, where the signs of
the imaginary parts are changed.

(M)T The transpose of a vector or matrix is typeset with a 1" in the superscript and
mirrors the argument over the main diagonal.

(M)H A Hermitian uses an H in the superscript for the notation. It is the combina-
tion of a transpose and a conjugate complex.

rank(M) = r The word rank is used to typeset a function that evaluates the rank of a matrix.
A rank of a matrix M gives the number of linearly independent column vectors
m[k,]

trace(M) The trace, notated with trace, of a function returns the sum of the main

diagonal elements of a matrix. trace(M) expands to mjq] + - - - +mMjy,), Where
n is the minimum of the number of columns and rows of the matrix.
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Expression

Explanation

diag(M)

M>0

The notation diag is used for the diagonal of a matrix. It returns the diago-
nal elements of a matrix as a column vector. For instance, diag(M) returns

[m[m . m[nn]]T, where n is the minimum of the number of columns and
rows of the matrix.

The symbol o stands for the Hadamard product which is an element-wise
multiplication. A resulting matrix O for this example has the components
Okl = Mk1] ~ Tk

A generalized vector inequality is notated with the symbol . In this example
v; > w; for all components of the vectors with the same index 4.

The positive semidefiniteness of a matrix M is typeset with the M > 0.
By checking the Sylvester’s criterion a matrix can be checked for its posi-
tive semidefinitness. The Sylvester’s criterion states, that a matrix is positive
semidefinite if and only if all principal minors are non-negative.

A.2 Augmented Section Line

This sections explains the augmentation of the Il-section line discussed in Section 2.1.1 with a
phase shifter and a transformer. The same model is used by Zimmerman et al. in [ZMST11].
Figure A.1 shows the circuit of the augmented Il-section line.

bus f

»
>

i)

Zseries, ft th

bus t

o]

) Yshunt, ft Yshunt, ft
" 2 2

& @ O

Figure A.1: Augmented II-section line

First, in Equation (A.1) the equation for the current i, is derived which flows from the transformer
to the section line. Equation (A.2) gives the formulation for the current i;¢ coming from bus ¢ to
the section line.

shun Vp — U 1 n 1
i = UTybhu t, ft X ( r [t]) — 0, < i Yshu t,ft> +U[t] (_ > (A.l)
2 Zseries, ft Zseries, ft 2 Zseries, ft
shun Up — U 1 1 hun
itf — vy Yshunt, ft I ( r [t]) —, (_ ) i vy ( i Yshu t,ft> (A.2)
2 Zseries, ft Zseries, ft Zseries, ft 2

Equation (A.3) shows the relations between the voltages and the currents of the transformer,
where 6 is the delay of v, to v[y; and n the ration of the absolute values of these two voltages.

vp =g e ¥ iy = Znﬁ e VY (A.3)
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The voltage v, and the current i, of Equations (A.1) and (A.2) can be substituted with the
voltage and current of bus f by utilizing Equation (A.3). The results of these substitutions are
shown in Equations (A.4) and (A.5).

. 1 Yshunt ft>> ( 1 j >
- 9 shunt, jo
I . o (= "o Ad
fi ] < <Zseries,f t 2 g Zseries, f1 ( )
» 1 » 1 Yshunt, ft
o it shunt, A5
= < ZserieS,ftn ¢ > - o <Zseries,ft N 2 ( )

Finally, Equation (A.6) results in the admittance matrix Y A ¢ of the augmented II-section line.

ift n? <z 1 t + yShugnt’ft> S — 1 ft’fl .elf vy
series series
_ ’ ’ (A.6)
1 —J@ 1 Yshunt, ft
1 — . v
tf Zseries, ft n-e Zseries, ft 2 [t}
Yam, st

A.3 Partial Matrix Example

This section describes an example regarding partial matrices for a three-bus electrical grid. In
this example, bus 1 is connected to bus 2 and bus 2 is connected to bus 3. No connections exists
between bus 1 and bus 3. The addmitance matrix of this topology is shown in Equation (A.7). Both
the top-right and the bottom-left component are zero because buses 1 and 3 are not connected.

Y1 Yng) 0
Y = Y1) Y221 Y23 (A7)
0 yp2 Ysg

The objective function of an SOCP relexation for this topology is found in Equation (A.8).

Yy Yng 0 Wpn1) Wp[12] Wp[3)
c(Wp) := trace Y1) Y22l Yps)| |Wp21] Wpeg] Wp[23] (A.8)
0 g2 Ys3l [weisy Wesz Weisg)

Multiplying the cost function out yields Equation (A.9).
c(Wp) = (yy) - wepy) + Ypz) - wepey) + (Y1) - Wepz) + Y2o) - Wel22) + Y23] - Wp[z2))+
(Y[32) - wpl2g) + Y[33) - wppzz) (A.9)

It can be seen, that the result is independent of the values wp[13) and wpy3y). These components
have exactly the same indices as the components of the admittance matrix which are guaranteed
to be zero. Therefore, Wp can be a partial matrix with arbitrary complex values for the entries
wp(13] and wp(31], without changing the result of the cost function.
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B Results

Table B.1: Results of the IEEE 123 node test feeder.

Distributed OPF PYPOWER
Bus v Zv DPlk] i) v ZLv Plk] k)
(pu) ) (pu) (pu) (pu) ) (pu) (pu)

1 1.100 —-0.004 —0.400 —0.196 1.050 0.012 —-0.400 —0.200
3 1.100 —0.004 0.005 —0.005 1.050 0.005 0.000 0.000
b 1.100 0.000 0.675 0.350 1.050 0.000 0.449 0.399
7 1.100 0.000 —-0.199 —-0.098 1.050 0.015 —-0.200 —-0.100
8 1.100 0.004 0.819 0.425 1.051 0.018 0.000 0.293
9 1.100 0.004 0.146 0.079 1.051 0.025 0.394 0.132
13 1.100 0.000 —0.003 0.004 1.050 0.007 0.000 0.000
14  1.100 0.004 —0.001 0.005 1.051 0.028 0.000 0.000
15 1.100 0.004 0.987 0.498 1.050 0.000 0.615 0.489
18 1.100 —-0.011 —0.005 0.003 1.050 —0.040 0.000 0.000
19  1.099 -0.018 —-0.399 —-0.202 1.049 -—-0.048 —0.400 —0.200
21  1.100 -—-0.007 -—0.007 0.004 1.050 —0.048 0.000 0.000
23  1.100 0.000 —0.002 0.003 1.050 —0.050 0.000 0.000
25 1.100 0.011 2.623 1.266 1.050 —0.046 1.533 1.037
26 1.100 0.004 —0.007 0.000 1.050 —0.044 0.000 0.000
27 1.100 0.000 0.001 0.000 1.050 —0.049 0.000 0.000
28 1.100 0.000 —-0.396 —0.195 1.049 —0.057 —0.400 —0.200
29  1.099 -0.007 -0.399 —-0.207 1.049 —-0.068 —0.400 —0.200
30 1.099 -0.015 -0.395 -—0.191 1.049 —-0.075 —-0.400 —0.200
31 1.100 0.004 -0.199 -0.095 1.050 —-0.037 —-0.200 —0.100
34 1.100 0.000 -0.399 -—-0.197 1.050 0.002 —0.400 —0.200
35 1.100 -0.007 —0.400 —-0.196 1.050 —0.042 —-0.400 —0.200
36 1.100 —-0.011 0.000 —0.002 1.050 —0.036 0.000 0.000
38 1.099 -0.015 -0.199 -0.102 1.050 -0.040 —-0.200 —0.100
40 1.100 0.000 1.479 0.735 1.050 —-0.039 0.525 0.592
42 1.100 -0.011 -0.199 -—-0.100 1.050 —-0.049 —0.200 —0.100
44  1.100 —0.007 0.001 0.002 1.050 —0.051 0.000 0.000
45 1.100 -0.011 -0.203 -0.095 1.049 -0.054 —-0.200 -—0.100
47 1.100 -0.004 —-0.355 —0.258 1.0560 —0.049 —-0.350 —0.250
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Results

Distributed OPF PYPOWER
Bus v Zv Plk] i) v ZLv DPlk] i)
(pu) ) (pu) (pu) (pu) ) (pu) (pu)

49 1.100 -0.011 -—-0.463 -—0.321 1.060 -—0.053 -—0.467 —0.317
50 1.100 -0.011 -0.395 -0.192 1.050 —-0.051 —0.400 —0.200
51 1.100 -0.007 —-0.204 -—-0.104 1.050 -0.045 -—-0.200 -—0.100
52 1.100 0.000 0.070 0.048 1.051 0.022 0.324 0.116
53 1.100 0.000 0.006 0.008 1.051 0.028 0.659 0.031
54  1.100 0.000 0.255 0.125 1.051 0.026 0.356 0.094
55 1.100 0.000 0.211 0.112 1.051 0.028 0.304 0.099
57 1.100 —-0.004 0.007 0.013 1.051 0.012 0.000 0.000
58 1.100 —-0.007 —-0.204 -0.104 1.051 0.008 —0.200 —0.100
60 1.100 0.000 0.132 0.057 1.051 —0.005 0.409 0.152
62 1.100 0.000 0.005 —-0.003 1.051 —-0.004 0.642 0.068
63 1.100 0.000 0.649 0.332 1.051 —0.008 0.230 0.295
64 1.099 0.000 -0.753 —-0.346 1.050 —0.009 —0.750 —0.350
65 1.100 0.004 -0.466 —0.335 1.050 —0.009 —0.467 —0.333
67 1.100 0.000 2.066 1.078 1.050 —0.021 0.783 0.836
68 1.099 -0.004 -0.204 -—-0.101 1.050 -0.030 —0.200 -—0.100
69 1.099 -—-0.018 —-0.399 -—-0.194 1.049 —-0.040 —-0.400 —0.200
70 1.098 —0.022 —-0.194 -—-0.097 1.049 -0.047 —0.200 —0.100
72 1.100 0.004 1.122 0.452 1.050 —0.015 0.684 0.411
73 1.100 0.000 —-0.402 -0.201 1.050 -—-0.016 —0.400 —0.200
74 1.100 0.004 0.577 0.289 1.050 -—-0.011 0.686 0.310
76 1.100 0.000 -0.824 -0.606 1.050 -—-0.016 —0.817 —0.600
77 1.100 0.007 0.453 0.175 1.051 0.011 0.072 0.234
78 1.100 0.004 —-0.004 0.000 1.051 0.018 0.000 0.000
80 1.100 0.004 0.000 0.001 1.051 0.031 0.642 0.029
81 1.100 0.004 0.195 0.108 1.051 0.024 0.295 0.101
82 1.100 0.000 —0.400 —0.200 1.051 0.023 —0.400 —0.200
84 1.100 0.004 0.400 0.201 1.050 0.003 0.006 0.182
8 1.100 —-0.018 —0.197 -—-0.101 1.050 —-0.043 —0.200 —0.100
87 1.100 —-0.026 —-0.397 —-0.205 1.050 —-0.055 —0.400 —0.200
89 1.100 —-0.015 0.001 0.007 1.050 —0.049 0.000 0.000
91 1.100 —-0.022 0.000 —-0.003 1.050 —0.054 0.000 0.000
93 1.100 -0.018 —0.005 0.006 1.050 —0.052 0.000 0.000
95 1.100 -0.007 -—-0.199 -0.102 1.050 -0.043 —-0.200 -—0.100
97 1.100 —-0.007 0.007 —-0.003 1.050 —0.029 0.000 0.000
98 1.099 -0.015 -—-0.401 -—-0.204 1.050 -0.033 —0.400 —0.200
99 1.099 -0.022 -0.398 —-0.199 1.050 —-0.032 —-0.400 —0.200
100 1.099 -0.018 —-0.401 —-0.197 1.050 -0.026 —0.400 —0.200
101 1.099 -0.007 —-0.002 —-0.004 1.050 -—0.026 0.000 0.000
102 1.099 -—-0.015 —-0.204 —-0.104 1.049 -—-0.034 —0.200 -—0.100
103 1.098 —0.026 —0.398 —0.197 1.049 —-0.044 —-0.400 —0.200
105 1.100 -0.004 —-0.003 —-0.009 1.050 -0.017 0.000 0.000
106 1.099 -0.007 —-0.398 —-0.202 1.050 —-0.024 —-0.400 —0.200
108 1.100 0.018 1.448 0.739 1.050 0.005 0.345 0.499
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Results

Distributed OPF PYPOWER
Bus v Zv Dlk] i) v ZLv DPlk] k)
(pu) ) (pu) (pu) (pu) ) (pu) (pu)

109 1.100 0.018 0.052 0.036 1.051 0.017 0.654 0.147
110 1.100 0.015 0.001 0.006 1.051 0.012 0.000 0.000
112 1.100 0.018 0.722 0.372 1.051 0.012 0.551 0.330
113 1.099 0.007 —-0.398 —0.200 1.050 0.000 —0.400 —0.200
135 1.100 —-0.015 —-0.002 0.003 1.050 —0.044 0.000 0.000
149 1.100 0.004 0.420 0.224 1.051 0.030 0.144 0.202
152  1.100 0.000 0.004 —-0.005 1.051 0.003 0.000 0.000
160 1.100 0.000 0.002 —-0.001 1.050 —0.003 0.000 0.000
197 1.099 -0.004 -—-0.001 —0.003 1.050 —0.022 0.000 0.000
610 1.100 0.000 0.000 0.000 1.051 —0.005 0.000 0.000
2 1.100 —-0.004 —-0.202 —0.101 1.050 0.011 —-0.200 —-0.100
4 1.100 —-0.007 —0.398 —0.202 1.050 0.002 —0.400 —0.200
6 1.100 —-0.004 —-0.399 —-0.199 1.050 —-0.004 —0.400 —0.200
12 1.100 0.004 0.003 0.002 1.051 0.029 0.635 0.052
11 1.100 0.000 -0.399 —-0.201 1.050 0.025 —-0.400 —0.200
10 1.100 0.004 0.250 0.124 1.051 0.034 0.394 0.103
16 1.100 —-0.004 —-0.401 —-0.201 1.050 —0.005 —0.400 -—0.200
17 1.100 0.000 —-0.198 —-0.099 1.060 —-0.002 —0.200 —0.100
20 1.099 -—-0.022 —-0.398 —0.200 1.049 —-0.0563 —0.400 —0.200
22 1.099 -0.015 -0.399 -0.198 1.049 —-0.056 —0.400 —0.200
24  1.099 -0.011 -0.399 -—-0.201 1.049 -0.058 —0.400 —0.200
33 1.099 -0.007 -0.399 -0.202 1.049 —-0.056 —0.400 —0.200
250 1.099 -—-0.015 0.006 0.005 1.049 —-0.075 0.000 0.000
32 1.100 0.007 0.175 0.077 1.050 —0.026 0.653 0.195
37 1.100 -—0.007 0.287 0.144 1.050 —0.029 0.581 0.265
39 1.099 -0.018 —-0.200 —-0.098 1.050 —0.042 —-0.200 —0.100
41  1.100 0.000 0.005 —0.003 1.050 —0.023 0.694 0.106
43 1.099 -0.015 —-0.400 -—-0.201 1.049 -—-0.056 —0.400 —0.200
46 1.099 —-0.015 —-0.202 -0.101 1.049 -—-0.056 —0.200 —0.100
48  1.100 0.000 1.155 0.685 1.050 —0.044 0.841 0.532
151 1.100 0.000 0.526 0.286 1.050 —0.029 0.725 0.395
56 1.100 0.000 —-0.205 —-0.104 1.051 0.025 —0.200 —-0.100
59 1.099 -0.007 -0.201 -0.103 1.051 0.006 —0.200 —0.100
61 1.100 0.000 —-0.004 —-0.003 1.051 —0.005 0.000 0.000
66 1.100 0.000 0.568 0.346 1.051 —-0.012 0.460 0.335
71 1.098 —-0.026 —0.403 —-0.206 1.049 -0.052 —0.400 —0.200
75 1.100 —-0.004 —-0.400 —-0.200 1.050 —0.017 —0.400 —0.200
79  1.100 0.004 0.004 0.004 1.051 0.029 0.692 0.016
83 1.100 0.004 0.196 0.111 1.051 0.027 0.271 0.100
8 1.100 —0.004 —0.402 —-0.198 1.050 —-0.004 —0.400 —0.200
88 1.100 —-0.033 —-0.401 —0.201 1.050 —0.065 —0.400 —0.200
90 1.100 —-0.004 0.841 —-0.129 1.050 —-0.036 0.742 —0.058
92 1.100 -0.037 —0.401 —-0.200 1.050 -0.071 —0.400 -—0.200
94 1.099 -0.022 -0.402 -0.203 1.050 —0.056 —0.400 —0.200
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Distributed OPF PYPOWER

Bus v Zv Plk] i) v ZLv DPlk] i)

(pu) ) (pu) (pu) (pu) ) (pu) (pu)
96 1.100 0.004 0.769 —0.024 1.050 —-0.034 0.677 0.067
450 1.100 0.000 0.580 0.288 1.051 0.005 0.847 0.425
104 1.098 —-0.037 —-0.399 —0.200 1.048 —-0.054 —0.400 —0.200
107 1.099 -0.018 —-0.401 —-0.201 1.049 -0.033 —0.400 —0.200
300 1.100 0.018 —-0.002 —-0.004 1.051 0.046 0.673 0.090
111 1.100 0.011 —-0.201 -—-0.101 1.050 0.008 —0.200 -—-0.100
114  1.099 0.004 —-0.201 —-0.101 1.050 —0.003 —0.200 —0.100
150 1.100 0.004 0.005 0.005 1.051 0.029 0.662 0.038
251 1.099 —-0.015 0.000 0.000 1.049 -0.075 0.000 0.000
451 1.100 0.000 0.001 0.000 1.051 0.005 0.000 0.000
350 1.100 0.018 —0.001 0.006 1.051 0.046 0.000 0.000
195 1.100 —-0.007 —0.003 0.001 1.050 —0.043 0.000 0.000
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