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Kurzfassung der Dissertation

Diese Dissertation befasst sich mit finanz- und versicherungsmathematischen Produk-
ten, deren Auszahlungen von stochastischen Prozessen bestimmt werden. Der Zeitpunkt
der Auszahlung ist zufallig und wird daher durch eine Stoppzeit modelliert, die Werte
in einem vorbestimmten Zeitbereich annimmt. Diese Stoppzeit soll einer bestimmten
Verteilung folgen und kann von dem zugrunde liegenden Auszahlungsprozess abhan-
gen. Diese vorgegebene Verteilung enthalt zusatzliche Informationen, die bekannt sind
oder auf die man Zugriff hat. Das Ziel ist es, eine Abschadtzung fiir den schlechtesten
Fall, also der Worst-Case-Situation, abzuleiten. Dies ergibt sich aus dem Supremum der
zu erwarteten Auszahlung iiber alle Stoppzeiten, die die angegebene Randbedingung
erfiilllen. Es liegt im besonderem Interesse, eine optimale Stoppzeit zu finden, die diesen
Maximalwert annimmt. Dieses Problem soll als OprStor® bezeichnet werden. Eine Erwei-
terung besteht in der Verwendung von adaptierten zufalligen Wahrscheinlichkeitsmaflen
anstelle von Stoppzeiten. Das dazugehorige Problem wird mit OprStop? bezeichnet. Aus
mathematischer Sicht ist das betrachtete Problem eine spezielle und erweiterte Version
eines optimalen Stoppproblems. Zum ersten Mal wurden die Probleme OprStoP® und
Orp1STOP? in [33] betrachtet, was der Ausgangspunkt dieser Arbeit war. In [33] werden
drei Hauptannahmen an den stochastischen Auszahlungsprozess gestellt, um ein wohlde-
finiertes Problem zu garantieren. Diese drei wichtigsten Annahmen sind die fast-sichere
Endlichkeit des Supremums der Betrage der Elemente des Prozesses, die Endlichkeit des
Erwartungswertes und die gleichgradige Integrierbarkeit des Prozesses. Die hier vorliegen-
de Arbeit beinhaltet eine Verallgemeinerung und bertiicksichtigt sensitivere Bedingungen.
Diese Bedingungen machen sich die Struktur und die Informationen, die sich aus der
Verteilungseinschrankung an die Stoppzeiten oder adaptierten zufalligen Wahrschein-
lichkeitsmaflen ergeben, tatsachlich zunutze. Man kann das Problem aus verschiedenen
Anwendungsbereichen motivieren und es gibt eine weitere Betrachtungsmoglichkeit. Fur
diesen Ansatz wird die Aufgabe als optimales Transportproblem neu formuliert und aus
Sicht des Transports von Massen betrachtet. Dieses Problem wird dann als OprStop™
bezeichnet.

Im ersten Teil dieser Arbeit werden wir die Ergebnisse fiir die adaptierten Abhangigkeiten
in diskreter Zeit herleiten, d.h. wir betrachten eine vollstandig geordnete, abzahlbare In-
dexmenge. Es werden die verschiedenen Optimierungsprobleme OprStop®, OprSTOP” UNd
Opr1STOP™ eingefithrt und deren Zusammenhinge schrittweise erarbeitet und beschrieben.
Der Schwerpunkt dieses Teils liegt auf dem Problem OprStor” und damit auf adaptierten
zufalligen Wahrscheinlichkeitsmaflen. Ein wichtiger Aspekt bei der Betrachtung solcher
Probleme ist die Frage nach einer optimalen Strategie. In dieser Arbeit wird die Existenz
einer solchen optimalen Strategie in diskreter Zeit fir den verallgemeinerten Ansatz
bewiesen, der es erlaubt, eine grofere Anzahl moglicher Prozesse zu bertcksichtigen.
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Diese optimale Strategie ist im Allgemeinen nicht eindeutig, wie anhand einiger Beispiele
erlautert wird. Dartiber hinaus werden in dieser Dissertation einige Schranken angegeben.
Einige davon gelten fur das Problem im Allgemeinen, wahrend andere von der Struktur
des zugrunde liegenden Prozesses abhangen. Fiir bestimmte Klassen stochastischer Pro-
zesse ist es moglich, eine optimale Strategie und somit den daraus resultierenden Wert
des Optimierungsproblems zu bestimmen. Dazu gehoren beispielsweise Prozesse, die als
Produkt eines Martingals und einer deterministischen Funktion oder im Binomialmodell
gegeben sind. Zusatzlich wird eine Anwendung des Problems im Bereich der fondsge-
bundenen Lebensversicherungen diskutiert, in der die Modellierung des Vertrags ohne
Annahme der Unabhangigkeit zwischen biometrischen Risiken und Finanzmarktrisiken
erfolgt. Der letzte Abschnitt dieses Teils behandelt dann das Problem Op1Stop™. Wir
fomulieren dazu das Problem als optimales Transportproblem und zeigen die Existenz
einer optimalen Strategie mithilfe der Theorie des optimalen Transports. Es werden auch
hier Beispiele betrachtet.

Im zweiten Teil dieser Arbeit werden wir die Ergebnisse fiir die adaptierten Abhangig-
keiten in kontinuierlicher Zeit herleiten. Um das Problem OprStop? in kontinuierlicher
Zeit zu betrachten, missen die adaptierten zufalligen Wahrscheinlichkeitsmafie durch
stochastische Ubergangskerne ersetzt werden. Es wird eine diskrete Approximation ange-
geben, mit deren Hilfe die in diskreter Zeit gefundenen Ergebnisse tibertragen werden
konnen. Auflerdem werden Ergebnisse fiir den Spezialfall hergeleitet, in dem die Prozesse
als Produkt eines Martingals und einer deterministischen Funktion gegeben sind. Der
Hauptabschnitt dieses Teils befasst sich jedoch mit dem Problem OprStor™. Unter Ver-
wendung der Methoden und Techniken aus der optimalen Transporttheorie erhalten wir
die Existenz einer optimalen Stoppzeit einer Brown’schen Bewegung mit vorgegebenen
Randverteilungen. Dazu muss der Kostenprozess jedoch mindestens messbar und ange-
messen adaptiert sein. Gewisse Stetigkeitssannahmen garantieren dann die Existenz von
Losungen des betrachteten Problems. Des Weiteren werden Ideen und Konzepte aus dem
optimalen Transport (und seiner Martingalvariante) angepasst, um eine geometrische
Beschreibung der optimalen Strategie zu erhalten. Die Methoden sind auf eine grofle
Klasse an Kostenprozessen anwendbar und es wird gezeigt, dass fur viele Kostenprozesse
eine Losung durch die erste Trefferzeit einer Barriere in einem geeigneten Phasenraum
gegeben ist. Die Ergebnisse dieses Abschnitts der Arbeit sind bereits in [10] verdffentlicht.
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Abstract

This thesis deals with financial and actuarial products whose payouts are driven by
stochastic processes. The time point of the payouts is random and is therefore modeled by
a stopping time that is taking values in a predetermined time domain. This stopping time
should follow a given distribution and may depend on the underlying process modeling
the payouts. The given distribution contains additional information that is known to us or
to which we have access. Our target is to deduce the estimation of the worst-case situation.
This results from the supremum of the expected payout over all stopping times satisfying
the given marginal. It is of particular interest to find an optimal stopping time that yields
this maximal value. This problem is denoted by OprStop®. An extension is the use of
adapted random probability measures instead of stopping times. The problem involved
is called OprStoP”. From a mathematical point of view, the problem being considered
is a special and extended version of an optimal stopping problem. For the first time
the problems OprStor® and OprSTOP” Were introduced in [33], which was the starting
point of this work. In [33] three main assumptions are made of the stochastic payout
process to guarantee a well-defined problem. These three main assumptions are that the
supremum of the absolute values of the elements of the process is almost surely finite,
that it has finite expectation, and that the process is uniformly integrable. This thesis
contains a generalization and takes more sensitive conditions into account that really take
advantage of the structure and information resulting from the distributional restriction
of the stopping times or adapted random probability measures. We can motivate the
problem from different application areas and there is another way to describe the problem.
For this approach, the task is reformulated as an optimal transport problem and discussed
from a mass transport perspective. The problem is denoted as OprStoP™.

In the first part of this thesis we will derive the results for the adapted dependence
in discrete time, i.e., we consider a totally-ordered countable index set. The different
optimization problems OprStor®, OPTSTOP? and OprTSTOP™ Will be introduced and the
various connections between them are gradually worked out and described. The focus
of this part is on the problem Op1StoP? and therefore on adapted random probability
measures. An important aspect in considering this problem is the question of an optimal
strategy. In this thesis, the existence of such an optimal strategy in a discrete time setting
is proven for the generalized approach, which allow us to consider a much larger set
of possible processes. This optimal strategy is not unique in general as illustrated by
some examples. In addition to this, some bounds are derived in this dissertation. Some
of them apply to the problem in general, while others depend on the structure of the
underlying process. For certain classes of stochastic processes, it is possible to find an
optimal strategy and the resulting value of the optimization problem. These include, for
example, processes that are the product of a martingale and a deterministic function or in



the binomial model. In addition, an application of the problem in the area of unit-linked
life insurance is discussed in which the modeling of the contract takes place without
assuming independence between biometric and financial market risks. The last section of
this part deals with the problem OprStor™. We will formulate the problem as an optimal
transport problem and show the existence of an optimal strategy by using the theory of
optimal transport. Examples are also considered here.

In the second part of this thesis we will derive the results for the adapted dependence in
continous time. To view the problem OprStor” in continuous time, the adapted random
probability measures have to be replaced by stochastic transition kernels. A discrete
approximation is given, with the aid of which the results found in discrete time can be
transferred. In addition, results are derived for the special case in which the processes
are given as the product of a martingale and a deterministic function. However, the
main section of this part deals with the problem Op1StoP™. Using the methods and
techniques of optimal transport theory we obtain the existence of optimal stopping times
of a Brownian motion with given marginal. For this, the cost process must be at least
measurable and appropriately adapted. Certain continuity assurances then guarantee
the existence of solutions to the considered problem. Furthermore, ideas and concepts
from the optimal transport (and its martingale variant) are adapted to obtain a geometric
description of the optimal strategies. The methods work for a large class of cost processes
and it is shown that for many cost processes a solution is given by the first hitting time of
a barrier in a suitable phase space. As a by-product we recover classical solutions of the
inverse first passage time problem / Shiryaev’s problem. The results of this section of the
thesis are already published in [10].
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Introduction

There are many situations in financial and actuarial mathematics where independence is
assumed for two stochastic components. It is often questionable whether this assumption
is always justified. This work presents a general framework to show how some of these
situations can be handled without the assumption of independence.

We want to deal with distribution-constrained optimization problems and the correspond-
ing theory. But what is that? Consider financial and actuarial products whose payoffs
are determined by a stochastic process. The time point of the payouts is random and is
therefore modeled by a stopping time that takes values in a predetermined time domain.
This stopping time should follow a given distribution and may depend on the underlying
process modeling the payoffs. The given distribution contains additional information
that is known to us or to which we have access. Then we are concretely interested in the
deduction of estimations for the worst-case situation. This results from the supremum
of the expected payout over all stopping times satisfying the given marginals. It is of
particular interest to find an optimal stopping time that yields this maximal value. This
problem is denoted by OprStoP®. From a mathematical point of view, the problem being
considered is a special and extended version of an optimal stopping problem. This is only
one possible description of the problem. But before we look at the others, we want to
motivate it more closely with an example. Let us take a look on unit-linked life insurances,
for more details see Section 3.6.

First, we consider a single unit-linked life insurance contract with payoff at the end of the
year of death of the insured x-year old person or at the end of the contract. We assume this
contract runs for 30 years and a payout can always be made at the end of the year, such
that our predetermined time interval is given by I = {0,...,30}. Let (QQ, F,F = (F;)se, IP) be
a filtered probability space and let (Z;);c; be the process of the payouts. The family of the
insured person will get the insurance benefit Z, at an random time point 7t after paying
advance premiums. In this case, the random time point 7 is an stopping time and the
insurance companies are interested in the maximal expected value E[Z,] of the payouts
of the contract. This would be a classical optimal stopping problem with value V;(Z).
However, we have more information. The stopping time 7 is modeled as the minimum of
the maturity T = 30 and the future lifetime T, of the insured person, where x indicates the
age at conclusion of contract. Thus this stopping time has the distribution which is given
through the life table or through the termination of a contract. That is how we would like
to get our distributional constraint v from the life table. With the given distribution v, we



Chapter 1. Introduction

consider then a distribution-constrained optimal stopping problem OprStor® with value
VI(Z).

As already described in [33], in the praxis for unit-linked life insurances it is normally
assumed that financial and biometric risks are independent, see e.g. [43]. Under the
assumption of independence between Z and t we will get the value V.} ,(Z). Examples
show that the two values V;} ;(Z) and V}(Z) can differ greatly from each other.

If surrender of the contract is allowed, this reason for dropping out, which also leads
to a payoff, should not be set independent of the financial market. It is possible that a
downturn in the economy, which is often followed by high unemployment rates, leads
to more lapses for an insurance company. It is equally conceivable that a flu epidemic
could influence the financial markets. In the technical specifications of the long-term
guarantees assessment (LTGA, [49]) or the fifth quantitative impact study (QIS5, [60])
for Solvency II there are assumptions about a positive correlation between financial and
biometric risks used to compute the solvency capital requirement. Similar ideas are
followed in current research. In [19], worst-case scenarios for pricing and reserving life
insurance products are considered where a mutual dependence between interest rates and
mortality is allowed. In [47], a valuation framework is presented with a given correlation
between the dynamics of mortality and interest rates. Further upper and lower bounds for
the value of a guaranteed annuity option are found using comonotonicity theory. Variable
annuities are very flexible, long-term tax-deferred investments whose design matches
features of unit-linked life insurance contracts that package several types of options and
guarantees, at the policyholder’s discretion. In [7], a quite general valuation model for
variable annuities, with death and survival guarantees and state-dependent fee structure,
along the lines of [6], is defined and numerically analysed the interaction between fee
rates, death/survival guarantees, fee thresholds and surrender penalties under alternative
model assumptions and policyholder behaviors, thus getting also some interesting insights
into the model risk. In [6], it is shown that in some situations, namely when the guarantee
concerns the choice of the post-retirement income, policyholder preferences significantly
affect the value of the guarantee.

Let us now consider the unit-linked life insurance of a married couple or a group of per-
sons. In addition to the assumption of independence of financial risks and biometric risks,
in this case, the independence of the physical and emotional health of the partners from
each other is often assumed. Then we calculate the expected values for each individual
person by means considered above and add them together. But with some common sense,
it is clear that this is not the case. The couple live in the same environment and is strongly
connected. For example, both can get be injured in a possible car accident. Furthermore,
the broken heart syndrome is also known and studied since a long time in medicine, see
[26]. They found that the mortality rate of bereaved close relatives is much greater within
a year of bereavement compared with a control group. As a consequence, health can
drastically deteriorate when one’s partner dies. Therefore, it is not reasonable to assume
independence of the times of death of either partner. Current research, that is concerned
with this, is for example [50].

To model a portfolio of similar contracts in a discrete time setting we have to use adapted
random probability measures instead of stopping times. From a mathematical point of
view, the problem being considered then is a special and extended version of an optimal
stopping problem and is called OprStop?. The problems OprStor® and OprSTOP” Were
introduced in [33] for the first time. If a stopping time 7 is used for modeling a life



insurance contract for one person, then the adapted random probability measure can be
used to model a married couple.

It is also possible to use this setting for health insurance contracts. These are often mod-
eled in a similar way as life insurance contracts. The payoff for these contracts, called
claims amount per risk in this setting, is normally a deterministic number, corresponding
to the value the insurer expects to pay, and based on historical data. Using the setting
of this article, such claims amount per risk can be modeled stochastically. This is more
appropriate, since it is influenced by many factors, such as modern techniques in health
care, the status of the corresponding country (social turmoil, peace or war, ...) and
political decisions. These factors also influence the probability of occurrence of an insured
event. Improvements in the medical system will guarantee that people are cured more
rapidly and that the probability of a relapse declines.

The dependence between severe medical diseases and crises or catastrophes in the sur-
roundings of patients is a matter of paramount interest to medical research. One especially
interesting work with regard to this thesis is about the impact of the socioeconomic crisis
in Greece on acute myocardial infarction [51]. In [51] the authors found that the financial
crisis may have led to a higher incidence of acute myocardial infarction in the population
of Messinia and assert the need for an analysis of this phenomenon for the entire Greek
population. In [44] and [54] the aftermath of the earthquake in Japan in March 2011 on
coronary syndromes is analyzed. Both studies seem to demonstrate that the stress of this
disaster has increased the number of hospitalized patients. Similarly, an alteration in the
pattern of acute myocardial infarction onset followed in the wake of hurricane Katrina in
New Orleans. This is discussed in [59].

As seen, this issue has a lot of applications in the field of financial and actuarial risk man-
agement. We have only introduced the two problems OprSTOP® and Op1STOP? S0 far, but
there is another way to describe the problem. For this approach, the task is reformulated
as an optimal transport problem and discussed from a mass transport perspective. The
problem is then denoted as OprStor™. IIf we deal with the theory of optimal transport,
we come into contact with the two common basic concepts: cyclical monotonicity and
Kantorovich duality. The cyclical monotonicity is a geometric property. An optimal plan
should be c-cyclically monotone, i.e., it is concentrated on a c-cyclically monotone set
and you can not improve the cost by rerouting mass along some cycle. It is impossible to
perturb it and get something more economical. Informally, a c-cyclically monotone plan
is a plan that cannot be improved. The converse property is considerably less obvious,
i.e., c-cyclically monotone plan should be optimal. Maybe it is possible to get something
better by radically changing the plan as only rerouting mass along some cycle. In this
work we will see that it holds true under certain conditions. The Kantorovich duality is
used to show the existence of an optimal strategy.

In the first part of this thesis we will derive the results for the adapted dependence in
discrete time. The different optimization problems OprStor®, OprSTOP? and OprSTOP™
will be introduced and the various connections between them are gradually worked out
and described. The focus of this part is on the problem OprStoP? and consequently on
adapted random probability measures. An important aspect in considering this problem
is the question of an optimal strategy. In this thesis, the existence of such an optimal
strategy in a discrete time setting is proven for the generalized approach, which allows us
to consider a much larger set of possible processes. This optimal strategy is not unique in
general as illustrated by some examples. In addition to this, some bounds are derived in
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this dissertation. Some of them apply to the problem in general, while others depend on
the structure of the underlying process. For certain classes of stochastic processes, it is
possible to find an optimal strategy and the resulting value of the optimization problem.
These include, for example, processes that are the product of a martingale and a determin-
istic function or in the binomial model. In addition, an application of the problem in the
area of unit-linked life insurance is discussed in which the modeling of the contract takes
place without assuming independence between biometric and financial risks. The last
section of this part deals with the problem OprStor™. We will formulate the problem as
an optimal transport problem and show the existence of an optimal strategy by using the
theory of optimal transport. Examples are also considered here.

In the second part of this thesis we will derive the results for the adapted dependence in
continous time. To view the problem OpTSTOP? in continuous time, the adapted random
probability measures have to be replaced by stochastic transition kernels. A discrete
approximation is given, with the aid of which the results found in discrete time can be
transferred. In addition, results are derived for the special case in which the processes
are given as the product of a martingale and a deterministic function. However, the main
section of this part deals with the problem OprStop™. Using the methods and techniques
of optimal transport theory we obtain the existence of optimal stopping times of a Brown-
ian motion with given marginals. However, the cost process must be at least measurable
and appropriately adapted. Certain continuity assurances then guarantee the existence of
solutions of the considered problem. Furthermore, ideas and concepts from the optimal
transport (and its martingale variant) are adapted to obtain a geometric description of the
optimal strategies. The methods work for a large class of cost processes and it is shown
that for many cost processes a solution is given by the first hitting time of a barrier in a
suitable phase space. As a by-product we recover classical solutions of the inverse first
passage time problem / Shiryaev’s problem. The results of this section of the thesis are
already published in [10].
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The Problem

We now introduce our problem of study and create a connection to the classical optimal
stopping problem. The distribution-constrained optimization problem, which we consider,
is a modified version of an optimal stopping problem.

We deal with financial and actuarial products, whose payoffs taking value during a certain
time interval are determined by an stochastic process. The time point of the payoff is
modeled by a stopping time. This stopping time or adapted random probability measure
follows a given distribution and can depend on the underlying process of payoff. With
other words we want to consider distribution-constrained optimal stopping problems. Our
target is to deduce the estimation of the worst-case situation. That means, the supremum
of the expected payoff over all stopping times satisfying the given marginals. It may
happen that this problem is not well-posed and therefore does not have a solution.
There are different views on these restricted optimization problem. One possibility is that
we replace the stopping times by adapted random probability measures and prove the
existence of an optimal strategy for these problems by using functional analysis, for more
details see Chapter 3. Another possibility is that we formulate the problem in terms of
an optimal transport problem and prove the existence of an optimal strategy for these
problems by using the theory of optimal transport, see Chapter 4.

First of all, we introduce the notational conventions for this part. We will see that the
problem is a modified version of an optimal stopping problem.

Notation 2.0.1. Throughout this part, we consider a discrete-time setting and stick to the
following notation.

(a) Let I # @ denote a countable, i.e., a finite or countably infinite, totally-ordered index
set; for simplicity the reader may assume that I CIRU {—c0,00}. Let T := sup(I) and
I:=1U{T}.

(b) For t € I we define the set I; = {s € I|s < t} of all times before t, the set I.; ={s €|
s <t} of all times up to ¢, the set I; = {s € I|s > t} of all times from t on, and the set
I.; = {s € I|s > t} of all times after ¢. The same holds for I.

(c) Let (Q), F,P) be a probability space with filtration [F = (F;);;. If T ¢ I, we define
Fr=0(Uer &),

(d) The given probability measure on I will be denoted by v = (v;);¢;, its support by



Chapter 2. The Problem

supp(v):={t €I [v;>0}. Fort €l we define vy =) ;o Vs and vsp = ) oop Vs, as
well as vo; = vy + v; and v = vo; + v, Relations like vo; + v5; = 1 will be used
without mentioning it. For (y;);c; as in Definition 3.1.1 below, we use a similar
notation.

(e) 71 denotes the set of all stopping times 7 : QQ — I with IP(r € I) =1 and 7;” its subset
of all T with distribution v, i.e., £(t) = v. Note that we use in this thesis another
definition as [33, Definition 2.4].

Typical examples for an infinite index set I are IN, Z or Q and for a finite {1,..., N} for
some N € IN. Our considered index set I is especially a directed set, which satisfies the
following definiton.

Definition 2.0.2 (Directed set).
A directed set is a partially ordered set with the additional property that two elements in
the set have a common upper bound in the set, respectively

Furthermore, note the difference between a mapping o : (3 — I such that {o =t} is
F-measurable for each t € I and a stopping time. A stopping time 7 with respect to
the filtration (F;);c; is @ mapping 7 : O — I which satisfies the measurability property
{t =t} € F; for each t in I. Corresponding to each stopping time 7 there is a 7-field denoted
by F; and defined as

Fo={AeF|An{t=t}e Fforall t eI}

We now assume that the values we are interested in exist and are finite. If we want to
make sure that the values exist, we can assume that E[sup,.;|Z;|] < oo or that we are given
an adapted process Z in L!(IP) with [E[sup,.; Z;"] < oo or E[sup,.; Z; ] < co. Note that such
assumptions are very strong and do not use the given information about the distribution
on I.

The value of a classical optimal stopping problem, which we will denote by V7 (Z), is
given by

Vr(Z):=supE[Z,].
t€7;

Note that 77 is defined slightly different as in [33] and therefore this value too, cf. equation
(2.5) in [33]. This value coincides for a non-negative process Z with the value of a standard
American option without any hedging possibilities. The pricing of American options or
optimal stopping problems are well known problems in the literature. An example of the
calculation via Snell envelope can be found in Section 3.6.

Keeping such classical optimal stopping problems in mind, the difference to the following
one is our assumption that we have considered some information about the distribution
of the stopping times. Then the distribution-constrained optimal stopping problem is
given in the following way:

Problem (Op1StOP®). Consider a real-valued and IF-adapted stochastic process Z = (Z;)¢;
such that [E[Z]] is finite for all 7 € 7,". Find sufficient conditions such that among all
stopping times 7 € 7,” there exists a maximizer 7* solving

E[Z.]=sup E[Z,].

4
teT;



7;” and V}'(Z) are again defined slightly diffferent as in [33], cf. equation (2.7) there. In
general we can not expect a maximizer t* to be unique. As example, consider a uniformly
integrable martingale Z with index set I = IN. By Doob’s optional stopping theorem, every
stopping time 7 € 7y gives the same value for [E[Z,].

It may happen, in particular on a finite space (2, that OprStor"® is not well posed and
therefore does not have a solution because the filtration is so small that 7, = @. This
happens for example when there exists a t € I such that no event A € F; satisfies IP(A) = v,
cf. Example 2.0.3 below, or when there is an A; € F; with IP(A;) = v; for each t € I, but it is
impossible to have A;NA; = @ for all s,t € I with s # ¢, cf. Example 2.0.4 below.

Example 2.0.3. Cf. [33, Example 2.21]: Given a one-period model with I = {0,1}, we
consider the probability space QQ ={0,1} with 7 =P(Q) ={2,{0},{1},Q} and P({w}) € (0,1)
for all w € Q). Let the filtration be given by Fy = {@,Q} and F; = F. For every probability
distribution v on I with v € (0,1) there does not exist a stopping time 7 with {t = 0} € F;
and IP(7 = 0) = vg. Consequently Op1rStor® is not a well-posed problem and cannot be
solved.

Example 2.0.4. Given a two-period model with I ={0, 1, 2}, we consider the probability
space () ={0,1, 3} with 7 =P(Q) and P({w}) = % for all w € Q). Let the filtration be given
by 5 = A =1{2,{0},{0,1},Q} and F, = F. For the probability distribution v on I with
Vo=V =V = % there does not exist a stopping time 7 with {t =0} € Fyand {t =1} e A
satisfying P(1=0) =P(t =1) = %, because there is only one event in F; with the correct
probability. Thus OprStor® is not a well-posed problem and can not be solved.

Assume that the expected values of interest are well-defined. Then the connection be-
tween the standard and distribution-constrained optimal stopping problem is given for a
process Z by

V7(Z):= sup E[Z;] <supE[Z,] =: V1 (Z). (2.0.5)

el teT;

Note that we set SUPe7y E[Z;] = —c0 in the case 7;” = @. It implies the existence of the
value V/(Z) whenever the corresponding classical optimal stopping problem is well-
defined. For further information about the value V;(Z) we refer to the corresponding
literature about optimal stopping problems.
If we assume that the adapted process Z and the stopping time 7 € 7,” # @ are independent,
then we receive by using Corollary 3.5.1 below that

Vina(2):=E[Z] = ) BlZdoy] = ) E[Z]v,

tel tel

with v, :=P(t = t) for all t € I. If such an independent stopping time 7 € 7;" does not exist,
then we set Vi) ,(Z) = —co.

Like in [33], it is easy to see that V.’ ,(Z) < V/(Z) < V7 (Z). If I € INj is a discrete
interval with 0 € I, the process Z is a uniformly integrable martingale and 7, # @, then
V}(Z) = V7 (Z), because of Doob’s optional stopping theorem (given below) that states
that [E[Z,] = E[Z,] for all stopping times 7. Furthermore, if there exists a stopping time
T € 7,V # @, which is independent of the uniformly integrable martingale Z, then this
stopping time proves V' ,(Z) = V/(Z) = V7 (Z). Of course these equalities are also true
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for all martingales Z and stopping times 7 that satisfy the necessary conditions for using
Doob’s optional stopping theorem. The different conditions on the martingale and the
stopping time in Doob’s optional stopping theorem are noted, for example Theorem 2.0.10
in [74] or Theorem 2.0.11 below.

Theorem 2.0.6 (Doob’s optional stopping theorem).
Cf. [33, Theorem 2.9]:

(a) Given I CINy with 0 € 1. Let T be a stopping time and Z be a supermartingale. Then Z,
is integrable and [E[Z,] <IE[Z] in each of the following situations:

1. tis bounded a.s., i.e., for some N € I \ {0} CIN we have P(t <N) =1,

2. tis finite a.s. and Z is bounded a.s., i.e., for some K > 0 we have IP(|Z;| < K) =1 for
alltel,

3. E[t] < oo and for some K > 0 we have IP(|Z; — Z;| < K|t —s|) = 1 for all s,t € I \ {0}.

(b) If I € Ny with 0 € I, any of the conditions (al), (a2), (a3) or (a4) holds and Z is a
martingale, then IE[Z,] = E[Z,].

(c) If I C Z is a countably infinite index set, Z is a martingale and t is a bounded stopping
time, then Z, is integrable and IE[Z,| = E[Z,] for all t € I.

(d) Given a totally ordered countable set I C IR, let v be a probability distribution on I and
let T be a stopping time.

1. v has a finite support. Let Z be a supermartingale. Then, for every T € T;%, the
random variable Z is well-defined, integrable and satisfies E[Z.] < [E[Z,] for every
mingcq t(w) >t t €l

2. Let Z be a martingale with Z* = sup,; |Z,| € L'. Then, for every T € T,", the random
variable Z is well-defined, integrable and satisfies E[Z. | = [E[Z;] for every t € I.

3. Let Z be a supermartingale, ) .1 |t|v; < oo and for some K > 0 we have |Z; — Z| <
K|t —s| a.s. for all s,t € 1. Then, for every v € T,”, the random variable Z, is
well-defined, integrable and satisfies IE[Z;] < E[Z;] for every min cq T(w) > t,
tel

Before we prove this theorem, let us start with some preliminary considerations. There
are a lot of different versions of Doob’s optional sampling theorem and different ways to
get it.

The paper [74] gives a characterization of the class of stopping times for which the optional
sampling theorem is true for all uniformly bounded submartingales indexed by countable
partially ordered set. A totally ordered countable index set is a special countable partially
ordered set, so that the results in [74] remain also in the special index set I.

Before we come to the main results of this paper, we want to define uniformly bounded-
ness.

Definition 2.0.7 (Uniformly bounded).

A mapping X : I xQ — R%, d € N, is uniformly bounded if there exists a non-negative
random variable X, : (O — R, with finite expectation E[X, ] such that ||X;|| < X, for all
t € I, where ||-|| is a norm on R%.

10



Theorem 2.0.8. See [74]: For a given pair 0,7 of stopping times such that o < t on a countable
partially ordered set, the optional sampling inequality

Xs <E[X.|F] as,
is true for all uniformly bounded submartingales X if and only if T is reachable from o.

Example 2.0.9. Cf. [74]: Let I = {a, b, c} with the order relationa<band a<c. Let T be a
random function taking only the value b and c with P(t =b) =P(t =¢) = % The filtration
is defined as

F.={0,Q})and F = F. ={0,Q, {t = b}, {r =c}}.

Our considered process is given as

0, t=a,
X =41, t#T,
-1, t=r.

Then E[X,|F,] = E[X.|F;] = X, and X is a uniformly bounded martingale on I. However,
E[X.|F;] = -1 < X, for the choice o = a. In this example 7 is not reachable from ¢ and
Theorem 2.0.8 fails.

Theorem 2.0.10. See [74]: If X is a uniformly bounded martingale and if the countable
partially orderd index set is directed, then

Xy =E[X | F ], as.,

is true for any stopping time o, such that o <.

It is also possible to use the continuous case. If the process (X; ),en, is a discrete-time
submartingale with respect to the filtration (% ),en,, Where 0 =ty <t; <t;-- <o, then
X = Xy and F; 1= Fp () with p(t) := max{t, | t, < t, n € Ny} for t € R, gives a well-defined
right-continuous submartingale and the setting of Theorem 2.0.11.

Theorem 2.0.11 (Doob’s optional sampling theorem).
Cf. [71, Theorem 4.83]: Let X = (X;)>0 be a right-continuous IF-submartingale, o : (Q — [0, oo]
an [F-stopping time, and t : (3 — [0, 00] an [F-stopping time. Then the following holds:

(a) Forevery u >0, Xyp, and X, arp, are integrable random variables and

Xoneau S E[XepulFs)  as. (2.0.12)

(b) If P(t < oo0) =1 and if (X{n,)uso is uniformly integrable, then X, and X, . are a.s. well
defined and integrable, and

Xone SE[X ] as. (2.0.13)

11
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We need the following two other versions to prove parts of Theorem 2.0.6.

Theorem 2.0.14 (Optional sampling, Doob).

See [39, Theorem 6.12]: Let Z be a martingale on some countable totally ordered index set 1
with filtration IF, and consider two optional times o and t, where T is bounded. Then Z is
integrable, and Z; . = E[Z/|F;], a.s.

Theorem 2.0.15 (Finite optional sampling for submartingales).

Cf. [71, Lemma 4.57]: Let (X;);e1 be a submartingale and let o, T be stopping times, where T
attains only finitely many values of I and o takes values of I such that {t € o(Q)|t < max7(Q)}
is finite. Then X, and X, . are integrable and

Xone SE[X| T ], as.

With 1 is discrete and contains the infimum of every subset which is bounded below, like I finite,
I=INO,I=ZorI={0}U{% | neIN}.

Proof of Theorem 2.0.6.

(a) For the special case that I ={0,1,..., T} with T € IN you can find the proof in [75].
Using Theorem 2.0.11 with o = 0 and n > 0 we obtain that Z.,,, is integrable and

E[Zpn] < E[Zo]. (2.0.16)

1. For some N € IN we have IP(t < N) =1 for all t € I. Furthermore, for n =N
we get, using the first considerations, that Z, = Z;,y is integrable and
E[Z,] <E[Zy], a.s.

2. Right now 7 is finite a.s., i.e., IP(T < o0) = 1 and Z is bounded a.s., i.e., for some
K > 0 we have |Z;(w)| < K =1 forall t e I and w € Q. We can let n — oo in
(2.0.16) using bounded convergence theorem such that we get the statement.

3. E[t] = } ;¢/lt|vs < 0o and for some K > 0 we have [Z;(w) - Z; 1(w)| < K =1
for all t € I\ {0} and for all w € Q). Assume that we define the index set as
I:={t,|n € Ny,0 = tg} CIN,. Either there exists an m € IN such that t An =1t,,
or we use [33, Remark 3.91], if t An=n ¢I. For simplification we assume that
there exists an m € IN such that t,, = © A n. With

m m
\Zenn—Zol = ‘ Y 2,-2,|< K( Y It =ty ) = K(t An)< Kt
k=1 k=1 7
>

and [E[7] < o0, so that dominated convergence justifies letting n — co in (2.0.16)
to obtain the answer we want.

(b) Z is a martingale implies that Z is a supermartingale and —Z is an supermartingale.
The statement follows from the application of (a) on Z and -Z.

(c) It follows from Theorem 2.0.14.

(d) 1. If v has a finite support, there exists an element T € I such that vy =1, i.e.,
IP(t < N)=v<y = 1. If v has a finite support, it also implies that 7 attains only

12



finitely many values of I. If a t € I with v, = 1 exists, then the corresponding
stopping time is bounded by t a.s. We can use [71, Lemma 3.72] below or
[71, Theorem 3.86] and get by the convenient choice with ¢ =t that

Zar 2 E[Z|F], as. for all maxt(w) >t
weQ)

such that

[E[Z;] > E[Z,], a.s. forall mint(w)>t
we)
and that Z, is integrable.
If we assume that Z is a martingale, the corresponding statement would be
follow immediately from Theorem 2.0.14.

. With Z* = sup,;1Z;| € L' we have that Z is uniformly bounded.
Using Theorem 2.0.10 we obtain the desired answer.

. Y sep ltlvy < 00 and for some K > 0 we have |Z, — Z,| < K|t —s| a.s. for all s,t € I.
For all w € Q) and for all s,t € I\ {0}: Ak, I, m € N such that t = f; and t; = s with
SSTALt=t,:

m m
Zene =2 =|)_ 7 =24 | <K()_ It teal) = Klr nt=s| < Klr Atl+ Kisl
k=1 k=1

—_—— ——
K|T| <oo

We get

E|Zone = Z4l] < K- E[lel] + Klsl = K ) [flv; +K]s| < o0,

tel
~——
<00

so that dominated convergence justifies letting k — oo in [E[Z;,;, — Z;] <0,
k,1 € Ny k <1, to obtain the answer we want. 0

13






Adapted Random Probability
Measure

In the previous section we have discussed the problem OprStor® and its connection to the
standard problem. Now we will replace the stopping times by adapted random probability
measures. First we have to define adapted random probability measures and describe
the corresponding problem Orp1Stor”. Furthermore, in Section 3.2 we will show the
connection between the different optimization problems OprSror® and OrrSTOP” and how
the corresponding values of the problems change. An important aspect in considering
this problem is the question of an optimal strategy. In Section 3.3, the existence of such an
optimal strategy in a discrete time setting is proven for the generalized approach, which
allow us to consider a much larger set of possible processes. This optimal strategy is not
unique in general as illustrated by some examples. In addition to this, some general results
and bounds are derived in Section 3.4. Some of them apply to the problem in general,
while others depend on the structure of the underlying process. For certain classes of
stochastic processes, it is possible to find an optimal strategy and the resulting value of the
optimization problem, see Section 3.5. These include, for example, processes that are the
product of a martingale and a deterministic function or in the binomial model. In Section
3.6, an application of the problem in the area of unit-linked life insurance is discussed in
which the modeling of the contract takes place without assuming independence between
biometric and financial risks.

Some additional results and proofs that would unnecessarily disturb the flow of reading
are outsourced. The reader can find them in Subsection 3.3.3 or in the Appendix A.
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Chapter 3. Adapted Random Probability Measure

3.1. The Problem and Main Results

First we will give the definition of adapted random probability measures. Note that we
modify [33, Definition 2.12] for our considerations. This modified definition gives us
the possibility to avoid the necessity of stopping on the one hand and consider adapted
random subprobability measures on the other hand, see Remark 3.1.8. Adapted random
probability measures are adapted stochastic processes ¥ = (y;):c; defined as follows:

Definition 3.1.1. For a real-valued process y = (y;)cr, we write y € My, if
(@) yy>0foralltel,

(b) Yierye <1,

(€) Yierye =1, as,

(d) y¢is F-measurable for all t €, i.e., y is adapted.

Given a probability measure v = (v;);¢; on I, we say that the above stochastic process y is
in My, if in addition,
(e) E[y;]=v,foralltel.

Two adapted random probability measures may be identified if they induce the same
probability measure on F ® P(I).

Example 3.1.2. Cf. [33, Remark 2.18]: Given a [F-stopping time 7 with P(7 € I) = 1, it can
be naturally identified with the [F-adapted stochastic process y = (¥;);c; defined by

7i(@) = Ly (), @eQ, tel. (3.1.3)

On {7 € I} this stochastic process y defines a probability measure on I. If £(t) = v, then
y € Mj. The reverse construction, i.e., finding a stopping time 7 producing a given
y € M via (3.1.3), is contained in Theorem 3.2.8 below and relies on an enlargement of
the filtration IF.

Example 3.1.4. Cf. [33, Remark 2.20]: The set M] is never empty, because it contains the
adapted random probability measure y defined by y; = v;1 for all t € I.

Furthermore, we know that the set M} of adapted random probability measures is convex.

Lemma 3.1.5. Cf. [33, Lemma 3.1]: Given y and ¥ in M}’ and a [0, 1]-valued random variable
A which is F;-measurable for all t € I. If A is uncorrelated to y; and y; for all t € I, then also
Ay +(1=A)y e M{. In particular the set M] is convex.

Proof. Using Definition 3.1.1 it is easy to check that for y and y in M} we have
Ay+(1-A)jeM. Q

The attentive reader might have stumbled upon ‘almost surely’ in Definition 3.1.1(c).
This is related to the definition of a stopping time as a map to I. Example 3.2.4 below
shows the necessity. Additionally, note that the Jensen’s inequality for the convex function
x > |x|P with p > 1 works for substochastic measures. The definition of adapted random
probability measures, Definition 3.1.1, can be modified depending on the interest.
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Remark 3.1.6. Cf.[33, Remark 2.16]: Another point of interest could be to assume ) ,.; ¥; <
x, a.s., or y; € [0,v], a.s., for t € I, x,y € [0,00). Some of the results, which are shown,
can be adjusted to such a problem. Nevertheless, we will concentrate on x =y =1 in the
article.

In this chapter we will mainly consider the distribution-constrained optimization problem
of the following form:

Problem (Op1StOP?). Consider a real-valued and IF-adapted stochastic process Z = (Z;)¢;-
Find sufficient conditions such that:

(a) For every y € Mj, the series } ;. y;Z; defining Z,, is P-a.s. absolutely convergent
in R satisfying E[Z)] < co.

(b) There exists a maximizer y* € M solving

E[Z,.] = sup E[Z,]. (3.1.7)
yeMy

Remark 3.1.8. Our framework also includes two special cases which can be of interest. By
adding an additional time point #* to I, which is an upper bound for I, and setting Z+ = 0,
we can avoid the necessity of stopping on the one hand and consider adapted random
subprobability measures on the other hand. By defining y« =1 -} ,.; 7, we construct an
adapted random probability measure.

Remark 3.1.9. The definitions of 7}, 7;”, M; and M; depend on the underlying filtration
F.

Due to MIV # @, see Example 3.1.4, the filtration [F is not a limiting factor to have a
solution for the problem OprStoP” (unlike OrrSTOP®). However, as Example 3.3.90 below
shows, a process Z, even when it is bounded in L! and guarantees (a) of OprStor”, might
be growing too fast for an optimizer y* to exist. Therefore, we will concentrate on moment
conditions for the adapted stochastic process Z.

Thus the value we want to compute under the assumptions of Theorem 3.3.5 or Theorem
3.3.34 for Z, is defined by

Viu(Z) = sup E[Z,]. (3.1.10)
yeMy

Note that M} # @ and V/(Z) < o is guaranteed by Example 3.1.4 and Theorem 3.3.34
(or Theorem 3.3.5), as the assumptions stated there make sure that the problem is well-
posed. The value V (Z) is defined and finite for all processes Z € [];; £P(Q, F;, IP;K)
with [|Z]],, 5,4 <0, p €[1,00) and g € [1, 0], see Lemma 3.3.65 (or Z € [];¢; LP(Q, F;, P;R)
with || Z]|,,, <o, p €[1,00), see Lemma 3.3.25). Furthermore, the distribution-constrained
optimization problem OprStOP” is indeed an enlargement of the problem OrprStoP® by
using (3.1.3).
All relevant considerations, preliminaries and the proof of the existence of an optimal
strategy can be found in Section 3.3.

Remark 3.1.11. Cf. [33, Remark 2.10]: All the results stated can also be adjusted to treat
the infimum instead of the supremum, because

inf E[Z,]=- sup E[-Z,].
yeMy y yeMy !
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Example 3.1.12. If we assume that (Z;),; satisfies [E[sup,.;|Z;|] < oo as required in [33],
our considered problem is well-posed and the values, we are interested in, exist and are
finite. For example, [E[Z, ] exists and is finite for every y € M, because of

EZN = E|| ) Zon|| < ) B0z < B[ suplzil )y | < Blsuplz] <o
tel tel

tel
S~——

<1 a.s.

This implies that Z,, is well-defined and integrable. Because of M; C M;, we get an
analogously definition on the smaller set Mj.

Furthermore, it should be also clear that an optimal strategy for our problem OprStop”
satisfies the following definition:

Definition 3.1.13 (Optimal strategy).
Let I be a countable, totally-ordered index set and (Z;);c; a process such that IE[Z;] is
finite for all y € Mj. If there exists a " € M} such that

E[Z,]>E[Z,], VYyeM,

then y* is optimal for (Z;);c;.

3.2. Connections between the Different Optimal Stopping
Problems and lllustrating Examples

In this section we will show the connection between the different optimization problems
Or1SToP" and OprStor” and how the corresponding values of the optimization problems
change. Note that thereby the problems depend on the given distribution, the filtration
and the underlying process. In Example 3.1.2 we have already seen that 7;” can be
embedded in M] via (3.1.3). By enlarging the filtration in an eligible way we can also
embed the original set M} into a set 7,” corresponding to an enlarged filtration, if the
underlying process Z retains its original measurability. This reverse construction is
contained in Theorem 3.2.8 below.

For the computation of the value V/(Z) we assume that the filtration in our model is chosen
appropriately. Otherwise it could happen that 7,¥ = @, as shown in Example 2.0.3 above,
since a set might not exist in ; with probability v; for some t € I. This is not necessary
for the computation of V},(Z) since at least one adapted random probability measure
exists in M, see Example 3.1.4. We have seen that the OprStor” is an enlargement of the
problem OptStor?, cf. (3.1.3). Therefore, it holds obviously that

sup E[Z] < sup E[Z,] < sup E[Z,]=: V(Z), (3.2.1)
el yeM; yeEM;

because 7,” is embedded in M via (3.1.3) and M| C M.
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3.2. Connections between the Different Optimal Stopping Problems and Illustrating
Examples

Remark 3.2.2. Cf. [33, Remark 2.18]: If a stopping time 7 is used for modeling a claim,
then an adapted random probability measure can be used to model a portfolio of such
claims. If a portfolio consists of countable many claims, indexed by the set C, modeled
by a series of stopping times (7;)jcc, then the whole portfolio can be modeled using the
adapted random probability measure y given by y(w) = )_jec wjly (w)({t}) for t €I, w € Q)
with non-negative weights (w;);cc defining a probability measure on C. Note that 7; in
7,” for every j € C implies y € M].

In the study of these two problems OrrStor” and OprSToP® we do not suppose that the
underlying process and the stopping time or the adapted random probability measure are
independent. Hence, we have an adapted dependence between Z and 7 or Z and y.

We already noted that V/(Z) < V{/(Z) and that the inequality can be strict if 7;" = @. As
we will see in the following example, it is possible that V/(Z) <V (Z) even in the case
1) = @.

Example 3.2.3. Cf. [33, Remark 2.22]: We take a look at a one-period model with I = {0, 1}
and Q = {wg, w1}. We assume that a probability distribution v on I with vy # v; and
vo,v1 € (0,1) is given. Let Fy = F = P(Q) = {@,{wo}, {w1},Q}. Furthermore, we assume
P({w;}) = v; for i € {0,1}. Now we know that the only stopping time 7 € 7;” with the given
distribution v is given by

{t=0)={w}, (r=1}={w}.

An adapted random probability measure y € M] different from the one induced by the
stopping time 7 is given by y; = v; for i € {0,1}. If the process Z is given by Zj(wg) =0,
Z1(wg) =1, Zp(w;) =1 and Z;(w;) = 0, then we have V/(Z) = 0, whereas

VX/I(Z) > IE[Z()’)/(]] +1E[Zl)/1] =voV1 + V1V > 0.

Therefore, we have V(Z) <V} (Z).

The next example explains why it is necessary to consider I and how it connects to the
condition (c) in Definition 3.1.1.

Example 3.2.4. Let I = N and the probability space be given by Q = {0, 1}V, the product
o-algebra and the product measure of the Laplace distribution on {0,1}. Then I = IN U {co}.
Define the process Z by Z;(w) = w; for all t € N. Let I[F = (F;);en be the natural filtration
of Z,i.e., F;=0(Zy,...,Z;) for all t € I. We want maximize the value E[Z,]. It is obvious
that the greedy strategy will solve the problem such that an optimal stopping time is
given by © = inf{t € I | Z; = 1}. For this it holds that 7((0,0,...)) = co. If we instead
of using the convention inf @ = co assume that 7((0,0,...)) = t for some t € IN, we get a
contradiction to {t < t} € 7. Therefore, the definition of stopping times as maps to [
is necessary. Furthermore, this implies by using (3.1.3) that the corresponding adapted
random probability measure y satisfies }_;.; ; > 1 only a.s. Note that 7{ # @ if and only
if 2'v, € N, for all t € IN.
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Example 3.2.5. Given p =1, q € (1, 00) and a probability measure v with countably infinite
support supp(v), we claim that there is always a process Z € &, , ;, and a y € M; such
that ) ,c;1Zi|y; = oo on Q. Indeed, for an enumeration (t,),cn of supp(v), define the
deterministic process

Zf:

1/(nv,) ift=t,forannelN,
0 if t eI\ supp(v).

Using Definition 3.1.1(e), it follows for every y € M} and n € IN that
(IE“Zt,,th])q = (ZtnlE[Vt,,])q = (Ztn Vt,,)q =1/n1,

hence ||Z||?,,p,q =) en 1/n9 < co. If, as in Example 3.1.4, we take y; := v;1q for all t €I,
then ) ;.;1Z;|y; simplifies to the harmonic series.

For the next example we need an elementary proposition.

Proposition 3.2.6. Let (a,),cn be a sequence in [0,c0) converging to zero and such that
Y e 4y = 00. Then there exists a decreasing sequence (b,,),cn in (0,1] converging to zero such
that ¥ e Gnby = 00 and ¥, @b < oo for every q > 1.

Proof. Define s, =a; +---+a, for n € INj. Furthermore, there exists an upper bound ¢ > 1
for (a,),en, because there is a N € IN such that a,, <1 for all n > N. Starting with n( := 0,
we can find iteratively for every I € N an n; > n)_; such that I <, —s, < 2cl. Define
b, = 1/1> when n € N satisfies n;_; < n < ;. Then

Su, =S, 1
) wbu=) Sptz) p=oo
nelN leN IeN
and, for every g > 1,
9 _ S~ Sny, < 1
neN leN leN

Example 3.2.7. Given p,q € (1,00) and a probability measure v not satisfying the decay
condition (3.3.35), we claim (as in Example 3.2.5) that there is always a process Z € X, , ,
and a y € My such that } ;;|Z;|y; = oo on Q. Indeed, if (3.3.35) is not satisfied, then the
support supp(v) of v is countably infinite. Let p’ = (p’—1)p, (9’ —1)q = ¢’ and (t,),,en be
an enumeration of supp(v). Apply Proposition 3.2.6 with a,, := vtqn’/p’ for n € N. Use the
corresponding sequence (b,,),cn to define the deterministic process

Zt:

bnvtq”,/p,_1 ift=t,foranneN,
0 if tel\supp(v).

Using Definition 3.1.1(e), it follows for every y € M} and n € N that

(E1Z,Py3,))"" = (24, (Elyy, )7P) = (2, 9,")’
_ bz(vf’/p’—lﬂ/p)q _ bz(viq’—l)/p’)q _ bz v;}’/p’;
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3.2. Connections between the Different Optimal Stopping Problems and Illustrating
Examples

hence ||Z||?,,p,q =Y en nbi < 00 by Proposition 3.2.6. If, as in Example 3.1.4, we take
Vi =il forall t € I, then ) ,;|Z;|y; simplifies to ), 4, b, which diverges by
Proposition 3.2.6.

The distribution-constrained optimization problem OprSTOP” can also be connected to a
distribution-constrained optimal stopping problem OrTrSTOP® given an enlarged filtration
(% )ie1- By enlarging the filtration in an eligible way we can also embed the original set
M into a set 7" corresponding to an enlarged filtration. Remember that the sets M} and
7, depend on the underlying filtration and their defintions are more general to the ones
in [33]. Now, the following theorem describes the construction of an appropriate stopping
time, cf. [33, Theorem 2.41].

Theorem 3.2.8. Let be (Q), F, (F;)se1, P) the filtered probability space. We may assume w.l.0.g.
that there exists a random variable U, uniformly distributed on (0, 1] and independent of Fr,
see Remark 3.2.10.

Consider an adapted random probability measure y € M as in Definition 3.1.1 w.r.t. the
filtration F := (F;)sc1. Define the random time t: Q — I by

_fra<Usyad forrenmy,
(yer<Ul  fort=T,

where Yy, V<; and y.r are to be understood as in Notation 2.0.1(d), if T € 1. For T ¢ I, it
holds that y.r =} ;1 v+ Then the following holds:

(t=t) (3.2.9)

(a) Define the enlarged filtration (F;),e; by
5 =a(7-;u U{T sS})ga(ﬁuU(U)) fortel.
sel
Then 7 is a stopping time w.r.t. (F)ses satisfying P(t = t| Fr) = yiforalltel.
(b) If y € My, then L(T) =v.
(c) Let Z = (Z;);c1 be an Fr-measurable process such that Z, € L'. Then

E(Z|F]% Z, and  E[Z]=E[Z,].

Proof. (a) We see that T defined as in (3.2.9) is really a stopping time w.r.t. (). If T 21,
then IP(t ¢ I) = P(y.r < 1) = 0 by Definition 3.1.1(c). As U is independent of F; we also

have P(t = t| Fr) 2 y, for t € I.
(b) It follows immediately by part (a) and Definition 3.1.1(e).

(c) Since I is countable, there exists an increasing sequence (Iy)xen of finite index sets
with Ugen Ik = I. Note that for every finite set I, k € N, it holds that I; = I;. Since
Zy =limy_,, Z, 1 () pointwise on Q) and |Z, 1}, ()| < |Z,| for every k € N, we can apply
the dominated convergence theorem for conditional expectations, and have

BIZAF) = B| ) Zi3jmg| 7| = ) EIZoL oyl 7]

tel tel
= ZZtIP(T = t|F7) = sz =7, as.
tel tel Q
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Remark 3.2.10. If it is necessary to enlarge the probability space, this can be done by
setting Q:=(0, 1]xQ, F := Bi,1)®F and IP:= A®IP, where A denotes the Lebesgue—Borel
measure. Let U: Q) — (0,1] be the projection onto the first component. For a filtration
on the extended probability space it would be sufficient to consider a filtration given
by F={2,(0,1}®F for t e I. Let m: (0,1] x Q — Q be the projection on the second
component. We then consider on (Q, F,P) the process Z; := Z, o 1t for all t € I. Similarly
we consider p; := y; o for all t € I. Note that Z and y are adapted to (F)ter-

Remark 3.2.11. Due to the construction of the stopping time 7 in Theorem 3.2.8 by using
the given adapted random probability measure y we have {t =t} C {y; > 0} forall t e I\{T}.

Finally, we conclude that there is a solution to these induced problems of the form
Opt1STOP", thus there also exists an optimal strategy. By Theorem 3.2.8 we have shown that
the problem Op1STOP” can be connected to a distribution-constrained optimal stopping
problem OprSTor? given an enlarged filtration (%);c;. Therefore, there exists an optimal
strategy 7 € 7,” for all processes Z which satisfies Theorem 3.3.5 or Theorem 3.3.34 and
for such a problem OprStor® which can be traced back to a problem of form OprStor”.

Corollary 3.2.12. Consider a real-valued process Z which satisfies Theorem 3.3.5 or
Theorem 3.3.34. Then there always exists an optimal strategy v* € 1,” for all problems
Opt1STOP®, which emerges from a problem OprStor” by means of the Theorem 3.2.8, such
that t* solves

sup E[Z.] = E[Z,].

el

Proof. It follows by the combination of Theorem 3.3.5 or Theorem 3.3.34 and
Theorem 3.2.8. Q

3.3. Existence of an Optimal Strategy

After the introduction of our considered problem in the last section, an important question
is whether an optimal strategy exists that yields the supremum we want to calculate.
Again we take a look at a discrete time interval I. As we will see in this section an optimal
y € M in Definition 3.1.1 always exists for a process Z satisfying the conditions in
Theorem 3.3.5 or in Theorem 3.3.34. These are a generalization of [33, Theorem 3.10]. In
[33, Chapter 3] the existence of an optimal strategy y € M] is shown for all processes Z
satisfying [E[sup,c;|Z;|] < co. This assumption for the process Z does not depend on the
given probability measure v on I. Thus known information does not be used. We have
considered a more refined version, which uses the structure and information given by v.
This gives us the opportunity to look at many more processes, as the following example
shows.

Example 3.3.1 (Motivation of the generalization). Suppose that (X,,),cn is a sequence of
i.i.d. random variables satisfying
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3.3. Existence of an Optimal Strategy

Define the simple symmetric random walk as Z, := 1+ ), X; for all n € Ny. Let
Fo=0(2y,...,Z,). Define the first hitting time of the level zero by 7y = inf{n e IN: Z, = 0}.
Then the process Z = (Z,)),,en is adapted and 7 is a stopping time.

We will show that IP(7) < c0) = 1. Given k > 2, define the first exit time of the open interval
(0,k) by t9x = 79 A T, which is also a stopping time. By Borel-Cantelli lemma we get
that P(7px < o0) =1, i.e., the random walk Z leaves a.s. every bounded Borel set of Z.
Since {Z, autuso is bounded by k, it is uniformly integrable. Applying of Doob’s optional

sampling theorem, we see that Z, 2 E[Z, |%], hence

To,k

1=FE[Zy]=E[Z, .|=k-P(Z, . =k)+0-P(Z

To,k

0),

To,k Top

which implies that IP(Z, , = k) = 1/k for k > 2. Hence, we get

P(Z,, =0)=1 —% /1 ask— oo, (3.3.2)

If the random walk leaves (0, k) at 0, then it reaches 0, meaning that {7o <o0,Z;, =0} C
{Tp < oo}. Hence (3.3.2) proves that IP(tg < o0) = 1. From now on, we consider the stopped
process Z, which is again a martingale and we know that

lE[sup Z,fo] = Z]P( sup Z;" > k) = 00.
ﬂENO kelN l’lENO

Let v be an arbitrary measure on I with finite first moment, i.e.,

Zkvk<oo,

then

1E[|z;|]:1E[Z 1Z{ ] Vk]s Z(k+1)IE[7/k]<°°~
keN~—— kelN —
<k+1 =Yk

This inequality holds for all martingales satisfying |Z;| < k + 1 for all k € Ny, such that we
can consider our problem OrrStor? for these processes.

The main results are given in Theorem 3.3.5 and Theorem 3.3.34. In this context you
get Theorem 3.3.5 by using Theorem 3.3.34 with p = g, such that the second one is a
generalization. But both have their validity. In some cases we get our distribution v from
empirical data such that we have no further information about the higher moments of this
distribution. For example in actuarial mathematics we determine the distribution v of the
stopping time 7 or the adapted random probability measure y by using a life table, see
Subsection 3.6. For this application the Subsection 3.3.1 is enough and there are a lot of
additional results in this section. Otherwise, it is also possible that our given distribution
v belongs to a special family of distributions such that we know much more about v. In
this case we would consider Subsection 3.3.2. For better readability, some proofs have
been moved to the Subsection 3.3.3. For the argumentation will be used partly analogous
aids from functional analysis like in [33].

Remember that in general we can not expect an optimal strategy to be unique. As example,
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Chapter 3. Adapted Random Probability Measure

consider for OprSTOP® a uniformly integrable martingale Z with index set I = IN. By
Doob’s optional stopping theorem, every stopping time 7 € Ty gives the same value for
[E[Z.]. Therefore, all strategies T with £(t) = v are optimal for OrrStor” and we do not
have uniqueness.

Again, let I be a countable totally-ordered index set and (€2, F,IP) be a probability space
with a collection of o-algebras [F = (F)j.

3.3.1. One Fixed Given Distribution

We have introduced our problem in Section 3.1 and detected that the filtration is not a
limiting factor to have a solution for OprStor”. In this section we want to answer the
crucial question whether an optimal strategy exists that yields the supremum V¢ (Z)
we want to compute. Therefore, we have to concentrate on moment conditions for the
adapted stochastic process Z = (Z;);c;. For this, we will define the vector spaces we are
working with such that we can use results from functional analysis.

Let g € (1,00] be the conjugate Holder exponent for p € [1,00), that means (1 —g)p = g.
For p € [1, o) the main statement given in following theorem comprises that there exists
an optimal strategy y € M] of the problem OprSror” for all processes Z for which the
following should be assumed throughout:

Assumption 3.3.3. Let Z = (Z;);c; be the real-valued and [F-adapted stochastic process of
interest, which describes the underlying price process or a special payoff. Set Z; = 0, if
T ¢ I. Furthermore, we define ||-||,,, as

1Z1l,,, = sup ¢ IE[Zthlpyt] vze[ | A BR), (3.3.4)
yeMy tel tel

which is a seminorm on {Z : ||Z]|, , < co}. The proof of the norm property is given by
Theorem 3.3.13 and this set will be denoted by X,, ,, cf. (3.3.10).

For p € [1,00) and v, we assume that
(a) (Zt)ter is an element of [],¢; LP(Q, F, P;R) with [|Z7]],,, < co.

In addition, for p = 1 we assume that

(b) Z € X,, and its positive part Z* can be approximated with respect to || - |l ,
by bounded processes unless otherwise stated. This set will be denoted by lep,
cf. (3.3.20).

This guarantees that all values we are interested in are well-posed and finite, see
Lemma 3.3.25. The reader should be aware that some definitions also apply to a larger
class of processes. However, we will not point this out every time.

Theorem 3.3.5 (Existence of an optimal strategy).
Let Z € [ 141 LP(Q, F;, P;R) with Z* € X, , for p € [1,00) and in addition, forp=1let Z€ X, ,
with Z* € Xv,p. Then there always exists an optimal adapted random probability measure
y* € My solving

sup E[Z,]=E[Z,]
yeMy
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3.3. Existence of an Optimal Strategy

For p € [1,00) the main statement given in Theorem 3.3.5 comprises that there exists
an optimal strategy y € M/ of the problem Or1Stor” for all processes Z which satisfy
Assumption 3.3.3. To prove this, we use different results from functional analysis. At first,
we consider the underlying space, its properties and the subspace containing all Z with
the necessary properties given above. It appears that we are working in Banach spaces.
We go over to the corresponding dual space and specify a subset which is weak*-compact.
With these preliminary considerations, we can finally prove the result.

At first, we want to introduce a convenient notation.

Definition 3.3.6. Let p € [1,0). For y € M; we define

1/p
1Zly,p = (ZIZtI”yt) : (3.3.7)

tel

Remark 3.3.8. Note that in general |Z|, , does not agree with |Z, | = 'Zte[ Ztyt|. However,
by the convexity of R 3 x  |x[P and Jensen’s inequality,

1Z,1<1Z],, forall yeM;. (3.3.9)

For p € [1,00) we define the vector space X, , of all R-valued [F-adapted processes
Z = (Z4)ter with finite norm ||Z|}, , by

X, = {(zt)tel e[ v zpR: 1z, < oo}, (3.3.10)
tel

where the seminorm given in (3.3.4) can be rewritten using Definition 3.3.6 as

1Zlly,p = sup [[1Z]y,pllce- (3.3.11)
yeMy

The seminormed vector space obtained can be made into a normed vector space in a
standard way; one simply takes the quotient space with respect to the kernel of |||, ,.
The resulting normed vector space is denoted by (X, .- [l,,p)-

Remark 3.3.12. For p € [1,00) the norm || -], , depends on the given probability measure
von . Let ] =supp(v) ={t €I | v; > 0} be the support of v. Note that the restriction on
the support of v does not change the value of the norm of Z. This means that for every
y € M}’ and t € I \ ] the correspondent summands in (3.3.7) would be equal to zero, a.s.,
because v; = 0 implies that y; =0, a.s.

Note that for every t € I the space LP(Q), F;, IP;R) is a Banach space, where random variables
are identified if they are equal, IP-a.s. This structure transfers to the previously defined
space.

Theorem 3.3.13. For every p € [1,00), the vector space (X, ,,ll,,p) is @ Banach space.

Proof. See Section 3.3.3. Q

Lemma 3.3.14. For 1 < p <r < oo we have that X, , C X, , and for Z € X, it holds that
1Z1ly,p <1IZ1]y,-
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Proof. 1t follows immediately by equation (3.3.11) and the property of LP-spaces that
LP(Q), F,IP;R) 2 L7(Q), F,IP;R) if 1 < p < r and for a real-valued measurable function f on
Q it holds that || f||r <|IfllL- d

Remark 3.3.15. Note that we have for every y € M} and p € [1,00) by (3.3.9) and (3.3.11)

”Zy”LP < |||Z|y,p||LP < ”Z“v,p-
With
|Z|VP = Z|Zt|p7/t S suplZ P Z% < sup|Z P
tel tel sel
we get that

121, = sup (E[zE, o)) < (¥ supize])

sel

The last term is exactly the considered norm || - ”Xp,p/ with p € [1,00) and p’ = o0 in [33,
Chapter 3]. The introduced norm is thus an improved bound.

Lemma 3.3.16 (Convergence).
LetT¢land Z€ X, ,, p €[1,00). We define for u € I and y € My

W= ) Zan=) ZAy (Hyi=(Z1L),. (3.3.17)

tel, tel

Then it holds that

31/1?}”2;/ _Zy,u“Lp =0

Proof. Using (3.3.17) and Remark 3.3.15 we get for every u € I and y € M that
12y = Zy,ulle <2 =Z15 Ml p = 1211l p < WZ1Ly,p < 0. (3.3.18)

Let (u,),en be an ascending sequence such that u, /' T for n — co. Using dominated
convergence with } ., [Z;[Py; < |Z|’;,,p < oo, as., we get B[} ., |ZPy:] — 0 for n — oco.
Combine this with (3.3.18) implies the statement. Q

Remark 3.3.19. It is intuitively obvious that an optimal strategy should then be optimal
even for a limited time horizon. The converse property is much less obvious (maybe it
is possible to get something better by radically changing the strategy on a larger time
horizon). The lemma above tell us that it is possible to approximate suitably every strategy
and it converges then accordingly fast depending on the p.

There are two sets of processes of X, , we are interested in, for which it turns out that
they are closed, linear subspaces. For every p € [1,00) we define these sets of R-valued
IF-adapted processes Z = (Z;);; by

X0 {(zt g € HLP (Q, %, P;R) | limsup sup E[Z(lztlp—M)+yt] = 0}, (3.3.20)
tel M—co yeMy tel
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3.3. Existence of an Optimal Strategy

where x, = max{x, 0} defines the positive part, and

Ry p = {(zt)tel e[ v rPR) { Z'Z”p?’t}yew uniformly integrable}. (3.3.21)
tel I

tel

The set X, , can be defined in two different ways. On the one hand it can be defined
by the condition in (3.3.20) which can be considered as a uniform Fatou property. On
the other hand it is the closure of the set of all bounded processes in ||-||, , of X, ;. In
other words, this set includes all processes which can approximated by a bounded process
with respect to || -], ,. In this case, by a bounded process is meant that there exists a
bounded representative in the corresponding equivalence class with respect to |||, ,-
This definition is very descriptive. Now we have to show that these two definitions are
equivalent.

Lemma 3.3.22. It holds for the set ijp given in (3.3.20) that

X,p={ZeX,,Z bounded}"'”v’P. (3.3.23)
Proof. See Section 3.3.3. Q

Both sets given in (3.3.20) and (3.3.21) are subsets of X,, , and equipped with || -], , they
are again Banach spaces as the following theorem shows:

Theorem 3.3.24. Let p € [1,0).

(a) The vector space (Xv,p, I-1lv,p) is @ Banach space.

(b) The vector space (lep, - Ily,p) is @ Banach space.

(c) We have that

Xv,p < Xv,p & Xv,p-

The above Theorem 3.3.24 is only necessary for the proof of the existence in the case of
p =1 and therefore the reader is referred to the Subsection 3.3.3. Now, we consider the

topological dual space of (X, ,,||-|l,,,) (respectively (X, ,, |- |l,,;)) which is denoted by X5p
(respectively X;’p) and is equipped with the operator norm

IPllx;, :=sup{lp(Z)|: Z € X, . lIZ]},,, <1} forpeX;

(analog ”‘P”X;,p for ¢ € X;’p). In addition, X7, , C X;’p and ”(f’”X;,p < ”(P”X;,p forall ¢ € X5 .

Due to [66, Theorem 4.1], (X;,p, I| - ||X;,p) and (Xj, ,, [| - ||X;’p) are again Banach spaces.

For p € [1,00) let g € (1,00] be the conjugate Holder exponent, that means 1/p+1/q = 1.
Note that for p € [1, 00) the space (L1(Q, %, P;R), ||-|I1a) = (LP(Q, F;, P;R), ||-|1»)* is a Banach
space for every t € I, where random variables are identified if they are equal, [P-a.s.
We want consider a subset of these linear and continuous functionals which satisfy the

extremal equality of Holder’s inequality and is described in the following lemma.
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Lemma 3.3.25. For every y = (Vy)ie1 € M; the map ¢,, : X, , — R defined by
02 =E|) Zn| Z=Z)er X, (3.3.26)

is a well-defined element of (X} ,, |- ||X;p) and satisfies ||¢y||x;p <1

Remark 3.3.27. The same considerations are possible for the restriction to the subspace
(X:,pl ” . ||X;p)

Proof. Using Holder’s inequality, we get for every y € M; and for all Z € X, , with
I1Zll,,p <1 that

$,(2)] < E[ letb/t] = IE[ Z|zt|yt1/1’ : ytl/q]

tel tel
1/p / 1/9
<(¥| Y 1zn|) (B Y0 ]) " <hzip <. (3:3.28)
tel tel
|

<1

Therefore, ¢, as defined in (3.3.26) is a bounded linear functional, which implies that it

is continuous. Thus it is a well-defined element of (X;‘,’p, [| - ||X;p) for every y € Mj. By the

definition of the operator norm we have that ”(Py“X;p <1. a

For p € [1,0), we define

_ {Z e X,,Ilz IZ]l, 1 <1} forp=1,
" HzeX,,p lIZIly,, <1} for pe(l,00).

Note that in the case of p = 1 we restrict to the smaller space X, ; instead of X, ;. By the
theorem of Banach—Alaoglu (see e.g. [66, Theorem 3.15]), we have that the polar set

K {¢p € X;’p :p(Z)|<1forallZeB,,} forp=1,
P g eX;, p(Z) <1forall ZeB,,} for pe(0,00),

is weak*-compact. For the proof of the main statement of this section we need the following
key lemma:

Lemma 3.3.29. For p € [1,0) considered in Lemma 3.3.25, the set {dy}yemy is contained in
K, , and weak®-compact, where every ¢, is of the form as in (3.3.26).

Proof. See Section 3.3.3. Q
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3.3. Existence of an Optimal Strategy

With these preliminary considerations, we can finally prove the main result.

Proof of Theorem 3.3.5. For p € (1,00) let Z € X, ,. Then we can rewrite the considered
problem by

sup E[Z,]= sup ¢,(Z)= sup ¢(2).
yeMy yeMmy peldy ey

As {¢)},emy is weak™-compact by Lemma 3.3.29 and Mj is not empty by Example 3.1.4,
there exists a * € M; such that

sup  P(Z) =, (2),
¢€{¢y}ye/\41”
as every continuous function on a non-empty compact set attains its supremum on this
set (see e.g. [61, Chapter IV.3, p. 99] for compact sets that are Hausdorff). Now, let

Z € 1ie; IP(Q, 7, IP;R) with Z* € X,, , for p € (1,00). We define Z" = max{Z;,~n}, n € N.
It holds that Z(" ¢ Xy,p, n €N, and ZM N\, Z as n — co. Then we can prove that the
functional

H: {(i)y}yeM} - R, ¢)/ = (Py(z)f

is upper semicontinuous w.r.t. the weak” topology on {, },crry- For Z € X, ,and Z* € Xv,p,
there exists a sequence Z" e Xv,p, n €N, such that Z(") \ Z as n — co. Furthermore, we

can define the sequence of functionals
Hy{dylyemy >R, ¢y ¢, (Z"),  where inf H,(¢py) = H(¢py).

For every n € N, the functional H,, is continuous w.r.t. the weak” topology on {¢,,}, crtr

because of Lemma 3.3.25. Then ¢,,(Z) = inf, (j)y(Z(”)) and using [3, Lemma 2.41] we get
that H is upper semicontinuous. Furthermore, an upper semicontinuous function on a
compact set attains a maximum value, and the non-empty set of maximizers is compact,
see [3, Theorem 2.43].

Forp=1,letZ€X,,and Z* € Xv,p. The proof follows as before only on the subspace
%, 0

Finally, we conclude that there is a solution for these induced problems of the form
Or1STOP", thus there also exists an optimal strategy. By Theorem 3.2.8 we have shown that
the problem Op1STOP” can be connected to a distribution-constrained optimal stopping
problem OprSTor® given an enlarged filtration (%);c;. Therefore, there exists an optimal

strategy T € 7, for all processes Z which satisfy Assumption 3.3.3 and for such a problem
OrptStor® which can be traced back to a problem of form Op1SToP”.

Corollary 3.3.30. For p € [1,00) let Z € [, LP(Q, F;, P;R) with Z* € X, , and in addition,
forp=1let Ze X, ,with Z" € Xv’p. Then there always exists an optimal strategy " € T,” for
all problems Op1STOP", which emerges from a problem Op1STOP” by means of the Theorem
3.2.8, such that t* solves

sup E[Z,] = E[Z.].

el

Proof. It follows by the combination of Theorem 3.3.5 and Theorem 3.2.8. Q
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3.3.2. Generalization

Let us introduce the corresponding notation in a slightly more general setting, where IK
denotes either IR or C. For exponents p,q € [1,00] define

Xy = {z = (Z)er € | |LPQFPK)| 121 < oo}, (3.3.31)
tel

where LP(Q), F;, IP;K) denotes the set of K-valued F;-measurable random variables X with
E[|X|P] < oo, respectively [E[esssup|X]|] < co when p = oo, (we pass to L? when we identify
IP-a.s. equal ones) and

\W/Ztel ||Zt||j:p P) if qe [1,00),
1Zll g = sup i

VM \sup,er 1 Zilico(y,p) i g = o0, (3.3.32)

_ yseu/\%|lllz-||m(y]1’)”m(I)'

Here, for t € I and y € M7, we write y,P for the substochastic measure on (Q, ;) which
has density y; with respect to IP. Then [|Z||zs(;,p) is @ seminorm on LP(Q), ;,IP;KK) and
[Tser £P(Q, 7, P;K) for each t € I. To calculate ||Z],,, 4, we then take the [7-norm of
It ”Zt”[:p(ytlp) with respect to the counting measure on I, and finally the /*°-norm of
Misym ||||Z.||Lp(yv]1))||lq([) with respect to the counting measure on M;. Hence (3.3.32)
defines a seminorm on &, ,, and &, ,, is a vector space. Identifying Z,Z’ € &, , ,
with [|Z - Z||,,,, = 0, we get a Banach space, see Theorem 3.3.47, which we denote
by (Xv,p,qr ” ’ ||v,p,q)-

We shall also use the subset X, , ,ofall Z€ X, , ,,
of bounded processes in &), , ; such that [|1Z - Z”||v,p’q — 0 as n — oo. Of course, ./“?V’p,q and

for which there is a sequence (Z"),cN

the corresponding set Xv,p,q of equivalence classes are vector spaces with seminorm and
norm ||-[|, 4, respectively. A standard argument shows that XV’M is a closed subset of
X,,p,q and, therefore, itself a Banach space. For the case p = q = 1, Example 3.3.90 below
shows that '5(1/,1,1 is necessary because there is no solution of the problem OrrStor’” for
some process in &), 1 1.

For later reference consider g < 4 in [1,00) and recall that for x = (x;);c; € 19(I) (with
respect to the counting measure on I) satisfying ||x||;s < 1, we have |x;| <1 for each t €I,
hence ||x||lq,7 =Y el <Y oy Ix]T = ||x||qu < 1. For general x € 19(I) \ {0}, apply this result

1 < 1. Hence

to ax with a :=1/||x||;s, implying that a‘7||x||lq <

1) C19(I) and x|l < ||xllja,  x € 19(T). (3.3.33)

Since |x;| <||x||;s for all t € I and x € 19(I), (3.3.33) extends to all g <4 in [1, o0].

The next result, which is the main one of this section, shows that under appropriate
moment conditions on the process Z, which in turn depends on the decay of the probability
distribution v, problem Or1STOP’ has a solution.

Theorem 3.3.34 (Existence of an optimal strategy). Consider a real-valued process Z € X,
where p € [1,00) and q € [1, 0], and assume that

P9’
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(a) eitherp=q=1and Z" ¢ '5(1/,1,1;

(b) orp>1and, withp' = }% and q’ denoting the conjugate exponents of p and q, respec-
tively, v satisfies the decay condition

Zv?'/”' < oo, (3.3.35)

tel

then the random variable Z,, is a well-defined element of LY(Q, F,P) for every y € M} and
there exists an optimal adapted random probability measure y* € M] solving

sup E[Z,|=F[Z,.

reMy
Remark 3.3.36. By Lemma 3.3.48 below, the set &, , ; of processes gets bigger when p
decreases or g increases. The decay condition (3.3.35), which is trivially satisfied when
q’/p’ > 1, puts a threshold to this procedure.

Remark 3.3.37. Suppose we know for a c € (0,1) that } ,.; vf < oo and p € (1, 00) is so small
that a condition on q is required, i.e., 1/p’ < ¢, meaning that p < 1/(1 —c). Then we know
that (3.3.35) is certainly satisfied if 4" > cp’, meaning that

S PR N
1= cp’-1 1-(1-¢c)p’

Remark 3.3.38. For the missing pairs (p,q) € [1,00) x [1,00] not be treated in the
Theorem 3.3.34, namely p = 1 and g € (1,00] as well as p > 1 and q € (1,00] not satis-
fying (3.3.35), there always exist Z € X, , , and y € M| such that } ;; Z;p; = co on (), see
Examples 3.2.5 and 3.2.7 below.

Remark 3.3.39. To motivate the use of the spaces &, , ; and the decay condition (3.3.35) in
Theorem 3.3.34, consider a corresponding Z € &), ;.

(a) If p=g =1, then (3.3.32) implies

Y ElZdyd <1Zllya v €My

tel
(b) Consider p € (1,00) and g € [1, oo] satisfying (3.3.35). Then by Holder’s inequality for
exponents p and p’,

1/p 1/p’
E[|Ziy] = E[|Z:]y; p?’t g ]

< (E[IZPy )P (B )P, tel,yeM).

Using that [E[y;] = v; < 1 by Definition 3.1.1(e), we get for every y € M] and I’ C 1
in the case g =1

1/p’ 1/p’
Y ElZdy] <) (EBlZ Py )P -supyy T <|Zlyp 1 supv, (3.3.40)
el

tel’ tel’ tel’ tel’

in the case g = oo (using ¢’ = 1 and (3.3.35))

// ’ // ’
Y ElIZidyi] <sup(BIZP )P Y v <liZllpeo ) v, (3.3.41)

tel’ ser’ tel’ tel’
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and in the remaining case g € (1,00) another use of Holder’s inequality for the
exponents g and g’ as well as (3.3.32) yield

ZIE“Ztlyt] < ( Z(]E“Ztlp)/t])q/}’)l/q( Zv?,/p,)l/q

tel’ tel’ tel’

" 1/q
<1zl )01

tel’

’

(3.3.42)

Hence in both cases (a) and (b), in the latter one using (3.3.40), (3.3.41) or (3.3.42),
respectively, with I’ = I, the series } ,c; Z;y; defining Z, converges absolutely P-a.s.,
Zy, € LY(Q, F,P) and {Z)}yemy 1s L'-bounded. The above calculation also shows that each
y € M/ induces a bounded linear (hence continuous) functional

Xv,p,q

>5Z ¢ (2):=E[Z,].

For (p,q) € [1,00) X [1,00] the main statement given in Theorem 3.3.34 comprises that
there exists an optimal strategy y € M| of the problem OrrStor” for all processes Z
which satisfy Theorem 3.3.34. To prove this, it suffices to find a topology on M| which
turns it into a compact set, and show that for each Z € X, , ;, the map M| 5y = E[Z, ]
is continuous with respect to this topology. We shall apply methods from functional
analysis for this purpose. At first, we consider the underlying space, its properties and the
subspace containing all Z with the necessary properties given above. It appears that we
are working in Banach spaces. We go over to the corresponding dual space and specify a
subset which is weak*-compact. With these preliminary considerations, we can finally
prove the result.

Remark 3.3.43. The reader interested in the time-continuous case is referred to Part II.
There we use a different approach and view of the problem, and the existence of an optimal
strategy is proven through ideas and concepts from the theory of optimal transport, see
Chapter 7.

Remark 3.3.44 (Restriction to support of v). For p,q € [1, c0] the seminorm ||-|,,, , on &, , 4
depends on the given probability measure v on I. Let ] = supp(v) = {t € I | v; > 0} be the
support of v. Note that the restriction on the support of v does not change the value of
the seminorm of Z defined in (3.3.32). This means that for every y € M} and t € I\ ] the

corresponding term ||Zy[|z»(;,p) in (3.3.32) is zero, because v; = 0 implies that y; = 0 P-a.s.

Remark 3.3.45 (Basic £P-inequalities). For future reference, let us show here that, for every
yeM],pell,oo], tel, and Z; € LP(Q, F;, P;K),

WZsvillcr ey < NZeller ) < 11241 2o (p)- (3.3.46)

Recall that 0 < y, < 1 due to Definition 3.1.1(a) and (b). If p € [1,c0), then yf <y, <1,
hence E[|Z;y:P] < E[|Z;Py;] < E[|Z;P], which implies (3.3.46). If p = oo, define
¢ = |1Z¢llz=(;,p)- This means that {|Z;| > ¢, y; > 0} is a P-null set. Since it contains {|Z;[y; > c},
it follows that ||Z; ||z~ (p) < ¢, proving the first inequality in (3.3.46). The second one

follows similarly, using {|Z|y; > c} C{|Z;| > c} for ¢ := [|Z]| o (p)-

32



3.3. Existence of an Optimal Strategy

For every p € [1,00] and t € I the space LP(Q, 7, IP; K) with norm ||-||r»(p) is a Banach space
(with random variables identified if they are IP-a.s. equal). This structure transfers to the
quotient spaces X, , , derived from X, , , given in (3.3.31).

Theorem 3.3.47. For every probability measure v on I and every choice of exponents
p,q € [1,00], the normed vector space (X, g, ll1,p,4) is @ Banach space.

Proof. See Section 3.3.3. Q

Lemma 3.3.48. Consider p,q € [1,00).

(a) If pe[l,p] then X, ,, C X, ;5,4 and

WZIl5.q <2l pgr Z €Xypg- (3.3.49)
(b) If Ge[q, ), then X, , , C X, , ; and

1Zllypg < WZllypar Z € Xypy (3.3.50)
(c) Givenre(1,p]lands e (1,q], define Cp g rs =3 te; vfrs,/psr/, where v’ and s’ denote the

conjugate exponents of r and s, respectively. If Cp, 4 s < oo, then X, , s C X, p/1,q/s and

0,9

s/gs’
WZlly,p/r,ars < CparslZllypar Z €X,
p/7,q P.q

o (3.3.51)

Proof. Note that £P(Q), F,IP;K) C [Zﬁ(Q,.F,},IP;IK) for1 <p<pandeachtel,because P is
a finite measure.

(a) Let y € MJ. Then Jensen’s inequality applied to the substochastic probability measure
v, P yields (E[|Z;[Py,])"/P < (IE[|Z,|Py;])"/P for each t € I, hence (3.3.49) follows via (3.3.32).
(b) For every y € M, apply inequality (3.3.33) to x,, = (x,,;)se; with x,, ;= (E[|Z,Py,])VP.
Taking the supremum over y € M yields (3.3.50).

(c) By Holder’s inequality with exponents r and 1/,

E[|lZ0P | = B[z v | < (B ) (B) . yeMytel.  (33.52)

Using this result and E[y;] = v; from Definition 3.1.1(e), another application of Holder’s
inequality with exponents s and s’ yields, for every y € M,

Z(]E[lzt|p/f)/t])‘1r/}7$ < Z(E[lzt|pyt])q/psvfr/psr,

tel tel

/ 1/s ,
< (e )) e

tel

Raising this inequality to the power s/gq and using (3.3.32), estimate (3.3.51) follows. U
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Lemma 3.3.53 (Convergence).
Letpe[l,c0]land Z€ X, ;1. Then

WZ Moy SN2l p1r ¥ € M. (3.3.54)

For y € My and a sequence (],),en of increasing subsets of I with |J,cJ, = I define the
approximations

Zy), = Zzﬂ/t = Zzt]l]n(t)%f =(Z1;,),, neN. (3.3.55)
te], tel
Then
lim {12, = 2,1 Il p) = 0. (3.3.56)

Proof. To prove (3.3.54), we use Minkowski’s integral inequality (for IP and the counting
measure on I) and then (3.3.46) and (3.3.32) to get that, for every y € M7,

12w = |32 gy S D NZviMiomy € ) WZllery ) SN2 (3.357)
tel tel tel

To prove (3.3.56), use (3.3.55) to write Z,, — Z, ; = (Z1p;, ), and the first two estimates of
(3.3.57) to get that

12y =2y 1, o) < Z 1Z:ll 2o (7, 1p)- (3.3.58)
tel\],

Since the last series in (3.3.57) converges in R, the claim (3.3.56) follows from (3.3.58). Q1

Remark 3.3.59. It is intuitively obvious that an optimal strategy should then be optimal
even for a limited time horizon. The converse property is much less obvious (maybe it
is possible to get something better by radically changing the strategy on a larger time
horizon). The lemma above tell us that it is possible to suitably approximate every strategy
and then it converges accordingly fast depending on the p.

For example, let T ¢ I and (u,),cn € I be an increasing sequence in I with u, <u,,; for

all ne N. Then u,, /' T for n — co and we can choose J,, = I, N] for all n € IN.

Lemma 3.3.60. Consider p, q € (1,00) and let q’ denote the conjugate exponent of q. Given

re(1,pl, define Ky 4 =3 1 v (r=1/p If Ky, g,y < oo, then
1/q’
1Zy ey < Kpigr 1 Zllypgr 7 €EMY, Z € Xy g

Remark 3.3.61. Suppose we know fora ce(0,1) that ) ,.; vf <o and p € (1,0) is so small
that a condition on g is required, i.e., (r — 1)/p < c. Then we know that (3.3.35) is certainly
satisfied if g > cp’, meaning that

cp

9= cp—(r—1)
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3.3. Existence of an Optimal Strategy

Proof of Lemma 3.3.60. Using Minkowski’s integral inequality and that [y,["’" < y, for all
t € I, we get that

p/r r/p / r/p
”Z;/”LP/’(IP):(IEH E Zt7t| ]) < > (IE[IZtIP 7). (3.3.62)
tel tel

Using Holder’s inequality with conjugate exponents r and r/(r — 1) like in (3.3.52) and that

E[y;] = v; we have
B[l ) < (E[Zpy]) o el

Substitution into (3.3.62) and applying Holder’s inequality to the series with conjugate
exponents g and g’ shows that

||Z7/||LP/7(]I)) < Z(IEUZAP%])I/PVEFU/[,

tel
a/p 1/q r1/p 1/q
(el ) ()
tel tel
Using (3.3.32), the claimed inequality follows. Q

There is a subset of processes of X, , ; we are interested in, especially in the case p=g =1,
for which it turns out that it is a closed linear subspace.

Recall that the subset Q?V’p,q isthe setofall Z € &, , ;, for which there is a sequence (Z2"),,en
of bounded processes in &, , ; such that ||Z - Z"||,,, , — 0 as n — co. For every p € [1,0)

and g € [1, 00| we define these sets of K-valued [F-adapted processes Z = (Z;);c; by

Xy pg = 1Z € Xypy | Z bounded) "™, (3.3.63)

Of course, Xv,p,q
with seminorm and norm ||-||, , 4, respectively. A standard argument shows that Xv,p’q isa
closed subset of X, , ; and, therefore, itself a Banach space.

Theorem 3.3.64. Let p € [1,00) and g € [1, 0]

and the corresponding set Xv,p,q of equivalence classes are vector spaces

(a) The vector space (X, g, || |lv,p,q) is @ Banach space.

(b) We have that

Xvpg & Xvpg
The above Theorem 3.3.64 are only necessary for the proof of the existence in the case of
p =q =1 and therefore the reader is referred to the Section 3.3.3.

Now, we consider the topological dual spaces of Xv’p,%and its subspace Xv,p,q with respect
to the norm |- ||, p,4- These are denoted by X} , - and X , ., respectively, and are equipped
with the corresponding operator norms

Ipllx;,, = supllA(Z): Z € Xy 1 Zl1vpa <11 dEXS 0
and ||-[|x; . In addition, X} ,, C X;,M an~d Ipllx;,,, <lillx;  forall ¢ €X;,,. Due
to [66, Theorem 4.1], (X;’p’q,H . ||X§pq) and (X’;’p’q,ll-HX*w) are again Banach spaces. The
following lemma is a corresponding reformulation of Remark 3.3.39 taking equivalence

classes into account.
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Lemma 3.3.65. For every y € M| and (p,q) € [1,00) x [1,00] with either p=q=1o0rp>1
satisfying the decay condition (3.3.35), the map X, , , 3 Z — ¢,, := E[Z, ] is a well-defined

element of X5, , . with

1ol 1 Temasl
* S 1)o7 4
MW = (e 1 )”‘7 if p>1, g €[1,00] satisfy (3.3.35).

For p,q =1, define V,,
(3.3.35) define

pa=1Z¢ Xv,p,q :1Zlly,p,g <1}, and for p > 1 and q € [1, 0] satisfying

1. ,1/ 4
Vi =12 € Xopg 12l < (St i) 7).

In both cases V, , ; is a neighborhood or the origin. By the Banach-Alaoglu theorem (see
e.g. [66, Theorem 3.15]), the polar set

. {¢p e X;’p’q Hp(Z) <1 foreveryZeV, , } ifp=g=1,
PP eX; gt 1p(Z2) < 1 forevery ZeV, )0 if p>1, g €[1,00] satisfy (3.3.35),

is weak*-compact. For the proof of the main statement of this section we need the following
key lemma:

Lemma 3.3.66. For the pairs (p,q) € [1,00) X [1,00] considered in Lemma 3.3.65, the set
{dy}yeny is contained in K, , ; and weak®-compact.

Proof. See Section 3.3.3. Q

With these preliminary considerations, we can finally prove the main result.

Proof of Theorem 3.3.34. First we consider the case (p,q) € (1,00)X[1, c0] satisfying (3.3.35).
We pass to the corresponding sets X, , ; of equivalence classes. Thus, let Z € X, , .. Then
we can rewrite the considered problem by using the notation of Lemma 3.3.65 as

sup E[Z)]= sup ¢, (Z)= sup §(Z).
)/EM}/ YEM}/ we{d)y}ye/\/i}’

As {¢)},emy is weak™-compact by Lemma 3.3.66 and M is not empty by Example 3.1.4,
there exists a y* € M] such that

sup  P(Z) = ¢, (2),

lpe{(ﬁy}ye/\/l}/

as every continuous function on a non-empty compact set attains its supremum on this
set (see e.g. [61, Chapter IV.3, p. 99] for compact sets that are Hausdorff).

Forp=q=1letZeX,,,and Z" € Xv,p,q. We define Zi”) = max{Z;,—n}, n € N. It holds

that Z(" ¢ X,,,p,q, nelN,and Z™ \, Z as n — oo. Then we can prove that the functional

H: {(P;/}yEM}’ - R, (PV = (PV(Z)’
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3.3. Existence of an Optimal Strategy

is upper semicontinuous w.r.t. the weak*-topology on {¢,},cr. Furthermore, we can
define the sequence of functionals

Hy{§yhyery =R ¢y ¢, (Z"), where infH,(¢,) = H(¢y).

For every n € IN, the functional H,, is continuous w.r.t. the weak"-topology on {¢,, }, crtr

because of Lemma 3.3.65. Then ¢, (Z) = inf, (PV(Z(”)) and using [3, Lemma 2.41] we get
that H is upper semicontinuous. Furthermore, an upper semicontinuous function on a
compact set attains a maximum value, and the non-empty set of maximizers is compact,
see [3, Theorem 2.43].

Q
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3.3.3. Outstanding Proofs

Proofs of Section 3.3.1

In this section the remaining proofs of Section 3.3.1 are to be delivered.

Proof of Theorem 3.3.13.

(i)

()

38

II-1l,,p is @ norm: It is trivial that |-[, , given in Definition 3.3.6 is a norm. Using
the norm properties of ||, , and || - [|» we get that ||-][, , is a norm for p € [1,0) by
the representation (3.3.11). In this connection the absolute homogeneity follows by
the iterative composition of the absolute homegeneity of ||, , and |- ||L». We get
the triangle inequality by using the Minkowski inequality for |-|, , and the triangle
inequality of || -||».

Completeness: For a fixed t € I we have on the one hand for every y € M/ that

(I‘B[lztlpyt])“”s(lE[leslpn])1 < sup (Efizf L) =11z,

sel

and on the other one we get for the deterministic choice y; = v1q that
E[|Z:|Py¢] = v{E[|Z;|P]. Due to Remark 3.3.12 we restrict our considerations on
the support | = supp(v) of v. Combining both thoughts we have for t € ] that

1/p -1/
1Zillr = (BIZAP)) ™ < v PUZlyyp  Z € Xy (3.3.67)

Now, let (Z"),en be a || - ||, ,-Cauchy sequence. Fix t € J. Then inequality (3.3.67)
implies that the corresponding ¢t-components (Z}'),,cn form a ||-||»-Cauchy sequence
in LP(Q, 7, P;R). By completeness of LP(Q), F;,IP;IR) (see [65, Theorem 3.11]) there
exists Z; € LP(Q), F,IP;R) such that ||Z, - Z]'||;» » 0 as n — oco. For t e I\ ] we
choose Z; = 0. Therefore, we have constructed an adapted process Z = (Z;);s €
[ 111 LP(QQ, F, P;R), which is an eligible representative of the corresponding equiva-
lence class with respect to |||l ,-

Next, we will show that the sequence (Z"),c converges to Z with respect to || - ||, ,
as n — oo. Since ] is countable, there exists an increasing sequence (Jx)xen Of finite
index sets with JicnJk = /. By monotone convergence (cf. [75, Theorem 5.3]) we
have that

B Y 12- 2y = im B| )12~ 2Py meNyemy,
te] tefi

and thus

|z -2z" ||pp_ sup hm IE[Z|Zt z! |p7/t] n € N. (3.3.68)
VGMV k—oo tE]k

Fix £ > 0. Since (Z"),eN is a || - ||, p-Cauchy sequence, there exists an N, € N such
that [|Z™ - Z"|, , < ¢ for all m,n € N with m,n > N,. Fix k,n € N with n > N,. Since
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|Z; = Z"|l;r — 0 as m — oo for every t in the finite set J;, we may iteratively find a
subsequence (m;);cn with m; > N, for all I € N such that (Z;ﬂ’)leIN converges to Z;
a.s. for every t € Jx. Using Fatou’s lemma ([75, Section 5.4]) for every n > N, and that
Jx €] we get therefore that for every y € M}

IE[ Z}'Zf —va’yt] < hlrggfl}z[z]w?l —zf|Pyt] (3.3.69)
tefy tek
< lim nf 12" —Z"kp < €P. (3.3.70)

We know that Z—-Z" € [],; LP(Q), F;,IP;R) and we conclude from (3.3.68) and (3.3.70)
that [|Z - Z"||,,, < ¢ for all n > N, such that Z - Z" € X, ,. We also have Z € X, ,
because Z = (Z-Z2")+Z", where Z—Z" and Z" are both elements of the vector space

X, p- a

Proof of Lemma 3.3.22. At first, given a process Z € X, , we show that the uniform Fatou
property implies that
1Z-2zM|l,, >0 asM — o,
where ZM is defined for a constant M > 0 as
ZM .= (-M) v (Z, AM) = max{-M,min{Z,,M}}, tel.

It is obvious that ZM is bounded by M. Therefore we know that ||ZM ll,,p is finite and
ZM € X, ,. In addition, we have that

Zy =2+ (2~ M), — (Z,+ M),

where x, = max{x, 0} defines the positive part and x_ = —min{x, 0} the negative part. Let
¢ > 0. By the uniform Fatou property given in (3.3.20), there exists M > 0 such that
SUP e gy E[) ;c;(1Z:|P —M),y;] < . Furthermore, every convex function f : R, — IR with
£(0) > 0 satisfies

fla)+f(b) < f(0) + f(a+D). (3.3.71)
This follows by adding the inequality

a b a b
F@) = f( s (@4 b)+ —0) < —Fla+b)+ ——£(0)

T a+

to the corresponding one where a and b are changed. For p > 1 the function R, 3 x - x?
is convex and from (3.3.71) we get

(1Zi| = M)F <|Z,P = MP  on {|Z;| > M}
and thus

((1Z = M), )P <(1Z,/P = MP),  on Q. (3.3.72)
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Chapter 3. Adapted Random Probability Measure

Using that |Z; —wa| = (1Z{ = M)1yz,>my = (1Z;] = M), it holds that for all M >0
Mup p 16372)
120-2ZM16, = sup B ) 202y | < sup B Y (ZF - M7), )
yeMy tel yeMy tel

Hence, for M — oo it follows that [|Z; — wallv,p — 0 by the uniform Fatou property.
Furthermore, for a M that is big enough we have that Z - ZM ¢ Xyp- ByZ=2- zZM 4 zM
it follows that also Z € X, , such that X, , is a subset of X, .

Finally, we want to show that the reverse inclusion holds. For the convex function x - x?,
p >1on IR, we have by Jensen’s inequality that for a,b € IR,

p
(a+b) = ZP(%a+ % b) < 2P (P 4 bP). (3.3.73)

Therefore, we have for every constant M > 0
(2P =277 IMP < 2P7H(|Z,| - M) on {|Z,] > M}
and

(1Z,P = 2P~ 1 MP), < 2P7Y(|1Z,]- M)} on Q, (3.3.74)

because {|Z,|P > 2P~ MP} C {|Z,| > M}. Using (3.3.74) we get with M = (ZNQW that

sup B[ )_(Z,F - M),y | <27 sup B[ ) (2,1~
yeM; tel yeMy tel

=27 Z,-ZM)l,, -0 as M — oo

Thus, ||[Z — ZM||V,p — 0 for M — oo implies the uniform Fatou property. d

Proof of Theorem 3.3.24.

(a) We know by the first part of the proof of Theorem 3.3.13 that [|-[[, , is a norm. By the
descriptive definition of Xv,p given in (3.3.23) it is clear that Xv,p is a closed linear
subspace of X, ,, cf. the proof of Lemma 3.3.22. A closed subset of a Banach space is
again complete.

(b) We know that ||-||,,, is a norm, see the first part of the proof of Theorem 3.3.13.
Moreover, we have to show that )A(V,p is a closed linear subspace of X, ,. A closed
subspace of a Banach space is again complete.

(1) )A(V,p is a vector space: Note that the condition, that {|Z|I;,,p}7€MIv is uniformly
integrable, keeps the vector space properties. This is easily verifiable. Therefore

A

X, p 18 a vector space.

(ii) )A(,,,p is subset of X, ,: Note that the condition, that Z := {|Z|’;,,p}7,e My is uniformly
integrable, implies that ||Z]], , < co. Let Z be the uniformly integrable set of R-valued
functions on (Q, F). Then we have that Z C LP(Q), F,P;R) and that Z is bounded in
LP, that means

IZly,p = sup [[IZ]y,pllr = sup|lflzr < co.
yeM] fev
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3.3. Existence of an Optimal Strategy

We get this in the following way, in the case p = 1 it is given by the equivalence
of (i) and (ii) in [70, Theorem 16.8]. Given ¢ > 0, there exists n € IN such that
IE[|Z|€7,,p ]l{IZI‘;,p>n}] < ¢ for all y € Mj, because of the uniform integrability of the

considered set. Therefore

(e
(e

IZll,,, = sup
yeMy

= sup
yeMy

Y n))”

- tel

] 1/p
p
128 (Lyzg ,om + Lz, <m)” ])

+ sup

r P 1/p 1/p
_|Z|7’p]l{|z|€/,p>”}]) (IE[n]lHZﬁnpS”}])

yeMy

(Minkowski inequality)

<P 4P < .

Therefore we have that Xv’p

C X,

(iii) )A(V’p is closed: Let (Z"),,en be a sequence in )A(V’p which converges with respect to

lI-ll1,p to Z € X, ,. Thus, we have to show that Z € Xv,p,

i.e., the set {|Z|I;,,p}yeMy is uni-

formly integrable. Let ¢ > 0. We know that there exists N, € N with ||Z — Z”||’V7,p <e¢
for all n > N,, in particular for n = N,. Since {} , |ZtN*' |Pyt}y€M; is uniformly
integrable, there exists M € R such that

IE[|ZN“|§,,p ]1{|ZNe|’;,p>M}] <e forallyeM;.

Since ||Z[l,,, < oo, there exsits M > 0 such that M||Z]|

P <

v,p < €M. Hence we get with

Z =(Z-2ZNe)+ zNe and (3.3.73) that

P
E[lzl%P ]1{|Z|§,p>M}] <

<

<

<

1 NP -1 NP )
2F IE[|Z -Z Iy,p] + 2P IE[|Z [y Lz |’;,p>M}]
-1 NP -
+2F 1E[|Z yp Lz, >M, |2 ';,pSM}]
2PNz = ZNe|y 4+ 2P e 4 2P MIP(|ZE, , > M)

E[|Z[},,]

M

4
P

2P+ 2P I M <2Peq Py —F

(2P +1)e

for all y € M} such that Z e Xv,p.

(c) We get in the parts (a) and

(b) of the proof of Theorem 3.3.24 that X,,,p X, and

Xv,p € X, p- Now, we have to show that Xv,p is a subspace of lep. In other words,

the uniform Fatou property implies the uniform integrability of {|Z |§7,,p}7,e Mmy- We
have to show that for every ¢ > 0 there exists M > 0 such that

E |Z|€/,p]1{|z|‘)’/yp>M} <e forall yeMj.
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Chapter 3. Adapted Random Probability Measure

Since Z satisfies limsup,,_, SUP e gy E[ztelqztv’ - M),y:| = 0, we get that
IZll,,p < co and there exists M > 0 such that

IE[Z(|Zt|p —]\71)+)/t] <e forall y e Mj. (3.3.75)

tel

Since [|Z]|,, , < oo, there exists M > 0 such that Mlllev,p <eM.
Furthermore,

1215~ M =) (2P = M)y, < ) (1ZP M),y
tel tel

and therefore

(1Z,p = M), < ) (2P = M),y (3.3.76)

tel

Using (3.3.75), (3.3.76) and the transformation of |Z|§/,P]1{|Z|f,p>M} as

p P -
121 oz oy = (20 = M)Lyzp oany+ Myzp oy

S
<(1Zbyp = M), + M=—2F,

yield that

p (1217 7). Y
IE[|Z|%P]1{IZI’;>M}] = IE»(|Z|%p - M)+_ +EMLyzp >m)]
=E|(1ZF,, - M), | + MIP(|ZI}, , > M)

1 o EUZ1 )
(1Z1,p = M), |+ M— 75

1211,
M

< 2¢.

<E| ) (2P - M), |+ M1

tel

Thus, we get that {|Z|I;’,'p}),e My is uniformly integrable.

Remark 3.3.77. It is unknown to us whether Xv,p is really a proper subset of )A(v,p.

The next example shows us that in general )A(V,p is really a proper subset of X, ,. For that
we specify a process (Z;)ser € X, p such that {)_,;1Z:/Py}y ey is not uniformly integrable.
Therefore we choose p = 1.

Example 3.3.78. Let [ =N, ((0,1], 89,1}, IF, A) be the considered probability space with A
denoting the Lebesgue-Borel measure and the filtration IF given as

Fy=o({((k=1)27" k27" [k e (1,...,2")})
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3.3. Existence of an Optimal Strategy

for all n € N. The distributional restriction is given by v, = 27" for all n € IN and our
underlying process (Z,),cn of random variables is defined by Z,, = 2"1 g ;- for n € IN.
Note that the sequence (Z,,),en is bounded in L!(1) but not uniformly integrable, because
E[Z,1(z 5q] =E[Z,] =1 for all c >0 and n € IN with n > c. It converges pointwise to zero,
hence there can be no integrable random variable dominating the sequence to apply the
dominated convergence theorem.

(@) [1Z||,,1 < oo: Using Theorem 3.2.8 we find an enlarged filtration and a random stop-
ping time 7 such that E[Z, ] = [E[Z.]. Furthermore, we know that for the non-negative
martingale Z we get [E[Z;] = E[Z;] = 1. Therefore [E[Z,] is bounded and consequently
1Z1ly < co.

n=1 I . N
x AY
n=2 B 1 t t i
ATz
n=3 sttt
xA§

Figure 3.1.: Iteration steps of A} for a given x

(b) {2 ren |Zt|7/t}7,€MI¥q is not uniformly integrable: For a fixed x € (0,1], we define y* by
V5 = 1x for all n € IN, where

. (f2”1ﬂ -1 2"y (221t 2)

n- 2”—1 ’ 271—1 21’1 ’ 2?1 (3.3.79)

see Figure 3.1. Note that x ¢ A}, because x € ([2”;]—1 , [22”nx'| and E[y;]=AA}) =2"=v,
for all n € N. Furthermore, we have that |Z],, = Z,, = ZjeINZjV;C =Z,if AY =(0,27"].
For n = min{j € N | 2/x > 1} we get that A% = (0,27"]. Thus, {IZl,}yemy, is not uniformly
integrable, because {Z,},en C {IZl,},epry and we know that (Z,),eN is not uniformly
integrable.

Proof of Lemma 3.3.29. Using the definition of B, , and the estimates for Lemma 3.3.25, it
follows that {¢, }, crqy is indeed a subset of K, ,. Furthermore, by Lemma 3.3.25 we know
that ||¢y||X;,p <lI.

It remains to show that {¢, }, e is weak*-compact. As a closed subset of a compact space
it is compact in the relative topology, see e.g. Proposition in [61, Chapter IV.3, p. 99], it is
enough to show that {¢, },er is weak™-closed.

For this let p € X , C X; , (or € X;, |, respectively) be in the weak*-closure of {¢,},er-
We have to show that i € {$, },crqy by proving that there exists a 77 € M such that i = ¢,
on X, .
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Chapter 3. Adapted Random Probability Measure

(a) Existence of : Fix t € I and define i, : LP(Q, ;,IP; R) — R by ,(Z;) = ¢(Z) for all
Z, € LP(Q), F;, P;R), where Z*) € X,,p is given by
728 = Zay(s) Vsel. (3.3.80)
Note that
1z, = sup (E[Z|Ztﬂ{t}(5)|p7/s])l/p = sup (E[|ZPy,])"/?
YEM Y el reMy
IE[|Zt|p])1/p =1ZlIze,

because y; <1 a.s. The functional ¢, is linear and

:(Zo)] = I(Z N < pllx; 12Dl p <1l 1Z: e,

hence ; € (LP(QQ, A, P;R))* = L1(Q, A, P;R). By [65, Theorem 6.16] there exists a
v: € L1(Q), R, P;R) with ¢,(Z;) = E[y;Z;] for all Z, € LP(Q, F,P;R). Hence we have
7 = (P)ter € [1er L1(Q, Fi, IP;R) such that ¢ (Z1) is well-defined and (Z*)) = 4)7(2“))
forall tel.

(b) The candidate ¥ is in M
(i) Note that y; is /;-measurable for all t € I by construction.

(ii) Distribution of y: For t € I define Z; = 1 and Z") via (3.3.80). Then

qby(Z(t)) = E[Ziy:] = E[Llay:] = Elyi] = v

for every y € MY, hence E[7;] = (Z") = v,. For this, consider for Z € X,,p the
functional ©; : X , — R defined as ©z(¢) := ¢(Z). Note that ©; is an element
of the second dual X*’fp. Using that ¢ is in the weak®-closure of {$,},cry and the
continuity of every element of X7’ ,, we get that for all € > 0 and for for every Z € X, ,
there exists a y € M; such that [07(y) - ©z(D, )| < ¢. Particularly, we get with

O (Py) = Py (ZW) = v that P(Z1)) = Oz (1) = vy

(iii) y is non-negative: Fix t € I. Define A = {y; < 0} and note that Z, := 14 € LP(Q), ;, P; R).
Y is defined as in (3.3.80). For every € M} we have cj)y(Z(t)) =[E[y;14] >0, hence
0 <(ZW) = ¢;(Z") = E[;14]. This implies IP(A) = 0.

(iv) y is a probability measure satisfying conditions (b) and (c) of Definition 3.1.1:
Consider an increasing sequence (I,,),ecn of finite index sets with |, I, = I. Define
AN Xy,p by ZSQ’” =1q for all s € I, and ZSQ’” =0 for all s e I\ I,,. Since for all

y EMy
ZQ” [Zyt]—ivtﬁl,

tel, tel,

we have p(ZP") = 2_ter, Vi, hence

[Z%] Cf)yZQn) Pz = th/'th_lasn—nm

tel, tel, tel
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3.3. Existence of an Optimal Strategy

Further, by monotone convergence,

E[Zyt] Vs E[th] as 1 — co.

tel, tel

Therefore E[} ,c; 7:] = 1.
Define A ={} ;c; 7+ > 1} € 0(Uye; F2). Furthermore, set A, = {)_;¢; 7t > 1} € 0(User F)-

Then A = |J,,cn Ay For n € N consider the processes Z4» with ZtA” = [E[1, | %] for
all t eI, and Zf‘” =0forall t €I\I,. For every y € M7,

(24 = [ZIE 14,1 %] Vt] ZIE 14,741 <IE[]1A Z%]

tel, tel, tel

Therefore, »(Z4+) <IP(A,). By the same calculation

IE[RAH th] = pp(Z) = P(Z7) <P(A,),
tel,
which implies that IP(A,,) = 0. Since A is a countable union of null sets, we have also
that P(A) = 0. Hence
th =1, a.s.

tel

Finally, y satisfies all properties of Definition 3.1.1, thus y € Mj.

c) P(Z) =¢4(Z) for all Z€B, ,: Let Z € X, , be fixed and ¢ > 0 arbitrary. By Lemma
3.3.25 and y € M we have that ¢ is well-defined. We will now make a case-by-case
analysis. In fact, the case p = 1 forms an exception and the corresponding proof is
different.

Let p € (1,00). As Z € X, , we have that [|Z]|,, < co. Set M > 0 such that ||Z]|, , < M.

Further there exists a ﬁnlte set ] C I such that (}_;ep\f vV < 17 Where g is the Holder
conjugate of p. Define the process 7l e X,,p by

P forte],
Z’—{O orte] (3.3.81)

a Z, fortell].

Using the Holder’s inequality like in (3.3.28), we get for every y € M] that

by <] Y 1z = Y izdnt? 7]

tel\] tel\]

(s Lizen]) (s Zoe )

tel\J tel\]

<12 (B] Y ]) " <0z Y ) e

tel\J tel\]
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Chapter 3. Adapted Random Probability Measure

Then also |¢(Zj)| < ¢. By the construction of y and linearity of ¢ we have

Finally

W(Z) = (2 < W(Z ~Z)) = o (Z = Z) + 1p(Z))| + 5 (Z))] < 26

It follows that (Z) = ¢(Z) forall Z€ B, ,, p € (1,00).
Now, we consider the casep=1. As Z € Xv,p we have that {} ./ |Z;Py1},epmy is uniformly
integrable, because X, | is a subset of X,,yl.

(1) Let Z be additionally (uniformly) bounded. Then there exists M > 0 such that
|Z,| < M a.s. for all t € I. Further there exists a finite set ] C I such that Ytenj Ve < 3. Let

the process 7l e X,,,p be defined like in (3.3.81). Then for every y € M}
P/ ZN<E| ) 1Zin] <ME[ ) n]<e
tel\] tel\J

Then also |z,b(Zf)| < &. By the construction of ¥ and linearity of ¢ we have

Finally

W(2) = b2 < W(Z = Z)) = pp(Z = 2NN+ [p(2)| + 15 (2))] < 2e.
Thus, Y(Z) = ¢;(Z) for all uniformly bounded Z € X,, .
(2) At first, recall that we define for the constant M > 0
ZM .= (-M) Vv (Z; A M) = max{-M,min{Z,, M}}, tel,

such that ZM is bounded by M. Using that Z; = ZM +(Z,~ M), —(Z,+ M)_ and the linearity
of ¢,, for all y € Mj, we have that

0y (Z) = Py(ZM) + b ((Ze = M)y )ser) = Dy ((Ze + M) )ser)-

For the bounded process ZM we get with item (1) that (j)y(ZM) = (ZM) for all
y € M. Now, we have to consider ¢, (((Z; — M),)er) and ¢,,(((Z; + M)_)sep). For this,
let € >0. As limsupy;_,,, SUp ¢ E[Y ;c;(1Z:P —M),y:] =0, there exists M > 0 such that
SUP,,e Ay E[) ;c;(1Zi|P — M), v;] < e. Using that 0 < (Z; + M)_ < (|Z;| - M), < (|1Z;|P - M),
and 0 < (Z;,— M), <(|Z;P — M), we have besides that

sup IE[Z(Zt+M)_7/t] <e¢ and (3.3.82)
yeEM] tel
sup IE[Z(Zt —M)+yt] <e. (3.3.83)
yeMy tel
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3.3. Existence of an Optimal Strategy

Furthermore, we get that |, ((Z; + M)_)ies)l < € and [¢,,((Z; — M) )ser)| < € for all
y € M] because of (3.3.82) and (3.3.83). In particular, it applies to y such that we
have [((Z; + M)_)ier)l < € and [((Z; — M), )1e1)| < €. Finally we get

p5(Z) = (Z)] <IpH(ZM) = (ZM)| +Pp5((Z + M) )ser )]

=0
+HYU(Ze + M) el + 5 (Ze = M) en)| + [9((Zy = M) el |

<4e.

It follows that (Z) = ¢;(Z) forall Z € B, ;. d

Note that the uniform Fatou property is essential for the case p = 1 and the last step of the
proof of Lemma 3.3.29. It will be clear by the next example. Remember that we consider
for p = 1 the Banach space (X, 1,|||l,,1), By,1 ={Z € X,1 : IZl,,1 <1} and the polar set
K,1={¢pc¢c X;J t|p(Z)|<1forall Z € B, ,}. K is weak*-compact. The following example
shows that {¢,}, e is contained in K but not weak™-closed. For this we will choose a
¢ e X 11 in the weak™-closure of {,},crr for which there exists no y € M; such that

(1)7( ) for all Z € X, ; with {|Z|y}yeMV is uniformly integrable, which 1mp11es the
unlform Fatou property.

Example 3.3.84 (Extension of Example 3.3.78). First of all, define 7, = 1 (-1 5-n1 for all
n € N. Then we have that } 7, 7, =1 on Q = (0,1] and for the given process (Z,),cn in
Example 3.3.78 it holds that } ;2, Z,,7, = 0, because for Z, = 2"1 g ,-») every summand is
zero. Let Y = (Y},),,eN be an [F-adapted process with Y™ :=sup,,.n |V, € L'. ThenY ¢ Xy 1,
because {|Y], },ep is uniformly integrable. Remember the definition of »* for x € (0,1],
which is given by y;; := 1 4x for all n € N, where A, is given as in (3.3.79). Futhermore we
have for n = min{j € N | 2/x > 1} that A% = (0,27"]. Thus, for every m € N with m <n -1
we get that y2 " = 7,,.

o[ wY_vard || <E[r Yt

m=1

" 5 n n—oo
:IE[Y Zb/m 7/2 |] — 0

m=n

The term converges to zero because of dominated convergence. Thus, we get that
¢, — ¢y for n — co. From the proof of Lemma 3.3.29 we know that ¢ is the limit of
sequence (¢, )yeN forall Y € X,,1. Finally, we have an element peX; »,1 in the weak™-
closure of {¢,,},,cry for which there exists 77 € My such that P(Y) = ¢p;(Y) forall Y € X1
Now, we want to show that this equation does not hold for an element of X,1\X,1. We
consider the sequence Z := (Z,,)uen defined in Example 3.3.78. Then Z isin X, 1 \ X,
and for every nelN we have that Y, Z,v2" =Z,and E[Z,] = 1. But ¥ Zu Y = O
such that Y(Z) = ¢p;(Z
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Proofs of Section 3.3.2

In this section the remaining proofs of Section 3.3.2 are to be delivered.

Proof of Theorem 3.3.47. As explained just after its definition in (3.3.32), |||l 4 is a semi-
norm on &, , ,, which is a vector space. Therefore, it is a norm on the quotient space
Xvp.q-

To prove completeness, fix a t € I and a process Z € X, , , first. Then by (3.3.32),

1Zelr ) < 12002y S W2l 7 € M. (3.3.85)
For the deterministic choice y; = v;1 from Example 3.1.4 we have that

th/p if pe(l, ),

1 Zellze () = €p,ellZillLepy  with c,,,tz{ (3.3.86)

Vi if p = oo.
Due to Remark 3.3.44 we restrict our considerations on the support | = supp(v) of v.
Combining (3.3.85) and (3.3.86),

1Z Iy < G Z pgr tE], ZEX (3.3.87)

v,0,9°

Now, let (Z") e be a |||, p 4-Cauchy sequence in X, , ;. Fix t € J. Then inequality (3.3.87)
implies that the corresponding ¢t-components (Z{'),,cn form a ||-||;»(p)-Cauchy sequence
in LP(Q), ;,IP; K). By completeness of LP(Q), 7, P;K) (see [65, Theorem 3.11]) there exists
Z, € LP(Q, F;, IP;K) such that ||Z; — Z{||»p) — 0 as n — co. Due to (3.3.46), it follows for
each y € M] that ||Z; — Z{'[|1¢(y,p) — 0 as n — co. For t € I \ ] we choose Z; = 0. Therefore,
we have constructed an adapted process Z = (Z;);; in [ [,¢; LP(Q), F, IP; K).

Next we will show that the sequence (Z"),en converges to Z with respect to |||, ,4 and
that [|Z|l,,, 4 < co. Since ] is countable, there exists an increasing sequence (Ji)xen of finite
index sets with JienJx = /. By monotone convergence (cf. [75, Theorem 5.3]) for the
counting measure on ] in the case g € [1,0), and the property of the supremum of an
increasing sequence in the case g = oo, respectively, we have that

02 =202 = Jim 02 = 2Ny €N 7 € M

and thus by (3.3.32) and Remark 3.3.44,

1Z = 2"l pg = sup lim||||Z,_Z,”||Lp(y‘]P)||lW , meN. (3.3.88)
yeM}/k—wo k

Fix € > 0. Since (Z"),en is a [|[l,,p,4-Cauchy sequence, there exists an N, € N such
that ||Z™ - Z"||, 4 < € for all m,n € N with m,n > N,. Fix k,n € N with n > N,. Since
IZ; = Z{"|lpqpy — O as m — oo for every t in the finite set J;, we may iteratively find a
subsequence (1m;);en with #1; > N, for all I € N such that (Z;");cn converges to Z; a.s. for
every t € Ji (see [65, Theorem 3.12]). Using Fatou’s lemma ([75, Section 5.4]) for every

n > N, and that J;, C ] we get therefore that, for every y € M7,

107 =2Vt 1y < Higmin 127" = 20

= (3.3.89)
< hlmmfllzml ~Z"lypq S €
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We know that Z—-Z" e [[,¢; LP(Q, ;, IP; K) and we conclude from (3.3.88) and (3.3.89) that
I1Z—-2"|l,p,q < e€forall n> N, such that Z-2"€ X, , ,. We also have Z € X, , ;, because
Z=(Z-2")+Z"and Z - Z" and Z" are both elements of the vector space X, , ,. Q

Proof of Theorem 3.3.64. We know by the first part of the proof of Theorem 3.3.47 that
I Ily,p,q is @ norm. By the descriptive definition of Xv,p,q given in (3.3.63) it is clear that
Xv,p,q is a closed linear subspace of X, , ;. A closed subset of a Banach space is complete
again. Q

The next example shows that there are processes in &), ; ; for which problem OprSToP”
has no solution although the supremum in (3.1.7) has a well-defined real value.

Example 3.3.90. Let I = IN, consider the filtered probability space ((0,1], 8o}, [F,IP)
with [P denoting the Lebesgue—Borel measure and the filtration [F = (F,),en given by
Fro=0({((k=1)27",k27"] | k € {1,...,2"}}) for all n € N. The distributional restriction v
is given by v, = 27" and the non-negative adapted process Z by Z, = 2"(1 — %)1(0,27;1]
for n € N. Given y € M, the random variable ), due to F,-measurability, has to be
constant on (0,27"], say «,, for every n € IN, and it follows from Definition 3.1.1(b) that
Y neN @y < 1. Hence

1E[Z;/] = ZIE[VnZn] = ZanIE[Zn] = Zan(l - %) <1

nelN nelN nelN

for every y € M]. By (3.3.32), ||Z]],,1,1 < 1. For every n € N there exists a stopping time
T € 7,” with {r = n} = (0,27"] (and by Example 3.1.2 a corresponding y € M), hence
E[Z.] > E[Z,] =(1- %). Therefore, the supremum in (3.1.7) equals 1 but there is no
y" € M] with E[Z, ] =1, hence OprStor’” has no solution.

The next example shows us that in general Xv,p,q is really a proper subset of X, , ,. We
choose the case p = g = 1. To show this, we specify a process (Z;);c; € X, 1,1 such that
{Xter1Zilyi}yemy is not uniformly integrable and particularly not bounded.

Example 3.3.91. Let I = IN, consider the filtered probability space ((0,1], 8o, [F,IP)
with [P denoting the Lebesgue—Borel measure and the filtration F = (F,),cn given by
Fro=0({((k=1)27"k27"] | k € {1,...,2"}}) for all n € N. The distributional restriction v is
given by v,, = 27" for all n € N and our underlying process (Z,),cn of random variables is
defined by Z,, = 2"1 g »-»] for n € IN. Note that the sequence (Z,),en is bounded in L'(})
but not uniformly integrable, because [E[Z, 1,7 -] = E[Z,] =1 for all ¢ > 0 and n € IN with
n > c. It converges pointwise to zero, hence there can be no integrable random variable
dominating the sequence to apply the dominated convergence theorem.

(@) [IZlly,1,1 < oo: Using Theorem 3.2.8 we find an enlarged filtration and a random stop-
ping time 7 such that E[Z, ] = [E[Z;]. Furthermore we know that for the non-negative
martingale Z we get E[Z,] = E[Z,] = 1. Therefore [E[Z, ] is bounded and consequently
1Z1ly,1,1 < co.
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n=1 [ .
x A7
n=2 B +— l t 1
A3z
n=3 sttt
T A5

Figure 3.2.: Iteration steps of A}, for a given x

(®) {(Xren |Zt|7/t}ye/v% is not uniformly integrable: For a fixed x € (0,1] we define y* by
Y =14 for all n € N, where

. (r2”-1x1 -1 r2"-1x1]\(r2”x1 -1 2) (3.3.9)

n-: on-1 7 oon-1 on 7oon
see Figure 3.2. Note that x ¢ A}, because x € (m;#, rzzﬂ_”x} and E[y; | =AA}) =2""=v,
for all n € IN. Furthérmore we have that |Z|, = Z,, = Z]-e]Nij]’.‘ =2Z,if A}, =(0,27"].
For n = min{j € N | 2/x > 1} we get that A}, = (0,27"]. Thus {|Z|V}7/€M¥u is not uniformly
integrable, because {Z,},en € {IZl,},epry and we know that (Z,),en is not uniformly
integrable.

Proof of Lemma 3.3.66. Using the definition of V), , , and the estimates in Remark 3.3.39,
it follows that {¢, },cry is indeed a subset of K, ;.

It remains to show that {}, }, e is weak™-compact. As a closed subset of a compact space
it is compact in the relative topology, see e.g. Proposition in [61, Chapter IV.3, p. 99], it is
enough to show that {$, }, e is weak™-closed.

For this let p € X}, C X;’p,q (or ¢ € X;,l,l' respectively) be in the weak"-closure of
{¢}yemy- We have to show that ¢ € {¢, },cpr by proving that there exists a 7 € Mj such
that p =y on X, ..

Step 1 (Existence of y). Fix t € I and define i,: LP(Q, ;,IP; KK) — K by 1,(Z,) = (Z") for
all Z, € LP(Q, ;,1P;KK), where Z(*) given by

28 = Z4(s), sel, (3.3.93)

is always in the smaller space X Note that by (3.3.32) and Definition 3.1.1(a) and (b),

v,p.q

1Z Ol pq = sup (E[Z, Py ])"? < (BUZPDP = 1Zill
yeMy

The functional ¢y is linear and

e(Z0l = 1p(Z < glig;, 12PN, pq < Wz, 1Zl1e,

hence i, € (LP(Q), F;, IP; K))* = LP(Q, F,IP;K), where p’ € (1,00] is the conjugate exponent.
By [65, Theorem 6.16] there exists a y; € LP(Q, F,IP;K) with Yi(Z;) = E[p;Z;] for all
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Z, € LP(Q, F,P;K).

Puttmg all y, for t € I together, we have V= (Pi)ter € [lier LP(Q, F,1P;K) such that
4)7(2 = [E[Z,7,] is well- deﬁned and z,b( b) = by 5(Z®) for every t € I and Z, € LP(Q), F;, IP; K).
By hnearlty, it follows that Y(Z) = ¢(Z) = )¢ [Ztyt] forall Z = (Z;)er €[ 11 LP(Q), F, IP;K)

with Z, = 0 for all but ﬁmtely many f € [.
Step 2 (A version of the candidate y is in M}). Let (¥)ies € [ 11 LP(Q, F,P;K) be any
version from Step 1. We construct a version satisfying Definition 3.1.1

(a) ¥ is adapted: By construction, y; is ;-measurable for every t € I.

(b) Distribution of 7: For t € I define Z, = 1 and Z*) via (3.3.93). Then
y
¢y(z(t)) =E[Ziy:] = E[yi] = v

for every y € M}. We will prove next that IE[y;] = {»(Z")) = v;. For this, consider for
Z € X, p,q the functional ©7: X7 , . — K defined as ©7(¢) = ¢(Z). Note that O is an

element of the second dual X** . Using that ¢ is in the weak*-closure of v
v,p.q° ) ylyem;

and the continuity of every element of X}, ., we get that for every € > 0 and for
every Z € X, , ,, there exists a y € M; such that |©7(y)) - ©z(¢, )| < &. In particular,

we get with © () = ¢, (Z") = v, that P(Z1)) = @4 () = vy

(c) ¥ can be chosen real and non-negative: Fix t € I. Given A € F;, note that Z; := 14
is in LP(Q, ,IP;K). Let Z") by defined by (3.3.93). For every y € Mj we have
¢V(Z(t)) = E[y,14] > 0, hence p(Z") = (j));(Z(t)) = [E[y;14] has to be real-valued
and non-negative. This implies that the three F;-measurable sets {Re(y;) < 0},
{In(y;) > 0} and {Im(y;) < 0} have IP-measure zero, where Re(-) denotes the real part
and Im(-) the imaginary part. Hence, from now on we may take a non-negative
7, € LP(Q, F,P;R).

(d) y satisfies Definition 3.1.1(c) and can be chosen to satisfy (b): Consider an increasing
sequence (I,),en of finite index sets with |J,en1; = I. Define zZon ¢ Xy,p,q bY

ZtQ’" =1q forall t € I, and ZtQ’” =0forall tel\I,. Since
N2 = [Z%] =) w1, yeM;,
tel, tel,
by Definition 3.1.1(e), we have (Z") = 2_ter, Vi» hence

IE[Z%] HZOM) =gz =) v ") =1

tel, tel, tel

Further, by monotone convergence,

sy |1y )

tel, tel

Therefore E[} ;c; 7:] =1
For n € N define A, ={}_,¢; 7: > 1} and the processes Z4 by

S _ E[i4,|7]| fortel,
“ o fortelI\I,
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For every y € M7}, using Definition 3.1.1(b),

(ZAn) = [ZIE 1y |7 yt] ZIE[]IA yt]<IE|:]lA Zyt] <P(A

tel, tel, tel

Therefore, »(Z4") <IP(A,). By the same calculation

Blty, ) 71| =y =9zt <Ay,

tel,

which implies that IP(A,) = 0. Hence A :={} ,c; 7 > 1} = U,,an Ay is also a P-null
set, which implies that ) _,.; 7, =1 a.s., hence ¥ satisfies Definition 3.1.1(c). Using
Notation 2.0.1(d) we replace ¥; by min{y,, (1 —y.;)*} for each t € I, which is a change
only on the P-null set A.! Then (y,),¢; also satisfies Definition 3.1.1(b).

Step 3 (Y(Z2)=¢py(Z) forall Z€ X, ,, 0r Z € X,,1,1, respectively). Fix Z € Xy,p,q- Since
y € M| by Step 2, it follows from Remark 3.3.39 for the exponents p,q considered in
Theorem 3.3.34 that Z; is a well-defined element of L'(PP), hence $5(Z) = E[Z;] is a
well-defined extension of ¢ given at the end of Step 1. Note that this extension is linear.

(a) First, we consider the case p € (1,0). Take any ¢ > 0. If g = 1, then there exists a
finite set I, C I such that

1/p’
IZ1ly,p,1 - sup v,"” <e. (3.3.94)
tel\I,

If g € (1, 0], then due to (3.3.35) there exists a finite set I, C I such that

’

1/q9
7
”Z”v,p,q ' ( Z th P ) <g (3395)

tel\I,

where p’ € (1,00) and g’ € [1, 00) are the conjugate exponents of p and g, respectively.

In both cases define the process Z € Xy,p,q bY

(3.3.96)

, |0 fortel,
|z, fortelll.

Using the estimates (3.3.40), (3.3.41) or (3.3.42), respectively, for I’ := I'\ I, it follows
in combination with (3.3.94) or (3.3.95), respectively, that Iqby(ZIf)l < ¢ for every

y € MY, hence also |)(Z%)| < e. By the construction of ¢y at the end of Step 1,
Y(Z-Zk) = by(Z —Z!). By the linearity of ¢ and ¢y on X, , ; as well as the triangle
inequality,

W(Z) = pH(2) < [P(Z = Z") = pp(Z = Z1) +1P(Z7 )| + | (Z7)| < 2e.

Since ¢ > 0 was arbitrary, P(Z) = ¢p(Z).

11f I = Q and 7;(w) = 1 for all t € I, then this construction produces the zero path for w, which is (besides
Example 3.2.4) another reason to have the exceptional null set in Definition 3.1.1(c).
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(b) Now, we consider the case p = q = 1. First we consider a Z € X, ; ; such that there
exists a real number M > 0 satisfying |Z;,| < M for all t €I (i.e., Z is bounded). Take
any ¢ > 0. There exists a finite set I, C I such that } ,.\; v < ¢/M. Let the process
Z!: be defined by (3.3.96). Then, using Definition 3.1.1(e),

0, ZDI<E] ) 1Zby| <ME| ) y|<e yem,

tel\I, tel\I,

hence also [)(Z%)| < e. As in the previous case, it follows that {(Z) = by(2).

For a general Z € X, | there exists by definition a sequence (Z"),,cn of bounded
processes in X, 11 with ||Z—Z"||,.1,; — 0 as n — co. Then, using linearity and the
above result,

W(Z) = (DN <I(Z = Z +1Y(Z") = p5(Z")] +|dpy(2" = Z)
<(Iplxy,, +lsllz; JIZ =2Z"ll,10 =0

as n — oo, hence Y(Z) = ¢p;(2). 0

Note that in the case p = g = 1 special consideration is required what the Example
3.3.84 from the previous section shows. Remember that we consider there for p =1 the
Banach space (Xv’l,” “ly1), By1 ={Z € X,1 : |IZ]ly,1 <1} and the polar set K = {¢ € X;’l :
|p(Z)| <1forall Z € B, ;}. K is weak'-compact. The example shows that {¢,},crpy is
contained in K but not weak*-closed. For this we choose a i € X] | in the weak*-closure of
{¢)}yemy for which there exists no y € M{ such that P(Z) = ¢p;(Z) for all Z € X, with
{IZl,}yery is uniformly integrable, which implies the uniform Fatou property.
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3.4. General Results and Bounds

Some general bounds have already been specified in [33, Section 4.2] and can be easily
transferred. We can find a lower bound by assuming that the process Z and the stopping
time or adapted random probability measure are independent. If we assume that the
process Z and the stopping time 7t are independent, we have that

Vina(2) = Z]E[Zt]l{r:t}] = ZIE[Zt]vt.

tel tel

We get the same result, if Z and the adapted random probabilty measure are independent,
see Lemma 3.5.1 below, such that it holds:

Vina(2) < V7 (2) < Viy(2),

with V7(Z) asin (2.0.5) and V(Z) as in (3.1.10). We have seen in Section 3.2 that there
are examples for V7 (Z) < V{(Z), cf. Example 3.2.3. Furthermore by (2.0.5) and (3.2.1) we
have V}(Z) < V7 (Z) and V},(Z) < Vj((Z), because 7;" C 7 and M} C M;. However, it is
very questionable if V (Z) < V7(Z), as in [33] discussed.

Furthermore we modify [33, Theorem 2.49] in the following way:

Theorem 3.4.1.

(a) Let I CINg with 0 € I. Let Z be a uniformly integrable supermartingale. Then, for every
Y € My, the random variable Z,, is well-defined, integrable and satisfies IE[Z,,] < E[Z,].
If, further, Z is a martingale, then, for every y € My, E[Z, | = E[Z,].

(b) Let be I a totally ordered countable set. Let Z be a closable martingale. Then, for every
y € My, the random variable Z,, is well-defined, integrable and satisfies E[Z,,] = [E[Z,]
foralltel.

(c) Let I CINg with 0 €1, v be a probability distribution on I. Let Z be a supermartingale.
Then, for every y € My, the random variable Z,, is well-defined, integrable and satisfies
E[Z, ] <E[Z] in each of the following situations:

1. Thereexistsatel withve =1,
2. Z is bounded a.s.,

3. Y ieqltlvy < oo and for some K > 0 we have |Z;(w) — Zs(w)| < K|t —s| a.s. for all
s,t € I'\ {0} and for all w € Q.

(d) If I CINg with 0 € I, any of the conditions (c1), (c2) or (c3) holds and Z is a martingale,
then, for every y € M{, Z,, is well-defined, integrable and E[Z, ] = E[Z].

(e) If I C Z is a countably infinite index set, v is a probability distribution on I, Z is a
martingale and there exists t € I with v¢; = 1, then Z,, is integrable and E[Z, ] = E[Z,]
foralltel.

(f) Let I be a totally ordered countable set, v be a probability distribution on 1. Let Z be a
martingale with Z* = sup,;|Z;| € L*. Then, for every y € M}, the random variable is
well-defined, integrable and satisfies E[Z,,] = E[Z,] for every t € I.
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By [33, Remark 2.50] it should hold that } ,.; tv; =} ;;(1 — v<;), when we use Condition
(c3) of [33, Theorem 2.49],i.e., I CINy with 0 € I, v is a probability distribution on I and
Y ieq [tV < 00, which is similar to Condition (c3) of Theorem 3.4.1. The next example is a
counterexample for that. The corrected version is given in Remark 3.4.3.

Example 3.4.2. Counterexample for [33, Remark 2.50]:
Let I =1{0,2,4} and choose v, = & for all t € I. We get for the right side of the equation

Y (1=ve) = (1=veg) + (1= vep) + (1 - vey)
tel
=3—-Vg—Vg—Va2—Vg—Va— V4
1

:3—31/0—21/2—1/4:3—6'5:1

and for the left side

Ztvt:O-v0+2-v2+4-v4

tel
=2 V44 +3-v4=2-vp4+v4+3- (1 —vg—1,)
1
:3—3v0—v2+v4:3—3~§:2.

Remark 3.4.3. Given I C INy with 0 € I, let v be a probability distribution on I with
Y te1 tVy < oo. Let |I| be the number of elements of the index set I. Then

Z|I<t|Vt = Z(l - V)
tel tel

or rather
Z|ISt|Vt = Z(l —Vey).
tel tel

This is obtained as follows

Zl—vq szs ZIII Zl Vi = Z|I<tlvt and

tel tel 561 tel sel tel

s>t

Zusrh/t = Z(|I<t| +1)v, = Z|I<t|vt + th (rearrangement of the first sum)

tel tel tel tel
= Z(l —Ve) + ZVt = Z(l — Ve — V) + ZVt
tel tel tel tel
=) (1-vg).
tel

Example 3.4.4. We consider again Example 3.4.2, where I = {0, 2,4} and v; = % foralltel.
It holds that

1
Z(l—vst):3—31/0—21/2—1/4:3—6-5:1
tel
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and

=1)

W]

Z|I<t|vt:0-v0+1-v2+2-1/4(:3-
tel

=1-vy+3-vg—vy=1-v+3-(1-vyg—vy)—1y
=3-3vy—-2v, — vy

Proof of Theorem 3.4.1. At first, we prove (b): Using monotone convergence and Jensen’s
inequality, we get

E[|Z, ] :lE[| ZZtyt” < IE[ S 1z Il ] Z closable IE[ Y EzJEL ]
tel tel — tel T~
>0 a.s. <E[|Z,|IF] (Jensen)
¥: Fi-measurable
<Y BEIZaIAN = ) ElZabn] = E|1Zal )y | = EllZol < oo,
tel tel tel
~——

=1

This implies that Z,, is well-defined and integrable. Repeating the calculation without
absolute values, which is allowed due to the almost surely absolute convergence of Z,,, we
get

BIZ,1=E|) Zoi|= ) EIEZanlAll = ) ElZay] =E|Ze ) ]

tel tel tel tel

=E[Z,]=E[Z,] Vtel,

because Z is a closable martingale.

The rest of the results of this theorem follows by Theorem 2.0.6 and Theorem 3.2.8. The
conditions imposed on Z and v in this theorem are equivalent to the conditions on the
process and the stopping time in Theorem 2.0.6, where the stopping time is now found
using Theorem 3.2.8. Q

Asin [33] discussed, we can find an upper bound by the value of an optimal stopping prob-
lem with the same underlying process. We get that V/(Z) < [E[Z7] by [33, Lemma 4.37],
if Z is a submartingale. At first we will take a closer look at this inequality given by
[33, Lemma 4.7] in the following way:

Lemma 3.4.5. Assume I =N and that the process Z is a submartingale.

(a) If E[sup,c;1Z4]] < oo, then for every y € M;

E[Z,] < E[Z,] < E[Z,]

(b) Using the Doob decomposition M + A of the submartingale Z and assuming that M (or in
case y € M we consider M and v) satisfies one of the conditions of [33, Theorem 2.49],
we find

E[Mo] < E[Z,] < E[M] + E[AL].
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Remark 3.4.6. The results are shown for I =IN. If I ={0,..., T} we simply have to replace
Z. and A, by Z7 and Ar, respectively.

If Z is a supermartingale, we have

E[Zr]=E[Zr]-1=E[Zr]) =) ElZrlw
tel tel
<) E[Z v = Viy(2),

tel

because it holds then that [E[Z;] < E[Z;_] for all t € I, in particular E[Z7] < [E[Z;] for all
t € I. The equality holds only for martingales. The results of Lemma 3.4.5 and the version
for supermartingales, [33, Lemma 4.35], were not observed in [33, Section 5.5], such that
the binomial model was taken up again in this work as an example. The results for the
binomial model are additionally extended, see Section 3.5.3. As we already have discussed,
the assumption [E[sup,;|Z;|] < oo for the process Z is a strong condition and does not
depend on the given probability measure v on I. For finite time domains like I = {0,..., T}
and processes that do not explode, this assumption makes sense, but the given information
remains unused. Furthermore we have considered a more refined version by introducing
the norms ||-||,,, for p € [1,00) and ||-|l,,, 4 for (p,q) € [1,00)x[1, 0], which uses the structure
and information given by v. For example it is enough when the processes satisfy such
condition on the support of v. This can give us the opportunity to look at many more
processes. Now, we want to remember the important bounds from the Section 3.3. If we
only have given a distribution v on I and we do not have more information about this
distribution. Then we consider processes Z which satisfy Theorem 3.3.5 and the following
bounds.

Lemma 3.4.7 (Bounds). Let p € [1,00) and Z be a process which statisfies Theorem 3.3.5. Then
for every y € M}

(a)
1/p 1/p
IZll,,, < sup (]E[suplZSIP Z)/t]) < (IE[sup|ZS|p]) .
yeMmy sel el sel
(b)
1/p 1/q
Bz, <IE(Z ) <E| ) \Zdn| < (] Y 1zien) (X w) <1zl
tel tel tel
(c)
1/p
12,1 < (| Y 1ZP]) " <1Zlp
tel
(d)

-1/
||Zt||LP < Vy pHZ”v,pr t E],

where | is the support of v given by supp(v) ={t eI | v, > 0}.
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Furthermore, for 1 < p <r < co we have for Z € X,, , that

(e)
WZI,p < 11Z1ly,-

The first item of the lemma above shows us that the introduced norm is an improved
bound, see Remark 3.3.15.

If we have more information about the given distribution v on I, we consider processes Z
which satisfy Theorem 3.3.34. The most important inequalities are given in Remark 3.3.39
and Lemma 3.3.48.

3.5. Results for Special Cases

3.5.1. Independent Stochastic Components

As described in the introduction, there are many situations in financial and actuarial
mathematics where independence is assumed for two stochastic components. It is ques-
tionable whether this assumption is always correct, but we will take a look at it in this
section, because it is a special case. The following lemma is the generalized version of [33,
Corollary 2.39].

Lemma 3.5.1. Consider a totally-ordered countable set I, a process Z = (Z;);¢; that satisfies
Theorem 3.3.5 (or Theorem 3.3.34) and a y € M| as in Definition 3.1.1. Then

E[Z,]= ZIE[Ztyt]. (3.5.2)

tel

If Z and y are independent, then

E(Z,]=) EIZIEly]=) ElZlv.

tel tel

Proof. First, we consider Z;' := max{—n,min{Z;,n}} /" Z; as n — oo for every t € I. Then
for every n € IN the process Z(" = (Z;n))tel is bounded. Using } ,.;7; <1, a.s., as in

Definition 3.1.1 we get that

zZy= Znyt < (sup Zt")Z)/t =n, as.

tel tel tel

By dominated convergence (see [75, Theorem 5.9]) we see that we can exchange the
expected value and the series, which proves (3.5.2) for Z". If Z,, is well-defined, the
process Z satisfies (3.5.2) by monotone convergence (see [75, Theorem 5.3]).

Now, we want to show that Z,, is well-defined for a general process Z satisfying Theo-
rem 3.3.5 (or Theorem 3.3.34). Note that IE[Z;] <coand Z} is well-defined for all n € IN.
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» For processes Z satisfying Theorem 3.3.5, we have on the one hand that
E[|Z}|] < E[|Z,|] and on the other hand we get with (3.3.28)

E[1Z, [l <E[1Z) - Z)1 + E[IZy]] < 1Z = Z"|l,,, + E[|IZ}]].

We have that 1E[|Z;|] <ocoand ||Z-Z2"||,,, — 0 as n — oo by Theorem 3.3.5.

* For a process Z satisfying Theorem 3.3.34, we have on the one hand that
E[|Z}|] < E[|Z,|] and on the other hand by using Remark 3.3.39 we get

’

I/ 7
E[|Z, ) < E[1Z, - Z}I] + E[|Z}[] < E[|Z}]] +11Z —Z”nv,,,,q( Y v )

tel’
We have that IE[|Z;|] <coand ||Z-2"|,,, — 0as n— co by Theorem 3.3.34.

Thus E[|Z,|] < co and by dominated convergence (see [75, Theorem 5.9]) we have that Z,,
is well-defined. Due to the independence of Z and y, we have [E[Z,y,] = [E[Z,;]E[y;] for all
tel. Q

3.5.2. Product of a Martingale and a Deterministic Function

The results of [33, Subsection 5.6] can be corrected, generalized and extended in the
following way. We resort to the preliminaries from Section A.1.

Let I be a totally ordered countable index set, M be a martingale, v be a given distribution
on I and the support of v is defined as

J =supp(v):={tel| v, >0} (3.5.3)
The considered, adapted process Z is given in the form
Zy=f(t)M;, tel, (3.5.4)
where f is an element of the set
F (M) := {f I >R ‘ f non-decreasing function,
3 1£(1)Mily; integrable for all y € M}’}.

tel

Using the adapted random probability measure to describe our problem we are interested
in

Vi(Z):= sup IE[ZZtyt].
yeM tel

The main theorem of this section will give us a characterization of an optimal strategy for
this problem. We generalize the Lemma [33, Lemma 5.55] and additionally extend it to
an if-and-only-if condition. One part of the proof is leaned on the one given in [33], the
other parts are proved by using the known structure of any f € F,(M).
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The Lemma [33, Lemma 5.55] starts with considering processes Z which are given as
a product of a martingale M bounded from below and a non-decreasing deterministic
function f and are satisfied [E[sup,;; Z*] < oo or E[sup,;;Z7] < co. We were starting
our consideration with the assumption for the martingale that E[sup,; |M;|] < co. This
assumption makes sure that all value we are interested in are well-defined and finite. Step
by step it was possible to generalize this assumption and we stop with the assumption
that F, (M) includes the identically one function. Before we formulate the main theorem
we want to take a look at F,(M) and some specific properties.

Lemma 3.5.5 (F,(M) ).

(a) Forevery f € F,,(M) and y € My the series defining Z,, is absolutely convergent almost
surely and Z,, is integrable.

(b) If F,,(M) includes the identically one function, then
(i) M,, is absolutely convergent almost surely and integrable for every y € Mj,
(ii) all bounded non-decreasing functions f : I — Rare in F,,(M), especially all constant

functions.

Proof. (a) For every f € F,,(M) we have that } ;. |f(t)M,|y, is integrable for all y € M}

such that
E[|Z,]]= [ ZIZtlyt] [Zlf(t)Mtlyt]<oo.

tel tel
This implies the almost surely absolute convergence of Z, and using dominated
convergence we have that Z,, is integrable. In addition, we get for every y € M] that

E[Z,] [ZZM] [Zf(t)Mm] ) FOEMy,].

tel tel tel

]<IE

Zzt%

tel

(b) (i) If F,(M) includes the identically one function, we have that ) ,.;|M;|y; is
integrable for all y € M; such that M,, is absolute convergent almost surely
and integrable, cf. the thoughts above. Moreover [E[M,, ] exists and is finite.

(ii) F,(M) includes the identically one function which means that ) ,.;[M;|y; is
integrable for all y € M}. Moreover, for every bounded non-decreasing func-
tions f : I — R it holds that sup,;|f(t)| < co. Using these statements we get
that )7 If (£)Mily: < sup,er|f (O L ser IMilys is integrable for all y € MJ. Thus
f € F,(M). Especially for every constant function f = ¢, c € R, we have the

equality } ;o |f (£)Mlye = lel Xser IMilyy 0
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Theorem 3.5.6. Given a totally ordered countable index set I C RU {—o0, o0}, a probability
distribution v on I and a martingale M. Assume that F,(M) contains the identically one
function. Then for an adapted random probability measure y* € M| the following properties
are equivalent:

(a) y* is optimal for all processes (Z;)ic; given by
Zy=f(t)M;, tel, (3.5.7)
with f € F,(M) and f is bounded.
(b) y* satisfies E[M,.] = E[M, ] and

IE[ ) My

tel,

> IE[ ZMM] (3.5.8)

tel,

forallsel andall y € Mj.
(c) y* is optimal for all processes (Z;)ic; given by

Zi= f(OM,, tel,
with f € F,(M).

Remark 3.5.9. Note that the condition (3.5.8) is independent from the choice of the non-
decreasing function f € F,(M), such that we get an optimal adapted random probability
measure for the whole class of processes, which can be written as a product of a martingale
and a deterministic function and satisfies certain conditions.

Proof of Theorem 3.5.6. We prove that (a) & (b) and (c) & (b). The proof of the return
direction is the same in both cases. We will give two different proofs of the only-if-part.
One proof uses the knowledge about the structure of our considered functions f € F, (M)
and the other one uses the dominance in first order.

1. (a) implies (b):

Note that based on the claimed conditions we have that Z, and M,, are well-defined and
in L! for all y € M}, see Lemma 3.5.5. A random probability measure y* € M} is optimal
for (Zy)ier, if E[Z,.] > E[Z,] for all y € M;. For every (Z;);cs given in the form as in
condition (a) of Theorem 3.5.6, the optimality of y* implies

E[Z,]= IE[ Zf(t)Mtyt*] >E[Z,] = IE[ Zf(t)Mtyt], Yy e M. (3.5.10)

tel tel

For a fixed s € I the function f; : I — R is defined as

fi(8) =1y (f), tel, (3.5.11)

is a special non-decreasing deterministic function and bounded by 1. We have that

0 fortelg,

t)M; =
Jo(OM, {Mt for t € I,
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and }_yer | fs()Milys = Lser, IMilys < X e IMilys. Due to the identically one function being
in F,(M), we get that f; € F,(M). The inequality (3.5.10) holds for every non-decreasing
deterministic function f € F, (M), particularly for f;, s € I. For s € I and for every y € M}
we have

E[Zfs(t)Mt%] ZIE[ ZMtVt]l (3.5.12)

tel telg

so that we get for every s € I and every y € M| with the special choice f; that

IE[ ZMty;‘] > IE[ ZM,%].

tel, tel

Note that we need M,, is well-defined and integrable for the existence of the terms above.
Now, we want to show that [E[M,, ] is the same real number for all ¥ € M]. Applying the
inequation (3.5.10) for the identically one function, we get immediately that

E[M,-]>E[M,], VyeM!. (3.5.13)

If 7,(M) includes the identically one function, then we know that all constant functions
are in F,,(M), see Lemma 3.5.5. Therefore we can also apply the inequation (3.5.10) for the
function which is identically minus one, i.e., g(t) = —1, for all ¢ € I. Note that g is bounded
by one. We get for every y € M] that

E[M,- ] <E[M,], VyeM!. (3.5.14)

y]
Putting the inequations (3.5.13) and (3.5.14) together we get the assertion.
2. (b) implies (a) and (b) implies (c):

For every t € I and y € M| we define

Hy,i = E[M;y;]. (3.5.15)

* Because F, (M) contains the identically one function, we get that M,, is well-defined
and integrable, cf. Lemma 3.5.5. Thus we get that p, is o-additive. Using that
[E[M;y:]| < E[|M;]y;] and monotone convergence we have additionally that

iyl =) IE[Miys]l < ) ElIMlye] = JE[ZIMA%] <.

tel tel tel
Therefore p,, is a signed measure of finite total variation.

* Due to E[M, ] is the same real number for all y € M}, we have for every y,y € My
that i, (I) = E[M, ] = E[M;] = uy(I).

Now, we assume that y* € M/ is optimal and satisfies

IE[ ) My ZMtyt]

tel tel,

>[E
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for all s € I and y € M;. It follows with monotone convergence that for all s €
) EIMyi]= ) E[My]
telsg tels
Using equation (3.5.15) we have
) Hyaz )ty V€l
tel, telg

this means Hy dominates Hy in first order, cf. Definition A.1.11. Due to Lemma A.1.15 we
have equivalently

Zf(t)ﬂw > Zf(t),uy,tx (3.5.16)
tel tel

for all non-decreasing functions f for which the expectations exist. Because of the claimed
conditions of Theorem 3.5.6 we know that the expectations in equation (3.5.16) exist for
all f € (M), especially also for bounded functions, and Z,, is well-defined and integrable.
Therefore we have by monotone convergence that

E[Z,]= E[Zzt%] = E[Zf(t)MtVt] = Zf(t)IE[MtVt] = Zf(t)y%t. (3.5.17)

tel tel tel tel

Finally, with equation (3.5.17) and inequation (3.5.16) it follows for every (Z;);c; given in
the form as in condition (a) of Lemma 3.5.6 that

E[Z,.]>E[Z,], VyeM],
such that we get the assertion.

3. Alternative proof for (b) implies (a) and (b) implies (c):
Let y* € M] satisfying

>[E

Y

telg

IE[ ) My

tel
for all s € I and y € Mj. Then using equation (3.5.12) and f; € F,(M) for all s € I which is

given in (3.5.11) we get that y* € M{ is optimal for (Z;);; with Z, = f{(t)M; = 1_(t)M,.
Thus we have

ZIE[Z]II>S(t)Mt7/t], Vy e M. (3.5.18)

tel

IE[ Y 1, (M

tel

Now, we show this statement for any non-decreasing deterministic function in F,(M).
For simplification we consider the case that I has no accumulation points. If I has some
accumulation points, we only need additionally some limit arguments.

(i) Let f € F,(M) be bounded and non-negative. Then f can be written as linear
combination of the f; given in (3.5.11), i.e.,

£(t) :a+Zasfs(t) —a+ Zasfs(t) —a+ Zas]ll>s(t), tel,

sel selqy seloy
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where a is constant and ay, s € I, are suitably chosen coefficients which are given by

as:= inf (f(t)— f(s)) > 0.

tel,

These coefficients describe the size of the jumps. Due to f is non-negative, it
holds that a; > 0 for every s € I and a > 0. Using inequality (3.5.18) and that
E[M, ] = E[M,.] for y, y* € M] we get

]E[Zy*] = E[Zf(t)MtV:] = IE[Z(“ + Zas]l{s«})Mtﬁ]

tel tel sely
= aE[M,-]+ ]E[ ZZaS]l{Kt}Mtyt*] = aE[M,.] + Zale[ Zn{s<t}Mty;]
tel sel sel tel
(3.5.18)
> aE[M,]+ XaSIE[ Zn{m}Mm]
sel tel
= IE[ Z(a ) asll{s<t})Mt7/t] = E[Z,].
tel sely

The rearrangement of the sums is possible, because the sums are well-defined due to
Y ter |f (£)M;ly; is integrable and [E[M,, ] < co for all y € M} So we have that y* € M/
is optimal for (Z;);c; with f € F,(M) is bounded and non-negative.

(ii) Let f € F,(M) be bounded. We know that every f has the representation
a+Y ser, asfs(t). We choose ¢ := ||f[lo. Then f +c is bounded and non-negative
such we can use the thoughts above. It holds that

B(Z, )= E| ) (f(0)+c- M| =E| ) (F(0)+ 1Moy; | -cE| ) M|

tel te] T~ tel
>0 | ——
:IE[MV*]<00
> | ) (£ + M| - CEIM, 1 = B| ) (Mo + ¢ (BIM, 1~ E[M,. ]
tel tel
=0

~B[Z,].

Thereby we get also that y* € My is optimal for (Z;),c; with f € F,(M) is bounded.

(iii) Now, we consider the case that f € F,(M) and f is unbounded. Therefore let @ € R
and a < 0. We define g:=a V f. Then g is in F,(M), bounded from below and we
know that y* € M] is optimal for (Z;);; with Z; = g(t)M;. Furthermore we have that
lg(t)M;| = |(a V f)(t)[IM;| <|Z;| and that g(t) = (a V f)(t) converge to f(t) for & — —oo.
Using dominated convergence we get our claim.

4. (c) implies (b):
It follows immediately using (a) implies (b). Q
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Remark 3.5.19. The conditions in Lemma 3.5.6 are chosen in such a way that the key
properties are satisfied for the above proof. So, the key properties used and needed are:

(a) Z, is well-defined and integrable for every y € Mj,
(b) M, is well-defined and integrable for every y € M/,
(c) E[M,]=E[M;]forall y, 7 € Mj.
The next lemmas and remarks give us different assumptions for the processes Z and M

such that the key properties given in Remark 3.5.19 are fulfilled. We will show them
directly.

Lemma 3.5.20. Given a totally ordered countable set 1. Z,, is well-defined and integrable for
every y € M] if Z satisfies one of the following conditions:

(a) Y ierlf (£)Mylyy integrable for all y € My,
(b) E[sup,c;1Z:]] < oo,
(c) E[supjesupp(y) 1Ztl] < o0
Proof.  (a) The condition } ;. |f(t)M,|y; integrable for all y € M/ implies that f € F,(M).
Due to Lemma 3.5.5 we know that Z,, is well-defined and integrable.

(b) Let E[sup,.;1Z¢]] < co. Using that |} ,c; Z; ¥4l < ) ;c11Zi|y; and monotone conver-
gence, we get that

Zzt)/t

tel

E[|Z,] = [

] ZIEHth/t ] < IE[SUP|Zt| Z%] [SUP|Zt|] <oco.

tel teI tel
_1 a.s.

The absolute convergence almost surely of Z, implies immediately that Z,, is well-
defined and integrable.

(c) If IE[suptesupp |Z;]] < 00 hold we can prove the claim analogously to (2), because
the restriction on the support of v does not change anything. For every t € I \supp(v)
the correspondent summands would be equal to zero, because v; = 0 for t € I
implies that ; = 0, a.s. Therefore we have that } ,.; E[Z,;p;] = }_;c; E[Z;);], where
J = {t € Ilv; > 0}. Note that the restriction is a weaker condition on the process. 0

The following lemma show us that the condition (2) and (3) of Lemma 3.5.20 are much
stronger.

Lemma 3.5.21. Let I’ be a subset of a totally ordered countable index set I, M be a martingale
and f : I — R be a non-decreasing deterministic function. Then E[sup, . |f (t)M;|] < oo implies
that f € F,(M) for all v € D(I) with supp(v) C I’, where Dy(I) is the set of all probability
distribution onl.
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Proof. For a fixed v € D(I) with supp(v) C I’ we have to show that } ,.;|f(t)M|y; is
integrable for all y € M. Note that for every t € I \ supp(v) we know that v; = 0. This
implies y; = 0 a.s for these t € I \ supp(v) and every correspondent summand would be
equal to zero. Therefore we have that

IE[ZIf(t)MtI%] = IE[ )

tel tesupp(v)

If(t th] [Zlf th]

tel’

Using the equality above we have that

E[Df(t)Mtlyt] = E[Df(t)Mtlyt] sup|f (+)M] Z%] sup|f ()M ] <oo,
tel tel’ tel’ tel tel’
~——
<las.
such that ) ;c;|f (t)M;|y; is integrable for all y € M} and therefore f € F,(M). u

Lemma 3.5.22. Given a totally ordered countable set 1. For every y € M/, the random variable
M,, is well-defined and integrable, if the martingale M satisfies one of the following conditions:

(a) Elsup,e; IM]] < o,
(b) M = (M) is closable,

(c) Y ie1 IMyly; integrable for all y € M7,
(d) E[Sup,equpp(r) IM:] < 0,

(e) M = (M})iesupp(v) is closable.

Remark 3.5.23. Note that the condition (a) and (b) are independent from v such that
the lemma would hold for the set M; instead of M. The condition (c), (d) and (e)
depend on v. The restriction on the support of v does not change anything in the
calculations. This means that for every t € I \ supp(v) the correspondent summands would
be equal to zero, because v; = 0 for t € I implies that y; = 0, a.s. Therefore we have that
Yier B[Ziyi] = Xty E[Z4yy], where | = {t € I|v; > 0}. The restriction on the support of v,
however, places a weaker condition on the martingale.

Proof of Lemma 3.5.22. We want to prove that if M satisfies one of the conditions given in
Lemma 3.5.22, the random variable M,, is well-defined and integrable for every y € Myj.
For condition (a), (c¢) and (d) the proof is the same like the proof of Lemma 3.5.20.
Now, let M = (M;);c; be a closable martingale. The same consideration are possible
for M = (M)sesupp(v), because the restriction on the support of v does not change the
calculations. Using the property that M is closable, i.e., M; = [E[M|F;] for all t € I, we get
with Jensen’s inequality that

M| = [E[Mco|F¢]| < E[|[Mco|| 7]

such that using y; is ;-measurable, we have

IE[ Z|Mt|7/t]:IE[ ZlIE[MmU-}]I)/t]SIE[ ZIE[IMOOI%IH]-

tel tel tel
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Furthermore, using monotone convergence we get that

E| ) EIMlydA]| = ) Mol = E[IMol )| = Bl <

tel tel tel

_1 a.s.

Using dominated convergence we have that ) ,.; M,;y; € L! and we can define
M, := ) 1y Myy: which is well-defined and integrable. Q

Remark 3.5.24.  (a) Note that we get the same result as in Lemma 3.5.6, if we use respec-
tively one of the condition in Remark 3.5.20 and Remark 3.5.22 for the definition of
F,(M) and the condition of M. Then we get that Z,, and M,, are well-defined and
integrable. The rest of the proof of the modified Theroem 3.5.6 would be analog.

(b) With IE[suptesuplD |M;|] < co and IE[suptesupp |Z:]] < co we restrict the conditions
on the support of v This is a weaker condltlon on the martingale and process.

Remark 3.5.25. Note that if M is a closable martingale, then E[sup,.;|M;|] < co. The other
direction does not hold in generality. Therefore we will give an example of a closable
martingale which has not an integrable majorant.

Example 3.5.26. On the probability space ((0,1], B(q,1),IP) with Lebesgue-Borel measure IP
define the random variable
1
M(w)= ———— we(0,1]
w log“(e/w)
Then M is integrable, because by the fundamental theorem of calculus

1

1
ST QY
1] xlog?(e/x) ¢—0Jc xlog*(e/x) e—0log(e/x)

€

because

d 12 (). 2 X (e L
dxlog(e/x) =(-1)-log(e/x) . ( xz) < log2(e/n)

For t € [1,00) define /; = {AUB| A € {@,(0,1/t]}, B € B(1/1,11}-

(@) (F)i>1 is a filtration.
Show that F; is a o-algebra for all t € [1, o).

a) We have with @ € {©,(0,1/t]} and @ € B(y;, ;) that @ =@ U @ € F.

b) Let C € 7 , then we get for the complement with De Morgan’s laws that
C‘=ANB‘=0cH.

c) Let C, € 7 for all n € N. There exist A, € {@,(0,1/t]} and B,, € B(;,1] such that

C,=A,UB,. Then
Ucn: UAn U UBneJ-;.

nelN nelN nelN
— _ —_——
=@ or (0,1/t] €B1/11)
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Show that for 1 <s<t= F C F:

l<s<t=> % < % = (1/s5,1]C(1/t,1] and (0,1/t] € (0,1/s].

Therefore for any B € B(y 1 it follows that B € (1 1]. Furthermore we have that

(0,1/s] = (0,1/t]U(1/t,1/s] € F.
~——— — —
€F €Bi/t1

It follows that F; C F,.
(b) Then we get that

as. |[M(w) for w e (1/t,1],
EM|F](w) =3 for w e (0,1/1] (3.5.27)
log(et) ’ ’
and that
1
Y(a)) = W, Q)E(O,l],

is the smallest random variable dominating the right-hand side of (3.5.27) pointwise
for every t > 1. Y is not integrable, because of

dw . ! dw
IE[Y]‘jm]wlog(e/w) ‘?i%L w log(e/w)

. e e dow dx
substitute: — =x & ——zda) —dx o —
w @ w

. € 1 d
=ggg)Le——x o (Elog(lf(x)l)z =

1
= lirré( —log(1) + 10g(|10g(e/e)|)) = +o00.

= lim —log(|log(/))

Remark 3.5.28. Note that in general E[sup,.;|Z;|] < co does not imply that [E[sup,.;|M|] <
oo. Take a look at the next example.

Example 3.5.29 (Continuation of Example 3.5.26). For every @ € (0, 1] which is sufficiently
big we define f;: (0,1] > R as

Falw) = {O for w < @,

1 forw>w,

and Z(w) = fz(w)M(w). Then we have that SUP e(0,1] |Z(w)| = m < 0o. Hence with
. 1 L'Hospital _. 1 L'Hospital _. 1
lim —— = im—— = — =09,
x>0 x 10g2(e/x) x—0 2x log(e/x) x—0 2x

we know that sup ,¢(o,1]IM (@)l = sup¢(, 1] M(w) = 0.
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Lemma 3.5.30. Given a totally ordered countable set 1. For every y € Mj, the random variable
M, is well-defined, integrable and satisfies E[M,, | = E[M;] for all t € I, if M satisfies one of the
following conditions:

(a) Blsup,e IMi]] < oo,
(b) IE[SuptEsupp(v) |Mt|] < oo,
(c) M is closable.

Proof. If M satisfies one of the conditions given in Lemma 3.5.30, the random variable
M, is well-defined and integrable for every € M;. This is shown in Lemma 3.5.22. Now,
we have to prove that we also get that [E[M, | = E[M;] for all ¢ € I and for every y € M].
For first two conditions it follows immediately from Theorem 3.4.1(f).

For the last condition we can repeat the calculation in the proof of Lemma 3.5.22 without
absolute values, due to the absolute convergence almost surely of M,, and we get

E[M,] = IE[ZMtVt] = ) E[EMpil Al = ) E[Mey] = E[Mm Zyt]

tel tel tel tel
=E[M,]=E[M,] Vtel,

because M is a closable martingale. a

The following corollary shows us a turnaround which does not hold in general.

Corollary 3.5.31. Let M = (M) or M = (M;);¢j be a closable martingale. Then the following
equivalence holds: J,,(M) contains the identically one function if and only if B[M,, ] is the same
real number for all y € M.

Proof. If M is closable, we get for every y € Mj that E[M, ] = E[M] € R, see the proof
of Lemma 3.5.30. In the proof of Lemma 3.5.22 it is shown that ) ,.;|M;|y; is integrable.
Thus it follows that the identically one function is in F,(M). u

Remark 3.5.32. Note that E[sup,c;IM|] < oo (E[sup;equpp(y)|Mil] < o) implies that
E[M, ] = E[M;] for every y € M; and t € I due to Theorem 3.4.1(f). Thereby we use
the stopping theorem. What happen, if we only claim that E[M, | = E[M,,.]?

Remark 3.5.33. Note that [E[M, ] is the same real number for all ¥ € M} do not need
the stopping theorem, e.g. there are martingales for which hold E[M,, ] = E[M,.] for all
y, V" € M], but E[M, ] = E[M,] for every y € M] and t € I. (For example think about
the standard Brownian motion B on the real line R starting at the origin and the time
of hitting a single point different from the starting point 0. Furthermore we know that
this hitting time for B has the Lévy distribution.) If we only claim that E[M, ] = E[M,.],
what about the proof of Theorem 3.4.1 without using the stopping times? These are still
outstanding questions.
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A special case is, if M is a closable martingale. Then the second condition in Theorem
3.5.6 has a certain form and we get the following corollary.

Corollary 3.5.34. Given a totally ordered countable index set I C R and a probability distri-
bution v on I. Let (M;);cr be a real-valued closable martingale. Then for an random adapted
probability measure y* € M| the following conditions are equivalent:

(a) y* is optimal for all processes (Z;);c; given by
Z,=f(t)M,, tel, (3.5.35)
with f € F,(M) (and f is bounded).
(b) y* € M| satisfies
E[M;y3s] 2 B[M;yss]  or  E[Myg] < B[M;y<]
forallseland y e Mj.

Proof of Corollary 3.5.34. Due to Remark 3.5.19 and Remark 3.5.24 the proof follows from
Theorem 3.5.6. We only have to show that

IE[ ZMM] = E[M;y>]
tel,
for every s € I and y € M;. Using that M is closable, we get with Jensen’s inequality that
IM¢| = [E[Mo| /]| < E[|Mco || F]-
Thus we have

B Y | = | Y B

telg tel,g

< IE[ Z IE[lMOOIIJ-}]yt] = IE[ Z IE[IMOOI%IJT;]]~

telsg telg

The last equality results from the fact that y; is F;-measurable. Using monotone conver-
gence it follows that

JE[ XIEHMOOW;J] = ) E[EIMulyilZ] = ) ElMely] = ElIMulyss] < o0

tel, tel tel,

for every s € I and y € Mj such that } ,; M;y; € L'. Thus everything is well-defined and
integrable. Repeating the calculation without absolute values, which is allowed due to the
absolute convergence almost surely, we get that

Furthermore, we have for every s € I and y*,y € M| that

E[Meyss] 2 E[Mooyss,
E[E[Mey2sl 1] = E[B[Moo| Fs]y3s] = E[E[Moo| ] ys] = E[E[Mo yss| %]l

E[M,yis] 2 E[Myyss].

Because of y.; =1 -y, for every y € My, it is like E[M,yZ,] < E[My<]. Q
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Remark 3.5.36. As the proof of Corollary 3.5.34 shows, it is also possible to use the
condition E[M, %] > E[M,,)>s] instead of E[My%,] > [E[M,ys].

The next corollary gives us an equivalently condition to the second one in Theorem 3.5.6
using the expected shortfall, see Section A.3.

Corollary 3.5.37. Given a totally ordered countable index set I C R and a probability distribu-
tion v on 1. If (M) includes the identically one function and IE[M,, | = IE[M] for all y € M]
and t € I, then an adapted random probability measure y* € My is optimal for all (Z,)sc given
in (3.5.4), if forall se I

[ZMt ] (1 - v ES[My; v,]. (3.5.38)

telg

Proof. The optimality of y* follows by Theroem 3.5.6 such that we only need to show that
the equation (3.5.38) holds. With the additional assumption that [E[M,, | = [E[M,] for every
y € M} and s € I and we get

E[M,] = E[M, ] = IE[ZM,%].

Therefore

[ZMM] E[M,] - [ZMtyt] ZIE Myl R

tel,g tel tel
[ (1_ Z%)] M (1 -y<)]
tel.

< sup EM(1-yg) TR

(1 - VSS)ES[MS;VSS]

1= y<5 1/<5 M

= IE[ ZMtyt*].

tel,,

Remark 3.5.39. With E[M,, | = E[M;] for every y € M] and s € I we have

IE[ ZMm] SEM(1-y<)]s  sup  E[M(1-y<)]
1—y<s€f

v<s, Mg

Lemmé Ao (1 - VSS) ES[MS; VSS]-

In particular, it follows that

(1 - 1/<s) ES[MSI V<s]

8
™
B
Y
IA
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Chapter 3. Adapted Random Probability Measure

The following statements remain in similar form as in [33]:

Remark 3.5.40. Cf. [33, Remark 5.58]:
Equivalently a stopping time 7* € 7;" is optimal, if for all t € I

E[M- sy ] = (1= P(t* < 1)) ES[M; P(7" < 1)),

Remark 3.5.41. Cf. [33, Remark 5.59]:
In the setting of Corollary 3.5.37 a stopping time 7" € 7," is optimal, if for all t € I

E[My1ipspy] = E[M 1 jsn] = Ml P(T" > t).

This implies that up to a null set {t* > t} is contained in {M; = ||M||..} for all t € I, i.e.,
P({* > t} \ {M; = ||[M}]loo}) = 0 for all t € I. This representation will be useful in the
following sections.

Corollary 3.5.37 gives us an upper bound for our problem, which is not achieved in
any case. Using a different approach, which is not directly connected to the one of
Corollary 3.5.37, we want to deduce another upper bound, which will be achieved from

an adapted random probability measure. For this we will use ]-"51;\3;“ which includes the
past of y.
Remember that

'7':5?/)( :={f:Q —[0,1]| f measurable, E[fY]=E[f; xY]}

for 6 €[0,1] and two real-valued random variables X and Y, which satisfy Y > 0, E[Y] < oo
and [E[|X]|] < co. Then we have that E[fs x X Y] is well-defined and

sup E[fXY]=E[f,xXY]
fd:a'?x

Given s € I, we want to maximize [E[M;(1 — y<)]. There exists 6, € [0, 1] such that

lE[fés,Ms(l - 7/<s)] =1-ve.

Note that
IE[]\/Is(l - ySs)] = IE[Z\/Is(l - 7/<s)f] (3'5-42)
with
fo - enbas
0 otherwise,
because

1E[A/Is(l - 7/<s)f] = 1E|:Ms(1 —V<s T (1 _7/<s)(1 _7/;< ))] = IE[MS(I _ySs)]-

Furthermore, we get with the choice X = M;and Y =1 -y, that

E[Y ] = E[(1 - y.0)f] :E[l - -y 2 )]

=Bl -y« =1-vee = E[fs m, (1 = v<o)] = BIY f5 n ]
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such that it follows that f € };51;\2;“. Using Lemma A.3.3 we get

IE[Ms(l - VSS)] = IE[Ms(l - 7<s)f] < Sulp IE[Ms(l - 7/<s)g] = IE[Ms(l - 7/<5)f65,M5]-
8RN

For every y € M} we have the inequality

IE[Ms(l - VSS)] < IE[]\/Is(l - 7/<s)f55,Ms]- (3-5-43)

For I =N, we want to construct the process (y;);c recursively such that for every s € I it
hold the equality in (3.5.43), i.e.,

IE[Ms(l - VSS)] = IE[Ms(l - 7/<5)f65,M5]' (3-5-44)
Lemma 3.5.45. For I =N we define
. 1= fs,,M, fors=0,
S
(1= fs,m)(1 =y<s) forseNN,
and y.o = 0. Then we get
ve=(=fo)| [foomy VYseN, (3.5.46)
t=0
S
L=y =| |fm, VYseN, (3.5.47)
t=0
E[M(1 - y<s)] = E[Ms(1 - y<s) fo,m.] [M ]_[fb,,Mt]' Vs € IN. (3.5.48)

Proof. 1.) We show the equations (3.5.46) and (3.5.47) by induction.

(a) Basis: Show that the statements hold for s = 1. We have that

1= fs5, M) =p<1) = (1= f5, M) =p0) = (1= fs, m, ) fs0,M,
= (1= fo,m,) Hfa,,M,
£=0

and

L=y =1-y1=vo=1=(1~fs m)fs,m, — (1 = fo5,Mm,)

1
=1 fooMo + fo,,m, Foo M, = (L= foo,0,) = fo,,m, o.M, = er;t,Mt :
£=0

(b) Inductive step: Show that if the equation holds for y; , then it also holds for y,, .
This can be done as follows:

Vo1 = (1= fo M )1 =Vesi1) = (1= fo M, )1 = y<s) = (L= f5 m,) ]_[fan,
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and

L=Yesr1 =1 =Vesi1 = Vsa1 = (1 = Y<s) = Vss1

s+1

S S
= ]_[fé,,Mt -(1 _fés,Ms)]_lfét,M, = ]_[fét,M,-
t=0 t=0 t=0

Thus the statements are true for y,, ;.

2.) We show by induction that E[M(1 - y<,)] = E[M,(1 - y<)f5_m.] for all s € Ny, i.e., the
equation (3.5.48).

(a) Basis: Show that the statement holds for s = 0. For the left-hand side of the equation
we have

E[Mo(1 - y<o)] = E[Mo(1 - po)] = E[Mofs,Mm, |

For the right-hand side of the equation we get

E[Mo(1 = v<o)fs,m,] = B[Mo(1—=0)fs5, m,] = E[Mof5,,m, ]
The two sides are equal, so the statement is true for s = 0.

(b) Inductive step: Show that if the equation holds for s, then also holds for s + 1. This
can be done as follows. For the left-hand side of the equation we have

s+1
E[Mg1(1-y<s1)] = IE[MS+1 ]_[fét,Mt]-
t=0
For the right-hand side of the equation we get
IE[MS+1 (1 - 7/<5+1 )f(55+1,M5+1 ] = E[]\45‘*'1 (1 - 7/35 )f55+1,M5+1 ]

S s+1
= IE[M5+1 ' l_[fét,Mt 'fle,MM] = E| M4 ]_[fbt,Mt]'
=0 1=0

The two sides are equal, so the statement is true for s + 1. Thus it has been shown
that equality holds in (3.5.43) for this special y. 0

In this case we maximize the value [E[M,(1 — y<;)] = E[M (1 — y,)f] over the set € ]-;—1;\3[/“
which bear the past of y in mind.
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3.5.3. The Binomial Model

The results of [33, Section 5.8] can be corrected, generalized and extended in the following
way.

For I = {0} U] with ] € IN and 7 = |J| (number of elements of J), let X = (X;);c; be an
independent process of {0, 1}-valued random variables and let the filtration be given by

{0,Q} fort=0,
F=
0(Xs|seJsy) forte],

where [, :={se]J|s<tland J;:={se]|s<t}. Wesetp;,=P(X;=1)forallte]. LetZ
be the underlying price process or a process which describes a special payoff. This process
Z is modeled by Z; > 0 and

Zy =2 | |uds™, tey, (3.5.49)

s€l«
with u; >1 >d; > 0. In this model the price process Z could be recursively rewritten as

Zy =2 1uttd1 Xt, te],

such that the increments of the process are given by

IXt_)
’

AZt:: Zt I_Zt 1(uttd tG]

In addition, depending on the choice of parameters, the following applies

Lemma 3.5.50. In the setting of the binomial model with Z given in (3.5.49), we get that
(a) Z is a submartingale iff p; > ult%’;'tfor allte].
(b) Z is a supermartingale iff p; < %for allte].

(c) Z is a martingale iff p; = for all te].

Proof. We only show the first case, because the others follow analogously. The process Z
is a submartingale if and only if E[Z;] > E[Z;_] for all ¢ € J. Furthermore it holds that

E[Z] = (usp; + di(1 - py))E[Z;_1 ]

Therefore we get for all t € | that

E[Z:] > E[Z; ]
E[Z; 1 )(usps +di(1 = py) 2 E[Z; 4]
ups +di(1-py) 21
(up—dy)ps 21 -d;
1-d,
pt2 0 —d, Q
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Chapter 3. Adapted Random Probability Measure

Let the Doob decomposition of Z be given by Z = M + A with a martingale M and a
predictable process A. Then the increments of the predictable process A are given by

X 41

t _Xt
AA; = E[AZ|F ] = Zt—l(IE[ut d; ™| ft—l] - 1) =Ziq(up+(1—p)d—1), te].

Remark 3.5.51 (Special cases).

e Letbe Zy>0,u;=u,d; =dand p; =p € (0,1) for all t € J. The assumption that
p: =p for all t € ] implies that X = (X;);¢; is an independent process of identically
distributed {0, 1}-valued random variables. Then the process Z is given by

Zy = ZouNed™ N, tey, (3.5.52)
withu>1>d>0,n, =|/|and N; = ZSE]S X,.
e LetbeI=/{0,...,T}, then n; =t for all t € ] and we have that
E[Z,] = E[Z,_1)(up +d(1 - p)) = E[Zo)(up + d(1-p)) = Zo(up +d(1 - p))".

e Ifu;=u,d,=dforallte], thecases1 >u>d >0and u >d > 1 are out of our
interest, because it is clear when Z must be stopped. In the first case we stop the
process immediately, because Z is (strictly) monotone decreasing. In the second case
Z is (strictly) monotone increasing and we stop at the maturity T. This also applies
for a single time step.

Now, we want to pick up the considerations in [33, Section 5.8], correct and expand them.
Therefore we consider a binomial model on I = {0,..., T} with given constants Z; > 0,
uy=u,di=dwithu>1>d>0andp,=pe(0,1)foralltel\{0}=].

In our reflections, we refer back to stopping times. We assume that 7;” # @ and an optimal
stopping time exists and is denote by t*. Then we have that

VI(Z) = sup B[Z,] = E[Z,] = ) E[Zd ]

el tel

If the process Z and a stopping time 7 or an adapted random probability measure y are
independent, we have that

‘/iz‘/ld(z) = ZIE[Zt]Vt-

As in [33] discussed, V. (Z) < V/(Z) and if Z is a submartingale, we get that
VZ(Z) < E[Z7] by [33, Lemma 4.37]. We want to consider the following proposition
from [33].

Proposition 3.5.53. Cf. [33, Proposition 5.61]:
In the setting for the binomial model stated above we now assume I ={0,...,T}. Further we
have to assume that the distribution v is given by

0 ift=0,
vi={4 ifte{l,...,T-1},
F lft:T.

Then the optimal stopping time is given by

t'=TAmin{tel| Z;<Z;_}.
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This proposition is for the special choice p = % which is not explicitly specified and it gen-
erates the so called "symmetric" case. Furthermore it is illustrated with [33, Example 5.62].
This proposition fails for each choice of u and d such that u +d <2.

Example 3.5.54. Counterexamples for [33, Proposition 5.61]:

We will now consider a binomial model with given constants Zy =1, u,d withu >1>d >0
and p = . We assume that the distribution v is given as in Proposition 3.5.53. For each
choice of u# and d such that u +d < 2 we get a counterexample for this proposition. Further
let I ={0,...,5}.

(u,d) 31 | 23 | 23
V2 ,(Z) | 0.7813 | 1.6031 | 1.2110
VX(Z) | 0.6187 | 2.25 1.5

E[Zs] | 0.5129 | 3.0518 | 1.6105

To get the inequality V/(Z) < E[Z7], we need that Z is an submartingale. By Lemma 3.5.50,
we get that Z is a submartingale if p > ,i.e., for p=1/2if u+d > 2. In the case that Z

is a supermartingale, iff p < 1= Z , we have
E[Zr] = E[Z7]- ZT]ZW ZIE Zrlve < ZIE Zilvy = md( ),
tel tel tel

because for any supermartingale Z it holds that E[Z;] < [E[Z; 1] for all t € I and in

particular, E[Z7] < E[Z,] for all t € I. The equality holds only for martingales, i.e., in the
1- o

case p = -5

Proposition 3.5.55. In the setting of Proposition 3.5.53 with I ={0,..., T} and p > % we
have that E[Z ] <E[Z7].

Proof. We know by Lemma 3.5.50 that the process Z is a submartingale for p > 1 Usmg
Lemma 3.4.5 we get for every y € M] that E[Z, ] <[E[Z7]. It is obvious that the stoppmg
time 7* given in Proposition 3.5.56 satisﬁes £(T*) = v. Furthermore, ¥ can be identified
with y € M given by y;(w) = Tp+(4(t) for all t €. d

We consider an restricted optimization problem. The stopping time or adapted random
probability measure follows a given distribution and can depend on the underlying
process of payoff. We are concretely interested in the deduction of estimations for the
worst-case scenario for this problem, that means, the supremum over the expected payoffs.
The stopping time 7 = T Amin{s € I | Z; < Z;_;} might be a good candidate for the optimal
strategy, because it is the mathematical description of the greedy strategy. We now want
to clarify the question for which problems this special strategy is optimal. This strategy ©
stops our process Z in the following way:

T=0 Z. =2,

t=twithte(l,...,T-1} Z,=Zy-u""'.d

=T Z, = Zy- uT W%th probab%l%ty p,
Zo-u 1.4 with probability 1 —p.
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Chapter 3. Adapted Random Probability Measure

The distribution of the stopping time 7 is given by

0, ift=0,
P(t=t)={p~1(1-p), iftefl,..., T-1},
pTL, ift=T
Thus we get
Ze]=) E[Zil ]

=Zy-vo+Zod vy +Zoud -vy+...+ (Zoultd(1 -p) +Zoqu) V7
If we assume that the process Z and the stopping time 7 are independent, we get

Voa(Z)= ) E[Zvi =) Zo(up+d(1-p)'v,

tel tel

The following Proposition gives us a generalized and corrected version of [33, Proposition 5.61].

Proposition 3.5.56. In the setting for the binomial model stated above we now assume

1={0,...,T}. Let be p > 1 and the distribution v is given by
0; tZO,
vi={p'(1-p), ifte{l,...,T-1),
pT_lx th: T

Then the optimal stopping time is given by

Remark 3.5.57. Note that the optimal stopping time in Proposition 3.5.56 has the distribu-
tion v, i.e., L(T7) = v.

Proof of Proposition 3.5.56. The result of this proposition follows from Corollary 3.5.37.
For this we need to represent Z as Z; = f(t)M, for t € I with a martingale (M;),c; and a
non-decreasing deterministic function f : I — IR which satisfy certain conditions. We set
f(0):=1and M, :=Z; as well as for each t € ]

t

_ HIE[uXSdl_XS]

s=1
and
X, g1-X

t
u S
M, =7, ]_1[ Bud ]
5=

The inequality p > % is equivalent to up + (1 —p)d > 1. Therefore it is immediately clear
that f is a non-decreasing deterministic function. Furthermore using that X;, s € ], are
independent and Z; is Fy-measurable, we have for every ¢ € [ that

Xle

Xle
E[M,] = [ZOI_[]E meale

IE ux d1-X] = 2o,
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such that M = (M;);c; is a martingale and M is non-negative because Z; > 0 and u, d > 0.
Furthermore we know that for every t € I

T

u
Ml =M, < Zogrsgiey and =2zt

such that we have E[sup,.; |[M;|] < co and [E[sup,.;|Z;|] < co. Due to the structure of the
stopping time, for all t € I we have

{7 >t} = {M; = [IMillo} = {21 = [ Z4llo}
which implies optimality of 7" by Remark 3.5.41. Q

Example 3.5.58 (Examples for Proposition 3.5.56). We will now consider a binomial
model with given constants Zy =1, u, d withu>1>d >0and p€[0,1]. Let I ={0,...,5}.
Further we assume that the distribution v is given as in Proposition 3.5.56. As in [33]
discussed, it should hold that Vind(y) < V7(Z) and if Z is a submartingale, we get that
VZ(Z) <E[Z7] by [33, Lemma 4.37].

(@) Zp=1l,u=2,d=1

p by Ay T T 3
Vina(Z) | 0.7143 | 0.8401 || 1 || 1.6031 | 3.5 | 58254 |, ,
VY(Z) | 0.6265| 0.7578 || 1 | 2.25 |5.8210 | 9.2422 wed 3
E[Zs] | 0.2373 | 0.51291 || 1 | 3.0518 | 7.5938 | 11.3310

(b) Zo=1,u=3,d=1
p s 3| 3 > 5 3
Vira(Z) | 0.7447 || 1 | 1.3708 | 3.3925 | 13.3328 | 28.4010 1-d _ 1
VX(Z) |0.5694 || 1 || 21111 | 9.7917 | 35.4444 | 61.4427 et A
E[Z5] 0.2846 || 1 || 2.7274 | 12.8601 | 41.9330 | 69.1646

(c) Zozl,u:Z,d:%
p 5 i 5 > 5 3
Vi’l’ld(Z) 0.4545 | 0.5821 | 0.7276 || 1.2110 | 2.7505 | 4.8012 1-d _ 4
VX(Z) |0.2531 | 0.3219 | 0.4790 || 1.5 | 4.8568 | 8.2531 wed
[E[Z5] 0.0312 | 0.1160 | 0.3277 || 1.6105 | 5.3782 | 8.9466
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The following proposition gives an condition for v such that we get a better lower bound
for the value of the expected payoff V(Z) by using the greedy strategy.

Proposition 3.5.59. In the setting for the binomial model stated above we now assume
I=A{0,...,T}and p > %. If the distribution v satisfies the following condition:

T—

—_

(u'td—(up+d(1-p) ), > (up+d(1-p)) —u" " (up+d(1-p)vr,

N
i
—_

we get that V) (Z) <B[Z] < VF(Z) for T =T Aminft €| Z, < Z,_}.

Proof. 1t follows by

~
—

(u'~td —(up+d(1-p)))v; = (up+d(1-p))" —u""(up+d(1-p))vr

T-1

0> Z(Zoe —Zou' Yy, + (ZgeT — ZouTLe)vy
t=1
T-1 T-1

0> ZZoe v+ Zgel vy — (ZOV0+ZZOu Ydv, + ZouT tevy)
t=0 t=1

In the martingale case, i.e., up + d(1 —p) = 1, the assumption is given by

T-1

Y @t =1)y, > (1-uT Ny,

t=1

It is clear that V/(Z) = SUP ez E[Z.] > E[Z,-], because 7" is an element of 7;”. u

In the most general setting for the binomial model the strategy 7 stops our process Z,
which is given by (3.5.52), in the following way

=0 Z.=Z,
t=twithtel\{0,T} ZT:ZO~( Il us)~d
5€J<
Zy ( [1 us) with probability p,
t=T Z, = et
Z ( [l us|-d with probability 1 -p.
S€J
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The distribution of the stopping time 7 is given by

0 ift=0,

1-p)- if teI\{0,T},
H)(T:t): ( pt) Sl—qups { }

[T ps ift=T.

S€J <

We obtain the following proposition:

Proposition 3.5.60. In the setting for the general binomial model stated above we now assume
I ={0}U] €Ny, J is finite, T = max(J) and p; > Jt__‘fjt forall t € ]. Further we have to assume
that the distribution v is given by

0 ift=0,
_J@=p)- IT ps ifteI\{0, T},
Vi = SEJ 4
[T ps ift=T.
5€I<t

Then the optimal stopping time is given by

v=TAmin{tel|Z;,<Z;_1}.
Proof. The proof works similar to that of Proposition 3.5.56. Q

Analogous to the Proposition 3.5.59 we get

Proposition 3.5.61. In the setting for the binomial model stated above we now assume
1={0,...,T}, uy >1 >d; >0 and p; € [0,1] with di(1 —p;) +u;p; > 1 for all t € I\ {0}.
Then Z = (Z;)ep given in (3.5.52) is a submartingale with Zy > 0.
Let v be a distribution on I with
v 2 Vs (1—py), Vte].
Then each t* with L(t*) = v and
{T*:t}D{T*St, Zt<Zt—1}l VtG]

is optimal.
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Special Payout: Call-Option Now, a short example of special payouts will be given.
The payout, which we will denote by Z = (Z;),¢;, at each time point t € I is given by

Zy = (S —K)+

with strike K € R, the underlying price process S = (S;);e; and x* := max{0,x}. We
assume that the process Z is given in such a way that the processes M and A of the
Doob decomposition satisfy the necessary conditions. By construction, the process Z is a
submartingale, such that Z;, = M; + A, for each t € I with a martingale M and a predictable,
increasing process A = (A;);er starting at Ay = 0. Furthermore we have that

E[Z.] = E[M,]+E[A.] = E[M,] + ZIE[At]IT:t] and E[Z,]=FE[M,]+E[A,].
tel

Now, we consider the distribution-constrained optimization problem. For that we know
that [E[M, | is constant for all y € M} and E[A, ] = } ¢/ E[AA;ys;] with the increments
AA; = A;—A;_;. In the binomial model these increments are given by

AA; =E[Z; | Fial=Zi =E[(S; = K) 1 Fio1] = (S = K)”

+
s, IE[(MXtdl—Xr _ ﬁ)
t—1

7‘?—1] — (841 —K)*

i) ]—(SH _K)*.

= St—l IE[(MXtdl_Xt —
t—1

The last equality follows by Proposition A.2.7. We can use this formulation to determine a
strategy to yield the worst case scenario. If we have the simulated paths for Z, we will stop
at every time f € I the part of the simulated paths with the smallest values determined
by AA; = E[Z;1]F] - Z;. The share in stopped paths depends on the adapted random
probability measure y. Similar can be obtained for the put options. We will use this in
the next section.
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3.6. Examples for Applications in Actuarial Mathematics

In the introduction we already noted that there are several applications of the problem
in financial and actuarial mathematics. In this section we discuss applications of the
problem in actuarial mathematics, especially unit-linked life insurances with guarantee.
We reproduce examples from [33, Chapter 9] more detailed and add additional ones. The
considerations are intentionally very detailed.

Imagine that you are a unit-linked life insurer and want to insure a married couple.
Before we can do this, we consider the insurance for one person. For this we survey
the discrete time interval I ={0,..., T} with T € IN. Let (Q, F,[F = (F;);s, P) be a filtered
probability space. Furthermore let S = (S;);c; be the stock price process at the financial
market, G = (G;)¢; the deterministic process of the guarantee and Z = (Z;);c; € L!(IP) be
a real-valued adapted process or special payout. The process of the payouts (Z;)c is
defined by

Zt :maX{Gt,St}:St+(Gt_St)+, fOI' alltel.

The family of the insured person will get the insurance benefit Z; at an random time point
7 after paying advance premiums. In this case the random time point 7 is an stopping time
and the insurance companies are interested in the expected value [E[Z,] of the payouts
of the contract. Thus we would consider an classical optimal stopping problem with
value V7 (Z). Furthermore 7 is modeled as the minimum of the maturity T and the future
lifetime T, of the insured person, where x indicate the age at conclusion of contract. Thus
this stopping time has the distribution which is given through the life table or through
the termination of a contract.

In order to determine the distribution v of the stopping time 7 we need to use a life
table. The probability that a x-year old person will survive the next n years is denoted
by ,px. Conversely, we denote by ,g, = 1 —,p, the probability that a x-year old person
will die within the next n years. For n = 1 we write p, and ¢,. At first we set vy = 0. This
is a reasonable assumption, since there will not be a payoff at the initiation time of the
contract and the person to be insured is alive. For modeling one single unit-linked life
insurance contract with payoff at the end of the year of death of the insured or at the end
of the contract, we set v; equal to the probability that a x-year old person survives t — 1
years and dies within the ¢-th year for t € {1,..., T — 1}. Finally, we have that

0 fort=0,
Vi = t—1Px " 9x+t-1 fOI'tE{l,...,T—l}, (3.6.1)
T_1Px fort=T.

Importantly, we have to choose vy = r_1p, to have Ztho v; = 1. With the given distribution
v, we consider then a distribution-constrained optimal stopping problem OrrStor® with
value V7(Z). It is also possible to replace the stopping time by an adapted random
probability measure and consider OprStor’.

As already described, in practice it is usually assumed that financial risks and biometric
risks are independent. Using these assumption it follows that

T . T
E[Z]=) Bllj—yZ] indep- ) P(r=1E[Z]
t=0 t=0
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where IP(7 = t) = v; is determined by the life table and [E[Z;] by models from mathematical
finance. We have denoted that value by V;" ,(Z). In the introduction it is already presented
that the assumption of independence is questionable and that the approaches of models
with dependence are searched. Since (Z;);c; depends on the financial market and there is
an restriction of distribution for the stopping time 7, the problem equates to the problem
of one-time optimal stopping under distribution restriction described in Chapter 2.

Let us go back to the insurance of a married couple. A description of how the distribution
of the stopping time can be found using a life table is given in (3.6.1). In addition to
the assumption of independence of financial risks and biometric risks, in this case the
independence of the physical and emotional health of the partners from each other is often
assumed. Then we calculate the expected values for each individual person by means
of the above considerations and add them together. But with some common sense, it is
clear that this is not the case. The couple lives in the same environment and is strongly
connected. For example, both can get injured in a possible car accident. Furthermore
the broken heart syndrome is also known and studied since a long time in medicine, see
[26]. They found that the mortality rate of bereaved close relatives is much greater within
a year of bereavement compared with a control group. As a consequence, health can
drastically deteriorate when one’s partner dies. Therefore, it is not reasonable to assume
independence of the times of death of either partner.

Moreover, using the adapted random probability measure a portfolio of similar contracts
can be modeled. If a stopping time 7 is used for modeling a life insurance contract for one
person, then the adapted random probability measure can be used to model a married
couple. Our married couple consists of person A and person B with the corresponding
stopping times 74 and 7g. Then the group can be modeled using Remark 3.2.2 and the
adapted random probability measure y given by

Vi(w) = wA]l{rA(w)}(t) + wB]l{TB(w)}(t) fortel, weQ

with non-negative weights w4 and wy defining a probability measure on {A, B}. Note that
7j in 7;" for every j € {A, B} implies y € M;. If one prefers to model a whole portfolio
of N € N homogeneous contracts using adapted random probability measures, one can
choose E[y;] = v; with v; defined as before for t € I. Assume that the process Z models
the evolution of the underlying fund for one single contract. Then X = N - Z models the
evolution of the entire portfolio.

Health insurance contracts are often modeled similar to life insurance contracts. This
implies that the problem could also be used for modeling a health insurance contract.
Especially the claims amount per risk could be modeled stochastically.

We will illustrate the computation of the values V7 (Z), V/(Z) and V; ;(Z) for a unit-
linked life insurance with and without guarantee. We use [33, Lemma 5.37] and [33,
Theorem 5.25]. In order to derive the values for the distribution v we will use the values
gy given in the Austrian annuity table 2005, which was presented in [37].
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3.6.1. Example without Guarantee

First, we look at examples without guarantee, such that we have G; =0 and Z; = S, for all
t € I. The following example corresponds to [33, Example 9.2].

Example 3.6.2 (Uniform distribution). In order to be able to use results from [33] we need
to assume that the process Z consists of independent random variables. We will assume
that Z is an i.i.d. process with Z; ~ U(a, D) for all t € I. Let the distribution v be given from
a life table as explained above, see (3.6.1). First of all, we will compute the quantiles and
expected shortfalls needed. For a random variable X ~ U(a, b) the 5-quantile of X is given

by
qs(X) =0(b—a)+a.

Then the expected shortfall of X for a given 6 € (0,1) is given by

1 1 b X
ES[X;6] = ——— E[X1 - d
[X;0] P(X > g5(X)) [XT x>, l—bLé(X)b—a x
1

= m(bZ—(%(x))z)-

Note that ES[X;6] =0 for 6 = 1 and ES[X; 6] = E[X] = # for 6 =0.

Computation of V;} ;(Z): Under the assumption of independence between the process
Z and the stopping time 7 or the adapted random probability measure ¥ we have
ViaZ) = # for all maturities T € IN, because of
Vo Z)=E[Z] = ZIE[Zt]I{T:t}] (independence between Z and 7)
tel
= Zm[zt]m[n{rzt}] (Z; ~ U(a,b) for all t) (3.6.3)

a+b =

or rather

Vina(Z2) =E[Z,] = IE[ ZZtyt] (independence between Z and y)
tel
= ZE[Zf] E[y,] (Z; ~U(a,b) for all t) (3.6.4)

—atb =V
2
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Computation of V7(Z): In order to be able to use Lemma A.3.7, respectively

[33, Lemma 5.37], we have to use o; = 1 — HOJ/—LVH =1- Vv_>t¢ = Z—ii for each t € I for

the computation of the expected shortfall, such that

T T

Vi(Z)= th-ES[Zt;ét] = th -ES [Zt;l - i]

y
t=0 =0 2t

Computation of V(Z): The computation of V(Z) is described in Example 3.6.6 with
G=0.

Sample calculation: For a sample calculation we assume now that Z;, ~ U(0, 2) for all
t € I. We want to compute the price for a unit-linked life insurance contract for a 20-year
old male person, with different maturities. We get the following values:

T 10 20 40 60 80

vr(2) | 1.0 1.0 1.0 1.0 1.0
VX(Z) | 1.0071 | 1.0156 | 1.0736 | 1.3229 | 1.8866
V7(Z) | 1.7222 | 1.8398 | 1.9122 | 1.9393 | 1.9536

Figure 3.3 shows the evolution of the values V7(Z), V/(Z) and V,}(Z) for different
maturities. We see that the difference between V/(Z) and V,! ;(Z) becomes higher for
larger maturities, while the difference between V(Z) and V/(Z) becomes smaller.

Example 3.6.5 (Log-normal distribution). We assume that Z is an i.i.d. process with
Z, ~LogN (u,0?%) forall t € I. Let the distribution v be given as explained above, see (3.6.1).
First we will compute the quantiles and expected shortfalls needed. For a random variable
X ~ LogN (p, %) the 6-quantile of X is given by

g5(X) = exp(p+us) - 0),

where us5) denotes the 0-quantile of the standard normal distribution. The cumulative
distribution function of the standard normal distribution will be denoted by @. Then the
expected shortfall of X is

E[X]=exp(p+ %) foro=0,
ES[X;6] = {exp (G + p) @0 - ML) for 5 € (0,1),
0 for 6 = 1.
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Figure 3.3.: The values V7 (Z), V/(Z) and V] 4(Z) for a unit-linked life insurance contract
for a 20-year old male person for different maturities with an uniformly
distributed underlying process on [0, 2].

For 6 € (0,1), it follows from

[eS) 1 _ 2
= 1 X- ! exp(——( n(x) 3 K )dx
1-0 Jgyx) 2ToX 20
1 _
substitution: y = m; dy = @
o ox

=— exp(yo + u)exp(—=)d
Vo Ju, PO p(-75)dy

1 o? * 2
= ew(;w)j exp(-%-)dy
.

V2T( (6) o 2
X)—
if X ~LogN (4,0%), then Y = al a) # ~ N(0,1)

2
= exp( 5+ 1)(1 =Dty =) (D(-x) = 1-D(x)

:eXp(O; + ) @0~ u(s)) :eXp(%2+y)CD(a—M _
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Computation of V! ;(Z): Under the assumption of independence between the process
Z and the stopping time 7 or the adapted random probability measure y we have

2
valZ) = ZIE[Zt]Vt = ‘3XP(//‘Jr %)

tel

for all maturities T € IN.

Computation of V/(Z): Inorder to be able to use Lemma A.3.7 we have to use 9, = 1—VV—f

>t

for each t € I for the computation of the expected shortfall, so that

T T

VH(Z)= ) v ES[Z0,] = th.Es[zm - 1]

v
t=0 t=0 >t

Computation of V7(Z): The computation of V7 (Z) is described in Example 3.6.11 for
G=0.

o VIi(2) ¢« VU2 v v+(2)

15

1.4

™
S 47 Y ¢
= .
> v .
v *
.
~ VV *
L — *
= *
*
v -
K
v R4
o
= 0
— *
v ’.o’
oo**
M"’““
3 M
T T T T T
0 20 40 60 80

Duration of contract

Figure 3.4.: The values V7 (Z), V/(Z) and V] ;(Z) for a unit-linked life insurance contract
for a 20-year old male person for different maturities with a log-normally
distributed underlying process with 0 = 0.21 and p = —%2.

Sample calculation: Now we want to compute the price for a unit-linked life insurance
contract for a 20-year old male person with different maturities. Furthermore let o = 0.21

and p = —"72 such that [E[Z;] = exp (y + "72) =1 for all t € I. If o describes an index, it is
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reasonable to choose o lower than 30%. For this unit-linked life insurance we get the
following values:

T 10 20 40 60 80

Vri(2) | 1.0 1.0 1.0 1.0 1.0
VX(Z) | 1.0072 | 1.0158 | 1.0651 | 1.2288 | 1.4867
V7(Z) | 1.2938 | 1.3853 | 1.4755 | 1.5273 | 1.5636

Figure 3.4 shows the evolution of the values V7 (Z), V/(Z) and V. ,(Z) for different
maturities. We get a similar behavior as in Figure 3.3. Note the serious difference between
Vir4(Z) and V7 (Z) for long-term maturities and the one between V;(Z) and V7(Z) for
mid-term maturities.

3.6.2. Example with Guarantee

Nowadays, the payoff of the last examples is not absolutely realistic for an insurance
contract. We are also interested in insurance contracts including a guarantee. Such a
contract can often not be perfectly hedged. To model a unit-linked life insurance contract
including a guarantee, let the process S = (S;);c; model the underlying fund and let
G = (G})se; model the guaranteed value. Then the payoff of the insurance contract, which
we will denote by Z = (Z;);¢;, at each time point ¢ € I is given by Z; = max{S;, G;}. This
payoff may then be represented as the sum of the fund and the value of a put option by
writing Z; = S; + (G; — S;)* with x* = max{x, 0}. The payoff will be modeled very simple by
an i.i.d. process. This allows us to use Lemma A.3.7, see [33, Lemma 5.37].

In the following example we will now extend Example 3.6.2 by a guarantee. It corresponds
to [33, Example 9.4].

Example 3.6.6 (Uniform distribution). Let S = (S;);c; be an i.i.d. process with S; ~ U(a, )
for all t € I and let G = (Gy);¢r be a deterministic process with G; € [a,b] for all t € I.
The process G will model the guaranteed value. Let the process Z = (Z;);c; be given
by Z; = max{S;, G;} for all t € I as described above. Let the distribution v be given as
explained above, see (3.6.1). For each t € I and x € R the distribution of Z; is given by

0 if x<G,,

P(Zt<x): H)(StSGt) ?fx:Gt,
IP(StSGt)+IP(Gt<StSX) lf Gt<x<b,
1 if x > b.
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Then it follows that

0 if x < Gy,
P(Z;<x)=4q3=2 if G,<x<b,
1 if x> b.

For every t € I the 5-quantile of Z; is therefore given by

—00 for 6=0,
as(Z¢) =4 G, for 0 <6 <P(S, < Gy),
o(b—a)+a forP(S5;<G;)<6<1,

and the expected value of Z; is given by

E[Z;] = E[max{S;, G;}] = IE[Gt]l{Sth}] + IE[St]l{stzGt}]

(G is a deterministic process)

b
s 1 1
— G,P(S, < G,) + L s = m(Gf ~aGy+ (b - G,%))

1 (1
= —(5(GF+b7)-aGy).
For simplification we will assume that G; = G for all ¢ € I, such that Z is also an i.i.d.
process.

Computation of V! ;(Z): Under the assumption from above and the independence of
the process Z and the stopping time 7 or the adapted random probability measure y we
have that V. ,(Z) = [E[Z,] for all maturities T € IN, compare (3.6.3) and (3.6.4). Therefore
the value of V! ,(Z) is given by

11
Via(2)=7— (E(G2 + bz)—aG).

Computation of V/(Z): To compute the value V/(Z) we need the expected shortfall of
Z; for all t € I. It is computed as

5 (3(GP +b?) - aGy) for =0,
ES[Z;;0] = 2(—b—a1)(1—5) (b2 —(95(Z4))?)  foro€(0,1),
0 for 6 = 1.

In order to be able to use Lemma A.3.7, respectively [33, Lemma 5.37], we have to use

o =1- Vv—:t = Z—ii for each t € I. Then we could determine V}(Z) as

T T

VHZ)=) v BS[Zi8] = th-ES[th 1- i]

y
t=0 t=0 =
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Computation of V7 (Z): The value V7 (Z) coincides for a non-negative process Z with
the value of a standard American option without any hedging possibilities. The pricing of
American options or optimal stopping problems are well known problems in the literature.
The calculation results from the Snell envelope U = (Uy);¢; of Z which is given by

Zr ift="T,
Ut = . (36.7)
max{Z;, E[U;,1|F]} otherwise,

and the corresponding process of values (V;);c; which is given by
Vi =sup{ E[Z,]| 7 : Q —{t,..., T} stopping time }.

Then the value V7 (Z) is determined by V7 (Z) = V.
Using the recursive scheme (3.6.7) of the Snell envelope and the assumptions from above,
yields Ur = Z1 and Ur_; = max{Z7_;,[E[Ur]}, because

E[Ur|Fr_1] = E[Z7|Fr_1] (independence between Z and Fr_;)
=E[Zr]=E[Ur]

For each t € {0,..., T — 1} we get recursively that [E[U;|%_;]| = [E[U;] and consequently
U; = max{Z;, E[U;,1]}. Furthermore it holds

E[U;] = E[max{Z,, E[Up,1]}| = B[Z:1 1z, 5u,,, 3| + B[E[Ur1 11 2,20,
= E[Z12,580,,,)] + ElUp1 IP(Z: < E[Up1)). (3.6.8)
We know for every t € I and K € R with K # G; that

]E[Zt]l{ZpK}] = IE[maX{St; Gt}]l{max{St,Gt}>K}] = IE[St]l{Sth}]l{SpK}] + IE[Gt]l{GpK}]l{StsGt}]

G; is deterministic

= IE[St]l{St>max{G,,K}}] + Gt]l{Gt>K}IE[]l{StSGt}]

-K
Ci 0}-IP(St <G

=Eﬁﬂ&mmmwM+Gfm“{var )

_ 1 1 2 2) Gt—K Gt_a
_b_a(z(b (max{G,, K})?)+ G, max{th_Kl,o =2,

The process of values (V;);c can also be calculated recursively. For the first steps it holds
that Vpr = E[Z;, | = E[Z7]and Vr_y = E[Z,, | = E[U,, | =E[U,,  ,]|=E[Ur_{], because
U

v;_, 18 a martingale, t7_y is optimal and 77_; > T — 1. For each t € [ we get then

Vi = IE[Z@] = IE[Ut]-
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Finally, it follows that
Vi = B[U] = E[Z 755, + BlU JP(Z S B[Up )

= B[S 15, 5max(Go B[, 1] + Ge G5B, ) P(St < Gy) + U IP(Z < E[U])  (3.6.9)

= b%a (%(bz — (max{G;, B[Up1 1)) + G; - (G, —a) - max{lgi :Eg:ﬂyo})

+E[Up1JP(Z; <E[Up1]). (3.6.10)

Note that in equation (3.6.9) the term G;1¢,>E[u,,,]P(S; < G;) or E[U;1|IP(Z; < E[Uy]) is
zero. If G = (Gy);¢; dominates (E[U;]);cr, we get that the last term [E[U,,1 |IP(Z; < E[U;14])
of equation (3.6.9) is zero for all t € T. We get this through the following considerations.

.....

[E[U;|F] < Us for all s < t. It holds for all ¢t € {0,..., T}
E[Zr]=E[Ur] <...<E[U;] <... <E[Up].

In the case of uniform distribution and for every constant guarantee G we have that

G > B[Ur] = B[Zr] = ﬁ(%(cﬂ 12 —aG)

b 1

1
“5=aC " 200

2
Z2b—-a) b

0 G?

0>G?-2bG+b>=(G-b)?

such that 0 = (G -b)?, if G = b. It follows for G, = G for all t € I (note: Z is an i.i.d. process)
and G > E[Ur] = E[Z7] (note: E[Z7] = [E[Z;]Vt) that V1 (Z) = V] 4(Z), because

Vr(Z) = Vo = E[So (s >max{G,E[U, )} + G LiGsE[u, ) P(S < G)
=E[Sols,>c)] + GIP(Sy < G) = E[Z] = V1 4(2).
If G=0b, we get V7 (Z)= V. ,(Z) for all maturities.
Sample calculation: Assume that we again want to compute the price for a unit-linked
life insurance contract for a 20-year old male person with different maturities. Further-

more S; ~ U(0,2) and G; =1 for all ¢ € I. For this unit-linked life insurance we get the
following values:

VYy(2)| 125 | 1.25 | 125 | 125 | 1.25
VX(Z) | 1.2553 | 1.2617 | 1.3052 | 1.4908 | 1.8908
V7(Z) | 1.7415 | 1.8462 | 1.9142 | 1.9403 | 1.9541
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Figure 3.5.: The values V7 (Z), V/(Z) and V] 4(Z) for a unit-linked life insurance contract
with guarantee 1 for a 20-year old male person for different maturities with
an uniformly distributed underlying process on [0, 2].

We get another solution as in [33], but there is the same trend as in Figure 3.5.

Figure 3.5 shows the evolution of the values V7 (Z), V/(Z) and V! ;(Z) for different
maturities. We see that the difference between V/(Z) and V;} ;,(Z) becomes higher for
larger maturities, while the difference between V7 (Z) and V}(Z) becomes smaller for
larger maturities. Note that including the guarantee increases the values of V7 (Z), V/(Z)
and V;} ;(Z) from the beginning, compared to Figure 3.3 it does not increase the difference
between V7 (Z) and V! (Z).

We still consider the values for unit-linked life insurance contracts with guarantee 1.5 and
0.5. For this unit-linked life insurance contract with S; ~ U(0,2) and G; =1.5forall t e[
we get the following values:

T 10 20 40 60 80

Viig(Z) | 1.5625 | 1.5625 | 1.5625 | 1.5625 | 1.5625
VF(Z) | 1.5656 | 1.5693 | 1.5946 | 1.7007 | 1.8774
Vr(Z) | 1.7884 | 1.8637 | 1.9198 | 1.9430 | 1.9558

93



Chapter 3. Adapted Random Probability Measure

4.0

3.8

3.4 3.6

Value

3.0 3.2
|

2.8

Figure 3.6.: The values V7 (Z), V/(Z)
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v
and Vind

(Z) for a unit-linked life insurance contract

with guarantee 2 for a 20-year old male person for different maturities with
an uniformly distributed underlying process on [1,4].

For this unit-linked life insurance contract with S; ~ U(0,2) and G, = 0.5 for all t € I we

get the following values:

T 10 20 40 60 80

Vra(Z) | 1.0625 | 1.0625 | 1.0625 | 1.0625 | 1.0625
VZ(Z) |1.0692 | 1.0771 | 1.1315 | 1.3648 | 1.8877
Vr(Z) | 1.7261 | 1.8410 | 1.9126 | 1.9395 | 1.9537

We want to consider another unit-linked life insurance contract for a 20-year old male
person. Now, the process S; ~ U(1,4) and G; = 2 for all t € I. Then we get the following

values:

T 10 20 40 60 80

Vira(Z) | 2.6667 | 2.6667 | 2.6667 | 2.6667 | 2.6667
VI(Z) |2.6762 | 2.6875 | 2.7648 | 3.0962 | 3.8327
Vr(Z) | 3.5943 | 3.7632 | 3.8694 | 3.9095 | 3.9307

The corresponding results for the different maturities are shown in Figur 3.6.
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In the following example we will now extend Example 3.6.5 by a guarantee.

Example 3.6.11 (Log-normal distribution). We assume that S = (S;);¢; is an i.i.d. process
with S; ~ Log NV (,0%) for all t € I. Let G = (G;)¢; be a deterministic process with G, € R,
for all t € I which models the guaranteed value. Moreover, the process Z = (Z;);¢ is again
given by Z, =S, +(G;—S;)" for all t € I. Let the distribution v be given as explained above,
see (3.6.1). First we will compute the distribution of Z; for each t € I and x € R. For this
we have that

0 if x <Gy,
P(Z; <x) ={IP(S; < Gy) if x =G,
P(S; <G +P(G; < S, <x) if G<x.
Furthermore, the cumulative distribution function of the standard normal distribution

will be denoted by @ and us) denote the o-quantile of the standard normal distribution.
Then we have that

G 2
to 1 (In(x) — p)
P(S; <Gy) = 7 "4
5260 = [t exp(- S s
substitution: z = W

In(Gt)—p

1 — 72 _(In(Gy) - p
_\/T_njoo exp(—?)dz—(b(—; )

and P(G, < S, <x) = P(S, < x)=P(S, < G,) = ® (m"‘%)—cp (1“‘6'%) Tt follows that

0 if x <Gy,
P(Z; < x) = q)(ln(x)—y) ifG, <x
—+ <x.

For every t € I the 0-quantile of Z; is therefore given by
—00 for6=0,

qb(zt) = Gt for0< o < ]P(St < Gt)l

exp(p+us)-o) forP(S; <Gy)<o<1.

For simplicity we will now assume that G is deterministic, for example G; is constant for
all tel.

Computation of Vi ;(Z): Under the assumption from above and the independence of
the process Z and the stopping time 7 or the adapted random probability mesure y we
have that V) ,(Z) = ZtT:llE[Zt]vt for all maturities T € IN, compare (3.6.3) and (3.6.4).
Given that S, ~ Log NV (i, %) for every t € I the expected value of Z, for each t € I is given
by
E[Z;] = E[max{S;, G;}] = E[G1s,<g, ] + E[S:1s,56,)]
[eS) 1 _ 2
:thP(StSGt)+J il exp(—(n(x) 2 )dx

G, V2mox 202
In(G,) - 2 In(G,) -
:Gt-®(¥)+exp(%+y)®(—m+0). (3.6.12)

o
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Furthermore, if G; = G for all t € and a constant G € R,, then Z is also an i.i.d. process
and V7 ,(Z) = E[Z,] for all maturities T € IN.

Computation of V/(Z): To compute the value V/(Z) we need the expected shortfall of
Z,forall t e I. For 0 € (0,1) it is computed as

1 o?
ES[Zt,é] = mexp(; +]/l)q)((7 - M(é))
1 2 In(g5(Zg)) —
:(1_6)exp(%+y)<b(0— (Qa(go)) 14)'

Note that for each t € I ES[Z;;0] = G; -CD(ln(G#)ﬁL exp("{tu)@(—ln(c;#wta) and

ES[Z;;1] = 0. In order to be able to use Lemma A.3.7, respectively [33, Lemma 5.37], we
have touse 6, =1 — VV—; for each t € I. Then we could determine V;(Z) as

T T

VHZ)=) v BS[Zid] = th-ES[Zt;l - 1]

y
t=0 t=0 2t

Computation of V7 (Z): The value V7 (Z) coincides for a non-negative process Z with the
value of a standard American option without any hedging possibilities. The computation
of V7 (Z) could be described analogously to the previous example. The calculation results
also from the Snell envelope U = (U;);; of Z and its process of values V = (V;);;. Using
the definition (3.6.7) of the Snell envelope and the assumption of Z we have for each
t€{0,...,T — 1} that U; = max{Z;,[E[Us,1]} and Ur = Zt. It hold for each t € I that

Vi = E[Z,,] = E[U;].

The value V- (Z) is determined by V;(Z) = V{. Furthermore it holds analogously to (3.6.8)
that

E[U;] = B[Z1z,5k[u,, )] + B[Ut1 1P(Z; S E[Up41]).
We know for every t € I and K € R with K = G, that

E[Z1z,5x)] = B[S 15,56, 1(s,5k)] + B[Gi 1g,5k) L(s,<G,)]
G; is deterministic
= E[S:1(s,5max(G, k)] + Gt iG>k E[L(s,<c,]
G,—K

= IE[St]l{Spmax{Gt,K}}] + Gy 'max{m, 0} ‘IP(S; < Gy)

_ exp(a—Z +ﬂ)q)(,u—ln(max{Gt,K}) s 0')

2 o

G;—-K In(G¢) —p
+ Gy max{th_Kl,O} CD( > .
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Then we have that

V, = E[U}] :exp(%z N ”)q) (_ln<max{GtJf[UH11}>—y +O_)

G — E[U1] } (ln(Gt)—,u)
+ G -max{ ————,0p - O| ———
' {th —lE[Ut+1]| o
+E[Up1[P(Z; <E[Up41]).
More specifically, we have for all t € I that if
(a) Gy > E[Up1]

Vi :exp(();+y)®(_@+O_)+Gt_q)(1n(Gt)—P‘),

(b) Gy <E[Up]
MR G

Vt:exp(7+y o +G)+1E[Ut+l]'CD(—ln(]E[UHl])_'M).

Finally, it follows that

V, = B[U,] :exp(%z N y)q) (_ln(maX{GtrIf[UHl]}) ", O_)

In(max{Gy, E[U;1]}) - /”) .
o

+maX{Gt,]E[Ut+1]}'®( (3613)
The value V7 (Z) is determined by V{,. Analogously to Example 3.6.6, if G; =G forall t € I
(note: Z is then also an i.i.d. process) and G > E[U7| = E[Z7] (note: E[Z1] = E[Z;]Vt), we
have that V7 (Z) = V! ,(Z). Figure 3.9 shows for which choice G dominates the expected
values of the Snell envelope (IE[U;]);er, in the case that S; ~ Log NV (y, 0%) with o = 0.21

and p = —%2.

Sample calculation: Assume that we again want to compute the price for a unit-linked
life insurance contract for a 20-year old male person with different maturities. Further-
foid

more let 0 = 0.21 and p = -5, so that exp(y+ "72) =1foralltel. Let S; ~Log N (p,0?)
and G; =1 for all t € I. Then we get for this unit-linked life insurance the following values:

T 10 20 40 60 80

Vira(Z) | 1.0836 | 1.0836 | 1.0836 | 1.0836 | 1.0836
VZ(Z) |1.0903 | 1.0981 | 1.1426 | 1.2850 | 1.4881
Vr(Z) | 1.3064 | 1.3917 | 1.4786 | 1.5294 | 1.5652

Figure 3.7 shows the evolution of the values V7 (Z), V/(Z) and V. ,(Z) for different
maturities. In this figure we see that the difference between V/(Z) and V! ;(Z) becomes
higher for larger maturities, while the difference between V7 (Z) and V;(Z) becomes
smaller for larger maturities. We get analogously results as in the previous example with
the uniformly distributed underlying process.
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Figure 3.7.: The values V7 (Z), V/(Z) and V] 4(Z) for a unit-linked life insurance contract
with guarantee 1 for a 20-year old male person for different maturities with a

. . . 2
log-normally distributed underlying process with o = 0.21 and y = -5-.

We consider the same unit-linked life insurance contract with other guarantees. The
underlying process S is again log-normally distributed with 0 = 0.21 and y = —"72. Then

Duration of contract

for G; = 0.5 for all t € I we get the following values:

T

10 20 40 60 80

Vina(Z)
V7(Z)
Vr(Z)

1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
1.0072 | 1.0158 | 1.0652 | 1.2288 | 1.4867
1.2938 | 1.3853 | 1.4755 | 1.5273 | 1.5636

For G; = 4 for all t € I we get the following values:

T

10 20 40 60 80

Vina(Z)
V7(Z)

Vr(Z)

4.0000 | 4.0000 | 4.0000 | 4.0000 | 4.0000
3.9715 | 3.9375 | 3.7046 | 2.6867 | 0.0665
4.0000 | 4.0000 | 4.0000 | 4.0000 | 4.0000
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Note that the choice G; = 4 for all t € I illustrates the case that V(Z) = V! ,(Z), see
Figure 3.9. Figure 3.9 shows for which choice G dominates the expected values of the

Snell envelope (E[U,])c;, in the case that S, ~ Log A (4, 0?) with 0 = 0.21 and y = —%2.
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Duration of contract

Figure 3.8.: The values V7 (Z), V/(Z) and V| ;(Z) for a unit-linked life insurance contract
with guarantee 4 for a 20-year old male person for different maturities with a
log-normally distributed underlying process with ¢ = 0.21 and y = —"72.

The table for G; = 4, t € I, and Figure 3.8 shows the evolution of the values V7 (Z), V/(Z)
and V;} 4(Z). It shows a totally different behavior, such that it is obviously that the choice
of the guarantee is important and the choice should be well-considered.

Finally, we consider another unit-linked life insurance contract. The underlying process S
is again log-normally distributed with 0 = 0.18 and y = 1. Then for G; = 0.9, t € I, we get

the following values:

T 10 20 40 60 80

VoalZ) | 2.7627 | 2.7627 | 2.7627 | 2.7627 | 2.7627
VZA(Z) | 27790 | 2.7982 | 2.9103 | 3.2859 | 3.8862
Vr(Z) | 3.4495 | 3.6587 | 3.8626 | 3.9790 | 4.0603
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Figure 3.9.: Let S; ~ Log NV (y,0%) with 0 = 0.21 and p = —“72 and G; =G forall t € I. The
relation between G and [E[Z;], t € I, is given.

3.6.3. Comparison

In this subsection we want to compare the two cases of a unit-linked life insurance
contract without and with guarantee separately, see Subsection 3.6.1 and Subsection 3.6.2.
For comparison we consider an uniformly distributed underlying process S! and a log-
normally distributed process S2. Both processes should have the same expected value. For
example in the case without guarantee, we will assume that S! = Z! is an i.i.d. process
with S} ~ U(a,b) for all t € I as in Example 3.6.2 and S? = Z? is an i.i.d. process with
S? ~Log N (p,0?) for all t €T as in Example 3.6.5. We demand that [E[Z}] = E[Z}] for all
t € I. Because of this condition, note that the value Vi’r’ld(Zl) is equal to the value Vil/ld(Zz).
The analog applies to the case of a unit-linked life insurance contract with guarantee. The
given distribution v is defined by (3.6.1) and is calculated via the values g, given in the
Austrian annuity table 2005, which was presented in [37].

Example 3.6.14 (Without Guarantee). We want to compute the price for a unit-linked life
insurance contract for a 20-year old male person with different maturities. For a sample
calculation we assume now that Z! ~ U(0,2) for all t € I, cf. Example 3.6.2 . Then we have
that E[Z!] = 1 for all t € I. Furthermore, let Z? ~ Log N/ (1, 0%) for all t € [ with o = 0.21

and p = —‘772 such that [E[Z?] = exp (y + %2) =1 for all t € I, cf. Example 3.6.5. Thus, the
required condition [E[Z}] = [E[Z?] is fulfilled for all t € I.
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Figure 3.10.: The values V7 (Z), V/(Z) and V,; ;(Z) for a unit-linked life insurance contract
with guarantee 0.9 for a 20-year old male person for different maturities with
a log-normally distributed underlying process with 0 = 0.18 and y = 1.

We get the following values:

T 10 20 40 60 80
Uniform Vv 4(Z') | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
VX(Z') | 1.0071 | 1.0156 | 1.0736 | 1.3229 | 1.8866
Vr(Zl) | 1.7222 | 1.8398 | 1.9122 | 1.9393 | 1.9536
Log-normal | V.’ ,(Z?) | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
V2(Z?) | 1.0072 | 1.0158 | 1.0651 | 1.2288 | 1.4867
Vr(Z2) | 1.2938 | 1.3853 | 1.4755 | 1.5273 | 1.5636

In the following Figure 3.11, the corresponding results are shown graphically.

Example 3.6.15 (With Guarantee G = 1). Now, we want to compute the price for a unit-
linked life insurance contract with guarantee G = 1 for a 20-year old male person with
different maturities. For a sample calculation we assume that S? ~ Log N (4, 0'2) for all
t el with 0 =0.21 and p = —‘772, cf. Example 3.6.11, and St1 ~ U(0,b;) for all t € I, cf.
Example 3.6.6. In order to fulfill the required condition E[Z}] = [E[Z?] for all t € I, we
have to choose b, as a solution of the equation 0 = b? — 2b,E[Z?] + 1.
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Figure 3.11.: The values V7 (Z), V/(Z) and V, 4(Z) for a unit-linked life insurance contract
without a guarantee for a 20-year old male person for different maturities.

We get the following values:

T 10 20 40 60 80
Uniform V2 ,(Z') | 1.0836 | 1.0836 | 1.0836 | 1.0836 | 1.0836
VX(Z') | 1.0866 | 1.0901 | 1.1143 | 1.2166 | 1.4202
Vr(ZY) | 1.3255 | 1.3923 | 1.4387 | 1.4572 | 1.4672
Log-normal | V;’,(Z?) | 1.0836 | 1.0836 | 1.0836 | 1.0836 | 1.0836
VX(Z?) | 1.0903 | 1.0981 | 1.1426 | 1.2850 | 1.4881
Vr(Z2) | 1.3064 | 1.3917 | 1.4786 | 1.5294 | 1.5652

In the following Figure 3.12, the corresponding results are shown graphically.
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Figure 3.12.: The values V7 (Z), V/(Z) and V] 4(Z) for a unit-linked life insurance con-
tract without guarantee G = 1 for a 20-year old male person for different
maturities.

3.6.4. Examples of Strategies

Now, we want to consider a model for insurance contracts in which the random variables
of the underlying process are not independent such that we have not a formula for the
value V/(Z). We assume that we work with already discounted values to slightly simplify
the considerations.
Let (QQ, F,F,P) be the given filtrated probability space and I = {0,..., T} the observed
discrete time interval with T € IN. The given distribution v is defined by (3.6.1) and is
calculated via the values g, for a 20-year old male person given in the Austrian annuity
table 2005, which was presented in [37].
Furthermore let X = (X;);c; be a process of independent and log-normally distributed ran-
dom variables with expected value 1, such that the starting value X, = 1 and
X; ~Log N (py, 0%) with =2, = o7 for each t € I\ {0}. Note that [E[X,] = exp(u; + 07/2) = 1,
if 2y, = of for all t € I'\ {0}. The filtration IF = (), is given by 5 = {0,Q} and
F =0(Xy,X,,...,X;) for each t € '\ {0}.
Then we consider the development S = (S;);¢; of the underlying fund which is modeled as
product of the random variables of the process X. This means that the process S is defined
by

S;=Xg+...-X; foreachtel.

In this model the process S could be recursively rewritten as Sg = Xg =1and S; = X; - S;_1
for all t € I\ {0}.

Remark 3.6.16 (The underlying process). The underlying process S = (S;);c; is modeled
as a product of independent, log-normally distributed random variables X;, t € I, with
expected value 1. By Lemma A.4.5 we know for every t € I \ {0} with y = (py,..., ps) € R,
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C = diag(o?,...,07) e R™ and p = (1,...,1) € R that

t t t
S, = ]_[Xu ~ Log/\/( Zyu, Zaf).
u=0 u=1 u=1
Thus we have that S, ~ Log NV (fi;, 67) with ji, = Y ! _; p, and 67 =Y ! _, 02 forall t € I\ {0}.
Furthermore, it follows that E[S;] = exp (ﬁt + 63/2) =1 for all t € I \ {0}. That means, the
underlying process consists of random variables that are also log-normally distributed
with expected value 1, but in this case not independent and not identically distributed. In
particular, the process S is a martingale and the discrete version of a geometric Brownian

motion.

Additionally, let (G;);c; be the deterministic process of the guarantee. Then the payoff
of the insurance contract, which we will denote by Z = (Z;);¢;, at each time point t € I is
defined as

Z; =max{Gy, S;} = S; + (G; = S;)™".

Simulated paths of the process S Simulated paths of the process Z

2.0
2.2
1

2.0

15
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1
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Value
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|
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Figure 3.13.: Simulated paths of the process S and the corresponding ones of the process
Z with 0, =0.21, -2y, =02 and G, = 1 for all t € I.

In Figure 3.13, five simulated paths of the underlying process S and the corresponding
ones of Z are shown with constant guarantee G, = 1 for all t € I. We are interested in
the value V;(Z), V7(Z) and V,(Z). For the value V;} ;(Z), we can use the results of
Example 3.6.11, because of the above considerations. Then we get the following:

Computation of Vi ;(Z): Under the assumption from above and the independence of
the process Z and the stopping time 7 or the adapted random probability measure y we
have that

T
Via(2) =) E[Z:]v,
t=1
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for all maturities T € IN. This payoff is represented as the sum of the fund and the value
of a put option. Using (3.6.12) and Remark 3.6.16, then the expected value of Z; is given
for each t € I by

E[Z;] = E[max{S;, G;}] = IE[Gt]l{stsG,}] + IE[St]l{s,>Gt}]

In(Gy) - fi 72 In(G,) - fi

(ot Ot

Computation of V/(Z): Due to the construction of S, the variables of Z are also depen-
dent. Therefore we can not use the results of Example 3.6.11. Instead, we want to find a
suitable strategy that closely approximates the value V/(Z).

As we have already seen, we can write the payoff as the sum of the fund and the payoff of
a put option. We will denote this payoff of the corresponding put option by P = (P,)¢;
with

Pt:(Gt_St)+7 tEI
Remark 3.6.17 (Put Option). By construction the process P is a submartingale.

(a) We assume that the process P is given in such a way that the processes M and A of
the Doob decomposition satisfy the necessary conditions. Then we have for each
t € I that P, = M, + A; with a martingale M and a predictable, increasing process
A = (Ay)seg starting at Ay = 0. This knowledge will influence the choice of the
strategies.

(b) Let (G;)se; be a non-decreasing process. Then, in addition, for all t € I \ {T} we have
that

b = (G _St)+ < E[(G; — St+1)+| F]<E[(Gyyq — St+1)+| Fl  as. (3.6.18)

Furthermore, we have that [E[Z,] = E[S.] + [E[P;] = 1 + E[P,], such that we can reduce the
problem of finding an optimal strategy for the payoff of the process Z to find an optimal
one for the payoff of the corresponding put option.

Computation of V/(P): Now, we want to find a suitable strategy that closely approxi-
mates the value V7(P). To get such an lower bound for the value V/(P), we simulated
ngim € IN different possible paths of S for any fixed maturity T € IN and consider different
strategies. The motivation behind the choice of strategies will be explained later in the
detailed consideration of the respective strategy. The different strategies should be used
to stop the paths of P in a proper way. Iteratively starting from time 0, at every time t € I,
those remaining simulated paths with the smallest values determined by strategies. We
will consider the following strategies:

L. Bt:IE[PHll]:t]_Pt
2. C,=E[Pr|R]-P
3. Dy = ?;:H—l #(E[PM}?]—H)

The share of stopped paths at t € I depends on the given probability v;.
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Strategy 1: At every time ¢t € I the part of the simulated paths with the smallest values
of B; will be stopped. The share of stopped paths depends on the probability of the
stopping time 7.

The random variable B; describes the difference between the expected value in the next
time step under the given information and the current value at time t. We stop those
paths with the smallest value. To clarify the motivation behind the chosen strategy, we
use the Remark 3.6.17. Given the Doob decomposition of P, i.e., we have for each t € I
that P, = M; + A;. Then we can rewrite the strategy as

By = B[P | F] = P = E[M; 1| F] = My + E[Ay | F] - Ap = Ay — Ap = AAy .

The process A is predictable and increasing, so that we stop those paths that have the
smallest growth in the next time step.
The values B; for every t € [ are given by

B; = IE[Pt+1|]:t] -b= IE[(GH] - St+1)+| ]:t] - (Gt _St)+
= IE[(GtH - St 'Xt+1)+| }—t] - (Gt - St)+

Gt+1 * +
= SiE|(Ze =X ) | |- (G- 50"
t

Using Proposition A.2.7 we only have to observe the following function for the computa-
tion
+
H(K,t):=E|(K-X,)'] (3.6.19)
for all K € R, and t € I. Furthermore, we obtain that
+
E[(K-X;) | = KE[1x,<x)] - E[X I (x,<x)]-

If we look at the two terms individually and use the given conditions, we get for each t € I
that

E[1x,<x}] = P(X; < K) =P(exp(o;Y + p;) <K)  with Y ~ N(0,1)
In(K) - s ) _ (D(ln(K) —m)

Ot O

:IP(Y < (3.6.20)

and

1 (In(x) = )
\/%Gtx exp( - —)dx
In(x) — py dx

substitution: y = ———; dy=—
y O y o X

2 In(K)—pt

1 (at )J o ( (y—at)z)
= exp|— + exp| - L—d
In(X;) — py

Oy

2 In(K) -
-exp( o[ 2o

K
E[X1x,<x)] = fo X

if X, ~Log N (p;,07), then Y = ~N(0,1)

(3.6.21)
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Hence, the formula (3.6.19) could be written as

In(K) - iy of M_O}). (3.6.22)

H(K’t):K.Q(T)—exp(éﬂit)@( o

Finally, it follows for every t € I that

G
Bt:St.H( StJrl,z.‘+1)—(Gt—St)Jr
t

In(G11/S¢) = presa )
Ot+1
In(Gy11/St) = presa

Ot+1

=~(Gy=5\)" +Gron -

0_2
=Si-exp(TL 4y ) -

_Gt+1)'

Note that E[X;] = exp(yt + 03/2) =1,if 2y, =0 forall te .

Strategy 2: Atevery time f € I the part of the simulated paths with the smallest values of
C; = [E[Pr|F;] — P, will be stopped. The share of stopped paths depends on the probability
of the stopping time 7.

The random variable C; describes the difference between the expected value at the maturity
under the given information at time ¢ and the current value at . We stop those paths with
the smallest value. Given the Doob decomposition of P, we stop those paths that have the
smallest expected growth of A until the maturity.

The values C; for all t € I are given by

C; = E[Pr|R] - P = E[(Gr - ST)"| A] - (G = Sp)*
= 1E[(GT =St Xpy1 e ‘XT)+| J’Ct] - (Gt - St)Jr

G +
= S0 B| (L = Xewr - Xr ) | |- (G-
t

Analogously to Strategy 1, by using Proposition A.2.7 we observe initially the following
function

H(K,t):= IE[(K— ﬁ Xu)+] (3.6.23)

u=t+1

for all K € R, and t € I. Furthermore, we obtain that

T T
IE[(K‘ [ Xu)+] :KIE[]I{HLMXHSK}]_IE[ [ | X“]I{HLMXM}]'

u=t+1 u=t+1

By Lemma A.4.5 we know with y = (py41,..., ur) e R, C = diag(0t2+1,..., (7%) e R(T-1)x(T-1)

andp=(1,...,1) € RT-! that

T T T
Xt+1: ]_[ Xu"‘LOgN( Z Hus Z 05)
u=t+1 u=t+1 u=t+1

—_————— ——

=1 _ =2
K1 =6/,
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With the computation of Strategy 1 we get that for each t € I

% In(K) — fi
E[l,,,<k)] = P(Xir1 <K) = @(M)

Ot+1
and
5 G2 In(K) - ji
E[Xi11z,, <x)] = eXP(tT+1 + flts )‘P(~—yt+1 — 041 )
Ot+1
Finally, the formula (3.6.23) could be written as
- In(K) - fi 52 In(K) - i
k0 = K@ MBI o (g o METR G L) 62y
Ot41 2 Ot+1

Finally, we get

¢=s B[S [ ] %) 5] 65

t u=t+1

In(G1/St) = firs1 )
5t+1

).q)(ln(Gr/St) —F1 )

p —O0t41
Ot+1

=~(G,=S,)" +Gr -

52
=S exp(%l + flts1

If —2u, = o for all t € I, then E[X,] = exp (yt + 0't2/2) =1 and it also follows [E[X,,;] =1
for every t € I, because of the independence of the X;’s, t € I.

Strategy 3: At every time ¢t € I the part of the simulated paths with the smallest values
of Zgztﬂ lf—;q(lE[Pul}';] — P,) will be stopped. The share of stopped paths depends on the
probability of the stopping time .

The random variable D; describes the weighted sum of the differences between the
expected value at a time point u € {t + 1,..., T} under the given information at time ¢
and the current value at t. We stop those paths with the smallest value. Given the Doob
decomposition of P, we stop those paths that have the smallest expected growth of A until
the maturity.

The values E[P,|/]—P; for all t € I and for all u € {t+1,..., T} are given analogously to
Strategy 2 by

E[P,|F] - P =E[(G, - S,)" | H]- (G, = S)"
= IE[(Gu =St Xpy1 -0 'Xu)+ | }—t] _(Gt _St)+
G

- Sf']E[(S_r_Xf“ o Xy )| J-;]—(Gt—st)+.

Analogously to Strategy 1 and 2 we observe initially the following function

H(K, t,u) = lE[(K— ﬁ X]-)+] (3.6.25)

j=t+1
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3.6. Examples for Applications in Actuarial Mathematics

forallKeR,,teland ue{t+1,...,T}, because of Proposition A.2.7. Furthermore, by
Lemma A.4.5 we know with p = (pspq,..., py) € R*, C = diag(atzﬂ,...,(ﬁ) € R#=tx(u=t)
and p=(1,...,1)e R* ' forall u € {t+1,..., T} that

Xisiu = ﬁ X ~Log/\/( i Hjs i 0]-2).

j=t+1 j=t+1 j=t+1

=1 )
ﬂt+1,1¢ _Gt+l,u

With the similar consideration as for Strategy 2 the formula (3.6.25) could finally be

written as
)

“ In(K)—ji o In(K) = ii
H(K: t,u) =K- q)(m)_exp( il + vt+1,u)q)(w - 5t+1,u)
Ot+1,u

0t+1,u

(3.6.26)

forall KeR,,telandueft+1,...,T}.
If —2p, = 02 for all t € I, then E[X,] = exp (yt + O'tz/Z) = 1 and it also follows E[X,,; ,] =1
for every t € I, because of the independence of the X,’s, t € I. Finally, we get

G u
E[RIA)-Po= 5B (30 [ ] %)| A] - (G- o
j=t+1

ln(Gu/St) - .ﬁt+l,u )

:_(Gt_st)++Gu'®( v
Ot+1,u

o In(G,/St) ~ firsiu . )
2

- Gt+1,u

=8 exp( 5 + i1 )

Gt+1,u

forallteland uef{t+1,...,T}. It holds that

T
y
Di= ) ;o5 (B[RA]-P)
u=t+1 0 t
T o
In(G,/S;) -
:_(Gt_st)++ Z - Yy GMCD( n( u/u t) ,ut+1,u)
uer P T Vst Ot+l,u
T <2 o

v Otitu | . In(G,/S¢) = firsru

e ) g o ol ot
t Z 1—vg, EXP\ =5 T ML St Ot+l,u

u=t+1

Sample calculation: From now on and for our later simulation, we will assume the
following:

Assumption 3.6.27 (Simulation). For all t € I we assume that

(a) the guaranteed value should be fixed over time, i.e., G; = G for all € I and a constant
Gel,.

(b) o; = o with a constant ¢ € R, and —2; = o/ for the log-normally distributed random
variables.
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Chapter 3. Adapted Random Probability Measure

Using Remark 3.6.16 and Assumption (b), we have that S; ~ Log N (ut, to?) for all t € I'\{0}.
Furthermore, it follows that [E[S;] = exp (ty + t02/2) =1 for all t € I\ {0}. The payoff of the
insurance contract is represented as the sum of the fund and the payoff of a put option.
By Assumption (a) we have that Z; =S, +(G-S;)" and P, = (G- S;)" for all t € . As we
already known, we can reduce the problem of finding an optimal strategy for the payoff
of the process Z by finding an optimal one for the payoff of the corresponding put option,
such that we are interested in the value V}(P), V7 (P) and V. ;(P).

Computation of V;/ ,(P): Using the notation from above and the independence of the
process P and the stopping time 7 or the adapted random probability measure y we have
that

Me

Vlzd(P) E[B]v;

t=1
for all maturities T € IN. Using Assumption 3.6.27, Remark 3.6.16 and (3.6.21) the
expected value of P, is given for each t € I by

E[P] = E[(G - S;)"] = E[(G - S)Lis,<c)]

_ (MG -tr) ﬁ)(ln(—fﬂ )
=G <D( \/lo* ) exp( > +tu|P \/?0‘ \/_

Furthermore, we have that V.7 ;(Z) = 1+ V7 ;(P). In the simulation, we will also determine
V(P %) which is the est1mated Value from the data. For this, the expected value of P, t €1,
is calculated as arithmetic mean.

Computation of V/(P): Using Assumption 3.6.27 we get the following formulas for the
different strategies.
For all t € I \ {0}, we get for Strategy 1 that

2 _ 2
2In(G/Sy)+ o )—St-CD(zln(G/St) o

-G-D
G ( 20 20

)-(G—sm. (3.6.28)

Using Assumption (b), we have for all t € I\ {0} that 62, = (T ~t)o? and fi;;; = —0*(T~1)/2
and thus for Strategy 2 that

21n(G/S,) + (T - t)o—2)_s .cD(2ln(G/St)— (T -
20VT — 1 ' 20VT -t

Using Assumption (b), we have for all t € I'\ {0} that fi;,; , = —0*(u —t)/2 and
2

ctzc.cp( t)az)—(c;—st)ﬂ (3.6.29)

Ofyru = (u- t)o? and thus for Strategy 3 that
T
2In(G/S;) + (u —t)o?
o |
' (G ; 20Vu —t

T

Z (2ln(G/S ;) —(T t)oz). (3.6.30)
By 20VT -

110



3.6. Examples for Applications in Actuarial Mathematics

Computation of V7 (P): Analogously to Example 3.6.11 the calculation results also from
the Snell envelope U = (U;);¢; of P and its process of expected values V = (V;),c;. Keep
in mind that the process P consists of dependent variables. Using the Definition of
the Snell envelope given in (3.6.7) and 0 < P, = (G- S;)* < G for all t € I, we have that
0 < Ur = Pr < G. Furthermore, then it yields recursively for all t € {0,..., T — 1} that

0< U, =max{P, E[Ui|A]} <G,

because of 0 < P, < G and 0 < U;,; < G for the considered time point t. It follows also that
0 <E[U;1|F] <G foreacht eI \{T}.

It holds for each t € I that V; = E[U;] and the value V7 (P) is determined by V7 (P) = V.
To calculate the expected value of U, for all t € I, we have to determine U, itself.

(i) For t =T, we have that Ur = Pr and

(ii) For t = T —1, we have that Ur_; = max {PT,l, IE[UT|]-"T,1]}, where

G + G
E[Ur|Fr-1] = E[Pr|Fr-1] = S11 IE[(S— —XT) |]'—T—1] =571 'H(S—,T)
T-1 T-1
In(G/St_¢) - In(G/St_1) -
:G-cp( n(G/St_1) ﬂT)—ST,l-qD( n(G/St_1) PlT_O_T)‘
or or

Using that P is a submartingale and (3.6.18) we get that Up_; = E[Ur|Fr_1].

(iii) For all t < T —1, we get iteratively that U; = [E[U,,|%;]| because of the tower property
of the conditional expected value and P is a submartingal. Using parts of the
calulation in Strategy 2 and (3.6.24), we obtain the following:

EB[Up1|F] = E[E[U | Fa IF] = E[Upo| F] = ... = E[Ur|F]
G + (G
=1E[<G—ST>+|f;]=st-1E[(S—t—xt+1-...-XT) Iﬁ]zst-H(S—t,t,T)
_ G‘q)(ln(G/?t)_.‘ZtH,T )_St_q)(ln(G/?t)_ﬂHl,T —5t+1,T)
Ot+1,T Ot+1,T
_ 2 _ . 2
:G_®(21n(G/St)+(T Ho )_St_q)(Zln(G/St) (T -t)o )
20VT —t 20NVT -t

Using the tower property of the conditional expectation again, we have that (U;); is a
martingale and V7 (P) = Vy = E[Uy] = E[U7].
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Chapter 3. Adapted Random Probability Measure

Finally, the results of the simulation are to be presented. We assume that the guaranteed
value G is 1 and o is 0.21 over time. The calculations were made for ng,,, = 100,000 paths.
Note that the simulated paths are generated at the beginning of the simulation and are
the same for all calculations. Then we get the following values:

T 10 20 30 40 50 60 80

A0 0.2595 | 0.3596 | 0.4313 | 0.4867 | 0.5302 | 0.5624 | 0.5835
Vizd(p) 0.2593 | 0.3588 | 0.4302 | 0.4865 | 0.5304 | 0.5614 | 0.5831
Vr(P) 0.2601 | 0.3613 | 0.4348 | 0.4934 | 0.5422 | 0.5840 | 0.6523

Strategy 1 | 0.2598 | 0.3603 | 0.4334 | 0.4928 | 0.5416 | 0.5812 | 0.6407
Strategy 2 | 0.2598 | 0.3603 | 0.4334 | 0.4928 | 0.5419 | 0.5820 | 0.6428
Strategy 3 | 0.2598 | 0.3603 | 0.4333 | 0.4924 | 0.5361 | 0.5646 | 0.5827

The following figures additionally illustrate the results. Figure 3.14 shows the evolution
of the approximated values by the different strategies for V./(P), V7 (P) and V.! ;(P) for the
different maturities. The differences are sometimes very small, especially between the
calculated values through the strategies.

¥ Strategy 1 + Strategy 3 v V(P)
x Strategy 2 o V,(P)
©
d 1 R
n
g
o T
3 o
S
” ;
o 7] **
¥
**
**
g ®
¥
¥
¥
a *
SH T T T T
0 20 40 60 80

Duration of contract

Figure 3.14.: Simulation with o, = 0.21, -2y, = atz and G; =1 forall t €.
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3.6. Examples for Applications in Actuarial Mathematics

With longer term of the contract, the differences become more visible. To make it more
visible, the differences to the value V. ;(P) were calculated and shown in Figure 3.15. Note
that the value V;} ;(P) is explicit and does not depend on the data. Therefore, it is taken as
a reference value. The value V;} d(p) estimated from the data was calculated and given to
evaluate the quality of the data and calculations. The differences vary, but they are low,
see Figure 3.15 and Figure 3.16.

Differences
N~
O. —
S | % Strategy 1-V;,(P) ),
x Strategy 2-Vy,,(P) vv
8 | + strategy 3-V!,(P) -
§ |+ Svategy 3- %
° Vi;"d(P) _\V/ind(P) VV‘*
0 v VT(P)_de(P) g
o
o
<
3 |
o
(]
=2
g o
8 |
o
o
S
o
—
Q —
o
o
O. —
o

I T T T |
0 20 40 60 80

Duration of contract

Figure 3.15.: Simulation with o; = 0.21, -2y, = 6 and G, = 1 for all t € I.

The values of Strategy 1 and 2 behave relative to the value similar V;’ ;(P) to the Exam-
ple 3.6.11. The behavior of the third strategy does not meet the expectations. The highest
values are thus obtained with the strategy that at every time ¢ € I the part of the simulated
paths with the smallest values of E[Pr|F ] — P, will be stopped, see also Figure 3.17. We
stop those paths with the smallest difference between the expected value at the maturity
under the given information at time t and the current value at ¢, i.e., those paths that have
the smallest expected growth until the maturity.
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Figure 3.16.: Simulation with 0, =0.21, —2py; =0/ and G; =1 for all t € I.
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Figure 3.17.: Simulation with o; = 0.21, —2p; = 0% and G, = 1 for all t € I.
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Randomized Stopping Time

As we have already mentioned, there are many situations in financial and actuarial
mathematics where it is questionable whether the assumed independence of two stochastic
components is always justified. The recent research proves an increasing interest in the
topic of distribution-constrained optimal stopping problems as in [8, 10, 9, 14, 38]. This
chapter deals with another general framework to show how some of these situations
can be handled without the assumption of independence. As seen, there is the view of
the distribution-constrained optimal stopping problem in discrete time as a restricted
optimization problem where we replace the stopping times by adapted random probability
measures, see Chapter 3. Now, we want to consider another possibility. These problems
can also be formulated as optimal transport problems based on the theory of optimal
transport. The existence of optimizers can be shown, see Chapter 7 in Part II for the
continuous time case and this chapter for the discrete time case.

We will follow the conventions of optimal transport and especially the one of [73]. To do
so, we have to slightly reformulate our starting problem. An attempt of modeling the
dependency can be made by using measures related to stochastic processes which mimic
ordinary stopping times and are, in fact, a generalization of the latter. An informal way of
posing this problem is the following:

Given a payoff function ¢, which may depend on the values of the stochastic process up
to a time t and in the theory of optimal transport is called the cost function, we seek to
maximize

© = E[e((Ze)i<r, 7)),

where 7 is not an ordinary stopping time in the filtration generated by Z, i.e., it does not
stop the process at a time 7(w), but rather 7(w) is a sub-probability measure on the time
domain by itself. Essentially this can be formalized in three different ways:

(a) As an optimal stopping problem where adapted random probability measures are
used instead of ordinary stopping times.

(b) As an optimal transport problem by reformulating it by means of randomized
stopping times.

(c) As an ordinary optimal stopping problem on a larger probability space, cf.
[13, Lemma 3.11].
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It should be clear that this type of problems naturally arises from ordinary optimal
stopping problems, where additional dependencies have to be modeled. In addition to the
existence, questions about different geometric optimality criteria — so-called monotonicity
principles — are of interest. If we deal with the theory of optimal transport, we come
into contact with the two common basic concepts, cyclical monotonicity and Kantorovich
duality. The cyclical monotonicity is a geometric property. An optimal plan should be
c-cyclically monotone, i.e., it is concentrated on a c-cyclically monotone set and you can
not improve the cost by rerouting mass along some cycle. It is impossible to perturb it
and get something more economical. Informally, a c-cyclically monotone plan is a plan
that can not be improved. The converse property is much less obvious, i.e., a c-cyclically
monotone plan should be optimal. Maybe it is possible to get something better by radically
changing the plan as only rerouting mass along some cycle. In this chapter we will see
soon that it holds true under certain conditions.

Inspired by this classical c-monotonicity which shows that optimality is an attribute of
the support of a coupling, other different monotonicity principles have been developed
in the area of martingale optimal transport problems, cf. [9, 10]. To test if a randomized
stopping time is a possible candidate for optimality in the considered problem, different
monotonicity criteria were developed. In this context, the so-called c-cyclical monotonicity
as in [73] deserves a special mention, which is in fact a geometric property of the support
of an optimal transport plan. In the initial form the monotonicity was shown only for
couplings which do not have to satisfy additional adaptivity constraints. Zaev introduced
(¢, W)-cyclical monotonicity in [76, Theorem 3.6], which enhances the notion with con-
straints, denoted by W. Contrary to the classical c-monotonicity, the (¢, W)-monotonicity
of a support of a randomized stopping time is a necessary optimality condition, but in
general not sufficient. In independent work, Beiglbock and Griessler found a closely
related monotonicity principle which includes the result [76, Theorem 3.6] as a special
case, see [11, Theorem 1.4].

The remainder of this chapter is organized as follows: in Section 4.2 the maximization
problems OprStop” and OprStop”™ are formally introduced. We give the notions of
adapted random probability measures (M), couplings (Cpl) and randomized stopping
times (RST), and explore their relations. The subsequent Subsection 3.2 especially draws
the connection between OprStor” and OprStor™. The following considerations then
focus on the problem OprStor™. The existence of a maximizer of OprSTor™ is shown in
Section 4.3 utilizing Prokhorov’s Theorem and [13, Lemma 2.3]. Based on the theory of
optimal transport and recent results [76] in this area, duality in the sense of Kantorovich is
deduced in Section 4.4. In Section 4.5 examples are investigated and optimal maximizers
are determined. Finally, Section 4.6 shortly sketches different monotonicity principles and
uses one to show optimality of the maximizer introduced in the previous section. Some
further considerations are mentioned.

This chapter was written in collaboration with Gudmund Pammer, who received his
diploma thesis from it, see [57].
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4.1. Notational Conventions

Since this topic can be considered separately, some important notations are repeated. In
principle we will follow the conventions of [73].

In this chapter, we consider a discrete time domain. Its index set is again denoted by I.
Typical examples for an infinite index set are IN and for a finite {1,..., T}, T € IN. For better
readability and simplification we choose I ={1,..., T} withT e Nand T <coor T =
which represents the finite or infinite index set. For t € I we define the set I; := {s € I|s < t}
of all times before t, the set I; := {s € I|s < t} of all times up to t, the set I; := {s € I|s > t} of
all times from t on, and the set I,; := {s € I|s > t} of all times after t. We also use I; = [0, ),
I.;=[0,t]and I.; = (¢, T] as a representation, where 0 symbolizes the starting point and T
the maturity.

Given a topological space (X,7), we denote its Borel-o-algebra with B(X) = o(7), the
interior of a set A C X with int(A) and its boundary with d(A). The space of all Borel-
measurable functions from X into IR is denoted by B(X) and its subspace of all bounded,
Borel-measurable functions by By (X).

Typically, we will work with (sub-)probability measures on the Polish space R!. To
facilitate the notation of projections onto particular subspace of R, which we may define

as
R! =: I_[Xi’

and for instance call the projection of a measure y on R onto the first component projx (k).

Several different notations will be used to refer to elements of R'. For any vector w € R/,
its entries are denoted with

w = (wW)ser = (w1, W,...).

Parts of the vector (path) w will be referred to by

(Wt)ter., = @pjos)  (Wi)ter,, = Wps 1) SEL

where w); with J C T stands for the restriction of w onto R.
If w € R!, s €I and O € R">, we may use @ to indicate the concatenation of the paths @\0,5]
and 0, such that

w[0,s] DO = (W1,..., w5, W5+ O, w5 +0,,...) € R

In the following Z = (Z;);c; will denote a distinguished stochastic process. If Z is assumed
to have independent increments, i.e., for any ty,...,t, € I with t; <... <t, the increments
Zy,Zy,~Zy,..., 2y, = Z; , are independent. It is convenient to define (p;);c; via

Zy=2Zy+ ZP:’;
i<t

where Z is the initial distribution of the stochastic process Z. The measure induced by
the process starting in 0, Z; := Y ;, p;, on R! is denote by P.
For signed measures & there exists a Hahn-Jordan decomposition,

E=&"-¢7,

where £* and £ are the positive and negative parts of &, respectively.
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4.2. The Different Problems

Let (Q,G,G := (G¢)er, P) be an abstract filtered probability space and Z := (Z;);c; be the
stochastic, real-valued and G-adapted process of interest. Further, let v denote a (discrete)
probability measure on (I, 53(I)). We assume that the process Z is uniformly integrable,
i.e.,

Ye>0,36>0: JlZAdIP<e
E

whenever Z;, € L'(IP) for all t € I and P(E) < 6. Furthermore, we denote with u the
probability measure induced onto the measurable space (R, B(R!)) by the stochastic

process Z via
(B):= Z4P(B) VBeB(R),

and call the probability triplet (R!, B(IR?), ) the path space of Z. The payoff function c is
assumed to be real-valued and Borel-measurable on S with

S:={(xt)|xeR, tell.

The space S is adequate for our purposes since for a given time t and path (Z;(w))s<; =: x
up to the time ¢, the function c returns the payoff c(x, t). Note that the space is Polish as it
is the direct sum of Polish spaces. For example, the topology induced on S by the metric
d:SxS — Rdefined as

((xi)iSsls)»(yi)istxt))Hmax(|t—5|x max (|xi—?i|))x

i<min(s,t)
causes (S, d) to be Polish. Further, there exists a surjective, open, continuous map r with

r: (RExI,B(R xI)) — (S,d),
((xs)sebt) = ((xs)sStft)l (4-2-1)

such that the topology on S is the final topology on S with respect to the map r. Note that
the map r is Borel-measurable.

4.2.1. Adapted Random Probability Measures

Instead of restricting ourselves to G-stopping times on (€, G, G, P), we introduce a gener-
alization of the notion of G-stopping times. As seen in Chapter 3, we assume 7 to be a
G-stopping time, then it can be naturally identified with a G-adapted stochastic process
¥ = (¥t)1e; such that

Yi(w):= ]1{1(w)}(t)r weQ,tel.

Thus, for a.e. @ the stochastic process y defines a probability measure on I, which in turn
tells us the probability of having already stopped at time ¢. This leads us to the following
defintion of adapted random probability measures which is slightly attenuated from the
Definition 3.1.1.
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Definition 4.2.2 (Adapted Random Probability Measure).
For a real-valued, stochastic process y = ();)ic; on (Q2,G, G, IP) , we write y € My, if

(a) 4 >0as.foralltel,

(b) ZtEI 7/1‘ = ]., a.s.,
(c) yis G-adapted.

The space of all these adapted random probability measure is denoted with M;. Given a
probability measure v = (v;);c; on I, we say that the stochastic process y above is in M7,
if in addition

(d) E[y;]=v;forall tel.

As explained at the beginning of this chapter, we want to maximize the expected payoff
given a cost function c: S — R and a stochastic process Z where now the maximization
is taken over all adapted random probability measures which continue along a given
probability measure.

Problem (Op1StOP?). Given a Borel-measurable payoff function ¢ : S — IR and a proba-
bility measure v on I, we seek to find a maximizer of

Y= E|) cl(Zso )y

tel

, yeMj.

Remark 4.2.3. Note that this is an enlargement of the standard optimal stopping problem
T lE[C((Zs)SS’UT)]I

where 7 is a G-stopping time and IP(7 = t) = v; for all t € I. We denote the space of all
G-stopping times with 7} and its restriction to all stopping times 7 such that £(t) = v with
7;”. Obviously it holds that

sup E[c((Zs)s<r, T)] < sup E

Y el(Ze)szi e
(I yeMy

tel

7

because 7" is embedded in M;.

4.2.2. Randomized Stopping Times and Couplings

Rather than working with an abstract filtered probability space, it is possible to work on
the path space (R!, F,TF := (F);er, p) of the stochastic process Z, where T is the natural
filtration of Z and F the Borel-c-algebra on IR!. If T < co the space R’ equipped with the
product topology is a complete metric space, where the metric can be chosen as

max|x; — .
tel | ! ytl

If we admit T = o0, i.e., an infinite time horizon, the path space with the product topology
remains Polish as a countable product of Polish spaces. Furthermore, a possible metric

119



Chapter 4. Randomized Stopping Time

which induces the product topology is

p(x,v): RIXRI SR,
Z |xt
201+ Ixt

As stated in the introduction of this chapter, instead using stopping times which stop at
one point in time, it is possible to generalize this with so-called randomized stopping
times. A randomized stopping time 7 tries to mimic stopping times by assigning almost
every path w a probability measure 7, on I which again tells us the probability with
which we stop at time .

Definition 4.2.4 (Randomized Stopping Times).
A probability measure 7w on R! x I is called randomized stopping time, if
(@) projgi(m0) = p,

(b) the mapping w +— 7, (t) is F;-measurable for all t € I, where (77,,),cr! is a disin-
tegration of 7. Or equivalently, the with 7t associated process A := (A;)c;, where
Ap(w) =) 4 Ty(s) is Fr-measurable.

Again, the space of all randomized stopping times on IR! x I which satisfy (a) and (b) are
denoted with RST(y). Given a probability measure v on I, we are interested in random
stopping times 7t such that

(c) proj;(m)=v.
The restriction of RST(p) to all probability measures which in addition satisfy (c) is
denoted with RST(y, v).

Remark 4.2.5. The marginal of the random stopping time 7 is assumed to be distributed
with the law of p. This can be understood as that the probabilities of the paths are
preserved. Since we are working on Polish spaces, the (unique) disintegration (7t,,),ecRr!
exists and assigns u-almost every path w a probability measure on I.

In the setting of optimal transport it is more convenient to work with so-called couplings
which are product probability measures such that the marginals satisfy a certain law. For
our case it is reasonable to consider all couplings on R! x I between y and .

Definition 4.2.6 (Couplings).
A coupling on R! x I with marginals u and v is a product probability measure 7w on R x T
such that

(i) projgi(m) = p,
(ii) proj;(mr)=v

The space of all these product measures on R/ xI is denoted with Cpl(y, v). The restriction
of Cpl(y,v) to all couplings satisfying

(iii) f]l (gl A (w)drt(w,s) =0 forall g€ By(R!), tel

is denoted with Cplad(y, V).
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Remark 4.2.7. For a coupling  the property (iii) corresponds to property (b) of randomized
stopping times in the Definition 4.2.4. In fact, Cpl“d(y, v) coincides with RST(y, v). This
follows by Lemma 4.2.8 which is an adaptation of [9, Theorem 3.8], where also a proof for
the time continuous case can be found.

Lemma 4.2.8. Let w € Cpl(p, v). Then the following are equivalent:
(a) 7 eCpl(uv),

(b) Given a disintegration (1t,,)er! Of 70, the random variable 1t (t) is F;- measurable for all
tel

Proof. To show the equivalence, we use a different characterization of measurability of
integrable random variables, see e.g. in [21]:
An integrable random variable X on R’ is ;-measurable if and only if

E[X(Y -E[Y|FA])]=0 VY integrable and Borel-measurable.

Instead of working with all integrable random variables, we can restrict us to bounded,
Borel-measurable random variables. Thus, by a monotone class argument and setting
X :=m,(t), this is equivalent to

m[n{t}<s>(g—m[g|ﬁ])]=fml%(t)(g—lE[glJ-;])(w)y(dw)=o VgeBy(R).

As already explained, we want to maximize the expected payoff given a cost function
c: S — R and the paths w of a stochastic process Z where now the maximization is taken
over all randomized stopping times which are in RST(y, v).

Problem (OptStor™). Let ¢ : S — R be Borel-measurable, then we can define the Borel-
measurable function ¢ := ¢ o r, with r given by (4.2.1), by

c: IRI><I—>IR,

(C‘)f t) = E((w)SStl t)'

We want to find a maximizer of
T c(w,t)dm(w,t), meRST(u,v).
RIxI

Remark 4.2.9. By Lemma 4.2.8 the problem Op1STOP”™ is equivalent to

- c(w, t)dm(w,t), me Cpl“d(,u,v).
RIxI
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4.2.3. Connection between the Different Views

The next theorem gives us the connection between the different ways of formalizing our
considered problem.

Theorem 4.2.10. If the filtration G of the abstract probability space (Q),G, G, P) coincides with
the natural filtration of the stochastic process Z, then there is a bijection between M; and
RST(u). Given a probability measure v on I, then there is a bijection from M into RST(u,v).

Proof. Since G coincides with the natural filtration of the stochastic process Z, there is a
Borel-measurable functions h,, for every y € M such that

hV: S >R,

')/t((l_)) :h)/(ZS(CD)SSt’ t), H)‘a.e., tEI.
We already know that the mapping r : R! xI — S is Borel-measurable. Thus,
®, :=hy,or: R xI >R
is Borel-measurable, ®, (-, t) is F;-measurable and

V(@) =D, (Z(@),t), P-ae.

y(

Therefore, we deduce that for any C € G;
E[lcy ] = E[1cD,(Z,1)] = E[lg(w)Py (w,1)],

where C is the with C associated set in ;. We define 7 such that nt(dw, t) := O, (w, t)u(dw)
which indeed defines a probability measure on R x I, and 7 € RST(y). As a result, the
map WV

V: M;—>RST(p), y—r,

is well-defined and injective.
For any 7 € RST(y), the map w + m,(f) is F-measurable. Hence, @ = 71z is
Gi-measurable. Therefore, we may define (@) = 7z (4)(t) and conclude

W ((Vt)ter) = m(Z(@),t), P-ae, tel,

which proves the first part of the assertion. Using Lemma 4.2.8 the second part follows
analogously. Q

Remark 4.2.11. If the probability space (Q,G, G, P) coincides with (IRI,f,IF,pt), then the
bijection of Theorem 4.2.10 follows due to the relation of disintegration and product
measure on Polish spaces.

Corollary 4.2.12. Under the assumptions of Theorem 4.2.10, the optimization problems
OrptStor” and OptStoP™ are equivalent.
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Proof. For any y € M7, we define a product measure on Q xI via y(d, t) = y;(@)P(dw).
Following the proof of Theorem 4.2.10 we see that (Z,id)sy = m, where 7 is the associated
product measure on R x 1.

[ Y azi@rami@are - | dziorndran,
Q QxI

J E(Zs(a'))sst,t)dn(a'),t):j c(w, t)dm(w,t).
RIxI RIxI

Following the second part of the proof of Theorem 4.2.10, we may define for any
TTE Cplad(y, v) an adapted random probability measure y € M] via

V(@) := Tt z(5)(1),

where 7, is the disintegration of 7r. Then

| cwnantan= {3 dtic tmadpo) = |

tel Q

) AZ(@)sz y1(@) P(dD).
tel 0

We have shown the connection between the two different approaches. From now on,
however, we only deal with the second possibility of considering our problem, namely to
formulate it as an optimal transport problem.

4.3. Existence of a Maximizer

The main statement given in Theorem 4.3.4 comprises that there exists an optimal ran-
domized stopping time for our problem OprStor™. To prove this, we consider first needed
help statements and remember the notable Prokhorov’s Theorem.

Proposition 4.3.1. For every b : R! xI — R, bounded and Borel-measurable, the functional
F: Cpl(pv) >R, fb(w, t)dm(w,t) =: (b)),
is continuous w.r.t. weak topology on Cpl(u,v).

Proof. Given a sequence 7, € Cpl(y, v), n € N, such that 7r, — 7w as n — oo, we know by
[13, Lemma 2.3] that for all Ac B(R')and t € I

11,(A x {t}) — n(Ax{t}).

Since b is bounded and measurable, there exists a sequence of simple functions b,, such
that |[b-10,,| < %, p-a.e. Therefore

Ve>0,YneN,dm,: |mn(b-b,,) <eand |, (b-b,,)| <&, m>m,,
and

Ye>0,YmeN,In,: |r,(b,)-n(b,)<e, n>n,.
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We conclude
I7t(b) = 0, (b)] < {7 (D = by )| + [70(byy) = T (b)) + |10 (b = byy)| < B, n2ne, m=m,.

Corollary 4.3.2. For every h: R! x I — R U {—oo}, bounded from above and Borel-measurable,
the functional

H: Cpl(p,v) >R, t— fh(w,t)dn(w, t),
is upper semicontinuous w.r.t. the weak topology on Cpl(u,v).

Proof. We define h,, := max(h,—n), n € N, which are bounded, measurable and h, \ h
pointwise as n — oco. By Proposition 4.3.1, we can define a sequence of continuous
functionals

H,: Cpl(,v) » R, n+> m(h,), where infH,(r)=H(n).
n

Let 77, — 1 in Cpl(p, v) as m — oo, then
H(m) =infH,(r) = inflimsup H,(rt,,) > limsupinf H,(r,,) = limsup H(rt,,).
n n m m n m D
For the sake of completeness, we want to state the notable Prokhorov’s Theorem, see

[73, Lemma 4.4].

Theorem 4.3.3 (Prokhorov). Let P(X) be the set of Borel probability measures on a topological
space X. If X is a Polish space, then a set P C P(X) is precompact for the weak topology if and
only if it is tight, i.e., for any € > 0 there is a compact set K, such that (X\K,) < ¢ for all w € P.
To show the existence, we will proceed as follows:
(I) Show that the set, over which the supremum is taken, is compact.
(II) Show that the functional is upper semicontinuous.

Note that Cplad(y, v) is non-empty, since the product measure y® v € Cpl“d(y, v) and it
holds for all g € B(IR!) that

J;R, I]1{t}(5)(g—IE[gIJ-}])(w)dmv(w,s)
= Lﬂ{t}(s)d"(s)fw (g~ E[glA])(w)dp(w) = v({thE,[g —E[g|F]] = 0.

Thus, a maximizing sequence exists and the compactness provides a maximizer.

Theorem 4.3.4 (Existence of a Maximizer). Let ¢ : S — R U {—oo} be bounded from above
and Borel-measurable, then there exists a solution to OptStor™.
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Proof. As a direct consequence of Prokhorov’s Theorem, see Theorem 4.3.3, we get that
Cpl(p, v) is relatively compact. By [13, Lemma 2.3], we obtain in addition that Cpl(y, v)
is closed, hence compact in the weak topology. To see the compactness of Cplad(y, V), we
consider

b(w,s) :=11y(s)(g — E[g| A ])(w)

for a bounded and Borel-measurable function g on R! and t € I. Let 7, — 7 in Cpl(y, v)
asn—ooand i, € Cpl“d(y, v), n € N, by applying Proposition 4.3.1, we obtain

0 = 12,(b) — 7(b).

Since s and g were arbitrary, we conclude 7t € Cpl“d( i, v) signifying the compactness of
Cpl™(u,v).
Now, choose a sequence 1, € Cpl“d(,u, v) such that

limm,(c)=  sup f c(w,s)d7t(w,s) =: C.
" eCpl™ (u,v) JRIXI

Due to the compactness of Cpl“d( K, V), we can extract a convergent subsequence
T, — TE Cplad(y, v) such that 7= possesses the desired property by Corollary 4.3.2

C =limsupm, (c) < m(c) < C.
Ny D

4.4, Duality

In the theory of optimal transport is the Kantorovich duality a basic concept. The classical
Monge-Kantorovich problem deals with the topic of minimizing the expected loss given a
cost function ¢ : X xY — IRU {co} when iterating over all couplings 7w € Cpl(y, v), where
p and v are probability measures on X and Y, respectively. Formally, we seek to find a
coupling of (u, v) which minimizes the total cost function

Cpl(p,v)oa chrf

among all possible couplings. The function ¢ can be interpreted as the cost of moving mass
from X, which is distributed according to y, to Y which shall be distributed according to
v. The couplings 7 € Cpl(y, v) are called transport plans; and a coupling which minimizes
the expected loss is called an optimal transport plan.

Our considered problem OrrStoP™ is a maximization problem. However, we can switch
from a minimization problem to a maximization problem, simply by multiplying the
payoff function ¢ with —1, and hence call it cost function, because it holds that

inf 7(c)=- sup m(-c).
neCpl(p,v) neCpl(p,v)
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Therefore we want to state the usual Kantorovich duality Theorem, see [73, Theorem 5.10].

Theorem 4.4.1 (Kantorovich duality). Let (X, u) and (Y, v) be two Polish probability spaces
and let c : X xY — RU {+oo} be a lower semicontinuous cost function, such that

V(x,9) e XxY, c(x,v)>a(x)+b(v)

for some real-valued upper semicontinuous functions a € L' (u) and b € L' (v). Then there is

duality
inf  7(c)= sup (J f1 d,u+J- f2dv)
neCpl(p,v) (f,8)€Cy(X)xCp (Y

fi+fasc

We are interested into maximizing OprStor”™ which is a maximization problem over the
space Cpl“d(y, v). In fact, this space is a restriction of Cpl(y, v). We may define a space W
as the linear span of

{w(w,s) :=11(s)(g - ElgIA (@) | g € C(RN) N L (o), t €T}, (4.4.2)

Evidently, Cpl“d( i, v) coincides with the restriction of Cpl(y, v) to all couplings 7 satisfy-
ing the additional linear constraints

n(w)=0 forallweW. (4.4.3)

Thus the Kantorovich duality Theorem has to be extended to the case where linear
constraints are posed to Cpl(y, v). A generalized version of this problem was shown by
Zaev in [76]. Following the proof of [76, Theorem 2.1] and using Theorem 4.4.1 yields the
following theorem:

Theorem 4.4.4 (Duality). If the cost function c satisfies the assumptions of Theorem 4.4.1
with X := Rl and Y := I. Then there is duality

inf  7(c) = sup (f fidp+) flty )

neCpl™ (uv) (fu forw)€Cy(RN)XCy(I I
f1+f2+w<c

Proof. The inequality

inf  7()> sup (p(fi)+v(f))
eCpl™ (u,v) fitfHh+w<c

follows immediately from

ing n(c)>  inf sup ( (f1)+v(f2)): sup (pt(fl)+v(f2)).
neCpl™ (u,v) neCpl™ () fi+fo+w<c fitfh+w<c

For the reverse inequality we consider

sup  (u(fi)+v(f))=sup sup (u(fi)+v(f)).

fitHh+w<c weW fi+f,<c-w
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Note that W C Cy(R! x I), thus, ¢ — w is again lower semicontinuous on R x I. We may
choose a,,(x) := a(x) — ||w|| and by, (x) := b(x) — ||w||, which in turn satisfy the assumption
of Theorem 4.4.1. Thereby we obtain that

sup  (u(fi)+v(fo))=sup inf m(c-w).
fitfrtw<c weW reCpl™(p,v)

For any 7 ¢ Cpl“d(y, v) there exists a w € W such that w(w) < 0, and

sup 7t(c — aw) = +oo.
a>0

Since Cpl“d( #,v) is not empty, we conclude that

inf  m(c)= sup (k) +v(f))-
neCpl™(p,v) (i, forw)eCy(RN)xCy(I)xW
fi+fotw<c 4

4.5. Examples

In this section we investigate examples and determine optimal maximizers. At first we
consider the two time steps. In this case we can reformulate appropriately the problem
and then construct the optimal strategy. This can be used to generalize it on a finite time
domain and to determine the optimal strategy for special cost function.

4.5.1. Example: Two Time Steps

First, we want to consider a stochastic process (Z;);c; with independent increments on the
time domain I := {1, 2} and maximize the following functional on RST(y, v)

T c(w,t)dm(w,t), (4.5.1)
R2x{1,2}

as in OprStor”™. Remember that the set RST(y, v) coincides with the set Cpl“d(y,v). To
facilitate notations, we will denote by (-, t) for t € I and 7= € RST(y, v) the (sub-)probability
measure on R' = X; x X, induced by

B m(B,t) BeB(R').
Given a randomized stopping time 77, we may consider the measure m on X; = IR such that

m(A) := (A xR x{1}) = projy (n(-, 1))(A) VYAeB(R).

Remember that w + 7, (t) is F-adapted, in particular for t = 1, we find a Z;-measurable
function h : X; x X, — R such that

7,(1) = h(w), p-ae.,weR, (4.5.2)
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and for h = h o r analogously to (4.2.1)
hw)=h(@) = hw;) © @R, w =d.

Therefore, we deduce that
m4)= [ Laea@) (D dn) = [ Latnhtondprojy, (rw),
which implies m < projx (y) and let us define a measure n on R satisfying

n 1= projy, () - m.

Informally, the measures m and n describe with which probability a path is stopped
at time 1 or continues to time 2, respectively. Remember that Z, — Z; ~ p,. Using the
measures m and » in the maximization problem (4.5.1) yields to

J}RIXIc(w, f)ydm(w,t) = J;RI c(w,1)dn(w, 1) +J c(w,2)dn(w,?2)

R!
=, ¢((wq),1)dm(wy) + . c(w,2)(1 - h(w)) p(dw)
= | (w1),1)dm(w))+ [ (1 —fl(w1))f c((wy, w1 +2),2)dp,(z)d projx, (u)(w1)
JX JX; R
= ((wq), 1)dm(wq) + f c((wr, w1 +2),2)dp;(z)dn(wy). (4.5.3)
JX; JX; JR

This equality can be interpreted in the way that the first integral in (4.5.3) describes the
expected payoff if the process is stopped at time 1, whereas the second integral describes
the expected payoff at time 2. Note that

J- c((x,x+2),2)dp,(2)
R

is the expected payoff when we stop at time 2, conditioned on w; = x.
For any path w := (w;,w,) € R! and the corresponding probability measure 7, on I, we
see that

(c(@, 1)7114(1) + c(@, 2)724, (1)) = c(w, 1) = (c(@, 2) = c(@, 1))714,(2).
Without loss of generality we may assume that
c(w,1)=0. (4.5.4)

If ¢(w,1) # 0, than we might define ¢(w, t) := c(w, t)—c(w, 1). Clearly, it holds that ¢(w, 1) = 0.
Because subtracting a constant from the functional solving the problem given in (4.5.1)
does not change the property of being a maximizer of it, we will instead maximize

T C(w, t)dm(w, t) = J

c(a),t)dn(a),t)—f c(w,1)dp(w),
RIxI RIxI

]RI

where the last equality holds due to projyg:(7) = p. Note that both maximization problems
are equivalent, but é(w, 1) = 0.
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Using the reformulation (4.5.3) and assumption (4.5.4) our problem given in (4.5.1) is
reduced to the following maximization problem:
Among all measures n on X; = IR satisfying

n<projy (u) and n(R)=n(X;)=v(2)

find the maximizer of
n— J J c((x,x+2),2)dp,(z)dn(x).
X; JR
Define the function k : X; — R by
k(x) ::f c((x,x+2),2)dpy(2), (4.5.5)
R

where Z, - Z; ~ p,. Then we get that IXI LR c((x,x +2),2)dp,(z)dn(x) = n(k).
The considerations above lead to the following theorem:

Theorem 4.5.6. Let I = {1,2}, Rl = X; x X,. Given an optimal 1* € RST(u, v) such that

w(c)= sup T7(c). (4.5.7)
meRST(p,v)

Then,
N := projy (p—1(- 1))
is a measure on X; = R satisfying
N <projx (p),  np(R) = npe(Xq) = v(2), (4.5.8)

and maximizes under all measures satisfying (4.5.8)

1.+ (k) = sup n(k). (4.5.9)

n

Vice versa, let n* be a measure on R(p, v) satisfying (4.5.8) and maximizing (4.5.9).
Then,

70, ((dx,dy), t) = (projx, (u) —n*)(dx)pa(dy) fort=1,
n ,dy), n*(dx)p,(dy) fort=2,

defines a RST which maximizes (4.5.7).

Remark 4.5.10. Note the overlaps of the definitions with regard to the arguments c and
(w,t) or wy.

Proof. First, we take a closer look at 7« and note that it satisfies (4.5.8) and, due to Lemma
4.2.8 and (4.5.2),

e (dx) = projy, (= 1(, 1))(dx) = (1 - h(x)) projy, (p)(dx),
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implying

7T (c) = J;( ]Rc((a)l,a)l + z),2)7‘(’(‘w1’wl+z)(2)dy((a)1,a)l +2)) = Lk(wl)d”n*(ﬂ)l)- (4.5.11)

Furthermore, 7, defines a measure on R! x I such that proj () =vand
T, (C) = J k(wy)dn*(wy). (4.5.12)
R
For any bounded, Borel-measurable function g on R/, the function

flx):= Lg(x,“ 2)dps(2)
is Borel-measurable and
f(Z)) = Elf(Z)\F ] = mezl,zl v Aldpa(s) ae,

which particularly yields for t € I

| (g ElsizD@r w1+ 21dpa@ dprojy, (i =0,
X, JR

implying that ;. € RST(y, v). Due to (4.5.11) and (4.5.12) the optimality of n,. and 7,
respectively, follow, and thus the assertion. Q

Remark 4.5.13. By Theorem 4.5.6, it becomes obvious that for two time steps, it is sufficient
to consider a quantile g of k given in (4.5.5) such that g is maximal in R with the property
v(2) < projy, (Uy), where U, := {x € X; : k(x) > g}. Then we define

projx (u)(dx)  k(x)>gq,
n(dx) = a - projy, (#)(dx) k(x)=gq, (4.5.14)
0 else,

where a € [0,1] is chosen such that n(R) = v(2). It is apparent that n maximizes (4.5.9),
since for any other measure 7i satisfying (4.5.8), it holds

n(k) - i(k) = J;Rk(x)(n —fi)(dx) > fmq — k(x)(7i - n)" (dx) > 0.

The second part of Theorem 4.5.6 yields the maximizer 7t},. As already mentioned, this
method can be interpreted as not-stopping those paths, which have a higher expected
payoff in the next turn. Instead of interpreting it this way, we can view it as stopping all
paths with a lower expected payoff — indeed, this would result in the same quantiles.
For a special class of cost functions, we will be able to extend the idea of using quantiles
of the corresponding k for each time step inductively, to construct an optimizer for an
arbitrary amount of time steps.
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4.5.2. Example: Symmetric Random Walk

For I:={1,...,T}, T € N, we consider a symmetric random walk (Z;);c; on Z starting at 0,
where the increments Z; — Z,_; are independent and uniformly distributed on {-1,1}. Let
the payoff function c be

c: RIxI>R: (w,t) >t wy,

which is indeed F-adapted and bounded, if the time horizon is finite.

, 7

R
, <

1 2 3 4 t

Figure 4.1.: Paths of the process (Z;);¢ starting at 0 for I :={1,2,3,4}.

We want to find an optimal 7t € RST. Note that for w,;7 € Rl and t € I

jf((wlw-wwt—l;wt—l + Z)rt)dpt(z) 2 jf((nll---'ﬂt—l'ﬂt—l +2), t)dPt(Z)

= Jt.(a)t_l +z)dps(z) > Jt'(ﬂt—l +2)dp,(z) (4.5.15)

— W1 2 MN¢-1-

By using Theorem 4.5.6 we are able to solve the problem restricted to two time steps. By
skillful projection of the path space, we may consider a case with exactly two time steps.
For the marginal of 7 to satisfy the constraint v, we have to define n(w,1) = v(1). For
every step of our recursion i > 2 we consider the two dimensional space X; x X; . Note
that for I :={1,..., T}, T € N, we consider X; x X;,, and the recursion step i corresponds
to the time step t. Therefore we define measures y; := Projx xx,., (p— Y st m(+5)) and v;
such that

sely,

Then we have to solve the problem of finding the maximizer of

n f f c((x,x+2),t+1)dpsy1(2)dn(x),
X, JR

among all measures n; on X; = IR satisfying

n; <projx (1;) and n;(R) =v;(2),
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which can be done according to Remark 4.5.13, particularly (4.5.14). Thus, by applying
Theorem 4.5.6 recursively, we obtain a randomized stopping time 7c' € RST(y;,v;), t; €1,
which can be naturally merged into 7= € RST(y, v) via

m(w, 1) = (@) = ) w(@,))-7(,, 4, (0):
s<t
Optimality can be shown in the following way: Starting with another arbitrary
& € RST(u, v), we assume that there exists a minimal ¢ such that (-, ¢) # 7(-, t). Therefore,
there exist C, 1 € R such that

aq = 5,7(1’)—7'(,](1')>0, Oy = T(()(t)—éc(t)>0

and let @ := min(ay,a,). The overall mass of all paths w € R/, such that the initial

. . . . _t . . . _t
segments w o] coincide with that of 17 or C, is 27". Hence, it is possible to swap 27" a mass
from {w e R! : w\[0,6] = M1jo,))} to {w € R! : wy0,6] = Co0,¢]}- A new measure is gradually
defined by

E(w,s)=&(w,s), weRLs<t
and

éo(t)—a VY e R! such that wWH0,1] = M 1[0,t]
Eo(t):=3&,(t)+a YweR! such that w1o,¢] = Cro,t]r
Ep(t) otherwise.

So far, v(s) = proj;(&) still holds as long as s < t. To fully preserve the marginals, i.e.,
& € RST(p, v), mass is carefully added to the remaining paths w € R!, where
@0, € {M110,11 Crio,1)}- Let w € R’ such that @0,1] = 11[0,]» then there exists 6 € R’ such
that 6(0,1] = Cyjo,¢) and (0 — w)(r) = 0 for all r > t. We may set

= a - a

E(s) = &, (s) + I e Eo(s), &pls):=E&p(s)— Ty, &)

which yields the correct marginals for £. Clearly, £ € RST(y, v) and due to Theorem 4.5.6
together with equation (4.5.15) it holds that #; > (;, yielding

~&o(s),

&(e)=&(c) = (1= C)(s—t)(E - &) (dw,s) = 0. (4.5.16)

J{\welRI:w 0.1 =1 10, 1% >t

Hence, continuing this construction recursively leads in a finite amount of steps to

cf(a),s) =1(w,s), s<t we R
By equation (4.5.16), 7t(c) is an upper bound for the payoff of any constructed &, and as a
consequence an upper bound for &(c).

Remark 4.5.17. The method shown in Example 4.5.2 can be used to show optimality for
the introduced "greedy" strategy m for a larger class of optimization problems. In the
setting of Example 4.5.2, we cannot expect uniqueness of the optimizer 7, since for any
n,Ce R, #y = C; and t € I such that

1, (t) >0, me(t)<1,

1

it is possible to swap some mass analogously as described above, creating a new random-
ized stopping time, but preserving marginals and payoff.
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4.5.3. Example: Generalized Setting

Let (Z;);c; be the stochastic process with independent increments and ¢ be the payoff
function of the form

c(w,t) = f(t)- wy,

where f : I — R, is monotone increasing. Motivated by Theorem 4.5.6 and Example 4.5.2,
we want to show that a greedy algorithm is optimal here, cf. Theorem 4.5.27. Analogous
to (4.5.15), we obtain for the expected payoff

J5((w1,---;wt,wt +2),t+1)dpsi(z) > Jd(’?lv--rﬂtrﬂt +2),t+1)dpsy1(2)

— f(t+ 1)wt+Jf(t+ 1)zdps,q(2z) > f(t+ 1)17t+ff(t+ 1)zdpsi1(2) (4.5.18)

— C()tZﬂt.

We construct a randomized stopping time 7 by defining a quantile g, for any t € I such
that

qr = inf{q €R: projy, (ﬂ - Zﬂ(-,s))((—oo,q]) > vt},

s<t

where 1t(w, t) can be defined as

n(w, t) := projx, (y— Zn(-,s))

s<t M(=co.q:

](a)t), (4.5.19)

if the quantile g; is exact, otherwise it can be defined similar to Remark 4.5.13.

As in Example 4.5.2, we will show optimality of this strategy by transforming any ran-
domized stopping time iteratively into the proposed one, without lowering the payoff,
cf. Theorem 4.5.27. But, before we can show optimality we need some preparations to
conduct the swapping of mass.

Lemma 4.5.20. Let m, n be finite measures on [0, 1] such that m([0,1]) = n([0,1]). Then there
exists a Borel-measurable map U = (Uy, U,) from [0,1]x[0,1] onto [0,1] %[0, 1] such that

m([O,x)) +u- m({x}) = n([O, Ul (x,u))) + UZ(xlu) ' n({Ul (x,u)}), X, u € [0, 1]'

In addition, the map Uy is surjective onto the support of n denoted by supp(n).

Proof. We can easily extend the measures m and n to measures M and N on [0,1]x[0,1]
by defining them via

M(dx,du) =m(dx), N(dy,dv)=n(dy).
For a given pair (x,u) € [0,1] x [0,1] we may define the first component of U as

Uy(x,u):= inf{y €[0,1] : M([0,x)x[0,1])+ M({x}x[0,u]) < n([O,y])} e supp(n). (4.5.21)
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The corresponding second component of U can be defined as follows
Uy(x,u) :=inf{v € [0,1] : M([0,%) x[0,1]) + M({x} x [0,u]) (4.5.22)
= N([0, Uy (x, 1))  [0,1]) + N({U3 (x,u)} x [0,0])}.

By construction, U(x,u) = (Uy(x,u), Up(x,u)) is well-defined and Borel-measurable. Fur-
ther,

m([0,x)) + u - m({x}) = M([0,x) x[0,1]) + M({x
= N([0, Uy (x,u)) x [0,1])
=n([0, Uy (x,u))) + Us(x,u) - ”({Ul( x,u)}),

+_~
S
3
X
=)
S
=
=

where the second equality follows from (4.5.22).
Assume that there exists (x, 1) € [0,1] x [0, 1] with Uy (x,u) =: y € supp(n), then there exists
a 0 > 0 such that n([y — 0,y + 6]) = 0, and hence

M([0,x) x [0, 1]) + M({x} x [0, u]) < n([0,y = 6]),

which contradicts the definition of Uy (x, 1), see (4.5.21). Furthermore, for any y € supp(n)
there exists (x,u) € [0,1] x [0,1] with

m([0,x)) < n([0,p]) < m([0,x]),

M([0,x) x[0,1]) + M({x} x [0, u]) = ([0, p]).

For z € supp(n), z <y implies n([0,z]) < n([0,y]), which yields Uy (x, u) = v and surjectivity.
d

Lemma 4.5.23. Under the assumptions of Lemma 4.5.20, we may define a map
Vy + [0,1] = [0,1] for a fixed y € supp(n) by

1 x €int(yy), n({y}) =0,
Vy(x) = sup(x,u)eUl’l({y}) u —inf(x,v)eUfl({y})v X € a'}/y, n({y}) * 0,
0 else,

where y, :={x : Ju €[0,1]s.t. Uy(x,u) =y}, int(y,) denotes the interior of the set y,, dy, the
boundary of this set and U; ' (-) is the preimage of U;. The set Vy is a closed interval and the
map V,, is well-defined. Furthermore the maps y — inf, ) )eu; ! (fyh) X = x)(y) and (x,y) — V,(x)
are Borel measurable.

Proof. Let y € supp(n). Note that for any (x, uy), (x,, u;) € Ufl ({y}) holds
(x1,41) < (x,4) < (xp,45) = (x,u) € Uy ({9),
where < refers to the lexicographical order. Hence,

Yy = {xe[0,1]3u e [0,1] s.t. (x,u) € Uy ({w)),
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Especially, y, is an interval with left and right boundary points x; and x,. When n({y}) # 0,
for any point x € (x,x;) follows V,(x) = 1. Further, y, contains its boundary points, since

(x1,1), (x,,0) € Uy ({9)- If 91,95 € supp(n), 31 <y, with
Yy = [allar]r Vy, = [bl'br]l

implies that a, < b;. Therefore, the map v — x;(v) is monotonously increasing, and hence
Borel-measurable. As a matter of fact there can only be a countable amount of point
masses of 7, which shows measurability of (x,y) — V,(x). Q

To simplify notation, we set
X:=(x,0,...,0)e R

for any starting point x € R. Given the starting distribution projy (y) = %(6x +0y) forx =y
and & € RST(y, v) we can construct, by virtue of Z’s independent increments, another
probability measure & € RST(y, v) such that

Swﬂ? = éw+}71 £w+y = Ewﬂ?l w e ]RI'

If the starting distributions are arbitrary (sub-)probability measures, we can construct
another randomized stopping time by following the idea of "swapping branches", see the
following lemma.

Lemma 4.5.24. Under the assumptions of Lemma 4.5.20, let m and n be the starting distribu-
tions of the (sub-)probability measures y and ji associated with Z, i.e.,

m=projy (), n=projy (f).
Then, for fixed y € supp(n) the measure

5x1(y)(dx) Tl({})}) =0,

Vy (x)m(dx)

n({y})

m,(dx) =
else,

is well-defined.
Furthermore, for every & € RST(u, v) there exists a e RST(fi, v) with disintegration (&) weR!
such that for t € T and w € R!

- B Igwﬂ?— 0 (t)mwl (dx) w€ Supp(”))

Ewlt): (4.5.25)

Ty1y(2) else.

Proof. According to Lemma 4.5.23 the measure m, is well-defined and y > m, measurable.
Following the proof of Lemma 4.5.20, there exist u;, u, € [0,1] such that

m([0,x7)) + u; - m({x;}) = n([0,)),
m([O,xr)) + Uy m({xr}) = n([O,y]),

where [x,x,] = ,,. We will only discuss the case that x; < x,, since the other case can be
dealt in similar fashion. If n({y}) > 0, it holds that u; = 1 - V,(x;) and u, = V, (x,).

m(Vy) = m([xp, xp)) + 1 - m({x}) = (1 =) - m({xp}) = n({p}).
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Thus m, is a probability measure on [0,1]. As a composition of measurable functions,
w éw is measurable. By construction Eis IF-adapted, therefore it remains to establish
the marginal properties. Let w € R' and w; € supp(n).

Zgw(t) (4.5:.25) J‘Zgwﬂ?—aﬂ My, (dx) =1,

tel tel
which implies
projgi (&)(dw) = fi(dw).
Then

proi ()0 = | &l ntda) = | EauriPaomiey)
- | [ oty axmappiae).

To prove proj; (£) = v(t) it is sufficient to show that for any interval A :=[a,b] C[0,1]
m(A) = f La(x)my(dx)n(dy), (4.5.26)
(0112

since the assertion follows then by the monotone class theorem. With Lemma 4.5.20 we
obtain for U(a,0) =: (y;,v1) and U(b,1) =: (y,,v;). As above, we assume that y; <y, which
yields

m(

[0,a)) = n([0,91)) + v1 - n({p1}),
m([0,b]) = n([0,92)) + vz - n({y2}),

cf. (4.5.21) and (4.5.22). And hence

m([a,b]) = (1 =vy)-n({y1}) + n((¥1,92)) + v2 - n({y2}),
m([0,a)) < n([0,y]) <m([0,b]) V€ (y1,92) Nsupp(n).

For any y € (y1,92) Nsupp(n), x € ¥, and v € [0, 1], we note that
m([0,a]) < n([0,31]) < m([0,x)) + v - m({x}) < n([0,92)) < m([0,b]),

which implies that y, C A and m,(y, N A) =1, and thus

n((91,92)) = j(w f[m 14(x)m, (dx)n(dy).

In the case that n({y;,v,}) = 0, the assertion follows. If y; or y, are point masses, we have
to show that (1 -vy) = my, (A) and v, = m,, (A), respectively. We only consider the case that
y; is a point mass, since the other cases (y3 or y; = v, is a point mass) follow analogously.
We know that y, NA=[a,c]C[ab]and

m([0,a)) = n([0,1)) + vy - n({y1}),
n([0,p1]) = m([0,¢)) + u - m({c}).
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Based on these two equations, the assertion follows:

1
n({y1})

Analogous considerations can be made for v;. Q

1-v; = (m([a,c]) +u-m({c}) = my, (A).

Theorem 4.5.27. The greedy strategy 1 is optimal, i.e.,
n(c) > &(c), YEeRST(uv).
If f is strictly increasing, 7 is the unique optimizer in the following sense:
Any 7t € RST(u, v) with 7t(c) = 1(c) satisfies forall t eI, t <T
prontXxm(n(', t)—1i(-,t)) =0, projxtxxm(,u)—a.e.

Proof. Let t € I be fixed and assume that 7(-,s) = £(+,s), p-a.s., for all s < t. Hence, there
exists a ;-measurable set B C R with full measure such that 77,(s) = &,,(s) holds pointwise
forall weB,s<t.

At i={w:(m-&),(t)>0}NB, A :={w:(&-m),(t)>0}NB.
Define A := A* UA™. In view of the (quantile) structure of 7, cf. (4.5.19), it follows that
wi <1y YoeAt, VneA™. (4.5.28)
Let the finite measures ¢ and ¢~ on A x I be given by
¢ = (m - E)FAXI’ ¢ =(&- n)FAxI'
Note that projgi(¢™) = projri(¢~), which implies
0<¢ (AT 1) = a < @™ (A" x o) = (A" x L) =: B
The second marginal property of 7w and &, i.e., proj;(m)(t) = v(t) = proj;(&(t)), yields
a= ¢ (AT 1) = ¢ (A1),

We may define two [F-adapted measures i and x via

_a | (dws) (w,s)eATXI,
pldw,s) = B {0 else,

(¢ @dars) (@) €A x 1),
xdwns):= {0 else.

Due the scaling factor of %, we obtain (A" xI) = x(A™ xI). Therefore, we can define m
and 7 as the starting distributions of ¢ := projge. () and { := projgs, (x) such that

m = projy (), n:=projx (¥).
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Let C C A be a F;-measurable set for s > t and C’ its projection onto R'>, then

P(C)=9(C),  x(C)=x(C).
Again by a monotone class argument it follows that
p(e)=(c"),  x(c)=x(c),

where ¢’ is the natural restriction of ¢ onto R x I,;. Applying Lemma 4.5.24 to m, n,
{ and j results in two measures 1) and §, which preserve the marginals of i and %,
respectively. In the final step, we want to extend § and ¢ to measures ) and { on R! x I.

P(dw,s) == {f‘”r[m (s)projr (P)(dw) weA*, s>t,

else.

£(daw,s) = {gwmproiw)(dw weA s>t

else.

For s > t we obtain

A

proj; ( + x)(s) = proj,_ ( + X)(s) = proj,_ ( + X)(s) = proj; (¢ + X)(s).
Then
pI‘Oj]RI (l,l) + X) = prole’zf (115 + X) = proj]RIzr (115 + )E) = prOjIRI (lp + )e)
holds y-a.e. Hence, we are able to define £ € RST(y, v) via

E=&—yp-x+p+ 1.

() + x(c) = () + x(c)
(0 +7,1)Pg.5(1)P(d )n(dy)+JC’(G+ZS)))€9+;?(S)H°(d9)M(dX)

c'(0 +7,5)Xo+x(s)P(dO (dx)”(dy)+jC'(G+9?;1)1l79+;7(1)11’(d9)nx(dy)1ﬂ(dx)
D)+ K(c) = Ple) + R (c),

where the inequality holds due to (4.5.28), which implies

IA
A%%

x>y Vxesupp(m), y €supp(n),

together with the explicit form of ¢’ and (4.5.26). We see that we can exchange & with &
without lowering the payoff. Further, &(w,s) = n(w,s) w-a.e. for all s < t. By continuing
this procedure iteratively over ¢, we can transform the initial £ into 7© without lowering
the payoff. Hence, 7 is optimal. If f is monotonously strictly increasing, this inequality
holds strictly if and only if

projx «x,,, (7(+ 1) =&(, 1) 20,  projy .x, () —a.e.

Thus, 7t is the unique optimizer in the sense described above. Q
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4.6. Monotonicity Principle in an Example

To test if a randomized stopping time is a possible candidate for optimality in problem
Or1STOP”, different monotonicity criteria were developed. In this context, the so-called
c-cyclical monotonicity as in [73] deserves a special mention, which is in fact a geometric
property of the support of an optimal transport plan. In the initial form, the mono-
tonicity was shown only for couplings which do not have to satisfy additional adaptivity
constraints. Zaev introduced (¢, W)-cyclical monotonicity in [76, Theorem 3.6], which
enhances the notion with constraints, denoted by W. In our considerations, randomized
stopping times are couplings satisfying additional linear constraints given through (4.4.2)
and (4.4.3). Thus, Zaev’s monotonicity principle can be applied naturally. Contrary
to the classical c-monotonicity, the (¢, W)-monotonicity of a support of a randomized
stopping time is a necessary optimality condition, but in general not sufficient. In an
independent work, Beiglbock and Griessler found a closely related monotonicity principle
which includes the result [76, Theorem 3.6] as a special case, see [11, Theorem 1.4].
Inspired by the classical c-monotonicity which shows that optimality is an attribute of the
support of a coupling, other different monotonicity principles have been developed in the
area of martingale optimal transport problems, cf. [9] and Chapter 7. The approach of
the previous section for showing optimality is strongly inspired by the latter chapter of
this thesis which deals with time-continuous distribution-constrained optimal stopping
problems where the underlying stochastic process is a Brownian motion. Analogously, it
is possible to find a monotonicity principle for the time-discrete case. Again, we assume
that (Z;);¢s is a stochastic process in discrete time with independent increments.

Definition 4.6.1. The set RST. of randomized stopping times (of a stochastic process Z
with initial distribution «) is defined as the set of all Z-adapted probability measures 7
on Rt x I, such that Z ~ projgs, (7).

Definition 4.6.2 (Concatenation).
For every t € [ we have an operation ® of concatenation, which is a map into R>* and is
defined for (w,s) € Rt x I, and 6 € R with 6(s) = 0 by

w(r) t<r<s,

(4.6.3)
w(s)+0(r) r>s.

(w,5)©0)(r) :{

Definition 4.6.4 (Conditional randomized stopping times).

For 1t € RST(y,v) and (w,t) € S, we define () € RST’ by defining a disintegration

(néw’t))eemzzt with respect to Z as

1_Tz(w,t)

1
T((Qw,t) _ {—([St)(n(w,t)G)@)rI>t for 1 (e, (I<y) < 1,

Oy for 70, (I<) = 1,

where &, is the Dirac measure concentrated at t and 6 € IR™>* with 6; = 0.
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Definition 4.6.5 (Relative Stop-Go pairs).
For £ € RST(y, v) define SG¢ C (R! xI) x (R xI) as the set of all pairs (w,t),(1n,t) e R x I
such that there exist & € RSTfS o and &, € RSTfS " such that

w(t n(t

o @)+ EN(c) < & (c) + &y(c).

Theorem 4.6.6 (Monotonicity Principle).
Assume that 1 is a solution of OprSTOP”, then there is a measurable, IF-adapted set T C R xT
such that

n(l)=1
and
SGN(I<xT)=0,

where T<:= {(w,s) e R xI : (w,t) €T for some t > s).

Equipped with this general result, we can easily show optimality of the greedy strategy
introduced in the last section. For this class of payoff functions in particular, it can be
shown that monotonicity is already a sufficient condition for being an optimizer.

Corollary 4.6.7. Let the payoff function c be given as
clwt)=f(ho, weRl, tel,

where f : I — R" is monotonously increasing. Then the greedy strategy 1 € RST(u,v) is a
maximizer of OprStor”™. If & € RST(p, v) satisfies the assertions of Theorem 4.6.6, then

prontxxM(é(-, ) = Projx «x,., (me(-, 1)), prontthH(y)—a.e., tel.

Proof. From the construction of 7t via quantiles, see Example 4.5.3, there exists
A;:=(—00,a;] CR, t €I such that M; =[],,[as,00) X A; X[ ], R, each a; is minimal with

,u(ZMS] > Zv(s).

s<t s<t

Let £ € RST(p, v) be optimal, then we denote the set of Theorem 4.6.6 with I'. Assume that

Projx «x,,, (&(+s)—m(,s)) =0, projy .x  (#)-as, s<t<T,
Projx x,,, (&( 1) —m(, 1)) # 0quadprojy . x  (u)-a.e.
Then there exists w €I such that
ws € (a5,00), s<t, w(t)e€a;,o0)and &, (t)>0.
Since & has to preserve the marginals, there exists 7 € M; NI such that &, (s) > 0 for an

s > t, which yields #; < w;. We want to show that ((7, 1), (w,t)) € SG¢ which would lead
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to a contradiction. Therefore, we construct &' e RST; and &2 € RST; by defining two
wt nt
disintegrations

(w,t) (1,t) 0 s=1,
(E (S t'é S a)
o(s):=&g (1) - &g (){%t()wt.

59 () s=t,
0 s>t

E2(s) = (1= (1)) - £ (s) + {

Computing the payoff yields

61(6)—é(“’t)(6)+<€2(6)—c€(’7'”( )
—— [ rnes - (- w)arers Y [ ree+ 092 0- € dmo
e [ somel 0 (- w)aver- Y [ s+ 00es w-£f s apio)

1>s

=3 [ re- s -z nerido, s o

s>t
Therefore, ((1,t), (w, t)) € SGE N(I'< xT) which is a contradiction. u

Corollary 4.6.8. Under the assumption of Corollary 4.6.7, the support of the greedy strategy
1t € RST(p, v) introduced in Example 4.5.3 satisfies the assertions of Theorem 4.6.6.

Proof. Let ((1,t),(w,t)) €< xT and « := %(5,1t +90,,), then 1(r) + 7(@1) =: & € RSTY can
be viewed as a greedy strategy to the auxiliary problem:

Maximize & > &(c) under & € RSTY. s.t. Pr0j1>,(5 -7t)=0.
By applying Corollary 4.6.7 we obtain optimality of 7%, and

SG™N(<xT) = 0.
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4.,7. Conclusion and Outlook

In Chapter 4.2, the optimization problems OrrStor” and OprSTOP™ Were formally intro-
duced and a link between them was made. Based on the theory of optimal transport, the
existence of optimizers is shown in Chapter 4.3. In addition, a Kantorovich-type duality
theorem was developed, inspired by recent work of Zaev [76]. Chapter 4.5 deals with the
optimization of a class of payoff functions. For this, an optimal strategy was found in
Theorem 4.5.27. Finally, in Chapter 4.6 different geometric optimality criteria — so-called
monotonicity principles — are formulated, which have their roots in the theory of optimal
transport. It is shown how they can be adapted for OprStor™ and are applied to show
optimality of the strategy introduced in Section 4.5.3.

We close with an outlook on future research possibilities. Considerations were made on
more general monotonicity principles, for example on the monotonicity principle for
Gozlan-type problem. These considerations have not been completed yet. Furthermore,
efforts were made by Kaillblad [38] in the area of time-continuous distribution-constrained
optimal stopping problems to reformulate the problem using so-called measure-valued
martingales. In this current work [38], the following optimal stopping problem with a
constraint placed on the distribution of the stopping time is considered: given a probability
measure y on (0,00) (that corresponds to our measure v on I) and a filtered probability
space supporting a Brownian motion (B;);>o, we aim at finding

sup E[c(B.,, 1)], (4.7.1)

TeTt

where 7 is the set of stopping times with distribution y and c is a given measurable cost
function satisfying c(w, t) = c(w.,y, t). This is a special case of our problem OprStoP”.
Each stopping time 7 in 7/ is identified with the measure-valued martingale (&;);>¢
defined as its conditional distribution given the current information:

& =L(t | F); (4.7.2)

any such process will satisfy the initial condition &, = p along with a martingale property
and a certain adaptedness condition corresponding to the stopping-time property of 7.
When reformulating the optimal stopping problem as an optimization problem over such
measure-valued martingales (MVMs), the distribution-constraint is then incorporated
as an initial condition which allows the problem to be addressed as a stochastic control
problem; the main result establishs that the dynamic programming principle holds for this
problem.It should be outlined here how this could apply. If you transfer these considera-
tion to the enlarged problem Or1StoP’, there arise interesting connections. Analogously
we get the following for our problem OrrSTOP” and notation: given a probability measure
v on I and a filtered probability space supporting a Brownian motion (B;);c;, we aim at
finding

sup E[c(B.,y)], (4.7.3)
yeMy

where M is the set of adapted random probability measures with distribution v and ¢
is a given measurable cost function satisfying c(w,t) = c(w.,s,t). Each adapted random
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probability measure y in M is identified with the measure-valued martingale (&;)es
defined as its conditional distribution given the current information:

A =B Y y|F| vieraesq) (4.7.4)
ueA

any such process will satisfy the initial condition &y = v along with a martingale property
and a certain adaptedness condition corresponding to the property of y.

The process (&;);; defined in (4.7.4) is a measure-valued martingale, because it satisfies
the following definition with P denotes the set of probability measures on I with finite
first moment, which can easily checked:

Definition 4.7.5 (MVM). Cf. [38, Definition 3.1]:
Given a filtered probability space supporting an adapted process (&;);c; with & € P, we
say that

* the process & is a measure-valued martingale (MVM) if £.(A) is a martingale, for any
AeB(I);

* a MVM is continuous if ¢ — &; is continuous in the topology induced by W, the first
Wasserstein metric, for almost all w € Q);

* a MVM is adapted if &;(I<;) = &, (I<s) a.s. , forall s <t <u.

By Section 3.2 we know that OrrStor” coincides with OprStor”. We will focus on these
considerations. Let T := sup(I). Each randomized stopping time 7t in RST(y, v) is identified
with the measure-valued martingale (&;);c; defined as its conditional distribution given
the current information:

&rw =T Yo eB(R)), (4.7.6)
& =E[n|F, as. Vtel, (4.7.7)

any such process will satisfy the initial condition £ = v along with a martingale property
and a certain adaptedness condition corresponding to the property of .

Let MVM(v) denote the set of adapted measure-valued martingales & with £y = v. Then
we have to show that our original problem OrrStor”™ (cf. [38, Problem 3.2]), indeed, admits
the following equivalent formulation:

Problem (OptStoP®). On the given space (Q = R!, F,FF,u), consider the problem of

maximizing

1E[ Y e(Bos) dAf] with AL = &,(I,),  over £ € MVM(). (4.7.8)
1

Finally, this would be a further approach or formulation for our considered problem.
Furthermore, it would be interesting in which form [38, Corollary 3.9] is applicable. In
this case, the Relation to Bayraktar and Miller [8] should also be considered.
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The Problem

In this chapter we introduce our problem of study in continuous time, cf. [33, Section 7.1].
The distribution-constrained optimization problem, which we consider, is a modified
version of an optimal stopping problem. We deal with financial and actuarial products,
whose payoffs taking value during a certain time interval, are determined by an stochastic
process. The time point of the payoff is modeled by a stopping time. This stopping
time follows a given distribution and can depend on the underlying process. Our tar-
get is to deduce the estimation of the worst-case situation, that means, the supremum
of the expected payoff over all stopping times satisfying the given marginals. We are
interested in sufficient conditions such that there exists a maximizer. As in discrete
time, the problem is denoted by OrrStor®, because it does not change significantly. In
discrete time we have used adapted random probability measure to extend the problem
or alternatively formulate the problem of several withdrawals within the predefined
time interval. Now, we have to exchange the adapted random probability measures by
stochastic transition kernels to formulate OprStor”. Afterwards some general results are
presented for OprStor” in Chapter 6. We can formulate these problems again as optimal
transport problems and prove the existence of an optimal strategy for these problems by
using the theory of optimal transport, see Chapter 7. This chapter is the main part and
the results of it are already published ([10]). But first of all and similar to discrete time,
we introduce the notational conventions and necessary assumptions for this part and look
at the distribution-constrained optimal stopping problem OprStoPr".

Notation 5.0.1. Throughout this part, we consider a continuous time setting and stick to
the following notation.

(a) Let I CR (or I C[0,00)) denote a continuous time interval.

(b) For t € I we define the set I; = (—oo, )N I of all times before ¢, the set I; = (—o0, ] NI
of all times up to t, the set Is; = [t,00) NI of all times from ¢ on, and the set
I.; = (t,00) N1 of all times after .

(c) Let (Q, F,P) be a probability space with filtration F = (F;);¢;.

(d) 77 denotes the set of all stopping times 7 : (3 — I. For a given probability distribution
v on I, let TIV be the set of all I-valued stopping times with distribution v, i.e.,
L(t)=w.
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Chapter 5. The Problem

Let Z = (Z,);c; be the adapted process with Z € L}(IP), i.e., [E[|Z;|] < oo for all ¢ € I, which
will be needed from time to time. Furthermore, in continuous time we will often need to
assume that the process Z is cadlag or that it is at least right-continuous.

We now assume that the expected values we are interested in exist and are finite. Using
stopping times in continuous time does not significantly change the formulation of our
problem. Since the problems are similar, we will use the same notation as in discrete time.
Then the value of a classical optimal stopping problem, which we will denote by V7 (Z), is
given by

Vr(Z) :=supE[Z,].

t€T;
Moreover, the distribution-constrained optimal stopping problem is given in the following
way.

Problem (OptSTOP"). Consider a real-valued and [F-adapted stochastic process Z = (Z;);¢;
such that [E[Z]] or [E[Z7] is finite for every T € 7,”. Find sufficient conditions such that
among all stopping times 7 € 7;” there exists a maximizer 7" solving

E[Z]=sup E[Z;] = V/(Z).

4
€T,

If 7,V =0, we set V/(Z) = —c0.

Then the connection between the standard and distribution-constrained optimal stopping
problem is given for a process Z by

V7(Z):= sup E[Z;] < supE[Z,] =: V1 (Z). (5.0.2)

el teT;

Note that we set sup 7 [E[Z;] = —o0 in the case V=02
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Adapted Random Probability
Measure

In this chapter we want to introduce our distribution-constrained optimization problem
OrptStOoP” in continuous time similar to the one in discrete time. For this we have to
exchange the adapted random probability measures by stochastic transition kernels. Some
preliminaries to stochastic transition kernels are given in Section A.5 at the beginning of
this work. Similar to discrete time, the formulation and some results are stated in Section
6.1. In Section 6.2 we give some results for a special class of processes.

6.1. The Problem

For the similar definition of V(Z) and formulation of OprStor? we have to exchange the
adapted random probability measures by stochastic transition kernels, which are given in
the following definition.

Definition 6.1.1. Cf. [33, Definition 7.6]: For a fixed probability measure v on B; we say
that a stochastic transition kernel I': O x By — [0,1] is in M{ if forall t € I

(@) Q3w TI(w, 1) is F-measurable,
(b) E[T(,I<p)] = v(I<).
For a (F ® By)-measurable process Z : (O xI — R and I' € M} with

u{{ﬁz;n,m)<m}u{£ztnum)<m}y:1

ZV:LZJ@ﬁy (6.1.2)

we define

For an adapted process Z with IE[L Z;T(,dt)] <o or IE[JI Z[T(,dt)] <ooforall T € M7,
we are now interested in the value

Vi(Z):= sup E[Zr]. (6.1.3)
TeMy
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Chapter 6. Adapted Random Probability Measure

Remark 6.1.4. See [33, Remark 7.7]: For the definition of Zr it is sufficient to assume that
Z is a (F @ By)-measurable process. Furthermore it is necessary to assume that the process
Z is adapted to find a reasonable optimal stochastic transition kernel I'* satisfying

E[Zp-]= sup E[Zr].
FeMy

Then there exists a modification of Z, which is progressively measurable (see Defini-
tion A.2.6).

Using the preliminaries in Section A.5 we get the following:

Remark 6.1.5. Note that (), F) and (I, B;) are measurable spaces. In addition, IP is a
probability measure on (€, F) and I is a stochastic transition kernel from () x 3 to I.

(a) Applying Lemma A.5.11 for f : QO xI — [0,00] with f(w,t) = Z;(w) we know that the

map

W th(w)F(w, dt)

is well-defined and F-measurable, because Z is (F ® B;)-measurable.

(b) Using Corollary A.5.14 we have that P®TI is a probability measure on (QQ xI, F ® B;)
and uniquely determined by

]P®F(A1 XA2) = J\ F(a),Az)IP(da)) for all A1 € f,Az € BI'
Ay

(c) Let Z be non-negative or in L'(P®T). Then the thoughts above and the Fubini
for transition kernels, see Theorem A.5.18, allow the given a.s. definition of Zr in
Definition 6.1.1, because

E[Z;] = JQ Ziw)POT(dw,df) = JQ Ziw)d(POT) (w1

Theorem A.5.18 J. (Jzt(w)r(w,dt))IP(dw) = E[jztr(.,dt)].
a\Jr [

Note that the expectations are with respect to different measures.

(d) Note that for all I' € M] the marginal/projection from P®T to I is also a probability
measure, because of the definition of I'. It holds that

proj;(P®T)=v forallT € Mj,

such that v can be rewritten as

v(B) = E[['(-,B)] = L I'(w,B)dP(w) for all B € B;.
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Then the distribution-constrained optimization problem OprStop? is given in the follow-
ing way:

Problem (OptStOP?). Consider a real-valued and IF-adapted stochastic process Z = (Z;)¢;-
Find sufficient conditions such that:

(a) Forevery I € M/, the integral L ZI'(-,dt) defining Zr, is IP-a.s. absolutely convergent
in R satisfying ]E[L Z;T(,dt)]<ooor ]E[L Z[T(-,dt)] < o0.

(b) There exists a maximizer I'" € M] solving

E[Zr] = sup E[Zr]. (6.1.6)
TeMy

As in discrete time, we have that 7;” can be embedded in M) and M is not empty.

Example 6.1.7. Given an [F-stopping time 7 € 7,7, it can be naturally identified with the
stochastic transition kernel I' € M} defined by

F(w, t) = ﬂ{f(w)}(t), we), tel. (6.1.8)

Example 6.1.9. The set M] is never empty, because it contains the stochastic transition
kernel I defined by I'(-,t) = v;1 for all t e I.

Therefore, the introduced distribution-constrained optimization problem OrrStop’ is
an enlargement of the problem OrrStor® and it holds obviously that V7 (Z) <V} (Z). In
[33, Chapter 7] and [33, Chapter 8], there are already discussed some elementary general
results and also bounds for special cases. Similar to discrete time the value of the classical
optimal stopping problem, which we have denoted by V7 (Z), is an upper bound for V;(Z)
and also for V(Z), which is proven with [33, Lemma 8.17]. Furthermore it holds again
that V.* ;(Z) gives us a lower bound. For every I' € M} which is independent of Z and
satisfies IE[L Z;T(,dt)]<ooor IE[L Z[T(-,dt)] < oo we get by using [33, Lemma 7.8] that

VY (Z) = J;IE[Zt]v(dt).

Then we have for independent Z and v € 7;” # @ or I € M satisfying IE[L Z;T(,dt)] < oo
or E[[, Z{T(,dt)] < o

Vir ((2) < VE(Z) < VY(2).

In discrete time we have seen that we can also embed the original set M into a set 7?’
corresponding to an enlarged filtration, if the underlying process Z retains its original
measurability. We also get this in continuous time by [33, Theorem 7.12], which is given
in the following way:

Theorem 6.1.10. Let I C[0,00) and I be an adapted stochastic transition kernel with respect
to the filtration (F;)ic;. By extending the probability space if necessary, we may assume w.l.0.g.
that there exists a random variable U, uniformly distributed on [0,1] and independent of
Foo 1= 0(User F2)- Then

T(w):=inf{tel | U(w) <T'(w,1)}, weQ,
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Chapter 6. Adapted Random Probability Measure

satisfies {T < t} = (U <T(-, 1<)} for every t € I, hence t is a stopping time with respect to the
filtration F = (F)ier defined by F, := o(F U (U)) for t € I and satisfies P(t < t|F;) = I'(, 1)
foralltel. Let Z:Q xI — R be an (F,, ® By)-measurable process such that [E[Z7] < co. Then

E[Z|F) S Zr  and E[Z.]=E[Zr]

In [33, Section 8.3], there is given a discrete approximation, which will allow us to transfer
results from discrete time to continuous time. We want to specify this one again here and
its application given by [33, Lemma 8.13].

Proposition 6.1.11. See [33, Proposition 8.10]:
(n) )

Given a continuous time interval I C [0,00) with 0 € I. Let 0 =t; <t . < tm be a
partition of the time interval I, such that the length of the corresponding subintervals tends to
zero as n — oo and that ti:,? — sup(I) for n — oo in case sup(I) € I or ti,':? — 00) for n — oo
in case I = [0,00). Given a stochastic transition kernel T, for a fixed n € IN define a discrete

adapted random probability measure y" by

I'(-{0}) ifk=0,
i (-, [0,8")=T(, [0, ) ifk=1,...,m,—1,
I(,1)~T( [0, f::j D ifk=m,

Define a sequence of stochastic transition kernels (I'""),cn by

My,
_ n
= E Vtm)é
k
k=0

where 6 ( denotes the Dirac measure. Then for every right-continuous process Z = (Z)se; with

[suptel |Z:]] < o0

lim | Z,T"(dt) = JZtl“(dt) pointwise on Q and in L.
I

n—-oo I

Then it holds that:

Lemma 6.1.12. See [33, Lemma 8.13]:
For a right-continuous process Z = (Z;)1e; with E[sup, . |Z;|] < oo and a discrete approximation
as defined in Proposition 6.1.11 we have

IE[LZtF(dt)] = IE[nli_{EOJ;ZtF”(dt)] = Ai_)n;olE[J;ZtF”(dt)].
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6.2. Product of a Martingale and a Deterministic Function

6.2. Product of a Martingale and a Deterministic Function

In this section a special class of processes are considered, for which it is possible to find
an optimal strategy and the extremal value resulting from it, analogously to Section 3.5.2
of Part I where this class is considered in discrete time. Again we consider a continuous
time interval I C R and adapted stochastic processes Z = (Z;),c; with Z € L' (IP) and we
assume that the process Z is cadlag or that it is at least right-continuous. Let M be a
right-continuous martingale, v be a given distribution on I and the support of v is defined
as

J =supp(v):={tel|v,>0}.
The considered, adapted process Z is given in the form
Zi=f(t)M;, tel, (6.2.1)

where f is in

F (M) := {f I >R ‘ f non-decreasing function,

(w,t) = f(t)M(w) is (P®T)-integrable for all T € M}’}
Using the stochastic transition kernels to describe our problem, we are interested in

Vi(Z):= sup E[Zr] = sup IE[JZJ(-,(JH)].
rem! remy LJ1

The main theorem of this section will give us a characterization of an optimal strategy for
the problem OprStor”. Before we formulate the main theorem we want to take a look at
F,(M) and some specific properties.

Lemma 6.2.2 (F,(M) ).

(a) For every f € F,,(M) and I € M| the Lebesgue integral defining Zr is almost surely finite
and IE[|Zr]] < oo.

(b) If F,,(M) includes the identically one function, then
(i) My is almost surely finite and IE[|My|] < oo for every I € M7,
(ii) all bounded non-decreasing functions f : I — Rare in F,,(M), especially all constant

functions.

Proof. (a) For every f € F,(M) we have that |f(t)M;(w)| is (IP ® I')-integrable for all
I' e M such that

co > E[|f (M,(w)]] = j I (OM (@) d(P & T)(w, 1)

QxI

Theorem A.5.18 JQ(£|Zt(w)|r(w,dt))IP(dw) > J;)

= E[|Zr]].

J;Zt(a))I’(w,dt)‘IP(da))

=Zr
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(b)

This implies that Zy is almost surely finite and E[|Zp]|] < oco.

(i) If A, (M) includes the identically one function, we have that |M,(w)| is
(P®T)-integrable for all I' € M] such that My is almost surely finite and
E[|Mr|] < o0, cf. the thoughts above.

(ii) F,(M) includes the identically one function which means that |[M;(w)| is
(P ®T)-integrable for all ' € M]. Moreover, for every bounded non-decreasing
functions f : I — R it holds that sup,;|f(t)| < co. Using these statements we
get that |f (£)M(w)| < sup,;|f (#)|IM¢(w)| is (P ® T)-integrable for all T € Mj.
Thus f € F,(M). Especially for every constant function f = c, c € R we have
that the equality |f ()M, (w)| = |c||M;(w)|. 0

Remark 6.2.3. Note that:

(a)

(b)

If %, (M) includes the identically one function, then M € L}(P®T). M € LY(P®T) is
equivalent to the condition lE[fI |M;|T'(-,dt)] < oo, which implies that

J; IM{T(,dt) < o0, P-as.

For every f € F,(M) the process Z given by (6.2.1) is in L'(P®T).

Definition 6.2.4. Fix I' € M/ . For every progressively measurable martingale M with
M e LY (IP®T), we define I, : Q x B; — R by

[sMi(@)T(w,dt), if [[IMy(w)|T(w,dt) < oo,
0, otherwise

FM(Q),B) = {

for we ), Be B;y.

Lemma 6.2.5. I}y given as in Definition 6.2.4 is a (signed) transition kernel.

Proof. We have to show that I, satisfies the condition of Definition A.5.10.

(a)
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At first, we have to show that w — I (w, ;) is F;-measurable. We decompose M
into its positive part M; := max{M;, 0} and its negative part M; := max{—M;, 0}, such
that M, := M, — M; for every t € I. Due to the progressively measurability of M we
know that the restriction of M* to I; x Q) is (B;_, ® J;)-measurable for every t € I.
Using Lemma A.5.11 for f(w,t):= M{(w) it follows that

W M (w)T(w,ds) (6.2.6)
L

is F;-measurable and well-defined.

Furthermore we have to show that B — I);(w, B) is a signed measure on (I, B;) for
every w € (). Combine the knowledge that B — I'(w, B) is a probability measure
on (I, By) for every w € QQ with IE[J |M;|T(-,dt)] < o0, see Remark 6.2.3, implies that

B+ fB M;(w)I'(w,dt) is a signed measure. 0



6.2. Product of a Martingale and a Deterministic Function

Remark 6.2.7. Using Corollary A.5.14 we have that P ® I};; is a signed measure on
(Q xI,F7 ® By) and uniquely determined by

1P®FM(A1 XAQ) = f FM(a),Az)lP(da)) for all Al eF, A2 € BI‘
Ay

Due to Iy depends on M and T, it is obvious that [P ® I;; is absolutely continuous with
respect to P®TI. Under the assumption that a measure A is o-finite, the Radon-Nikodym
theorem characterizes the absolute continuity of # with respect to A with the existence of
a function f € L'(1) such that 7 = f A, i.e., such that

n(A) = J fdA forevery A € B.
A

Some authors use the name "Differentiation of measures" for the decomposition above

and the density f is sometimes denoted by Z—K which we will use. The absolute continuity
of  with respect to A is denoted by 1 < A.

Furthermore, using the definitions given above we have for all A; € 7 and A, € B; that

(P®Ty)(A1,Az) = J

Ty(w,Ay) P(dw) :J Mi(w)T(w,dt)P(dw)
A

Ay JA,

:j M (w)d(PRT)(w,t)
A1xA,

such that

d(IP®TIy)

APaT) (w,t) = Mi(w).

Remark 6.2.8. In addition, we define
pr.m(B) :=E[Ty (-, B)] = IE[J‘ MtF(-,dt)] for all B € B;.
B

Because F,(M) contains the identically one function, we get that My is well-defined and
PRI -integrable, cf. Lemma 6.2.2. Remembering that IE[I |M,|T(-,dt)] < o0, if M € L' (IPQT).
Then pur ps is a signed measure and a projection from P ®Iy; to I. In a nutshell, we will
consider the probability measure yr and the signed measure yr 5y which are given by

ur(B) =E[I(-,B)] = ,L) I(,B)dP=v(B) and (6.2.9)
pr.m(B) =E[Ly (-, B)] = J-Q LMtF(~,dt)dlI’ for all Be B; (6.2.10)

and we know that
proj;(P®I)=pr=v and proj;(P®Ly)= prm

and pr s is absolutely continuous with respect to yr = v, i.e., if v(A) = 0 for any A € B,
then ur p1(A) = 0.
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Now, we will formulate the main theorem of this subsection.

Theorem 6.2.11. Given a continuous time interval I C'R, a probability distribution v on I and
a right-continuous martingale M. Assume that F,,(M) contains the identically one function.

Then for a stochastic transition kernel I € M| the following properties are equivalent:

(a) I is optimal for all processes (Z;);c given as

Z.=f(OM,, tel, (6.2.12)

with f € F,(M) and f is bounded.
(b) T satisfies E[Mr-] = [E[Mr] and

Ry

forallsel andallT € Mj.

(c) T is optimal for all processes (Z;);c; given as

Zt:f(t)Mt' tEI,

with f € F,(M).

Proof of Theorem 6.2.11.

1.
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(a) implies (b):

Note that based on the claimed conditions we have that Z and M are well-defined
and in LY(IP®T) for all T € M, see Lemma 6.2.2. A stochastic transition kernel
[ € M{ is optimal for (Z,), if E[Z<] > E[Zr] for all T € M]. For every (Z;);er
given in the form as in condition (a) of Theorem 6.2.11, the optimality of I'* implies

E[Zr] = [If )M T(., dt)]>IE[Zr [J-f )M, T( dt)] FeMj. (6.2.14)
For a fixed s € I the function f; : I — IR defined as

fs(t) =1 (¢), tel, (6.2.15)

is a special non-decreasing deterministic function and bounded by 1. We have that

0 fortel,
M, fortel,,

fs(t)Mt :{

and L |fs (1) M| T (w, dt) = f[> M| T(w,dt) < L |M;|T(w,dt) for almost all w € Q. Due
to the identically one function being in F,(M), we get that f; € F,(M). The in-
equality (6.2.14) holds for every non-decreasing deterministic function f € F, (M),
particularly for f;, s € I. For s € I and for every I' € M} we have

o] o ] e



6.2. Product of a Martingale and a Deterministic Function

so that we get for every s € I and every I € M| with the special choice f; that

IE[L M, I‘*(-,dt)] > JEUI Mtl“(-,dt)].

Now, we want show that [E[Mr] is the same real number for all I' € M. Applying
the inequation (6.2.14) for the identically one function, we get immediately that

E[Mr:]>E[Myp] forallT e Mj. (6.2.17)

If F,(M) includes the identically one function, then we know that all constant
functions are in F,(M), see Lemma 6.2.2. Therefore we can also apply the inequality
(6.2.14) for the function which is identically minus one, i.e., g(t) =—1, forall t € I.
Note that g is bounded by one. We get for every I' € M| that

E[Mr.] <E[My] forallT e Mj. (6.2.18)

Putting the inequations (6.2.17) and (6.2.18) together we get the assertion.

. (b) implies (a) and (b) implies (c):
Using Remark 6.2.8 and Definition 6.2.4, we define for all B € B; and for every
FeM]

prm(B) := E[Ty (-, B)] = IE[LMtr(':df)}-

* Because F,(M) contains the identically one function, we get that M is well-
defined and P ® I'-integrable, cf. Lemma 6.2.2.
Remember that IE[I IM{|T (-, dt)] < 0o, if M € LY(P®T). Then pr p; is a signed
measure with finite total variation, because of

lur,mI(I) = ]E[L IMtIF(-,dt)] < oo.

* Due to E[Mr] is the same real number for all I' € MJ, we have for every
I,T € M} that (1) = E[[, M, T(-,dt)] = E[M] = E[Mz] = pir g (1),

Now, we assume that I'* € MIV is optimal and satisfies inequation (6.2.13), i.e.,

IEUI M, r*(-,dt)] > IEUI MtI‘(-,dt)]

for all se I and I € M]. Using equation (6.2.10) we have

prem(Iss) > prp(Iss) forallsel,

this means pr- )y dominates ur )y in first order, cf. Definition A.1.11. In addition,
due to Lemma A.1.18 we have equivalently

qumWwszffMdeu» (6.2.19)
1 I
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for all functions f such that the integrals exist. Because of the claimed conditions of
Theorem 6.2.11 we know that the integrals in equation (6.2.19) exist for all f € F,,(M)
and Zr is almost surely finite and E[|Z|] < oo, see Lemma 6.2.2. Therefore by using
Remark 6.2.7 we have that

E[Z;] = ffmdm,M(t), (6.2.20)
I
because
Ezil= [ ziwd®enwn= [ foMdPeD)w
JQxI QxI
[ d(P®Ty) o o f) = ©
- [ oS pe i@ ndpenn = [ fndPeniw

r

- f(ﬂL d(mrM)(w,t)=Lf<t)dm,M<t>.

JI

Finally, with equation (6.2.20) and inequation (6.2.19) it follows for every (Z;);cs
given in the form as in condition (a) of Lemma 6.2.11 that

E[Zr] > E[Z;] forallT e M}

such that we get the assertion.

3. (c) implies (b):
It follows immediately using (a) implies (b).
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Randomized Stopping Times

In this chapter we consider the distribution-constrained stopping problems from a mass
transport perspective. For this we reformulate the problem OprStor® in terms of optimal
transport into OprStor”. Using the methods and techniques of optimal transport theory
we obtain the existence of optimal stopping times of a Brownian motion with given
marginals. However, the cost process must be at least measurable and appropriately
adapted. Certain continuity assurances then guarantee the existence of solutions to
the considered problem. The main result is Theorem 7.1.10. To prove it, we have to
introduce randomized stopping times and the problem OrprStor”™. Furthermore, ideas
and concepts from the optimal transport (and its martingale variant) are adapted to
obtain a geometric description of the optimal strategy. A fundamental idea in optimal
transport is that the optimality of a transport plan is reflected by the geometry of its
support set which can be characterized using the notion of c-cyclical monotonicity. The
relevance of this concept for the theory of optimal transport has been fully recognized by
Gangbo and McCann [29], based on earlier work of Knott and Smith [42] and Ruschendorf
[67, 68] among others. Inspired by these ideas, the literature on martingale optimal
transport has developed a ‘monotonicity principle’ which allows to characterize martingale
transport plans through geometric properties of their support sets, cf. [14,76, 11,9, 32, 15].
This martingale optimal transport problem arises naturally in robust finance; papers to
investigate such problems include [35, 12, 28, 22, 17, 30, 55], and this topic is commonly
referred to as martingale optimal transport. In mathematical finance, transport techniques
complement the Skorokhod embedding approach (see [56, 34] for an overview) to model-
independent/robust finance.

The methods work for a large class of cost processes and it is shown that for many cost
processes a solution is given by the first hitting time of a barrier in a suitable phase space.
As a by-product we recover classical solutions of the inverse first passage time problem /
Shiryaev’s problem. The results of this section of the thesis are already in [10] published.

In this chapter, let (2, G, (G;)>0,IP) be a filtered probability space and (B;);>o be a Brown-
ian motion started' in 0 on some filtered probability space (Q2,G, (G;);=0, P) satisfying the
usual conditions and let v be a measure on (0, o). The main contribution of this chapter
is to establish a monotonicity principle which is applicable to distribution-constrained

1We note that the results presented in this section remain valid for Brownian motions started according to a
general law A at the cost of slightly more tedious moment conditions in the formulation of Corollaries 7.4.1
and 7.4.9.
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optimal stopping problems OprStor®. The transport approach turns out to be remarkably
powerful, in particular we will find that questions as raised in Problems OprStor? () and
Op1STor?! can be addressed using a relatively intuitive set of arguments. We emphasize
that the solutions to the constrained optimal stopping problems provided in Corollaries
7.4.1 and 7.4.9 represent particular applications of the abstract results obtained below.
Figure 7.1 presents graphical depictions of stopping rules of several further solutions of
constrained optimal stopping problems (together with the respective optimality proper-
ties). These stopping rules can be derived — under suitable moment conditions — using
arguments very similar to those required for Corollaries 7.4.1 and 7.4.9.

B, B,-B; B,-B)

M\JL f T I T'L | s
) RERE % o
E[ Bt ] = max H:[B:]"’Max

IB,-al (B,I™ 1B,

e =
J
H:“Br"a']—> min H:[,Bt—a”—* max H:[fBr'*—‘Bt']—’ min H:UBII*‘{BI”"’ max

Figure 7.1.: Solutions to constrained optimal stopping problems.

The remainder of this chapter is organized as follows: in Section 7.1 we reformulate our
considered problem in terms of optimal transport and we specify the necessary assump-
tions, notations and definitions. Furthermore the main results are given in Theorem
7.1.10 and Theorem 7.1.18. The existence of an optimizer of OrrSTOP" is shown in Section
7.2. For this we introduce randomized stopping times and the corresponding problem
OrptStor”™. We show that Problem OprStor”™ has a solution and therefore OprStor”.
Section 7.3 deals with the monotonicity principle and is devoted to the proof of Theorem
7.1.18. Finally, in Section 7.4 examples are investigated and optimal maximizers are
determined.
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7.1. The Problem and Main Results

Assumption 7.1.1. Let (Q,G,(G;);>0,[P) be a filtered probability space and (B;);>( be an
adapted process which has continuous paths on (Q2, G, (G;);>¢), such that B can be regarded
as a measurable map from Q to C(IR,), the space of continuous functions from R, to
IR. The cost function ¢ will always be a measurable map C(R,) xR, — R. Our given
probability measure on R, will be denoted by v.

Here we formulate our main optimal stopping problem in terms of minimization, fol-
lowing the usual convention in the optimal transport literature (which is also used in
the closely related paper [9]). Clearly, a sign change transforms this into a maximization
problem and in our applications we will in fact turn to this latter version when resulting
formulations appear more natural, similar to Remark 3.1.11. We trust that this will not
cause confusion. Then the problem we consider can be stated as follows.

Problem (Op1STOP®). Among all stopping times 7 ~ v find the minimizer of
T+ [E[¢(B, 1)].

Remark 7.1.2. Bayraktar and Miller [8] consider the same optimization problem that we
treat here. However their setup and methods are rather distinct from the ones used here:
they assume that the target distribution is given by finitely many atoms and that the
target functional depends solely on the terminal value of Brownian motion. Following the
measure valued martingale approach of Cox and Kallblad [20], [8] address the constrained
optimal stopping problem using a Bellman perspective.

Remark 7.1.3. The problem to construct a stopping time 7 of Brownian motion such that
the law of 7 matches a given distribution on the real line was proposed by Shiryaev in his
Banach Center lectures in the 1970’s, it has since been called Shiryaev’s problem or inverse
first passage problem. Dudley and Gutmann [24] provide an abstract measure-theoretic
construction. An early barrier-type solution to the inverse first passage problem was given
by Anulova [4]. She constructs a symmetric two-sided barrier (corresponding to the case
a = 0 in the sixth picture of Figure 7.1). Anulova discretises the measure y and concludes
through approximation arguments. The solution to the inverse first passage problem given
in Corollary 7.4.1 was derived by Chen, Cheng, and Chadam, and Saunders [18] based on a
variational inequality which describes the corresponding barrier. Notably, this is predated
by a (formal) PDE description of such barriers given by Avellaneda and Zhu [5] in the
context of credit risk modeling. Ekstrom and Janson [27] relate this solution to an optimal
stopping problem and provide an integral equation for the barrier. Analytic solutions
to the inverse first passage problem are known only in a few cases ([16, 45, 58, 69, 1, 2]).
An interesting connection between the inverse first passage problem and Skorokhod’s
problem is provided by Jaimungal, Kreinin, and Valov [36].

Throughout we will also make the following assumptions without further mention:

Assumption 7.1.4.

(a) Let ¢ be measurable, (5°);s¢-adapted, where (F°);5¢ is the filtration on C(IR,)
generated by the canonical process (w = w(t))eg, -
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(b) There is a Gy-measurable random variable U which is uniformly distributed on
[0,1] and independent of the process (B;);o-

(c) There is a probability measure A such that (B;);>( is a Brownian motion with initial
law A, i.e., By ~ A.

(d) The problem is well-posed in the sense that E[c(B, 7)] is defined and > —oo for all
stopping times 7 ~ v and that [E[c(B, 7)] < oo for at least one such stopping time.

(e) Itpo dv(t) < co, where py > 0 is some constant that we fix here and that can be chosen
when applying the results from this section.

Remark 7.1.5. A note on language: The adjective “adapted” is usually applied to processes
whose time argument is written in subscript form. For any filtered measurable space Q
and any function f : QxR, — R (or possibly f : OxIR, — [~o0,0]) we will interchangeably
think of f simply as a function or as the process Y;(w) := f(w,t). And so f being adapted
means the same thing as (Y;),cr, being adapted. Similarly for a subset I of Q xR, we may
also think of I' as its indicator function or as the process Y;(w) := 1r(w, t) and will also say
that the set I is adapted. Note that I is the common notation in optimal transport and
does not stand in connection with the transition kernels from the previous section. We
trust this will not cause confusion from now on.

Remark 7.1.6. With that in mind, Assumption 7.1.4.(a) should seem like an obvious
thing to ask for from the cost function. Also, knowing about the existence of optional
projections, it should be clear no later than (7.2.4) that Assumption 7.1.4.(a) does not pose
a real restriction on the class of problems we are treating.

Remark 7.1.7. The role of Assumption 7.1.4.(b) should become clearer soon. We would like
to note at this point though that often enough our results, put together, will imply that
the solution of Problem OprStor® for a space (Q,G, (G;)i>0, IP) which satisfies Assumption
7.1.4.(b) is essentially the same as the solution of the problem for a space which may not
satisfy said assumption, and we will find that we can describe this solution in detail. This
can be seen executed in the proofs of the corollaries stated in the Section 7.4.

Remark 7.1.8. The methods in this chapter work not just for Brownian motion but for
a class of processes which is conceptually bigger, but then turns out to not include
much beyond Brownian motion — namely for any space-homogeneous but possibly time-
inhomogeneous Markov process with continuous paths which has the strong Markov
property. (Here space-homogeneous means that starting the process at location x and
then moving its paths to start at location y results in a version of the process started at y.)
If the reader so wishes, you may think of B as a process from this slightly larger class of
processes. Care was taken not to reference any properties of Brownian motion beyond
those stated here. In particular, our results apply to multi-dimensional Brownian motion.

Remark 7.1.9. The constant py in Assumption 7.1.4.(e) will (implicitly) appear in the
statement of Theorem 7.1.18, one of the main results. It is role is to ensure that [E[¢(B, )]
will be finite for some (class of) function(s) ¢ and any solution 7 of OprStoP*. (The choice
@(B, t) = 7P0 is somewhat arbitrary here.)

The main results are Theorem 7.1.10 and Theorem 7.1.18. We give two versions of
Theorem 7.1.10. Version A is easier to state and may feel more natural, but we will need
Version B (which is more general and has essentially the same proof as Version A) in the
proof of the corollaries in the Section 7.4.

162



7.1. The Problem and Main Results

Theorem 7.1.10.

Version A. Assume that the cost function c is bounded from below and lower semicontinuous
when we equip C(RR,) with the topology of uniform convergence on compacts. Then the Problem
Op1STOP" has a solution.

Version B. Assume that the cost function c is lower semicontinuous when we equip C(R,) xR,
with the product topology of two Polish topologies which generate the right sigma-algebras on
C(IR,) and R, respectively and that the set {c_(B,t): T ~ v, T is a stopping time} is uniformly
integrable, where c_ := —c V 0 denotes the negative part of c. Then the Problem OptStor® has a
solution.

To state Theorem 7.1.18 we need a few more definitions.

Remark 7.1.11. We will find it convenient to talk about processes that do not start at time 0
but instead at some time t > 0. Similarly we will consider stopping times taking values in
[t,00). These will be defined on the space C([t,)) equipped with the filtration ().,
generated by the canonical process (w - w(s)),>, again. We refer to the distribution of
Brownian motion started at time t and location x by WL. This is a measure on C([t, o)).
For a probability measure x on R we write W for the distribution of Brownian motion
started at time ¢ with initial law «.

Definition 7.1.12 (Concatenation).
For every t € R, we have an operation © of concatenation, which is a map into C([t,0))
and is defined for (w,s) € C([t,00)) x [t,00) and O € C([s, o0)) with O(s) = 0 by

w(r) t<r<s

(7.1.13)
w(s)+0(r) r>s

((w,5)©0)(r) = {
Definition 7.1.14 (Stop-Go pairs).
The set of Stop-Go pairs SG C (C(R,) xR, ) x (C(IR;) xR, ) is defined as the set of all pairs
((w,t),(n,t)) (note that the time components have to match) such that

e, 1)+ [c((,4)©0,0(0) AWS(6) < c(i,t) + [c((w, 1) ©0,5(0))dW(O)  (7.1.15)

for all (£!)s>-stopping times o for which Wj(o = t) <1, W/(0 = 00) =0, JGPO AW < o0
and for which both sides in (7.1.15) are defined and finite.

A hopefully intuitive way of putting the definition of Stop-Go pairs into words is the
following: ((w,s),(n,t)) form a Stop-Go pair if and only if, irrespective of how we might
stop after time ¢ (i.e., which stopping rule o we might use after time t), stopping w at
time t and letting 77 go on is better —i.e., has lower cost — than stopping 7 and letting w
go on. As hinted at earlier, the definition of Stop-Go pairs depends on the parameter p
from Assumption 7.1.4.(e). A larger p, means that we are asking for more in Assumption
7.1.4.(e) and implies that we get a larger set SG, as we are quantifying over fewer stopping
times ¢ in the definition of SG. This in turn implies that the conclusion of Theorem 7.1.18
below will be stronger.

Definition 7.1.16 (Initial Segments).
For a set ' C C(R,) xR, define the set T< C C(R,) xR, by

I ={(w,s): (w,t) €T for some t > s} . (7.1.17)
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Theorem 7.1.18 (Monotonicity Principle).
Assume that T solves OprStor®. Then there is a measurable, (.Eo)tzo—adapted setI' C C(R,)xR,
such that

P[((Bt)s0,7) €T] =1

and

SGN(T<xT)=0. (7.1.19)

The following lemma should give a first hint about how the Monotonicity Principle can
be applied.

Lemma 7.1.20. Let T be a solution of OprStOP® and assume that the cost function c is such
that there exists a measurable, (F;°),so-adapted process (Y;);s( such that

Yi(w) <Y (n) = ((w,t),(1,t) €SG. (7.1.21)

Define the barriers 7@,7@ CRxR, by

by

Then
t<t<1t, [P-as. (7.1.22)

When applying this Lemma to show that some optimal stopping problem has a barrier-
type solution as symbolized for example by the pictures in Figure 7.1 the process Y;(B)
is of course with what we are labelling the vertical axes in the pictures. So for the
first picture Y;(w) = w(t), for the second one Y;(w) = w(t) - sup,, w(s), for the third
Yi(w) = —(w(t) — sup,.,; w(s)) (the sign is flipped relative to the labelling in the picture
because in this picture the barrier is drawn “up” instead of “down”), etc.

Notice that, contrary to customs, when we draw the barriers R \ R in the pictures coordi-
nate is the in Figure 7.1 the first coordinate is the vertical axis and the second horizontal
axis. This is to make cross-referencing and comparison with [9] easier, we follow their
convention of always having time as the second coordinate but still in the pictures it seems
more natural to put the independent variable on the horizontal axis.

Note that a priori 7 and 7 do not need to be stopping times or even measurable, as we do
not know much about the sets R and R.

Using the properties of a concrete process (Y;);>9 we will be able to show in the proofs of
Corollaries 7.4.1 and 7.4.9 that 7 = 7 a.s. (this should not be surprising as for each time ¢
the barriers R and R differ by at most a single point) and therefore that the optimizer 7 is
the hitting time of a barrier.
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Proof of Lemma 7.1.20. Let @ € Q) s.t. (B(@),7(w)) € I. By assumption this holds for
P-a.a. @. Then (YT((D)(B(CD)),T((T))) € R and therefore 7(®) < 7(®).

Next, we show that (@) > 7(®). Assume that (Y;(B(®)),t) € R. We want to show that
t > 7(@). By the definition of R we find that there is n € C(R,) with (7,¢) € I and
Y{(B(@)) < Yi(n), so by (7.1.21) we know ((B(@),t),(1,t)) € SG. Assuming, if possible,
t < 1(@) we get according to Definition 7.1.16 that (B(@), t) € T'<. Therefore we have that
((B(@), t),(n,t)) € SGN(I'< xT), but this is a contradiction to SGN(I'* xT') =0, so we must
have t > 7(®@). a

Remark 7.1.23 (Duality). Problem OptStor® is an infinite-dimensional linear program-
ming problem and hence, one would expect that a corresponding dual problem can be
formulated. Indeed, assuming that c is lower semicontinuous and bounded from below,
the value of the optimization problem equals

sup E[Mo]+ [pdy,
M,y

where the supremum is taken over bounded G-martingales M = (M;);>o and bounded
continuous functions ¥ : IR, — R satisfying (up to evanescence)

M, +(t) <c(B,t) .

This can be established in complete analogy to the duality result given in [9] and we do
not elaborate.

Remark 7.1.24. The reader interested in the time-discrete case is referred to Part I. There
we also use a different approach and view on the problem, and the existence of an optimal
strategy is proven through ideas and concepts from functional analysis, see Chapter 3,
and from the theory of optimal transport, see Chapter 4.

7.2. Existence of an Optimizer

The proof of existence of solutions to the problem OprStoP® crucially depends on thinking
of stopping times as the joint distribution of the process to be stopped and the stopping
time. We introduce some concepts to make this precise and give a proof of Theorem 7.1.10
at the end of this section.

Lemma 7.2.1. Let G: C([t,00)) = R, and s > t. The function
w - [Gl(w,5)06)daW;(6)
is a version of the conditional expectation IEwg[Gu;t] (for any initial distribution A). Hence-

forth, by E[G|F'] we will mean this function.
If G € Cy (C([t, 0))), then E[G|F!] € Cy (C([t, 0))).

Proof. Obvious. Q
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Here we use Cy(X) to denote the set of continuous bounded functions from a topological
space X to R. The last sentence of the lemma is, of course, true for any topology on
C([t,00)) for which the map w — w ® 0 is continuous for all 8, but we will only need it for
the topology of uniform convergence on compacts.’

Given spaces X and Y we will denote the projection from XxY to X by proj X (and similarly
for Y). For a measurable map F : X — Y between measure spaces and a measure v on X
we denote the pushforward of v under F by F,(v) := D — v(F~! [D]).

Definition 7.2.2 (RST).

The set RSTY of randomized stopping times (of Brownian motion started at time ¢ with initial
distribution «) is defined as the set of all subprobability measures 7t on C([t,0)) x [t, 00)
such that (proj C([t,))).(rt) < W! and that

[E(1)(G(w) - E[GIE (@) dr(w, 1) = 0 (7.2.3)

for all s > t, all continuous bounded G : C([t,)) — R and all continuous bounded
F :[t,00) — R supported on [t,s].

In this definition the topology on C([t,>)) is that of uniform convergence on compacts
and the topology on [t, o) is the usual order-induced topology.
Given a distribution y on C([t,00)) we write

RSTY (1) := {rt € RSTL : (projy () = i} -

We write RSTL(P) for the set of all © € RST! with mass 1 and call these the finite random-
ized stopping times.

In any of these, if we drop the superscript ¢t then we will mean time t = 0, while, if we
drop the subscript «, then we mean that the initial distribution x = 0, i.e., the Brownian
motion to be stopped is started deterministically in 0.

To explain the qualifier finite it may help to imagine that for a non-finite randomized
stopping time of mass a < 1, the mass 1 —a which is missing is placed along C([¢, o)) x {co}.

The following (7.2.4) from [9] shows that the problem OrtStor” is equivalent to the follow-
ing optimization problem Or1StoP™ in the sense that a solution of one can be translated
into a solution of the other and vice versa. This of course also implies that the values of
the two problems are equal, thereby showing that the concrete space (Q2,G, (G;);>0,IP) has
no bearing on this value, as long as Assumptions 7.1.1 and 7.1.4 are satisfied.

The definition we have given for a randomized stopping time is only the most convenient
(for our purposes) of a number of possible equivalent definitions. Although Lemma 7.2.4
below should provide some intuition on what a randomized stopping time is, the reader
may still wish to refer to [9, Theorem 3.8] for the other possible ways of defining random-
ized stopping times. The first step in connecting condition (7.2.3), which is one of the
equivalent conditions listen in said theorem, to the others, is to notice that (7.2.3) can be
rewritten as

f(fp(r)dm(r))(G(w) ~E[GIE (@) dW! (@) = 0,

2 And that choice is rather arbitrary itself, as close reading will reveal.
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where 7, is a disintegration of 7 with respect to W.. This says that the function
w fF(r)dnw(r) is orthogonal to G — E[G|.E!] for all bounded continuous G, i.e., that it
is a.s. F'-measurable whenever F is supported on [t,s]. A limit argument then shows that
w > 11, ([t,s]) is a.s. F/-measurable. Again, we refer the reader to [9] for a more detailed
exposition.

Problem (Op1StOP™). Among all randomized stopping times 7t € RST,(v) find the mini-
mizer of

- chn* .

Lemma 7.2.4. See [9, Lemma 3.11]:
Let T be an a.s. finite (G;);»o-Stopping time and consider

@ :Q — C(IR,) x[0,00],
@ (w) := ((Be(w))s=0, T(w)) -

Then 7t := @,(P)c(R, xR, IS @ finite randomized stopping time, i.e., 7 € RST \(P), and for any
measurable process F : C(R,) xR, — R we have

[Fdn=E[F-1cg r, o®] = E[F(B,7)- Ig (7)) (7.2.5)

For any 1 € RST (P), we can find an a.s. finite (G;);>o-stopping time T such that = = O,(IP)
and (7.2.5) holds.
T is a finite randomized stopping time if and only if T is a.s. finite.

Proof of Theorem 7.1.10. We prove Version B of the theorem. Version A is a special case.
We show that Problem OptStor™ has a solution. To this end we show that the set RST,(v)
is compact (in the weak topology). From the fact that c is lower semicontinuous and
bounded from below in an appropriate sense we then deduce by the Portmanteau theorem
that the map

¢:RST,(v) = (=00, 0],

é(c) = Jedt

is lower semicontinuous and therefore that the infimum inf;crst, (1) €(C) is attained.

Now for the details: On each of the spaces C(R,) and R, we are dealing with two
topologies, one coming from the (7.2.2) of randomized stopping times (to wit, the topology
of uniform convergence on compacts on the space C(RR,) and the usual order-induced
topology on R, ) and one coming from the assumptions in the statement of this theorem.
We can equip each of these spaces with the smallest topology which contains the two
topologies in question. These are again Polish topologies and they still generate the
standard sigma-algebras on the respective spaces. For the remainder of this proof all
topological notions are to be understood relative to these topologies. So the topology on
C(R,) xR, is the product topology of these two topologies, and the weak topology on the
space of measures on C(RR,) x R, is to be understood relative to this product topology, etc.
The cost function c of course remains lower semicontinuous and by (7.2.1) the functions

(w,r) > F(r) (G(a)) - 1E[G|.7-'s'0]) appearing in (7.2.2) are continuous.
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Note that for w € RST,(v) as v has mass 1, so must 7w and (projC(R))*(n), which together
with (proje g, ))«(70) < Wf\) implies (proj¢ g, ) () = Wf\). So we deduce

RST\(v) = {rr € Cpl(WY, v): [ F(s)(G — E[GIF’])(w) dre(w,s) = 0 V(£ F,G) €4},
where

TTE Cpl(WV/(\),v) = (projC(R))*(T() = \XN/(\) and (projR)*(T() =v,

(t,F,G)ex <= t >0, F: R, — R is bounded and continuous in
the order-induced topologies, and 0 outside [0, ],
G: C(IR,) —» R is bounded and continuous as a
function from the topology of uniform convergence
on compacts.

The set Cpl(WE, v) is compact by Prokhorov’s Theorem and the fact that pushforwards
are continuous maps between measure spaces. The set Cpl('\\/V/(\),v) is closed because
pushforwards are continuous maps. We show that it is also tight, so that Prokhorov’s
Theorem implies that it is compact. Let ¢ > 0 and choose compact sets K; C C(IR;),
K, C R, such that W/(\](Kf) < 5 and v(Kj3) < §, then for all 7 € Cpl(Wf\),v) we have
n((K; x Ky)¢) < m(K{ xRy) + m(C(R;) x K5) < e. It remains to show that RST,(v) is a
non-empty closed subset. It is non-empty because the product measure W/(\) ®v € RST(v).
It is closed because, as noted, the function (w, s) +> F(s) (G - IE[GI.EO]) (w) is continuous
for all (¢, F,G) € *.

Now, we show that ¢ is lower semicontinuous. The functions ¢ := ¢ V —N are each
bounded from below and lower semicontinuous. By the Portmanteau theorem the maps

N

N = J-CN dC are lower semicontinuous. On RST(v) they converge uniformly to ¢
because

sup’é(C) N(C <supﬂc—cN|dC< sup J 1 >nydC,
C CeRST, (v

which converges to 0 as N goes to co by the uniform integrability assumption. As a
uniform limit of lower semicontinuous functions is again lower semicontinuous, we see
that ¢ is lower semicontinuous. a

7.3. Geometry of the Optimizer

This section is devoted to the proof of Theorem 7.1.18. The proof closely mimics that of
Theorem 1.3/Theorem 5.7 in [9]. For the benefit of those readers already familiar with
said paper we will first describe the changes required to the proofs there to make them
work in our situation and then — for the sake of a more self-contained presentation —
indulge in reiterating the main arguments and only citing results from [9] that we can use
verbatim.
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Sketch of differences in the proof of Theorem 7.1.18 relative to [9, Theorem 5.7].
Again the strategy is to show that for a larger set 5G° 2SGwecanfindasetI' € C(R;)xIR,

such that 5G° (I'=xT) = 0. The definition of 5G° must of course be adapted analoguously
to the changes required to the definition of SG.

Apart from that the only real changes are to [9, Theorem 5.8]. Whereas previously it was
essential that the randomized stopping time £(“"*) is also a valid randomized stopping
time of the Markov process in question when started at a different time but the same
location w(s), we now need that £"(@) will also be a randomized stopping time of our
Markov process when started at the same time s but in a different place. Of course, when
we are talking about Brownian motion both are true, but this difference is the reason why
in the case of the Skorokhod embedding the right class of processes. To generalize the
argument to that of Feller processes, we do not need in our setup that our processes to be
time-homogeneous but to be space-homogeneous. That we are able to plant this ,bush”
&r(@S) in another location is what guarantees that the measure £ {Z defined in the proof of
Theorem 5.8 of [9] is again a randomized stopping time.

Whereas in the Skorokhod case the task is to show that the new better randomized stopping
time &™ embeds the same distribution as & we now have to show that the randomized
stopping time we construct has the same distribution as £. The argument works along the

same lines though — instead of using that ((w,s),(1,t)) € s’é‘f implies w(s) = #(t) we now
use that ((w,s),(1,t)) € §é£ implies s = t. d

We now present the argument in more detail. As may be clear by now, what we will show is
that if £ € RST,(v) is a solution of OpTStoP™, then there is a measurable, (ﬁo)tzo—adapted
setI' C C(R,) xR, such that SGN(I'< xT) = 0. Using Lemma 7.2.4 this implies Theorem
7.1.18.

We need to make some preparations. To align the notation with [9] and to make some
technical steps easier it is useful to have another characterization of measurable, (f;o)tzo—
adapted processes and sets. To this end define

Definition 7.3.1.

S:= U C([0,¢]) x {t},

teR,
r:C(Ry) xR, — S,

r(w,t):= (ﬂ)r[o,t]: t) .
r has many right inverses. A simple one is

r':S - C(R,) xR,

, | f(t) for t<s
r(f,s)._[t {f(s) for t>s ’

We endow S with the sigma algebra generated by 7.
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[9, Theorem 3.2], which is a direct consequence of [21, Theorem IV. 97], asserts that
a process X is measurable, (5°).s¢-adapted if and only if X factors as X = X’ or for a
measurable function X’: S — IR. So a set D C C(RR,) x R, is measurable, (F°),so-adapted
if and only if D = r~1[D’] for some measurable D’ C S.

Note that r(w,t) = r(w’,t’) implies (w,t) ®0 = (w’,t') © O and therefore

SG = (rxr)"1[SG']

for a set SG” C S x S which is described by an expression almost identical to that in
Definition 7.1.14. Namely we can overload © to also be the name for the operation whose
first operand is an element of S, such that (v,t)©6 = r(w,t) ® O and note that as c is
measurable, (.Eo)tzo—adapted we can write ¢ = ¢’ o r and thus get a cost function ¢’ which
is defined on S.

Given an optimal & € RST,(v) we may therefore rephrase our task as having to find a
measurable set T’ C S such that r,(£) is concentrated on T’ and that SG’N(I'< xT') = 0, where

[<:= {(gr[O,S]rs) (g t)el,s< t}.
Note that for I' C S although (r‘1 [F])< is not equal to r~! [I<] we still have

SGN(r ' [T<]xr ' [T]) =0 = SG((r ! [T])* xr7' [T]) =0.

One of the main ingredients of the proof of [9, Theorem 1.3] and of our Theorem 7.1.18 is
a procedure whereby we accumulate many infinitesimal changes to a given randomized
stopping time & to build a new stopping time £”. The guiding intuition for the authors is
to picture these changes as replacing certain ,branches” of the stopping time & by different
branches. Some of these branches will actually enter the statement of a somewhat stronger
theorem (Theorem 7.3.11 below), so we begin by describing them. Our way to get a handle
on ,branches” —i.e., infinitesimal parts of a randomized stopping time — is to describe
them through a disintegration (w.r.t. W/(\)) of the randomized stopping time. We need the
following statement from [9] which should also serve to provide more intuition on the
nature of randomized stopping times.

Lemma 7.3.2. See [9, Theorem 3.8]:

Let & be a measure on C(Ry) x R,. Then & € RST), if and only if there is a disintegration
(Ew)wec(r,) of & wor.t. Wf\) such that (w,t) — &,([0,t]) is measurable, (F,°);so-adapted and
maps into [0, 1].

Using Lemma 7.3.2 above let us fix for the rest of this section both & € RST,(v) and a
disintegration (£,),ec(r,) With the properties above. Both Definition 7.3.3 below and
Theorem 7.3.11 implicitly depend on this particular disintegration and we emphasize
that whenever we write &, in the following we are always referring to the same fixed
disintegration with the properties given in Lemma 7.3.2. Note that the measurability
properties of (éw)wEC(HL) imply that for any I C [0,s] we can determine &, (I) from wyg 4
alone. For (f,s) € S we will again overload notation and use & ¢ ) to refer to the measure
on [0,s] which is equal to (&) g 5] for any w € C(IR,) such that r(w,s) = (f,s).
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Definition 7.3.3 (Conditional randomized stopping time).
For (f,s) € S, we define a new randomized stopping time &/¥) € RST® by setting

_ 1 f 0, 1,
) - {1‘5<f's>([°’51> (&tps100) gy For Epa105D < (7.3.4)

s for &r,5)([0,s]) =1,

[racrs= [ [ Fwnaed Ywamwa

for all bounded measurable F : C([s,o0)) X [s,00) > R, i.e., (gfj'”

tion of £/ w.r.t. W;.

)wec([sym)) is the disintegra-

Here ¢, is the Dirac measure concentrated at s. Really, the definition in the case where
&(f,5)([0,5]) = 1 is somewhat arbitrary — it is more a convenience to avoid partially defined

functions. What we will use is that (1 - 5(f,s)([o,s]))5(ﬁf’5) = (5(](,5)@(“)

M(s,00)"

Definition 7.3.5 (Relative Stop-Go pairs).
The set SG¢ consists of all ((f,1),(g,t)) € S xS (again the times have to match) such that
either

C(f. 0+ [el(g 00,y de D0,u) < (g,0)+ [c(f,H)00,u)deM0,u)  (7.3.6)
or any one of
(a) £/ (C(R,)xR,) <1 or [sPode1)(6,s) = oo,
(b) the integral on the right hand side equals oo,

(c) either of the integrals is not defined
holds. We also define

SG* :=5G* U[(f,5) €S 1 &,([0,5]) = 1) xS. (7.3.7)

Lemma 7.3.9 below says that the numbered cases above are exceptional in an appro-
priate sense and one may consider them a technical detail. Note that when we say
((f,1),(g,t)) € SG* we are implicitly saying that &[0, t]) < 1.

Note that the sets SG¢ and s’c‘;‘f are measurable (in contrast to SG, which may be more
complicated).

Definition 7.3.8. We call a measurable set F C S evanescent if r~! [F] is evanescent, that
is, if '\\/\//(\)(projc(ﬂm[r’l [F]])=0.
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Lemma 7.3.9. See [9, Lemma 5.2]:
Let F: C(R,) xR, — IR be some measurable function for which jF d& € R. Then the following
sets are evanescent.

< {(fs)e5: M (CR,)xR,) <1}

“{(f.9)es: [F(f.5)00,0)dc9(0,u) € R}

Proof. See [9]. u

Lemma 7.3.10. See [9, Lemma 5.4]:

SG' cSG°.

Proof. Can be found in [9]. Note that they fix py = 1. u

Theorem 7.3.11. Assume that & is a solution of OprStor™. Then there is a measurable set
I' C S such that r.(E)(T') =1 and

SG° n(r<xT)=0. (7.3.12)
Our argument follows [9, Theorem 5.7]. We also need the following two auxilliary
propositions, which in turn require some definitions.

Definition 7.3.13. Let v be a probability measure on some measure space Y. The set
JOIN, (v) is the set of all subprobability measures 7w on (C(R,) xIR,) x Y such that

(projY).(m)<v and
(proj C(R;) x R, ). (10 c(R, xR, xD) € RST,  for all measurable DCY .

Proposition 7.3.14. Assume that & is a solution of OprStor”. Then we have

(rx1d), (1)(SG¢) = 0
for all 7t € JOIN y(7(&)).
Here we use x to denote the Cartesian product map, i.e., for sets X;, Y; and functions
F;: X; — Y; where i € {1,2} the map F{ xF, : X1 x X, — Yy x Y, is given by (Fy x F,)(x1,x;) =
(F1(x1), F2(x7)). Proposition 6.10 is an analogue of [9, Proposition 5.8] and it is where the

material changes compared to [9] take place. We will give the proof at the end of this
section.

Proposition 7.3.15. See [9, Proposition 5.9]:
Let (Y, v) be a Polish probability space and let E C S x Y be a measurable set. Then the following
are equivalent

(a) (rxId),(rt)(E) =0 for all 7t € JOIN,(v)

(b) EC(FxY)U(SxN) for some evanescent set F C S and a measurable set N C'Y which
satisfies v(N) = 0.
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Proposition 7.3.15 is proved in [9] and we will not repeat the proof here.

Proof of Theorem 7.3.11. Using Proposition 7.3.14 we see that (r x Id), (1)(SG¥) = 0 for all
1t € JOIN,(7,(&)). Plugging this into Proposition 7.3.15 we find an evanescent set F; C S
and a set N C S such that r,(£)(N) = 0 and SG* C (F; x S)U (S x N). Defining for any Borel
set E C S the analytic set

E” = {(g, t)e S:ds<t, (gr[ols],s) € E} ,

we observe that ((E”)°)" C E€ and find .(£)(F}) = 0.

Setting F; := {(f,s) €S :&(7,6(10,5]) = 1} and arguing on the disintegration (£,),ec(r,) We
see that r,(&)(F5) =0, so r.(£)(F”) = 0 for F:= F; UF,.

This shows that S\ (N U F~) has full r,(&)-measure. Let I be a Borel subset of that set
which also has full 7,(&)-measure.

Then
I“xT C((F*)°) x N C F* x N and
5G° C(FxS)U(S xN)
which shows 5G° N (Fr<xT)=0. d

Lemma 7.3.16. If « € RST, and G : C(R,) xR, — [0,1] is measurable, (F.°);>o-adapted, then
the measure defined by

Fis [F(w,)G(w, t)da(w,1) (7.3.17)

is still in RST,.

Proof. We use the criterion in Lemma 7.3.2. Let (a,)ec(r,) be a disintegration of a
w.r.t. WV/(\) for which (w, t) = a,([0,t]) is measurable, (%°);s¢-adapted and maps into [0, 1].
Then (4,), defined by &, :=F — fP(t)G(a), t)da,(t) is a disintegration of the measure

in (7.3.17) for which (w,t) — @,([0,t]) is measurable, (F°);so-adapted and maps into
[0,1]. a

Lemma 7.3.18 (Strong Markov property for RSTs). Let &« € RST,. Then
[F(w,tyda(w,1) = [[F(w,t) 0 &, 1) dWi (@) da(w,t)

for all bounded measurable F : C(R;) xR, — IR.

Proof. Using integral notation instead of the more conventional [E, we may write the
classical form of the strong markov property as

jG(®r(w)(w))H(w)'11R+(T(w))dWﬂ)(w) =
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for all bounded measurable G : C(R,) — R and all bounded F°-measurable H : C(R,) — R.
Here O is the function which cuts off the initial segment of a path up to time ¢. From this
a simple monotone class argument shows that

fK(e)T(w)(w),w>'nm+<r<w>>d‘w§<w> .
JJK((D, w) I, (t(@) AW (@) AW (w)

for all bounded F2® F-measurable K : C(R,)x C(R,) — R.
We may then choose for K(@, w) the function F(#, T(w)) where the path 7 is created by
cutting off the tail of w after time 7(w) and attaching @ in its place. Noting the relationship

between W, @) an d'\XN( we then get
| Pttt (etnawdio) -
f f (0, 7(@) 0@, T(w)) - Ig, (t(@) AW (&) dW)(w).

Using Lemma 7.2.4 with O =[0,1]xC(IR, ) and G; = B([0, 1])®F; we find a (G;);>o-stopping
time 7 s.t. we may write a as

= (1, @) > (0,79, ). (LOWY) 1 o(r, xR,

(where £ is Lebesgue measure on [0,1]). For a fixed y € [0,1], w = T(y, w) is an (F)¢so-
stopping time, so we may apply the previous equation to these stopping times and
integrate over y € [0, 1] to get

fP(w(y,w)) g (0 0) AW (@) =

J-_[F((‘”’ (9, ) 0@, 1(3, ) - Ig_(t(y, @) AW, " (@) d(L @ W) (3, ).
Using the equation for a we see that this is what we wanted to prove. Q

Lemma 7.3.19 (Gardener’s Lemma).
Assume that we have & € RST,(P), a measure a on C(R,) xR, and two families [3(“’ f)
Y@t where (w,t) € C(R,) xR, with p(“1), y(@t) e RST!(P) such that both maps

(w,t) +—>J]1D (w,t) O @,5) dB'“N(@,s) and
(@ 1) [1p (@, 1) 0@,5) dy'(@s)
are measurable for all Borel D C C(IR,) x R, and that

~[[1p (@, 0 @,5) dp‘“@,5)da(w,1) > 0 (7.3.20)
for all Borel D C C(R,) x R,. Then for & defined by

JFRag:=[Faz - [[F(@,n0 94 @ s)dalw,
+JJP (w, )0 @,s)dy (@) (@,s)da(w,t)

for all bounded measurable F, we have & € RST (P).
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Remark 7.3.21. The intuition behind the Gardener’s Lemma is that we are replacing certain
branches f(®*) of the randomized stopping time & by other branches y(®*) to obtain a new
stopping time &. This process happens along the measure a. Note that (7.3.20) implies

that | 1p ((w,t) © @) AW/ (®)da(w,t) < WY(D) for all Borel D C C(IR, ). The authors like to
0 A

think of a as a stopping time and of the maps (w,t) = (") and (w, t) — (") as adapted
(in some sense that would need to be made precise). As these assumptions aren’t necessary
for the proof of the Gardener’s Lemma, they were left out, but it might help the reader’s
intuition to keep them in mind.

Proof of Lemma 7.3.19. We need to check that the £ we define is indeed a measure, that
(proj C(R,)).(£) = W? and that (7.2.3) holds for &.

Checking that & is a measure is routine — we just note that (7.3.20) guarantees that E(D)>0
for all Borel sets D.

Let G: C(IR,) — R be a bounded measurable function.

[Glw)dé(w,1) = [Glw)de(w,1) - [[Gl(w,t
(

= [Gaw} - HG((O),t
(

= [GdW!.

Now let F: R, - R and G : C(R,) — R be bounded continuous functions, with F sup-
ported on [0, r].

[E(t)(G-EIGIE) (@) dé(w,t) = [F(t)(G - B[GIE]) (@) d&(w, 1)
—jjp G~ E[GIF]) (0, 1) 0 @)dp'“(@,5)da(w, 1)
~[[Fes) (G E[GIE]) (w0, ) 0 @) dy (@, 5)da(w,1). (7.3.22)

The first summand is 0 because & € RST(P). Looking at the second summand we expand
the definition of E[G|.E"].

E[GIE (w0, 1) 0 @) = [ G(((w, 1) 0 @,7) ©0) AW} (6)
= [G((w, ) O (@) © 0)) dW(0).

whenever t < r, which is the case for those t which are relevant in the integrand above,
because F(s) = 0 implies s < r and moreover §(“") is concentrated on (@, s) for which t <s.
Setting G'“!)(®) := G((w, 1) © @) and F(@!) := F |, ) we can write

[JE6)(G-EIGIE ) (@, h 0 @) dp'N@,5) dar(w, ) =
[110.(8) [E@D(s) (G0 ~E[G DN E!) (@) dp ), ) dar(w, 1),
which is 0 because p(®*) € RST!(P) and therefore
JE©$) (G ~BIGINE) (@) dp @,s) = 0

for all (w,t) and r > t. The same argument works for the third summand in (7.3.22). Q
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ProofofProposition 7.3.14. We prove the contrapositive. Assuming that there exists a
7’ € JOIN, (r,(&)) with (r x1d), (1)(SG®) > 0, we construct a £™ € RST;(v) such that

fc dg™ < fc d&. If 7’ € JOIN, (r,(&)), then for any two measurable sets Dy, D, C S, because
nr(C(IR xR, )xD, € RSTA and by making use of Lemma 7.3.16 we can see that

(projc R.)xR, ) ( ’led) 1[D,xD ]) € RST,. Using the monotone class theorem this extends to

any measurable subset of S x S in place of D; x D,. So we can set 7 := nr [5Gt and

know that (pro]c(K)xK)*( 77) € RST, and that 7 is concentrated on SG®.

We will be using a disintegration of 7 w.r.t. (&), which we call (”(g,t))(g nes and for which

we assume that 77, ;) is a subprobability measure for all (g,£) € S. It will also be useful
to assume that 7t ;) is concentrated on the set {(w,s) € C(R;) xR, : s = t} not just for
r(&)-almost all (g, t) but for all (g, t). Again, this is no restriction of generality. We will also
push w onto (C(R;) xR, ) x (C(IR;) xR, ), defining a measure 7 via

JFam = [[F (@) (g, 007, dWG(7) dre(@,5), (3,1)

for all bounded measurable F. Observe that by Lemma 7.3.18 the pushforward of
under projection onto the second coordinate (pair) is £ and that a disintegration of 7

w.r.t. to £ (again in the second coordinate) is given by (nf('ljt))(q NECR, IR, Let us name

(projC(R;) xR, ).(7r) =: C € RST,. We will now use the Gardener’s Lemma to define two
modifications &ff, £T° of & such that £7 := %(56‘ +&7) is our improved randomized stopping
time.

For all bounded measurable F : C(R,) x R, — R define

JFagy = [Fag+ [(1-,(00.50)( - [F(w,5) 0 @) d" @)
+F(@,s))dC(w,9)

[Fagy= [Fas+ [(-g0.s))( - Fin)
+ [P0 @, 1) A" @) | d((@,9), (0,)

The concatenation on the last line is well-defined 7t-almost everywhere because 7 is
concentrated on (r xr)~! [SG‘E] and so in the integrand above s = t on a set of full measure.
We need to check that the Gardener’s Lemma applies in both cases. First of all observe
that the product measure W) ® 6; is in RST/(P) and that Equation 7.3.18 implies

[P da(w,t) = [[F(w,Ho,s)d(W ®6t)(a3,s)da(a), )

for any randomized stoppmg time a. So for 50 the measures y(“!) are given by W ® 6,
and for &[° the measures Bl@*) are given by W ® 6.
For £ the measure along which we are replacmg branches is given by

Fio [F(w,5)(1 - £,(0,5]) dC(w,s)
The branches [3’(“"5) we remove are &"(@5) We need to check that

[Fde~[(1-&,(00,51) [F((w,5) 0 @, u)de" ) (@, u)dT(w,5) > 0
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for all positive, bounded, measurable F : C(IR,) xR, — RR. Let us calculate.

[ =g,000,51) [F((w,5) @@, 1) A" (@, 1) AT (w,5)
= [[[ (@, 9) 0@, 1) d((E(w500) 1(5.00)) (1) WG (@) AT (@, 5)
= [[F(@,1)d ((£0)1(5.00)) (1) dT(,5) < [[F(@,10) d(E ) (1) dT(w,5)
< [[F(@,u)d(£,)(w) dWS (@) = [ F(ew, u)dE(w, ).

Here we first used the definition of £(“*) and then Lemma 7.3.18 and finally that

(Proje(r,))+(C) < WY,
For £ we replace branches along

F i [ (1, 1)(1 - £,((0,5]) d7 (@), (1,1))
= jP(Y], t)j(l - ‘Sw([ols]))dﬂr(r;,t)(wrs)dé(rll t) .
The calculation above shows that

JEde - [ (1= &,(10,sDF(n, 1 d7 (@,5), (7,£)) 2 0

for all positive, bounded, measurable F : C(R,) xR, — R. For £ the branches 7/(’7'” that
we add are given by

(1 =&,(10,5]) [ F(@, u)de" @) (@, u)dmty (0, 5)
[ =& (10, dry ey (,5)

Fr—

when j(l —&u([0,5]) d7tr(,1)(w,5) > 0 and ; otherwise (again, the latter is arbitrary). In

the more interesting case y"'*) is an average over elements of RST!(P) and therefore itself
in RST!(P). Here it is again crucial that for Tt(y,1)-almost all (w, s) we have s = ¢, otherwise
we would be averaging randomized stopping times of our process started at unrelated
times.

Putting this together we see that £ := %(é(’f + &) is a randomized stopping time and that

2[Fa(g™ - &) = (1= £ ((0,51)(Flw,) - [F((@,5)© @, u)dg™ (@, u) - F( 1

+ [F(o, 00 6,u)de" ) (a, u))dﬁ((w,s), (1) (7.3.23)

for all bounded measurable F : C(R;) x R, — IR. Specializing to F(w,s) = G(s) for
G : R, — R bounded measurable we find that

JGs)aeE -emw,s) =0,

again because for 7t-almost all ((w, s), (17, t)) we have s = t. This shows that £ € RST(v).
Now, we want to extend (7.3.23) to c. We first show that (7.3.23) also holds for

F:C(R;) xR, — R which are measurable and positive and for which IF dé < . To
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see this, approximate such an F from below by bounded measurable functions (for which
(7.3.23) holds) and note that by previous calculations both

[(1-£,00,5]) [F((w,5) 0 @, 1) 4" (@, u)d7e((@,5), (1)) < [FdE < o0
and J (1= a0 sINEG, dR((@,9), (1, 1) < [FdE <o

Looking at positive and negative parts of ¢ and using Assumption 7.1.4.(d) to see that
fc_ d(E™ - &) € R we get that indeed (7.3.23) holds for F =c.

Now, we will argue that the integrand in the right hand side of (7.3.23) is negative
7t-almost everywhere. This will conclude the proof.

By inserting an r in appropriate places we can read off from Definition 7.3.5 what it
means that 7 is concentrated on (r x r)‘llSGé]. In the course of verifying that (7.3.23)
applies to ¢ we already saw that cases b and c in Definition 7.3.5 can only occur on a set of
7i-measure 0. Lemma 7.3.9 excludes case a 7t-almost everywhere. This means that (7.3.6)
holds 7t-almost everywhere — or more correctly, that for 7-a.a. ((w,s),(r,t)) we have s =t
and

c(w,s)— Jc((w,s)@a?,u)dér(“"s)(d),u) —c(n,t)+ jc((q,t)@d),u)d(fr(“”s)(@,u) <0,
(7.3.24)

completing the proof. Q

7.4. Special Cases

Both Corollary 7.4.1 and Corollary 7.4.9 assert that the solutions of certain optimal
stopping problems can be described by a barrier in an appropriate phase space.

7.4.1. Product of a Brownian Motion and a Deterministic function

Problem (OprStor?Br!)). Among all stopping times 7 ~ v on (Q,G, (G;);0,IP) find the
maximizer of

v E[Z,],
where the process Z is of the form Z;, = (B, t).

Corollary 7.4.1. Assume that v has finite first moment. There is an upper semicontinuous
function p: R, — [—oo, 0] such that the stopping time

T:=1inf{t > 0:B; < (1)} (7.4.2)

has distribution v.

T has the following uniqueness properties: On the one hand it is the a.s. unique stopping time
which has distribution v and which is of the form (7.4.2) (we will later say that such a stopping
time is the hitting time of a downwards barrier).

On the other hand 7 is also the a.s. unique solution of OprStor?Br!) for a number of different
Y. Namely:
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* Let p >0, assume y has finite moment of order %+p+sfor somee>0andlet A: R, - R
be strictly increasing and |A(t)] < K(1 + tP) for some constants K°. Then we may choose

Y(By,t) = B/A(1).

* Let p > 2, assume y has finite moment of order % + ¢ for some € > 0 and let ¢ : R - R
satisfy ¢’ > 0 as well as |cj)(y)| < K(1+[ylP) for constants K. Then we may choose

(B, t) = ¢(By).

Remark 7.4.3. Finally, we note that Corollary 7.4.1 recovers Anulova’s classical solution
to the inverse first passage time problem [4], which has seen some recent interest (see
(27, 18, 36]). Bayraktar and Miller [8] consider the same problem that we treat here.
However their setup and methods are rather distinct from the ones used here: they
assume that the target distribution is given by finitely many atoms and that the target
functional depends solely on the terminal value of Brownian motion. Following the
measure valued martingale approach of [20], [8] address the constrained optimal stopping
problem using a Bellman perspective.

We will now demonstrate how to use the Monotonicity Principle of Theorem 7.1.18 to
derive Corollary 7.4.1.

Both of the sets R and R in Lemma 7.1.20 have the property that (writing R for the set in
question) (y,t) € R and y’ <y implies (y’,t) € R. We call such sets (downwards) barriers.
More specifically, for technical reasons in what follows it is slightly more convenient
to talk about subsets of [-o0, 0] X IR, instead of subsets of R x R,, giving the following
definition.

Definition 7.4.4. Let X be a topological space. A downwards barrier is a set R C [—o0, 00]x X
such that {—co} x X CR and

(v,t) e Rand v’ <y imply (v/,t) e R.

Clearly, in Lemma 7.1.20, instead of talking about R C Rx R, , we could have talked about
R U ({0} x R,) C [~00,00] x R, without anything really changing, and likewise for R.

The reader will easily verify the following lemma.

Lemma 7.4.5. Let X be a topological space. There is a bijection between the set of all upper
semicontinuous functions p : X — [—oo,00] and the set of all closed downwards barriers
R C [-o0,00] x X (where closure is to be understood in the product topology). This bijection
maps any upper semicontinuous function p to the barrier R which is the hypograph of

R:={(y,x):y < B(x)},

while the inverse maps a barrier R to the function p given by

B(x):=sup{y:(y,x) ER} .

30ne may of course choose 0 < p <1, e:=1-p and e.g. A(t) := tP so that no moment conditions beyond
those at the very beginning of this theorem are imposed on p.
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On the way to proving Corollary 7.4.1, we will show now that the first hitting time after 0
of any downwards barrier by Brownian motion is a.s. equal to the first hitting time after 0
of the closure of that barrier. This serves to both resolve the question whether the times in
Lemma 7.1.20 are stopping times and to show that T =7, a.s.

Let us assume for the rest of this section that B is actually a Brownian motion started in 0.

Lemma 7.4.6. Let R be a downwards barrier in [—co,00] x R,. Let R be the closure of R (in
the product topology of the usual (order-induced) topologies on [—co,00] and IR, ). Define

T(w):=inf{t > 0: (B;(w), t) € R},
T(w) :=inf{t > 0: (B(w),t) € R} .

Then T =T, a.s.

Proof. As R 2R we clearly have 7(w) < 7(w) for all w € Q. Define
To(w) :=inf{t > 0: (By(w) + A(t) - &,t) € R},

where A(t) := 14 is a bounded, strictly increasing function. Using just that R is the closure

of R one proves by elementary methods that 7(w) < 7.(w) for all w € (2 and any ¢ > 0.
Because A(t) = fot(l +5)7?ds is the integral from 0 to t of a square integrable function we
can apply Girsanov’s theorem (see e.g. [63, Theorem 38.5]) to see that 7;,, converges to T
in distribution as n — co. As (7},,),, is a decreasing sequence bounded below by T we get
that convergence holds almost surely. Q

The following is a particular case of [31, Corollary 2.3] (which in turn relies on arguments
given in [64, 48]). Note that this lemma is purely a statement about barrier-type stopping
times and is not directly connected to the optimization problem under consideration.

Lemma 7.4.7 (Uniqueness of Barrier-type solutions).

Let (Y;);>0 be a measurable, (.Eo)tzo—adapted process and assume that the process Z defined
through Z; := Y;(B) has a.s. continuous paths. Let R1,R, C [—c0,c0] X IR, be closed downwards
barriers such that for

T;(w):=inf{t > 0: (Z;(w),t) € R;}

we have T ~ Ty. Then 11 = 15, a.s.
Proof. Is to be found in [31, Corollary 2.3]. Q

Now, we have the necessary prerequisites to use our main results to show that the consid-
ered optimization problem in this subsection admits a (unique) barrier-type solution.

Proof of Corollary 7.4.1. The strategy is as follows: We choose a cost function and leverage
Theorem 7.1.10 to show that an optimizer exists, the Monotonicity Principle in the form
of Theorem 7.1.18 and Lemma 7.1.20 will — with some help from Lemma 7.4.6 — show
that any optimizer must be the hitting time of a barrier. Lemma 7.4.7 shows that any two
barrier-type solutions must be equal.
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Now, we provide the details. Start with a cost function c(w, t) := —w(t)A(t) for a strictly
monotone function A : R, — R which satisfies |A(t)| < K(1 + ) and assume that v has
moment of order % +p + ¢ for some ¢ > 0. To prove that a barrier type solution exists when
v has first moment, choose a bounded strictly increasing Aand p =0, ¢ = % in this step.
(These assumptions guarantee in particular that the optimization problems considered be-
low have a finite value.) Clearly the problem OprStor® for ¢ corresponds to OprStop?(Fi!)
for i(By, t) = B;A(t) (i.e., i takes the role for —c such that the minimal/maximal values
agree up to a change of sign). We will deal with the case where i(B;, t) = ¢(B;) at the end
of this proof.

We now check that the conditions in Version B of Theorem 7.1.10 are satisfied. We
also need to check that Assumption 7.1.4 holds. Here we need the assumption that
v has moment of order % + p + ¢, as well as the Holder and Burkholder-Davis-Gundy
inequalities. The latter specialized to Brownian motion state that for all g > 0 there are
positive constants Ky and K; such that for any stopping time 7 we have

KoE[t*?] < E[(B[;)"] < K, E[t¥?],

where |B|; = sup,_,|Bs|. With these in hands straightforward calculation allows us to
bound B,A(t) in the L'*°-norm for some 6 > 0, independently of the stopping time 7 ~ v.
This shows both that the uniform integrability condition in Version B of Theorem 7.1.10
is satisfied and that Assumption 7.1.4.(d) is satisfied.

On C(IR,) we may choose the (Polish) topology of uniform convergence on compacts. For
the topology on IR, we start with the usual topology and turn A into a continuous function
(if it wasn’t), by making use of the fact that any measurable function from a Polish space
to a second countable space may be turned into a continuous function by passing to a
larger Polish topology (with the same Borel sets) on the domain. (This can be found for
example in [40, Theorem 13.11].)

In the statement of Corollary 7.4.1 we did not ask for the probability space (2,G, (G;)s>0, P)
to satisfy Assumption 7.1.4.(b). To remedy this, we can enlarge the probability space by
setting Q:=Qx [0,1], Gt :=G;®B([0,1]) and P:=P®L, where L is Lebesgue measure on
[0,1]. On this space we consider the Brownian motion B;(w,x) := B;(w). Theorem 7.1.10
now gives us an optimal stopping time 7 on the enlarged probability space. If we can
show that this stopping time is in fact the hitting time of a barrier, then it follows that
T =170 ((w,x) — w) for a stopping time 7 which is defined as the hitting time of the
Brownian motion B of the same barrier. As there are nore stopping times on (Q,G, (G;);=0)
than on (Q,G,(G;)>0) in the sense that any stopping time 7’ on (Q, G, (G;)s>0) induces
a stopping time 7’ := v’ o ((w,x) = w) on (Q,G,(Gy)>0) we conclude that T must also
be optimal among the stopping times on (Q,G,(G;);>0). Let us denote our Brownian
motion by B, to the optimal stopping time by 7 and to our filtered probability space by
(Q,G,(Gs)s>0,P), irrespective of whether this is the original process and space we started
with, or an enlarged one.

Choosing pg := % + p + ¢ in Assumption 7.1.4.(e) we apply Theorem 7.1.18 to obtain
a set I' on which (B, 7) is concentrated under IP and for which (7.1.19) holds. As v is
concentrated on (0, ), we may assume that I' N (C(IR, ) x {0}) = 0. Next we want to show
that Lemma 7.1.20 applies with Y;(w) = w(t).

Translating (7.1.21) to our situation, we want to prove that w(t) < 7(t) implies

—w(HA(t) —lE[(q(t) + BU)A(O')] < —n(t)A(t) —IE[(w(t) + BG)A«;)] ) (7.4.8)
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where B is Brownian motion started in 0 at time ¢ on C([t,)) and ¢ is any stopping time
thereon with W{(o =t) <1, W/(0 = 00) =0, JGPO dW} < co. Again the Burkholder-Davis-
Gundy inequality shows that [E[B,A(0)] < co. So (7.4.8) turns into

w(t)E[A(0) - A(t)] < 5(t) E[A(0) - A(1)],

which clearly follows from the assumptions. So we know that Lemma 7.1.20 holds, i.e.,
using the names from said lemma we have 1 <7 <7 PP-a.s.

I'N(C(R;)x{0}) =0 implies R N (R x {0}) = @ and therefore 7(w) = inf{t > 0: (B/(w), t) € R},
and likewise for R and 7. As R = R =: R it follows from Lemma 7.4.6 that 7 = T = ©
a.s. and that 7 is of the form claimed in (7.4.2) with () := sup{y € R: (y,t) € R}. The
uniqueness claims follow from Lemma 7.4.7 and what we have already proven.

We now treat the case where (B;, t) = ¢(B;) with ¢ > 0, (j)(y)' < K(1+|y/P) and v has
finite moment of order 4 + ¢ for some ¢ > 0. Most of the proof remains unchanged. Setting
c(w,t) = —¢p(w(t)) we may again use the Burkholder-Davis-Gundy inequalities to show
that ¢(B,, 7) is bounded in L'*°-norm, independently of the stopping time 7 ~ v, thereby
showing both that Assumption 7.1.4.(d) is satisfied and that the boundedness-condition
in Version B of Theorem 7.1.10 is satisfied.

It remains to show that w(t) < (t) implies ((w,t),(#,t)) € SG. ¢"” > 0 implies that the
map v — ¢(n(t) +v) — ¢(w(t) + y) is strictly convex. By the strict Jensen inequality
E[$(1(t) + By) — d(w(t) + By)] > d(y(1)) - d(w(1) for any stopping time o on C([t,00))
which is almost surely finite, satisfies optional stopping and is not almost surely equal
to t. As we may choose pg := 5 + ¢, which is greater than 1, we may assume that the o in
the definition of SG has finite first moment, which is enough to guarantee that it satisfies
optional stopping. Rearranging the last inequality gives (7.1.15). Q

7.4.2. Supremum Process of Brownian Motion

To give an example of a slightly more complicated functional amenable to analysis with
our tools consider the following problem.

Problem (OprStor?'). Among all stopping times 7 ~ v on (Q,G,(G,)i>o, P) find the maxi-
mizer of

r s E[B.],

T

where B} = sups<;B(s).

Then

Corollary 7.4.9. Assume that v has finite moment of order % Then OprStoP” has a solution
T given by

t=inf{t > 0: B, — B; < B(t)}

for some upper semicontinuous function : IR, — [—o0,0].
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We proceed to prove Corollary 7.4.9. This is closely modeled on the treatment of the
Azema-Yor embedding in [9, Theorem 6.5]. As in this case we run into a technical obstacle,
though one which can be overcome by combining the ideas we have already seen in slightly
new ways. Thus the proof of Corollary 7.4.9 is very similar to the proof of Corollary 7.4.1.
To demonstrate the problem let us begin an attempt to prove Corollary 7.4.9. Again,
we read off c(w,t) = —w*(t), with w*(t) = sup,., w(s). We may use Theorem 7.1.10 to
find a solution 7 of the problem OprStor” and we use Theorem 7.1.18 to find a set
I C C(R,) xR, for which P[(B,7) e T] =1 and SGN(T'< xT) = 0. Now we would like to
apply Lemma 7.1.20 with Y;(w) = w(t) — w*(t), as proposed by Corollary 7.4.9, so we want
to prove that w(t) — w*(t) <#(t) —#*(t) implies ((w, t), (1,t)) € SG.

Let us do the calculations: We start with an (IF),,-stopping time o, for which
W(o =t) <1, Wj(0 = o0) = 0 and for which both sides in (7.1.15) are defined and finite.
To reduce clutter, let us name (w — (a),a(a))))*(w(g) =: a, so that (7.1.15), which we want
to prove, reads

~0'(1)+ [ (0,1) 0 0)(s)da(0,5) <~ (1) + [ (1,1) © 0)'(5) dax(6), ). (7.4.10)

We may rewrite the left hand side as

j(w*(t) v (w(t)+ 6*(5)))— W (1) da(0,5) = [0V (w(t)-w'(t) +67(s))da(0,s) .

For the right hand side we get the same expression with w replaced by 7. Looking at the
integrands we see that if

0 <n(t)— 1" () + 0 (s) (7.4.11)
then
OV (w(t) = w'(t)+6%(s)) <OV (1(t) = 1*(t) + 6%(5)) ,
but in the other case
0V (@(t) =@ (1) +67(s)) = 0= 0V (n(t) = 17"(1) + 6°(s))..

So if (7.4.11) holds for (60, s) from a set of positive a-measure, then we proved what we
wanted to prove. But if 67(s) < #1*(t) —(t) for a-a.a. (6,s) then in (7.1.15) we have equality
instead of strict inequality.

Asin [9, Theorem 6.5], one way of getting around this is to introduce a secondary optimiza-
tion criterion. One way to explain the idea of secondary optimization is to think about
what happens if, instead of considering a cost function ¢ : C(IR;) xR, — R we consider a
cost function ¢ : C(R;) xR, — R". Of course, to be able to talk about optimization, we
will want to have an order on IR”. For reasons that should become clear soon, we decide
on the lexicographical order. For the case n = 2 that we are actually interested in for
Corollary 7.4.9 this means that

(x1,%2) < (¥1,92) & x; <ypor(x; =y; and x; <) .

We claim that Theorem 7.1.18 is still true if we replace ¢ : C(R,) x R, — R by
c:C(R;) xR, —» R" and read any symbol < which appears between vectors in R" as
the lexicographic order on IR” (and of course likewise for all the derived symbols and
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notions <, >, >, inf, etc. ). Moreover, the arguments are exactly the same. Indeed the
crucial part that may deserve some mention is at the end of the proof of Proposition 7.3.14,
where we use the assumption that (7.3.24) holds on a set of positive measure, i.e., that
the integrand is < 0 on a set of positive measure, and that the integrand is 0 outside
that set, to conclude that the integral itself must be < 0. This implication is also true
for the lexicographical order on IR”. One more detail to be aware of is that integrating
functions which map into IR? may give results of the form (oo, x), (x, —c0), etc. In the case
of a one-dimensional cost function we excluded such problems by making Assumption
7.1.4.(d). What we really want in the proof of Proposition 7.3.14 is that Ic d& and IC agr
should be finite. Clearly a sufficient condition to guarantee this is to replace Assumption
7.1.4.(d) by

(d’) E[c(B,7)] € R" for all stopping times 7 ~ v.

This is not the most general version possible but it will suffice for our purposes.

To get an existence result we may assume that ¢ = (cq, c;) is component-wise lower semi-
continuous and that both c¢; and ¢, are bounded below (in either of the ways described
in the two versions of Theorem 7.1.10). Note that — because we are talking about the
lexicographic order — & € RST,(v) is a solution of OrrStor™ for c if and only if £ is a
solution of OprSToP™ for ¢; and among all such solutions &’, & minimizes jCz d&’. By
Theorem 7.1.10 in the form that we have already proved the set of solutions of OprSToP™
for c; is non-empty. It is also a closed subset of a compact set and therefore itself compact.
This allows us to reiterate the argument that we used in the proof of Theorem 7.1.10
to find inside this set a minimizer of £’ — fcz d&’. This minimizer is the solution of
OrptSToP™ for c.

With this in hand we may pick up our

Proof of Corollary 7.4.9. The same arguments as in the proof of Corollary 7.4.1 apply, so
we may assume that our probability space satisfies Assumption 7.1.4.(b). We start with a
cost function c(w, t) := (c;(w, 1), ca(w, 1)) := (—w*(t), (@*(t) — w(t))?).

* 1/2
ller (B, Dlls < NIBFllzs < Killzll5

by the Burkholder-Davis-Gundy inequalities, so (c1)_ satisfies the uniform integrability
condition and E[¢(B, 7)] is finite for all stopping times 7 ~ v. ¢; > 0 and by the Burkholder-
Davis-Gundy inequalities

E[cy(B,7)] < E[(B"(1))°] < K, E[t?] = K, [ 2 (1)

for some constant K;. The last term is finite by assumption.

By our discussion in the preceding paragraphs we find a solution t of OprSTOP® for ¢
and a measurable, (F°);s¢-adapted set T C C(RR,) x R,, for which P[(B,t) € ] = 1 and
SGN(I< xT) = 0, where now ((w,t),(17,t)) € SG if and only if for all (IF/),;-stopping
times o for which Wj(o = t) <1, Wj(0 = o0) = 0, 10'3/2 AW < oo, setting a := (w
(w,0(w))).(W§) we have that either equation (7.4.10) holds or

(1) + [ (w,1)©0)*(s)da(0,5) = ~n"(t) + [ ((,1) © 0)"(s) da (0, 5) (7.4.12)
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and
e, 1)~ [ea((@,1)©0,5)da(0,5) < c2(1, 1)~ [ e2((1,1) ©0,5)da(6,5) . (7.4.13)

Now, we want to apply Lemma 7.1.20, so we want to show that w(t) — w*(t) < n(t) —1*(t)
implies ((w,t),(1,t)) € SG. We already dealt with the case where « is such that (7.4.11)
holds on a set of positive a-measure. Now, we deal with the other case, so we have

0%(s) < 1 (t) — (1) < 0 () — (1) (7.4.14)

for a-a.a. (6,s) and we know that (7.4.12) holds. We show that (7.4.13) holds. Because of
(7.4.14), ((w, 1) @ 0)*(s) = w*(t), and so c;((w, 1) © O, s) = (w*(t) — w(t) — O(s))3. We calculate
the left hand side of (7.4.13).

f(w*(t) —w(t))’ = (@' (t) ~ w(t) = 0(s))* da(6, 5)

= f3(w*(t) —@(1))*6(s) = 3(w*(t) - w(1))(6(s))> + (0(5))> d (6, 5)
= (w(t) - " ()3 [ (6(5)*da(0,5) + [ (0(5))> da(6,s).

Here the Burkholder-Davis-Gundy inequalities show that both j(@(s))3 da(0,s) and

f(@(s))2 da(6,s) are finite so that we may split the integral and they also show that
{Byat : T >t} is uniformly integrable so that by the optional stopping theorem
f@(s)da(@,s) = 0. (B is again a Brownian motion started in 0 at time ¢ on C([t, )).)

For the right hand side of (7.4.13) we get the same expression with w replaced by 7.
This concludes the proof that w(t) — w*(t) < y(t) — 1*(¢t) implies ((w,t),(1,t)) € SG and
Lemma 7.1.20 gives us barriers R, R such that for their hitting times 7, 7 by B, - B} we
have T <7 <17, a.s.

Again we want to show that 7 = 7, a.s. and that they are actually stopping times. Again
we do so by showing that they are both a.s. equal to the hitting time of the closure of

the respective barrier. If R N ({0} xIR,) = @ then this works in exactly the same way as
in Lemma 7.4.6. (This time we define 7, := inf{t > 0 : (B¢(w) — (B®)}(w),t) € R} where
B{(w) := By(w) + A(t)e.) If RN ({0} xR,) # 0 then (Bf(w) — (B%)j(w),t) € R and t > 0 need
not imply B;(w) — Bj(w) < Bf(w) — (B®);(w), which is essential for the topological argument
showing that the hitting time of R is less than or equal 7,.

But if RN ({0} xR,) = RN ({0} xR,) =0, then 7 and 7 are both almost surely < T where

T :=inf{t > 0:(0,t) € R}, so in the step where we show that the hitting time of R is less
than 7, we can argue under the assumption that 7.(w) < T. In this case we do have that
(Bf (w) = (B)}(w),t) € R and t > 0 implies B;(w) — Bj(w) < Bf(w) — (B%)}(w). Q

Remark 7.4.15. We hope that the proofs of Corollary 7.4.1 and Corollary 7.4.9 have
given the reader some idea of how to apply the main results of this section to arrive at
barrier-type solutions of constrained optimal stopping problems, as depicted in Figure
7.1. We would like to conclude by giving a couple of pointers to the interested reader
who may want to work through the proofs corresponding to the remaining pictures in
Figure 7.1. For the problem of minimizing [E[B,.], it may actually happen that the times 7,
T from Lemma 7.1.20 do not coincide. Specifically one has to expect this to happen on
non-negligible set when R contains parts of the time axis which R does not contain.
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Under these circumstances an optimizer may turn out to be a true randomized stopping
time, with a proportion of a path hitting the time axis at a certain point needing to be
stopped while the rest continues. In this situation the picture alone does not completely
describe the optimal stopping time.

For the problems involving absolute values one needs to make a minor modification in the
proof of Proposition 7.3.14. Specifically one can allow “mirroring” the paths which are
“transplanted” using the Gardener’s Lemma. This leads to a slightly different definition of
Stop-Go pairs, which is perhaps most easily described by saying that the paths which are
stopped by o may be flipped upside-down on either side.
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Appendix

Finally, some detailed considerations are given, which are used in the main part of the
thesis, but would have had disturbed the reading flow there. The material can therefore be
skipped and considered when needed. The following topics are examined: Dominance in
stochastic order, some general results, expected shortfall, multi-dimensional log-normal
distribution and transition kernels.

A.1. Dominance in Stochastic Order

Dominance in stochastic order is an important tool in many areas of probability and
statistics. Stochastic orders generated by integrals are considered in [52]. We are guided
by [72] and [53] to give a definition of stochastic order with regard to random variables
and probability measures in our considerations. We will transfer it to stochastic order for
signed measures. It finds application in the Section 3.5.2 of Part I and the Section 6.2 of
Part II.

Let I be the considered index set or a continuous time interval.

Definition A.1.1 (Dominance in stochastic order). See [72, p. 3]:
Let X and Y be two random variables such that

P(X>t)<P(Y>t) foralltel. (A.1.2)

Then X is said to be smaller than Y in the usual stochastic order or Y dominates X in
stochastic order (denoted by X <;; Y).

Remark A.1.3. Note that (A.1.2) is the same as
P(X<t)>P(Y<t) foralltel.

Lemma A.1.4. See [72, p. 4]:
X <4 Y if, and only if,

E[f (X)] < E[f (Y)] (A.1.5)

holds for all increasing functions f for which the expectations exist.
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Remark A.1.6.

(a) Let I be a continuous time interval. Note that X <; Y if, and only if,

J P(Y >u)du —j P(X>u)du 1is decreasinginsel. (A.1.7)
I>s I>s

(b) Let I be a totally ordered countable index set. If X and Y are random variables
taking on values in I, then we have the following. Let p; = P(X =t)and q; = P(Y =),
t €. Then X <; Y if, and only if,

Y piz) g forallsel, (A.1.8)

tel tel

or, equivalently X <; Y if, and only if,

Y pi<) g, forallsel (A.1.9)

telg tel

In continuous time the order relation for probability distributions are often immediately
given in the following way, cf. [46] and [52, Example 5.1]. This definition is equivalent to
the definition of the usual stochastic order given in Definition A.1.1.

Definition A.1.10. Let E be a Polish space endowed with a closed partial order. For
probability measures IP and Q on (E, £), P is stochastically dominated by Q if

J-deP < jfdQ for all measurable bounded increasing functions f.
We write that P <; Q.

In the literature there are definitions of stochastic order with regard to random variables
and probability measures. Now, we want to introduce it for signed measures.

Definition A.1.11 (dominance in first order; signed measure).

Let I be a totally ordered countable index set or a continuous time interval. Let y* and u
be two signed measures of finite total variation with p(I) = p*(I). Then p* dominates p in
first order, (denoted by p <y u*), if

w(lss) < p'(lsg), forallsel. (A.1.12)

Remark A.1.13.  (a) Consider it as a function of s, i.e., s = pu(Is;), such that we want to
prove if one function lies always above the other one.

(b) Note that (A.1.12) is equivalent to

p(les) > p'(l), forallsel.

(c) Let I be a totally ordered countable index set. For any signed measure y we define
y Yy s1g H
p({t}) := py, t € I, and we have that p(lsg) = Y ep pie-
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(d) Let I be a continuous time interval. For a signed measure y we denote the positive

and negative variation by y* and y~, cf. [52]. As usual |y| := p* + p~ is the total
variation. Integrals are mostly written in the functional form u(f) := f fdp =

jfdy*—ffd,u’. Notice that p(f) exists and is finite if and only if p*(|f|)+p(|f]) < 0.

Remark A.1.14. Note that there are signed measures without finite total variation, for
example signed measures which are induced by the covariation of two local martingales.

Lemma A.1.15. Let I be a totally ordered countable index set and y*, p be two signed measures
of finite total variation with u(I) = u*(I). Then p <¢ " if, and only if,

Zf(t)ﬂt < Zf(t)ﬂ’i (A.1.16)

tel tel

holds for all increasing functions f : I — IR for which the expectations exist.

Proof. "&" For all increasing functions f : I — R for which the expectations exist, it

holds that

Y fOu<) flop.

tel tel

Choosing f := 1 we have for p that ) ,o; fs(£)pr = X ser it = p(lss). Analogously
we get the same for y*. Therefore for all s € I it follows from (A.1.16) that

Hlss) < (L)

We will decompose a signed measure y into its positive y* and negative part p~,
whereby pf := max{u;, 0} and p; := max{-p;, 0} for every t € I. Then we have
ur = pi — py for every t € I. Now we have that p* dominates y in first order, i.e.,

Wilss) 2 plss), VYsel (A.1.17)

In the following we will assume that pu(I) + p~(I) + (4*)~(I) > 0, because the case
p)+p~(I)+(p*)"(I) = 0is trivial. If u(I)+ p~(I)+ (x*)~(I) = 0 then everything is null,
ie., u(I) =0, p=(I) =0 and (p*)~(I) = 0. It follows that p*(I) = u(I)+ p (I) = 0 and
also (p*)*(I) = 0, because p*(I) = pu(I) = 0. This also holds for every subset of I.

Adding p~(Iss) + (1)~ (Iss) to (A.1.17) and multiplying with m we get

forallsel
j = 1 ( (I )+ u (Iss) (V*)_(I ))
”<1)+ﬂ_(1)+(ﬂ*)_(1) >3 > >s
1 B N o
> (I)+pu=(I) (}4*)—(1)(”(1>5)+V (Iss) + () (I>s))_. fi.

With p+p~ + (u*)” = p* + (p*)” it is clear that y+ p~ + (¢*)” is a finite, non-negative
measure. Through the appropriate scaling we have that ji is a probability measure.
The same is true for fi. Furthermore we have that /i dominates ji in stochastic order.
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Now, let X* and X be random variables taking values in I such that IP(X* =t) = ji,
and IP(X =t) = ji; for every t € I. Due to Lemma A.1.4 we get

Y fWa=) fl
tel tel

for all increasing functions f : I — R for which the expectations exist. Multiply the
inequality with pu(I)+ p~(I)+ (#*)~(I) and subtract } ,o; f(£)(u~ (Iss) + (#7) " (Is)) gives

us the assertion that
Y FOpiz) fm,

tel tel

for all increasing functions f : I — IR for which the expectations exist.

Q

Lemma A.1.18. Let I be a continuous time interval and p*, p be two signed measures of finite
total variation with u(I) = u*(I). Then p <y u* if, and only if,

p(f) < p'(f) (A.1.19)

holds for all measurable bounded increasing functions f : I — R for which the integrals exist.

Proof. We get it analogously like in the proof of Lemma A.1.15, if we replace the sums by
the integrals.

H<:|l
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For all measurable bounded increasing functions f : I — R for which the expecta-

tions exist, it holds that
f fdpu< J- fdu’.

Choosing f; := 1, which is bounded by 1, increasing and measurable, we have for
p that ffscl,u = L dp = u(I;). Analogously we get the same for p*. Therefore for all
s € I it follows from (A.1.19) that

We will decompose a signed measure p into its positive y* and negative part y~,
whereby p := max{y;, 0} and y; := max{-p;, 0} for every t € I. Then we have
ur = py — py for every t € I. Now we have that y* dominates y in first order, i.e.,

Wilss) 2 plss), VYsel (A.1.20)

In the following we will assume that u(I)+ p (I) + (")~ (I) > 0, because the case
p)+p~(I)+(p*)"(I) = 0is trivial. If u(I)+ p~(I)+ (¢*)~(I) = 0 then everything is null,
ie., u(I) =0, p~(I) =0 and (p*)~(I) = 0. It follows that p*(I) = u(I)+ p (I) = 0 and
also (p*)*(I) = 0, because p*(I) = p(I) = 0. This also holds for every subset of I.



A.1. Dominance in Stochastic Order

1

Adding p~(Iss) + (4*)~(Iss) to (A.1.20) and multiplying with TG We get
forallsel
. 1 ( . _ o )
= L)+ p (L) + I
H u()+ (1) + () ~(I) W (Iss) + p (Iss) + (1) (Iss)
1

\%

I (I )7 (Iss) ) =t fi.
_,‘/l(I)"'}’l_(I)"‘(,M*)_(I)(‘u( >S)+}4 ( >5)+(‘1/l) ( >s)) I’l

With p+ p~ + (p*)” = p* + (p*)” it is clear that p+ p~ + (p*)” is a finite, non-negative
measure. Through the appropriate scaling we have that ji is a probability measure.
The same is true for ji. Furthermore we have that /i dominates ji in stochastic order
and we can also use the equivalent definition. Due to Definition A.1.10 we have

[ gan= [ ran

for all measurable bounded increasing functions f : I — R for which the integrals
exist. Multiply the inequality with p(I)+p~(I)+(p*)~(I) and subtract L fap +(p)7)
gives us the assertion that ‘

for all measurable bounded increasing functions f : I — R for which the integrals
exist.

Note that we could also discuss it about the existence of two random variables X*
and X taking values in I such that P(X* =t) = fi; and IP(X = t) = ji; for every t € I

like in the proof of Lemma A.1.15 using Lemma A.1.4. a
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A.2. Some General Results

First, we want to show the Jensen’s inequality for substochastic measures.

Lemma A.2.1 (Jensen’s inequality for substochastic measures). Let (Q), F, u) be a subproba-
bility space, such that u(Q) € [0,1). If g is a real-valued function that is y-integrable, and if ¢
is a convex function on the real line with ¢(0) <0, then:

@(J gdﬂ) SJ pogdp.
Q Q

Proof. Let u(Q)) = 0. We define ji = -t which is obviously a probability measure. Then

n(€2)

<P(Lgdﬂ) = (P(V(Q)J-diﬁﬂl —y(Q)).o)

< W) | gdi)+(1-p(@) - p(0) (convenity)

< Q) @ L (g)dp+(1-u(Q))-9(0) (Jensen)

< fQ o(g)d. ((0)<0) a

Let I # @ denote a countable, i.e., a finite or countably infinite, totally-ordered index
set, (), F,IP) be a probability space with filtration [F = (%);c; and v a given probability
measure on I. In Section 3.2 we will extend the given filtration [F in an eligible way
to embed a special set, the set M] of all adapted random probability measures y with
E[y;] = v, for all t € I, into another set, the set 7;" of all stopping times 7 with distribution
v. To have an unique assignment, one of the following assumptions should demand:

Assumption A.2.2. We assume one of the conditions:
(a) F; includes all null sets of F, := (U F) forall t e 1.

(b) There exists a sequence (t,),cn in I such that ¢, <t,,; for all n €N and I includes a
maximum element.

By virtue of definition of an adapted random probability measure, it is necessary, in
particular because of Defintion 3.1.1(b), otherwise would be the constructed stopping
time not unique defined on the corresponding null sets. In the case of a finite index set no
additional assumption is necessary.

Remark A.2.3. By condition (a) of Assumption A.2.2, the null sets would be identified.
The condition (b) of Assumption A.2.2 gives us the possibility to redefine the random
adapted probability measure.

If the Assumption A.2.2 does not hold, we have to enlarge the filtration.

Definition A.2.4. A filtration G = (G;),; of FF is called an enlargement of the filtration
F = (F)ep, if F; CG; forall tel.
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A.2. Some General Results

Extending the filtration by adding null sets is easier to describe for an interval and can be
done as follows:

Remark A.2.5 (Adding null sets to filtrations). Let I C R U {co,—o0} be an interval and
IF = (F;)ser a filtration. Define G = (G; )¢ by

G ={G € F | There exists F € 7; with P(FAG) =0}, tel.

Then the following holds:

(a) Gis an enlargement of IF such that 7 C G, for all t € I and its o-algebras contain all
null sets of F.

(b) If IF is right-continuous, then G is right-continuous.
(c) Every X € LY(Q, F,P) satisfies E[X| %] *= E[X|G,] for all t € I.

(d) Let H € F be a o-algebra and t € I. If H is independent of #, then it is also
independent of G;.

This can easily be verified.

We still want to specify the definition of progressive measurable processes here.

Definition A.2.6 (Progressively measurable). Let I C IR be a continuous time interval and
I; = (—co,t] N I be the set of all times up to t € I. A stochastic process X defined on a
filtered probability space (Q), F,F = (F);c1, [P) is F-progressively measurable or simply
IF-progressive with respect to a filtration [F = ()¢, if the function X(s,w) : [; xQ — R
is By_, ® F;-measurable for every t € 1.

The section should be completed with a proposition on conditional expectations involving
independent random variables. The following proposition is a modified version of [25,
Example 5.1.5]:

Proposition A.2.7 (Conditional expectation involving independent random variables).
Let (Q), F,IP) be a probability space, G C F a sub-o-algebra, (S1,S1) and (S,,S,) measurable
spaces, X : Q — Sy and Y : QO — S, random variables. Suppose X and Y are independent.
Let F:S; xSy = R be an §; ® S-measurable function with IE[|F(X,Y)|] < co and let

h(x) = E[F(x,Y)]. Then we have that

E[F(X,Y)|o(X)] = h(X).
Proof. It is clear that h(X) € o(X). We have to check that for every A € o(X)
J F(X,Y)dP = J h(X)dP.
A A

Note that if A € o(X) then there exist a C € B(RR) with A = X~!(C). Then also the preimage
of C under (X, Y) is the event A.

Using the change of variables formula ([25, Theorem 1.6.9]) and the fact that the distribu-
tion IP(x y) of (X, Y) is a product measure ([25, Theorem 2.1.7]), then the definition of h,

195



and change of variables again, yields

j F(X, Y)dP = E[F(X, Y)I¢(X)] = j F(x,9)dP .1 (x,9)
A CxIR

- LLF(x,y)dPy(y)dPX(x) = Lh(x)dIPX(x) = J-Ah(X)dIP,

which proves the desired result.

196



A.3. Notes on the Expected Shortfall

A.3. Notes on the Expected Shortfall

In this section we will return the definitions of quantiles and the expected shortfall, given
in [33], to mind. Furthermore we will use in Section 3.5.2 and 3.6 of Part I the result of
Lemma A.3.3 to derive upper bounds which differ from these given in [33].

Definition A.3.1. Given a random variable X : Q - R, 6 €[0,1].
(a) Define the 0-quantile of X by
gs(X) := inf{x € R|IP(X < x) > 6}.

Note that go(X) = —c0 and if IP(X < x) <1 for all x € R, then g1 (X) = co.
(b) Define f5 x : (2 — [0,1] by

0 ifo=1,
fé,X = ]
Lxsqy) + Bo,xLx=gyx) ifOE [0,1),
where

P(X=g5(X))

(B0 p(x = g5(X)) > 0,
Bsx = i
0 otherwise.

(c) The expected shortfall of X at level ¢ is given by
(1-0)ES[X;6] = E[f5 x X].
Note that ES[X;0] = E[X] and ES[X;1]=0as ; x = fi,x = 0.
Remark A.3.2.

(a) Note that s x € [0,1], because P(X < q5(X)) < 6 <P(X < gs5(X)). Therefore f5x is
[0, 1]-valued.

(b) For 0 €[0,1] we have [E[f5 x] =1 — 0. This is due to the fact that for 6 € [0, 1)
E[fs,x] = P(X > q5(X)) + Bs, xP(X = 45(X)).

Lemma A.3.3. Cf. [33, Lemma 4.6]:
Let X and Y be real-valued random variables, 6 € [0,1]. Assume Y > 0, E[Y] < oo and
[E[|X]|] < c0. Define

}—CS,YX = {f :Q) —[0,1] | f measurable , B[fY] = lE[ch,XY]}'

Then the following holds:
(a) E[fs xXY]is well-defined and

sup E[fXY]=E[f;xXY].
fer
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(b) If f* e ]—'gx satisfies E[f*XY] = E[f5 xXY] < oo, then
ff=fsx,» as,on{Y>0,X=qs5Y)}.

(c) If Y and fs x X are uncorrelated, then
E[fsxXY] = E[Y]E[fs x X] = (1 - 6)E[Y]ES[X;5].
Remark A.3.4. Note that Y and f5 x X are uncorrelated, if X and Y are independent.

At this point we would like to reproduce a few important results of [33].

Lemma A.3.5. See [33, Lemma 5.10]:

Given a discrete time interval I C Ny with 0 € I and a probability distribution v on I.
For a given adapted stochastic process Z we define the increments of Z by AZy := Zy and
AZ,:=Z,—Z, 4 forall t € I \{0}. Assume the increments are integrable and there exists a
sequence (¢;)ier C [1,00) such that they satisfy

IE[AZtl‘E—l] = IE[AZt], a.s.
and
E[IAZ|1Fi1] < ¢ E[IAZy]],  as.

forall t € I\ {0} with vjpr1 <1, as well as

thIEHAZtH(l —Vgio1) <00

tel

with the understanding that 1 —v<;_y = 1 for t = 0. Then, for all y € My, Z,, is well-defined,
integrable and

E[Z,]=) ElZ]v.

tel

Theorem A.3.6. See [33, Theorem 5.25]:

Given a discrete time interval I C Ny with 0 € I and a probability distribution v on I, assume
that the adapted process Z = (Z;);¢r can be decomposed into Z, = M; + Ny + A, for t € I, where
M is a martingale such that M and v satisfy one of the conditions of [33, Theorem 2.49],
N is a process such that N and v satisfy the conditions of [33, Lemma 5.10] and A is a
predictable process, with Ay = 0. Denote the increments of the process A by AAg = Ay =0 and
AA; = A;— A, for t € I\ {0}. Assume that for the density of [33, Definition 4.3(b)] we have
foreveryte I\ {0} witht+1el

E[fs, an,,, [ Fi-1]1=1-6;, as.
and that for some sequence (c;);e; for every t € I\ {0}

E[JAA (| F-1] < ¢/ E[JAA]],  as.
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A.3. Notes on the Expected Shortfall

and that for each t € I \{0, 1} we have that fs_ aa,AA; and (1—-yo—...—y;_,) are uncorrelated.
Further assume that the process A satisfies either

Z ¢ E[|AA|]vsy < 00
tel\{0}

or

[E[sup|A;|] < oo.
tel

With these assumptions we have that Z,, is well-defined and integrable. Then an optimal
adapted random probability measure y* is given by

V= (L=yZ )= fs,n4,,) fort+1el
Cla-ya) fort+1¢l,

where f5 aa,,, is defined as in [33, Definition 4.3(b)] and

5, = = fva <l
0 ZfVSt_l =1.

Using this strategy we have

VI(Z)=E[Mo]+ ) E[N v+ ) (1-v< 1)ES[AA;5,]
tel teI\{0}

If P(AA 1 = q5,(AA411)) = 0 for all t € I with t+1 € I, then the optimal strategy y™ is a.s.
unique.

Lemma A.3.7. See [33, Lemma 5.37]:
Given a discrete time interval I CINo with 0 € I and a probability distribution v on I. Assume
that the adapted process Z = (Z;)c1 is a process of independent random variables such that
E[sup,e; |Zi|] < co. Further let U = (Uy);e; be an adapted process of independent random
variables uniformly distributed on [0,1], such that Z and U are independent. For t € I set
op=1- 1—1/0—1?.—1/,_1 and

E;:={Z; > q5,(Z)} V{Z; = q5,(Z4),1 = Bs, 7z, < U; < 1}
with s 7 asin Definition A.3.1. Then an optimal stopping time T* solving

sup IE[ZT] = IE[ZT*]

el

is given by

ooy [MLENE ifva<t,
M, Es ifve =1

E[Z,+] can be computed as

E[Z,] = Zlﬁ[ztnrzt] - ivt-ES[Zt;ét].
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A.4. Multi-Dimensional Log-Normal Distribution

A log-normal distribution is a continuous probability distribution of a random variable
whose logarithm is normally distributed. Therefore we will define at first the multi-
dimensional normal distribution.

Definition A.4.1. See [71, Definition 2.6]: Let u € R", A € R and X ~ N'(0,1;). Then
the distribution of Y := AX + u is called a n-dimensional normal distribution with ex-
pected value p and covariance matrix C := AAT. We use the notation Y ~ A (y, C) and
L(Y)=N(p,C). If p =0, then the normal distribution is called centered.

Proposition A.4.2. Let f : R" — R"™ be affine, i.e., f(v) = By + v with v € R" and (m x n)-
matrix B. If Y is an R"-valued random variable with Y ~ N (p, C), then

f(Y)~ N (Bu+v,BCBT).
Proof. By Definition A.4.1 there exist a y € R", a dimension d € N as well as A € R with
C =AAT and X ~ N(0,1) such that Y := AX + u~ N'(4,C). Then f(Y) = BAAX + p) + v =
(BA)X + (Bp+v) and (BA)(BA)T = BAATBT = BCBT which prove the claim. Q

Proposition A.4.3. Let X = (Xl,...,X]-)T and Y = (Yy,...,Y)T be random vectors.
IfZ:=(X,Y)T ~ N(p,C) and Cov(X,Y) =0, then X and Y are independent.

Proof. With Cx = Cov(X) and Cy = Cov(Y), we can partition the covariance matrix as

[Cx O
(% Q)
Furthermore, let
1231 I’lj+l f1 tj+1
”X: ,‘lxly: anth: ,tY: ’
Hj Hj+k tj tivk

such that X ~ N (ux, Cx) and Y ~ N (uy, Cy). Then it holds for t := (tx, ty)T € RI*F that

Blexp(i¢t, 2))] = expli(t, )~ 5(1,C1)

= expliCtx, ix) + ity juy) = 5 b, Cxtx) = 5 (b, C )
= Elexp(i(tx, X)) Elexp(idty, V)]

Because of the fact that the characteristic function determines the distribution uniquely, it
follows that

Z(2)=ZL(X)eZL(Y),

which means that X and Yare independent. Q
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A.4. Multi-Dimensional Log-Normal Distribution

With the preliminaries to the normal distribution we can now introduce the definition of
the log-normal distribution in higher dimension.

Definition A.4.4. See [71, Definition 2.33]:

Let y € R", C € R™" positive semidefinite, and let Y = (Y3,...,Y,) ~ N (i, C). Then the
distribution of Z := (exp(Y;),...,exp(Y},,)) is called a n-dimensional log-normal distribu-
tion with parameters y and C and we use the notation Z ~ MLog N (¢, C). In the one-
dimensional case of a log-normal distribution, we write Z ~ Log NV (p, C). By definition, a
random vector with an n-dimensional log-normal distribution takes values in (0, c0)".

Lemma A.4.5 (Properties of the multi-dimensional log-normal distribution).
See [71, Exercise 2.34]: Let Z = (Z4,...,Z,) ~ MLog N (u, C) and use the multi-index notation

n

ZP = ]_[Z,fk, p=(p1,...,pn) ER"
k=1

(a) Show that ZP ~ Log N ({p, i), {p,Cp)) for every p € R".
(b) Show that E[ZP] = exp((p, u) + 5(p, Cp)) for every p € R".
(c) Show for all p,q € R" that

Cov(ZP,Z%) = E[ZP*1] - E[ZP|E[21]

= exp((p + 1)+ 5P, Cp) + 54, Ca)exp((p, Ca)) ~ 1).

(d) Show for all p,q € R" that ZP and Z9 are independent if and only if Cov(ZP,Z17) = 0,
which is the case if and only if (p, Cq) = 0.

Proof. (a) By Definition A.4.4 there is a random vector Y = (Y3,...,Y,) ~ N(u,C), such
that Z = (Zy,...,Z,) = (exp(Y1),...,exp(Y,)) ~ M Log N (i, C). Then we have that

n n n
zv=| |z =] |exptvr = eXP[ZPkYk] =exp((p, ¥)).
k:1 kzl k:l

Using Proposition A.4.2 with f(y) = (p,y) for some p = (py,...,p,) € R" and
Y ~ N(p, C) implies that (p,Y) ~ N((p, u),{p,Cp)). Furthermore it follows that
ZP = exp({p,Y)) ~ MLog N (u, C).

(b) For X ~ N (p,0%) we know that
E[tX] = exp(],tt+ %02t2).
Using this and (a) implies that
E[ZP] = Elexp(1 - (p, Y))]

~——

~N(p, ) {p,Cp))
= eXP((PIW 1+ %(p; Cp)- 12)

= eXp(<p,14>+ %(plcm)-
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(c) The covariance is given by Cov(X,Y) = E[(X - E[X])(Y - E[Y])] = E[XY]-E[X]E[Y],
such that

Cov(ZP,z9) = E[ZP*1] - E[ZP]E[Z9] (using (b))
= eXP(<P+%M>+ %<p+q,C(p+q)>)

—eXp(<p,ﬂ> + %(p, Cp)) ~ eXP((% 1)+ %(q, Cq>)

(using bilinearity of (-,-) and exclude a factor)

= eXP(<p +q,p)+ %<p, Cpy+ %W:C@)(GXP((P; Cq)) - 1)-

(d) For all p,q € R" it follows from (a) and the proof of Proposition A.4.3 that ZP and
Z1 are independent if and only if Cov(ZP,Z9) = 0. Finally, it follows from (c) that
Cov(ZP,Z1) =0 if and only if (p,Cq) = 0. 0
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A.5. Fubini and Transition Kernel

A.5. Fubini and Transition Kernel

To introduce our distribution-constrained optimization problem OprSTOP” in continuous
time similar to the one in discrete time, we must exchange the adapted random proba-
bility measures by stochastic transition kernels, see Section 6.1 of Part II. Here are some
preliminary considerations on this subject from various sources.

Definition A.5.1. Cf. [65, Definition 8.4]:

Let (X,S,u) and (Y, J, ) be o-finite measure spaces, and let f be an (S x J)-measurable
function on X x Y.

With each function f on X x Y and with each x € X we associate a function f, defined on
Y by fi(v) = f(x,v). Similarly, if y € Y, f? is the function defined on X by f¥(x) = f(x,p).

Theorem A.5.2 (Fubini). See [65, Theorem 8.8]:
Let (X,S,p) and (Y, J,A) be o-finite measure spaces, and let f be an (S x J)-measurable
function on X x Y.

(a) If 0 < f < oo, and if

(j)(x):J.fod/\, t,b(y):Lfydy (xeX,peY), (A.5.3)
then ¢ is S-measurable, 1 is J-measurable, and
f ¢du= fd(yx)\):f pdA. (A.5.4)
X XxY Y
(b) If f is complex and if
¢ (x) = f |flxdA and f ¢ dy < oo, (A.5.5)
Y X

then f € L' (pux A).

(c) If f € LY(ux M), then f, € LY(A) for almost all x € X, f¥ € L' (p) for almost all y € Y;
the functions ¢ and 1, defined by (A.5.3) a.e., are in L' (u) and L' (1), respectively, and
(A.5.4) holds.

Remark A.5.6. Notes: The first and last integrals in (A.5.4) can also be written in the more
usual form

[ anen [ somar= [ aro | sexpdu. (A5.7)

These are the so-called "iterated integrals" of f. The middle integral in (A.5.4) is often
referred to as a double integral. The combination of (b) and (c) gives the following useful
result: If f is (S x J)-measurable and if

f dy(x)f F (69| dAm) < oo,
X Y

then the two iterated integrals (A.5.7) are finite and equal.
In other words, "the order of integration may be reversed" for (SxJ)-measurable functions
f whenever f > 0 and also whenever one of the iterated integrals of |f| is finite.
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See [41, Chapter 14]: Consider now the situation of finitely many o-finite measure spaces
(Q;, Aj,pi),i=1,...,n, where n € IN.

Lemma A.5.8. See [41, Lemma 14.1 SL
Let Ac A; @Ay and let f: ()1 xQ ) — Rbean A; ®A,y-measurable map. Then, for all &, € (),
and (DZ € Qz,

Ad)] = {a)z S Qz : (CDl,wz) EA} S .Az,

Ad)z = {a)l € Ql : (a)l,d)z) GA} S .Al,

fo, 1 Qp — R, w, > f(@,w,) is Ay-measurable,
(w

fa, - O - R, w; > f(w;,d,)is A -measurable.

Theorem A.5.9 (Finite product measures). See [41, Theorem 14.14]:
There exists a unique o-finite measure p on A := ®:1:1 A; such that

n
WAL x... xA,) = l_[yi(Al-) for Aje Ai=1,...,n.
i=1

®?:1 Hii= U1 ®...® py, := p is called the product measure of the p;. If all spaces involved equal
(Qo, Ao, po), then we write u®" := Q)| po.

We come next to a concept that generalizes the notion of product measure. Recall the
definition of a transition kernel, which is given in the following way:

Definition A.5.10 (Transition kernel, Markov kernel). See [41, Definition 8.25]:
Let (Q1, A1), (Q25,.A,), be measurable spaces. A map « : Q) x A, — [0,00] is called a
(o-)finite transition kernel (from Q; to Q, ) if:

(i) w1 k(wy,A;)is Aj-measurable for any A, € A,.
(ii) Ap — x(wq,Ay)is a (0-)finite measure on (Q,, A;) for any w; € Q.

If in (ii) the measure is a probability measure for all w; € (), then « is called a stochastic
kernel or a Markov kernel. If in (ii) we also have k(w1,Q2;) <1 for any w; € (21, then « is
called sub-Markov or substochastic.

Lemma A.5.11. See [41, Lemma 14.20]:
Let x be a finite transition kernel from (Q1, Ay) to (Q, Ay) and let f : QQy xQ, — [0,00] be
measurable with respect to (A; ® A,)-B([0,]). Then the map

If : Q1 > [0,00],
wp — Jf(wlle)K(wlide)l

is well-defined and Ai-measurable.

Remark A.5.12. See [41, Remark 14.21]:

In the following, we often write jK(a)l,da)z)f(a)l,a)z) instead of If(a)l,a)z)K(a)l,dcuz)
since for multiple integrals this notation allows us to write the integrator closer to the
corresponding integral sign.
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Theorem A.5.13. See [41, Theorem 14.22]:

Let (Q;, A;), i =0,1,2, be measurable spaces. Let k1 be a finite transition kernel from (Qy, Ag)
to (Qq,Ay) and let «, be a finite transition kernel from (QQg x Qq, Ag® Ay) to (Q,, Ay) . Then
the map

K1 ®K2 : QO X (-Al ®.A2) — [O, OO),

(wg, A) > Kl(wordc‘)l)j K2((wo, 1), dwr) 1 4((w1, 2)),
Q, Q,

is well-defined and is a o-finite (but not necessarily a finite) transition kernel from (Qg, Ag) to
(Q1 xQ5, A1 ®Ay). If k1 and x, are (sub)stochastic, then 11 ® k; is (sub)stochastic. We call
K1 ® ko the product of k1 and «,.

If x;, is a kernel from (Q4,Ay) to (Q,, Ay), then we define the product 11 ® k, similarly by
formally understanding i, as a kernel from (QyxQq, Ag®.Ay) to (Q,,.A;) that does not depend
on the Qy-coordinate.

Corollary A.5.14 (Products via kernels). See [41, Corollary 14.23]:
Let (Qq, Ay, p) be a finite measure space, let (Q25,.A,) be a measurable space and let x be a

finite transition kernel from ()1 to (3,. Then there exists a unique o-finite measure yQ x on
Q1 x0Qy, A1 ® Ay) with

]xl@K(Al XAQ) = J. K(wl,A2);4(da)1) fOT all Al € Al,Az € ./42.
Ay
If x is stochastic and if y is a probability measure, then u® « is a probability measure.

Corollary A.5.15. See [41, Corollary 14.24]:
Let n € N and let (Q;,A;), i =0,...,n, be measurable spaces. For i =1,...,n, let k; be a

substochastic kernel from (X};loﬂk,®;;lo Ay) to (Q;, A;) or from (Q;_1, A1) to (Q;, A)).
Then the recursion k1 ®...®%«; := (k1 ®...®K;_1)®k; forany i = 1,..., n defines a substochastic
kernel ®;(:.1 Kk =K1 ®...Qk; from (Qg, Ap) to ()(};:1 Qyp, ®;(:1 Ay). If all k. are stochastic,
then all Q), _, « are stochastic. ‘

Ify‘is a finite measure on (Qg, Ap), then p; :=pu® ®;:1 Ky is a finite measure on

(X0 Qi ®;<:0 Ay). If p is a probability measure and if every «; is stochastic, then p; is a
probability measure.

Definition A.5.16 (Composition of kernels). See [41, Definition 14.25]:
Let (Q;,A;), i =0,1,2, be measurable spaces and let x; be a substochastic kernel from
(Q;_1,A;_1) to (Q;,A;), i =1,2. Define the composition of x; and «, by

K1 'KzZQ()XAz - [0,00),

(wg,Az) J-Q K1 (wg, dwy)Ka(wy,Ay).
1

Theorem A.5.17. See [41, Theorem 14.26]:
If we denote by 115 : (01 x Q5 — (), the projection to the second coordinate, then

(k1 - %2) (w0, A) = (k1 ®K2)(wo, 705 (A))  for all Ay € A,.

In particular, the composition k1 -k is a (sub)stochastic kernel from (Qg, Ag) to (Q,, A5).
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Theorem A.5.18 (Fubini for transition kernels). See [41, Theorem 14.29]:

Let (Q;, A;) be measurable spaces, i = 1,2. Let y be a finite measure on (1, Ay) and let k be
a finite transition kernel from Q to Q, . Assume that f : Q) x Q, — R is measurable with
respect to Ay @ Ay. If f > 0 or f € LY (p®x), then

j fd(p®x)= J- ( flwy, wr)x(wy, dws) |p(dwy).
Q,x0, o, \Ja,

See [39]: Given two measurable spaces (S,S) and (T,T), a mapping p: Sx7 — R, is
called a (probability) kernel from S to T if the function yB = p(s, B) is S-measurable in
s € S for fixed B € 7 and a (probability) measure in B € T for fixed s € S. Any kernel p
determines an associated operator that maps suitable functions f : T — R into their inte-
grals pf(s) = Lu(s,dt)f(t). Note in particular that the class P(S) of probability measures
on S is a measurable subset of M(S). Kernels play an important role in probability theory,
where they may appear in the guises of random measures, conditional distributions,
Markov transition functions, and potentials. The following characterizations of the kernel
property are often useful. For simplicity we are restricting our attention to probability
kernels.

Lemma A.5.19 (Kernels). See [39, Lemma 1.37]:
Fix two measurable spaces (S,S) and (T,T), a n-system C with o(C) = T, and a family
u = {ps;s € S} of probability measures on T. Then these conditions are equivalent:

(i) pis a probability kernel from S to T;
(ii) p is a measurable mapping from S to P(T);

(iii) s+ usB is a measurable mapping from S to [0,1] for every B eC.

More primitive classes than o-fields often arise in applications. A class C of subsets of
some space () is called a 7-system if it is closed under finite intersections, so that A, Be C
implies ANB € C. Furthermore, a class D is a A-system if it contains () and is closed under
proper differences and increasing limits. Thus, we require that Q) € D, that A, B € D with
ADBimplies A\ B€ D, and that A{,A,,... € Dwith A, T A implies A € D.

Let us now introduce a third measurable space (U, ), and consider two kernels y and v,
one from S to T and the other from S x T to U. Imitating the construction of product
measures, we may attempt to combine y and v into a kernel y®v from S to T x U given by

(y®v)(s,B) = J y(s,dt)f v(s,t,du)lg(t,u), BeT QU.

206



A.5. Fubini and Transition Kernel

The following lemma justifies the formula and provides some further useful information.

Lemma A.5.20 (Kernels and functions). See [39, Lemma 1.38]:

Fix three measurable spaces (S,S), (T, T ), and (U,U). Let y and v be probability kernels from S
to T and from S x T to U, respectively, and consider two measurable functions f : SxT — R,
and g:SxT — U. Then

(i) psf(s,-) is a measurable function of s € S;
(ii) pso(g(s,-)~! is a kernel from S to U;

(iii) p®v is a kernel from S to T x U.

For any measurable function f >0 on T x U , we get as in [39, Theorem 1.27]

(p®Vv)sf = J pt(s,dt)J v(s,t,du)f(t,u), seS,

or simply (u®v)f = u(vf). By iteration we may combine any kernels pj from Sy x---x S;_;
to Sy, k=1,...,n, into a kernel y; ® ---® p,, from Sy to Sy x---x §,,, given by

(H1®--@uu)f = pr(pa(---(pnf)--+))

for any measurable function f > 0 on Sy x---x S,,. In applications we may often encounter
kernels py from Sg_q to Sg , k =1,...,n, in which case the composition p; --- p,, is defined
as a kernel from S to S, given for measurable B C S, by

(Plll/ln)sB:(P‘1®®l/ln)(Sl X'”Xsn—l )(B)
= Jﬂl(s;d51)f#2(51;d52) "'Jﬂnl(SnZIdSnl)ﬂn(snllB)-

Let (E,£) be a measurable space and Q: Ex& — [-1,1] be a signed bounded kernel, i.e.,
Q4 (+) is a finite measure on (E,£) for any x € E and x — Q,(A) is a measurable function
for any set A € £. For any fixed x, let the measure Q} be the positive part of the signed
measure Q, as in Hahn-Jordan decomposition. Is it true that Q* is a kernel, i.e., is the
function x — Qf(A) measurable for any A € £? It clearly holds if Q is an integral kernel,
ie., Q(x,dy) = q(x,v)u(dy), where yu is a finite measure on (E,£) and g: EXE — Ris a
jointly measurable function, but I am interested in the general case.

The following answer is based on [23]. The result holds true under the assumption that
(E,€) is countably generated. The algebra generated by a countable set is countable, so we
can assume without loss of generality that there is a countable algebra A with £ = o(A).
Since the difference of two measurable functions is measurable, it suffices to show that Q*
is a kernel.

For all x € E and B € £, we have

Qx(B)= sup Qy(A).

Aef,ACB

Let a € [0,1]. We have

(x:QuB) <al= [ ] x:Qu4)<al)
Ae&,ACB
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Now the union on the righthand side is generally over an uncountable set. But for each
x€E,Be&, and € > 0 there is A € A such that Q,(BAA) < €. It follows that

U {x:Q(A)<a)= U{x: Q.(ANB)<a).

Ae&,ACB Aef

Here is another proof, taken from [62, Lemma 1.5, page 190], always under the assumption
that (E,£) is countably generated. The following answer is almost a paraphrase of the
proof of Revuz.

By assumption, there is a sequence of finite partitions P, of E, such that P, is a refine-
ment of P, and £ is generated by  J,,»o P,. For every x € E, there exists a unique E;; € P,
with x € E;.

Let x € E be fixed for the moment. Define A, as the probability measure which is a
multiple of |Q,| (if Q, = 0, choose it as you want). Then define a function f,, on E by

n

QED i 1 (EY)>0
fuly) = ey 1B >0
0 otherwise.
By martingale convergence theorem, we have that f, converges A,-a.s. to the density of
Q, with respect to A,. Hence, f,; converges A,-a.s. to the density of Qf, and since f, are
uniformly bounded, we have for all A € £:

Qi) =tim | 7 da.
nJa

Now, if A € P, then for all n > k, fA fii dAy = Q; ,(A), where Q7 , is the positive part
of the restriction of Q, to the o-algebra generated by P,. It is easy to see that the map
x> Q1 ,(A) is measurable, and so is the map x > Q} (A).

Hence, we have proven that x — Q}(A) is measurable for every A € J,5oP,, and then a
Dynkin class argument finishes the proof. (By monoton class theorem Q" is a kernel.)

Lemma A.5.21. See [23, 2.2]:

Let M be the set of all countably additive, finite, signed measures on a sigma-field ¥ of subsets of
a set X. There is a natural definition of measurability in M, namely, a subset of M is measurable
if it is an element of X*, the smallest o-field of subsets of M such that; for each A € ¥ the
function p— u(A) is measurable from M to the Borel line.

Let X be a non-empty set, F a countable field of subsets of X, and ¥ the smallest o-field
including F.

If ¢ is a measurable map from (Q), A) to (M, X"), and f is a bounded, measurable function from
(Qx X, AxX) to the Borel line, then w +> fo(a),x)(j)(a))(dx) is a measurable function from
(Q, A) to the Borel line.
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