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Abstract

This thesis deals with the convergence of the collocation method applied to solve systems of nonlinear
ordinary di�erential equations with variable coe�cient matrices and a time singularity in the right-hand
side of the form

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], b(x(0), x(1)) = 0,

where M : [0, 1] → Rn×n and f : [0, 1] × Rn → Rn are continuous matrix-valued and vector-valued
functions. Moreover, b : Rn × Rn → Rn is a continuous nonlinear mapping, which is speci�ed according
to the spectrum of the matrix M(0).
An experimental approach is taken by applying the collocation method and observing occurring conver-
gence or superconvergence. The considered di�erential equations show di�erent qualities in regard to
the existence of a known solution, the smoothness of the inhomogenity, and the question if analytical
conditions for the existence and uniqueness of solutions are satis�ed.
The results of the numerical simulations are interpreted in light of the convergence theory for the linear
case.

Keywords nonlinear systems of ordinary di�erential equations · time singularity · singular boundary
value problems · collocation method · convergence · superconvergence
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Chapter 1

Introduction

We are interested in the convergence properties of the polynomial collocation for boundary value problems
for systems of nonlinear ordinary di�erential equations (ODEs) with a time singularity in the right hand
side of the form

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], b(x(0), x(1)) = 0, (1.1)

where M : [0, 1] → Rn×n and f : [0, 1] × Rn → Rn are continuous matrix-valued and vector-valued
functions. Moreover, b : Rn × Rn → Rn is a continuous nonlinear mapping, which is speci�ed according
to a spectrum of the matrix M(0).
We want to take an experimental approach and apply the collocation method for a number of di�erent
ODEs of the from (1.1), and observe any occurring convergence or superconvergence. The considered
di�erential equations will consist of di�erent inital value problems (IVPs), terminal value problems
(TVPs), and boundary value problems (BVPs), and show di�erent qualities in regard to the existence
of a known solution, the smoothness of the function f , and the question whether analytical conditions
for the existence and uniqueness of solutions are satis�ed.

The aim of this work is to provide a �rst overview of the convergence of the collocation method for a
number of di�erent types of nonlinear ODEs of the above form. While the existence and uniqueness
of solutions are already discussed in [1], there are no published results about the convergence of the
collocation schemes. The results of our experiments could help to further analyze the convergence
properties of nonlinear ODEs with a time singularity in the right hand side, and lead to a more general
theory about the convergence of the collocation methods. This theory would build upon the existence
results in [1] in the same way as the results about convergence for the linear case in [3] build upon the
existence results in [2].
Because of the superior convergence properties of polynomial collocation in the presence of a singularity
compared to other high order methods, collocation was proposed in [5] to be used to compute numerical
solutions for ODEs with a time singularity of the form (1.1). Among others, the Matlab package
bvpsuite1.1 based on collocation has been implemented [6], and further re�ned in bvpsuite2.0 [8].
In [3] the package bvpsuite2.0 was used to illustrate the convergence theory for linear ODES with
numerical examples.

This thesis is organized as follows:
In Chapter 2 the necessary notation and the collocation method are introduced. We give an overview of
the most important results about the existence and the convergence of the collocation schemes for the
linear case. A summary about the existence and solution for (1.1) is given as well. The lion's share of
the thesis can be found in Chapter 3, where we take a look at four di�erent types of ODEs of the form
above. The results of the numerical experiments are shown, and the reasons for the occurrence or lack
of superconvergence are discussed. A summary of the most important results can be found in Chapter 4.
The appendix in Chapter 5 shows part of the Matlab source code used for the simulations in Chapter
3.
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Chapter 2

Preliminaries

2.1 Notation

The following notation is used throughout this paper.
Let Rn and Cn denote the n-dimensional vector space of real-valued and complex-valued vectors, respec-
tively. The maximum vector norm is denoted by

|x| := |(x1, ..., xn)T | = max
1≤i≤n

|xi|

for x ∈ Rn or x ∈ Cn.
Let Cn[0, 1] denote the space of continuous real n-dimensional vector-valued functions on [0, 1] with the
maximum norm restricted to the interval [0, δ], δ > 0 denoted by

||y||δ := max
t∈[0,δ]

|y(t)|

and further
||y|| := ||y||1 = max

t∈[0,1]
|y(t)|.

If possible, we omit subscripts and use C[0, 1] = Cn[0, 1] if the dimensions are obvious.

2.2 Collocation Method

The following collocation method is applied to approximate the solution y to problems of the form

y′(t) =
M(t)

t
y(t) +

f(t, y(t))

t
, B0y(0) +B1y(1) = β (2.1)

given on [0, 1]. We assume that the solution of the Boundary Value Problem (2.1) exists and is unique
in C[0, 1].
We �rst discretize [0, 1] by introducing a mesh with step size h containing N + 1 equidistant points

∆ = {0 = τ0 < τ1 < ... < τN = 1, τj = jh, j = 0, ..., N = 1/h}.

Moreover we generate k (inner) collocation points in each subinterval [τi, τi+1] by choosing a vector
ρ = (ρ1, ρ2, ..., ρk) with ρj ∈ (0, 1) and ρi 6= ρj for i 6= j and setting

τij := τi + ρjh, i = 0, ..., N − 1, j = 1, ..., k.

The idea of collocation is to approximate the components of y with a piecewise polynomial function. Let
Pk,h denote the class of piecewise polynomial functions which are continuous in [0, 1] and reduce to a
polynomial of degree less or equal than k in each subinterval [τj , τj+1], j = 0, ..., N − 1. The analytical
solution y of (2.1) is now approximated by a function p ∈Pk,h such that

p′(τij) =
M(τij)

τij
p(τij) +

f(τij , y(τij))

τij
, i = 0, ..., N − 1, j = 1, ..., k

6



holds at the collocation points, and the boundary conditions

B0p(0) +B1p(1) = β

as well as the continuity relations

pi−1(τi) = pi(τi), i = 1, ..., N − 1

with p(t) := pi(t), t ∈ [τi, τi+1] are satis�ed.[8]

We will use two di�erent kinds of collocation points resulting in two variants of the vector ρ. The �rst
one being equidistant collocation points, which yield

ρ = (
1

k + 1
,

2

k + 1
, ...,

k

k + 1
)

for k collocation points.
The second kind are so called Gaussian collocation points. For k collocation points the vector ρ consists
of the zeros of the n-th Legendre polynomial

Pn(x) =

bn/2c∑
i=0

(−1)i
(2n− 2i)!

(n− i)! (n− 2i)! i! 2n
xn−2i

shifted from (−1,−1) to (0, 1).

The maximum global error of the collocation method with step size h, a resulting numerical solution yh,
an exact solution y, and N + 1 mesh points tj , 0 ≤ j ≤ N is computed either in the mesh points by

||yh − y||∆ := max
0≤j≤N

|yh(τj)− y(τj)|

or uniformely in t over 2048 equidistant points tj , 0 ≤ j < 2048, between 0 and 1, by

||yh − y||u := max
0≤j<2048

|yh(tj)− y(tj)|.

The order of convergence and the error constant c are estimated using two consecutive meshes with step
sizes h and h/2. From the ansatz ||yh − y|| ≈ chp for h→ 0, we have

||yh − y|| = chp, ||yh/2 − y|| = c

(
h

2

)p
⇒ p = ln

(
||yh − y||
||yh/2 − y||

)
1

ln(2)
.

Having p, we calculate the error constant from c = ||yh/2 − y||/
(
h
2

)p
. [3]

2.2.1 Existence of a solution and convergence for the linear case

To help us interpret the results of the numerical experiments in this thesis we will give a short overview
of the most important results about the existence of a solution and the convergence of the collocation
method for linear ODEs of the form

y′(t) =
M(t)

t
y(t) +

f(t)

t
, B0y(0) +B1y(1) = β (2.2)

as found in [2] and [3].

Theorem 2.1 Let us assume that all eigenvalues of M(0) have negative real parts. For any f ∈ C[0, 1]
exists a unique solution y ∈ C[0, 1] of the initial value problem

y′(t) =
M(t)

t
y(t) +

f(t)

t
, B0y(0) = β.

This solution satis�es the initial condition

M(0)y(0) = −f(0), (2.3)

which is necessary and su�cient for y to be continuous on [0, 1]. Moreover, if f ∈ Cr[0, 1], M ∈ Cr[0, 1],
M (r)(0) = 0, r ≥ 1, then y ∈ Cr[0, 1].

7



Theorem 2.2 LetM(0) have only eigenvalues with negative real parts. Let us assume that y ∈ Ck+1[0, 1]
is the unique solution of problem (2.2) with the condition (2.3) and M ∈ C1[0, 1], f ∈ C[0, 1]. Let the

function p ∈ Pk,h be the unique solution of the collocation scheme

p′(τij)−
M(τij)

τij
p(τij) =

f(τij)

τij
, i = 0, ..., N − 1, j = 1, ..., k, p(0) = y(0).

Then

||p− y|| ≤ const · hk.

Theorem 2.3 Let us assume that all eigenvalues of M(0) have positive real parts and let the matrix

B1 ∈ Rn×n in (2.2) be nonsingular, β ∈ Rn, f ∈ C[0, 1] and M ∈ C[0, 1]. Then there exists a solution

y ∈ C[0, 1] of the terminal value problem

y′(t) =
M(t)

t
y(t) +

f(t)

t
, B1y(t) = β. (2.4)

Moreover, if f ∈ Cr[0, 1], M ∈ Cr[0, 1], M (r)(0) = 0, r ≥ 1 and the smallest positive real part σ+ of the

eigenvalues of M(0) satis�es σ+ > r then y ∈ Cr[0, 1].

Theorem 2.4 Let us assume that M ∈ C1[0, 1] only has eigenvalues with positive real parts, f ∈ C[0, 1]
and y ∈ Ck+1[0, 1] is the unique solution of (2.4). Let the function p ∈ Pk,h satisfy the collocation

scheme

p′(τij)−
M(τij)

τij
p(τij) =

f(τij)

τij
, i = 0, ..., N − 1, j = 1, ..., k, p(1) = y(1).

Then, provided that h is su�ciently small,

||p− y|| ≤ const · hk.

Before we can generalize the results for IVPs and TVPS for general BVPs, we introduce the following
notation in regards to the matrix M(0).

• X+ is the invariant subspace associated with the eigenvalues with σ > 0

• X(e)
0 is the space spanned by the eigenvectors associated with zero eigenvalues

• X− is the invariant subspace associated with the eigenvalues with σ < 0

• X(h)
0 is the space spanned by the generalized eigenvectors associated with λ = 0

• S is the orthogonal projection onto X+

• R is the orthogonal projection onto X
(e)
0

• P := R+ S is the projection onto X+ ⊕X(e)
0

• Q := I − P is the projection onto X− ⊕X(h)
0

• Z is the orthogonal projection onto X
(e)
0 ⊕X(h)

0

• N is the orthogonal projection onto X−

• H is the orthogonal projection onto X
(h)
0

All projections are constructed using the generalized eigenbasis ofM(0). We let R̃, P̃ denote the matrices
consisting of the maximal set of linearly independent columns of the respective projections.

8



Theorem 2.5 Consider BVP (2.2), where the inhomogenity f is given in such a way that f ∈ C[0, 1]
and Zf satis�es

f(t) = O(tαh(t))

for t→ 0, α > 0 and h ∈ C[0, δ],δ > 0. Let the coe�cient matrix M ∈ C[0, 1] be such that its projections

ZM satisfy

ZM(t) = ZM(0) + tγD(t), γ > 0, D ∈ C[0, 1], t ∈ [0, 1].

Moreover, let B0, B1 ∈ Rm×n,β ∈ Rm,m = rankP , and the m ×m matrix B0R̃ + B1P̃ be nonsingular.

Then the BVP (2.2) has a unique solution y ∈ C[0, 1]. This solution satis�es two sets of inital conditions,

Hy(0) = 0, M(0)Ny(0) = −Nf(0),

which are necessary and su�cient for a solution of (2.2) to be continuous on [0, 1].

Remark 2.5.1 The smoothness results y ∈ Cr[0, 1] follow by applying the smoothness results derived

seperately for components of the solutions associated with eigenvalues with negative or positive real parts,

respectively.

The BVP (2.2) is well-posed if and only if the boundary conditions can be equivalently written as

Hy(0) = 0, M(0)Ny(0) = −Nf(0), Ry(0) = Rη, Sy(1) = Sη (2.5)

with η ∈ Rn.

Theorem 2.6 Let us assume that y ∈ Ck+2[0, 1] is the unique solution of the BVP (2.2). There exists a
unique solution p ∈ Pk,h of the collocation scheme (2.2), (2.5), f ∈ Ck+1[0, 1], M ∈ Ck+2[0, 1], and real

parts of nonnegative eigenvalues of M(0) satisfy σ > k + 2. Let p ∈ Pk,h satisfy the collocation scheme

p′(τij)−
M(τij)

τij
p(τij) =

f(τij)

τij
, i = 0, ..., N − 1, j = 1, ..., k,

Hp(0) = 0, M(0)Np(0) = −Nf(0), Rp(0) = Rη, Sp(1) = Sη.

Then, provided that h is su�ciently small,

||p− y|| ≤ const · hk.

2.2.2 Superconvergence

The use of collocation schemes to approximate solutions can lead to high accuracy at the used mesh
points τ0, ..., τn, when applied to ordinary di�erential equations. This e�ect is called superconvergence.
The use of continuous piecewise polynomial functions for approximation leads to a uniform error order k.
Depending on the type of collocation points (Gaussian, uniform, etc.), higher order at the mesh points
is possible. If ∫ 1

0

tr
k∏
i=1

(t− ρi) dt = 0, r = 0, ..., ν < k, (2.6)

the error estimates can be written as

|p(τi)− y(τi)| ≤ chk+ν+1, j = 0, ..., N,

with k+ν+1 =: s+ being the superconvergence order in the context for nonsti� regular explicit ODEs.[4]
[5]
We will now take a look at the order of superconvergence one can expect to achieve with the use of
Gaussian and uniform collocation points for regular ODEs.
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Gaussian Collocation Points

As mentioned above, for Gaussian collocation points the k points ρ = (ρ1, ..., ρk) consists of the zeros of
the n-th Legendre polynomial

Pn(x) =

bn/2c∑
i=0

(−1)i
(2n− 2i)!

(n− i)! (n− 2i)! i! 2n
xn−2i

shifted from (−1,−1) to (0, 1). From the orthogonality properties of the n-th Legendre polynomial
condition (2.6) follows for ν = k− 1, leading to a superconvergence of order of k+ = 2k, as mentioned in
[7].

Equidistant Collocation Points

For k equidistant collocation points ρ = ( 1
k+1 ,

2
k+1 , ...,

k
k+1 ) the order of superconvergence k+ is dependent

on the parity of k. Inspecting

w(t) :=

k∏
i=1

(t− ρi)

in (2.6) we can immediately see that w(t) is an even function (in regards to symmetry around 0.5) for
even k and an odd function (around 0.5) for an odd number k.
For r = 0 equation (2.6) reduces to ∫ 1

0

w(t) dt,

which yields a value of 0 for an odd function w(t) (in regards to symmetry around 0.5) and therefore
for w(t) generated by an odd number of equidistant collocation points. For an even function w(t) we
can not give a general statement about the value of the above integral. However, we can easily see that
the functions w(t) generated by an even number of collocation points will not be able to ful�ll condition
(2.6).
For r > 0 the symmetry, which allowed us to arrive at a value of 0 for the integral in (2.6) for the case
of r = 0, is missing. It follows that 2.6 is neither satis�able for even nor for odd functions w(t).
This gives us a superconvergence order of k+ = k+ 1 for odd k and no superconvergence k+ = k for even
k.

Figure 2.1: w(t) for k = 3 Figure 2.2: w(t) for k = 4
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2.3 Existence and Uniqueness of Solutions

In this section we will summarize the most important results from [1] about the existence and uniqueness
of solutions for system (1.1)

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1].

We will assume that the eigenvalues λk of M(0) satisfy

λk = σk + iρk, λk 6= 0, k = 1, ...,m.

Let further

M(0) = EJE−1, tM(0) = EtJE−1, J = diag(J1, ..., Jm), tJ = diag(tJ1 , ..., tJm),

where E ∈ Cn×n is the matrix of generalized eigenvectors of M(0) and Jk is the k-th Jordan box with
dimension nk, k = 1, ...,m. In addition we denote

g(t, x) := (M(t)−M(0))x+ f(t, x), t ∈ [0, 1], x ∈ Rn,

β := |E| · |E−1| · max
1≤k≤m

nk−1∑
j=0

1

|σk|j+1
. (2.7)

Banach's Fixed Point Theorem allows us to deal with the di�culties caused by the singularity at t = 0. It
provides both existence and uniqueness of a solution of problem (1.1), when subjected to certain initial,
terminal or boundary conditions on a restricted interval [0, δ], 0 < δ ≤ 1. The form of initial, terminal
or boundary conditions that speci�es the unique continuous solution on [0, δ] depends on the spectral
properties of the constant matrix M(0). Depending on the spectrum of M(0), we shall distinguish
between IVPs, TVPs, and two-point BVPs for system (1.1).

Initial Value Problems

For the case of only negative real parts of eigenvalues of M(0) it turns out that the unique continuous
solution on [0, δ] is determined by the following structure of the initial condition:

M(0)x(0) + f(0, x(0)) = 0. (2.8)

This condition follows from the requirement that the solution of (1.1) is continuous on the closed intervall
[0, 1] including the singular point t = 0. Hence, we can interpret (2.8) as the necessary condition for
(1.1) to be well-posed.

Theorem 2.7 Assume that all eigenvalues λk ofM(0) have only negative real parts and let β be speci�ed

by (2.7). Let a ∈ (0, 1) and L ∈ (0, 1/β) exist such that f satis�es the Lipschitz condition

|f(t, x)− f(t, y)| ≤ L|x− y|, t ∈ [0, a], x, y ∈ Rn. (2.9)

Finally, assume that there exists W > 0; such that

|f(t, x)| ≤W + ω(|x|), t ∈ [a, 1], x ∈ R, (2.10)

where ω ∈ C([0,∞); (0,∞)) is nondecreasing, ω(s) > s for s ∈ [0,∞), and∫ ∞
0

ds

ω(s)
=∞.

Then, the IVP (1.1), (2.8) has at least one solution on [0, 1].

Corollary 2.7.1 Let the Lipschitz condition (2.9) hold on [0, 1], which means that a = 1 in Theorem

2.7. Then, the IVP (1.1),(2.8) has a unique solution on [0, 1].
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Terminal Value Problems

We want to consider the case where all eigenvalues ofM(0) have positive real parts. In this situation every
solution of 1.1 satis�es condition (2.8). Consequently, there is no uniquely solvable IVP and therefore,
we have to study the system (1.1) subject to a terminal condition

x(1) = c, c ∈ Rn. (2.11)

Theorem 2.8 Assume that all eigenvalues λk of M(0) have only positive real parts and let β be speci�ed

by (2.7). Let a ∈ (0, 1) and L ∈ (0, 1/β) exist such that f satis�es the Lipschitz condition (2.9). Finally,
assume that f satis�es (2.10). Then, for each c ∈ Rn, the TVP (1.1), (2.11) has at least one solution

on [0, 1]. Moreover, this solution satis�es the initial condition (2.8).

Corollary 2.8.1 Let the Lipschitz condition (2.9) hold on [0, 1], which means that a = 1 in Theorem

2.8. Then, the IVP (1.1),(2.11) has a unique solution on [0, 1]. Moreover, this solution satis�es the

initial condition (2.8).

Boundary Value Problems

Finally, we want to consider the case of a mixed spectrum of M(0) without zero or purely imaginary
eigenvalues. Based on the results for spectrums with only negative and only positive real parts of
eigenvalues, system (1.1) equipped with the following boundary conditions is studied:

NM(0)x(0) +Nf(0, x(0)) = 0, Px(1) = Pc, c ∈ Rn, (2.12)

where N and P are appropriately de�ned projection matrices.

Theorem 2.9 Assume that all eigenvalues λk of M(0) have nonzero real parts and let β be speci�ed by

(2.7). Let a ∈ (0, 1) and L ∈ (0, 1/β) exist such that f satis�es the Lipschitz condition (2.9). Finally,

assume that f satis�es (2.10) and

Pf(t, x) = Pf(t, Px), t ∈ [δ, 1], x ∈ Rn. (2.13)

Then, for each c ∈ Rn, the TVP (1.1), (2.12) has at least one solution on [0, 1]. Moreover, this solution

satis�es the initial condition (2.8).

Corollary 2.9.1 Let the Lipschitz condition (2.9) hold on [0, 1], which means that a = 1 in Theorem

2.9. Then, the IVP (1.1),(2.12) has a unique solution on [0, 1]. Moreover, this solution satis�es the

initial condition (2.8).

Remark 2.9.1 Theorem (2.9) and Corollary (2.9.1) also hold if we replace assumption (2.13) by

Nf(t, x) = Nf(t, Px), t ∈ [δ, 1], x ∈ Rn. (2.14)
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Chapter 3

Numerical Simulations

In the following chapter we illustrate the convergence behavior of the collocation method for various
types of ODEs of the form (1.1). These feature ODEs with and without a known solution, some of them
not satisfying the Lipschitz condition (2.9) and the growth condition (2.10). We also take a look at the
e�ect of low di�erentiability of the function f .
The convergence order is analyzed for Gaussian and equidistant points. The number of these points will
range from 2 to 5.
For the examples without a known exact solutions we use a numerical solution as reference instead of an
analytical solution. These numerical solutions are obtained by using 7 Gaussian collocation points and
a mesh containing 2048 or twice as many points as the �nest mesh we use for our collocation method.
All calculations are done using the Matlab package bvpsuite2.0.

Since all coe�cient matrices M(t) ∈ Rn×n used in the following examples are diagonalizable, all Jordan
boxes are of size nk = 1 for k = 1, ..., n. Therefore, (2.7) reduces to choosing the reciprocal to the
absolute value of the smallest real part σk of an eigenvalue λk of M(0), k ∈ 1, ..., n:

β = max
1≤k≤n

1

|σk|
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3.1 Examples from [1]

The �rst class of ODEs we consider are the examples found in [1]. While all of these examples satisfy
the analytical conditions for the existence of a solution, none of them have a solution known to us.

3.1.1 Example 1.1

We consider the following IVP (Example 1.1 from [1]) without a known solution:

x′(t) =
M(t)

t
x(t) +

1

3

f(t, x(t))

t
, t ∈ (0, 1], M(0)x(0) +

1

3
f(0, x(0)) = 0,

where

M(t) =

(
−1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 −2 + (exp(−2t)− 1)

)
, M(0) =

(
−1 0
0 −2

)
, β = max

{
1,

1

2

}
= 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, r(t, x) =

(
sin(x1 + x2)
cos(x1 + x2)

)
, H(t) =

(
t 0

sin(t) cos(t)

)
.

Since maxt∈[0,1] |H(t)| =
√

2 and |r(t, x)− r(t, y)| ≤ 2|x− y|, for t ∈ [0, 1], x, y ∈ R2, we conclude∣∣∣∣13f(t, x)− 1

3
f(t, y)

∣∣∣∣ ≤ 2
√

2

3
|x− y|, t ∈ [0, 1], x, y ∈ R2.

Hence, L = 2
√

2
3 ∈ (0, 1/β) = (0, 1) and 1

3f satis�es the Lipschitz condition (2.9) on [0, 1], and by
Corollary (2.7.1) Example 1.1 has a unique solution on [0, 1].

Figure 3.1: Solution of Example 1.1

As we can see in Table 3.1 to Table 3.4, for Gaus-
sian points we observe a possible superconvergence
order of 2k − 1. For uniformly spaced equidistant
collocation points we observe an order of k for even
k and an order of k + 1 for odd k uniformly in t.
For this example we use an error tolerance of
1e-15. One should note that the negative values
for p are a result of an error that is smaller than
the used error tolerance. Once this tolerance is
satis�ed a decrease of step size h does not yield
any more improvements.
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Table 3.1: Example 1.1: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.59e-04 9.59e-03 3.86 8.74e-03 3.47e-02 1.98 8.74e-03 3.47e-02 1.98
1/4 4.53e-05 1.11e-02 3.97 2.20e-03 3.51e-02 1.99 2.20e-03 3.51e-02 1.99
1/8 2.88e-06 3.14e-03 3.36 5.50e-04 3.52e-02 2.00 5.50e-04 3.52e-02 2.00
1/16 2.80e-07 1.25e-03 3.03 1.37e-04 3.52e-02 2.00 1.37e-04 3.52e-02 2.00
1/32 3.43e-08 1.17e-03 3.01 3.44e-05 3.52e-02 2.00 3.44e-05 3.52e-02 2.00
1/64 4.25e-09 1.14e-03 3.00 8.60e-06 3.52e-02 2.00 8.60e-06 3.52e-02 2.00
1/128 5.29e-10 1.12e-03 3.00 2.15e-06 3.52e-02 2.00 2.15e-06 3.52e-02 2.00
1/256 6.60e-11 1.11e-03 3.00 5.37e-07 3.52e-02 2.00 5.37e-07 3.52e-02 2.00
1/512 8.24e-12 1.11e-03 3.00 1.34e-07 3.52e-02 2.00 1.34e-07 3.52e-02 2.00
1/1024 1.03e-12 - - 3.36e-08 - - 3.36e-08 - -

Table 3.2: Example 1.1: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.95e-06 2.97e-04 5.41 9.17e-04 1.27e-02 3.79 9.17e-04 1.27e-02 3.79
1/4 1.62e-07 2.39e-04 5.26 6.60e-05 1.56e-02 3.94 6.60e-05 1.56e-02 3.94
1/8 4.23e-09 1.95e-04 5.16 4.29e-06 1.70e-02 3.98 4.29e-06 1.70e-02 3.98
1/16 1.18e-10 1.61e-04 5.09 2.70e-07 1.75e-02 3.99 2.70e-07 1.75e-02 3.99
1/32 3.45e-12 1.39e-04 5.05 1.69e-08 1.77e-02 3.99 1.69e-08 1.77e-02 3.99
1/64 1.04e-13 2.79e-06 4.11 1.06e-09 1.78e-02 3.99 1.06e-09 1.78e-02 3.99
1/128 6.01e-15 5.53e-15 -0.01 6.63e-11 1.79e-02 4.00 6.63e-11 1.79e-02 4.00
1/256 6.08e-15 5.94e-15 -0.004 4.14e-12 2.05e-02 4.02 4.14e-12 2.05e-02 4.02
1/512 6.09e-15 6.16e-15 0.001 2.54e-13 2.62e-01 4.43 2.54e-13 8.39e-03 3.88
1/1024 6.09e-15 - - 1.17e-14 - - 1.72e-14 - -

Table 3.3: Example 1.1: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.41e-08 7.58e-06 6.88 1.77e-04 2.65e-03 3.90 1.77e-04 2.65e-03 3.90
1/4 5.42e-10 3.23e-06 6.26 1.17e-05 2.89e-03 3.96 1.17e-05 2.89e-03 3.96
1/8 7.03e-12 1.75e-06 5.97 7.52e-07 3.03e-03 3.99 7.52e-07 3.03e-03 3.99
1/16 1.11e-13 1.05e-08 4.13 4.73e-08 3.08e-03 3.99 4.73e-08 3.08e-03 3.99
1/32 6.37e-15 8.88e-15 0.09 2.96e-09 3.10e-03 3.99 2.96e-09 3.10e-03 3.99
1/64 5.96e-15 6.26e-15 0.01 1.85e-10 3.11e-03 4.00 1.85e-10 3.11e-03 4.00
1/128 5.91e-15 5.77e-15 -0.005 1.15e-11 3.23e-03 4.00 1.15e-11 3.23e-03 4.00
1/256 5.93e-15 6.01e-15 0.002 7.18e-13 6.79e-03 4.14 7.18e-13 1.09e-03 3.81
1/512 5.92e-15 6.04e-15 0.003 4.07e-14 6.97e-05 3.40 5.11e-14 1.05e-18 -1.72
1/1024 5.91e-15 - - 3.83e-15 - - 1.69e-13 - -

Table 3.4: Example 1.1: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.68e-09 9.71e-07 9.17 1.57e-05 8.19e-04 5.70 1.57e-05 8.19e-04 5.70
1/4 2.92e-12 1.25e-06 9.35 3.01e-07 1.09e-03 5.91 3.01e-07 1.09e-03 5.91
1/8 4.47e-15 2.09e-15 -0.3 4.98e-09 1.24e-03 5.97 4.98e-09 1.24e-03 5.97
1/16 5.76e-15 5.92e-15 0.01 7.91e-11 1.32e-03 5.99 7.91e-11 1.32e-03 5.99
1/32 5.72e-15 5.82e-15 0.004 1.23e-12 4.06e-03 6.32 1.23e-12 8.69e-04 5.87
1/64 5.70e-15 5.71e-15 0.0002 1.54e-14 9.97e-12 1.55 2.10e-14 1.45e-14 -0.08
1/128 5.70e-15 5.67e-15 -0.001 5.25e-15 3.96e-15 -0.05 2.23e-14 3.79e-12 1.05
1/256 5.70e-15 5.33e-15 -0.01 5.46e-15 5.17e-15 -0.01 1.07e-14 1.72e-13 0.5
1/512 5.75e-15 7.13e-15 0.03 5.50e-15 6.31e-15 0.02 7.59e-15 4.78e-17 -0.8
1/1024 5.61e-15 - - 5.42e-15 - - 1.33e-14 - -
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3.1.2 Example 1.2

We consider the following TVP (Example 2.1 from [1]) without a known solution:

x′(t) =
M(t)

t
x(t) +

1

3

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 2 + (exp(−2t)− 1)

)
, M(0) =

(
1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, r(t, x) =

(
sin(x1 + x2)
cos(x1 + x2)

)
, H(t) =

(
t 0

sin(t) cos(t)

)
.

Since Example 1.2 shares β as well as p(t), r(t, x), H(t) and therefore f(t, x) with Example 1.1, the
existence of a unique solution on [0, 1] follows immediately with Corollary (2.8.1).

Figure 3.2: Solution of Example 1.2

As we can see in Tables 3.5 - 3.8, we observe a
convergence order of 2, regardless if we use Gaus-
sian or uniformly spaced collocation points. This
is a consequence of the small positive eigenvalues
of M(0).
Again, an error tolerance of 1e-15 is used.
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Table 3.5: Example 1.2: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.10e-02 2.26e-01 2.86 1.12e-01 5.03e-01 2.16 1.12e-01 4.23e-01 1.91
1/4 4.26e-03 2.42e-01 2.91 2.50e-02 3.32e-01 1.86 2.98e-02 5.05e-01 2.04
1/8 5.66e-04 3.96e-01 3.15 6.88e-03 4.42e-01 2.00 7.24e-03 4.92e-01 2.02
1/16 6.37e-05 1.90e+00 3.71 1.71e-03 4.40e-01 2.00 1.77e-03 4.78e-01 2.01
1/32 4.84e-06 1.26e+00 3.59 4.29e-04 4.37e-01 1.99 4.38e-04 4.71e-01 2.01
1/64 3.99e-07 3.76e-06 5.39 1.07e-04 4.39e-01 2.00 1.08e-04 4.58e-01 2.00
1/128 2.75e-07 5.80e-04 1.57 2.68e-05 4.39e-01 2.00 2.69e-05 4.50e-01 2.00
1/256 9.22e-08 2.33e-03 1.82 6.71e-06 4.39e-01 2.00 6.73e-06 4.45e-01 2.00
1/512 2.59e-08 4.24e-03 1.92 1.67e-06 4.39e-01 2.00 1.68e-06 4.45e-01 2.00
1/1024 6.83e-09 - - 4.19e-07 - - 4.19e-07 - -

Table 3.6: Example 1.2: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.37e-04 1.39e-03 2.00 2.26e-03 5.73e-03 1.34 1.26e-02 1.20e-01 3.24
1/4 8.44e-05 9.63e-03 3.41 8.92e-04 1.50e-01 3.69 1.33e-03 2.06e-01 3.63
1/8 7.89e-06 3.32e-05 0.69 6.88e-05 3.22e-02 2.95 1.07e-04 1.90e-01 3.59
1/16 4.89e-06 6.69e-04 1.76 8.87e-06 1.06e-03 1.72 8.87e-06 1.06e-03 1.72
1/32 1.43e-06 1.27e-03 1.95 2.67e-06 2.29e-03 1.94 2.67e-06 2.29e-03 1.94
1/64 3.69e-07 1.41e-03 1.99 6.93e-07 2.78e-03 1.99 6.93e-07 2.78e-03 1.99
1/128 9.26e-08 1.57e-03 2.00 1.73e-07 2.89e-03 2.00 1.73e-07 2.89e-03 2.00
1/256 2.31e-08 1.57e-03 2.00 4.33e-08 2.91e-03 2.00 4.33e-08 2.91e-03 2.00
1/512 5.75e-09 1.66e-03 2.01 1.08e-08 2.97e-03 2.00 1.08e-08 2.97e-03 2.00
1/1024 1.42e-09 - - 2.68e-09 - - 2.68e-09 - -

Table 3.7: Example 1.2: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.09e-04 7.14e-03 4.53 2.92e-03 2.93e-02 3.32 3.27e-03 3.69e-02 3.49
1/4 1.33e-05 4.22e-05 0.83 2.90e-04 7.55e-02 4.01 2.90e-04 7.55e-02 4.01
1/8 7.51e-06 3.96e-04 1.90 1.80e-05 8.60e-04 1.85 1.80e-05 8.60e-04 1.85
1/16 2.00e-06 5.22e-04 2.00 4.96e-06 1.29e-03 2.00 4.96e-06 1.29e-03 2.00
1/32 4.99e-07 5.30e-04 2.01 1.23e-06 1.32e-03 2.01 1.23e-06 1.32e-03 2.01
1/64 1.23e-07 5.21e-04 2.00 3.06e-07 1.29e-03 2.00 3.06e-07 1.29e-03 2.00
1/128 3.08e-08 5.18e-04 2.00 7.62e-08 1.27e-03 2.00 7.62e-08 1.27e-03 2.00
1/256 7.68e-09 5.31e-04 2.00 1.89e-08 1.28e-03 2.00 1.89e-08 1.28e-03 2.00
1/512 1.90e-09 6.16e-04 2.03 4.73e-09 1.35e-03 2.01 4.73e-09 1.35e-03 2.01
1/1024 4.65e-10 - - 1.17e-09 - - 1.17e-09 - -

Table 3.8: Example 1.2: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.59e-05 5.12e-05 0.98 1.18e-03 3.51e-02 4.90 1.18e-03 3.51e-02 4.90
1/4 1.31e-05 1.95e-04 1.95 3.94e-05 5.34e-04 1.88 3.94e-05 5.34e-04 1.88
1/8 3.39e-06 2.27e-04 2.02 1.07e-05 7.23e-04 2.03 1.07e-05 7.23e-04 2.03
1/16 8.36e-07 2.23e-04 2.01 2.62e-06 7.11e-04 2.02 2.62e-06 7.11e-04 2.02
1/32 2.07e-07 2.18e-04 2.01 6.46e-07 6.87e-04 2.01 6.46e-07 6.87e-04 2.01
1/64 5.14e-08 2.15e-04 2.00 1.60e-07 6.72e-04 2.01 1.60e-07 6.72e-04 2.01
1/128 1.28e-08 2.17e-04 2.01 3.99e-08 6.68e-04 2.00 3.99e-08 6.68e-04 2.00
1/256 3.19e-09 2.33e-04 2.02 9.96e-09 6.80e-04 2.01 9.96e-09 6.80e-04 2.01
1/512 7.86e-10 3.37e-04 2.08 2.48e-09 7.59e-04 2.03 2.48e-09 7.59e-04 2.03
1/1024 1.86e-10 - - 6.08e-10 - - 6.08e-10 - -
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3.1.3 Example 1.3

Next, we consider the following BVP (Example 3.1 from [1]) without a known solution:

x′(t) =
M(t)

t
x(t) +

1

3

f(t, x(t))

t
, t ∈ (0, 1], −x1(0) +

1

3
f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 2 + (exp(−2t)− 1)

)
, M(0) =

(
−1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, r(t, x) =

(
sin(x1 + x2)
cos(x1 + x2)

)
, H(t) =

(
sin(t) cos(t)
t 0

)
.

Since M(0) is diagonalizable it follows for the projections N and P that

N =

(
1 0
0 0

)
, P =

(
0 0
0 1

)
and thus,

NM(0)x(0) =

(
λ1x1(0)

0

)
, N

1

3
f(0, x(0)) =

(
1
3f1(0, x(0))

0

)
, Px(1) =

(
0

x2(1)

)
.

With this, the boundary conditions (2.12) for c = (1, 1)T amount to the boundary conditions above:

λ1x1(0) +
1

3
f1(0, x(0)) = 0, x2(0) = 1 ⇐⇒ −x(0) +

1

3
f1(0, x(0)) = 0, x2(0) = 1

From Corollary (2.9.1) we conclude the existence of a unique solution to the BVP Example 1.3.

Figure 3.3: Solution of Example 1.3

We can see in Tables 3.9 - 3.12 that once again we
can observe a convergence order of 2, regardless of
the spacing of the collocation points.
For bvpsuite2.0 to be able to terminate, we have
to raise the error tolerance to 1e-13.

18



Table 3.9: Example 1.3: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 7.74e-02 2.89e-01 1.90 1.01e-01 3.70e-01 1.87 1.01e-01 3.70e-01 1.87
1/4 2.07e-02 4.01e-01 2.14 2.76e-02 5.35e-01 2.14 2.76e-02 5.35e-01 2.14
1/8 4.70e-03 4.88e-01 2.23 6.26e-03 6.50e-01 2.23 6.26e-03 6.50e-01 2.23
1/16 1.00e-03 4.77e-01 2.22 1.33e-03 6.33e-01 2.22 1.33e-03 6.33e-01 2.22
1/32 2.14e-04 3.98e-01 2.17 2.85e-04 5.29e-01 2.17 2.85e-04 5.29e-01 2.17
1/64 4.76e-05 3.15e-01 2.12 6.34e-05 4.19e-01 2.12 6.34e-05 4.19e-01 2.12
1/128 1.10e-05 2.54e-01 2.07 1.46e-05 3.38e-01 2.07 1.46e-05 3.38e-01 2.07
1/256 2.61e-06 2.16e-01 2.04 3.48e-06 2.88e-01 2.04 3.48e-06 2.88e-01 2.04
1/512 6.34e-07 1.95e-01 2.03 8.46e-07 2.59e-01 2.02 8.46e-07 2.59e-01 2.02
1/1024 1.56e-07 - - 2.08e-07 - - 2.08e-07 - -

Table 3.10: Example 1.3: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.82e-02 9.21e-02 2.34 3.74e-02 1.92e-01 2.36 3.74e-02 1.92e-01 2.36
1/4 3.61e-03 9.78e-02 2.38 7.28e-03 2.10e-01 2.42 7.28e-03 2.10e-01 2.42
1/8 6.93e-04 7.39e-02 2.25 1.36e-03 1.54e-01 2.28 1.36e-03 1.54e-01 2.28
1/16 1.46e-04 5.24e-02 2.12 2.80e-04 1.05e-01 2.14 2.80e-04 1.05e-01 2.14
1/32 3.36e-05 4.16e-02 2.05 6.36e-05 8.08e-02 2.06 6.36e-05 8.08e-02 2.06
1/64 8.09e-06 3.67e-02 2.02 1.52e-05 7.00e-02 2.03 1.52e-05 7.00e-02 2.03
1/128 1.99e-06 3.45e-02 2.01 3.74e-06 6.52e-02 2.01 3.74e-06 6.52e-02 2.01
1/256 4.93e-07 3.37e-02 2.01 9.25e-07 6.32e-02 2.01 9.25e-07 6.32e-02 2.01
1/512 1.23e-07 3.49e-02 2.01 2.30e-07 6.37e-02 2.01 2.30e-07 6.37e-02 2.01
1/1024 3.04e-08 - - 5.72e-08 - - 5.72e-08 - -

Table 3.11: Example 1.3: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.00e-03 2.79e-02 2.48 1.43e-02 8.55e-02 2.58 1.43e-02 8.55e-02 2.58
1/4 8.96e-04 2.02e-02 2.25 2.40e-03 5.97e-02 2.32 2.40e-03 5.97e-02 2.32
1/8 1.88e-04 1.48e-02 2.10 4.82e-04 4.03e-02 2.13 4.82e-04 4.03e-02 2.13
1/16 4.40e-05 1.26e-02 2.04 1.10e-04 3.26e-02 2.05 1.10e-04 3.26e-02 2.05
1/32 1.07e-05 1.17e-02 2.02 2.66e-05 2.95e-02 2.02 2.66e-05 2.95e-02 2.02
1/64 2.64e-06 1.12e-02 2.01 6.54e-06 2.81e-02 2.01 6.54e-06 2.81e-02 2.01
1/128 6.56e-07 1.11e-02 2.01 1.62e-06 2.74e-02 2.01 1.62e-06 2.74e-02 2.01
1/256 1.63e-07 1.13e-02 2.01 4.04e-07 2.74e-02 2.01 4.04e-07 2.74e-02 2.01
1/512 4.06e-08 1.31e-02 2.03 1.01e-07 2.89e-02 2.01 1.01e-07 2.89e-02 2.01
1/1024 9.91e-09 - - 2.49e-08 - - 2.49e-08 - -

Table 3.12: Example 1.3: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.33e-03 6.33e-03 2.25 4.71e-03 2.41e-02 2.35 4.71e-03 2.41e-02 2.35
1/4 2.81e-04 5.11e-03 2.09 9.21e-04 1.77e-02 2.13 9.21e-04 1.77e-02 2.13
1/8 6.60e-05 4.56e-03 2.04 2.10e-04 1.50e-02 2.05 2.10e-04 1.50e-02 2.05
1/16 1.61e-05 4.31e-03 2.02 5.06e-05 1.38e-02 2.02 5.06e-05 1.38e-02 2.02
1/32 3.98e-06 4.19e-03 2.01 1.24e-05 1.32e-02 2.01 1.24e-05 1.32e-02 2.01
1/64 9.89e-07 4.14e-03 2.01 3.08e-06 1.29e-02 2.01 3.08e-06 1.29e-02 2.01
1/128 2.46e-07 4.17e-03 2.01 7.68e-07 1.28e-02 2.00 7.68e-07 1.28e-02 2.00
1/256 6.13e-08 4.49e-03 2.02 1.91e-07 1.31e-02 2.01 1.91e-07 1.31e-02 2.01
1/512 1.51e-08 6.49e-03 2.08 4.76e-08 1.46e-02 2.03 4.76e-08 1.46e-02 2.03
1/1024 3.58e-09 - - 1.17e-08 - - 1.17e-08 - -
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3.1.4 Example 1.4

In Example 1.2 we are not able to observe any kind of superconvergence or even a convergence order that
changes with the number of used collocation points. The reason for this is the relatively small positive
eigenvalues of M(0), as described in Section 2.2.1. In this example we will choose larger values and
observe the new convergence order.
Let

x′(t) =
M(t)

t
x(t) +

1

3

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
10 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 20 + (exp(−2t)− 1)

)
, M(0) =

(
10 0
0 20

)
, β = max

{
1

10
,

1

20

}
=

1

10

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, r(t, x) =

(
sin(x1 + x2)
cos(x1 + x2)

)
, H(t) =

(
t 0

sin(t) cos(t)

)
.

There is no known solution for this TVP.
Just like in the previous examples we have∣∣∣∣13f(t, x)− 1

3
f(t, y)

∣∣∣∣ ≤ 2
√

2

3
|x− y|, t ∈ [0, 1], x, y ∈ R2.

Hence, L = 2
√

2
3 ∈ (0, 1/β) = (0, 10) and 1

3f satis�es the Lipschitz condition (2.9) on [0, 1] and by
Corollary (2.7.1) Example 1.4 has a unique solution on [0, 1]. The larger positive eigenvalues do not
change the existence and uniqueness of a solution.

Figure 3.4: Solution of Example 1.4

As we can see in Table 3.13 to Table 3.16, we are
now able to observe the same convergence order
as in Example 1.1.
Gaussian collocation points result in a supercon-
vergence of order 2k for k collocation points and
equidistant collocation points yield order k for
even k and a small superconvergence of order k+1
for odd k.
In line with Example 1.2, we use an error tolerance
of 1e-15.
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Table 3.13: Example 1.4: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.37e-01 1.57e+00 1.55 6.62e-01 1.40e+00 1.08 6.62e-01 1.40e+00 1.08
1/4 1.83e-01 7.56e+00 2.68 3.11e-01 2.88e+00 1.60 3.11e-01 2.88e+00 1.60
1/8 2.85e-02 6.00e+01 3.68 1.02e-01 6.49e+00 1.99 1.02e-01 5.86e+00 1.94
1/16 2.22e-03 1.90e+02 4.09 2.57e-02 1.16e+01 2.20 2.65e-02 9.33e+00 2.11
1/32 1.30e-04 1.48e+02 4.02 5.56e-03 6.54e+00 2.03 6.14e-03 7.92e+00 2.06
1/64 7.98e-06 1.32e+02 3.99 1.35e-03 5.66e+00 2.00 1.46e-03 7.70e+00 2.06
1/128 5.00e-07 1.35e+02 4.00 3.37e-04 5.60e+00 2.00 3.51e-04 6.68e+00 2.03
1/256 3.12e-08 1.34e+02 4.00 8.41e-05 5.51e+00 2.00 8.60e-05 6.16e+00 2.01
1/512 1.95e-09 1.34e+02 4.00 2.10e-05 5.52e+00 2.00 2.12e-05 6.16e+00 2.01
1/1024 1.21e-10 - - 5.25e-06 - - 5.25e-06 - -

Table 3.14: Example 1.4: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.34e-01 1.83e+00 2.97 4.30e-01 1.42e+00 1.73 4.30e-01 1.42e+00 1.73
1/4 2.99e-02 1.74e+01 4.59 1.29e-01 6.08e+00 2.77 1.29e-01 6.08e+00 2.77
1/8 1.23e-03 1.89e+02 5.73 1.89e-02 4.89e+01 3.77 1.89e-02 2.12e+01 3.37
1/16 2.31e-05 4.21e+02 6.02 1.38e-03 1.12e+02 4.07 1.82e-03 3.28e+01 3.53
1/32 3.55e-07 3.90e+02 6.00 8.20e-05 9.12e+01 4.01 1.57e-04 6.83e+01 3.74
1/64 5.52e-09 3.81e+02 6.00 5.06e-06 8.64e+01 4.00 1.17e-05 1.10e+02 3.85
1/128 8.62e-11 3.34e+02 5.97 3.15e-07 8.51e+01 4.00 8.11e-07 1.52e+02 3.92
1/256 1.37e-12 3.90e-02 4.34 1.97e-08 8.47e+01 4.00 5.33e-08 1.86e+02 3.96
1/512 6.77e-14 6.77e-14 2.75e-05 1.23e-09 8.44e+01 3.99 3.42e-09 6.31e+02 4.15
1/1024 6.77e-14 - - 7.70e-11 - - 1.91e-10 - -

Table 3.15: Example 1.4: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 7.85e-02 2.10e+00 4.74 2.63e-01 1.55e+00 2.55 2.63e-01 1.55e+00 2.55
1/4 2.93e-03 3.40e+01 6.74 4.48e-02 7.36e+00 3.68 4.48e-02 7.36e+00 3.68
1/8 2.73e-05 6.04e+02 8.13 3.49e-03 1.97e+01 4.15 3.49e-03 1.28e+01 3.94
1/16 9.72e-08 2.89e+02 7.86 1.96e-04 1.68e+01 4.09 2.26e-04 2.11e+01 4.12
1/32 4.16e-10 4.45e+02 7.99 1.14e-05 1.35e+01 4.03 1.29e-05 1.85e+01 4.08
1/64 1.63e-12 3.22e-04 4.59 7.01e-07 1.22e+01 4.00 7.61e-07 1.62e+01 4.05
1/128 6.77e-14 6.77e-14 1.12e-04 4.35e-08 1.17e+01 4.00 4.57e-08 1.45e+01 4.03
1/256 6.77e-14 6.77e-14 0 2.72e-09 1.17e+01 4.00 2.78e-09 1.35e+01 4.02
1/512 6.77e-14 6.77e-14 -1.72e-05 1.70e-10 1.18e+01 4.00 1.71e-10 1.30e+01 4.01
1/1024 6.77e-14 - - 1.06e-11 - - 1.06e-11 - -

Table 3.16: Example 1.4: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.94e-02 2.15e+00 6.78e 1.44e-01 1.81e+00 3.64 1.44e-01 1.81e+00 3.64
1/4 1.76e-04 5.46e+01 9.11e 1.15e-02 2.35e+01 5.49 1.15e-02 1.50e+01 5.17
1/8 3.17e-07 2.18e+02 9.78e 2.54e-04 2.68e+01 5.56 3.18e-04 7.64e+00 4.85
1/16 3.60e-10 4.14e+00 8.35e 5.37e-06 1.98e+01 5.45 1.10e-05 4.57e+00 4.66
1/32 1.09e-12 1.25e-06 4.02e 1.22e-07 9.38e+01 5.90 4.34e-07 2.61e+01 5.16
1/64 6.75e-14 6.68e-14 -2.75e-03 2.05e-09 1.14e+02 5.94 1.20e-08 1.63e+02 5.60
1/128 6.77e-14 6.77e-14 1.23e-05 3.31e-11 1.14e+02 5.95 2.47e-10 4.81e+02 5.83
1/256 6.77e-14 6.77e-14 -6.18e-06 5.36e-13 8.34e-06 2.98 4.34e-12 8.96e+02 5.94
1/512 6.77e-14 6.77e-14 -1.16e-05 6.77e-14 6.77e-14 3.57e-05 7.05e-14 1.02e-13 5.96e-02
1/1024 6.77e-14 - - 6.77e-14 - - 6.77e-14 - -
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3.1.5 Example 1.5

We will now raise the positive eigenvalue of M(t) in Example 1.3 and try to see if we can observe the
same e�ects as in Example 1.4.
Let

x′(t) =
M(t)

t
x(t) +

1

3

f(t, x(t))

t
, t ∈ (0, 1], −x1(0) +

1

3
f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 20 + (exp(−2t)− 1)

)
, M(0) =

(
−1 0
0 20

)
, β = max

{
1,

1

20

}
= 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, r(t, x) =

(
sin(x1 + x2)
cos(x1 + x2)

)
, H(t) =

(
sin(t) cos(t)
t 0

)
.

We can not provide a known analytical solution for this BVP.
Similar to Example 1.4 changing the magnitude of the positive eigenvalue λ2 does not alter the existence
or uniqueness of a solution for Example 1.5, which therefore follows from the existence and uniqueness
for Example 1.3.

Figure 3.5: Solution of Example 1.5

Table 3.17 to 3.20 show that with a larger posi-
tive eigenvalue in M(0) we are able to observe the
same convergence orders as in Example 1.1 and
Example 1.4: 2k for Gaussian collocation points,
k and k + 1 for even and odd k, respectively, for
equidistant collocation points.
Once again for bvpsuite2.0 to terminate, we have
to change the tolerance from 1e-15 to 1e-13.
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Table 3.17: Example 1.5: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.89e-01 1.62 1.73 6.03e-01 1.39 1.20 6.03e-01 1.39 1.20
1/4 1.48e-01 7.47 2.83 2.62e-01 2.78 1.70 2.62e-01 2.78 1.70
1/8 2.08e-02 4.92e+01 3.74 8.03e-02 5.53 2.04 8.03e-02 4.80 1.97
1/16 1.56e-03 1.31e+02 4.09 1.96e-02 8.53 2.19 2.05e-02 7.67 2.14
1/32 9.17e-05 1.04e+02 4.02 4.29e-03 5.26 2.05 4.67e-03 5.85 2.06
1/64 5.64e-06 9.57e+01 4.00 1.03e-03 4.19 2.00 1.12e-03 5.89 2.06
1/128 3.52e-07 9.42e+01 4.00 2.59e-04 4.31 2.00 2.69e-04 5.06 2.03
1/256 2.20e-08 9.46e+01 4.00 6.45e-05 4.25 2.00 6.59e-05 4.68 2.01
1/512 1.37e-09 9.47e+01 4.00 1.61e-05 4.23 2.00 1.63e-05 4.71 2.02
1/1024 8.58e-11 - - 4.03e-06 - - 4.03e-06 - -

Table 3.18: Example 1.5: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.97e-01 1.82 3.20 3.76e-01 1.45 1.95 3.76e-01 1.45 1.95
1/4 2.15e-02 1.41e+01 4.68 9.73e-02 5.17 2.87 9.73e-02 5.17 2.87
1/8 8.37e-04 1.25e+02 5.73 1.33e-02 3.09e+01 3.73 1.33e-02 1.29e+01 3.30
1/16 1.58e-05 3.05e+02 6.05 1.01e-03 8.21e+01 4.08 1.35e-03 2.46e+01 3.54
1/32 2.38e-07 2.67e+02 6.01 5.97e-05 6.70e+01 4.02 1.16e-04 5.40e+01 3.76
1/64 3.68e-09 2.55e+02 6.00 3.68e-06 6.29e+01 4.00 8.56e-06 8.63e+01 3.88
1/128 5.74e-11 1.89e+02 5.94 2.29e-07 6.10e+01 4.00 5.82e-07 1.16e+02 3.94
1/256 9.35e-13 4.05e-03 4.00 1.44e-08 6.17e+01 4.00 3.80e-08 1.37e+02 3.97
1/512 5.84e-14 5.56e-13 0.36 8.97e-10 6.13e+01 4.00 2.43e-09 4.58e+02 4.16
1/1024 4.54e-14 - - 5.61e-11 - - 1.35e-10 - -

Table 3.19: Example 1.5: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.88e-02 1.78 4.92 2.09e-01 1.43 2.78 2.09e-01 1.43 2.78
1/4 1.94e-03 2.02e+01 6.67 3.05e-02 4.76 3.64 3.05e-02 4.76 3.64
1/8 1.91e-05 2.08e+02 7.79 2.44e-03 1.27e+01 4.12 2.44e-03 8.58 3.93
1/16 8.61e-08 4.14e+02 8.04 1.41e-04 1.56e+01 4.19 1.60e-04 1.81e+01 4.20
1/32 3.27e-10 4.33e+02 8.05 7.71e-06 9.60 4.05 8.75e-06 1.31e+01 4.10
1/64 1.23e-12 9.00e-04 4.91 4.65e-07 8.23 4.01 5.10e-07 1.12e+01 4.07
1/128 4.10e-14 2.23e-14 -1.26e-01 2.88e-08 7.79 4.00 3.04e-08 9.88 4.04
1/256 4.48e-14 3.87e-14 -2.62e-02 1.80e-09 7.79 4.00 1.85e-09 9.17 4.03
1/512 4.56e-14 5.18e-14 0.02 1.12e-10 8.08 4.01 1.14e-10 8.97 4.02
1/1024 4.49e-14 - - 6.99e-12 - - 6.99e-12 - -

Table 3.20: Example 1.5: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.32e-02 1.49 6.82 1.02e-01 1.38 3.76 1.02e-01 1.38 3.76
1/4 1.17e-04 2.16e+01 8.75 7.49e-03 7.56 4.99 7.49e-03 7.56 4.99
1/8 2.71e-07 1.99e+02 9.82 2.36e-04 5.23e+01 5.92 2.36e-04 1.75e+01 5.39
1/16 3.00e-10 1.96e+02 9.81 3.90e-06 7.68e+01 6.06 5.62e-06 3.73e+01 5.67
1/32 3.34e-13 7.90e-09 2.91 5.85e-08 6.51e+01 6.01 1.11e-07 7.35e+01 5.86
1/64 4.45e-14 4.76e-14 0.02 9.08e-10 6.12e+01 6.00 1.90e-09 1.03e+02 5.94
1/128 4.40e-14 4.49e-14 0.00 1.42e-11 2.15e+01 5.78 3.10e-11 1.33e+02 6.00
1/256 4.39e-14 3.91e-14 -2.08e-02 2.59e-13 2.42e-07 2.48 4.86e-13 6.93e-05 3.39
1/512 4.46e-14 4.88e-14 0.01 4.64e-14 9.16e-14 0.11 4.64e-14 9.16e-14 0.11
1/1024 4.41e-14 - - 4.31e-14 - - 4.31e-14 - -
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3.1.6 Example 1.6

We next consider Example 1.2 from [1]. Let

x′(t) =
M(t)

t
x(t) +

5

2

f(t, x(t))

t
, t ∈ (0, 1], M(0)x(0) +

5

2
f(0, x(0)) = 0,

where

M(t) =

(
−1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 −2 + (exp(−2t)− 1)

)
, M(0) =

(
−1 0
0 −2

)
, β = 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, H(t) =

(
t 0

sin(t) cos(t)

)
and

r(t, x) = α1(t)

(
sin(x1 + x2)
cos(x1 + x2)

)
+ α2(t)

(
x1 log(1 + |x1 + x2|)
x2 log(1 + |x1 + x2|)

)
,

where

α1(t) = 0.5(t− 0.5)2 α2(t) =

{
0, t < 0.5,

−(t− 0.5)2, t ≥ 0.5.

There is no known solution for this example.
We want to apply Theorem (2.7). Let a = 0.5. Then maxt∈[0,0.5] |H(t)| <

√
2 and maxt∈[0,0.5] |α1(t)| = 1

8 .
Thus,

|r(t, x)− r(t, y)| ≤ 1

4
|x− y|

for t ∈ [0, 0.5], x, y ∈ R2. Consequently, 5
2f satis�es the Lipschitz condition (2.9) on [0, 0.5] with

L =
5
√

2

8
∈
(

0,
1

β

)
.

Furthermore, 5
2f satis�es the growth condition (2.10) on [0.5, 1] with

w(s) = (1 + 2s) ln(1 + 2s) + 1, s ∈ [0,∞).

From Theorem (2.7) it follows that Example 1.6 has a solution on [0, 1].

Figure 3.6: Solution of Example 1.6

As we can see in Table 3.21 to Table 3.24, we are
not able to observe a clear superconvergence.
Example 1.6 uses an error tolerance of 1e-11.
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Table 3.21: Example 1.6: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.72e-03 8.01e-02 3.58 3.11e-02 1.70e-01 2.45 3.11e-02 1.51e-01 2.28
1/4 5.63e-04 4.98e-02 3.23 5.67e-03 9.77e-02 2.05 6.38e-03 1.09e-01 2.04
1/8 5.99e-05 1.34e-02 2.60 1.37e-03 8.72e-02 2.00 1.55e-03 1.42e-01 2.17
1/16 9.86e-06 6.50e-05 0.68 3.42e-04 9.14e-02 2.01 3.42e-04 9.14e-02 2.01
1/32 6.16e-06 4.49e-04 1.24 8.47e-05 1.11e-01 2.07 8.47e-05 1.03e-01 2.05
1/64 2.61e-06 3.03e-02 2.25 2.02e-05 6.43e-02 1.94 2.05e-05 7.18e-02 1.96
1/128 5.49e-07 5.23e-01 2.84 5.25e-06 9.41e-02 2.02 5.25e-06 9.15e-02 2.01
1/256 7.68e-08 3.73e-01 2.78 1.30e-06 9.03e-02 2.01 1.30e-06 9.35e-02 2.02
1/512 1.12e-08 8.18e-08 0.32 3.22e-07 7.28e-02 1.98 3.22e-07 7.28e-02 1.98
1/1024 8.99e-09 - - 8.18e-08 - - 8.18e-08 - -

Table 3.22: Example 1.6: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.75e-04 2.47e-02 4.82 3.13e-03 1.42e-02 2.18 4.15e-03 2.49e-02 2.59
1/4 3.10e-05 9.48e-06 -8.54e-01 6.90e-04 4.79e-02 3.06 6.90e-04 4.79e-02 3.06
1/8 5.60e-05 4.74e-03 2.14 8.29e-05 4.78e-02 3.06 8.29e-05 4.96e-03 1.97
1/16 1.27e-05 1.42 4.19 9.96e-06 2.88e-05 0.38 2.12e-05 1.07e-03 1.42
1/32 6.98e-07 7.40e-07 0.02 7.63e-06 1.01e-03 1.41 7.95e-06 1.28e-03 1.47
1/64 6.90e-07 7.72e-03 2.24 2.87e-06 3.04e-03 1.67 2.87e-06 3.03e-03 1.67
1/128 1.46e-07 1.87e-01 2.90 9.00e-07 2.73e+01 3.55 9.01e-07 2.75e+01 3.55
1/256 1.96e-08 2.05e-07 0.42 7.68e-08 1.19e-05 0.91 7.68e-08 1.19e-05 0.91
1/512 1.46e-08 7.71e-03 2.11 4.09e-08 2.32e-04 1.39 4.09e-08 2.32e-04 1.39
1/1024 3.37e-09 - - 1.56e-08 - - 1.56e-08 - -

Table 3.23: Example 1.6: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.72e-04 4.12e-03 2.62 1.67e-03 3.74e-03 1.16 1.76e-03 4.14e-03 1.24
1/4 1.10e-04 4.22e-04 0.97 7.46e-04 7.99e-02 3.37 7.46e-04 6.00e-02 3.17
1/8 5.59e-05 6.76e-03 2.31 7.21e-05 2.30e-02 2.77 8.32e-05 6.91e-03 2.13
1/16 1.13e-05 7.36 4.83 1.06e-05 2.56e-04 1.15 1.91e-05 7.49e-04 1.32
1/32 3.97e-07 2.75e-06 0.56 4.76e-06 3.82e-04 1.27 7.61e-06 6.43e-03 1.94
1/64 2.70e-07 1.40e-04 1.50 1.98e-06 1.18e-02 2.09 1.98e-06 2.54e-03 1.72
1/128 9.52e-08 6.63e-03 2.30 4.65e-07 1.38e-01 2.60 6.00e-07 1.06 2.97
1/256 1.94e-08 2.56e-03 2.13 7.68e-08 3.71e+01 3.61 7.68e-08 2.73 3.14
1/512 4.43e-09 6.06e-06 1.16 6.31e-09 1.10e-09 -2.80e-01 8.74e-09 2.88e-08 0.19
1/1024 1.99e-09 - - 7.66e-09 - - 7.66e-09 - -

Table 3.24: Example 1.6: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.52e-05 2.74e-04 2.07 2.66e-03 1.25e-02 2.23 2.66e-03 1.25e-02 2.23
1/4 1.55e-05 5.87e-06 -7.01e-01 5.66e-04 2.31e-03 1.02 5.66e-04 2.31e-03 1.02
1/8 2.52e-05 6.31e-03 2.66 2.80e-04 3.19e-02 2.28 2.80e-04 3.19e-02 2.28
1/16 4.01e-06 2.76e-04 1.53 5.77e-05 2.20 3.80 5.77e-05 2.20 3.80
1/32 1.39e-06 5.96e-04 1.75 4.13e-06 1.43e-01 3.02 4.13e-06 1.43e-01 3.02
1/64 4.14e-07 9.91e+01 4.64 5.11e-07 4.70e-07 -2.01e-02 5.11e-07 4.70e-07 -2.01e-02
1/128 1.66e-08 5.21e-07 0.71 5.18e-07 3.28e-01 2.75 5.18e-07 3.28e-01 2.75
1/256 1.01e-08 2.61e+11 8.06 7.68e-08 5.99e-06 0.79 7.68e-08 5.99e-06 0.79
1/512 3.80e-11 6.89e-19 -2.86e+00 4.46e-08 4.89e-03 1.86 4.46e-08 4.89e-03 1.86
1/1024 2.76e-10 - - 1.23e-08 - - 1.23e-08 - -
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3.1.7 Example 1.7

Consider Example 2.2 from [1] without a known solution:

x′(t) =
M(t)

t
x(t) +

5

2

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 2 + (exp(−2t)− 1)

)
, M(0) =

(
1 0
0 2

)
, β = 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, H(t) =

(
sin(t) cos(t)
t 0

)
and

r(t, x) = α1(t)

(
sin(x1 + x2)
cos(x1 + x2)

)
+ α2(t)

(
x1 log(1 + |x1 + x2|)
x2 log(1 + |x1 + x2|)

)
,

where

α1(t) = 0.5(t− 0.5)2 α2(t) =

{
0, t < 0.5,

−(t− 0.5)2, t ≥ 0.5.

Since M and f remain unchanged from Example 1.6 it follows by Theorem (2.8) that a solution of the
TVP Example 1.7 exists.

Figure 3.7: Solution of Example 1.7

As expected, we can not observe any kind of super-
convergence due to the small positive eigenvalues.
See Tables 3.25 to 3.28.
This example was calculated with an error toler-
ance of 1e-11.
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Table 3.25: Example 1.7: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.38e-01 3.41e-01 1.30 1.83e-01 4.46e-01 1.29 1.83e-01 4.46e-01 1.29
1/4 5.61e-02 2.81e-01 1.16 7.50e-02 3.78e-01 1.17 7.50e-02 3.78e-01 1.17
1/8 2.51e-02 2.54e-01 1.11 3.34e-02 3.39e-01 1.11 3.34e-02 3.39e-01 1.11
1/16 1.16e-02 2.28e-01 1.08 1.54e-02 3.04e-01 1.07 1.54e-02 3.04e-01 1.07
1/32 5.50e-03 2.08e-01 1.05 7.32e-03 2.76e-01 1.05 7.32e-03 2.76e-01 1.05
1/64 2.66e-03 1.95e-01 1.03 3.54e-03 2.58e-01 1.03 3.54e-03 2.58e-01 1.03
1/128 1.30e-03 1.89e-01 1.03 1.73e-03 2.49e-01 1.02 1.73e-03 2.49e-01 1.02
1/256 6.38e-04 1.93e-01 1.03 8.53e-04 2.51e-01 1.02 8.53e-04 2.51e-01 1.02
1/512 3.12e-04 2.14e-01 1.05 4.19e-04 2.69e-01 1.04 4.19e-04 2.69e-01 1.04
1/1024 1.51e-04 - - 2.04e-04 - - 2.04e-04 - -

Table 3.26: Example 1.7: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.28e-02 1.13e-01 1.10 8.60e-02 1.81e-01 1.07 8.60e-02 1.81e-01 1.07
1/4 2.47e-02 1.14e-01 1.11 4.09e-02 1.90e-01 1.11 4.09e-02 1.90e-01 1.11
1/8 1.15e-02 1.06e-01 1.07 1.90e-02 1.78e-01 1.08 1.90e-02 1.78e-01 1.08
1/16 5.46e-03 9.90e-02 1.04 9.00e-03 1.64e-01 1.05 9.00e-03 1.64e-01 1.05
1/32 2.65e-03 9.41e-02 1.03 4.35e-03 1.55e-01 1.03 4.35e-03 1.55e-01 1.03
1/64 1.30e-03 9.21e-02 1.03 2.13e-03 1.50e-01 1.02 2.13e-03 1.50e-01 1.02
1/128 6.37e-04 9.38e-02 1.03 1.05e-03 1.50e-01 1.02 1.05e-03 1.50e-01 1.02
1/256 3.12e-04 1.03e-01 1.05 5.17e-04 1.57e-01 1.03 5.17e-04 1.57e-01 1.03
1/512 1.51e-04 1.34e-01 1.09 2.53e-04 1.81e-01 1.05 2.53e-04 1.81e-01 1.05
1/1024 7.11e-05 - - 1.22e-04 - - 1.22e-04 - -

Table 3.27: Example 1.7: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.06e-02 6.68e-02 1.13 6.09e-02 1.35e-01 1.15 6.09e-02 1.35e-01 1.15
1/4 1.40e-02 6.25e-02 1.08 2.75e-02 1.25e-01 1.09 2.75e-02 1.25e-01 1.09
1/8 6.61e-03 5.86e-02 1.05 1.29e-02 1.16e-01 1.06 1.29e-02 1.16e-01 1.06
1/16 3.19e-03 5.59e-02 1.03 6.20e-03 1.09e-01 1.04 6.20e-03 1.09e-01 1.04
1/32 1.56e-03 5.45e-02 1.03 3.02e-03 1.05e-01 1.02 3.02e-03 1.05e-01 1.02
1/64 7.67e-04 5.49e-02 1.03 1.49e-03 1.04e-01 1.02 1.49e-03 1.04e-01 1.02
1/128 3.77e-04 5.84e-02 1.04 7.32e-04 1.06e-01 1.02 7.32e-04 1.06e-01 1.02
1/256 1.83e-04 7.02e-02 1.07 3.60e-04 1.15e-01 1.04 3.60e-04 1.15e-01 1.04
1/512 8.71e-05 1.14e-01 1.15 1.75e-04 1.43e-01 1.07 1.75e-04 1.43e-01 1.07
1/1024 3.92e-05 - - 8.31e-05 - - 8.31e-05 - -

Table 3.28: Example 1.7: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.92e-02 4.11e-02 1.10 4.39e-02 9.52e-02 1.12 4.39e-02 9.52e-02 1.12
1/4 8.98e-03 3.90e-02 1.06 2.02e-02 8.97e-02 1.07 2.02e-02 8.97e-02 1.07
1/8 4.31e-03 3.72e-02 1.04 9.60e-03 8.44e-02 1.05 9.60e-03 8.44e-02 1.05
1/16 2.10e-03 3.61e-02 1.03 4.65e-03 8.06e-02 1.03 4.65e-03 8.06e-02 1.03
1/32 1.03e-03 3.59e-02 1.02 2.28e-03 7.85e-02 1.02 2.28e-03 7.85e-02 1.02
1/64 5.06e-04 3.71e-02 1.03 1.12e-03 7.84e-02 1.02 1.12e-03 7.84e-02 1.02
1/128 2.47e-04 4.15e-02 1.06 5.53e-04 8.13e-02 1.03 5.53e-04 8.13e-02 1.03
1/256 1.19e-04 5.62e-02 1.11 2.71e-04 9.16e-02 1.05 2.71e-04 9.16e-02 1.05
1/512 5.51e-05 1.29e-01 1.24 1.31e-04 1.25e-01 1.10 1.31e-04 1.25e-01 1.10
1/1024 2.33e-05 - - 6.11e-05 - - 6.11e-05 - -
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3.1.8 Example 1.8

We �nally consider Example 3.2 from [1]. Let

x′(t) =
M(t)

t
x(t) +

5

2

f(t, x(t))

t
, t ∈ (0, 1], −x1(0) +

5

2
f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 2 + (exp(−2t)− 1)

)
, M(0) =

(
−1 0
0 2

)
, β = 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, H(t) =

(
t 0

sin(t) cos(t)

)
and

r(t, x) = α1(t)

(
sin(x1)

cos(x1 + x2)

)
+ α2(t)

(
x1 log(1 + |x1 + x2|)
x2 log(1 + |x1 + x2|)

)
,

where

α1(t) = 0.5(t− 0.5)2 α2(t) =

{
0, t < 0.5,

−(t− 0.5)2, t ≥ 0.5.

There is no known solution.
As before in Example 1.3, we can derive the correctly posed boundary conditions and see that (2.14)
holds. With (2.9) and (2.9.1) the existence of a solution follows.

Figure 3.8: Solution of Example 1.8

In line with Example 1.2, Example 1.3, and Ex-
ample 1.7, we are not able to observe any kind
of superconvergence, as we can see Tables 3.29 to
3.32.
Again, we use an error tolerance of 1e-11.
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Table 3.29: Example 1.8: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.91e-02 1.37e-01 1.81 8.64e-02 3.55e-01 2.04 9.32e-02 4.13e-01 2.15
1/4 1.11e-02 1.09e-01 1.64 2.10e-02 4.09e-01 2.14 2.10e-02 3.97e-01 2.12
1/8 3.56e-03 1.11e-01 1.65 4.77e-03 1.48e-01 1.65 4.84e-03 1.57e-01 1.67
1/16 1.13e-03 1.24e-01 1.69 1.52e-03 1.65e-01 1.69 1.52e-03 1.65e-01 1.69
1/32 3.51e-04 1.33e-01 1.71 4.69e-04 1.78e-01 1.71 4.69e-04 1.78e-01 1.71
1/64 1.07e-04 1.35e-01 1.72 1.43e-04 1.81e-01 1.72 1.43e-04 1.81e-01 1.72
1/128 3.25e-05 1.35e-01 1.72 4.35e-05 1.80e-01 1.72 4.35e-05 1.80e-01 1.72
1/256 9.91e-06 1.34e-01 1.72 1.32e-05 1.79e-01 1.72 1.32e-05 1.79e-01 1.72
1/512 3.02e-06 1.36e-01 1.72 4.03e-06 1.80e-01 1.72 4.03e-06 1.80e-01 1.72
1/1024 9.17e-07 - - 1.23e-06 - - 1.23e-06 - -

Table 3.30: Example 1.8: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.22e-03 2.14e-02 1.38 1.34e-02 3.17e-02 1.24 1.34e-02 3.17e-02 1.24
1/4 3.15e-03 2.91e-02 1.60 5.66e-03 4.91e-02 1.56 5.66e-03 4.91e-02 1.56
1/8 1.04e-03 3.64e-02 1.71 1.92e-03 6.68e-02 1.71 1.92e-03 6.68e-02 1.71
1/16 3.18e-04 3.80e-02 1.73 5.88e-04 7.10e-02 1.73 5.88e-04 7.10e-02 1.73
1/32 9.60e-05 3.74e-02 1.72 1.77e-04 6.96e-02 1.72 1.77e-04 6.96e-02 1.72
1/64 2.91e-05 3.67e-02 1.72 5.37e-05 6.79e-02 1.72 5.37e-05 6.79e-02 1.72
1/128 8.86e-06 3.64e-02 1.71 1.63e-05 6.69e-02 1.71 1.63e-05 6.69e-02 1.71
1/256 2.70e-06 3.69e-02 1.72 4.98e-06 6.71e-02 1.71 4.98e-06 6.71e-02 1.71
1/512 8.21e-07 4.02e-02 1.73 1.52e-06 7.00e-02 1.72 1.52e-06 7.00e-02 1.72
1/1024 2.47e-07 - - 4.60e-07 - - 4.60e-07 - -

Table 3.31: Example 1.8: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.06e-03 1.19e-02 1.55 1.60e-02 7.78e-02 2.28 1.60e-02 7.78e-02 2.28
1/4 1.39e-03 1.52e-02 1.73 3.29e-03 3.57e-02 1.72 3.29e-03 3.57e-02 1.72
1/8 4.20e-04 1.55e-02 1.73 9.97e-04 3.74e-02 1.74 9.97e-04 3.74e-02 1.74
1/16 1.26e-04 1.50e-02 1.72 2.98e-04 3.58e-02 1.73 2.98e-04 3.58e-02 1.73
1/32 3.82e-05 1.46e-02 1.72 8.99e-05 3.47e-02 1.72 8.99e-05 3.47e-02 1.72
1/64 1.16e-05 1.45e-02 1.71 2.73e-05 3.41e-02 1.71 2.73e-05 3.41e-02 1.71
1/128 3.54e-06 1.46e-02 1.72 8.33e-06 3.40e-02 1.71 8.33e-06 3.40e-02 1.71
1/256 1.08e-06 1.55e-02 1.73 2.54e-06 3.47e-02 1.72 2.54e-06 3.47e-02 1.72
1/512 3.26e-07 1.94e-02 1.76 7.72e-07 3.81e-02 1.73 7.72e-07 3.81e-02 1.73
1/1024 9.62e-08 - - 2.32e-07 - - 2.32e-07 - -

Table 3.32: Example 1.8: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.24e-03 7.39e-03 1.72 6.43e-03 2.06e-02 1.68 6.43e-03 2.06e-02 1.68
1/4 6.81e-04 7.65e-03 1.74 2.01e-03 2.32e-02 1.76 2.01e-03 2.32e-02 1.76
1/8 2.03e-04 7.35e-03 1.73 5.93e-04 2.19e-02 1.74 5.93e-04 2.19e-02 1.74
1/16 6.14e-05 7.17e-03 1.72 1.78e-04 2.10e-02 1.72 1.78e-04 2.10e-02 1.72
1/32 1.87e-05 7.09e-03 1.71 5.40e-05 2.06e-02 1.72 5.40e-05 2.06e-02 1.72
1/64 5.69e-06 7.10e-03 1.71 1.64e-05 2.04e-02 1.71 1.64e-05 2.04e-02 1.71
1/128 1.73e-06 7.31e-03 1.72 5.01e-06 2.05e-02 1.71 5.01e-06 2.05e-02 1.71
1/256 5.26e-07 8.27e-03 1.74 1.53e-06 2.13e-02 1.72 1.53e-06 2.13e-02 1.72
1/512 1.57e-07 1.35e-02 1.82 4.63e-07 2.50e-02 1.75 4.63e-07 2.50e-02 1.75
1/1024 4.45e-08 - - 1.38e-07 - - 1.38e-07 - -
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3.1.9 Example 1.9

Similar to Example 1.4 we raise the eigenvalues from Example 1.7 and repeat the experiment. Let

x′(t) =
M(t)

t
x(t) +

5

2

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
10 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 20 + (exp(−2t)− 1)

)
, M(0) =

(
10 0
0 20

)
, β = 10

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, H(t) =

(
sin(t) cos(t)
t 0

)
and

r(t, x) = α1(t)

(
sin(x1 + x2)
cos(x1 + x2)

)
+ α2(t)

(
x1 log(1 + |x1 + x2|)
x2 log(1 + |x1 + x2|)

)
,

where

α1(t) = 0.5(t− 0.5)2 α2(t) =

{
0, t < 0.5,

−(t− 0.5)2, t ≥ 0.5.

We do not have an analytical solution at hand.
As before, the existence of a solution immediately follows from the existence for Example 1.7.

Figure 3.9: Solution of Example 1.9

In Tables 3.33 to 3.36 we are able to observe the
same kind of superconvergence order for k colloca-
tion points as before: 2k for Gaussian points and
k or k + 1 for an even or odd number of uniform
points respectively, although these results are not
as clearly visible as in the examples above.
Once again, an error tolerance of 1e-11 was used
for the computations.
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Table 3.33: Example 1.9: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.92e-01 1.47 1.58 6.15e-01 1.33 1.11 6.15e-01 1.33 1.11
1/4 1.65e-01 7.19 2.72 2.85e-01 2.79 1.65 2.85e-01 2.79 1.65
1/8 2.50e-02 5.99e+01 3.74 9.10e-02 6.58 2.06 9.10e-02 5.74 1.99
1/16 1.87e-03 1.57e+02 4.09 2.18e-02 9.77 2.20 2.28e-02 9.08 2.16
1/32 1.10e-04 1.25e+02 4.02 4.75e-03 5.86 2.05 5.12e-03 6.21 2.05
1/64 6.77e-06 1.16e+02 4.01 1.14e-03 4.73 2.00 1.24e-03 6.45 2.06
1/128 4.22e-07 1.13e+02 4.00 2.85e-04 4.75 2.00 2.97e-04 5.64 2.03
1/256 2.64e-08 1.13e+02 4.00 7.12e-05 4.69 2.00 7.27e-05 5.19 2.02
1/512 1.65e-09 1.13e+02 4.00 1.78e-05 4.66 2.00 1.80e-05 5.21 2.02
1/1024 1.03e-10 - - 4.44e-06 - - 4.44e-06 - -

Table 3.34: Example 1.9: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.11e-01 1.70 3.01 3.94e-01 1.33 1.75 3.94e-01 1.33 1.75
1/4 2.62e-02 1.76e+01 4.69 1.17e-01 6.39 2.89 1.17e-01 6.39 2.89
1/8 1.01e-03 2.02e+02 5.87 1.58e-02 5.56e+01 3.93 1.58e-02 2.54e+01 3.55
1/16 1.73e-05 3.05e+02 6.02 1.04e-03 8.25e+01 4.07 1.35e-03 2.94e+01 3.60
1/32 2.68e-07 2.82e+02 5.99 6.17e-05 6.83e+01 4.02 1.11e-04 5.50e+01 3.78
1/64 4.20e-09 2.82e+02 5.99 3.82e-06 6.21e+01 3.99 8.03e-06 8.18e+01 3.88
1/128 6.59e-11 2.55e+02 5.97 2.40e-07 6.46e+01 4.00 5.45e-07 1.08e+02 3.94
1/256 1.05e-12 4.54e-02 4.42 1.50e-08 6.44e+01 4.00 3.56e-08 1.28e+02 3.97
1/512 4.91e-14 4.29e-13 0.35 9.35e-10 6.41e+01 4.00 2.27e-09 4.25e+02 4.16
1/1024 3.86e-14 - - 5.85e-11 - - 1.27e-10 - -

Table 3.35: Example 1.9: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 7.00e-02 2.03 4.86 2.41e-01 1.50 2.64 2.41e-01 1.50 2.64
1/4 2.41e-03 3.97e+01 7.00 3.87e-02 8.93 3.93 3.87e-02 8.93 3.93
1/8 1.88e-05 3.73e+02 8.08 2.55e-03 1.95e+01 4.30 2.55e-03 1.14e+01 4.04
1/16 6.95e-08 2.99e+02 8.00 1.29e-04 1.02e+01 4.07 1.55e-04 1.43e+01 4.13
1/32 2.71e-10 2.58e+02 7.96 7.71e-06 8.70 4.02 8.86e-06 1.35e+01 4.11
1/64 1.09e-12 8.00e-04 4.91 4.75e-07 8.15 4.01 5.13e-07 1.09e+01 4.06
1/128 3.64e-14 2.72e-14 -6.02e-02 2.96e-08 8.03 4.00 3.08e-08 9.64 4.03
1/256 3.79e-14 3.71e-14 -3.81e-03 1.84e-09 7.93 4.00 1.89e-09 9.07 4.02
1/512 3.80e-14 3.72e-14 -3.72e-03 1.15e-10 7.94 4.00 1.16e-10 8.62 4.01
1/1024 3.81e-14 - - 7.20e-12 - - 7.20e-12 - -

Table 3.36: Example 1.9: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.69e-02 2.31 7.10 1.32e-01 1.98 3.91 1.32e-01 1.98 3.91
1/4 1.23e-04 1.27e+02 9.99 8.75e-03 4.41e+01 6.15 8.75e-03 1.15e+01 5.18
1/8 1.21e-07 4.10e+01 9.44 1.23e-04 2.62 4.79 2.41e-04 1.46e+01 5.29
1/16 1.74e-10 8.09e-01 8.03 4.45e-06 6.12e+01 5.93 6.16e-06 2.85 4.70
1/32 6.66e-13 1.16e-06 4.15 7.32e-08 7.18e+01 5.97 2.36e-07 7.24 4.97
1/64 3.76e-14 3.93e-14 0.01 1.16e-09 7.78e+01 5.99 7.51e-09 7.68e+01 5.54
1/128 3.73e-14 3.77e-14 0.00 1.83e-11 7.30e+01 5.98 1.61e-10 2.76e+02 5.81
1/256 3.73e-14 3.86e-14 0.01 2.90e-13 7.16e-06 3.07 2.88e-12 5.85e+02 5.94
1/512 3.71e-14 3.55e-14 -7.02e-03 3.45e-14 2.04e-14 -8.39e-02 4.69e-14 4.39e-13 0.36
1/1024 3.73e-14 - - 3.65e-14 - - 3.66e-14 - -
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3.1.10 Example 1.10

We want to repeat Example 1.8 for larger positive eigenvalues. Let

x′(t) =
M(t)

t
x(t) +

5

2

f(t, x(t))

t
, t ∈ (0, 1], −x1(0) +

1

3
f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−1 + (exp(t)− 1) exp(−t)− 1

exp(2t)− 1 20 + (exp(−2t)− 1)

)
, M(0) =

(
−1 0
0 20

)
, β = 1

and
f(t, x(t)) = p(t) +H(t)r(t, x)

with

p(t) =

(
t2/2
−1

)
, H(t) =

(
t 0

sin(t) cos(t)

)
and

r(t, x) = α1(t)

(
sin(x1)

cos(x1 + x2)

)
+ α2(t)

(
x1 log(1 + |x1 + x2|)
x2 log(1 + |x1 + x2|)

)
,

where

α1(t) = 0.5(t− 0.5)2 α2(t) =

{
0, t < 0.5,

−(t− 0.5)2, t ≥ 0.5.

We do not have an analytical solution.
The existence of a solution follows from the existence for Example 1.8.

Figure 3.10: Solution of Example 1.10

As we can see in Tables 3.37 to 3.40, larger positive
eigenvalue once again allow us to observe our usual
superconvergence orders.
The used error tolerance was 1e-11.
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Table 3.37: Example 1.10: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.21e-01 1.40 1.74 5.19e-01 1.20 1.21 5.19e-01 1.20 1.21
1/4 1.26e-01 6.85 2.88 2.24e-01 2.52 1.75 2.24e-01 2.52 1.75
1/8 1.71e-02 4.58e+01 3.80 6.69e-02 5.12 2.09 6.69e-02 4.29 2.00
1/16 1.23e-03 1.01e+02 4.08 1.58e-02 6.72 2.18 1.67e-02 6.66 2.16
1/32 7.26e-05 8.19e+01 4.02 3.47e-03 4.22 2.05 3.74e-03 4.64 2.06
1/64 4.47e-06 7.67e+01 4.01 8.38e-04 3.55 2.01 9.00e-04 4.59 2.05
1/128 2.78e-07 7.52e+01 4.00 2.08e-04 3.45 2.00 2.17e-04 4.12 2.03
1/256 1.74e-08 7.47e+01 4.00 5.20e-05 3.42 2.00 5.31e-05 3.78 2.01
1/512 1.09e-09 7.50e+01 4.00 1.30e-05 3.41 2.00 1.31e-05 3.79 2.02
1/1024 6.78e-11 - - 3.25e-06 - - 3.25e-06 - -

Table 3.38: Example 1.10: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.70e-01 1.63 3.26 3.27e-01 1.31 2.01 3.27e-01 1.31 2.01
1/4 1.77e-02 1.34e+01 4.78 8.14e-02 5.02 2.97 8.14e-02 5.02 2.97
1/8 6.44e-04 1.16e+02 5.82 1.04e-02 2.94e+01 3.82 1.04e-02 1.27e+01 3.42
1/16 1.14e-05 2.15e+02 6.04 7.32e-04 5.84e+01 4.07 9.68e-04 1.94e+01 3.57
1/32 1.73e-07 1.93e+02 6.01 4.36e-05 4.86e+01 4.02 8.14e-05 3.95e+01 3.78
1/64 2.68e-09 1.83e+02 6.00 2.69e-06 4.60e+01 4.00 5.94e-06 6.09e+01 3.88
1/128 4.20e-11 1.25e+02 5.92 1.68e-07 4.53e+01 4.00 4.03e-07 8.08e+01 3.94
1/256 6.95e-13 1.71e-04 3.48 1.05e-08 4.50e+01 4.00 2.63e-08 9.54e+01 3.97
1/512 6.20e-14 1.68e-13 0.16 6.54e-10 4.46e+01 4.00 1.68e-09 3.17e+02 4.16
1/1024 5.55e-14 - - 4.09e-11 - - 9.36e-11 - -

Table 3.39: Example 1.10: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.96e-02 1.63 5.04 1.80e-01 1.35 2.91 1.80e-01 1.35 2.91
1/4 1.50e-03 1.97e+01 6.84 2.40e-02 4.94 3.84 2.40e-02 4.94 3.84
1/8 1.31e-05 1.82e+02 7.91 1.67e-03 1.08e+01 4.22 1.67e-03 6.61 3.98
1/16 5.47e-08 2.42e+02 8.01 9.00e-05 9.20 4.16 1.06e-04 1.18e+01 4.19
1/32 2.12e-10 2.64e+02 8.04 5.04e-06 6.11 4.04 5.80e-06 9.09 4.12
1/64 8.09e-13 1.09e-05 3.95 3.06e-07 5.36 4.01 3.34e-07 7.44 4.07
1/128 5.25e-14 4.09e-14 -5.14e-02 1.90e-08 5.16 4.00 1.99e-08 6.40 4.04
1/256 5.44e-14 5.60e-14 0.01 1.18e-09 5.12 4.00 1.22e-09 6.00 4.03
1/512 5.42e-14 4.87e-14 -1.70e-02 7.39e-11 5.42 4.01 7.46e-11 6.00 4.03
1/1024 5.48e-14 - - 4.58e-12 - - 4.58e-12 - -

Table 3.40: Example 1.10: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.06e-02 1.41 7.05 8.51e-02 1.38 4.02 8.51e-02 1.38 4.02
1/4 8.00e-05 2.15e+01 9.02 5.23e-03 8.25 5.31 5.23e-03 8.25 5.31
1/8 1.55e-07 1.37e+02 9.91 1.32e-04 2.62e+01 5.87 1.32e-04 7.00 5.23
1/16 1.61e-10 4.48e+01 9.50 2.25e-06 3.73e+01 6.00 3.50e-06 8.77 5.31
1/32 2.21e-13 2.67e-10 2.05 3.53e-08 3.78e+01 6.00 8.79e-08 2.43e+01 5.61
1/64 5.36e-14 5.52e-14 0.01 5.52e-10 3.70e+01 5.99 1.80e-09 5.59e+01 5.81
1/128 5.33e-14 5.30e-14 -1.13e-03 8.66e-12 6.36 5.63 3.21e-11 9.83e+01 5.93
1/256 5.34e-14 5.44e-14 0.00 1.75e-13 2.15e-09 1.70 5.29e-13 4.58e-05 3.30
1/512 5.32e-14 5.57e-14 0.01 5.38e-14 7.29e-14 0.05 5.38e-14 7.27e-14 0.05
1/1024 5.30e-14 - - 5.20e-14 - - 5.20e-14 - -
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3.1.11 Summary

For the IVP in Example 1.1 we can almost reach the superconvergence order of 2k for Gaussian collocation
points mentioned in [7] and are also able to observe a small superconvergence order of k + 1 for an odd
number k of equidistant collocation points as described in Section 2.2.2.
Because of the small positive eigenvalues of the TVPs in Example 1.2 and Example 1.7 and the BVPs
in Example 1.3 and Example 1.8, we are not able to observe any kind of superconvergence at all.
Choosing larger positive eigenvalues forM(0) in these examples allows us to observe the same convergence
orders as in Example 1.1, as shown in Example 1.4, Example 1.5, Example 1.9 and Example 1.10.
For Example 1.6 we are not able to see superconvergence.

3.2 Examples not satisfying the analytical conditions with a known
small degree polynomial as solution

We want to examine examples with known explicit solutions, which do not satisfy the analytical assump-
tions we pose for the right-hand side.

We consider nonlinear boundary value problems of the form (1.1)

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], b(x(0), x(1)) = 0,

where the right-hand side does not satisfy either the Lipschitz condition (2.9) nor the growth condition
(2.10), which are needed for the proof of existence and uniqueness of a solution. A solution, however, is
known and given in the explicit form

x1(t) = t, x2(t) = t2.

The analytical solution is the same for all examples.

3.2.1 Example 2.1

We consider the following IVP :

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], M(0)x(0) + f(0, x(0)) = 0,

where

M(t) =

(
−1 t
−t3 −2

)
, M(0) =

(
−1 0
0 −2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

(
2
√
tx1 − x3/2

2

4x2
1 + x2

1x2

)
.

The functions f1 and f2 obviously do not satisfy the conditions (2.9) and (2.10). The known solutions is

x1(t) = t, x2(t) = t2.

This example uses an error tolerance of 1e-15.
As we can see in Tables 3.41 to 3.45 for k = 2 to k = 5 we can not observe any clear superconvergence
in the mesh points, and a convergence order of 2 for the uniform error, independent of the number of
collocation points used. The reason for this may be the very low error achieved in the meshpoints; for
k = 2, h = 1/2 and Gaussian points we already have an error as low as 5.66e-16, while using an error
tolerance of 1e-15.

This e�ect is a possible consequence of the very tame solution. The functions x1(t) = t and x2(t) = t2 are
both in C∞[0, 1] and can of course be perfectly approximated with a polynomial of second order, which
in turn makes the collocation method very powerful and allows it to yield a very good approximation
with very little e�ort.
We want to verify this theory by repeating the tests with k = 1, and are now able to observe a super-
convergence of 2k in the mesh points, both for Gaussian and equidistant mesh points.
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Table 3.41: Example 2.1: Convergence of the collocation scheme, k = 1

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.67e-02 3.57e-01 2.04 8.67e-02 3.57e-01 2.04 8.67e-02 3.57e-01 2.04
1/4 2.11e-02 3.42e-01 2.01 2.11e-02 3.42e-01 2.01 2.11e-02 3.42e-01 2.01
1/8 5.22e-03 3.36e-01 2.00 5.22e-03 3.36e-01 2.00 5.22e-03 3.36e-01 2.00
1/16 1.30e-03 3.34e-01 2.00 1.30e-03 3.34e-01 2.00 1.30e-03 3.34e-01 2.00
1/32 3.26e-04 3.34e-01 2.00 3.26e-04 3.34e-01 2.00 3.26e-04 3.34e-01 2.00
1/64 8.14e-05 3.33e-01 2.00 8.14e-05 3.33e-01 2.00 8.14e-05 3.33e-01 2.00
1/128 2.03e-05 3.33e-01 2.00 2.03e-05 3.33e-01 2.00 2.03e-05 3.33e-01 2.00
1/256 5.09e-06 3.33e-01 2.00 5.09e-06 3.33e-01 2.00 5.09e-06 3.33e-01 2.00
1/512 1.27e-06 3.33e-01 2.00 1.27e-06 3.33e-01 2.00 1.27e-06 3.33e-01 2.00
1/1024 3.18e-07 - - 3.18e-07 - - 3.18e-07 - -

Table 3.42: Example 2.1: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.66e-16 7.00e-16 0.31 2.22e-16 -7.84e-17 2.63 5.56e-02 2.22e-01 2.00
1/4 4.58e-16 7.16e-16 0.36 0 -2.52e-19 -2.13e+00 1.39e-02 2.22e-01 2.00
1/8 3.51e-16 1.33e-15 0.68 1.57e-16 -1.36e-18 -7.96e-01 3.47e-03 2.22e-01 2.00
1/16 2.22e-16 1.29e-16 -1.56e-01 2.46e-16 -3.91e-16 0.30 8.68e-04 2.22e-01 2.00
1/32 2.48e-16 2.45e-16 -3.96e-04 2.22e-16 2.92e-17 -5.85e-01 2.17e-04 2.22e-01 2.00
1/64 2.48e-16 3.08e-14 1.16 3.33e-16 2.44e-13 1.59 5.43e-05 2.22e-01 2.00
1/128 1.11e-16 3.86e-19 -1.16e+00 1.11e-16 3.94e-19 -1.16e+00 1.36e-05 2.22e-01 2.00
1/256 2.48e-16 5.76e-16 0.16 2.48e-16 2.37e-18 -8.39e-01 3.39e-06 2.22e-01 2.00
1/512 2.22e-16 3.55e-18 -6.61e-01 4.44e-16 8.33e-14 0.84 8.48e-07 2.22e-01 2.00
1/1024 3.51e-16 - - 2.48e-16 - - 2.12e-07 - -

Table 3.43: Example 2.1: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.40e-15 1.46e-15 0.06 0 -2.12e-16 -5.35e-01 9.38e-02 3.75e-01 2.00
1/4 1.35e-15 1.91e-15 0.25 4.44e-16 4.87e-45 -4.81e+01 2.34e-02 6.75e-04 -2.56e+00
1/8 1.13e-15 6.44e-16 -2.56e-01 1.32e-01 -4.68e+29 5.04e+01 1.38e-01 1.16e+05 6.56
1/16 1.35e-15 1.80e-14 0.95 0 -4.14e-21 -1.46e+00 1.46e-03 3.75e-01 2.00
1/32 7.02e-16 1.26e-13 1.50 2.48e-16 4.09e-16 0.16 3.66e-04 3.75e-01 2.00
1/64 2.48e-16 3.84e-18 -1.00e+00 2.22e-16 -5.07e-15 0.75 9.16e-05 3.75e-01 2.00
1/128 4.97e-16 1.77e-11 2.16 1.10e-16 -2.33e-20 -1.25e+00 2.29e-05 3.75e-01 2.00
1/256 1.11e-16 4.31e-19 -1.00e+00 3.14e-16 1.29e-12 1.50 5.72e-06 3.75e-01 2.00
1/512 2.22e-16 2.20e-16 -2.16e-04 1.11e-16 7.94e-20 -1.16e+00 1.43e-06 3.75e-01 2.00
1/1024 2.22e-16 - - 2.48e-16 - - 3.58e-07 - -

Table 3.44: Example 2.1: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.05e-15 1.51e-15 0.59 6.15e-15 6.29e-15 0.03 1.20e-01 4.80e-01 2.00
1/4 7.02e-16 2.61e-16 -6.82e-01 6.01e-15 6.12e-15 0.01 3.00e-02 4.80e-01 2.00
1/8 1.13e-15 3.11e-15 0.49 5.95e-15 5.41e-15 -4.52e-02 7.50e-03 4.80e-01 2.00
1/16 8.08e-16 1.66e-15 0.26 6.14e-15 1.15e-14 0.23 1.88e-03 4.80e-01 2.00
1/32 6.75e-16 5.57e-12 2.60 5.25e-15 3.89e-15 -8.65e-02 4.69e-04 4.80e-01 2.00
1/64 1.11e-16 8.82e-19 -1.16e+00 5.58e-15 3.68e-14 0.45 1.17e-04 4.80e-01 2.00
1/128 2.48e-16 3.42e-18 -8.83e-01 4.07e-15 1.66e-11 1.71 2.93e-05 4.80e-01 2.00
1/256 4.58e-16 3.82e-15 0.38 1.24e-15 7.40e-11 1.98 7.32e-06 4.80e-01 2.00
1/512 3.51e-16 3.22e-17 -3.83e-01 3.14e-16 1.60e-13 1.00 1.83e-06 4.80e-01 2.00
1/1024 4.58e-16 - - 1.57e-16 - - 4.58e-07 - -
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Table 3.45: Example 2.1: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.53e-15 4.33e-15 -6.62e-02 7.40e-15 3.72e-28 -4.42e+01 1.39e-01 1.05e-01 -4.01e-01
1/4 4.74e-15 4.16e-15 -9.43e-02 1.47e-01 5.09e+25 4.41e+01 1.83e-01 8.18e+01 4.40
1/8 5.06e-15 4.27e-15 -8.19e-02 7.90e-15 8.91e-53 -4.20e+01 8.68e-03 1.08e-04 -2.11e+00
1/16 5.36e-15 9.37e-15 0.20 3.52e-02 9.25e+48 4.19e+01 3.74e-02 8.48e+05 6.11
1/32 4.66e-15 1.08e-14 0.24 8.75e-15 8.87e-15 0.00 5.43e-04 5.56e-01 2.00
1/64 3.94e-15 2.29e-14 0.42 8.73e-15 2.80e-14 0.28 1.36e-04 5.56e-01 2.00
1/128 2.94e-15 8.46e-12 1.64 7.19e-15 1.06e-11 1.50 3.39e-05 5.56e-01 2.00
1/256 9.42e-16 6.48e-14 0.76 2.54e-15 1.06e-11 1.50 8.48e-06 5.56e-01 2.00
1/512 5.55e-16 7.76e-13 1.16 8.95e-16 6.58e-14 0.69 2.12e-06 5.56e-01 2.00
1/1024 2.48e-16 - - 5.55e-16 - - 5.30e-07 - -

3.2.2 Example 2.2

We consider the following TVP :

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
1 t

3t4 2

)
, M(0) =

(
1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

(
−x3

1

−3x1x
2
2

)
.

The functions f1 and f2 do not satisfy the conditions (2.9) and (2.10). The known solutions is

x1(t) = t, x2(t) = t2.

For k = 2 to k = 5 we can not produce any useful data. For k = 1 we observe a superconvergence order
of 2. See Example 2.1 for further explanation.

Table 3.46: Example 2.2: Convergence of the collocation scheme, k = 1

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 9.29e-02 4.84e-01 2.38 9.29e-02 4.84e-01 2.38 9.29e-02 3.08e-01 1.73
1/4 1.78e-02 3.37e-01 2.12 1.78e-02 3.37e-01 2.12 2.80e-02 4.08e-01 1.93
1/8 4.10e-03 2.71e-01 2.02 4.10e-03 2.71e-01 2.02 7.35e-03 4.51e-01 1.98
1/16 1.01e-03 2.62e-01 2.00 1.01e-03 2.62e-01 2.00 1.86e-03 4.73e-01 2.00
1/32 2.53e-04 2.58e-01 2.00 2.53e-04 2.58e-01 2.00 4.67e-04 4.75e-01 2.00
1/64 6.32e-05 2.59e-01 2.00 6.32e-05 2.59e-01 2.00 1.17e-04 4.78e-01 2.00
1/128 1.58e-05 2.59e-01 2.00 1.58e-05 2.59e-01 2.00 2.92e-05 4.78e-01 2.00
1/256 3.95e-06 2.59e-01 2.00 3.95e-06 2.59e-01 2.00 7.30e-06 4.78e-01 2.00
1/512 9.87e-07 2.59e-01 2.00 9.87e-07 2.59e-01 2.00 1.82e-06 4.78e-01 2.00
1/1024 2.47e-07 - - 2.47e-07 - - 4.56e-07 - -
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Table 3.47: Example 2.2: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.83e-16 6.45e-16 1.19 6.13e-16 1.91e-15 1.64 5.56e-02 2.22e-01 2.00
1/4 1.24e-16 3.88e-17 -8.39e-01 1.96e-16 1.54e-16 -1.77e-01 1.39e-02 2.22e-01 2.00
1/8 2.22e-16 4.49e-16 0.34 2.22e-16 6.58e-17 -5.85e-01 3.47e-03 2.22e-01 2.00
1/16 1.76e-16 1.12e-14 1.50 3.33e-16 6.12e-12 3.54 8.68e-04 2.22e-01 2.00
1/32 6.21e-17 1.40e-17 -4.29e-01 2.86e-17 1.86e-20 -2.12e+00 2.17e-04 2.22e-01 2.00
1/64 8.36e-17 8.10e-16 0.55 1.24e-16 7.94e-15 1.00 5.43e-05 2.22e-01 2.00
1/128 5.72e-17 1.14e-18 -8.06e-01 6.21e-17 8.27e-21 -1.84e+00 1.36e-05 2.22e-01 2.00
1/256 1.00e-16 1.70e-19 -1.15e+00 2.22e-16 3.89e-12 1.76 3.39e-06 2.22e-01 2.00
1/512 2.22e-16 3.78e-13 1.19 6.55e-17 5.26e-19 -7.73e-01 8.48e-07 2.22e-01 2.00
1/1024 9.72e-17 - - 1.12e-16 - - 2.12e-07 - -

Table 3.48: Example 2.2: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.83e-16 1.44e-16 -9.72e-01 1.39e-16 8.41e-17 -7.22e-01 9.37e-02 3.75e-01 2.00
1/4 5.55e-16 1.11e-15 0.50 2.29e-16 3.89e-15 2.04 2.34e-02 3.75e-01 2.00
1/8 3.93e-16 1.90e-16 -3.48e-01 5.55e-17 6.94e-18 -1.00e+00 5.86e-03 3.75e-01 2.00
1/16 5.00e-16 5.12e-14 1.67 1.11e-16 1.78e-15 1.00 1.46e-03 3.75e-01 2.00
1/32 1.57e-16 8.54e-16 0.49 5.55e-17 1.73e-18 -1.00e+00 3.66e-04 3.75e-01 2.00
1/64 1.12e-16 6.00e-17 -1.50e-01 1.11e-16 8.88e-16 0.50 9.16e-05 3.75e-01 2.00
1/128 1.24e-16 2.57e-16 0.15 7.85e-17 6.94e-18 -5.00e-01 2.29e-05 3.75e-01 2.00
1/256 1.12e-16 1.19e-14 0.84 1.11e-16 4.07e-16 0.23 5.72e-06 3.75e-01 2.00
1/512 6.25e-17 3.52e-19 -8.30e-01 9.44e-17 4.96e-18 -4.72e-01 1.43e-06 3.75e-01 2.00
1/1024 1.11e-16 - - 1.31e-16 - - 3.58e-07 - -

Table 3.49: Example 2.2: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.14e-16 2.96e-16 -8.50e-02 1.74e-15 1.48e-15 -2.32e-01 1.20e-01 4.80e-01 2.00
1/4 3.33e-16 4.13e-16 0.16 2.04e-15 2.08e-15 0.01 3.00e-02 4.80e-01 2.00
1/8 2.99e-16 6.29e-17 -7.50e-01 2.02e-15 2.48e-15 0.10 7.50e-03 4.80e-01 2.00
1/16 5.03e-16 1.62e-13 2.08 1.89e-15 9.40e-16 -2.52e-01 1.87e-03 4.80e-01 2.00
1/32 1.19e-16 2.95e-18 -1.07e+00 2.25e-15 2.10e-15 -1.95e-02 4.69e-04 4.80e-01 2.00
1/64 2.48e-16 3.10e-14 1.16 2.28e-15 5.30e-10 2.97 1.17e-04 4.80e-01 2.00
1/128 1.11e-16 1.11e-16 0 2.91e-16 3.05e-14 0.96 2.93e-05 4.80e-01 2.00
1/256 1.11e-16 1.11e-16 0 1.49e-16 1.66e-17 -3.97e-01 7.32e-06 4.80e-01 2.00
1/512 1.11e-16 4.54e-17 -1.43e-01 1.97e-16 1.99e-16 0.00 1.83e-06 4.80e-01 2.00
1/1024 1.23e-16 - - 1.97e-16 - - 4.58e-07 - -

Table 3.50: Example 2.2: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.33e-15 1.56e-15 0.23 1.31e-14 2.71e-14 1.05 1.39e-01 5.56e-01 2.00
1/4 1.14e-15 6.24e-16 -4.35e-01 6.33e-15 1.37e-14 0.56 3.47e-02 5.56e-01 2.00
1/8 1.54e-15 1.52e-15 -6.54e-03 4.30e-15 9.15e-15 0.36 8.68e-03 5.56e-01 2.00
1/16 1.55e-15 1.08e-15 -1.30e-01 3.34e-15 4.46e-15 0.10 2.17e-03 5.56e-01 2.00
1/32 1.69e-15 4.35e-16 -3.92e-01 3.11e-15 1.03e-14 0.35 5.43e-04 5.56e-01 2.00
1/64 2.22e-15 8.45e-09 3.64 2.45e-15 1.65e-16 -6.48e-01 1.36e-04 5.56e-01 2.00
1/128 1.78e-16 1.71e-17 -4.82e-01 3.83e-15 6.39e-06 4.38 3.39e-05 5.56e-01 2.00
1/256 2.48e-16 2.95e-15 0.45 1.84e-16 3.89e-17 -2.81e-01 8.48e-06 5.56e-01 2.00
1/512 1.82e-16 6.94e-16 0.21 2.24e-16 1.06e-16 -1.20e-01 2.12e-06 5.56e-01 2.00
1/1024 1.57e-16 - - 2.43e-16 - - 5.30e-07 - -
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3.2.3 Example 2.3

We consider the following BVP :

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], −x1(0) + f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−1 t
3t4 2

)
, M(0) =

(
−1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

(
2
√
tx1 − x3/2

2

−3x1x
2
2

)
.

The functions f1 and f2 do not satisfy the conditions (2.9) and (2.10). The known solutions is

x1(t) = t, x2(t) = t2.

To get bvpsuite2.0 to terminate in a reasonable amount of time, we had to reduce the error tolerance
from 1e-15 to 1e-6 for k = 1.
For k = 2 to k = 5 we can not produce any useful data. For k = 1 we observe a superconvergence order
of 2. See Example 2.1 for further explanation.

Table 3.51: Example 2.3: Convergence of the collocation scheme, k = 1

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.93e-02 4.52e-01 2.34 8.93e-02 4.52e-01 2.34 8.93e-02 3.03e-01 1.76
1/4 1.76e-02 3.40e-01 2.13 1.76e-02 3.40e-01 2.13 2.64e-02 3.63e-01 1.89
1/8 4.02e-03 2.74e-01 2.03 4.02e-03 2.74e-01 2.03 7.10e-03 4.40e-01 1.98
1/16 9.84e-04 2.57e-01 2.01 9.84e-04 2.57e-01 2.01 1.79e-03 4.50e-01 1.99
1/32 2.45e-04 2.52e-01 2.00 2.45e-04 2.52e-01 2.00 4.51e-04 4.60e-01 2.00
1/64 6.11e-05 2.51e-01 2.00 6.11e-05 2.51e-01 2.00 1.13e-04 4.61e-01 2.00
1/128 1.53e-05 2.50e-01 2.00 1.53e-05 2.50e-01 2.00 2.82e-05 4.62e-01 2.00
1/256 3.81e-06 2.50e-01 2.00 3.81e-06 2.50e-01 2.00 7.05e-06 4.63e-01 2.00
1/512 9.54e-07 2.50e-01 2.00 9.54e-07 2.50e-01 2.00 1.76e-06 4.66e-01 2.00
1/1024 2.38e-07 - - 2.38e-07 - - 4.40e-07 - -
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Table 3.52: Example 2.3: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.48e-16 3.08e-16 0.31 3.51e-16 1.11e-15 1.66 5.56e-02 2.22e-01 2.00
1/4 2.00e-16 6.35e-17 -8.29e-01 1.11e-16 4.44e-16 1.00 1.39e-02 2.22e-01 2.00
1/8 3.55e-16 3.69e-16 0.02 5.55e-17 4.97e-18 -1.16e+00 3.47e-03 2.22e-01 2.00
1/16 3.51e-16 2.25e-14 1.50 1.24e-16 1.94e-16 0.16 8.68e-04 2.22e-01 2.00
1/32 1.24e-16 1.20e-18 -1.34e+00 1.11e-16 1.08e-19 -2.00e+00 2.17e-04 2.22e-01 2.00
1/64 3.14e-16 3.27e-17 -5.44e-01 4.44e-16 8.99e-17 -3.84e-01 5.43e-05 2.22e-01 2.00
1/128 4.58e-16 3.32e-14 0.88 5.80e-16 4.78e-13 1.38 1.36e-05 2.22e-01 2.00
1/256 2.48e-16 4.74e-17 -2.98e-01 2.22e-16 1.74e-17 -4.59e-01 3.39e-06 2.22e-01 2.00
1/512 3.05e-16 1.28e-13 0.97 3.05e-16 2.95e-13 1.10 8.48e-07 2.22e-01 2.00
1/1024 1.56e-16 - - 1.42e-16 - - 2.12e-07 - -

Table 3.53: Example 2.3: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.66e-16 6.66e-16 0.00 3.89e-16 2.72e-15 2.81 9.37e-02 3.75e-01 2.00
1/4 6.66e-16 3.75e-16 -4.15e-01 5.55e-17 2.78e-18 -2.16e+00 2.34e-02 3.75e-01 2.00
1/8 8.88e-16 2.08e-15 0.41 2.48e-16 2.48e-16 -1.46e-13 5.86e-03 3.75e-01 2.00
1/16 6.68e-16 7.87e-15 0.89 2.48e-16 1.55e-15 0.66 1.46e-03 3.75e-01 2.00
1/32 3.61e-16 1.10e-16 -3.43e-01 1.57e-16 4.91e-18 -1.00e+00 3.66e-04 3.75e-01 2.00
1/64 4.58e-16 4.58e-16 0 3.14e-16 7.95e-18 -8.84e-01 9.16e-05 3.75e-01 2.00
1/128 4.58e-16 9.27e-12 2.04 5.80e-16 4.27e-12 1.84 2.29e-05 3.75e-01 2.00
1/256 1.11e-16 1.52e-20 -1.60e+00 1.62e-16 7.31e-19 -9.75e-01 5.72e-06 3.75e-01 2.00
1/512 3.38e-16 5.38e-15 0.44 3.19e-16 3.71e-13 1.13 1.43e-06 3.75e-01 2.00
1/1024 2.48e-16 - - 1.46e-16 - - 3.58e-07 - -

Table 3.54: Example 2.3: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.44e-16 4.44e-16 0.00 2.89e-15 2.68e-15 -1.07e-01 1.20e-01 4.80e-01 2.00
1/4 4.44e-16 1.92e-16 -6.05e-01 3.11e-15 3.34e-15 0.05 3.00e-02 4.80e-01 2.00
1/8 6.75e-16 1.55e-15 0.40 3.00e-15 3.00e-15 0 7.50e-03 4.80e-01 2.00
1/16 5.12e-16 9.24e-15 1.04 3.00e-15 1.96e-15 -1.53e-01 1.87e-03 4.80e-01 2.00
1/32 2.48e-16 1.78e-18 -1.42e+00 3.33e-15 5.08e-15 0.12 4.69e-04 4.80e-01 2.00
1/64 6.66e-16 3.88e-15 0.42 3.06e-15 1.14e-11 1.98 1.17e-04 4.80e-01 2.00
1/128 4.97e-16 2.91e-14 0.84 7.78e-16 3.74e-14 0.80 2.93e-05 4.80e-01 2.00
1/256 2.78e-16 9.07e-17 -2.02e-01 4.48e-16 3.12e-15 0.35 7.32e-06 4.80e-01 2.00
1/512 3.19e-16 2.54e-14 0.70 3.51e-16 1.59e-14 0.61 1.83e-06 4.80e-01 2.00
1/1024 1.96e-16 - - 2.30e-16 - - 4.58e-07 - -

Table 3.55: Example 2.3: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.01e-15 1.73e-15 -2.14e-01 1.32e-14 2.08e-14 0.66 1.39e-01 5.56e-01 2.00
1/4 2.33e-15 2.12e-15 -6.71e-02 8.35e-15 2.04e-14 0.64 3.47e-02 5.56e-01 2.00
1/8 2.44e-15 2.81e-15 0.07 5.34e-15 7.47e-15 0.16 8.68e-03 5.56e-01 2.00
1/16 2.33e-15 1.37e-15 -1.93e-01 4.78e-15 6.35e-15 0.10 2.17e-03 5.56e-01 2.00
1/32 2.66e-15 4.59e-15 0.16 4.45e-15 1.46e-15 -3.20e-01 5.43e-04 5.56e-01 2.00
1/64 2.39e-15 1.25e-14 0.40 5.55e-15 1.32e-14 0.21 1.36e-04 5.56e-01 2.00
1/128 1.81e-15 7.17e-12 1.71 4.80e-15 3.52e-11 1.83 3.39e-05 5.56e-01 2.00
1/256 5.55e-16 8.47e-13 1.32 1.35e-15 1.56e-12 1.27 8.48e-06 5.56e-01 2.00
1/512 2.22e-16 2.23e-18 -7.38e-01 5.58e-16 4.35e-15 0.33 2.12e-06 5.56e-01 2.00
1/1024 3.70e-16 - - 4.44e-16 - - 5.30e-07 - -
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3.2.4 Example 2.4

We consider the following BVP :

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x2(1) = 1, −2x2(0) + f2(0, x(0)) = 0,

where

M(t) =

(
1 t
−t3 −2

)
, M(0) =

(
1 0
0 −2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

(
−x3

1

4x2
1 + x2

1x2

)
.

The functions f1 and f2 do not satisfy the conditions (2.9) and (2.10). The known solutions is

x1(t) = t, x2(t) = t2.

For k = 2 to k = 5 we can not produce any useful data. For k = 1 we observe a superconvergence order

of 2. See Example 2.1 for further explanation.

Table 3.56: Example 2.4: Convergence of the collocation scheme, k = 1

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.23e-02 3.26e-01 1.99 8.23e-02 3.26e-01 1.99 8.23e-02 3.26e-01 1.99
1/4 2.08e-02 3.31e-01 2.00 2.08e-02 3.31e-01 2.00 2.08e-02 3.31e-01 2.00
1/8 5.20e-03 3.33e-01 2.00 5.20e-03 3.33e-01 2.00 5.20e-03 3.33e-01 2.00
1/16 1.30e-03 3.33e-01 2.00 1.30e-03 3.33e-01 2.00 1.30e-03 3.33e-01 2.00
1/32 3.26e-04 3.33e-01 2.00 3.26e-04 3.33e-01 2.00 3.26e-04 3.33e-01 2.00
1/64 8.14e-05 3.33e-01 2.00 8.14e-05 3.33e-01 2.00 8.14e-05 3.33e-01 2.00
1/128 2.03e-05 3.33e-01 2.00 2.03e-05 3.33e-01 2.00 2.03e-05 3.33e-01 2.00
1/256 5.09e-06 3.33e-01 2.00 5.09e-06 3.33e-01 2.00 5.09e-06 3.33e-01 2.00
1/512 1.27e-06 3.33e-01 2.00 1.27e-06 3.33e-01 2.00 1.27e-06 3.33e-01 2.00
1/1024 3.18e-07 - - 3.18e-07 - - 3.18e-07 - -
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Table 3.57: Example 2.4: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.11e-16 1.11e-16 0 2.78e-17 6.94e-18 -2.00e+00 5.56e-02 2.22e-01 2.00
1/4 1.11e-16 2.22e-16 0.50 1.11e-16 1.11e-16 0 1.39e-02 2.22e-01 2.00
1/8 7.85e-17 3.47e-18 -1.50e+00 1.11e-16 1.11e-16 0 3.47e-03 2.22e-01 2.00
1/16 2.22e-16 1.42e-14 1.50 1.11e-16 1.11e-16 0 8.68e-04 2.22e-01 2.00
1/32 7.85e-17 4.66e-15 1.18 1.11e-16 1.11e-16 0 2.17e-04 2.22e-01 2.00
1/64 3.47e-17 5.05e-22 -2.68e+00 1.11e-16 1.11e-16 0 5.43e-05 2.22e-01 2.00
1/128 2.22e-16 2.94e-12 1.96 1.11e-16 8.67e-19 -1.00e+00 1.36e-05 2.22e-01 2.00
1/256 5.72e-17 1.11e-21 -1.96e+00 2.22e-16 8.66e-18 -5.85e-01 3.39e-06 2.22e-01 2.00
1/512 2.22e-16 2.22e-16 0 3.33e-16 2.50e-17 -4.15e-01 8.48e-07 2.22e-01 2.00
1/1024 2.22e-16 - - 4.44e-16 - - 2.12e-07 - -

Table 3.58: Example 2.4: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.48e-16 4.42e-16 0.35 1.11e-16 8.88e-16 3.00 9.37e-02 3.75e-01 2.00
1/4 2.73e-16 1.66e-16 -3.61e-01 1.39e-17 3.47e-18 -1.00e+00 2.34e-02 3.75e-01 2.00
1/8 3.51e-16 1.49e-15 0.70 2.78e-17 4.34e-19 -2.00e+00 5.86e-03 3.75e-01 2.00
1/16 2.17e-16 9.08e-17 -3.14e-01 1.11e-16 1.11e-18 -1.66e+00 1.46e-03 3.75e-01 2.00
1/32 2.69e-16 7.09e-16 0.28 3.51e-16 1.11e-13 1.66 3.66e-04 3.75e-01 2.00
1/64 2.22e-16 1.14e-16 -1.61e-01 1.11e-16 1.39e-17 -5.00e-01 9.16e-05 3.75e-01 2.00
1/128 2.48e-16 3.91e-16 0.09 1.57e-16 1.04e-16 -8.50e-02 2.29e-05 3.75e-01 2.00
1/256 2.33e-16 5.67e-17 -2.55e-01 1.67e-16 1.67e-17 -4.15e-01 5.72e-06 3.75e-01 2.00
1/512 2.78e-16 1.14e-15 0.23 2.22e-16 1.14e-13 1.00 1.43e-06 3.75e-01 2.00
1/1024 2.37e-16 - - 1.11e-16 - - 3.58e-07 - -

Table 3.59: Example 2.4: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.99e-16 2.01e-16 -5.71e-01 1.54e-15 1.87e-15 0.28 1.20e-01 4.80e-01 2.00
1/4 4.44e-16 1.78e-15 1.00 1.27e-15 9.68e-16 -1.94e-01 3.00e-02 4.80e-01 2.00
1/8 2.22e-16 1.27e-15 0.84 1.45e-15 1.53e-15 0.03 7.50e-03 4.80e-01 2.00
1/16 1.24e-16 1.94e-16 0.16 1.42e-15 1.12e-15 -8.69e-02 1.87e-03 4.80e-01 2.00
1/32 1.11e-16 3.47e-18 -1.00e+00 1.51e-15 7.03e-15 0.44 4.69e-04 4.80e-01 2.00
1/64 2.22e-16 9.58e-15 0.91 1.11e-15 2.82e-15 0.22 1.17e-04 4.80e-01 2.00
1/128 1.19e-16 3.02e-18 -7.56e-01 9.50e-16 6.76e-14 0.88 2.93e-05 4.80e-01 2.00
1/256 2.00e-16 8.77e-17 -1.49e-01 5.17e-16 1.36e-15 0.17 7.32e-06 4.80e-01 2.00
1/512 2.22e-16 2.22e-16 0 4.58e-16 5.63e-16 0.03 1.83e-06 4.80e-01 2.00
1/1024 2.22e-16 - - 4.47e-16 - - 4.58e-07 - -

Table 3.60: Example 2.4: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.29e-15 1.67e-15 0.37 1.33e-14 3.63e-14 1.45 1.39e-01 5.56e-01 2.00
1/4 1.00e-15 8.36e-16 -1.30e-01 4.89e-15 2.28e-14 1.11 3.47e-02 5.56e-01 2.00
1/8 1.09e-15 6.62e-16 -2.42e-01 2.26e-15 4.50e-15 0.33 8.68e-03 5.56e-01 2.00
1/16 1.29e-15 2.13e-15 0.18 1.80e-15 6.84e-16 -3.49e-01 2.17e-03 5.56e-01 2.00
1/32 1.14e-15 7.87e-15 0.56 2.29e-15 1.32e-13 1.17 5.43e-04 5.56e-01 2.00
1/64 7.77e-16 2.23e-14 0.81 1.02e-15 1.73e-13 1.23 1.36e-04 5.56e-01 2.00
1/128 4.44e-16 1.54e-16 -2.18e-01 4.34e-16 6.81e-18 -8.56e-01 3.39e-05 5.56e-01 2.00
1/256 5.17e-16 2.17e-15 0.26 7.85e-16 2.25e-15 0.19 8.48e-06 5.56e-01 2.00
1/512 4.32e-16 8.79e-11 1.96 6.88e-16 3.56e-14 0.63 2.12e-06 5.56e-01 2.00
1/1024 1.11e-16 - - 4.44e-16 - - 5.30e-07 - -
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3.2.5 Summary

For k ≥ 2 we are able to approximate the very smooth analytical solution x1(t) = t, x2(t) = t2 exactly, up
to the round-o� errors, with a polynomial of degree k or higher, thus making it impossible to observe any
kind of convergence in the mesh points. However, the error tolerance of 1e-15 used for the calculations in
the mesh points in bvpsuite2.0 introduces an error big enough to divert the numerical solution from the
analytical solution on the rest of the interval [0, 1], resulting in an error larger than the chosen tolerance.
This e�ect yields a convergence order of 2 for the uniform error.
For k = 1 we are not able to approximate the solution for x2 in such a way and are able to observe a
superconvergence order of 2 for both Gaussian and equidistant mesh points. Due to missing data for
k ≥ 2, we are not able to identify whether this represents a superconvergence order of 2k or k + 1.
The missing conditions (2.9) and (2.10) did not have any consequences for these examples.

3.3 Examples satisfying the analytical conditions without a known
solution

We will consider additional examples for nonlinear boundary value problems, where the analytical as-
sumptions for the existence of a solution are satis�ed.

3.3.1 Example 3.1

Consider the following IVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], M(0)x(0) + f(0, x(0)) = 0,

where

M(t) =

(
−1 +

√
t −2

√
t√

t −2 + 3t3/2

)
, M(0) =

(
−1 0
0 −2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

( √
t− 1

3 arctan(x1 + x2) + α(t)
√
|x1|sgnx1

1 + x1

2(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.11: Solution of Example 3.1

As we can see in Tables 3.61 to 3.64, we are not
able to observe any kind of superconvergence in
the mesh points and are left with p ≈ 0.75 for
Gaussian and p ≈ 0.5 for equidistant collocation
points. It appears there is no clear value for p for
the uniform error.
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Table 3.61: Example 3.1: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.32e-03 1.64e-02 1.92 2.81e-02 9.73e-02 1.79 1.18e-01 3.44e-01 1.55
1/4 1.14e-03 8.04e-03 1.41 8.11e-03 1.03e-01 1.84 4.04e-02 4.56e-01 1.75
1/8 4.31e-04 5.32e-03 1.21 2.27e-03 1.47e-02 0.90 1.20e-02 5.79e-01 1.86
1/16 1.87e-04 3.49e-03 1.06 1.22e-03 5.70e-03 0.56 3.30e-03 3.36e-02 0.84
1/32 8.98e-05 2.29e-03 0.94 8.29e-04 5.18e-03 0.53 1.85e-03 1.17e-02 0.53
1/64 4.70e-05 1.51e-03 0.83 5.75e-04 4.87e-03 0.51 1.28e-03 1.09e-02 0.51
1/128 2.63e-05 9.88e-04 0.75 4.03e-04 4.69e-03 0.51 8.93e-04 1.05e-02 0.51
1/256 1.57e-05 6.62e-04 0.67 2.83e-04 4.60e-03 0.50 6.28e-04 2.39e-02 0.66
1/512 9.83e-06 4.67e-04 0.62 2.00e-04 4.55e-03 0.50 3.99e-04 4.49 1.50
1/1024 6.40e-06 - - 1.41e-04 - - 1.41e-04 - -

Table 3.62: Example 3.1: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 9.13e-04 2.98e-03 1.71 5.71e-03 1.99e-02 1.81 1.86e-01 5.71e-01 1.62
1/4 2.80e-04 2.07e-03 1.44 1.63e-03 4.45e-03 0.72 6.03e-02 7.34e-01 1.80
1/8 1.03e-04 1.43e-03 1.27 9.89e-04 3.68e-03 0.63 1.73e-02 8.99e-01 1.90
1/16 4.28e-05 1.03e-03 1.15 6.38e-04 3.16e-03 0.58 4.63e-03 2.16e-01 1.39
1/32 1.94e-05 7.47e-04 1.05 4.28e-04 2.83e-03 0.55 1.77e-03 1.31e-02 0.58
1/64 9.32e-06 5.24e-04 0.97 2.93e-04 2.62e-03 0.53 1.19e-03 1.01e-02 0.51
1/128 4.76e-06 3.40e-04 0.88 2.03e-04 2.49e-03 0.52 8.32e-04 9.73e-03 0.51
1/256 2.59e-06 2.04e-04 0.79 1.42e-04 2.40e-03 0.51 5.86e-04 3.67e-02 0.75
1/512 1.50e-06 1.22e-04 0.71 9.99e-05 2.35e-03 0.51 3.49e-04 4.90e+02 2.27
1/1024 9.19e-07 - - 7.04e-05 - - 7.24e-05 - -

Table 3.63: Example 3.1: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.13e-04 6.85e-04 1.69 1.28e-03 1.97e-03 0.62 2.11e-01 6.16e-01 1.54
1/4 6.62e-05 3.87e-04 1.27 8.34e-04 1.77e-03 0.54 7.25e-02 8.25e-01 1.75
1/8 2.74e-05 2.93e-04 1.14 5.72e-04 1.71e-03 0.53 2.15e-02 1.06 1.87
1/16 1.24e-05 2.35e-04 1.06 3.98e-04 1.64e-03 0.51 5.88e-03 2.19e-01 1.30
1/32 5.96e-06 1.88e-04 1.00 2.79e-04 1.60e-03 0.50 2.38e-03 2.52e-02 0.68
1/64 2.99e-06 1.44e-04 0.93 1.97e-04 1.58e-03 0.50 1.48e-03 2.42e-02 0.67
1/128 1.57e-06 1.04e-04 0.86 1.39e-04 1.57e-03 0.50 9.31e-04 3.64e-02 0.76
1/256 8.61e-07 7.23e-05 0.80 9.83e-05 1.57e-03 0.50 5.52e-04 6.06e-02 0.85
1/512 4.95e-07 5.49e-05 0.75 6.96e-05 1.57e-03 0.50 3.07e-04 4.32e+03 2.64
1/1024 2.93e-07 - - 4.92e-05 - - 4.92e-05 - -

Table 3.64: Example 3.1: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.44e-05 2.03e-04 1.66 1.04e-03 1.68e-03 0.69 2.36e-01 6.76e-01 1.52
1/4 2.04e-05 9.41e-05 1.10 6.45e-04 1.56e-03 0.64 8.22e-02 9.21e-01 1.74
1/8 9.51e-06 8.16e-05 1.03 4.14e-04 1.39e-03 0.58 2.46e-02 1.19 1.87
1/16 4.65e-06 7.21e-05 0.99 2.77e-04 1.27e-03 0.55 6.73e-03 1.61e-01 1.14
1/32 2.34e-06 6.08e-05 0.94 1.90e-04 1.19e-03 0.53 3.04e-03 3.10e-02 0.67
1/64 1.22e-06 4.85e-05 0.89 1.31e-04 1.13e-03 0.52 1.91e-03 2.93e-02 0.66
1/128 6.60e-07 3.70e-05 0.83 9.17e-05 1.10e-03 0.51 1.22e-03 4.18e-02 0.73
1/256 3.72e-07 2.88e-05 0.78 6.44e-05 1.07e-03 0.51 7.33e-04 2.11e-01 1.02
1/512 2.16e-07 3.02e-05 0.79 4.53e-05 1.05e-03 0.50 3.61e-04 1.09e+06 3.50
1/1024 1.25e-07 - - 3.19e-05 - - 3.19e-05 - -
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3.3.2 Example 3.2

We consider the following IVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], M(0)x(0) + f(0, x(0)) = 0,

where

M(t) =

(
−3 +

√
t −2

√
t√

t −2 + 3t3/2

)
, M(0) =

(
−3 0
0 −2

)
, β = max

{
1

3
,

1

2

}
=

1

2

and

f(t, x(t)) =

( √
t− arctan(x1 + x2) + α(t)

√
|x1|sgnx1

1 + x1

(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.12: Solution of Example 3.2

As we can see in Tables 3.65 to 3.68, we achieve
almost the same results as in Example 3.1, al-
though for Gaussian collocation points we now
have p ≈ 0.5 as well.
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Table 3.65: Example 3.2: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.56e-03 1.01e-02 1.50 2.19e-02 6.95e-02 1.67 9.74e-02 2.72e-01 1.48
1/4 1.26e-03 4.99e-03 0.99 6.87e-03 9.21e-02 1.87 3.50e-02 3.92e-01 1.74
1/8 6.33e-04 3.88e-03 0.87 1.88e-03 1.15e-02 0.87 1.04e-02 5.13e-01 1.87
1/16 3.46e-04 2.98e-03 0.78 1.03e-03 5.29e-03 0.59 2.85e-03 5.30e-02 1.05
1/32 2.02e-04 2.30e-03 0.70 6.81e-04 4.59e-03 0.55 1.37e-03 9.28e-03 0.55
1/64 1.24e-04 1.83e-03 0.65 4.65e-04 4.16e-03 0.53 9.37e-04 8.26e-03 0.52
1/128 7.93e-05 1.50e-03 0.61 3.23e-04 3.90e-03 0.51 6.52e-04 7.81e-03 0.51
1/256 5.21e-05 1.27e-03 0.58 2.26e-04 3.76e-03 0.51 4.57e-04 2.00e-02 0.68
1/512 3.49e-05 1.11e-03 0.55 1.59e-04 3.68e-03 0.50 2.85e-04 1.26 1.35
1/1024 2.38e-05 - - 1.12e-04 - - 1.12e-04 - -

Table 3.66: Example 3.2: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.72e-04 2.47e-03 1.50 4.44e-03 1.47e-02 1.73 1.60e-01 4.89e-01 1.61
1/4 3.07e-04 1.34e-03 1.06 1.33e-03 3.50e-03 0.70 5.23e-02 6.21e-01 1.79
1/8 1.47e-04 9.51e-04 0.90 8.24e-04 2.93e-03 0.61 1.52e-02 7.67e-01 1.89
1/16 7.90e-05 6.92e-04 0.78 5.39e-04 2.57e-03 0.56 4.10e-03 2.88e-01 1.53
1/32 4.59e-05 5.27e-04 0.70 3.65e-04 2.33e-03 0.53 1.42e-03 1.56e-02 0.69
1/64 2.82e-05 4.17e-04 0.65 2.52e-04 2.18e-03 0.52 8.76e-04 7.66e-03 0.52
1/128 1.80e-05 3.42e-04 0.61 1.76e-04 2.09e-03 0.51 6.10e-04 7.28e-03 0.51
1/256 1.18e-05 2.90e-04 0.58 1.23e-04 2.04e-03 0.51 4.28e-04 2.91e-02 0.76
1/512 7.91e-06 2.54e-04 0.56 8.70e-05 2.01e-03 0.50 2.53e-04 8.66e+01 2.04
1/1024 5.38e-06 - - 6.13e-05 - - 6.13e-05 - -

Table 3.67: Example 3.2: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.38e-04 4.72e-04 1.77 1.27e-03 2.11e-03 0.73 1.82e-01 5.23e-01 1.52
1/4 4.06e-05 2.63e-04 1.35 7.66e-04 1.79e-03 0.61 6.34e-02 7.12e-01 1.75
1/8 1.60e-05 1.40e-04 1.04 5.00e-04 1.64e-03 0.57 1.89e-02 9.21e-01 1.87
1/16 7.74e-06 7.53e-05 0.82 3.37e-04 1.50e-03 0.54 5.18e-03 3.04e-01 1.47
1/32 4.38e-06 4.56e-05 0.68 2.32e-04 1.41e-03 0.52 1.87e-03 2.48e-02 0.75
1/64 2.74e-06 3.26e-05 0.59 1.62e-04 1.35e-03 0.51 1.12e-03 2.13e-02 0.71
1/128 1.82e-06 2.65e-05 0.55 1.14e-04 1.32e-03 0.51 6.83e-04 2.62e-02 0.75
1/256 1.24e-06 2.35e-05 0.53 8.01e-05 1.30e-03 0.50 4.05e-04 4.58e-02 0.85
1/512 8.58e-07 2.21e-05 0.52 5.65e-05 1.29e-03 0.50 2.25e-04 1.26e+03 2.49
1/1024 5.98e-07 - - 3.99e-05 - - 3.99e-05 - -

Table 3.68: Example 3.2: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.49e-05 9.63e-05 1.95 7.86e-04 1.19e-03 0.60 2.03e-01 5.75e-01 1.50
1/4 6.43e-06 6.11e-05 1.63 5.19e-04 1.20e-03 0.61 7.14e-02 7.83e-01 1.73
1/8 2.08e-06 2.72e-05 1.24 3.41e-04 1.09e-03 0.56 2.15e-02 1.03 1.86
1/16 8.85e-07 5.97e-06 0.69 2.32e-04 1.01e-03 0.53 5.94e-03 2.33e-01 1.32
1/32 5.49e-07 2.52e-06 0.44 1.60e-04 9.65e-04 0.52 2.38e-03 3.00e-02 0.73
1/64 4.04e-07 2.24e-06 0.41 1.12e-04 9.34e-04 0.51 1.43e-03 2.55e-02 0.69
1/128 3.04e-07 2.46e-06 0.43 7.86e-05 9.14e-04 0.51 8.85e-04 3.36e-02 0.75
1/256 2.26e-07 2.77e-06 0.45 5.54e-05 9.02e-04 0.50 5.27e-04 1.63e-01 1.03
1/512 1.65e-07 3.25e-06 0.48 3.91e-05 8.95e-04 0.50 2.57e-04 1.36e+05 3.22
1/1024 1.18e-07 - - 2.76e-05 - - 2.76e-05 - -
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3.3.3 Example 3.3

We consider the following TVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
1 +
√
t −2

√
t√

t 2 + 3t3/2

)
, M(0) =

(
1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

( √
t− 1

3 arctan(x1 + x2) + α(t)
√
|x1|sgnx1

1 + x1

2(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.13: Solution of Example 3.3

As can be seen in Tables 3.69 to 3.72, we get p ≈
0.5, regardless of the type of collocation points and
whether we observe the uniform error or the error
in the mesh points.
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Table 3.69: Example 3.3: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.63e-01 4.60e-01 0.34 4.02e-01 5.18e-01 0.37 4.02e-01 5.18e-01 0.37
1/4 2.87e-01 4.57e-01 0.34 3.12e-01 4.80e-01 0.31 3.12e-01 4.80e-01 0.31
1/8 2.27e-01 4.90e-01 0.37 2.51e-01 5.18e-01 0.35 2.51e-01 5.18e-01 0.35
1/16 1.76e-01 5.36e-01 0.40 1.98e-01 5.70e-01 0.38 1.98e-01 5.70e-01 0.38
1/32 1.33e-01 5.94e-01 0.43 1.52e-01 6.36e-01 0.41 1.52e-01 6.36e-01 0.41
1/64 9.87e-02 6.73e-01 0.46 1.14e-01 7.22e-01 0.44 1.14e-01 7.22e-01 0.44
1/128 7.16e-02 7.90e-01 0.49 8.36e-02 8.41e-01 0.48 8.36e-02 8.41e-01 0.48
1/256 5.08e-02 9.82e-01 0.53 6.01e-02 1.03 0.51 6.01e-02 1.03 0.51
1/512 3.51e-02 1.37 0.59 4.22e-02 1.36 0.56 4.22e-02 1.36 0.56
1/1024 2.34e-02 - - 2.87e-02 - - 2.87e-02 - -

Table 3.70: Example 3.3: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.88e-01 3.61e-01 0.32 3.30e-01 3.98e-01 0.27 7.99e-01 2.06 1.37
1/4 2.30e-01 3.84e-01 0.37 2.74e-01 4.35e-01 0.33 3.09e-01 6.26e-01 0.51
1/8 1.78e-01 4.11e-01 0.40 2.17e-01 4.71e-01 0.37 2.17e-01 4.71e-01 0.37
1/16 1.35e-01 4.46e-01 0.43 1.68e-01 5.16e-01 0.41 1.68e-01 5.16e-01 0.41
1/32 1.00e-01 4.95e-01 0.46 1.27e-01 5.73e-01 0.44 1.27e-01 5.73e-01 0.44
1/64 7.26e-02 5.67e-01 0.49 9.36e-02 6.51e-01 0.47 9.36e-02 6.51e-01 0.47
1/128 5.16e-02 6.85e-01 0.53 6.78e-02 7.68e-01 0.50 6.78e-02 7.68e-01 0.50
1/256 3.56e-02 9.15e-01 0.59 4.79e-02 9.65e-01 0.54 4.79e-02 9.65e-01 0.54
1/512 2.37e-02 1.50 0.67 3.29e-02 1.37 0.60 3.29e-02 1.37 0.60
1/1024 1.50e-02 - - 2.18e-02 - - 2.18e-02 - -

Table 3.71: Example 3.3: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.47e-01 3.17e-01 0.36 3.08e-01 3.83e-01 0.32 8.74e-01 2.09 1.26
1/4 1.92e-01 3.31e-01 0.39 2.47e-01 4.04e-01 0.35 3.66e-01 1.31 0.92
1/8 1.46e-01 3.53e-01 0.42 1.93e-01 4.33e-01 0.39 1.93e-01 4.33e-01 0.39
1/16 1.09e-01 3.83e-01 0.45 1.47e-01 4.72e-01 0.42 1.47e-01 4.72e-01 0.42
1/32 7.96e-02 4.27e-01 0.48 1.10e-01 5.24e-01 0.45 1.10e-01 5.24e-01 0.45
1/64 5.69e-02 4.98e-01 0.52 8.07e-02 5.98e-01 0.48 8.07e-02 5.98e-01 0.48
1/128 3.96e-02 6.27e-01 0.57 5.78e-02 7.15e-01 0.52 5.78e-02 7.15e-01 0.52
1/256 2.67e-02 9.24e-01 0.64 4.03e-02 9.29e-01 0.57 4.03e-02 9.29e-01 0.57
1/512 1.71e-02 1.93 0.76 2.73e-02 1.42 0.63 2.73e-02 1.42 0.63
1/1024 1.01e-02 - - 1.76e-02 - - 1.76e-02 - -

Table 3.72: Example 3.3: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.14e-01 2.79e-01 0.38 2.85e-01 3.58e-01 0.33 9.05e-01 2.02 1.16
1/4 1.65e-01 2.91e-01 0.41 2.26e-01 3.77e-01 0.37 4.05e-01 2.17 1.21
1/8 1.24e-01 3.09e-01 0.44 1.75e-01 4.03e-01 0.40 1.75e-01 4.03e-01 0.40
1/16 9.11e-02 3.37e-01 0.47 1.33e-01 4.39e-01 0.43 1.33e-01 4.39e-01 0.43
1/32 6.57e-02 3.79e-01 0.51 9.83e-02 4.88e-01 0.46 9.83e-02 4.00e-01 0.40
1/64 4.63e-02 4.51e-01 0.55 7.14e-02 5.60e-01 0.50 7.43e-02 3.93e-01 0.40
1/128 3.17e-02 5.99e-01 0.61 5.06e-02 6.79e-01 0.54 5.63e-02 7.71e-01 0.54
1/256 2.08e-02 1.00 0.70 3.49e-02 9.14e-01 0.59 3.87e-02 2.30 0.74
1/512 1.28e-02 3.00 0.87 2.32e-02 1.52 0.67 2.32e-02 1.52 0.67
1/1024 7.00e-03 - - 1.46e-02 - - 1.46e-02 - -
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3.3.4 Example 3.4

We consider the following TVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
3 +
√
t −2

√
t√

t 2 + 3t3/2

)
, M(0) =

(
3 0
0 2

)
, β = max

{
1

3
,

1

2

}
=

1

2

and

f(t, x(t)) =

( √
t− arctan(x1 + x2) + α(t)

√
|x1|sgnx1

1 + x1

(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.14: Solution of Example 3.4

Tables 3.73 to 3.76 yield almost the same results
as for Example 3.3.
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Table 3.73: Example 3.4: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.21e-01 1.55e-01 0.36 1.53e-01 2.27e-01 0.57 4.34e-01 1.11 1.36
1/4 9.40e-02 1.72e-01 0.44 1.03e-01 1.88e-01 0.43 1.69e-01 8.26e-01 1.14
1/8 6.95e-02 1.93e-01 0.49 7.68e-02 2.11e-01 0.49 7.68e-02 2.11e-01 0.49
1/16 4.94e-02 2.04e-01 0.51 5.48e-02 2.24e-01 0.51 5.48e-02 2.24e-01 0.51
1/32 3.47e-02 2.13e-01 0.52 3.86e-02 2.33e-01 0.52 3.86e-02 2.33e-01 0.52
1/64 2.41e-02 2.25e-01 0.54 2.69e-02 2.46e-01 0.53 2.69e-02 2.46e-01 0.53
1/128 1.66e-02 2.46e-01 0.56 1.86e-02 2.67e-01 0.55 1.86e-02 2.67e-01 0.55
1/256 1.13e-02 2.87e-01 0.58 1.27e-02 3.05e-01 0.57 1.27e-02 3.05e-01 0.57
1/512 7.56e-03 3.76e-01 0.63 8.54e-03 3.86e-01 0.61 8.54e-03 3.86e-01 0.61
1/1024 4.90e-03 - - 5.59e-03 - - 5.59e-03 - -

Table 3.74: Example 3.4: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 9.59e-02 1.29e-01 0.43 1.14e-01 1.51e-01 0.41 8.57e-01 2.30 1.42
1/4 7.12e-02 1.42e-01 0.50 8.63e-02 1.70e-01 0.49 3.19e-01 3.20 1.66
1/8 5.03e-02 1.46e-01 0.51 6.14e-02 1.76e-01 0.51 1.01e-01 1.28 1.22
1/16 3.53e-02 1.51e-01 0.52 4.33e-02 1.81e-01 0.52 4.33e-02 1.81e-01 0.52
1/32 2.45e-02 1.58e-01 0.54 3.03e-02 1.88e-01 0.53 3.03e-02 1.88e-01 0.53
1/64 1.69e-02 1.70e-01 0.55 2.10e-02 2.00e-01 0.54 2.10e-02 2.00e-01 0.54
1/128 1.15e-02 1.94e-01 0.58 1.44e-02 2.22e-01 0.56 1.44e-02 2.22e-01 0.56
1/256 7.69e-03 2.45e-01 0.62 9.75e-03 2.66e-01 0.60 9.75e-03 2.66e-01 0.60
1/512 4.99e-03 3.83e-01 0.70 6.45e-03 3.68e-01 0.65 6.45e-03 3.68e-01 0.65
1/1024 3.08e-03 - - 4.12e-03 - - 4.12e-03 - -

Table 3.75: Example 3.4: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 7.90e-02 1.12e-01 0.51 1.04e-01 1.48e-01 0.50 9.55e-01 2.40 1.33
1/4 5.56e-02 1.13e-01 0.51 7.35e-02 1.47e-01 0.50 3.80e-01 3.56 1.61
1/8 3.90e-02 1.15e-01 0.52 5.19e-02 1.50e-01 0.51 1.24e-01 4.88 1.77
1/16 2.72e-02 1.19e-01 0.53 3.65e-02 1.55e-01 0.52 3.65e-02 1.55e-01 0.52
1/32 1.88e-02 1.26e-01 0.55 2.54e-02 1.62e-01 0.53 2.54e-02 1.62e-01 0.53
1/64 1.28e-02 1.39e-01 0.57 1.75e-02 1.74e-01 0.55 1.75e-02 1.74e-01 0.55
1/128 8.63e-03 1.67e-01 0.61 1.20e-02 1.97e-01 0.58 1.20e-02 1.97e-01 0.58
1/256 5.66e-03 2.34e-01 0.67 8.02e-03 2.47e-01 0.62 8.02e-03 2.47e-01 0.62
1/512 3.55e-03 4.70e-01 0.78 5.22e-03 3.77e-01 0.69 5.22e-03 3.77e-01 0.69
1/1024 2.06e-03 - - 3.25e-03 - - 3.25e-03 - -

Table 3.76: Example 3.4: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.45e-02 9.16e-02 0.51 9.05e-02 1.27e-01 0.49 1.00 2.38 1.25
1/4 4.54e-02 9.30e-02 0.52 6.44e-02 1.30e-01 0.51 4.23e-01 3.84 1.59
1/8 3.17e-02 9.51e-02 0.53 4.54e-02 1.32e-01 0.51 1.40e-01 4.05 1.62
1/16 2.20e-02 9.88e-02 0.54 3.17e-02 1.36e-01 0.53 4.57e-02 1.60e-01 0.45
1/32 1.51e-02 1.06e-01 0.56 2.20e-02 1.43e-01 0.54 3.34e-02 1.92e-01 0.50
1/64 1.02e-02 1.20e-01 0.59 1.52e-02 1.56e-01 0.56 2.36e-02 2.49e-01 0.57
1/128 6.79e-03 1.53e-01 0.64 1.03e-02 1.81e-01 0.59 1.59e-02 4.32e-01 0.68
1/256 4.36e-03 2.45e-01 0.73 6.82e-03 2.37e-01 0.64 9.92e-03 2.18 0.97
1/512 2.63e-03 7.06e-01 0.90 4.38e-03 4.02e-01 0.72 5.06e-03 1.70 0.93
1/1024 1.41e-03 - - 2.65e-03 - - 2.65e-03 - -
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3.3.5 Example 3.5

We consider the following BVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], −x1(0) + f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−1 +

√
t −2

√
t√

t 2 + 3t3/2

)
, M(0) =

(
−1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

( √
t− 1

3 arctan(x1 + x2) + α(t)
√
|x1|sgnx1

1 + x1

2(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.15: Solution of Example 3.5

Once more, we get p ≈ 0.5 for all errors, as can be
seen in Tables 3.77 to 3.80.
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Table 3.77: Example 3.5: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 9.05e-02 1.43e-01 0.67 2.13e-01 6.23e-01 1.55 4.05e-01 9.57e-01 1.24
1/4 5.70e-02 1.74e-01 0.80 7.31e-02 2.70e-01 0.94 1.72e-01 7.19e-01 1.03
1/8 3.27e-02 1.50e-01 0.73 3.81e-02 1.43e-01 0.64 8.38e-02 2.38e-01 0.50
1/16 1.97e-02 1.13e-01 0.63 2.45e-02 9.61e-02 0.49 5.91e-02 2.38e-01 0.50
1/32 1.27e-02 9.17e-02 0.57 1.74e-02 9.75e-02 0.50 4.17e-02 2.39e-01 0.50
1/64 8.56e-03 8.40e-02 0.55 1.23e-02 9.91e-02 0.50 2.94e-02 2.48e-01 0.51
1/128 5.85e-03 8.61e-02 0.55 8.72e-03 9.97e-02 0.50 2.06e-02 2.48e-01 0.51
1/256 3.98e-03 9.79e-02 0.58 6.15e-03 9.97e-02 0.50 1.45e-02 3.51e-01 0.58
1/512 2.67e-03 1.28e-01 0.62 4.34e-03 9.90e-02 0.50 9.72e-03 9.48e+01 1.47
1/1024 1.74e-03 - - 3.07e-03 - - 3.50e-03 - -

Table 3.78: Example 3.5: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.99e-02 1.08e-01 0.85 8.60e-02 1.61e-01 0.91 8.65e-01 2.21 1.35
1/4 3.32e-02 9.30e-02 0.74 4.59e-02 1.44e-01 0.82 3.38e-01 3.31 1.65
1/8 1.98e-02 7.37e-02 0.63 2.59e-02 1.06e-01 0.67 1.08e-01 8.19e-01 0.97
1/16 1.28e-02 6.16e-02 0.57 1.62e-02 8.11e-02 0.58 5.51e-02 2.25e-01 0.51
1/32 8.64e-03 5.74e-02 0.55 1.09e-02 7.16e-02 0.54 3.88e-02 2.24e-01 0.51
1/64 5.91e-03 5.87e-02 0.55 7.45e-03 7.08e-02 0.54 2.73e-02 2.21e-01 0.50
1/128 4.03e-03 6.57e-02 0.58 5.12e-03 7.64e-02 0.56 1.92e-02 2.20e-01 0.50
1/256 2.71e-03 8.30e-02 0.62 3.48e-03 9.08e-02 0.59 1.36e-02 6.06e-01 0.68
1/512 1.76e-03 1.31e-01 0.69 2.31e-03 1.26e-01 0.64 8.46e-03 2.78e+03 2.04
1/1024 1.09e-03 - - 1.48e-03 - - 2.06e-03 - -

Table 3.79: Example 3.5: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.85e-02 6.59e-02 0.77 6.28e-02 1.17e-01 0.90 8.95e-01 2.01 1.17
1/4 2.25e-02 5.59e-02 0.66 3.38e-02 9.48e-02 0.74 3.98e-01 3.76 1.62
1/8 1.43e-02 4.76e-02 0.58 2.02e-02 7.19e-02 0.61 1.30e-01 6.28e-01 0.76
1/16 9.59e-03 4.38e-02 0.55 1.32e-02 6.09e-02 0.55 7.67e-02 3.94e-01 0.59
1/32 6.56e-03 4.38e-02 0.55 9.00e-03 5.80e-02 0.54 5.10e-02 3.82e-01 0.58
1/64 4.49e-03 4.74e-02 0.57 6.20e-03 6.01e-02 0.55 3.41e-02 4.39e-01 0.61
1/128 3.03e-03 5.65e-02 0.60 4.25e-03 6.74e-02 0.57 2.22e-02 7.82e-01 0.73
1/256 1.99e-03 7.97e-02 0.67 2.86e-03 8.42e-02 0.61 1.34e-02 1.61 0.86
1/512 1.26e-03 1.61e-01 0.78 1.87e-03 1.28e-01 0.68 7.35e-03 1.10e+05 2.65
1/1024 7.34e-04 - - 1.17e-03 - - 1.17e-03 - -

Table 3.80: Example 3.5: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.79e-02 4.55e-02 0.70 4.91e-02 8.92e-02 0.86 9.68e-01 2.07 1.09
1/4 1.71e-02 3.95e-02 0.60 2.71e-02 6.94e-02 0.68 4.54e-01 3.97 1.56
1/8 1.13e-02 3.58e-02 0.56 1.69e-02 5.61e-02 0.58 1.54e-01 5.46e-01 0.61
1/16 7.69e-03 3.49e-02 0.55 1.13e-02 5.07e-02 0.54 1.01e-01 5.09e-01 0.58
1/32 5.27e-03 3.63e-02 0.56 7.79e-03 5.03e-02 0.54 6.71e-02 4.90e-01 0.57
1/64 3.58e-03 4.08e-02 0.59 5.36e-03 5.35e-02 0.55 4.51e-02 5.49e-01 0.60
1/128 2.39e-03 5.19e-02 0.63 3.66e-03 6.17e-02 0.58 2.97e-02 8.86e-01 0.70
1/256 1.54e-03 8.38e-02 0.72 2.44e-03 8.10e-02 0.63 1.83e-02 4.85 1.01
1/512 9.34e-04 2.44e-01 0.89 1.58e-03 1.37e-01 0.72 9.12e-03 5.73e+06 3.25
1/1024 5.03e-04 - - 9.60e-04 - - 9.60e-04 - -
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3.3.6 Example 3.6

We consider the following BVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], −3x1(0) + f1(0, x(0)) = 0, x2(1) = 1,

where

M(t) =

(
−3 +

√
t −2

√
t√

t 2 + 3t3/2

)
, M(0) =

(
−3 0
0 2

)
, β = max

{
1

3
,

1

2

}
=

1

2

and

f(t, x(t)) =

( √
t− arctan(x1 + x2) + α(t)

√
|x1|sgnx1

1 + x1

(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.16: Solution of Example 3.6

Again, we observe values of p ≈ 0.5 to p ≈ 0.75.
See Tables 3.81 to 3.84.
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Table 3.81: Example 3.6: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.04e-01 1.65e-01 0.66 1.41e-01 2.56e-01 0.86 3.21e-01 7.93e-01 1.30
1/4 6.59e-02 1.86e-01 0.75 7.81e-02 2.28e-01 0.77 1.30e-01 1.06 1.51
1/8 3.92e-02 1.62e-01 0.68 4.57e-02 1.98e-01 0.71 4.57e-02 1.98e-01 0.71
1/16 2.45e-02 1.33e-01 0.61 2.80e-02 1.58e-01 0.62 2.80e-02 1.58e-01 0.62
1/32 1.60e-02 1.15e-01 0.57 1.82e-02 1.33e-01 0.57 1.82e-02 1.33e-01 0.57
1/64 1.08e-02 1.09e-01 0.56 1.22e-02 1.23e-01 0.56 1.22e-02 1.23e-01 0.56
1/128 7.34e-03 1.13e-01 0.56 8.32e-03 1.25e-01 0.56 8.32e-03 1.25e-01 0.56
1/256 4.97e-03 1.27e-01 0.58 5.65e-03 1.37e-01 0.58 5.65e-03 1.37e-01 0.58
1/512 3.31e-03 1.65e-01 0.63 3.79e-03 1.70e-01 0.61 3.79e-03 1.70e-01 0.61
1/1024 2.15e-03 - - 2.49e-03 - - 2.49e-03 - -

Table 3.82: Example 3.6: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.85e-02 1.18e-01 0.79 9.63e-02 1.71e-01 0.83 6.50e-01 1.70 1.38
1/4 3.96e-02 1.03e-01 0.69 5.41e-02 1.52e-01 0.75 2.49e-01 2.53 1.67
1/8 2.46e-02 8.69e-02 0.61 3.23e-02 1.22e-01 0.64 7.81e-02 1.17 1.30
1/16 1.61e-02 7.73e-02 0.57 2.07e-02 1.03e-01 0.58 3.17e-02 2.25e-01 0.71
1/32 1.09e-02 7.42e-02 0.55 1.39e-02 9.45e-02 0.55 1.94e-02 2.08e-01 0.68
1/64 7.43e-03 7.64e-02 0.56 9.45e-03 9.40e-02 0.55 1.21e-02 1.31e-01 0.57
1/128 5.04e-03 8.52e-02 0.58 6.44e-03 1.01e-01 0.57 8.12e-03 9.35e-02 0.50
1/256 3.36e-03 1.07e-01 0.62 4.35e-03 1.18e-01 0.60 5.73e-03 2.39e-01 0.67
1/512 2.18e-03 1.66e-01 0.69 2.88e-03 1.61e-01 0.65 3.59e-03 1.47 0.96
1/1024 1.35e-03 - - 1.84e-03 - - 1.84e-03 - -

Table 3.83: Example 3.6: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.56e-02 7.49e-02 0.72 7.17e-02 1.25e-01 0.80 7.12e-01 1.72 1.27
1/4 2.77e-02 6.58e-02 0.62 4.11e-02 1.06e-01 0.68 2.95e-01 2.78 1.62
1/8 1.80e-02 5.90e-02 0.57 2.56e-02 8.87e-02 0.60 9.61e-02 9.17e-01 1.09
1/16 1.21e-02 5.61e-02 0.55 1.69e-02 7.96e-02 0.56 4.53e-02 3.29e-01 0.72
1/32 8.26e-03 5.67e-02 0.56 1.15e-02 7.69e-02 0.55 2.76e-02 2.95e-01 0.68
1/64 5.62e-03 6.12e-02 0.57 7.84e-03 7.93e-02 0.56 1.72e-02 2.92e-01 0.68
1/128 3.77e-03 7.26e-02 0.61 5.33e-03 8.79e-02 0.58 1.07e-02 4.52e-01 0.77
1/256 2.47e-03 1.02e-01 0.67 3.57e-03 1.09e-01 0.62 6.28e-03 9.46e-01 0.90
1/512 1.55e-03 2.04e-01 0.78 2.33e-03 1.63e-01 0.68 3.35e-03 6.26 1.21
1/1024 9.04e-04 - - 1.45e-03 - - 1.45e-03 - -

Table 3.84: Example 3.6: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.38e-02 5.34e-02 0.66 5.72e-02 9.71e-02 0.76 7.24e-01 1.60 1.14
1/4 2.14e-02 4.83e-02 0.59 3.37e-02 8.18e-02 0.64 3.28e-01 2.98 1.59
1/8 1.43e-02 4.54e-02 0.56 2.16e-02 7.16e-02 0.58 1.09e-01 6.90e-01 0.89
1/16 9.70e-03 4.48e-02 0.55 1.45e-02 6.68e-02 0.55 5.87e-02 4.17e-01 0.71
1/32 6.61e-03 4.68e-02 0.56 9.90e-03 6.65e-02 0.55 3.60e-02 3.68e-01 0.67
1/64 4.47e-03 5.25e-02 0.59 6.76e-03 7.02e-02 0.56 2.26e-02 3.58e-01 0.66
1/128 2.97e-03 6.62e-02 0.64 4.58e-03 8.01e-02 0.59 1.43e-02 5.17e-01 0.74
1/256 1.90e-03 1.06e-01 0.73 3.04e-03 1.04e-01 0.64 8.55e-03 2.76 1.04
1/512 1.15e-03 3.06e-01 0.90 1.96e-03 1.73e-01 0.72 4.15e-03 3.19e+02 1.80
1/1024 6.19e-04 - - 1.19e-03 - - 1.19e-03 - -
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3.3.7 Example 3.7

We consider the following BVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x1(1) = 1, −2x2(0) + f2(0, x(0)) = 0,

where

M(t) =

(
−1 +

√
t −2

√
t√

t 2 + 3t3/2

)
, M(0) =

(
−1 0
0 2

)
, β = max

{
1,

1

2

}
= 1

and

f(t, x(t)) =

( √
t− 1

3 arctan(x1 + x2) + α(t)
√
|x1|sgnx1

1 + x1

2(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.17: Solution of Example 3.7

Tables 3.85 to 3.88 show us the same results as for
the last few examples.

54



Table 3.85: Example 3.7: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.28e-02 1.64e-01 3.69 1.46e-01 5.18e-01 1.83 4.11e-01 1.22 1.57
1/4 9.91e-04 7.95e-05 -1.82e+00 4.10e-02 6.08e-01 1.95 1.38e-01 1.64 1.79
1/8 3.50e-03 1.52e-03 -4.02e-01 1.07e-02 1.57e-01 1.29 4.01e-02 2.05 1.89
1/16 4.62e-03 4.56e-03 -4.86e-03 4.35e-03 2.94e-03 -1.41e-01 1.08e-02 2.78e-01 1.17
1/32 4.64e-03 8.66e-03 0.18 4.79e-03 6.94e-03 0.11 4.79e-03 6.94e-03 0.11
1/64 4.09e-03 1.38e-02 0.29 4.45e-03 1.23e-02 0.24 4.45e-03 1.23e-02 0.24
1/128 3.34e-03 2.05e-02 0.37 3.76e-03 1.92e-02 0.34 3.76e-03 1.92e-02 0.34
1/256 2.58e-03 3.05e-02 0.45 2.98e-03 2.89e-02 0.41 2.98e-03 2.89e-02 0.41
1/512 1.89e-03 4.86e-02 0.52 2.24e-03 4.49e-02 0.48 2.24e-03 4.49e-02 0.48
1/1024 1.32e-03 - - 1.61e-03 - - 1.61e-03 - -

Table 3.86: Example 3.7: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.32e-04 1.17e-04 -2.43e+00 6.84e-03 4.08e-02 2.58 6.05e-01 1.87 1.63
1/4 3.41e-03 1.81e-03 -4.56e-01 1.15e-03 9.22e-05 -1.82e+00 1.96e-01 2.39 1.80
1/8 4.68e-03 4.61e-03 -7.64e-03 4.05e-03 2.28e-03 -2.75e-01 5.62e-02 2.91 1.90
1/16 4.71e-03 7.77e-03 0.18 4.90e-03 5.68e-03 0.05 1.51e-02 1.55 1.67
1/32 4.15e-03 1.15e-02 0.29 4.72e-03 9.87e-03 0.21 4.72e-03 9.87e-03 0.21
1/64 3.39e-03 1.61e-02 0.37 4.08e-03 1.50e-02 0.31 4.08e-03 1.50e-02 0.31
1/128 2.62e-03 2.26e-02 0.44 3.28e-03 2.18e-02 0.39 3.28e-03 2.18e-02 0.39
1/256 1.92e-03 3.41e-02 0.52 2.50e-03 3.20e-02 0.46 2.50e-03 3.20e-02 0.46
1/512 1.34e-03 6.17e-02 0.61 1.82e-03 5.12e-02 0.53 1.82e-03 5.12e-02 0.53
1/1024 8.77e-04 - - 1.26e-03 - - 1.26e-03 - -

Table 3.87: Example 3.7: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.81e-03 1.73e-03 -6.96e-01 2.95e-03 2.84e-03 -5.68e-02 7.10e-01 2.10 1.56
1/4 4.55e-03 4.06e-03 -8.13e-02 3.07e-03 1.29e-03 -6.25e-01 2.40e-01 2.80 1.77
1/8 4.81e-03 6.47e-03 0.14 4.73e-03 4.08e-03 -7.17e-02 7.05e-02 3.53 1.88
1/16 4.36e-03 9.16e-03 0.27 4.97e-03 7.43e-03 0.14 1.91e-02 4.15 1.94
1/32 3.62e-03 1.24e-02 0.35 4.50e-03 1.14e-02 0.27 4.98e-03 2.09e-02 0.41
1/64 2.83e-03 1.67e-02 0.43 3.74e-03 1.63e-02 0.35 3.74e-03 1.63e-02 0.35
1/128 2.11e-03 2.36e-02 0.50 2.92e-03 2.29e-02 0.42 2.92e-03 2.29e-02 0.42
1/256 1.49e-03 3.81e-02 0.58 2.18e-03 3.37e-02 0.49 2.18e-03 3.37e-02 0.49
1/512 9.96e-04 8.61e-02 0.71 1.55e-03 5.68e-02 0.58 1.55e-03 5.68e-02 0.58
1/1024 6.07e-04 - - 1.04e-03 - - 1.04e-03 - -

Table 3.88: Example 3.7: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.08e-03 3.44e-03 -2.46e-01 8.15e-04 1.66e-04 -2.30e+00 7.84e-01 2.27 1.54
1/4 4.84e-03 5.32e-03 0.07 4.01e-03 2.57e-03 -3.20e-01 2.70e-01 3.07 1.75
1/8 4.62e-03 7.34e-03 0.22 5.00e-03 5.37e-03 0.03 8.02e-02 3.94 1.87
1/16 3.96e-03 9.65e-03 0.32 4.88e-03 8.54e-03 0.20 2.19e-02 4.68 1.94
1/32 3.17e-03 1.26e-02 0.40 4.25e-03 1.22e-02 0.31 5.73e-03 7.38e-02 0.74
1/64 2.40e-03 1.68e-02 0.47 3.44e-03 1.69e-02 0.38 3.44e-03 1.69e-02 0.38
1/128 1.74e-03 2.44e-02 0.54 2.64e-03 2.35e-02 0.45 2.64e-03 2.35e-02 0.45
1/256 1.19e-03 4.42e-02 0.65 1.93e-03 3.52e-02 0.52 1.93e-03 3.52e-02 0.52
1/512 7.59e-04 1.41e-01 0.84 1.34e-03 6.36e-02 0.62 1.34e-03 6.36e-02 0.62
1/1024 4.25e-04 - - 8.73e-04 - - 8.73e-04 - -

55



3.3.8 Example 3.8

We consider the following BVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x1(1) = 1, −2x2(0) + f2(0, x(0)) = 0,

where

M(t) =

(
−3 +

√
t −2

√
t√

t 2 + 3t3/2

)
, M(0) =

(
−3 0
0 2

)
, β = max

{
1

3
,

1

2

}
=

1

2

and

f(t, x(t)) =

( √
t− arctan(x1 + x2) + α(t)

√
|x1|sgnx1

1 + x1

(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.18: Solution of Example 3.8

As we can see in Tables 3.89 to 3.92, the values
for p remain unchanged.
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Table 3.89: Example 3.8: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.63e-02 1.91e-01 2.86 1.48e-01 5.37e-01 1.86 3.97e-01 1.13 1.50
1/4 3.64e-03 1.03e-01 2.41 4.10e-02 6.14e-01 1.95 1.40e-01 1.56 1.74
1/8 6.83e-04 1.01e-01 2.40 1.06e-02 6.60e-01 1.99 4.21e-02 2.04 1.87
1/16 1.29e-04 1.77e-05 -7.17e-01 2.68e-03 3.25e-02 0.90 1.15e-02 2.46 1.93
1/32 2.12e-04 1.99e-04 -1.88e-02 1.43e-03 7.78e-03 0.49 3.02e-03 1.58e-02 0.48
1/64 2.15e-04 7.18e-04 0.29 1.02e-03 8.01e-03 0.49 2.17e-03 1.66e-02 0.49
1/128 1.76e-04 1.34e-03 0.42 7.25e-04 8.16e-03 0.50 1.54e-03 1.72e-02 0.50
1/256 1.31e-04 2.09e-03 0.50 5.13e-04 8.24e-03 0.50 1.09e-03 3.81e-02 0.64
1/512 9.30e-05 3.29e-03 0.57 3.63e-04 8.27e-03 0.50 7.02e-04 6.03 1.45
1/1024 6.26e-05 - - 2.56e-04 - - 2.56e-04 - -

Table 3.90: Example 3.8: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.69e-03 5.06e-03 1.58 1.33e-02 1.03e-01 2.95 5.69e-01 1.61 1.50
1/4 5.66e-04 8.49e-02 3.61 1.71e-03 2.95e-03 0.39 2.02e-01 2.25 1.74
1/8 4.62e-05 5.56e-07 -2.13e+00 1.30e-03 3.09e-03 0.41 6.03e-02 2.94 1.87
1/16 2.02e-04 1.76e-04 -4.81e-02 9.79e-04 3.52e-03 0.46 1.65e-02 3.52 1.93
1/32 2.08e-04 5.31e-04 0.27 7.11e-04 3.79e-03 0.48 4.32e-03 1.85e-01 1.08
1/64 1.73e-04 9.30e-04 0.40 5.09e-04 3.95e-03 0.49 2.04e-03 1.54e-02 0.49
1/128 1.31e-04 1.40e-03 0.49 3.61e-04 4.03e-03 0.50 1.45e-03 1.60e-02 0.50
1/256 9.31e-05 2.12e-03 0.56 2.56e-04 4.07e-03 0.50 1.03e-03 5.91e-02 0.73
1/512 6.30e-05 3.75e-03 0.65 1.81e-04 4.09e-03 0.50 6.21e-04 8.21e+02 2.26
1/1024 4.00e-05 - - 1.28e-04 - - 1.30e-04 - -

Table 3.91: Example 3.8: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.12e-03 1.75e-02 3.97 4.30e-03 1.31e-02 1.61 6.49e-01 1.72 1.41
1/4 7.16e-05 1.26e-05 -1.25e+00 1.41e-03 2.78e-03 0.49 2.44e-01 2.57 1.70
1/8 1.71e-04 9.59e-05 -2.77e-01 1.01e-03 2.74e-03 0.48 7.52e-02 3.51 1.85
1/16 2.07e-04 3.55e-04 0.19 7.23e-04 2.85e-03 0.49 2.09e-02 4.33 1.92
1/32 1.81e-04 6.40e-04 0.37 5.13e-04 2.91e-03 0.50 5.50e-03 7.90e-01 1.43
1/64 1.40e-04 9.56e-04 0.46 3.63e-04 2.93e-03 0.50 2.04e-03 1.32e-02 0.45
1/128 1.02e-04 1.39e-03 0.54 2.56e-04 2.94e-03 0.50 1.49e-03 2.85e-02 0.61
1/256 7.01e-05 2.23e-03 0.62 1.81e-04 2.93e-03 0.50 9.78e-04 9.87e-02 0.83
1/512 4.55e-05 4.91e-03 0.75 1.28e-04 2.92e-03 0.50 5.50e-04 6.43e+03 2.61
1/1024 2.71e-05 - - 9.01e-05 - - 9.01e-05 - -

Table 3.92: Example 3.8: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.00e-04 8.94e-04 1.58 1.10e-03 1.45e-03 0.40 7.04e-01 1.82 1.37
1/4 1.00e-04 2.58e-05 -9.79e-01 8.38e-04 1.46e-03 0.40 2.72e-01 2.77 1.67
1/8 1.98e-04 2.18e-04 0.05 6.36e-04 1.67e-03 0.46 8.52e-02 3.87 1.83
1/16 1.92e-04 4.39e-04 0.30 4.61e-04 1.78e-03 0.49 2.39e-02 4.86 1.92
1/32 1.56e-04 6.68e-04 0.42 3.29e-04 1.84e-03 0.50 6.33e-03 4.50e-01 1.23
1/64 1.16e-04 9.44e-04 0.50 2.33e-04 1.86e-03 0.50 2.70e-03 1.75e-02 0.45
1/128 8.22e-05 1.39e-03 0.58 1.65e-04 1.87e-03 0.50 1.97e-03 4.25e-02 0.63
1/256 5.49e-05 2.48e-03 0.69 1.17e-04 1.87e-03 0.50 1.27e-03 2.86e-01 0.98
1/512 3.41e-05 7.71e-03 0.87 8.23e-05 1.87e-03 0.50 6.47e-04 1.68e+06 3.47
1/1024 1.87e-05 - - 5.82e-05 - - 5.82e-05 - -
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3.3.9 Example 3.9

We want to raise the positive eigenvalues of Example 3.3 by one order of magnitude, to see if the low
values for p are a consequence of the small positive eigenvalues, similar to Example 1.2.
We consider the following TVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
10 +

√
t −2

√
t√

t 20 + 3t3/2

)
, M(0) =

(
10 0
0 20

)
, β = max

{
1

10
,

1

20

}
=

1

10

and

f(t, x(t)) =

( √
t− 1

3 arctan(x1 + x2) + α(t)
√
|x1|sgnx1

1 + x1

2(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.19: Solution of Example 3.9

As we can see in Tables 3.93 to 3.96, the values
for p for the error in the mesh points stay small.
However, it seems like p is now slightly larger for
the equidistant error.
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Table 3.93: Example 3.9: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.27e-01 1.48 1.49 6.57e-01 1.40 1.10 9.65e-01 1.48 0.61
1/4 1.88e-01 5.01 2.37 3.07e-01 2.81 1.60 6.31e-01 2.27 0.92
1/8 3.63e-02 4.55 2.32 1.02e-01 5.19 1.89 3.33e-01 4.66 1.27
1/16 7.27e-03 3.06e-02 0.52 2.74e-02 1.40e+01 2.25 1.38e-01 1.07e+01 1.57
1/32 5.07e-03 3.15e-02 0.53 5.76e-03 4.08e-02 0.56 4.65e-02 2.14e+01 1.77
1/64 3.52e-03 3.31e-02 0.54 3.89e-03 3.60e-02 0.53 1.36e-02 3.41e+01 1.88
1/128 2.42e-03 3.60e-02 0.56 2.69e-03 3.89e-02 0.55 3.70e-03 5.01e-01 1.01
1/256 1.65e-03 4.19e-02 0.58 1.83e-03 4.44e-02 0.57 1.83e-03 4.44e-02 0.57
1/512 1.10e-03 5.49e-02 0.63 1.23e-03 5.63e-02 0.61 1.23e-03 5.63e-02 0.61
1/1024 7.12e-04 - - 8.06e-04 - - 8.06e-04 - -

Table 3.94: Example 3.9: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.34e-01 1.46 2.64 4.22e-01 1.31 1.63 1.75 2.48 0.51
1/4 3.75e-02 9.74e-01 2.35 1.36e-01 4.57 2.53 1.23 4.30 0.90
1/8 7.37e-03 2.17e-02 0.52 2.35e-02 1.32 1.94 6.57e-01 1.04e+01 1.33
1/16 5.15e-03 2.21e-02 0.53 6.15e-03 2.62e-02 0.52 2.62e-01 2.47e+01 1.64
1/32 3.57e-03 2.31e-02 0.54 4.28e-03 2.70e-02 0.53 8.40e-02 4.55e+01 1.82
1/64 2.46e-03 2.48e-02 0.56 2.96e-03 2.87e-02 0.55 2.39e-02 6.65e+01 1.91
1/128 1.67e-03 2.82e-02 0.58 2.03e-03 3.18e-02 0.57 6.36e-03 8.32e+01 1.95
1/256 1.12e-03 3.57e-02 0.62 1.37e-03 3.83e-02 0.60 1.64e-03 1.96e-01 0.86
1/512 7.26e-04 5.60e-02 0.70 9.03e-04 5.40e-02 0.66 9.03e-04 5.40e-02 0.66
1/1024 4.48e-04 - - 5.73e-04 - - 5.73e-04 - -

Table 3.95: Example 3.9: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.39e-02 8.63e-01 3.36 2.64e-01 1.50 2.51 1.29 1.45 0.17
1/4 8.16e-03 1.67e-02 0.52 4.63e-02 1.85 2.66 1.14 2.93 0.68
1/8 5.71e-03 1.70e-02 0.52 7.33e-03 2.15e-02 0.52 7.13e-01 8.86 1.21
1/16 3.97e-03 1.75e-02 0.53 5.11e-03 2.20e-02 0.53 3.08e-01 2.47e+01 1.58
1/32 2.74e-03 1.84e-02 0.55 3.55e-03 2.29e-02 0.54 1.03e-01 5.02e+01 1.79
1/64 1.87e-03 2.03e-02 0.57 2.45e-03 2.47e-02 0.56 2.99e-02 7.80e+01 1.89
1/128 1.26e-03 2.43e-02 0.61 1.66e-03 2.81e-02 0.58 8.05e-03 1.01e+02 1.95
1/256 8.25e-04 3.42e-02 0.67 1.11e-03 3.56e-02 0.63 2.09e-03 1.05e+01 1.54
1/512 5.18e-04 6.88e-02 0.78 7.20e-04 5.61e-02 0.70 7.20e-04 5.61e-02 0.70
1/1024 3.01e-04 - - 4.44e-04 - - 4.44e-04 - -

Table 3.96: Example 3.9: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 2.36e-02 8.37e-02 1.83 1.57e-01 2.39 3.93 1.58 2.02 0.36
1/4 6.66e-03 1.37e-02 0.52 1.04e-02 2.76e-02 0.71 1.23 3.14 0.67
1/8 4.64e-03 1.39e-02 0.53 6.34e-03 1.88e-02 0.52 7.71e-01 8.89 1.18
1/16 3.21e-03 1.45e-02 0.54 4.42e-03 1.92e-02 0.53 3.41e-01 2.52e+01 1.55
1/32 2.21e-03 1.55e-02 0.56 3.06e-03 2.02e-02 0.54 1.16e-01 5.34e+01 1.77
1/64 1.50e-03 1.76e-02 0.59 2.10e-03 2.20e-02 0.57 3.41e-02 8.58e+01 1.88
1/128 9.92e-04 2.23e-02 0.64 1.42e-03 2.57e-02 0.60 9.26e-03 1.14e+02 1.94
1/256 6.36e-04 3.58e-02 0.73 9.37e-04 3.44e-02 0.65 2.41e-03 5.34e+01 1.80
1/512 3.84e-04 1.03e-01 0.90 5.97e-04 6.14e-02 0.74 6.90e-04 2.62e-01 0.95
1/1024 2.06e-04 - - 3.57e-04 - - 3.57e-04 - -
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3.3.10 Example 3.10

We repeat the same procedure for Example 3.4. Consider the following TVP without a known solution:

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
30 +

√
t −2

√
t√

t 20 + 3t3/2

)
, M(0) =

(
30 0
0 20

)
, β = max

{
1

30
,

1

20

}
=

1

20

and

f(t, x(t)) =

( √
t− arctan(x1 + x2) + α(t)

√
|x1|sgnx1

1 + x1

(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.20: Solution of Example 3.10

Tables 3.97 to 3.100 yield the same results as in
Example 3.9. We observe small p-values for the
mesh point error and larger ones for the uniform
error.
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Table 3.97: Example 3.10: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 7.31e-01 1.77 1.27 8.62e-01 1.63 0.92 1.12 1.53 0.45
1/4 3.02e-01 5.98 2.15 4.57e-01 3.48 1.46 8.20e-01 2.42 0.78
1/8 6.78e-02 6.50e+01 3.30 1.66e-01 6.95 1.80 4.77e-01 5.31 1.16
1/16 6.88e-03 1.93 2.03 4.77e-02 1.87e+01 2.15 2.14e-01 1.35e+01 1.49
1/32 1.68e-03 1.04e-02 0.53 1.07e-02 1.56e+01 2.10 7.58e-02 3.00e+01 1.73
1/64 1.17e-03 1.09e-02 0.54 2.49e-03 1.20 1.48 2.29e-02 5.20e+01 1.86
1/128 8.03e-04 1.19e-02 0.56 8.91e-04 1.29e-02 0.55 6.33e-03 7.30e+01 1.93
1/256 5.46e-04 1.39e-02 0.58 6.09e-04 1.47e-02 0.57 1.66e-03 8.91e+01 1.96
1/512 3.65e-04 1.81e-02 0.63 4.09e-04 1.86e-02 0.61 4.26e-04 2.85e-02 0.67
1/1024 2.36e-04 - - 2.67e-04 - - 2.67e-04 - -

Table 3.98: Example 3.10: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.71e-01 1.88 2.34 6.10e-01 1.67 1.45 1.92 2.35 0.29
1/4 7.31e-02 1.18e+01 3.67 2.23e-01 5.34 2.29 1.57 4.32 0.73
1/8 5.75e-03 2.25e-01 1.76 4.55e-02 3.14e+01 3.14 9.51e-01 1.17e+01 1.21
1/16 1.70e-03 7.29e-03 0.53 5.15e-03 9.23e-01 1.87 4.11e-01 3.18e+01 1.57
1/32 1.18e-03 7.60e-03 0.54 1.41e-03 8.90e-03 0.53 1.39e-01 6.59e+01 1.78
1/64 8.11e-04 8.17e-03 0.56 9.75e-04 9.44e-03 0.55 4.04e-02 1.04e+02 1.89
1/128 5.52e-04 9.30e-03 0.58 6.68e-04 1.05e-02 0.57 1.09e-02 1.36e+02 1.94
1/256 3.68e-04 1.18e-02 0.62 4.50e-04 1.26e-02 0.60 2.84e-03 1.59e+02 1.97
1/512 2.39e-04 1.85e-02 0.70 2.97e-04 1.79e-02 0.66 7.24e-04 1.32e+02 1.94
1/1024 1.47e-04 - - 1.88e-04 - - 1.88e-04 - -

Table 3.99: Example 3.10: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.53e-01 2.04 3.73 4.10e-01 1.89 2.21 1.09 9.09e-01 -2.60e-01
1/4 1.15e-02 4.29e-01 2.61 8.88e-02 5.09 2.92 1.30 2.26 0.40
1/8 1.88e-03 5.60e-03 0.52 1.17e-02 3.96 2.80 9.90e-01 8.92 1.06
1/16 1.31e-03 5.76e-03 0.53 1.69e-03 7.26e-03 0.53 4.76e-01 3.02e+01 1.50
1/32 9.05e-04 6.08e-03 0.55 1.17e-03 7.56e-03 0.54 1.69e-01 7.06e+01 1.74
1/64 6.19e-04 6.71e-03 0.57 8.06e-04 8.13e-03 0.56 5.04e-02 1.20e+02 1.87
1/128 4.16e-04 8.03e-03 0.61 5.48e-04 9.27e-03 0.58 1.38e-02 1.64e+02 1.93
1/256 2.72e-04 1.13e-02 0.67 3.66e-04 1.18e-02 0.63 3.61e-03 1.97e+02 1.97
1/512 1.71e-04 2.28e-02 0.78 2.37e-04 1.86e-02 0.70 9.23e-04 2.18e+02 1.98
1/1024 9.93e-05 - - 1.46e-04 - - 2.34e-04 - -

Table 3.100: Example 3.10: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 5.24e-02 1.25 4.58 2.60e-01 2.29 3.14 1.73 2.05 0.25
1/4 2.20e-03 4.52e-03 0.52 2.95e-02 3.03 3.34 1.45 2.71 0.45
1/8 1.53e-03 4.60e-03 0.53 2.91e-03 2.33e-02 1.00 1.06 8.97 1.03
1/16 1.06e-03 4.77e-03 0.54 1.45e-03 6.33e-03 0.53 5.23e-01 3.03e+01 1.46
1/32 7.29e-04 5.11e-03 0.56 1.01e-03 6.65e-03 0.54 1.89e-01 7.39e+01 1.72
1/64 4.94e-04 5.80e-03 0.59 6.90e-04 7.25e-03 0.57 5.74e-02 1.31e+02 1.86
1/128 3.28e-04 7.36e-03 0.64 4.66e-04 8.48e-03 0.60 1.58e-02 1.84e+02 1.93
1/256 2.10e-04 1.18e-02 0.73 3.08e-04 1.14e-02 0.65 4.16e-03 2.24e+02 1.96
1/512 1.27e-04 3.43e-02 0.90 1.96e-04 2.04e-02 0.74 1.07e-03 2.50e+02 1.98
1/1024 6.82e-05 - - 1.17e-04 - - 2.70e-04 - -
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3.3.11 Example 3.11

We now raise the eigenvalues in Example 3.10 by another order of magnitude and consider the TVP
without a known solution

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], x(1) =

(
1
1

)
,

where

M(t) =

(
300 +

√
t −2

√
t√

t 200 + 3t3/2

)
, M(0) =

(
300 0
0 200

)
, β = max

{
1

300
,

1

200

}
=

1

200

and

f(t, x(t)) =

( √
t− arctan(x1 + x2) + α(t)

√
|x1|sgnx1

1 + x1

(1+x2
1)

+ α(t)
√
|x2|sgnx2

)
,

with

α(t) =

{
0, t ∈ [0, 0.2],

(t− 0.2)3, t ∈ (0.2, 1].

Figure 3.21: Solution of Example 3.11

As we can see in Tables 3.101 to 3.100, raising the
eigenvalues to λ1 = 300 and λ2 = 200 does not
yield another improvement in convergence of the
uniform error.
We will therefore omit similar simulations for Ex-
amples 3.3.5 to 3.3.8.
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Table 3.101: Example 3.11: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.32 1.45 0.14 1.34 1.45 0.11 1.38 1.43 0.05
1/4 1.20 1.76 0.28 1.25 1.67 0.21 1.33 1.54 0.10
1/8 9.85e-01 3.08 0.55 1.08 2.53 0.41 1.24 1.89 0.20
1/16 6.74e-01 1.20e+01 1.04 8.12e-01 6.56 0.75 1.07 3.08 0.38
1/32 3.28e-01 1.81e+02 1.82 4.82e-01 3.17e+01 1.21 8.25e-01 8.11 0.66
1/64 9.26e-02 1.06e+04 2.80 2.09e-01 1.66e+02 1.61 5.23e-01 3.56e+01 1.02
1/128 1.33e-02 6.68e+05 3.65 6.85e-02 1.00e+03 1.98 2.59e-01 2.00e+02 1.37
1/256 1.06e-03 7.23e+06 4.08 1.74e-02 2.63e+03 2.15 1.00e-01 8.99e+02 1.64
1/512 6.22e-05 9.81e-01 1.55 3.92e-03 1.32e+03 2.04 3.20e-02 2.57e+03 1.81
1/1024 2.13e-05 - - 9.53e-04 - - 9.14e-03 - -

Table 3.102: Example 3.11: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.23 1.49 0.28 1.30 1.46 0.17 1.96 1.95 -6.72e-03
1/4 1.01 2.15 0.55 1.15 1.84 0.34 1.97 1.99 0.01
1/8 6.90e-01 6.01 1.04 9.11e-01 3.48 0.64 1.96 2.25 0.07
1/16 3.36e-01 6.17e+01 1.88 5.83e-01 1.41e+01 1.15 1.87 3.69 0.24
1/32 9.11e-02 4.58e+03 3.12 2.63e-01 1.64e+02 1.86 1.58 1.24e+01 0.59
1/64 1.05e-02 1.32e+06 4.49 7.25e-02 6.25e+03 2.73 1.05 8.07e+01 1.04
1/128 4.67e-04 5.59e+04 3.83 1.09e-02 4.34e+05 3.61 5.08e-01 5.62e+02 1.44
1/256 3.27e-05 1.05e-03 0.63 8.95e-04 5.55e+06 4.07 1.87e-01 2.39e+03 1.71
1/512 2.12e-05 1.65e-03 0.70 5.34e-05 1.86 1.68 5.73e-02 5.88e+03 1.85
1/1024 1.31e-05 - - 1.67e-05 - - 1.59e-02 - -

Table 3.103: Example 3.11: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 1.11 1.53 0.46 1.25 1.48 0.24 1.25 1.48 0.24
1/4 8.07e-01 2.76 0.89 1.05 2.04 0.48 1.05 1.74 0.36
1/8 4.36e-01 1.33e+01 1.64 7.58e-01 4.89 0.90 8.19e-01 4.02e-01 -3.42e-01
1/16 1.40e-01 4.21e+02 2.89 4.07e-01 3.25e+01 1.58 1.04 5.38e-01 -2.37e-01
1/32 1.89e-02 1.47e+05 4.58 1.36e-01 7.18e+02 2.47 1.22 2.83 0.24
1/64 7.90e-04 7.41e+04 4.41 2.45e-02 2.30e+04 3.31 1.03 3.66e+01 0.86
1/128 3.70e-05 7.15e-04 0.61 2.48e-03 4.02e+05 3.90 5.71e-01 4.06e+02 1.35
1/256 2.43e-05 1.01e-03 0.67 1.67e-04 2.49e+03 2.98 2.23e-01 2.21e+03 1.66
1/512 1.52e-05 2.03e-03 0.78 2.11e-05 1.66e-03 0.70 7.08e-02 6.23e+03 1.82
1/1024 8.84e-06 - - 1.30e-05 - - 2.00e-02 - -

Table 3.104: Example 3.11: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 9.84e-01 1.58 0.68 1.20 1.50 0.32 2.28 2.39 0.07
1/4 6.14e-01 3.65 1.29 9.59e-01 2.27 0.62 2.18 2.64 0.14
1/8 2.52e-01 3.24e+01 2.34 6.23e-01 7.14 1.17 1.98 3.15 0.22
1/16 4.98e-02 3.38e+03 4.01 2.76e-01 8.27e+01 2.06 1.70 3.19 0.23
1/32 3.09e-03 5.24e+06 6.13 6.64e-02 5.68e+03 3.28 1.45 5.36 0.38
1/64 4.40e-05 5.17e-04 0.59 6.85e-03 1.20e+06 4.56 1.12 3.75e+01 0.85
1/128 2.92e-05 6.56e-04 0.64 2.90e-04 4.23e+03 3.40 6.22e-01 3.75e+02 1.32
1/256 1.87e-05 1.05e-03 0.73 2.74e-05 1.01e-03 0.65 2.49e-01 2.15e+03 1.63
1/512 1.13e-05 3.06e-03 0.90 1.75e-05 1.82e-03 0.74 8.03e-02 6.47e+03 1.81
1/1024 6.07e-06 - - 1.04e-05 - - 2.29e-02 - -
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3.3.12 Summary

As expected, if f is not smooth enough, we observe a reduction of the convergence order for the collocation
method. This e�ect is mostly independent of the size of the positive eigenvalues for TVPs and BVPs.

3.4 Additional Examples with a known solution not satisfying
the analytical conditions

Similar to Section 3.2, we study additional examples with a known solution, which do not satisfy the
analytical conditions for uniqueness and existence. To circumvent the e�ect of the very low error for
polynomials of small degree we consider examples with a solution featuring the trigonometric functions
sin(t) and cos(t).

3.4.1 Example 4.1

Consider the IVP

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1],

M(0)x(0) + f(0, x(0)) = 0,

where

M(t) =

(
−1 sin2 (t)
−t2 −2

)
, M(0) =

(
−1 0
0 −2

)
,

f1(t, x1, x2) = sin

(√
(tx1)2 + x2

2

)
+ x2 cos2 (t),

f2(t, x1, x2) = 3 cos (t)
√

(tx1)2 + x2
2.

Function f1, f2 do not satisfy the Lipschitz and the growth conditions.
The known solution is

x1(t) = sin (t), x2(t)) = t cos (t).

Figure 3.22: Solutions of Example 4.1

We can not test this example for convergence, since bvpsuite2.0 is not able to deliver a unique solution.
Depending on the chosen error tolerance and the initial pro�le for the Newton solver, we get two di�erent
types of solutions as pictured above.
The solution in the left picture is an approximation for the solution x = 0. The right picture depicts a
solution of the form x1(t) = c sin(t), x2(t) = c t cos(t) with c� 1. Very small values for c yield an error
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of the appropriate size, while showing a plot similar to the analytical solution, although with a much
smaller order of magnitude.
We were not able to produce a solution with c ≈ 1 as mentioned above.

3.4.2 Example 4.2

We consider the TVP

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1],

x(1) = (sin (1), cos (1))>,

where

M(t) =

(
1 t2 sin2 (t)
−t2 2 + t sin (t)

)
, M(0) =

(
1 0
0 2

)
,

f1(t, x1, x2) = x2
1 cos (t) + x2 cos2 (t)− x2

1x2,

f2(t, x1, x2) = −x1x2.

Functions f1, f2 do not satisfy the Lipschitz and the growth conditions.
The known solution is

x1(t) = t sin (t), x2(t)) = t2 cos (t).

For this example we are able to observe a superconvergence of k + 2 for an even number of Gaussian
mesh points and k+ 1 for an odd number of Gaussian mesh points. For equidistant mesh points we once
again observe a superconvergence of k for even k and k + 1 for odd k in the mesh points. The uniform
error does not show superconvergence at all, but a �xed order of 2.
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Table 3.105: Example 4.2: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.83e-03 7.47e-02 3.95 1.66e-02 8.16e-02 2.30 7.52e-02 2.91e-01 1.95
1/4 3.12e-04 7.85e-02 3.99 3.37e-03 5.86e-02 2.06 1.94e-02 3.21e-01 2.02
1/8 1.97e-05 7.99e-02 3.99 8.09e-04 5.18e-02 2.00 4.78e-03 3.21e-01 2.02
1/16 1.24e-06 8.01e-02 4.00 2.02e-04 5.23e-02 2.00 1.18e-03 2.94e-01 1.99
1/32 7.75e-08 8.12e-02 4.00 5.04e-05 5.15e-02 2.00 2.96e-04 2.74e-01 1.97
1/64 4.84e-09 8.12e-02 4.00 1.26e-05 5.17e-02 2.00 7.54e-05 2.91e-01 1.99
1/128 3.03e-10 8.12e-02 4.00 3.15e-06 5.16e-02 2.00 1.90e-05 3.01e-01 1.99
1/256 1.89e-11 8.12e-02 4.00 7.87e-07 5.16e-02 2.00 4.78e-06 3.07e-01 2.00
1/512 1.18e-12 8.12e-02 4.00 1.97e-07 5.16e-02 2.00 1.20e-06 3.11e-01 2.00
1/1024 7.39e-14 - - 4.92e-08 - - 3.00e-07 - -

Table 3.106: Example 4.2: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 6.76e-04 1.03e-02 3.93 1.36e-03 2.08e-02 3.93 1.07e-01 3.67e-01 1.77
1/4 4.45e-05 1.11e-02 3.98 8.93e-05 2.24e-02 3.98 3.13e-02 4.70e-01 1.95
1/8 2.81e-06 1.14e-02 4.00 5.64e-06 2.29e-02 4.00 8.09e-03 5.21e-01 2.00
1/16 1.76e-07 1.15e-02 4.00 3.53e-07 2.31e-02 4.00 2.02e-03 5.19e-01 2.00
1/32 1.10e-08 1.16e-02 4.00 2.21e-08 2.32e-02 4.00 5.03e-04 4.77e-01 1.98
1/64 6.90e-10 1.16e-02 4.00 1.38e-09 2.32e-02 4.00 1.28e-04 5.00e-01 1.99
1/128 4.31e-11 1.16e-02 4.00 8.63e-11 2.32e-02 4.00 3.22e-05 5.14e-01 1.99
1/256 2.70e-12 1.16e-02 4.00 5.40e-12 2.32e-02 4.00 8.08e-06 5.22e-01 2.00
1/512 1.68e-13 1.16e-02 4.00 3.37e-13 2.32e-02 4.00 2.02e-06 5.26e-01 2.00
1/1024 1.05e-14 - - 2.11e-14 - - 5.07e-07 - -

Table 3.107: Example 4.2: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.96e-06 5.64e-04 5.98 8.03e-05 1.60e-03 4.31 1.43e-01 5.07e-01 1.82
1/4 1.42e-07 5.78e-04 5.99 4.04e-06 1.11e-03 4.05 4.05e-02 6.17e-01 1.96
1/8 2.23e-09 5.83e-04 6.00 2.43e-07 1.02e-03 4.01 1.04e-02 6.71e-01 2.00
1/16 3.49e-11 5.85e-04 6.00 1.51e-08 9.93e-04 4.00 2.59e-03 6.91e-01 2.01
1/32 5.46e-13 5.86e-04 6.00 9.43e-10 9.93e-04 4.00 6.41e-04 5.99e-01 1.97
1/64 8.53e-15 2.85e-06 4.72 5.89e-11 9.86e-04 4.00 1.63e-04 6.33e-01 1.99
1/128 3.24e-16 1.53e-18 -1.10e+00 3.68e-12 9.73e-04 4.00 4.12e-05 6.54e-01 1.99
1/256 6.96e-16 1.03e-14 0.49 2.30e-13 6.50e-04 3.92 1.03e-05 6.65e-01 2.00
1/512 4.97e-16 1.23e-16 -2.23e-01 1.52e-14 1.50e-05 3.32 2.59e-06 6.72e-01 2.00
1/1024 5.80e-16 - - 1.52e-15 - - 6.48e-07 - -

Table 3.108: Example 4.2: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 7.95e-07 4.89e-05 5.94 4.04e-06 2.49e-04 5.95 1.69e-01 6.07e-01 1.84
1/4 1.29e-08 5.19e-05 5.99 6.54e-08 2.63e-04 5.99 4.71e-02 7.22e-01 1.97
1/8 2.04e-10 5.30e-05 6.00 1.03e-09 2.69e-04 6.00 1.20e-02 7.79e-01 2.00
1/16 3.19e-12 5.34e-05 6.00 1.61e-11 2.70e-04 6.00 3.00e-03 8.17e-01 2.02
1/32 4.99e-14 2.55e-05 5.79 2.52e-13 2.71e-04 6.00 7.39e-04 6.85e-01 1.97
1/64 9.04e-16 1.87e-15 0.17 3.95e-15 1.67e-12 1.45 1.89e-04 7.28e-01 1.99
1/128 8.01e-16 3.72e-17 -6.33e-01 1.44e-15 2.19e-15 0.09 4.76e-05 7.54e-01 1.99
1/256 1.24e-15 3.75e-14 0.61 1.36e-15 1.12e-15 -3.43e-02 1.20e-05 7.69e-01 2.00
1/512 8.11e-16 3.59e-15 0.24 1.39e-15 1.73e-15 0.04 3.00e-06 7.77e-01 2.00
1/1024 6.87e-16 - - 1.35e-15 - - 7.50e-07 - -
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3.4.3 Example 4.3

Consider the BVP

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1],

−x1(0) + f1(0, x1(0), x2(0)) = 0

x2(1) = cos (1),

where

M(t) =

(
−1 sin2 (t)
−t2 2

)
, M(0) =

(
−1 0
0 2

)
,

f1(t, x1, x2) = sin

(√
(tx1)2 + x2

2

)
+ x2 cos2 (t),

f2(t, x1, x2) = −
(
x2

1 + cos2 (t)
)
x2.

Function f1, f2 do not satisfy the Lipschitz and the growth conditions.
The known solution is

x1(t) = sin (t), x2(t)) = t cos (t).

Figure 3.23: Numerical solution of Example 4.3, when no initial pro�le for the Newton solver is supplied.

If we do not supply any initial pro�le for the Newton solver, we are not able to get a solution from
bvpsuite2.0 that is close to the analytical solution, independent of chosen error tolerance or number of
collocation points. The picture above shows a numerical solution recieved from bvpsuite2.0 (solid line)
and the analytical solution (dashed line).
The simulations yield an error of 2.1e-01, regardless of the used convergence points and whether we
observe the uniform error or the error in the mesh points.

Supplying the Newton solver with the known analytical solution as the initial pro�le gives us a numerical
solution that is almost exactly the same and yields the following error tables:
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Table 3.109: Example 4.3: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.57e-03 2.98e-02 3.06 4.04e-02 1.40e-01 1.79 4.04e-02 1.39e-01 1.78
1/4 4.28e-04 2.69e-02 2.99 1.17e-02 1.70e-01 1.93 1.18e-02 1.69e-01 1.92
1/8 5.41e-05 2.75e-02 3.00 3.07e-03 1.89e-01 1.98 3.11e-03 1.97e-01 2.00
1/16 6.78e-06 2.77e-02 3.00 7.76e-04 1.98e-01 2.00 7.79e-04 1.99e-01 2.00
1/32 8.48e-07 2.77e-02 3.00 1.94e-04 1.98e-01 2.00 1.95e-04 2.00e-01 2.00
1/64 1.06e-07 2.78e-02 3.00 4.86e-05 1.99e-01 2.00 4.86e-05 2.00e-01 2.00
1/128 1.32e-08 2.78e-02 3.00 1.21e-05 1.99e-01 2.00 1.22e-05 2.00e-01 2.00
1/256 1.66e-09 2.78e-02 3.00 3.04e-06 1.99e-01 2.00 3.04e-06 1.99e-01 2.00
1/512 2.07e-10 2.78e-02 3.00 7.59e-07 1.99e-01 2.00 7.59e-07 1.99e-01 2.00
1/1024 2.59e-11 - - 1.90e-07 - - 1.90e-07 - -

Table 3.110: Example 4.3: Convergence of the collocation scheme, k = 3

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.19e-05 1.01e-03 4.98 7.90e-04 1.37e-02 4.12 9.62e-04 1.60e-02 4.06
1/4 1.01e-06 1.03e-03 4.99 4.55e-05 1.20e-02 4.02 5.79e-05 1.56e-02 4.04
1/8 3.17e-08 1.04e-03 5.00 2.80e-06 1.16e-02 4.01 3.53e-06 1.46e-02 4.00
1/16 9.93e-10 1.04e-03 5.00 1.74e-07 1.15e-02 4.00 2.20e-07 1.46e-02 4.00
1/32 3.10e-11 1.04e-03 5.00 1.09e-08 1.14e-02 4.00 1.37e-08 1.44e-02 4.00
1/64 9.70e-13 1.04e-03 5.00 6.79e-10 1.14e-02 4.00 8.56e-10 1.44e-02 4.00
1/128 3.03e-14 3.82e-04 4.79 4.25e-11 1.14e-02 4.00 5.35e-11 1.44e-02 4.00
1/256 1.09e-15 6.05e-13 1.14 2.65e-12 1.14e-02 4.00 3.34e-12 1.42e-02 4.00
1/512 4.97e-16 2.57e-26 -3.80e+00 1.66e-13 2.29e-03 3.74 2.09e-13 4.28e-03 3.81
1/1024 6.90e-15 - - 1.24e-14 - - 1.49e-14 - -

Table 3.111: Example 4.3: Convergence of the collocation scheme, k = 4

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 8.09e-06 2.53e-04 4.97 2.04e-04 3.41e-03 4.06 2.04e-04 3.37e-03 4.05
1/4 2.58e-07 2.62e-04 4.99 1.22e-05 3.15e-03 4.00 1.24e-05 3.21e-03 4.01
1/8 8.11e-09 2.65e-04 5.00 7.62e-07 3.18e-03 4.01 7.69e-07 3.25e-03 4.02
1/16 2.54e-10 2.66e-04 5.00 4.73e-08 3.10e-03 4.00 4.75e-08 3.15e-03 4.00
1/32 7.93e-12 2.66e-04 5.00 2.96e-09 3.11e-03 4.00 2.96e-09 3.13e-03 4.00
1/64 2.48e-13 2.66e-04 5.00 1.85e-10 3.10e-03 4.00 1.85e-10 3.11e-03 4.00
1/128 7.75e-15 6.64e-11 1.87 1.15e-11 3.12e-03 4.00 1.15e-11 3.13e-03 4.00
1/256 2.12e-15 5.41e-11 1.83 7.20e-13 3.63e-03 4.03 7.21e-13 3.60e-03 4.03
1/512 5.98e-16 1.35e-25 -3.56e+00 4.41e-14 2.66 5.09 4.42e-14 2.69 5.09
1/1024 7.05e-15 - - 1.30e-15 - - 1.30e-15 - -

Table 3.112: Example 4.3: Convergence of the collocation scheme, k = 5

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 4.77e-08 6.07e-06 6.99 1.14e-06 7.76e-05 6.08 1.40e-06 9.10e-05 6.03
1/4 3.75e-10 6.13e-06 7.00 1.69e-08 7.21e-05 6.03 2.14e-08 9.11e-05 6.03
1/8 2.94e-12 6.15e-06 7.00 2.58e-10 6.89e-05 6.01 3.28e-10 8.84e-05 6.01
1/16 2.30e-14 3.24e-08 5.11 4.01e-12 6.53e-05 5.99 5.08e-12 8.48e-05 6.00
1/32 6.66e-16 2.93e-16 -2.37e-01 6.32e-14 1.98e-06 4.98 7.94e-14 3.18e-06 5.05
1/64 7.85e-16 9.52e-17 -5.07e-01 2.00e-15 1.40e-14 0.47 2.40e-15 2.82e-14 0.59
1/128 1.12e-15 1.29e-15 0.03 1.45e-15 3.49e-17 -7.68e-01 1.59e-15 5.19e-17 -7.05e-01
1/256 1.09e-15 5.64e-18 -9.50e-01 2.47e-15 1.31e-14 0.30 2.59e-15 1.33e-14 0.30
1/512 2.11e-15 5.34e-19 -1.33e+00 2.00e-15 5.61e-20 -1.68e+00 2.11e-15 8.57e-20 -1.62e+00
1/1024 5.30e-15 - - 6.41e-15 - - 6.50e-15 - -
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3.4.4 Example 4.4

We consider the BVP

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1],

x1(1) = sin (1)

−2x2(0) + f2(0, x1(0), x2(0)) = 0

where

M(t) =

(
1 t2 sin2 (t)
−t2 −2

)
, M(0) =

(
1 0
0 −2

)
,

f1(t, x1, x2) = x2
1 cos (t) + x2 cos2 (t)− x2

1x2,

f2(t, x1, x2) = 4 cos (t)
√

(tx1)2 + x2
2.

Function f1, f2 do not satisfy the Lipschitz and the growth conditions.
The known solution is

x1(t) = t sin (t), x2(t)) = t2 cos (t).

If we do not supply an initial pro�le to the Newton solver bvpsuite2.0 yields no solution and stops with
the following error:

Error using snls (line 50)

Jacobian at initial point contains Inf or NaN values. lsqnonlin cannot continue.

Supplying the Newton solver with the analytical solution disturbed by a small constant to avoid the
above error the program does not terminate for k > 2. For k = 2 we get

Table 3.113: Example 4.4: Convergence of the collocation scheme, k = 2

h
Gaussian, mesh points equidistant, mesh points equidistant, uniform

||Yh − Y ||∆ c p ||Yh − Y ||∆ c p ||Yh − Y ||u c p

1/2 3.77e-02 7.37e-02 0.97 3.68e-02 8.85e-02 1.27 3.68e-02 8.22e-02 1.16
1/4 1.93e-02 7.23e-02 0.95 1.53e-02 4.87e-02 0.84 1.65e-02 5.87e-02 0.92
1/8 9.98e-03 7.17e-02 0.95 8.58e-03 5.38e-02 0.88 8.74e-03 5.71e-02 0.90
1/16 5.17e-03 7.56e-02 0.97 4.65e-03 6.21e-02 0.93 4.67e-03 6.31e-02 0.94
1/32 2.64e-03 2.28e-06 -2.04e+00 2.43e-03 1.44e-06 -2.14e+00 2.44e-03 1.45e-06 -2.14e+00
1/64 1.08e-02 9.24e-01 1.07 1.08e-02 9.17e-01 1.07 1.08e-02 9.18e-01 1.07
1/128 5.17e-03 7.83e-01 1.03 5.13e-03 7.78e-01 1.03 5.13e-03 7.78e-01 1.03
1/256 2.52e-03 7.12e-01 1.02 2.50e-03 7.07e-01 1.02 2.50e-03 7.07e-01 1.02
1/512 1.25e-03 6.74e-01 1.01 1.24e-03 6.69e-01 1.01 1.24e-03 6.69e-01 1.01
1/1024 6.20e-04 - - 6.15e-04 - - 6.15e-04 - -

3.4.5 Summary

In contrast to Section 3.2 conditions (2.9) and (2.10) are not satis�ed, leading to severe consequences
for the numerical solutions received from bvpsuite2.0. The quality of these solutions is very much
dependent on the initial pro�le supplied to the Newton solver. While using the analytical solution as
input sometimes yields good results, in general, we can not expect to arrive at a numerical solution that
is close to the analytical one. Sometimes, this type of problem does not allow bvpsuite2.0 to produce
a solution at all, even with the analytical solution as the initial pro�le.
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Chapter 4

Conclusion

The convergence rate of the collocation methods for ODEs of the form

x′(t) =
M(t)

t
x(t) +

f(t, x(t))

t
, t ∈ (0, 1], b(x(0), x(1)) = 0

depends on various features.

For ODEs satisfying the analytical conditions (2.9) and (2.10), and with relatively tame functions f ,
as seen in Section 3.1, the value of any positive eigenvalues of M(0) is an important factor for the
superconvergence.
For the IVP in Example 1.1 we can almost reach the superconvergence order of 2k for Gaussian collocation
points mentioned in [7] and are also able to observe a small superconvergence order of k + 1 for odd k.
For the TVPs with small positive eigenvalues in Example 1.2 and Example 1.7 and the BVPs in Example
1.3 and Example 1.8 we are not able to observe any kind of superconvergence at all.
Choosing larger positive eigenvalues forM(0) in these examples allows us to observe the same convergence
orders as in Example 1.1, which is shown in Example 1.4, Example 1.5, Example 1.9, and Example 1.10.

For the ODEs not satisfying the analytical conditions for existence and uniqueness, but with a low order
polynomial as a known solution in Section 3.2, the polynomial based approach of the collocation method
yields very good results, and a small error in the mesh points. For k ≥ 2 this error is always smaller
than the chosen error tolerance of bvpsuite2.0. Outside of the mesh points however, the error remains
larger, and does not fall below the error tolerance.
For k = 1 we are able to observe a superconvergence order of 2. We are not able to identify whether this
represents an order of 2k or k + 1 due to missing data from k > 1.

In case that the function f is not appropriately smooth, we observe order reductions, see Section 3.3.
This is also the case if the ODEs satisfy the conditions for the existence and uniqueness of a solution.
This reduction is largely independent of other features of the equations.

In Section 3.4, we have found out that the collocation method in general is not able to yield a unique
solution for ODEs which have a known solution but do not satisfy the analytical conditions for uniqueness
and existence. For our examples, with solutions featuring the trigonometric functions sin and cos,
bvpsuite2.0's ability to reproduce this solution relies very much on the initial pro�le supplied to the
Newton solver, and how it resembles the analytical solution. Once a good initial pro�le has been found,
we are able to observe superconvergence.
Generally, we require a good starting solution pro�le to achieve convergence of the related Newton
procedure. However, even with a good starting pro�le, the Newton procedure can converge to a wrong
solution of the problem, or not at all.
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Chapter 5

Appendix

5.1 Matlab Code

5.1.1 Examples

A variation of the following code is used to model the examples in this thesis for bvpsuite2.0. To save
space, we only present the full code for Example 1.1 as a representative for an example where the initial
pro�le of the Newton solver does not a�ect the generated solution, and the code for Example 4.3, where
the supplied inital pro�le is crucial for the numerical solution.

Since all examples use the same settings for bvpsuite2.0, except for the error tolerance and the number
of collocation points when calculating the reference solution, only one settings �le is presented. When
needed, the values for 'absTolSolver' and 'relTolSolver' are adjusted. The values for 'collPoints'
and 'collMethod' are only used for the reference solutions and are therefore set to 7 and 'gauss',
respectively. These attributes are set programmatically to the appropriate values during runtime for the
other calculations.

To save space, the �rst lines in 'jacobian' and 'dBV' will be omitted. For further details on how to
model problems with bvpsuite2.0 see [8]. The code for the examples is based on code by Stefan Wurm
written for the simulations in [1].

5.1.2 Testing

To quickly generate and print error tables the following Matlab code is used.

The �le test.m de�nes a function test(problem,settings,refSettings), which expects the problem,
the settings used during the calculation of the solutions for di�erent collocation points, and the settings
used to calculate the reference solution, and prints the content of the error table to a �le named after
the provided problem. These contents are then to be copied and pasted into the .tex �le. The function
also generates a .png �le of the plot of the reference solution. For examples with a known analytical
solution the �le is modi�ed to use this solution as a reference.

The function in printTab.m is used to format the calculated error table, i.e. print the numbers in
di�erent formats according to their value and add separators between them.

In addition, a modi�ed version of the function bvpsuite2.0 called bvpsuite2plus is used, which takes
the stepsize, collocation method and number of collocation points as additional parameters. Compare
the signatures of the two functions below:

bvpsuite2(problem,settings,initProfile,valuesAt)

bvpsuite2plus(problem,settings,h,collMethod,collPoints,initProfile,valuesAt)
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example1-1.m

function [ r e t ] = example1−1( request , z , za , zb , zc , t , p , lambda )

mu = 1/3 ;
u = − [ 1 ; 2 ] ;
M = @( t ) [ exp( t )−1 , exp(−t )−1; exp(2∗ t )−1 , exp(−2∗ t )−1] ;
p = @( t ) [ t ^2/2; −1];
H = @( t ) [ t , 0 ; sin ( t ) , cos ( t ) ] ;
r = @( t , x ) [ sin (sum( x ) ) ; cos (sum( x ) ) ] ;
drdx = @( t , x ) [ cos (sum( x ) ) ; −sin (sum( x ) ) ] ;

J = diag (u ) ;
alpha = norm( inv ( J ) , 1 ) ;
M = @( t ) J+M( t ) ;
f = @( t , x ) p( t)+H( t )∗ r ( t , x ) ;
Df = @( t , x ) 1/ t ∗(M( t ) + mu∗H( t ) ∗ [ drdx ( t , x ) , drdx ( t , x ) ] ) ;

switch reques t
case 'n '

r e t = 2 ;
case ' o rde r s '

r e t = [ 1 , 1 ] ;
case ' problem '

r e t = z ( : , 2 ) − (M( t )∗ z ( : , 1 ) + mu∗ f ( t , z ( : , 1 ) ) ) / t ;
case ' j a cob ian '

r e t (1 , 1 , 2) = 1 ;
r e t (2 , 2 , 2) = 1 ;
Dfx = Df ( t , z ( : , 1 ) ) ;
r e t ( 1 : 2 , 1 : 2 , 1) = −Dfx ;

case ' i n t e r v a l '
r e t = [ 0 ,1 ] ;

case ' l i n e a r '
r e t = 0 ;

case ' parameters '
r e t = 0 ;

case ' c '
r e t = [ ] ;

case 'BV'
ftmp = f (0 , za ( : , 1 ) ) ;
M0tmp = M( 0 ) ;
r e t = za ( : , 1 ) + 1/3∗M0tmp\ftmp ;

case 'dBV '
r e t (1 , 1 : 2 , 1 : 2 , 1) = eye (2 ) + 1/3∗M(0 ) \ [ (H(0)∗ drdx (0 , za ( : , 1 ) ) ) , . . .

(H(0)∗ drdx (0 , za ( : , 1 ) ) ) ] ;
case 'dP '

r e t = [ ] ;
case 'dP_BV'

r e t = [ ] ;
case ' i n i t P r o f i l e '

r e t . i n i t i a lMe sh = [ ] ;
r e t . i n i t i a l V a l u e s = [ ] ;

case 'EVP'
r e t = 0 ;

case 'dLambda '
r e t = 0 ;

o therw i s e
r e t = 0 ;

end
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example4-3.m

function [ r e t ] = example4−3( request , z , za , zb , zc , t , p , lambda )
u = [ −1 ; 2 ] ;
M = @( t ) [ 0 , sin ( t )^2 ; −t ^2 , 0 ] ;

J = diag (u ) ;
M = @( t ) J+M( t ) ;
f = @( t , x ) [ sin ( sqrt ( ( t ∗x (1))^2 + x (2)^2) ) + x (2)∗ cos ( t )^2 ;

−(x (1)^2 + cos ( t )^2) ∗ x ( 2 ) ] ;
Df = @( t , x ) 1/ t ∗(M( t ) + . . .

[ t ^2∗x (1 ) ∗ cos ( sqrt ( t ^2∗x(1)^2+x (2)^2) )/ sqrt ( t ^2∗x(1)^2+x (2)^2) , . . .
x (2 ) ∗ cos ( sqrt ( t ^2∗x (1)^2 + x (2)^2) )/ sqrt ( t ^2∗x(1)^2+x(2)^2)+cos ( t )^2 ;
−2∗x (1)∗ x (2 ) , −cos ( t )^2−x ( 1 ) ^ 2 ] ) ;

switch reques t
case 'n '

r e t = 2 ;
case ' o rde r s '

r e t = [ 1 , 1 ] ;
case ' problem '

r e t = z ( : , 2 ) − (M( t )∗ z ( : , 1 ) + f ( t , z ( : , 1 ) ) ) / t ;
case ' j a cob ian '

r e t (1 , 1 , 2) = 1 ;
r e t (2 , 2 , 2) = 1 ;
Dfx = Df ( t , z ( : , 1 ) ) ;
r e t ( 1 : 2 , 1 : 2 , 1) = −Dfx ;

case ' i n t e r v a l '
r e t = [ 0 ,1 ] ;

case ' l i n e a r '
r e t = 0 ;

case ' parameters '
r e t = 0 ;

case ' c '
r e t = [ ] ;

case 'BV'
r e t=[−za ( 1 , 1 ) ; zb (2 ,1)−cos ( 1 ) ] + [ 1 ; 0 ] . ∗ f ( 0 , za ( : , 1 ) ) ;

case 'dBV '
r e t ( 1 , 1 , 1 : 2 , 1 )= [ 0 ; −2∗za (1 ,1 )∗ za ( 2 , 1 ) ] ;
r e t (1 ,1 ,1 ,1)= r e t (1 ,1 ,1 ,1) −1 ;
r e t (2 ,2 ,2 ,1 )=1 ;

case 'dP '
r e t = [ ] ;

case 'dP_BV'
r e t = [ ] ;

case ' i n i t P r o f i l e '
x1 = linspace ( 0 , 1 , 1 0 0 ) ;
r e t . i n i t i a lMe sh = x1 ;
r e t . i n i t i a l V a l u e s = [ sin ( x1 ) ; x1 .∗ cos ( x1 ) ] ;

case 'EVP'
r e t = 0 ;

case 'dLambda '
r e t = 0 ;

o therw i s e
r e t = 0 ;

end
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ref_settings.m

function [ r e t ] = r e f_ s e t t i n g s ( r eque s t )

switch reques t
case 'mesh '

r e t = 0 : 1/2^11 : 1 ;
case ' col lMethod '

r e t = ' gauss ' ;
case ' c o l l P o i n t s '

r e t = 7 ;
case ' meshAdaptation '

r e t = 0 ;
case ' e r ro rEst imate '

r e t = 0 ;
case ' absTolSo lver '

r e t = 1e−15;
case ' r e lTo l So l v e r '

r e t = 1e−15;
case ' absTolMeshAdaptation '

r e t = 1e−15;
case ' relTolMeshAdaptation '

r e t = 1e−15;
case ' minIn i t ia lMesh '

r e t = 50 ;
case ' f inemesh '

r e t = 0 ;
case 'allowTRM '

r e t = 1 ;
case 'maxFunEvalsTRM '

r e t = 90000000;
case 'maxIterationsTRM '

r e t = 90000000;
case ' lambdaMin '

r e t = 0 . 0 0 1 ;
case ' maxAdaptations '

r e t = 18 ;
case ' switchToFFNFactor '

r e t = 0 . 5 ;
case ' updateJacFactor '

r e t = 0 . 5 ;
case 'K'

r e t = 200 ;
end

end
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test.m

function t e s t ( problem , s e t t i n g s , r e f S e t t i n g s )
f i d = fopen ( problem , 'wt ' ) ;
[ r e fx , r e f z , r e f s ] = bvpsu i te2 ( problem , r e f S e t t i n g s ) ; %ca l c u l a t e and p l o t

plot ( re fx , r e f z ) ; %re f e r ence s o l u t i o n

l = legend ( ' $x_1$ ' , ' $x_2$ ' ) ;
set ( l , ' I n t e r p r e t e r ' , ' l a t e x ' ) ;
print ( problem , '−dpng ' ) ; %save r e f e r ence p l o t as . png

for c o l l P o i n t s = 2 :5
e r r o r 1 = [ ] ;
p1 = [ ] ;
c1 = [ ] ;
for i = 1 :10

s tep = (2^11)/(2^ i ) ;
[ x , z , s ] = bvpsu i t e2p lus ( problem , s e t t i n g s ,2^ i , ' gauss ' , c o l l P o i n t s ) ;
r e f v a l s = r e f z ( : , 1 : s tep : end ) ;
e r r o rv e c = z−r e f v a l s ;
e r r o r 1 (end+1) = max( sqrt (sum( e r r o rv e c . ^ 2 , 1 ) ) ) ;

end

for i = 1 :9
p1 (end+1) = log ( e r r o r 1 ( i )/ e r r o r 1 ( i +1))/ log ( 2 ) ;
c1 (end+1) = er r o r 1 ( i +1)/((1/2^( i +1)).^p1 (end ) ) ;

end

p1 (end+1) = 0 ; %add 0 s as l a s t e lements to p and c v e c t o r s

c1 (end+1) = 0 ;

e r r o r 2 = [ ] ;
p2 = [ ] ;
c2 = [ ] ;
for i = 1 :10

s tep = (2^11)/(2^ i ) ;
[ x , z , s ] = bvpsu i t e2p lus ( problem , s e t t i n g s ,2^ i , ' uniform ' , c o l l P o i n t s ) ;
r e f v a l s = r e f z ( : , 1 : s tep : end ) ;
e r r o rv e c = z−r e f v a l s ;
e r r o r 2 (end+1) = max( sqrt (sum( e r r o rv e c . ^ 2 , 1 ) ) ) ;

end

for i = 1 :9
p2 (end+1) = log ( e r r o r 2 ( i )/ e r r o r 2 ( i +1))/ log ( 2 ) ;
c2 (end+1) = er r o r 2 ( i +1)/((1/2^( i +1)).^p2 (end ) ) ;

end

p2 (end+1) = 0 ;
c2 (end+1) = 0 ;

e r r o r 3 = [ ] ;
p3 = [ ] ;
c3 = [ ] ;
for i = 1 :10

[ x , z , s ] = bvpsu i t e2p lus ( problem , s e t t i n g s ,2^ i , ' uniform ' , c o l l P o i n t s ) ;
z = coe f fToValues ( s . c o e f f , s . x1 , feval_problem ( problem , ' o rde r s ' ) , . . .

1/( c o l l P o i n t s +1)∗(1 : c o l l P o i n t s ) , r e f x ) ;
e r r o rv e c = z−r e f z ;
e r r o r 3 (end+1) = max( sqrt (sum( e r r o rv e c . ^ 2 , 1 ) ) ) ;

end

for i = 1 :9
p3 (end+1) = log ( e r r o r 3 ( i )/ e r r o r 3 ( i +1))/ log ( 2 ) ;
c3 (end+1) = er r o r 3 ( i +1)/((1/2^( i +1)).^p3 (end ) ) ;

end

p3 (end+1) = 0 ;
c3 (end+1) = 0 ;
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A = [ e r r o r 1 ; c1 ; p1 ; e r r o r 2 ; c2 ; p2 ; e r r o r 3 ; c3 ; p3 ] ' ;
fpr intf ( f i d , ' k = ' ) ;
fpr intf ( f i d ,num2str( c o l l P o i n t s ) ) ;
fpr intf ( f i d , ' \n ' ) ;
fpr intf ( f i d , printTab (A) ) ;
fpr intf ( f i d , '−−−−−−−−−−−−−−−\n ' ) ;

end

fc lose ( f i d ) ;

printTab.m

function output = printTab (A)
[ rows , columns ] = s ize (A) ;
output = ' ' ;
for r = 1 : rows

output = [ output , ' 1/ ' , my2str (2^ r ,−1) , '&   ' , my2str (A( r , 1 ) , 1 ) , '   &  ' ] ;
for c = 2 : columns−1

output = [ output , my2str (A( r , c ) , c ) , '   &  ' ] ;
end

output = [ output , my2str (A( r , columns ) , columns ) , '   \\\\ \n ' ] ;
end

end

function formatted = my2str (numb, c )
max_len = 10 ;
i f ( c == −1)

formatted = num2str(numb ) ;
spacing_arg = [ '%− ' , num2str(max_len ) , ' s ' ] ;
formatted = sprintf ( spacing_arg , formatted ) ;
return ;

end

i f (numb == 0)
formatted = '− ' ;
spacing_arg = [ '%− ' , num2str(max_len ) , ' s ' ] ;
formatted = sprintf ( spacing_arg , formatted ) ;
return ;

end

i f (numb < 1 && (mod( c ,3) >0))
formatted = num2str(numb, '%.2e ' ) ;
spacing_arg = [ '%− ' , num2str(max_len ) , ' s ' ] ;
formatted = sprintf ( spacing_arg , formatted ) ;
return ;

end

i f (numb > 0 && numb <= 10)
formatted = num2str(numb, '%.2 f ' ) ;
spacing_arg = [ '%− ' , num2str(max_len ) , ' s ' ] ;
formatted = sprintf ( spacing_arg , formatted ) ;
return ;

end

formatted = num2str(numb, '%.2e ' ) ;
spacing_arg = [ '%− ' , num2str(max_len ) , ' s ' ] ;
formatted = sprintf ( spacing_arg , formatted ) ;
return ;
end
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