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Kurzfassung der Dissertation

Diese Dissertation beschaftigt sich mit der Theorie und den Anwendungen Zentraler Grenz-
wertsitze (ZGWS) und Nicht-Zentraler Grenzwertsitze (NZGWS). Teil I dient als Ein-
leitung. In Teil IT beschiftigen wir uns mit dem Grenzverhalten zufalliger Summen und
beweisen einen NZGWS und Konvergenzraten. In diesem Teil liegt der Schwerpunkt auf
der von uns vorgeschlagenen Beweistechnik. In Teil I1I analysieren wir das Grenzverhalten
von Semimartingalen fiir kurze Zeiten. Wir beweisen ZGWS und gehen auf Anwendungen
in der Finanzmathematik ein. Teil IT und Teil III sind voneinander unabhangig.

Teil I, Vorbereitung: Kapitel 1 wiederholt klassische ZGWS und ist Grundlage fiir alles
Weitere. In den Kapiteln 2 und 3 beschiftigen wir uns mit der steinschen Methode und
der Asymptotik zufélliger Reihen. Kapitel 4 widmet sich dem Konzept der Stichproben-
verzerrung. Ziel der Kapitel 2 bis 4 ist es, einen Grundstein fiir Teil II zu legen. Kapitel 5
motiviert die in Teil II ausgefiihrte Forschung.

Mit Kapitel 6 wechseln wir das Thema und présentieren ein heuristisches Argument
zugunsten eines ZGWS fiir eine Klasse stetiger Semimartingale. Kapitel 7 greift diese
Fragestellung auf und motiviert die in Teil III ausgefiihrte Forschung.

Teil 11, Analyse von Zufallssummen poissonscher Mischverteilungen mittels steinscher
Methode: Mithilfe der steinscher Methode geben wir Abschatzungen fiir die Wasserstein-
und die Kolmogorov-Distanz zwischen Zufallssummen poissonscher Mischverteilungen und
ihren Grenzverteilungen. Beachtenswert ist wie die steinsche Methode zur Anwendung
kommt. Durch stochastisches Bedingen ist es moglich, den Fall einer gaufischen Varianz-
Mischverteilung auf den Fall einer Normalverteilung zuriickzufithren, wodurch man die
Analyse einer unhandlichen Stein-Gleichung umgehen kann.

Teil IT1, Zentrale Grenzwertsdtze fir Semimartingale fir kurze Zeiten: Wir zeigen einen
ZGWS sowie einen funktionalen ZGWS fiir stetige Semimartingale fiir kurze Zeiten. Wir
verallgemeinern diese Resultate fiir Semimartingale mit Spriingen. Als Anwendungen in
der Finanzmathematik besprechen wir die Bepreisung digitaler Optionen am Geld fiir kurze
Zeiten und geben eine Abschétzung fiir die Asymptotik erster Ordnung der implied vola-
tility skew am Geld.
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Abstract

This dissertation is focused on the theory and applications of central limit theorems (CLT's)
and non-central limit theorems (NCLT's). Part I has preliminary character. In Part II, we
deal with the limit behavior of random sums. We prove a NCLT and rates of convergence.
In this part, our primary emphasis is the new method of proof we propose. In Part 111, we
study the limit behavior of semimartingales for small times. We prove CLTs and extend
these to functional CLTs on the process level. Subsequently, we show applications in math-
ematical finance. Part II and Part I1I are independent of each other.

Part I, Preliminaries: In Chapter 1, which is the foundation of Part II and Part III, we
recapitulate classical CLTs. In Chapters 2 and 3, we introduce the reader to the rudiments
of Stein’s method and review parts of the asymptotic theory of random sums. Chapter 4
deals with the concept of size biasing. The knowledge of Chapters 2 to 4 is essential for
Part II. Chapter 5 motivates the research which is carried out in Part II.

In Chapter 6 we change the subject and give a heuristic argument in favor of a small-
time CLT for a class of continuous semimartingales. Chapter 7 seizes this idea and further
motivates the research in Part III.

Part 11, Analysis of Poisson Mizture Sums via Stein’s Method: By using Stein’s method,
we study the Wasserstein, as well as the Kolmogorov distances of Poisson mixture sums
and their limit distributions. The primary focus is laid on how Stein’s method is applied.
By stochastic conditioning, it is possible to work with Stein’s equation of the Gaussian
distribution instead of a more complex Stein equation.

Part 111, Small-Time Central Limit Theorems for Semimartingales: We prove a CLT,
as well as a functional CLT on the process level for continuous semimartingales for small
times. These results are extended to semimartingales with jumps. As an application to
mathematical finance, we discuss the pricing of at-the-money digital options with short
maturities and the asymptotics of at-the-money short time implied volatility skews.
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Preliminaries






Chapter 1

Classical Central Limit Theorems

We state classical central limit theorems (CLTs), which we will continue to use freely
thereafter.

Since [P6120], the name central limit theorem is used when the limit distribution of a
statistical model is Gaussian. The history of CLTSs, portrayed in [Fisll], begins with de
Moivre’s paper on the normal approximation of the binomial distribution in 1733 [Smi59].
In 1774, de Moivre’s work was improved by Laplace [Sti86] and the result became known
as the de Moivre-Laplace theorem. Laplace developed the characteristic function as a
tool and presented the first general CLT in [Lap95|, admittedly with an incomplete proof.
According to Kallenberg [Kal02], the first rigorous proof was given in 1901 by Lyapunov
[Lya01]. Between 1920 and 1922, Lindeberg proved sufficient conditions for a CLT in [Lin20;
Lin22a; Lin22b], which later also turned out to be essentially necessary. In 1927, Bernstein
obtained the first extension to higher dimensions [Ber27]. A more quantitative version,
known as the Berry—Esseen theorem, was independently established by Berry [Ber41] and
Esseen [Ess42] in 1941 and 1942, respectively. It specifies the rate at which the convergence
to a Gaussian distribution takes place by giving a bound on the maximum error. In 1972, a
whole new chapter of the theory of CLTs was opened by Stein [Ste72]. He introduced a new
technique involving a differential operator to deliver explicit estimates of the approximation
error. That the heart of this method does not rely on independence has led to a wide range
of applications of Stein’s method. Consequently, Stein’s method was further developed
by several mathematicians, see the monographs [BC05; CGS11; NP12] and the references
therein.

Let X = {X;}ien be a sequence of independent random variables, with

EX;]=0, 0<o0;:=+/V(X;) <0, i€eN.

N

Sni=Y Xi, S i= V(sn):(zn:giz)i’ 5 .=

i=1 i=1 n

Theorem 1.1 (CLT). Let Z ~ N(0,1) be a standard Gaussian random wvariable on a
probability space (U, F',P") and let X = {X;}ien be a sequence of independent, square-
integrable random variables with zero mean and positive standard deviation on a probability



Chapter 1. Classical Central Limit Theorems

space (2, % ,P). If the Lindeberg condition

1 n
lim — Y E[X7|Xj| >eX,] =0, >0, (1.2)
i=1

n—oo Y2 4

holds, then _
lim Eplpn(Sn)] = Eplp(2)],

where {p;}ien C C(R;C) satisfies

sup sup M < 00,

neN zeR 1+ ’$|2

and converges to @ uniformly on compacts. Moreover, if —oo < a < b < oo, then

= 1 [ e
i < < = — T2 .
nh_}IgoIP’[a <85, < b] e27r/a e 2 ds
Proof. See [Str1l, Theorem 2.1.8, p. 64]. O

Remark 1.3. If the random variables {X; };en are identically distributed, then

1
lim — E[X{;|X1| > evno] =0, >0,
1

n—oo o
meaning that the Lindeberg condition (1.2) holds.
Remark 1.4. The Lindeberg condition (1.2) is a sufficient condition for
lim Ep[(Sa)] = Ep [ (Z)] (1.5)
n—oo

to hold for all ¢ € C,(R;C).
Feller proved that (1.5) for all ¢ € C,(R) and

. 0
lim max — =0
n—oo 1<i<n En
imply that Lindeberg’s condition (1.2) holds. These two results combined are known as the

Lindeberg—Feller theorem, see [Strll, p. 62].

Theorem 1.6 (Berry—Esseen). Let X = {X;};cn be a sequence of independent random
variables on the probability space (0, F ,P), with

W=

E[X;] =0, 0<V(X;)<oo, &:=(E[|X]%])
Then, for n € N,

< oo, t€N.

i1 &
3

n

| Frn — @[|oe <10

where B
Fo(z):=P[S, <z|], z€eR,
and @ is the cumulative distribution function of a standard Gaussian random variable.
In particular, if
V(X;) =1, ie{l,...,n},
then 5
n
> i1 S
3

n

3
maXe{1,..,n} &

| Fr — @[|ec <10 T

<10

|



Proof. See [Str1l, Theorem 2.2.17, p. 77 et seqq.] for a proof via Stein’s method based on
the work by Bolthausen [Bol84]. O

Theorem 1.7 (Multivariate CLT). For m € N, let {X;}ien be a sequence of independent,
square-integrable, R™-valued random vectors on a probability space (2, % ,P). Further, as-
sume that fori € N, E[X;] = 0 and that the covariance matriz Cov(X;) of each X; is strictly
positive definite. Let n € N, then we define

1 — Sn
Sp = X, n = Y = (det(Ch))2m, ni= =
; C Cov (S, ZCOV (det(Cy))2 S 5
Assume that the limit
C:= lim Cn
n—oo 22
exists and that the Lindeberg condition
1 2.
Jim ZIE [1X:[%1Xi| > e8,] =0, >0,
holds. Then, for every sequence {¢;}ien C C(R™;C) that satisfies
sup sup [P () < 0, (1.8)

neN zeR™ I+ |‘T|2 N

and converges uniformly on compacts to o,
lim Eppn(Sn)] = Ep[p(2)],
n—oo

where Z ~ N(0,C) is a random vector on a probability space (', F',P"). In particular, when
the random vectors {X;}ien are uniformly square-integrable with zero mean and common
covariance C, then

hm Ep {(pn(\s/ﬁ)} Ep [0(2)].

Remark 1.9. The case m = 1 is consistent with Theorem 1.1.

Proof. See [Str11, Theorem 2.3.8, p. 85 et seqq.]. O
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Chapter 2

Introduction to Stein’s Method

We illustrate Stein’s method on which the results in Part II are built.

Let P and Q be probability measures on a measurable space (2, %), then it is natural to
ask how close P and Q are in the following sense,

[ nae— [

where J€ is a set of F-measurable, P- and Q-integrable functions. A typical choice is

d(P,Q) := sup
he#

Fopry ={la: A€ F},

when
dryv(P,Q) = sup ‘/hdIP’ /hd@)_supm — Q4]
heF v Q AeF
is called total variation distance of P and Q. When (2, %) is given by (R, % (R)), the choice
Sk = {1(,0074 1z e R}

defines the Kolmogorov distance

dx (P, Q) := sup
heSk

)

/thIP — /th@‘ = sup | P[(—o0, z]] — Q[(—00, ]|

r€R
whereas
How = {h:R—=R:|h(z) - h(y)| < |z —y|, Yo,y € R}

defines the Wasserstein distance

e oy -

in case the integrals are well-defined!.

Given two probability measures P and Q and a distance d, Stein’s method addresses the
question of calculating d(IP, Q). In the special case where the distribution of I is a standard
Gaussian distribution, we make the following observation. Let

Z ~ N(0,1)

'For € R, let the probability density function with respect to the Lebesgue measure be given by
f() := 27 %1[1,00)(z) and consider the Lipschitz function h(z) := z, then [; h(z)f(z)dz = [z ' dz = oo



Chapter 2. Introduction to Stein’s Method

and f : R — R be a continuous and piecewise continuously differentiable function, such
that E[|f(Z)|] < oo. Then
E[f(2)] - E[Zf(Z)] =0, (2.1)

since by partial integration

L[ et ass L 2
\/%/Rf(s)e ds-\/ﬂ/Rsf(s)e ds.

Even more is true, the Gaussian distribution can be characterized by equation (2.1)2. In-
spired by (2.1), it is plausible that the expression

[E[f'(W)] = E[W f(W)]]
is small, whenever W is a random variable close to Z. More concretely, if
| E[h(W)] - E[(2)] |
is small for all h € 7€, the expression
[ELf'(W)] = E[W f(W)]|

should be small for all f in a certain F#’.
We now describe how # and #’ are related. For bounded g, the ordinary differential
equation (ODE)

N

x

f'@) ~ ef(@) = g(a), lim_f(z)e"F =0, (2.2)

T——00

called Stein’s equation, has the solution®

1‘2 z 52
f(z) = 62/ g(s)e"z ds, zeR.

—00

Thus, if for a particular bounded h € J€ we define
g(z) :=h(x) —E[h(Z)], xz€R (2.3)

then
fu(z) = e“”z/ (h(s) —E[R(Z)]) e = ds, x€R, (2.4)

solves

M)

T

f1(x) —zfn(z) = h(z) —E[R(Z)], lim fy(z)e = =0.

T—r—00

Substituting a random variable W for x and integrating leads to
E[h(W)] - E[A(2)] = E[f;(W)] — E[W fi(W)] .
Thus, instead of analyzing the desired

sup | E[A(W)] — E[h(Z)] | (2.5)
heH#t

2See [BCO5, Lemma 2.1, p. 9 et seq.]
3See [BCO5, p. 3 et seq.]



it is possible to analyze

sup | B[ (W)] = E[W fu(W)]|, (2.6)

heife

although it is not obvious what is gained by that. Notice that (2.5) directly depends on Z,
whereas (2.6) depends on Z indirectly via f,. The following example illustrates how the
terms in (2.6) might be analyzed.

Example 2.7. Forn € N, let X = {Xi}ie{l,...,n} be independent and identically distributed
(i.i.d.), with
EXi]=0, E[X{]=1, E[Xi]*] <o,

and

1 n
W._\/ﬁ;)@

According to Theorem 1.6, the distribution of W is close to a standard Gaussian distribution
whenever n is large. According to our understanding

E[Wf(W) = f'(W)]

should be small for a reasonable large class of functions. For example, let f € C3(R) be

such that E[W f(W)] and E[f/(W)] exist and

1 n
R D
v i=2
Since X is i.i.d. and by Taylor’s theorem we get

B £(W)] = nE[ =X, /(7))

- \/ﬁE[le(\}ﬁ

= VRE[X (FV) + ;ﬁxlf’(W’))} + Ry,

X1 +W’)]

where

1" Ml

Rl <
|1!_2\/ﬁ

E[|X:[%].
Furthermore, by the same arguments

B[/ 7)) = [ (5=

=E[f'(W')] + Ra,

X1 +W’)]

where

15" oo g
vn

Since W’ and X are independent, E[X;] = 0 and E[X?] = 1, we have

1Ml
f

| Ra| < E[[X1]].-

[E[W W) = f V)] | < (1+5 CE[Xf)).



Chapter 2. Introduction to Stein’s Method

As we see, analyzing E[W f(W)] and E[f’(W)] can be rewarding. Thus, to get an upper
bound for |E[W f(W) — f/(W)] | in Example 2.7, it is essential to control || f”||ec. If we start
with sup,cye | E[R(W)] — E[h(Z)]]|, we have to analyze E[W f,(W)] and E[f; (W)], where

2 [T 2

fu(z)=e7 / (h(s) —E[r(Z)])e" = ds, z€R.

—0o0

Hence, it is desirable to get estimates for || f}|loc in terms of h € #. However, f; not
necessarily exists for every choice of #€, which is the case when the function space ¥k lacks
regularity. Under such circumstances, one has to apply a more sophisticated analysis to
E[W f(W)] and E[f’(W)] than the one carried out in Example 2.7.

Remark 2.8. This chapter is based on [BC05].

10



Chapter 3

A Non-Central Limit Theorem

We give examples of random sums similar to those we analyze in Part II and present
a non-central limit theorem (NCLT) that describes their asymptotic behavior.

Example 3.1 (Finance). The two standard assumptions for the increments of a stock
price process S = {St}te[o,T} are independence and stationarity. These two assumptions led
Bachelier [Bac00] to discover the stochastic process now called Wiener process. If we divide
the interval [0, T'] into sufficiently many subintervals, the increments Sy — S, 0 < s <t < T,
can be represented as a sum of increments on subintervals. Since we assumed independence,
according to CLTs the distribution of S; — Ss; converges to a Gaussian distribution, for
example if the Lindeberg condition (1.2) is satisfied. If the subintervals have identical
length, the assumption of stationarity implies that the distributions of the subintervals are
identical. In this case, the Lindeberg condition is reduced to the requirement of finiteness of
variances of the elementary increments. However, statistical analysis shows that a Wiener
process seems to be a questionable model for the stock price increments, since in practice
they are more leptokurtic.

An attempt to explain the observed leptokurtosis without giving up the assumptions of
the model, independence and stationarity of increments, was made by Mandelbrot [Man63;
Man69; Man09]. The deviation from the Gaussian distribution means that CLTs are not
applicable. The assumption that the variances are not finite forces the use of NCLT's, leading
to stable distributions as limit laws for the sums of identically distributed summands.
However, the infiniteness assumption about the variances of price increments of arbitrary
small time intervals appears to be impossible in practice.

According to [GK96], Clark [Cla70; Cla73] was the first who tried to explain the lep-
tokurtosis of the increment distributions by investigating the heterogeneity of the time of
trades. According to Clark, it is not the finiteness of the variances of elementary incre-
ments that becomes violated, but rather the assumption of non-randomness of the number
of summands. Let the variation of the stock price during the considered time interval be
described by (t;, S;)ien, where t; is the time of the i*" trade and S; is the price of the '}
deal. Hence, S; = S;, t; <t < t;+1. Let N; be the number of deals concluded by time ¢.

Then for Sy > 0,
Ny

Sy — Sy = Z(SZ — Sz;l), te [O,T].
i=1

For X; := S;— Si—1, 1 € N, we assume that X = {X,};en are independent random variables
and that X and N = {N¢},c[o,7] are independent. Then the asymptotic theory of random

11



Chapter 3. A Non-Central Limit Theorem

summation tells us that if the number of deals concluded in [0, 7] is sufficiently large and
the price variations X satisfy the conditions of a CLT, then for some non-negative random
variable U

P[S; — So < 2] ~PUZ < 2] =E[®(2U )], z€R,
where @(%)!uzo = l(o,00)(z), Z ~ N(0,1), and Z and U are independent. Thus, the dis-
tributions of stock price increments should be searched for among normal variance mixture
distributions!, see Theorem 3.6. Furthermore, normal variance mixture random variables
are always more leptokurtic than the Gaussian random variable itself.?

Remark 3.2. The example above is given in [GK96, p. 77 et seqq.].
Example 3.3 (Actuarial Science). Let X = {X;}ien be a sequence of i.i.d. random vari-
ables, with E[X1] = p € R and 0 < 0 := V(X;) < co. Let N = {N;}4cr, be a homoge-

neous Poisson process with intensity A > 0, independent of X. The surplus of an insurance
company is typically modeled by

Nt
Spi=ct—Y Xi, teRy, (3.4)
=1

where ¢ > 0 is the intensity of insurance premiums, N; is the number of insurance payments
during time (0,¢] and X are the claims. Then the classical risk process is asymptotically

normal
[S’t —t(c— pA)
tA(p? + 0?)

However, when the conditions are weakened, the limit behavior is described by a NCLT.

lim P

t—o00

<:p] =d(x), zeR.

Remark 3.5. This example is given in [GK96, p.67 et seqq.].

We now proceed towards a NCLT for random sums. Let X = {X;};en be a set of
independent random variables, a = {a;};eny and b = {b;}ien, b; > 0, i € N, sequences of
real numbers, and

_ Sp—an

n
Shn ::ZXi, Y, : 2 , neN.
i=1 n

Let {N;}ien be a sequence of Ny-valued random variables, independent of X, ¢ = {¢; }ien
and d = {d; }ien, d; > 0, 7 € N, sequences of real numbers, and

S —
Zy:= 2 meN.
n

Theorem 3.6 (NCLT). Let the sequences a,b,c,d be such that

lim b, = lim d, = oo,
n—oo n—oo

and
Y, =Y,

'For a definition see Definition 1.9 in Part II.

*Let X and U be independent random variables with finite fourth moments, with E[X] = 0 and
P[U > 0] = 1. Then the excess coefficient kurtosis x(UX) > k(X). Furthermore, k(XU) = s(X) if
and only if (iff) P[U = ¢] =1, ¢ > 0. See [GK96, p. 82 et seq.] for a proof.

12



as n — oo with
F(z):=PY <z|], zeR

Furthermore, let

<an an, — Cp
d,’ dy,

as n — 00, for some random variables U,V . Then

)Ewaw

hmpwn<ﬂ:EP(x_Vﬂ,xeR,

where F'(*2)|u=0 := 1(y,00)(7)-

Proof. See [GK96, Theorem 3.1.2, p.47 et seqq.]. O

Remark 3.7. If Z is a random variable with distribution function IE[F (x_UV)}, then

z4uy +v,

where Y and (U, V) are independent.

Remark 3.8. Theorem 3.6 also holds for arbitrary sequences S,, n € N, which are not
necessarily cumulative sums of independent random variables, see [Kor92].

Remark 3.9. For necessary and sufficient conditions in the special case Y ~ N(0,1), see
[GK96, Theorem 3.3.2., p. 64].

Remark 3.10. Let U, V,Y, Z be random variables and
V(Z)={Y,UV): Z duy + V; Y and (U,V) are independent}.

Then the set ¥ (Z) is not empty, since (Y,0,2) € V(Z), where Y is an arbitrary random
variable independent of Z. Further, the random variables U and V are not determined
uniquely by the distribution of Z. For example, let

AYelen

where G and G are independent random variables carrying a gamma distribution® Gy, Go ~
I'a, B), a, 8> 0. Then (1,G1,—Gs), (G1,1,—G2), (Y,0,G1 — G2) € Y(Z). Moreover, also

(Y,VG,0) e ¥(Z),
where Y ~ N(0, 1) independent of
GNF(a 1[32) a, B > 0.
Y 2 Y Y

To see this, we consider the characteristic function of G; — Ga,

. _ 1 1 /82 o
lt(Gl Gz) — —
Ele } (1= (+5" Qﬁ+ﬂ)’ te R

3See Appendix B.

13



Chapter 3. A Non-Central Limit Theorem

On the other hand, for y = %BQ and t € R,

«

E[eit\/aY] :E[E [eit\/@y ‘ G]] _ E[@Y(t\/é)] _ F'[éa) /OOO e_s(%t2+ﬂ) SOé—l ds
o 32 (3.11)

:F(oz)@/j52 + ) /ooo e ds = (2u2ﬁ 7) - <m>a'

Note that for a = 1, equation (3.11) shows that v/GY carries a Laplace distribution with
parameters 0 and 1/3. This remark is based on [GK96, p. 50].

Example 3.12. We now give an application of Theorem 3.6. Let X = {X,};eny be a
sequence of independent random variables with E[X;] = 0 and E[X?] =1, i € N, such that
the Lindeberg condition (1.2) holds. Furthermore,

A

A~T(1,8), Ny~ NB(1, m),

Z ~N(0,1), B,A>0,

where NB stands for the negativ binomial distribution?, and let A, Ny, X, Z be independent,
then as A — oo,

3

Ny
1 d 1
Zyi=—> X; SVAZ~L(0,—— ).
’ ﬁ; (> 725)
By Remark 3.10,
1
AZ ~L(0,— ).
vA ( ‘/Qﬁ)
Since by Theorem 1.1
1 n
\/ﬁ;_lXii)Z as n — oo,

by Theorem 3.6 we have to show

N,
TA L VA, as Ao . (3.13)

The characteristic function of A is given by

B
B —it’

On the other hand, the characteristic function of Ny /A is given by

oA(t) = teR

(1 B 6%) eit/)\ _ /Beit/A A—00 ﬁ _ (t) t e R
1= 2etA B e -1 gt PAYD '

90%(” =

Thus, by Lévy’s continuity theorem (3.13) follows and by Theorem 3.6

Z,\i>\/KZ, as A — oo.

4See Appendix B.

14



Chapter 4

The Concept of Size Biasing

We introduce the concept of size biasing, which we will use frequently in Part II.

We begin with an illustration given in [AG10]. Imagine the following situation: In a room,
20% of people sit at a table alone, 30% sit in pairs, 30% in groups of three, and 20% in
groups of four. Of course this does not mean 20% of occupied tables are occupied by only
one person. If there are 100 people and 50 tables in this room, 20 people sit alone, they
occupy 20 tables, 30 people sit in pairs, they occupy 15 tables, 30 people sit in pairs of
three, they occupy 10 tables, 20 people sit in pairs of 4, they occupy 5 tables. Thus, on
40% of the tables there sits one person, on 30% of the tables there sit two people, on 20%
of the tables there sit three people and on 10% of the tables there sit four people. Hence,
there is a difference if we randomly pick a table and record X, the number of people sitting
there, e.g. P[X = 1] = 0.4. Or if we randomly pick a person and record X*, the number of
people sitting at her table, e.g. P[X* = 1] = 0.2. Apparently, the probability P[X* = n] is
proportional to nP[X = n], that is (i.e.)

]P[X*:TL]:C”]P[X:TL]’ n6{1,2,3,4},

where ¢ > 0. Then,

4 4
1=) PX*=i]=c» iP[X =i] =cE[X],
=1 =1
which implies ¢ = ﬁ Hence,

P[X* =n] = W, ne{1,2,3,4},

which leads us to the following definition.

Definition 4.1 (X-size bias distribution). Let X be a non-negative random variable with
0 < E[X] < 0co. Then X* has the X-size bias distribution if for all f : R — R, such that
E[X f(X)] exists,

EXF(X)] = E[X]E[f(X7)].

In Example 4.2 we calculate X* of a Poisson random variable X. The result will be
used extensively in Part II.

15



Chapter 4. The Concept of Size Biasing

Example 4.2. Let the random variable X be Poisson distributed,

X ~P(\), A>0,

then
X* =X +1,
since
— A . AFL
ELXF(X)) =D if()) e = (i+Df(i+ DG
i=0 ) i=0 ’
= )\Zf(i - 1)% e =E[X]|E[f(X +1)].

In order to sharpen our intuition about size biasing, we finish this chapter with a classic
example.

Example 4.3 (Waiting time paradox). Buses arrive at the bus station in accordance with
a Poisson process, the expected waiting time between consecutive busses is thus 1/a, o > 0.
If we arrive at an arbitrary time ¢ > 0, how long do we expect to wait? More concretely,
let X = {X;}ien be i.i.d. random variables with X; ~ Exp(«) and o > 0. Let Sy := 0 and

Sy, = in, n € N.
=1

The time of arrival of the n'* bus is modeled by
Sp ~T(n,q),

the successive waiting time between arrivals of the i*" and the (i 4 1) bus, i € Ny, is given
by
Xit1 ~ Exp(a).

For ¢t > 0, we define the random variable N; as the number of indices i € N, such that
S; <t. Then {N; = n} iff S;, <t and S,41 > t. The number of arrivals within [0, ¢] is thus
modeled by

Nt ~ P(at)
We now pick an arbitrary ¢ > 0 and ask what is our expected waiting time, if we arrive at
the bus stop at time ¢? Two reasonable answers are:

e The lack of memory of the exponential distribution, i.e. P[X; > s+t|X; >1t] =
P[X; > s], s > 0, i € N, suggests our waiting time does not depend on our arrival.
Thus, the average waiting time equals !/a.

e Since the average time between arrivals equals 1/a and our arrival is arbitrary, by
symmetry our expected waiting time is 1/2a.

To decide which answer is correct, a closer look is necessary. Let ¢ > 0 be the time of
arrival, then the waiting time is given by

Wt = Sz —t,

16



if S;_1 <t<8;,i€N. For xz > 0,

PW: <z] =Pt <S5 < z+1 +ZIP’0<S~<tt—S~<Xi+1<t—S,~+a;]

t—A+x Od)\ i—1
=e — CHCH)—!—Z/ / -1 e e dud\
] _

—at _ —a(z+t) + Z/ Oé)\ ot —oa)\ (e—a(t—/\) _ e—oa(t—/\-i-r)) d\
(1 — 1

I
o

=1—e
which means W; ~ Exp(a). Thus, the average waiting time equals /o and the first answer
is correct. However, the symmetry consideration also contains some truth. The mistake in
reasoning is just that longer intervals simply have a better chance to cover the point ¢ > 0
of our arrival than shorter ones. More concretely, the length of intervals that we arrive at

Li:=S; — Si—1,

if S;_1 <t<S;, i €N, is not exponentially distributed. The random variable L; has the
density!
a’lre o” for 0 < z <'t,
fi(z) = —ax
a(l+at)e for t < z.

As it can be veryfied by direct calculation,

2 —at
E[L]=""S2" t>0,

«

which converges to 2/a for t — co. By symmetry the waiting time is thus again approxi-
mately 1/a for large enough t.

Remark 4.4. This example is given in [Fel71, p. 11 et seqq.]

Remark 4.5. In [AG10], size biasing is discussed extensively.

'For a proof see [Fel71, p. 11 et seqq.].
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Chapter 5

Motivation for the Research in
Part 11

We present the research of several authors concerning the limit behavior of random
sums and describe how we contribute to it in Part II.

Let X = {X;}ien be a sequence of independent (not necessarily identically distributed)
random variables and let the random variable IV, be geometrically distributed!

N, ~ Geom(p), 0<p<1,

independent of X. Toda [Tod12] studies the limit behavior of the geometric sum

Np
Zy:=\pY Xi as p\0, (5.1)
=1

and identifies it to be the Laplace distribution. As we show in Example 3.6 (with differ-
ent notation), this follows directly from Theorem 3.6. However, Toda proves a NCLT by
adapting Lindeberg’s method of proving a CLT for a fixed number of independent random
variables, see [Tod12; EL14].

Theorem 5.2 (Toda). Let X = {X;}ien be a sequence of independent random variables,
such that
E[X;] =0, o0;,:=+/V(X;) <oo, i€eN

Let
N, ~ Geom(p), 0<p<1,
independent of X and suppose that

1. lim, o0 n‘aa,% =0 for some 0 < a <1 and 02 := lim, s % Z?:l UZ-Q > 0 exists,

2. for all € > 0 the Lindeberg condition

o0

lim > (1 —p) 'pE[X}|X] > ¢/vp] =0
p—0 im1

holds.

!Note that we distinguish between Geom and G, see Appendix B.

19



Chapter 5. Motivation for the Research in Part II

Then, as p \ 0,
Np
d o
53X, —>Y~L<0, —) (5.3)
VP z; ; N
Proof. See [Tod12, Theorem 2.1, p. 3 et seqq.]. O

Remark 5.4. In [Tod12], the Theorem 5.2 is stated in slightly more general terms.

As we will see, the limit behavior in (5.3) was further analyzed by several authors.
Pike and Ren [PR14] study a Stein operator (5.6) that characterizes the centered Laplace
distribution and establish a rate of convergence in the bounded Lipschitz metric as an
application, see Theorems 5.5 and 5.9.

Theorem 5.5 (Pike, Ren). Let f € C(R), such that f and f' are locally absolutely contin-
uous and

(A f)(@) := f(z) = f(0) = *f"(x), zeR. (5.6)

Let X ~ 1(0,0), then
E[(« f)(X)] =0,

if E[f(X)], E[|f"(X)|] < co. Conversely, if X is a random variable with E[(4f)(X)] =0
for cvery f € CX(R), with | flloo, | s 17" oe < 00, then X ~ L(0,0).

Proof. See [PR14, Theorem 1.1, p. 3 et seqq.]. O

Remark 5.7. Compare the second order Stein operator for the Laplace distribution (5.6)
with Stein’s first order equation for the standard Gaussian distribution (2.2).

Definition 5.8. Let X,Y be random variables, then the bounded Lipschitz distance is
defined by
dpr(X,Y) := sup |[E[h(X)] - E[r(Y)]],
heFfpy,
with
Hpr, = {h € C(R) : ||h|loc <1 and |h(z) — h(y)| < |z —y| for z,y € R}.

Theorem 5.9 (Pike, Ren). Let X = {X;}ien be a sequence of independent random variables
with, 1 € N|
EX;]=0, 0<o:=+V(X;), p:=supE[X;]’] < cc.
1€N
Let
N, ~ Geom(p), 0<p<1,

independent of X and

o
Z~1 (0, —)
V2
Then,
o+2V2 p
o2 2) < T2 (04 2,
BL(Zp Z) < VP o U+302)
Proof. See [PR14, Theorem 1.3, p.3 et seqq.]. O

Remark 5.10. Instead of analyzing Stein’s operator for the Laplace distribution (5.6), Gaunt
[Gaul4] studies Stein’s equation of variance-gamma distributions, which contain normal,
gamma and Laplace distributions as special cases.
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Débler [Doel2] provided (5.3) with Berry-Esseen bounds, see Theorem 5.11 and The-
orem 5.12 and further continued his work on this topic in [Doel5], see Theorem 5.15 and
Theorem 5.17.

Theorem 5.11 (Débler). Let X = {X;}ien be a sequence of i.i.d. random variables with
EXi]=0, 0<o:=+V(X1)<oo, &:=E[X;]’] <o0.

Let
N, ~ Geom(p), 0<p<1,

independent of X and

o
7 ~ L(o, —)
V2
then 2Ok
K
Ak(L(2,),%(2)) < = 4> \/B+12p,
with 0 < Cx < 0.56.
Proof. See [Doel2, Theorem 3.4, p. 13.]. O
Theorem 5.12 (Doébler). Let X = { X, }ien be a sequence of independent random variables
with,
EX;] =0, 0<o;:=+V(X;)<oo, &=E[X;’] <oo, i€N,
with

~ 1 <&
n ::n;&, n € N.

Assume for
n
~2 2
0, = E o;, mneN,
i=1

that

~ N
0<5%:= lim —62 < oo.
n—oo N

Let
N, ~ Geom(p), 0<p<1,
be independent of X and let R
o
7 ~ L(o, \ﬁ)
Then,
~9 ~9 1

dx(£(2p), £(Z)) < 12p—|—p2(1 —p)it min(‘l — %‘, 11— %QD —I—CKE[

W/ N}
~3 )
— o; o Np oN

with 0 < Ck < 0.56.

Proof. See [Doel2, Theorem 3.5, p. 14.]. O
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Chapter 5. Motivation for the Research in Part II

Assumption 5.13. Let X = {X;};en be a sequence of i.i.d. random variables, with
E[|X1[*] < oo.

Let N be a Ng-valued random wvariable, such that
E[N?] < o0,

independent of X. Furthermore,

=BV, g=VENY, =V, #=EVY,
a:=E[X{], b:=\/E[X?], c:=+/V(X1), & =E[|X1 - E[X41] %]
Let

N
S = Z Xi,
i=1
then by Wald’s equation and the Blackwell-Girshick equation
p:=E[S] =aa, o*:=V(S)=ac+da*+>.
According to [Rob48], under the assumption that
o2 =ac® + a272 — 00,

there are three situations in which

W = = (5.14)

is asymptotically normal:
1. ¢ # 0 # a and 7% = o(a) for a — oo,
2. a=0%# cand v =o(a) for « = oo, and
3. N is asymptotically normal and at least a or c¢ is different from zero.

In case ¢ # 0 # a and 72 = o(a), for a« — oo, N tends to infinity in a certain sense, but
such that it only fluctuates slightly around its mean o and thus behaves more or less like a
constant « tending to infinity. If ¢ = 0 and a # 0, then we have S = aN a.s. and asymptotic
normality of S is equivalent to that of N.

Theorem 5.15 (Débler). Let X and N be like in Assumption 5.13 and let W be given by
(5.14). Let
Z ~N(0,1)

and let (N, N*) be a coupling, where N* has the N-size biased distribution, independent of
X, and D := N*— N. Then

o3

2¢2by?  3ad®  aa? |2 2aa®b 91 aalb? 9
dw (W, Z) < g S . i 2 ?/V(E[D|N])+ g E[1{p<oyD?] + < E[D?].
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Additionally, if D > 0 then we also have

(V21 + 4)bc2a d3a(3v2r + 4)) c3a Vad?
< 2
(W, 2) < 403 E[D*] + 803 = ( V2 2) co?

a o a|a|b2\/2ﬂ'

+ ﬁﬂ”[ = 0]+ 5 E[N"21vay) + =g g E[D’]
aa? a\a|b alalb

+ 2 VVEDIN] + E[E[D?|N*| + 57 /PIN = 0] VE[D?]
ala|b? 9 1 d3alalb abe _1

+ E|(D"1 N72| 4 D1 N2,
orvon ED e N2 (% Ug\ﬁ> [DlinonpN72]

Proof. See [Doels, Theorem 2.5., p. 8 et seqq.]. O

Remark 5.16. Assume that the index N is a positive constant, then

dw(W, 2) < 05’?
and
w22 (i (G0 v ),

This is the optimal convergence rate for sums of i.i.d. random variables with finite third
moments, although with non-optimal constants, see [Doel5, Corollary 2.10, p. 11. et seq.].

Theorem 5.17 (Débler). Let X and N be like in Assumption 5.13 with a = E[X;] = 0
and let W be given by (5.14) and let

N(0,1).
Then,
2y 3d3
dw(W. Z2) < — + ——
W( ) ) = + C3\/a7
and
(V2r +4)y  /d3(3V2r + 4) 1 7 d?
Z) < 1)— V2425
(W, 2) < 4o +( 8¢c3 * )\/5+(2\[+ >c3a
d? .
+P[N =0] + ( \F\f) E[lnvs1y N1
Proof. See [Doelb, Theorem 2.7, p. 10 et seqq.]. O

Remark 5.18. According to [Doel5, Remark 2.8 (d), p.11], it is possible to drop the as-
sumption that the summands are identically distributed.

Now we summarize this chapter so far. Several authors have studied the limit behavior
of the geometric sum (5.1). However, they essentially differed in their method of attack:
Toda [Tod12] adapted Lindeberg’s method, Pike and Ren [PR14] analyzed Stein’s equation
of the Laplace distribution, and Débler [Doel2] applied conditioning on the value of the
index IV, and used known error bounds for sums of a fixed number of independent random
variables, like the classical Berry—Esseen theorem. In [Doelb], Débler studied a slightly
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Chapter 5. Motivation for the Research in Part II

different problem and combined Stein’s method for normal approximation with coupling
constructions and conditional independence to prove his results.

In Part II, we present our analysis of the limit behavior of (5.1). We now give a sketch
of our ansatz. Let {X;};cn be a sequence of independent random variables and A be an a.s.
positive random variable. Let Ny be a Ny-valued random variable which is conditionally
Poisson distributed? given A, meaning £(Ny|A) % P(A) and assume that (Ny,A) is
independent of {X; };en. We apply Stein’s method in the spirit of Chapter 2 to prove upper
bounds of the Wasserstein and Kolmogorov distances between the random sums

and

Z = VAX, (5.19)
where X ~ N(0,1), independent of (N, A, {X;}ien). A byproduct is the NCLT

Ny
1
— X; 4, VAX as A\ — . 5.20
VA
i=1

For example, when A is gamma distributed, /N has a negative binomial distribution and in
a special case a geometric distribution, see Example 1.5 in Part II. In this case, Z carries
the Laplace distribution, see Remark 3.10 as well as Example 1.13 in Part II. Thus, with a
change of notation (5.20) resembles (5.3).

However, instead of analyzing a cumbersome Stein operator, like for example (5.6), by
conditioning we reduce the problem to the well understood case of (2.2). For a suitable
function h and random variable X ~ N(0, 1), the function

12 x 52
fo2(z) := €252 / h(s) —E[h(cX)]e 22 ds, z€R,

—0o0

solves Stein’s equation

M

Fla@) — % foo(z) = h(z) — E[h(cX)], lim fo(z)e % =0, zeR.

T—r—00

Substituting a random variable Zy for z, a positive random variable A for o2, and taking
the conditional expectation E[- |A], leads to

E[AA(Z)1A] ~ B[22 fa(20)]A] = BIn(Z2)1A] - E[R(VAX)|A].
Thus, to estimate

sgge(E[h(ZA)\A] — E[A(VAX)]|A])

for an appropriate set of functions €, it is possible to analyze the terms

E[fs(Z)|A] and E [%fA(ZA) \ A] (5.21)

2For the definition of a Poisson mixture random variable see Definition 1.1 in Part II.
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It is well known how to handle the expression (2.6) and the terms therein in the case of
the Wasserstein or Kolmogorov distances. As a result, the analysis of (5.21) can be tracked
back to the analysis of (2.6), once it is realized that size biasing, e.g. in the form

Ny—1

EIVEL (2014 = E[Nf (Z= 3 %) [4],
=1

allows us to connect our ansatz with the existing theory.
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Chapter 6

A Heuristic Argument for a
Small-Time Central Limit
Theorem

We give a heuristic argument for a small-time CLT for a class of Ito diffusions. It raises
the question for which class of processes a small-time CLT holds. This is addressed in
Part II1.

Suppose that X = {X;};cr, satisfies a one-dimensional stochastic differential equation
(SDE)

t
Xt—xo—i—/ o(Xs)dBs, t>0,
0

where zg € R, o is bounded, bounded away from zero, and Lipschitz continuous. Further-
more, for § > 0 let X° = {XJ}1er, be the solution of the SDE

t
Xf:x0+\/5/ o(X%)dW,, t>0.
0

Then, according to [@ks10, Theorem 8.5.1, p. 148], the distributions of the random variables
X5 and Xf coincide.

By [DZ10, Remark of Theorem 5.6.7, p. 214], the processes X 9 satisfy a large deviation
principle (LDP) in C([0,1]) as § N\ 0, with rate function

1(f) =

~ 1 ' a{ ((s)))2 ds if f € Hl([o 1)), f(0) = o,
50 otherwise,

where H'(]0, 1]) denotes the space of absolutely continuous functions on [0, 1] with square-
integrable derivatives. By the contraction principle [DZ10, Theorem 4.2.1, p. 126]), applied
to the evaluation map C([0,1]) = R, f+ f(1), we conclude that the random variables X;
satisfy an LDP as ¢t \, 0 with rate function

I(zo +y) —mf{f 1 f€ C([O 1), f(1)==zo+y}
1 1nf/ f/ (6.1)

2 feye
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Chapter 6. A Heuristic Argument for a Small-Time Central Limit Theorem

where #€ := {f € HY([0,1]) : f(0) = 29 and f(1) = zo + v} and y > 0. In other words, for
y > 0 we have the asymptotics

—I(zgt+y)

PX:>azo+y]l~e ¢, t\,0, (6.2)
where ~ stands for exponential equivalence.
Let ¥ be an antiderivative of the function 1/s. By the assumptions on o, the function

>(f(-)) belongs to H([0,1]) iff the function f belongs to H!([0,1]). Hence, the latter
infimum in (6.1) can be rewritten as

1 1
inf / v'(s)? ds,
ves 2 0

where # = {v € H([0,1]) : v(0) = (xg) and v(1) = X(zo + y)}. Due to Jensen’s
inequality, the infimum is reached when v is the affine function connecting 3(z() and
Y(zo 4+ y). Thus,

zo+ s
Tao+9) = (50 +) =S = 5( [ 5)" (63

We now formally apply the LDP (6.2) with a time-dependent y = zv/t, where z > 0. Since
I(zg) = I'(z9) = 0, we have

Iay + 2V7) = 31"(20) 2t +ot), 1\,

and

> 2| ~e 2000

z2
]P’[Xt — X 7)2—&-0(1)’ £, 0,

which suggests a Gaussian limit law (the case z < 0 is similar).

Remark 6.4. This example is given in [Ger+15, Remark 6, p. 730 et seq.].
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Chapter 7

Motivation for the Research in
Part 111

We describe the research question of Part III and show how the results can be applied.

Limit theorems for finite-dimensional stochastic processes as time goes to infinity have
been a classical object of study in probability theory. Many results on the existence and
uniqueness of invariant distributions, the convergence of the processes to the latter, and the
limiting behavior of the fluctuations around the limiting distributions have been obtained,
see e.g. [Has80; JS03; MT92; MT93a; MT93b] and the references therein. More recently,
small-time asymptotics of finite-dimensional continuous time stochastic processes have at-
tracted attention. Apart from the theoretical interest, these have become important in
various applied fields such as mathematical finance, where the increasingly high frequency
of trades in financial markets requires pricing models behaving reasonably both on very
short and on long time horizons.

In the works [ALV07; BGM09; BC12; BBF04; FFF10; FLH09; Jac07] and the references
therein, the authors study the behavior of the random variables E[f(Xy,+s)|%; | for small
values of § > 0. In this case, X is a finite-dimensional (jump-) diffusion process, a Lévy
process or more generally a semimartingale, (%7 );>o is the filtration generated by X, and
f is taken from a space of suitable real-valued test functions. In [BC12], this program is
carried out for general finite-dimensional semimartingales. Under appropriate continuity
assumptions on the characteristics of X, as well as smoothness assumptions on the function
f, the a.s. limit

lim 6 (B (X1010)| %] = £(X,) (7.1)

is determined.

We are interested in small-time CLT's for finite dimensional semimartingales; this means,
instead of the a.s. limit (7.1) we are concerned with the limit

1
lim ¢4 (/) = £(X0)) (7.2
in distribution. We give sufficient conditions on the semimartingale X under which, for
every suitable test function f, the limit (7.2) exists and is given by a centered normal random
variable (whose variance depends on the particular choice of the function f). The most
closely related result in literature seems to be by Doney and Maller [DMO02, Theorem 2.5],
which characterizes the Lévy processes that satisfy a small-time CLT.
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In addition to the just described CLTs, we prove functional CLTs on the process level
and give two applications of our results in the field of mathematical finance: first to the
pricing of digital options and second to the asymptotics of implied volatility skews. To
outline the first of the two applications, we recall that the price of a digital option with
strike K and maturity ¢ on an underlying security with price process X in the presence of
a constant interest rate r > 0 is given by the formula

Ele™ 1ix,>xy] =™ P[X; > K]. (7.3)

For short maturities, i.e. for ¢ \, 0, this price tends to zero if K > X (out-of-the-money)
and to 1 if K < Xj (in-the-money) as soon as X has right-continuous sample paths. The
evaluation of the limit in the case K = X (at-the-money options) is much trickier and, as
we show, the limit can take all values in the interval [0, 1], see Examples 2.13 and 2.17 in
Part III. Nevertheless, if a CLT of the type described above holds for the semimartingale
X and the limit law is non-singular, then the limit must be given by !/2. Moreover, in a
special case the price in (7.3) is bounded for any fixed value of ¢ > 0 from above and below
by explicit functions tending to 1/2 in the limit ¢ N\, 0. By a well known relation between
digital prices and implied volatility skews, we deduce bounds on the latter in certain models
with stochastic interest rates.

Remark 7.4. This chapter was taken from [Ger+15].
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Part 11

Analysis of Poisson Mixture Sums
via Stein’s Method
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Chapter 1

The Setting

We introduce Poisson mixture distributions and normal variance mizture distributions
on which the research in Chapter 2 and Chapter 3 is based.

Definition 1.1 (Poisson mixture distribution). Let A be a random variable satisfying
PA > 0] =1,

and for A > 0 let Ny be a Np-valued random variable which is conditionally Poisson dis-

tributed given A,

P[N) = n|A] = ()\3) e neN,. (1.2)

Then the random variable N, is said to have a Poisson mizture distribution with mixing
variable A.

Remark 1.3. Note that if the random variable Ny carries a Poisson mixture distribution with
mixing variable A, then E[N)|A] *= AA and hence E[N,] = E[E[N,|A]] = AE[A] € [0, o0].
Remark 1.4. Poisson mixture distributions are applied in actuarial science. In contrast to a
Poisson random variable N, where V(NN) = E[N], Poisson mixture random variables show
over-dispersion, i.e. V(N) > E[N], if the mixing variable is non-singular. This behavior is
often encountered in count data. See [MFE05, Section 10.2.4, p.482 et seqq.].

Example 1.5 (Gamma distribution for A). Suppose that A has a gamma distribution
ANF(a75)7 a’5>07

with density

fap(x) = lfz;xa_l e P, z > 0.

For v € (—a, 00) and z € (—o0, (),

E[AY ] = / z7 e* on‘*l e P dg
0

I'(«)
_Tla+y) B /Oo (B =2 201 o= (B=2) 4y
Pla) (B—2)*"7 )y T(a+7) (1.6)
F(Oé + '7) (a+7) |
T )(1—2/5 + / fasy,p—2(x) da
F(Oé +7) - oz-l—w
B
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Chapter 1. The Setting

which extends to all z € C with Re(z) < 8. For v = 1 and z = 0 this implies E[A] = o/
by the functional equation I'(a 4+ 1) = aI'(«) of the gamma function. Combining (1.2) and
(1.6) with v = n and z = —\ shows that the unconditional distribution of N is

ATL

PNy =n] = ]E[P[NA = n|AH — EE[Ane—)\A] _

INCERD) AT
n!T(a) B*(1+ A/B)etr

for all n € Nyg. Using n times the functional equation of the gamma function and the
abbreviation

A
=———¢€0,1
PAI= 5y [0,1)
for the success probability yields
a+n—1 a.n
O G [CE NV S (1.7

thus, N, carries the negative binomial distribution
Ny ~ NB(a, py).
In case a = 1, Ny carries the geometric distribution®
Ny ~ G(pa).
Remark 1.8. Similar calculations are carried out in [MFEO05, Proposition 10.20, p. 483].

Definition 1.9. [Normal variance mixture distribution] A random variable Z has a normal
variance mizture distribution with parameters p € R and o € R, if there exists a standard
Gaussian random variable X ~ N(0,1) and a random variable A > 0, independent of X,
such that

ZL 1+ oVAX.

Remark 1.10. Normal variance mixture distributions are applied in financial modeling, see
e.g. Example 3.1 in Part I and [MFE05, Chapter 3.2., p. 73 et seqq.].

Lemma 1.11. Let A be an a.s. positive random variable independent of X ~ N(0,c?).
Then the characteristic function of Z = /AX is given by

2,2

E[e?] =E[e=2 1], teR (1.12)

Proof. Conditioning on A and using the independence of A and X yields

: . \/7 o'2t2
E[e*?] =E[E[VAX|A]] =E[e "2 %], teR
O
Example 1.13 (Gamma distribution for A). Let A be a gamma distributed random variable

A~T(e,8), a,p>0,

1See Appendix B.
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as in Example 1.5, let X ~ N(0,02), 0 > 0, and let Z = v/AX. Then (1.6) with v = 0 and
z = —# and (1.12) imply
: 022 242\ —«a
E[e?] = E[e™| = (1+ %) teR.
[e ] e 2 + 253 , €
In case @ = 1, Z carries a centered Laplace distribution
o
Z ~ L(o, 7)
V20

Note, this was also established in Remark 3.10 in Part I.

Example 1.14 (Inverse gamma distribution for A). Let A have an inverse gamma distri-
bution
ANIg(Oé,ﬁ), aaﬁ>0,

meaning that 1/A ~ I'(a, §) and

P[A < y] = i /yxal el dzr, y>0
If «a =3 =v/2withv >0 and X ~ N(0,1), then the corresponding normal variance
mixture distribution of v/AZ is the Student’s t-distribution #(v) with v > 0 degrees of

freedom. The special case v = 1 yields the Cauchy distribution. As a reference, see
[MFEO05, Example 3.7, p.75 and Section A.2.6, p. 497].

Example 1.15 (Tempered a-stable distribution for A). Suppose that A has a 7-tempered
a-stable distribution with index « € (0, 1), scale parameter p > 0 and tempering parameter
7 > 0, which means its Laplace transform is given by

E[e_sﬂ = exp(—'ymp((s +7)¢ — To‘)), s> -,

where v,,, = Wﬁrﬂ)' Then (1.12) evaluates to
_ 242
E[eltz} = exp(—7a7p<<% + T)a - TO‘)), teR. (1.16)

The special case a = 1/2 and 7 = 0 is the Lévy distribution with scale parameter p > 0, for
which

p \Y/2
flo) = (27T:C3) ¢ z>0,
is a density and (1.16) simplifies to
E[eitz] = e VP teR.

As a reference, see [GSW10].
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Chapter 2

Upper Bounds for the Wasserstein
Distance

We prove an upper bound for the Wasserstein distance between Poisson mizture sums
and their related normal variance mizture distributions; a NCLT follows as a byproduct.

Let {X;}ien be a sequence of independent (but not necessarily identically distributed),
real-valued square-integrable random variables with

EX;]=0, V(X;)=1, E[Xi*] <oo ieN.
Furthermore, let the random variable Ny have a Poisson mixture distribution!
Ny ~P(AAN), A>0,
with a.s. positive mixing random variable A and assume that (Ny,A) is independent of
{Xi}ien-

We apply Stein’s method to prove an upper bound for the Wasserstein distance between
the distributions of the random sums

1 A
Zy = — Xi, A>0,
2

and the normal variance mixture random variable?
Z = VAX,

where X ~ N(0, 1), independent of (Ny, A, {X;}ien). A byproduct is the NCLT

ZAi>Z as A\ — oo,

see Corollary 2.12.
We define

n

o(N) i=e > A" Y E[XiP], A>0, (2.1)
n=1 i=1

—1
n! 4

1See Definition 1.1.
2See Definition 1.9.
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Chapter 2. Upper Bounds for the Wasserstein Distance

which is allowed to be infinite and which can be seen as an average of the third absolute
moments with Poisson weights. If Py ~ P()\), then E[Py] = A and

Py
o)) = I@E[;E[\Xﬂ] (2.2)

Note that
o(\) <supE[|X;[}], A>o0.
1€EN
Theorem 2.3. Define Yy := Zy/V/A; on the set {p(AA) < oo} the conditional expecta-
tion E[|YA||A] is a.s. finite, the Wasserstein distance of £(Yx|A) to the standard normal
distribution £(X) = N(0,1) is a.s. well defined, and

4+ 20(AA)
dw (£(YA|A), £(X)) < Y (2.4)
If E[p(AN)] < oo, then
sup sup E[h(Z)) — h(Z)] < 4+ 2E[o(\)] (2.5)

— 9
b>0 het, vV

where #6, denotes the set of all absolutely continuous functions h: R — R with ||h|lcc < b
and Lipschitz constant Lip(h) < 1.

Remark 2.6. Note that Zy and Z are coupled through their joint dependence on A. This
makes the bound (2.5) possible even when Z and Z are not integrable. Also note that due
to this coupling we do not need a special Stein equation for the limiting normal variance
mixture distribution, as it is enough to have the Stein equation for N(0, 1).

Remark 2.7. Note that the assumptions on g(AA) in Theorem 2.3 and the three corollaries
below are trivially satisfied if sup;cy E[|X;|?] < oo. See Example 2.25 below for a more
elaborate case with absolute third moments increasing to infinity.

Corollary 2.8. If E[V/A] < oo, then Z is integrable. If additionally E[o(AA)] < oo for
some XA > 0, then Z) is integrable too, the Wasserstein distance of £(Z)) and £(Z) is
well defined, and

4+ 2E[p(AA
dw(Z(2)),%(Z)) := sup E[h(Z)) — h(Z)] < M,
hest VA
where F€ denotes the set of all h: R — R with Lip(h) < 1.

Proof. Note that E[|Z|] = E[VA]E[|X|] and E[|X|] = 1/2/7. If in addition E[p(AA)] < oo,
then (2.5) implies that

(2.9)

4+ 2E[p(AN)]
v
and integrability of Z, follows by sending b — oo and using the monotone convergence

theorem. For h € #€ and b > 0, the function hy(x) := max(—b, min(b, h(x))) for z € R is in
H#€, and the upper bound in (2.5) applies. Since

E[min(b,|Z,])] < E[min(b, |Z])] +

()] < [h(2)] < R O)] + |h(z) = R(O)] < [A(O)] + [2], = €R, (2.10)

E[hs(Z)) — hy(Z)] converges to E[h(Zy) — h(Z)] by the dominated convergence theorem as
b — oo. This proves (2.9). O
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Corollary 2.11 (NCLT). If E[p(AA)] = o(v/A) as A\ — oo, then Z\ converges weakly to
Z.

Proof. Consider a bounded ¢g: R — R with Lip(g) < oo. Then there exists a bounded
h: R — R with Lip(h) <1 and g = Lip(g)h. By (2.5),

Elg(Z))] = E[g(Z2)] as X — oc.
This implies the corollary, see [EK86, Theorem 3.1, proof of (c¢) implies (d)]. O

Corollary 2.12. Suppose that E[V/A] < co. Let {Ap}nen C (0,00) be a sequence with
An — 00 as n — oo. If E[p(AA)] = o(V/An) as n — oo, then {Z), }nen is uniformly
integrable.

Proof. For b > 0 we define
hy(z) = max (0, |z| — max(0,b(b — |z]))), z €R.

Then hy(x) = |z| for |x| > b, hy(x) = 0 for |z| < b?/(b+1) and linear for the remaining |z|,
in particular Lip(hy) = b+ 1. Furthermore

|21 00y (J2]) < ho(2) < 2|, = €R,

and
hm hy(x) =0, x€R.

b—oo

Fix € > 0; since Z is integrable by Corollary 2.8, by dominated convergence there exists
b: > 0, such that E[hy_(Z)] < ¢/2. By assumption, there exists n. € N, such that

44 2E[o(ApA)]

<e/2.

Hence, by (2.9)

44 2E[o(A,A)] <e
VAn
for all n > n.. Since Zy,,...,Z),_ are integrable by Corollary 2.8, by dominated conver-

gence (possibly for a larger b.) also E[|Z),[1{z, |>b.}] < € for every n € {1,...,n.}. This
proves SuPneN E[|Z)\n| 1{\Z)m|>b5}] S g. L]

E[|Z),|1q2,, 1563 < E[ho.(20,)] < E[he.(Z)] + Lip(he. )

Proof of Theorem 2.3. Let us first prove that E[o(AA)] < co and (2.4) imply (2.5). Using
the scaling property of the Wasserstein metric and £(Z/vA|A) 2 £(X), it follows for
every b > 0 and h € 46, that

E[h(Z)) — MZ)] = E[E[h(Z» (2)|A]]
< E[dw (£( ZA|A £(Z|0))]
= E[VAdw (L(V2]A), £(X))].

Plugging in (2.4) gives the upper bound (2.5).
To prove (2.4), consider h € #€,. The function

F(z) = o /x (h(y) ~ER(X)]) e % dy, zeR,

—00
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Chapter 2. Upper Bounds for the Wasserstein Distance

where we dropped the dependence on h in the notation, satisfies the corresponding Stein
equation for the centered normal distribution with variance 1, i.e.

h(z) —EMX)] = f'(z) —xf(x), z€R
Note that || fllec < 2 and ||f'|oc < /2/7 by [CGS11, (2.13) of Lemma 2.4]. Therefore,
E[|YAf(Y))]] < /2/7 +2b < o0, hence Y, f(Y)) is integrable and
E[h(Y))|A] - E[h(X)] = E[f'(Ya) = Yaf (Ya) | A]. (2.13)
To estimate the right-hand side of (2.13), we follow the standard procedure (see [CGS11,
Section 1.3]) combined with size biasing of a Poisson random variable. Define

Ny—1

1
V= — Y X,
RS

N

1
TR

i=1,i#n

and Yan = (2.14)

and note that )

We first rewrite the term E[f/(Y))|A] from (2.13). By size biasing,
Ny

E[f(¥3)[A] 2 E| 2 F/(Y)

1 &
A} a‘:S‘IE[)\—AZf’(Y/\’) A] (2.16)
n=1

By the trivial identity f(YY) = (f(Yy) — f(Yan)) + f(Yan),

E[F(3)[A] 2 B+ B[ 5 £ A
n=1

with
n=E[ fj(f'm') - ) [A].
n=1

By the independence of X, from A, Ny, and {X;};en {n}, it follows that

E[9(Xn) | A, NxA X Yien (n}] = Elg(Xn))] (2.17)

for every measurable g: R — R with E[|g(X,)|] < co. Using (2.17) for g(x) = 22 and the
assumption E[X?] = 1, we see that

Liny>n}

Xolin, >
A

B[22 (v,

A = E| 7' (Yan)

A}, n €N,

hence

N
E[F00)IA] 2 0+ B[S X2 [A] (2.18)
n=1

Next, we rewrite the term E[Y) f(Y))|A] from (2.13). By the fundamental theorem of
calculus we get

1
JY) = f(YVan) + Yy — Y,\,n)/o f'(Van +t(Yy — Yan))dt, n € N. (2.19)
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Using (2.17) for g(x) = = and the assumption E[X,,] = 0, it follows that

X,1
nLt{N\>n}
E[2riNent oy
R ()

Hence, multiplying (2.19) by Y\ — Yy, = X»1in,>n}/VAA and taking conditional expec-
tations, it follows that

A] as .

E [X {Na>n}
VAA

and summation over n € N shows that

£V ‘A} [l{N*M}/fY,\n—i—t(Y,\—YAn dtw

1 O 1
E[Yaf(Ya)|A] 2 E [ AZXEL/O f,(YA,n+t(Y>\_Y)\,n))dt‘A}
n=1

Subtracting this equality from (2.18) shows that
E[f'(Ya) = VaAf(M)[A] = I+ 1 (2.20)
with

1 D L
h=E[ > x; /U (F/(Van) = F'(Van + 103 = Yan) e[ A].

To control I; and I, we use additional information about the derivative of f, namely
Lip(f’") < oco. Then by (2.15),

| _ Lip(f/) ’

[1'(Y3) = f'(Yam)| < Lin(f)[¥5 - T

Xnlinysn} — XN, | (2.21)

and
|f' (Yam) = ' (Vo +t(Ya = Yan))| < Lip(f)t|Ya — Y|

Lip(f)
< t| X,|1 n
<A | Xn 1Ny >n)-

for every n € N and t € [0,1]. Since £(Ny|A) = P(AA),

A} LS N, |A] 2 A,
Hence, using (2.17) for g(z) = |z|3, as well as fol tdt = 1/2, it follows that

. Ny
Lip(f”) 1 3

[Io| < E|— E | X0 "INy >n)
2V A [AA ot A

A
(2.22)

Lip(f) 11 Lip(f’)
= S E[M;E[\Xﬂ(/\} < o(\\)  as.

Estimating I using (2.21),

Lip(f)) 7 1 <&
Il < =% E[}\A;(|Xn\+|XNA\)‘A] a.s.
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Chapter 2. Upper Bounds for the Wasserstein Distance

Using (2.17) for g(x) = |z| and recalling that E[|X,|] < E[X?] = 1 for every n € N by
Jensen’s inequality and our assumption,

Ny o m
E[> (1%l + X)) [A] = 32 D E[(1Xa] + X)) wymmy | A]
n=1 m=1n=1
= ZE [Lingmmy | A] S EIXal] + E[ X))
m= n=1

Hence,
2Lip(f')
VA

Note that Lip(f’) < 2 by [CGS11, (2.13) of Lemma 2.4], because Lip(h) < 1 by assumption.
Thus, the combination of (2.13), (2.20), (2.22), and (2.23) shows that

|| < (2.23)

44 20(AA)
E[h(Y)\) ’A] - E[h(X)] < W

On the set {9(AA) < oo}, for b > 0, estimate (2.24) applied to h(x) := min(b, |z|) for z € R
implies that

(2.24)

4+200)

VAA o
so E[|Ya]|A] < oo a.s. by conditional dominated convergence as b — .

For general h € #€ and b > 0 define hy, € 7, by hy(r) = max(—b, min(b, h(z))) for
x € R. By (2.10) and the conditional dominated convergence theorem, it follows that
E[hy(Yx)|A] — E[hy(X)] converges a.s. on the set {o(AA) < oo} to E[h(YA)|A] —E[h(X)] as
b — oo, therefore (2.24) holds for h a.s. on the set {p(AA) < oo}, and (2.4) is proven. [

E [min(b, |Y;|) | A] < E[|X][] +

To illustrate the balance between third absolute moments of the sequence {X,},en
increasing to infinity and the corresponding moments of A required for Theorem 2.3 and
Corollaries 2.8, 2.11, and 2.12 we give the following example.

Example 2.25. Given v > 0, consider a sequence of independent random variables { X, } nen
with P[X,, = "] = P[X,, = —e""] = e 27" /2 and P[X,, = 0] = 1 — e~ 27" for every n € N.
Then E[X,] =0, E[X?2] = 1, and E[|X,,|3] = & for every n € N. For A > 0 let Py ~ P()).
Summing the first Py terms of a geometric progression with factor e” shows that

Pxq

P P

37 €
S BN = T
n=1

hence by the definition of () in (2.2)

E[e™] -1  exp(A(e? 1)) —1
A1 —e) A1 —e™)

o(A) = < eVexp(A(e” —1)),

where the estimate (e* —1)/z < e for x > 0 was used. Therefore, o(AA) < oo for ev-
ery (0,00)-valued random variable A. If A has a gamma distribution I'(c, 8) with shape
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parameter a > 0 and inverse scale parameter 5 > 0 as in Example 1.5, then using (1.6)
yields

E[o(A)] < ¢ E[exp(AA(e? —1))] = eﬁ(ﬁ—A(iv—l))a

for A\ < B/(e”—1). Thus, the estimate (2.5) applies for 0 < A < (/(e”—1) and also
Corollary 2.8, because E[v/A] = I'(a + 1/2)/(v/BT () < oo by (1.6). However, the third
absolute moments are increasing too fast to make Corollary 2.11 applicable. This is no
surprise, because the expected number of non-zero terms in Z, is bounded above, i.e.

Ny 0o
E[nzl 1{Xn¢o}} < ;IP’[X” £0] = ﬁ A>0,

for every distribution of the (0, co)-valued A.

Remark 2.26. This chapter is based on so far unpublished research by P. Eichelsbacher, P.
Porkert, and U. Schmock.
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Chapter 3

Upper Bounds for the Kolmogorov
Distance

We prove an upper bound for the Kolmogorov distance between Poisson mizture sums
and their related normal variance mizture distributions.

As in Chapter 2, let {X;};cn be a sequence of independent (but not necessarily identically
distributed), real-valued square-integrable random variables with

EX;]=0, V(X;)=1 E[X|’] < ieN.
Furthermore, let the random variable Ny have a Poisson mixture distribution!
Ny ~P(AA), A >0,
with a.s. positive mixing random variable A and assume that (N, A) is independent of
{Xi}tien

We apply Stein’s method to prove an upper bound for the Kolmogorov distance between
the distributions of the random sums

1 &
7y = — X, A>0,
A \/Xlzl (2

and the normal variance mixture random variable?
Z = VAX,

where X ~ N(0, 1), independent of (Ny, A, {X; }ien)-
In analogy to (2.1), we define

00 )\n,1 n+1

() = E[|X:*], A>o0.

n!
n=1 i=1

1See Definition 1.1.
2See Definition 1.9.
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Chapter 3. Upper Bounds for the Kolmogorov Distance

Theorem 3.1. Under the above conditions an upper bound for the Kolmogorov distance
between the conditional distributions is given by

Cy(AA) + D

di (£(ZxIA), £(Z|0)) < o

where

4+ 52 V2
o 3F5 \/85+ T ~16.7, D:2+\/6+\/§;u5.7.

Remark 3.2. Let ¢ := sup;cy E[| X;[*] < oo, then

1—e7"
Y(x) <ec|l4+ <2, x>0.
T
Since
OO "
Z— z(e®—1), x€R,
ot n!
and
o0 :Bn
F’ — = —
(x) = Z(n+ )n re*+e* -1, zeR,
n=1
for z > 0,

-1 n+1

ZEIXI F'(x),

‘mZ

which proves the claim.

Corollary 3.3. Under the conditions of Theorem 3.1, an upper bound for the Kolmogorov
distance between Zy and Z is given by

AA
dk (£(2)),%(2Z)) < E[W A 1] (3.4)
If the deterministic condition
i 2 =0

is satisfied, the right-hand side of (3.4) converges to zero for A\ — oo. If

c:=supE[|X;]*] < oo
1€EN
2¢cC+ D

7 E[A™2].

dk (L(2y), 2(2)) <

Example 3.5. Let
A~T(,B), a>1lp2 >0,

then by equation (1.6) in Example 1.5, with v = —1/2 and z = 0,

R
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Proof of Theorem 3.1. Given o > 0 and z € R as well as the indicator function

hy i =1_w.2)
a solution f,2 . of the Stein equation
ho(@) - g:(0%) = f'(@) - 5 f(),  wER, (3.6)
with g.(0?) := E[h.(cX)] is given by
2 oo )
fo2.(x) = 0e2? / (ho(os) — g-(c?)) e 7 ds, z €R, (3.7)

where we consider f’ as the left-sided derivative and
P[Z) < z|A] = P[VAX < z|A] 2 E[h.(Z))|A] — g=(A). (3.8)

For every A > 0 and n € N, we define various variants of Zy where one or two terms are
missing, namely

N)\ 1 1 N/\ N)\ 1
>\ = \/7 Z XZv Z)\,TL = ﬁ Z : and Z>\7n = \/» Z Xr“
;7:&7% 17671

as well as auxiliary function

Kyn(t) = E[YA,n(l{Ogth)\,n} — Ly, <t<0}) | t R,
where
Xn
Y\ni=—F4 (3.9)
voN
Notice that
1 1
/RKM(t) dt=E[Y?,] = 1 and / |t Ky () 5]14:,[|YM|3] : (3.10)
By size biasing, see (2.16), and (3.10),
E[h.(Zy) — g-(A)|A] 2 E [ A)) ‘A]
as. 1
with
2/ AZ3) = ha(Zapm + 1) K n(t dt‘A] (3.11)
and N
A
TE[S /R (h=(Za+ ) — 9 (M) K o(0) ] A]. (3.12)
n=1
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Chapter 3. Upper Bounds for the Kolmogorov Distance

First we treat B from (3.12). Of course, we will use the Stein equation (3.6), but since
the (left-hand side) derivative of fj . given by (3.7) jumps at z, we do not have a good
control for its changes. Therefore, this derivative needs to be removed form the estimates,
which explains the introduction of the remainder A given in (3.11).

We keep the slightly cumbersome notation fj . to emphasize that the Stein solution is
random. Note that

Iy fa:(2y) = ZY)\anz Z)).

For every n € N, by the fundamental theorem of calculus,

YA,n
Linysny Yanfa2(2)) = 1{N>\Zn}Y)\,n/ a2 (Zyn+1) dt+ 1N, >y Yan a2 (Zan), (3.13)
0

where we can rewrite the integral as

Y)\,n
YA,n/ fa(Zyp+t)dt = / fa(Zxn + ) Yan (Lio<i<vy .y — Livaa<t<oy) dt.
0 R

Note that we use the notion of conditional expectation for random variables, which are
o-integrable with respect to a o-algebra (see [HWY92, Chapter 4]). This is useful when
considering conditional expectations involving fa ., because by Lemma A.1 the function is
bounded on events where A is bounded.

Note that since Y) , and (A, Ny, Z) ) are independent and E[Y), ,] = 0,

E[1n, >} Yanfa(Zan) | A, NA] =0, n €N,

for the last term of (3.13). Similarly, for every o(A)-measurable event E where A is
bounded, n € N, t € R,

E[1EfA.(Zan +1)Yan Moci<yyy — Lyan<i<op)] = E[15f4 . (Zan +1)] Kan(t).
By the Stein equation (3.6) with x = Z, ,, + t and 0% = A,

Zyn +t
A

Substituting this into (3.12) and combining it with the above results shows that

hz(Z/\,n + t) - gz(A) = f//\,z(ZA,n + t) - fA,z(Z)\,n + t)-

1

B2 LE[Z)fas(2))|A] -

N
AZIE[; /R (Znn + Ofa2(Zag + OExa(t) dt|A]. - (3.14)
By size biasing and (3.10),

1
AN

as. %E [nz::l /R Z4 fas(Z0) Ep(t) dt ‘ A} .

E[Zxfr:(Z)) | A] = — E[NAZ) fa-(Z3) | A]

Substitution into (3.14) and rearrangement leads to

Bas LE Z/ Zy I ~(Z8) ~ (Zan+ 1) a=(Zan + 1) Kna(t) e [A].
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We have the representations
Zf\ = ZS\,n + Y/\,nl{NAZn-H} and Z)‘vn +t= Zg\,n +i+ Y)‘va\l{Nkin}'

Hence, by the last item of Lemma A.1 we get

/o
| Z\ A Z3)—(Zan+t) fa:(Zap+t)| < (|ZM|+ f)(|t|+|Y>\n|1{NA>n+1}+’Y)\Nx‘l{NHén})

Since Yy, and (A, Ny, Z} ,,) are independent and since Y) n, and (A, Ny, Zf\n) are condi-
tionally independent given N,

Bl < ;E[i(l Z,l+ 3,

A} a.s.

n=1

with

Cui= [ (#1m5m + BV al Tz + S BVl Loty ) Knlt) de
l=n+1

for each n € N. Using (3.10) and E[|Y),|] < \/E[Yf’l] =1/VAforalll €N,

Chn

l\.’)\t—l

9
E[|[Vanl’] Linyzny + p Mz}

By (3.9) and (2.2),

1 Ak NG My
< o [Z|ZM|E Xal’] [A] + \/WE[;EUXMSHA}
Ny—1

2
+ s E > |4,

JT
A}Jr\/mE[NA]A]

Ny
- QA;WSE[ZE[Z’A,A 4, M B[] + oo
Ny—1
A2\/7 [ Z [|Z3\,n| ‘AvNA} ‘A] + \/\% a.s.

By the conditional Jensen inequality, for each n € N,
[’Z)\nHA N)\] :S [’Z)\nHN)\} = E[(Zs\,n)2{N/\]
and

a.s. a.s. 1 -
i=1,in

Ny —Liny>1y — Liventy &

A A
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hence
o) o1 VN 3 4+ 0(\A)
B E E||X,|7| | A —
VY [AAQ()\A); ) A] + Vo= (3.15)
Az)\2 E[NaV N — Lz [A] - as.
Note that

= e S E o]

by (2.2), hence by the conditional Jensen inequality

VN Ny .
E[AAQ(AA) ;E“X"’g} ‘A] = (E[)\AQ(AA) RZIEUX”‘S] ‘ADQ s
Due to size-biasing and (2.2),

Ny+1
E[M;EUX”P] ‘A} aé[@[g()\lm n; E[|X,[*] ‘A] s AA?’A(X)A)

and
E %\/NA—L{NAM ) } E[VN\|A] < VE[N,[A] =
W»(

Since p(AA) <

B < (m+f f> 1) as
§2\/)\7< ()\A)+\f4+§\A)+4) a.s.

We now study (3.11). To this end, forn e N, k € {1,...,n— 1}, t € R,

n—1

Epn(t) = {\f)\z — max(Xy, X, + V) < ZX]- < VAz — min(Xy, X, + \/Xt)},
j=1
J#k

and in case k = n,

n—1
Epn(t) = {\Az — max(0, V) < ZXj < VAz — min(0, \[\t)}

j=1
Then
Le, n ) = 11z < (3.16)
P[Ek,NA (t) |N)\ = n] = P[Ek,n(t)] , (317)
and
P[Ek,n, (1) [N, A] = P[Eg,n, (1) | NA], (3.18)
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where the last equation can be shown by a monotone class argument. By (3.16), the tower
property of the conditional expectation, the conditional Fubini Theorem, (3.18), and (3.17),

1

AV
[Al< L E Z/R\l{z;y} ~ Lz ortcey Kok(D) d [ A]
k=1

1 e
= AE_ZélEk’NA(t)KA,k(t)dt‘A]
:%E: [Z/1EM V(1 dt’NA, “A}

_ %E:Z /R B[ B, (6) N3] K a(t) i [ A

We now analyze
E[P[Egn(t) | Xk, Xn]] -

Forn>3and k€ {1,...,n—1},

1ZE
J#k

and we apply the concentration inequality (A.3) to (3.20) for

)"z ZX],
J?HC

with

Forn>3and k =n
(n-1)72> E[X? =1
j=1
and we apply the concentration inequality (A.3) to (3.20) for

n—1

(=172 X;,

with

__E Z/ P[Ey, x, (£) | Xk, Xy || Na] Kot dt’A}

(3.19)

(3.20)



Chapter 3. Upper Bounds for the Kolmogorov Distance

Hence, for n >3, k€ {1,...,n},
E[P[Ey (1) Xp, X]] < (n— 2)"2 E[VA[t] + [ Xi — Xal] + 27, (3.21)
with

) n—1
o= (n—2)72 Y E[|1X;[]
j=1

Plugging (3.21) into (3.19), applying (3.10) and Jensen’s inequality we get a.s.
1 1
Al §AE[1{NA1}/RKA,1(75) dt‘A} + A]E[l{NA2}/R(K)\,1(t) +K>\,2(t))dt‘A]

1 R
TRE [1%23}(% —2)e kZl/RK)\’k(t)<ﬁ|t| + \@) dt)A}

p e
+AE{1{NA>3}7NAZ/KA,k(t) dt)A}

1 2

\f

MY [{NA>3}\ﬁZE|X| (AM—E[\/EW

+ EE[l{N@S}VNxNMA}

Ny
13\f 1 3 V6
<A [1{NA>1}m;E[’Xk‘ ] N + NN
By size biasing,
Ny—1

Ny
E[I{NA>1}\/%;EUX16|3] ‘A} [ {N\223N\ N = )\A\/i Z ’Xk‘g] ‘A}

< WE[FZE (X2 )A}

which can be analyzed like the first term on the right hand side in (3.15), thus

13v6 V6
|A] < BV (AA) + on

Putting everything together results in

A+ B| < &(4+52\/§+m)¢(m)+2+x/6+ \/Z

O

Remark 3.22. This chapter is based on so far unpublished research by P. Eichelsbacher, P.
Porkert, and U. Schmock.
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Chapter 1

The Setting

We now lay down the setting for the following chapters.

Assumption 1.1. Let m € N, T > 0, zg € R™. Let X = (X},...,X]")]

te[0,T] be an

R™-valued continuous semimartingale with canonical decomposition®
X — xro = M + A,

where M is a continuous local martingale, A has locally finite variation, and My = Ay = 0.
Assume that

1. Xo =1x¢ a.s.,

2. there exists an a.s. positive stopping time T4 such that a.s.

. t .
Ag:/b?sdsa tE[OaTA]7 jE{l,...,m},
0

for an adapted process b,

3. there ezists a random variable Cy, such that ]bﬂ < Cp < 00 for a.e. t € [0,74] a.s.,
je{l,...,m},

4. there exists an a.s. positive stopping time Ta; such that the covariation is a.s.
(105 = S ollaltas, teond, ke (L. m),
0 =1
for a progressive process o,

5. there exists a deterministic constant Cy < 00, such that |0£k| < C, for a.e. t € [0, 7]
a.s., j,k € {1l,...,m}, and

6. ast (0, oy = L a.s., where L is a deterministic m X m-matriz.

'See e.g. [Kal02, p. 337].
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Chapter 1. The Setting

Remark 1.2. Let X be a weak solution of the m-dimensional SDE, j € {0,...,m}, d € N,

) ¢ d t
X7 —xo—i—/ bj(s,Xs)ds+Z/ ojr(s, Xs)dBY, ¢ >0,
0 = /o

where B is a standard d-dimensional Brownian motion, xg € R™,
b:[0,T] x R™ — R™,
is uniformly bounded in a neighborhood of (0, xg), and
o :[0,T] x R™ — R™*4,
is continuous in (0, o). Then X satisfies Assumption 1.1.

Assumption 1.3. Form € N, T >0, let X = (X/,... ,Xtm)tTe[0 7] be an R™-valued cadlag
semimartingale with decomposition X = X°¢+ J, such that

1. X¢ is a continuous semimartingale satisfying Assumption 1.1,

2. the process J is given by

J; = /0 . U(s, z) (II(ds, dz) — p(ds,dz)) —i—/o /RM\B1 (s, z) (ds, dz),

where By denotes the unit ball in R™, 11 is a Poisson random measure on [0,T] x R™
with compensator w; the R™-valued processes 1, ¢ are predictable with respect to the
filtration generated by I1, and

E| /0 ' /B (e, ) s, d2)] < o,

3. there exists an a.s. positive stopping time Ty, such that
B[ = g (10,6 As] x By)| =0 (V) as t\0. (1.4)

Remark 1.5. Note that compound Poisson processes are covered by these assumptions. In
this case the left-hand side of (1.4) is O(t) as t \, 0.

56



Chapter 2

Central Limit Theorems for
Continuous Semimartingales

We prove a small-time CLT which we support with a theorem on higher order asymp-
totics, as well as a functional CLT for a class of continuous semimartingales.

Theorem 2.1 (CLT). Let X satisfy Assumption 1.1. Then for every f : R™ — R™ such
that there exists an open neighborhood U of xo with f € C*(U;R™), we have

%(fom — f(20)) S Ny as £\, 0,

where Ny 1s a normal random vector with mean zero and covariance matriz
V = (Df)(z0)L(Df(x0)L)".
Here (Df)(xg) stands for the Jacobian of f at x.

Proof. We first suppose that m = n and f = id; then the general case follows by the
delta method, see the end of the proof. Let Nijq be an N(0, LL") random vector on some
probability space (€2, «,P). We need to show

tmE[o(7")] = Balo(Na)), g€ o) 22

To this end, we fix a function g € Cp(R™). Then with
T :=TANTM,

we have

}E[g(Xt\;;o)} — Eslg(Nu)]| < \E[g(Xt\;;O) —g(X“\[t_f”O)H
Xipr — 2o

* ‘EMTH — Eg[g(N; )]]. (2.3)

Hence, in order to show (2.2) it is sufficient to prove that the two summands in the latter
upper bound tend to zero as t N\, 0. Since the event {7 = 0} has probability zero, the
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Chapter 2. Central Limit Theorems for Continuous Semimartingales

first summand converges to zero by the dominated convergence theorem. Moreover, the
convergence of the second summand to zero will follow, if we can show

Xinr — o d
DA 0 A N0 2.4
\/Z id \l ( )

In order to prove (2.4), we first note that Doob’s Integral Representation Theorem, see e.g.
[Kal02, Theorem 18.12, p. 358], in combination with part (4) of Assumption 1.1 implies the
existence of an m-dimensional Brownian motion B (possibly on an extension of the primary
probability space) such that a.s.

. m tAT
M., = Z/ olkdBF te0,T], je{l,...,m}. (2.5)
k=170
By part (2) of Assumption 1.1 and (2.5) we therefore have a.s.
. INT m tAT
XgAT:x0+/ bgds+Z/ ol*dBE, te[0,T), je{l...,m}.  (2.6)
0 = Jo

In addition, we recall that by the Cramér-Wold Theorem, (2.4) holds iff for every s =
(51,...,5m) €R™

Xj —.CEj d m .
ZS]' % — ZSj Nijd (2.7)

as t \, 0. To show this, we fix s = (s1,...,8n)" € R™. By (2.6), the left-hand side of (2.7)

equals
— sj/ lds + — sj / ol dBy. 2.8

Jj=1

By part (3) of Assumption 1.1, the terms t1/2 fJAT bl ds converge to zero a.s. Before
examining the Ito integrals in (2.8) we observe that for every t € [0, 7] the random vector

L 1 my .__ i S . k
Ny = (N}, ... N™) = (ﬁkZlL]kBt)

1<j<m

is N(0, LL") distributed. In particular, the distribution of N; is independent of ¢ and
Ny 4 Niq for every t > 0. We then have for all h € Cp(R):

[0 (G5 oo 2 Eemr)] - Bl (%)

=

j=1 k=1 =1 k=1
= ’EKh(\}i lej ;Lj’“BfAT) h(lt 2% ;ijBf))l{m}”
Jj= = j= =
B[ (G5 w3 ) = (G o3 ) e
Jj= = j= =

< 2|l Bl < 1] = 0
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as t \( 0. Therefore, the random variables

m

1 tAT 1 m m .

3 z [ BBt 530 LB (2.9
t N -

Jj=1 j=1 k=1
converge in distribution to Zm Nljd as t N\, 0. Next, we show that the difference be-

tween (2.9) and the second term in (2.8) converges to zero in L?, i.e. the limit law can be
recovered by freezing the integrand at zero. By Itd’s isometry and the Cauchy—Schwarz
inequality we have

k=1 j=1 Y0
m
1

z(Z%)ZEt/ ot~ )0zt |

Jj=1 k,j=1

m m 1 t/\T
(X)X Ef [ e - nras)

Jj=1 k,j=1

i - tAT
<( 2) E kT }
< ;53 k§:1 p ser[%,%}/fr](a jk)

which indeed converges to zero as t \, 0 by the dominated convergence theorem. The just
established L? convergence implies convergence in distribution. By Slutsky’s theorem, (2.7)
readily follows.

Finally, consider an arbitrary f as in the statement of the theorem. Then the desired
CLT essentially follows from a Taylor expansion; this procedure is well known in statistics
as the delta method [Dav03]. We choose an open ball % such that % C U and define the
stopping time

T = TANTM N Tge, (2.10)

where 7z¢ denotes the hitting time of %° for X. Analogously to the case f = id (re-
call (2.3)), it suffices to show convergence in distribution of t~%2(f(X;a+) — f(20)). The
Taylor expansion yields

;%(f(Xw) ~ f(#0)) = D f(z0) (Xins — x0)

< |-

.
Xine = a0) Hy, (€@)(Xins —w0)) o (210)

L
2Vt ((
where Hy, denotes the Hessian of f; and & is a random vector with [|§; —zol| < || X¢as —2o0]|-
The first term on the right-hand side of (2.11) converges in distribution to a Gaussian
random vector with mean zero and covariance matrix V', by the first part of the proof
(viz. (2.4), with 7 replaced by 7) and Slutsky’s theorem. Now consider the second term on
the right-hand side of (2.11). The vector V2 Xps — xo) converges in distribution to a
normal random vector. By Slutsky’s theorem, we are done if we can show that the vector
Hy, (§)(Xias — o) converges to zero in L2. But, since

| Hy, (§)(Xens — o) ll2 < |Hy, (§)lIR | Xenr — o2,
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Chapter 2. Central Limit Theorems for Continuous Semimartingales

where || - ||r denotes the Frobenius norm, this easily follows from Assumption 1.1 and (2.6).
O

If a semimartingale X satisfies Assumption 1.1 and the limit law in Theorem 2.1 is
non-singular, we clearly have

lim P[X; > =1/, 2.12

lim X, > o] = 1/ (2.12)

We now give examples where the value of this limit is not 1/2.

Example 2.13. Let us consider the squared Brownian motion B? in one dimension (no
confusion with our superindex convention should arise). Then clearly lim\ o P [Btz > ()] =1,
which does not contradict Theorem 2.1. Indeed, the martingale part in the canonical
decomposition of B? is Bt2 —t=2 fg B dB,, which leads to

t
<B§—t>:4/ B2ds —0 as t\,0 as. (2.14)
0

2
Since all items of Assumption 1.1 are satisfied, Theorem 2.1 tells us that % converges in

distribution to a singular Gaussian random variable.

Example 2.15. Denoting by ® the standard normal cumulative distribution function, we
see that for any p € (0, 1) and a standard Brownian motion B, the continuous process X; =
B; + ®71(p)V/t satisfies P[X; > 0] = p for all ¢ > 0. (Although not related to the present
topic, we recall that the process X; = B; ++/t occurs in Delbaen and Schachermayer [DS95,
Example 3.4]. They show that when used as the price process of a financial security, X;
(and also exp(X})) allows for immediate arbitrage; the arbitrage disappears if proportional
transaction costs are introduced [Gua06, Example 4.1]).

Example 2.16. The non-continuous martingale {t — P, },cr. , where {P;};cr, is a Poisson
process with parameter 1, satisfies

limP[t — P, > 0] = 1.
N0

Example 2.17. For é > 0, we consider the SDE

t
X7 :6t+2/ \/X8dBs, t>0. (2.18)
0

The standard existence and uniqueness results for SDEs do not apply, since x — 2/x is
not Lipschitz continuous. However, by the Yamada—Watanabe uniqueness result for one-
dimensional SDEs [AS16; WYT71], there exists a unique, strong solution X° = {X?}icr,
of the SDE (2.18), called squared Bessel process of dimension §. Furthermore, the process
{X? — 6thier . is a continuous martingale. We claim that for every p € [0,1) there exists a
0 € R4, such that

%%P[Xf — 6t > 0] = p.

The case p = 0 is trivial, since for § = 0, we have X) = 0, thus

lim P[X? — 6t =0. 2.1
lim [X; >0]=0 (2.19)
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We now consider the case p € (0,1/2). By the scaling property of squared Bessel pro-
cesses [RY99, Proposition 1.6, p. 443]

lim P[X? — ot =P[X? > 4] 2.2
lim P[X — 6t > 0] =P[X7 > ] (2:20)
By [RY99, Corollary 1.4, p.441] the random variable

XP ~T (1), §>0,

in particular E[Xf] =0 and V(XY{) = 25. Let ¢ > 0, then by Chebyshev’s inequality

[\

5
P[X? > 6 +¢] < 3

and so limg\ o P[X 9> 0+ 5] = 0. Therefore, since for any fixed 0 < § < 2, the density of
Xf is a strictly decreasing function

lim P[X{ > 6] = lim P[5 + ¢ > X{ > §]
S\0 SN0
< elim 27%20(6/2)71§0/271 ¢ 70/2
SN0

_ E s 50/2 —5/2 -1_¢
2%{1(1)5 (2e)7°°T'(146/2) 5

Thus, by taking the limit € \, 0,

lim P[X? > 6] = 0. 2.21
61{1(1) [1>} 0 ( )

On the other hand, according to [JKB94, p. 340]

5 _
X =0 4 v N,1),
V28

for § — oo, which implies
1
lim P[X? > §] = . 2.22
fim PXT > 0] =3 (2:22)

By (2.20), (2.21), (2.22), and the intermediate value theorem for every p € (0,1/2) there
exists a § € Ry such that
lim P[X] — 6t > 0] = p.
tl\{‘% R¢ l=p
By (2.19) and by considering the martingales 6t — X?, § € Ry, we see that all values
p € [0,1) can be achieved
Thus, there exist continuous martingales X = {X;},cgr, starting in zero, such that

lim P X, =
tl\I% [ t>0] D,

for every p € [0, 1).

We now take a look at higher order terms beyond the limit in (2.12). If X; = B, + bt is
a one-dimensional Brownian motion with drift b € R, we have P[X; > xo] = 12+ O (V).
Theorem 2.23, which we prove now, shows that this estimate persists for a larger class of
Ito processes.
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Chapter 2. Central Limit Theorems for Continuous Semimartingales

Theorem 2.23. Suppose that the process X solves the SDE
Xo = 2o,

where b : [0,00) x Q@ — R™ is a bounded predictable process, o : [0,00) — R™*™ 45 q
locally square-integrable function taking values in the set of invertible matrices such that
the smallest eigenvalue of o(-) o (+) is uniformly bounded away from 0 and B is a standard
m-dimensional Brownian motion. Then the bounds

et <P[X} > X}] <e2®, >0 (2.25)

apply. Here the functions f1, fo are given by

lo=1blI3 o t Hff‘leg oot log2
t)=—(1
i) ( TV 2l0g2 )
21og 2 lo= b5 ot log2 1
t)y=—(,—=r——1 ’ - = b3 ¢
f20 (\/ lo=1b]13 o t ><\/ 2 7 e >

where [|o71b]|2,00 = supy, |01 (£)b(t,w)|l2. Moreover, in the limit t \, 0, the functions ef1,
ef2 admit the series expansions

0 = 5 =\ [2E2 o e VE+ O(), (2.20

;
1 1
20 = = B2 bl v+ O(1) (2.27)

Remark 2.28. The term ||o~1b||2.5 in (2.26) and (2.27) has a clear interpretation: A small
drift favors symmetry of the law of X;, whereas a small volatility destroys the symmetry,
leading to a larger error term.

Proof. Fix a t > 0 and make a change of probability measure according to the Girsanov
Theorem, with the corresponding density being given by

i@ _ 7 e NN o J o) b ) ABe— i o (s) b, s
P

Under Q, the process X solves the equation
dX, = o(s) dBY (2.29)

on [0, ] with initial condition Xo = x¢ and where BY is a standard Brownian motion under
Q. Thus, QX! > X}] =1/ for all s € (0,t]. Moreover,

P[X} > Xo] =Eq[Zi 1ix1x13]- (2.30)

To obtain upper and lower bounds on the latter expression, we fix numbers p,q > 1 such
that p~' 4+ ¢! = 1 and apply Hélder’s inequality to deduce

11

Q[X{ > X5] =Eq [1{Xg>x3}Zth 5}

1 414
< Eq[lix;>xi14t]" Eg [Zt ”} .
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Taking the p-th power and rearranging, we get

_4g94-P
Q[th > X&]pEQ [Zt p} ' < EQ[l{Xg>X3}Zt]

Q=
S =

< Q[X| > Xg] 1 Eg[Z{]7,

where the last upper bound follows again by Hoélder’s inequality. This can be simplified to

q

2 PEg[Z, ")

Q3

<P[X} > X{] <277 Bg[ ],

or

_ga_1q7-2 1
2TEp|Z, 7| T <P[X} > X}] <2 Ep[277]7. (2.31)

To estimate the bounds further, we note that

270 = o GNP 3 (1) ).
< o (DN F(EFD2N 5 (441) & o bl o (2.32)

and
Zf_l _ e(p,1)Nt7%(p71)2(N>t e%(pfl)p (N)t
< P DNe= (- D)*(N)e o (=1t o bl o (2.33)
The first factors in (2.32) respectively (2.33) are P-martingales, since Novikov’s condition

is satisfied by our assumptions on b and o. Therefore, by inserting these estimates into
(2.31), we obtain

—1(a41) ¢t|lo—1p|2 . 1 1 —1p||2
sup 277 ¢ )M < px] S X} < it 277 3D B
1,1 1,14
sta=1 p =
P q
p>1 p>1

It can be easily seen that the lower bound is maximized by

o~ 1b||3 t
Lyl
2log2

whereas the upper bound is minimized by

2log?2
D=y T o
lo= 1013 o t

which together give (2.25). Finally, the expansions given in the statement of the theorem
can be computed by Taylor expansions of the explicit functions in the lower and upper
bounds. O
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Chapter 2. Central Limit Theorems for Continuous Semimartingales

Theorem 2.34 (Functional CLT). Let X satisfy Assumption 1.1. Then for every f :
R™ — R" such that there exists an open neighborhood U of xo with f € C*(U;R™), the
processes

yhv .=

(f(Xut) - f(:UO)) € (0,1),

Vu

converge in law to a Gaussian process with variance-covariance matrix

V = (Df) (o) L(Df(z0)L)"

tefo,1]’

as u N\ 0.

Proof. Let B be a Brownian motion with variance-covariance matrix V and let (up)1en be
a sequence with elements in (0,1) such that u; \ 0 as [ — oo. It is sufficient to verify the
convergence of the finite-dimensional distributions

v iy & By, Br), e tw €[0,T), weN, (2.35)
and the tightness condition

lim Tim P[ sup [V — v/ >l =0, >0 (2.36)
ONO =00 |s—t|<6

By [SV06, Theorem 1.3.2], condition (2.36) implies the tightness of the laws of Y/% [ € N.
Moreover, the convergence (2.35) allows to identify the limit points with the law of B.

First, we focus on (2.35). Fix ty,...,t, € [0,T] for some w € N; then by the Cramér—
Wold theorem it suffices to show

w n w n
YULYJ
2D s = 303 B
d=1j

d=1 j=1

for all s € R"*™ as [ — oo. Let 7 be defined as 7 in (2.10). Arguing as in the proof of
Theorem 2.1, we see that it is enough to demonstrate

w n
fw jd
)IPIFLCHIES 9) SIM:
d=1 j=1 d=1 j=1

as | — oo. However, this can be proved analogously to (2.7).

To show (2.36), note that we may work with the stopped processes Yy/c\’fl, [ € N. Indeed,
since 7 is a.s. positive, we have

lim IP’[ sup |V, — v m| > el =0, £>0.
l=oo Lielo,1]

By the triangle inequality, equation (2.36) is implied by

lim MP[ sup |(YZi4)7 — (Vi) > g} =0, £>0,j€e{l,...,n} (2.37)
N0 l—o0 |s—t|<6
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By Ito’s formula, we have

tAT tAT
fi(Xinr) = fj(o) :/0 (Lsfi)(Xs)ds + Z/ gifl olFdBE, t>0, (2.38)

k=1

where

(Lofi)(u ZW aff (u) + Zbl;gf(u), wel, sel0,7],
k=1 k

¥ Oxp0
0T
klf kUL]

with ¥, = (wfk)1§j7k§m .= oy0, for all j € {1,...,n}. From (2.38) we get

[ s (vey g > o] <[ s = [ gy oetar > 2]
[s—t|<d AT AT |s—t|<d \/7 uy(SAT) e " 2
m ul(t/\T .
—l—IP’[ sup ‘ / of; (Xr)ng dBf > 57\/171} (2.39)
[s—t|<d kv=1 uy(SAT) 0z, 2

By Part 3 and Part 5 of Assumption 1.1 and the choice of 9B there exists a random variable
C < o0 a.s. such that sup,cg |[(£Lsf;)(u)| < C as. for s € [0,7], j € {1,...,n}. Thus, we
have

1 uy (EAT)
IP’[ sup ——
[s—t|<d \/171 ur(sAT)

We now investigate the second term on the right-hand side of (2.39). After fixing §, j and
[, we define the process

(Lo f;) (X)) dr > }<P[Of§>€}l_>—°°>0, £>0.

F, = i nenn %(X JotkdBF, te(0,T)
t-— 0 axv T r T 9 :
ko=1

In addition, we introduce the processes
G; = Fz’é—s-t—Fi& tel; = [075]7 ZE{OavtT/éJ_l}v

and for i = [T/d],

G = Fiaysjsas = Flojogs, € Liays) = 0.7 = [ T/8]).

These are continuous local martingales and thus, each of them can be represented as a time

changed Brownian motion (see e.g. [Kal02, Theorem 18.4, p. 352]): G = WZG%' Moreover,

the quadratic variation of G* can be bounded according to
(G <~y C2ws, tel, ie{0,...,|T/5]},

where 0 < v < oo only depends on m and the Jacobian of f on the ball % (see the paragraph
preceding (2.10) for the definition of the latter). Now, consider the event {supj,_ys[Ft —

Fs| > Eém} Clearly, on this event there exist sg, tgp € [0,T] such that |sg — to| < 6 and
|Fyy — Fso| > E\QT’. Without loss of generality we may assume that 0 < s < § < t5 < 20
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(the other cases can be dealt with in the same manner). Then, either |Fs — Fs,| > 6\{;71, or

|Fy, — F5| > ET‘/UT. In the first case we get

€4/ Uy
[ < |y = Fy| <Py = Bol + [Fs = Ro| <2 sup |Fy — R, (2.40)
r€(0,d]

In the second case we have

€/ Uy

1 < |Fy, — Fs| < sup |Fsi, — Fs|. (2.41)
rel0,d]

S

These considerations show that on the event {supj,_ s [Ft — Fs| > £t} there exists an

e\/ug

index i € {0,...|T/6]} such that sup,c, |G} > =%~. Putting everything together we
obtain

m wy (ENAT) IFf. )
IP’[ sup ’ Z / i(Xr)a,?k dB¥| > ﬂ] < P[sup |G| > eV for at least one z]
s—tl<o | o2 Jusnr) 0T 2 tel; 8
|T/4]
; g/ U
< P[sup G| > }
> #[apicil >

< (%-Fl)[?’{ sup |W,§|>€8ul}

0<r<yC2u; 8

T 2
< (7_}_1) e 1287025 6;0>0.
—\J

The last estimate follows from Bernstein’s inequality [RY99, Exercise 3.16, p. 153]. We have
established (2.37), which finishes the proof. O

Remark 2.42. This chapter was taken from [Ger+15].
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Chapter 3

Central Limit Theorems for
Semimartingales with Jumps

This chapter is devoted to extensions of Theorems 2.1, 2.23, and 2.34 to semimartin-

gales with jumps.

Theorem 3.1 (CLT with jumps). Let X satisfy Assumption 1.3. Then for every f : R™ —
R™ such that there exists an open neighborhood U of xo with f € C*(U;R™), we have

jimxt) — flwo) SNy ast\0,

where Ny 1s a normal random vector with mean 0 and covariance matrix

V = (Df) (o) L(Df(z0)L)" .

Proof. Let v > 0 be such that the closed ball %, (xo) with radius r around z is contained
in U. Further, we denote by %, /5(z0) the closed ball with radius r/2 around xo and define
the hitting time 7 := 75 Ja(a0)° for X, which is a stopping time by [Pro05, Theorem 3, p.4].

Finally, we introduce the stopping time
T=TANTANTM NTJ (3.2)

and notice that 7 a.s. positive. Therefore, by the same argument as in the proof of Theorem
2.1, it suffices to show

;z(f(XtAT)—f(xo))i>Nf as 0.

By Ito’s formula in the form of [CT04, Proposition 8.19], we have for all j € {1,...,n}
and t € [0,T):

m

[i(Xinr) = fi(zo) = / T(fsfj)(Xs) ds + Z

tAT a .
/0 i(xs)agk dB* (3.3)
k=1

0 Oz
4 / ' / (F5(Xom +0(5,2)) — £5(X,0)) ((ds, dz) — p(ds, ) (3.4)
0 B1

+ /0 /R’"\%l (fj(XS* +¢(s,2)) — fj(Xsf)) I1(ds, dz). (3.5)
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Chapter 3. Central Limit Theorems for Semimartingales with Jumps

Arguing similarly to the proof of Theorem 2.1, we see that the vector of terms on the right-
hand side of (3.3), rescaled by 1/v%, converges in distribution to Ny as ¢t \, 0. Thus, the
theorem will follow if we can show that the terms (3.4) and (3.5), rescaled by !/vi, converge
to zero in probability as ¢ ™\, 0.

The term (3.4), rescaled by 1/v4, can be decomposed into a sum T}! +T7 of the following
two terms:

/ ' / (F(Xa +9(5,2) = £(Xa)) Lpuesmycrszy (I1(ds, dz) — p(ds, dz)),

\[/ / f] (Xs— +9(s,2)) — fj(Xs—)) 1{|¢(S7Z)|2r/2} (H(ds, dz) — u(ds,dz)).

Then:

lloo
E[|T}]] < -2z 1*
i) < =2k
which converges to zero as t N\, 0 by part (3) of Assumption 1.3. Moreover, since J a.s. has
only finitely many jumps of absolute size greater than /2 on every finite time interval, 77
converges to 0 a.s. as ¢ N\, 0.

Lastly, the term (3.5), rescaled by 1/vi, converges to zero a.s. as t N\ 0, since J a.s. has
only finitely many jumps of absolute size greater than 1 on every finite time interval. [J

IE“H — ] ([0, A7) % %1)},

As in the case of continuous semimartingales, the CLT can be strengthened to a Func-
tional CLT, which in the presence of jumps reads as follows.

Theorem 3.6 (Functional CLT with jumps). Let X satisfy Assumption 1.3. Then for every
f:R™ = R™, such that there exists an open neighborhood U of xq with f € C2(U;R™), the
processes

U f(Xut) - f(ﬂ? )
ylu .= ( v 0 )tgm, ue (0,1),

converge in law to a Brownian motion with variance-covariance matriz given by
T
= (Df)(zo)L(Df(xo)L)

as u N\, 0.

Proof. For each f and u as in the statement of the theorem, we write Q/* for the law of
the process Y/ on D([0, T]; R™), the space of right-continuous functions on [0, 7] having
left limits; we denote by @I the law of the continuous part of Y/* on C([0,T];R"). We
claim first that the family (Q7*),e(0,1) is tight on D([0,T],R") if and only if the family
(QF “ue(o,1) is tight on C([0, T]; R™) and moreover that the limit points of the two families
are the same.

To prove the claim, it suffices to show that for every e > 0 and j € {1,...,n}:
P[ sup |(J{")] > 5] =0 as u\/0, (3.7)
te[0,7]

where J/* denotes the jump part of Y%, Indeed, if this is the case, then every converging
subsequence of (Q/ ™)ue(0,1) in D([0,T],R™) corresponds to a converging subsequence of
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QF “Yue(o,1) in C([0,T); R™) and the limits of the two subsequences have to coincide. Now,
since the stopplng time defined in (3.2) is a.s. positive, (3.7) is implied by

]P’[ sup |(JS)] > e, T>UT:| =0 as u\0. (3.8)
te(0,7)

Furthermore, by It6’s formula in the form of [CT04, Proposition 8.19], we have on the event
{T >uT}:

(th’ f /“ i (fi(Xs 4+ (s, 2)) — f;(Xs-)) (I(ds, dz) — p(ds, dz)) (3.9)

* \/a/o /Rm\%l (/5 (Xsm + (s, 2)) = f5(Xs-)) T(ds, dz). (3.10)

As in the proof of Theorem 3.1, we decompose the integral on the right-hand side of (3.9)
according to whether |¢(s, z)| < /2, or |¢(s,2)| > 7/2 and call the two resulting processes
(JF%1)7 and (J/®2)J. Since the process (J/%1)7 is obtained by integrating a predictable
process with respect to a compensated Poisson random measure, it is a square-integrable
martingale. Thus, by Doob’s maximal inequality, we have

P| sup |[(J{™1)] > E, T > uT}
te[0,7) 2

(WT)AT B
—~E H /0 - (fj(XS— + (s, 2)) — fj(Xs—))1{|¢(57z)|<r/2}H(d8, dz)H ,

where we write II for IT — u. Moreover, the same argument as in the proof of Theorem
3.1 shows that the latter upper bound tends to zero as u \, 0 (by virtue of part (3) of
Assumption 1.3). Finally, since a.s. the process J/** has finitely many jumps of size greater
than r/2 on every finite time interval, the random variables sup;¢o 1 \(th 2| converge
to zero a.s. as u \, 0. In addition, by the same reasoning, the supremum over ¢ € [0, 7]
of (3.10) tends to zero a.s. as u N\, 0 as well. Putting everything together, we end up with
(3.8), finishing the proof of the claim.

Lastly, one can proceed as in the proof of Theorem 2.34 to first show the tightness of
the family (Q{ “Jue(o,1) on C([0, T]; R™) and to subsequently identify each of its limit points
with the law of a Brownian motion with variance-covariance matrix V. In view of the claim
above, this finishes the proof. O

We conclude this section by stating and proving the analogue of Theorem 2.23 in the
presence of jumps.

Theorem 3.11. Suppose that the process X solves the SDE

dXy = b(t, ) dt + o) dB, + | (t,y) I(dt, dy), (3.12)
Rm

Xo = o,

where b : [0,00) x Q@ — R™ is a bounded predictable process with respect to the filtration of
the standard m-dimensional Brownian motion B, o : [0,00) — R™*™ is q locally square-
integrable function taking values in the set of invertible matrices such that the smallest
eigenvalue of o(-) " o(-) is uniformly bounded away from 0, and v is a predictable process
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Chapter 3. Central Limit Theorems for Semimartingales with Jumps

with respect to the filtration of the Poisson random measure I1. Suppose further that 11
is symmetric with respect to y (so that, in particular, its compensator vanishes) and that
P1(t,y) = —1(t,y) for allt > 0 and y € R™ with probability 1. Then the bounds

1M < P[x} > X{] <20, t>o0, (3.13)

of Theorem 2.28 apply with the same functions f1, fo as there.

Proof. We start by fixing a t > 0 and changing the underlying probability measure P to an
equivalent probability measure Q according to

i% _ o JEo(9)Tb(s,) dBo— L [ lo(s) " b(s, )3 ds (3.14)

Then in view of the independence of the continuous and the jump parts of X under P and
the Girsanov Theorem, the process X solves the SDE

dX, =o(s)dBY+ [ (s,y)T(ds,dy), s € [0,1] (3.15)
Rm

with a standard Brownian motion B? under Q and initial condition Xo = z. Moreover,
the random variables

¢ ¢
vV = ( / o(s) dB?) and U? = / d1(s,y) I(ds, dy)
0 1 o Jrm
are independent under Q and their distributions n(!) and (? are symmetric. Hence,
QX! > x5 = QU + U > }

:/ QU > )(de) + / Q[U, —c] @ (de)

- [T >~ nag + / (1- QU > ¢]) n®(de)
_1
2

From now on, one can follow the lines of the proof of Theorem 2.23 to finish the proof. [J

Remark 3.16. This chapter was taken from [Ger+15].
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Chapter 4

Applications to Digital Options
and the Implied Volatility Skew

We give applications to mathematical finance, concretely to the pricing of at-the-money
digital options with short maturities and the asymptotics of at-the-money short time
volatility skews.

Digital Options

Suppose that the one-dimensional, positive process S models the price of a financial asset
and that P is the pricing measure. The riskless rate is r > 0. The holder of a digital
call option with maturity 7" and strike K receives the payoff 1(g -y at maturity. Digital
options are peculiar in that the owner receives the full payoff as soon as they are only slightly
in the money, as opposed to call options which kick in gradually. By the risk-neutral pricing
formula, the value of the digital call at time zero is

D(K,T):=e """ Ell{g,~x3] =€ "7 P[ST > K].

There exists considerable literature on short-maturity approximations for option prices. For
out-of-the-money (Sp < K) or in-the-money (Sp > K) digitals, the first order approxima-
tion is clear: As soon as the underlying S is a.s. right-continuous at ¢t = 0, the dominated
convergence theorem yields

0 if Sp < K,

lim D(K,T) =
0 1 if S() > K.

Finer information on the out-of-the-money decay (which trivially also covers the in-the-
money behavior) comes from small-time large deviations principles for the underlying. See
e.g. Forde and Jacquier [FJ09] for the case of the Heston model and references about other
diffusion processes. Our CLT-type results are useful in the at-the-money case (Sy = K).
As an immediate consequence of our limit theorems, we get:

Theorem 4.1. If the process S satisfies the assumptions of Theorem 3.1 (in particular, if
it satisfies those of Theorem 2.1 or Remark 1.2) and the limit law is non-singular, then the
limiting price of an at-the-money digital call is 1/2:

. 1
%1{11{0 D(Sy,T) = 7 (4.2)
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Chapter 4. Applications to Digital Options and the Implied Volatility Skew

This (intuitive) result captures virtually all diffusion-based models that have been con-
sidered (e.g. Black-Scholes, constant elasticity of variance, Heston, Stein-Stein). Although
it seems to be new in its generality, in particular for jump processes, some special cases can
be inferred from literature.

The jump processes used in financial modeling are often Lévy processes. It is clear that
a compensated compound Poisson process will yield an (unrealistic) at-the-money digital
price limit of either zero or one, see Example 2.16. As for the infinite activity case, limit
laws are not the appropriate way to get a result like (4.2). Doney and Maller [DM02] have
determined all Lévy processes that admit a short-time CLT, with a criterion involving the
tail of the Lévy measure. While there do exist infinite activity Lévy processes that satisfy
a CLT [DMO02, Remark 9], the Lévy processes that have been considered in mathematical
finance are typically not of this kind. For instance, it is easy to see from the characteristic
function that the variance gamma process [MCC98| does not admit any non-singular limit
law for ¢ N\, 0 for any normalization. These issues are further discussed in [GGP16].

Implied Volatility Skew

Finally, we discuss the implied volatility skew. Suppose that the underlying S generates
the call price surface

C(K,T)=e¢"T E[(Sy — K)"], K,T>0.

Then the implied volatility for strike K and maturity T is the volatility oimp(K,7") that
makes the Black-Scholes call price equal to C(K,T),

CBS(K7 Gimp7 T) == C(K7 T)?

see e.g. [Lee05]. The map K \, oimp (XK, T) is called the volatility smile for maturity T'. It is
also called the volatility skew, because it is often monotone instead of smile-shaped, but we
will reserve the term volatility skew for the derivative Ok oimp(K,T). If C(K,T) is smooth
in K, it equals
Ok Cps — Ok C

8O'CBS .

Under mild assumptions (e.g., if the law of Sy is absolutely continuous), we have

aKo'imp = -

3}(0 = —e_TT P[ST Z K] — _D(K7 T)a (43)

from which we deduce the well-known connection between the volatility skew and the price
of a digital call
D(K, T) + 8[(0]35

0+CBs

see e.g. [Gat06]. Inserting the explicit Black-Scholes vega and digital price, we obtain

aKo'imp = -

~D(K,T) + ®(—0impVT/2)
ENTn(owmpVT/2)

8Ko'imp =

see e.g. [MRO5], with ® and n denoting the standard Gaussian cumulativ distribution
function and density, respectively. For T\, 0, we have aimp\/T = 0(1) under the following
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mild assumptions [RR09, Proposition 4.1]:

(So— K)T <C(K,T) < Sy (no arbitrage bounds), (4.4)
: (G _ YT
T+— C(K,T) 1is non-decreasing. (4.6)
Therefore,
\/ﬂ 1 Uimp\/T 3
OK Oimp ~ Tﬁ(i_D(KaT)_W+O((Uimpﬁ) )), T\, 0. (4.7)

We notice that the small-time behavior of the skew is related to that of the digital price. At
the money, the latter will typically tend to 1/2 for continuous models (see Theorem 4.1) and
so higher order estimates are needed to get the first order asymptotics of the at-the-money
skew Ox Oimp| k=5, To this end, we apply Theorem 2.23 and compare our findings with the
standard model free slope bounds [FPS00, p. 36]

V2 —r f 0 im \/T o f
S \/ﬂf(l ~ ()T < ng =5, \/TFT@(dz)e R (4.8)
0 0

where

o 108(S0/K) + (r + 3070,)T

1 _— JT )
Such bounds can give guidance on model choice; recall that the market slope seems to
grow like T~1/2 for short maturities [A1o+08]. Note that the following result accommodates
stochastic interest rates and remember that we assume in this section that the dimension
is m =1 . Under stochastic interest rates, the digital call price is

dy = di — OimpV'T.

T
D(K,T) =E[e Jo & ds1, ¢ 1], (4.9)

To calculate the implied volatility, a deterministic rate  has to be chosen, e.g. by e =

E[e_ Jo r(s)ds } However, this choice is irrelevant for Theorem 4.10.
Theorem 4.10. Assume that the price process satisfies the SDE

5 _ vy dt + o(t) dB,
St

with the stochastic short rate process (r(t))t>0 and that the log-price X = log S, whose drift
is b(t) = r(t) — 12202(t), satisfies the assumptions of Theorem 2.23. Further assume that
OxC(K,T) = —D(K,T) holds (see (4.3)) and that (4.5) and (4.6) are satisfied. Then we
have the at-the-money slope bounds

V2T Gimp VT
Ok Oimp| =5y > —me [ — OVT — 220
omelic=si 2 7277 2v21

aKO'imp’KZSO < Iz/jﬂf (C\/T — 0;?;%? + O(T) + 0 ((Uimp\/f)g))7

+0(1) +0 ((opVT)") ).

where

log2
C =/ =5l bllzce.
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Proof. According to (4.9), the at-the-money digital price equals
- TT’ S S
D(50,T) = E[e™ o 70 11300y

The discount factor is 1 4+ O(T) for T\, 0, so we can apply Theorem 2.23 to conclude
1 1
5 CVT +O(T) < D(So, T) < 5+ CVT + O(T).

Now, the result follows from (4.7). Note that oimpv'T = o(1) by [RR09, Proposition 4.1],
since we assume (4.5), (4.6), and (4.4) is satisfied in our setup. O

The bounds in Theorem 4.10 are asymptotically stronger than the general estimate (4.8),
which is of order O(T~1/2), since gimpv/T = O(1). If the Berestycki-Busca Florent for-
mula [BBF02] holds, then implied volatility tends to a constant. Therefore, our bounds
are considerably stronger than (4.8) in this case, namely of order O(1). Thus, the models
covered by Theorem 4.10 do not match the empirical slope behavior T-/2, similarly to
stochastic volatility models [Lew00], whose slope also behaves like O(1).

To conclude our discussion of at-the-money digitals and the implied volatility skew, note
that for some diffusion processes the result in Theorem 4.1 is implicitly in literature. To
wit, by (4.7) a non-exploding at-the-money slope requires a limit price of 1/2 of the digital.
See Durrleman [Dur04, p. 59| for a general expression for the implied volatility slope that
shows that it does not explode, e.g., in the Heston model.

Remark 4.11. This chapter was taken from [Ger+15].
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Appendix A

Auxiliary Results

Lemma A.1. Given o > 0 and z € R, the Stein solution

2 z/o 2

frra(@)=cex® [ (ha(os) = g:(o) e 7 ds,

—o0
has the following properties for u,v,w € R :
1. = xf,2 (), » € R is increasing,
2. Jwfoz.(w)] < 0% and wfye . (w) = ufy . (u)] < o2,
3. fre (W) < Land |7, (w) = fr. (v) <1,

4. 0 < fre,(w) < min(V2r0?/4,07%/|2]),

5. |(w+u) foz.(w+u) = (w+0v) foz.(w+v)| < (Jw] + V2102 /4)([u] + [v]);

Proof. The proof is analog to [BC05, Proof of Lemma 2.2, p. 54].

Lemma A.2 (Concentration inequality). For n € N, let X, Xo,.
square-integrable random variables with zero means such that Y ;" E[Xf] = 1. Then, for

all real a < b,

Pla < zn:Xi <] < b—a+22n:JE[|Xi|3] ,

=1 =1

Proof. See [CGS11, Proposition 3.1, p. 57].

7

r €R,

.., Xp be independent
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Appendix B

Symbols and Notation

a.s.

e.g.

i.e.

iff

i.i.d.
CLT
LDP
NCLT
ODE
SDE

N

No

Ry
Z?:l X
C(4; B)
C(A)
C"(4)
Cp(4)
D(4)
H'(A)
L*(A)
el oo
(EP
[ell2,00
2]l F
E[X]
E[X; A]
(X |F]
(X)
(R)

R < =

[| o \!/Q.

Almost sure

For example

Id est

If and only if

Independent and identically distributed
Central limit theorem

Large deviations principle

Non-central limit theorem

Ordinary differential equation
Stochastic differential equation

{1,2,3,...}
{0,1,2,...}
[0, 00)

Zero per definition

Continuous functions f: A — B

Continuous functions f: A — R

n times continuously differentiable functions f: A — B

Set of bounded, continuous functions f: A — B

Set of right-continuous functions on [0,T] having left limits

Absolutely continuous functions on A with a square-integrable derivative
Set of square-integrable functions on A

Supgea ()]
Euclidean distance

sty ()]l
Frobenius norm

Expectation of X

f 4 X dP

Conditional expectation of X with respect to F
Variance of X

Borel sets of R

Convergence in distribution

Equal in distribution
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£(X)

B(n,p)

Exp(\
G(p)

Geom(p)

)

L(p,0)
N(p, C)

NB(a, p)

P(\)
F(a7 /8
dBL
dk

dw
®(x)
ox(t)
(M,N
(M)

)

)t

Distribution of X

Binomial distribution
Exponential distribution
Geometric distribution, P[X = n]
Geometric distribution, P[X = n]
Laplace distribution

Gaussian distribution

Negative binomial distribution, P[X = n] = (a+271)(1 —p)*p", neN
Poisson distribution

Gamma distribution with density f, g(x) = F’é(";) 2 le P >0

Bounded Lipschitz distance

Kolmogorov distance

Wasserstein distance

Standard Gaussian cumulative distribution function
Characteristic function of the random variable X
Covariaton of the stochastic processes M and N
Quadratic variation of the process M
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