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Abstract In this paper a two-step reduction method for spectral problems on a star
graph with n + 1 edges eg, e1, .. ., e, and a self-adjoint matching condition at the
central vertex v is established. The first step is a reduction to the problem on the single
edge ep but with an energy depending boundary condition at v. In the second step,
by means of an abstract inverse result for Q-functions, a reduction to a problem on
a path graph with two edges eg, €] joined by continuity and Kirchhoff conditions
is given. All results are proved for symmetric linear relations in an orthogonal sum
of Hilbert spaces. This ensures wide applicability to various different realizations,
in particular, to canonical systems and Krein strings which include, as special cases,
Dirac systems and Stieltjes strings. Employing two other key inverse results by de
Branges and Krein, we answer e.g. the following question: If all differential operators
are of one type, when can the reduced system be chosen to consist of two differential
operators of the same type?
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1 Introduction

Direct and inverse spectral problems for differential operators on graphs have attracted
rapidly increasing interest over the last two decades. Since it seems impossible to list
all relevant literature, we mention the three monographs [5,26,33], whose bibliogra-
phies reflect the intense research activities in this area very well. The vast majority
of these works considers concrete operators on graphs such as Sturm-Liouville and
Schrodinger operators [2,3,16,25,37], Laplace and related operators [29], Krein
strings [13], Stieltjes strings [30,31], canonical systems and Dirac operators [1,8].
More abstract methods were developed in [32,35].

The results of this paper are of more conceptual character; they have implications
to many differential and difference operators, and corresponding Cauchy problems.
We establish abstract results for compressed resolvents of self-adjoint extensions of an
orthogonal sum of symmetric relations. They allow us to reduce spectral problems on
a star graph with self-adjoint matching condition at the central vertex to problems on a
single edge and, using inverse results, to problems on a path graph with two edges, see
Fig. la—c. We also address the question whether for concrete realizations the reduced
system on the path graph can be chosen of the same type as the original system.

More precisely, the subsystem on the n edges eq, €3, . . ., e, (the blue/ non-bold part
in Fig. 1a) joined to eq (the red/bold part in Fig. 1a) with arbitrary self-adjoint matching
condition at the central vertex v is first condensed into an energy depending boundary
condition at the endpoint v of the edge e¢ (the blue/non-bold part in Fig. 1b). In the
second step the energy depending boundary condition is replaced by a new subsystem
on an edge ¢ joined to ey by continuity and Kirchhoff conditions (the blue/non-bold
part in Fig. 1c).

V0 om—e—e U L'0190+70(2)T0290 =0
€0

b Edge eg with z-depending ‘boundary condition’ at v

v ~
Vo U1

U3 €o €1

a Star graph G with distinguished edge eq ¢ Reduced path graph g

Fig. 1 The two-step reduction of a star graph to a path graph (color figure online)
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To exemplify our results, we consider a star graph G as in Fig. 1a and we suppose
that for each edge ¢; a symmetric linear relation 7'; with equal defect numbers 1 in a
Hilbert space ’Hj and a boundary triplet (C, ['j1,Tj2),j=0,1,..., n.are given. For
concrete realizations, e.g. differential or difference operators as considered below, the
boundary triplets depend on the values and derivatives of the functions at the central
vertex v. The Hilbert space H on the graph G is the orthogonal sum of the Hilbert
spaces H; on the edges ¢j, j = 0,1,...,n, and in H the symmetric relation T is
defined as the orthogonal sum of the relations T';. The self-adjoint extensions of T in
‘H are all described by an interface condition parametrized by two (n + 1) x (n + 1)-
matrices A, B (see (2.12), (2.13) below); we denote them by T 4 ;3 and we fix such an
extension.

The key step in our analysis is to determine the compressed resolvent of T 4
corresponding to the distinguished edge ep. This means, given an element fy € Hy
we describe the first component gy € H of the resolvent (T 4 53 — z)~! applied to
the element fy = (fo, 0, ..., 0)! supported only on Hy,

g0=Po(Tap—2""3 fo. z€C\R, (1.1

where Py is the projection of H onto the first component Hy. Note that the compressed
resolvent of T 4 5 (to Hp) on the right hand side of (1.1) is also a generalized resolvent
of the symmetric relation 7 in Hp. Our first main result, Theorem 3.1, shows that
go is a solution of the inhomogeneous problem for 7" in Ho with energy depending
boundary condition which, if TO* is an operator, has the form

(Ty —2)80 = fo. To180 —no(z) Foago = 0; (1.2)

here the function n¢ depends on the matrices .4, BB and on the Titchmarsh-Weyl func-
tions m; of the other T;, j = 1,2, ..., n. In other words, the element go in (1.1)
defined by the resolvent of T 4 5 in the Hilbert space H = Ho ® H1 @ --- ® Hy isa
solution of a problem in the first component Hy, or in the graph situation on the edge
eo, but with a z-depending boundary condition at v, see Fig. 1b. The essential property
of the function ng in (1.2) is that it is a Nevanlinna function, i.e. holomorphic at least
on C* U C~ with no(z) = no(z) and Imng(z) > 0if Imz > 0.

According to a general abstract inverse result of Langer and Textorius [28] (see
also [11]), each Nevanlinna function is the Q-function, or Titchmarsh-Weyl function,
of a symmetric relation with defect numbers 1 (and a self-adjoint extension T} of it) in
some Hilbert space H . If we apply this result to the function ng in (1.2), it follows that
the compressed resolvent of T 4 53 in (1.1) coincides with the compressed resolvent
of a self-adjoint relation T 4, g, extending 7o @ 71 and acting in the Hilbert space
H =Ho® Hi,

Po(Tas =25y = PoTaomy — 27 'y, 2€C\R; (1.3)

here Ay, By is the matrix pair defining standard matching conditions, see Theorem 4.1.
In the graph situation this means that, for given fo € Hp, on the common edge
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eq the ‘values’ of (T4 5 —2)~ Yfo0 - 0) for the original star graph G and of
(T Ao By — 2)~ (o 0)* for the simpler path graph G coincide, see Theorem 4.4.

This result also has implications for first and second order Cauchy problems on star
graphs (see e.g. [4,23]). Consider, for example, the Cauchy problem

u(t) —iT g pu(t) =£(), te€[0,00), u(0) =uy, (1.4)

in H, i.e. on the star graph G with initial value up and right hand side f supported only
on ¢o. Then on this edge ¢ the solution of problem (1.4) coincides with the solution
u of the Cauchy problem for the operator T Ao, B, 1N H, i.e. on the path graph G, with
initial value Wy and right hand side fo having the same first components as ug and f,
respectively, and zero second components, see Theorem 4.4. Analogous results can
be formulated for second order Cauchy problems, see Remark 4.5.

An inverse result of de Branges [7, Thm. 7] (see also [38, Thm. 1]) yields that every
(scalar) Nevanlinna function is the Titchmarsh-Weyl function of a canonical system.
Hence 77 can even be chosen to be generated by a trace normed canonical system on the
interval [0, 0o0) = ¢7. Thus, in the graph situation, the compressed resolvent of T A.B0On
the star graph, see (1.1), coincides with the compressed resolvent of an operator T Ao.Bo
on a path graph with two edges eg, €1, given by T on ep and a canonical system on €]
joined by continuity and Kirchhoff conditions at v, see Theorem 4.6. If, in particular,
Ty is given by a canonical system while all other relations 75, j = 1,2,...,n, are
arbitrary, then T Ao, B, 18 given by two canonical systems on the path graph G, see
Corollary 5.1.

According to an inverse result of Krein [18] (see also [12, Sect. 5]), a Nevanlinna
function that belongs to the subclass S of Stieltjes functions, i.e. is also holomorphic
on (— 00, 0) and non-negative there, is the Titchmarsh-Weyl function of a Krein string.
Hence, if the function ng in (1.2) is a Stieltjes function, the relation Tl can be chosen
to be generated by a Krein string. In the case where the relations 7, j = 1,2, ..., n,
are generated by Krein strings joined to T by continuity and Robin type interface
conditions at v, a sufficient condition for ng € S is that the Robin parameter 7 satisfies
the inequality

“ 1
2oy (2
j=1

see Theorem 5.2. Here mj, j = 1,2, ..., n, is the Titchmarsh-Weyl function of the
Krein string on e; which implies that m; € S and hence m;(0—) € [0, oo]. Note
that, for the special case of Kirchhoff conditions where T = 0, condition (1.5) is
automatically satisfied. Therefore, in contrast to canogical systems, if all the relations
T;,j=0,1,...,n,are given by Krein strings, then T 4, 55, need not be given by two
Krein strings on G unless the Robin parameter satisfies inequality (1.5).

While the mass distribution function of a Krein string is an arbitrary non-decreasing
(left-continuous) function, for a Stieltjes string it is a step function with steps accumu-
lating at most at the right end-point. For a star graph of Stieltjes strings as in Fig. la
this means that the steps on the edges e; accumulate at most at the outer vertices v},
j=0,1,..., n. Employing asymptotic expansions of Titchmarsh-Weyl functions, it
follows that if, in the above situation, inequality (1.5)holdsand all 7, j =0, 1, ..., n,
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are Stieltjes strings, the reduced system T Ao, B, consists of two Stieltjes strings, see
Corollary 5.4.

If all T;, j = 0,1,...,n, are Sturm-Liouville operators, Theorem 3.1 yields a
reduction to the single Sturm—Liouville operator 7y on e¢g with an energy depending
boundary condition at v. Moreover, Theorem 4.6 based on de Branges’ inverse result
applies and yields a reduction to a problem on a path graph of two edges for the Sturm—
Liouville operator Ty and a canonical system 77 with standard interface conditions.
However, due to a lack of corresponding inverse results for Sturm—Liouville operators,
the latter can in general not be replaced by a Sturm—Liouville operator.

The paper is organized as follows. In Sect. 2 we present some general results
on Krein’s formula for an orthogonal sum of n 4+ 1 symmetric linear relations 7,
j =0,1,...,n,each with equal defect numbers 1. In Sect. 3 we establish the relation
between the compressed resolvent (1.1) and the extension of 7j determined by an
energy depending boundary condition, see (1.2). Section 4 contains the main result
where we use the abstract inverse result on Q-functions to ‘replace’ the z-depending
boundary condition by a new symmetric linear relation T or, correspondingly, by
attaching a realization on a new edge ¢}, see Fig. lc. Implications of our reduction
result for Cauchy problems of first and second order on star graphs are given in
Sect. 4.2. In Sect. 5 we consider concrete operators on star graphs: canonical systems
and Krein strings, which cover Dirac operators and Stieltjes strings as special cases,
respectively, and Sturm-Liouville operators. Combining our results with the inverse
results of de Branges and Krein, we obtain a more complete picture of the structure
of the reduced problems.

2 The Abstract Schema

In this section we set up a framework for pasting a finite number of symmetric linear
relations with general self-adjoint interface conditions, comp. [35]. For this we need
some notation and basic properties of symmetric linear relations, boundary triplets
and corresponding Titchmarsh-Weyl functions, see e.g. [34, Chapter 14], [9,10].

2.1 The Titchmarsh-Weyl Function of an ‘Edge’
Let Ty, T, . .., T, be symmetric linear relations in Hilbert spaces Ho, Hi, ..., Hn

with equal defect numbers 1. Foreach j € {0, 1, ..., n}let (C,I';1, I"j2) be a bound-
ary triplet for the adjoint relation Tj?", ie.

(J/”;, gj)— (fj,8) = TpfTjig) — TjfTg) 2.1

=((° YN(L) (Lis PN
- ((‘1 0) (Fj'zfj) ’ (szg.j,‘))’ Ui fid: (8- 85} € T
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Then all self-adjoint extensions of 7 in H; are described by ‘boundary’ conditions
al'j1 fj +bljafj =0, f; € dom T;, 2.2)

with a, b € R. By T},,,» we denote the corresponding self-adjoint relation in 7, i.e.
the restriction of Tj?k by (2.2).

Choose an H j-valued function /; on C\R such that % (z) is a defect element of
Tjatz,ie. hj(z) € H;\{0} and

{hj(2),zhj(2)} € T}, ze€C\R, (2.3)

and such that £ is analytic on C\R. In fact, if we fix zo € C\R and a defect element
hj(z0) of Tj at Zo, i.e. {h(z0), 20 j(z0)} € T}, and, with the self-adjoint extension
Tj.0,1 of Tj in H;, we define

hj(2) = (Tj01 = 20)(Tj01 —2) 'hj(zo). z € C\R, 2.4)
it is easy to check that /; satisfies (2.3) and is analytic on C\R. Further,
Pj2hj2) = T2 (o) + = 20)(T0.0 = D7'hz0)) = Tjahz0), 2 € C\R.
In the following we choose £ (zo) such that I'j2/ j (zo) = 1, and hence
Fjphj(z) =1, zeC\R. 2.5)

Then the Titchmarsh-Weyl function m ;, corresponding to this choice of the boundary
triplet, is defined by the formula

Fjthj(@) +mj(@)Tjphij(z) =0, zeC\R, (2.6)
or equivalently, due to (2.5),
m;(z) =-Tj1h;j(z), ze€C\R. 2.7)
The function m  is a Nevanlinna function since by (2.5), (2.6),

(z =D @, hj(©) = (hj(2), h; () — (hj(2),h;(©))
=Tjh;j(@)Tj1hj(¢) —Tj1hj(z) Uj2h;(&)
= (@ = 1;®) Ty2h; (@) T2h; @

=mj(z) —m;(&)
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for z, { € C\R, z # ¢, and hence

mj(Z)—Tj(C) —(

hj(), hj(©)); (2.8)
z2=¢

in particular, Imm ;(z) > 0if Imz > 0.

2.2 The ‘Interface’ Condition

Now we consider the orthogonal sum T := @7:0 T; of linear relations 7 in the
Hilbert space H := @'}_ M, with elements

f:=(fofi - f)'. fieH;, j=01...n

n

Then T has equal defect numbers n + 1 and a boundary triplet for T* = €9 =0 Tj* is
given by (C**!, I'y, I'y) where

Tif == (Toifo Tiif1 -+ Fnifn)t7 feH, i=12,
since the relations (2.1) imply that
.2 — 1,8 = (of, Tig)nn — (Nif, Tag)gns
(5 D)) (59 o0 wper
If we define the H-valued function h by
h(z) := (ho(2) h1(2) -+ ha(2))', z € C\R,

then {h(z), zh(z)} € T* and the corresponding Titchmarsh-Weyl function is the
(n 4+ 1) x (n 4+ 1)-matrix function M defined by

'h(z) + M(()TIhh(z) =0, z € C\R. (2.9)
Clearly, due to (2.6),
M(z) = diag (mo(z), m1(z), ..., mu(z)), z € C\R, (2.10)
and hence, using (2.5) we conclude that
diag (Do1ho(2), - .., Cn1hn(2)) + M(z2) =0, z € C\R. (2.11)

A description of all self-adjoint extensions of symmetric linear relations with
equal deficiency numbers in terms of a boundary triplet has long been known (see



298 B. M. Brown et al.

[6,22], [10]). Correspondingly, all self-adjoint extensions of T in H are given by
‘interface’ conditions
AT y+ BTy =0 (2.12)

where A, B is a pair of real (n + 1) x (n + 1)-matrices with the properties

rank(AB) =n+1, AB* = BA*. (2.13)
By T 4 5 we denote the corresponding self-adjoint relation in 7, i.e. the restriction of
T* by (2.12).

It is well-known that the inverse (AM(z) — B)~! exists for all z € C\R. In fact,
the Nevanlinna property of M and (2.13) imply that, for xg € ker(M (z)* A* — B*),

0 = Im (M(2)* A" — B")x0, A*x0) o1 = Im (M(2)* A" x0, A*X0) s

whence A*xg = 0 and thus B*xg = 0, a contradiction to the first condition in (2.13).

2.3 A Version of M. G. Krein’s Resolvent Formula
The resolvent of any self-adjoint relation T 4 5 is related to the resolvent of the par-
ticular self-adjoint relation T¢ 7z with the special ‘interface’ condition I'y = 0 as

follows.

Proposition 2.1 For z € C\R and f € 'H, we have

(Tap—2)"'f=Toz—2)7'f (2.14)
(fo, ho() (f1, h1(2))
— diag (ho(2), h1(2), ..., ha(2)(AM(2) = B)'A : ,
(fur hn(2)

where h j(z) and M(z) are as in (2.4) and (2.10), respectively.
Proof Let z € C\R. For given f € H the elementy := (T4 5 — z)~'f given by
¥@),¥@)} € Tap, ¥@ —zy@) =f.

In the following, for ease of presentation, we restrict ourselves to the case that all
T;,j=0,1,...,n,are operators, and hence so are T 4 g and T 7. We consider the
difference of the resolvents of T 4 5 and Ty 7. Recall that, due to (2.2) and (2.12),

T'jadom Tj.o; = {0}, TadomT, 7 = {0}. (2.15)
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Then, for f € H, we have
(T = 2) (Tas— 7' = (Toz—27'f) =0,
and hence, by (2.3),

(Tag—2 f—(Toz—2)'f
= (co(f; 2)ho(2) c1(f; Dh1(2) -+ cn(f; 2Dhn(2)" (2.16)

with linear functionals ¢;(-,z) : H — C, j = 0,1,...,n. Then, for f = (fj)g,
g = (gj)y € H, taking the scalar product with g in (2.16), we conclude that

(Tas—27".8) = (Toz—27't.8)

(ho(2), &0)
(hl(Z), gl)

=(cof;2) c1(F;2) --- cn(f; 2) :
(hn(2), gn)

and, analogously,
((TA,B -2)7 g, f) - ((To,I -2 g, f)

(fo, ho(2))
_ _ | U1, (@)

= <60(g; 2)c1(g:2) -+ cn(g; z)) :
(fns 1 (2))

Since T 4 ;3 and T 7 are self-adjoint, it follows that the two right-hand sides above are
equal. Itis not difficult to see that this implies that there exists an (n+1) x (n+1)-matrix
F(z) such that

(Tas—2) 'f=(Toz -2t

(fo, ho(2))

) (f1,h1(2))
+ diag (ho(2), h1(2), ..., hu(2)) F(2) . . (217

s (D)
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In order to find an expression for F(z), we apply the functionals I'y and I'; to (2.17)
and observe (2.11), (2.5), and (2.15) to obtain

(fo, ho(2))
o . (f1, (@)
NMTap—2" t=T1(Toz—2)" - M(2)F() : ,
(fns hn(2))
(fo0. ho(2))
. (f1, h1(2))
No(Tap—27 t=F@© :
(fn> hn ()

By means of the relation (2.12) fory = (T4 5 — z)~'f, we arrive at

(fo, ho(2))

1 (f1, h1(2))
Al(Toz —2)7 f = (AM(2) — B)F(2) :

=0. (2.18)
(fns hn(2))
Further, (2.1) yields that
(77 Tjon =27 f1.1,@) = (@00 = 27" 5. T7 ;@)
= (sz(Tj;o,1 - Z)_lfj> Ljih;@) — (Fjl(Tj:o,l - Z)_lfj> Ljoh;(2).
Since T]?kh (@) = zh;() by (2.3), the expression on the left hand side equals

(fj, h;(2)). The first term on the right hand side is zero because the first factor van-
ishes, and the second factor of the last term is equal to 1 due to (2.5). It follows that

(fi,hj@) =-Tj1(Tjo1 —2) ' fj, fieMj, j=0,1,...,n. (2.19)
Using this in (2.18), we find
F@)=—(AMz) - B A

Inserting this expression into (2.17) we arrive at (2.14). O

3 The Compressed Resolvent

In this section we characterize the compression of the resolvent of T 4  to the first
component Hg of H,

Po(Tas =2 |y = Po(Tas =)' Py,
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in terms of 7;j and a z-depending boundary condition. Here Py is the projection
onto the first component, Py : H — Ho, Po(fj)g = fo, and Py : Ho — 'H,
Pifo=(fo0 - O).

Theorem 3.1 Let M,, = diag (0, my,...,m,) where m; are the Titchmarsh-Weyl
functions defined by (2.6), j = 0,1, ...,n, and let ey € CrHl pe the first unit vector.
Then, for z € C\R, the problem

Po(Tas —2) "' |5, fo =280, fo, g € Ho, (3.1

is equivalent to the inhomogeneous problem in Hy with z-depending boundary con-
dition
{80, fo} € (Ty' = 2), Toigo — no(z) Foago = 0, (3.2)

where ng is a Nevanlinna function not depending on mq and given by

1
(AM,(z) — B)~1 Aeo, €0) o

no(z) 1= ( , zeC\R, 3.3)

or ng = 00 (corresponding to I'g1go = 0 in (3.2)).
Remark 3.2 The statement of Theorem 3.1 may also be formulated as follows. If f € H
is supported on Hy, then, for z € p(T 4 ;) the projection of (T 4 5 — 2) "' to Ho is

the solution of the boundary value problem for 7" — z on Ho with the z-depending
boundary condition in (3.2). Note that, if T is a linear operator, then (3.2) becomes

(Tg — )80 = fo. To180 — no(z) Fo2g0 = 0.
Proof of Theorem 3.1 For ease of presentation, we assume that Ty is a linear operator.

Letz € C\R. First we prove that if fj, g0 € Ho satisfy (3.1), then they satisfy (3.2). By
(3.1) and since T = @7:0 T; C T 4 i, we conclude that, for arbitrary ug € dom T,

(80, (To = Do) = (Po(Tas = ™" |y, fo. (To = Do)

= (fo, Po(Tas—2)"" 34, (To = Z)Mo) = (fo, uo)-

This implies go € dom 7 and (7" — z)go = fo, which proves the first claim in (3.2).
Further, applying Py to (2.14) for f = Pg fo with fo € Ho, we find

8o = Po(Tap— Z)_1|H0fo
= (Ti01 =9~ fo—ho(2) (AM@) = B) ™ Aeo. e0) . (fo. ho(@)).

If we use (2.19) and (2.7), it follows that
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Foigo
=T P(Tgp—2)" |34, fo

= Toi(Tio.1 =2 fo = Torho(2) (AM@) = B Aeo. o), (for ho(@)

=~ (1=mo@ ((AM@ =B Aeo.e0) ) (for ho@D).
Similarly, observing (2.15) and (2.5), we conclude that

Fo280
=TPy(Tgp—2)" |34, fo
Loa(Trion = 2" fo = Tzho() (AM() = B) ™ Aco. o) ., (fo. ho(2)

— (AM@ =B e, @), (fo o@D

Altogether, we obtain

Toigo 1 —mo() ((AM(2) — B)~' Aeo, e0) e

1"02g0 = ((AM(Z) — B)*lAeo, eo)(cn-H = nO(Z)v

and hence g satisfies the boundary condition in (3.2) if we show that 77y = ny.

Next we prove that if fo, go € Hop satisty (3.2), then they satisfy (3.1). This means
that we have to show that gy := Po(T4B — z)’l(T(;k — z)go is equal to go. The
definition of gy implies that fy and gp satisfy (3.1) and hence, by what has been
already proved in the first part, also (3.2), i.e.

(Ty — 280 = fo. To180 — no(z) F'o280 = 0.
Thus the difference & := go — go is a solution of the homogeneous problem
(Ty —2)h =0, Toih —no(z) Tph = 0.
This together with (2.1) yields that
2i(m2)||hl* = (z = DAl = (Tgh, h) — (h, Tgh)
= (Fo2h)(To1h) — (To1h) (Toz2h)
= (& — n0(2)) IFozh
= —2i(Im n¢(z))|Coah|*.

If i # 0, this would imply that Imn¢(z)/Imz < 0, which is a contradiction if we
prove that ng is a Nevanlinna function.

It remains to be shown that 77y = ng and that ng is a Nevanlinna function.
Since the latter clearly holds for ng = 0, we may assume that we have
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1 — mo(2) ((AM(z) — B)~! Aeo, ep)enr1 # 0. We introduce the (n + 1) x (n + 1)
matrix function

N@) =AM, (z) — B= A(M(z) —mo2)(-, eo)@1+1eo) —B, zeC\R. (3.4)
It is not difficult to show that \/(z)~! exists for z € C\R and is given by

((AM@) = B) ™' e0) cu
1 —mo(z) ((AM(2) — B)~! Aey, eo)(cnﬂ
+ (AM(z) —B)~L

N@) ™ =my(2) (AM(z) — B)~' Aeg

By (3.3), this implies that, for z € C\R,

1
no(z)

B 1 B ((AM(2) — B)~" Aeo, €0) s 1
= (N(z) AeO,eo> = T 0 ((AMG) = B) o, e) oy F0@)

Hence 71y = ng and ng is a Nevanlinna function if — A(z) ' A is a matrix Nevanlinna
function. Since the m j are Nevanlinna functions and B.A* is self-adjoint, (3.4) shows
that \V'(z).A* is a matrix Nevanlinna function and hence so is — N'(z) ~! A because

—N@ A+ AN @)

72—z

A./\/(z) + N(Z)A*

=N(@)™! N@)™*, zeC\R.

That ng is independent of m( is immediate from (3.3). O

Theorem 3.1 may be used to relate the spectra of T 4 ;5 in H and of the z-depending
spectral problem (3.2) in Hy. For simplicity, we consider the case that the self-adjoint
extensions of the T; have discrete spectra, hence all the functions m ; and also ng are
meromorphic. Note that, if z = X is a pole of ng, then the second relation in (3.2)
becomes I'pog = 0; if z = A is a zero of ng or if ng = 0, then the second relation in
(3.2) becomes I'p1 g = 0.

Corollary 3.3 (i) Ifz € p(T 4 ), then for each fo € Hg the problem (3.2) has the
solution gg given by (3.1).
(i) If & € op(T 4,B) with eigenvector g and ng is holomorphic in a neighbourhood
of A, then
{Pog, 0} € (T§ —z2), To1Pog — no(zx)l'o2Pog =0, (3.5)

is satisfied for z = A, and X\ is an eigenvalue of (3.5) with eigenvector Pyg
if Pog # 0.

Proof The first claim is immediate from Theorem 3.1, the second claim follows
because
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(T — A Pog, u) = (Pog, (To — Mu) = (g, (To — Mu)
=@ Tap—Mu)=(Tap—1g u) =0

for u € dom(Tp). O

Example 3.4 As a special case of interface conditions (2.12) we consider

Confo=Tufi=--=Tufu,

1 (3.6)
Loi fo = - (To2fo+Tiafi +---+Tnafn),
where T € R U {oo}. Here T = 0 corresponds to continuity and Kirchhoff type
conditions, while T = oo corresponds to Dirichlet type conditions where the relations
T; are decoupled. If T # 0, the matrices A and B in (2.12) can be chosen as

1 -1 0 0 O o0 0 --- 0 O
0 1 -1 0 0 o000
Ar = » Be=——11 :
0 0 0 1 -1 000 0 0
1 0 0 0 111 11
3.7

For z € C\R, the solution x(z) = (x;(z))y € C"*+! of the inhomogeneous linear
system (A, M(z) — B;)x(z) = Areyp is given by

1
xj(z) = (mo(2)xo(z) = )——, j=12,...,n,
m;(z)

1 o
mo(2)x0(z) + = | X0(2) + (mo(2)x0(z) — 1) > ey L,

j=l1
and hence we conclude that the function ng in (3.3) takes the form

1 1
no(z) = Pt mo(z) = 0 T - (3.8)

mi@z)  maG) | ma2)

It is not difficult to see that (3.8) continues to hold if T = 0; note that here the matrices
Ao, Bp have to be chosen differently from (3.7), see (3.10) below for the case n = 1.

In the special case of Robin type interface conditions, the properties of ng proved
in Theorem 3.1 for general interface conditions (2.12) are immediate from the explicit
formula (3.8) for ng : ng does not depend on myg, and since my, ma, ..., m, are
Nevanlinna functions so is ng for every 7 € R U {o00}.

Remark 3.5 The special case n = 1 and T = 0 corresponds to the linear relation
T =1Ty®Tiin H = Ho ® H; and its self-adjoint extension T 4, 5, given by
continuity and Kirchhoff type conditions
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FCoifo=Tufi, Tofo=-Tif. (3.9)

where A, B in (2.12) can be chosen as

Ao=<(l) ‘01>, Bo=((]) ?) (3.10)

Here formula (3.8) reduces to
no(z) =mi(z), z€C\R, (3.11)

that is, the z-depending coefficient of the boundary condition in the first component Hy
is the Titchmarsh-Weyl function of 77 in the second component ;. This is well-known
when performing interval truncation e.g. in numerics of Sturm—Liouville equations.

Remark 3.6 A natural generalization of the Robin type interface condition in (3.6) is

1 1 1
Fonfo=Tufi=--=Tuifa, Toifo= T—Orozfo + r_1F12f1 +-- 4 T—Fanm

n

with coefficients 7; € RU {oo}, j = 0,1,...,n. If all 7; are positive or all 7; are
negative, the function n¢ which can be introduced in a similar way as above as

1

no(z) ] I I )
1 R T —
to( " T1mi(2) - T2m3(2) L fnmn(z)>

is a Nevanlinna function and induces a self-adjoint operator in some Hilbert space.

z € C\R,

4 The Reduced System and its Realization via de Branges’ Inverse
Theorem

4.1 The Reduced System

In the following theorem we show that there exists a single linear relation T} with
Titchmarsh—-Weyl function 71, = ng such that the compressed resolvents on Hg of
the corresponding self—agjoint exten~si0ns of T=Ty®dT) ®--- P T, with interface
condition (2.12) and of T = Tp @ T} with continuity and Kirchhoff type conditions
(3.9) coincide. The main tool here is an abstract inverse result [28].

Theorem 4.1 Let T; be symmetric linear relations in Hilbert spaces 'H ; with equal
defect numbers 1, j = 0,1, ..., n, let the self-adjoint extension T g 5 of T = To ®
T'®---®T,inH=Ho®H D -DH, be induced by (2.12) as in Theorem 3.1, and
let ng be the Nevanlinna functlon in the boundary condztzon in (3.2). Then there exists
a symmetric linear relation T\ in a Hilbert space Hy with equal defect numbers 1, a
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boundary triplet (C, F11, F12) for T* and Titchmarsh— Weyl functton mi = ng such
that for the self-adjoint extension TAO By of T= To & T1 inH = Ho @ ’H1 with Ay,
By as in (3.10),

Po(Tas =2 |y, = PoTag sy =7y, 2€C\R; .1

here Py : ' H — Hy, 1?0 CH — ‘Ho are the projections onto the first common
component of H and 'H, respectively.

Proof According to a general inverse result for Q-functions (or Titchmarsh-Weyl
functions), see [28], [11, Thm. 5.1], fgr the given Nevanlinna function ng in (3.3)
there exists a symmetric linear relation 77 with equal defect numbers 1 and a boundary
triplet (C, Fl 1 Fl ») for Tl* such that the corresponding Titchmarsh-Weyl function 77
coincides W1th no, i.e. m; = ng. On the other hand, by Remark 3.5, the functlon no
in (3.2) for TAO B, 1s given by 79 = m and hence 7y = ng. Since T and T have the
same first component 7y, this implies that the problems (3.2) for T 4 5 and T Ao.Bo

coincide and hence Theorem 3.1 yields the claim. O

Remark 4.2 For the special case that the interface conditions (2.12) in Theorem 4.1
are of Robin type (3.6), see Example 3.4, the relation 711, = ng takes the form

L e,
my(z) my(z)  ma(z) my(z)

z € C\R.

Corollary 4.3 With the notation and assumptions of Theorem 4.1, we have:

(i) For z € C\R and fy € Ho, the first components of the solutions g and g of the
inhomogeneous equations

fo
0 .

Tap—g=] .| Tanp -298= (J;())
0

coincide, that is, Pog = Pog. 5
(i) If & € op(T.4,B) with eigenvector g and Pog # 0, then 1 € op(T 4,.B,) with
eigenvector g such that Pyg = Pyg, and vice versa if Pyg # 0.

Proof The claim in (i) is immediate from Theorem 4.1. The claims in (ii) follow from
the fact that for a self-adjoint operator A in a Hilbert space with eigenvalue A9 € R
the orthogonal projection Pj,, onto the corresponding eigenspace may be obtained as
the strong limit Py, = s —lim,_,;,(z0 —2)(A — 2)~Lif z tends to Ao perpendicularly
to R. O
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4.2 Implications for Cauchy Problems

If Tgqp and T Ao, are self-adjoint operators, they generate unitary groups
(Ua.B@®)ier and (U4, 5,(t)):cr, respectively. The elements of these groups can
be expressed as contour integrals with respect to the resolvents of the generators (see
e.g. [21, IX.1]). Therefore the relation (4.1) in Theorem 4.1 readily implies

PoUA (D)5, = ﬁOﬁAo,Bo(t”HO’ t €R, (4.2)

that is, the compressions to H of the two groups coincide. A consequence of this is
the following result on Cauchy problems for the operators T 4 5 and T 4, 5,-

Theorem 4.4 Let fy : R — Hy be continuously differentiable and let xo € Hy be

such that xo = (x0 0 --- 0)' € dom T 4 5, Xo := (X0 0)' € domT 4, 5, Then the
solutions of the Cauchy problem for Ty pin H = Ho ® H1 ® - - - ® H,, given by

fO(t) X0
0 0

x(t) —iT 4 px(t) = : =:fo(t), teR, x(0)=x9= NE “4.3)
0 0

and of the Cauchy problem for TAO,BO in H = Ho ® Hy with Ao, By as in (3.10)
given by

X(1) —iT 4, 5, X(1) = (f Oé’ )> =T, teR, X0)=%)= (%0) (4.4)

have the same first components, i.e.
Pox(1) = PyX(t), t€R. 4.5)

Proof The solution x : R — H of (4.3) is given by (see e.g. [21, Thm. IX.1.19], [24,
Thm. 1.6.1])

t
x(t) =Uyg ()Xo + / Ug gt —s)o(s)ds, tekR; 4.6)
0

a corresponding formula holds for the solution X: R — H of (4.4). If we note that
Pofg(t) = Pofp(r) = fo(t), t € R, and Poxg = PyXp = xg, claim (4.5) follows
from (4.2). ]

Remark 4.5 (i) Clearly, the equality (4.5) continues to hold under more general
assumptions on xo and fy if only the solutions can be expressed by a relation of
the form (4.6), see e.g. [24, Thm. 1.6.5].

ii) A corresponding result can be proved for the solutions of second order
Cauchy problems if T 4 ;5 and T Ao, B, generate cosine families, see e.g. [14] and also
[36, Props. 13.2.2 and 2.3.1].
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4.3 Realization by a Canonical System

In this subsection we employ a fundamental inverse theorem by de Branges [7, Thm. 7],
[38, Thm. 1] to show that the linear relation Tl in the reduced system in Theorem 4.1
can always be realized as a canonical system. To this end, we first need to recall some
basic results for canonical systems on a single edge, where we omit the subscript j
for simplicity.

A Hermitian H : e — M>(R) is a measurable real symmetric and non-negative
2 x 2—matrix function, defined on some interval (edge) e = [0, £) satisfying

trH(x)=1, x €e (ae.).

Let H be the Hilbert space Z%{(e, C?) of measurable 2-vector functions on e with
inner product

4
(f. g := fo (Hx) f(x), g(x)dx, f, g€ L%, C?

arising from L%i(e, C?) by forming the factor space with respect to H-indivisable

intervals (see [17,38]). In li%{(e, C?) we consider the symmetric linear relation T
defined as follows:

(LAET, f= R T=0 R)telleCh,

if and only if f is absolutely continuous, f satisfies the canonical differential equation
with Hermitian H given by

—Jf)=HXF), xe[0,0), J:= (‘1) _0]>, %))

together with the boundary condition

0
f0) = (O) (4.8)
and, if the edge is of finite length, i.e. £ < 0o, a boundary condition
. 1O\ _
(cosa sina) (fz(ﬁ) =0 4.9)

with some « € [0, ); if £ = 00, no boundary condition at £ is needed. Note that also
in the regular case £ < oo the right endpoint £ can be replaced by oo, see [38], if H
is extended to [¢, 00) by

H(x) = (Z?§Z> (cosa sina), x €[, 00).



Compressed Resolvents and Reduction of Spectral Problems. .. 309

Under these conditions 7 is a symmetric relation in L2 (e, C?) with equal defect
numbers 1 and 7* is the extension of 7' obtained by 0m1tt1ng the boundary condition
(4.8) at 0.

We introduce the boundary functionals

Iy f = fi(0), I'af = £0), f=(f) edomT*, (4.10)

and, for z € C, the fundamental matrix Y (-; z) = (y;;(; Z))izj=l , given as the 2 x 2
matrix function satisfying

—JY'(x;2) =zH(x)Y(x;2), x €[0,€), Y(0;2) =

Then, if £ < oo, the Titchmarsh-Weyl function m is defined by the condition that the
function

h(:2) =) ua( ) =Y 2) (—m(z)) , z€C\R, 4.11)

satisfies the boundary condition (4.9) at £, which implies that

l;7) cosa + l; 7)sinx
m(z) = oy 2) y2(; 2) na, @.12)
yi1(€; 2) cosa + y21(¢; z) sin

if £ = oo, then

m@) = — lim v12(x; 2) cosa + y2(x; z) s?noz, 4.13)
x—00 y11(x; z) cosa + yz1(x; z) sina

where the limit exists and is independent of o € [0, ). Note that for the canonical
system (4.7) the relation (2.8) for ¢ = z takes the form

oy ¢
me) —m) / (H(Oh(x; 2, hx; ) dx, 7 € C\R,
Z—2Z 0
with A(-, z) given by (4.11).

In the following theorem we make use of a fundamental inverse result of de Branges,
see [7, Thm. 7], [38, Thm. 1]. Given any Nevanlinna function m, there exists a Her-
mitian H on [0, co) with the properties mentioned at the beginning of this subsection
such that m is the Titchmarsh-Weyl function of the canonical system corresponding
to H. This means that the symmetric linear relation in Theorem 4.1 can always be
chosen to be a canonical system.

Theorem 4.6 The linear relation T Ao.By in Theorem 4.1 can be chosen as follows.
There exists a Hermltlan H] on¢| = [0, 00) such that the corresponding canonical
system which defines T1 in H] = L2 (61, (Cz) has Titchmarsh-Weyl function m| = ng
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and TAO,BO is the restriction of T = Ty @ fl* inH = Ho @ L%l (@1, C?) by the
interface condition

L =1\ (Loifo 0 0\ (Tofo) _
(O 0 ) <f11(0)> + (1 1) <f12(0)> =0 (4.14)
for (fo fOt € domT*, fi = (fi1 fi2).

Proof The claims follow from Theorem 4.1 and from de Branges’ theorem (see [7,
Thm. 7], [38, Thm. 1]). O

5 Differential Operators on Star Graphs

In this section we investigate the structure of the reduced problem if the symmetric
relations 7;, j = 0, 1, ..., n, (or some of them) are differential or difference operators
on the edges of a star graph G. In particular, we ask e.g. the following question: If all
differential operators are of one type, when can the reduced system constructed in the
previous section be chosen to consist of two differential operators of the same type?

We denote the central vertex of G by v and the outer vertices by v, vy, ..., v, (see
Fig. 2 below); the coordinate x; on the edge e; increases from O at v to £; at the outer
vertex vj, j =0,1,...,n.

The symmetric relations 7;, j = 0,1,...,n, in the Hilbert spaces H; may
be induced by three different types of differential or difference expressions on the
edges e, which are all supposed to be regular at v: canonical systems, Sturm-Liouville
problems, and Krein strings; they include, as special cases, Dirac systems and Stielt-
jes strings. Here the ‘interface’ condition (2.12) becomes a matching condition at the
common vertex v.

(330 = 20) Vo

Fig. 2 Star graph G with n 4 1 edges and distinguished edge e (color figure online)
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5.1 Canonical Systems and Sturm-Liouville Operators

By Theorem 4.6, independently of the type of differential operators inducing the
relations 7, j = 1,2, ..., n on the subgraph of edges different from ¢y (the blue/non-
bold part in Fig.2), the new part T} of the reduced system T T 0.8 extending Tp @ T
can always be chosen to be a canonical system on an edge ¢;.

Thus the answer to the question when the whole reduced system consists of two
canonical systems is immediate from Theorem 4.6: it suffices that only 7j is induced
by a canonical system.

Corollary 5.1 Suppose that in Theorem 4.6 the symmetric relation Ty is given by
a canonical system on an edge eo with Hermitian Ho and that the other symmetric
relations Tj, j = 1,2, ..., n, therein are arbitrary. Then the reduced system T 4,.8,
can be chosen to consist of two canonical systems on the path graph G with the two
edges ey, e; with Hermitians H, I-Nll, respectively, and by the interface condition
(4.14) which takes the form

fo100) = f11(0),  fo2(0) = — f12(0)

for f=(fo f)t edomT*, fo = (for fo)', fi = (fi1 fi2)! (see Fig. 3 below).

We mention that two canonical systems coupled at a common end-point, as obtained
in Corollary 5.1, were studied in [17, Sect. 6].

For Sturm-Liouville operators the situation is very different. Since there are no
suitable inverse results in this case, one cannot hope to be able to reduce a system of
Sturm-Liouville operators on a star graph with n 4- 1 edges to a system of two Sturm—
Liouville operators on a path graph. Nevertheless the results of the two previous
sections can still be applied.

To explain this, suppose that the symmetric relations 7, j =0, 1, ..., n, are given
by Sturm-Liouville operators in the Hilbert spaces H; = L%(e i ©),

&y

(Tjyj)(xj) = ix2

+qj(xj)yi(xj), xj€ej=1I0,¢],

where ¢ is real-valued and locally summable on [0, £;), with boundary conditions
yj(0) =y;(0) =0 (5.1

at v and, if T is regular at v},

cosajyj(ﬁj)+sinajy’(3j)=0 (5.2)

(o ="£o) Vo v @0=51=0) T (F1=o0)

€o €1

Fig. 3 Reduced path graph of two canonical systems (color figure online)
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with some «; € [0, 7). If T; is singular at v}, the boundary condition at v; is either
omitted (in the limit point case), or has to be modified to a limit circle type boundary
condition. In any case, under these conditions T’; is a symmetric operator in L%(e i, ©)
with equal defect numbers 1 and the operator T is the extension of 7; obtained by
omitting the boundary condition (5.1) at v.

We introduce the boundary functionals

Cj1yji=yj0), Tjoys:=y;(0), yedomT}, (5.3)
and, for z € C, the fundamental system ¢, (-; z), ¥; (-; z) of the homogeneous equation

2

d7y;(x)
- T+qj(x)yj(x)—zyj(x)=0, xeej, (5.4)
satisfying
9j(0;2) =1, ¢;(0;2) =0; V¥;(0;2) =0, ¥3(0;2) =1. (5.5)

Then the Titchmarsh-Weyl coefficient m; is determined by the condition that the
solution x;(-;z) = —¥;(-; 2) + m;(2)@;(-; z) satisfies the boundary condition (5.2)
at vj, that is,

cosaj (€5 2) + sinaj Yi(€; 2)

cosaj;(€j;z) +sina; (P}(Eﬁ 2’

mj(z) = z € C\R. (5.6)

We mention that here the relation (2.8) takes the form

. o (7) 17

w :/ ! |Xj(x;z)|2 dx, zeC\R, j=0,1,...,n.
i—Z 0

In this situation Theorem 3.1 as well as Theorem 4.6 apply and yield the following
reductions:

Theorem 3.1 reduces the system of Sturm-Liouville operators 7;, j = 0, 1, ..., n,
on the star graph G with arbitrary interface conditions (2.12) to the Sturm-Liouville
operator Ty on the single edge ¢y with an energy depending boundary condition at v
given by (3.3) withm asin (5.6), j = 1,2, ..., n.

According to Theorem 4.6, the energy depending boundary condition at v can be
replaced by attaching a canonical system on a new edge ¢1. In order to decide whether
the latter can be replaced by a Sturm—Liouville operator would require suitable inverse
results for Sturm-Liouville problems, which to the best of our knowledge do not exist.

5.2 Krein Strings and Stieltjes Strings

For a star graph of n + 1 Krein strings, the reduced system need not consist of two
Krein strings. For the case of Robin type interface conditions, we establish a sufficient
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condition involving the Titchmarsh—Weyl functions of the n Krein strings of the sub-
system and the Robin parameter. In this subsection we strongly rely on [18] (see also
[20D).

A Krein string is given by a bounded left-continuous and non-decreasing function
M on an (edge) interval e = [0, £), 0 < £ < oo; here, forx € (0, €), the value M (x) is
considered to be the mass of the string on the interval [0, x). We assume that the string
has no concentrated mass at O and at £ so that, in particular, M (0) = M (0+) = 0, and
we set M({) :=limy »y M(x) < oo.

By H = L%,I(e, C) we denote the Hilbert space of measurable functions f on e
with inner product

e —
(f. 8) ::fo ) dM(x), f.g € Ly (e, C).

In order to realize the symmetric relation 7 in Lﬁ,[(e, C), we have to distinguish
the two cases that £ is a regular boundary point, i.e. £ + M () < oo, or that £ is a
singular boundary point, i.e. £ + M (£) = oo.

(i) €+ M(£) < oo: For f, g € L3, (e, C), we define

fx) = —/x(x —0)g)dM(1), x €e,

fedomT, Tf=g +— 0
cosa f(£) +sina f/(£) =0,

5.7

with some o € [0, 7). Due to (5.7) every f € dom T is absolutely continuous with
left and right derivatives

x40
fi(x)=—[0 g()dM (1), x€(0,0),

and f(0) = f'(0) = 0. Note that, formally, the first equation on the right hand side
of (5.7) reads

o d df)
dM(x) dx

gx), xee.

It is not difficult to check that 7' is symmetric but not necessarily densely defined
and that, with f, g € L%,I(e, C), the adjoint operator or relation 7* is given by

f(x)=c+dx — /x(x —1)gt)dM(t), x €e,

fedomT* T*f=g <+ 0
cosa f(£) +sina f/(£) =0,

(5.8)

with ¢, d € C. Hence T has equal defect numbers 1. For f € dom 7* as in (5.8) we
introduce the boundary functionals

Tifi=c=f0), Inf:=d=f0). (5.9
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A fundamental role is played by the solutions ¢(-; z), ¥ (-; z) of the integral equations

so(x;z):l—z/ (x — No(t; ) AM(D), x €.

0

Y(x;z) =x — z/ x =Y, z)dM (), x €e.
0

For every z € C, they form a fundamental system of the (formal) homogeneous
equation

44w
dM(x) dx

—zf(x) =0, xc€e.

Then, in the regular case, the Titchmarsh-Weyl function m corresponding to the bound-
ary triplet with "y, "5 given by (5.9), i.e. for the boundary condition ', f = f/(0) =0
is defined by the property that the function — ¥ (+; z) +m(z)@(+; z) satisfies the bound-
ary condition at £, and hence

@ cosa ¥ (€; z) + sina ¥’ (¢; )
m(z) = ,
¢ cosa@(l; z) +sina ¢’ (¢; z)

ze C\R. (5.10)

Recall that a function F belongs to the Stieltjes class S or is a Stieltjes function if
F is a Nevanlinna function that is holomorphic also on (— oo, 0) with F(x) > 0 for
x € (—00,0), see [19]. According to [19, Thm. 5.2], F € § if and only if F has an
integral representation

e A
F(Z)=)/+/ do( ), z € C\[0, 00), (5.11)
0— A—2

with some y > 0 and a measure o on [0, co) with foof dl"g) < 00. Since F € S'is

non-decreasing on (— 0o, 0), the limits at the boundary points exist,

EToo Fx)=y, F0-)= li}r(l) F(x) € [0, oc]. (5.12)

X
It is not difficult to see that, with the representation (5.11),

: * do(2)
lim (—x) =
xX——00 0— A—X

/OO do (1) (= 00). (5.13)
0_

For the function m in (5.10), from [18, Thm. 9.1 and its proof] it follows that
meS < «aecl0,1r/2],

which, in turn, is equivalent to the property that the self-adjoint relation Ty | with the
boundary conditions in (5.7) at £ and f'(0) = O at v is non-negative. Note that in
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our case the function N in the representation [18, (9.1)] is constant, N (z) =tana €
[0, + oo], and hence belongs to the extended Stieltjes class S = S U {o0}.
(i) £ + M (£) = oo: In the singular case we have to distinguish two subcases. If

(f x2dM (x) = oo, then the limit point case prevails at £ and no boundary condition
at £ is needed. The Krein string with the boundary condition f/(0) = 0 induces a
unique self-adjoint operator S in Lzzw (e, C) which is non-negative. The corresponding
Titchmarsh-Weyl function belongs to the Stieltjes class S, see [18, Thm. 10.1]. If

(f x2dM (x) < oo, then the limit circle case prevails at £. In this case, the Krein string
with the boundary condition f”(0) = 0 induces infinitely many self-adjoint operators
in szw(e, C), but only one non-negative self-adjoint operator S in L%w(e, C).

In both cases, we define the symmetric operator 7 in L%W (e,C) as

T := Sldom(r), dom(T) :={f € dom(S) : f(0) = 0}; (5.14)

then T has equal defect numbers 1 and T is non-negative because so is S. With the
boundary functionals I'1, I'; as in (5.9), the self-adjoint extension 7y 1 = S of T is
given by the boundary condition I'; f = f'(0) = 0 and the corresponding Titchmarsh-
Weyl function m is a Stieltjes function.

By an inverse result of Krein, see [18, Thm. 11.2] and [12, Sect. 5.8], every Stieltjes
function is the Titchmarsh-Weyl function of a Krein string on an interval [0, £) with
the boundary condition

fL0)=0 (5.15)

at the left endpoint 0, and either with singular right endpoint ¢, i.e. £ + M (£) = oo,
or with regular endpoint £ and with a boundary condition

cosaf(€) 4 sinaf’ (£) =0 (5.16)

with some « € [0, 7/2]. In this correspondence, ¥ > 0 in the representation (5.11)
for m in (5.10) means that the interval [0, y) is free of mass, i.e. M(0) = M(y) = 0.

As a consequence of this inverse result, if the function ng from (3.3) in Theorem 3.1
belongs to the class S, then the operator T} can be chosen to be a Krein string on some
interval ¢; = [0, 7 1). In the following theorem we establish a sufficient condition for
no € S for the case of Robin type interface conditions.

Theorem 5.2 Suppose that in Theorem 4.1 the linear relations T;, j = 1,2,...,n,
are given by Krein strings with mass distributions M on the edges e; of the star
graph G so that M;(0+) = 0. If the vertex v; is regular, T; is defined as in (5.7)
withaj € [0, /2] in the boundary condition at v;; if the vertex v; is singular, T is
defined as in (5.14). In both cases, we denote by m j, j = 1,2, ..., n, the Titchmarsh-
Weyl functions corresponding to the boundary condition f /’ (0) = 0. Further, let the
self-adjoint extension T 4. . of T =Ty ® T1 ® --- ® T, be given by a Robin type
interface condition (3.6) at v with T € R. If

1 1 1

mi(0=)  my(0—) My (0—)

, (5.17)
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then the linear relation fl in Theorem 4.1 can be chosen to be a Krein string on
some edge ¢\ = [0, £1) with boundary triplet (C, F] 1, F]z) as in (5.9), and the right
endpoint being either singular or subject to a boundary condition (5.16) for some
a <€ [0, /2). The Krein string Tl has no concentrated mass at 0, and it has a mass-
Jfree interval at 0 if and only if all the Krein strings Tj, j = 1,2, ..., n, have mass-free
intervals at 0. The operator T in Theorem 4.1 is the restriction of T* =T, ® T>'< by
the interface condition

Totfo = f1(0), Toafo = —f](0).

If the relation Ty is also given by a Krein string, then T consists of two Krein strings
on the graph g with the interface conditions fy(0) = f1 0), (f0)' (0) = —( fl) 0).

Proof According to (3.8), the Nevanlinna function ng in (3.3) for the case of Robin
type interface conditions (3.6) has the form

1
no(z) = i i 77— €C\R. (5.18)
mi(z)  ma(z) mn(z)
Forj = 1,2, ..., n,thefunctions m ; belong to S; in the regular case this is guaranteed

by the condition «; € [0, 7r /2] in the boundary condition in (5.7), in the singular case
this is ensured by the choice of T}.¢ 1. Thus ng is holomorphic on (— o0, 0) since so

aremp, my, ..., my,,and no(x) > 0 for x € (— o0, 0) if and only if
1 1
>0, xe€(—00,0). (5.19)
mi(x)  ma(x) My (X)
Because m, ms, ..., m, are increasing on (— 00, 0), (5.19) is equivalent to (5.17).

Therefore (5.17) implies np € S, and according to the inverse result of Krein men-
tioned above, T} with Titchmarsh-Weyl function 711 = ng can be chosen a (regular or
singular) Krein string.

Next we prove the claim about the mass-free interval of I~‘1 Since m; = ng and
mj,j=1,2,...,n, belong to S, by (5.11) they have representations

© d5 © do; (2
%@=%+/ Tﬂﬁnm@=w+/ %) e e\, 00), (5.20)
— —Z 0— A—2Z

with 1, vj >0,j=1,2,...,n. Then the first relation in (5.12) and (5.18) show that

- 1
V= T 1 T
T+—+— 4+ —

Y1 Y2 Yn

Because t # 00, this implies that y; > 0 if and only ifally; >0,j=12,....n
which proves the claim about the mass-free interval of 7.
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To prove that the concentrated mass M 1(0+) of fl at 0 equals 0, we first note that
(see [18, 11.2°])
1 / ©

_~— = do(A). (5.21)

M;(0+) 0—
Set Jo :={j € {1,2,...,n} : y; = 0}.If Jo = ¥, then ¥ > 0 and hence there is no
concentrated mass 0. If Jy # ¥, then Y1 = 0. Then the relations (5.21), (5.13) and the
first relation in (5.20) imply that

1
- = lim (—x)m
70D Aim (= x)my (x)

. —x
o0 I 1 I
mi(x)  ma(x) 1y (X)
1
= Am — I I
X—>—00
xR Tom ) TR o o

Clearly, the first term in the denominator tends to 0; for the other terms we have

00, x — —oo, forj e Jy,

(—x)mj(x) — /0 doj(r) =

_ M;04)
do (A
(=x)mj(x) = —xy; —x/ )LO( ) — 00, x — —oo, forj ¢ Jy.
0— — X

Altogether, this proves M (0+) = 0.

Finally, if T is also supposed to be given by a Krein string, then the last claim
follows from the fact that Kirchhoff conditions on the vertex v joining eg and ¢
amount to the required continuity conditions at v. O

Remark 5.3 A Krein string with mass distribution function M describes a gap diffu-
sion with state space supp M and speed measure M (comp. [27]). Hence, for a given
system of gap diffusions on the graph G with state space X' := U?:o supp M, Theo-
rem 5.2 provides a system of two gap diffusions on the path graph G with state space
X := supp My U supp M. According to relation (4.2), the corresponding transition
probqpilities va(t; x,A),t>0,x € X, A C X, Ameasurable, and P(z; X, Z),t > 0,
Ye X, A C X, A measurable, satisfy

P(t;x,A) = ﬁ(t; x,A), t>0, x esuppMy, A CsuppMp, A measurable.

A Krein string is called a Stieltjes string (see [18, Sect. 13]) if the mass distribution
function M is a step function with jumps @y > 0 at points lop + 11 + -+ + lx—1,
k=1,2,..., where lp > 0 is the length of the possibly mass-free interval at O and



318 B. M. Brown et al.

Iy > 0 is the length of the interval between the masses py and pr4+1, k = 1,2, ....
Then the Titchmarsh-Weyl function admits a continued fraction expansion

1
m() =1lo - ——. zeCR
MIZ+—]
I —

waz + .

On the other hand, such a continued fraction representation holds if and only if, for
every k € N, the Titchmarsh-Weyl function m admits an expansion

-2 -2 X ! 5.22
m@)=lp—— =75~ s tolzan) ¢ (5.22)

with coefficients s; > 0 which are the moments of o, s = foof Ado(r),k=0,1,...
(see [18, Sect. 13], [15]). It is not difficult to see that if the Titchmarsh-Weyl functions
mj,j=1,2,...,n,inTheorem 5.2 admit expansions (5.22), then so does the function
no in (5.18) and hence the following result is immediate from Theorem 5.2.

Corollary 5.4 Ifin Theorem 5.2 the Krein strings on e induc;l;ng T;,j=12,...,n,
are Stieltjes strings, then also the Krein string on €| inducing T\ with Titchmarsh-Weyl

function m| = ny is a Stieltjes string. Its masses iy, k = 1,2, ..., and its lengths Tk
k=1,2,..., can be obtained from the continued fraction expansion
~ 1
no(z) =1lp — i , z€C\R,
miz + #
I —
oz + -

of the Titchmarsh-Weyl function ng given by (5.18).
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