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Abstract

Free space optical satellite communication systems offer numerous advan-
tages to satisfy today’s and future demands of satellite up- and downlink. In
comparison to conventional RF communication they provide smaller wave-
lengths, low-complexity components and the absence of spectrum licensing.
However, the optical frequency regime is more susceptible to atmospheric
influences and therefore requires integral, well balanced system design and
operation. This work is concerned with atmospheric optical links, where tur-
bulence distorts the signal propagating through an inhomogeneous medium.
Modeling this atmospheric influence is a key step when designing a commu-
nication system – in order to ensure its operation as well as to save costs by
quantifying the effects of different design choices.
This thesis analyzes Gaussian and log-normally distributed fading coefficients
in depth – the respective optimal symbol detectors for on-off keying are de-
rived and the resulting channel capacity is calculated. Furthermore, models
for the temporal correlation are discussed and detection strategies are com-
pared.
An optical link of 600 m total length in urban environment forms the physical
side of this work. The fading and error statistics of the channel are extracted
and display evidence for the log-normal model. The observed scintillation
indices are below 0.1, classifying the link as weakly turbulent. Several meth-
ods determining the capacity of the optical link are contrasted. A systematic
approach for Gilbert burst error model fits based on measured error statistics
is presented and the resulting capacity evaluated.
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Zusammenfassung

Sowohl satellitengebundene als auch terrestrische Kommunikation wird über
Funk- oder optische Kanäle geführt. Letztere haben die Vorteile kürzerer Wel-
lenlängen, simpler Bauelemente und der lizenzfreier Frequenzbänder. Diese
Diplomarbeit behandelt atmosphärische optische Kanäle, in denen Turbulen-
zen das sich durch ein inhomogenes Medium ausbreitende Signal verzerren.
Die Modellierung dieses Einflusses ist ein wichtiger Schritt beim Entwurf
eines Kommunikationssystems – um die ordnungsgemäße Funktion sicherzu-
stellen wie auch durch Bezifferung von Effekten verschiedener Entscheidun-
gen Kosten zu sparen.
Die vorliegende Arbeit analysiert normalverteilte sowie log-normalverteilte
Übertragungskoeffizienten im Detail – die jeweiligen optimalen Symbolde-
tektoren für Amplitudenumtastung (OOK) werden hergeleitet und die resul-
tierende Kapazität wird berechnet. Weiters werden Modelle für die zeitliche
Korrelation des Übertragungskoeffizienten betrachtet und Detektionsverfah-
ren verglichen.
Ein optischer Kanal einer Gesamtlänge von 600 Metern in städtischer Umge-
bung bildet den physikalischen Aspekt dieser Diplomarbeit. Die Verteilung
von Bitfehlern und des Übertragungskoeffizienten wird bestimmt und liefert
Evidenz für das log-normalverteilte Modell. Die Messungen ergeben einen
Scintillationsindex kleiner als 0.1, wodurch der Kanal als schwach turbulent
klassifiziert wird. Verschiedene Ansätze, die Kapazität des Kanals zu bestim-
men, werden gegenübergestellt und ein systematischer Zugang, die Parameter
eines Gilbert-Bündelfehlerkanals anhand gemessener Fehlerverteilungen zu
schätzen, wird angeführt und die daraus resultierende Kapazität bestimmt.
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Nomenclature

AIC Akaike Information Criterion

APD Avalanche Photodiode

AWGN Additive White Gaussian Noise

BAC Binary Asymmetric Channel

BER Bit Error Rate

BSC Binary Symmetric Channel

CCDF Complementary Cumulative Distribution Function

DAQ Data Acquisition

ESA European Space Agency

FSPL Free-Space Path Loss

FWHM Full-Width at Half Maximum

GLRT Generalized Likelihood Ratio Test

HMM Hidden Markov Model

iid Independent and Identically Distributed (random variables)

IIR Infinite Impulse Response

IM/DD Intensity Modulation / Direct Detection

IX
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NOMENCLATURE X

ISI Inter-Symbol Interference

ISL Inter-Satellite Link

KL Kullback-Leibler

LLR Log-Likelihood Ratio

LN Log-Normal

M-PAM M-ary Pulse Amplitude Modulation, Multilevel Pulse Am-
plitude Modulation

m-Sequence Maximum Length Sequence (type of PRBS)

MCMC Markov Chain Monte Carlo

MCS Modulation and Coding Scheme

ML Maximum Likelihood

MLSD Maximum Likelihood Sequence Detector

MPPM Multipulse Pulse Position Modulation

MSa Megasample

ND Neutral-Density

NP Neyman-Pearson

OGS Optical Ground Station

OOK On-Off Keying

OWC Optical Wireless Communication

PAPR Peak-to-Average Power Ratio

pdf Probability Density Function

PIM Pulse Interval Modulation

PPM Pulse Position Modulation

PRBS Pseudo-Random Bit Sequence
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NOMENCLATURE XI

PSD Power Spectral Density

PWM Pulse Width Modulation

RF Radio Frequency

ROC Receiver Operating Characteristic

SCPI Standard Commands for Programmable Instruments

SFM Spectral Flatness Measure

SILEX Semi Conductor Inter Satellite Link Experiment

SMC Single-Step Markov Chain

SNR Signal-to-Noise Ratio

SPAD Single-Photon Avalanche Photodiode

VISA Virtual Instrument Software Architecture

wrt. With Regards to

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

1
Introduction

1.1 Overview and Motivation
Wireless satellite communication links are primarily realized by radio fre-
quency (RF) schemes. These communication systems should be lightweight,
small and power-efficient while the data rate requirements are as high as
5.6 Gbps [1]. Using higher frequencies, and, consequentially, shorter wave-
lengths, enables higher antenna gains at the same aperture. This basic prop-
erty of electromagnetic waves led not only to higher frequencies being used,
but also to a push for using optical instead of RF wireless communication
systems.
The constraints put upon wireless communication systems are numerous:
The bit rate is to be maximized, bandwidth is a scarce resource, the power
consumption should be as low as possible while the complexity needs to
be modest enough to be not only realized but space-ready and the system
should be robust against errors. These requirements all conflict with each
other, rendering tradeoffs necessary. Overall progress is typically driven by
hardware improvements or the development of low-complexity algorithms
with good performance.

1

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Chapter 1. Introduction 2

In the case of FSO communication, the advent of reliable photodiodes (PIN
diodes and avalanche photodiodes) in the 1970s as well as semiconductor
lasers in the 1980s set the path for this technology’s maturation [2]. Due to
delays and cancellations mostly unrelated to the optical technology itself, the
first inter-satellite laser communication was not demonstrated until Novem-
ber 2001 [3]. The Semi conductor Inter satellite Link EXperiment, SILEX,
showed exceptional performance of the optical link between the French earth
observation satellite SPOT4 and the European Space Agency’s (ESA’s) tele-
communication satellite ARTEMIS [3, 4].
While inter-satellite links (ISLs) have been the main focus of FSO or optical
wireless communication (OWC) schemes, up- and downlink FSO communi-
cation has gained significant popularity over the last decade. This thesis also
focuses on up- and downlink, where the laser beam propagates through the
atmosphere and is distorted by turbulences, temperature and pressure in-
homogeneities. Modeling this time-varying channel is the crucial step when
designing the communication system.
Tests performed on the link between ARTEMIS and ESA’s Optical Ground
Station (OGS) showed good downlink performance, but substantially worse
uplink operation [5, 6]. This is caused by the asymmetric link geometry
introduced by the atmosphere: While the downlink is undisturbed for nearly
the full link distance, the uplink experiences atmospheric perturbation at the
very beginning, leading to divergence and hence increased loss over the whole
link distance. Furthermore, The OGS receiver counters beam wandering and
scintillation, hence reducing atmospheric influence on the communication
channel [5].
As opposed to RF modulation and coding schemes (MCS) where coherent de-
tectors, which allow amplitude, phase and frequency modulation, are widely
used, FSO communication mainly uses intensity modulation / direct detec-
tion (IM/DD). The most common approach is on-off keying (OOK), which
is used due to its high bandwidth efficiency and simplicity. Pulse position
modulation (PPM) is the second IM/DD approach widely discussed in the
literature, but was not further investigated since it provides less spectral ef-
ficiency (and hence low data rates) as well as no limiting constraints on the
average power are imposed by the setup.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Chapter 1. Introduction 3

This thesis focuses on the evaluation of channel models for optical commu-
nication systems. Channel models with different amounts of complexity are
analyzed and compared. This includes real-valued stochastic channels and
their resulting bit error rates as well as discrete models as the highest-layer
view. The binary Gilbert and Elliott burst error channels [7, 8] with hid-
den Markov model (HMM) structure are the prime discrete channels under
scrutiny.
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Chapter 1. Introduction 4

1.2 Challenges and Thesis Goals
The prime goal of this thesis is to provide optimal detectors for various models
of optical links’ behavior under OOK. Where these are not feasible, approx-
imations shall be explored and compared. Following directly, the achievable
capacity of said models is to be quantified and examined. A further objective
is the analysis and evaluation of channel models for FSO communication wrt.
the optical link in urban environment studied herein. Core topics addressed
by this work include:

• Evaluation and comparison of different channel models for FSO links

• Derivation of optimal detectors for the analyzed models when OOK is
used

– Approximation of the optimal detector if it is prohibitively com-
plex or impractical

• Analysis of the theoretical channel capacity of the discussed models

• Characterization of the physical link, evaluation of its performance and
its accordance with the assessed models.

The main challenge of this work is balancing abstraction and detail when
modeling FSO communication channels. Further challenges include the com-
plexity of optimal sequence detectors or estimators of the instantaneous fad-
ing state, as well as the general difficulty determining the channel capacity.
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Chapter 1. Introduction 5

1.3 State of the Art
After the SILEX mission 2001, numerous other FSO communication systems
were designed or deployed, including ISLs (Optical Inter-orbit Communi-
cations Engineering Test Satellite), deep space missions (e.g. Mars Laser
Communications Demonstration, designed only) and down- (KIrari’s Op-
tical Downlink to Oberpfaffenhofen, KIODO) as well as bidirectional (e.g.
Engineering Test Satellite VI) links, summarized in [9]. Coherent detection
as well as diode-pumped solid state (Nd:YAG) lasers were promoted by the
ESA in order to approach the theoretic quantum limit [4]. Both coherent
and direct detection are currently in use and under research.
Apart from OOK and PPM, IM/DD FSO schemes with binary laser states in-
clude [10]: multipulse PPM (MPPM), pulse width modulation (PWM), pulse
interval modulation (PIM) and polarization modulation schmemes. The
prime example of intensity modulation with more than two laser states is M-
ary pulse amplitude modulation (M-PAM) which uses multiple values of the
laser intensity. The modulation schemes differ in their spectral efficiency, syn-
chronization, energy efficiency, peak-to-average power ratio (PAPR) and im-
plementation complexity [10]. The differences are summarized in Table 1.1,
for schemes without guard slots, i.e. adjacent on-pulses are allowed for all
schemes that do not include them inherently (OOK and M-PAM).
OOK directly modulates the bit stream onto the transmit power: a logic
“1” is represented by a turned-on laser during the bit interval, a logic “0”
by the absence of laser current. This leads to the spectral efficiency of 1 bit
per channel usage in a straightforward manner – as well as to the PAPR
of 2 (for uniform data) since the laser is turned on 50% of the time. The
synchronization is necessary on symbol duration, which is at the same time
the smallest occurring time interval.
PPM uses a symbol duration of M chip durations (“chips” are the smallest
time intervals on the channel), during one of these slots the laser is active.
Thus M symbols can be distinguished, leading to 𝑙𝑜𝑔2 (𝑀) bits per symbol,
and a spectral efficiency of 1𝑀 𝑙𝑜𝑔2(𝑀), rendering it unsuitable for bandwidth-
limited channels with no constraint on the average transmit power. The
PAPR of 𝑀 is a direct consequence of the laser being turned on during
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Chapter 1. Introduction 6

Table 1.1: Comparison between different IM/DD schemes without guard
slots (𝑀 refers to the number of symbols) [9, 10].

Modula-
tion

Scheme

Aver-
age

Power

Spectral
Efficiency

PAPR Syn-
chro-
niza-
tion

Complex-
ity

OOK medium 1 2 symbol lowest

PPM very low 1𝑀 𝑙𝑜𝑔2(𝑀) 𝑀 symbol,
chip

low

MPPM low 𝑙𝑜𝑔2(𝑀)𝑛 2𝑛√2𝜋𝑀2
for 𝑀 ≫ 𝑛 2𝑛√2𝜋𝑀2

for𝑀 ≫ 𝑛 symbol,
chip

high

PWM medium 1𝑀 𝑙𝑜𝑔2(𝑀) 𝑀+12𝑀 chip low

PIM low 2𝑀+1 𝑙𝑜𝑔2(𝑀) 𝑀+12 chip medium

M-PAM high 𝑙𝑜𝑔2(𝑀) 2 symbol medium

one of 𝑀 slots. The synchronization between transmitter and receiver must
happen on symbol and chip duration – there is no additional information
encoded that allows the receiver to determine the begin or end of a symbol.
PPM is widely used due to its low average power consumption [11].
MPPM is akin to PPM, but with 𝑛 > 1 on-pulses during one symbol
duration 𝐿, which does not equal 𝑀. Evidently, 𝑀 = (𝐿𝑛), leading to
a noninteger number of bits encoded per symbol. The Stirling formula𝑁! ≈ √2𝜋𝑁 (𝑛𝑒 )𝑁 leads to the approximation 𝑀 ≈ 1√2𝜋𝑛 (𝐿𝑛 )𝑛 for 𝐿 ≫ 𝑛
(and 𝑀 ≫ 𝑛). The PAPR 𝐿/𝑛 can be written in terms of 𝑀 and 𝑛 with
this approximation. Furthermore, the spectral efficiency can be approxi-
mated by 1𝐿 𝑙𝑜𝑔2(𝑀) ≈ 𝑙𝑜𝑔2(𝑀)𝑛 2𝑛√2𝜋𝑀2 . In conclusion, MPPM outperforms PPM
on peak-power-limited channels while the opposite is true for average-power-
constrained channels [10].
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Chapter 1. Introduction 7

PWM begins each symbol interval with a rising edge of the transmit power
and modulates the number of slots until its falling edge to encode information.
For 𝑀 slots, 𝑙𝑜𝑔2 (𝑀) bits can be encoded per symbol. An advantage over
(M)PPM is given by the simple symbol-frame synchronization by the periodic
rising edge of the transmit power, at the cost of increased average power
consumption.
PIM is obtained by stripping PPM of the “idle” slots at the end of each
symbol – basically modulating the duration between two pulses of the trans-
mit power. Obviously, this discards the constant symbol duration of the
other schemes. However, it also allows for easy symbol-synchronization since
each pulse marks the end of a symbol. Again, 𝑙𝑜𝑔2 (𝑀) bits are encoded
per symbol, but the average symbol duration equals 𝑀+12 . The consequence
is increased spectral efficiency at the cost of variable symbol duration and
increased average transmit power due lower PAPR.
M-ary PAM can be described as OOK with more than two states, leading
to 𝑙𝑜𝑔2 (𝑀) bits per symbol interval, which is already the smallest occurring
time-unit. If the power levels corresponding to the various symbols are evenly
spaced from zero to the peak power, the PAPR equals 2 as in the OOK
case (generally, OOK can be seen as 2-PAM). Downsides of M-PAM are
increased complexity due to modulating the power level (as opposed to the
presence of a pulse) and the high power needed to attain suitable symbol
distances. Furthermore, in the absence of perfect knowledge of the channel
fading coefficient, its fluctuation can introduce additional symbol errors via
its effect on the received amplitude.
In the case of (M)PPM, PWM and PIM, guard slots are often added at
the end of each symbol. These are intervals of e.g. one chip duration with
disabled transmitter. Their purpose is to prevent adjacent/consecutive on-
pulses across symbols and help with symbol-level synchronization. Also,
they decrease average transmit power and spectral efficiency while increasing
PAPR.
The nomenclature for the modulation schemes explained above varies in the
literature. Often, a preceding letter D denotes a digital modulation, some-
times it refers to “differential”. Care has to be taken in order not to confuse
multipulse PPM with M-ary PPM, at times referred to as M-PPM.
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Chapter 1. Introduction 8

The three main propagation effects of the FSO channel on the laser beam are
free-space path loss (FSPL), atmospheric extinction/damping and scintilla-
tion. While the former two affect the mean received power, scintillation also
increases its variance. For in-orbit links, FSPL plays the only role as long as
the channel remains outside of the atmosphere [12]. In commercial FSO com-
munication systems, high link margins [13] or spatial diversity measures [12]
are typically used to counter the adverse propagation effects.
For very low received intensities, (coherent) photon counting detectors are
typically used. These usually employ photon multipliers followed by an in-
tegrator or edge detector whose output is able to resolve single photons [14].
While the principle of avalanche photodiodes (APDs) is very similar (carrier
multiplication by the avalanche effect) and they can be operated in Geiger
mode (single-photon avalanche photodiode, SPAD), their typical usage is in
the continuous (i.e. large number of photons) regime. Photon counters lead
to discrete probability distributions (Poisson) while continuous distributions
are the consequence of approximating the number of photons by e.g. a real-
valued charge.
The intensity sensor used in this thesis is of type APD, hence the models
discussed feature continuous distributions. The most prominent member of
this class of models is the additive white Gaussian noise (AWGN) channel.
This model states that the (possibly scaled) input to the communication is
disturbed by adding noise that is normally distributed (Gaussian) – as a
result, all conditional density functions are Gaussian with the same variance.
The approximation of the Poisson process of photons being absorbed by the
sensor by a Gaussian distribution and subsequent additive Gaussian noise
leads to data-dependent variance and a channel that has been termed optical
intensity channel [15]. By conflating the stochastic attenuation of the channel
with the Poisson approximation, the Gaussian fading coefficient hypothesis
of this work is developed. Here, the conditional probability density functions
are both Gaussian, but with different variance.
The most abundantly used model for FSO communications is the log-normal
fading, where the laser intensity is multiplied by a positive random variable
whose logarithm is normally distributed. The physical justification stems
from many independent multiplicative effects on the beam – by the central
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Chapter 1. Introduction 9

limit theorem, their influence in the log-domain converges to the normal
distribution. While the log-normal model is recommended for weak scin-
tillation [10], it is also appropriate when the receiver aperture is relatively
large [16].
Another notable model is the Gamma-Gamma or ΓΓ channel, which also
occupies a prominent position in the FSO literature. It is used to model
weak, medium as well as strong scintillation and is in part based on the
physics of large and small eddies or turbulence cells [10]. Numerous other
models have been proposed, including the negative exponential, Rayleigh and
K distribution, summarized e.g. in [9, 10].
The temporal correlation of the fading coefficient is also an active topic of
research. While most publications discuss fading mitigation by use of mul-
tiple uncorrelated receivers (or the respective effect if they are not perfectly
uncorrelated), there is literature on simulating temporally correlated optical
channels, e.g. [17] and sub-optimal detectors [18], since optimal detection is
computationally infeasible.
Since temporally correlated fading coefficients give rise to burst errors (in the
presence of noise), abstractions that deal with the effects on the binary level
have to be considered. The first and most known examples are the Gilbert [7]
and Elliott [8] burst error channels. Both are based on binary Markov chains
with a so-called “good” and “bad” state respectively. The states can not
be observed directly, but their effects on the transmission: In the bad state,
errors happen frequently, while they are absent (Gilbert) or happen less often
(Elliott) in the good channel state. The transition probabilities between the
states specify how long error-free (or low-error) periods typically persist. A
timestep in the model’s reference does not necessarily have to occur for each
bit interval; packet-level considerations are e.g. found in [19].
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Chapter 1. Introduction 10

1.4 Research Questions
In combination with the results of the state of the art analysis, following
research questions emerge:

Research Question 1.
Is the studied 600 m link sufficiently well-characterized by the Gaussian and
log-normal models for the channel coefficient, and which model yields a better
fit to the measured values?

Research Question 2.
Are optimal detectors for OOK over channels with iid or correlated Gaussian
or log-normal fading coefficient practically realizable?

Research Question 3.
Can the capacity of the studied link and the discussed models be determined?
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Chapter 1. Introduction 11

1.5 Structure of this Thesis
Chapter 2 is concerned with the atmospheric link, including physical justi-
fications for the different stochastic channel models used. The chapter con-
cludes with considerations on temporally correlated channels and methods
to simulate their behavior as well as detectors exploiting this correlations.
Chapter 3 summarizes the measurements that were performed on the optical
link. The conformity between the theoretic models and the physical link is
determined and key parameters of the channel are quantified.
Chapter 4 addresses the information-theoretic side of this work, discussing
the channel capacity of the models derived in Chapter 2 and of the FSO link
studied in this thesis.
The final Chapter 5 summarizes the conclusions of the thesis at hand and
gives a short outlook on future research topics with thematic ties to this
work.
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2
Atmospheric Link

In this chapter, the physical properties of the communication channel and
the stochastic real-valued channel models are discussed. A block diagram of
the system is shown in Figure 2.1. At time instant 𝑛, a binary symbol u𝑛 is
multiplied by the positive amplitude h𝑛, yielding the noiseless received (but
unobservable) symbol x𝑛. The additive receiver noise is added, producing
the noisy received signal y𝑛:

y𝑛 = u𝑛h𝑛 + v𝑛 (2.1)𝘆 = 𝘂 𝑑𝑖𝑎𝑔 (𝗵) + 𝘃 (2.2)

The absence of transmitter intensity will be referred to as “L”, 0 or low in this
thesis, while the presence will be labeled “H”, 1 or high. Equation 2.2 displays
the vector-valued representation of the individual symbols, where 𝑑𝑖𝑎𝑔 (⋅) is
a square matrix where the main diagonal is populated with the argument
vector and all other components are zero. All vectors are represented as
column vectors.
In the absence of additive noise, i.e. y𝑛 = x𝑛, the sent symbol can always be
recovered under the assumption of a positive, nonzero amplitude h𝑛. This
assumption is valid as long as no total blockage of the communication channel
is occurring.

12
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Chapter 2. Atmospheric Link 13

Amplitude Receiver Noise

Source Sink
u𝑛 ∈ {0, 1}

h𝑛 ∈ ℝ+
x𝑛 ∈ ℝ+0

v𝑛 ∈ ℝy𝑛 ∈ ℝ

Figure 2.1: Channel block diagram at time index 𝑛. The main differences
between the models arise from differently characterized h𝑛 and v𝑛.

The restriction to positive channel coefficients is a direct consequence of the
IM/DD scheme. Its received signal is directly proportional to the power
at the aperture, which is nonnegative. Different models for the amplitude
and the receiver noise as well as their respective temporal evolution lead to
different channel models with the same basic structure (cf. Figure 2.1).
The receiver noise v𝑛 consists of thermal and shot noise. The latter is caused
by the discrete nature of photons as well as charge carriers and follows a
Poisson distribution; however, given a sufficient mean number of photons, it
can be approximated by a Gaussian distribution [10]. The thermal noise is
caused by the electronic receiver circuit and is typically assumed to be inde-
pendent of the received signal presence or strength. The shot noise depends
on the background light intensity as well as on the signal strength, leading to
different noise variances depending on the data. By using a stochastic model
for the channel coefficient h𝑛, the data-dependent part of the shot noise can
be shifted away from the receiver noise v𝑛, which can then be viewed as inde-
pendent of the data. Both data-independent noise processes are uncorrelated
and white – together they can be represented by a Gaussian distribution:

𝑓v𝑛(𝑣) = 1√2𝜋𝜎v
𝑒𝑥𝑝 (−(𝑣 − 𝜇v)22𝜎2

v
) ∀𝑛 ∈ ℕ (2.3)𝐸 {v𝑛} = 𝜇v𝐸 {(v𝑛 − 𝜇v)2} = 𝜎2

v
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Chapter 2. Atmospheric Link 14

The parameters 𝜇v and 𝜎v vary slowly due to ambient light and receiver
temperature, but stay essentially constant over at least 107 symbols. Thus
these parameters are treated as constant, but unknown. Together with a
deterministic decision function �̂�(⋅) (to be specified in the following sections)
we can now formally define the resulting channel:

Definition 2.1. Channel with Positive Fading Coefficient and Gaussian
Noise

y𝑛 =
u𝑛 ∈
h𝑛 ∈
h𝑛 ∼
v𝑛 ∈
v𝑛 ∼

u𝑛h𝑛 + v𝑛{0, 1}ℝ+𝑓h𝑛(⋅)ℝ𝑓v (⋅)
⎫}}}}}⎬}}}}}⎭

∀𝑛 ∈ ℕ
𝑓v (𝑣) = 1√2𝜋𝜎v

𝑒𝑥𝑝 (−(𝑣 − 𝜇v)22𝜎2
v

)
û𝑛 = �̂� (y𝑛)𝜎v > 0

The optimal detector �̂� (⋅) in terms of BER – 𝑃 {û𝑛 ≠ u𝑛} (without knowl-
edge of the prior probabilities of or for uniform distribution of the data) is
the maximum likelihood (ML) detector. It is defined for individual symbols
in Definition 2.2 and sequences of several received symbols in Definition 2.3.

Definition 2.2. Maximum Likelihood Symbol Detector�̂�𝑛 (𝑦𝑛) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑢 {𝑓y𝑛| u𝑛(𝑦𝑛 ∣ 𝑢)} (2.4)

Definition 2.3. Maximum Likelihood Sequence Detector (MLSD)�̂� (𝒚) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝒖 {𝑓𝘆 | 𝘂 (𝒚 ∣ 𝒖)} (2.5)
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Chapter 2. Atmospheric Link 15

2.1 Additive White Gaussian Channel Hypothesis
Within the coherence time of fading (which is usually in the range of 0.1
to 10 ms [9, 12], resulting in hundreds to several thousands of bits within
the coherence time), the channel fading coefficient ℎ stays approximately
constant (reflected by the use of italics as opposed to the random variable h𝑛).
This leads to the commonly known additive white Gaussian noise (AWGN)
channel, which has been studied in detail. Moreover, closed-form expressions
of key relations are known. The considerations in this section highlight the
best receiver performance attainable when complete knowledge of the channel
fading coefficient is available.
Two closely linked expressions for the comparison between the likelihood
functions are the likelihood ratio 𝐿 (𝑦) and log-likelihood ratio (LLR) 𝑙 (𝑦).
Their definition wrt. the AWGN detection problem of this section is found in
Definition 2.4 [20]. Note that the ML comparison can be given by 𝐿(𝑦) > 1
or, equivalently by 𝑙(𝑦) > 0.

Definition 2.4. Likelihood Ratio and Log-Likelihood Ratio for the AWGN
Channel𝐿 (𝑦) = 𝑓y𝑛| u𝑛(𝑦 ∣ 1)𝑓y𝑛| u𝑛(𝑦 ∣ 0) = 𝑓v (𝑦 − ℎ)𝑓v (𝑦) (2.6)𝑙 (𝑦) = 𝑙𝑜𝑔 (𝐿 (𝑦)) ∝ −(𝑦 − ℎ − 𝜇v)22𝜎2

v
+ (𝑦 − 𝜇v)22𝜎2

v
= ℎ (𝑦 − ℎ/2 − 𝜇v)𝜎2

v
(2.7)

The ML symbol detector in the AWGN case reduces to a threshold compar-
ison, deciding “L” for all received symbols below 𝛾. The threshold for the
system of Definition 2.1 is given by Equation 2.8 where 𝜇v is the noise DC
component. By a simple coordinate transformation, this can always be set
to zero.
The ML decision rule is given by Definition 2.5 with the indicator function
of Definition 2.6. For continuous random variables, the difference between
using > and ≥ does not affect performance since 𝑃 {y𝑛 = 𝛾} = 0.
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Chapter 2. Atmospheric Link 16

Definition 2.5. ML Symbol Detector for AWGN Channel with known fading
coefficient ℎ 𝛾 = 𝜇v + ℎ2 (2.8)�̂� (𝑦) = 𝐼 (𝑦 > 𝛾) (2.9)

Definition 2.6. Indicator function 𝐼 (⋅)𝐼 (true) = 1𝐼 (false) = 0
The performance of the ML decision rule can be explicitly derived: A Type I
error or false alarm (erroneously assuming presence of laser intensity) hap-
pens in case “L” has been sent and the noise exceeds the threshold 𝛾. A
Type II error or miss (assigning “L” to a symbol where “H” has been sent)
occurs when the noisy received signal y𝑛 is below the decision threshold 𝛾.
Correctly detecting the present laser intensity is called detection while prop-
erly deciding in favor of “L” results in a correct rejection.
Due to Equation 2.8, the probabilities for false alarms (𝑃FA) and misses(𝑃M) as well as for detections (𝑃D) and correct rejections (𝑃CR) are very
similar (cf. Equation 2.10), and, together with the symmetry of the Gaussian
probability density function (pdf) and Definition 2.7 lead to the expression
in Equation 2.11 for the respective probabilities.

𝑃D = 𝑃 {û𝑛 = 1 ∣ u𝑛 = 1} = 𝑃 {v𝑛 > −𝛾} (2.10a)𝑃FA = 𝑃 {û𝑛 = 1 ∣ u𝑛 = 0} = 𝑃 {v𝑛 > 𝛾} (2.10b)𝑃M = 𝑃 {û𝑛 = 0 ∣ u𝑛 = 1} = 𝑃 {v𝑛 < −𝛾} (2.10c)𝑃CR = 𝑃 {û𝑛 = 0 ∣ u𝑛 = 0} = 𝑃 {v𝑛 < 𝛾} (2.10d)
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Definition 2.7. The Q-function 𝑄 (⋅) is the complementary cumulative dis-
tribution function (CCDF) of the standard normal distribution and can be
expressed by (𝑒𝑟𝑓𝑐 is the complementary error function):𝑄 (𝑥) = 1√2𝜋 ∫∞𝑥 𝑒𝑥𝑝 (−𝑦22 ) 𝑑𝑦𝑄 (𝑥) = 12 𝑒𝑟𝑓𝑐 ( 𝑥√2)
It follows from Equation 2.11b that an AWGN channel with ML decision
leads to a binary symmetric channel (BSC). The term ℎ/ 𝜎v expresses the
signal-to-noise ratio (SNR) in field quantities (as opposed to power). The
error probability vs. the SNR is shown in Figure 2.2.

𝑃D = 𝑃CR = 1 − 𝑄 ( ℎ2𝜎v
) (2.11a)𝑃FA = 𝑃M = 𝑄 ( ℎ2𝜎v

) (2.11b)

However, this performance is only attainable in the case of complete knowl-
edge of the channel coefficient. In the case of time-variant coefficients, the
ML decision threshold and the error probability also vary with time. Time-
variant receiver noise does not affect the optimal threshold, but alters the
performance by changing the SNR.
Since the threshold 𝛾 lies exactly between the expected values for “L” and
“H”, it can be approximated from the received sequence even in the absence
of information about the channel as shown in [21]. The core assumptions
made are that the fading coefficient ℎ stays constant for the duration of the
transmission and that the data is uniformly distributed.
Furthermore, time-variant fading coefficients make different detection strate-
gies necessary. Those include approximation of the channel coefficient, e.g.
the generalized likelihood ratio test (GLRT) [20], and Neyman-Pearson (NP)
detectors, which depend solely on the statistics of the receiver noise v𝑛.
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Figure 2.2: Error probability for the AWGN channel with ML decision vs.
SNR in field quantities.

The following two sections will consider the GLRT strategy of Definition 2.8
in-depth. The NP approach was not further pursued in this thesis due to
the following considerations: The pdf of the receiver noise is not known a
priori, it depends on ambient light conditions and the receiver temperature.
Even though those parameters do not vary fast enough to necessitate on-line
tracking, they render estimation of the mean and variance of v𝑛 necessary
– in that case, estimating parameters of the signal with the laser turned on
does not lead to a notable increase of complexity.
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Definition 2.8. A Generalized Likelihood Ratio Test (GLRT) for a detection
problem with unknown parameters 𝝷 is a likelihood ratio test for the same
problem where the ML estimates of the parameters ̂𝜽 are used instead of the
unknown values. 𝐻0 ∶ 𝜽 ∈ Θ0𝐻1 ∶ 𝜽 ∈ Θ1𝐿𝑔 (𝒚) = 𝑓𝘆;𝝷 (𝒚; ̂𝜽1)𝑓𝘆;𝝷 (𝒚; ̂𝜽0)𝑙𝑔 (𝒚) = 𝑙𝑜𝑔 (𝐿𝑔 (𝒚))̂𝜽0 = 𝑎𝑟𝑔 𝑚𝑎𝑥𝜽 ∈ Θ0 {𝑓𝘆;𝝷 (𝒚; 𝜽)}̂𝜽1 = 𝑎𝑟𝑔 𝑚𝑎𝑥𝜽 ∈ Θ1 {𝑓𝘆;𝝷 (𝒚; 𝜽)}
Definition 2.9. The Neyman-Pearson detector with level 𝛼 is the detector
which maximizes the detection probability 𝑃D with a false alarm rate 𝑃FA
below or equal to 𝛼. For Definition 2.1 the NP detector is obtained bŷu𝑛 = 𝐼 (y𝑛 > 𝛾)𝛾 = 𝜇v + 𝜎v𝑄−1 (𝛼) ,

where 𝑄−1 (⋅) is the inverse of the Q-function of Definition 2.7.

Since Definition 2.9 is asymmetric, the resulting binary channel will not be
symmetric: 𝑃FA = 𝛼 while 𝑃M = 𝑄 (ℎ/𝜎v − 𝑄−1 (𝛼)). For linear channel
codes however, only the total error rate matters – thus rendering the NP
approach sub-optimal in general and choosing an appropriate level 𝛼 difficult.
Figure 2.3 shows the receiver operating characteristic (ROC) for the AWGN
channel and the operating points of the ML detector. The dash-dotted line
corresponds to the pure guess.
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Figure 2.3: Receiver operating characteristic for AWGN channel, black
circles indicate ML detector operating points. The dash-dotted line

represents pure guess.
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2.2 Fluctuating Fading Coefficient
In this section we regard the channel coefficients h𝑛 independent and identi-
cally distributed (iid) according to the probability density function 𝑓h𝑛(𝑥) =𝑓h (𝑥) (note that this implies that the stochastic process to be strongly sta-
tionary). From y𝑛 = x𝑛 + v𝑛, the pdf of y𝑛 can be derived via convolution
as shown in Equation 2.12.

𝑓y𝑛(𝑦) = (𝑓x𝑛 ∗ 𝑓v) (𝑦) (2.12)𝑓x𝑛| u𝑛(𝑥 ∣ 0) = 𝛿 (𝑥) (2.13a)𝑓x𝑛| u𝑛(𝑥 ∣ 1) = 𝑓h (𝑥) (2.13b)𝑓y𝑛| u𝑛(𝑦 ∣ 0) = 𝑓v (𝑦) (2.14a)𝑓y𝑛| u𝑛(𝑦 ∣ 1) = (𝑓h ∗ 𝑓v) (𝑦) (2.14b)

Definition 2.10. Unit Impulse Function, Dirac-Delta Distribution 𝛿 (⋅)𝛿 (𝑥) = 0 𝑥 ≠ 0∫𝑏𝑎 𝑓 (𝑥) 𝛿 (𝑥) 𝑑𝑥 = {𝑓 (0)0 0 ∈ [𝑎, 𝑏] ,0 ∉ [𝑎, 𝑏] .
With a slight abuse of notation, the unit impulse function 𝛿 (𝑥) with intuitive
Definition 2.10 is used to represent the degenerate density function of the
deterministic variable x𝑛 given u𝑛 = 0. Since the unit impulse function is
the identity element of the convolution, Equation 2.14a reduces to the pdf of
the receiver noise. Together with Equation 2.14b, representations of the ML
symbol detector can be derived:

Definition 2.11. ML Symbol Detector for iid Channel Coefficients h𝑛
û𝑛 = 𝐼 (𝑓y𝑛| u𝑛(y𝑛 ∣ 1) > 𝑓y𝑛| u𝑛(y𝑛 ∣ 0)) (2.15)𝛾 = 𝑚𝑖𝑛 {𝑦 ∶ 𝑓y𝑛| u𝑛(𝑦 ∣ 1) > 𝑓y𝑛| u𝑛(𝑦 ∣ 0)} (2.16)
û𝑛 = 𝐼 (y𝑛 > 𝛾) (2.17)
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From Equations 2.14a and 2.14b we can derive the (log-)likelihood ratio in a
straightforward manner. Note that the thresholds obtained by using the like-
lihood ratio 𝐿(𝑦) and the LLR 𝑙(𝑦), expressed via 𝛾 = 𝑚𝑖𝑛 {𝑦 ∶ 𝐿(𝑦) > 1} =𝑚𝑖𝑛 {𝑦 ∶ 𝑙(𝑦) > 0} lead to the same threshold 𝛾 as in Equation 2.16.

Definition 2.12. Likelihood Ratio and Log-Likelihood Ratio for iid Fading
Coefficients h𝑛 𝐿 (𝑦) = (𝑓h ∗ 𝑓v) (𝑦)𝑓v (𝑦) (2.18)𝑙 (𝑦) = 𝑙𝑜𝑔 ((𝑓h ∗ 𝑓v) (𝑦)) − 𝑙𝑜𝑔 (𝑓v (𝑦)) (2.19)

Two different two-parameter distributions are used in this thesis for model-
ing the channel coefficient h: The normal or Gaussian distribution and the
log-normal (LN) distribution. The former originates from the real-valued
approximation of the Poisson processes and allows closed-form expressions
of key quantities, but requires the restriction to positive channel coefficients
to be dropped as its support includes negative values. The log-normal dis-
tribution naturally arises from multiple uncorrelated, multiplicative factors
that influence a quantity and is widely used in optical communications.
In the FSO literature, the scintillation index 𝜎2

SI (cf. Definition 2.13) and the
Rytov variance 𝜎R (Definition 2.14) are commonly used to characterize the
severeness of fading [9]. The three tiers commonly used are weak (𝜎2

SI < 0.3
or 𝜎R ≪ 1), moderate (0.3 < 𝜎2

SI < 5 or 𝜎R ≈ 1) and strong turbulence
or saturation regime (𝜎2

SI > 5 or 𝜎R ≫ 1). The log-normal channel model
is the preferred model for the weak turbulence domain, but numerous other
stochastic models have been proposed for moderate and strong turbulence,
e.g. the Gamma-Gamma distribution [9, 16, 22, 23]. However, for large
apertures, log-normal and Gamma-Gamma channel models become practi-
cally equivalent [10, 24] and measurements confirmed that the log-normal
model describes moderate to strong turbulence reasonably well [16, 17].
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Definition 2.13. Scintillation Index 𝜎SI
(𝜇h and 𝜎2

h refer to the parameters of the respective distributions)𝜎2
SI = 𝑉 𝑎𝑟 {h}(𝐸 {h})2 (general) (2.20)

𝜎2
SI = 𝜎2

h𝜇2
h

for Gaussian h𝜎2
SI = (𝑒𝑥𝑝 (𝜎2

h) − 1) 𝑒𝑥𝑝 (2𝜇h + 𝜎2
h)𝑒𝑥𝑝 (2𝜇h + 𝜎2

h) = 𝑒𝑥𝑝 (𝜎2
h) − 1 for log-normal h

Definition 2.14. Rytov Variance 𝜎R𝜎2
R = 1.23 𝐶2𝑛 𝑘7/6 𝑟11/6, (2.21)

where 𝐶2𝑛 is the refractive-index structure constant, 𝑘 is the wave number2𝜋𝜆 and 𝑟 is the link length.

The noise DC value 𝜇v and variance 𝜎2
v can always be normalized, i.e. set to0 and 1 respectively. The parameters of the transformed fading coefficient h′

under the Gaussian and log-normal models change as follows (the scintillation
index is not affected in both cases):

Gaussian: 𝜇h′ = 𝜇h𝜎v
𝜎2

h′ = 𝜎2
h𝜎2
v

(2.22)

Log-Normal: 𝜇h′ = 𝜇h − 𝑙𝑛 (𝜎v) 𝜎2
h′ = 𝜎2

h (2.23)

2.2.1 Gaussian Channel Coefficient
The implications of using the Gaussian distribution will follow in-depth.
Since its support includes the negative numbers, it does not comply to the
channel Definition 2.1 and the ML detection does not reduce to comparing
the data to a threshold 𝛾. The resulting channel definition is given in Def-
inition 2.15 below. The likelihood functions in Equation 2.26 are obtained
either by convolution or simply using Gaussian random variables’ property
of being closed under addition together with the first two cumulants 𝜇 and𝜎2.
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Definition 2.15. Channel with Gaussian Fading Coefficient and Gaussian
Noise, without Restriction on Positive Fading Coefficients

y𝑛 =
u𝑛 ∈
h𝑛 ∈
h𝑛 ∼
v𝑛 ∈
v𝑛 ∼

u𝑛h𝑛 + v𝑛{0, 1}ℝ𝑓h (⋅)ℝ𝑓v (⋅)
⎫}}}}}⎬}}}}}⎭

∀𝑛 ∈ ℕ
𝑓v (𝑣) = 1√2𝜋𝜎v

𝑒𝑥𝑝 (−(𝑣 − 𝜇v)22𝜎2
v

)
𝑓h (ℎ) = 1√2𝜋𝜎h

𝑒𝑥𝑝 (−(ℎ − 𝜇h)22𝜎2
h

)𝜎v > 0, 𝜇h > 0, 𝜎h > 0
Definition 2.16. Relationships between Stochastic Channel Properties and
Observed Quantities for the Gaussian Channel Coefficient𝜇𝐿 = 𝐸 {y𝑛 ∣ u𝑛 = 0} = 𝜇v (2.24a)𝜎2𝐿 = 𝐸 {(y𝑛 − 𝜇𝐿)2 ∣ u𝑛 = 0} = 𝜎2

v (2.24b)𝜇𝐻 = 𝐸 {y𝑛 ∣ u𝑛 = 1} = 𝜇v + 𝜇h (2.24c)𝜎2𝐻 = 𝐸 {(y𝑛 − 𝜇𝐻)2 ∣ u𝑛 = 1} = 𝜎2
v + 𝜎2

h (2.25a)𝑓y𝑛| u𝑛(𝑦 ∣ 0) = 1√2𝜋𝜎𝐿 𝑒𝑥𝑝 (−(𝑦 − 𝜇𝐿)22𝜎2𝐿 ) (2.25b)

𝑓y𝑛| u𝑛(𝑦 ∣ 1) = 1√2𝜋𝜎𝐻 𝑒𝑥𝑝 (−(𝑦 − 𝜇𝐻)22𝜎2𝐻 ) (2.25c)

From Equation 2.24, the estimation of the parameters of h and v is an easy
task, given a long enough training sequence since the sample mean and the
adjusted sample variance are unbiased and consistent estimators of the re-
spective true values. Physical origins and justifications for the parameters𝜇𝐿, 𝜎𝐿, 𝜇𝐻 and 𝜎𝐻 can be found in [11].
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Figure 2.4: Error probability for Gaussian channel coefficient with
threshold decision vs. SNR in field quantities (cf. Equation 2.31). The

dash-dotted line corresponds to the AWGN channel.

Since the pdfs in question are continuous and unimodal, the values 𝑦𝑖 ∈ ℝ ∶𝑙(𝑦𝑖) = 0 correspond to the boundaries of the ML decision scheme. Due to
y𝑛 ∣ u𝑛 = 1 having greater variance than y𝑛 ∣ u𝑛 = 0 (reflected by positive,
nonzero 𝜎h), a region where 𝑦 ≪ 𝜇v leads to ̂u𝑀𝐿 = 1, which is physically
implausible and was hence omitted in this thesis. The decision rule was
trimmed down to a simple threshold test with 𝛾 given by Equation 2.30a.
In terms of the conditional means and variances of the received signal, the
threshold is given by Equation 2.30b. The error probabilities are given by
Equation 2.31ff and the average error rate for uniform data is shown for
different noise constellations in Figure 2.4.

𝑓y𝑛| u𝑛(𝑦 ∣ 0) = 1√2𝜋𝜎v
𝑒𝑥𝑝 (−(𝑦 − 𝜇v)22𝜎2

v
) (2.26a)

𝑓y𝑛| u𝑛(𝑦 ∣ 1) = 1√2𝜋 (𝜎2
v + 𝜎2

h) 𝑒𝑥𝑝 (−(𝑦 − 𝜇v − 𝜇h)22 (𝜎2
v + 𝜎2

h) ) (2.26b)
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𝑙 (𝑦) ∝ 12 𝑙𝑛 ( 𝜎2
v𝜎2

v + 𝜎2
h

) − (𝑦 − 𝜇v − 𝜇h)22 (𝜎2
v + 𝜎2

h) + (𝑦 − 𝜇v)22𝜎2
v

(2.27)

The boundaries of the decision regions are found by solving the quadratic
equation 𝑙 (𝑦) = 0:𝑙 (𝑦𝑖) = 0, 𝑖 ∈ {1, 2} (2.28a)0 = 𝜎2

v (𝜎2
v + 𝜎2

h) 𝑙𝑛 ( 𝜎2
v𝜎2

v + 𝜎2
h

)− 𝜎2
v (𝑦 − 𝜇v − 𝜇h)2 + (𝜎2

v + 𝜎2
h) (𝑦 − 𝜇v)2 (2.28b)

0 = − 𝜎2
v (𝑦2 − 2𝑦 (𝜇v + 𝜇h) + (𝜇v + 𝜇h)2)+ (𝜎2

v + 𝜎2
h) (𝑦2 − 2𝑦𝜇v + 𝜇2

v)+ 𝜎2
v (𝜎2

v + 𝜎2
h) 𝑙𝑛 ( 𝜎2

v𝜎2
v + 𝜎2

h
)

(2.28c)

0 = 𝑦2𝜎2
h − 2𝑦 ((𝜎2

v + 𝜎2
h) 𝜇v − 𝜎2

v (𝜇v + 𝜇h))− 𝜎2
v (𝜇v + 𝜇h)2 + (𝜎2

v + 𝜎2
h) 𝜇2

v+ 𝜎2
v (𝜎2

v + 𝜎2
h) 𝑙𝑛 ( 𝜎2

v𝜎2
v + 𝜎2

h
)

(2.28d)

0 = 𝑦2𝜎2
h − 2𝑦 (𝜎2

h𝜇v − 𝜎2
v 𝜇h)+ 𝜎2

h𝜇2
v − 2𝜎2

v 𝜇v𝜇h − 𝜎2
v 𝜇2

h+ 𝜎2
v (𝜎2

v + 𝜎2
h) 𝑙𝑛 ( 𝜎2

v𝜎2
v + 𝜎2

h
)

(2.28e)

0 = 𝑦2 − 2𝑦 (𝜇v − 𝜎2
v𝜎2
h

𝜇h)+ 𝜇2
v − 2𝜎2

v𝜎2
h

𝜇v𝜇h − 𝜎2
v𝜎2
h

𝜇2
h+ 𝜎2

v (1 + 𝜎2
v𝜎2
h

) 𝑙𝑛 ( 𝜎2
v𝜎2

v + 𝜎2
h

)
(2.28f)
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𝑦𝑖 = (𝜇v − 𝜎2
v𝜎2
h

𝜇h)± √𝜇2
h
𝜎2

v𝜎2
h

(1 + 𝜎2
v𝜎2
h

) − 𝜎2
v (1 + 𝜎2

v𝜎2
h

) 𝑙𝑛 ( 𝜎2
v𝜎2

v + 𝜎2
h

)(2.29a)

𝑦𝑖 = 𝜇v − 𝜎2
v𝜎2
h

𝜇h± 𝜎2
v𝜎2
h

√(1 + 𝜎2
h𝜎2
v

) (𝜇2
h + 𝜎2

h 𝑙𝑛 (1 + 𝜎2
h𝜎2
v

)) (2.29b)

The resulting threshold can be expressed in terms of the parameters of h and
v or by the conditional means and variances:

𝛾 = 𝜇v + 𝜇h
𝜎2

v𝜎2
h

(√(1 + 𝜎2
h𝜎2
v

) (1 + 𝜎2
h𝜇2
h

𝑙𝑛 (1 + 𝜎2
h𝜎2
v

)) − 1)
(2.30a)𝛾 = 𝜇𝐿 − 𝜎2𝐿𝜎2𝐻 − 𝜎2𝐿 (𝜇𝐻 − 𝜇𝐿)+ 𝜎𝐻𝜎𝐿𝜎2𝐻 − 𝜎2𝐿 √(𝜇𝐻 − 𝜇𝐿)2 + (𝜎2𝐻 − 𝜎2𝐿) 𝑙𝑛 (𝜎2𝐻𝜎2𝐿 ) (2.30b)

𝑃FA = 𝑄 (𝛾 − 𝜇𝐿𝜎𝐿 ) = 𝑄 (𝛾 − 𝜇v𝜎v
) (2.31a)

𝑃M = 𝑄 (𝜇𝐻 − 𝛾𝜎𝐻 ) = 𝑄 ⎛⎜⎜⎝𝜇v + 𝜇h − 𝛾√𝜎2
v + 𝜎2

h

⎞⎟⎟⎠ (2.31b)

𝑃E = 𝑃FA + 𝑃M2 (2.32)

𝑃FA = 𝑄 (𝜇h𝜎v𝜎2
h

(√(1 + 𝜎2
h𝜎2
v

) (1 + 𝜎2
h𝜇2
h

𝑙𝑛 (1 + 𝜎2
h𝜎2
v

)) − 1)) (2.33a)

𝑃M = 𝑄 ⎛⎜⎝𝜇h𝜎v𝜎2
h

⎛⎜⎝√1 + 𝜎2
h𝜎2
v

− √1 + 𝜎2
h𝜇2
h

𝑙𝑛 (1 + 𝜎2
h𝜎2
v

)⎞⎟⎠⎞⎟⎠ (2.33b)
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2.2.2 Log-Normal Channel Coefficient
Definition 2.17. Channel with Log-Normal Fading Coefficient and Gaussian
Noise

y𝑛 =
u𝑛 ∈
h𝑛 ∈
h𝑛 ∼
v𝑛 ∈
v𝑛 ∼

u𝑛h𝑛 + v𝑛{0, 1}ℝ+𝑓h (⋅)ℝ𝑓v (⋅)
⎫}}}}}⎬}}}}}⎭

∀𝑛 ∈ ℕ
𝑓v (𝑣) = 1√2𝜋𝜎v

𝑒𝑥𝑝 (−(𝑣 − 𝜇v)22𝜎2
v

)
𝑓h (ℎ) = 1√2𝜋𝜎hℎ 𝑒𝑥𝑝 (−(𝑙𝑛 (ℎ) − 𝜇h)22𝜎2

h
)𝜎v > 0, 𝜎h > 0

Selecting the log-normal distribution for h𝑛 leads to the channel defined
in Definition 2.17 with the relations between the channel parameters and
the observed mean and variance given by Definition 2.18. Note that the
parameters 𝜇h and 𝜎2

h are not the first two cumulants for the log-normal
distribution, they are log-mean and log-variance, respectively.
The likelihood functions are given by Equation 2.34. A closed-form expres-
sion is not known, but all cumulants can be computed. To determine the
parameters for the fading coefficients’ log-normal distribution, the first two
are sufficient (cf. Equation 2.35).
The threshold for the ML detector is obtained by the simple comparison in
Equation 2.16 after numerical computation of the convolution integral. The
resulting error probability vs. SNR is shown in Figure 2.5. In contrast to the
Gaussian fading coefficient, the log-normal model’s error probabilities can
not be displayed in closed form.
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Figure 2.5: Error probability for log-normal channel coefficient with
threshold decision vs. SNR in field quantities. The dash-dotted line

corresponds to the AWGN channel.

Definition 2.18. Relationships between Stochastic Channel Properties and
Observed Quantities for Log-Normal Channel Coefficient𝜇𝐿 = 𝐸 {y𝑛 ∣ u𝑛 = 0} = 𝜇v𝜎2𝐿 = 𝐸 {(y𝑛 − 𝜇𝐿)2 ∣ u𝑛 = 0} = 𝜎2

v𝜇𝐻 = 𝐸 {y𝑛 ∣ u𝑛 = 1} = 𝜇v + 𝑒𝑥𝑝 (𝜇h + 𝜎2
h2 )𝜎2𝐻 = 𝐸 {(y𝑛 − 𝜇𝐻)2 ∣ u𝑛 = 1} = 𝜎2

v + (𝑒𝑥𝑝 (𝜎2
h) − 1) 𝑒𝑥𝑝 (2𝜇h + 𝜎2

h)
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𝑓y𝑛| u𝑛(𝑦 ∣ 0) = 1√2𝜋𝜎v
𝑒𝑥𝑝 (−(𝑦 − 𝜇v)22𝜎2

v
) (2.34a)

𝑓y𝑛| u𝑛(𝑦 ∣ 1) = ∫∞0 12𝜋𝜎v𝜎h𝑥 𝑒𝑥𝑝 (−(𝑙𝑛 (𝑥) − 𝜇h)22𝜎2
h−(𝑦 − 𝑥 − 𝜇v)22𝜎2
v

) 𝑑𝑥
(2.34b)

𝜎2
h = 𝑙𝑛 (1 + 𝜎2𝐻 − 𝜎2𝐿(𝜇𝐻 − 𝜇𝐿)2 ) (2.35a)𝜇h = 𝑙𝑛 (𝜇𝐻 − 𝜇𝐿) − 𝜎2

h2 (2.35b)
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2.3 Temporal and Spatial Correlation
Atmospheric turbulence is usually described by Kolmogorov theory – large
eddies transfer energy approximately lossless to smaller-scale eddies which
in turn redistribute the energy or dissipate through viscosity, leading to an
inner scale 𝑙0 and an outer scale 𝐿0, typically ranging from millimeters to
meters [23]. The correlation time is derived by assuming static spatial eddies
that are moved by the wind (considering only the velocity normal to the beam
since the influence of translation along the beam axis will be well-averaged).
In case the optical link satisfies 𝑙0 < √𝜆𝑟 < 𝐿0 for propagation distance𝑟 and wavelength 𝜆, the characteristic correlation time 𝜏𝑐 and distance 𝑑𝑐
for which the log-amplitude covariance coefficient has decayed to 𝑒−2 can be
approximated by [23]:

Definition 2.19. Characteristic Turbulence Correlation Distance and Time
for “Frozen Air” Model 𝑑𝑐 ≈ √𝜆𝑟 (2.36)𝜏𝑐 = 𝑑𝑐𝑢⟂ (2.37)

for propagation distance 𝑟, wavelength 𝜆 and orthogonal wind speed 𝑢⟂.

Which leads to 𝑑𝑐 ≈ 20 mm and 𝜏𝑐 ≈ 5 ms for 𝑢⟂ ≈ 4 m/s. [17] compares the
resulting low-pass behavior for several optical links to the estimated cutoff
frequency given by Equation 2.38, which is about 500 Hz for the studied link
and the assumptions made. 𝑓𝑐 = 𝑢⟂√2𝜋𝜆𝑟 (2.38)

2.3.1 Estimation/Detection Strategies
The absence of high-frequency components in the fading coefficient fluctua-
tion can be exploited to reduce the error probability by estimating the current
channel state. Using the ML estimate of the fading coefficient’s temporal
evolution h𝑛 as “known” input to the ML symbol detector (Equation 2.8)
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embodies a GLRT strategy, specified in Definition 2.20. ℎ̂𝑛,0 and ℎ̂𝑛,1 corre-
spond to the ML estimates of ℎ𝑛 under the corresponding hypotheses. Since
the channel output does not depend on the fading state in case “0” has been
sent, ℎ̂𝑛,0 need not be estimated.

Definition 2.20. Generalized Likelihood Ratio Test for the Current Re-
ceived Symbol y𝑛𝐿𝑔 (𝑦) = 𝑓y𝑛| u𝑛,h𝑛(𝑦 ∣ 1, ℎ̂𝑛,1)𝑓y𝑛| u𝑛,h𝑛(𝑦 ∣ 0, ℎ̂𝑛,0) (2.39)ℎ̂𝑛,0 = 𝑎𝑟𝑔 𝑚𝑎𝑥ℎ {𝑓h𝑛| u𝑛,𝘆(ℎ ∣ 0, 𝒚1..𝑛)} (no need to evaluate)ℎ̂𝑛,1 = 𝑎𝑟𝑔 𝑚𝑎𝑥ℎ {𝑓h𝑛| u𝑛,𝘆(ℎ ∣ 1, 𝒚1..𝑛)} (2.40)𝐿𝑔 (𝑦) = 𝑓y𝑛| u𝑛,h𝑛(𝑦 ∣ 1, ℎ̂𝑛,1)𝑓y𝑛| u𝑛(𝑦 ∣ 0) = 𝑓v (𝑦 − ℎ̂𝑛,1)𝑓v (𝑦) (2.41)

𝑙𝑔 (𝑦) ∝ −(𝑦 − ℎ̂𝑛,1 − 𝜇v)22𝜎2
v

+ (𝑦 − 𝜇v)22𝜎2
v

= ℎ̂𝑛,1 (𝑦 − ℎ̂𝑛,1/2 − 𝜇v)𝜎2
v

(2.42)

From Equation 2.42 it becomes obvious that simply replacing the channel
coefficient of the AWGN ML detector by its ML estimate is sufficient to con-
stitute a GLRT ML detector. The three main problems wrt. the optical
channel are the correlation model (only approximations are known), the ab-
sence of information about h𝑛 given u𝑛 = 0 and the numerical complexity of
the estimation itself.
The second notable method uses the joint distribution of a sequence of chan-
nel coefficients to determine which series of data most likely caused the
received data. This is called the maximum likelihood sequence detector
(MLSD) as defined in Definition 2.3. The likelihood 𝑓𝘆 | 𝘂 (𝒚 ∣ 𝒖) is obtained
(e.g. in [18]) via marginalization of 𝑓𝘆,𝗵 | 𝘂 over the support 𝑅𝗵 of 𝗵:

�̂� (𝒚) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝒖 {𝑓𝘆 | 𝘂 (𝒚 ∣ 𝒖)} (2.43a)�̂� (𝒚) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝒖 ⎧{⎨{⎩∫𝑅𝗵
𝑓𝗵 (𝒉) 𝑓𝘆 | 𝘂,𝗵 (𝒚 ∣ 𝒖, 𝒉) 𝑑𝒉⎫}⎬}⎭ (2.43b)
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Since 𝘆∣𝘂, 𝗵 depends only on the (white) noise 𝘃, the last density decomposes
to a product of the 𝑁 independent terms:

𝑓𝘆 | 𝘂,𝗵 (𝒚 ∣ 𝒖, 𝒉) = 𝑁∏𝑖=1 𝑓y𝑖| u𝑖,h𝑖 (𝑦𝑖 ∣ 𝑢𝑖, ℎ𝑖)= 𝑁∏𝑖=1 𝑓v (𝑦𝑖 − 𝑢𝑖ℎ𝑖) (2.44)

�̂� (𝒚) = 𝑎𝑟𝑔 𝑚𝑎𝑥𝒖 ⎧{⎨{⎩∫𝑅𝗵
𝑓𝗵 (𝒉) 𝑒𝑥𝑝 (− 𝑁∑𝑖=1 (𝑦𝑖 − 𝑢𝑖ℎ𝑖 − 𝜇v)2) 𝑑𝒉⎫}⎬}⎭ (2.45)

The problems of the MLSD mirror are twofold: The temporal correlation has
to be encoded in 𝑓𝗵 (𝒉) and the complexity of the MLSD in Equation 2.45
increases with 𝑁⋅2𝑁 for sequence length 𝑁 (evaluating an 𝑁-dimensional
integral for each of the 2𝑁 possible sequences), rendering it impractical for
most applications, but suboptimal approximations exist [18].
While the GLRT ML detector can be approximated on-line, the MLSD op-
erates on (long) sequences of received bits, implying a certain delay added
by the blockwise nature of the detector.
A (suboptimal) GLRT ML strategy still leads to temporally correlated er-
rors – even with perfect knowledge of the fading coefficient over time, cf.
Equation 2.11b. The implications will be discussed in Chapter 4.
An optimal GLRT detector needs a generative model for the fading state
evolution, e.g. the single-step Markov chain (SMC) approximation in the
form of 𝑓h𝑛| h𝑛−1(ℎ𝑛 ∣ ℎ𝑛−1), which also allows sequential Bayesian estima-
tion (Definition 2.21). Note that in the general, nonlinear case, this solution
is prohibitively complex – typically Markov Chain Monte Carlo (MCMC)
approaches like the particle filter are employed to approximate the optimal
solution. In the linear-Gaussian case, the Kalman filter is the exact repre-
sentation of the sequential estimation in Definition 2.21.
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Definition 2.21. Sequential Bayesian Estimation [25, 26]

𝑓𝝷𝑛| 𝘆(𝜽𝑛 ∣ 𝒚1..𝑛−1) = ∫𝑅𝝷𝑛−1
𝑓𝝷𝑛| 𝝷𝑛−1(𝜽𝑛 ∣ 𝜽𝑛−1) 𝑓𝝷𝑛−1| 𝘆(𝜽𝑛−1 ∣ 𝒚1..𝑛−1) 𝑑𝜽𝑛−1

(2.46)𝑓𝝷𝑛| 𝘆(𝜽𝑛 ∣ 𝒚1..𝑛) = 𝑓𝘆𝑛| 𝝷𝑛(𝒚𝑛 ∣ 𝜽𝑛) 𝑓𝝷𝑛| 𝘆(𝜽𝑛 ∣ 𝒚1..𝑛−1)𝑓𝘆𝑛| 𝘆(𝒚𝑛 ∣ 𝒚1..𝑛−1) (2.47)𝑓𝘆𝑛| 𝘆(𝒚𝑛 ∣ 𝒚1..𝑛−1) = ∫𝑅𝝷𝑛
𝑓𝘆𝑛| 𝝷𝑛(𝒚𝑛 ∣ 𝜽𝑛) 𝑓𝝷𝑛| 𝘆(𝜽𝑛 ∣ 𝒚1..𝑛−1) 𝑑𝜽𝑛 (2.48)

With initialization 𝑓𝝷𝑛| 𝘆(𝜽𝑛 ∣ 𝒚1..𝑛) ∣𝑛=0 = 𝑓𝝷0(𝜽0) and repeated application
of prediction (2.46) and update (2.47) steps, the posterior pdf 𝑓𝝷𝑛| 𝘆(𝜽𝑛 ∣ 𝒚1..𝑛)
is calculated for each data vector 𝒚𝑛.
In the linear-Gaussian case, i.e. if 𝝷0, 𝝷𝑛 ∣ 𝝷𝑛−1 and 𝘆𝑛 ∣ 𝝷𝑛 are Gaussian,
Equations 2.46 to 2.48 reduce to the Kalman filter equations.

A special case is the linear/affine state space model (Equation 2.49) with
correlation 𝑎 and Gaussian driving noise/innovation w (zero-mean and vari-
ance 𝜎w) that leads to the state transition pdf given in Equation 2.50. The
Kalman filter for Equation 2.49 is given by Equations 2.51 through 2.52,
where the indices 0 and 1 indicate the sent symbol. Note that this knowl-
edge is not required for the GLRT detector a priori, but for the following
Kalman filter step. It is proposed to use the (GLRT-ML) detected symbol
as given by Equation 2.53, leading to the possibility of error propagation.

h𝑛 = 𝑎h𝑛−1 + (1 − 𝑎) 𝜇h + w (2.49)𝑓h𝑛| h𝑛−1(ℎ𝑛 ∣ ℎ𝑛−1) = 1√2𝜋𝜎w
𝑒𝑥𝑝 (−(ℎ𝑛 − 𝑎ℎ𝑛−1 − (1 − 𝑎) 𝜇h)22𝜎2

w
)

(2.50)
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ℎ̂𝑛,0 = 𝑎ℎ̂𝑛−1 + (1 − 𝑎) 𝜇h (2.51a)𝜎2𝑒,𝑛,0 = 𝑎2𝜎2𝑒,𝑛−1 + 𝜎2
w (2.51b)ℎ̂𝑛,1 = 𝑎ℎ̂𝑛−1 + (1 − 𝑎) 𝜇h+ 𝑎2𝜎2𝑒,𝑛−1 + 𝜎2

w𝑎2𝜎2𝑒,𝑛−1 + 𝜎2
w + 𝜎2

v
(𝑦𝑛 − 𝑎ℎ̂𝑛−1 − (1 − 𝑎) 𝜇h) (2.52a)𝜎2𝑒,𝑛,1 = (𝑎2𝜎2𝑒,𝑛−1 + 𝜎2

w) 𝜎2
v𝑎2𝜎2𝑒,𝑛−1 + 𝜎2

w + 𝜎2
v

(2.52b)

ℎ̂𝑛 = ⎧{{⎨{{⎩ℎ̂𝑛,0 y ≤ 𝜇v + ℎ̂𝑛,12 ,ℎ̂𝑛,1 y > 𝜇v + ℎ̂𝑛,12 . (2.53a)

𝜎𝑒,𝑛 = ⎧{{⎨{{⎩𝜎𝑒,𝑛,0 y ≤ 𝜇v + ℎ̂𝑛,12 ,𝜎𝑒,𝑛,1 y > 𝜇v + ℎ̂𝑛,12 . (2.53b)

Since the Kalman filter is likely still too computationally intensive for on-
line operation at FSO communication frequencies, the results are mostly of
theoretical nature. A more general, yet also theoretic result is the spectral
flatness measure Ξh [27] as given by Definition 2.22.

Definition 2.22. Spectral Flatness Measure (SFM) Ξh for Gauss-Markov h
with power spectral density (PSD) 𝑆hh (𝜔)Ξh = 𝑒𝑥𝑝 ( 12𝜋 ∫𝜋−𝜋 𝑙𝑛 (𝑆hh (𝜔) ) 𝑑𝜔) , 0 < Ξh ≤ 1 (general)Ξh = 𝜎2

w𝜎2
h

= 1 − 𝑎2 (for Equation 2.49)

The gain of exploiting correlations within the sequence h𝑛 is upper bounded
by the SFM; i.e. the minimum achievable variance of the predicted fading
coefficient equals the added “innovation” variance 𝜎2

w – a reduction by the
factor 1 − 𝑎2 for the SMC case.
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2.3.2 Simulated Correlated Channels
Two reduced-complexity estimators are simulated in this thesis. Both do not
depend on knowledge of transmitted data or detected bits – they operate on
the assumption of uniform data (i.e. 50% high and low bits each) without
extremely long sequences of ones or zeros. Most importantly, they can be
implemented in simple electronic hardware in the form of low-order filters
that operate directly on the received symbols y𝑛.
The first approach is designing a stationary Kalman filter to estimate 𝜇v+h/2
for a plant with no observed inputs (the colored noise model) with additional
observation variance 𝐸 {h2} /4 based on Equation 2.54, which follows from
the pairwise independence of h, v and u; as well as u taking only values 0 and1. The last expression holds for log-normal h.
In order to design a Kalman filter for the nonlinear transformed random
value, the exponentiation was linearized around the expected value of h,
i.e. the Kalman filter was designed for the correlation model scaled by the
constant 𝑒𝑥𝑝 (𝐸 {h}) = 𝑒𝑥𝑝 (𝜇h + 𝜎2

h2 ).

𝑉 𝑎𝑟 {y − 𝛾opt} = 𝐸 {(uh + v − (𝜇v + h2))2} (2.54a)= 𝜎2
v + 𝐸 {(h2u − 12 )2} (2.54b)= 𝜎2
v + 14𝐸 {h2} (2.54c)= 𝜎2
v + 14 𝑒𝑥𝑝 (2𝜇h + 2𝜎2

h) (2.54d)

The second approach consists of a simple first-order infinite impulse response
(IIR) low-pass filter. The performance for different cutoff frequencies ranging
from below the characteristic coherence frequency of the channel coefficient
(Equation 2.38) to near the communication frequency.
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Figure 2.6: Error probability of a temporally correlated log-normal channel
coefficient vs. filter cutoff frequency for a SNR of 5, for (a) SMC

(first-order) and (b) Bessel filter model. Circles indicate Kalman-based
operating points, lines refer to the threshold derived by the first-order

lowpass.

Simulations have been performed for log-normal channel coefficients by using
the method presented by [17]: Low-pass filtering (cutoff frequency of 100 Hz
have been assumed) of Gaussian iid random variables, applying affine trans-
formations to get required log-mean and log-variance, exponentiation. The
resulting random sequence does obviously not comply to Gaussian assump-
tions – a clear gain over the ML symbol detector manifests and thus justifies
these low-complexity, suboptimal estimators.
Results are shown in Figures 2.6, 2.7 and 2.8 for SNR of 5, 20 and 80 re-
spectively (in field quantities) – the corresponding SNRdB values are approx-
imately 14, 26 and 38 dB. Images (a) show the performance for the SMC
model for h while the second set is concerned with a second-order Bessel fil-
ter as generative model (based on [17]). The operating points of the Kalman
filter for each scenario is indicated by a circle.
The performance of the first-order IIR low-pass largely follows a U-shaped
behavior over the filter cutoff frequency. Over a relatively wide range, error
rates are near the minimum: Here, the filter successfully averages over enough
values to suppress the noise, but reacts sufficiently fast to track the variation
of the fading coefficient. The high-frequency end has poor error rates since
the filter output (i.e. the estimated channel coefficient) closely follows the
received symbols, with little to no averaging of noise introduced by u and v.
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Too low cutoff frequencies essentially lead to a mean-based estimator whose
performance strongly depends on the scintillation index. This arises as
a consequence of Equation 2.55 – recall that, based on Definition 2.13,𝜎2

h = 𝑙𝑛 (1 + 𝜎2
SI). The exact error probabilities are given by Equations 2.56a

and 2.56b, for high SNR, the Q-function can be substituted by 1 and 0 for
negative and positive numerators, respectively. This leads to the approxima-
tions in Equations 2.57a and 2.57b.

𝐸 {uh + v} = 𝜇v + 12𝐸 {h} (2.55a)= 𝜇v + 12 𝑒𝑥𝑝 (𝜇h + 𝜎2
h2 ) (2.55b)

𝑃FA = 𝑄 ⎛⎜⎜⎝𝑒𝑥𝑝 (𝜇h + 𝜎2
h2 )2𝜎v

⎞⎟⎟⎠ (2.56a)

𝑃M = ∫∞0 𝑓h (ℎ) 𝑄 ⎛⎜⎜⎝2ℎ − 𝑒𝑥𝑝 (𝜇h + 𝜎2
h2 )2𝜎v

⎞⎟⎟⎠ 𝑑ℎ (2.56b)

𝜎v ≪ 𝑒𝑥𝑝 (𝜇h + 𝜎2
h2 ) leads to:𝑃FA ≈ 0 (2.57a)𝑃M ≈ 𝑄 (𝑙𝑛 (2) − 𝜎2

h2𝜎h
) (2.57b)
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Figure 2.7: Error probability of a temporally correlated log-normal channel
coefficient vs. filter cutoff frequency for a SNR of 20, for (a) SMC

(first-order) and (b) Bessel filter model. Circles indicate Kalman-based
operating points, lines refer to the threshold derived by the first-order

lowpass.
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Figure 2.8: Error probability of a temporally correlated log-normal channel
coefficient vs. filter cutoff frequency for a SNR of 80, for (a) SMC

(first-order) and (b) Bessel filter model. Circles indicate Kalman-based
operating points, lines refer to the threshold derived by the first-order

lowpass.
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3

Channel Measurements

During the course of this thesis, measurements of different optical channels
have been performed to study their behavior and generate, verify or discon-
firm hypotheses. The first experiments have been conducted solely on the
optical table, setting up the data acquisition (DAQ) together with the laser
diode and the sensor. Turbulence and temperature variations have been in-
troduced by using a blow dryer directed at the optical path. No discernible
intensity fluctuations were observed at the oscilloscope or in the received
data.
Further measurements have been carried out on the FSO channel. Prelimi-
nary results confirmed the sufficiency of the log-normal and Gaussian models
for the fading coefficient h. After several changes in the hardware, the setup
used for the final measurement campaign in February 2019 has been settled
on the combination laid out in the next section.
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3.1 Measurement System
3.1.1 Hardware Setup
The optical wavelength used is 650 nm. The setup consists of a PC con-
nected to a data acquisition instrument (U2531A, Keysight Technologies,
Santa Rosa, California, USA) with 14 bit, 2 MSa/s analog input with 10 V
fullscale and 1 MSa/s output rate. Its output is connected to a laser diode
pointed at a retro-reflector in 300 m distance exposing the beam to urban
environment. The reflected beam has been captured by a 14 in (354 mm)
telescope, which also serves as mounting for the aforementioned laser diode.
The optical path on the receiving side includes a collimating lens, a static
tip/tilt mirror, a beam splitter, an unused (flat) deformable mirror, an op-
tional neutral-density (ND) filter as attenuator, a band-pass filter with 10 nm
FWHM (full-width at half maximum) and the sensor (APD120A, Thorlabs,
Newton, New Jersey, USA), which is also connected to the DAQ device.
The setup was originally planned for use with adaptive optics and to char-
acterize its influence on the communication channel [28]. During the course
of this work, the adaptive optics have not been used. The hardware setup is
depicted in Figure 3.1.

3.1.2 Software Framework
The Matlab script used to provide the stimulus and measure the channel re-
sponse is summarized in Figures 3.2 to 3.4. Communication between the PC
and the DAQ device has been established via the Virtual Instrument Soft-
ware Architecture (VISA) standard over USB. The command language of the
U2531A DAQ card is Standard Commands for Programmable Instruments
(SCPI). The propagation delay of the optical link (2 µs, 300 m distance to
retro-reflector) has been corrected for by specifying delayed sampling of the
sensor’s signal.
The output data is a pseudo-random bit sequence (PRBS) of m-Sequence [29]
type generated by a linear shift register realized in code. This type of PRBS
offers the advantages of being deterministic, (almost) balanced between the
binary states and also containing consecutive “runs” of equal states.
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bandpass
filter

attenuator
(optional)

tip-tilt deformable

DAQ

sensorlaser diode

retroreflector

unused

PC

Figure 3.1: Measurement equipment hardware setup, dashed lines indicate
the optical path. The laser diode was mounted to the telescope and pointed

directly at the retro-reflector (top left).
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Initialization

Send and Record Testsignal

Send and Record one Block of Data

Number of Bits Sent?≥ 108 < 108
Save Data

Figure 3.2: Flowchart of the channel measurement script.

Before sending 108 bits of data and recording the measured intensity, the
script sends and records the testsignal, based on which preliminary statistics
(conditional means and variances) are displayed on the PC. It also consists
of m-Sequence-generated pseudo-data.
The difference between the input and output sampling rates (2 MSa/s output
vs. 1 MSa/s input) is not addressed by the channel measurement script,
both signals are saved with the corresponding rate. For the bit error rate
(BER) calculation, two methods are possible: viewing the system as 2 MSa/s
and assuming each sent bit as duplicated; and averaging the two received
signal chips corresponding to the same output bit, effectively increasing the
resolution by one bit. Due to the already high SNR observed, the first method
was used.
Communication with the DAQ instrument is performed in blocks of 250,000
output bits and twice as many received values, yielding a duration of 0.25 s
per block. Overall, 400 blocks have been captured for each scenario, totaling108 output bits and 2 ⋅ 108 received values over 100 seconds. The testsignals
consist of a single block.
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Close Existing Hardware Connections

Look for Connected DAQ Cards

Initialize VISA Connection

Define Triggers, Inputs, Outputs and Acquisition Delay

Figure 3.3: Flowchart of the initialization stage.

Generate PRBS Output Data

Translate Output Data to SCPI Format

Send Output Data to Selected Channel

Set Trigger / Start Sampling

Sampling Complete?

yes

no

Reset Trigger

Query Data

Translate Data to Volts

Figure 3.4: Flowchart of the send/record script.
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Table 3.1: Summary of the three measurement scenarios.

Sce-
nario

𝝁𝑳
(mV)

𝝁𝑯
(mV)

𝝈𝑳
(mV)

𝝈𝑯
(mV)

𝝁𝑯 −𝝁𝑳
(mV)

𝝈2𝐒𝐈
500 mV 48.2 543 5.35 100.8 494.5 0.0414
13 mV 8.28 21.2 1.23 2.99 12.9 0.0443
7 mV 4.47 11.7 1.27 1.63 7.24 0.0199

3.2 Measurement Results
The ND filter is used to attenuate the optical signal in order to simulate path
loss (FSPL or atmospheric extinction). Three exemplaric scenarios have been
created: one without the ND filter, amounting to a estimated mean signal
strength 𝜇𝐻 − 𝜇𝐿 of approximately 500 mV, and two with varying degrees of
attenuation, referred to as 13 mV and 7 mV signal scenario hereafter. Various
properties of the three scenarios are summarized in Table 3.1.
The variation of measured 𝜇𝐿, which should equal the additive noise mean
under ideal conditions, can be caused by inter-symbol interference (ISI) and
by different ambient light conditions. Since the value varies by more than
a factor 10 and no change in background light justifying such a prominent
effect was observed by the naked eye, ISI is deemed as the prime cause.
This also applies to the increased 𝜎𝐿 of the 500 mV scenario. An example
of the influence the sent data had on the measured values via ISI is given
in Figure 3.6a. While some ISI after transition from high to low state is
observed, another (nonlinear) effect is more prominent: The received value
after a rising edge of the data is consistently greater than the following values,
appearing like an exponentially decaying high-pass overshoot. After negative
edges, no such effect is observed, only the small ISI noted above.
While the observed scintillation index 𝜎2

SI is approximately equal for the
500 mV and the 13 mV scenario, it differs by more than a factor of 2 for the
7 mV case. The cause of this is not known, though the higher 𝜎𝐿 (compared
to the 13 mV scenario) seems at least in part responsible – note that as per
Definition 2.13, 𝜎2

SI = (𝜎2𝐻 − 𝜎2𝐿) / (𝜇𝐻 − 𝜇𝐿)2.
In terms of field-quantity SNR (𝜇𝐻 − 𝜇𝐿) /𝜎𝐿, the scenarios yield SNR val-
ues of 92.4, 10.5 and 5.70, while SNRdB values are 39.3, 20.4 and 15.1 dB
respectively.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Chapter 3. Channel Measurements 46

(a) (b)

Figure 3.5: Example error occurrences based on channel measurements
during (a) high-SNR interval and (b) including low-SNR intervals.

Note the similar false alarm rate.

An anomaly that happened during the measurement of the 500 mV scenario
is shown in Figure 3.6b. The received value for present laser power shows
a decline for about 2 ms, then remains essentially at 𝜇𝐿 for 5 ms and re-
verts to normal levels within 1 ms. The reason for this glitch is not known,
one possible explanation is line-of-sight blocking by a bird, of which there
are plenty in the area around the FSO link studied. Apart from this short
digression, the 500 mV scenario is virtually error free: The ML symbol detec-
tor threshold for the log-normal model leads to not a single false alarm, but
5677 misses during the event shown in Figure 3.6 while the ML threshold for
the Gaussian model accumulates 219 false alarms in total (𝑃FA = 1.10⋅10−6)
and 5447 misses during said excursion.
Figure 3.5 shows example error occurrences during high-SNR and low-SNR
intervals in the 13 mV measurement, with detection threshold 𝛾 based on
log-normal model for h and without using the temporal correlation of the
fading coefficient. A more or less constant, low false alarm rate is observed,
with occasional bursts of several misses in a short period. This is caused by a
temporarily low value of the fading coefficient – near enough to the threshold
that the additive noise at the receiver corrupts some bits where laser power
was present by pushing the received value below the threshold. Due to the
temporal correlation of the fading state, these errors occur in bundles.
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Figure 3.6: Deviations of measurement data from ideal behavior: (a) ISI
and high-pass overshoot and (b) suspected avian line-of-sight blocking.

3.2.1 Relative Model Quality
In order to rank the Gaussian and log-normal models for h according to
their relative quality, the Akaike information criterion (AIC) has been used.
The AIC is based on an estimator of relative Kullback-Leibler (KL) informa-
tion [30, 31]. Definition 3.1 states the AIC in this thesis’ nomenclature and
the Δ𝑖 values used for model selection (lower AIC indicates better models).
Evidently, the best model 𝑖opt has Δ𝑖opt

= 0 and all others show Δ𝑖 ≥ 0.

(a) (b)

Figure 3.7: Histogram of received laser on pulse with estimated pdfs of
Gaussian and log-normal model for 100 s measurement, for (a) 500 mV and

(b) 7 mV scenario.
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Table 3.2: Observed AIC values for Gaussian and log-normal
channel coefficient.

Scenario 𝑨𝑰𝑪𝐆𝐚𝐮𝐬𝐬 𝑨𝑰𝑪𝐋𝐍 𝜟𝐆𝐚𝐮𝐬𝐬 𝜟𝐋𝐍
500 mV −1.75 ⋅ 108 −1.83 ⋅ 108 7.72 ⋅ 106 0
13 mV −8.79 ⋅ 108 −8.85 ⋅ 108 5.83 ⋅ 106 0
7 mV −1.00 ⋅ 109 −9.99 ⋅ 108 0 1.48 ⋅ 105

Note that the AIC approach solely compares models and identifies the best
among them, but needs “good” models to work with. The theoretic consider-
ations regarding the noise sources in this thesis together with the comparison
between the histograms and the estimated pdfs (e.g. Figure 3.7) justify the
use of the AIC in order to quantify which model produces a better fit.

Definition 3.1. Akaike information criterion (AIC) for model 𝑖 with 𝑘 ML-
estimated parameters ̂𝜽𝑖 and Δ𝑖 value for model selection [30, 31]. The data𝒚 is considered fixed.𝐴𝐼𝐶𝑖 = −2 𝑙𝑛 (𝑓𝘆;𝝷𝑖(𝒚; ̂𝜽𝑖) ) + 2𝑘= −2 𝑙𝑛 (𝑚𝑎𝑥𝜽𝑖 {𝑓𝘆;𝝷𝑖(𝒚; 𝜽𝑖)}) + 2𝑘Δ𝑖 = 𝐴𝐼𝐶𝑖 − 𝑚𝑖𝑛𝑗 {𝐴𝐼𝐶𝑗}
Since the models only differ in their respective density functions 𝑓y | u(𝑦 ∣ 1),
the AIC corresponding to the received values given “high” bits are calculated.
For the AWGN and the Gaussian model, the AIC is easily computed ana-
lytically, while for the log-normal model numeric integration is necessary. In
order to circumvent potential distortions arising from this unequal treatment,
all AICs were calculated by this numeric approach.
For all possible received values (based on 14 bit resolution of the DAQ instru-
ment), the log-likelihood has been calculated, multiplied with the respective
number of occurrences in the data and summed. For the Gaussian model,
the likelihood per possible received value obtained analytically matched those
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(a) (b)

Figure 3.8: Estimated probability density functions and detection threshold
for log-normal channel coefficient. Histograms show (a) testsignal and

(b) 100 s measurement of 500 mV scenario.

acquired by numeric integration. The results are shown in Table 3.2. For the
500 mV and the 13 mV scenario, the log-normal model yields the better fit,
for the 7 mV case, the Gaussian model leads to lower AIC. This is likely due
to the receiver noise becoming dominant over the weak signal.
Figures 3.8 to 3.10 show histograms of the received signal for the testsignal
and the whole 100 s of measurement. The superimposed pdfs and the ML
threshold are based on the respective testsignals. For the 500 mV scenario,
Figure 3.8b shows a slight mismatch between the testsignal and the long
measurement, indicating that the former was captured while the channel
had an above-average fading coefficient. For the other two scenarios, the
granularity resulting from the quantization is clearly visible.
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(a) (b)

Figure 3.9: Estimated probability density functions and detection threshold
for log-normal channel coefficient. Histograms show (a) testsignal and

(b) 100 s measurement of 13 mV scenario.

(a) (b)

Figure 3.10: Estimated probability density functions and detection
threshold for log-normal channel coefficient. Histograms show (a) testsignal

and (b) 100 s measurement of 7 mV scenario.
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3.2.2 Channel Coefficient Estimation
Figures 3.11 and 3.12 show estimations of the true channel coefficient by
acausal, zero-phase low-pass filtering in order to suppress the additive re-
ceiver noise. Figure 3.11 displays a whole second and thus does not exhibit
clearly visible correlations, while Figure 3.12 reveals them by ranging over
100 ms only. The ML threshold is based on the log-normal model for the
channel coefficient h. The latter diagram also shows the noisy received values
as translucent dots, helping to visualize how often the corresponding values
appear in the data. For Figure 3.12b, they form distinct lines due to the
finite quantization (resolution of 0.61 mV).
The properties of the received signal have been calculated block-wise for the
500 mV scenario in Figure 3.13 – showing the temporal evolution of each
block’s estimated 𝜇𝐿, 𝜇𝐻, 𝜎𝐿 and 𝜎𝐻. The resulting parameters for the log-
normal model are given in Figure 3.14a while the observed scintillation index𝜎SI is depicted in Figure 3.14b.
Finally, the frequency content of the fading coefficient has been analyzed
by calculating the autocorrelation (Figure 3.15a) and the spectrogram of
the received signal points where the laser was on. In order to circumvent the
influence of the high-pass overshoot (Figure 3.6a), only each second measured
value is included, thereby excluding these peaks. The coherence time 𝜏𝑐
where the correlation decays to 𝑒−2 is observed to be 2.59 ms, placing the
corresponding cutoff frequency in the order of 1 kHz, about twice the value
assumed in Section 2.3. Note that the orthogonal wind speed is directly
proportional to the cutoff frequency as per Equation 2.38.
The spectrogram shown in Figure 3.15b is based on the AC component of
the signal. By this manipulation, low frequency components do not get
masked by the strong DC value. As expected, the influence is stronger for
low frequencies, but a distinct cutoff frequency is not visible.
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Figure 3.11: Estimated channel coefficient for 1 s of measurement:
(a) 500 mV signal, (b) 7 mV signal.

(a) (b)

Figure 3.12: Estimated channel coefficient for 0.1 s of measurement:
(a) 500 mV signal, (b) 7 mV signal. Translucent dots represent received

values.
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Figure 3.13: Long-term behavior of (a) mean and (b) standard deviation in
the 500 mV scenario.
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Figure 3.14: Long-term behavior of (a) log-normal parameters and
(b) scintillation index 𝜎SI in the 500 mV scenario.
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Figure 3.15: 500 mV scenario (laser on pulses only): (a) autocorrelation
coefficient and (b) spectrogram.
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4
Channel Model and

Capacity

The theoretically attainable capacity 𝐶 of a communication channel is of fun-
damental importance in assessing whether a realizable/realized modulation
and coding scheme is “good” in terms of loss compared to the ideal system.
The fundamental work on the topic of information-theoretic limits to the
amount of data that can be communicated was done by Shannon [32, 33].
The main insight was the fact that asymptotically error-free communication
is possible in the presence of noise. The channel capacity 𝐶 gives an up-
per bound for the data rate/code rate of all coding schemes with arbitrarily
small error probabilities and the error rate is bounded away from zero for all
schemes whose code rate exceeds 𝐶.
When binary channels are discussed, the channel capacity and the code rates
are typically viewed time-free, i.e. these quantities are unitless fractions as
opposed to bits per second. The rate of a code is the ratio of its dimension
(the number of data bits) to its word length and the capacity is simply
the tight upper bound of the code rate for which asymptotically error-free
operation is achievable.

𝐶BSC = 1 − 𝐻2 (𝑝𝑒)= 1 + 𝑝𝑒 𝑙𝑜𝑔2 (𝑝𝑒) + (1 − 𝑝𝑒) 𝑙𝑜𝑔2 (1 − 𝑝𝑒) (4.1)
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For the binary symmetric channel with error probability 𝑝𝑒, the capacity is
given by Equation 4.1 [32]. It is a common benchmark for the performance of
various error-correcting codes, by inserting the code’s rate instead of 𝐶 into
Equation 4.1 and solving for the maximum 𝑝𝑒 that allows communication
at this rate. If the code’s output error rate becomes sufficiently low at an
error rate near the maximum 𝑝𝑒 identified for the code rate, it is a good
code. Typically, codes need a certain threshold portion of uncorrupted bits
in order to converge on the correct codewords. Around this threshold input
error rate, the code’s output error rate drops with a very steep slope until it
reaches the code’s error floor, for example caused by indistinguishable error
patterns.
The second widely-known channel capacity concerns the AWGN channel: For
mean signal power 𝑃 and additive white Gaussian noise of power 𝑁 within the
bandwidth 𝐵, its capacity (in bits per second) is given by Equation 4.2 [33].
Since the noise power also depends on the bandwidth, it is sometimes written
in terms of energy per bit 𝐸𝑏 absolutely necessary for reliable communication.
This lower bound is called the Shannon bound and given by Equation 4.3.
Here, 𝑁02 is the noise power spectral density and 𝜈 is the spectral efficiency.

𝐶AWGN = 𝐵 𝑙𝑜𝑔2 (1 + 𝑃𝑁) (4.2)𝐸𝑏𝑁0 ≥ 2𝜈𝜈 (4.3)
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4.1 Performance Bounds for the Models
Determining the capacity of the FSO link discussed in the previous chapter
is out of scope for this thesis though there is literature on optical intensity
channels with additive Gaussian noise (and data-dependent noise) e.g. [15].
Nevertheless, several approximations and lower bounds can be given. Evi-
dently, any realizable operation forms a lower bound on the theoretic per-
formance. Known sub-optimal approaches, e.g. hard-decision decoding or
OOK instead of PAM, also generate lower bounds on the capacity.
The Gaussian model for ℎ (Definition 2.15) and hard-decision ML decoding
lead to the error probabilities in Equation 2.31 to 2.33. If linear codes are
used, the unequal error rates are not exploited, yielding the capacity of a BSC
with the average error rate of the channel. However, the true capacity of the
resulting binary asymmetric channel (BAC) is given by Equation 4.4 [34],
where without loss of generality the two error probabilities satisfy the condi-
tion 0 ≤ 𝑝0 ≤ 𝑝1 ≤ 1. The corresponding optimal input distribution is given
by Equation 4.5 and 𝑃 ∗1 = 1−𝑃 ∗0 (where 𝑃 ∗0 refers to the a priori probability
of the bit with error rate 𝑝0).

𝐶BAC = 𝑝0𝐻2 (𝑝1) − (1 − 𝑝1) 𝐻2 (𝑝0)1 − 𝑝0 − 𝑝1 + 𝑙𝑜𝑔2 (1 + 2𝐻2(𝑝0)−𝐻2(𝑝1)1−𝑝0−𝑝1 ) (4.4)𝑃 ∗0 = 1(1 − 𝑝0 − 𝑝1) (1 + 2𝐻2(𝑝0)−𝐻2(𝑝1)1−𝑝0−𝑝1 ) − 𝑝11 − 𝑝0 − 𝑝1 (4.5)

The resulting capacity for both the average error rate and exploiting the
unequal error rates is shown in Figure 4.1. For high scintillation indices,
the capacity of the BAC shows a sizable gain over the average-error based
capacity – but no relevant effect occurs in the low-scintillation regime. The
corresponding plot for the log-normal model is shown in Figure 4.2 and dis-
plays nearly no gain of using the asymmetric error rates when designing error
correcting codes.
The channel with known perfect fading information forms the idealized ver-
sion of the estimation schemes discussed in Section 2.2. Though such a chan-
nel will still produce burst errors after the threshold decision, the presented
analysis is limited to the average error rate. For a marginal distribution of
the channel coefficient given by 𝑓h (⋅), the average error rate follows imme-
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Figure 4.1: Capacity of OOK and hard-decision for Gaussian channel
coefficient model vs. SNR in field quantities. Dashed lines indicate BAC

performance, the black dot-dashed line is the capacity of the AWGN
channel with OOK and hard-decision.

diately from Equations 2.11b and 2.10 – note that ML decision based on
the known fading coefficient is always symmetric, thus no consideration of
the BAC channel’s gain is necessary and the expression for 𝐶 simplifies to
Equation 4.1 with the error probability given by Equation 4.6. The resulting
performance for log-normal 𝑓h (⋅) is depicted in Figure 4.3 and establishes a
lower bound on the capacity of a channel with temporally correlated, known
log-normal fading coefficients.

𝑝𝑒 = 𝐸h {𝑄 ( h2𝜎v
)} (4.6a)= ∫𝑅h

𝑓h (ℎ) 𝑄 ( ℎ2𝜎v
) 𝑑ℎ (4.6b)
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Figure 4.2: Capacity of OOK and hard-decision for log-normal channel
coefficient model vs. SNR in field quantities. Dashed lines indicate BAC

performance, the black dot-dashed line is the capacity of the AWGN
channel with OOK and hard-decision. Only the distribution of h is known

to the detector.
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Figure 4.3: Capacity of OOK and hard-decision for known log-normal
channel coefficient vs. SNR in field quantities, the black dot-dashed line is

the capacity of the AWGN channel with OOK and hard-decision. Each
instantaneous value of h is known to the detector.
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G B𝑝BG

𝑝GB 1 − 𝑝BG1 − 𝑝GB

𝑃 {𝑒 ∣ B} = 𝑝eB𝑃 {𝑒 ∣ G} = 0
Figure 4.4: Gilbert model state transition graph.

4.2 Gilbert(-Elliott) Burst Error Channel
The Gilbert burst error channel is modeled by a binary Markov chain [7].
Its states correspond to a “good” and a “bad” channel state, with small
transition probabilities 𝑝GB ≪ 1 − 𝑝GB and 𝑝BG ≪ 1 − 𝑝BG. In the good
state, all transmissions are without errors while the bad state exhibits a
nonzero error probability 𝑝eB. The Gilbert-Elliott burst error model [8] is the
generalization where the good state also exhibits a nonzero error probability𝑝eG < 𝑝eB. Both cases are hidden Markov models (HMMs) in the sense that
the state sequence is not directly observable.
The mean lifetime of each state is the inverse of the transition probabil-
ity away from this state, leading to extended periods of being in the same
channel state. The a priori probabilities of being in each state are given by
Equation 4.7 [7] and the average error rate for the Gilbert-Elliott model is
expressed in Equation 4.8 [8]. For the original Gilbert model, this of course
simplifies to 𝑝𝑒𝑝B.

𝑝G = 𝑝BG𝑝BG + 𝑝GB
(4.7a)𝑝B = 𝑝GB𝑝BG + 𝑝GB
(4.7b)

𝑝𝑒 = 𝑝eG𝑝BG + 𝑝eB𝑝GB𝑝BG + 𝑝GB
(4.8)
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Table 4.1: Gilbert model fit based on trigram statistics (occurrences of
error patterns spanning up to three symbols) for all data points. Results for

the 500 mV scenario allow no interpretation.

Scenario 𝒑𝐆𝐁 𝒑𝐁𝐆 𝒑𝐞𝐁 𝒑𝒆
500 mV 7 ⋅ 10−6 0.2482 −8.8⋅10−11 −3.1 ⋅ 10−6
13 mV 3.2 ⋅ 10−4 0.624 0.1268 6.6 ⋅ 10−5
7 mV 0.0154 0.8899 0.7384 0.0126

Table 4.2: Gilbert model fit based on trigram statistics for each second
laser-on pulse.

Scenario 𝒑𝐆𝐁 𝒑𝐁𝐆 𝒑𝐞𝐁 𝒑𝒆
500 mV 1.35 ⋅ 10−6 0.0246 0.4833 2.66 ⋅ 10−5
13 mV 4.7 ⋅ 10−4 0.442 0.5907 6.28 ⋅ 10−4
7 mV 0.0587 0.5747 0.9540 0.0884

Tables 4.1 and 4.2 show the Gilbert model parameters for the three measure-
ment scenarios obtained from trigram statistics (occurrences of error patterns
spanning up to three symbols) as described in the original paper [7]. The
detection threshold is determined from the test signal according to the log-
normal model. There are two versions of the Gilbert model fit: Table 4.1
includes all data while the error statistics for Table 4.2 are computed on each
second measured value of laser-on pulses after calculations that included all
signal points have led to nonsensical results (negative probabilities) and to
mitigate the influence of the high-pass-like behavior (cf. Figure 3.6a). The
Gilbert-Elliott model fits by the Baum-Welch algorithm [35] have been un-
successful, they either led to indistinguishable states (i.e. had the same error
probabilities) or had a transition probability equal to zero, leading to ending
in one state almost sure. The two suspected reasons behind this unsuccess-
ful parameter estimation lie in the overgeneralization by the Gilbert-Elliott
model: For one, it is linear while the optical channel leads to different error
probabilities depending on the sent bit. Second, it prescribes the existence
two distinct error probabilities, which would correspond to two possible val-
ues for the fading coefficient; while in reality both the fading coefficient and
the error probability vary over a continuous space, as opposed to two points.
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Table 4.3: Capacities estimated [36] for the studied scenarios.
m: measured errors distributed randomly, f: for Gilbert model in Table 4.1,

r: based on Table 4.2, fit: based on CCDF estimate.

Scenario 𝑪𝐦 𝑪𝐟 𝑪𝐫 𝑪𝐟 𝐢𝐭
500 mV 0.9943 – 1.000 –
13 mV 0.9995 0.992 0.998 0.9989
7 mV 0.9592 0.569 0.808 0.9868

The measured error rates for the three scenarios are 4.53⋅10−4 for the 500 mV
case, 2.83⋅10−5 for the 13 mV and 4.4⋅10−3 for the 7 mV scenario respectively.
Table 4.3 compares the capacities obtained by treating these error rates as
randomly distributed with the capacity obtained by the coin-toss method [36]
that also allows estimation of the capacity of a Gilbert-Elliott channel.
These results are inconclusive. For the 500 mV scenario, the capacity is2⋅10−6 below 1, but all other Gilbert-based capacity estimates are worse than
the measurement-based lower bound. For the 7 mV scenario, the discrepancy
is especially dramatic. If, on the other hand, the method of fitting a curve to
the run distribution (lengths of error-free periods) from the original paper [7]
is used, the obtained capacities are plausible for the 13 mV and 7 mV scenario
(for the 500 mV case, the only errors occurred during suspected blocking of
the line of sight) – but this approach seems rather arbitrary in terms of how
the fits can be chosen. To provide reproducible results grounded on some
optimality criterion, an approach based on nonlinear least squares has been
chosen (the results do not differ dramatically from the heuristic approach).
The heuristic approach consists of an exponential fit to the complementary
cumulative distribution function (CCDF) of error-free periods of length K
in the form of 𝐴𝐽𝐾, followed by a modification for small 𝐾 as given by
Equation 4.9 [7]: 𝑈 (𝐾) = 𝐴𝐽𝐾 + (1 − 𝐴) 𝐿𝐾 (4.9)

The parameter 𝐿 is obtained by an exponential fit as well, but only to the
values of the CCDF for “small” 𝐾. The boundary is chosen such that the
difference of the CCDF and 𝐴𝐽𝐾-fit exceeds 𝐴 for small 𝐾. This approach
seems consistent and robust. The optimality-based fit minimizes the distance
between Equation 4.9 and the CCDF in the log domain directly – convergence
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Table 4.4: Gilbert model fit based on run distribution.

Scenario 𝒑𝐆𝐁 𝒑𝐁𝐆 𝒑𝐞𝐁 𝒑𝒆
13 mV 8.91 ⋅ 10−5 0.0042 0.9783 0.0204
7 mV 1.53 ⋅ 10−3 5.06 ⋅ 10−4 0.9948 0.748

issues are resolved by placing lower and upper bounds on the parameters of
the fit (𝐴, 𝐿 ∈ [0, 1], 𝐽 ∈ [0.99, 1]). The lower bound on 𝐽 is of highest
importance and has to be chosen such that 𝐽𝐾𝑚𝑖𝑛 shows a steeper decline
than the CCDF but remains above zero for the given numerical accuracy. The
optimality-based fit’s resulting Gilbert model parameters are summarized in
Table 4.4 and the CCDF plots with the corresponding fits are shown together
with the heuristic fits in Figures 4.5 and 4.6.
The deviation of the fitted models from the measurement at the bottom right
end is a result of the small number of long error-free runs together with the
distance metric used. The semi-logarithmic plot conceals the high number
of data points in the top-left section, where model and measurement are
practically congruent.
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Figure 4.5: Complementary cumulative distribution function of error-free
periods and Gilbert model fit for 13 mV scenario.
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Figure 4.6: Complementary cumulative distribution function of error-free
periods and Gilbert model fit for 7 mV scenario.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Chapter 4. Channel Model and Capacity 64

4.3 Discussion
The capacity of the uncorrelated models (Gaussian as well as log-normal) is
obtained in a straightforward manner. For the temporally correlated chan-
nels, less strong statements can be made: The performance of any GLRT
ML detector or suboptimal approximation thereof is upper-bounded by the
detector with perfect knowledge of the fading coefficient. The bit errors in-
curred by those detectors are temporally correlated as well, hence the true
capacity is yet higher than the performance shown in Figure 4.3.
The exploration of Gilbert (-Elliott) burst error channels has not yielded
great advance in the quest to determine the physical channel’s capacity.
While trigram statistics are appealing in their elegance, the results obtained
from them do not stand up to scrutiny: The capacity of a burst error channel
is lower bounded by the channel’s uncorrelated equivalent, hence an estimate
that does not surpass the average-error-based capacity can be discarded im-
mediately.
The CCDF-based model fits offer degrees of freedom in how the parameters
of Equation 4.9 are matched to the run distribution. The proposed least-
squares approaches differ slightly – while the results do not deviate by much,
the heuristic approach is straightforward and robust but the optimality-based
fit may need intervention depending on the channel in order to ensure con-
vergence of the nonlinear least squares solver. The obtained Gilbert model
parameters show two notable peculiarities for both scenarios: The average
error rate 𝑝𝑒 exceeds the measured values by two orders of magnitude and the
error probability in the bad state 𝑝eB is near 1, while the expected maximum
error probability is 0.5, corresponding to total uncertainty. Furthermore,
the fading coefficient only affecting “H” bits’ error rate also contradicts the
results in Table 4.4.
The reasons suspectedly causing this behavior are congruent with those dis-
cussed concerning the Baum-Welch algorithm: The Gilbert-Elliott model
assumes symmetrical errors, independent of the data and it operates on the
assumption that both the fading coefficient and the instantaneous error prob-
ability are members of binary sets as opposed to the continuous space.
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5
Conclusion and Outlook

5.1 Conclusion
Atmospheric links are modeled at different levels of abstraction: From general
stochastic models without specified pdfs over additive Gaussian noise moti-
vated by the physical processes happening in receivers above a certain photon
count to the log-normal and Gaussian models for the fading coefficient. This
thesis analyzes and compares the performance of optimal detectors at the
symbol level (for OOK). The influence of scintillation on the performance of
optimal symbol detectors is quantified and compared to the AWGN case.
Models for the temporal and spatial correlation of atmospheric turbulence
induced fading of FSO channels have been surveyed and optimal as well
as sub-optimal detectors exploiting this correlation are compared wrt. the
properties of FSO communication. Two low-complexity methods for online
estimation of the ideal detection threshold are contrasted and their perfor-
mance is quantified.

Research Question 1.
Is the studied 600 m link sufficiently well-characterized by the Gaussian and
log-normal models for the channel coefficient, and which model yields a better
fit to the measured values? – Yes, the log-normal model outperforms the
Gaussian model in all but the heavily dampened scenario.

65
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A fully functional FSO link was set up and its various parameters are ex-
tracted. At up to 39.3 dB signal-to-noise ratio, scintillation indices between
0.02 and 0.1 are observed, averaging at 𝜎2

SI = 0.04. The relative likelihood
between the Gaussian and the log-normal model for the fading coefficient is
evaluated and rules in favor of the log-normal model for the scenario without
ND filter as well as for medium damping. The fading coefficient’s autocor-
relation yields a coherence time shorter than expected, but within the range
of values generally agreed upon by the FSO literature.

Research Question 2.
Are optimal detectors for OOK over channels with iid or correlated Gaussian
or log-normal fading coefficient practically realizable? – Optimal detectors
for iid Gaussian and log-normal channel coefficients are realizable; a sub-
optimal detector for correlated log-normally distributed fading coefficients is
presented.

Research Question 3.
Can the capacity of the studied link and the discussed models be determined?
– Partially. A lower bound on the link’s capacity is given by the average-
error based capacity estimate. For the uncorrelated models, the capacity is
calculated and a lower bound to the temporally correlated model’s capacity
is presented.

The capacity of the FSO channel with OOK when using the optimal sym-
bol detectors (for the Gaussian and log-normal fading coefficient models) is
quantified and compared: In the low-scintillation case 𝜎2

SI = 0.03, the ca-
pacity is no more than 0.058 below the AWGN channel’s capacity (for equal
average signal power, OOK and hard decision). The gain of exploiting dif-
ferent error rates based on the sent data bit is shown to be irrelevant in the
low-scintillation case and for the log-normal model in general. The capacity
of the channel with perfect knowledge of the instantaneous fading state shows
dramatic improvement in the high-scintillation regime: At SNRdB = 20, the
capacity increases from 0.5 to 0.6 and from 0.7 to 0.8 for the 𝜎2

SI = 3 and𝜎2
SI = 1 case respectively.

Another layer of abstraction is added by fitting Gilbert burst error model
parameters against the measurement results. The capacity of the FSO chan-
nel has been bounded from below by treating the measured error rates as
uniformly distributed, leading to a capacity achievable without exploiting
the correlated nature of the burst errors. The capacity obtained from the
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Gilbert model fits is of mixed satisfaction – the trigram-based values are
worse than the lower bound of random errors and the Baum-Welch algo-
rithm for the Gilbert-Elliott model converges to degenerate models where
at least one transition probability is zero. A systematic approach for the
parameter estimation based on the run distribution is presented and leads
to reproducible results that do not fully agree with the measurements they
are based on. This work thus presents evidence and reasoning against us-
ing the Gilbert (-Elliott) burst error model on the symbol level for FSO
channels with OOK. Packet-/block-level formulations of this class of channel
models are likely better suited to help model optical communications on a
reduced-complexity basis, given that the packet/block duration is lower than
the channel coherence time.
To summarize: The studied link exposed to 600 m of urban environment is
best characterized by the log-normal model, but the Gaussian model leads to
almost identical detection threshold and hence error statistics. The capacity
for OOK with hard decision is near to 1, even when the signal is damped
by 19 dB. Dampening the signal by 24 dB still yields a capacity above 0.95.
Optimal symbol detectors are easily found and implemented, but optimal
sequence detection is not feasible due to excessive computational load. A
simple estimator for the optimal decision threshold is proposed, even with
the possibility of being implemented in hardware in order to save resources.
The design does not need exact knowledge of the fading coefficient’s temporal
correlation and is robust against variation of the cutoff frequency. Most
importantly, it shows good approximation of the performance of the detector
with perfect fading state knowledge, which offers a sizable gain in capacity
compared to the static threshold of the ML symbol detector.
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5.2 Outlook
Future research on the topic of FSO communications should consider using
and studying estimators of the optimal decision threshold in order to approx-
imate the channel with perfect knowledge of the fading state and improve
channel capacity.
Further work is needed on the nature of temporally correlated errors that
arise from threshold detection of channels with real-valued fading coefficients
as opposed to the two states of the Gilbert (-Elliott) model. Most impor-
tantly, the capacity of such channels needs to be determined.
More generally, the capacity of real-valued, temporally correlated channels
needs to be quantified in order to provide a tight upper bound for the achiev-
able data rates over optical links.
Finally, more research concerning forward error correction codes, especially
variable-rate codes, is necessary to find not only possible, but also realizable
codes that approach the capacity of the channel. Good candidates include
product-like codes like staircase codes [37], e.g. in a rate-adaptive configura-
tion as proposed in [38].
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