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Deutsche Kurzfassung

Die Entdeckung und Erklärung des photoelektrischen Effekts war einer der ersten Beweise
der Lichtquantenhypothese. Darüber hinaus stellt die Absorption eines hochenergetischen
Photons, und die darauf folgende Emission eines Elektrons, bis heute einen fundamentalen
Baustein der Wechselwirkung von Licht mit Materie dar. Obwohl Photoionisation schon
sehr genau untersucht worden ist, konnte seit der Jahrtausendwende mit Hilfe der At-
tosekundenphysik ein noch tiefergehendes Verständnis des photoelektrischen Effekts erzielt
werden. So gelang es, unter anderem, die Zeit zu messen, die ein Elektron benötigt, um das
Atom zu verlassen, nachdem es ein Photon absorbiert hat. Diese charakteristische Zeit ist
in der komplexen Phase der quantenmechanische Wellenfunktion des Elektrons eingeprägt.
Eine präzise Messung der Elektronenwellenfunktion nach der Ionisation, wie durch die At-
tosekundenphysik ermöglicht, erlaubt es direkte Rückschlüsse auf die zugrundeliegenden
physikalischen Prozesse zu ziehen.
Die quantenmechanische Phase der Wellenfunktion ist allerdings nicht direkt experimentell
bestimmbar, sondern kann nur mit Hilfe von aufwendigen Messprotokollen gemessen wer-
den. Zusammen mit theoretischen Rechnungen und numerischen Simulationen, ist es je-
doch oft möglich die korrelierte Elektronendynamik zu rekonstruieren. Die Untersuchung
von einfachen atomaren Systemen, für die numerisch präzise Simulationen möglich sind,
bilden die Grundlage unseres Verständnisses der Wechselwirkung von ultrakurzen und
starken Laserpulsen mit Materie.
Wir untersuchen, teilweise in Kooperation mit experimentellen Arbeitsgruppen, unter-
schiedliche Photoionisationsmessprotokolle zur Charakterisierung von Photoionisation mit
Hilfe von hochpräzisen ab initio Simulationen. Der Großteil der untersuchten Protokolle
verwendet die Winkelverteilung der emittierten Elektronen als Observable zur Charakter-
isierung prototypischer Ionisierungsprozesse.
Im einfachsten Fall führt die Absorption eines hochenergetischen Photons zur Emission
eines einzelnen Elektrons. Um die quantenmechanische Phase der ionsierten Elektronen
zu bestimmen, wurden Messprotokolle entwickelt, bei denen das bereits ionisierte Elek-
tron ein weiteres Photon absorbiert. Eben dieser Kontinuum-Kontinuum Übergang be-
wirkt eine zusätzliche Phasenverschiebung der Wellenfunktion, welche mit Hilfe des winke-
laufgelösten Elektronenspektrums bestimmt werden kann. Neben der Anregung eines
Einteilchenkontinuum-Zustandes kann die Absorption eines Photons auch die Anregung
einer sogenannten Fano-Resonanz bewirken. Wir zeigen im Detail wie ultrakurze Laser-
pulse verwendet werden können, um die Streuphase in der Nähe einer solchen Resonanz
zu bestimmen, und wie der zeitliche Aufbau der charakteristischen Absorptionslinie unter
Einsatz von kurzen, aber starken, Laserpulsen verfolgt werden kann. Der Einŕuss der
Elektron-Elektron Wechselwirkung kann genau untersucht werden für den Fall von Dop-
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ii

pelionisation mit ultrakurzen Laserpulsen. Da in diesem Fall beide Elektronen das Atom
nahezu gleichzeitig verlassen, enthüllt eine Messung der Winkelverteilung beider Elektro-
nen den Einŕuß der interelektronischen Coulomb-Wechselwirkung auf diesen Prozess. Um
den Einŕuss der Elektron-Elektron-Wechselwirkung auf den Doppelionisationsprozess zu
quantiőzieren, untersuchen wir den prototypischen Fall von Helium Doppelionisation mit
zirkular polarisierten Laserfeldern.
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Abstract

Photoionization, i.e. Einstein’s photoelectric effect, often is one key ingredient to a broad
variety of physical phenomena. Complementary to previous methods, attosecond metrol-
ogy has provided the means to measure the time associated with the photoelectric effect.
Neither is photoionization instantaneous nor is there a universal time associated with this
process. Rather the exact emission time depends on the energy of the liberated electron
and the details of the system it is leaving. The observed photoionization time delay (or
advance) is imprinted on the quantum mechanical wave function as a variation of the
phase shift. Being able to retrieve this scattering phase constitutes one major opportunity
provided by attosecond metrology. Since the acquired quantum mechanical phase shift
depends on the ionized system the measurement of photoionization phases can be used to
probe and study matter.
Even though the quantum mechanical phase carries a large amount of information it is,
unfortunately, not directly accessible in experiment. Often, intricate detection schemes
are necessary to retrieve phase information. Furthermore, in many cases theoretical cal-
culations and analytical models are additionally needed to fully reconstruct the electronic
dynamics from the measured phase information. Thus, theoretical calculations and ex-
periments on simple atomic systems serve as backbone of our understanding and provide
the playing ground for the exploration of more complex phenomena in, e.g., solids and
topological materials.
Within this thesis we numerically explore, in close collaboration with experimental groups,
various measurement setups to investigate photoionization of atoms by ultrashort laser
pulses using highly accurate ab initio simulations. We will mainly focus on the phases
which can be obtained from the measurement of angular resolved electron spectra (angular
distributions) for three prototypical ionization regimes and highlight which information
can be gained by the different techniques.
The simplest scenario we investigate is single ionization by high energetic ultrashort laser
pulses. The phase acquired within this process can be determined with measurement pro-
tocols that require at least one additional photon absorption by the quasi-free electron after
absorption of the high-energy photon. Within this thesis we will accurately determine the
phase acquired within this free-free transition. As a second scenario, we investigate the
quantum mechanical scattering phase near atomic Fano resonances, whose existence is a
direct consequence of electron-electron correlation. We will determine in detail how this
phase can be measured using attosecond pulses. Furthermore, we will show how strong
few-cycle light őelds can be used to projectively measure ultrafast electronic processes such
as the build-up of the asymmetric Fano line shape. As a further application, we will show
that angular distributions serve as ideal candidates to pin down electronic correlations for
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double ionization of atomic helium by circularly polarized light őelds.
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1. Introduction

Multiple breakthroughs in the generation and characterization of optical light őelds at the
end of the last century have paved the way to generate phase controlled few-cycle laser
pulses in the near infrared (NIR) wavelength regime [1, 2]. This technological advance has
made it possible to generate light pulses with durations approaching few hundreds of at-
toseconds1 in the extreme ultraviolet (XUV) regime via high-harmonic generation (HHG)
[3ś14]. The őrst experimental demonstration of laser pulses with durations below one fem-
tosecond with table-top light sources has been achieved by focusing intense infrared light
őelds into atomic gas jets [12]. Nowadays, ultrashort XUV light pulses can be produced
efficiently from many different targets including molecules [15, 16], liquids [17], solids [18]
and two-dimensional materials [19]. The highest energetic XUV pulses produced to date
have energies in the keV regime [20, 21] and durations of less than 100 as [22, 23]. Since the
XUV pulses are generated by the interaction of the strong few-cycle NIR light őeld with
the target, the XUV and NIR pulses are locked in phase with respect to each other and
can thus be used to perform pump-probe experiments similar to what has been done in
femtochemistry [24], however on the attosecond scale. The XUV pulses are more energetic
and shorter, providing therefore access to physical processes different to those involved in
femtosecond chemistry. In other words, being able to generate and control light pulses with
durations comparable to the time scale of valence electron motion in atoms, molecules and
solids has opened up many possibilities to investigate, characterize and steer electronic
motion on its natural timescale, attoseconds.
To achieve the ultimate goal of attosecond metrology to observe and control electronic mo-
tion in solids and complex systems, it is necessary to understand the fundamental physical
processes underlying the light-matter interaction at ultrashort timescales. This poses sig-
niőcant challenges to, both, experiment and theory. Only when a detailed understanding
of the involved processes is gained from systems where accurate theoretical predictions are
possible, reliable applications of the methods to more complex systems are in reach.
Along these lines we exploit highly accurate numerical simulations for the prototypical sys-
tems of hydrogen, helium, and argon. These comparatively small systems allow for highly
accurate numerical predictions and are, thus, ideal candidates to increase our knowledge
about the fundamentals of light-matter interaction.

One of the most intensively investigated processes is photoionization of atoms (Einstein’s
photoelectric effect) in the presence of an ionizing XUV and a probing NIR őeld. Com-
plementary to measurements of ionization cross sections attosecond metrology allows to

1 1 as = 10−18s
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4

measure phases and, thus, time information. Hence, its use enabled the precise charac-
terization of the ultrashort light pulses generated by HHG [13, 25], and it was possible
to measure the timing of the photoelectric effect itself [26ś29]. Theoretical studies have
shown that the measured photoionization delay between the XUV absorption and the elec-
tron emission can be decomposed [30, 31] into two different contributions. One originates
from the absorption of the XUV photon and the other from the subsequent transitions
in the continuum caused by the NIR őeld. While the őrst contribution can be shown
to be exactly the scattering time delay between XUV absorption and electron emission
(Eisenbud-Wigner-Smith time delay) [30], the latter one is caused by the propagation of
the quasi-free electron in the residual Coulombic potential and its interaction with the
NIR őeld. This contribution was theoretically approximated for very low NIR intensities
in a perturbative fashion [27, 31, 32] and for moderate intensities by classical analysis [33].
Recent experiments and calculations [34, 35] have shown that exactly this time delay in-
volves a dependence on the electron emission angle, so far not yet accounted for by either
of these approximations. Obtaining a better understanding of the angle dependence of the
photoionization time delay for hydrogen and shake-up ionization in helium is thus one of
the objectives of this thesis.
While photoionization phases (or time delays) are well understood for the structureless
continuum (i.e. in the absence of resonances), the experimental characterization of the
spectral phase close to Fano resonances (structured continuum) is still an active őeld of
research. Fano resonances are quasi-bound states which are embedded in the continuum.
The interaction between the quasi-bound resonance with the adjacent continuum leads
to a superposition of electrons which are ionized directly to the continuum and electrons
which populate the resonance and decay exponentially into the continuum. Interference of
these two paths leads to the formation of characteristic asymmetric absorption and electron
spectra [36ś38]. Fano resonances are a ubiquitous feature and emerge in many different
areas all around physics as, e.g, in mie scattering of plasmonics [39], scattering in photonic
nanocavities [40], or in quantum transport in microwave billiards [41] and as such, play a
fundamental role in nuclear, atomic, and molecular science, condensed-matter physics, and
photonics, see e.g. [42ś51]. The only physical property necessary is a quasi-bound state
which is coupled to an energetically degenerate continuum.
While the imprint of the spectral phase of atomic Fano resonances on the ionization phases
retrieved with RABBITT (reconstruction of attosecond bursts by two-photon transitions)
has been measured by several groups [52ś55], the direct measurement of the one-photon
Fano phase has not been achieved. Within this thesis we will introduce two methods to
directly measure the one-photon Fano phase using the full photoelectron angular distri-
bution [56]. Complementary to the phase measurement we also show how to observe the
ultrafast build-up of the asymmetric line shape in experiment [57] which has been the topic
of multiple theoretical works [58ś62].
Beyond the possibility to resolve Fano resonances in the time and spectral domain few-
cycle NIR őelds can couple atomic resonances (once they are excited) near resonantly
[63ś69]. Depending on the őeld strength either Rabi cycling between the different states or
strong-őeld ionization dominates. Within this thesis we develop a new method to directly
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1. Introduction 5

recover the Rabi ŕopping dynamics of multiple resonances in helium coupled by few-cycle
IR őelds [70] and study the transition between the Rabi cycling and the strong-őeld ion-
ization regime.
In the last part of this thesis we proceed from the single ionization continuum to the
double ionization continuum for the prototypical case of atomic helium. We investigate
two-photon double ionization (TPDI) with elliptically polarized XUV pulses, which can
now be routinely produced [71ś87]. We show that the additional polarization control of the
light őeld allows to obtain closer insights into the electronic correlations associated with
sequential and nonsequential TPDI, previously investigated with linearly polarized őelds,
e.g. [58, 88ś97].

For this thesis to be self-contained we review a few aspects of the numerical implementation
discussed in detail in [98ś100]. Parts of this thesis have already been published in journal
articles and conference proceedings [56, 57, 70, 101ś104].
Unless mentioned explicitly we use atomic units ([a.u.]) throughout this thesis.
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2. Theoretical methods

Modeling and understanding the time-dependent response of atomic and molecular systems
to strong laser őelds has been the subject of tremendous effort from many researchers
both with analytical models and numerical implementations. While analytical models are
very important to understand the basic physics underlying the observed processes they
quickly reach the limit of validity once the processes can not be treated perturbatively any
more. Numerical simulations might be still possible, however, their interpretation is often
equally complicated as analyzing experimental data. Many times, only the combination
of experimental results, numerical calculations, and analytical models makes it possible to
disentangle different physical processes and deepen our knowledge about nature.
Within this chapter we will brieŕy review the theoretical principles and computational
methods used to obtain the results presented within this thesis.

2.1. Hamiltonian

Within this work we consider many-electron atoms at non-relativistic energies subject to
ultrashort laser őelds. The őeld-free dynamics is captured by the non-relativistic Hamilto-
nian for the 𝑁 electron (charge −𝑒) system with nuclear charge 𝑍

�̂�0 =
p̂2
𝑛

2𝑚𝑛

+
𝑁
∑︁

𝑖=1

p̂2
𝑒,𝑖

2𝑚𝑒

−
𝑁
∑︁

𝑖=1

𝑍𝑒2

|r̂𝑒,𝑖 − r̂𝑛|
+
∑︁

𝑖<𝑗

𝑒2

|r̂𝑒,𝑖 − r̂𝑒,𝑗|
, (2.1)

where r̂𝑛, p̂𝑛 and r̂𝑒,𝑖, p̂𝑒,𝑖 are the position and momentum operators of the nucleus and
electrons, 𝑚𝑛 is the mass of the nucleus, and 𝑚𝑒 is the electron mass. Introducing center-
of-mass coordinates we can write the Hamiltonian for the relative coordinates r̂𝑖 as

�̂�0 =
𝑁
∑︁

𝑖=1

[︂

p̂2
𝑖

2𝜇
− 𝑍𝑒2

𝑟𝑖

]︂

+
∑︁

𝑖<𝑗

𝑒2

|r̂𝑖 − r̂𝑗|
, (2.2)

with 𝜇 = 𝑚𝑛𝑚𝑒

𝑚𝑛+𝑚𝑒
being the relative mass which we approximate with the electron mass 𝜇 ≈

𝑚𝑒. In deriving Eq. (2.2) we ignored the mass polarization term p̂𝑖p̂𝑗

2𝑚𝑛
which is suppressed

by the mass of the nucleus. The last term in Eq. (2.2) describes the electron-electron
interaction and makes the Hamiltonian and, hence, also the time-dependent Schrödinger
equation (TDSE)

𝑖~
𝜕

𝜕𝑡
|Ψ⟩ = �̂� |Ψ⟩ (2.3)

which governs the time-dependent dynamics of the electrons, non-separable.
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8 2.1. Hamiltonian

2.1.1. Interaction with electromagnetic fields

The őeld-driven dynamics of a free electron (charge −𝑒) is governed by the minimal coupling
Hamiltonian

�̂�𝑚𝑐 =

[︀

p̂ + 𝑒
𝑐
A (r̂, 𝑡)

]︀2

2𝑚𝑒

− 𝑒Φ (r̂, 𝑡) , (2.4)

where the canonical momentum is given by p̂ = p̂𝑘𝑖𝑛 + 𝑒
𝑐
A (r̂, 𝑡). The vector potential A

and the corresponding magnetic őeld B are treated as classical őelds. Approximating the
involved őelds to be classical is reasonable due to the high intensities of the considered
pulses. In the following we use the Coulomb gauge (∇ · A = 0,Φ = 0) which deőnes the
electric őeld as E = −1

𝑐
𝜕𝑡A.

Considering the large length scale of the őeld (ten’s to hundred’s of nanometers) compared
to the length scale of the atomic wave function (Å’s) we can neglect the spatial dependence
of the vector őeld

A (r, 𝑡) = A(𝑡)𝑒𝑖kr−𝑖𝜔𝑡 + 𝑐.𝑐 ≈ A(𝑡)𝑒−𝑖𝜔𝑡 + 𝑐.𝑐., (2.5)

which amounts the dipole approximation2. This implies B = 0.
Using these assumptions the őeld dependent part of the minimal coupling Hamiltonian
�̂�𝑚𝑐 in (so called) velocity gauge is

�̂�𝑒𝑚 =
𝑒2

2𝑚2𝑐2
A2(𝑡) +

𝑒

𝑚𝑒𝑐
p̂A(𝑡). (2.6)

The quadratic term contains no operator and can be included as global phase factor into
the wave function. The őnal form of the electron-laser interaction Hamiltonian in velocity
gauge is

�̂�𝑉
𝑒𝑚 =

𝑒

𝑚𝑒𝑐
p̂A(𝑡). (2.7)

Performing the unitary Göppert-Mayer transformation �̂�GM onto the wave function in
velocity gauge

⃒

⃒Ψ𝑉
⟩︀

⃒

⃒Ψ𝐿
⟩︀

= �̂�GM
⃒

⃒Ψ𝑉
⟩︀

= 𝑒𝑖
𝑖𝑒
~𝑐

A(𝑡)r̂
⃒

⃒Ψ𝑉
⟩︀

(2.8)

we obtain the wave function in length gauge
⃒

⃒Ψ𝐿
⟩︀

. Inserting
⃒

⃒Ψ𝐿
⟩︀

into the TDSE we obtain
the electron-laser interaction in length gauge

�̂�𝐿
𝑒𝑚 = 𝑒r̂E(𝑡). (2.9)

Observables are gauge-independent but within the numerical implementation the conver-
gence behavior can be very different. Comparing both gauges can thus be used as accurate

2 However, over the last years many researchers have become interested into non-dipole effects [105–108]
and investigate for example the momentum shift the ionized electrons get into the propagation direction
of the light field due to the photon pressure during photoionization [109].
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2. Theoretical methods 9

check of numerical convergence [110]. For many-electron atoms the interaction of all elec-
trons with the electromagnetic őeld is given by

�̂�𝑉
𝑒𝑚 =

�̂�𝑉

𝑐
A(𝑡) =

1

𝑐

𝑁
∑︁

𝑖=1

𝑒

𝑚𝑒

p̂A(𝑡) (2.10)

in velocity gauge and

�̂�𝐿
𝑒𝑚 = �̂�𝐿E(𝑡) =

𝑁
∑︁

𝑖=1

𝑒r̂E(𝑡) (2.11)

in length gauge. The full Hamiltonian is then given by �̂� = �̂�0 + �̂�
𝑉/𝐿
𝑒𝑚 .

2.2. Computational methods

To treat the interaction of many-electron systems with laser őelds there exists a variety of
methods. If the dynamics can be reduced to the dynamics of a single electron we use the
single-active electron approximation (SAE) where only one electron is treated explicitly
while all others are incorporated via a mean-őeld potential.
For effective two-electron systems, e.g. helium or the hydrogen anion, we solve the Schrödinger
equation from őrst principles within the time-dependent close-coupling method [111]. In-
creasing the number of electrons beyond two makes the direct solution of the TDSE com-
putationally impossible and only approximate solutions seem possible [112, 113]. We will
brieŕy introduce the concepts of the newstock code package which is suited to treat single-
ionization of many-electron atoms very efficiently and accurately.

2.2.1. Single-active electron approximation

Within the single-active electron approximation the TDSE for one eletron moving in a
model potential is solved. The model potential is chosen such that the ionization potential
and some of the bound states are accurately represented, see e.g. [114, 115] for typical
model potentials. Our computational method is based on the pseudo-spectral split-operator
method [116]. We employ a low-order split-step method, and split the full Hamiltonian
into �̂�0 and �̂�𝑒𝑚. �̂�0 can be evaluated easily within the energy eigenbasis of the őeld
free Hamiltonian �̂�0, and �̂�𝑒𝑚 can be evaluated numerically very efficiently in coordinate
space employing the length gauge. The energy eigenstates are obtained by diagonalizing
�̂�0. The computationally demanding operations are, thus, the transformations between
the eigenbasis of �̂�0 and the coordinate space. We expand the three-dimensional wave
function into spherical harmonics 𝑌 𝑚

ℓ

𝜓(r, 𝑡) =
∞
∑︁

ℓ=0

ℓ
∑︁

𝑚=−ℓ

𝑅ℓ𝑚 (𝑟, 𝑡)

𝑟
𝑌 𝑚
ℓ (𝜃, 𝜑) , (2.12)
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10 2.2. Computational methods

and discretize the 𝑟 coordinate on a grid using a őnite-element discrete-variable represen-
tation (FEDVR) [117ś120] based on Gauss-Lobatto quadratures. In the numerical imple-
mentation the sum over ℓ in Eq. (2.12) is truncated at sufficiently high values 𝐿max. For
linearly polarized light őelds along 𝑧 the magnetic quantum number is not changed during
the interaction, which reduces the numerical complexity of the problem.

2.2.2. Two-active electron systems

Solving the time-dependent Schrödinger equation in its full dimensionality including the
full electron-electron interaction for an effective two-electron system is computationally
manageable [121ś127]. In the present implementation we expand the two-electron wave
function in coupled spherical harmonics

Ψ(r1, r2, 𝑡) =
∞
∑︁

𝐿,𝑀

∞
∑︁

𝑙1,𝑙2

𝑅𝐿,𝑀
𝑙1,𝑙2

(𝑟1, 𝑟2, 𝑡)

𝑟1𝑟2
𝒴𝐿,𝑀

𝑙1,𝑙2
(Ω1,Ω2) , (2.13)

with

𝒴𝐿,𝑀
ℓ1,ℓ2

(Ω1,Ω2) =
∑︀

𝑚1,𝑚2

⟨ℓ1𝑚1ℓ2𝑚2|ℓ1ℓ2𝐿𝑀⟩𝑌 𝑚1
ℓ1

(Ω1)𝑌
𝑚2
ℓ2

(Ω2) . (2.14)

Inserting this expansion into the TDSE yields the time-dependent close coupling (TDCC)
equations [88, 91, 92, 111]. The time-dependent close-coupling equations can be written as

𝑖
𝜕

𝜕𝑡
𝑅𝐿,𝑀

ℓ1,ℓ2
(𝑟1, 𝑟2, 𝑡) = 𝑇ℓ1,ℓ2 (𝑟1, 𝑟2)𝑅

𝐿,𝑀
ℓ1,ℓ2

(𝑟1, 𝑟2, 𝑡)

+
∑︁

ℓ′1,ℓ
′
2,𝐿

′,𝑀 ′

𝑉 𝐿,𝑀,𝐿′,𝑀 ′

ℓ1,ℓ2,ℓ′1,ℓ
′
2

(𝑟1, 𝑟2, 𝑡)𝑅
𝐿′,𝑀 ′

ℓ′1,ℓ
′
2
(𝑟1, 𝑟2, 𝑡) (2.15)

+
∑︁

ℓ′1,ℓ
′
2

𝑊𝐿
ℓ1,ℓ2,ℓ′1,ℓ

′
2
(𝑟1, 𝑟2, 𝑡)𝑅

𝐿,𝑀
ℓ′1,ℓ

′
2
(𝑟1, 𝑟2, 𝑡) ,

where 𝑇ℓ1,ℓ2 is the one-electron operator containing the kinetic terms and the interaction
with the nucleus, 𝑉 𝐿,𝑀,𝐿′,𝑀 ′

ℓ1,ℓ2,ℓ′1,ℓ
′
2

is the interaction operator with the electro-magnetic őeld and
𝑊𝐿

ℓ1,ℓ2,ℓ′1,ℓ
′
2

is the electron-electron interaction. Within this thesis we have extended our
TDCC approach [89, 98] previously limited to the case of linearly polarized light őelds
to arbitrarily polarized őelds. Accordingly, the total magnetic quantum number 𝑀 is no
longer a conserved quantity. This substantially increases the number of coupled (𝐿,𝑀)
channels for the same maximum total angular momentum 𝐿max and thereby the numerical
complexity. The number of contributing (𝐿,𝑀) channels increases from (𝐿max + 1) for
linear polarized light őelds to (𝐿max+1)(𝐿max+2)

2
for laser-őelds polarized in the �̂�−𝑦 plane by

exploiting the reŕection symmetry (𝑧 → −𝑧). The one-particle kinetic and electron-nucleus
interaction 𝑇𝑙1,𝑙2 is not changed when going from linear to arbitrary őeld polarization.
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2. Theoretical methods 11

Also the electron-electron interaction 𝑊𝐿
ℓ1,ℓ2,ℓ′1,ℓ

′
2

does not depend on the total magnetic

quantum number 𝑀 . The interaction of the electrons with the laser őeld 𝑉 𝐿,𝑀,𝐿′,𝑀 ′

ℓ1,ℓ2,ℓ′1,ℓ
′
2

,
however, changes substantially. In the present implementation we expand the interaction
with the őeld in spherical tensor components

µ̂ · F (𝑡) =
1

∑︁

𝑞=−1

(−1)𝑞 �̂�𝑞𝐹−𝑞, (2.16)

where the spherical tensor components are deőned as 𝑇+1 = −
(︁

𝑇𝑥 + 𝑖𝑇𝑦

)︁

/
√
2, 𝑇−1 =

(︁

𝑇𝑥 − 𝑖𝑇𝑦

)︁

/
√
2, 𝑇0 = 𝑇𝑧 and µ̂ is the interaction operator, F is the electric őeld or vector

potential depending on the chosen gauge. The spherical tensor components are directly
proportional to the spherical harmonics, i.e. 𝑇𝑚 ∝ 𝑌 𝑚

ℓ=1. We thus have to calculate the
transition matrix elements ⟨ℓ1, ℓ2, 𝐿,𝑀 |𝑌 𝑚

1 | ℓ′1, ℓ′2, 𝐿′,𝑀 ′⟩ which are found to be [128]

⟨ℓ1, ℓ2, 𝐿,𝑀 |𝑌 𝑚
1 | ℓ′1, ℓ′2, 𝐿′,𝑀 ′⟩ = −

√︂

3

4𝜋
(−1)(ℓ2−𝑀)

(︂

ℓ1 1 ℓ′1
0 0 0

)︂

𝛿ℓ2,ℓ′2 (2.17)

× [(2𝐿+ 1) (2𝐿′ + 1) (2ℓ1 + 1) (2ℓ′1 + 1)]
1/2

{︂

𝐿 𝐿′ 1
ℓ′1 ℓ1 𝑙′2

}︂(︂

𝐿 𝐿′ 1
−𝑀 𝑀 ′ −𝑚

)︂

𝛿𝑀 ′,𝑀+𝑚 .

Inserting Eq. (2.17) together with the other terms into the close-coupling equations [Eq. (2.15)]
yields coupled equations which can be numerically implemented analogously to our previous
approach [98, 128]. The radial wave functions 𝑅𝐿,𝑀

ℓ1,ℓ2
(𝑟1, 𝑟2, 𝑡) are discretized on a spatial

grid using FEDVR [117ś120]. For the temporal propagation we use the short-iterative
Lanczos algorithm with adaptive time step control [126, 129, 130].

Calculating single- and double-ionization spectra

Our calculation of single- and double-ionization spectra relies on the projection of the time-
dependent wave function onto Coulomb waves after the interaction with the laser őelds. In
the absence of a closed solution for the asymptotic double continuum functions we neglect
the inŕuence of the electron-electron interaction onto the continuum waves. To account for
this error the wave function has to be propagated sufficiently long after the end the pulses
to ensure accurate spectra [89, 98].
To extract the spectral information for single ionization of helium we construct the single
continuum as a symmetrized product state of a bound state with Φ𝑛,ℓ,𝑚 (r) of the He+ ion
and a spherical Coulomb wave 𝜓k(r) normalized either in momentum or energy space

Ξ𝑆𝐶
𝑛,ℓ,𝑚,k (r1, r2) =

1√
2
[Φ𝑛,ℓ,𝑚 (r1)𝜓k(r2) + Φ𝑛,ℓ,𝑚 (r2)𝜓k(r1)] . (2.18)

To obtain angle-resolved spectra we use the partial wave expansion to express 𝜓k(r) as

𝜓k(r) =
∞
∑︁

ℓ=0

ℓ
∑︁

𝑚=−ℓ

𝑖ℓ𝑒−𝑖𝜎ℓ [𝑌 𝑚
ℓ (Ω)]*Φ𝑘,ℓ (r) , (2.19)
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12 2.2. Computational methods

where

Φ𝑘,ℓ (r) =
𝜑𝑘,ℓ(𝑟)

𝑟
𝑌 𝑚
ℓ (Ω) =

1

𝑟

√︂

2

𝜋
𝐹ℓ (𝜂, 𝑘𝑟)𝑌

𝑚
ℓ (Ω) . (2.20)

In Eq. (2.19) 𝜎ℓ = arg {Γ (1 + ℓ− 𝑖𝜂)} is the Coulomb phase shift, 𝐹ℓ (𝜂, 𝑘𝑟) the regular
radial Coulomb functions [131] and the Coulomb parameter 𝜂 = −𝑍

𝑘
. We use incoming

boundary conditions as appropriate for extracting ionization probabilities [132]. Inserting
the partial expansion for the bound states we obatin

Φ𝑛,ℓ,𝑚 (r) =
𝜒𝑛,ℓ(𝑟)

𝑟
𝑌 𝑚
ℓ (Ω) , (2.21)

where 𝜒𝑛,ℓ(𝑟) is the radial part of the bound Coulomb eigenfunctions [131]. The fully
differential single ionization probability is obtained by projecting the six-dimensional wave
function |Ψ⟩ onto the single continuum states

𝑃 𝑆𝐼 (𝑛, 𝑙,𝑚,k) =
⃒

⃒

⟨︀

Ξ𝑆𝐶
𝑛,𝑙,𝑚,k

⃒

⃒Ψ
⟩︀⃒

⃒ (2.22)

=

⃒

⃒

⃒

⃒

⃒

∞
∑︁

𝐿,𝑀

∞
∑︁

ℓ𝑘=0

ℓ𝑘
∑︁

𝑚𝑘=−ℓ𝑘

(−𝑖)ℓ𝑘 𝑒𝑖𝜎ℓ𝑘𝑌 ℓ𝑘
𝑚𝑘

(Ω𝑘) ⟨ℓ𝑚ℓ𝑘𝑚𝑘 | ℓℓ𝑘𝐿𝑀⟩ 𝑐𝐿,𝑀ℓ,ℓ𝑘
(𝑛, 𝑘)

⃒

⃒

⃒

⃒

⃒

2

,

with

𝑐𝐿,𝑀ℓ,ℓ𝑘
(𝑛, 𝑘) =

√
2

∫︁ ∞

0

∫︁ ∞

0

d𝑟1d𝑟2 𝑅
𝐿,𝑀
ℓ,ℓ𝑘

(𝑟1, 𝑟2)𝜒
*
𝑛,ℓ (𝑟1)𝜑

*
𝑘,ℓ𝑘

(𝑟2) . (2.23)

Similarly, we deőne the double continuum wave function as symmetrized product state of
two Coulomb waves with charge 𝑍 = 2. For k1 ̸= k2 these states are given by

Ξ𝐷𝐶
k1,k2

(r1, r2) =
1√
2
[𝜓k1 (r1)𝜓k2(r2) + 𝜓k1 (r2)𝜓k2(r1)] . (2.24)

The full spectral distribution for double ionization is given by

𝑃𝐷𝐼 (k1,k2) =

⃒

⃒

⃒

⃒

⃒

∞
∑︁

𝐿,𝑀

∞
∑︁

ℓ1,ℓ2

𝑖−ℓ1−ℓ2𝑒𝑖(𝜎ℓ1
+𝜎ℓ2

)𝒴𝐿,𝑀
ℓ1,ℓ2

(Ω1,Ω2) 𝑐
𝐿,𝑀
ℓ1,ℓ2

(𝑘1, 𝑘2)

⃒

⃒

⃒

⃒

⃒

2

, (2.25)

with

𝑐𝐿,𝑀ℓ1,ℓ2
(𝑘1, 𝑘2) =

√
2

∫︁ ∞

0

∫︁ ∞

0

d𝑟1d𝑟2 𝑅
𝐿,𝑀
ℓ,ℓ𝑘

(𝑟1, 𝑟2)𝜑
*
𝑘1,ℓ1

(𝑟1)𝜑
*
𝑘2,ℓ2

(𝑟2) . (2.26)

For a more detailed discussion of the numerical implementation and the extraction of
spectra we refer the reader to [60, 89, 98ś100].
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2. Theoretical methods 13

Figure 2.1.: Sketch of the asymmetric box used for the two-active electron simulations of single
ionization. 𝑅𝑚𝑎𝑥 is the radial box size for the ionized electron and 𝑅𝑠𝑚𝑎𝑙𝑙 the radial
box size for the electron which stays in the vicinity of the core. The gray shaded
area represents the radial region where a complex absorbing potential prevents
reflections of the wave function at the boundaries of the box.

Asymmetric boxes for single ionization

While for the investigation of double ionization the maximal radius for both electrons
(𝑟1, 𝑟2) is typically chosen to be the same, for single ionization only one electron trans-
verses far away from the core and the other one stays close to it. We exploit this by using
an asymmetric box with two different radii for the ionized electron (𝑅𝑚𝑎𝑥) and the bound
electron (𝑅𝑠𝑚𝑎𝑙𝑙) in simulating single ionization spectra, see Fig. 2.1. Choosing an asym-
metric box drastically reduces the computational complexity and enables us to simulate
relatively long ionization pulses.

2.2.3. Newstock code package: simulating single ionization of
many-electron atoms

For more than two electrons the direct solution of the TDSE is computationally not feasible
any more. In the following we very brieŕy describe the fundamentals of the newstock code
package which is developed by Luca Argenti and Eva Lindroth [102, 133] to treat single
ionization of many electron atoms with high accuracy3.
The 𝑁 -electron time-dependent wave function of the atom is expressed by a set of (𝑁 − 1)
electron states (ions) which are are coupled to a large set of one-particle states (departing
electron) using the TDCC scheme giving rise to a 𝑁 particle state. To better account
for electronic correlations these coupled states are complemented by a set of localized 𝑁
electron bound states.

3
newstock is based on an extension of the multi-electron close-coupling atomic “Stockholm" code [134].
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14 2.2. Computational methods

The time dependent Hamiltonian �̂�(𝑡) is given by the sum of the őeld-free non-relativistic
Hamiltonian �̂�0 and the dipole-interaction Hamiltonian �̂�𝐼 in velocity gauge

�̂�(𝑡) = �̂�0 + �̂�𝐼(𝑡) (2.27)

= �̂�0 + 𝛼A(𝑡) ·
∑︁

𝑖

p̂𝑖

where 𝛼 is the őne structure constant. Doing so all relativistic corrections are neglected4.
The one-particle radial orbitals of the departing electron are represented as linear com-
binations of B-splines [136ś138], whereas the correlated parent ions are expanded over a
őnite number of conőguration-state functions which are obtained from the ATSP2K pack-
age [139ś141]. The initial ground state is obtained by diagonalization of the �̂�0 in the 1S𝑒

sector of the full close-coupling space. To calculate the photoelectron spectrum after the
end of the pulse sequence the probability amplitude 𝒜𝑎;𝜀Ω̂𝜎 for detecting in coincidence the
parent ion in the oriented (𝑀𝑎, Σ𝑎) state 𝑎 with energy 𝐸𝑎 and the photoelectron with
energy 𝜀, along the direction Ω̂, and with spin projection 𝜎, is computed as

𝒜𝑎;𝜀Ω̂𝜎 = 𝑒𝑖(𝐸𝑎+𝜀)𝑡⟨Ψ−
𝑎;𝜀Ω̂𝜎

|Ψ(𝑡)⟩, (2.28)

where Ψ−
𝑎;𝐸Ω̂𝜎

, is a scattering state in which the parent ion and the photoelectron are not
angularly or spin coupled fulőlling incoming boundary conditions [132]. The scattering
states are normalized as ⟨Ψ−

𝑎;𝐸Ω̂𝜎
|Ψ−

𝑏;𝐸′Ω̂′𝜎′
⟩ = 𝛿𝑎𝑏𝛿

(2)(Ω̂− Ω̂′)𝛿𝜎𝜎′ . To obtain the energy and
angularly resolved distribution of a photoelectron entangled with a parent ion in state 𝑎 we
sum over all the possible orientations of the őnal ion, spin orientations of the photoelectron,
and average over the orientations of the initial neutral target (𝑀0,Σ0)

𝑑𝑃𝑎

𝑑𝐸𝑑Ω
=

∑︀

𝑀0Σ0

∑︀

𝑀𝑎Σ𝑎𝜎
|𝒜𝑎,𝐸Ω̂𝜎|2

(2𝐿0 + 1)(2𝑆0 + 1)
. (2.29)

4 For heavy atoms like argon this is already a sever approximation, since the 2Po ground state of the
Ar+ parent ion exhibits a 0.18 eV spin-orbit splitting that is comparable to the Auger width of many
relevant resonances in the photoionization spectrum of the atom [135].
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3. Observing, steering and

controlling ultrafast electronic

processes

The most important building block to investigate and control the time evolution of any
process is the ability to clock and measure it on its natural timescale. For atomic and
molecular processes this time scale corresponds to femto- or even attoseconds. Ahmed
Zewail [24] and others have pioneered the use of pump-probe setups containing (at least)
two laser pulses to investigate the dynamics of chemical reactions happening on the fem-
tosecond timescale. Typically, a őrst pump pulse is used to excite the system out of its
ground state into an excited state. After some time a second time-delayed probe pulse
manipulates the excited state and through its response it is possible to retrieve informa-
tion about the primary excitation process. This simple scheme has been generalized to an
arbitrary number of pulses and targets.
Within this thesis we will focus on even shorter timescales, namely attoseconds. We con-
sider ultrashort excitation times and a high level of control achieved by many experimental
groups [1, 2, 142].
In this chapter, we will brieŕy review a small subset of attosecond metrology techniques
used today and describe RABBITT and attosecond transient absorption spectroscopy in
detail, as they are employed within this thesis.

3.1. Attosecond metrology - overview

Attosecond metrology combines a large spectral bandwidth with ultrafast temporal res-
olution. This is achieved by the ultrashort excitation time of extreme-ultraviolet (XUV)
light őelds with attosecond duration [2, 12ś14, 69, 143ś150]. Together with the advances in
producing and controlling few-cycle near-infrared (NIR) to mid-infrared (MIR) light őelds
[151ś154], attosecond metrology has opened the way to manipulate and control electron
dynamics. Typically the XUV is used to pump the system under investigation while the
few-cycle NIR őeld ranging from low to high intensities is used as probe. The NIR and
XUV light őeld are perfectly synchronized given the former generates the latter via high-
harmonic generation (HHG) [3, 4, 6, 9ś11].
To time resolve dynamics of ultrafast processes by optical methods many different schemes
have been suggested and applied in recent years. Among those, three prominent methods
are attosecond streaking [155, 156], RABBITT (Reconstruction of attosecond bursts by
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16 3.1. Attosecond metrology - overview
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Figure 3.1.: (a) Prototypical spectrum of a single attosecond pulse with an intensity full-width
at half maximum (FWHM) duration of 250 as, commonly employed in streaking.
The inset shows the temporal profile of this pulse. (b) Prototypical spectrum of
an attosecond pulse train consisting of five different harmonics as employed in
RABBITT. Each harmonic has an intensity FHWM duration of 4 fs. The inset
shows the temporal profile of this pulse.

interference of two-photon transitions) [25, 157, 158] and attosecond transient absorption
spectroscopy (ATAS) [147, 159ś161].
In attosecond streaking [155, 156] the target is ionized by absorption of one photon from
an ultrashort (< 500as) single attosecond XUV pulse [see Fig. 3.1 a for a sketch of a typi-
cal spectral proőle] constituting the pump. A second moderately intense, phase-controlled
few-cycle NIR laser pulse is used to probe the XUV-driven dynamics. Varying the time
delay between the pump and the probe pulse and studying the resulting photoelectron
spectrum as a function of this time delay allows to investigate the XUV initiated dynamics
of the electron wavepacket.
RABBITT [25, 27, 31, 157] uses an attosecond pulse train (APT) (typical duration < 20fs)
together with a weak replica of the fundamental low-energetic (typically NIR) laser őeld
used to generate the APT as probe pulse to ionize the target. The APT consists of mul-
tiple XUV pulses with frequencies of odd multiples of the energy of the fundamental őeld
𝜔IR as pump pulse [see Fig. 3.1 b for a sketch of a typical spectral proőle]. Due to the
interference of two-photon transitions, where one XUV photon is absorbed and one IR
photon is absorbed or emitted, peaks appear at energies which are even multiples of 𝜔IR

[162, 163], so called sidebands. As they are formed by interference of two paths a relative
phase measurement is possible [158].
ATAS [159ś161] focuses on the measurement of the transmission spectrum of an optical
light őeld through a medium. The target is illuminated by an XUV laser pulse combined
with an IR őeld which perturbs the system. The role of the pump and probe is thus inter-
changed as compared to the previous cases.
Of course the methods described above are not the only techniques commonly used in the
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3. Observing, steering and controlling ultrafast electronic processes 17

őeld of ultrafast metrology. Others are, e.g., high-harmonic spectroscopy [15, 164, 165], the
combination of a strong IR őeld with it’s second harmonic [166], the use of circulary po-
larized IR őelds to investigate tunnel ionization [167ś169], or the detection of the different
ions present after the interaction with the light őeld [170] to name just a few.

3.2. RABBITT

Following the őrst experiments showing HHG from gases [3, 4, 6] many independent inves-
tigations started to measure the duration and characteristics of the generated attosecond
pulse trains, e.g. [162, 163]. Building up on these early experiments, the RABBITT tech-
nique was developed to retrieve not only the duration but also the spectral phases of the
single XUV harmonics [25, 157, 158, 171] and thus succeeded to fully characterize the
APT. RABBITT relies on the interference of two two-photon transitions at the same ő-
nal energy, as can be seen for the simple example of an APT consisting of just harmonic
𝐻2𝑛−1 and 𝐻2𝑛+1 with photon energy (2𝑛− 1) ~𝜔IR and (2𝑛+ 1) ~𝜔IR [Fig. 3.2a]. Here 𝜔IR

is the frequency of the fundamental IR used to create the APT via HHG. A prototypical
example for the photoelectron spectrum produced for one speciőc time delay by the pulse
setup speciőed in Fig. 3.2a is shown in Fig. 3.2b. The blue lines correspond to absorption
of one photon from the XUV harmonics which are commonly called mainbands (MB).The
red line indicates the peak which appears, if the APT is dressed by its fundamental őeld,
due to a two-photon transition involving the absorption of one photon out of the APT and
the absorption or emission of one photon from the fundamental őeld [sidebands (SB)]. If
the time delay between the APT and the fundamental IR őeld is varied, the SB amplitudes
vary as function of the delay with frequency 2𝜔IR, see Fig. 3.2c.
The oscillations of the sidebands can be understood within second-order perturbation the-
ory [27, 31, 32, 158]. The wave function at each sideband energy 𝐻2𝑛 can be described
as a superposition of two paths, namely absorption of one photon of the harmonic below
𝐻2𝑛−1 the sideband, followed by absorption of one photon of the fundamental IR őeld and
absorption of one photon of the harmonic above 𝐻2𝑛+1 the sideband followed by stimulated
emission of one IR. Both paths are included in the full two-photon amplitudes which can
be determined as transition from the initial state |𝑖⟩ to the őnal state |𝑓⟩[172]

𝒜(2)
𝑓←𝑖 = −𝑖

∫︁ ∞

−∞

d𝜀𝐴IR (𝜔𝑓𝑖 − 𝜀)𝐴APT (𝜀)ℳ𝑓𝑖 (𝜀) (3.1)

with
ℳ𝑓𝑖 (𝜀) = 𝛼2 ⟨𝑓 | 𝑝𝑧𝐺+

0 (𝐸𝑖 + 𝜀) 𝑝𝑧 |𝑖⟩ (3.2)

being the monochromatic two-photon transition amplitude in velocity gauge and 𝛼 is the
őne structure constant5. 𝐴IR/APT (𝜀) are the Fourier transforms of the vector őelds associ-
ated with the fundamental IR and the APT, and 𝜔𝑓𝑖 = 𝐸𝑓 − 𝐸𝑖 is the energy difference
between the initial and the őnal state. 𝐺+

0 (𝐸𝑖 + 𝜀) is the retarded Green’s function of the

5 We assumed linear polarization of the APT and the IR field along 𝑧 for simplicity.
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Figure 3.2.: Sketch of the RABBITT scheme: (a) Energy diagram of the interfering two-photon
transitions inducing a 2𝜔IR-beating in the fully angle integrated electron spectrum
in the sidebands (SB) (energy region, where the even harmonics would be). (b)
Photoionization spectrum of hydrogen for two harmonics dressed by the fundamen-
tal IR as depicted in (a). The peaks corresponding to the absorption of one XUV
photon are referred to as mainbands (MB) and the peaks which are caused by a
two-photon process (one XUV absorption and one IR absorption or emission) are
referred to as sidebands. (c) Prototypical RABBITT spectrum for ionization of hy-
drogen as a function of the final photoelectron energy and the time delay between
the APT and the fundamental IR field.
The parameters for the RABBITT simulations of hydrogen shown in (b) and (c)
are given in App. J.1.1.
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3. Observing, steering and controlling ultrafast electronic processes 19

őeld-free Hamiltonian and 𝑝𝑧 is the electron momentum operator which is proportional to
the interaction operator in velocity gauge.
To derive an analytic expression for the RABBITT spectrum we separate the full two-
photon amplitude [Eq. (3.1)] into the two paths depicted in Fig. 3.2a leading to the same
sideband

𝒜(2)
𝑓←𝑖 (𝐻2𝑛) = 𝒜(2)

𝐻2𝑛−1+𝜔IR
+𝒜(2)

𝐻2𝑛+1−𝜔IR
. (3.3)

The terms 𝒜(2)
𝐻2𝑛−1+𝜔IR

and 𝒜(2)
𝐻2𝑛+1−𝜔IR

represent the path involving absorption and emission
of an IR photon. In the limit of monochromatic IR őelds and in the case where the
intermediate state reached via XUV absorption is a structureless continuum state, the two
components of the two-photon transition 𝒜(2)

𝑓←𝑖 are written as [27, 31, 32, 158, 173]

𝒜(2)
𝐻2𝑛±1∓𝜔IR

=
∑︁

𝜆

∑︁

ℓ=𝜆±1

⃒

⃒

⃒
𝒜(2)

𝐻2𝑛±1∓𝜔IR
,𝜆ℓ

⃒

⃒

⃒
𝑒𝑖𝜂𝜆(𝜀2𝑛±1)𝑒𝑖𝜑

∓
𝑐𝑐,𝜆ℓ𝑒∓𝑖𝜔IR𝜏𝑒𝑖𝜋(1−𝜆/2)𝑌 𝑚

ℓ (𝜃, 𝜙) , (3.4)

where 𝜆, ℓ are the angular momenta of the intermediate and őnal state. The magnitude of
the two-photon matrix element

⃒

⃒

⃒
𝒜(2)

𝐻2𝑛±1∓𝜔IR
,𝜆ℓ

⃒

⃒

⃒
depends explicitly on all involved angular

momenta, energies and whether the IR photon is absorbed or emitted [173, 174]. 𝜂𝜆 (𝜀2𝑛±1)
is the phase acquired by the XUV driven one-photon transition to the intermediate con-
tinuum state with energy 𝜀2𝑛±1 and angular momentum 𝜆. It can be calculated from
scattering theory in őrst-order perturbation theory and its interpretation as photoioniza-
tion time delay has been studied intensively, see [30, 32, 175]. The factor exp (∓𝑖𝜔IR𝜏)
stems from the absorption (emission) of one IR photon. The time delay 𝜏 is given by
the difference between the peak time of the IR and the APT, i.e. 𝜏 = 𝜏IR − 𝜏APT. The
continuum-continuum phase 𝜑±𝑐𝑐,𝜆ℓ arises due to the absorption (emission) of an IR photon
in the presence of the Coulomb potential and imposes an additional phase onto the electron
wave packet [27, 31, 32]. In general, the continuum-continuum phase depends on the en-
ergy and angular momentum of the intermediate and őnal state. Performing an asymptotic
expansion for high electron energies and large distances from the core an analytic expres-
sion can be derived [27, 31, 32] for 𝜑±𝑐𝑐,𝜆ℓ which does not depend on the angular momenta
of the intermediate or őnal state of the wave packet. The difference between absorption
and emission is only implicitly included via the intermediate momentum 𝜅 reached via the
XUV transition and the őnal momentum 𝑘 :

𝜑𝑐𝑐 (𝑘, 𝜅) = arg

{︃

(2𝜅)𝑖𝑍/𝜅

(2𝑘)𝑖𝑍/𝑘
Γ [2 + 𝑖𝑍 (1/𝜅− 1/𝑘) + 𝛾 (𝑘, 𝜅)]

(𝜅− 𝑘)𝑖𝑍(1/𝜅−1/𝑘)

}︃

, (3.5)

with

𝛾 (𝑘, 𝜅) = 𝑖𝑍
(𝜅− 𝑘) (𝜅2 + 𝑘2)

2𝜅2𝑘2
Γ [1 + 𝑖𝑍 (1/𝜅− 1/𝑘)] , (3.6)

and 𝑍 being the asymptotic charge of the residual ion6. Numerical calculations, however,
show that for low photoelectron energies 𝜑±𝑐𝑐,𝜆ℓ does depend on the angular momentum

6 We use Eq. [100] from [31], which is the most accurate analytic expression, as it includes also long-range
amplitude corrections.
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20 3.2. RABBITT

of the őnal state [31, 32]. Ignoring the dependence on the angular momenta [Eq. (3.5)]
the continuum-continuum phases for an electron with őnal energy 𝐸 are given by energy
conservation

𝜑+
𝑐𝑐 = 𝜑𝑐𝑐

(︁√
2𝐸,

√︀

2𝐸 − 𝜔IR

)︁

, (3.7)

𝜑−𝑐𝑐 = 𝜑𝑐𝑐

(︁√
2𝐸,

√︀

2𝐸 + 𝜔IR

)︁

. (3.8)

For a short-ranged potential as provided by Yukawa potentials, or negative ions 𝜑𝑐𝑐 is
strictly zero. For high energies 𝜑𝑐𝑐 (𝑘, 𝜅) is universal for different atomic species and does
not depend on the speciőc form of the potential close to the core. If any of the intermediate
states has a resonant contribution the factorization as employed in Eq. 3.4 is not applicable
[52, 53, 172, 176, 177] 7.
Assuming without loss of generality that all őelds are linearly polarized along 𝑧 the angle-
integrated RABBITT spectrum is given by

|𝜓 (𝐸 = 𝐻2𝑛)|2 =
∫︁

d𝜃 sin (𝜃) |𝜓 (𝐸 = 𝐻2𝑛, 𝜃)|2

=

∫︁

d𝜃 sin (𝜃)
⃒

⃒

⃒
𝒜(2)

2𝑛−1+𝜔IR
+𝒜(2)

2𝑛+1−𝜔IR

⃒

⃒

⃒

2

= 𝐴+𝐵 cos (2𝜔IR𝜏 +∆𝜑)

= 𝐴+𝐵 cos (2𝜔IR [𝜏 − 𝜏𝑅]) , (3.9)

with 𝜏𝑅 = − ∆𝜑
2𝜔IR

being the approximate time delay as retrieved by RABBITT. For more
details see App. A.
Higher-order transitions, e.g. absorption or emission of three or őve IR photons, would
contribute by the admixture of oscillations with frequencies 4 𝜔IR or 6 𝜔IR, etc. which is
discussed, e.g., in [178].
To extract the time delays 𝜏𝑅 from RABBITT spectra we integrate each sideband separately
in energy over the spectral width of the sideband [Fig. 3.3a] for each time delay. The
resulting data is őtted to a function 𝐴 + 𝐵 cos(2𝜔IR𝜏 + ∆𝜑), see Fig. 3.3b. 𝜏𝑅 can also
be retrieved by comparing the őtted curve to a cos(2𝜔IR𝜏) oscillation without phase offset
from the peak difference between the two curves.
A similar treatment as the one discussed here can also be used to describe the oscillations
which are observed within the mainbands [171]. Their interpretation is, however, not as
straightforward as for the sidebands, since there are three different interfering paths, i.e.
the interference of one one-photon and two three-photon transitions, at the same őnal
energy.
Within this thesis we will explicitly show how the recently found angle-dependence of the
photoemission time delay in atoms [34, 35, 179] can be understood, see Sec. 4.1. We also
explore the inŕuence of polarizable targets on angle-resolved RABBITT measurements.

7 An extensive treatment of intermediate resonances and finite pulse duration effects can be found in
[176].
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Figure 3.3.: (a) Illustration of the typical area (spectral width) over which the RABBITT side-
band is integrated to obtain 𝜏𝑅 from RABBITT traces. (b) Oscillation of the lowest
energetic SB shown in Fig. 3.2c integrated over the harmonic width as function of
the time delay between the IR field and the APT (blue points). The red line repre-
sents a fit to the data with 𝐴 + 𝐵 cos(2𝜔IR𝜏 +∆𝜑) and the green line shows the
same function without a phase shift, i.e. ∆𝜑 = 0. The inset shows how the RAB-
BITT time delay 𝜏𝑅 can be extracted by comparing with a cos(2𝜔IR𝜏) oscillation
without phase offset.
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22 3.3. Attosecond transient absorption spectroscopy

Further we will explicitly quantify the dependence of the continuum-continuum phase 𝜑±𝑐𝑐,𝜆ℓ
on the őnal angular momentum ℓ of the photoelectron using the full information provided
by angle-resolved RABBITT measurements, see Sec. 4.3.

3.3. Attosecond transient absorption spectroscopy

In attosecond transient absorption spectroscopy (ATAS), the target is probed by an optical
őeld and the transmitted signal 𝐼1 (𝜔) is measured. The main observable is the optical
density (OD) of the target which is given by

OD(𝜔) = − log

(︂

𝐼1 (𝜔)

𝐼0 (𝜔)

)︂

, (3.10)

where 𝐼0 (𝜔) is the photon spectrum of the pulse measured without passing through a
target. In ATAS the target is typically ionized by a sequence of at least two pulses which
can be delayed in time with respect to each other. Typically, a rather short XUV pump
pulse is used to initiate dynamics in the target, which is subsequently probed, modiőed
and controlled by a longer-wavelength IR őeld. Performing a time delay scan between the
őelds the optical density becomes a function of frequency and delay time between the two
pulses OD(𝜔, 𝜏).
To calculate the transient absorption spectrum from őrst principles we start by calculating
the energy ∆𝐸 which the target (in our case atom) loses (gains) after the interaction with
the laser pulse sequence [159, 160]

∆𝐸 =

∫︁ ∞

−∞

d𝑡
d𝐸 (𝑡)

d𝑡
, (3.11)

where 𝐸 (𝑡) is the time-dependent energy of the target in the laser őeld. The rate at which
energy is transferred to (from) the target d𝐸(𝑡)

d𝑡
can be obtained from the solution of the

time-dependent Schrödinger equation by calculating the dipole moment ⟨r̂⟩ = r(𝑡)

d𝐸

d𝑡
=

d

d𝑡

⟨

𝜓
⃒

⃒

⃒
�̂�

⃒

⃒

⃒
𝜓
⟩

=

⟨

𝜓

⃒

⃒

⃒

⃒

⃒

𝜕�̂�

𝜕𝑡

⃒

⃒

⃒

⃒

⃒

𝜓

⟩

= ⟨𝜓 | r̂ |𝜓⟩ 𝜕F
𝜕𝑡

= r(𝑡)
𝜕F

𝜕𝑡
. (3.12)

In Eq. (3.12) we assumed that the Hamiltonian has no time dependence apart from the
driving electric őeld F(t) and we use length gauge. Inserting Eq. (3.11) into Eq. (3.12) and
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3. Observing, steering and controlling ultrafast electronic processes 23

representing the dipole moment and the őeld in Fourier-space we őnd

∆𝐸 =

∫︁ ∞

−∞

d𝑡 ⟨r̂⟩ 𝜕F
𝜕𝑡

=
1

2𝜋

∫︁ ∞

−∞

d𝑡

∫︁ ∞

−∞

d𝜔1

∫︁ ∞

−∞

d𝜔2 r̃ (𝜔1) 𝑒
−𝑖𝜔1𝑡𝜕𝑡F̃ (𝜔2) 𝑒

−𝑖𝜔2𝑡

=
−𝑖
2𝜋

∫︁ ∞

−∞

d𝑡

∫︁ ∞

−∞

d𝜔1

∫︁ ∞

−∞

d𝜔2 r̃ (𝜔1) 𝑒
−𝑖𝜔1𝑡𝜔2F̃ (𝜔2) 𝑒

−𝑖𝜔2𝑡

= 𝑖

∫︁ ∞

−∞

d𝜔1 r̃ (𝜔1)𝜔1F̃ (−𝜔1) =

∫︁ ∞

−∞

d𝜔 𝑖𝜔Λ (𝜔) , (3.13)

with Λ (𝜔) = r̃ (𝜔) F̃ (−𝜔) = r̃ (𝜔)
[︁

F̃ (𝜔)
]︁*

using that the electric őeld F(t) is a real

function, i.e., F̃ (−𝜔) =
[︁

F̃ (𝜔)
]︁*

. This leads to

∆𝐸 = −
∫︁ ∞

−∞

d𝜔 𝜔Im [Λ(𝜔)] =

∫︁ ∞

−∞

d𝜔 𝜔𝑆 (𝜔) , (3.14)

where 𝑆 (𝜔) = −Im
(︁

r̃ (𝜔)
[︁

F̃ (𝜔)
]︁*)︁

is the single atom response. Positive (negative) values

of 𝑆 correspond to energy gained (lost) by the target from (to) the őeld.
To calculate the macroscopic optical density we calculate the polarization

𝑃 (𝜔) = 𝜌r̃ (𝜔) (3.15)

which acts as a source term in Maxwell’s equations and thus the macroscopic response is
calculated by solving the coupled TDSE and Maxwell’s equations. However, it was shown
that within the linear-response limit (e.g. dilute gas target) [160] the generalized cross
section 𝜎 (𝜔) for the XUV absorption as can be obtained just from the energy-gain per
unit frequency [Eq. (3.13)] at the level of single-atom response

𝜎 (𝜔) =
𝜔Im {Λ (𝜔)}

𝐼 (𝜔)
, (3.16)

where 𝐼 (𝜔) =
⃒

⃒

⃒
F̃(𝜔)

⃒

⃒

⃒

2

/4𝜋𝛼 is the incoming ŕux of the őeld. In the numerical imple-

mentation it is (similar to HHG simulations) numerically more stable to calculate the
expectation value of the dipole acceleration a(𝑡) = d2r(𝑡)

d𝑡2
instead of the dipole moment and

use the Fourier identity r̃(𝜔) = −ã(𝜔)/𝜔2 [180].
ATAS has been used in previous studies to measure the decay of autoionizing resonances in
atoms [181, 182], or to characterize ultrafast phase transitions in strongly correlated mate-
rials [183]. Contrary to streaking and RABBITT, ATAS can also be used to resolve bound
electron dynamics [143, 153, 184] since it does not rely on photoionization. Within this
thesis we will employ ATAS to monitor the time-dependent build-up of Fano resonances
(Chap. 6) and to investigate the őeld driven coupling between autoionizing resonances
(Chap. 7).
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4. Angle dependence of

photoionization time delays and

phases probed by RABBITT

One key quantity used to characterize the single ionization continuum is the phase photo-
electrons acquire upon ionization and imprinted into this phase the photoionization time
delay. The őrst experiments and theoretical calculations investigating photoionization time
delays have either been performed just for emission of electrons into one speciőc direction
in a streaking geometry, e.g. [26, 185], or for angle-integrated photoelectron spectra with
RABBITT [27, 186ś188]. Recently, however, there has been considerable interest into
measuring time delays as a function of the emission angle of the electrons with respect
to the laser polarization direction in RABBITT [34, 35, 173, 177, 179, 189]. Doing so for
single ionization of atomic helium, a strong angular dependence of the measured delay was
observed accompanied with theoretical calculations validating these őndings [34]. Indeed,
similar effects were also found in studies employing streaking [190, 191]8.
In this chapter we will focus on time delays obtained from angle-resolved RABBITT traces.
We will show that the retrieved time delays can still be separated into three different con-
tributions (scattering, continuum-continuum and polarization delay), where all three can
be angle dependent.
Further we will compare our results with experiments, which measure the phase difference
between continuum-continuum transitions involving different angular momenta using the
full information provided by angle-resolved RABBITT.
In the following chapter we will restrict ourselves to investigations of the unstructured
(ŕat) single-ionization continuum. The imprint of resonances onto the single-ionization
continuum will be discussed in detail in chapter 5.

4.1. Angle dependence of time delays

Within this thesis we assume that the angle-dependent observed time delay 𝜏𝑅 (𝜃) can be
decomposed into three different contributions [30]

𝜏𝑅 (𝜃) = 𝜏EWS (𝜃) + 𝜏cc (𝜃) + 𝜏dipole (𝜃) . (4.1)

8 In addition it was proposed that one could use a non-collinear streaking setup where the IR field is
not collinear with the ionizing XUV but polarized into the direction in which the electron spectrum is
collected. This allows to measure angle-dependent scattering phase shifts without the need to redefine
the Coulomb-laser coupling [190, 191].
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26 4.1. Angle dependence of time delays

The őrst term, the one-photon Eisenbud-Wigner-Smith time delay

𝜏EWS (𝜃) =
𝜕

𝜕𝜀
a𝑟𝑔 {⟨𝛼, 𝜀, 𝜃 |𝑧| 𝑔⟩} (4.2)

is associated with the half-scattering ionization event from the groundstate |𝑔⟩ to the inter-
mediate continuum state |𝛼⟩ with energy 𝜀 reached via the XUV transition. In RABBITT,
therefore, the spectral derivative 𝜏EWS is not probed exactly, but only approximately in
terms of a őnite difference

𝜏EWS (𝜃) ≈
a𝑟𝑔 {⟨𝛼, 𝜀+ 𝜔I𝑅, 𝜃 |𝑧| 𝑔⟩} − a𝑟𝑔 {⟨𝛼, 𝜀− 𝜔I𝑅, 𝜃 |𝑧| 𝑔⟩}

2𝜔I𝑅

. (4.3)

If the intermediate state 𝛼 is a single partial wave (e.g. ionization of an initial 𝑠 elec-
tron to a 𝑝 wave as for hydrogen) 𝜏EWS has no intrinsic angle dependence. If, however,
the intermediate state is a superposition of different partial waves with different angular
momenta (e.g. ionization of an electron out of the 2𝑝 shell in neon to a superposition of
an 𝑠 and 𝑑 wave) the scattering delay associated with the XUV transition itself is already
angle-dependent and Eq. (4.2) has to be generalized to

𝜏EWS (𝜃) =

∑︀𝑁
𝑖=1 𝜎𝛼𝑖

𝜕
𝜕𝜀
a𝑟𝑔 {⟨𝛼𝑖, 𝜀, 𝜃 |𝑧| 𝑔⟩}
∑︀𝑁

𝑖=1 𝜎𝛼𝑖

, (4.4)

where 𝜎𝛼𝑖
= |⟨𝛼𝑖, 𝜀, 𝜃 |𝑧| 𝑔⟩|2 is the partial amplitude cross-section and the sum runs over

all relevant intermediate states |𝛼𝑖⟩. We will revisit Eq. 4.4 in Sec. 4.2.
The second contribution in Eq. (4.1), the continuum-continuum delay 𝜏cc (𝜃)

9 , is caused
by the phase shift the outgoing electron wave-packet encounters in interacting with the IR
őeld in the Coulomb őeld of the residual ion [27] [Sec. 3.2]. According to the asymptotic
expansion for large values of 𝑘𝑟 performed in [31, 32] the continuum-continuum phase, 𝜏𝑐𝑐
does not depend on the angular momenta of the intermediate or őnal state [Eqs. (3.7) and
(3.8)] and is given by

𝜏𝑐𝑐 = −𝜑
−
𝑐𝑐 − 𝜑+

𝑐𝑐

2𝜔IR

, (4.5)

Thus, if the dependence on the angular momenta can be ignored, 𝜏𝑐𝑐 does not depend on
the emission angle 𝜃 of the electron. If, however, the dependence of continuum-continuum
phase 𝜑±cc,𝜆ℓ on the angular momenta of the intermediate (𝜆) and őnal state ℓ [Eq. 3.4] is
treated explicitly the continuum-continuum delay depends on 𝜃.
The third term 𝜏dipole (𝜃) is caused by the polarization state (with dipole moment d) of the
residual ion [28, 29, 192]. It can be expressed as

𝜏dipole (𝜃) =
1

𝜔I𝑅

atan

(︂

−𝜔I𝑅
d · σIR

k · σIR

)︂

=
1

𝜔I𝑅

atan

(︂

−𝜔I𝑅
𝑑𝑧

𝑘 cos (𝜃)

)︂

, (4.6)

9 𝜏cc is closely related to the Coulomb laser coupling (CLC) delay 𝜏CLC encountered in streaking [33],
see App. B.1.
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4. Angle resolved RABBITT 27

where σIR is the polarization direction of the IR őeld, 𝑑𝑧 is the dipole moment along 𝑧
direction and we have assumed that the IR őeld is linearly polarized along 𝑧 direction.
For streaking experiments, where the emitted photoelectrons are only measured in forward
direction, Eq. (4.6) has been shown to be very accurate for the prototypical example of
shake-up ionization in helium [28, 29].
Eq. (4.6) predicts an explicit dependence of the retrieved time-delay on the emission angle
𝜃, if the residual ion has a dipole moment [192]. However, a polarization induced time
delay 𝜏dipole does not only arise if the residual ion has a permanent dipole moment, but
also if the ion is easily polarized due to (quasi)-degenerate energy levels, e.g. 2𝑠, 2𝑝0 states
in He+ [100, 193]. The effective dipole moment along 𝑧 for these states is given by

⟨︀

𝑑𝑛ℓeff,𝑧
⟩︀

(𝜃) =
∑︁

𝑘

𝑑𝑘 |𝛼𝑛𝑘ℓ|2
|𝑐𝑛𝑘|2

|𝑐𝑛ℓ|2
(4.7)

where 𝛼𝑛𝑘ℓ = ⟨𝑛𝑘 |𝑛ℓ⟩ are the expansion coefficients of the Stark states |𝑛𝑘⟩ of the subshell
𝑛 into the eigenstates |𝑛ℓ⟩ of the ion, 𝑐𝑛𝑗 = ⟨𝐸, 𝜃 | 𝑧 |𝑛𝑗⟩ is the dipole-transition matrix
element to either Stark |𝑛𝑘⟩ or angular momentum eigenstates |𝑛ℓ⟩ and 𝑑𝑘 = ⟨𝑛𝑘 | 𝑧 |𝑛𝑘⟩
is the dipole-moment of the respective Stark states [30, 100].
In addition to the contributions discussed above one more time delay can be part of 𝜏𝑅. If
the neighboring XUV harmonics have a different relative spectral phase this phase differ-
ence is part of the retrieved phase difference [25, 157, 158, 171], see App. A. In this thesis,
however, we do not consider time delays stemming from different spectral phases of the
XUV harmonics and, thus, ignore this contribution in the following.

4.1.1. Angle dependence of the continuum-continuum delay 𝜏cc

A recent experiment by Heuser et al. [34] showed that the photoionization time delay for
single-ionization from the ground state of the helium atom is strongly angle dependent for
electron emission angles 𝜃 > 60∘ relative to the polarization direction of the linearly po-
larized laser őeld. This was also conőrmed by accompanying single-active electron and ab
initio calculations. For this speciőc case 𝜏EWS is not angle dependent as the XUV populates
only one partial wave channel, i.e.,

⃒

⃒He+(1𝑠), 𝜀𝑝0
⟩︀

and the residual ion is not polarizable
by the weak IR őeld, i.e. 𝜏dipole = 0. Hence the angle-dependence of 𝜏𝑅 is caused purely
by the IR induced continuum-continuum transition and thus enters only into 𝜏c𝑐.
To shed more light onto the origin of this angle dependence we perform calculations for
hydrogen and compare these results to calculations for a short-ranged Yukawa potential
(𝑉 (𝑟) = 𝑍

𝑟
𝑒−𝑟/𝑎 ) with the same ground state energy, but no additional bound states and

also no Coulomb tail10.
For the Coulomb potential the scattering time delay 𝜏EWS is given purely by the Coulomb
phase shift of the 𝑝 wave 𝜎1 (𝐸) = arg

{︀

Γ
(︀

2− 𝑖
𝑘

)︀}︀

. The scattering time delay for the
Yukawa potential was calculated numerically. For both potentials we use the same pulse

10 The parameters for the Yukawa potential are 𝑍 = 1.90831 and 𝑎 = 1 [168].
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28 4.1. Angle dependence of time delays
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Figure 4.1.: Time delays 𝜏𝑅 obtained from RABBITT traces evaluated in forward direction
𝜃 = 0∘ for (a) a hydrogen potential and (b) a Yukawa-potential which has the
same ionization potential as the hydrogen atom. Both simulations are compared
against the analytic prediction [Eq. (4.1)]. The wavelength of the fundamental IR
field is 𝜆IR = 740nm. The FHWM duration of the IR and the APT are 20 fs and
15 fs. The exact pulse and convergence parameters are given in App. J.1.1.

sequence of IR and APT [Tab. J.1].
Evaluating the time delay from RABBITT traces in forward direction (𝜃 = 0∘) and inte-
grating the electron signal within each sideband in energy [Fig. 3.3a] the retrieved time
delays coincide very well with the analytic prediction [Eq. 4.1] for hydrogen, Fig. 4.1a.
The remaining discrepancies between the numerical results and the analytic prediction at
low energies are not caused by the őnite difference approximation of 𝜏EWS, Eq. (4.3), as
this error amounts to ≈ 0.2 as, whereas the discrepancy is ≈ 2 as for the lowest energy
[𝐸 ≈ 13.2 eV]. The error stems from the asymptotic expansion with respect to 𝑘𝑟 in deriv-
ing 𝜏𝑐𝑐, Eq. (4.5), which is not accurate for low photoelectron energies [31, 32]. The results
obtained for the Yukawa potential (range 𝑎 = 1), Fig. 4.1b, are in excellent agreement
with the analytic prediction [𝜏𝑅 = 𝜏EWS] as there is no additional time delay due to the
continuum-continuum transition, validating our previous assumption that the discrepancy
for low energies is caused by 𝜏𝑐𝑐.
To characterize the angle dependence of the time delay 𝜏𝑅 (𝜃) we focus centered on the
sideband at 16.5 eV (the other sidebands show a very similar behavior). The time delay
obtained for the Yukawa potential shows almost no angle dependence until 𝜃 ≈ 75∘ followed
by a rapid phase jump of 𝜋 (corresponding to approximately 617 as), Fig. 4.2. Slightly
different to that, the Coulomb potential shows a strong but smooth phase variation close
to the angle of the phase jump observed for the Yukawa potential. While for the Yukawa
potential the RABBITT phase ∆𝜑 jumps by 𝜋 between 𝜃 = 0∘ and 𝜃 = 90∘ the phase vari-
ation for the Coulomb potential is considerably smaller (roughly 0.92𝜋, corresponding to
a relative time delay of 572 as for 𝜆IR = 740 nm). Increasing the fundamental wavelength
of the IR őeld, but keeping the őnal electron energy nearly constant, the relative phase
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Figure 4.2.: Angle resolved time delay 𝜏𝑅 for the SB centered at 𝐸 =16.5 eV for the Yukawa
potential (∙) and hydrogen (�). The fundamental wavelength of the IR is 𝜆IR =
740 nm. The time delay at 𝜃 = 0∘ is subtracted for all points to enhance the
visibility of the angle dependence

.
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30 4.1. Angle dependence of time delays

shift between emission parallel and perpendicular to the laser őeld polarization direction
increases and approaches 𝜋, see Fig. 4.3a. Further, the emission angle at which the phase
jump occurs increases with the IR wavelength. Keeping the IR wavelength őxed and an-
alyzing the different sidebands (and thus different őnal electron energies), both the angle
at which the rapid phase variation occurs as well as the absolute magnitude of it increase
with the őnal energy of the photoelectron, see Fig. 4.3b.
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Figure 4.3.: (a) Angle resolved RABBITT phase ∆𝜑 obtained from RABBITT traces for ion-
ization of hydrogen by three different APTs and fundamental IR fields. The final
electron energy in the considered sideband is 16.15 eV for 𝜆IR = 500 nm and 16.5 eV
for 𝜆IR=740 nm and 1480 nm. (b) Angle resolved RABBITT phase obtained for
ionization of hydrogen for 𝜆IR = 500 nm analyzed for different SB energies 𝐸. The
pulse parameters are the same as in (a) for 𝜆IR = 500 nm.
∆𝜑 (𝜃 = 0∘) is subtracted for all points in (a) and (b) to enhance the visibility of
the angle dependence. The numerical parameters are given in App. J.1.1 and J.1.2

To illustrate the origin of the rapid phase jump for ionization from the 𝑠 ground state of
the Yukawa potential we write the wave function at each side band in lowest-order per-
turbation theory (LOPT) for absorption of one XUV photon and subsequent absorption
(emission) of an IR photon [Eq. (3.4)] [31, 173]

Ψ(𝐸, 𝜏, 𝜃) =
∑︁

𝐿=0,2

𝑒𝑖
𝜋
2 𝑌 0

𝐿 (𝜃)

{︂

⃒

⃒

⃒
𝒜(+)

𝑝𝐿

⃒

⃒

⃒
𝑒
𝑖
[︁

𝜔IR𝜏+𝜂
(+)
𝑝 (𝐸−𝜔IR)

]︁

+
⃒

⃒

⃒
𝒜(−)

𝑝𝐿

⃒

⃒

⃒
𝑒
𝑖
[︁

−𝜔IR𝜏+𝜂
(−)
𝑝 (𝐸+𝜔IR)

]︁

}︂

, (4.8)

where 𝜂(±)𝑝 (𝐸 ∓ 𝜔I𝑅) is the scattering phase of the intermediate 𝑝 wave before absorbing
(emitting) the IR photon. The two-photon transition amplitude for absorption of one XUV
photon to angular momentum 1 (𝑝 wave) and subsequent absorption (emission) of an IR
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4. Angle resolved RABBITT 31

photon and to the őnal electron angular momentum 𝐿, 𝒜(±)
𝑝𝐿 , is obtained from 𝒜(2)

2𝑛±1∓𝜔IR

[Eq. (3.4)]

𝒜(2)
𝐻2𝑛±1∓𝜔𝐼𝑅

=
∑︁

𝐿=0,2

𝑒𝑖
𝜋
2

⃒

⃒

⃒
𝒜(∓)

𝐻2𝑛±1∓𝜔IR
,𝑝𝐿

⃒

⃒

⃒
𝑒∓𝑖𝜔IR𝜏𝑒𝑖𝜂

(±)
𝑝 (𝐸∓𝜔IR)𝑒𝑖𝜑

±
cc,𝜆𝐿𝑌 0

𝐿 (𝜃)

=
∑︁

𝐿=0,2

𝑒𝑖
𝜋
2

⃒

⃒

⃒
𝒜(∓)

𝑝𝐿

⃒

⃒

⃒
𝑒∓𝑖𝜔IR𝜏𝑒𝑖𝜂

(±)
𝑝 (𝐸∓𝜔IR)𝑌 0

𝐿 (𝜃) , (4.9)

using the fact that for the short-ranged Yukawa potential the continuum-continuum phase
vanishes, i.e. 𝜑±cc,𝜆𝐿 = 0. We assume that all őelds are linearly polarized along 𝑧 and hence
all magnetic quantum numbers are 𝑚 = 0.
The photoelectron spectrum for the sideband is given by

|Ψ(𝐸, 𝜏, 𝜃)|2 =
(︂

⃒

⃒

⃒
𝒜(+)

𝑝0

⃒

⃒

⃒

2

+
⃒

⃒

⃒
𝒜(−)

𝑝0

⃒

⃒

⃒

2
)︂

𝑌 0
0 (𝜃)2 +

(︂

⃒

⃒

⃒
𝒜(+)

𝑝2

⃒

⃒

⃒

2

+
⃒

⃒

⃒
𝒜(−)

𝑝2

⃒

⃒

⃒

2
)︂

𝑌 0
2 (𝜃)2

+
(︁⃒

⃒

⃒
𝒜(+)

𝑝0

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(+)

𝑝2

⃒

⃒

⃒+
⃒

⃒

⃒𝒜(−)
𝑝0

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(−)

𝑝2

⃒

⃒

⃒

)︁

𝑌 0
0 (𝜃)𝑌 0

2 (𝜃)

+2
[︁⃒

⃒

⃒
𝒜(+)

𝑝0

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(−)

𝑝0

⃒

⃒

⃒
𝑌 0
0 (𝜃)2 +

⃒

⃒

⃒
𝒜(+)

𝑝2

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(−)

𝑝2

⃒

⃒

⃒
𝑌 0
2 (𝜃)2

]︁

Re

{︂

𝑒
𝑖
(︁

𝜔IR𝜏+𝜂
(+)
𝑝

)︁

𝑒
−𝑖

(︁

−𝜔IR𝜏+𝜂
(−)
𝑝

)︁

}︂

+2𝑌 0
0 (𝜃)𝑌 0

2 (𝜃)
[︁⃒

⃒

⃒𝒜(+)
𝑝0

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(−)

𝑝2

⃒

⃒

⃒
+
⃒

⃒

⃒
𝒜(−)

𝑝0

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(+)

𝑝2

⃒

⃒

⃒

]︁

Re

{︂

𝑒
𝑖
(︁

𝜔IR𝜏+𝜂
(+)
𝑝

)︁

𝑒
−𝑖

(︁

−𝜔IR𝜏+𝜂
(−)
𝑝

)︁

}︂

= 𝐴 (𝜃) + 2
⃒

⃒

⃒𝒜(+)
𝑝0

⃒

⃒

⃒

2

𝐵 (𝜃) cos
(︀

2𝜔IR𝜏 − [𝜂(−)𝑝 − 𝜂(+)
𝑝 ]

)︀

= 𝐴 (𝜃) + 2
⃒

⃒

⃒
𝒜(+)

𝑝0

⃒

⃒

⃒

2

𝐵 (𝜃) cos (2𝜔IR𝜏 +∆𝜂𝑝) . (4.10)

The term 𝐴 in Eq. (4.10) is constant with respect to the delay 𝜏 and

𝐵 (𝜃) = 𝑎𝑌 0
0 (𝜃)2 + 𝑏𝑐2𝑌 0

2 (𝜃)2 + 𝑌 0
0 (𝜃)𝑌 0

2 (𝜃) 𝑐 (1 + 𝑎𝑏) (4.11)

is the angle dependent pre-factor of the cos (2𝜔IR𝜏 +∆𝜂𝑝) oscillation. The factors 𝑎, 𝑏, 𝑐
are deőned as

𝑎 =
⃒

⃒

⃒
𝒜(−)

𝑝0

⃒

⃒

⃒
/
⃒

⃒

⃒
𝒜(+)

𝑝0

⃒

⃒

⃒
, (4.12)

𝑏 =
⃒

⃒

⃒𝒜(+)
𝑝2

⃒

⃒

⃒ /
⃒

⃒

⃒𝒜(−)
𝑝2

⃒

⃒

⃒ , (4.13)

𝑐 =
⃒

⃒

⃒
𝒜(−)

𝑝2

⃒

⃒

⃒
/
⃒

⃒

⃒
𝒜(+)

𝑝0

⃒

⃒

⃒
. (4.14)

Following Fano’s propensity rules11 [173, 174] 𝑎 and 𝑏 are > 1. Eq. (4.11) shows that
𝐵 (𝜃) can change the sign from positive to negative for 𝜃 > 58∘ due to the node in

11 Fano’s propensity rules: Upon absorption of a photon the probability that the angular momentum of
the electron ℓ is increased, is bigger than the probability to decrease ℓ. Conversely, for emission of a
photon the probability to decrease ℓ is bigger [174].
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32 4.1. Angle dependence of time delays

𝑌 0
2 (𝜃) ∝ [3 cos2 (𝜃)− 1]. The sign change of 𝐵 (𝜃) results in a phase jump of the retrieved

phase, which is exactly what we observe in Fig. 4.2 for the Yukawa potential. The angle
at which 𝐵 (𝜃) changes its sign for photoionization of helium depends strongly on both the

őnal photoelectron energy and the undetermined parameter 𝑐 =
⃒

⃒

⃒𝒜(−)
𝑝2

⃒

⃒

⃒ /
⃒

⃒

⃒𝒜(+)
𝑝0

⃒

⃒

⃒, Fig. 4.4.
For the speciőc case shown in Fig. 4.4 the angle at which the jump occurs increases mono-

Figure 4.4.: Angle at which 𝐵 (𝜃) [Eq. (4.11)] changes sign as function of the final photoelectron
energy and the parameter 𝑐. 𝑎 and 𝑏 are extracted from [173] for ionization of
helium. The white area represents the parameter range where Eq. (4.11) predicts
no phase jump.

tonically with the őnal energy for őxed value of 𝑐. Conversely, the angle decreases for
constant őnal energy if 𝑐 is increased, which is plausible due to the bigger weight of the 𝑑
partial wave. If the 𝑠 wave is more dominant compared to the 𝑑 wave no phase jump is
visible (white area in Fig. 4.4).
To be able to extract a jump angle for both considered potentials we deőne the jump an-
gle for the Coulomb potential at the middle of the observed symmetric drop. As already
seen in Fig. 4.3b, the position of the phase jump increases monotonically with the őnal
photoelectron energy for both potentials [Fig. 4.5]. Interestingly, the position is in almost
perfect agreement for the two potentials. This indicates that őrst, the parameter 𝑐 is very
similar for the two potentials, and second, although the Coulomb potential shows a much
smoother variation of the time delay with the angle, the position of the rapid change is
not altered. The monotonic increase of the jump angle with the őnal electron energy is
observed for all considered wavelengths.
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4. Angle resolved RABBITT 33
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Figure 4.5.: Angle at which the time delay exhibits a rapid jump for the Yukawa and the Coulomb
potential (hydrogen). The wavelength of the fundamental IR field is 𝜆IR = 740 nm.
The pulse parameters are the same as for the results shown in Fig. 4.3 a for this
wavelength. For details see text.

The blurring of the phase jump for the Coulomb potential as compared to the Yukawa
potential, can most likely be explained by the modiőcation of Eq. (4.8) for the long-range
potential

Ψ(𝐸, 𝜏, 𝜃) =
∑︁

𝐿=0,2

𝑒𝑖
𝜋
2 𝑌 0

𝐿 (𝜃)

[︂

⃒

⃒

⃒
𝒜(+)

𝑝𝐿

⃒

⃒

⃒
𝑒
𝑖
(︁

𝜔IR𝜏+𝜂
(+)
𝑝 +𝜑+

cc,𝑝𝐿

)︁

+
⃒

⃒

⃒𝒜(−)
𝑝𝐿

⃒

⃒

⃒
𝑒
𝑖
(︁

𝜔IR𝜏+𝜂
(−)
𝑝 +𝜑−

cc,𝑝𝐿

)︁

]︂

, (4.15)

as given by Eq. 3.4 for an intermediate state with 𝜆 = 1 (𝑝 wave). Indications of a de-
pendence of the continuum-continuum phase 𝜑±𝑐𝑐,𝜆𝐿 on the őnal angular momentum 𝐿 have
already been seen in [31, 32]. This dependence cancels, however, almost completely if
only the difference between 𝜑+

cc,𝑝𝐿 and 𝜑−cc,𝑝𝐿 for the same 𝐿 is considered. This is the
case for angle-integrated RABBITT spectra where all terms of Eq. (4.10) proportional to
𝑌 0
0 𝑌

0
2 vanish. If the difference between continuum-continuum phases 𝜑±𝑐𝑐,𝜆𝐿 for different

őnal angular momenta 𝐿 contributes, as for angle-resolved RABBIT spectra, the angular
momentum dependence of 𝜑±cc,𝑝𝐿 becomes clearly visible, see also Sec. 4.3. The observation
that the total phase variation is smaller for increasing IR wavelengths [Fig. 4.3] can be
attributed to larger values of the continuum-continuum coupling 𝜑±cc,𝑝𝐿 for increasing IR
wavelength.
So far we have always considered ionization from an initial 𝑠 electron, which leads to
a superposition of an 𝑠 and 𝑑 wave for the photoelectron wave packet produced by the
RABBITT technique. Considering instead ionization from an initial 𝑝0 electron the őnal
two-photon photoelectron wave packet consists of a superposition of 𝑝0 and 𝑓0 waves which
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Figure 4.6.: Angle resolved RABBITT time delay for ionization of the 2𝑝0 shell of neon within the
single-active electron approximation compared to the analytic prediction Eq. (4.1).
The final electron energy is 21.98 eV. The numerical parameters are given in
App. J.1.3.

implicates a very different combination of partial waves in Eq. (4.15) with őnal angular
momenta 𝐿 = 1, 3. Thus we expect a qualitatively different angle dependence of 𝜏𝑐𝑐 as
compared to ionization of an electron from an 𝑠 shell, e.g. hydrogen, for electrons ionized
from different shells. We illustrate this by analyzing the angle dependence of the RAB-
BITT time delay obtained for photoionization of neon from the 2𝑝0 shell. We treat the
neon atom in the single-active electron approximation using the model potential given in
[114]. The IR wavelength is 𝜆IR =800nm and the APT is formed from the 29𝑡ℎ and 31𝑠𝑡

harmonic. For emission angles 𝜃 < 30∘ we őnd good agreement between the analytical
prediction [Eq. 4.1] and the obtained delay, while for larger emission angles the overall
shape looks similar but the absolute magnitude of the variation is not captured correctly,
see Fig. 4.6. The variation of the analytical prediction is due to the angle-dependent scat-
tering delay 𝜏EWS, since we use an angle independent formula for 𝜏𝑐𝑐, Eq. (4.5).
Concluding, we őnd that the interference of the different partial waves populated by the
two-photon transitions inherent in RABBITT leads to a angle-dependent variation of the
retrieved time delay. The functional form of this variation depends strongly on the ini-
tial angular momentum of the ionized electron. A recent study has drawn very similar
conclusions [173].
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Figure 4.7.: (a) Electron spectrum of the different He+(𝑛 = 𝑘) shake-up channels for photoion-
ization of helium by a 2 fs FHWM duration XUV pulse with a central photon energy
of 100 eV. (b) Electron spectrum of the different shake-up channels in helium after
ionization by a 0.3 fs FHWM duration XUV pulse with a central photon energy of
100 eV.
To be able to compare the ionization yields of the different channels, the spectra
for all channels apart for the shake-down channel [He+(𝑛 = 1)] are multiplied by
15.

4.1.2. Angle dependence of the photoionization time delay for
shake-up states in helium

During shake-up ionization of a multi-electron system the ionized electron interacts with
the residual electron via electron-electron interaction and thus can promote excitations
of the ion. If such an excitation takes place the energy of the ionized electron is smaller
compared to an ionization event where the residual ion stays in the ground state (shake-off
ionization). For the prototypical system of atomic helium this leads to multiple peaks in
the single-photon ionization spectrum at energies

𝐸𝑠 = 𝐸𝛾 − 𝐼𝑝,1 −
(︀

𝐸He+(𝑛=𝑠) − 𝐸He+(𝑛=0)

)︀

(4.16)

= 𝐸𝛾 − 𝐼𝑝,1 − 2
𝑠2 − 1

𝑠2
,

if the spectral width of the ionizing pulse is small enough for the peaks not to overlap, see
Fig. 4.7a. 𝐸𝛾 is the energy of the absorbed photon, 𝐼𝑝,1 is the őrst ionization potential for
helium (0.904 a.u.), and 𝐸He+(𝑛=𝑠) = − 2

𝑠2
a.u. is the energy of the He+(𝑛 = 𝑠) residual ion.

Even though the timing of shake-up ionization has already been investigated in depth with
streaking experiments and calculations [26, 28ś30, 100, 193ś195] it is worthwhile revisiting
this process with RABBITT for a multitude of reasons.
First, the spectral width of the single attosecond pulse used for streaking is too broad to
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36 4.1. Angle dependence of time delays

analyze the 𝑛 = 2 shake-up channel isolated from the 𝑛 > 2 channels, since the spectral
overlap of the peaks intertwines the information of the different channels. This can be seen
explicitly in Fig. 4.7b where we use an XUV with FHWM duration of 300 as typically used
in streaking [28]. While the He+(𝑛 = 1) channel is clearly separated from the shake-up
channels He+(𝑛 ≥ 2) all shake-up channels overlap spectrally. This makes the analysis of
streaking spectra in presence of overlapping channels quite difficult as was seen, e.g., for
photoionization of neon [26, 193]. In RABBITT, it is possible to energetically separate
the different channels and analyze them separately [196], see also Fig. 4.7a. Second, the
interpretation of angle-resolved spectra is more intuitive for RABBITT as geometric effects
due to the directionality of the momentum shift caused by the moderately strong IR őeld
beyond the dipole approximation do not need to be considered [190, 191]. Third, shake-up
ionization of helium provides a prototypical example to compare RABBITT and streaking
(when still feasible) and to check whether both techniques extract the same photoioniza-
tion time delays for polarizable targets.
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Figure 4.8.: (a) Spectrum of the APT used for all simulations shown in Sec. 4.1.2. (b) Time
delays 𝜏𝑅 obtained from fully angle-integrated RABBITT traces resolved for the
n=1,2 and 3 shells upon ionization by the APT shown in (a).
The wavelength of the fundamental IR is 𝜆I𝑅 = 740nm with a peak intensity of
2× 109 W/cm2. The FHWM duration of the IR and the APT are 20 fs and 15 fs.

Throughout this subsection we use an IR with wavelength 𝜆IR =740nm, FWHM duration
of 20fs and peak intensity of 2× 109 W/cm2. The APT consists of the 55th, 57th, 59th, 61st

and 63rd harmonic of the fundamental with a FWHM duration of 15fs and peak intensities
between 1010 W/cm2 and 1012 W/cm2, see Fig. 4.8a. For more details on the numerical
parameters see App. J.2.1. A typical RABBITT trace from which the photoionization time
delays 𝜏𝑅 are obtained is shown in Fig. 4.9b. To avoid any inŕuence of overlapping channels
we analyze all RABBITT traces separately for each channel, unless stated otherwise.
Due to the high spectral resolution of RABBITT the őnal electron energies are well sep-
arated for the three-lowest energetic residual ions [Fig. 4.9a]. For the prototypical case
where the residual ion is in the groundstate, He+ (𝑛 = 1), i.e. the shake-down channel, the
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Figure 4.9.: (a) Fully angle-integrated photoelectron spectrum upon ionization by the APT
shown in Fig. 4.8a for vanishing time delay between the APT and the fundamental
IR (𝜏 = 0) centered on the energy region of the 𝑛 = 2, 3 shake-up channels.
The high spectral resolution provided by RABBITT allows to clearly distinguish the
different sidebands (marked by arrows) of the two shake-up channels. (b) Fully
angle-integrated RABBITT trace for the He+(𝑛 = 1) shake-down channel.
The wavelength of the fundamental IR is 𝜆I𝑅 = 740nm with a peak intensity of
2× 109 W/cm2. The FHWM duration of the IR and the APT are 20 fs and 15 fs.

retrieved delays 𝜏𝑅 depends only very weakly on the őnal electron energies, see Fig. 4.8b.
The absolute values obtained from the angle-integrated RABBITT traces are in very good
agreement with streaking calculations and measurements [28, 29, 100]. Furthermore, the
photoionization delays are also in very good agreement with single active electron calcula-
tions showing that electronic correlations do not inŕuence the photoionization time delay
in the shake-down channel for high photon energies [30, 100]. The time delays for the
shake-up channels, however, show a much stronger dependence on the őnal electron en-
ergy.
The experimentally measured time delays employing attosecond streaking between shake-
down ionization [He+ (𝑛 = 1)] and shake-up ionization [He+ (𝑛 ≥ 2)]

𝜏 (𝑛≥2) − 𝜏 (𝑛=1) (4.17)

agree very well with streaking simulations extracted from literature [28]. Comparing those
values, however, to 𝜏

(𝑛=2)
𝑅 − 𝜏

(𝑛=1)
𝑅 obtained from angle-integrated RABBITT traces we

őnd a striking difference of approximately 7 as [Fig. 4.10] between the RABBITT calcu-
lations and the streaking results (theory and experiment). This difference is not caused
by the slightly different IR wavelength which alters only the time delay caused by the IR
transition (𝜏𝑐𝑐 or 𝜏𝐶𝐿𝐶) by less than 1 as. Rather the difference can be attributed to two
fundamentally different effects. First, in streaking, due to the spectral width of the ion-
izing XUV pulse, it is experimentally not possible to separate the contributions from the
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Figure 4.10.: Comparison of the relative photoionization time delay 𝜏 (𝑛≥2) − 𝜏 (𝑛=1) between
electrons in the shake-up channels [He+ (𝑛 > 2)] and in the shake-down channel
[He+ (𝑛 = 1)] for streaking and RABBITT. The experimental (boxes) and sim-
ulation results (empty circles) including all shake-up channels for streaking are
extracted from [28]. The simulation results including only the He+ (𝑛 = 2) shake-
up channel (full circles) for streaking are extracted from [29]. RABBITT allows
to directly retrieve the time delays for the He+ (𝑛 = 2) shake-up channel as the

higher channels are spectrally separated. We retrieve 𝜏
(𝑛=2)
𝑅 − 𝜏

(𝑛=1)
𝑅 from fully

angle-integrated RABBITT traces (empty green triangles) and RABBITT traces
evaluated just in forward direction, i.e. 𝜃 = 0∘ (filled purple triangles). The
numerical parameters are given in J.2.1.
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4. Angle resolved RABBITT 39

He+ (𝑛 = 2) and He+ (𝑛 > 2) channels. This mixing leads to a larger time delay between
shake-down and shake-up ionization [29]. RABBITT circumvents this problem as the bet-
ter spectral resolution allows to separate the different channels. Second the retrieved time
delay is not isotropic for the shake-up channels and thus a difference between the time
delay obtained from an angle-integrated RABBITT trace and a streaking trace which is
evaluated in forward direction (𝜃 = 0∘) has to be expected. Taking these two difference
into account the time delay difference 𝜏 (𝑛=2)

𝑅 − 𝜏 (𝑛=1)
𝑅 obtained from RABBITT traces eval-

uated just in forward direction (𝜃 = 0∘) agrees very well with streaking calculations for the
same quantity, i.e. selecting only the 𝑛 = 2 shake-up channel. A more detailed comparison
between RABBITT and streaking is given in appendix B.2.
The inŕuence of the angular momentum of the residual ion is revealed by calculating the
time delays not only for the full He+ (𝑛 = 2) shell, but also for the He+ (2𝑠) and He+ (2𝑝)
states as well as for the two parabolic Stark states He+ (𝑛 = 2, 𝑘 = ±1) separately, see
Fig. 4.11a.
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Figure 4.11.: Angle dependence of the retrieved delays for the 𝑛 = 2 shake-up channel with
RABBITT. For brevity, we only show results for the lowest energetic sideband
[𝐸 ≈ 28.4 eV]. We checked that the other sidebands show similar results. (a) Ab-
solute time delay as function of the electron emission angle relative to the laser
polarization axis 𝜃. (b) Relative time delay with respect to emission along 𝜃 = 0∘.

The considerable variation of the time delays for the different residual ions for emission
along 𝜃 = 0∘ was observed and explained before by the different scattering delay 𝜏EWS

and the different effective dipole moment 𝑑eff [Eq. 4.7] and hence different dipole delay
𝜏dipole [29]. The contribution from the continuum-continuum transition is the same for all
channels along 𝜃 = 0∘.
Close inspection of the relative time delay 𝜏 (𝜃)−𝜏 (𝜃 = 0∘) reveals that the functional form
of the angle-variation is quite different for the different channels as was to be expected based
on the results from Sec. 4.1.1, see Fig. 4.11b. The |𝑘 = −1⟩ state shows a very slight in-
crease until 𝜃 ≈ 40∘ before the delay decreases rapidly while the time delay for the 2𝑝 state
decreases monotonically. The three other states show a similar behavior of the relative
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40 4.1. Angle dependence of time delays

time delay variation with the emission angle. The angle dependence shown in Fig. 4.11
cannot be explained by the small variation of the scattering delay 𝜏EWS [Fig. 4.12 a], as
the variation of 𝜏EWS is drastically smaller compared to the variation observed for 𝜏𝑅 (𝜃).
To compare our numerical results to the analytic prediction [Eq. (4.1)] we explicitly take
the angle dependence of 𝜏EWS and of the dipole delay 𝜏dipole [Eq. (4.6)] into account. In
the absence of an analytic prediction for the angle dependence of 𝜏𝑐𝑐, we use Eq. (4.5).
Doing so we obtain reasonable agreement for the n=2 shell between the numerical results
and the analytic prediction [blue line and points in Fig. 4.12b]. For the He+(2𝑠) channel
the analytical prediction matches the numerical results almost perfectly. In the case of
the He+(2𝑝) channel the analytical prediction deviates for 𝜃 > 20∘. Nevertheless, with the
near perfect agreement for the He+ (2𝑠) residual ion we are able to conőrm the prediction
of the angle-dependence for 𝜏dipole (𝜃), as this is the only angle-dependent contribution in
the analytical prediction and correctly describes the variation of the time delay by 35as.
The good agreement for the full He+(𝑛 = 2) shell is due to the dominance of the He+(2𝑠)
over the He+(2𝑝) channel for the considered emission angles.
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Figure 4.12.: (a) Variation of the scattering delay 𝜏EWS with the emission angle.
(b) Comparison of the retrieved photoemission time delay (points) for RABBITT
with the analytic prediction given by Eq. (4.1) (solid lines) by taking into account
the angle-dependence of the scattering delay 𝜏EWS and of the polarization delay
𝜏dipole.
For brevity, we only show results for the lowest energetic sideband [𝐸 ≈ 28.4 eV].
We checked that the other sidebands show similar results.

For the 𝑛 = 3 shake-up states [Fig. 4.13] the retrieved time delays vary up to 200as within
the considered range of emission angles. Similar to the He+(𝑛 = 2) shell the retrieved time
delays for the 𝑛 = 3 shake-up channels decrease monotonically with increasing emission an-
gle 𝜃. This qualitative trend is also reŕected by the analytic prediction. For the He+(𝑛 = 3)
shake-up channels differences (especially for the 3𝑑 channel) between the calculated time
delays and the analytical prediction are already visible for emission along 𝜃 = 0∘. One
possible explanation for this is that, the He+(𝑛 = 3) shake-up channels are energetically
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4. Angle resolved RABBITT 41

already quite close to the He+(𝑛 = 4) channels (∆𝐸 ≈ 2.6eV). It has been shown that
already such a near degeneracy introduces a dipole delay to the retrieved time delays [100].
Our prediction for the dipole delay [Eq. (4.6)] does include, however, only contributions
from fully degenerate states. To develop a proper prediction for the dipole delay including
the inŕuence of nearly degenerate states modiőcations of Eq. (4.6) would be necessary.
This goes beyond the scope of this thesis, but is an interesting further direction to study
photoemission time delays from more complex targets, e.g. molecules, where the energy
levels can be expected to be much more dense compared to He+.
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Figure 4.13.: Angle dependence of the He+(𝑛 = 3) shake-up states. We consider the lowest
energetic sideband which corresponds to an photoelectron energy of approximately
21 eV. The solid lines represent the analytic prediction [Eq. (4.1)] and the points
the simulation results.

An alternative approach to study the angle-dependence of time delays is to expand the
measured electron spectrum into spherical harmonics

|Ψ(𝐸, 𝜃)|2 =
𝐽m𝑎𝑥
∑︁

𝑗=0

𝛽𝑗 (𝐸)𝑌
0
𝑗 (𝜃) (4.18)

where 𝛽𝑗12 are anisotropy parameters [35, 177, 197ś199]. This approach can be seen as
an extension of standard angular resolved photoelectron spectroscopy. All odd 𝛽𝑗 are 0 as
long as we only consider sufficiently long APTs and, hence, avoid the spectral overlap (and
hence interference) of main- and sidebands. All even 𝛽𝑗 oscillate with the same frequency
as the full spectrum.
Comparing the time delays retrieved from the oscillating 𝛽𝑗’s for the different residual ions
we observe that the shake-down channel yields the same time delays for 𝛽0, 𝛽2, and 𝛽4,
Fig. 4.14. For the shake-up channels we observe that the different 𝛽𝑗 parameters experience

12 𝛽0 is directly proportional to the angle-integrated signal, due to the orthogonality relation of the
spherical harmonics.
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42 4.1. Angle dependence of time delays
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Figure 4.14.: Time delays obtained from analyzing the oscillation of the 𝛽𝑗 parameters
[Eq. (4.18)] for the n=1,2,3 shake-up channels separately. 𝛽0 : (�) , 𝛽2 : (○),
𝛽4 : (△).

strongly differing delays which is an indication of the different partial wave mixing.
To connect the delays obtained from angle-integrated RABBITT traces with angle-resolved
time delays calculated within this thesis we also investigate how the RABBITT spectra
depend on the opening angle Θmax up to which the spectra are integrated over. As ex-
pected from our previous results the time delays retrieved from partially angle integrated
spectra do not depend on the opening angle Θmax for the shake-down channel, but show
a pronounced angle dependence for the shake-up channels, Fig. 4.15. The non-monotonic
variation of the time-delay with increasing opening angle Θmax arises due to the forward-
backward symmetry of the retrieved time delays.
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Figure 4.15.: Retrieved delays for the different shake-up channels retrieved from partially angle
integrated RABBITT spectra up to opening angle Θmax for the lowest energetic
sideband. The final electron energy is approximately 69.2 eV for the He+(𝑛 = 1)
channel, 28.4 eV for the He+(𝑛 = 2) channel and 20.8 eV for the He+(𝑛 = 3)
channel.

4.2. Analyzing RABBITT traces for overlapping

channels13

So far we have considered well isolated ionization channels. Unfortunately, this is not
the typical case. Instead in multi-electron systems many ionization channels overlap at
each considered energy. This becomes especially problematic for attosecond metrology
techniques where the energy resolution is limited by the considerable spectral width of
the exciting XUV pulses. Overlapping channels and hence a convoluted retrieved phase
information was also identiőed [193] as probable reason for the disagreement between the
experimentally observed [26] and theoretically predicted [193, 195, 200] time delay between
photoionization from the neon 2𝑠 and 2𝑝 subshell. A recent RABBITT experiment man-
aged to spectrally separate the signal from the 2𝑠 subshell and nearby shake-up satellite
within their experiment and found good agreement with various theoretical calculations
[196], thereby showing the potential of the high energy resolution provided by RABBITT.
In the remainder of this subsection, we will focus on the more general case where the
spectral resolution of RABBITT is not sufficient to disentangle the different ionization
channels in the electron spectrum. To do so we choose a scenario where the sidebands
for the He+ (𝑛 = 2) and the He+ (𝑛 = 3) channels are directly on top of each other, see
Fig. 4.16a. The exact parameters employed in the simulations are given in App. J.2.2.
We can analyze the spectral RABBITT traces for the He+ (𝑛 = 2) and the He+ (𝑛 = 3)

13 The calculations shown in this section were performed in collaboration with Manuel Ederer in the
course of his master thesis.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

44 4.3. Measuring phase differences between different continuum-continuum transitions

channels separately and obtain the corresponding time delay for each channel. The delay
of the spectrum for the overlapping channels is expected to be given by the incoherent sum

𝜏avg (𝜃) =
𝜎n=2 (𝜃) 𝜏n=2 (𝜃) + 𝜎n=3 (𝜃) 𝜏n=3 (𝜃)

𝜎n=2 (𝜃) + 𝜎n=3 (𝜃)
, (4.19)

where 𝜎n=k (𝜃) is the angle-dependent single-photon ionization cross section and 𝜏n=k (𝜃)
the respective time delay for the He+ (𝑛 = 𝑘) channel, see also Eq. (4.4). Comparing
the delay obtained from Eq. (4.19) to the numerical results obtained from analyzing the
spectrum with overlapping channels we see almost perfect agreement for a large range of
electron emission angles, Fig. 4.16b. Although we have considered in this scenario only
two overlapping channels we have no doubt that this can be generalized to an arbitrary
number of channels.
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Figure 4.16.: (a) Single-ionization spectra for the He+ (𝑛 = 2, 3) sub-shell after IR assisted
XUV ionization (RABBITT) for time delay 𝜏 = 0 between the IR and the APT.
(b) Time delays obtained from RABBITT spectra calculated for the separate
He+ (𝑛 = 2, 3) sub-shells and the total spectrum including all channels compared
to the time delays obtained via incoherent summation [Eq. (4.19)].
The numerical parameters are given in App. J.2.2.

4.3. Measuring phase differences between different

continuum-continuum transitions

In the őnal section of this chapter we investigate the continuum-continuum phase 𝜑±𝑐𝑐,𝜆ℓ in
more detail and propose a scheme to measure it accurately. We discuss a joint experimental
and theoretical work where angle and energy resolved RABBITT traces are used to extract
the dependence of 𝜑±𝑐𝑐,𝜆ℓ on the őnal angular momentum ℓ [Eq. 3.4] for the prototypical case
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4. Angle resolved RABBITT 45

of helium14 [101]. The full angular distribution allows to retrieve the relative two-photon
phase between őnal states with the same energy but different angular momenta involving
the same intermediate state. This is complementary to conventional RABBITT, where
phase differences between paths involving different intermediate states are measured, see
Fig. 4.17. We note that this work is similar to complete single-photon ionization exper-
iments [201] and the detection of phase differences with angle-resolved spin polarization
measurements [202ś204].

4.3.1. Photoelectron angular distributions for single ionization of
helium

For ionization from the ground state 𝑠-shell of helium, four main quantum pathways con-
tribute to each RABBITT sideband, namely, the transitions 𝑠 → 𝑝 → 𝑠 and 𝑠 → 𝑝 → 𝑑,
for both the absorption [Fig. 4.17a] and stimulated emission [Fig. 4.17b] of the IR photon.
In the weak-őeld regime, the 𝑠 (ℓ = 0) and 𝑑 (ℓ = 2) photoionization amplitudes at the
sideband with energy 𝐸𝑓 can be expressed, within lowest-order of perturbation theory, by
the well-known two-photon-transition formula Eq. (3.3) [176]. To disentangle the phases

Figure 4.17.: Sketch of the possible two-photon pathways for ionization from an 𝑠 electron for
absorption of one XUV photon and (a) absorption or (b) emission of an IR photon.
The wider arrow indicates the preferred transition from the intermediate to the
final state due to Fano’s propensity rules [173, 174].

of the different partial waves we use a decomposition in the spirit of Eq. (3.4) [27, 31, 32]

𝒜(2)
𝐻2𝑛±1∓𝜔𝐼𝑅,𝜆ℓ

=
⃒

⃒

⃒
𝒜(2±)

ℓ

⃒

⃒

⃒
𝑒
𝑖
(︁

𝜑
(2±)
𝜆ℓ
±𝜔IR𝜏

)︁

, (4.20)

14 The experiments were performed in the group of Ursula Keller at the ETH Zürich. The single-active
electron calculations were performed by Nicolas Douguet in the group of Luca Argenti at the University
of Central Florida.
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46 4.3. Measuring phase differences between different continuum-continuum transitions

where we do not decompose the two-photon phase 𝜑(2±)
𝜆ℓ explicitly into a scattering phase

𝜂𝜆 and a continuum-continuum phase 𝜑±cc,𝜆ℓ as done in Eq. (3.4). As we are considering
single-ionization of helium close to the single-ionization threshold the intermediate state
is always a 𝑝 wave and thus we will drop the dependency on the intermediate angular
momentum 𝜆 in the following, as it is the same for all quantities. The photoelectron yield
at each sideband is given by

𝑃 (𝜃, 𝜏) =
⃒

⃒

⃒

(︀

𝒜(2+)
𝑠 +𝒜(2−)

𝑠

)︀

𝑌 0
0 (𝜃) +

(︁

𝒜(2+)
𝑑 +𝒜(2−)

𝑑

)︁

𝑌 0
2 (𝜃)

⃒

⃒

⃒

2

=
4

∑︁

𝑗=0

𝛽𝑗 (𝜏)𝑌
0
𝑗 (𝜃) . (4.21)

where 𝜃 is the angle between the laser polarization axis. The anisotropy parameters 𝛽𝑗
obtained from Eq. (4.21) are given by

𝛽0 =
1√
4𝜋

{︁

⃒

⃒𝒜(2+)
𝑠

⃒

⃒

2
+
⃒

⃒𝒜(2−)
𝑠

⃒

⃒

2
+ 2

⃒

⃒𝒜(2+)
𝑠

⃒

⃒

⃒

⃒𝒜(2−)
𝑠

⃒

⃒ cos
(︀

2𝜔IR𝜏 + 𝜑(2+)
𝑠 − 𝜑(2−)

𝑠

)︀

+
⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒

2

+
⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒

2

+ 2
⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒
cos

(︁

2𝜔IR𝜏 + 𝜑
(2+)
𝑑 − 𝜑

(2−)
𝑑

)︁

}︂

,

(4.22)

𝛽2 =

√
5

7
√
𝜋

[︂

⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒

2

+ 2
⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒

2

+
⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒
cos

(︁

2𝜔IR𝜏 + 𝜑
(2+)
𝑑 − 𝜑

(2−)
𝑑

)︁

]︂

+
2√
𝜋

[︁

⃒

⃒𝒜(2+)
𝑠

⃒

⃒

⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒
cos

(︁

𝜑(2+)
𝑠 − 𝜑

(2+)
𝑑

)︁

+
⃒

⃒𝒜(2−)
𝑠

⃒

⃒

⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒
cos

(︁

𝜑(2−)
𝑠 − 𝜑

(2−)
𝑑

)︁

+
⃒

⃒𝒜(2+)
𝑠

⃒

⃒

⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒
cos

(︁

2𝜔IR𝜏 + 𝜑(2+)
𝑠 − 𝜑

(2−)
𝑑

)︁

+
⃒

⃒𝒜(2−)
𝑠

⃒

⃒

⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒ cos
(︁

2𝜔IR𝜏 + 𝜑
(2+)
𝑑 − 𝜑(2−)

𝑠

)︁]︁

, (4.23)

𝛽4 =
3

7
√
𝜋

[︂

⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒

2

+
⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒

2

+ 2
⃒

⃒

⃒
𝒜(2+)

𝑑

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(2−)

𝑑

⃒

⃒

⃒
cos

(︁

2𝜔IR𝜏 + 𝜑
(2+)
𝑑 − 𝜑

(2−)
𝑑

)︁

]︂

. (4.24)

The two-photon phases

𝜑
(2±)
ℓ =𝜑±𝑐𝑐,ℓ (𝐸, 𝜔IR) + 𝜑

(1)
𝑏𝑐 (𝐸 ∓ 𝜔IR)

=𝜑±𝑐𝑐,ℓ (𝐸, 𝜔IR) + 𝜂𝑝 (𝐸 ∓ 𝜔IR) + 𝜑XUV(𝐸 ∓ 𝜔IR) (4.25)

contain both the phase 𝜑±𝑐𝑐,ℓ of the continuum-continuum transition and the phase 𝜑(1)
𝑏𝑐

associated with the preceding ionization [bound-continuum (bc) transition] by the APT.
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The latter one contains the phase of the ionizing XUV pulse 𝜑XUV and the atomic phase
𝜂𝑝 for the half-scattering process of the outgoing electron wavepacket at the atomic po-
tential [see also Eq. (A.5)]. As discussed before the spectral derivative of the one-photon
scattering phase d𝜂𝑝(𝐸)/d𝐸 is the EWS delay for single photon ionization [30]. Analo-
gously, d𝜑±𝑐𝑐,ℓ(𝐸, 𝜔IR)/d𝐸 can be interpreted as the delay of continuum-continuum transi-
tions. However, since the IR-driven cc-transition occurs primarily at large distances from
the atomic core [27], the accumulated phase, unlike for one-photon ionization does not ac-
count for the full half-scattering phase. Rather the continuum-continuum phase originates
only from the propagation in the long-range tail of the atomic potential. Therefore, the
inŕuence of the centrifugal potential 𝐿2/2𝑟2 on the cc-phase was previously neglected [27].
As shown in section 4.1 this approximation is not valid anymore if RABBITT spectra are
analyzed for large electron emission angles.

4.3.2. Extracting phase differences between continuum-continuum
transitions to different final angular momenta

Each of the three 𝛽𝑗 parameters [Eqs. (4.22) ś (4.24)] oscillates at twice the IR frequency

𝛽𝑗 (𝜏) = 𝑎+ 𝑏 cos (2𝜔IR𝜏 − 𝜑) , (4.26)

with a well deőned offset 𝑎, amplitude 𝑏, and phase 𝜑, which are directly related to the
parameters in Eq. (4.21) and can all be unambiguously extracted from the measurement.
The system of Eqs. (4.22) ś (4.24) has 4 unknown amplitudes and 4 unknown phases. The
phases appear in differences only, and are thus only determined up to an overall constant,
allowing us to set one of the phases to zero without loss of generality. The experimentally
unknown absolute time zero is subtracted out hereby. The remaining variables can then be
őtted simultaneously to the system of equations using a least square minimization routine
based on the Levenberg-Marquardt-algorithm [205].
Making use of both the angle-dependent phase and amplitude of the RABBITT interference
pattern we can thus determine the amplitudes and relative phases of all four quantum
paths contributing to any given sideband. In particular, the relative phase between the
two pathways which lead to different angular momenta, is for the absorption

𝜑(2+)
𝑠 (𝐸, 𝜔IR)− 𝜑

(2+)
𝑑 (𝐸, 𝜔IR) = 𝜑+

𝑐𝑐,𝑠 (𝐸, 𝜔IR) + 𝜑
(1)
𝑏𝑐 (𝐸 − 𝜔IR)

− 𝜑+
𝑐𝑐,𝑑 (𝐸, 𝜔IR)− 𝜑

(1)
𝑏𝑐 (𝐸 − 𝜔IR)

= 𝜑+
𝑐𝑐,𝑠 (𝐸, 𝜔IR) + 𝜂𝑝 (𝐸 − 𝜔IR) + 𝜑XUV (𝐸 − 𝜔IR)

− 𝜑+
𝑐𝑐,𝑑 (𝐸, 𝜔IR)− 𝜂𝑝 (𝐸 − 𝜔IR)− 𝜑XUV (𝐸 − 𝜔IR)

= 𝜑+
𝑐𝑐,𝑠 (𝐸, 𝜔IR)− 𝜑+

𝑐𝑐,𝑑 (𝐸, 𝜔IR) ,

(4.27)

and for stimulated emission of an IR photon

𝜑(2−)
𝑠 (𝐸, 𝜔IR)− 𝜑

(2−)
𝑑 (𝐸, 𝜔IR) = 𝜑−𝑐𝑐,𝑠 (𝐸, 𝜔IR) + 𝜑

(1)
𝑏𝑐 (𝐸 + 𝜔IR)

− 𝜑−𝑐𝑐,𝑑 (𝐸, 𝜔IR)− 𝜑
(1)
𝑏𝑐 (𝐸 + 𝜔IR)

= 𝜑−𝑐𝑐,𝑠 (𝐸, 𝜔IR)− 𝜑−𝑐𝑐,𝑑 (𝐸, 𝜔IR) ,

(4.28)
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48 4.3. Measuring phase differences between different continuum-continuum transitions

This enables to directly measure the inŕuence of the őnal-state angular momentum on
the cc-phase independent of the preceding one-photon bound-continuum transition. In-
deed, in each case, we retrieve the phase difference between pathways involving the same
intermediate state, i.e., cc-transitions following the absorption of the same XUV photon.
Consequently, the phase of the bc-transition 𝜑(1)

𝑏𝑐 , which includes both XUV phase 𝜑XUV (or
chirp) and the 𝑝-wave scattering phase 𝜂𝑝, cancels out, such that the remaining phase differ-
ence is purely due to the one-photon transition in the continuum, see Fig. 4.17. In contrast
to traditional RABBITT [25, 27, 171], where phase differences 𝜑(𝐸+𝜔IR)−𝜑(𝐸−𝜔IR) are
extracted in order to approximate the phase derivative, this approach yields an (absolute)
phase difference at a őxed energy.

Experiment

The experimental data was collected by the group of Ursula Keller (ETH Zürich) using
a COLTRIMS detector [206] in combination with an XUV-IR pump-probe setup. The
fundamental IR has a central wavelength of 𝜆IR =790 nm and 29 fs FWHM duration and
0.7 mJ total energy. The APT train consists of the harmonics 13 to 25, corresponding
to an energy range from 20 to 40 eV, created by high harmonic generation [10, 11]. For
details on the experimental setup the reader is referred to [207].

Simulations

In order to prove the validity of the proposed extraction method, we apply the same őtting
procedure to RABBITT traces obtained from two independent theoretical simulations,
employing the single-active electron approximation and a full ab initio calculation. The
parameters of the APT (Tab. 4.1) for the single-active electron and the ab initio simulation
were chosen to match the experimental XUV spectra and are identical for both calculations.
The numerical parameters of both simulations are given in App. J.2.3. The IR őeld in the
experiment has a FHWM duration of 29 fs which is approximately 3.5 times longer than
the IR used in the simulations (FHWM duration of 8 fs) for computational reasons. SAE
simulations for an IR pulse duration of 20 fs give practically identical results to simulations
for an IR pulse duration of 8 fs. Thus, we conclude that the IR duration has no inŕuence
on the retrieved phase difference [Eqs. (4.27) and (4.28)].
The phase difference 𝜑(2±)

𝑠 − 𝜑
(2±)
𝑑 can also be directly retrieved, i.e. without őtting, from

theory by using only a single harmonic (Tab. 4.1) together with the IR őeld with vanishing
time delay between the two őelds. From these calculations we directly extract the two-
photon phase of the 𝑠- and 𝑑-partial waves at the sidebands neighboring the single harmonic
from the full ab initio simulations. The result for 𝜑(2±)

𝑠 − 𝜑
(2±)
𝑑 is labeled łdirect ab initio”

in Fig. 4.18.
In addition to the results for helium, we report calculations for the hydrogen atom, for
which harmonics from the 9𝑡ℎ to the 17𝑡ℎ order are used to generate the XUV spectrum,
such that the electron kinetic energy remains in the same range as for helium.
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4. Angle resolved RABBITT 49

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋]
790 1.57 1× 1011 8 0

53.01 23.39 1.04× 1010 3.6 -0.11
46.68 26.56 3.40× 1010 2.6 -0.06
41.60 29.80 6.38× 1010 2.0 -0.04
37.67 32.91 5.01× 1010 1.9 -0.06
34.33 36.11 3.65× 1010 2.0 -0.11
31.50 39.36 3.16× 1010 1.8 -0.18
29.22 42.43 1.46× 1010 1.6 -0.29
27.35 45.33 0.47× 1010 1.5 -0.44

Table 4.1.: Pulse parameters used in the SAE and the ab initio simulations. All but the first
pulse form the attosecond pulse train (APT) used to ionize the helium atom.

Revtrieved phase differences

We observe a remarkable quantitative agreement between experiment and the theoretical
values for the phase difference 𝜑±𝑐𝑐,𝑠−𝜑±𝑐𝑐,𝑑 for electron energies 2 eV ≤ E ≤ 14 eV (sideband
18 − 24). The agreement between the single-active electron simulation and the full ab initio
calculation allows the conclusion that in the investigated energy range the effect of electron
correlation on the continuum-continuum transition is either negligible or, though present,
identical for each of the two pathways. In addition our results obtained for hydrogen
exactly follow the helium trend. This supports the argument of negligible inŕuence from
both electron correlation effects and the helium short-range potential on the investigated
cc-transition phases. The excellent agreement between the theoretical phase differences
obtained from the őtting routine and the łdirect” determination shows that the proposed
őtting algorithm faithfully reproduces the observable we are interested in.
Our observations can be summarized by three points, which we will explain and discuss in
more detail in the following:

1. The relative phase difference between 𝑠- and 𝑑-wave electrons converges to zero for
increasing kinetic energy.

2. The relative phase between 𝑠- and 𝑑-wave photoelectrons is ubiquitously positive
and decreases with energy, both for transitions involving absorption and stimulated
emission at all kinetic energies.

3. In all sidebands, the absolute values of the phase difference between 𝑠- and 𝑑-wave
are fairly equal for absorption and stimulated emission. The difference lies far below
the experimentally accessible precision. The theoretical values indicate slightly larger
delays for the absorption transition 𝜑+

𝑐𝑐,𝑠 − 𝜑+
𝑐𝑐,𝑑, see Fig. 4.18c.

Although the observed phase differences have previously not been recognized and analyzed,
they were, in fact, noticeable also in earlier numerical simulations [31, 32]. Qualitatively
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Figure 4.18.: Phase difference between the continuum-continuum transition to an 𝑠 or 𝑑 state
in for (a) stimulated absorption and (b) stimulated emission of an IR photon.
(c) Difference between phase differences for stimulated absorption (𝜑+

𝑐𝑐,𝑝 𝑠−𝜑+
𝑐𝑐,𝑝 𝑑)

and stimulated emission (𝜑−𝑐𝑐,𝑝 𝑠 − 𝜑−𝑐𝑐,𝑝 𝑑) shown in panel (a) and (b).
The pulse profile of the employed pulses for the ab initio and the single-active
electron (SAE) calculation are given in Tab. 4.1. The experimental and theoretical
APT spectrum coincides but the FHWM duration of the IR field used in the
experiment is approximately 29 fs compared to 8 fs in the theoretical simulations.
The values reported for hydrogen (labeled “H”) are extracted from a simulation
employing the odd orders of the 9𝑡ℎ to 17𝑡ℎ harmonic of 𝜆IR = 790 nm. All
values, apart from the data labeled “direct ab initio”, are extracted by employing
the fitting procedure described in the text. The data labeled “direct ab initio” is
obtained from a full ab initio simulation employing only a single harmonic dressed
by the fundamental IR field, where the phase difference is extracted by directly
comparing the partial waves amplitudes in the 𝑠 and 𝑑 channel in the sidebands
neighboring the used harmonic.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.
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our results mirror the trend obtained for time-integral but angle- and spin-resolved photoe-
mission [202ś204]. All observations are fully consistent with the inŕuence of the őnal-state
centrifugal potential on the continuum scattering phase and on the Eisenbud-Wigner-Smith
time delay, in the present case for continuum-continuum transitions.
Observation (1) is the obvious consequence of the decreasing effect of the underlying po-
tential energy landscape on the escaping electron. With increasing kinetic energy the wave
function tends towards the behavior of a free spherical wave. Moreover, with increasing
momentum of the outgoing wavepacket, the cc-transition is effectively shifted to larger
distances from the ionic core at which the centrifugal potential ∝ 1/𝑟2 becomes negligi-
ble compared to the Coulomb potential. The latter was the underpinning of the previous
analytical estimates of the cc-phase and time delay in which the angular momentum de-
pendence was neglected [27].
Observation (2) clearly shows that the cc-phase is, in fact, directly related to the EWS
phase for continuum-continuum scattering. This is supported by the observation that the
phase and corresponding delay qualitatively resembles the EWS delay for bound-continuum
transitions to different angular momentum states [202ś204]. The fact that the retrieved
phases are signiőcantly smaller (by a factor 3 to 4) with respect to the scattering phase is
due to the fact that, unlike for the bound-continuum transition, the continuum-continuum
transition in the two-photon scenario probes the potential landscape not for the full ra-
dial range of half-scattering but only at large distances where the centrifugal potential is
weaker. Nevertheless, the centrifugal potential still leads to clearly resolvable effects at low
energies.
Observation (3) conőrms the fact that the relevant phase is accumulated at distances where
the Coulomb potential (1/𝑟) dominates, the centrifugal potential provides a (small) cor-
rection, and the short-ranged contributions are entirely negligible. Therefore, the observed
phases are universal, i.e. independent of the atomic species, and slightly larger for absorp-
tion than for emission. The latter is in line with the fact that the outgoing wavepacket after
the bound-continuum transition propagates initially slower before absorption (but faster
before emission) thereby enhancing (diminishing) the inŕuence of the centrifugal potential
on the subsequent cc-transition.
For larger atoms or molecules, where electron correlation effects become dominant, a devi-
ation from such a universal trend might be expected. At lower kinetic energies, even larger
delays can be expected. These were not measured in the experiment due to the limited
tunability of the XUV spectrum in the present experiment. Sideband 16 in principle would
lie just above the helium ionisation threshold and could be analysed in a similar fashion.
However, Rydberg states of the neutral helium atom come into play here [208]. To analyze
the latter sideband one would need to separate the intermediate states into a sum over
intermediate bound and continuum states separately which goes beyond the scope of this
work. A detailed theoretical treatment of this can, e.g., be found in [209].
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5. Measuring the phase of Fano

resonances

Continuing from the previous chapter, where we investigated the spectral phase of the
structureless continuum, we characterize in this chapter the spectral phase in the vicinity
of Fano resonances. Fano resonances generally occur in the course of excitation of discrete
quantum states embedded in and coupled to a continuum [36ś38, 210]. The cross section
of atomic Fano resonances is very well characterized by numerous experiments and their
spectral phase [134, 172, 176] as well as their temporal formation [59, 61, 211] was studied
in great detail within theoretical works. Nevertheless, neither the spectral phase of the
one-photon transition nor the temporal formation of the line shape has been measured for
the simple prototypical system provided by many-electron atoms.
Within this chapter we focus on measurement protocols for the spectral phase of Fano res-
onances and discuss the temporal formation of the line shape in the next chapter, Chap. 6.
We will brieŕy review the theoretical underpinning of Fano resonances before introduc-
ing two independent methods to measure the spectral phase of the doubly excited states
in helium. In a short digression at the end of this chapter we show a joint theoretical
and experimental study measuring the modulated two-photon transition phase in argon
for the case of intermediate resonance states conőrming and extending previous results
[52ś55, 188].

5.1. Fano resonances

Characteristic asymmetric absorption line shapes have őrst been discovered in noble gases
[36, 212]. The asymmetry of the lines was explained by Ugo Fano [37, 38, 210] as sig-
nature of metastable states within the ionization spectrum. Within his approach the full
Hamiltonian is decomposed into two parts: 𝐻 = 𝐻0 + 𝑉CI. The őrst one is the unper-
turbed component 𝐻0 which features the groundstate |0⟩, continuum states |𝜀⟩, and one
(or more) bound states |𝑎⟩ embedded into the continuum. The second component is the
łconőguration interaction” 𝑉CI which couples the bound state to the adjacent continuum
states:

⟨0 |𝐻0 | 0⟩ = 𝐸0 (5.1)

⟨𝑎 |𝐻0 | 𝑎⟩ = 𝐸𝑎 (5.2)

⟨𝜀 |𝐻0 | 𝜀⟩ = 𝜀 (5.3)

⟨𝑎 |𝑉𝐶𝐼 | 𝜀⟩ = ⟨𝜀 |𝑉𝐶𝐼 | 𝑎⟩* = 𝑉𝑎𝜀. (5.4)
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54 5.1. Fano resonances

All eigenstates of 𝐻0 are orthogonal to each other and normalized ⟨0 | 0⟩ = 1, ⟨𝑎 | 𝑎⟩ = 1,
⟨𝑎 | 0⟩ = 0, ⟨𝜀 | 𝜀′⟩ = 𝛿 (𝜀− 𝜀′). The qualitative effect of the łconőguration interaction”, i.e.
the coupling between discrete and continuum states, is that the exact eigenstate will be a
superposition of |𝑎⟩ and continuum eigenstates |𝜀⟩. A quantitative description amounts to
solving the time-independent Schrödinger equation

𝐻 |𝜓𝐸⟩ = 𝐸 |𝜓𝐸⟩ , (5.5)

where 𝐸 is the exact energy of the new eigenstate and

|𝜓𝐸⟩ = 𝑏𝐸 |𝑎⟩+
∫︁

|𝜀⟩ 𝑐𝜀,𝐸 d𝜀. (5.6)

The solution for the new eigenstate |𝜓𝐸⟩ is given by

|𝜓𝐸⟩ =
𝑉𝑎𝐸

𝐸 − 𝐸𝑅 (𝐸)
|�̃�⟩+ 𝐸 − �̃�𝑅 (𝐸)

𝐸 − 𝐸𝑅 (𝐸)
|𝐸⟩ . (5.7)

�̃�𝑅 (𝐸) = Re [𝐸𝑅 (𝐸)] is the real part of the complex resonance energy

𝐸𝑅 (𝐸) = 𝐸𝑎 +∆𝑎 (𝐸)− 𝑖
Γ𝑎 (𝐸)

2
, (5.8)

with the coupling induced energy shift ∆𝑎 (𝐸) = 𝑃
∫︀

𝑉𝑎𝜀𝑉𝜀𝑎

𝐸−𝜀
d𝜀 and the resonance width

Γ𝑎 (𝐸) = 2𝜋 |𝑉𝑎𝐸|2. The dressed resonance state |�̃�⟩ is written in the following way

|�̃�⟩ = |𝑎⟩+ 𝑃

∫︁

d𝜀 |𝜀⟩ 𝑉𝜀𝑎
𝐸 − 𝜀

. (5.9)

The eigenfunction |𝜓𝐸⟩ [Eq. (5.7)] can be conveniently written as

|𝜓𝐸⟩ = |𝐸⟩ 𝜖

𝜖+ 𝑖
+ |�̃�⟩ 1

𝜋𝑉𝐸𝑎

1

𝜖+ 𝑖
, (5.10)

where 𝜖 (𝐸) is the rescaled energy

𝜖 (𝐸) =
𝐸 − �̃�𝑅 (𝐸)

Γ𝑎 (𝐸) /2
. (5.11)

Both, the shifted resonance energy �̃�𝑅 (𝐸) and the width Γ𝑎 (𝐸) depend explicitly on
energy. Assuming that �̃�𝑅 and Γ𝑎 are slowly varying close to the resonance energy their
value is commonly approximated with the value at 𝐸 = 𝐸𝑎.
We can now calculate the photoabsorption cross section from the groundstate |0⟩ to the
new continuum states |𝜓𝐸⟩ with the dipole operator �̂� = �̂� · p̂

𝜎𝐸 =
4𝜋2

𝑐𝜔𝛾

⃒

⃒

⃒

⟨

𝜓𝐸

⃒

⃒

⃒
�̂�
⃒

⃒

⃒
0
⟩⃒

⃒

⃒

2

, (5.12)
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Figure 5.1.: (a) Cross section according to Eq. (5.16) for 𝑞 = −2.7 to mimic the He(2s2p)
resonance. (b) Trajectory of the Fano amplitude 𝒜𝐹 [Eq. (5.14)] in the complex
plane. (c) Phase Φ𝐹 [Eq. (5.17)] of the Fano amplitude 𝒜𝐹 as function of the
rescaled energy 𝜖.
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56 5.1. Fano resonances

where 𝑐 is the speed of light, 𝜔𝛾 is the frequency of the incident photon and �̂� is the
polarization vector of the photon. The transition matrix element is given by

⟨

0
⃒

⃒

⃒
�̂�
⃒

⃒

⃒
𝜓𝐸

⟩

= 𝒪0𝐸
𝜖

𝜖+ 𝑖
+

𝒪0�̃�

𝜋𝑉𝐸𝑎

1

𝜖+ 𝑖

= 𝒪0𝐸
𝜖+ 𝑞

𝜖+ 𝑖
= 𝒪0𝐸𝒜𝐹 , (5.13)

with 𝒪0�̃� =
⟨

0
⃒

⃒

⃒
�̂�
⃒

⃒

⃒
�̃�
⟩

, 𝒪0𝐸 =
⟨

0
⃒

⃒

⃒
�̂�
⃒

⃒

⃒
𝐸
⟩

and deőning the Fano amplitude 𝒜𝐹 as

𝒜𝐹 =
𝜖+ 𝑞

𝜖+ 𝑖
. (5.14)

In Eq. (5.14) 𝑞 is the Fano parameter

𝑞 =
𝒪0�̃�

𝜋𝑉𝐸𝑎𝒪0𝐸

. (5.15)

If the Fano resonance is excited by absorption of one photon the 𝑞 parameter is real as all
involved continuum phases cancel and the absorption process is time-reversal symmetric.
Taking the absolute magnitude of the transition matrix element gives the well known Fano
proőle

𝜎𝐸 = 𝜎𝑏𝑔 (𝐸)
(𝜖+ 𝑞)2

𝜖2 + 1
, (5.16)

where 𝜎𝑏𝑔 (𝐸) = 4𝜋2

𝑐𝜔𝛾
|𝒪0𝐸|2 is the smoothly varying cross section of the non-resonant back-

ground. Eq. (5.16) clearly indicates that a resonance which is coupled to a continuum
yields an asymmetric cross section with respect to the resonance energy 𝜖 = 0. The cross
section vanishes for 𝜖 = −𝑞 [see Fig. 5.1a, where we use 𝑞 = −2.7 to mimic the 2s2p
resonance in helium [213]].
The Fano amplitude 𝒜𝐹 (𝜖) [Eq. (5.14)] forms a circle in the complex plane if the rescaled
energy 𝜖 is scanned from −∞ to +∞ (Fig. 5.1b). At 𝜖 = −𝑞, 𝒜𝐹 changes from the second
to the fourth quadrant of the complex plane, which is accompanied by a phase jump of 𝜋
(Fig. 5.1c). Its phase is called Fano phase

Φ𝐹 (𝜖) = arg {𝒜𝐹 (𝜖)} = arg

{︂

𝜖+ 𝑞

𝜖+ 𝑖

}︂

. (5.17)

While conventional photoionization cross section measurements are not able to retrieve the
phase variation of the photoionization amplitude, attosecond metrology, in principle, pro-
vides access to the phase information of electron wave packets. Recently, several RABBITT
experiments [52ś55] have taken a step towards measuring the phase of Fano resonances
by tuning the harmonic energies such that they coincide with the resonance energy. By
recording the phase energy resolved in adjacent sidebands [53, 54] or by őnely varying the
fundamental wavelength [52, 55], and thus the harmonic energies, these experiments have
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5. Measuring the phase of Fano resonances 57

notation 𝐸𝑅 (eV) 𝜏 (fs) q Symmetry
(2𝑠)2 57.85 5.3 - 1Se

(2𝑝)2 59.91 10.2 - 1De

(2𝑠2𝑝) 60.15 17.5 -2.7 1Po

(2𝑝)2 62.09 112.2 - 1Se

(2𝑠3𝑝) 63.66 79.3 -2.5 1Po

Table 5.1.: List of doubly excited states in helium most frequently used in this thesis with their
resonance energy 𝐸𝑅, lifetime 𝜏 , Fano 𝑞 parameter, and their symmetry [213, 215–
217]. The value of the 𝑞 parameter is given only for resonances which can be
accessed via one-photon transitions.

measured the phase variation caused by Fano resonances. Due to the two-photon transition
the measured phase is not the one expected from Eq. (5.14) but a convolution with the IR
bandwidth [172, 176]. This convolution leads to a broadening of the one-photon phase and
reduces phase contrast [52, 53, 176].
We propose in the following two independent methods to directly measure the one-photon
Fano phase Φ𝐹 [Eq. (5.17)], which both rely on the interference of one- and two-photon
transitions. The őrst method employs a RABBITT like scheme with an APT consisting of
even and odd harmonics and analyzes the interference of one- and two-photon transitions
in each band created by the APT, thereby accessing the Fano phase directly. The sec-
ond method exploits the recent technological advance to generate bi-circular XUV combs
[77, 78] to retrieve the one-photon phase holographically from the fully angle-resolved pho-
toelectron spectrum obtained from a single time delay measurement.

5.1.1. Fano resonances in atoms

Doubly excited states in helium

Fano resonances in helium are called doubly excited states15. In this thesis they serve as
prototypical cases to study the spectral phase and the time-dependent build-up of the Fano
proőle [Chap. 6]. Also the coupling between different auto-ionizing states can be studied
[Chap. 7], which is a long standing problem within atomic theory [63, 64, 66, 67, 69, 147,
214]. In Tab. 5.1 we list the energetically lowest lying and most prominent Fano resonances
in helium in the 1𝑆e, 1𝑃 o and 1𝐷e symmetry with their associated parameters, which we
will refer to in this thesis.

15 In the first attempts to classify Fano resonances in helium independent particle models were used where
the 2𝑠2𝑝 resonance was described as superposition of the “doubly exited” |2𝑠2𝑝⟩ and |2𝑝2𝑠⟩ states [212].
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58 5.2. Direct measurement of the one-photon Fano phase

Multi-channel resonances in argon

The second system where we will consider resonances is atomic argon. An important
difference to helium is that argon comprises multi-channel resonances as compared to
single channel resonances, see e.g. [52, 134] for a detailed treatment. The lowest energetic
3𝑠−1𝑛𝑝 resonances are created by ionization of an electron from the 3𝑝 shell and hence
the outgoing electron has either angular momentum ℓ = 0 or ℓ = 2. Neither of the
two electron angular momentum channels can be fully characterized by a Fano-amplitude
[Eq. (5.14)] due to interchannel coupling. Close to the resonance however, it is possible to
create a resonant channel by a unitary transformation [52, 134]. Coupling the two angular
momentum channels |ℓ = 0, 2⟩, a resonant channel |𝑅⟩ and a non-resonant channel |𝑁⟩ can
be formed

|𝑅⟩ = |ℓ = 0⟩𝐶𝑠,𝑅 + |ℓ = 2⟩𝐶𝑑,𝑅, (5.18)

|𝑁⟩ = |ℓ = 0⟩𝐶𝑠,𝑁 + |ℓ = 2⟩𝐶𝑑,𝑁 , (5.19)

where 𝐶𝑠,𝑅, 𝐶𝑑,𝑅, 𝐶𝑠,𝑁 and 𝐶𝑑,𝑁 are energy-dependent coefficients. The resonant channel
|𝑅⟩ exhibits the same phase and amplitude variation as a single channel resonance and
the decoupled channel |𝑁⟩ shows no rapid phase variation close the resonance energy. The
one-photon transition amplitude from the groundstate |0⟩ to the őnal state |𝜓𝐸⟩ can then
be written as

⟨0| �̂� |𝜓𝐸⟩ = 𝐶1 + 𝐶2
𝑞𝑎 + 𝜖

𝜖+ 𝑖
, (5.20)

where 𝐶1 and 𝐶2 are background transition amplitudes for the non-resonant |𝑁⟩ and
resonant |𝑅⟩ channel, respectively [52], and 𝑞𝑎 is the Fano parameter of the considered
resonance.
This parametrization is, of course, equivalent to the original formulation by Fano [38, 210]
for the interaction of one resonant state with multiple continua where the cross section is
given by

𝜎 (𝜖) = 𝜎𝑎
(𝑞𝑎 + 𝜖)2

𝜖2 + 1
+ 𝜎𝑏 (5.21)

with 𝜎𝑎 and 𝜎𝑏 being the (background) cross sections corresponding to the continuum
which interacts, or does not interact with the resonant state, respectively. The prominent
3𝑠−14𝑝 resonance in argon, which we will study in detail in Sec. 5.3 has a resonance energy
of 26.60eV, a width of 0.080eV and a 𝑞-parameter of −0.286 [218, 219].

5.2. Direct measurement of the one-photon Fano

phase

As shown in chapter 4, RABBITT is a powerful method to retrieve photoionization time
delays of electronic wave packets far away from resonances [27, 186ś188, 196, 220] and a
powerful tool to characterize the spectral phase and duration of APTs [25, 157, 171]. If the
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ωIR

ωIR

ωXUV ωXUV ωXUV

|g>

H2n+1

H2n−1

H2n

(a)

H2n+1 MB

H2n−1 MB

H2n SB

|g>

ωIR

ωIR

ωXUV ωXUV

(b)

Figure 5.2.: (a) Sketch of the RABBITT with even and odd harmonics scheme, which induces an
𝜔IR beating in the asymmetry 𝒞 of every harmonic. (b) Sketch of the conventional
RABBITT scheme which induces a 2𝜔IR within the angle-integrated photoelectron
spectrum of each SB.

intermediate or őnal state is close to a resonance, however, the retrieved phase can not be
directly related to the scattering time delay probed in the structureless continuum. Rather
the phase of the sideband oscillation is given by a convolution of the sharp variation caused
by the resonance with the IR mediated second order transition [52ś54, 172, 176]. Thereby
the characteristic phase jump expected in the one-photon amplitude close to a resonance,
Fig. 5.1c, is smeared out, where the strength of this smearing is controlled by the spectral
proőle of the IR pulse.
To overcome this limitation we, őrst, present a scheme similar to RABBITT where the APT
now consists not only of odd, but of both even and odd harmonics. Second, we propose the
circular holographic ionization phase (CHIP) meter, which exploits a bi-circular APT to
retrieve relative phase differences from the azimuthal photoelectron distribution without
the need to perform a time-delay scan.

5.2.1. RABBITT with even and odd harmonics

Basic principles of RABBITT with even and odd harmonics

Typical APTs used within the RABBITT technique are produced by focusing a strong
single-color laser pulse with duration < 100 fs into a gas target and the APT is generated
via HHG [3, 4, 6, 9ś11]. If the target is inversion symmetric the APT consists only of
odd harmonics of the fundamental őeld. The inversion symmetry can, however, be broken
easily by, e.g., using a single cycle IR pulse [153] or by focusing the fundamental together
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60 5.2. Direct measurement of the one-photon Fano phase

with its second harmonic onto the target, which, in turn, leads to the generation of an
APT consisting of even and odd harmonics [165, 197, 221]. Using such an APT together
with a weak replica of the fundamental őeld leads to a mixture of energy-degenerate even
and odd parity states in the continuum. The ionized electron wave packet is formed
by the interference of one- and two-photon transitions leading to an asymmetry in the
electron emission along the direction of the polarization vector [197, 222ś224]. A pioneering
experiment [197] showed that the asymmetry

𝒞(𝐸, 𝜏) = 𝑃𝑢𝑝(𝐸, 𝜏)− 𝑃𝑑𝑜𝑤𝑛(𝐸, 𝜏) =

∫︁ 2𝜋

0

dΩ 𝑃 (𝐸, 𝜏,Ω)−
∫︁ 4𝜋

2𝜋

dΩ 𝑃 (𝐸, 𝜏,Ω) (5.22)

of the photoelectron spectrum shows a beating with the frequency of the fundamental őeld
𝜔IR,16 with Ω being the solid angle. The beating of 𝒞 is caused by the interference of the
direct XUV one-photon amplitude 𝒜(1)

𝐸←𝑖 with the two-photon amplitude to the same őnal
energy 𝐸 via absorption of the energetically higher (lower) XUV photon and subsequent
emission (absorption) of an additional IR photon 𝒜(2)

𝐸←𝐸±𝜔IR←𝑖

𝜓 (𝐸, 𝜏) =𝒜(1)
𝐸←𝑖 +𝒜(2)

𝐸←𝐸+𝜔IR←𝑖𝑒
−𝑖𝜔IR𝜏 +𝒜(2)

𝐸←𝐸−𝜔IR←𝑖𝑒
𝑖𝜔IR𝜏

=
∑︁

𝐿=𝜆±1

∑︁

𝜆

⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒
𝑒𝑖𝜑

(1)
𝜆

(𝐸)𝑌 0
𝜆 (𝜃)

+
⃒

⃒

⃒
𝒜(2)

𝐸,𝐿←𝐸+𝜔IR,𝜆←𝑖

⃒

⃒

⃒
𝑒
𝑖
[︁

𝜑
(2−)
𝜆,𝐿

(𝐸)−𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃)

+
⃒

⃒

⃒
𝒜(2)

𝐸,𝐿←𝐸−𝜔IR,𝜆←𝑖

⃒

⃒

⃒
𝑒
𝑖
[︁

𝜑
(2+)
𝜆,𝐿

(𝐸)+𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃) (5.23)

as depicted in Fig. 5.2a. 𝜑(1)
𝜆 (𝐸) is the one-photon phase acquired by the XUV absorption

to a state with angular momentum 𝜆 and 𝜑(2±)
𝜆,𝐿 (𝐸) is the two-photon phase imprinted onto

the wavepacket by the two photon-process where one IR photon is absorbed (emitted)
together with the absorption of the XUV photon. 𝐿 corresponds to the őnal angular
momentum after the two-photon transition. For simplicity we assumed the őelds to be
linearly polarized along 𝑧 in Eq. (5.23).
Calculating the asymmetry 𝒞 [Eq. (5.22)] from Eq. (5.23) we őnd

𝒞 =
∑︁

𝐿=𝜆±1

∑︁

𝜆,𝜆′

𝐶𝐿,𝜆

×
{︁⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(2)

𝐸,𝐿←𝐸+𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
cos

[︁

𝜔IR𝜏 +
(︁

𝜑
(1)
𝜆 − 𝜑

(2−)
𝜆′,𝐿

)︁]︁

+
⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(2)

𝐸,𝐿←𝐸−𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
cos

[︁

−𝜔IR𝜏 +
(︁

𝜑
(1)
𝜆 − 𝜑

(2+)
𝜆′,𝐿

)︁]︁}︁

, (5.24)

where the angular momentum dependent coefficient 𝐶𝐿,𝜆 is given by

𝐶𝐿,𝜆 = 8𝜋

∫︁ 𝜋/2

0

d𝜃 sin(𝜃)𝑌 0
𝐿 (𝜃)𝑌 0

𝜆 (𝜃) . (5.25)

16 Very similar such a beating has also been observed for above-threshold ionization with a two-color
(fundamental and second harmonic) laser field [166].
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5. Measuring the phase of Fano resonances 61

The sum in Eq. (5.24) runs over all allowed intermediate angular momenta for 𝜆 and 𝜆′.
A derivation of Eq. (5.24) can be found in App. D.1.
Although the constant terms and terms with oscillation frequency of 2𝜔IR disappear in
the asymmetry 𝒞 they would be present in the angle-integrated spectrum. Conversely, the
terms oscillating with frequency 𝜔IR disappear in the angle-integrated spectrum.
While RABBITT with even and odd harmonics appears to be conceptually very similar
to RABBITT there are important differences. The őrst big difference is that the phase of
the oscillation is not the phase difference between two two-photon phases but between a
one-photon and two-photon phase which, in general, have different angular momenta. Sec-
ond, in traditional RABBITT two paths interfere at each considered sideband [Fig. 5.2b],
whereas in the RABBITT with even and odd harmonics technique to same order in per-
turbation theory three paths interfere within each harmonic [Fig. 5.2a] giving rise to the
superposition of a cos (𝜔IR𝜏) and a cos (−𝜔IR𝜏) term [Eq. (5.24)]. To be more precise
Eq. (5.24) can be rewritten as

𝒞 = 𝐴1 cos (𝜔IR𝜏 +∆𝜑1) + 𝐴2 cos (−𝜔IR𝜏 +∆𝜑2)

= 𝐴3 cos (𝜔IR𝜏 +∆𝜑3) . (5.26)

The coefficients 𝐴1, 𝐴2, 𝐴3 and the phase ∆𝜑1,∆𝜑2,∆𝜑3 depend on the magnitude of the
two-photon amplitudes

⃒

⃒

⃒𝒜(2)
𝐸,𝐿←𝐸±𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
and the phase differences 𝜑(1)

𝜆 − 𝜑
(2±)
𝜆′,𝐿 in a non-

linear fashion via trigonometric relations. This complicates the interpretation of the re-
trieved phases as we will see in this section. Furthermore, there is no distinction between
mainbands and sidebands anymore, as the asymmetry of every harmonic can be used to
retrieve spectral information. This effectively doubles the spectral resolution in this tech-
nique compared to conventional RABBITT, since phase information can be retrieved from
all harmonics and not just from the SBs.
In addition, the spectral contrast is improved compared to RABBITT, since the oscilla-
tion of 𝒞 in RABBITT with even and odd harmonics is caused by a three-photon process
(two XUV photons and one IR photon), while in conventional RABBITT the oscillation
of the angle-integrated spectrum is caused by a four-photon process (two XUV photons
and two IR photons). Hence the oscillation amplitude of the asymmetry scales with the
amplitude of the IR őeld in contrast to the intensity of the IR in conventional RABBITT.
RABBITT with even and odd harmonics is very similar to a recently proposed variant of
RABBITT where an APT formed of odd harmonics is dressed with the second harmonic
of the fundamental őeld [225]. Schematically, this leads to the same interference scheme
as for RABBITT with even and odd harmonics [Fig. 5.2a], however the spectral resolution
is not improved over traditional RABBITT.
Within this section we will investigate RABBITT with even and odd harmonics and show
how it can be used to retrieve one-photon ionization phases close to resonant transitions
in the continuum. We will discuss explicitly how the interference of the oscillations with
cos (𝜔IR𝜏) and cos (−𝜔IR𝜏) [Eq. (5.26)] complicates the retrieval of the phase of the elec-
tron wave packet and present a way to circumvent this problem in the following section,
Sec. 5.2.2.
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Figure 5.3.: (a) Energy spectrum of the APT used for the ionization of helium with just two
adjacent harmonics. (b) Electric field as a function of time for time delay 𝜏 =0
between the IR and the APT.

RABBITT with even and odd harmonics for an APT with two harmonics

To illustrate the potential of this new spectroscopic technique we retrieve the Fano phase for
the prototypical system of atomic helium with an APT consisting just of two neighboring
harmonics, where the higher energetic harmonic is centered exactly at the 2s2p resonance
energy in helium (𝐸2𝑠2𝑝 = 60.15 eV) [Tab. 5.1], see Fig. 5.3a. Fig. 5.3b shows the electric
őelds for time-delay 𝜏 = 0 between the APT and the IR. The numerical parameters are
given in J.2.4.
Calculating the asymmetry 𝒞 for this case from [Eq. (5.24)] we obtain

𝒞(𝐸, 𝜏) = 𝐵1 cos
(︀

−𝜔IR𝜏 + 𝜑(1)
𝑝 − 𝜑(2+)

𝑝,𝑠

)︀

+𝐵2 cos
(︁

−𝜔IR𝜏 + 𝜑(1)
𝑝 − 𝜑

(2+)
𝑝,𝑑

)︁

= 𝐵1 cos
(︁

−𝜔IR𝜏 + Φ𝐹 +
𝜋

2

)︁

+𝐵2 cos
(︁

−𝜔IR𝜏 + Φ𝐹 +
𝜋

2

)︁

= 𝐵3 sin(−𝜔IR𝜏 + Φ𝐹 ), (5.27)

with 𝐵1, 𝐵2, 𝐵3 being coefficients depending on the one- and two-photon amplitudes 𝒜(1)

and 𝒜(2). In deriving Eq. (5.27) we neglected all contributions from the continuum-
continuum phases 𝜑±𝑐𝑐,𝜆𝐿 and the non-resonant one-photon scattering phase of the two-
photon transition, since they are all much smaller compared to the Fano phase Φ𝐹 of the
resonant one-photon transition.
Performing a time-delay scan between the APT and the IR we observe an oscillation of the
photoelectron emission asymmetry 𝒞 [Eq. (5.22)] with 𝜔IR [197, 223], see Fig. 5.4a. The
asymmetry 𝒞 shows a pronounced variation of the phase of the oscillation as a function
of the photoelectron energy. To extract the phase of this oscillation we őt 𝒞(𝐸, 𝜏) with
𝐴 sin(−𝜔IR𝜏 +𝜑) for every energy and extract the phase 𝜑. Comparing the retrieved phase
to the numerically exact phase of the one-photon transition obtained by exterior-complex
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Figure 5.4.: (a) Asymmetry 𝒞 as function of the photon energy and the time delay 𝜏 . (b) Re-
constructed phase of the 𝜔IR beating of 𝒞 (𝐸, 𝜏) employing an energy resolved fit
with sin(−𝜔IR𝜏 + 𝜑) (blue points), compared to the “exact” one-phase retrieved
from the calculation (red line).

scaling [60] we őnd near perfect agreement as expected from Eq. (5.27) [Fig. 5.4b]. The
phase variation visible within the lower harmonic is in line with the recently measured
RABBITT phase with intermediate resonant states [52ś54].
This simple example shows that RABBITT with even and odd harmonics is a powerful
method that can be used to measure one- and two-photon ionization phases involving res-
onant states. However, to exploit this method in experiments we need to verify that it
also works in the generic case, where not only two, but many more harmonics are present,
which will show in the following.

RABBITT with even and odd harmonics using a realistic APT and performing
wavelength scanning

We thus investigate the RABBITT with even and odd harmonics scheme with a more
realistic APT spanning from the 67𝑡ℎ to the 75𝑡ℎ harmonic, see Fig. 5.5a for the used
pulse proőle at 𝜆IR = 1464nm. The spectral phase of every harmonic was chosen to be
0. To follow the common experimental procedure used in RABBITT, we do not retrieve
the phase for every energy point but integrate every harmonic over an energy region of
≈ 0.6 eV around its center and retrieve just one phase for each harmonic [Fig. 3.3b]. To
retrieve the spectral phase variation we smoothly vary the wavelength of the fundamental
őeld (and thus the energy of the harmonics of the APT) which allows the retrieval of
ionization phases over a large spectral range [52, 55].
This procedure requires very good control of the fundamental wavelength, but poses less
stringent criteria on the necessary energy resolution of the photoelectron detector. The
fundamental őeld has a FWHM duration of approximately 22 fs and the APT duration
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Figure 5.5.: (a) Spectral profile of the APT for 𝜆IR = 1464nm. (b) Retrieved phase of the
𝜔IR beating of the asymmetry 𝒞 integrated over the harmonic width for different
fundamental wavelengths.

is roughly 14.5 fs, resulting in spectrally broad harmonics, see Fig. 5.5a. We smoothly
vary the fundamental wavelength 𝜆IR from 1456nm to 1470nm, see J.2.5 for the numerical
parameters used. For 𝜆IR = 1464nm the 71𝑠𝑡 harmonic is almost resonant with the 2s2p
resonance in helium.
The retrieved phase landscape for this realistic APT clearly does not resemble the results
we observe for just two harmonics, compare Figs. 5.5b, 5.4b. For the realistic APT the
retrieved phase varies drastically across the investigated energy region. The phase variation
is almost continuous from 57 eV up to 60.2 eV, where it jumps by 𝜋. This jump can
unambiguously be attributed to the 2s2p resonance. The position of the phase jump is
shifted from the expected position due to the energy integration within each harmonic.
Close to 61.5 eV the retrieved phase exhibits another jump by 𝜋. We can, however, not
attribute this phase jump to a resonance as there is no resonance in this energy region.
Even higher up in energy two pronounced continuous phase variations are observed which
most likely are caused by the next resonances in the 2Se(62.1eV) and in the 2Po(63.7eV)
symmetry, see Tab. 5.1
On the left and right hand side of the 2s2p resonance we observe strong, almost linear,
phase variations with positive and negative slope, respectively. This is similar to results
obtained with RABBITT [52ś54, 176] for the retrieved phases in the sidebands neighboring
a resonant harmonic. Such a modulation can also be seen in the nonresonant harmonic in
Fig. 5.4b. Interestingly however, the observed phase variation in Fig. 5.5b is larger than
for just two harmonics (Fig. 5.4b) and the measured two-photon phase from RABBITT
[53, 54].
The reason for the large discrepancy with the results shown in the previous section is
that we observe a three-path interference in every harmonic leading to a superposition of
two independent oscillations considerably altering the results [Eq. (5.26)]. As example we
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5. Measuring the phase of Fano resonances 65

consider the extreme case where the two oscillations in Eq. (5.26) have equal amplitude,
i.e. 𝐵1 = 𝐵2. In this case the asymmetry in the resonant harmonic is given by

𝒞(𝐸, 𝜏) = 𝐵1 cos (−𝜔IR𝜏 +∆1) + 𝐵1 cos (𝜔IR𝜏 +∆2)

= 2𝐵1 cos

(︂

∆2 +∆1

2

)︂

cos

(︂

𝜔IR𝜏 +
∆2 −∆1

2

)︂

. (5.28)

Neglecting further all contributions of 𝜑±𝑐𝑐,𝜆𝐿 and all nonresonant scattering phases (𝜂𝜆) the
two phases ∆1 and ∆2 are identical, i.e. ∆1 = ∆2 = Φ𝐹 + 𝜋/2, and Eq. (5.28) simpliőes
further

𝒞(𝐸, 𝜏) = 2𝐵1 cos
(︁

Φ𝐹 +
𝜋

2

)︁

cos (𝜔IR𝜏)

= −2𝐵1 sin (Φ𝐹 ) cos (𝜔IR𝜏) (5.29)

In this case, the phase of the oscillation does not vary with energy. Instead the amplitude
of the oscillation is modulated and changes sign at the resonance position. To reconstruct
the Fano phase under these conditions it is necessary to measure the amplitude variation
in addition to the phase variation, which is a severe complication for experiment.
Even though the analysis shown above relies on many assumptions we can conclude that
the extracted phase does not necessarily coincide with the difference between the one- and
two-photon phase, but modiőed in a nonlinear way. A systematic study of the retrieved
phase as function of the amplitude of the harmonics neighboring the resonance is given in
App. D.2.

5.2.2. Circular holographic ionization phase meter (CHIP)

Having shown in Sec. 5.2.1 that the retrieval of resonant and non-resonant ionization phases
from RABBITT with even and odd harmonics is complicated due to the three path in-
terference at each harmonic [Fig. 5.2a], we propose in this section a different approach to
retrieve resonant ionization phases. We present the circular holographic ionization phase
meter (CHIP), a pump-probe protocol, based on a bi-circular APT, that allows to directly
retrieve the energy-resolved phase of either the one- or two-photon ionization amplitudes
without the need for a time-delay scan [56].
The őrst key aspect of this method is the holographic read-out of a rapidly varying ioniza-
tion phase in one arm of the interferometer, e.g., in proximity of a Fano resonance, relative
to a smooth or nearly constant reference phase of the second arm. The second key ingredi-
ent of CHIP is the use of a bi-circular APT in combination with a co- or counter-rotating
IR pulse (Fig. 5.6 b). In CHIP the photoelectron phase is encoded in the photoemission
angle instead of a time-delay scan of the signal beating as in streaking, RABBITT, or
high-harmonic spectroscopy. The proposed scheme requires high-resolution measurement
of the angular resolved photoelectron energy distribution as recorded by, e.g. COLTRIMS
detection [226].
CHIP involves isolated pairs of consecutive circular harmonics 3𝑛 + 𝑘 (𝑘 = 1, 2) of the
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Figure 5.6.: (a) Typical spectrum of an APT generated by counter-rotating bichromatic
fields, featuring isolated consecutive pairs of counter-rotating IR harmonics,
𝜔𝑘 = (3𝑛 + 𝑘) 𝜔IR, 𝑘 = 1, 2 [77, 78]. (b) Geometry of the angularly resolved de-
tection in CHIP. (c) Principle of CHIP (the IR probe is either co- or counter-rotating
with the lower harmonic in the pair), and an example of photoelectron momentum
distribution (inset) as a function of the emission angle (horizontal axis) and energy
(vertical axis), for the co-rotating case with the upper harmonics populating the
(2𝑠2𝑝)1Po helium resonant state.

XUV APT (Fig. 5.6 a,b) with opposite helicity. Assuming, e.g., the helicity of the lower
harmonic 3𝑛 + 1 to be positive (or left-circularly polarized [LCP]) and the helicity of the
upper harmonic 3𝑛 + 2 to be negative (or right-circular [RCP]), the electric őeld for light
propagating in positive 𝑧 direction is given by

F (𝑘)(𝑡) = 𝐹
(𝑘)
0 𝑓(𝑡)

⎛

⎝

cos (𝜔𝑘𝑡)
𝜈𝑘 sin (𝜔𝑘𝑡)

0

⎞

⎠ , (5.30)

where 𝑓(𝑡) is the pulse envelope, 𝐹 (𝑘)
0 is the peak őeld strength, 𝜈𝑘 = (−1)𝑘+1 is the light

helicity and 𝜔𝑘 = (3𝑛+ 𝑘)𝜔IR. The IR probe pulse can be chosen to be either co-rotating
(𝜈IR = +1) or counter-rotating (𝜈IR = −1) with the lower harmonic (𝑘 = 1), allowing to
control the interference between one- and two-photon amplitudes.
Employing ab initio simulations for helium, we demonstrate that the photoelectron angu-
lar distribution faithfully reproduces the energy dependence of the one-photon ionization
amplitude of the atom near autoionizing resonances.
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5. Measuring the phase of Fano resonances 67

CHIP applied to doubly excited states in helium

One-photon ionization of helium from its ground-state by the upper harmonic (𝑘 = 2)
creates a continuum wave at an energy 𝐸 = (3𝑛+ 2)𝜔IR − 𝐼𝑝,1 with angular momentum
quantum numbers ℓ = 1,𝑚 = −1

[︀

𝑌 𝑚=−1
ℓ=1 (𝜃, 𝜙)

]︀

. The same energy can be reached via
a two-photon absorption involving the lower harmonic (𝑘 = 1) and an IR photon. If the
IR is co-rotating with the lower APT harmonic, the angular dependence of the continuum
wave populated by the two-photon path is just 𝑌 2

2 (𝜃, 𝜙). The inference between the one-

photon and two-photon paths is proportional to
⃒

⃒

⃒
𝑎
(1)
1−1𝑌

−1
1 (𝜃, 𝜙) + 𝑎

(2)
2 2𝑌

2
2 (𝜃, 𝜙)

⃒

⃒

⃒
, where 𝑎(1)ℓ𝑚

and 𝑎
(2)
ℓ𝑚 are the one-photon and two-photon amplitudes, respectively. This interference,

therefore, depends on the azimuthal angle 𝜙 as cos (3𝜙−∆LCP), where ∆LCP is the relative
phase between the one- and the two-photon amplitude,

∆LCP(𝐸) = 𝛿(1)(𝐸)− 𝛿
(2)
LCP(𝐸). (5.31)

With a counter-rotating IR photon, the two-photon ionization populates a superposition
of 𝑠 and 𝑑 waves with 𝑚 = 0, corresponding to an angular dependence of 𝑌 0

0 (𝜃, 𝜙) and
𝑌 0
2 (𝜃, 𝜙). In this case the probability distribution

⃒

⃒

⃒
𝑎
(1)
1−1𝑌

−1
1 (𝜃, 𝜙) + 𝑎

(2)
0 0𝑌

0
0 (𝜃, 𝜙) + 𝑎

(2)
2 0𝑌

0
2 (𝜃, 𝜙)

⃒

⃒

⃒
, (5.32)

depends on 𝜙 as ∼ cos (𝜙−∆RCP)
17. In CHIP, therefore, the interference between waves

with ℓ = 0, 1, 2, gives access to the ionization amplitudes and phases for dipole-forbidden
or mixed-parity states. Thanks to the short duration of the APT, a single photoelectron
spectrum is sufficiently broad to record the full excursion of the scattering phases across
a resonance. The interference between two different paths to two different partial waves is
key to the holographic mapping of a single ionization phase. If the phases of the two-photon
transition 𝒜(2)

𝐸,ℓ𝑚 are almost constant across a dipole-allowed resonance, for example, they
can serve as holographic reference to measure a rapidly varying one-photon ionization phase
arg[𝒜(1)

𝐸,ℓ𝑚] of the one-photon transition amplitude 𝒜(1)
𝐸,ℓ𝑚.

We illustrate the capabilities of this concept with ab initio simulations of two prototypical
examples (Fig. 5.6 c): the one-photon ionization phase near the dipole allowed doubly
excited resonance (2𝑠2𝑝)1Po and the ionization phase for the dipole-forbidden (2𝑝2)1De

resonance of helium [see Tab. 5.1]. We employ an APT that comprises 3𝑛 + 1 LCP and
3𝑛+ 2 RCP harmonics of the fundamental wavelength 𝜆IR= 783 nm, with 𝑛 = 11, 12, and
13, as shown in Fig. 5.6 (b). The 38tℎ harmonic is tuned to the optically allowed (2𝑠2𝑝)1Po

resonance. See App. J.2.6 for the numerical parameters. We explore a wide range of IR
intensities, from 𝐼IR = 109 W/cm2, at which LOPT makes accurate predictions, to mod-
erately strong őelds 𝐼IR = 1011 W/cm2, typical used in streaking settings. For the highest
employed IR intensities the interference contrast is strongly enhanced albeit deviations
from LOPT estimates appear.

17 For more details see App. E.1.
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68 5.2. Direct measurement of the one-photon Fano phase

Figure 5.7.: Single ionization spectrum of atomic helium ionized by a bi-circular APT and a
co- or counter-rotating IR pulse (𝐼APT = 1011W/cm2 and 5× 1011W/cm2 for the
even and odd harmonics, respectively, 𝐼IR = 109W/cm2, 𝜏IR ≈ 13 fs, 𝜏APT ≈ 5 fs,
𝜃 = 𝜋/2). (a) Spectrum at fixed azimuthal angle 𝜙 = 0∘ in the polarization plane
𝜃 = 𝜋/2. Angular resolved photoemission spectrum with IR pulse (b) co-rotating
with lower harmonic and (c) counter-rotating with the lower harmonic. A constant
background was subtracted to enhance the contrast.

Whereas the photoelectron energy distributions for 𝜃 = 𝜋/2, 𝜙 = 0∘ in the energy range be-
tween 58 and 60.5eV are indistinguishable for the co- (LCP) and counter-rotating (RCP) IR
pulses [Fig. 5.7a], their variations with 𝜙 are drastically different, featuring a cos (3𝜙−∆LCP)
and a cos (𝜙−∆RCP) dependence (see Fig. 5.7b,c). At moderate IR intensities the angular-
modulation fringes become clearly visible even without subtracting the average signal
(Fig. 5.8) since their contrast increases linearly with the őeld strength (or 𝐼1/2IR ). The
angular-beating phase ∆(𝐸) = 𝜑(1) (𝐸) − 𝜑(2) (𝐸), which contains the ionization phases,
can be readily retrieved by Fourier analysis of the signal (Fig. 5.7b,c). The phase 𝜑(1) (𝐸)
across the (2𝑠2𝑝)1Po resonance at 𝐸 = 60.15 eV (Fig. 5.9) exhibits the characteristic strong
excursion with a discontinuous jump predicted by Fano’s theory for resonant one-photon
transitions [37, 38],

𝜑(1) (𝐸) = 𝜑
(1)
bg (𝐸) + arg [(𝜖+ 𝑞)/(𝜖+ 𝑖)] , (5.33)

where 𝜑(1)
bg is the smooth background phase. As long as the reference phase 𝜑(2) (𝐸) is

approximately constant across the resonance, which is indeed the case here (Fig. 5.9), the
angular-beating offset coincides with the ionization phase 𝜑(1) (𝐸), up to an overall con-
stant. Indeed, our simulations convincingly demonstrate that the Fano phase Φ𝐹 of the
optically allowed (2𝑠2𝑝)1Po resonance can be directly retrieved from CHIP with a high
degree of accuracy.
We turn now to the dipole forbidden resonance (2𝑝2)1De at 𝐸 = 59.91 eV which is simul-
taneously accessible within the bandwidth of the same harmonic of the ultrashort pulse
(Fig. 5.6c). Here the two-photon transition involving the lower (𝑘 = 1) APT harmonic and
the IR photon scans the resonance while the one-photon transition by the higher (𝑘 = 2)
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5. Measuring the phase of Fano resonances 69

Figure 5.8.: Same as Fig. 5.7b but without background subtraction and (a) 𝐼IR = 5 × 1010

W/cm2, (b) 𝐼IR = 1× 1111 W/cm2.

APT harmonic, far from the (2𝑠2𝑝)1Po state, provides the nearly constant reference phase.
In contrast to the one-photon resonance, we observe a pronounced dependence of the two-
photon resonance phase on the IR polarization. For the co-rotating case, the two-photon
ionization path exclusively populates 1De states, whereas for the counter-rotating case both
the resonant ℓ = 2 and the non-resonant ℓ = 0 states are populated, reducing the resonant
contrast. For the dipole-forbidden resonance, the ionization path does not exhibit the same
excursion as the one-photon resonant scattering phase [Eq. (5.17)]. This is because, in a
two-photon process, the dipole transition to the őnal D resonant state |1𝑠, 𝐸, ℓ = 2,𝑚 = 2⟩,
proceeds by an intermediate P wave with outgoing character

⟨1𝑠, 𝐸, 2, 2|𝑇 (2)|𝑔⟩ = (5.34)

⟨1𝑠, 𝐸, 2, 2|�̂�1
1

∑︁

∫︁

d𝐸 ′
|1𝑠, 𝐸 ′, 1, 1⟩⟨1𝑠, 𝐸 ′, 1, 1|�̂�1

1|𝑔⟩
𝐸 − 𝐸 ′ − 𝜔IR + 𝑖𝜂

,

which is not an eigenstate of the time-reversal operator and hence cannot be expressed as
a purely real function [176]. In Eq. (5.34), �̂�1

1 is the irreducible tensor component dipole
operator for LCP. Consequently, the Fano 𝑞 parameter for a resonance populated by a
two-photon transition is inherently complex and the phase jump is blurred. Fitting the
amplitude of the resonant (ℓ =2,𝑚 =2) channel to |(𝜖+ 𝑞)/(𝜖+ 𝑖)|2 (with 𝑞 ∈ C) yields
𝑞 ≈ −0.07 + 0.99𝑖, inline with the analytical prediction 𝑞 = 𝑖 [172] expected for long IR
pulses. The two-photon continuum state in the counter-rotating case is a superposition
of an 𝑠 and a 𝑑 wave, and hence it is possible to disentangle their contribution as they
have a known dependence on 𝜃. For example, since the 𝑑 wave vanishes at the magic angle
𝜃m ≈ 54.74∘, i.e., 𝑌 0

2 (𝜃m, 𝜙) = 0, CHIP at 𝜃m directly measures the ℓ = 0 ionization phase
relative to the one-photon reference.
In CHIP, the angular modulation is inherently and rigorously sinusoidal. Measurements
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Figure 5.9.: Ionization phases near the doubly-excited state resonances (a) (2𝑠2𝑝)1𝑃 o at
𝐸 = 60.15 eV and (b) (2𝑝2)1𝐷e at 𝐸 = 59.91 eV for an IR pulse either co-
rotating (blue squares) or counter-rotating (red bullets) with the lower harmonic
(3𝑛 + 1)𝜔IR. In (a) we show in addition the analytic prediction Eq. (5.17) (green
solid line) for the phase jump near the (2𝑠2𝑝)1𝑃 o resonance and the smooth two-
photon reference phase 𝜑(2) for the 𝑠 (orange dashed-dotted line) and 𝑑 (purple
triangles) partial waves separately. In (b) we also show the one-photon reference
phase 𝜑(1) which originates from the 𝑝 (orange dashed-dotted line) partial wave.

at only a few azimuthal angles (e.g., 𝜙 = 15∘, 60∘, 170∘, 240∘), therefore, are sufficient to
completely characterize it [Fig. (5.10a)]. Furthermore, the ionization phases can be recon-
structed with an energy resolution that is limited only by that of the spectrometer but not
by the spectral width of the IR. To quantify the effect of the limited energy resolution on
the extraction of ionization phases, we convolute the spectrum with instrumental resolu-
tions of 20 meV and 50 meV width [Fig. (5.10a)]. At 20 meV the phase excursion of the
narrow (2𝑠2𝑝)1Po resonance is accurately reproduced, whereas at 50 meV the phase jump is
signiőcantly smoothed. The only main challenge in the implementation of CHIP, therefore,
is to measure the angularly resolved photoelectron spectrum with a sufficiently high energy
resolution. On the other hand, high-energy resolution is required only in the comparatively
narrow width of a single harmonic, which can be easily achieved with a velocity-map imag-
ing (VMI) detector in combination with tunable retardation plates [227]. Furthermore,
while for the narrow (2𝑠2𝑝)1Po resonance a high spectral resolution is required, for broader
resonances (e.g. in argon or xenon), the requirements on the spectral resolution are less
demanding and hence CHIP is ideally suited to reconstruct their phase. Finally, in the co-
rotating conőguration with a 3𝜙 angular dependence the technique is insensitive to dipolar
and quadrupolar distortions in the detection of the angular distribution due to, e.g., an
imperfect beam alignment.
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Figure 5.10.: (a) Dependence of the retrieved ionization phase of the (2𝑠2𝑝)1Po Fano res-
onance on the angular and energy resolution ∆𝐸 of the detector. blue solid
line: infinite resolution, purple circles (∘): reconstructed phase for only four val-
ues of 𝜙 ∈ {15∘, 60∘, 170∘, 240∘}, red triangles (△) : ∆𝐸 = 20 meV, green
squares (�) : ∆𝐸 = 50 meV.
(b) Comparison of the phase profile for zero (black solid line) and finite (red solid
line) time delay between the IR and the APT. Apart for the global vertical shift, the
two curves differ by a small slope, which is accurately described by Eq. (E.17).
The blue dashed line represents the phase profile calculated for the time delay
𝜏 = 0.5𝑇IR from the phase profile for 𝜏 = 0 employing Eq. (E.17). The FWHM
pulse duration of the IR field was approximately 6.5 fs using a cos4 envelope for
the vector potential.
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72 5.2. Direct measurement of the one-photon Fano phase

Effects of non vanishing time delay between the APT and the IR and finite IR
pulse duration

In the present ab initio simulations we have used zero time delay (𝜏 = 0) between the
ATP pump and IR probe. As long as the pump and probe overlap, however, temporally
any other time delay can be chosen, without altering the one-photon phase information.
For monochromatic IR pulses a nonzero delay 𝜏 induces a trivial overall rotation of the
angular distribution by ∆𝜑 = 𝜔IR𝜏 . Finite duration of the IR gives rise to an additional
linear offset in the angular beating, on top of the global rotation. This shear term ∆𝜑
which is to a good approximation linear in both the time delay 𝜏 and the energy difference
𝜉𝑒 = 𝐸 − 𝜔𝑘 from the nominal center of the two-photon signal, is given by

∆𝜑(𝜏, 𝛿) =
−1

1 + 𝜎2
XUV/𝜎

2
IR

𝜉𝑒𝜏, (5.35)

where 𝜎XUV and 𝜎IR are the standard deviation of the amplitudes of the XUV pump and
the IR probe pulse, see App. E.2 for the derivation of Eq. 5.35. Notice that for an IR pulse
with duration much longer than the XUV (𝜎IR ≪ 𝜎XUV) ∆𝜑 becomes negligible.
The accuracy of the analytical formula Eq. (5.35) is assessed by computing the linear
distortion and shift of the phase at a nonzero time delay around the (2𝑠2𝑝)1𝑃 o resonance.
For the results shown in Fig. 5.10b we chose an IR pulse half as long as for the results shown
in Fig. 5.9 to amplify the effect of a őnite delay, which otherwise would be hardly visible.
The spectral widths 𝜎XUV = 0.4 eV and 𝜎IR = 0.29 eV are obtained by taking the spectral
FHWM of the pulses used for the simulation with a cos4 envelope of the vector potential.
Using Eq. (5.35), we calculate the phase at 𝜏 = 𝑇IR/2 and őnd excellent agreement with
ab initio calculations performed at the same time delay (Fig. 5.10b). The speciőc shape
of the pulse (in Eq. (5.35) assumed to be Gaussian) thus plays a minor role.
The shear effect [Eq. (5.35)], which is quantitatively conőrmed in our simulations, can be
easily accounted for in the analysis of experimental data where linear and even quadratic
background (attochirp) are commonplace.

Influence of elliptically polarized attosecond pulse trains

As recent measurements suggest that bi-circular APTs produced from 𝜔− 2𝜔 őelds can be
elliptically polarized or even slightly depolarized [228, 229], we explicitly investigate how
the CHIP scheme is affected by elliptically polarized harmonics. For brevity we restrict
ourselves to the case of a co-rotating circularly polarized IR pulse with the lower harmonic.
For this purpose, the elliptically polarized electric őeld of harmonic (3𝑛+ 𝑘) is parametrized
as follows

F (𝑘)(𝑡) = 𝐹
(𝑘)
0 𝑓(𝑡)

⎛

⎝

cos (𝜔𝑘𝑡)

(−1)𝑘+1 𝜀 sin (𝜔𝑘𝑡)
0

⎞

⎠ , (5.36)

where 𝜀 is the degree of ellipticity. Non-perfect ellipticity (𝜀 ̸= 1) of the harmonics leads
to a superposition of three frequency components in the azimuthal beating of the angular
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Figure 5.11.: Absolute magnitude squared of the Fourier transform of the angular distribution
𝑃 (𝐸, 𝜃 = 𝜋/2, 𝜙) =

∑︀

𝑛>0 [𝑎𝑛 cos (𝑛𝜙−∆𝑛)] at photon energy 𝐸 = 60.15 eV
as a function of the APT ellipticity 𝜀. The intensity of the IR is in the perturbative
regime (𝐼IR = 109 W/cm2) for all APT ellipticities.

distribution 𝑃 (𝐸, 𝜃 = 𝜋/2, 𝜙) instead of just one. The three components can be isolated
by Fourier analysis of the angular distribution with respect to the azimuthal angle 𝜙 (see
Fig. 5.11). As the ellipticity is gradually decreased from 𝜀 = 1 to 𝜀 = 0.3, in addition to
the CHIP characteristic 3𝜙 beating, two new beatings at 𝜙 and 2𝜙 appear. The 2𝜙 beating
originates from the interference between the ionization amplitudes associated with the left-
and right-circularly polarized components of the same harmonic. The appearance of the
𝜙 beating is accompanied by a decrease of the strength of the 3𝜙 beating as 𝜀 decreases.
The phase of the 2𝜙 component vanishes across the full harmonic, which conőrms that it
is only caused by the interference of the one-photon transitions (see Fig. 5.12). Comparing
the phase for the 3𝜙 component with 𝜀 = 0.8 to the łreference” phase for a bi-circular
APT (𝜀 = 1), it is clear that it accurately reproduces the reference phase. Indeed, only
a single circular component of each harmonic contributes to the 3𝜙 oscillation. The co-
rotating CHIP conőguration therefore, is unaffected by the deviations from perfect circular
polarization of the bi-circular APT, whereas in the counter-rotating CHIP the phase of
the 𝜙 oscillation is affected by ellipticity. As a consequence all the contributions to the
3𝜙 oscillation add up coherently. Therefore, co-rotating CHIP remains accurate even
with partially depolarized harmonics, provided that the harmonics are not completely
depolarized18.

18 We note that with the knowledge of both the Fourier magnitudes and phases, a complete characteriza-
tion of the polarization and the harmonic phase of bi-circular APTs might be possible. However, the
demonstration of this complete characterization goes beyond the scope of the present work.
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Figure 5.12.: Retrieved phase from the Fourier transformation of the angular distribution
𝑃 (𝐸, 𝜃 = 𝜋/2, 𝜙) for the 2𝜙 (𝑛 = 2) and the 3𝜙 (𝑛 = 3) oscillation in the
resonant harmonic for 𝜀 = 0.8 compared the phase of the 3𝜙 oscillation extracted
for CHIP with bi-circularly polarized (𝜀 = 1) APT (reference: black crosses). Near
60.2 eV the Fourier amplitude for 𝑛 = 2 vanishes and hence we do not show values
for the retrieved phase in this region. The IR intensity was chosen to be in the
perturbative regime 𝐼IR = 109 W/cm2.

Phase retrieval for stronger IR fields

The contrast of the CHIP beating can be drastically enhanced by increasing the IR intensity
(see Fig. 5.8). Here, we examine how IR intensities beyond the perturbative regime affect
the retrieval of the one-photon phase in the CHIP scheme. We consider in the following
only the co-rotating CHIP scheme employing the same APT as for Fig. 5.7 but for different
intensities of the dressing IR őeld, ranging from the perturbative regime (𝐼IR = 109 W/cm2)
to moderate intensities (𝐼IR = 1011 W/cm2). The extracted phases coincide with the
perturbation theory up to 𝐼IR = 1010 W/cm2 (see Fig. 5.13). At higher intensities the
phase exhibits a full 2𝜋 excursion, as it has already been hypothesized for multi-channel
resonances [52]. The strong IR őeld opens new radiative decay channels for the metastable
state in which the autoionization decay is accompanied by the absorption or emission of
one (or more) IR photons. Under the present conditions, we have ascertained numerically
that the two-photon reference phase does not change as a function of intensity. This means
that CHIP is, in principle, able to retrieve the phases even of laser-dressed autoionizing
states. Fourier analysis shows that, even for IR intensities as high as 1011 W/cm2, the only
relevant modulation of the azimuthal distribution is given by the 3𝜙 beating.
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Figure 5.13.: Retrieved phase from the angular distribution 𝑃 (𝐸, 𝜃 = 𝜋/2, 𝜙) for different IR
intensities ranging from the perturbative (𝐼IR = 109 W/cm2) to the streaking
regime (𝐼IR = 1011 W/cm2) . We employ CHIP in the co-rotating configuration
and extract the phase by fitting the azimuthal oscillation to cos (3𝜙−∆).

5.3. Excursus: Wavelength scanning of resonances in

atomic argon

Even though we focused on the measurement of one-photon phases in this chapter we now
make a small digression to discuss the inŕuence of Fano resonances on the phases retrieved
with angle-integrated RABBITT. These phases show a characteristic modulation [52ś55]
due to intermediate resonant states. In this excursus we present a joint theoretical and
experimental study of XUV photionization of atomic argon close to autoionizing resonances
for photonenergies of 24-40 eV 19.
The present results achieve two primary goals. First, they provide a conőrmation of the
measurement from Kotur [52] in the spectral phase of the 3𝑠−14𝑝 resonance at 26.7 eV.
Second, we identify a previously unobserved phase structure of one (or more) autoionizing
resonances centered near 34 eV which is not well-represented in the calculation shown in
the following and, as such, evades deőnitive assignment.

5.3.1. Phases retrieved with wavelength scanning

We employ RABBITT to scan the phase variation in the sidebands caused by resonances
in the intermediate states excited by the APT. This is achieved by performing multiple
RABBITT measurements, each with a slightly different IR wavelength [52, 55]. Indeed,

19 The calculations where performed with the newstock code. The experiments where performed in the
group of Louis DiMaurio at Ohio State University.
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Figure 5.14.: Sequence of plots on how wavelength scanning with RABBITT can be used to
map out the two-photon phase structure in atoms. (a) Retrieved phases from
one RABBITT trace for 𝜆IR = 1400 nm by integrating the sideband across the
harmonic width. (b) Changing the fundamental wavelength generates an APT
which is shifted in energy and hence different energies of the two-photon phase
are probed via RABBITT. (c) If the fundamental wavelength is changed over a
sufficiently large range the full energy dependence of the two-photon phase can
be accessed via RABBITT. The energy resolution is only limited by the energy
integration over the width of the sidebands.
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the experiment employs an optical parametric ampliőer which allows tuning of the central
wavelength over hundreds of nanometers in the mid-infrared, instead of using the ouput of
a Ti:sapphire system, and CH4 as generation gas for HHG. From every RABBITT trace
the phase of the oscillation with the time delay 𝜏 is retrieved, see Fig. 5.14a. Analyzing the
phases just from one RABBITT trace is sufficient if the phase structure is expected to be
smoothly varying but not close to resonances, where sharp phase structures are expected.
To resolve those sharp phase variations one combines the phases from RABBITT traces
performed for different fundamental wavelength and thus also different harmonic energies,
see Fig. 5.14b. If the wavelength is scanned over a large enough range, such that all energy
regions are sampled and the difference between subsequent wavelengths is small enough
to resolve the phase variation the full energy dependence of the two-photon phase can
be accessed with this technique. We will call this approach wavelength scanning in the
following [55, 102]. Using wavelength scanning the energy resolution is only limited by the
energy integration over the width of the sidebands.
To resolve the phase close to the 3𝑠−14𝑝 resonance in argon we perform multiple RAB-
BITT simulations for different wavelengths of the fundamental őeld from 𝜆IR = 1400 nm
to 𝜆IR = 1500 nm in steps of 5 nm in the theoretical calculations for two different bases
(CSF-low and CSF-mid), see App. F for details on the basis used for newstock. The RAB-
BITT phases are calculated by the integrating the electron yield within each sideband over
an energy range of approximately 100 meV and őtting the time delay oscillations within
an interval of 𝜏 ∈ [−0.5𝑇IR : 0.5𝑇IR].
The experimental data clearly reveals the two-photon phase variation in the energy region
next the 3𝑠−14𝑝 resonance [Fig. 5.15]. Similar to previous results [52, 53] we observe that
the phase structures above and below the resonance resemble each other closely apart for
an overall sign. Both newstock bases accurately reproduce the phase structure caused by
the 3𝑠−14𝑝 resonance, as well as the measured phase at lower energies, Fig. 5.15. Indeed,
the theoretical calculations also show the dip in the phase right below 29 eV, which is most
likely due to the high number of resonances right below the threshold opening. The quan-
titative disagreement between experiment and theory close to 27.5 eV might be caused by
the wrong relative position of the 3𝑠−15𝑝 resonance and by neglecting spin-orbit splitting
in the theoretical calculations.
For photonenergies above 29eV many different single-ionization channels open for argon
and due to inter-channel coupling and the presence of many resonances, modulations of
the two-photon phase are expected. Previous streaking experiments and theoretical cal-
culations resulted in strongly disagreeing predictions in this energy region [188, 230]. The
experimental results obtained from wavelength scanning show a łW”-like structure in the
energy region between 33 and 35 eV on top of a rather strongly oscillating phase landscape
[Fig. 5.16]. Comparison with the theoretically obtained phase yields, unfortunately, rather
bad agreement. The theoretical results do not reproduce the experimentally observed łW”-
structure nor the other structures visible, apart from the qualitative agreement on the
magnitude of the phase excursion. Possible explanations for this disagreement are among
others the absence of spin-orbit splitting in the theoretical calculations, or the inaccurate
description of the atomic structure in the CSF-mid basis.
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Figure 5.15.: Comparison between the theoretically and experimentally obtained phase variation
below the second ionization threshold of argon (approximately 29.24 eV) by finely
tuning the fundamental wavelength used to generate the APT over approximately
100 nm. The theoretical pulse parameters are given in App. F.2.
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Figure 5.16.: Comparison between the theoretically and experimentally obtained phase varia-
tion by finely tuning the fundamental wavelength used to generate the APT over
approximately 100 nm for the photon energy range 30−38 eV. Within this energy
region many different ionization channels are accessible. The solid dark green line
is an interpolated curve through the experimental data points to show the “W”-like
structure between 33 and 35 eV.

Concluding, from the present theoretical data we are not able to attribute the experimen-
tally observed łW”-structure between 33 and 35 eV to a single resonance or to the opening
of an ionization threshold.
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6. Monitoring the build-up of a Fano

resonance in the time-domain

In the previous chapter we discussed in detail how the one-photon phase of Fano resonances
can be measured in experiment. Attosecond metrology, however, also gives us the oppor-
tunity to resolve ultrafast processes in time. Accordingly several theoretical calculations
have predicted the time-dependent formation of Fano resonances [59ś62, 211, 231ś234] and
experiments have been able to measure lifetimes of atomic resonances [181, 182]. Until re-
cently however, no experiment has been able to measure the time-domain build up of the
Fano lineshape for atoms [53, 57].
In this chapter we show how attosecond transient absorption spectroscopy can be used to
monitor the time-domain build up of the Fano line shape for the prototypical system of
helium20.

6.1. Time dependent Fano wavefunction

While the previous chapter focused on the time-independent Fano proőle [Sec. 5.1] we now
turn to a time-dependent formulation as investigated in many theoretical publications [59ś
62, 211, 231ś234].
Assuming that the resonance |𝑎⟩ is excited at 𝑡 = 0 with a delta-like XUV pulse the
singly-ionized wave function for 𝑡 > 0 is given by

|𝜓 (𝑡)⟩ ≈ 1√
𝑁

(︂

𝑒−𝑖𝐸0𝑡 |0⟩+ 𝐶𝑎 (𝑡) |𝑎⟩+
∫︁

𝐶𝜀 (𝑡) |𝜀⟩ d𝜀

)︂

, (6.1)

where 𝑁 is a normalization factor. The time-dependent coefficients of the resonance 𝐶𝑎(𝑡)
and the continuum states 𝐶𝜀(𝑡) evolve according to the time-dependent Schrödinger equa-
tion, which yields

𝑖�̇�𝑎 (𝑡) =𝐸𝑎𝐶𝑎 (𝑡) +

∫︁

𝐶𝜀 (𝑡)𝑉𝑎𝜀 d𝜀 (6.2)

𝑖�̇�𝜀 (𝑡) =𝑉
*
𝑎𝜀𝐶𝑎 (𝑡) + 𝜀𝐶𝜀 (𝑡) . (6.3)

By approximating the conőguration interaction matrix element 𝑉𝑎𝜀 as real and constant
in the energy range close to the resonance energy 𝐸𝑎 Eqs. (6.2) and (6.3) can be solved

20 This works was performed in collaboration with the experimental group of Thomas Pfeifer at the
Max-Planck Institute for Nuclear Physics.
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82 6.1. Time dependent Fano wavefunction

analytically assuming that the initial populations at 𝑡 = 0
(︁

𝐶
(0)
𝑎 and 𝐶

(0)
𝜀

)︁

are known

[57, 59]:

𝐶𝑎 (𝑡) = 𝐶(0)
𝑎

(︂

1− 𝑖

𝑞

)︂

𝑒−Γ𝑎/2 𝑡, (6.4)

𝐶𝜀 (𝑡) =
𝐶

(0)
𝜀

𝜖+ 𝑖

[︀

(𝑞 + 𝜖) 𝑒−𝑖(𝜀−𝐸𝑎)𝑡 − (𝑞 − 𝑖) 𝑒−Γ𝑎/2 𝑡
]︀

. (6.5)

In the limit 𝑡→ ∞, the coefficients are 𝐶𝑎 (𝑡→ ∞) = 0 and 𝐶𝜀 (𝑡→ ∞) = 𝐶
(0)
𝜀

𝜖+𝑞
𝜖+𝑖
𝑒−𝑖(𝜀−𝐸𝑎)𝑡.

The time-dependent build-up of the electron wavepacket can be be calculated as the abso-
lute square of 𝐶𝜀(𝑡) [59, 60, 231]

|𝐶𝜀(𝑡)|2 =

⃒

⃒

⃒
𝐶

(0)
𝜀

⃒

⃒

⃒

2

𝜀2 + 1
{ (𝑞 + 𝜀)2 +

(︀

𝑞2 + 1
)︀

𝑒−Γ𝑎 𝑡 (6.6)

−2𝑒−
Γ𝑎𝑡
2

[︀(︀

𝑞2 + 𝜀𝑞
)︀

cos ((𝐸 − 𝐸𝑎) 𝑡) + (𝑞 + 𝜀) sin ((𝐸 − 𝐸𝑎) 𝑡)
]︀

}

The absolute square |𝐶𝜀 (𝑡→ ∞)|2 is directly proportional to the time-independent Fano
cross section Eq. (5.16).
Atomic resonances decay on a time scale of femtoseconds and thus the build-up of the Fano
proőle can not be recorded in real time.
To address this problem we propose to sample the time-dependent evolution of the asym-
metric Fano line shape by performing a projective measurement at time 𝑇 [57, 60]. The
projective measurement stops the interference of the decaying resonance channel |𝑎⟩ and
the already ionized part of the electron wave packet centered around the resonance energy
𝐸𝑎 at the time of projection. Thus we can record the temporal evolution of the wavepacket
if the projection time 𝑇 is varied. The observed wave function is given by the projec-
tion of the full wave function onto continuum eigenstates at the moment of projection: 𝑇
|⟨𝜀 |𝜓 (𝑇 )⟩|2 [60, 231].
To observe the characteristic build-up using attosecond transient absorption spectroscopy
we calculate the transient absorption cross section 𝜎 [57] following Eq. 3.16. The time-
dependent dipole moment 𝑑(𝑡) (assuming already the rotating wave approximation) is given
by

𝑑(𝑡) = ⟨𝜓(𝑡)| 𝑧 |𝜓(𝑡)⟩

∝ 𝑖

{︂

2𝛿(𝑡) +
Γ𝑎

2
(𝑞 − 𝑖)2 𝑒−𝑖(𝐸𝑎−𝐸0)𝑡𝑒−

Γ𝑎
2
𝑡

}︂

. (6.7)

For a derivation of Eq. (6.7) see App. G. Calculating the single-atom response [Eq. (3.16)]
and considering only the small energy region close to the resonance energy 𝐸𝑎 we can ignore
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6. Monitoring the build-up of a Fano resonance in the time-domain 83

the prefactor 𝜔 to calculate the absorption cross section at the projection time 𝑇

𝜎 (𝐸, 𝑇 ) ∝ Im

{︂∫︁ 𝑇

0

d𝑡 𝑑(𝑡)

}︂

∝ Re

{︂

1 +
Γ𝑎

2
(𝑞 − 𝑖)2

∫︁ 𝑇

0

d𝑡 𝑒𝑖[𝐸−(𝐸𝑎−𝐸0)]𝑡𝑒−
Γ𝑎
2
𝑡

}︂

∝ Re

{︃

1 +
(𝑞 − 𝑖)2

1− 𝑖𝜖

(︁

1− 𝑒−
Γ𝑎
2
(1−𝑖𝜖)𝑇

)︁

}︃

. (6.8)

In the following, we show experimental and theoretical results which show the transient
build up of the Fano line-proőle of the 2𝑠2𝑝 resonance in helium using attosecond transient
absorption spectroscopy [57].
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84 6.1. Time dependent Fano wavefunction

Figure 6.1.: Time-dependent formation of a Fano profile. The top (spectral domain) and the
bottom (time domain) planes schematically show the connection between the mea-
sured absorption line shape and the temporal evolution of the dipole response
(purple) for five time delays 𝜏1 to 𝜏5. After excitation of the autoionizing state
by the XUV pulse (blue), the autoionizing state decays exponentially, until the in-
terference is blocked by a projective measurement. This projective measurement
is realized by strong-field ionization of the excited state by an intense few-cycle
NIR field (red). Controlling the time delay between the XUV excitation (start) and
strong-field ionization (stop) allows to monitor the build up of the asymmetric line
shape in the time domain.
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6. Monitoring the build-up of a Fano resonance in the time-domain 85

6.2. Projective measurement

The transient build-up of the 2𝑠2𝑝 resonance is revealed by measuring the transmission
of an ultrashort XUV pulse through helium accompanied by an intense few-cycle (NIR)
light őeld. To be able to resolve the time-dependent line shape we use the fact that optical
spectrometers obtain a better energy resolution compared to photoelectron spectrometers,
allowing for the tracking of small changes within the absorption spectrum. After the exci-
tation of the resonance by a single ultrashort XUV pulse the formation of the Fano line is
sampled by a projective measurement employing an intense ultrashort few-cycle NIR laser
pulse. The projective measurement stops the interference between the directly ionized
channel and the decaying auto-ionizing state at the time of projection [60]. Strong-őeld
ionization (SFI) of the atom due to the intense NIR laser őeld blocks the coherent dipole
response acting as temporal gate for the formation of the decaying Fano resonance. Vary-
ing the time delay between the XUV and the NIR pulse, and hence the projection time,
with sub-femtosecond precision, allows to track the evolution of the Fano line shape in real
time (see Fig 6.1 for a sketch). To facilitate the complete depletion of the resonant state,
very high NIR intensities are needed, whereas lower NIR intensities have been previously
used to alter the Fano 𝑞 parameter [44] or to measure the lifetime of atomic resonances
[70, 181].
Fig. 6.2 shows the experimentally observed transient absorption signal which reveals the
time-dependent formation of the 2s2p Fano absorption line [for positive time delays 𝜏
the terminating NIR pulse arrives after the XUV excitation pulse]. For the unperturbed
case, i.e. in the absence of the NIR pulse as depicted in Fig. 6.2 (gray line), the original
Fano line shape is measured. The intensity of the 7 fs FWHM NIR pulse is high enough
(approximately 20 TW/cm2) that the doubly excited states are completely ionized. As
the projective measurement due to strong-őeld ionization is considerably shorter than the
lifetime of the 2s2p state (17fs) the time-dependent formation of the line shape can be
monitored [235].
In the case where the projection time 𝜏 is small compared to the state’s lifetime, the short
duration in which radiation is emitted by the XUV-triggered dipole oscillation is insuffi-
cient to form a well-deőned Fano line as can be seen in Figs. 6.2 and 6.4C for 𝜏 < 10 fs. At
𝜏 ≈ 6 fs the effect of the NIR is strongest and the spectral line is smeared out completely.
When the autoionizing state is immediately depopulated after its excitation, the spectral
response is mainly determined by the excitation process driven by the broadband single
attosecond XUV pulse and spans several eV. This result agrees with several theoretical
studies [59ś61, 232] performed for the photoelectron spectrum showing that the energy
distribution of the electrons ejected within 1/3 of the state lifetime (corresponding to 6 fs
in the case of the 2s2p resonance in helium) after the initial excitation is governed by the
frequency range of the excitation pulse (see also [173]). Increasing the time delay 𝜏 be-
tween excitation and ionization, the doubly excited state decays and the interference with
the directly ionized electrons forms the characteristic asymmetric line shape. This gives
rise to a narrower spectral line with the details of the autoionization process encoded in it.
After approximately one lifetime, the Fano spectral signature is already recognizable and
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86 6.2. Projective measurement

Figure 6.2.: Experimental attosecond transient absorption spectrum in terms of the optical
density (OD) of the helium target (vertical axis) as a function of the XUV photon
energy E and time delay 𝜏 ≥ 0 between XUV excitation and subsequent NIR
ionization of the 2s2p state. The reference spectrum (gray line; dashed bars indicate
the OD values from 0.5 to 1.25) shows the unperturbed 2s2p line, which corresponds
to the limit for 𝜏 → ∞. The experimental data were averaged over one optical
cycle in order to suppress the fast oscillation of the 2s2p state absorbance due to
two-photon coupling to the 2s3p state [68] and to increase the signal to noise ratio.
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6. Monitoring the build-up of a Fano resonance in the time-domain 87

continuously narrows down as the time delay is increased. For time delays signiőcantly
longer than the lifetime, the asymptotic Fano absorption proőle is eventually recovered.
At the end of the delay range presented in Fig. 6.2 the measured line shape already closely
resembles the Fano line. However, this comparison is affected by the őnite experimental
spectrometer resolution (50 meV FWHM), which has a noticeable effect on the narrow un-
perturbed line. According to analytic theory, e.g. [59ś61, 232], it takes roughly 100 fs (140
fs) for the 2s2p Fano line to reach 95% (99%) of the 𝜏 → ∞ peak amplitude. The experi-
mental results shown here capture the most signiőcant changes in the line shape, however
it is not possible to extend the time delay to larger values with the current experimental
setup.

6.3. Ab initio treatment of the depletion process

To analyze the experimental result in more detail we perform full ab initio calculations
to simulate the proposed projective measurement scheme. For the numerical parameters
employed in the simulation see App. J.2.7
We verify the temporal gating mechanism by studying the residual population of the 2s2p
state after SFI as a function of the time delay for an NIR intensity of 2 × 1013 W/cm2

(Fig. 6.3a). The residual population is obtained by projecting the wave function 40.5 fs
after excitation by the XUV (Fig. 6.3b) onto the őeld-free quasi-bound 2s2p state21. For
large negative time delays, i.e. the NIR arrives considerably before the XUV excites the
resonance, the population remains unaffected. Already at 𝜏 ≈ -5 fs less than 10 % of
the population remains bound because of SFI in the rising ŕank of the intense NIR pulse.
Near-complete depletion to well below 1% is őrst reached around 𝜏 ≈ 4 to 5 fs in good
agreement with the experimental observation. With a fall time (10% to 90% depletion) of
about 4 fs, the efficiency of the sudden projective measurement (relative to the resonance
life time) is conőrmed. Moreover, as can be expected for a strong-őeld ionization process,
the depletion of the excited state depends exponentially on the applied őeld strength (see
inset in Fig. 6.3a).
We now compare both experiment and ab initio calculation to the analytic description
of an isolated Fano resonance which is excited and depleted impulsively [Eq. (6.8)]. The
existing analytical predictions describe the photoelectron spectrum in different scenarios,
i.e. either the time-dependent build-up of the continuum component of the Fano reso-
nance [59, 61, 232], or the őnal distribution of photoelectrons after a sudden removal of
the bound population [60]. We explicitly veriőed that allresulting photoelectron spectra
are identical in the case of an isolated Fano resonance and an inőnitely short gating pulse.
To directly compare the analytic prediction to experiment and the ab initio simulation we
assume that the time delay 𝜏 between the XUV and the NIR pulse is the time 𝑇 of the
projective measurement by strong-őeld ionization. For the present experimental data this
is an approximation as most of the strong-őeld ionization already takes place during the

21 The projection time was chosen large enough to ensure that the NIR field is over for all time delays
considered.
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88 6.3. Ab initio treatment of the depletion process

(a)

(b)

Figure 6.3.: (a) Calculated occupation of the 2s2p state after strong-field ionization. For each
time delay 𝜏 between the XUV and the strong NIR pulse (20 TW/cm2), the oc-
cupation is obtained through projection onto the field-free quasi-bound state at a
fixed time of 40.5 fs after the excitation by the XUV pulse.
Inset: Occupation of the 2s2p level for a fixed time delay between the XUV and
NIR peak time 𝜏 = 20 fs and varying NIR peak intensity. The purple pulse indicates
the arrival of the XUV pulse with respect to which the NIR is delayed by 𝜏 .
(b) Illustration of the time at which the 2s2p population [shown in (a)] is obtained.
The projection time of 40.5 fs after excitation is chosen such that the NIR field is
over for all time delays.
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6. Monitoring the build-up of a Fano resonance in the time-domain 89

rising ŕank of the NIR őeld [Fig. 6.3]. Figure 6.4 shows the build-up of the Fano resonance
as predicted by Eq. (6.8) (A) (parameters of the 2s2p line are taken from [216]), compared
to the numerical ab initio calculation (B) and to the experimental data (C). Conceptually,
the main difference between the analytic prediction and the ab initio simulation is that
in Fig. 6.4A the depletion is treated instantaneously. This implies that the quantum sys-
tem remains unperturbed up to the strong-őeld ionization event, whereas a őnite-duration
NIR laser pulse is applied in (B), to model the experimental scenario (C). Moreover, the
experimental spectra are additionally affected by a deviation of the laser pulse shape from
a clean Gaussian pulse used in Fig. 6.4B.
The experimental NIR laser pulse is accompanied by a moderately strong pre-pulse which
arrives approximately 15 fs before the main laser pulse. This pre-pulse is also a possible
explanation for the observable dip within the optical density shown in Fig. 6.2 around
𝜏 =15 fs. Still, the experimental spectra clearly resolve the build up of the Fano resonance,
validating the employed time-gating technique by a projective measurement. The three
spectra agree well with respect to their shapes and peak-to-baseline ratios, especially at
later stages of the build-up (darker colors). As the experimental laser pulse proőle deviates
from an ideal Gaussian pulse used in the simulations, we cannot expect perfect quantitative
agreement.
Directly at the beginning of the build-up (lighter colors) all spectra share a smeared-out
appearance reŕecting the time/energy Fourier uncertainty relation. The ab initio calcu-
lation and the experiment agree particularly well also at these early times as they both
exhibit broad wings with a similar structure, whereas the analytic spectrum is virtually
ŕat. The discrepancy compared with the analytic theory shows that in the region of tem-
poral overlap the strong NIR őeld has a noticeable effect on the measured line shape as
the NIR őeld is not included in the analytic model. Among other effects the 2s2p state
itself is modiőed by the strong őeld if the XUV and NIR őeld overlap temporally (e.g. by
strong coupling to other doubly excited states [63, 64, 67]). Thus the simpliőed sequential
picture of excitation of the 2s2p resonance by the XUV pulse and subsequent depletion by
the strong NIR őeld does not apply in this case. An experimental approach to reduce the
pulse overlap issue would be to use NIR laser pulses with shorter duration allowing smaller
time delays without a signiőcant overlap of the XUV and NIR.
The present ab initio simulations allow us to take a closer look into the depletion process.
As already visible in the inset of Fig. 6.3a, a very high intensity for the strong-őeld ionizing
NIR pulse is needed to obtain a perfect projective measurement. If the projective mea-
surement does not deplete the 2s2p resonance completely the formation of the line-shape is
only partially stopped and a complicated pattern emerges in the optical density, Fig. 6.5a.
For an NIR intensity of 1012 W/cm2 the optical density is only marginally modiőed as
compared to the optical density observed without depletion by an NIR pulse. Increasing
the intensity to 5 × 1012 W/cm2 the resonance line starts to split into two separate lines,
which is a characteristic sign of the Autler-Townes effect [160]. Only for the highest inten-
sity shown SFI fully depletes the autonizing state and the temporal formation of the line
shape can be stopped [Eq. 6.8].
On top of strong-őeld ionization, the different doubly excited states [Tab. 5.1] are cou-
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90 6.3. Ab initio treatment of the depletion process

Figure 6.4.: Comparison between analytic theory, ab initio calculation, and experimental results
for the helium 2s2p Fano line formation. (A) Absorption spectra calculated for a
series of time delays between XUV and NIR according to the analytic expression
[Eq. (6.8)]. (B) Numerically simulated absorption spectra for a 7-fs FWHM NIR
pulse, with peak intensity of 20 TW/cm2. (C) Experimentally recorded spectra.
The theoretical spectral amplitudes in (A) and (B) are scaled to match the experi-
mental peak and valley at 32 fs. Because of the finite duration of the NIR pulse in
(B) and (C), the effective beginning of the line formation is not at 𝜏 = 0. Thus, the
analytic spectra are shifted by 4.5 fs in time delay in order to ensure comparability
among the three data sets.
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Figure 6.5.: (a) Optical density for a time delay of 𝜏 = 20 fs between the exciting XUV pulse and
the NIR pulse for different peak NIR intensities. (b) Population of the doubly excited
states in helium 40.5 fs after excitation [Fig. 6.3b] and subsequent interaction with
the NIR (𝐼NIR = 2× 1013 W/cm2) as function of the time delay between the XUV
and NIR pulse.

pled (almost) resonantly by the NIR őeld [63, 64, 67]. This coupling is responsible for
the oscillations of the őnal state occupation of the 2𝑠2𝑝 resonance and the nearby doubly
excited states as function of the time delay 𝜏 , see Fig. 6.5b. This a clear signature of Rabi
oscillations [236] driven by the NIR laser pulse.
To obtain a more detailed understanding of the depletion by strong-őeld ionization we
calculate the occupation of the 2s2p resonance as a function of real time by projecting the
time-dependent wave function on the őeld free eigenstates at the times where the electric
őeld is zero. Although this observable is experimentally not directly accessible it is useful
to analyze the dynamics induced by strong NIR laser őelds. Rabi oscillations are clearly
observable within the time-dependent population of the resonance for a wide range of NIR
intensities, see Fig. 6.6. For high intensities, however, strong-őeld ionization becomes the
dominant process and only very weak oscillations can be observed. We will examine the
interplay between resonant coupling of the doubly excited states and strong-őeld ionization
in more detail in the next chapter (Chap. 7).
The last point we want to address in this subsection is the question whether it is possible
to obtain the time at which the projective measurement happened from the absorption
spectrum. From Eq. (6.8) one obtains

𝜎 (𝜖, 𝜏) ∝ 𝒱 +
𝑒−

Γ
2
𝜏

𝜖2 + 1
{𝒲1 cos [(𝐸 − 𝐸𝑅) 𝜏 ] +𝒲2 sin [(𝐸 − 𝐸𝑅) 𝜏 ]} , (6.9)

where 𝒱 ,𝒲1 and 𝒲2 are constants that depend only on 𝜖 and 𝑞. Oscillations with respect
to (𝐸 − 𝐸𝑅) are clearly visible in Fig. 6.4A and B to the left and to the right of the
resonance energy. If the projective measurement takes place fast enough, the projection
time is in principle imprinted in the oscillation period 𝑇 of the fringes. Eq. (6.9), however,

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

92 6.3. Ab initio treatment of the depletion process

10−10

10−9

10−8

10−7

10−6

0 10 20 30 40 50 60

2s
2p

oc
cu

pa
ti

on

Time after excitation [fs]

𝐼NIR = 1× 1010 W/cm2

𝐼NIR = 1× 1012 W/cm2

𝐼NIR = 5× 1012 W/cm2

𝐼NIR = 7.5× 1012 W/cm2

𝐼NIR = 1× 1013 W/cm2

𝐼NIR = 0 W/cm2

Figure 6.6.: Occupation of the 2s2p doubly excited state obtained by projection of the time-
dependent wave function onto the field-free quasi-bound state as function of pro-
jection time and intensity of the NIR field. The projection times were chosen at
the zero crossings of the electric field. The time delay between the XUV excitation
and the projective measurement (𝜏 = 20 fs) was chosen such that the two pulses
are not overlapping in time. The dashed gray line symbolizes the combined electric
field of the XUV and the NIR and the yellow shaded area highlights the interaction
time of the atom with the NIR field.

neglects all inŕuences of longer pulses and requires a very sensitive measurement of the
absorption spectrum rendering experimental veriőcation challenging.
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7. Time-resolved coupling between

Fano resonances

Based on the results shown in the previous chapter we investigate in detail the interplay be-
tween strong-őeld ionization and the őeld-driven coupling of resonances by few-cycle light
őelds. Whereas we showed in chapter 5 and 6 how a combination of XUV and IR őelds can
be used to characterize Fano resonances in time and frequency domain, we study in this
chapter the interaction of several resonances with IR őelds over a wide range of intensities.
Our intention is to develop a better understanding of the occupation oscillations shown in
Fig. 6.5b employing ab initio simulations for the prototypical system of helium.
As őrst step towards achieving this aim, we analyze the residual occupation of the doubly
excited states in helium after excitation by an ultrashort XUV laser pulse and subsequent
driving with a few-cycle laser őeld. Variation of the wavelength of the driving few-cycle
pulse, its intensity, and the time delay between the exciting XUV and the driving NIR őeld
leads to pronounced modiőcations of the occupation of the double-excited states.
Subsequently, we will introduce a new method which allows to retrieve the full time-resolved
dipole response of a strongly driven time-dependent system from a single absorption spec-
trum22. The only requirement is that the excitation is caused by a sufficiently short pulse.
We use this scheme to observe Rabi oscillations between doubly excited states in helium
occurring on the few-femtosecond time scale. In contrast to conventional pump-probe
schemes, there is no need for scanning time delays in order to access real-time information.

7.1. Coupling doubly excited states with few-cycle

light fields

Coupling of bound states by light őelds is one of the building blocks of quantum optics.
The occupation transfer between different coupled states driven by (near)resonant light
őelds has been studied in detail for various systems and is very well understood. In the
context of just two levels which are coupled the light induced population transfer is often
referred to as Rabi ŕopping [236, 237]. Within this simple model the light őeld induces
not only a periodic population transfer between the two (or more) levels, but also imposes
a characteristic phase shift onto the wavefunction.

22 The experiments shown in this chapter were performed in the group of Thomas Pfeifer at the Max-
Planck Institute for Nuclear Physics. The results were analyzed and modeled in collaboration with the
groups of Thomas Pfeifer and Christoph Keitel at the Max-Planck Institute for Nuclear Physics.
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94 7.1. Coupling doubly excited states with few-cycle light fields

transition ∆𝐸 (eV) 𝜆 (nm) transition dipole matrix element 𝜇 (a.u.)
(2𝑠2𝑝) 1Po - (2𝑠2) 1Se -2.3 539 -1.56
(2𝑠2𝑝) 1Po - (2𝑝2) 1Se 1.94 639 2.17
(2𝑠3𝑝) 1Po - (2𝑝2) 1Se -1.57 790 -0.81

Table 7.1.: List of dipole-allowed transitions between the doubly excited states listed in Tab. 5.1
relevant for the results shown in this section. The dipole-matrix element between
the (2𝑠2) (1𝑆e) and (2𝑠2𝑝) (1𝑃 o) resonance was obtained by taking the real part
of the non-conjugate dot-product

(︀

𝜑(2𝑠2), 𝑧 𝜑2𝑠2𝑝

)︀

, where 𝜑𝑎 is the eigenfunction of
resonance 𝑎. The other dipole matrix elements are taken from [68].

The doubly excited states in helium can be interpreted as quasi-bound states within the
He+(𝑛 = 1) continuum and thus can be coupled resonantly with light őelds by the same
mechanism. Interestingly, the transitions between the energetically lowest states can be
driven almost resonantly with infrared or near-infrared light őelds, see Tab. 7.1. Never-
theless a driving NIR laser őeld can not only induce Rabi oscillation, but can also modify
the autoionization process itself [44], as the doubly excited states are embedded within the
He+(𝑛 = 1) continuum. The subtle interplay between the strong-őeld modiőcation of the
autoionization process and Rabi ŕopping has triggered a large number of theoretical and
experimental studies [63, 64, 66ś69, 147]. The most interesting questions are the disentan-
glement of Rabi cycling and strong-őeld ionization, and a detailed understanding of how
the autoionization process is inŕuenced by a strong laser őeld.
In this section we study the residual population in the doubly excited states after the in-
teraction with a few-cycle laser őeld as function of its wavelength and intensity in a őrst
attempt to disentangle Rabi oscillations and the ionization processes. We use two different
wavelengths for the coupling IR őeld, 𝜆IR = 500 nm (𝜔IR = 2.48 eV) and 𝜆IR = 740 nm
(𝜔IR = 1.67 eV), see Fig. 7.1a for a sketch of the őelds. The two different wavelengths drive
different transitions between the doubly excited states resonantly due to their different
spectral pulse proőle, see Fig. 7.1b. For the numerical details see App. J.2.8.
Similar to the previous chapter we monitor the population in the (2𝑠2𝑝) 1Po resonance 40
fs after its excitation [see also Fig. 6.3b]. For the weakest probe intensity (1011 W/cm2) the
occupation of the 2𝑠2𝑝 resonance is depleted by less then 10% for both wavelengths, see
Fig. 7.2. Increasing the probe intensity to moderate intensities (1012 W/cm2) pronounced
differences for the two different wavelengths emerge. For 𝜆 = 500 nm we observe a step-
like depletion of the occupation as a function of the time delay superimposed with very
weak oscillations. This hints at strong-őeld ionization being the dominant process for the
depletion of the 2s2p state. Similar steps can also be observed for 𝜆 = 740 nm, however,
on top we observe very pronounced oscillations of the 2𝑠2𝑝 population which have been
linked to the resonant coupling of the three level system consisting of the (2𝑠2𝑝) 1Po, (2𝑝2)
1Se and the (2𝑠3𝑝) 1Po state [68]. The oscillations are even more clearly visible if the two
pulses are not overlapping in time. Increasing the probe intensity even further the results
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Figure 7.1.: (a) Temporal profile of the probing pulses used in this section with the two employed
wavelengths 𝜆IR = 500 nm and 𝜆IR = 740 nm. The purple single attosecond XUV
pulses symbolize the full electric field for a time delay of 6 fs (left purple field) and
−6 fs (right purple field). Negative time delays correspond to the case that the
probing field arrives before the exciting XUV field. The overall amplitude between
the XUV and the probe field is not to scale as the XUV intensity is always chosen to
be 𝐼XUV = 1011 W/cm2 and the intensity of the probe is varied from 1011 W/cm2

to 2×1013 W/cm2. (b) Spectral profile of the two probe pulses obtained by Fourier
transformation of the IR pulses shown in (a).
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Figure 7.2.: Population of the (2𝑠2𝑝) 1Po resonance, 40 fs after its excitation by a single at-
tosecond pulse and subsequent probing by a few-cycle laser field with wavelength
(a) 𝜆 = 500 nm and (b) 𝜆 = 740 nm, respectively, as a function of the time delay
between XUV and probing field and the intensity of the probing NIR field. All
curves are normalized such that for negative time delays the residual population is
1. Negative time delays correspond to the case that the probing field arrives before
the exciting XUV field.

for the two different wavelengths are very similar within the time delay regime where the
XUV and the NIR overlap temporally. The occupation drops rapidly with the time delay
even if the system is ionized only by the trailing ŕank of the NIR pulse. This indicates that
strong-őeld ionization is the dominant process at these intensities as the ionization should
depend primarily on the intensity. In line with this hypothesis, the onset of the decay of
the occupation shifts to negative time delays with increasing probe intensities.
Turning to the residual occupation of the (2𝑠3𝑝) 1Po state after the interaction with the
NIR őelds, much larger oscillation amplitudes of the occupation appear for both probing
wavelengths, see Fig. 7.3a and Fig. 7.3b. While for 𝜆 = 740 nm these oscillations might
be attributed to the coupling to the (2𝑝2) 1Se state, this transition is far off resonant
for 𝜆 = 500 nm. Therefore, the strong oscillations for the latter wavelength are either
caused by the coupling to other doubly excited states or by the coupling to states which
are brought into resonance due to a transient AC Stark shift during the interaction with
the strong probe pulse [65, 238, 239]. For 𝜆 = 500 nm the occupation in the 2𝑠3𝑝 state
for large positive time delays decreases monotonically with increasing NIR intensity. This
is not the case for 𝜆 = 740 nm where the 2𝑠3𝑝 occupation shows very large oscillation
amplitudes which maximize for 𝐼NIR = 1012 W/cm2. The increase of the őnal occupation
above the occupation for large negative time delays can be attributed due to occupation
transfer from the 2𝑠2𝑝 state to the 2𝑠3𝑝 state via the dipole-forbidden (2𝑝2) 1Se state. The
occupation modulation is maximized for the case where the XUV and the probing őeld do
not overlap in time and hence the XUV excitation and the interaction with the intense
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Figure 7.3.: Population of the (2𝑠3𝑝) 1Po state 40 fs after excitation by a single attosecond pulse
and subsequent probing by a few-cycle laser field with wavelength (a) 𝜆 = 500 nm
and (b) 𝜆 = 740 nm, respectively, as a function of the time delay between XUV and
probing field and the intensity of the probing NIR field. All curves are normalized
such that for negative time delays the residual population is 1. Negative time delays
correspond to the case that the probing field arrives before the exciting XUV field.

probe őeld can be clearly separated. For high intensities of the probing őeld the amplitude
of the occupation oscillations with the time delay decreases highlighting the increasing
inŕuence of ionization.
Finally, we turn to the occupation of the dipole-forbidden (2𝑝2) 1Se state, see Fig. 7.4a and
Fig. 7.4b. As expected for large negative time delays this state is not occupied since it
can only be excited if another dipole-allowed state is excited before the NIR pulse probes
the helium atom. For both wavelengths the őnal occupation is enhanced if the two pulse
overlap temporally as it can be accessed in this case via absorption of one XUV photon
and simultaneous absorption or emission of one photon from the probing pulse [65, 160].
Comparing the results for the two wavelengths it becomes clear that the driving őeld with
𝜆 = 740 nm couples the (2𝑝2) state more effectively to the dipole-allowed doubly excited
states as the őnal population is larger for a wide range of probing intensities. The oscilla-
tion observed for 𝜆IR = 740 am and 𝐼NIR = 1012 W/cm2 at large positive time delays are
almost completely out of phase with the oscillations observed for the (2𝑠3𝑝) 1Po state for
the same probe wavelength and intensity, see Fig. 7.3b. This indicates that we primarily
induce Rabi ŕopping between those two states for a probe pulse with these parameters.
Increasing the NIR intensity beyond 1013 W/cm2 the residual population drops for large
negative time delays for 𝜆 = 740 nm, but not for 𝜆 = 500 nm.
Drawing deőnite conclusions about the interplay between strong-őeld ionization and Rabi
ŕopping from the discussion above is hard as no real-time information can be obtained
by just monitoring the őnal occupation of the doubly excited states. Experimentally, it
is difficult to faithfully measure the occupation of the doubly excited states, as e.g. the
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98 7.2. Reconstructing the time-dependent dipole moment
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Figure 7.4.: Population in the dipole-forbidden (2𝑝2) 1Se state 40 fs after excitation by a single
attosecond pulse and subsequent probing by a few-cycle laser field with wavelength
(a) 𝜆 = 500 nm and (b) 𝜆 = 740 nm, respectively, as a function of the time delay
between XUV and probing field and the intensity of the probing NIR field. Negative
time delays correspond to the case that the probing field arrives before the exciting
XUV field.

dipole-forbidden states can not be accessed with transient absorption spectroscopy but
only from electron spectra.
Therefore, we introduce a new method in the following section that is able to retrieve
real-time information on the coupling between the doubly excited states from a single-shot
transient absorption measurement.

7.2. Reconstructing the time-dependent dipole

moment from a single-shot measurement

Measuring ultrafast atomic processes in the time domain typically relies on observing the
nonlinear response of a system to precisely timed interactions with external stimuli [24].
This usually requires two (or more) controlled events, e.g., a triggering pump and a de-
layed probe pulse. Performing an inter pulse time-delay scan between pump and probe
pulses allows to retrieve time-resolved information about the underlying physical processes.
Within this section we will generalize this concept and show how to temporally resolve the
response of a system in the presence of an additional explicitly time-dependent nonlinear
interaction from a single absorption spectrum23 [70].
As already shown in Sec. 3.3 the attosecond transient absorption spectrum 𝐴 (𝜔) [or cross
section 𝜎 (𝜔)] is directly proportional to the Fourier transform of the dipole response func-

23 The results shown in this section were achieved in collaboration with the groups of Thomas Pfeifer and
Christoph Keitel at the Max Planck Insitute for Nuclear Physics.
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7. Time-resolved coupling between Fano resonances 99

Figure 7.5.: Illustration of the probing of a non-equilibrium state of matter induced by a time-
dependent perturbation using an ultrashort laser pulse (black at 𝑡0) to trigger a
response (purple), which is then modified e.g. by a strong external time-dependent
electric field (red) at a fixed time delay 𝜏 . From the measured absorption spectrum
[Eq. (7.1)] the strongly driven response can be fully reconstructed if the initial
excitation pulse is much shorter than the dynamics of the system using the Fourier
transform of the measured spectrum [Eq. (7.2)].

tion 𝑑(𝑡) caused by a weakly perturbing őeld 𝐹𝛾 (𝑡) [159, 160],

𝐴 (𝜔) ∝ 𝜎 (𝜔) ∝ 𝜔Im

(︂ F [𝑑(𝑡)]

F [𝐹𝛾(𝑡)]

)︂

, (7.1)

where, in the linear regime F [𝑑(𝑡)] is linearly proportional to F [𝐹𝛾(𝑡)], with F symbolizing
Fourier transformation. For time-translation invariant systems, Eq. (7.1) has in the past
frequently provided the starting point of a large number of experiments via linear response
theory. Under the condition of weak perturbations and utilizing the connection between
amplitude (absorption) and phase (dispersion) owing to causality [240ś242], the Fourier
transform of the complete linear absorption spectrum corresponds to the response of a
system to a (virtual) broadband excitation event. Thus, the spectrum carries information
about the internal structure of the system (e.g. resonant excitations) including the natural
decay dynamics on the characteristic timescale 𝑇𝑑. The decay times can be extracted for
probing őelds 𝐹𝛾 (𝑡) with pulse duration 𝑇𝛾 much larger than the timescale of the system
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100 7.2. Reconstructing the time-dependent dipole moment

(𝑇𝛾 ≫ 𝑇𝑑), simply by tuning the laser frequency through the spectral linewidth. It is even
possible to use an incoherent probe őeld 𝐹𝛾 (𝑡), where the system interacts at random points
in time with photons of various frequencies resolved by a spectrometer. The reason for this
being, that for a time-translation invariant system, the relative phases between frequency
components and, subsequently, the arrival time of the probing photons are irrelevant. By
contrast, the evolution of a general non-equilibrium state of matter cannot be accessed by
incoherent őelds, as the system can exhibit explicit time dependence.

7.2.1. Reconstruction of dynamics for non time-translation
invariant systems

In the more general case of a system subject to a strong time-dependent interaction 𝑉 (𝑡),
the response function 𝑑(𝑡) becomes dependent on both interaction and time 𝑑 [𝑉 (𝑡), 𝑡] (see
Fig. 7.5 for an illustration). As a consequence, the explicitly time-dependent response can
no longer be measured with incoherent light, i.e., photons arriving at random times. To
circumvent this limitation, we consider the response to a coherent (laser) pulse 𝐹𝛾 (𝑡), fol-
lowed by an external perturbation 𝑉 (𝑡).
In the following we assume the duration 𝑇𝛾 of the pulse 𝐹𝛾 (𝑡) to be much shorter com-
pared to the timescale 𝑇𝑉 of the perturbation 𝑉 (𝑡) and the decay time 𝑇𝑑 of the system
(𝑇𝛾 ≪ 𝑇𝑉 , 𝑇𝑑). In this impulsive limit [formally approximated by 𝐹𝛾 (𝑡) = 𝐹𝛾𝛿(𝑡), with
the Dirac 𝛿(𝑡)], the absorption spectrum can be written in analogy to Eq. (7.1)

𝐴 (𝜔) ∝ Im {F [𝑑 (𝑉 (𝑡), 𝑡)]} for 𝜔 > 0. (7.2)

Such a delta-like excitation can, e.g., be performed by a single attosecond XUV pulse
[1, 2]. Therefore we will use 𝐹𝛾 (𝑡) = 𝐹XUV (𝑡) in the following. Eq. (7.2) corresponds to
the extension of the linear-response expression Eq. (7.1) to the non-linear regime. The
reconstruction method presented here aims at extracting the real-time dipole response 𝑑(𝑡)
initiated at 𝑡0 = 0 by the XUV pulse 𝐹XUV(𝑡) in the presence of a subsequent interaction
with a few-cycle NIR pulse. In usual linear-response theory, time-translation invariance is
assumed, such that the dipole response of the system is not affected by the arrival time of
the pulse

𝐹XUV(𝑡) → 𝐹XUV(𝑡+∆𝑡) ⇒ 𝑑(𝑡) → 𝑑(𝑡+∆𝑡). (7.3)

In a pump-probe setting with NIR interaction at time 𝜏 , the time-translation invariance is
explicitly broken, and a different dipole response is induced when the initial pulse 𝐹XUV(𝑡)
is shifted by ∆𝑡.
Even in absence of time-translation invariance, causality [240ś242] still implies that the
response 𝑑(𝑡) vanishes for times 𝑡 < 0 preceding the excitation. This in turn implies
that knowledge of the imaginary part of the spectral response 𝑑(𝜔) is sufficient to fully
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7. Time-resolved coupling between Fano resonances 101

reconstruct 𝑑(𝑡), because

F−1{𝑖 Im[𝑑(𝜔)]}(𝑡) = 1√
2𝜋

∫︁

𝑖 Im[𝑑(𝜔)] e−𝑖𝜔𝑡 d𝜔 =
1

2
[𝑑(𝑡)− 𝑑*(−𝑡)]

F−1{𝑖 Im[𝑑(𝜔)]}(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑑(𝑡)

2
if 𝑡 > 0

− 𝑑*(−𝑡)
2

if 𝑡 < 0

(7.4)

is directly proportional to 𝑑(𝑡) for 𝑡 > 0. For an ultrashort excitation őeld

𝐹XUV(𝑡) ≈ 𝐹XUV𝛿(𝑡) (7.5)

with an approximately constant spectral amplitude

𝐹XUV(𝜔) ≈ 𝐹XUV =
1√
2𝜋

∫︁

𝐹XUV(𝑡)𝑒
𝑖𝜔𝑡 d𝑡, (7.6)

the absorption spectrum

𝐴(𝜔) ∝ 𝜔 Im

[︃

𝑑(𝜔)

𝐹XUV(𝜔)

]︃

(7.7)

can hence be used to access the real-time dynamics of the system and to reconstruct the
dipole response 𝑑(𝑡). In order to focus on the dynamics of one excited state, e.g., |𝑎⟩, and
its associated dipole response 𝑑𝑎(𝑡), one selects a spectral range centered on the central
energy 𝐸𝑎 which is sufficiently broad to access the őne temporal details induced by the
subsequent NIR excitation. For absorption spectra of ultrashort XUV pulses, this spectral
range is bounded by the bandwidth of the XUV pulse, which in turn implies that the best
achievable temporal resolution is given by the duration of the XUV pulse. In general,
however, this is not a limitation for accessing the strong-őeld dynamics induced by the
NIR pulse. For an ultrashort excitation 𝐹XUV(𝑡), both 𝜔 and 𝐹XUV(𝜔) can be assumed
to be constant in the selected spectral range, and the absorption spectrum 𝐴(𝜔) is thus
proportional to the imaginary part of the system’s frequency response

𝐴(𝜔) ∝ 𝜔 Im

[︃

𝑑(𝜔)

𝐹XUV(𝜔)

]︃

≈ 𝜔𝑋
Im[𝑑(𝜔)]

𝐹XUV

. (7.8)

Together with Eq. (7.4) this implies that the absorption spectrum can be used to uniquely
reconstruct the time response of the system 𝑑(𝑡) for times 𝑡 > 0 following the excitation:

𝑑(𝑡) ∝ F−1[𝑖𝐴(𝜔)](𝑡) = 𝑖√
2𝜋

∫︁ +∞

−∞

𝐴(𝜔) e−𝑖𝜔𝑡 d𝜔 for 𝑡 > 0. (7.9)

Our method as outlined above is closely related to the time-domain method of Peterson
and Knight [242], where causality is invoked in the time domain to investigate the response
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102 7.3. Application to Rabi flopping between doubly excited states in helium

of a linear, time-translation invariant system. The present work generalizes this approach
to access the full response of a system even in the presence of strong interactions which
break time-translation invariance. For this we require the coherent broadband spectrum of
an ultrashort laser pulse which initiates the dynamics and deőnes a zero-point in time. In
this way, the full response of an explicitly not time-translation invariant system, due to the
presence of the additional nonlinear interaction with the NIR pulse can be directly accessed
(to all orders), instead of employing a perturbation-theory approach for the treatment of
the interaction.

7.3. Application to Rabi flopping between doubly

excited states in helium

In the following we őrst show a theoretical comparison of the retrieved dipole moment
with the occupation of doubly excited states for two different NIR wavelengths. Second
we show a comparison with experiment [70] where we reconstruct the time-dependent
response for the prototypical system of doubly excited states in helium excited by an
ultrashort attosecond pulse and subsequently driven by a strong few-cycle NIR laser őeld.
We compare the experimental results to two independent theoretical calculations: a full ab
initio simulation of the helium atom with the XUV and NIR őeld and a few-state model
which includes only a limited number of doubly excited states.24

7.3.1. Comparison of dipole oscillations with occupations of
doubly exited states

We demonstrate now that the above mentioned reconstruction method [Eq. (7.9)] is capable
of reconstructing the occupation of the 2s2p level during the interaction with an NIR
laserőeld. The helium atom is excited with an ultrashort XUV and the subsequent NIR
pulse has a time delay of 𝜏𝑑 = 53.5 fs ensuring that the exciting XUV pulse has no temporal
overlap with the driving NIR őeld. We simulate the response to two different wavelengths
of the NIR őeld [𝜆NIR = 740 nm (𝜔=1.67 eV) and 𝜆NIR = 538 nm (𝜔 =2.3 eV)] to couple the
2𝑠2𝑝 state near-resonantly with the (2𝑝2) 2𝑆e and (2𝑠2) 2𝑆e state, respectively [Tab. 5.1].
The total duration of the NIR pulse is chosen long enough to enable the observation of
multiple Rabi cycles, see App. J.2.9 for the numerical details.
To be able to resolve the time-dependent dipole moment of just the 2𝑠2𝑝 resonance from
the absorption spectrum we multiply the absorption signal 𝐴(𝜔) with a Gaussian window
function centered at the resonance energy 𝐸𝑎 and a width 𝜎 of 1 eV

𝐴filt(𝜔) = 𝐴(𝜔)𝑒−
(𝜔−𝐸𝑎)2

2𝜎2 . (7.10)

Applying the dipole-reconstruction [Eq. (7.9)] to the spectrally őltered absorption signal
𝐴filt(𝜔) we are able to resolve at least four Rabi cycles of the dipole moment 𝑑rec for
24 The few-state model was primarily developed by the group of Thomas Pfeifer.
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∆
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(b)

Figure 7.6.: (a) Reconstructed dipole moment (blue line) compared to the scaled occupation
of the 2𝑠2𝑝 (red dots) and the (2𝑝2) 2𝑆e (green circles) state. (b) Retrieved phase
of the dipole response shown in (a). The intensity of the NIR field is 2 TW/cm2

with a FWHM duration of 𝑇 = 45 fs and 𝜆NIR = 740 nm. The time delay between
the exciting XUV and probing NIR is 𝜏𝑑 = 53.5 fs.

𝜆NIR = 740 nm [Fig. 7.6a]. The oscillations coincide very well with the occupation of the
2𝑠2𝑝 state. The only free parameter is a global pre-factor corresponding essentially to the
dipole matrix element between the groundstate and the doubly excited state. The recon-
structed phase shows jumps located at the minima of the amplitude of the dipole response
and increases steplike with time, see Fig. 7.6b. As the sign of the phase jump is always
positive we can conclude that for this őeld strength the 2s2p state is coupled solely to the
energetically higher lying (2𝑝)2 2𝑆e resonance and not to the energetically lower (2𝑠)2 2𝑆e

state.
Using the same procedure for the case where the 2𝑠2𝑝 state is coupled to the energetically
lower (2𝑠2) state [𝜆NIR = 538 nm], we observe only two Rabi cycles [Fig. 7.7a]. Neverthe-
less, the time-dependent occupation of the 2𝑠2𝑝 state coincides almost perfectly with the
reconstructed dipole moment 𝑑rec(𝑡). Close to each minimum of 𝑑rec(𝑡) the occupation of
the (2𝑠2) resonance peaks and the phase of the dipole moment drops rapidly as expected
for Rabi oscillations, see Fig. 7.7b. Contrary to the case where the 2𝑠2𝑝 state is coupled
to the higher energetic (2𝑝2) state the phase variation is negative.
These results show that the time-dependent dipole response retrieved from Eq. (7.9) can
be used to monitor the occupation of doubly excited states during their interaction with
laser őelds.

7.3.2. Retrieving dynamics of doubly excited states from
experimental data

Before comparing the experimental data to the theoretical calculations, we brieŕy discuss
the experimental setup and introduce a few-state model which we will use to interpret our
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Figure 7.7.: (a) Reconstructed dipole moment (blue line) compared to the scaled occupation
of the 2𝑠2𝑝 (red dots) and the (2𝑠2) 2Se (green circles) resonance. (b) Retrieved
phase of the dipole response shown in (a). The intensity of the NIR was 2 TW/cm2

with a FWHM duration of 𝑇 = 45 fs and 𝜆NIR = 538 nm. The time delay between
the exciting XUV and probing NIR is 𝜏𝑑 = 53.5 fs.

observations. The parameters for the ab initio simulation are given in App. J.2.10.

Experimental setup [70]

The experimental setup as displayed in Fig. 7.8 employs a typical attosecond transient-
absorption beam line [44]. The doubly excited states of helium in the 1Po symmetry
are coherently excited by XUV attosecond-pulsed light deőning the time 𝑡0 = 0 for the
measurement. The system then interacts with a sub-7-fs (full width at half maximum
of intensity) NIR laser pulse (𝜔IR ≈1.7 eV) after a őxed time delay of 𝜏 = 7.4 ± 0.1fs.
This delay was chosen to minimize the temporal overlap between the NIR and the XUV
pulse, while ensuring that the NIR pulse still strongly drives the two-electron excited-state

iris

HHG

TM

SM
Al filter

target

Al filter

XUV specLaser system

Figure 7.8.: Illustration of the experimental apparatus: High-harmonic generation neon gas
target (HHG), split-mirror setup for setting the XUV-NIR time delay (SM), toroidal
mirror (TM), XUV flat-field spectrometer (XUV spec).
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con�nua

con�nua

XUV NIR

1Po symmetry

65.40

63.65

62.06

60.15

57.79

En
er

gy
 (e

V) 2s3p

2s2p

2s2

2p2

1Se symmetry
Figure 7.9.: Level scheme of the doubly excited states of helium included in the few-level system

(see Tab. 5.1 for the resonance parameters). The violet background highlights the
states which can be excited the XUV. The NIR pulse induces resonant couplings Ω1,
Ω2, Ω3 between the autoionizing doubly excited states, modifies the autoionization,
and drives strong-field ionization at the highest intensities as indicated by the
dashed red lines.

dynamics on a timescale prior to a signiőcant depletion of the 2𝑠2𝑝 state. The experiments
were performed by the group of Thomas Pfeifer at the Max Planck Institute of Nuclear
Physics.

Few-state model

Together with the group of Thomas Pfeifer we extend the few-state model developed in
his group [44, 68, 70] to obtain more insights into the Rabi ŕopping dynamics. While the
model is expected to yield good agreement for low NIR intensities where Rabi ŕopping
is the dominating process, for high intensities only the full ab initio calculation can be
expected to agree with experiment. The reason being the inadequate treatment of strong-
őeld ionization processes in the few-state model.
The few-state model includes all states shown in Fig. 7.9, as well as autoionization and
multiphoton ionization rates (orange lines). To be precise, it consists of the ground state
|𝑔⟩ ≡ (1𝑠2) 1𝑆e and the four doubly excited autoionizing states |𝑎⟩ ≡ (2𝑠2) 1𝑆e, |𝑏⟩ ≡
(2𝑠2𝑝) 1𝑃 o, |𝑐⟩ ≡ (2𝑝2) 1𝑆e and |𝑑⟩ ≡ (2𝑠3𝑝) 1𝑃 o with energies 𝐸𝑔, 𝐸𝑎, 𝐸𝑏, 𝐸𝑐 and 𝐸𝑑.
The four doubly excited states are coupled to the corresponding continuum states via 𝑉𝑎,𝜖𝑠,
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106 7.3. Application to Rabi flopping between doubly excited states in helium

𝑉𝑐,𝜖𝑠, and 𝑉𝑏,𝜖𝑝, 𝑉𝑑,𝜖𝑝 which are assumed to be independent of the energy of the continuum
states [38, 63]. The resonance energies and linewidths of all considered resonances are
given in Tab. 5.1. The dipole-moment matrix elements between the autoionizing states are
𝜇𝑎𝑏 = −1.56 a.u., 𝜇𝑏𝑐 = 2.17 a.u. and 𝜇𝑐𝑑 = −0.81 a.u. [68], see Tab. 7.1. The quasi-discrete
states used to model the relevant continuum states |𝜖𝑝⟩ and |𝜖𝑠⟩ have energies ranging
from 𝐸min = 24.8 eV, to 𝐸max = 106.7 eV. The parameters 𝑉𝑎,𝜖𝑠, 𝑉𝑏,𝜖𝑝, 𝑉𝑐,𝜖𝑠, 𝑉𝑑,𝜖𝑝, 𝜇𝑔𝑏, 𝜇𝑔𝑑,
and 𝜇𝑔,𝜖𝑝 were set in order to reproduce known experimental and theoretical line shapes. In
the absence of an analytical model for nonlinear laser ionization of doubly excited states,
we employ in the few-state model state-dependent ionization rates Γ𝑛 = 𝛼𝑛𝐼NIR(𝑡)

𝑛 The
empirical multi-photon ionization parameters 𝛼2, 𝛼3, 𝛼4 and 𝛼5 are determined in order to
reach best possible quantitative agreement between the experiment and our calculations
for the highest intensity and kept the same for all other intensities. The power 𝑛 of the NIR
intensities corresponds to the number of photons necessary to reach the next ionization
threshold in this multi-photon ionization model.
Inserting the ansatz

|𝜓(𝑡)⟩ = 𝑐𝑔(𝑡) |𝑔⟩+ 𝑐𝑎(𝑡) |𝑎⟩+ 𝑐𝑏(𝑡) |𝑏⟩+ 𝑐𝑐(𝑡) |𝑐⟩+ 𝑐𝑑(𝑡) |𝑑⟩+ 𝑐𝜖𝑝(𝑡) |𝜖𝑝⟩+ 𝑐𝜖𝑠(𝑡) |𝜖𝑠⟩ (7.11)

for the wavefunction into the time-dependent Schrödinger equation yields

𝑖𝜕𝑡𝑐𝑔 =𝐸𝑔𝑐𝑔

𝑖𝜕𝑡𝑐𝑎 =
[︀

𝐸𝑎 − 𝑖𝛼5𝐼
5
NIR(𝑡)

]︀

𝑐𝑎 − 𝜇𝑎𝑏𝐹NIR(𝑡)𝑐𝑏 + 𝑉𝑎,𝜖𝑠𝑐𝜖𝑠

𝑖𝜕𝑡𝑐𝑏 =− 𝜇*𝑔𝑏𝐹
+
XUV(𝑡)𝑐𝑔 − 𝜇𝑎𝑏𝐹NIR(𝑡)𝑐𝑎 +

[︀

𝐸𝑏 − 𝑖𝛼4𝐼
4
NIR(𝑡)

]︀

𝑐𝑏 − 𝜇𝑏𝑐𝐹NIR(𝑡)𝑐𝑐 + 𝑉𝑏,𝜖𝑝𝑐𝜖𝑝

𝑖𝜕𝑡𝑐𝑐 =− 𝜇𝑏𝑐𝐹NIR(𝑡)𝑐𝑏 +
[︀

𝐸𝑐 − 𝑖𝛼3𝐼
3
NIR(𝑡)

]︀

𝑐𝑐 − 𝜇𝑐𝑑𝐹NIR(𝑡)𝑐𝑑 + 𝑉𝑐,𝜖𝑠𝑐𝜖𝑠

𝑖𝜕𝑡𝑐𝑑 =− 𝜇*𝑔𝑑𝐹
+
XUV(𝑡)𝑐𝑔 − 𝜇𝑐𝑑𝐹NIR(𝑡)𝑐𝑐 +

[︀

𝐸𝑑 − 𝑖𝛼2𝐼
2
NIR(𝑡)

]︀

𝑐𝑑 + 𝑉𝑑,𝜖𝑝𝑐𝜖𝑝

𝑖𝜕𝑡𝑐𝜖𝑝 =− 𝜇*𝑔,𝜖𝑝𝐹
+
XUV(𝑡)𝑐𝑔 + 𝑉 *𝑏,𝜖𝑝𝑐𝑏 + 𝑉 *𝑑,𝜖𝑝𝑐𝑑 +

[︂

𝑝2

2
− 𝑖Γ𝜖𝑝

]︂

𝑐𝜖𝑝

𝑖𝜕𝑡𝑐𝜖𝑠 =𝑉
*
𝑎,𝜖𝑠𝑐𝑠 + 𝑉 *𝑐,𝜖𝑠𝑐𝑐 +

[︂

𝑝2

2
− 𝑖Γ𝜖𝑠

]︂

𝑐𝜖𝑠. (7.12)

The constant line widths Γ𝜖𝑝 and Γ𝜖𝑠 are employed in order to broaden the quasi-discrete
continuum states.
The interaction of the helium atom with the XUV pulse is treated in őrst-order perturbation
theory, thereby assuming that 𝜕𝑡𝑐𝑔 = 𝐸𝑔𝑐𝑔, i.e., [𝑐𝑔(𝑡)]

2 = 1. We apply the rotating-wave
approximation for the XUV őeld

𝐹XUV(𝑡) = 𝐹
(0)
XUV𝑓(𝑡) cos(𝜔XUV𝑡) =

𝐹
(0)
XUV𝑓(𝑡)

2

(︀

𝑒𝑖𝜔XUV𝑡 + 𝑒−𝑖𝜔XUV𝑡
)︀

𝐹XUV(𝑡) ≈
𝐹

(0)
XUV𝑓(𝑡)

2
𝑒𝑖𝜔XUV𝑡 = 𝐹+

XUV (𝑡) , (7.13)

where 𝑓(𝑡) is the XUV pulse envelope and 𝐹 (0)
XUV is the peak őeld of the XUV pulse.
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7. Time-resolved coupling between Fano resonances 107

Retrieval of dipole dynamics from experimental and theoretical data

Figure 7.10.: (a) Experimental NIR intensity scan of the Autler-Townes splitting [147] close to
the 2𝑠2𝑝 resonance in helium at fixed time delay 𝜏 = 7.4± 0.1 fs.
(b) Intensity scan of the Autler-Townes splitting of the 2s2p resonance for a fixed
time delay 𝜏 = 7.4 fs using the ab initio simulation.
The white dashed lines I-IV in panel (a) show the spectra used in the reconstruction
discussed in Fig. 7.11.

The experimentally observed transient absorption spectrum as function of the NIR in-
tensity clearly shows that the 2𝑠2𝑝 resonance exhibits an Autler-Townes splitting [147],
primarily due to the coupling with the (2𝑝2) 2Se autoionizing state [Fig. 7.10a]. Even
though, there are differences visible between the theoretical prediction obtained from the
ab initio simulation [Fig. 7.10b] and the experimental data we observe good qualitative
agreement for the optical density in the resonance region for both data sets. The re-
maining differences indicate that most likely the experimentally employed pulse shape and
intensity do not perfectly coincide with the parameters used in the simulation.
We reconstruct both the amplitude and the phase of the time-dependent dipole moment
(TDDM) 𝑑2𝑠2𝑝(𝑡) for four different NIR intensities [white dashed lines in Fig. 7.10a] and
normalize all curves to the curve at vanishing NIR intensity, see Fig. 7.11. To isolate the
dipole response of the 2𝑠2𝑝 resonance we apply a Gaussian window function to the absorp-
tion spectrum [Eq. (7.10)] with 𝜎 = 1 eV.
The four NIR intensities represent different regimes of strong-őeld interaction from the
weak perturbative regime to the regime of strong coupling and strong-őeld ionization of
autoionizing states. For NIR intensities of 𝐼NIR = 0.5 TW/cm2 and 2.0 TW/cm2, the
TDDM amplitude displays increasingly pronounced minima. For even higher NIR inten-
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108 7.3. Application to Rabi flopping between doubly excited states in helium

Figure 7.11.: Time-dependent dipole moment (TDDM) 𝑑2𝑠2𝑝(𝑡) of the doubly excited helium
2𝑠2𝑝 state applying a spectral filter [Eq. 7.10] centered at 60.15 eV with a width
of 1 eV: Reconstructed TDDM amplitude and phase change (modulo 2𝜋, blue),
showing the emerging departure from the simple exponential decay during the
interaction with the central part of the NIR pulse (red shaded area) for (a)
𝐼NIR=0.5 TW/cm2, (b) 𝐼NIR=2.0 TW/cm2, (c) 𝐼NIR=6.0 TW/cm2, and (d)
𝐼NIR=20.0 TW/cm2. The experimental error bars (blue shaded area) show the
standard deviations of the reconstructed time-dependent response obtained by
employing the data sets measured at time delay 𝜏 ± 𝑇NIR/2 (where 𝑇NIR = 2.5 fs
is the optical cycle of the NIR field). The orange curves show the calculated am-
plitude and phase evolution of the TDDMs using a few-state model [Eq. (7.12)].
The green lines represent ab initio calculations.
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7. Time-resolved coupling between Fano resonances 109

sities of 𝐼NIR = 6.0 TW/cm2 and 𝐼NIR = 20.0 TW/cm2, several temporal oscillations are
observed with rapid phase changes near each minimum of the amplitude. The ab initio
simulation conőrms the reconstructed dipole response for this strongly driven system. De-
viations at early (0-1 fs) and late times may result from the non-Gaussian experimental
pulse shape and the experimental limitation of the measurement of spectrally very broad
and low-signal line shapes, which would require very long measurement times and a more
precise determination of the reference spectrum not possible with the current experimental
setup.
As the driving NIR pulse is very short the time-dependent dipole response is expected to
depend on the carrier-envelope phase (CEP) of the NIR pulse. The ab initio calculation
allows to explicitly verify this expectation, where we observe that both the amplitude and
the phase of the dipole response depend on the CEP, see Fig. 7.12. This result suggests
that the dipole reconstruction might also be used to determine the experimental CEP.
Comparing the results of the ab initio simulation with the experimental data, with unde-
termined but constant CEP, we achieved the best agreement for a CEP of 𝜋/4.

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20 25

𝑑
(𝑡
)

[a
rb

.
u.

]

𝑡 [fs]

CEP=0
CEP=𝜋

4

CEP=𝜋
2

⟨CEP⟩

0

1

2

3

4

5

0 5 10 15 20 25

∆
𝜑

[r
ad

]

𝑡 [fs]

CEP=0
CEP=𝜋

4

CEP=𝜋
2

⟨CEP⟩

Figure 7.12.: Reconstructed (a) dipole moment and (b) phase for an NIR intensity of 6 TW/cm2

and time delay 𝜏 = 7.4 fs for different carrier envelope phases (CEP) of the NIR
field. ⟨CEP⟩ stands for the incoherent average over the CEP.

The ab initio simulations allow us to explicitly test the dependence of the retrieved dipole
response and phase on the XUV pulse duration (set to 250 as FHWM for the results shown
in Fig. 7.11), see Fig. 7.13. Even for the longest pulse duration (4 fs) Rabi oscillations are
clearly visible accompanied by rapid phase variations. The overall shape of the recon-
structed dipole is not modiőed drastically, apart from the initial excitation time (𝑡 < 𝑇𝑝).
The reconstructed phase variation yields similar results for all employed pulse durations.
These results clearly show that the overall dipole response can be retrieved accurately as
long as the excitation time is short compared to the time scale of the driven system.
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Figure 7.13.: Reconstructed (a) dipole moment and (b) phase for different FWHM pulse dura-
tions 𝑇𝑝 of the exiting XUV pulse. The time delay between the XUV and IR is
𝜏 = 7.4 fs and the NIR intensity is 6 TW/cm2 for all pulse durations. The shaded
areas in (a) represent the intensity envelope of the respective XUV pulses.

7.3.3. Strong field dynamics

Comparison between the few-level model and the ab initio calculation allows further in-
sights into the strong-őeld driven coupling dynamics. For weak XUV excitations and sub-
sequent interactions which leave the ground state unaffected, the dipole is directly related
to the amplitude (and thus population, see also Sec. 7.3.1) of the excited state. The minima
in the amplitude combined with the associated phase changes, therefore, indicate a signif-
icant resonant population transfer due to Rabi oscillations mostly between the 2𝑠2𝑝 and
the (2𝑝2) states. The increasing number of minima with increasing NIR intensity directly

follows from the őeld dependence of the generalized Rabi frequency Ω𝑅,𝑖𝑗 =
√︁

∆2
𝑖𝑗 + Ω2

𝑖𝑗(𝑡)

with Ω𝑖𝑗(𝑡) = 𝐹NIR(𝑡)𝜇𝑖𝑗, where 𝜇𝑖𝑗 = ⟨𝑖| �̂� |𝑗⟩ is the transition dipole matrix element con-
necting two doubly excited states, and ∆𝑖𝑗 is the respective detuning of the laser from the
transition frequency between state |𝑖⟩ and |𝑗⟩.
At higher intensities, the overall decrease in the TDDM amplitude as a function of time
shows that contributions of NIR-driven ionization can no longer be neglected. The ampli-
tude evolution of the TDDM predicted by the few-state model shows not quantitative but
still qualitative agreement with the dipole moment retrieved from the experimental data
and the ab initio results at higher NIR intensities.
From the phase evolution at highest intensity shown in Fig. 7.11, even the Rabi cycling
to the (2𝑠2) excited state, albeit not resonantly coupled, can be unambiguously detected
by the phase change by about −𝜋 near 10 fs, visible in both experiment and ab initio
calculation. This state plays a signiőcant role in the strongly driven quasi-bound state
dynamics and has to be accounted for explicitly in the few-state model in order to achieve
at least qualitative agreement with the experimental results and the ab initio simulation.
The presented approach allows to reconstruct the TDDM and to explore the transition
from few-level to complex multi-level coupling dynamics for increasing őeld strength. For
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7. Time-resolved coupling between Fano resonances 111

Figure 7.14.: (a) Amplitude of the reconstructed response at time t=7.5 fs during the interaction
with the NIR pulse (at time delay 𝜏 = 7.4 fs). (b) Amplitude of the reconstructed
response at real time t=20 fs, i.e., after the interaction with the NIR pulse has
concluded. (c) The population ratio between the population in 24 excited states
excluding the four states used in the few-level simulation and the population in
these four states after the strong-field interaction at t=20 fs, extracted from the
ab initio simulation. For a complete list of the states projected on we refer to
App. I.

both theory and experiment, Fig. 7.14a, and b show the amplitude of the reconstructed re-
sponse at real time t = 7.5 fs and 20 fs after the excitation, respectively. In both cases, the
ab initio simulation agrees reasonably well with the experiment. The few-level model, how-
ever, starts to disagree signiőcantly, not only quantitatively but also qualitatively, above
an intensity threshold of about 2 TW/cm2. This result can qualitatively be explained by
results obtained from the ab initio simulation, shown in Fig. 7.14c. For higher intensities
(𝐼NIR > 2 TW/cm2) the number of doubly excited states which are coupled by the NIR
őeld and, thus, participate in the multi-level Rabi dynamics increases drastically. This
increased number of relevant states explains the breakdown of the few-state model. Addi-
tionally, the ab initio simulations clearly show that the assumption in the few-state model
of neglecting ionization to the adjacent continua is no longer viable. In other words, the
interaction with the NIR őeld does substantially modify the autoionization process [44].
As the time-domain reconstruction approach described in Eq. (7.9) makes no assumptions
about the system under study, it is generally applicable, also to more complex systems. It
is viable for single-shot transmission spectra, which could be of use at short-wavelength
free-electron lasers. Here, the nonlinear response could be used to uncover the in-situ tim-
ing and ensuing dynamics of X-ray and optical pulses which is otherwise often lost due to
a temporal jitter.
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8. Two-photon double ionization

with elliptically polarized light

fields

After we have characterized the single ionization continuum in detail we proceed to
an investigation of the correlated double continuum in the last part of this thesis. One of
the simplest double-ionization processes where correlation induced by the electron-electron
interaction plays a signiőcant role, is two-photon double ionization (TPDI) of atomic he-
lium. Thus TPDI has been the focus of many theoretical studies in recent years employing
linearly polarized ultrashort XUV pulses, e.g. [89ś94, 97, 243ś249]. One of the reasons
for this being that TPDI for helium can still be handled with virtual exact solutions of
the two-electron Schrödinger equation implicating that a detailed understanding of the
underlying physics can be obtained. Experimental observation of many of the predicted
characteristics, however, has not been possible so far due to the very low double ioniza-
tion cross section and the limited experimental pulse intensity available. With the recent
advent of intense XUV sources based on HHG at ELI-ALPS [250] and increasing number
of free-electron lasers (FEL) which produce very intense, high energy photon beams this
might change in the near future.
Within this thesis, we will consider TPDI of atomic helium with elliptically polarized light
őelds, which has only been discussed by very few works [251ś254] due to the required high
computational effort, and compare to results obtained for linearly polarized pulses. We will
start by brieŕy reviewing the difference between sequential and nonsequential TPDI based
on the energy of the ionizing pulse and how this distinction gets blurred for ultrashort
pulses. We then discuss similarities and differences observed for total cross sections and
angular distributions depending on the ellipticity of the lights őelds. Finally, we will show
how interference patterns in the doubly differential energy distribution can be controlled for
XUV-XUV pump-probe sequences employing elliptically polarized light őelds. In the spirit
of previous studies with linearly polarized őelds [243, 245ś247, 255, 256], we show that the
joint angular distribution of the ejected electrons allows to distinguish between electrons
emitted nonsequentially within one pulse, or sequentially by absorbing one photon out of
each pulse.
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He 

He+ (n=1) 

He+ (n=2) 

He++ 

nonsequential  

two-photon  

double ionization 

sequential  

two-photon 

double ionization 

39.5 eV < EXUV < 54.4 eV 

54.4 eV < EXUV < 79 eV 

He+ (n=3) 

79 eV 

73 eV 

65.4 eV 

24.6 eV 

39.5 eV 

54.4 eV 

Figure 8.1.: Sketch of the difference between nonsequential (red) and sequential (green) two-
photon double ionization (TPDI). For photon energies between 39.5 eV and 54.4 eV
two-photon double ionization can only occur for near-simultaneous absorption of
both photons giving rise to nonsequential TPDI. For photon energies > 54.4 eV the
absorption of either of the photons can happen at any time during the interaction of
the atom with the laser pulse via intermediate on-shell transitions in the He+(𝑛 > 2)
manifold giving rise to sequential TPDI. If the photon energy is above the double
ionization threshold of 79 eV absorption of one photon is sufficient to doubly ionized
helium (one-photon double ionization).

8.1. Sequential and nonsequential two-photon double

ionization

In the long pulse limit the distinction between sequential and nonsequential two-photon
double ionization has traditionally been based on the central energy of the ionizing pulse,
see Fig. 8.1 for a sketch of the two spectral regions. To overcome the double ionization
threshold of helium (approximately 79 eV) by absorption of two photons the minimum
energy for the ionizing XUV pulse 𝐸XUV is roughly 39.5 eV. The total double ionization
threshold is the sum of the ionization potential of neutral helium, 𝐼𝑝,1 = 24.6 eV, and the
ionization potential of He+(𝑛 = 1), 𝐼𝑝,2 = 54.4 eV. As the two ionization potentials are
quite different from each other it is possible that although the total energy transfered to
the atom by absorption of two photons is sufficient to doubly ionize helium, one photon
does not provide enough energy to overcome the second ionization potential 𝐼𝑝,2 = 54.4 eV.
The electrons can however exchange energy with each other via electron-electron interac-
tion and leave the helium atom at almost the same time. This energy regime between
39.5 eV< 𝐸XUV < 54.4 eV is called nonsequential two-photon double ionization regime. As
the ejection of the two electrons cannot happen independently the absorption of the two
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8. Two-photon double ionization with elliptically polarized light fields 115

photons has to occur near-simultaneous even for long pulses. Contrary, for 𝐸XUV > 54.4 eV
the ionization of the two electrons does not need to be correlated in time as the photon
energy is higher than both the őrst and the second ionization potential. This regime is
thus called sequential two-photon double ionization regime. For photon energies above the
double-ionization threshold (79 eV) double ionization can also be triggered be absorption
of one photon alone (one-photon double ionization [257]).
A long debated question was the total double-ionization cross section in the non-sequential
regime and associated with this also angle-resolved cross sections which provide insight into
electron-electron correlation [58, 88ś97, 243, 245, 256, 258]. Interestingly, even for XUV
pulses in the spectrally sequential regime with central energies above 𝐼𝑝,2, TPDI becomes
nonsequential in the time domain as the őrst electron is still in the vicinity of the ion
when the second absorption process takes place. Exchange of energy and angular momen-
tum between the departing electrons, referred to in the following as dynamical Coulomb
correlation, persists which strongly depends on the duration of the ionizing pulse [244, 245].

8.2. Cross sections for TPDI

We start by comparing two-photon double-ionization cross sections for atomic helium ob-
tained for ionization by perfectly circularly and linearly polarized pulses. The two-photon
double ionization yield is given by [89]

𝜎2 ≈
(︂

𝜔

𝐼0

)︂2
1

𝑇eff,2

∫︁

d𝐸1d𝐸2dΩ2dΩ1 𝑃 (𝐸1, 𝐸2,Ω1,Ω2) , (8.1)

where 𝐼0 is the peak intensity, 𝜔 the central frequency of the XUV pulse and the effective
time 𝑇eff,2 for the two-photon absorption is given by

𝑇eff,2 =

∫︁

d𝑡

(︂

𝐼(𝑡)

𝐼0

)︂2

. (8.2)

Eq. (8.1) becomes exact for inőnite pulse durations. The triply differential cross section
(TDCS) for emitting one electron with energy 𝐸1 into direction Ω1, while the other electron
is emitted into direction Ω2 is given by

d𝜎2
d𝐸1dΩ1dΩ2

≈
(︂

𝜔

𝐼0

)︂2
1

𝑇eff,2

∫︁

d𝐸2 𝑃 (𝐸1, 𝐸2,Ω1,Ω2) . (8.3)

Another distribution frequently referred to in this thesis is the joint angular distribution
which is the cross section for one electron emitted in direction Ω1, while the other one is
emitted in direction Ω2

𝑃 (𝜃1, 𝜃2, 𝜑1, 𝜑2) =
d𝜎2

dΩ1dΩ2

≈
(︂

𝜔

𝐼0

)︂2
1

𝑇eff,2

∫︁

d𝐸1d𝐸2 𝑃 (𝐸1, 𝐸2,Ω1,Ω2) , (8.4)

integrated over both electron benergies 𝐸1 and 𝐸2. The joint angular distribution is a very
effective way to characterize electron correlations [97, 244, 259].
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Figure 8.2.: Comparison of the total two-photon double ionization cross section [Eq. 8.3] for
linearly 𝜎lin. and right-circularly polarized light fields 𝜎circ. in the spectrally non-
sequential regime. (a) Total TPDI cross section. (b) Ratio of the cross section
for ionization by circularly and linearly polarized light fields. The FWHM pulse
duration was 𝑇𝑝 = 2 fs and the total peak intensity of the XUV pulse was 1× 1012

W/cm2 for all employed pulses. (c) Ratio of the total TPDI cross section in the
𝐿 = 2 and 𝐿 = 0 channel for linearly polarized light fields. The values for linear
polarization coincide with the results shown in [89]. Some of the calculations were
performed in collaboration with Manuel Ederer during his master thesis.
To obtain converged results for the lowest photon energies the wave function was
propagated up to 12 fs after the end of the pulse [98]. The close coupling expan-
sion (𝐿max = 3, ℓ1 = ℓ2 = 5) employed for results shown in (a)-(c) is sufficient to
obtain converged fully integrated TPDI cross section, but is not be sufficient for
converged TDCS or angular distributions [89].

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

8. Two-photon double ionization with elliptically polarized light fields 117

Employed pulse parameters

For linearly polarized pulses, propagating along the �̂� axis and polarized along 𝑧, the vector
potential is given by

A(𝑡) = 𝐴0𝑓(𝑡)

⎛

⎝

0
0

sin (𝜔(𝑡− 𝑡XUV))

⎞

⎠ , (8.5)

with being 𝑡XUV the peak time of the XUV pulse. The elliptical vector potential, propagat-
ing along the 𝑧 axis and polarized in the �̂�− 𝑦 plane, is deőned by

A(𝑡) = 𝐴0𝑓(𝑡)

⎛

⎝

sin (𝜔(𝑡− 𝑡XUV))
−𝜖 cos (𝜔(𝑡− 𝑡XUV))

0

⎞

⎠ , (8.6)

where 𝜖 is the ellipticity of the laser őeld. More details are given in App. J.2.11.

8.2.1. Spectrally nonsequential two-photon double ionization

Two-photon double ionization of helium in the spectrally nonsequential regime is one the
few examples where the effect of electron correlation on the dynamics is crucial while at
the same time being computationally accessible with ab initio calculations. Especially the
total cross section [Eq. (8.1)] has been investigated with many different methods resulting
in considerably different results, e.g. [58, 89, 95, 243, 256, 258]. Consistency between the
different approaches and an understanding of necessary requirements to correctly describe
the double continuum has only been achieved in the years 2008 to 2010. We extend these
studies by comparing the TPDI cross sections for linearly polarized 𝜎lin. and circularly
polarized őelds 𝜎circ..
The total TPDI cross section for circularly polarized pulses is very similar to the cross
section calculated for linearly polarized őelds [89, 90] for a FWHM duration of 2 fs, see
Fig. 8.2a. Close to the nonsequential threshold (39.5 eV) we őnd slightly larger values
for 𝜎circ.. The relative difference with respect to 𝜎lin. gradually decreases with increasing
photon energy and converges rapidly to zero close to the sequential threshold (54.4 eV).
In the spectrally sequential regime the cross sections are almost identical for ionization
with linearly or circularly polarized light őelds, see Fig. 8.2b. Interestingly, the shape
of the ratio of the cross sections 𝜎circ./𝜎lin. closely resembles the ratio of the TPDI cross
sections to the 𝐿 = 2 and 𝐿 = 0 channels, respectively, 𝜎(𝐿=2)

lin /𝜎
(𝐿=0)
lin [Fig. 8.2c]. For purely

sequential TPDI this ratio is given by the absolute square of the ratio of the respective
Clebsch-Gordan coefficients

⃒

⃒

⃒

⃒

⟨1, 1, 1, 0 | 2, 0⟩
⟨1, 1, 1, 0 | 2, 0⟩

⃒

⃒

⃒

⃒

2

=

⃒

⃒

⃒

⃒

⃒

−
√︃

2/3

1/3

⃒

⃒

⃒

⃒

⃒

2

= 2. (8.7)

Similar as in Fig. 8.2b the largest deviation for 𝜎(𝐿=2)
lin /𝜎

(𝐿=0)
lin is found close to the non-

sequential threshold. This deviation decreases towards the sequential threshold where it
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Figure 8.3.: Triply differental two-photon double ionization cross section (TDCS) [Eq. 8.1] for
linearly and right-circularly polarized light fields in the nonsequential energy regime.
(a) TDCS for ionization by a linearly polarized pulse along 𝑧. The direction of the
first electron was chosen to be 𝜃1 = 0∘. The two azimuthal angles were set to
𝜙1 = 𝜙2 = 0∘. For ionization by linearly polarized fields the TDCS are independent
of the azimuthal angels. The grey dashed line symbolizes the dipolar emission
pattern [≈ cos2(𝜃2)] imprinted onto the TDCS for linearly polarized XUV pulses.
(b) TDCS for ionization by a right-circularly polarized (𝜖 = −1) light field. The
direction of the first electron was chosen to be 𝜙1 = 0∘. We report the TDCS
within the polarization plane (�̂�− 𝑦), resulting in 𝜃1 = 𝜃2 = 𝜋/2.
The energy of the first electron 𝐸1 was chosen to be half the excess energy (i.e.
2.5 eV for 𝜔 = 42 eV, 10.5 eV for 𝜔 = 50 eV, 12.5 eV for 𝜔 = 52 eV, 14.5 eV for
𝜔 = 54 eV) and we integrate over the energy of the second electron 𝐸2. The pulse
duration was 𝑇𝑝 = 2 fs and the peak intensity of the XUV pulse was 1012 W/cm2

for all employed pulses.
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8. Two-photon double ionization with elliptically polarized light fields 119

drops rapidly and converges to the expected value of 2.
In contrast to the small differences found for the total TPDI cross sections, we expect more
pronounced differences with respect to different XUV polarizations for the triply differen-
tial cross sections [Eq. (8.3)]. While for ionization by linearly polarized őelds a dipolar
emission pattern is clearly imprinted onto the TDCS, such an effect is absent for circular
polarization. Thus any deviations from a straight line are caused by electron correlation.
We őx the emission angles 𝜃1 = 0∘, 𝜙1 = 𝜙2 = 0∘ (𝜃1 = 𝜃2 = 90∘, 𝜙1 = 0∘) and monitor the
TDCS as function of the remaining free angle 𝜃2 (𝜙2) for ionization by linearly (circularly)
polarized light őelds. The energy of the őrst electron 𝐸1 is set to half the total excess en-
ergy (2×𝐸XUV − 79 eV) and we integrate over the energy of the second electron, Eq. (8.3).
While the TDCS for linearly polarized őelds [Fig. 8.3a] are very narrow with respect to
𝜃2 due to the dipolar emission pattern [≈ cos2(𝜃2)] the TDCS for circularly polarized light
őelds [Fig. 8.3b] are very ŕat close to their maximum, which is for back-to-back emission
(𝜃2 = 180∘ and 𝜑2 = 180∘, respectively) for both cases. As the photon energy increases
the TDCS decrease monotonically independent of the XUV polarization. For the case of
circularly polarized őelds the plateau like structure close to 𝜑2 = 180∘ broadens with in-
creasing XUV energy. The overall decrease of the TDCS can be explained by comparing
the angle-integrated double ionization probabilities

𝑃 (𝐸1, 𝐸2) =

∫︁

dΩ1dΩ2 𝑃 (𝐸1, 𝐸2,Ω1,Ω2) . (8.8)

for the different pulse energies, see Fig. 8.4. Close to the nonsequential threshold the double
ionization probability is almost independent of the difference between the electron energies
∆𝐸 = 𝐸1 − 𝐸2. Differently, 𝑃 (𝐸1, 𝐸2) close to the sequential threshold is largest for very
asymmetric energy sharing, where one electron is much more energetic than the other one
[94]. Hence, even though the total TPDI cross section increases from 42 eV to 52 eV, the
cross section at equal-energy sharing (∆𝐸 = 0) decreases.

8.2.2. Temporally nonsequential two-photon double ionization for
elliptically polarized light fields

In the following we will investigate the regime of spectrally sequential but temporally
nonsequential two-photon double ionization. We monitor the joint angular distributions
[Eq. (8.4)] as a function of the ellipticity from the limit of linear polarization along �̂� to cir-
cular polarization for ultrashort pulses with energy of 70 eV. The pulse durations 𝑇𝑝 . 2 fs
correspond to a Fourier bandwidth ∆𝜔XUV ≈ 2𝜋/𝑇𝑝 > 2 eV. Despite this considerable width,
the spectral overlap with the energetically nonsequential regime (~𝜔XUV < 𝐼𝑝,2 = 54.4 eV)
is still negligible. For TPDI by ultrashort XUV pulses electron-electron interactions in the
double continuum leave a strong imprint on the energy and angular distribution of the
emitted electron pair [94, 244, 245].
Within the polarization plane (𝜃1 = 𝜃2 = 90∘) and for one electron emitted along the �̂�-
axis, the joint angular distribution 𝑃 (𝜑2) = 𝑃 (𝜃1 = 𝜃2 = 90∘, 𝜑1 = 0∘, 𝜑2) strongly varies
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(a) (b)

Figure 8.4.: Angle-integrated double ionization spectrum 𝑃 (𝐸1, 𝐸2) [Eq. (8.8)] for ionization
by a right-circularly polarized (𝜖 = −1) pulse with duration 𝑇𝑝 = 2 fs with peak
intensity 1012 W/cm2 along �̂� for XUV energies of (a) 42 eV, and (b) 52 eV.

with the ellipticity. For linear polarization along �̂� (𝜖=0), 𝑃 (𝜑2) displays the previously
observed łősh-like” angular distribution [Fig. 8.5 (a)]. With increasing 𝜖, the dip due to the
nodal line at 𝜑=90∘ disappears. The ratio 𝑃 (𝜑2=90∘)/𝑃 (𝜑2=180∘) approximately scales
with 𝜖2 [Fig. 8.5 (b)]. In the limit of circular polarization, the only structure remaining is
the suppression of electron emission into the same direction (𝜑2=0∘) (side-by-side) relative
to the back-to-back emission (𝜑2=180∘). The pronounced minimum for emission of both
electrons in the same direction is not affected by the variation of 𝜖. The obvious reason for
the strong suppression is the repulsive electron-electron interaction, when the two-electron
emission is temporally conőned to a fraction of a femtosecond and is a prototypical case
of dynamical Coulomb correlation.
Performing a scan of the pulse duration 𝑇𝑝 [244] we őnd that with increasing pulse du-
ration the dip in the angular distributions becomes less and less pronounced and in the
limit of very long pulses it approaches a purely circular distribution (grey dashed lines),
see Fig. 8.6 (a). This dynamical Coulomb correlation can be quantiőed by the dependence
of the ratio 𝑃 (𝜑2 =0∘)/𝑃 (𝜑2 =180∘) on 𝑇𝑝 [Fig. 8.6 (b)]. In the limit 𝑇𝑝 → 0, Coulomb
repulsion tends to completely block the side-by-side emission.
For circular polarization, the side-by-side suppression is the dominant structure in the joint
angular distribution, while for linear polarization additional pronounced minima due to the
nodal plane may overshadow this effect in the experiment. Circularly polarized XUV’s are
therefore the preferred experimental setting to unambiguously establish the dynamical cor-
relation in TPDI for ultrashort pulses. Moreover, unlike for linear polarization the joint
angular distribution is rotationally invariant 𝑃 (𝜑1 = 0∘, 𝜑2) = 𝑃 (𝜑1 = 𝛼, 𝜑2 + 𝛼) for cir-
cular pulses, see Fig. 8.6c. Consequently, the correlation dip will persist when integrating
the experimental angular distribution over the azimutal angle 𝛼 while keeping the relative
angle 𝜑1 − 𝜑2 őxed, thereby improving the experimental signal-to-noise ratio.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

8. Two-photon double ionization with elliptically polarized light fields 121
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Figure 8.5.: (a) Joint angular distribution 𝑃 (𝜃1 = 𝜃2 =90∘, 𝜑1 =0∘, 𝜑2) [Eq. (8.4)] of the ejected
electrons for a pulse duration 𝑇𝑝 = 150 as at 𝐸XUV =70 eV for different ellipticities
𝜖. The innermost line (pink) corresponds to the previously investigated case of
linear polarization along �̂� (𝜖= 0), whereas the successive outer curves correspond
to 𝜖 = 0.4, 0.6, 0.7, 0.8, 0.9, and 1 (circular polarization). All distributions are
normalized to a maximum value of one. (b) Ratio of probability for emission of
the second electron with an angle of 𝜑2 =90∘ to the probability for emission into
the opposite direction (back-to-back) for the different ellipticities shown in (a). (c)
Sketch of a laser field with 𝜖= 1 (blue) and 0 (pink).
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Figure 8.6.: (a) Joint angular distributions 𝑃 (𝜃1 = 𝜃2 =90∘, 𝜑1 =0∘, 𝜑2) [Eq. (8.4)] of the
ejected electrons for different pulse durations at 𝐸XUV =70 eV. The innermost line
(blue) is for 𝑇𝑝 = 75 as, with successive outer lines for 𝑇𝑝 = 150, 300, 500, 1000,
3000 as. The grey dashed line is the unit circle. All distributions are normalized to
the maximum value of the angular distribution at 𝜑2 = 180∘. (b) Ratio of emission
of the two electrons into the same (side-by-side) and into the opposite direction
(back-to-back) for the different pulse durations shown in (a).
(c) Joint angular distributions 𝑃 (𝜃1 = 𝜃2 = 90∘, 𝜑1 = 𝛼, 𝜑2) of the ejected electrons
for a pulse duration of 𝑇𝑝 = 75 as and photon energy 𝐸XUV =70 eV for different
ejections angles 𝛼 ∈ {0∘, 30∘, 60∘, 90∘} of the first electron. The distributions are
normalized to the maximum value of the angular distribution at 𝜑2 = 180∘+𝛼 for
𝛼 = 0∘.
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8. Two-photon double ionization with elliptically polarized light fields 123

8.3. XUV-XUV pump-probe sequence with elliptically

polarized pulses

XUV-XUV pump-probe sequences have been theoretically investigated for linearly polar-
ized pulses in the past, e.g. [243, 245ś247, 255, 256]. Palacios et al. [243, 245] investigated
an XUV-XUV sequence for pulses with different energies and varying time delays and
found an interference pattern in the angle integrated, but energy resolved double ioniza-
tion probability 𝑃 (𝐸1, 𝐸2) as a function of the energy difference ∆𝐸 = 𝐸1 − 𝐸2 between
the electrons. XUV-XUV pulse sequences have also been used to explore double ioniza-
tion via doubly excited resonances as intermediate states of interfering pathways [246].
Recently there has been the proposal to generate and control spiral interference patterns
in the angular distributions of photoelectrons created by single ionization with pairs of
counter-rotating time delayed XUV pulses [260] and also in the joint momentum distribu-
tion for two-photon double ionization in helium [253]. The latter work shows possibilities
to extract information on the dynamics of the doubly excited states which are populated
transiently in the two-photon double ionization process.
We explore in the following double ionization by a sequence of two ultrashort XUV pulses
with, in general, different ellipticities 𝜖1,2. We show that polarization tagging allows to
distinguish ionization events occurring in the őrst and the second pulse and, thus, tem-
poral (non)sequential ionization. Using the ellipticity of the XUV pulses as control knob
interferences between the temporally sequential emission events can be switched on and
off. The two XUV pulses used for the results shown in the following have an identical
central energy of 65 eV and a Fourier width corresponding to 𝑇𝑝= 1 fs. The time delay
between the pulses is sufficiently large (𝜏= 2.5 fs) that the two pulses are temporally well
separated.

8.3.1. Doubly differential energy distributions

We őrst consider the angle-integrated double ionization probability 𝑃 (𝐸1, 𝐸2) [Eq. (8.8)]
as a function of the two electron energies. In the 𝐸1 − 𝐸2 plane two well separated peaks
signifying sequential double ionization and a faint ridge connecting the two indicating a
weak non-sequential contribution can be identiőed. For opposite polarizations [𝜖1= 1, 𝜖2=
−1, Fig. 8.7 (a)] the peaks are structureless. By contrast, for two pulses with the same
ellipticity (𝜖1 = 𝜖2 = 1) 𝑃 (𝐸1, 𝐸2) displays an intricate interference pattern [Fig. 8.7 (b)].
This pattern results from different pathways in the time domain to reach the same őnal two-
electron state with energies (𝐸1, 𝐸2) in the double continuum: absorption of two photons
from the őrst pulse, absorption of two photons from the second pulse and absorption of one
photon from each pulse, the latter amounting to two paths due to the indistinguishability
of the two electrons (see Fig. 8.8). Closer inspection shows that the interference pattern
near the sequential peaks is checker-board like while it appears stripe-like near the non-
sequential ridge.
Employing second-order perturbation theory (see, e.g., [94, 243, 256, 258]) the interference
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124 8.3. XUV-XUV pump-probe sequence with elliptically polarized pulses

Figure 8.7.: Double ionization spectrum 𝑃 (𝐸1, 𝐸2) [Eq. (8.8)] in atomic units (log-scale) as
a function of 𝐸1 and 𝐸2 for XUV-XUV sequences with different ellipticities. The
corresponding total two-photon double ionization probabilities are (a) 3.4 ×10−8,
(b) 4.6 ×10−8, (c) 2.8 ×10−8 and (d) 2.8 ×10−8. The central photon energy of
both pulses is 65 eV, their duration is 𝑇𝑝= 1 fs and the pulse delay 𝜏= 2.5 fs. The
peak intensity of each pulse in �̂� direction is 1012 W/cm2.
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0

Figure 8.8.: Energy-delay time diagram of the interfering pathways in an XUV-XUV pump-probe
sequence. The shaded areas signify the enclosed interference phases giving rise to
the stripes (striped area) and to the checkerboard pattern (red, yellow shaded area
and striped area) in Fig. 8.7. For details see text.
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pattern for two identical time-delayed XUV pulses can be quantitatively accounted for.
The angle integrated two-photon double ionization probability is given by the incoherent

sum of the transition probabilities
[︁

𝑡
(2)
𝑖→𝑓

]︁2

𝐿,𝑀
to all accessible (𝐿,𝑀) channels [94]

𝑃 (𝐸1, 𝐸2) =
∑︁

𝐿,𝑀=(2,2),(2,0),(2,−2),(0,0)

⃒

⃒

⃒

⃒

[︁

𝑡
(2)
𝑖→𝑓

]︁

𝐿,𝑀

⃒

⃒

⃒

⃒

2

. (8.9)

For a pump-probe sequence where the őrst pulse has ellipticity 𝜖1 and the second 𝜖2 the
amplitudes are given by

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,±2
∝ (1± 𝜖1)

2 𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏

+ (1± 𝜖2)
2 𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏

+ (1± 𝜖1) (1± 𝜖2)𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ (1± 𝜖1) (1± 𝜖2)𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 , (8.10)
[︁

𝑡
(2)
𝑖→𝑓

]︁

2/0,0
∝
(︀

1− 𝜖21
)︀

𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏

+
(︀

1− 𝜖22
)︀

𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏

+ (1− 𝜖1𝜖2)𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ (1− 𝜖1𝜖2)𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 , (8.11)

where 𝒮(2) is a generalized shape function for absorption of two photons within one pulse
and 𝒢(1) is the shape function for absorbing one photon in each pulse (for details see Ap-
pendix H). 𝐸0 = − (𝐼𝑝,1 + 𝐼𝑝,2) is the groundstate energy and 𝐸1,2− 𝐼𝑝,2 is the intermediate
state energy if the őrst (second) electron is ionized by the őrst pulse while the second
(őrst) electron is bound in the 1s state of He+. Eq. (8.10) represents the coherent su-
perposition of ionization paths involving either absorption of two photons with the same
polarization from the same pulse (terms proportional to 𝒮(2)) and absorption of photons
from different pulses (terms proportional to 𝒢(1)) with, in general different polarizations
𝜖1 ̸= 𝜖2. The interference pattern depends on (𝐸1, 𝐸2) or, equivalently, on ∆𝐸 = 𝐸1 − 𝐸2

and 𝐸tot = 𝐸1 + 𝐸2. Accordingly, the interference oscillations ∼ cos [(𝐸1 + 𝐸2 − 𝐸0) 𝜏 ]
along the lines ∆𝐸 = const. are due to the mixed terms in 𝒮(2) in Eq. (8.10) and are,
in principle, present in the entire (𝐸1, 𝐸2) plane. They appear, however, only when the
polarizations of the őrst and the second pulse agree. The corresponding interference phase
(𝐸1 + 𝐸2 − 𝐸0) 𝜏 is marked in Fig. 8.8 by green stripes. Near the sequential peaks addi-
tional interference terms due to the 𝒢(1) terms contribute (marked by red and yellow shaded
areas in Fig. 8.8). These interference terms give rise to oscillations ∼ cos

(︀(︀

𝐸1/2 + 𝐼𝑝,2
)︀

𝜏
)︀

[︀

∼ cos
(︀(︀

𝐸1/2 + 𝐼𝑝,1
)︀

𝜏
)︀]︀

resulting from interferences between the third/fourth with the
őrst [second] term in Eq. (8.10) and, hence to the checkerboard pattern when the two
polarizations agree. The third and fourth term do not interfere with each other since the
spectral overlap between 𝒢(1) (∆𝐸) and 𝒢(1) (−∆𝐸) vanishes.
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8. Two-photon double ionization with elliptically polarized light fields 127

Eq. (8.11) contains terms that have signiőcant weight only if the polarizations are suffi-
ciently different and are strictly zero for 𝜖1 = 𝜖2 = 1. Thus by switching the polarizations
of the pulses, path interferences can be switched on and off.
The interference in the double ionization spectrum 𝑃 (𝐸1, 𝐸2) can be shown to be quite
robust relative to variation of 𝜖 of the XUV pulses employed, as can be seen in Fig. 8.7 (c)
for two pulses with 𝜖1 = 0.9, 𝜖2 = −0.9. The interference pattern starts to emerge, but is
hardly visible. Similarly, using two pulses with slightly different ellipticity, e.g., 𝜖1 = 0.9,
𝜖2 = 0.6 results in a very similar interference pattern as 𝜖1 = 𝜖2 = 1 [compare Fig. 8.7 (b)
and (d)].

8.3.2. Singly differential energy distributions

Integrating 𝑃 (𝐸1, 𝐸2) along the total energy 𝐸tot = 𝐸1 + 𝐸2 yields the double ionization
probability as a function of the energy difference ∆𝐸 = 𝐸1 − 𝐸2 of the two electrons

𝑃 (∆𝐸) =
1

2

∫︁ ∞

0

d𝐸tot 𝑃 (𝐸1, 𝐸2). (8.12)

Since all interference terms contain cos (𝐸tot𝜏), see Eq. (8.10) and (8.11), integration over
𝐸tot damps out all these terms. Conversely, interferences due to the superposition of the
terms ∼ 𝒮(2) ∼ cos [(𝐸tot − 𝐸0) 𝜏 ] survive when 𝑃 (𝐸1, 𝐸2) is integrated over ∆𝐸.
The singly differential spectrum [Eq. (8.12)] can be analyzed by making use of the po-
larization tagging. This becomes possible because of the perfect locking of the magnetic
quantum number of the two-electron wavepacket to the two ellipticities 𝜖1,2 = 1,−1. The
electronic wavepacket with total 𝑀=2 (or −2) must have absorbed both photons from the
őrst (second) pulse. 𝑀= 0 is reached only when one photon is absorbed from each pulse.
While the photoelectron spectrum of the 𝑀 = 2 (−2) electrons is inŕuenced by dynamical
electron-electron correlation, the 𝑀 = 0 electrons stem from a purely sequential process.
This is clearly visible in 𝑃 (∆𝐸) [Fig. 8.9 (a)]. Summing over all 𝑀 results in a 𝑃 (∆𝐸)
closely resembling the distribution for a single linearly polarized XUV pulse [94] with a
spectrally very ŕat plateau-like structure in the equal energy sharing (∆𝐸 ≈ 0) region.
Analyzing 𝑃 (∆𝐸) separately for the different 𝑀 channels, we observe that for 𝑀=±2 the
probability distribution is very similar to the full spectrum. This is due to the fact that
either channel consists of electrons emitted by the absorption of two photons within the
same pulse and, thus, has the signatures of both temporal sequential and nonsequential
two-photon double ionization. For 𝑀=0 [dash-dotted line in Fig. 8.9 (a)], 𝑃 (∆𝐸) features
two well-separated peaks at ∆𝐸 ≈ ±1.1 a.u. while the equal-energy sharing plateau-
like structure is completely missing as expected for a purely sequential ionization process.
Moreover, much smaller peaks near ∆𝐸 ≈ ±1.9 a.u. corresponding to shake-up processes
with excited ionic states become visible [94].
The decomposition of TPDI into contributions with different total magnetic quantum num-
ber 𝑀 of the two-electron wavepacket is straightforward in theory, but such a separation is
not easily accomplished in experiment. We therefore explore the signatures of polarization
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128 8.3. XUV-XUV pump-probe sequence with elliptically polarized pulses
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Figure 8.9.: (a) 𝑃 (∆𝐸) for a pump-probe sequence with 𝜖1 = 1 (𝐿), 𝜖2 = − 1 (𝑅) (see inset).
𝑃 (∆𝐸) is resolved for the three different 𝑀 values of the final state. (b) 𝑃 (∆𝐸)
for a pump-probe sequence with two left-circularly polarized pulses (𝜖1 = 𝜖2 = 1,
see inset) and one left- and one right-circularly polarized pulse (𝜖1 = 1, 𝜖2 = − 1).
The dashed dotted line shows the difference of the two sequences. The central
photon energy of the pulses is 65 eV, their duration is 𝑇𝑝 = 1 fs and their delay is
𝜏= 2.5 fs.
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8. Two-photon double ionization with elliptically polarized light fields 129

tagging in the experimentally directly accessible energy- and angular distributions of TPDI.
To this end, we compare the energy-differential double-ionization probability, 𝑃 (∆𝐸) for
two polarization scenarios: A left-left (𝐿− 𝐿) pulse sequence (𝜖1 = 𝜖2 = 1) with an 𝐿−𝑅
sequence (𝜖1 = 1, 𝜖2 = − 1). The absolute value of 𝑃 (∆𝐸 = ±1.1 a.u.) near the sequential
peak is found to be larger for the 𝐿 − 𝐿 sequence than for the 𝐿 − 𝑅 sequence. By sub-
tracting 𝑃 (∆𝐸) of the 𝐿 − 𝑅 sequence from 𝑃 (∆𝐸) of the 𝐿 − 𝐿 sequence [dash-dotted
line in Fig. 8.9 (b)] the structure of the two well-separated sequential peaks emerges. This
difference spectrum coincides very well with the 𝑀=0 spectrum of the 𝐿 − 𝑅 sequence
[Fig. 8.9 (a)] and gives access to the polarization tagged spectrum without actually re-
solving 𝑀 . This selectivity can be easily understood from angular momentum coupling
arguments. After absorbing the őrst left-handed photon, the singly ionized state lies in
the 𝐿=1, 𝑀=1 channel. During the second pulse the transition amplitude for absorbing
another photon is the same irrespective of the polarization apart from the pre-factor which
is given by a Clebsch-Gordon coefficient. If the second pulse is also left-circularly polarized
the only relevant Clebsch-Gordon coefficient for coupling to 𝑀=2 is ⟨1, 1, 1, 1|2, 2⟩ = 1.
For a right circularly-polarized second pulse there are two pathways to 𝑀=0 with Clebsch-
Gordon coefficients ⟨1, 1, 1,−1|2, 0⟩ = 1/

√
6 and ⟨1, 1, 1,−1|0, 0⟩ = 1/

√
3. Squaring and

adding those coefficients the probability to absorb one photon out of each pulse from an
𝐿−𝑅 sequence is half of the 𝐿−𝐿 sequence. Consequently, by subtracting the 𝐿−𝑅 from
the 𝐿−𝐿 signal the yield of the electrons is exactly the same as if we would have selected
just the electrons which absorbed one photon out of each pulse in the 𝐿 − 𝑅 scenario
resulting in electrons with 𝑀 = 0.

8.3.3. Joint angular distributions

In the following we investigate the joint angular distributions [Eq. (8.4)] of photoelectrons
emitted in the XUV-XUV pulse sequences in the polarization plane (𝜃1 = 𝜃2 = 90∘) and
őx the emission direction of the őrst electron to 𝜑1 = 0∘. We compare

𝑃 (𝜑2) = 𝑃 (𝜃1 = 𝜃2 = 90∘, 𝜑1 = 0∘, 𝜑2) (8.13)

for the 𝐿 − 𝐿 and 𝐿 − 𝑅 pulse sequences [Fig. 8.10 (a) and (b) respectively]. The angu-
lar distribution for an 𝐿 − 𝐿 sequence [Fig. 8.10 (a)] closely resembles 𝑃 (𝜑2) of a single
pulse of comparable duration (Fig. 8.6a). The distribution features a modest suppression
due to dynamical Coulomb correlation for side-by-side emission but is otherwise close to
rotationally symmetric. Since the 𝐿 − 𝐿 sequence has the propensity to populate 𝑀=2,
the distribution from summation over all 𝑀 is essentially indistinguishable from the dis-
tribution for 𝑀=2 alone. An entirely different picture emerges for the 𝐿 − 𝑅 sequence
[Fig. 8.10 (b)]. The angular distribution 𝑃 (𝜑2) is peanut shaped. Its origin can be traced
to the contributions from different 𝑀 channels which contribute to 𝑃 (𝜑2) in the 𝐿 − 𝑅
sequence. While the 𝑀 = ±2 components mirror the distributions for the 𝐿−𝐿 sequence,
the 𝑀=0 component features a dipolar pattern with a nodal line along 𝜑2 =90∘ causing
the indentation of 𝑃 (𝜑2).
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130 8.3. XUV-XUV pump-probe sequence with elliptically polarized pulses

This particular shape allows to associate the emission direction with the (non)sequential
timing of the two-electron emission. The joint probability near 𝑃 (𝜑2 = 90∘) is exclusively
due to the quasi-simultaneous emission from the same pulse. Conversely, the joint prob-
ability near 𝑃 (𝜑2 = 0∘) is predominantly due to sequential emission of the two electrons
spaced in time by 𝜏= 2.5 fs. In the present case of a relatively long pulse of 𝑇𝑝= 1 fs the
sequential contribution is well above 50%. In the limit of even shorter pulses (𝑇𝑝 → 0)
𝑃 (𝜑2 =0∘) tends to become completely sequential [see Fig. 8.6 (b)].
To check for the robustness of our results against imperfection of circular polarization, we
also perform simulations for a sequence with 𝜖1 = 0.9, 𝜖2 = −0.9. While the overall yield
decreases with decreasing ellipticity, the characteristic shape of the angular distribution
remains largely unchanged and structurally stable [Fig. 8.10 (c)]. It should be noted that
the angular distribution for 𝜖 ̸= ±1 does not only depend on the relative angle 𝜑1 − 𝜑2,
but on both azimutal angles explicitly.
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0 0.5 1

(a)

φ1 = 0
◦
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(b)
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Figure 8.10.: Joint angular distributions 𝑃 (𝜃1 = 𝜃2 = 90∘, 𝜑1 = 0∘, 𝜑2) [Eq. (8.4)] of the ejected
electrons for an XUV pulse with polarization 𝜖1 = 1 followed by an XUV pulse with
(a) 𝜖2 = 1 or (b) 𝜖2 = −1. (c) same as (b) for 𝜖1=0.9 and 𝜖2=−0.9. All pulses
have photon energy 𝐸XUV = 65 eV and a pulse duration of 𝑇𝑝 = 1 fs. The different
lines correspond to different values of 𝑀 of the final state. All distributions are
normalized to the maximum value of the total probability distribution shown in
(a) summed over all 𝑀 .
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9. Summary & Outlook

In summary, we have performed detailed studies of single-photon and multi-photon sin-
gle and double ionization of small atomic systems by ultrashort multi-color laser pulses.
Photoemission of electrons is a quantum mechanical process whose amplitude and phase
encodes many interesting physical effects. While the total yield of photoemission has been
routinely measured since decades, only recently it became possible to measure also the
phase information involved in photoemission through attosecond metrology. In this thesis
we have studied the electronic phases and correlations for single ionization processes in the
spectral region of resonances (structured continuum), single ionization to the unstructured
(ŕat) continuum, and double ionization via the nonresonant single continuum employing
ab initio simulations. In addition, we have put forward new measurement schemes (in
close collaboration with experimental groups) to obtain parts of this information in actual
experiments. While we focus mostly on full ab initio simulations of atomic helium the
methods studied can be extended to more complicated targets. The helium atom, thus,
serves as a benchmark system where electronic correlations are fully included.

Photoionization close to resonant structures has been investigated in great detail since
their detection. Whereas the spectral shape of Fano resonances has been studied in great
detail employing synchotron radiation, their imprint on the continuum phases has only
been accessible within theoretical studies until recently. Several RABBITT experiments
have started to bridge this gap and measured the variation of the two-photon continuum
phase modiőed due to Fano resonances in the intermediate or őnal state [52ś55]. Within
this thesis, we have advanced further and have proposed two independent schemes to di-
rectly measure the one-photon phase of autoionizing resonances [56] using angle-resolved
photoelectron detection. Complementary to the spectral phase we have also proposed a
scheme to monitor the temporal formation of the transient build-up of a Fano resonance
which has been realized using attosecond transient absorption spectroscopy [57, 103].
Whereas the perturbative interaction of autoionizing resonances with light őelds is well un-
derstood, the detailed understanding of the non-perturbative interaction of multiple quasi-
bound states with strong few-cycle őelds is still an open problem [63, 64, 67ś69]. Contrary
to conventional quantum optics where multi-level Rabi dynamics is the dominant process,
the strong light őeld leads also to a signiőcant modiőcation of the autoionization process.
We have introduced a new method based on causality [240ś242] which allows to retrieve
the time-dependent response of an isolated resonance to a non-perturbative interaction
from a single-shot absorption spectrum, and have applied this method to study the NIR
driven dynamics of doubly excited states in helium. By using both the time-dependent
amplitude and phase of the dipole response we progressed substantially in disentangling
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Rabi ŕopping from strong-őeld ionization in this prototypical example [70].

One key observable to characterize the unstructured single ionization continuum is the
phase an photoelectron acquires during the photoionization process. Employing attosec-
ond chronoscopy techniques it has been possible to measure even the time it takes for a
liberated electron to leave its parent ion which is encoded in the phase of the emitted
electrons. This time delay has in previous experiments primarily been determined either
from electrons emitted into one speciőc direction, or from angle-integrated measurements.
The angular variation and the information encoded in it was, thus, lost completely. More
recent experiments, however, are able to retrieve the full angular distribution of emitted
electrons and, thus, allow an investigation of interferences between different partial waves.
We have determined that the recently found dependence of the photoionization delay [34]
on the electron emission angle in RABBITT is caused by mixing of different partial waves
within each sideband. Furthermore, we have been able to quantify the dependence of the
phase acquired within a free-free transition on the őnal angular momentum, separately for
emission or absorption of a photon for the prototypical system of helium [101].

Investigation of the double ionization continuum for atomic helium has been an integral
part of theoretical atomic physics over the past decades. The reason being that helium
serves as benchmark system to study the double continuum, and to examine which observ-
ables are sensitive to electronic correlations. For the case of two-photon double ionization
a large number of calculations have made detailed predictions on electronic correlation fea-
tures observable in the joint angular distribution of the ionized electrons. Unfortunately,
these predictions have not yet been conőrmed by experiment due to the very low double
ionization cross section of helium. In light of the increasing number of free-electron lasers
and high power HHG based laser sources, however, we are conődent that experimental
investigations of two-photon double ionization in helium are possible over the next years.
Within this thesis we have shown that for the case of temporally nonsequential two-photon
double ionization [90, 244] (both electrons are ionized simultaneously by an attosecond
XUV pulse), the imprint of dynamical Coulomb correlation on the joint angular distribu-
tion appears more prominently for ionization by circularly polarized pulses, compared to
ionization with a linearly polarized XUV. The reason for this is that the distortion due
to the nodal structure of a dipolar emission pattern is absent for ionization by circularly
polarized őelds. Furthermore, we have shown that for XUV-XUV pump-probe sequences
the ellipticity of the light őelds allows to control interferences in the double ionization spec-
trum, and to map the timing of the emission events onto the joint angular distribution [104].

Despite several insights, some questions raised in this thesis are still not answered satisfac-
tory. The őrst remaining challenge is a quantitative description of the angle dependence
of the continuum-continuum phase. For double ionization the most obvious avenue for
future research is to time-resolve one- and two-photon double ionization with RABBITT.
While the latter one has already been addressed with streaking [248], the time structure
of one-photon double ionization is still unexplored. RABBITT provides a better energy
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9. Summary & Outlook 135

resolution as compared to streaking and allows to retrieve timing information close to the
double ionization threshold.
On a broader perspective, we will continue to investigate attosecond metrology techniques
where states with different parity interfere with each other. Examples for such protocols
are the proposal to measure photoionization time delays for above threshold ionization
[166] using an 𝜔 − 2𝜔 setup with both őelds close to the visible regime, or 𝜔 − 2𝜔 setups
with XUV őelds [261]. A deep theoretical understanding of these new protocols is essential
to fully foster their potential and to extend our knowledge about light-matter interaction.
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A. Lowest-order perturbation theory

for the angle-integrated

photoelectron spectrum in

RABBITT

In this appendix we brieŕy describe how to obtain the characteristic beating formula for
angle-integrated RABBITT [Eq. 3.9] from Eq. (3.4) [27, 31, 158].
Starting from the factorization of the two-photon transition 𝒜(2)

𝑓←𝑖 [27, 31, 32, 158, 173]
given in Eq. (3.4)

𝒜(2)
𝐻2𝑛±1∓𝜔IR

=
∑︁

𝜆

∑︁

ℓ=𝜆±1

⃒

⃒

⃒
𝒜(2)

𝐻2𝑛±1∓𝜔IR
,𝜆ℓ

⃒

⃒

⃒
𝑒𝑖𝜂𝜆(𝜀2𝑛±1)𝑒𝑖𝜑

∓
𝑐𝑐,𝜆ℓ𝑒∓𝑖𝜔IR𝜏𝑒𝑖𝜋(1−𝜆/2)𝑌 𝑚

ℓ (𝜃, 𝜙) , (A.1)

the probability distribution at 𝐸 = 𝐻2𝑛 is given by

|𝜓 (𝐸 = 𝐻2𝑛, 𝜃)|2 =
⃒

⃒

⃒
𝒜(2)

2𝑛−1+𝜔IR
+𝒜(2)

2𝑛+1−𝜔IR

⃒

⃒

⃒

2

. (A.2)

For simplicity we consider only the excitation to an intermediate 𝑝 state (𝜆 = 1), for
emission from an 𝑠-shell electron yielding

|𝜓 (𝐸 = 𝐻2𝑛, 𝜃)|2 =

=

⃒

⃒

⃒

⃒

⃒

∑︁

ℓ=0,2

[︁⃒

⃒

⃒
𝒜(2)

2𝑛−1+𝜔IR,𝑝ℓ

⃒

⃒

⃒
𝑒𝑖𝜂𝑝(𝜀2𝑛−1)𝑒𝑖𝜑

+
𝑐𝑐,𝑝 ℓ𝑒𝑖𝜔IR𝜏 +

⃒

⃒

⃒
𝒜(2)

2𝑛+1−𝜔IR,𝑝ℓ

⃒

⃒

⃒
𝑒𝑖𝜂𝑝(𝜀2𝑛+1)𝑒𝑖𝜑

−
𝑐𝑐,𝑝 ℓ𝑒−𝑖𝜔IR𝜏

]︁

𝑌 0
ℓ (𝜃)

⃒

⃒

⃒

⃒

⃒

2

=
⃒

⃒

⃒

[︁⃒

⃒

⃒
𝒜(2)

2𝑛−1+𝜔IR,𝑝 𝑠

⃒

⃒

⃒
𝑒𝑖𝜑

+
𝑐𝑐,𝑝 𝑠𝑌 0

0 (𝜃) +
⃒

⃒

⃒
𝒜(2)

2𝑛−1+𝜔IR,𝑝 𝑑

⃒

⃒

⃒
𝑒𝑖𝜑

+
𝑐𝑐,𝑝 𝑑𝑌 0

2 (𝜃)
]︁

𝑒𝑖𝜂𝑝(𝜀2𝑛−1)𝑒𝑖𝜔IR𝜏

+
[︁⃒

⃒

⃒
𝒜(2)

2𝑛+1−𝜔IR,𝑝 𝑠

⃒

⃒

⃒
𝑒𝑖𝜑

−
𝑐𝑐,𝑝 𝑠𝑌 0

0 (𝜃) +
⃒

⃒

⃒
𝒜(2)

2𝑛+1−𝜔IR,𝑝 𝑑

⃒

⃒

⃒
𝑒𝑖𝜑

−
𝑐𝑐,𝑝 𝑑𝑌 0

2 (𝜃)
]︁

𝑒𝑖𝜂𝑝(𝜀2𝑛+1)𝑒−𝑖𝜔IR𝜏
⃒

⃒

⃒

2

, (A.3)

for the probability distribution. Integrating Eq. (A.3) with respect to 𝜃 we obtain

|𝜓 (𝐸 = 𝐻2𝑛)|2 =
∫︁

d𝜃 sin (𝜃) |𝜓 (𝐸 = 𝐻2𝑛, 𝜃)|2

= 𝐴+𝐵𝑠 cos
(︀

2𝜔IR𝜏 − [𝜂𝑝 (𝜀2𝑛+1)− 𝜂𝑝 (𝜀2𝑛−1)]−
[︀

𝜑−𝑐𝑐,𝑝 𝑠 − 𝜑+
𝑐𝑐,𝑝 𝑠

]︀)︀

+𝐵𝑑 cos
(︀

2𝜔IR𝜏 − [𝜂𝑝 (𝜀2𝑛+1)− 𝜂𝑝 (𝜀2𝑛−1)]−
[︀

𝜑−𝑐𝑐,𝑝 𝑑 − 𝜑+
𝑐𝑐,𝑝 𝑑

]︀)︀

= 𝐴+𝐵 cos (2𝜔IR𝜏 +∆𝜑)

= 𝐴+𝐵 cos (2𝜔IR [𝜏 − 𝜏𝑅]) . (A.4)
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140

The angle-integrated RABBITT spectrum [Eq. (A.4)] can be separated into a delay de-
pendent and delay independent part, where the latter contains the approximate time delay
𝜏𝑅 = − ∆𝜑

2𝜔IR
as retrieved by RABBITT.

Assuming that each harmonic𝐻𝑞 has a spectral phase 𝜑XUV
𝑞 the two-photon matrix elements

[Eq. A.1] are modiőed to

𝒜(2)
𝐻2𝑛±1∓𝜔IR

=
∑︁

𝜆

∑︁

ℓ=𝜆±1

⃒

⃒

⃒𝒜(2)
𝐻2𝑛±1∓𝜔IR

,𝜆ℓ

⃒

⃒

⃒ 𝑒𝑖𝜂𝜆(𝜀2𝑛±1)𝑒𝑖𝜑
±
𝑐𝑐,𝜆ℓ𝑒±𝑖𝜔IR𝜏𝑒𝑖𝜋(1−𝜆/2)𝑒𝑖𝜑

XUV
2𝑛±1𝑌 𝑚

ℓ (𝜃, 𝜙) .

(A.5)
Accordingly the angle-integrated electron spectrum [Eq. (A.4)] changes to

|𝜓 (𝐸 = 𝐻2𝑛)|2 =
∫︁

d𝜃 sin (𝜃) |𝜓 (𝐸 = 𝐻2𝑛, 𝜃)|2

= 𝐴+𝐵𝑠 cos
(︀

2𝜔IR𝜏 − [𝜂𝑝 (𝜀2𝑛+1)− 𝜂𝑝 (𝜀2𝑛−1)]−
[︀

𝜑−𝑐𝑐,𝑝 𝑠 − 𝜑+
𝑐𝑐,𝑝 𝑠

]︀

−
[︀

𝜑XUV

2𝑛+1 − 𝜑XUV

2𝑛−1

]︀)︀

+𝐵𝑑 cos
(︀

2𝜔IR𝜏 − [𝜂𝑝 (𝜀2𝑛+1)− 𝜂𝑝 (𝜀2𝑛−1)]−
[︀

𝜑−𝑐𝑐,𝑝 𝑑 − 𝜑+
𝑐𝑐,𝑝 𝑑

]︀

−
[︀

𝜑XUV

2𝑛+1 − 𝜑XUV

2𝑛−1

]︀)︀

= 𝐴+𝐵 cos
(︁

2𝜔IR𝜏 +∆𝜑
)︁

= 𝐴+𝐵 cos (2𝜔IR [𝜏 − 𝜏𝑅]) , (A.6)

for ionization of an 𝑠 electron.
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B. Differences and similarities

between RABBITT and streaking

In this appendix we discuss the connection between the continuum-continuum delay en-
countered in RABBITT [27] and the Coulomb-laser coupling encountered in attosecond
streaking [33]. In addition we directly compare the time delays obtained from RABBITT
and streaking for shake-up ionization of helium.

B.1. Relation between the continuum-continuum delay

and the Coulomb-laser coupling

The asymptotic expression for the continuum-continuum phase [Eq. (3.5)] has been de-
rived by Dahlström and co-workers [27, 31, 32] to interpret the phase shift observed in
RABBITT experiments [27, 186, 187]. As indicated in Eq. (3.4) it has been found that the
two-photon phase can be separated [30, 31] into the one-photon phase acquired within ion-
ization and an additional universal contribution induced by the interaction of the electron
propagating in the Coulomb potential with the NIR laser őeld [Eq. (3.5)]. In RABBITT
measurements, however, the absolute two-photon phase has not been measured so far but
only the difference

∆𝜑𝑐𝑐 (𝐸) = 𝜑𝑐𝑐,+ − 𝜑𝑐𝑐,−

= 𝜑𝑐𝑐

(︁√
2𝐸,

√︀

2𝐸 − 𝜔IR

)︁

− 𝜑𝑐𝑐

(︁√
2𝐸,

√︀

2𝐸 + 𝜔IR

)︁

. (B.1)

The ratio

𝜏𝑐𝑐 =
∆𝜑𝑐𝑐 (𝐸)

2𝜔IR

(B.2)

has been interpreted as continuum-continuum time delay and from its knowledge it has
become possible to retrieve the one-photon time delay 𝜏EWS of photoionization from RAB-
BITT measurements, e.g. [27].
Similarly, in streaking the IR őeld used in the measurement protocol induces an additional
time delay in addition to the scattering delay 𝜏EWS [175]. The logarithmic part of the
Coulomb phaseshift is responsible for this additional time delay [30, 33, 262] and is called
Coulomb-laser coupling (CLC)

𝜏𝐶𝐿𝐶 (𝐸) =
𝑍

(2𝐸)3/2

[︂

2− ln

(︂

2𝜋𝐸

𝜔IR

)︂]︂

. (B.3)
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142 B.2. Comparing time delays obtained from RABBITT and streaking

Although Eqs. (B.2) and (B.3) are derived from two different perspectives, they agree
almost perfectly for high photoelectron energies [100]. This is in line with the observation
that RABBITT and streaking yield the same results for photoionization time delays [30,
220, 263]. For low photoelecton energies, however, neither of the two analytic formulas
[Eq. (B.2) and (B.3)] is accurate to determine the time delay caused by the interaction
with the IR őeld.

B.2. Comparing time delays for shake-up ionization in

helium using RABBITT and streaking

In this appendix we compare the retrieved time delays for shake-down and shake-up ion-
ization of atomic helium by streaking and RABBITT. Previously this has also been inves-
tigated for photoionization of argon [220] and photoionization of solids [263] where good
agreement has been achieved.
There are two fundamental differences between RABBITT and streaking. First, RAB-
BITT has a priori no preferred direction and until very recently most experiments were
performed using just the fully angle integrated photoelectron spectrum, e.g. [27, 187]. In
streaking the photoionization time delay is directly mapped to a momentum shift into the
laser polarization direction. This implicates that streaking spectra can, without any further
assumptions, only by evaluated for electrons propagating into the polarization direction
of IR laser őeld25. Second, while RABBITT measures the difference between two-photon
phases and the photoionization time delay is accessed via a őnite difference approximation
of the energy derivative [31, 32], streaking directly retrieves the photoionization time delay
[30].
The question which arises naturally is whether or not the delays retrieved with the two
methods are the same or not for explicitly angle-dependent time delays. For photoioniza-
tion of an 𝑠 electron and a residual ion with neglegible polarization (ionization of hydro-
gen, shake-down ionization for helium) this question can trivially be answered with yes,
given that the angle-dependence of the retrieved delays [Fig. 4.1] only occurs for large
emissions angles of the electron relative to the laser polarization (𝜃 > 60∘) which do not
contribute signiőcantly to the angle-integrated signal. Therefore the delay retrieved from
angle-integrated RABBITT spectra and streaking is the same for this speciőc case.
If the residual ion is easily polarizable this argument is not valid anymore as the dipole
delay [Eq. (4.6)] is explicitly dependent on the electron emission angle. Thus, we compare
the delays obtained from RABBITT and streaking for 𝑛 = 2 shake-up ionization in helium.
In this case the residual ion is a superposition of He+(2𝑠) and He+(2𝑝) and thus polarizable
within the IR őeld [28, 29]. Comparing the delays obtained for photoelectrons which are
emitted along the polarization direction (𝜃 = 0∘) we őnd near perfect agreement between
the RABBITT and streaking simulations, Fig. B.1. The data points for the streaking sim-

25 In turn, this means that for non-collinear XUV and IR fields the time delay into the relative polarization
angle is detected [190, 191]
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B. Differences and similarities between RABBITT and streaking 143

ulations are taken from [28, 29]. For the RABBITT calculations we use an IR őeld with
𝜆I𝑅 = 800 nm, intensity of 2 × 109 W/cm2 and a FHWM duration of 16 fs. The APT
has a FHWM duration of 9 fs and the harmonics have intensities ranging from 5× 109 to
2× 1012 W/cm2. Both, the APT as well as the IR are within the perturbative regime.

-70
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im

e
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Photoelecton energy [eV]
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2s
2p
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k=1

Figure B.1.: Comparison of the retrieved photoemissionission time delay for RABBITT (crosses)
and streaking (boxes) spectra evaluated into 𝜃 = 0∘ with the analytic expectation
Eq. (4.1) (dashed line) for the full 𝑛 = 2 shell and also the different sub-shells
and shake-up states resolved. The fundamental IR pulse has a wavelength of
𝜆I𝑅 = 800 nm.
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C. Calculation of the electron

spectrum close to resonances

To extract the single ionization spectrum close to resonances we partition the wave function
after the end of the pulse into an łouter” and an łinner” region using a smooth switch-
on or switch-off function (i.e. a Gauss error function) around a partition radius 𝑟𝑝𝑎𝑟𝑡 for
both spatial directions, see Fig. C.1 for a sketch. In the łouter” region the single ionization
spectra are extracted via projection onto products of bound He+ states and Coulomb waves
[89], Sec. 2.2.2. The spectra in the łinner” region are computed using exterior complex
scaling (ECS) [60]. We sum the two spectra coherently to obtain the full spectrum. Unless
stated otherwise we partitioned the wave function at 𝑟𝑝𝑎𝑟𝑡 = 20 a.u. in both spatial
dimensions for all results shown in this thesis. Comparing the single ionization spectrum
obtained via this partition method with calculating the single ionization spectrum in the
full spatial range via exterior complex scaling we őnd near perfect agreement for the results
shown in this thesis.

ECS 

projection 

Figure C.1.: Sketch of the different radial regions the wave function is partitioned in. The green
and blue area represent the unmasked inner and outer region, respectively. The
grey area is the area where we apply the smooth masking function which is centered
at the partition radius 𝑟𝑝𝑎𝑟𝑡 (orange dashed-dotted line). In the area marked with
red stripes (“inner” region) the electron spectrum is calculated using ECS [60]. The
parts of wave function in the area marked with purple stripes (“outer” region) are
projected onto products of bound He+ states and Coulomb waves to obtain the
electron spectra [89], Sec. 2.2.2.
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D. Additional information on

RABBITT with even and odd

harmonics

In this appenix we discuss several aspects of RABBITT with even and odd harmonic in
more detail.

D.1. Beating of the asymmetry 𝒞 in RABBITT with

even and odd harmonics

To obtain an analytic expression for the beating of the asymmetry 𝒞 for RABBITT with
even and odd harmonics with respect to 𝜔IR we insert the wave function Eq. (5.23)

𝜓 (𝐸, 𝜏) =𝒜(1)
𝐸←𝑖 +𝒜(2)

𝐸←𝐸+𝜔IR←𝑖𝑒
−𝑖𝜔IR𝜏 +𝒜(2)

𝐸←𝐸−𝜔IR←𝑖𝑒
𝑖𝜔IR𝜏

=
∑︁

𝐿=𝜆±1

∑︁

𝜆

⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒
𝑒𝑖𝜑

(1)
𝜆

(𝐸)𝑌 0
𝜆 (𝜃)

+
⃒

⃒

⃒𝒜(2)
𝐸,𝐿←𝐸+𝜔IR,𝜆←𝑖

⃒

⃒

⃒ 𝑒
𝑖
[︁

𝜑
(2−)
𝜆,𝐿

(𝐸)−𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃)

+
⃒

⃒

⃒
𝒜(2)

𝐸,𝐿←𝐸−𝜔IR,𝜆←𝑖

⃒

⃒

⃒
𝑒
𝑖
[︁

𝜑
(2+)
𝜆,𝐿

(𝐸)+𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃) (D.1)

into Eq. (5.22)

𝒞 (𝐸, 𝜏) = 𝑃𝑢𝑝 − 𝑃𝑑𝑜𝑤𝑛

=

∫︁ 2𝜋

0

dΩ |𝜓 (𝐸, 𝜏)|2 −
∫︁ 4𝜋

2𝜋

dΩ |𝜓 (𝐸, 𝜏)|2

= 2𝜋

{︃

∫︁ 𝜋/2

0

d𝜃 sin(𝜃) |𝜓 (𝐸, 𝜏)|2 −
∫︁ 𝜋

𝜋/2

d𝜃 sin(𝜃) |𝜓 (𝐸, 𝜏)|2
}︃

. (D.2)
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148 D.1. Beating of the asymmetry 𝒞 in RABBITT with even and odd harmonics

𝜆 and 𝐿 are the angular momenta of the intermediate and the őnal state. The őrst term
in Eq. (D.2) [𝑃𝑢𝑝] is given by
∫︁ 𝜋/2

0

d𝜃 sin(𝜃) |𝜓 (𝐸, 𝜏)|2 =
∑︁

𝐿=𝜆±1

∑︁

𝐿′=𝜆′±1

∑︁

𝜆,𝜆′

∫︁ 𝜋/2

0

d𝜃 sin(𝜃)

⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒
𝑒𝑖𝜑

(1)
𝜆

(𝐸)𝑌 0
𝜆 (𝜃)

⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆′

⃒

⃒

⃒
𝑒−𝑖𝜑

(1)

𝜆′
(𝐸)𝑌 0

𝜆′ (𝜃)

+
⃒

⃒

⃒𝒜(2)
𝐸,𝐿←𝐸+𝜔IR,𝜆←𝑖

⃒

⃒

⃒ 𝑒
𝑖
[︁

𝜑
(2−)
𝜆,𝐿

(𝐸)−𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃)

⃒

⃒

⃒
𝒜(2)

𝐸,𝐿′←𝐸+𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
𝑒
−𝑖

[︁

𝜑
(2−)

𝜆′,𝐿′ (𝐸)−𝜔IR𝜏
]︁

𝑌 0
𝐿′ (𝜃)

+
⃒

⃒

⃒𝒜(2)
𝐸,𝐿←𝐸−𝜔IR,𝜆←𝑖

⃒

⃒

⃒ 𝑒
𝑖
[︁

𝜑
(2+)
𝜆,𝐿

(𝐸)+𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃)

⃒

⃒

⃒𝒜(2)
𝐸,𝐿′←𝐸−𝜔IR,𝜆′←𝑖

⃒

⃒

⃒ 𝑒
−𝑖

[︁

𝜑
(2+)

𝜆′,𝐿′ (𝐸)+𝜔IR𝜏
]︁

𝑌 0
𝐿′ (𝜃)

+
⃒

⃒

⃒𝒜(1)
𝐸←𝑖,𝜆

⃒

⃒

⃒ 𝑒𝑖𝜑
(1)
𝜆

(𝐸)𝑌 0
𝜆 (𝜃)

⃒

⃒

⃒𝒜(2)
𝐸,𝐿′←𝐸+𝜔IR,𝜆′←𝑖

⃒

⃒

⃒ 𝑒
−𝑖

[︁

𝜑
(2−)

𝜆′,𝐿′ (𝐸)−𝜔IR𝜏
]︁

𝑌 0
𝐿′ (𝜃)

+
⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒
𝑒𝑖𝜑

(1)
𝜆

(𝐸)𝑌 0
𝜆 (𝜃)

⃒

⃒

⃒
𝒜(2)

𝐸,𝐿′←𝐸−𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
𝑒
−𝑖

[︁

𝜑
(2−)

𝜆′,𝐿′ (𝐸)+𝜔IR𝜏
]︁

𝑌 0
𝐿′ (𝜃)

+
⃒

⃒

⃒𝒜(2)
𝐸,𝐿←𝐸+𝜔IR,𝜆←𝑖

⃒

⃒

⃒
𝑒
𝑖
[︁

𝜑
(2−)
𝜆,𝐿

(𝐸)−𝜔IR𝜏
]︁

𝑌 0
𝐿 (𝜃)

⃒

⃒

⃒
𝒜(2)

𝐸,𝐿′←𝐸−𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
𝑒
−𝑖

[︁

𝜑
(2−)

𝜆′,𝐿′ (𝐸)+𝜔IR𝜏
]︁

𝑌 0
𝐿′ (𝜃)

+ 𝑐.𝑐. (D.3)

Eq. (D.2) is a superposition of the different pathways [Eq. (D.1)] giving rise to terms which
have a cos(2𝜔IR𝜏) modulation, a cos(𝜔IR𝜏) modulation and, no modulation with the time
delay. Performing the integration with respect to 𝜃 the terms oscillating with cos(2𝜔IR𝜏)
[seventh line of Eq. (D.3)] and the terms which show no modulation with 𝜏 [second, third
and fourth line of Eq. (D.3)] are the same for 𝑃𝑢𝑝 and 𝑃𝑑𝑜𝑤𝑛. The asymmetry 𝒞 is thus
solely given by

𝒞 =
∑︁

𝐿=𝜆±1

∑︁

𝜆,𝜆′

𝐶𝐿,𝜆

×
{︁⃒

⃒

⃒
𝒜(1)

𝐸←𝑖,𝜆

⃒

⃒

⃒

⃒

⃒

⃒
𝒜(2)

𝐸,𝐿←𝐸+𝜔IR,𝜆′←𝑖

⃒

⃒

⃒
cos

[︁

𝜔IR𝜏 +
(︁

𝜑
(1)
𝜆 − 𝜑

(2−)
𝜆′,𝐿

)︁]︁

+
⃒

⃒

⃒𝒜(1)
𝐸←𝑖,𝜆

⃒

⃒

⃒

⃒

⃒

⃒𝒜(2)
𝐸,𝐿←𝐸−𝜔IR,𝜆′←𝑖

⃒

⃒

⃒ cos
[︁

−𝜔IR𝜏 +
(︁

𝜑
(1)
𝜆 − 𝜑

(2+)
𝜆′,𝐿

)︁]︁}︁

, (D.4)

where the angular momentum dependent coefficients 𝐶𝐿,𝜆 are given by

𝐶𝐿,𝜆 =8𝜋

∫︁ 𝜋/2

0

d𝜃 sin(𝜃)𝑌 0
𝐿 (𝜃)𝑌 0

𝜆 (𝜃)

=8𝜋

√︂

(2𝐿+ 1) (2𝜆+ 1)

4𝜋

∑︁

𝐽

√
2𝐽 + 1

(︂

𝐿 𝜆 𝐽
0 0 0

)︂(︂

𝐿 𝜆 𝐽
0 0 0

)︂∫︁ 𝜋/2

0

d𝜃 sin(𝜃)𝑌 0
𝐽 (𝜃)

=8𝜋

√︂

(2𝐿+ 1) (2𝜆+ 1)

4𝜋

∑︁

𝐽

√
2𝐽 + 1

(︂

𝐿 𝜆 𝐽
0 0 0

)︂(︂

𝐿 𝜆 𝐽
0 0 0

)︂

√︂

2𝐽 + 1

4𝜋
(−1)

𝐽−1
2

𝐽 !!

𝐽 (𝐽 + 1)!!

=2
√︀

(2𝐿+ 1) (2𝜆+ 1)
∑︁

𝐽

(−1)
𝐽−1
2 (2𝐽 + 1)

[︂(︂

𝐿 𝜆 𝐽
0 0 0

)︂]︂2
𝐽 !!

𝐽 (𝐽 + 1)!!
. (D.5)
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D. Additional information on RABBITT with even and odd harmonics 149

D.2. Phases retrieved by RABBITT with even and odd

harmonics as function of the intensity of the

harmonics

In this appendix we try to understand the discrepancy between the retrieved phase close
to the 2𝑠2𝑝 resonance in helium and a pure Fano phase [Eq. (5.17)] seen in Fig. 5.5b in
more detail. We systematically study the retrieved phase as function of the intensity of
the harmonics neighboring the harmonic resonant with the 2𝑠2𝑝 resonance in helium.
To do so, we set the fundamental wavelength to 𝜆IR = 742nm and employ an APT consisting
out of the 35𝑡ℎ to 37𝑡ℎ harmonic with intensities 𝐼35 = 1011 W/cm2, 𝐼36 = 2.5×1010 W/cm2

and 𝐼37 = 𝜂𝐼35. For the chosen fundamental wavelength 𝜆IR = 742nm the energy of the 36𝑡ℎ

harmonic coincides with the energy of the 2𝑠2𝑝 resonance in helium. The ratio 𝜂 = 𝐼37/𝐼35
is varied smoothly within 𝜂 ∈ [0 : 100]. The FWHM duration of the IR pulse and the APT
are approximately 15 fs and 12.5 fs We choose a radial box spanning 2220 a.u. (40 a.u.) in
the larger (smaller) direction and 11 basis function for every őnite element spanning 5 a.u..
We obtained converged results for a close-coupling expansion of 𝐿max = 3, ℓ1 = ℓ2 = 4
employing length gauge. The spectrum was calculated using the method described in
App. C.
For the case of two isolated harmonics (𝜂 = 0) we retrieve the expected Fano phase variation
[Fig. D.1a]. Similarly, if the intensity of the harmonic above compared to the one below the
resonant harmonic is much larger (𝐼37 ≫ 𝐼35), i.e. 𝜂 = 100, an inverted Fano phase proőle
is retrieved from the oscillation of the asymmetry 𝒞. For intermediate values of 𝜂 a smooth
transition between the two extrema (𝜂 = 0 and 𝜂 = 100) can be observed. When both
harmonics are identical in amplitude (𝜂 = 1) the retrieved phase is drastically distorted
from the expected proőle. When the energetically higher harmonic dominates over the
lower harmonic, the sign of the phase variation changes. Interestingly, the retrieved phase
at the resonance energy (𝐸𝑅=60.15 eV) is half the amplitude of the total phase variation,
i.e. 𝜋/2 for all values of 𝜂. Similarly, for all explored values of 𝜂 the retrieved phase jumps
by 𝜋 at 𝜖+ 𝑞 = 0. Since the energy-resolved phase is different for different intensity ratios
𝜂 we expect also a difference if the phase is extracted from the asymmetry integrated in
energy over the harmonic width, see Fig. D.1b. As the intensity of the above harmonic
(𝐼37) is increased the retrieved phase increases monotonically. Comparing the values for
𝜂 = 0 and 𝜂 = 5 we observe a difference of approximately 1 rad.
Furthermore, we characterize the inŕuence of the intensity ratio on the retrieved phase
for the case where one of the two two-photon transitions interfering with the direct one-
photon transition has the 2𝑠2𝑝 resonance as intermediate state. Thus, we employ the
same parameters as before but with an APT consisting out of the 34𝑡ℎ to 36𝑡ℎ harmonic
of the fundamental 𝜆IR = 742nm, with intensities 𝐼34 = 𝜂𝐼36, 𝐼35 = 2.5 × 1010 W/cm2

and 𝐼36 = 1011 W/cm2. Within the nonresonant harmonic 35 the superposition of three
contributions gives rise to two different oscillations of the asymmetry

𝒞 = 𝐴1 cos (−𝜔IR𝜏 + 𝜑1) + 𝐴2 cos (𝜔IR𝜏 + 𝜑2) .
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D.2. Phases retrieved by RABBITT with even and odd harmonics as function of the

intensity of the harmonics
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Figure D.1.: (a) Retrieved phase of the oscillation of the asymmetry 𝒞 for various ratios
𝜂 = 𝐼37/𝐼35 of the adjacent harmonics. (b) Same as (a), but the phase is
now retrieved from the asymmetry integrated over the full harmonic width from
60 eV to 60.3 eV photon energy. The energy of the 36𝑡ℎ harmonic coincides with
the resonance energy of the 2s2p resonance in helium.
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Figure D.2.: (a) Retrieved phase of the oscillation of the asymmetry 𝒞 in the 35𝑡ℎ harmonic
neighboring the resonant 36𝑡ℎ harmonic, for various ratios 𝜂 = 𝐼34/𝐼36 of the
harmonics. (b) Retrieved phase of the asymmetry 𝒞 oscillation in the 35𝑡ℎ harmonic
for 𝜂 = 0 and four different durations of the fundamental IR 𝑇IR. The FHWM
duration of the APT was 12.5 fs.
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The contribution oscillating with −𝜔IR𝜏 is due to the inference of the non-resonant one-
photon transition to harmonic 35 and the two-photon transition to harmonic 35 via the non-
resonant harmonic 34. The contribtion oscillating with 𝜔IR𝜏 is created by the interference
of the non-resonant one-photon transition to harmonic 35 with the two-photon transition to
harmonic 35 via the resonant harmonic 36. While for the former path the phase difference
𝜑1 is expected to be almost constant across the harmonic width the latter path will feature a
pronounced phase variation 𝜑2 across the harmonic width due to the intermediate resonant
state [52, 53, 176].
This expectation is, indeed, conőrmed by varying the intensity ratio of the lowest harmonic
with respect to the resonant harmonic 𝜂 = 𝐼34

𝐼36
, see Fig. D.2a. The retrieved phase varies

smoothly as a function of the intensity ratio 𝜂 from the pronounced two-photon phase
variation via a resonant transition (𝜂 = 0) to a fully ŕat phase (𝜂 = 100) as the contribution
from the interference of two non-resonant transitions is dominant. For the scenario where
both paths contribute signiőcantly, 𝜂 ≈ 1, the retrieved phase variation is much larger
and completely different compared to the phase for either of the two limiting cases. As
was already shown in [176] the phase excursion of the two-photon phase via a resonant
transition does depend strongly on the spectral width (and thus its duration) of the IR
causing the second transition, see Fig. D.2b. In other words, for a spectrally very narrow
IR őeld one can expect to observe a phase variation which is very close to the one-photon
phase in the resonant harmonic [53].

D.3. Angle-integrated RABBITT with even and odd

harmonics

To perform a theoretical consistency check for RABBITT with even and odd harmonics
(RABBITT-evo), we analyze the fully angle-integrated electron spectrum

𝑃𝑡𝑜𝑡(𝐸, 𝜏) = 𝑃𝑢𝑝(𝐸, 𝜏) + 𝑃𝑑𝑜𝑤𝑛(𝐸, 𝜏) =

∫︁ 4𝜋

0

dΩ 𝑃 (𝐸, 𝜏,Ω), (D.6)

which is the same observable as exploited in traditional RABBITT. 𝑃𝑡𝑜𝑡(𝐸, 𝜏) shows a 2𝜔IR

beating, which contrary to conventional RABBITT is not produced by interference of three
paths, but by four paths, see Fig. D.3a. Path 2 and 3 are also present in conventional angle-
integrated RABBITT spectra and induce a 2𝜔IR beating in the main bands [Fig. D.3b]. The
phases of this 2𝜔IR beating agree very well with phases extracted with RABBITT for the
sidebands (corresponding to the even harmonics for RABBITT-evo) [Figs. D.4a and b],
as well as for the mainbands (corresponding to the odd harmonics for RABBITT-evo)
[Figs. D.4c and d].
The small discrepancies visible in the phases extracted from RABBITT and RABBITT-evo
can most likely be explained by the additional interference path [Path 4 in Fig. D.3a].
The results shown in Fig. D.4 were calculating using a fundamental őeld with a FWHM
duration of approximately 22 fs and an APT duration of roughly 14.5 fs, resulting in
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152 D.3. Angle-integrated RABBITT with even and odd harmonics

H2n+3
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(a)
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H2n+2
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H2n

H2n−1

path 1 path 2 path 3

|g>

(b)

Figure D.3.: (a) Sketch to illustrate the interference paths resulting in a 2𝜔IR beating of the
harmonics for RABBITT with even and odd harmonics. (b) Sketch to illustrate
the interference paths resulting in a 2𝜔IR beating of the mainbands for RABBITT.

spectrally broad harmonics, see Fig. 5.5a for the spectrum of the APT used for RABBITT
with even and odd harmonics. For the RABBITT simulations the APT consisted only of
the odd harmonics 67, 69, 71, 75. The fundamental wavelength 𝜆IR is smoothly varied from
1456nm to 1472nm. For 𝜆IR = 1464 nm the 71𝑠𝑡 harmonic is almost resonant with the 2s2p
resonance in helium.

Energy-resolved 2𝜔IR phase in RABBITT and RABBITT with even and odd
harmonics

The phase of the 2𝜔IR beating of 𝑃𝑡𝑜𝑡(𝐸, 𝜏) within the mainband centered at the 2𝑠2𝑝
resonance for RABBITT and within the resonant harmonic for RABBITT with even and
odd harmonics clearly reveals the characteristic Fano phase variation Φ𝐹 [Eq. (5.17)], see
Fig. D.5a. Both techniques yield almost the same result implicating that either of them
could be used to directly measure Φ𝐹 within the angle-integrated photoelectron spectrum.

Numerical parameters In the ab initio simulation we use an asymmetric radial box
where the larger (smaller) radial coordinate extends up to 3410 a.u. (20 a.u.) and we use
11 basis function for every őnite element spanning 5 a.u. in the FEDVR expansion. An
absorbing boundary prevents the inŕuence of reŕected parts of the wave packet starting
at 3324.8 and 15 a.u., respectively. Employing velocity gauge we achieve converged results
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Figure D.4.: (a) Retrieved 2𝜔IR phase in the side bands using conventional RABBITT for a
scan of the fundamental wavelength 𝜆IR. (b) Retrieved 2 𝜔IR phase in the even
harmonics using RABBITT with even and odd harmonics (RABBITT-evo) for a
scan of the fundamental wavelength 𝜆IR. (c) Retrieved 2𝜔IR phase in the main
bands using traditional RABBITT for a scan of the fundamental wavelength 𝜆IR.
(d) Retrieved 2 𝜔IR phase in the odd harmonics using RABBITT-evo for a scan of
the fundamental wavelength 𝜆IR.
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154 D.3. Angle-integrated RABBITT with even and odd harmonics
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Figure D.5.: Energy resolved phase of the 2𝜔IR beating of the fully angle-integrated photo-
electron spectrum 𝑃𝑡𝑜𝑡 in the 71𝑠𝑡 harmonic for 𝜆IR=1464 nm for RABBITT (this
is the beating in the main band) and RABBITT with even and odd harmonics
(RABBITT-evo). The energy of the 71𝑠𝑡 harmonic coincides with the resonance
energy of the 2𝑠2𝑝 resonance.

with a close-coupling expansion of 𝐿max = 3, ℓ1 = ℓ2 = 4. The single-ionization spectra
are obtained using the method described in App. C.
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E. Derivation of the CHIP beating

formula and the phase shear term

In this appendix we discuss some more details of the circular holographic ionization phase
meter (CHIP) discussed in Sec. 5.2.2.

E.1. Lowest-order perturbation theory for CHIP

The emergence of different interference patterns in the angularly resolved energy distribu-
tion at the energy of the 3𝑛+𝑘 harmonic, 𝒫𝜈IR

𝑘 (𝐸,Ω), which is the key observable in CHIP
can be explained within lowest-order perturbation theory. For simplicity we consider only
the interference in the upper harmonic 3𝑛+2. In the excitation of helium to a superposition
of |1𝑠𝐸ℓ𝑚⟩ continuum states, the photoelectron anisotropy results from the interference
between the 𝑝-wave one-photon amplitude 𝒜(1)

𝐸𝑝,𝜈𝑘
by absorption of an XUV photon from

the 3𝑛+ 2 harmonic with helicity 𝜈𝑘 and the two-photon amplitude 𝒜(2)
𝐸ℓ,−𝜈𝑘+𝜈IR

for either
an 𝑠-wave (ℓ = 0) or 𝑑-wave (ℓ = 2) by absorption of one photon each from the harmonic
3𝑛 + 1 (helicity −𝜈𝑘) and the IR pulse (helicity 𝜈IR). The angular distribution takes the
form

𝒫𝜈IR
𝑘 (𝐸,Ω) = |𝒜(1)

𝐸𝑝,𝜈𝑘
𝑌 𝜈𝑘
1 +

∑︁

ℓ=0,2

𝒜(2)
𝐸ℓ,−𝜈𝑘+𝜈IR

𝑌 −𝜈𝑘+𝜈IR
ℓ |2. (E.1)

Either two, or three partial waves interfere, depending on whether the IR and the lower
harmonic are co- or counter-rotating, respectively. The interference signal is strongest in
the light polarization plane and vanishes along the light propagation direction. The one-
photon amplitude 𝒜(1)

𝐸𝑝,𝜈𝑘
is proportional to the dipole ionization matrix element and the

Fourier transform of the XUV őeld 𝐹XUV, i.e.

𝒜(1)
𝐸𝑝,𝜈𝑘

∝ 𝐹XUV(𝐸 − 𝐸𝑔)⟨1𝑠𝐸𝑝𝜈𝑘|�̂�𝜈𝑘
1 |𝑔⟩, (E.2)

where �̂�𝜈𝑘
1 is the dipole operator for light helicity 𝜈𝑘, and the continuum states |1𝑠𝐸ℓ𝑚⟩

satisfy incoming boundary conditions [132] and their outgoing component coincides asymp-
totically with that of a regular Coulomb function. In the limit of inőnitely long IR pulses
(őnite-pulse effects are discussed latter), the two-photon amplitude initiated by the 3𝑛+1
harmonic is proportional to

𝒜(2)
𝐸ℓ,−𝜈𝑘+𝜈IR

∝ 𝐹IR 𝐹XUV(𝐸 − 𝐸𝑔 − 𝜔𝐼𝑅) ×

×
∑︁

∫︁

𝑑𝐸 ′
⟨1𝑠𝐸ℓ,−𝜈𝑘 + 𝜈IR|�̂�𝜈IR

1 |1𝑠𝐸 ′𝑝,−𝜈𝑘⟩⟨1𝑠𝐸 ′𝑝,−𝜈𝑘|�̂�−𝜈𝑘1 |𝑔⟩
𝐸 − 𝐸 ′ − 𝜔𝐼𝑅 + 𝑖0+

,
(E.3)
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156 E.2. Finite pulse duration effects

where 𝐹IR is the Fourier transform of the IR őeld [172]. The angular resolved photoelectron
distribution in the polarization plane (𝜃 = 𝜋/2) is a function of 𝐸 and a harmonic function
of the azimuthal angle 𝜙,

𝒫𝜈IR
𝑘 (𝐸,𝜙) = 𝒲𝜈IR

𝑘 (𝐸) + |𝒮𝜈IR
𝑘 (𝐸)| cos [𝛽𝜈IR

𝑘 𝜙+∆𝜈IR
𝑘 (𝐸)] , (E.4)

with the angular frequency 𝛽𝜈IR
𝑘 = 2𝜈𝑘 − 𝜈IR. For the case 𝜈𝑘 = −1 𝛽𝑘 = −3, or −1 for co-

or counter-rotating lower harmonic and IR őeld. For the case 𝜈𝑘 = 1 𝛽𝑘 = 3, or 1 for co-
or counter-rotating lower harmonic and IR őeld. The parameters 𝒲𝜈IR

𝑘 , 𝒮𝜈IR
𝑘 , and ∆𝜈IR

𝑘 do
not depend on the azimuthal angle 𝜙. The parameters describing the oscillatory part are
given by:

𝒮𝜈IR
𝑘 (𝐸) = 𝒜(1)

𝐸𝑝,𝜈𝑘
[𝑏𝜈IR𝑘 𝒜(2)*

𝐸𝑠,−𝜈𝑘+𝜈IR
+

+𝒜(2)*
𝐸𝑑,−𝜈𝑘+𝜈IR

𝑎𝜈IR𝑘

√
15/4𝜋] (E.5)

∆𝜈IR
𝑘 (𝐸) = arg[𝒮𝜈IR

𝑘 (𝐸)], (E.6)

where 𝑎𝜈IR𝑘 = 𝜈𝑘/
√
2 and 𝑏𝜈IR𝑘 = −𝜈𝑘

√︀

3/8𝜋2 for 𝛽𝑘 = −1 and 𝑎𝜈IR𝑘 = −𝜈𝑘
√︀

3/4 and 𝑏𝜈IR𝑘 = 0
for 𝛽𝑘 = −3.

E.2. Effects of non vanishing time delay between the

APT and the IR and finite IR pulse duration

To derive the shear term visible for őnite IR pulse duration [Eq. (5.35)] we focus on the
case of the absorption of an XUV photon, followed by the absorption of a co-rotating IR
photon with the same polarization vectors 𝜖, that leads to a state in the continuum with
energy 𝐸. The amplitude for this process is [176],

𝒜(2)
𝐸←𝑔 = −𝑖

∫︁

𝑑𝜔 𝐹IR(𝐸 − 𝐸𝑔 − 𝜔)𝐹XUV(𝜔)ℳ(2)
𝐸←𝑔(𝜔) (E.7)

where 𝐹XUV and 𝐹IR are the Fourier transform of the pump (XUV) and probe (IR) electric
őelds, and ℳ(2)

𝐸←𝑔(𝜔) is the two-photon matrix element

ℳ(2)
𝐸←𝑔(𝜔) =

∫︁

𝑑𝐸 ′
⟨𝐸|�̂�|𝐸 ′⟩⟨𝐸 ′|�̂�|𝑔⟩
𝐸𝑔 + 𝜔 − 𝐸 ′ + 𝑖0+

, (E.8)

where we replaced |1𝑠𝐸ℓ 𝜈𝑘 ± 𝜈IR⟩ of Eq. (E.3) with |𝐸⟩ for simplicity. The operator �̂� =
ˆ⃗
𝐷 · 𝜖 is the projection of the dipole operator on the polarization vector. In the present
context, we can simplify Eq. (E.8) by using the fact that the continuum-continuum dipole
matrix element is approximately diagonal in the energy, ⟨𝐸|�̂�|𝐸 ′⟩ ≈ �̄�(𝐸)𝛿(𝐸 − 𝐸 ′) (on-
shell approximation), and that the folding with the XUV and IR spectra samples only
frequencies far from the pole in the integrand of Eq. (E.8),

ℳ(2)
𝐸←𝑔(𝜔) ≈

�̄�(𝐸)𝜇𝐸𝑔

𝐸𝑔 + 𝜔 − 𝐸
. (E.9)

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

E. Derivation of the CHIP beating formula and the phase shear term 157

Since the denominator is non-zero, we can conveniently rewrite it by introducing the new
variables 𝜉𝑒 = 𝐸 − (𝐸𝑔 + 𝜔XUV + 𝜔IR), 𝜉𝜔 = 𝜔 − 𝜔XUV, and 𝜉 = 𝜉𝜔 − 𝜉𝑒,

1

𝐸𝑔 + 𝜔 − 𝐸
=

−1

𝜔IR

exp [− log (1− 𝜉/𝜔IR)] . (E.10)

To second order in 𝜉/𝜔IR,

1

𝐸𝑔 + 𝜔 − 𝐸
≈ −1

𝜔IR

exp

[︃

𝜉/𝜔IR +
1

2

(︂

𝜉

𝜔IR

)︂2
]︃

. (E.11)

Let’s assume that the XUV and the IR spectra have a Gaussian proőle,

𝐹XUV(𝜔) ∝ exp

[︂

−(𝜔 − 𝜔XUV)
2

2𝜎2
XUV

]︂

, (E.12)

𝐹IR(𝜔) ∝ exp

[︂

−(𝜔 − 𝜔IR)
2

2𝜎2
IR

− 𝑖𝜔𝜏

]︂

. (E.13)

(E.14)

Then, up to irrelevant constant factors,

𝒜(2)
𝐸←𝑔 ∝ 𝑒−𝑖𝜔IR𝜏 exp

(︂

− 𝜉2𝑒
2𝜎2

XUV

)︂∫︁

𝑑𝜉 exp

[︂

−𝜉2𝜎
−2
IR + 𝜎−2XUV − 𝜔−2IR

2
+ 𝜉(𝑖𝜏 + 𝜔−1IR − 𝜉𝑒𝜎

−2
XUV)

]︂

(E.15)
the integral over 𝜉 is readily evaluated yielding

𝒜(2)
𝐸←𝑔 ∝ 𝑒−𝑖𝜔IR𝜏 exp

{︂

1

2

[𝑖𝜏𝜎XUV + 𝜔−1IR 𝜎XUV − 𝜉𝑒𝜎
−1
XUV]

2

1 + 𝜎2
XUV(𝜎

−2
IR − 𝜔−2IR )

− 𝜉2𝑒
2𝜎2

XUV

}︂

. (E.16)

The expression comprises an amplitude modulation as well as a phase modulation scaling
linear with the delay, which, up to a constant is

arg
[︁

𝒜(2)
𝐸←𝑔

]︁

=

[︂

1− 𝜎2
XUV

𝜔2
IR + 𝜎2

XUV(𝜔
2
IR𝜎
−2
IR − 1)

]︂

𝜔IR𝜏−
𝜎2

IR

𝜎2
IR + 𝜎2

XUV − 𝜎2
IR𝜎

2
XUV/𝜔

2
IR

𝜉𝑒𝜏. (E.17)

The őrst term, i.e., the standard modulation of the beating with the delay, does not depend
on the őnal energy and it includes the red shift in the beating frequency due to the őnite
duration of the pump and probe pulses, which was demonstrated already in [176]. In
practical cases, however, this red shift is of the order of one part in thousand and hence
it is hardly observable at at all. The second term is linear in both time delay and energy,
and corresponds to a shear of the phase with energy. Typically the IR pulse is an order of
magnitude longer than the IR period. The phase shear with energy, 𝜕2 arg

[︁

𝒜(2)
𝐸←𝑔

]︁

/𝜕𝐸𝜕𝜏 ,
therefore, is approximately

𝜕2

𝜕𝐸𝜕𝜏
arg

[︁

𝒜(2)
𝐸←𝑔

]︁

≃ −1

1 + 𝜎2
XUV/𝜎

2
IR

. (E.18)
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158 E.2. Finite pulse duration effects

For a őxed time delay corresponding to one IR period starting at zero, therefore, the
excursion of the phase ∆𝜑 (and hence, in CHIP of angle) across one harmonic is

∆𝜑 ≤ 2𝜋
𝜎XUV/𝜔IR

1 + 𝜎2
XUV/𝜎

2
IR

. (E.19)

The APT is typically half as short as the IR or shorter extending over a few IR cycles. In
this case Eq. E.19 predicts ∆𝜑 ≤ 30∘. If long acquisition times are necessary, therefore,
the laser system must have high CEP and time-delay stability.
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F. Theoretical basis employed for

wavelength scanning in argon

To treat the single ionization process underlying the observed RABBITT spectra for pho-
toionization of argon we use the newstock suite described in section 2.2.3 and [102]. For
the results presented in Sec. 5.3 we use two different sets of conőguration-state function
(CSF) bases, tailored to either the low-energy part of the spectrum (CSF-low) or the
mid-energy part, above the 3𝑠−13𝑝6 threshold (CSF-mid). The CSF-mid space of the ar-
gon atom comprises all the conőgurations of the form [Ne]3𝑠𝜈13𝑝𝜈23𝑑𝜈34𝑠𝜈44𝑝𝜈5 , in which
the K and L shells are fully occupied ([Ne] = 1𝑠22𝑠22𝑝6), only two electrons at most are
promoted to the N shells, 𝜈4 + 𝜈5 ≤ 2, and no 4𝑑 or 4𝑓 orbital is populated. Among
these conőgurations, we selected those that are most representative for the doublet ions
with energy within approximately 36 eV above the ground state. These conőgurations are
[Ne]3𝑠23𝑝5, [Ne]3𝑠13𝑝6, [Ne]3𝑠13𝑝5𝑛ℓ, [Ne]3𝑝53𝑑𝑛ℓ, [Ne]3𝑝6𝑛ℓ, [Ne]3𝑠23𝑝4𝑛ℓ, [Ne]3𝑠3𝑝43𝑑𝑛ℓ,
[Ne]3𝑠23𝑝3𝑛ℓ𝑛′ℓ′, and [Ne]3𝑠23𝑝23𝑑2𝑛ℓ, where 𝑛ℓ can be 3𝑑, 4𝑠, 4𝑝. The maximal angular
momentum of the free electron was chosen to be 6. These conőgurations can give rise to
various total symmetries. Here we considered the following parent-ion symmetries: 2S𝑒,
2S𝑜, 2P𝑜, 2P𝑒, 2D𝑒, 2D𝑜, 2F𝑜, 2F𝑒, and 2G𝑒. Both the radial part of the atomic orbitals 1𝑠,
2𝑠, 2𝑝, 3𝑠, 3𝑝, 3𝑑, 4𝑠, 4𝑝, and the conőguration-interaction coefficients are determined with
a Multi-Conőguration Hartree-Fock calculation (MCHF) performed using the ATSP2K
package by Charlotte Froese-Fischer and co-workers [141]. The smaller CSF basis (CSF-
low) that speciőcally targets the low-energy part of the spectrum comprises a subset of
CSF-mid, as well as a smaller orbital angular momentum (4) for the photoelectron. To be
more precise, we exlude the conőgurations [Ne]3𝑝6𝑛ℓ, [Ne]3𝑝53𝑑4ℓ, [Ne]3𝑠23𝑝23𝑑24𝑠 in the
CSF-low basis and consider only a limited number of parent-ion symmetries: 2S𝑒, 2P𝑜, 2P𝑒,
2D𝑒.
Since we are interested in reproducing RABBITT spectra in the perturbative limit and for
linearly polarized light, we have limited the expansion of the total symmetry to 1S𝑒, 1P𝑜,
and 1D𝑒. Each total symmetry comprises a localized channel constructed by adding, in all
possible ways, an electron to a CSF conőguration in any of the 3𝑠, 3𝑝, 3𝑑, 4𝑠, and 4𝑝 active
orbitals. There are 82 (63), 159 (150), and 207 (158) such states for the 1S𝑒, 1P𝑜, and
1D𝑒 symmetries for the CSF-mid (CSF-low) basis, respectively. Each close coupling space
comprises all channels deemed essential to describe photoionization up to approximately
34 eV above the ground-state energy. This results in 7 (5), 17 (11), and 23 (13) partial wave
channels (PWCs) in 1S𝑒, 1P𝑜, and 1D𝑒 symmetry for the CSF-mid (CSF-low) basis. We
use B-splines of order 7 with asymptotic separation between consecutive nodes of 0.4 a.u.,
up to a maximum radius of 500 a.u. Details about the CSF-mid and CSF-low bases can
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Table F.1.: Energy of the parent ions 𝑛 2L𝜋 obtained from the MCHF (see text for details)
for the CSF-mid basis as compared with the experimental value for the energy
of the highest angular momentum 𝐽 state in the corresponding 𝑛 2L𝜋 multiplet.
The absolute ab initio energy of the ground [Ne]2𝑠22𝑝5 (2P𝑜) state is 𝐸

2P𝑜

1 =
−526. 377 339 a.u.. In forming the close-coupling space, the energy of the parent
ions is shifted with respect to its ab initio value to reproduce more closely the
experimental differences.

State 𝑎 Dominant CSF NIST 𝐸𝑎 MCHF 𝐸𝑎 ∆𝑎

I 2P𝑜 [Ne]3𝑠23𝑝5 0 0 -0.023 47
I 2S𝑒 [Ne]3𝑠3𝑝6 0.495 372 0.471 898 0.
I 2P𝑒 [Ne]3𝑠23𝑝4(3P)4𝑠 0.629 884 0.619 725 -0.013 30

II 2P𝑒 [Ne]3𝑠23𝑝4(3P)3𝑑 0.663 716 0.699 406 -0.059 16
I 2D𝑒 [Ne]3𝑠23𝑝4(1D)4𝑠 0.678 176 0.677 970 -0.023 26
I 2F𝑒 [Ne]3𝑠23𝑝4(3P)3𝑑 0.684 123 0.747 823 -0.087 17

II 2D𝑒 [Ne]3𝑠23𝑝4(3P)3𝑑 0.688 404 0.728 334 -0.063 40
I 2G𝑒 [Ne]3𝑠23𝑝4(3P)3𝑑 0.702 503 0.754 436 -0.075 40
I 2D𝑜 [Ne]3𝑠23𝑝4(3P)4𝑝 0.723 228 0.715 706 -0.015 95
II 2P𝑜 [Ne]3𝑠23𝑝4(3P)4𝑝 0.730 105 0.725 268 -0.018 63
I 2S𝑜 [Ne]3𝑠23𝑝4(3P)4𝑝 0.733 977 0.725 896 -0.015 39

II 2F𝑒 [Ne]3𝑠23𝑝4(1D)3𝑑 0.744 991 0.825 046 -0.103 53
II 2S𝑒 [Ne]3𝑠23𝑝4(1S)4𝑠 0.762 311 0.757 771 -0.018 87

Table F.2.: Energy of the parent ions 𝑛 2L𝜋 obtained from the MCHF (see text for details)
for the CSF-low basis as compared with the experimental value for the energy
of the highest angular momentum 𝐽 term in the corresponding 𝑛 2L𝜋 multiplet.
The absolute ab initio energy of the ground [Ne]2𝑠22𝑝5 (2P𝑜) state is 𝐸

2P𝑜

1 =
−526. 390 684 a.u.. In forming the close-coupling space, the energy of the parent
ions is shifted with respect to its ab initio value to reproduce more closely the
experimental differences.

State 𝑎 Dominant CSF NIST 𝐸𝑎 MCHF 𝐸𝑎 ∆𝑎

I 2P𝑜 [Ne]3𝑠23𝑝5 0 0 -0.017 4
I 2S𝑒 [Ne]3𝑠3𝑝6 0.495 372 0.477 943 0.
I 2P𝑒 [Ne]3𝑠23𝑝4(3P)4𝑠 0.629 884 0.621 415 -0.009 0

II 2P𝑒 [Ne]3𝑠23𝑝4(3P)3𝑑 0.663 716 0.724 892 -0.074 0
I 2D𝑒 [Ne]3𝑠23𝑝4(1D)4𝑠 0.678 176 0.680 509 -0.020 8

II 2D𝑒 [Ne]3𝑠23𝑝4(3P)3𝑑 0.688 404 0.759 509 -0.091 3
II 2P𝑜 [Ne]3𝑠23𝑝4(3P)4𝑝 0.730 105 0.869 935 -0.159 7
II 2S𝑒 [Ne]3𝑠23𝑝4(1S)4𝑠 0.762 311 0.807 098 -0.062 2
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Figure F.1.: Calculated cross section 𝜎 for the two different bases with the newstock code
compared against experimental reference data taken from [264]. To compare di-
rectly the cross section close to the 3𝑠−14𝑝 resonance in (a) the results were shifted
upward in energy by 0.443 eV for the CSF-low and 0.378 eV for the CSF-mid basis.
To compare cross section for the energetically higher 3𝑠−1𝑛𝑝 resonances in (b) the
results were shifted upward in energy by 0.517 eV for the CSF-low and 0.452 eV
for the CSF-mid basis such the second ionization threshold coincides between the
reference data and both theoretical bases. The results shown are obtained within
length gauge.

be found in Tab. F.1 and Tab. F.2, respectively.
All results shown obtained from the time propagation employ velocity gauge.

F.1. Determination of basis quality

The total cross section for the fundamental ion 2Po agrees reasonably well with experimen-
tal results obtained from photoelectron spectroscopy experiments [264] for both bases, see
Fig. F.1. Overall we observe a slightly better agreement of the cross section in this region
between experimental data and the CSF-low basis. This is no surprise as this basis was
optimized just for the energy region below the second ionization threshold (approximately
29.24 eV). To be able to directly compare the cross section for the 3𝑠−14𝑝 resonance we
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Figure F.2.: Channel resolved photoelectron spectrum for ionization of argon with a single at-
tosecond pulse centered at the 3𝑠−14𝑝 resonance in argon. (a) Amplitude (solid
line) and phase (dashed line) of the 3𝑠−14𝑝 resonance in argon for the ionized
electron angular momentum ℓ = 0 (s-channel) and ℓ = 2 (channel) separately. (b)
Amplitude (solid line) and phase (dashed line) of the resonant (R) and nonreso-
nant (N) channel 3𝑠−14𝑝 resonance in argon applying the unitary transformation
shown in Eq. (5.18) to the ℓ = 0 and ℓ = 2 channels.

have to shift the energies for both bases. Doing so, we observe that for both theoretical
bases the width and amplitude modulation due to the resonance are accurately captured
by the theoretical calculations. Shifting the energies of the theoretical calculations in order
for the second ionization threshold to coincide with experiment we őnd that the energy
of the two energetically lowest resonances (3𝑠−14𝑝 and 3𝑠−15𝑝) differ from experimental
results. The energy of the higher lying resonances is, however, very accurately reproduced.
This can be explained by the fact that the lowest resonances are more inŕuenced by elec-
tronic correlations. Thus the inclusion of more CSF channels would be necessary to achieve
agreement with the experimental resonance energies.
The amplitude and phase variation across the 3𝑠−14𝑝 resonance is completely different for
the ℓ = 0 (s) and ℓ = 2 (d) channel of the ionized photoelectron. Using the parameters
𝐶𝑠,𝑁 = 0.0656 − 0.984𝑖 and 𝐶𝑑,𝑁 = −0.0614 − 0.152𝑖 [265] for the unitary transforma-
tion described in Eq. (5.18) the angular momentum eigenchannels can be decoupled, see
Fig. F.2b. The resonant channel (R) shows a phase jump of 𝜋 close to 26.65 eV and the
non-resonant channel shows almost no phase variation within the full energy region of the
harmonic. The non-resonant channel (N) features a very symmetric electron yield inline
with the expectation for a non-resonant channel. Close inspection of Fig. F.2a shows that
the d-channel is dominating over the s-channel in the considered energy region and is also
almost the resonant channel (as it features already a very large phase variation).
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F. Argon basis 163

F.2. Pulse parameters

The theoretically used APTs and IR őelds for the results shown in Sec. 5.3 have a full width
at half maximum duration of 3.5 cycles and 7 cycles of the fundamental IR őeld. The pulse
parameters used for 𝜆IR=1500 nm employing the CSF-mid basis are given in Tab. F.3. The
deviation of the energy of the 𝑛𝑡ℎ harmonic from 𝑛𝜔IR is chosen to compensate the error in
the energy of the őrst ionization threshold. As the energy of the őrst ionization threshold
is slightly different for the CSF-low and the CSF-mid basis the pulse parameters for the
same IR wavelength are slightly different for the two bases.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
1500 0.83 1× 109 35 0 -
58.70 21.12 2× 1010 17.8 0 25th

54.45 22.77 4× 1010 17.8 0 27th

50.77 24.42 6× 1010 17.8 0 29th

47.54 26.08 8× 1010 17.8 0 31st

44.71 27.73 1.2× 1011 17.8 0 33rd

42.18 29.39 1.7× 1011 17.8 0 35th

39.94 31.04 1.3× 1011 17.8 0 37th

37.92 32.69 1.18× 1011 17.8 0 39th

36.09 34.35 8× 1010 17.8 0 41st

34.44 36.00 5× 1010 17.8 0 43rd

32.93 37.65 4× 1010 17.8 0 45th

31.55 39.30 3× 1010 17.8 0 47th

Table F.3.: Pulse parameters used in the simulation shown in Sec. 5.3 for the CSF-mid basis
for 𝜆IR = 1500nm.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

G. Derivation of the time-dependent

dipole moment for an impulsively

excited Fano resonance

In this appendix we derive the time-dependent dipole moment for an impulsively excited
Fano resonance [Eq. (6.7)] using Eqs. (6.4) and (6.5). The time-dependent dipole moment
𝑑(𝑡) is given by

𝑑(𝑡) = ⟨𝜓(𝑡)| 𝑧 |𝜓(𝑡)⟩

=𝐶𝑎 (𝑡) 𝑒
𝑖𝐸0𝑡 ⟨𝑎 | 𝑧 | 𝑔⟩*+

∫︁

d𝜖 𝐶𝜖 (𝑡) 𝑒
𝑖𝐸0𝑡 ⟨𝜖 | 𝑧 | 𝑔⟩+ 𝑐.𝑐.

=𝐶(0)
𝑎 ⟨𝑎 | 𝑧 | 𝑔⟩* 𝑒−𝑖(𝐸𝑎−𝐸0)𝑡

{︂(︂

1− 𝑖

𝑞

)︂

𝑒−
Γ𝑎
2
𝑡 +

1

(𝜋𝑉𝑎𝜖𝑞)
2

∫︁

d𝜖
(𝑞 + 𝜖) 𝑒−𝑖

Γ𝑎
2
𝜖 − (𝑞 − 𝑖) 𝑒−

Γ𝑎
2
𝑡

𝜖+ 𝑖

}︃

+ 𝑐.𝑐. (G.1)

To calculate the transient absorption spectrum we Fourier transform the dipole moment
𝑑(𝑡). Within the Fourier transform only the term proportional to 𝑒−𝑖(𝐸𝑎−𝐸0)𝑡 will contribute
signiőcantly. Therefore, the complex conjugate term proportional to 𝑒𝑖(𝐸𝑎−𝐸0)𝑡 (c.c. in
Eq. G.1) will be dropped in the following (rotating-wave approximation). Using further
∮︀

1
𝜉+𝑖

d𝜉 = −𝑖𝜋 we evaluate Eq. (G.1)

𝑑(𝑡) = 𝐶(0)
𝑎 ⟨𝑎 | 𝑧 | 𝑔⟩* 𝑒

−𝑖(𝐸𝑎−𝐸0)𝑡

𝑞2

{︃

𝑞 (𝑞 − 𝑖) 𝑒−
Γ𝑎
2
𝑡 +

2

𝜋Γ𝑎

∫︁

d𝜖
(𝑞 + 𝜖+ 𝑖− 𝑖) 𝑒−𝑖

Γ𝑎
2
𝜖 − (𝑞 − 𝑖) 𝑒−

Γ𝑎
2
𝑡

𝜖+ 𝑖

}︃

= 𝐶(0)
𝑎 ⟨𝑎 | 𝑧 | 𝑔⟩* 𝑒

−𝑖(𝐸𝑎−𝐸0)𝑡

𝑞2

{︃

𝑞 (𝑞 − 𝑖) 𝑒−
Γ𝑎
2
𝑡 +

1

𝜋

∫︁

d𝜖 𝑒−𝑖
Γ𝑎
2
𝜖 +

𝑞 − 𝑖

𝜋

∫︁

d𝜖
𝑒−𝑖

Γ𝑎
2
𝜖 − 𝑒−

Γ𝑎
2
𝑡

𝜖+ 𝑖

}︃

= 𝐶(0)
𝑎 ⟨𝑎 | 𝑧 | 𝑔⟩* 𝑒

−𝑖(𝐸𝑎−𝐸0)𝑡

𝑞2

{︃

𝑞 (𝑞 − 𝑖) 𝑒−
Γ𝑎
2
𝑡 +

2

𝜋Γ𝑎

2𝜋𝛿 (𝑡) +
𝑞 − 𝑖

𝜋

[︃

∫︁

d𝜖
𝑒−𝑖

Γ𝑎
2
𝜖

𝜖+ 𝑖
− 𝑒−

Γ𝑎
2
𝑡

∫︁

d𝜖
1

𝜖+ 𝑖

]︃}︃

= 𝐶(0)
𝑎 ⟨𝑎 | 𝑧 | 𝑔⟩* 𝑒

−𝑖(𝐸𝑎−𝐸0)𝑡

𝑞2

{︂

𝑞 (𝑞 − 𝑖) 𝑒−
Γ𝑎
2
𝑡 +

4

Γ𝑎

𝛿 (𝑡)− 𝑞 − 𝑖

𝜋
𝑒−

Γ𝑎
2
𝑡2𝜋𝑖+

𝑞 − 𝑖

𝜋
𝑒−

Γ𝑎
2
𝑡𝜋𝑖

}︂

𝑑(𝑡) = 𝐶(0)
𝑎 ⟨𝑎| 𝑧 |𝑔⟩* 1

𝑞2

{︂

4

Γ𝑎

𝛿(𝑡) + (𝑞 − 𝑖)2 𝑒−𝑖(𝐸𝑎−𝐸0)𝑡𝑒−
Γ𝑎
2
𝑡

}︂

. (G.2)
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Both, |𝑎⟩ and |𝑔⟩ are quasi-bound states and hence ⟨𝑎| 𝑧 |𝑔⟩ can be assumed to be a real
quantity. Assuming further that the exciting XUV őeld is delta-like and, accordingly 𝐶𝑎(0)
purely imaginary within őrst-order perturbation theory the dipole moment is given by

𝑑(𝑡) ∝ 𝑖

{︂

2𝛿(𝑡) +
Γ𝑎

2
(𝑞 − 𝑖)2 𝑒−𝑖(𝐸𝑎−𝐸0)𝑡𝑒−

Γ𝑎
2
𝑡

}︂

. (G.3)
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H. Interference pattern in the TPDI

energy distribution for XUV-XUV

pump-probe sequences

In this appendix we derive the equations describing the interference pattern in the double
differential two-photon double ionization (TPDI) energy distribution for XUV-XUV pump
probe sequences with arbitrary ellipticities of the two pulses 𝜖1 and 𝜖2 [Eqs. (8.10) and
(8.11)], see [104] Employing second-order time-dependent perturbation theory (see, e.g.,
[94, 243, 256, 258]) the interference pattern observed in the angle-integrated double ioniza-
tion spectrum 𝑃 (𝐸1, 𝐸2) for a pump-probe sequence can be described quantitatively. The
transition amplitude for two-photon double ionization is accordingly given by

𝑡
(2)
𝑖→𝑓 = −

∫︁

𝑛

∑︀
∫︀ 𝑡𝑓
−∞

d𝑡1
∫︀ 𝑡1
−∞

d𝑡2𝑒
𝑖𝐸𝑓𝑛𝑡1𝑒𝑖𝐸𝑛𝑖𝑡2

×⟨𝑓 |𝑉 (𝑡1)|𝑛⟩ ⟨𝑛 |𝑉 (𝑡2)| 𝑖⟩ , (H.1)

with 𝐸𝑓𝑛 = 𝐸𝑓 − 𝐸𝑛 and 𝐸𝑛𝑖 = 𝐸𝑛 − 𝐸𝑖. The initial state |𝑖⟩ is the ground state and the
őnal state |𝑓⟩ = |𝐸1Ω1, 𝐸2Ω2⟩ is the double continuum. The sum runs over all intermediate
two-electron states |𝑛⟩.
To calculate the transition amplitude to the őnal state for the different (𝐿,𝑀) channels
[︁

𝑡
(2)
𝑖→𝑓

]︁

𝐿,𝑀
we project onto the őnal state |𝐸1, 𝐸2, 𝐿,𝑀⟩. The two-photon double ionization

probability is then given by

𝑃 (𝐸1, 𝐸2) =
∑︁

𝐿,𝑀=(2,2),(2,0),(2,−2),(0,0)

⃒

⃒

⃒

⃒

[︁

𝑡
(2)
𝑖→𝑓

]︁

𝐿,𝑀

⃒

⃒

⃒

⃒

2

. (H.2)

We employ the velocity gauge, i.e. 𝑉 (𝑡) = (p̂1 + p̂2) ·A(𝑡) ≡ µ̂ ·A(𝑡). Expanding µ̂ ·A(𝑡)
in spherical tensor components yields

µ̂ ·A(𝑡) =
1

∑︁

𝑞=−1

(−1)𝑞 �̂�𝑞𝐴−𝑞, (H.3)

where the spherical tensor components are deőned as 𝑇+1 = −
(︁

𝑇𝑥 + 𝑖𝑇𝑦

)︁

/
√
2, 𝑇−1 =

(︁

𝑇𝑥 − 𝑖𝑇𝑦

)︁

/
√
2, 𝑇0 = 𝑇𝑧. Using the vector potential [Eq. (8.6)] in rotating-wave approx-

imation
[︀

A(𝑡) ≈ 𝐴0

2
𝑓(𝑡)𝑒−𝑖𝜔𝑡 (𝑖�̂�− 𝜖𝑦)

]︀

the spherical components of the őeld are 𝐴+1 =
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−𝑖 (1− 𝜖)𝐴0𝑓(𝑡)𝑒
−𝑖𝜔𝑡/

√
8, 𝐴−1 = 𝑖 (1 + 𝜖)𝐴0𝑓(𝑡)𝑒

−𝑖𝜔𝑡/
√
8, 𝐴0 = 0. Inserting the spherical

components of the őeld 𝐴𝑞 into Eq. (H.3) yields

µ̂ ·A(𝑡) = [−�̂�+1 (1 + 𝜖) + �̂�−1 (1− 𝜖)] 𝑖
𝐴0√
8
𝑓(𝑡)𝑒−𝑖𝜔𝑡

= �̂�𝜖𝐴(𝑡). (H.4)

Within the rotating-wave approximation �̂�𝜖 can be expanded as a function of spherical
harmonics

�̂�𝜖 ∝ − (1 + 𝜖)𝑌 1
1 + (1− 𝜖)𝑌 −11 . (H.5)

Using Eq. (H.4) we can simplify Eq. (H.1):

[︁

𝑡
(2)
𝑖→𝑓

]︁

𝐿,𝑀
= −

∫︁

𝑛

∑︀ ⟨𝐸1, 𝐸2, 𝐿,𝑀 |�̂�𝜖|𝑛⟩ ⟨𝑛 |�̂�𝜖| 𝑖⟩

× 𝒢
[︀

𝐸𝑓𝑛, 𝐸𝑛𝑖, 𝐴(𝑡)
]︀

, (H.6)

with

𝒢
[︀

𝐸𝑓𝑛, 𝐸𝑛𝑖, 𝐴(𝑡)
]︀

=
∫︁ 𝑡𝑓

−∞

d𝑡1

∫︁ 𝑡1

−∞

d𝑡2𝑒
𝑖𝐸𝑓𝑛𝑡1𝑒𝑖𝐸𝑛𝑖𝑡2𝐴(𝑡1)𝐴(𝑡2). (H.7)

We note that the shape function 𝒢 is fully determined by the temporal envelope 𝑓(𝑡) and
the central frequency of the pulse. To leading order only the intermediate state with one
electron in the 𝑝 continuum and the other electron bound in the 1𝑠 state of He+ contributes
(|𝑛0⟩ = |𝐸1𝑝, 1𝑠⟩). The contribution of shake-up intermediate states is small compared to
the intermediate ground state (see Fig. 8.9).
Assuming only the on-shell intermediate state by absorbing the őrst photon with ellipticity
𝜖𝐼 and the second with ellipticity 𝜖𝐼𝐼 the matrix element in Eq. H.6 is given by

𝑀2,2 =− (1 + 𝜖𝐼𝐼) (1 + 𝜖𝐼)𝐶2,2;1,1

𝑀2,0 =(1 + 𝜖𝐼𝐼) (1− 𝜖𝐼)𝐶2,0;1,−1

+ (1− 𝜖𝐼𝐼) (1 + 𝜖𝐼)𝐶2,0;1,1

=2 (1− 𝜖𝐼𝜖𝐼𝐼)𝐶2,0;1,1

𝑀2,−2 =− (1− 𝜖𝐼𝐼) (1− 𝜖𝐼)𝐶2,2;1,−1

𝑀0,0 =(1 + 𝜖𝐼𝐼) (1− 𝜖𝐼)𝐶0,0;1,−1

+ (1− 𝜖𝐼𝐼) (1 + 𝜖𝐼)𝐶0,0;1,1

=2 (1− 𝜖𝐼𝜖𝐼𝐼)𝐶0,0;1,1, (H.8)

with 𝐶𝐿,𝑀 ;𝐿′,𝑀 ′ being the product of Clebsch-Gordon coefficients and the reduced matrix
elements containing the momentum operators 𝑝+1 and 𝑝−1. (𝐿′,𝑀 ′) are the total angular
momentum and magnetic quantum number of the intermediate state |𝑛0⟩ and 𝐶2,0;1,−1 =

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

H. Interference pattern of 𝑃 (𝐸1, 𝐸2) for XUV-XUV pump probe sequences 169

𝐶2,0;1,+1, 𝐶0,0;1,−1 = 𝐶0,0;1,+1.
To calculate the shape function 𝒢 [Eq. (H.7)] we distinguish whether both photons are
absorbed within one pulse [𝒢(2)] or one photon out of each pulse is absorbed [𝒢(1)]. 𝒢(1)

can be easily calculated since the integration limits in Eq. (H.7) are independent

𝒢(1)
[︀

𝐸𝑓𝑛, 𝐸𝑛𝑖, 𝐴(𝑡)
]︀

=
∫︁ 𝑡𝑓

−∞

d𝑡1𝑒
𝑖𝐸𝑓𝑛𝑡1𝐴 (𝑡1)

∫︁ 𝑡𝑓

−∞

d𝑡2𝑒
𝑖𝐸𝑛𝑖𝑡2𝐴 (𝑡2) . (H.9)

Inserting the envelope of the pulse we obtain

𝒢(1) (𝐸𝑓𝑛, 𝐸𝑛𝑖, 𝐴0, 𝑇𝑝) =
𝐴2

0

8
∫︁ 𝑇𝑝

−𝑇𝑝

d𝑡1𝑒
𝑖(𝐸𝑓𝑛−𝜔)𝑡1 cos2

(︂

𝜋𝑡1
2𝑇𝑝

)︂

∫︁ 𝑇𝑝

−𝑇𝑝

d𝑡2𝑒
𝑖(𝐸𝑛𝑖−𝜔)𝑡2 cos2

(︂

𝜋𝑡2
2𝑇𝑝

)︂

. (H.10)

For long pulses the total energy of the őnal state is accurately determined to be 𝐸1+𝐸2 =
2𝜔 + 𝐸0 and we can write 𝒢(1) as function of (𝐸tot,∆𝐸)

𝒢(1) (∆𝐸) =
𝐴2

0

8
∫︁ 𝑇𝑝

−𝑇𝑝

d𝑡1𝑒
𝑖(∆𝐸+𝐼𝑝,1−𝐼𝑝,2)𝑡1/2 cos2

(︂

𝜋𝑡1
2𝑇𝑝

)︂

∫︁ 𝑇𝑝

−𝑇𝑝

d𝑡2𝑒
𝑖(−∆𝐸+𝐼𝑝,2−𝐼𝑝,1)𝑡2/2 cos2

(︂

𝜋𝑡2
2𝑇𝑝

)︂

. (H.11)

𝒢(1) (∆𝐸) depends only on ∆𝐸 but not on 𝐸tot. Furthermore, for sufficiently long pulses
𝒢(1) (∆𝐸) and 𝒢(1) (−∆𝐸) appearing in Eqs. (8.10) and (8.11) have vanishing spectral
overlap. Consequently mixed terms of the form 𝒢(1) (∆𝐸)

[︀

𝒢(1) (−∆𝐸)
]︀*

vanish.
𝒢(2) is given by [94]

𝒢(2) (∆𝐸𝑓𝑛,∆𝐸𝑛𝑖, 𝐴0, 𝑇𝑝)

=
𝐴2

0

8

∫︁ 𝑇𝑝

−𝑇𝑝

d𝑡1

∫︁ 𝑡1

−𝑇𝑝

d𝑡2F (∆𝐸𝑓𝑛, 𝑡1, 𝑇𝑝)F (∆𝐸𝑛𝑖, 𝑡2, 𝑇𝑝) , (H.12)

with

F (𝜉, 𝑡, 𝑇 ) = 𝑒𝑖𝜉𝑡 cos2
(︂

𝜋𝑡

2𝑇

)︂

, (H.13)

where ∆𝐸𝑓𝑛 = 𝐸𝑓𝑛 − 𝜔 and ∆𝐸𝑛𝑖 = 𝐸𝑛𝑖 − 𝜔. As for 𝒢(1) we use that for long pulses the
total energy of the őnal state is accurately determined to be 𝐸1 + 𝐸2 = 2𝜔 + 𝐸0. This
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enforces ∆𝐸𝑓𝑛 = −∆𝐸𝑛𝑖. Changing the variables from (𝐸1, 𝐸2) to (𝐸tot,∆𝐸) one obtains

𝒢(2) (∆𝐸𝑓𝑛,∆𝐸𝑛𝑖, 𝐴0, 𝑇𝑝) =

𝒢(2) ((𝐼𝑝,2 − 𝐼𝑝,1 −∆𝐸) /2,− (𝐼𝑝,2 − 𝐼𝑝,1 −∆𝐸) /2, 𝐴0, 𝑇𝑝) . (H.14)

Not only the shape function 𝒢(1) but also 𝒢(2) depend only on ∆𝐸 and not on 𝐸tot. As
shown in [94] the amplitude of two-photon absorption within one pulse is given by 𝒮(2) =
𝒢(2) (∆𝐸) + 𝒢(2) (−∆𝐸).26

For a pump-probe sequence where the őrst pulse has ellipticity 𝜖1 and the second 𝜖2 the
transition amplitudes are given by

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,2
∝ (1 + 𝜖1)

2 𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏

+ (1 + 𝜖2)
2 𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏

+ (1 + 𝜖1) (1 + 𝜖2)𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ (1 + 𝜖1) (1 + 𝜖2)𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 , (H.15)

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,−2
∝ (1− 𝜖1)

2 𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏

+ (1− 𝜖2)
2 𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏

+ (1− 𝜖1) (1− 𝜖2)𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ (1− 𝜖1) (1− 𝜖2)𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 , (H.16)

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,0
∝
(︀

1− 𝜖21
)︀

𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏

+
(︀

1− 𝜖22
)︀

𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏

+ (1− 𝜖1𝜖2)𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ (1− 𝜖1𝜖2)𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 , (H.17)

[︁

𝑡
(2)
𝑖→𝑓

]︁

0,0
∝
(︀

1− 𝜖21
)︀

𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏

+
(︀

1− 𝜖22
)︀

𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏

+ (1− 𝜖1𝜖2)𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ (1− 𝜖1𝜖2)𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 . (H.18)

26 We use the notation 𝒮(2) instead of 𝒜(2) as employed in [94, 104] to avoid confusion, as we use 𝒜(2)

frequently throughout this thesis for the two-photon matrix element associated with single ionization
by an APT assisted by an IR field in RABBITT.
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For the 𝐿− 𝐿 and the 𝐿−𝑅 sequence these equations simplify drastically .
For the 𝐿− 𝐿 sequence

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,2
∝ 𝒮(2) (∆𝐸)

(︀

𝑒−𝑖(𝐸1+𝐸2)𝜏 + 𝑒−𝑖𝐸0𝜏
)︀

+ 𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ 𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏

while
[︁

𝑡
(2)
𝑖→𝑓

]︁

2,0
=

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,−2
=

[︁

𝑡
(2)
𝑖→𝑓

]︁

0,0
= 0.

Consequently the
[︁

𝑡
(2)
𝑖→𝑓

]︁

2,2
terms fully account for the interferences. For the 𝐿−𝑅 sequence

we have:
[︁

𝑡
(2)
𝑖→𝑓

]︁

2,2
∝ 𝒮(2) (∆𝐸) 𝑒−𝑖(𝐸1+𝐸2)𝜏 ,

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,−2
∝ 𝒮(2) (∆𝐸) 𝑒−𝑖𝐸0𝜏 ,

[︁

𝑡
(2)
𝑖→𝑓

]︁

2,0
∝ 𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ 𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 ,
[︁

𝑡
(2)
𝑖→𝑓

]︁

0,0
∝ 𝒢(1) (∆𝐸) 𝑒−𝑖(𝐸1−𝐼𝑝,2)𝜏

+ 𝒢(1) (−∆𝐸) 𝑒−𝑖(𝐸2−𝐼𝑝,2)𝜏 .

Since 𝒢(1)(∆𝐸) and 𝒢(1)(−∆𝐸) have vanishing spectral overlap the only interfering terms

in
[︁

𝑡
(2)
𝑖→𝑓

]︁

2,0
and

[︁

𝑡
(2)
𝑖→𝑓

]︁

0,0
∼ 𝒢(1) (∆𝐸)

[︀

𝒢(1) (−∆𝐸)
]︀*

vanish. Consequently there are

effectively no interfering paths and hence no interference pattern in 𝑃 (𝐸1, 𝐸2) for the
𝐿−𝑅 sequence.
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I. Doubly excited states in helium

To obtain the occupation ratio shown in Fig. 7.14c we project the time-dependent wave
function onto the bound part of the double excited states speciőed in Tab. I.1 using the
non-hermitian dot product. The four łnamed” states are they ones which where included
in the few-state model shown in Sec. 7.3.2. The eigenstates where obtained using exterior
complex scaling [60]. For consistency the doubly excited states for 𝐿 = 0, 1, 2 are listed
with a classiőcation very close to the one proposed by C.D. Lin [266].
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174

Table I.1.: Doubly excited states with their respective resonance energy 𝐸𝑅 and lifetime 𝜏 on
which the time-dependent wave function for the dipole reconstruction was projected
on to obtain Fig. 7.14c.

𝐿 Class 𝐸𝑅 [a.u] 𝐸𝑅 [eV] 𝜏 [fs] łname”
0 L0_2+ -0.777867 57.84 5.3 (2𝑠2)
0 L0_3+ -0.589894 62.96 17.8
0 L0_4+ -0.544881 64.18 49.2
0 L0_5+ -0.526687 64.68 110.6
0 L0_6+ -0.517641 64.93 213.1
0 L0_2- -0.621898 62.09 112.0 (2𝑝2)
0 L0_3- -0.548082 64.10 322.5
0 L0_4- -0.527715 64.65 522.4
0 L0_5- -0.518104 64.91 809.8
1 L1_22+ -0.693125 60.15 17.7 2𝑠2𝑝
1 L1_23+ -0.564083 63.66 80.4 2𝑠3𝑝
1 L1_24+ -0.534362 64.47 188.4
1 L1_25+ -0.521504 64.82 367.6
1 L1_23- -0.597074 62.76 6365
1 L1_24- -0.546493 64.14 11927
1 L1_25- -0.527298 64.66 24637
2 L2_102 -0.701937 59.91 10.2
2 L2_103 -0.569218 63.52 43.5
2 L2_104 -0.536726 64.41 75.6
2 L2_013 -0.556429 63.87 1209
2 L2_014 -0.531512 64.55 2199
2 L2_-104 -0.529292 64.61 2×106

3 L3_1 -0558282 63.82 1890
3 L3_2 -0.532257 64.53 3383
3 L3_3 -0.531482 64.55 1.4×106

3 L3_4 -0.520492 64.85 5000
3 L3_5 -0.520124 64.86 2.7×106

3 L3_6 -0.519402 64.88 8.5×1010
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J. Parameters for the different

simulations

In this appendix we list all numerical parameters used for the simulations presented in the
main part of this thesis.

J.1. Single-active electron calculations

In the following we give the parameters used for the single-active electron calculations
[Sec. 2.2.1] performed within in this thesis.

J.1.1. Parameters for Fig. 4.1

We use a radial box spanning 4417 a.u. and 𝐿max = 5. We use 11 őnite elements for each
FEDVR element spanning 4 a.u. close to the core and 5 a.u. for 𝑟 > 24 a.u.. An absorbing
boundary starting at 4284.5 a.u. was used to avoid reŕections of the wave function at the
boundary. The pulse parameters are given in Tab. J.1. The short-ranged Yukawa potential
is deőned as

𝑉 (𝑟) =
1.90831

𝑟
𝑒−𝑟, (J.1)

and has an ionization potential of 0.5 a.u..

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
740 1.68 2× 109 20 0 -

49.33 25.13 1× 1011 15 0 15th

43.53 28.48 1× 1011 15 0 17th

38.95 31.83 1× 1011 15 0 19th

35.24 35.18 1× 1011 15 0 21st

32.17 38.54 1× 1011 15 0 23rd

29.60 41.89 1× 1011 15 0 25th

Table J.1.: Pulse parameters used for the results shown in Fig. 4.1.
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176 J.1. Single-active electron calculations

J.1.2. Parameters for Fig. 4.3

We use a radial box spanning 4417 a.u. and 𝐿max = 8 for 𝜆IR = 500 nm and 1480 nm.
We use 11 őnite elements for each FEDVR element spanning 4 a.u. close to the core and
5 a.u. for 𝑟 > 24 a.u.. An absorbing boundary starting at 4284.5 a.u. was used to avoid
reŕections of the wave function at the boundary. The pulse parameters for 𝜆IR =500 nm
are given in Tab. J.2. The pulse parameters for 𝜆IR =1480 nm are given in Tab. J.3.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
500 2.47 2× 109 20 0 -

55.55 22.32 1× 1011 15 0 9th

45.45 27.28 1× 1011 15 0 11th

38.46 32.24 1× 1011 15 0 13th

33.33 37.20 1× 1011 15 0 15th

29.41 42.16 1× 1011 15 0 17th

Table J.2.: Pulse parameters used for the results shown in Fig. 4.3.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
1480 0.84 2× 109 20 0 -
51.03 24.30 1× 1011 15 0 29th

47.74 25.97 1× 1011 15 0 31st

44.85 27.64 1× 1011 15 0 33rd

42.29 29.32 1× 1011 15 0 35th

40.00 31.00 1× 1011 15 0 37th

37.95 32.67 1× 1011 15 0 39th

36.10 34.34 1× 1011 15 0 41st

34.42 36.02 1× 1011 15 0 43rd

32.89 37.70 1× 1011 15 0 45th

Table J.3.: Pulse parameters used for the results shown in Fig. 4.3

J.1.3. Parameters for Fig. 4.6

We use a radial box spanning 3002 a.u. and 𝐿max = 5. We use 11 őnite elements for each
FEDVR element spanning 4 a.u. close to the core and 5 a.u. for 𝑟 > 24 a.u.. An absorbing
boundary starting at 2762 a.u. was used to avoid reŕections of the wave function at the
boundary. We use the model potential described in [114] to describe single ionization of
neon. The pulse parameters are given in Tab. J.4.
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J. Parameters for the different simulations 177

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
800 1.55 2× 109 13 0 -

29.63 41.84 1.5625× 1010 10 0 27th

27.59 44.94 1.5625× 1010 10 0 29th

Table J.4.: Pulse parameters used for the results shown in Fig. 4.6.

J.2. Two-active electron calculations

In the following we write down the parameters used for the two-active electron calculations
for helium [Sec. 2.2.2] performed within in this thesis.

J.2.1. Parameters for Fig. 4.9

We use an asymmetric box where the bigger (smaller) radial size is 3857 a.u. (37 a.u.)
with 11 basis function for every őnite element spanning 4 a.u. close to the core and 5
a.u. for 𝑟 > 24 a.u.. To avoid reŕection at the boundary an absorbing potential is used
which starts at 3703 a.u. and 20 a.u. respectively. Employing velocity gauge we achieve
converged results for an angular momentum expansion of 𝐿max = 3, ℓ1 = ℓ2 = 9. The pulse
parameters are given in Tab. J.5.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
740 1.68 2× 109 20 0 -

13.45 92.15 9.4× 1010 15 0 55th

12.98 95.50 1.4× 1011 15 0 57th

12.54 98.85 1.58× 1011 15 0 59th

12.13 102.20 1.642× 1011 15 0 61st

11.75 105.55 1.265× 1011 15 0 63rd

Table J.5.: Pulse parameters used for the results shown in Fig. 4.9.

J.2.2. Parameters for Fig. 4.16

In the numerical simulation we use an IR with 𝜆I𝑅 = 656.064nm together with an APT
consisting of the 45𝑡ℎ, 47𝑡ℎ, 49𝑡ℎ and 51𝑠𝑡 harmonic of the fundamental with a FWHM
duration of 10 fs and 6 fs, see Tab. J.6. The intensity of the IR and each harmonic of
the APT were chosen to be in the purely perturbative limit. We use an asymmetric radial
box spanning 2592 a.u. (64 a.u.) for the larger (smaller) direction where we use 11 őnite
elements for each region of 4 a.u.. To avoid reŕection at the boundary an absorbing poten-
tial starts at 2397.6 a.u. (49 a.u.) for the bigger (smaller) radial component. Employing
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178 J.2. Two-active electron calculations

velocity gauge we obtain convergent results with a close-coupling expansion of 𝐿max = 3,
ℓ1 = ℓ2 = 7.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
656.064 1.89 2× 109 10 0 -
14.58 85.04 1× 1010 6 0 45th

13.96 88.82 1× 1010 6 0 47th

13.39 92.60 1× 1010 6 0 49th

12.86 96.38 12× 1010 6 0 51st

Table J.6.: Pulse parameters used used for the results shown in Fig. 4.16.

J.2.3. Parameters for the simulations in section 4.3

The single-active electron calculations27 employ a model potential for helium [114], are
based on a őnite-difference scheme and employ the Crank-Nicolson method [267, 268]
for the time propagation. For the ab initio two-active electron simulations we use an
asymmetric box which spans 2417 a.u. (37 a.u.) in the larger (smaller) radial direction.
For each őnite element of size 4 a.u. close to the core and of size 5 a.u. for 𝑟 > 24 a.u.
we use 11 basis functions. A complex absorption potential starts at 2296.15 a.u. and
22 a.u. for the larger and smaller radial direction, respectively, to avoid reŕection of the
wave function at the boundary of the numerical box. Employing velocity gauge we achieve
converged results for an angular momentum expansion of 𝐿max = 4, ℓ1 = 6, ℓ2 = 8. The
exact parameters of the APT (see Tab. J.7) for the single-active electron and the ab initio
simulation were chosen to match the experimental XUV spectra and are the same for the
single-active electron calculations and the two-active electron simulation. The IR őeld in
the experiment has a FHWM duration of 29 fs which is approximately 3.5 times longer
than the IR used in the simulations (FHWM duration of 8 fs) to make the full ab initio
calculations possible. To rule out any inŕuence of the IR pulse duration we also perform
SAE simulations for an IR pulse duration of 20 fs, which give practically identically results
to the simulations shown in Fig. 4.18 where the IR pulse duration is 8 fs.
In addition to the results for helium, we report calculations for the hydrogen atom, for
which harmonics from the 9𝑡ℎ to the 17𝑡ℎ order are used to generate the XUV spectrum,
such that the electron kinetic energy remains in the same range as for helium.

J.2.4. Parameters for Fig. 5.4a

The fundamental laser őeld has a wavelength of 𝜆 =1485 nm, a FWHM duration of roughly
22 fs (corresponding to 4.5 cycles) and a peak intensity of 2 × 109 W/cm2. The APT

27 Performed by Nicolas Douguet at the University of Central Florida.
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J. Parameters for the different simulations 179

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋]
790 1.57 1× 1011 8 0

53.01 23.39 1.04× 1010 3.6 -0.11
46.68 26.56 3.40× 1010 2.6 -0.06
41.60 29.80 6.38× 1010 2.0 -0.04
37.67 32.91 5.01× 1010 1.9 -0.06
34.33 36.11 3.65× 1010 2.0 -0.11
31.50 39.36 3.16× 1010 1.8 -0.18
29.22 42.43 1.46× 1010 1.6 -0.29
27.35 45.33 0.47× 1010 1.5 -0.44

Table J.7.: Pulse parameters used for the results shown in section 4.3. All but the first pulse
form the attosecond pulse train (APT) used to ionize the helium atom.

consisting of the 71𝑠𝑡 and 72𝑛𝑑 harmonic has a total duration of 17 fs, see Tab. J.8. We use
an asymmetric radial box where the larger (smaller) radial coordinate extends up to 2550
a.u. (20 a.u.) and we use 11 basis functions for every őnite element spanning 5 a.u. in the
FEDVR expansion. An absorbing boundary prevents the inŕuence of reŕected parts of the
wave packet starting at 2422.5 a.u. and 15 a.u., respectively. Employing velocity gauge we
achieve converged results with a close-coupling expansion of 𝐿max = 3, ℓ1 = ℓ2 = 4. The
single-ionization spectra are obtained using the method described in App. C.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
1485 1.57 2× 109 22.2 0 -
20.92 59.27 1× 1011 8.5 0 71st

20.63 60.11 1× 1011 8.5 0 72nd

Table J.8.: Pulse parameters for the results shown Fig. 5.4a.

J.2.5. Parameters for Fig. 5.5b

In the ab initio simulation we use an asymmetric radial box where the larger (smaller)
radial coordinate extends up to 3410 a.u. (20 a.u.) and we use 11 basis function for
every őnite element spanning 5 a.u. in the FEDVR expansion. An absorbing boundary
prevents the inŕuence of reŕected parts of the wave packet starting at 3324.8 and 15 a.u.,
respectively. Employing velocity gauge we achieve converged results with a close-coupling
expansion of 𝐿max = 3, ℓ1 = ℓ2 = 4. The single-ionization spectra are obtained using
the method described in App. C. Most of the results shown, were computed by őtting the
asymmetry only within 𝜏 ∈ [−0.5𝑇IR : 0.5𝑇IR]. We ensured that this does not alter the
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results by comparing to the őtting interval 𝜏 ∈ [−2𝑇IR : 2𝑇IR] for one wavelength.
The fundamental őeld has a FWHM duration of approximately 22 fs and the APT duration
is roughly 14.5 fs, resulting in spectrally broad harmonics, see Tab. J.9 for the pulses used
for 𝜆IR =1464 nm. The fundamental wavelength is smoothly varied from 𝜆IR from 1456nm
to 1470nm.

𝜆 [nm] 𝜔 [eV] Peak intensity [W/cm2] FWHM duration [fs] CEP [𝜋] harmonic #
1464 0.85 2× 109 21 0 -
21.85 56.74 9.4× 1010 15 0 67th

21.53 57.59 3.5× 1010 6 0 68th

21.22 58.44 1.4× 1011 6 0 69th

20.91 59.28 4× 1010 6 0 70th

20.62 60.13 1.58× 1011 6 0 71st

20.33 60.98 4.3× 1010 6 0 72nd

20.05 61.83 1.642× 1011 6 0 73rd

19.78 62.78 3.8× 1010 6 0 74th

19.52 63.52 1.265× 1011 6 0 75th

Table J.9.: Pulse parameters for the results shown Fig. 5.5b.

J.2.6. Parameters for section 5.2.2

Employing velocity gauge we achieve converged results for a close coupling expansion with
intensity dependent number of enclosed partial waves: total angular momentum 𝐿max =
3 (4), and angular momentum of the two electrons ℓ1 = ℓ2 = 6 (8) for 𝐼IR = 109 W/cm2

(𝐼IR = 1011 W/cm2). We use an asymmetric radial box where the spatial grid for the
larger (smaller) radial component extends up to 3010 (20) a.u.. To avoid reŕections at the
boundary we use a complex absorbing boundary in both spatial directions. Within this
section we use a cos4 envelope for the vector potential with a total duration of 50 fs for the
IR and 19 fs for the XUV corresponding to a full-width half maximum (FWHM) duration
of 𝜏IR ≈ 13 fs and 𝜏XUV ≈ 5 fs.

J.2.7. Parameters for section 6.3

For the theoretical calculation of the dipole moment 𝑑(𝑡) needed to obtain the transient
absorption cross section [Eq. (3.16)] we use a radial box of 128 a.u. where an absorbing
boundary starts at 102 a.u. For the XUV pulse we use a central energy of 60 eV, with a
Gaussian envelope for the intensity proőle (160 as FWHM), and a peak intensity of 1011

W/cm2. For the NIR pulse, we use a wavelength of 740 nm with a Gaussian envelope for
the intensity proőle (7 fs FWHM) and peak intensity up to 2× 1013 W/cm2. Propagation
effects are not considered since the probability for reabsorption of photons is negligible in
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the investigated energy region. In velocity gauge an angular momentum expansion with
𝐿max = ℓ1 = ℓ2 = 10 was sufficient to achieve converged results for the highest intensities
show in this section. The occupation of the 2s2p resonance was obtained by projecting the
wave function contained within the small box onto the bound part of the 2s2p scattering
eigenstate using the non-hermitian dot product. The doubly excited states were calculated
using exterior complex scaling [60].

J.2.8. Parameters for section 7.1

We employ an ultrashort single attosecond pulse (FHWM duration of 160 as with intensity
𝐼XUV = 1011 W/cm2) centered at the 2s2p resonance to broadly excite all doubly excited
states within the 1Po symmetry below the He+ (𝑛 = 2) threshold. After excitation by
the single attosecond pulse the system is probed by a few-cycle light pulse with a total
duration of 10 fs (cos2 envelope) for two different wavelengths separately, 𝜆IR = 500 nm
(𝜔IR = 2.48 eV) and 𝜆IR = 740 nm (𝜔IR = 1.67 eV). The two different wavelengths drive
different transitions between the doubly excited states resonantly due to their different
spectral pulse proőle.
All calculations are performed within a radial box spanning 128 a.u. in both directions
with an absorbing boundary starting at 102.4. a.u.. We use 11 basis function for every őnite
element spanning 4 a.u.. For the highest employed probe intensity we achieve converged
results for a close coupling expansion of 𝐿max = 7, ℓ1 = 6 and ℓ2 = 7 employing velocity
gauge. The occupations of the doubly excited states after the interaction with the laser
pulses shown within this chapter are obtained by projecting the wavefunction |𝜓(𝑡)⟩ onto
the eigenfunctions |𝜑𝑖⟩ of the corresponding states, using the non-conjugate dot-product
(𝜑𝑖, 𝜓(𝑡)) =

∫︀

d�⃗�1d�⃗�2𝜑𝑖 · 𝜓(𝑡)28. The eigenfunctions are obtained using exterior complex
scaling [60].

J.2.9. Parameters for section 7.3.1

We chose to a rather weak NIR pulse (𝐼NIR = 1012 W/cm2) with long total duration
(FWHM 45 fs with a cos2 envelope) enabling the observation of multiple Rabi cycles. The
NIR pulse has a time delay of 𝜏𝑑 = 53.5 fs with respect to the XUV ensuring that the
exciting XUV pulse has no temporal overlap with the driving NIR őeld. We simulate the
response to two different wavelengths of the NIR őeld 𝜆NIR = 740 nm (𝜔=1.67 eV) and
𝜆NIR = 538 nm (𝜔 =2.3 eV) to couple the 2𝑠2𝑝 state resonantly with the (2𝑝2) 2𝑆e and
(2𝑠2) 2𝑆e state respectively, see Tab. 5.1. Employing length gauge we use a close-coupling
expansion of 𝐿max = ℓ1 = ℓ2 = 10. To obtain the occupation of the doubly excited states
we use the procedure described in Sec. J.2.8 projecting the time-dependent wave function
at times of the zero crossing of the electric őeld.

28 We use the non-conjugate dotproduct since the eigenfunctions for the resonances are only quasi-bound
states. Thus they have complex eigen energies and the left- and right eigenvalues and eigenfunctions
are different.
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182 J.2. Two-active electron calculations

J.2.10. Parameters for section 7.3.2

We use 11 basis functions for each radial element of size 4 a.u.. In the present simulation, we
use an angular momentum expansion with 𝐿max = 10, 𝑙1 = 10, 𝑙2 = 10 for the close-coupling
scheme. We have veriőed that length and velocity gauge give equivalent results. For the
XUV pulse we use a central energy of 60.15 eV, a Gaussian envelope for the intensity proőle
with a pulse duration of 250 as FWHM, and a peak intensity of 1012 W/cm2. We veriőed the
validity of the impulsive excitation approximation underlying the reconstruction algorithm
by varying the pulse duration showing that the results are independent of the XUV pulse
duration as long as the pulse is on the attosecond scale and short compared to time scales
governing the dynamics of the auto-ionizing states. For the NIR pulse, we use a wavelength
of 740 nm with a Gaussian envelope for the intensity proőle (7 fs FWHM), a carrier envelope
phase of 𝜋

4
and varying peak intensity. The carrier envelope phase was chosen to match

best with experiment, as will be discussed later. For the calculation of the time-dependent
dipole moment 𝑑(𝑡), the wave function is used within a relatively small radial box of 128
a.u. where an absorbing boundary starts at 102 a.u. We veriőed that reconstructing the
dipole moment 𝑑(𝑡) from the dipole acceleration yields the same results, assuring that
the presented results are not inŕuenced by the őnite box size. Propagation effects are not
considered since the probability for reabsorption of photons is negligible in the investigated
energy region.
To calculate the occupation of the doubly excited states we use the same procedure as
described in Sec. J.2.8.

J.2.11. Parameters for chapter 8

For linearly polarized pulses, propagating along the �̂� axis and polarized along 𝑧, the vector
potential is given by

A(𝑡) = 𝐴0𝑓(𝑡)

⎛

⎝

0
0

sin (𝜔(𝑡− 𝑡XUV))

⎞

⎠ , (J.2)

with being 𝑡XUV the peak time of the XUV pulse. The elliptical vector potential, propagat-
ing along the 𝑧 axis and polarized in the �̂�− 𝑦 plane, is deőned by

A(𝑡) = 𝐴0𝑓(𝑡)

⎛

⎝

sin (𝜔(𝑡− 𝑡XUV))
−𝜖 cos (𝜔(𝑡− 𝑡XUV))

0

⎞

⎠ , (J.3)

where 𝜖 is the ellipticity of the laser őeld. The light őeld is called left(right)-circularly
polarized if 𝜖= 1(−1). We employ a cos2 envelope 𝑓(𝑡) for the vector potential given by

𝑓(𝑡) = cos2
(︁

𝜋
2𝑇𝑝

(𝑡− 𝑡𝑋𝑈𝑉 )
)︁

for −𝑇𝑝 < (𝑡 − 𝑡XUV) < 𝑇𝑝 where 𝑇𝑝 is the full-width at half
maximum duration of the vector potential. Typically we achieve converged results for a
close-coupling expansion of 𝐿max = 3, ℓ1 = ℓ2 = 12 employing velocity gauge. The box
size is chosen large enough to keep the full doubly ionized part of the wavefunction within
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the box, where the largest box we employed spanned 800 a.u. in both radial directions.
A complex absorbing boundary potential close to the boundary was used to avoid any
reŕections of the singly ionized parts of the wavefunctions.
To ensure converged results with the propagation time we projected all wavefunctions 3
fs after the end of the laser pulses, unless states otherwise [89]. We use XUV pulses with
central photon energies between 40 and 70 eV and peak intensities up to 2× 1012 W/cm2,
which is in the purely perturbative regime for these photon energies.
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