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Abstract

In their presentation of canonical models for normal systems of modal logic, Hughes
and Cresswell observe that some of these models are based on a frame which can
be also thought of as a collection of two or more isolated frames; they call such
frames ‘non-cohesive’. The problem of checking whether the canonical model of a
given system is cohesive is still rather unexplored and no general decision procedure
is available. The main contribution of this article consists in introducing a method
which is sufficient to show that canonical models of some relevant classes of normal
monomodal and bimodal systems are always non-cohesive.
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1 Introduction

The canonical model construction is a standard technique to prove completeness results
in modal logic. In the case of normal modal systems the canonical model is based on
arelational frame (a set of states, each corresponding to a maximally consistent set of
formulas, and accessibility relations among them); thus, a natural question is whether
that frame can be also thought of as a collection of at least two isolated frames or
not. According to the terminology in Hughes and Cresswell (1984, 1996), we will say
that a frame which does not correspond to a collection of at least two isolated frames
is cohesive." There is currently no uniform method to check whether the canonical
model of a given normal system is based on a cohesive frame and this problem is rather
unexplored, despite the fact that completeness theory represents one of the main areas
of research in theoretical modal logic. In particular, it is interesting to check whether

' This is an informal definition of the notion of cohesiveness, which captures the fundamental intuition
only. A rigorous definition requires the introduction of some technical terminology and can be found in
Sect. 3. As pointed out by Hughes and Cresswell, other authors, such as Lemmon and Scott (1977), use the
expression ‘connected frame’ in place of ‘cohesive frame’. On the one hand, this alternative expression
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it is possible to find syntactic or semantic properties of classes of systems that are
sufficient to guarantee cohesiveness or non-cohesiveness of canonical models.

For instance, Hughes and Cresswell (1996) provide a strategy which can be
described as follows: one assumes that the canonical model of a system S includes a
state w which has access to all other states of the domain; if this assumption does not
conflict with the properties of the canonical model of S, then the underlying frame is
obviously cohesive. However, such an assumption is very strong and the fact that it
conflicts with the properties of the canonical model of a system S is not sufficient to
claim that the underlying frame is non-cohesive (a frame can be cohesive even if there
is no state having access to all the others). The main contribution of the present article
consists in providing a sort of complementary strategy, which can be called the method
of isolated worlds: we check whether the canonical model of a system S includes a
state w such that (I) w has no access to any state (with the possible exception of itself)
and (II) no state has access to w (with the possible exception of itself). If this is the
case, then the canonical model is clearly based on a non-cohesive frame. We will see
that canonical models of relevant classes of normal monomodal and bimodal systems
include states of such kind. Therefore, the described strategy will allow us to shed
further light on the issue of cohesiveness.

The article is organized as follows: in Sect. 2 we introduce the fundamental notions
involved in our inquiry; in Sect. 3 we recall and extend results obtained with methods
proposed by Hughes and Cresswell; in Sect. 4 we illustrate some results obtained with
the method of isolated worlds; finally, in Sect. 5 we provide some directions for future
research.

2 Preliminary Notions

Consider a countable set of propositional variables V AR, denoted by p, ¢, r, etc. and
let £ be the language over V AR obtained by means of the boolean operators — and
— and the (monadic) modal operator [J; furthermore, let L be obtained from £
by adding to its primitive symbols the (monadic) modal operator l. Hereafter, we
will refer to L as the monomodal language (over V AR) and to L as the bimodal
language (over V AR). We adopt standard definitions to use in our languages also some
non-primitive boolean and modal operators, such as A, v, =, 1, T, { (both in L7 and
Lom) and ¢ (only in Lom). It is convenient to just recall that ¢ is an abbreviation for

Footnote 1 continued
is useful to establish a parallelism with the problem of connectivity in graph theory (the reader can find
an introduction to this problem in Section 3 of Wilson 1996). On the other hand, it is convenient to opt
for the expression ‘cohesive frame’, since we want to avoid some ambiguity with an alternative definition
of ‘connected frame’ that can be found in Hughes and Cresswell (1984, p. 30), according to which a
(monomodal) frame is connected if and only if the following holds:

Yw,v,u € W{(wRv A wRpu) — (vROu vV uRmv))

The latter property and cohesiveness are mutually independent, as it will be clear in Sect. 3. Indeed, a
monomodal frame with three states wy, wp and w3 s.t. w; Rmw, and wj Rjws3 is cohesive without being
connected, while a monomodal frame with two states wj and wy s.t. w1 Rw and wp Rjws is connected
without being cohesive. A similar analysis can be provided for bimodal frames.
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—[J— and ¢ an abbreviation for —H—. In the present article we restrict our attention
to the two languages described: in particular, the bimodal language is at the basis of
systems of tense logic, which will play a relevant role in our presentation.

The language £ is interpreted in monomodal relational frames, which are struc-
tures of kind § = (W, RO), where W is a non-empty domain of states or worlds
(denoted by w, v, u, etc.) and Rg € W x W a relation that can be called [J-
accessibility. The language Lm is interpreted in bimodal relational frames, which
are structures of kind § = (W, R, Rm), where W and R are defined as before and
Rm C W x W is arelation that can be called B-accessibility. For any world w € W,
we can say that Ro(w) = {u € W : wRnu} is the O-accessibility sphere of w and
Rg(w) = {u € W : wRgu} is the B-accessibility sphere of w. If Ro(w) = @ or
Rm(w) = @, we can say that w is Rg-blind or, respectively, Rm-blind. We will adapt
some terminology in Segerberg (1971) in order to make reference to particular kinds
of worlds in a frame. We will say that a world w is a degenerate cluster if and only if
(hereafter, iff):

e Vx € W—(wRx), for every relation R in the frame of w.
Furthermore, we will say that a world w is a simple cluster iff:
e Vx € W((wRx) = (x = w)), for every relation R in the frame of w.
Accessibility relations can be used to define accessibility walks in frames.

Definition 2.1 In a monomodal (bimodal) frame an accessibility walk is a sequence
of states (wg, ..., w,) € wrtl st.n > 0 and w; ROow;41 (either w; ROw;4 or
w; R@w;1) for each i < n. Such a walk is said to be of length n and from wg to w,.
Given two states w and v in a frame, if there is an accessibility walk of length n from
w to v, then we say that w has access to v in n Rg-steps (in n(Ro U Rm)-steps).

For the aims of the present article it is fundamental to introduce also the notion of
a pseudo-accessibility walk.

Definition 2.2 In a monomodal (bimodal) frame a pseudo-accessibility walk is a
sequence of states (wy, ..., wy) € Wntlst.n > 0andeither w; Row; 41 orw;+1 ROow;
(either w; RO U Rmgw;+1 or wi+1 RO U Rmw;) foreachi < n. Such a walk is said to be
of length n and from wq to w,. Given two states w and v in a frame, if there is a pseudo-
accessibility walk of length n from w to v, then we say that w has pseudo-access to v in
n(Ro U Ral)—steps, where Ril is the converse of R (in n(RoU Ril URgU R;l)-
steps, where R;l is the converse of Rm).

Notice that the reverse of a pseudo-accessibility walk from w to u is a pseudo-
accessibility walk from u to w; therefore, we will sometimes simply say that there is
a pseudo-accessibility walk between w and u. Furthermore, according to Definition
2.2, a world has always pseudo-access to itself in some number of steps n > 0.

A frame including a state w s.t. for any state v # w in the domain there is an
accessibility walk from w to v is said to be generated (by w). A monomodal (bimodal)
frame including a state w s.t. for any state v # w in the domain we have w Rqv (w Rv
or wRgv) is said to be strongly generated (by w). We will adopt the convention
that frames denoted by §, §i, etc. respectively have the structure § = (W, RO)
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(& = (W, RO, Rm) in the bimodal case), §; = (W;, R;0) & = (Wi, RO, R;m) in
the bimodal case), etc.

Another important notion is that of an amalgamation of a class of frames, introduced
in Hughes and Cresswell (1984) for the monomodal case.

Definition 2.3 Given a finite class of frames C; = {§1,..., §»} whose domains are
pairwise disjoint, an amalgamation of Cy is a frame §* = (W™, R[) satisfying the
following conditions (where w* ¢ Wi U ... U Wp,):

W* =W, U..UW,U{w"};

forany w,v e W;s.t. 1 <i <n, wR*Dv iff wR;Qv;

forany w e W;s.t. 1 <i <n, w*R*Dw;

foranyw € Wyandv e W;s.t. 1 <i,j <mandi # j, —-(wREv).

We will say that w* is the characteristic world of the amalgamation. Notice that
there are exactly two amalgamations for any finite class of monomodal frames: the
one in which w* € R (w*) and the one in which w* ¢ RE (w*). The amalgamation
of a finite class of monomodal frames is a strongly generated frame (by w*); thus, the
natural way of adapting the definition of amalgamation to a finite class of bimodal
frames consists in replacing the last three clauses of Definition 2.3 with:

e forany w,v € W;s.t. 1 <i <n, wR*Dv iff wR;gv and wR*.v iff wR;gv;
e forany w € W; s.t. 1 <i < n, either w*R*Dw or w*R*.w;
e foranyw € Wyandv € Wjs.t.1 <i,j <nandi # j,~(wRv) and =(wRgv).

A model over a (monomodal or bimodal) relational frame is a structure of kind
M = (§,V), where § is the underlying frame and V : VAR — p(W) is a
valuation function. We will adopt the convention that models denoted by 21, 91;, etc.
respectively have the structure 9 = (§, V), IM; = (Ti, Vi), etc.

Truth-conditions are stated below (those concerning formulas of kind B¢ apply, of
course, only to models over bimodal frames):

M, wk piffw e V(p), forany p € VAR;
M, w E - iff M, w ¥ ¢;

MwEP— Yiff M, wkE PorM,wkE
M, w E O iff for every v € Ro(w), M, v F ¢;
M, w = W iff for every v € Rm(w), M, v F ¢.

The notion of validity for formulas is defined in the usual way. A formula ¢ € L
(¢ € Lom) is valid in a model 901 iff M, w = ¢ for every w € W (we represent this
fact as M F ¢); ¢ is valid in a class of models C,, iff 91 F ¢ for every M € C,, (we
represent this fact as C,,, F ¢); ¢ is valid in a frame § iff 91 = ¢ for every 901 over §
(we represent this fact as § F ¢); finally, ¢ is valid in a class of frames C iff § F ¢
for every § € Cr (we represent this fact as Cy F ¢).

Definition 2.4 A model 9t* = (F*, V*) is an amalgamation of a finite class of models
Cpn = {9y, ..., M, } iff F* is an amalgamation of the frames of the models in C,, and
forevery p € VAR and v € W; (where 1 <i <n),v € V¥*(p) iff v € Vi(p).

The definition of an amalgamation of a finite class of models in the bimodal case is
analogous. When C,,, = {901}, we will speak of the amalgamation of 9, for the sake
of brevity.
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Logical systems will be specified in terms of an axiomatic basis over L or L.
Any logical system considered here includes all theorems of the classical propositional
calculus (PC) and is closed under Modus Ponens; thus, for any system S, we have the
following two principles:

PC ifbpc ¢, then g ¢/, where ¢’ is any substitution instance of ¢;
RMP iftg ¢ andbg ¢ — , then g .

A system of monomodal logic S is normal iff it is closed under the following principles:

Ko O@ — v) — O¢ — Oy);
RNp if s ¢ then g 0.

A system of bimodal logic is normal iff it is closed under Kg, RN and the following
principles:

Km N@¢—y)— ()~ By);
RNpg ifbg ¢ then g Ho.

Given a formula ¢ € Lom, the formula ¢, which can be called the mirror image
of ¢, is the result of simultaneously replacing in ¢ each occurrence of a ‘white modal
operator’ ((J and ¢) with an occurrence of the corresponding ‘black modal operator’
(M and ¢) and vice versa; for instance, (OO p — 0<>p)mi =Hé¢p — O@p.Itfollows
from this definition that for all ¢ € Lrm, (™)™ = ¢. We can also speak of the
mirror image of a schema of formulas; for instance, K is the mirror image of Km
and vice versa.> A normal bimodal system S has the mirror image property iff it is
closed under the following rule:

RMI if g ¢ then g ¢™.

Bimodal systems with the mirror image property will be also called mirror systems.
A bridge-schema in a bimodal language is a schema including at least one occurrence
of a ‘white modal operator’ and at least one occurrence of a ‘black modal operator’. If
the axiomatic basis of a bimodal system S does not involve any bridge-schema, then
we can say that it is a separable axiomatic basis (Catach 1988). A mirror system S
whose axiomatic basis is separable can be said to be the duplication of a monomodal
system. Finally, a normal bimodal system is a system of tense logic iff it is closed
under the following bridge-schemata:

BR1 ¢ — [é¢;
BR2 ¢ — WOP;

In order to speak of the properties of a generic (monomodal or bimodal) system S,
we can denote its language by £(S). A system S is sound with respect to (w.r.t.) a class
of models C,, iff, for every ¢ € L(S), Fs ¢ entails Cy,, F ¢; S is complete w.r.t Cy,
iff, for every ¢ € L(S), C,, E ¢ entails g ¢. Finally S is characterized by C,, iff it is
both sound and complete w.r.t. C,,,. Analogous definitions can be used for soundness,
completeness and characterization of a system in terms of a class of frames.

Let us use the notation K for the weakest normal monomodal system and K for
the weakest normal bimodal system. Kg is the duplication of K. It is well-known

2 The term ‘mirror image’ seems to be firstly used in Rescher and Urquhart (1971).
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that K and Kom are respectively characterized by the class of all monomodal frames
and the class of all bimodal frames. The weakest normal system of tense logic will
be denoted by K;, as it is commonly done in the literature.? In general, we will use
standard names for systems of monomodal and bimodal logic; sometimes we will also
denote extensions of a system S by means of the expression S + {X1, ..., X} where
X1, ..., X, are labels for axiom-schemata, meaning that S + {X1, ..., X,,} is the result
of extending the axiomatic basis of S with the axiom-schemata X1, ..., X, R Finally,
in the case of a bimodal system § with a separable axiomatic basis, we will follow
Kurucz (2007) and denote S also as S’ ® S”, where S’ is the subsystem of S providing
the axiomatization of (J and S” the subsystem of S providing the axiomatization of
M. The system K; = Kom + { BR1, BR2} is characterized by the class of all bimodal
frames in which R and Rg are reciprocally converse relations, namely by the class
of frames satisfying the following property:

Yw,ve W € Rg(w) =w € Rg(v))

A system S is consistent iff g 1; aformula ¢ € L(S) is consistent with a system
S, or S-consistent, iff ¥ —¢; a set of formulas I' C £(S) is S-consistent iff there is no
finite T/ = {1, ..., ¢u} C T s.t. g =(Pp1 A... Ady); T is a maximally S-consistent set
of formulas iff T" is S-consistent and there isno I s.t. ' C I and ' is S-consistent. If
I" is a maximally S-consistent set of formulas, then Th(S) = {{ € L(S) ks ¥} S T.
If ¢ is S-consistent, then there is a maximally S-consistent set of formulas including
¢; finally, if I" is S-consistent, then there is a maximally S-consistent set of formulas
containing I'.

A system S is a subsystem of (or is contained in) a system S’ iff Th(S) € Th(S’).
If S is a subsystem of S’, then S’ is an extension of (or contains) S. If S is a subsystem
of S’ and an extension of S”, we will say that S is berween S’ and S”.

Consider the following principles:

Verg UOg;
Trivg Uo = ¢.

According to a fundamental result in Makinson (1971), any consistent normal
monomodal system is either a subsystem of Verg = Ko + {Verg} or a subsys-
tem of Triv;p = Kg + {Trivg}, since these are the only two maximally normal
monomodal systems (i.e., systems having no consistent normal extension, see Gold-
blatt and Kowalski 2014). In particular, we have that, for any consistent normal modal
system S, Th(S) € Th(Verp) iff ¥s OT, while Th(S) € Th(Trivp) if g OT (but
not conversely). Both Trivg and Ver are closed under the following schema, which
will be taken into account later:

Tco ¢ — Ue.

3 See, e.g., Rescher and Urquhart (1971) or McArthur (1976).

4 More precisely, by claiming that a system S’ is obtained by extending the axiomatic basis of a system §
we also mean that S’ is closed under all rules in the axiomatic basis of S; this entails that any rule of the
form ‘if =g ¢ then =g ¥’ in the axiomatic basis of S has to be replaced by the rule ‘if =g/ ¢ then g/ ¥’
in the axiomatic basis of §’. Moreover, sometimes we will omit the description of well-known schemata,
such as 4, and systems, such as S4(.
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On the other hand, if Verm and Trivg stand for the mirror images of Verg
and Trivpg, then there are consistent normal bimodal systems which are neither
subsystems of Verom = Kpom +{Verg, Verm} nor subsystems of Trivom =
Kpom + {Trivg, Trivm}; very simple examples are Kom + {Verg, Trivm} and
Kom +{Trivg, Verm}. Indeed, as shown in Williamson (1998), there are continuum
many maximally normal bimodal systems.

Many interesting systems of tense logic have the mirror image property and are
either contained in Verg or in Trivg. However, there are also interesting systems
of tense logic lacking the mirror image property and that are neither contained in
Verpm nor in Trivog; for instance, a system discussed by Thomason (1972), which
is not characterized by any class of temporal frames,> and systems used to represent
asymmetries in time, such as K, = K; 4+ {4, 4m, (B¢ V) AR(¢ v EY) AB(H¢ vV
Y)) — (H¢ v Byr)} for transitive and past-linear time.

Given anormal system of monomodal (respectively, bimodal) logic S, the canonical
frame of S is the frame S = (WS, Ré) (respectively, the frame 3§ = (WS, RI%, Ra))
where W9 is the set of all maximally S-consistent sets of formulas and, for any
w,ve WS, le%v iff 7 (w) = {¢ : ¢ € w} C v (also, wR;v iff M~ (w) = {¢:
By € w} C v). Given a formula ¢ € L(S), let |¢|35 ={w e W5 : ¢ c w). The
canonical model of S is the model M5 = (F5, V) s.t. § is the canonical frame of §
and, for any p € VAR, V(p) = |p|® ® It is well-known that canonical models have
the following property (Truth Lemma):®

e forany w € WS and any ¢ € L(S), M5, wE ¢ iffw |¢|33.

It is also well-known that any consistent normal modal system is characterized by its
canonical model, though not necessarily by its canonical frame, as it is witnessed by
the aforementioned system in Thomason (1972).

3 Some Remarks on Hughes and Cresswell’s Analysis of Cohesiveness

In the previous section we provided all relevant notions for our inquiry except the
crucial one, that of a cohesive frame, which is stated below and based on the idea of
a pseudo-accessibility walk between a pair of states in a frame:

Definition 3.1 A relational frame is cohesive iff there is a pseudo-accessibility walk
between any pair of states in its domain.

Hughes and Cresswell (1996) observe that one way of deciding whether the canoni-
cal model of a monomodal system S is cohesive (i.e., is based on a cohesive frame)
consists in checking whether there is a maximally S-consistent set of formulas which
strongly generates the frame. This strategy can be more precisely described in terms
of amalgamations. One takes the canonical model of a system S and creates an amal-
gamation 9)t* of it (namely, of the singleton {9)t%}). Due to the properties of canonical

5 Thomason’s system is closed under the schemata (l¢p — Q¢ and ¢ — 4#(¢ A —4¢). Due to the first
schema, it cannot be contained in Verjg; due to the second schema, it cannot be contained in Trivg.

6 For a detailed presentation of the construction of canonical models and their properties, see Hughes and
Cresswell (1996).
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models, if w* is the characteristic world of the amalgamation, then we have that, for
all p € L, 9%, w* E O¢ only if g ¢. Next, one checks whether 9T* is a model
for §; if this is the case, the previous claim can be strengthened by saying that, for all
¢ € L, M*, w* E ¢ if and only if g ¢. From this one can infer that {—Cl¢p: K g ¢}
is an S-consistent set of formulas and can be extended to a maximally S-consistent
set of formulas w which belongs to the domain of 9tS. Finally, due to the properties
of canonical models, w is a strongly generating world in 90t5.

A related strategy can be found in Hughes and Cresswell (1984), where it is shown
that the canonical model of a monomodal system S is built over a cohesive frame
whenever S is closed under the following Rule of Disjunction:

RDis if g O¢y Vv ... v Oy, then g ¢;, for some i s.t. 1 <i <n.

Theorem 6.5 in Hughes and Cresswell (1984) shows that if S is a normal modal system
closed under R Disp, then the canonical model of S includes a strongly generating
world. Furthermore, as a consequence of Corollary 5.7 and Theorem 6.6 in Hughes
and Cresswell (1984), if for every finite collection of generated submodels of the
canonical model of a normal system S there is an amalgamation which is also a model
for S, then S is closed under R Disp.

Relying on the methods described, Hughes and Cresswell are able to prove that the
canonical models of the systems K, KD, KT, K4 and S4 are cohesive. Their
results can be extended by looking at correspondence theory (van Benthem 1983);
here we illustrate some examples putting at work the various methods.

Consider the schema below:

Fo (009 ALOY) — 0@ A Y).
The property of R associated with F, called finality, is the following:

Ywdw' (wRow' A Vw” (w' Row” — w' = w"))

Informally, this property means that every world has access to at least one simple
cluster. Take the canonical model of KF, thatis K+{ 7}, and build an amalgamation
M* of it. Let w* be the characteristic world of the amalgamation. We need to check
whether 91* is a model for KF. One way of doing this is looking at the properties of
the underlying frame; now, since w* has access to all simple clusters in 9t¥¥O, then
finality holds for the relation R, in the frame of 91", which is therefore a model for
KF. From this one can infer that, for all ¢ € L, ¥, w* & O¢ if and only if g ¢;
the cohesiveness of 9MKFO follows from the fact that {—Cl¢: Fkr., ¢} is a KF-
consistent set of formulas and thus can be extended to a maximally KF-consistent
set of formulas w which is, by construction, a strongly generating world in t¥¥FO,

The cases of KD + {F} and K4 + {F} are analogous, since the frame of
an amalgamation is always serial and transitive when the frames in the class being
amalgamated are themselves serial and transitive. In the cases of KTy + {F3} and
S40 + {F} the argument used for KF only requires the addition that w* R w*.
Similarly, consider the following schema:

4eq Ug — U,
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Take an amalgamation 9)U* of the canonical model of the system Kdey = K+ {4c}
s.t. w*REw*, where w* is the characteristic world of the amalgamation. The frame
of 9* satisfies the property of R associated with 4¢p, that is density:

Yw, v(wRgv — Ju(wRgu A uRQv))

Indeed, itis sufficient to observe that w* R,w* guarantees that for every worldv € W*
there is a world (w*) which is accessible from w* and has access to v. Thus, the
cohesiveness of Kdc follows in the usual way.

As itis illustrated in Chagrov and Zakharyaschev (1997), the systems K44 + { F7}
and S4o 4+ { Fo} are actually equivalent to the systems obtained by adding respectively
to K4 and S4 the McKinsey-schema:

Mp U0¢ — Olg.

At this point one may wonder whether the system obtained by adding M directly to
K, that is KM, has a cohesive canonical model as well. This is indeed the case.
Take any finite collection C,, of generated submodels of the canonical model of KM.
Let 991" be an amalgamation of C,, and assume that it is not a model for KMj. Then, it
must be the case that for some formula v, 00y — QL is false at w* in 9t*, where
w™ is the characteristic world of the amalgamation. This means that both [JQvr and
OO— are true at w*, hence that O and O— are true at every world of a model in
Cn; from this one can infer that (3O and [JQ—1 are true at every such world and so
are OOy and OO—y, due to applications of M, which is valid in C,,,. However, since
QU= is equivalent to —=[JO1), then every world in C,, turns out to be inconsistent,
contrarily to the assumption. Hence 9t* is a model for KM and KMp is closed
under R Disp, so its canonical model is cohesive.

Hughes and Cresswell notice also that the canonical models of the systems Verp,
Trivg and S5 are non-cohesive. In the first two cases the result is straightforward,
given that the canonical model of Ver includes only degenerate clusters and the
canonical model of Triv includes only simple clusters; in the third case the result
relies on the fact that if the canonical model of S5 were cohesive it would also be
strongly generated by every world (since Ry would be a universal relation) and this,
in turn, would entail that Op € Th(S50) for every p € V AR, which is clearly not
the case.

We provide here also a bimodal version of the Rule of Disjunction and illustrate
that it entails the existence of a strongly generating world in the canonical model as
well:

RDisomifts (Lo AMp) V...V (Up, AB,), thentg ¢;, forsomeis.t.1 <i <n.

Proposition 3.2 Given a normal bimodal system S, if S is closed under the rule
RDisom, then IS is strongly generated.

Proof Assuming that the set {—(O¢ A B¢): s ¢} is not S-consistent, one gets that
Fs = (=1 ABP)A...A=(Op, ABlg,)) for some ¢y, ..., ¢, which are notin Th(S).
Therefore, g (Lo AMp1) V... vV (Lo, AM¢,) and so, by RDisqm, s ¢; for some
i s.t. 1 <1i < n,contrarily to the assumption. This means that {—(U¢ A B¢): s ¢}
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is S-consistent and can be extended to a maximally S-consistent set w s.t., for all
Y € Lom, Oy A By € w if and only if g . Take an arbitrary world v € WS and
suppose that =(wROv) and —=(w Rgv). Then there are formulas Ul¢, My € w with
¢, ¢ v.Letd = ¢ V. Then J0 A MO € w. From this we can infer g 0 and so
6 € v; but this entails that either ¢ € v or ¥ € v: contradiction. Therefore, we can
conclude that w is a strongly generating world in 9015 O

An important issue, which is left open by Hughes and Cresswell, is whether there
is a correspondence between the fact that a system S is closed under RDisy (or
R Disom) and the fact that the canonical model of S is based on a strongly generated
frame. One can show that this is actually the case.

Proposition 3.3 Any strongly generating world w in the canonical model of a
monomodal system S is such that wRéw. Furthermore, any strongly generating world

! 4
v in the canonical model of a bimodal system S’ is such that either vRé v or vRa v.

Proof In the monomodal case, suppose that w is a strongly generating world in 905
and that —(w R%w). Then, for some formula 1, we have [y, = € w. From this we
can infer that ¢ € u for every world u s.t. u # w and so that w is the unique world
in M5 s.t. = € w. However, this cannot be the case, since, for every propositional
variable p not in v, both sets {—, p} and {—¢, —p} are S-consistent and so they
can be extended to two maximally S-consistent sets of formulas corresponding to two
different worlds in 915, Therefore, there is no formula ¥ s.t. v, =y € w and this
entails that wRé w, contrarily to the hypothesis.

In the bimodal case the argument is similar. Suppose that v is a strongly generating
world in 0" and that =(v R% v) and —|(sz v). Then, for some formulas i and x, we
have (v, By, =, —x € v. From this we can infer that ¢ v x € u for every world
u s.t. u # v and so that v is the unique world in mS s.t. —(¥ Vv x) € v. Again, this
cannot be the case, since, for every propositional variable p not in i Vv x, both sets
{=(¥ Vv x), p}and {=(y Vv x), —p} are §’-consistent and so they can be extended to
two maximally S’-consistent sets of formulas corresponding to two different worlds
in 95", The rest follows as in the monomodal case. O

Proposition 3.4 A consistent normal monomodal (bimodal) system S is closed under
RDisq (RDisqom) iff the canonical model of S is strongly generated.

Proof Theorem 6.5 in Hughes and Cresswell (1984) and Proposition 3.2 above pro-
vide the left-to-right direction of the biconditional. For the right-to-left direction it
is sufficient to notice that if w is a strongly generating world of a system S and
Fs Oy Vv ... v e, (in the bimodal case, g (Ll AMp1) Vv ... v (O, A M,,)), then
Oy v...vUe, € w (Lo Al Vv ... v (Lo, A M¢,) € w) and we have [Ip; € w
(O¢: A M¢; € w) for some i s.t. 1 <i < n. Therefore, by the properties of strongly
generating worlds and Proposition 3.3, ¢; € v for all v € WS, whence ¢; € Th(S).
This means that S is closed under R Disy (RDisqom). O

On the other hand, Hughes and Cresswell’s strategy based on strongly generating
worlds cannot be applied to systems closed under any of the following schemata:
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Bo ¢ — O0¢;
50 O¢ — 00e.

Indeed, suppose that the canonical model of a system S closed under B included
a strongly generating world w; then, for every propositional variable p we would
have either (I) p € w or (I) =p € w. Even if w had no access to itself, it would
have certainly access to some world u s.t. p € u and to some world u’ s.t. =p € u’;
therefore, we could infer O p, O—p € w. Furthermore, since the canonical model
of a system closed under Bpj is built over a symmetric frame, then, for every world
v e WS st v # w, we would have vRow. Thus, in case (I) we would get Op € z
forall z € W9 and so Op € Th(S), while in case (IT) we would get O—p € z for all
z € WS and so O— p € Th(S). A contradiction would result in both cases, since no
consistent normal monomodal system has either ¢ p or $—p among its theorems.

Similarly, suppose that the canonical model of a system S’ closed under 5 included
a strongly generating world w; then, for any p € V AR there would be a world u s.t.
wROu and p € u; therefore, we would have O p, (0O p € wand Op € Th(S’), which
is, again, impossible.

Finally, one can rely on RDisp to obtain additional negative results on the exis-
tence of strongly generating worlds. For instance, Hughes and Cresswell (1984, p.
78) observe that no extension of S4.2 is closed under R Disp, where S4.20 is the
system obtained by extending the axiomatic basis of S4 with the principle below:

Gl O0¢ — O0¢.

Indeed, if S is an extension of S4.2, then 0O p vOO—p € Th(S) forany p € VAR,
while Op, O—p ¢ Th(S). This means that R Disq fails in S and so, in the light of
Proposition 3.4, that the canonical model of S is not strongly generated.

4 The Method of Isolated Worlds

Showing that the canonical model of a system S does not include any strongly gener-
ating world is not sufficient to claim that the model is non-cohesive; indeed, in such
case it is still possible that all pairs of different states in the domain are related by
a pseudo-accessibility walk. For instance, a monomodal frame with three states w,
wy and w3 s.t. Rg = {(wy, wa), (w3, wy)} is not strongly generated but cohesive.
Furthermore, Hughes and Cresswell exploit R Dis only to show that the canonical
model of a system closed under it includes a strongly generating world. We will see
below that this rule (as well as its bimodal analogue introduced in Sect. 3) can be
also used to prove non-cohesiveness in the case of specific systems; however, here
we are interested in finding general properties that guarantee the non-cohesiveness of
the canonical model for a possibly large class of systems. To this aim, we look for a
strategy able to point out directly the presence of at least two worlds not related by
any pseudo-accessibility walk in the frame of the canonical model.

The strategy adopted in this Section can be described as follows. Suppose that a
monomodal frame includes a state w s.t. (I) Rg(w) — {w} = @ and (II) w ¢ RO(v)
for any v # w: then there is no pseudo-accessibility walk between w and any other
(distinct) state in the domain. Similarly, suppose that a bimodal frame includes a state
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w s.t. (I) (ROg(w) U Rm(w)) —{w} =@ and (II) w ¢ Ro(v) U Rm(v) for any v # w:
then there is no pseudo-accessibility walk between w and any other (distinct) state
in the domain. Thus, in order to claim that a frame is not cohesive it is sufficient to
show that it includes a state w with these properties, which can be called an isolated
world. In what follows we will prove that the canonical frame of relevant classes of
monomodal and bimodal systems includes some isolated worlds.

Let S and S’ be two consistent normal modal systems s.t. S’ is an extension of S.
Since Th(S) € Th(S')and L ¢ Th(S’), then the canonical model of S, 95, includes
some state w s.t. Th(S’) € w; such a state can be called an S’-consistent state in
oS, Relying on this fact, we illustrate below which are the degenerate clusters and
the simple clusters in the canonical model of a system.

Proposition 4.1 In the canonical model of any normal monomodal (bimodal) system S
the set of Very-consistent (Verm-consistent) worlds is the set of degenerate clusters
and the set of Trivg-consistent (Trivom-consistent) worlds is the set of simple clusters.

Proof Consider degenerate clusters in the monomodal case. Any Verp-consistent
state w in M is clearly a degenerate cluster, since JL € w and L does not belong
to any maximal consistent set of formulas. Conversely, if w is not a Verg-consistent
state, then there is some formula o s.t. =[Jo € w. From this it follows that the set
O~ (w) U {—o} is S-consistent and contained in some u in W¥. Indeed, otherwise
we would have Fg (41 A ... A ¢) — o for some ¢1, ..., ¢, € " (w) and, by
ordinary modal reasoning, we would get =g (Lo A ... A O¢y,) — o, so Uo € w:
contradiction. Since, by definition, w Rl%u, then w is not a degenerate cluster. A similar
argument can be used in a bimodal setting with reference to Verm-consistent worlds:
one direction is trivial, while the relevant difference in the converse direction is that the
claim that =[Jo € u has to be replaced with the weaker claim that =[o v —Mo € u
and the rest has to be changed accordingly.

Consider simple clusters in the monomodal case. Any Trivo-consistent world w
is clearly a simple cluster, since 0™ (w) € w, so le%w, and for any u # w there
iso e LOst.o ewando ¢ u,soo € wand O (w) ¢ u, whence —-(le%u).
Conversely, for any world u which is not Triv-consistent there is some t € £ s.t.
either —t, [t € u or 7, =t € u. In the first case, since 1™ («) §Z u, then —(uRéu)
and u is not a simple cluster. In the second case, the set [~ (1) U {—t} is S-consistent
and contained in some v € WS, for reasons illustrated above; of course, v # u and
this means that u is not a simple cluster. A similar argument can be used in a bimodal
setting with reference to Trivym-consistent worlds: also in this case one direction is
trivial, while the relevant difference in the converse direction is that the claim that
either —t, Ut € u or t, =t € u has to be replaced with the weaker claim that either
—7,0tr VBt € uor r, -t v =Mt € u and the rest has to be changed accordingly.

O

Proposition 4.1 points out a peculiar aspect of canonical models. Indeed, focus-
ing on the relation between T h(Triv) and simple clusters in canonical models
for monomodal systems, we could rephrase the corresponding part of Proposition
4.1 as follows: for any w € W5, w is a simple cluster iff M5, w £ ¢ whenever
¢ € Th(Triv). On the other hand, this is not the case, in general, for ordinary mod-
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els, since we can have all theorems of Triv true at a state u of a non-canonical model
I without u being a simple cluster. In what follows we show that in the canonical
models of some classes of normal monomodal and bimodal systems simple clusters
and degenerate clusters are also isolated worlds and this is sufficient to claim that such
canonical models are non-cohesive.

We denote by !"* a string of length n, for some n > 0, composed by the operators []
and ¢. Given that [J and ¢ are interdefinable, ! can be called a monomodal sequence.

Proposition 4.2 Any normal monomodal system S which has one of the following
properties has a non-cohesive canonical model.:

P1 S is contained in Very and =5 OO T _
P2 S is contained in Trivg and, for somen > 0, =g ¢ — U \/()Sl-gn!’rzb.7

Proof Let S be a system satisfying property P1. Then, the canonical model of S
includes some Ver-consistent world w. Let v be an arbitrary world in W5 s.t. v # w;
then, by P1, 0OT € v. This means that O T € u forevery u € Rl%(v). However, since
w is a Verg-consistent world, then 0T ¢ w; therefore, w ¢ RI% (v). Notice that v
is an arbitrary world in W5 s.t. v # w, so w is not accessible from any other world
in the domain. Moreover, Proposition 4.1 tells us that w is a degenerate cluster. Thus,
we can conclude that w is an isolated world.

Let S be a system satisfying property P2. Then, the canonical model of S includes
some world w which is Trivj-consistent. Let v be an arbitrary world in WS s.t. v # w.
Then, there is some ¥ € L s.t. ¥ € vand ¥ ¢ w. From P2 it follows that there is
some n > 0s.t. O\/y_;-,""¥ € v and this, in turn, means that \/,_;_,"" ¥ € u for
any u € Ré (v). However, since w is a Trivg-consistent world and iy !kl/f =
for any k > 0, then \/Ofl.fn!ixp € wiff Y € w,hence w ¢ RI% (v). This means that w
is not accessible from any other (distinct) world in the domain. Moreover, Proposition
4.1 tells us that w is a simple cluster; thus, we can conclude that it is an isolated world.

O

We now illustrate some consequences of Proposition 4.2. All normal monomodal
systems between K5 (= Ko + {50}) and Ver satisfy P1, due to the fact that
FKso OOT; thus, they all have a non-cohesive canonical model. Furthermore, all
normal consistent extensions of KB (= Kg +{Bq}) satisfy either P1 or P2, due to
the fact that Fxp ¢ — O0O¢ and FKBg OO T; thus, their canonical models are non-
cohesive as well. Notice also that according to the proof of Proposition 4.2 (where w is
always taken to represent either an arbitrary degenerate cluster or an arbitrary simple
cluster), any normal monomodal system satisfying both P1 and P2, like KB and its
extension KTe (= K + {Tc}), has a canonical model in which all degenerate
clusters and all simple clusters are isolated worlds.

In general, if [VAR| = k, then whenever the canonical model of a normal
monomodal system includes a Ver-consistent world or a Trivg-consistent world, it
includes 2% worlds of the same kind (resulting from a different valuation of proposi-
tional variables); this means that if V AR is countably infinite, then any monomodal

7 A further notational remark: when n = 0, Vo<i<n' ¢ = ¢.
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system satisfying a property among P1 and P2 has a canonical model with uncountably
many isolated worlds. The extreme cases are the canonical models of Ver, Trivg
and KTcp, in which all worlds are isolated, since the first one includes only degener-
ate clusters, the second one only simple clusters and the third one only degenerate or
simple clusters.

We know that a normal monomodal system is closed under R Disp iff its canonical
model is strongly generated (Proposition 3.4). Thus, all systems which satisfy some
property among P1 and P2 cannot be closed under R Dis. In some cases it is easy
to find system-specific counterexamples to RDisr. For instance, KS has among
its theorems [lp v JO—p; however, neither p nor {—p is provable in such system.
In a more systematic perspective, it is interesting to notice that P1 and P2 provide
some general counterexamples to RDisq. Indeed, if a system S satisfies P1, then
Fs OOOT and Th(S) € Th(Vern), so ¥s OT, which is enough for the failure of
RDisq. Furthermore, if a system S’ satisfies P2, then g Op — O \/0<i<n!i<>p,
that is g Cl=p v I \/0<i<n!i<>p. We know that g —p for any consistent normal
system §; furthermore, since Th(S’) € Th(Triv), then g \/O<i<n!i<> p would
entail Fyiyy \/0<i<n!i<>p; however we know that Fryiv \/O<i<n!i<>p iff Freivy P
and the latter is clearly not the case. Thus R Disg fails in S,

Moreover, one can sometimes combine the existence of Ver-consistent worlds or
Triv-consistent worlds in the canonical model of a system with the failure of R Disq
in order to get an alternative proof of non-cohesiveness. For instance, in the case of
KB, we have that g, 0O p vO—p, while O p, O—p ¢ Th(KBp). Not only this,
but the set {—= p, =0—p} is KB-consistent, being a subset of every Ver-consistent
world in the canonical model of KB (and we know that there are some). Thus, all
such worlds cannot be accessible from any others and they are degenerate clusters,
due to Proposition 4.1; therefore, they are isolated worlds. However, this procedure
is system-specific; for instance, the same example would not work for KTB, since
{=Op, =O—p} is not a KTB-consistent set.

Now we will illustrate how the method of isolated worlds can be put at work in a
bimodal context. Let M and M’ stand for an arbitrary operator between ¢) and 4 and
L and L’ for an arbitrary operator between [J and M. Furthermore, let ?" stand for a
string of length n, for some n > 0, composed by the operators [, B, { and ¢; we will
say that 7" denotes a bimodal sequence.

Proposition 4.3 Any normal bimodal system S which has one of the following prop-
erties has a non-cohesive canonical model:

P3 S is contained in Verom and =5 OMT ABM'T. '
P4 S is contained in Trivom and s ¢ — (O\/ g, "¢ AR \/Osjsl?]‘p)’ for
some n,l > 0.

Proof Let S be a bimodal system satisfying property P3. Then the canonical model of
S includes some Verg-consistent world w. Let v be an arbitrary world in W9 s.t.
v # w; then, by P3, OMT A BM'T € v. From this one can infer that M T € u for
every u € R%(v) and M'T € z forevery z € Ra(v). However, since w is a Verpm-
consistent world, then 0T ¢ w and 4T ¢ w. Therefore, w ¢ R% (v) U Ra(v). Since
v is an arbitrary world s.t. v # w, then w is not accessible from any other world in

@ Springer



A note on the issue of cohesiveness in canonical models

the domain. Furthermore, Proposition 4.1 tells us that w is a degenerate cluster; thus,
we can conclude that w is an isolated world.

Let S be a bimodal system satisfying property P4. Then, the canonical model of
S includes some Trivg-consistent world w. Let v be an arbitrary world in W s.t.
v # w. Then, there is some ¥ € Lom s.t. € vand ¥ ¢ w. By P4, D\/O<i<n?iw A
W \/o_;, /¥ € v for some n,! > 0. From this one can infer that \/o_,,” ¥ € u
forany u € RI% (v) and that \/ijsl 2y etforanyt e Ra(v). Since w is a TrivOm-
consistent world, then 2%y € w iff ¥ € w for any k > 0; hence w ¢ R%(v) @) R= (v)
for any v # w. Furthermore, Proposition 4.1 tells us that w is a simple cluster; thus,
we can conclude that it is also an isolated world. O

The duplication of any monomodal system satisfying property P1 or P2 clearly
satisfies P3 or P4. More generally, a system with a separable axiomatic basis § ® S’
has property P3 whenever both S and S’ satisfy P1 and has property P4 whenever
both § and S’ satisfy P2. On the other hand, since it is not always the case that a
normal bimodal system is contained either in Verrjg or in Trivom,® we provide here
syntactical criteria which are sufficient for this to be the case, before illustrating other
consequences of Proposition 4.3.

Given a formula ¢ € Lm, let us say that a maximal modal subformula of ¢ is any
subformula of ¢ of kind [y or Mys which is not in the scope of a modal operator.
For instance, the maximal modal subformulas of (LJ(Hp v CIllg) A Or) = g are
O(Hp v OlMg) and Or.

Proposition 4.4 Any consistent and normal bimodal system S s.t. for every formula
¢ € Th(S), we also have ¢* € Th(S), where ¢* is obtained from ¢ by replacing
all maximal modal subformulas with T, is contained in Verpm. Furthermore, any
consistent and normal bimodal system S’ s.t. for every formula ¢ € Th(S'), we also
have ¢** € Th(S"), where ¢** is obtained from ¢ by removing all occurrences of O
and W, is contained in TrivOg.

Proof Let S be a consistent and normal extension of Kg such that for every ¢ €
Th(S), »* € Th(S); suppose that there is some formula v s.t. ¥ € Th(S) while
Y ¢ Th(Verpm). Notice that all normal modal systems are closed under replacement
of provable equivalents; thus, since, for any formula y, (Qx = T)A (Bx =T) €
Th(Verom), we have ¢ ¢ Th(Verqm) iff v* ¢ Th(Verpm). By definition, *
is a formula including no modal operator and we must have ¢* ¢ Th(PC), since
Th(PC) € Th(Verom). However, since PC is a Post-complete system, then no
consistent extension of it can have * as a theorem, hence ¥ ¢ Th(S): contradiction.
Let S’ be a consistent and normal extension of K such that for every ¢ €
Th(S"), ¢** € Th(S'); suppose that there is some formula v s.t. ¥ € Th(S’) while
Y ¢ Th(Trivom). Since, for any formula y, (Ox = x) AWy = x) € Th(Trivom),
we have ¥ ¢ Th(Trivom) iff ** ¢ Th(Trivom). By definition, ¢** is a formula
including no modal operator and the rest of the argument runs as in the previous case.
O

8 There are also examples of normal mirror systems that are neither contained in Verrygg nor in Trivom,
such as K + {{JL = —M_L}; the author thanks Tomasz Kowalski for drawing attention to this point in
personal correspondence.
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All normal systems of tense logic satisfying one of the conditions mentioned in
Proposition 4.4 have a non-cohesive canonical model, since they also satisfy either
P3 or P4, due to the fact that g, LT A BOT and Fk, ¢ — Uéo A BO@. The
properties P3 and P4 are clearly satisfied also by some normal systems of bimodal
logic that are not closed under RM I, such as KTe @ KBy or Kj,. Furthermore, any
normal bimodal system satisfying both P3 and P4, like K, or KTcem, has a canonical
model in which all degenerate clusters and all simple clusters are isolated worlds.
Relying on the same argument used in the monomodal case, we can claim that if
|V AR| = k, then any normal bimodal system satisfying a property among P3 and P4
has a canonical model including 2* isolated worlds.

Actually, in the case of systems of tense logic it is possible to provide a very general
result of non-cohesiveness, that does not rely on the method of isolated worlds and
was pointed out by an anonymous referee of the present article. We illustrate such
result in Proposition 4.5.

Proposition 4.5 The canonical model of every normal system of tense logic is non-
cohesive.

Proof Let S be a normal and consistent system of tense logic. It can be proved that,
for every p € VAR, the canonical model of S includes a state w s.t. {L"p : n €
N} € w. Indeed, suppose that this is not the case; then, there is some k > 0 s.t. g
= o<i<x L' p. Since § is closed under uniform substitution, then -5 = /\g_; o, L' T.
However, given that S is closed under RN and RNg, then g L/ T forevery j € N
and so Fs Ng<j<k LiT: contradiction. Therefore, {L"p : n € N} can be extended
to a maximally S-consistent set of formulas w. As a consequence, for every n € N,
—M"—=p € w. The canonical model of S obviously includes some state v s.t. =p € v.
Since R and Rg are reciprocally converse in the frame of the canonical model of
S (due to BR1 and BR2, as discussed in Sect. 2), then there cannot be any pseudo-
accessibility walk between w and v. Indeed, suppose that there were a sequence of
gl ; .
states (wg, ..., w;) € W s.t. wo = w, w; = v and for each i < [ either w; ROw; 41
or wit1 Row; or w; Rgw;4+1 or wi+1 R@w;; then Ml—-p € w, for some sequence of
possibility operators M*, which would lead to a contradiction. O

5 Final Comments

In this article we explored the issue of cohesiveness in canonical models by extending
some preliminary results obtained by Hughes and Cresswell. Beside showing how their
methods involving R Dist or a strongly generating world can lead to new system-
specific results and can be exploited in a bimodal setting, we introduced the method
of isolated worlds, which allows one to claim that the canonical model of a quite large
class of normal monomodal and bimodal systems is based on a non-cohesive frame.
In Table 1 we summarize some of the most relevant results obtained.

During the exposition, we presented some problems that remained open, for instance
whether the canonical model of normal extensions of S4.2 or the one of systems
between K55 and Triv is cohesive; in the light of what is said in Sect. 3, one would
be inclined to think that the answer to this question is negative. However, the method
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Table 1 Cohesivenss in canonical models

Systems Canonical model
Normal systems extending KB Non-cohesive
Normal systems between K5 and Ver Non-cohesive
KFn Cohesive
KD + {Fo} Cohesive
K4 + {(Fo} Cohesive
KTo + {Fo} Cohesive
Sdn + {Fg) Cohesive
Kdcp Cohesive
KM Cohesive
Normal systems S ® S” where both S and S satisfy P1 Non-cohesive
Normal systems S ® S’ where both S and S’ satisfy P2 Non-cohesive
Normal systems of tense logic Non-cohesive

of isolated worlds does not seem to work to settle these cases. The possibility of
generalizing the methods discussed here to deal with multimodal languages including
an arbitrary number of primitive operators of necessity represents another important
direction for future investigations in this area.

Finally, it would be interesting to check whether non-cohesiveness is a monotonic
property, in the sense that if a system S has a non-cohesive canonical model and S’
is an extension of S, then S’ has a non-cohesive canonical model as well. The results
available so far seem to suggest that this is the case. On the one hand, this would contrast
with the fact, observed in Hughes and Cresswell (1984), that closure under R Disg is
not a monotonic property, since the system K + {(L¢ — ¢) v O(0¢ — Oeg)}
provides counterexamples to R Disp, despite being between K and KT, which are
both closed under such rule. On the other hand, we know by Proposition 3.4 that the
failure of R Disp is not sufficient to prove non-cohesiveness (being equivalent to the
claim that the canonical model does not include any strongly generating world), so
such a discrepancy with respect to monotonicity would not represent an issue.
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