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A B S T R A C T

Conformal gravity is a higher derivative gravitational theory that is conformally invariant, in
addition to its diffeomorphism invariance. In four dimensions the conformal gravity Lagrangian
contains up to four derivatives of the metric. Like most higher derivative theories, a naive analysis
yields that conformal gravity is power-counting renormalizable at the prize of introducing ghost
degrees of freedom, in contrast to general relativity, which is power-counting non-renormalizable
but has no ghosts. The theory has been considered in several contexts in the literature, such as a
quantum gravity, cosmology and holography.

Throughout this thesis, conformal gravity is examined in holographic, classical and semi-classical
contents. At first, in order to establish the structure of a possible holographic dual the theory is
considered in the holographic approach. In particular, conformal gravity is formulated with new,
generalized asymptotic boundary conditions which allow for a term compatible with the most gen-
eral spherically symmetric solution of the theory, namely an asymptotically subleading Rindler
term. The conformal gravity action with the proposed asymptotic boundary conditions is proven to
constitute a well-defined variational principle and the corresponding response functions are shown
to be finite. Therefore, no additional boundary terms or holographic counterterms are required to
be added at the level of the action. The obtained results for the response functions are applied to
phenomenologically interesting examples. Furthermore, the asymptotic symmetry algebras of the
dual field theory are constructed and they are classified according to their number of generators. It
turns out that the highest-dimensional subalgebra consists of 5 generators. Then, classical aspects of
conformal gravity are examined via the Hamiltonian formulation of the theory. Namely, exploiting
the constraint analysis, the generator of gauge symmetries is derived and then, using slightly more
generalized boundary conditions compared to the ones of the holographic analysis, the canonical
charges associated with asymptotic symmetries are constructed. No charges associated with local
Weyl rescalings are found. Thus, the obtained charges are associated with asymptotic spacetime
diffeomorphisms and their asymptotic symmetry algebra is the algebra of boundary conditions
preserving diffeomorphisms. Finally, conformal gravity is considered in the semi-classical approx-
imation. This is done by analytically evaluating the 1-loop partition function of the theory, using
heat kernel techniques.
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1
I N T R O D U C T I O N , S U M M A RY A N D O U T L I N E

General Relativity, describing the dynamics of the gravitational field or equivalently of spacetime,
has been established as a successful theory of nature since it makes predictions that were tested
experimentally. Namely, it makes predictions for phenomena e.g. at solar system scales, at galactic
scales, for the Cosmic Microwave Background, etc. In particular, concerning solar system scales,
the Schwarzschild solution, which describes the exact exterior field of a static and spherical body,
predicts precession of the perihelia of the orbit of Mercury, gravitational red-shift of spectral lines,
deflection of light by the sun, time delay of radar echoes passing the sun. Furthermore, General
Relativity together with assumptions of homogeneity, isotropy and about the matter content of the
universe, predicts the cosmic abundance of helium and the existence of the cosmic microwave radi-
ation. Additionally, an analysis of the linearized Einstein’s equations predicts gravitational waves.
All the previously mentioned predictions have been accurately confirmed by precise measurements
which were detected experimentally [1], [2]. Furthermore, there has also been experimental veri-
fications of the underlying principles which the theory relies on, e.g. equivalence principle, local
Lorentz invariance, and others [3], [4], [5], [6]. Lastly, General Relativity has the correct behavior in
the slow moving (non-relativistic) and weak field limit. That is, its predictions reduce to those of
Newtonian gravity in this limit.

Although present experimental technology is very far from detecting quantum gravitational ef-
fects, it is nevertheless a crucial theoretical task to investigate a quantum theory of gravity. Then,
if the principles of quantum theory are to be applied to the gravitational field, General Relativ-
ity must be the classical approximation to a fundamental theory of quantum gravity. Enormous
attempts have been made towards the direction of quantization of the gravitational field. Accord-
ing to the standard quantization methods, all such attempts fail in quantizing the gravitational
field. At first, following perturbation theory, General Relativity is rendered non-renormalizable.
Firstly, this can be obtained by power counting arguments: the inverse Newton’s constant, i.e. the
coupling constant of the Einstein-Hilbert action, has negative mass dimensions and thus renders
the theory power counting non-renormalizable. Indeed, an explicit calculation reveals that it is
2-loop non-renormalizable [7]. Additionally, each perturbative order requires a new counterterm,
with the nth-order one being a function of the nth-power of the Riemann tensor and its contractions.
Thus, with the series not terminating, Einstein gravity is rendered non-renormalizable. Furthermore,
adopting the path integral approach to quantization, the Euclidean form of the General Relativity
action is not positive definite [8], not even for real and positive metrics. Hence the Euclidean path
integral does not converge and thus, it is ill-defined. Only after restricting to particular classes of
solutions, e.g. asymptotically Euclidean metrics and others, a positive action is obtained [9] and
the Euclidean path integral is expected to converge. Nevertheless, restricting the space of solutions
is not a satisfactory resolution to the problem of the convergence of the Euclidean path integral
of General Relativity. Lastly, following the canonical (Dirac) quantization, one ends up with the
Wheeler-Dewitt equation [10] which has technical difficulties on actually finding its solutions, as
well as conceptual issues concerning the (no) time evolution of the gravitational wave function, or
wave function of the universe.

Adopting perturbation theory and as an attempt to resolve the problems of renormalization of
General Relativity, higher derivatives in the metric were added in the action. The justification was
that, since higher derivative terms in the Einstein-Hilbert Lagrangian appear as counterterms at
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8 introduction, summary and outline

the 1-loop level, an obvious resolution was to add such terms in the original action, in order to
make it renormalizable. In particular, adding two higher derivative terms in the Einstein-Hilbert
action, consisting of the square of the Ricci scalar and the Ricci tensor, it turns out that the action is
renormalizable [11], [12] for appropriate values of the coupling constants of these terms. Now some
classical aspects of generic higher derivative theories are the following: they have a well-defined
initial value formulation [13] and Schwarzschild solution is among the wide class of solutions of
these theories. Also, the Newtonian limit is recovered in the weak field approximation, but with
fine tuning of the parameters [11].

The problem of higher derivative theories, which renders them unsatisfactory as fundamental
theories of (quantum) gravity, already appears at similar theories in classical mechanics. That is,
addition of higher time derivative terms in the Lagrangian causes an instability [14]. This is a lin-
ear instability in the Hamiltonians associated with Lagrangians depending on more that one time
derivative, in a way that the higher derivatives cannot be removed by partial integration. Such
Hamiltonians depend linearly on the canonical momenta and thus, the system is unbounded from
below. This problem is maintained when passing to the higher derivative gravitational theories.
Indeed, considering a theory consisting of the Einstein-Hilbert Lagrangian and additionally the
square of the Ricci scalar and the Ricci tensor, and choosing the value of the coupling constants
for which this theory is renormalizable, a linearized analysis reveals 8 physical degrees of freedom
[15]. Two of them correspond to the standard massless spin-2 graviton and from the remaining 6,
5 correspond to a massive spin-2 field and the 6th is the Boulware-Deser ghost [16]. This massive
spin-2 field appears with a minus sign relative to the other fields and this can never be changed.
Classically, this means that the corresponding excitation has negative energy which leads to a break-
down of causality, since propagation of negative energy waves occur outside the light cone. At the
quantum level, the theory can be reconstructed by having positive energy but negative norm on
the state vector space. These negative norms cannot be discarded without destroying the unitarity
property of the S-matrix. Therefore, facing such obscure conceptual problems, such theories cannot
be considered as fundamental theories of (quantum) gravity. A survival of such theories is, maybe,
in some sense viable when considering an effective theory approach, but again with the cost of fine
tuning of the coupling constants of the higher derivative terms. If those coupling constants were
small enough to make the ghost fields only important on distance scales near the Planck length and
if there was a breakdown of causality at this scale, a higher derivative model could represent an
effective theory of gravitation at more familiar lengths.

Throughout this thesis, a particular higher derivative gravitational theory in 4 spacetime dimen-
sions is researched. The name that is attributed to this theory is conformal gravity, due to its confor-
mal invariance as its characteristic feature. In other words, the theory depends on Lorentz angles,
but not on distances. The conformal gravity action consists of the square of the Weyl tensor. Since
the Weyl tensor has the property of being invariant under local rescalings of the metric, the resulting
action in 4 spacetime dimensions is conformally invariant. As it was already mentioned for generic
higher derivative theories, conformal gravity seems to have a better behavior than General Relativ-
ity in the quantum regime. Adopting perturbation theory as a scheme of quantization, conformal
gravity is power-counting renormalizable due to its dimensionless coupling constant. An actual
calculation reveals that it is 1-loop renormalizable [17]. However, the open question is whether pres-
ence of conformally invariant counterterms are required at all orders of perturbation. Along the
line of the path integral approach to quantization, the conformal gravity action is positive definite
assuming real and positive metrics and a positive coupling constant. Therefore, the Euclidean path
integral converges [18]. Lastly, when adopting the canonical quantization scheme, the presence of
the Hamiltonian constraint does not seem to resolve the problematics of the corresponding Wheeler-
Dewitt equation [19]. As far as classical aspects of conformal gravity are concerned, the initial value
formulation of the theory is well-defined [20]. The most general static, spherically symmetric solu-
tion of the theory [21], [22] contains one additional parameter as compared to Schwarzschild− AdS4

solution of General Relativity. This parameter is known as Rindler acceleration [23]. It turns out
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that Schwarzschild− AdS4 spacetime is obtained as a solution of conformal gravity, as a special case
with vanishing Rindler acceleration. Additionally, the theory with some fine-tuning of the param-
eters fits well to galactic rotation curves without need for dark matter [24]. Also, the gravitational
potential of a source characterized by the above mentioned conformal gravity solution, is linear in
the Rindler term and at small distances this term is negligible and the Newtonian limit is recovered.

Furthermore in the literature, conformal gravity has been studied in a quantum gravity context
[25], as a possible UV completion of gravity [26], [27], [28], it emerges theoretically from twistor
string theory [29] and as a counter term in the Anti-de Sitter/Conformal Field Theory (AdS/CFT)
correspondence [30], [31].

Of course, like all higher derivative theories, conformal gravity contains ghosts. It has been
conjectured that the theory may admit an alternative quantization that preserves unitarity [27], [32],
nevertheless it has received some criticism [33], [34]. The problem of ghosts is beyond the scope of
this thesis and in any case, conformal gravity should not be considered as a fundamental theory
of (quantum) gravity. Instead, the focus here is on the classical formulation of the theory and on
establishing the framework for a possible holographic dual.

Interesting results were obtained in the literature, when attempting to find connections between
conformal and Einstein gravity. In particular, it was observed that the renormalized on-shell
Einstein-Hilbert action of 4-dimensional asymptotically hyperbolic Einstein spaces is given by the
action of conformal gravity in these spaces [35], [36], [37]. Following this approach to connect both
theories, it was demonstrated [38] that a class of solutions of conformal gravity with an appropriate
boundary condition leads to solutions of Einstein gravity with a cosmological constant term. Particu-
larly, considering the conformal gravity action and if a Neumann boundary condition is imposed on
the metric at the boundary, then for spherically symmetric configurations Schwarzschild− (A)dS4

spacetime arises as a black hole solution. Moreover, the Euclidean conformal gravity action of
Schwarzschild− (A)dS4 black hole, with a particular choice for the coupling constant of the theory,
matches with the Euclidean Einstein-Hilbert action with a cosmological constant of the same black
hole solution. Subsequently, the corresponding black hole entropy of both theories coincides as well.
Therefore, according to these findings, it can be concluded that this Neumann boundary condition
eliminates, in a way, the ghosts that conformal gravity possesses by picking only those solutions
that are also solutions of Einstein gravity plus a cosmological constant.

The scope of the present thesis is to investigate holographic and classical aspects of conformal
gravity. In particular, the theory is analyzed in a holographic context by implementing appropriate
asymptotic boundary conditions, in order to evaluate the finite response functions of the dual field
theory and to specify the asymptotic symmetry algebras. Furthermore, conformal gravity is formu-
lated classically by exploiting the Hamiltonian formalism, in order for the dynamics as well as the
gauge symmetries of the theory to be revealed. Furthermore, adopting a semi-classical approxima-
tion the 1-loop corrections of the theory are evaluated.

The organization of the thesis is as follows: in Part I, all basic concepts which are essential in the
formulation of the research on aspects of conformal gravity are introduced. At first, in chapter 2,
the Hamiltonian formulation of gauge theories is presented and in 2.4, the Hamiltonian analysis of
General Relativity is presented. Then, in chapter 3, the path integral approach to gauge theories
and 1-loop corrections is displayed and the relevant analysis on General Relativity is performed in
3.2. Finally, in chapter 4, comments on the AdS-CFT conjecture are mentioned. Then, Part II is
the main part of the research on aspects of conformal gravity. At first, in chapter 5, a holographic
calculation with the presence of asymptotically (A)dS4 boundary conditions is formulated. The
variational principle of the conformal gravity action and the corresponding holographic response
functions are examined and the results are applied to particular solutions of conformal gravity.
Finally, the asymptotic symmetry algebras are analyzed. Continuing further with chapter 6, the
Hamiltonian formalism of conformal gravity is constructed. The constraint analysis is performed,
the Poisson bracket algebra of the constraints is discussed, the gauge generator is constructed and
after the implementation of boundary conditions, the associated canonical charges are evaluated. In
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chapter 7, the 1-loop partition function of the theory is computed. A linearized analysis is adopted
and the corresponding linearized equations of motion are extracted. Then, after evaluating the
Faddeev-Popov determinant, the 1-loop partition function is presented and evaluated analytically
using heat kernel techniques. Part II ends with chapter 8, where summary of the research and its
main conclusions are explicitly presented. Part III consists of appendices and Part IV contains the
bibliography.



Part I

B A S I C C O N C E P T S





2
H A M I LT O N I A N F O R M U L AT I O N O F G A U G E T H E O R I E S

2.1 general setup

The most explicit treatment of a gauge system is the Hamiltonian formulation, originally formu-
lated by Dirac [39]. The formalism is constructed in a way to accommodate the characteristic feature
of gauge theories: the presence of arbitrary functions of time in the solutions of the equations of
motion. This implies that the canonical variables are not all independent but there are constraint re-
lations between them. The Hamiltonian formulation basically consists of handling these constraints.

Throughout this chapter, the Hamiltonian formalism is presented for a gauge system consisting
of finite degrees of freedom (mechanics) in 2.1. Then, in 2.2, the formalism is generalized for a
gauge system consisting of infinite degrees of freedom (field theory). In this case, the presence of
boundaries and the construction of canonical charges is discussed. The Hamiltonian formalism is
then applied to two particular examples in 2.3, the first one is a mechanical system and the second
one is Electrodynamics. Finally, in 2.4, the Hamiltonian analysis of General Relativity is presented.

2.1.1 Primary constraints

The mechanical system in question is characterized by the Lagrangian function L = L(q, q̇), which
is a function of positions q = {qi(t)} and velocities q̇ = {q̇i(t)}, with i = 1, . . . , N denoting the
physical degrees of freedom. The action functional is of the form

S =
∫ t2

t1

dt L
(
q, q̇
)

. (2.1)

In order to find the classical equations of motion one requires Hamilton’s principle to hold: that is,
action (2.1) must be stationary under arbitrary variations of the positions δqi, i.e.

0 !
= δS =

∫ t2

t1

dt δqi

[ ∂L
∂qi
− d

dt

( ∂L
∂q̇i

)]
+

∂L
∂q̇i

δqi

∣∣∣t2

t1

(2.2)

where Einstein summation has been adopted and is considered from now on. The above is satisfied
when

∂L
∂qi
− d

dt

( ∂L
∂q̇i

)
= 0 , ∀ i = 1, . . . , N (2.3)

assuming fixed end points, i.e. δqi(t1) = δqi(t2) = 0. These are the Euler-Lagrange equations of
motion and can be rewritten as

q̈j
∂2L

∂q̇i∂q̇j
=

∂L
∂qi
− q̇j

∂2L
∂q̇i∂qj

(2.4)

with j = 1, . . . , N. It is clear from the above expression that, at a given time, the accelerations q̈j

are uniquely determined by positions and velocities (at that time) if and only if the matrix ∂2L
∂q̇i∂q̇j

is invertible i.e. if and only if det
[

∂2L
∂q̇i∂q̇j

]
6= 0. If, on the contrary, this determinant vanishes then

the accelerations q̈j cannot be uniquely determined by positions and velocities at that given time.
This implies that the equations of motion (2.4) will contain arbitrary functions of time. And this is
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14 hamiltonian formulation of gauge theories

exactly the characteristic feature of the theories that exhibit gauge invariance. In other words, for a
gauge theory one has

det
[ ∂2L

∂q̇i∂q̇j

]
= 0 . (2.5)

The next step is to construct the canonical Hamiltonian from the Lagrangian. The canonical
momenta are defined as

pi ≡ ∂L
∂q̇i

. (2.6)

With this definition, condition (2.5) takes the form det
[

∂pj

∂q̇i

]
= 0 and implies that the velocities are

non-invertible functions of coordinates and momenta. Therefore, the canonical momenta (2.6) are
not all independent but there are relations between them of the form

φm(q, p) = 0 , m = 1, . . . , M (2.7)

with M < N. These relations are the primary constraints. The name primary is justified in the sense
that these constraints follow directly from the definition of the canonical momenta and no use of
the equations of motion has been made to obtain them.

It is usually assumed for simplicity that the rank of the matrix ∂2L
∂q̇i∂q̇j

is constant in (q, q̇) space
and that the constraint equations (2.7) define a submanifold smoothly embedded in the phase space
(q, p). This submanifold is the primary constraint surface. To continue with the Hamiltonian formu-
lation it is necessary to impose some conditions on this primary constraint surface, also known as
regularity conditions. These are not explicitly mentioned here but are assumed to hold throughout
the following sections. A detailed description of these regularity conditions can be found in section
1.1.2. in [40].

2.1.2 Canonical Hamiltonian

The canonical Hamiltonian is defined as a Legendre transformation of the Lagrangian

Hc = q̇i pi − L . (2.8)

Variation of (2.8), after using (2.6), yields

δHc = q̇iδpi + δq̇i pi − δq̇i
∂L
∂q̇i
− δqi

∂L
∂qi

. (2.9)

This implies that Hc can be expressed as a function of coordinates and momenta and not as function
of velocities. Rewriting the l.h.s. of (2.9) as δHc =

∂Hc
∂qi

δqi +
∂Hc
∂pi δpi one gets

(∂Hc

∂qi
+

∂L
∂qi

)
δqi +

(∂Hc

∂pi − q̇i

)
δpi = 0 . (2.10)

At this point it is necessary to make use of a theorem that is stated here without proof (this can be
found again in section 1.1.2. in [40]). First one assumes that the primary constraint surface fulfills
the regularity conditions. The theorem then is

If λiδqi + µiδpi = 0 for arbitrary variations δqi, δpi tangent to the constraint surface, then

λi = um ∂φm

∂qi
(2.11a)

µi = um ∂φm

∂pi (2.11b)
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for some um. The equalities are equalities on the primary constraint surface.

Combining (2.10) and (2.11a) one gets

q̇i =
∂Hc

∂pi + um ∂φm

∂pi (2.12)

− ∂L
∂qi

=
∂Hc

∂qi
+ um ∂φm

∂qi
(2.13)

with um being arbitrary. Now, using the definition of the canonical momenta (2.6) and the Euler-
Lagrange equations of motion (2.3) one finds

q̇i =
∂Hc

∂pi + um ∂φm

∂pi (2.14)

ṗi = −∂Hc

∂qi
− um ∂φm

∂qi
. (2.15)

These are the Hamilton equations of motion. As it has been demonstrated, they follow directly from
the Euler-Lagrange equations of motion. Conversely, it is straightforward to show that the Hamilton
equations (2.14), (2.15) together with the constraints (2.7) give the Euler-Lagrange equations of
motion (2.3). This complete equivalence between the canonical Hamiltonian and the Lagrangian is
lost, at the later construction of the extended Hamiltonian function.

The Hamilton equations of motion (2.14), (2.15) can be derived from an action principle of the
form

Sc =
∫ t2

t1

dt
(

pi q̇i − Hc − umφm
)

(2.16)

where φm are the primary constraints and um are arbitrary Lagrange multipliers. Requiring this
action to be stationary under arbitrary variations δqi, δpi and δum, one finds

0 !
= δSc =

∫ t2

t1

dt
(

δpi
[
q̇i − um ∂φm

∂pi −
∂Hc

∂pi

]
+ δqi

[
− ṗi − um ∂φm

∂qi
− ∂Hc

∂qi

]
− δumφm

)
+ δqi pi

∣∣∣t2

t1

(2.17)

which are the Hamilton equation of motion (2.14), (2.15) and the primary constraints φm(q, p) = 0,
subject to the boundary conditions δqi(t1) = δqi(t2) = 0 (the same boundary conditions that were
used in the Lagrangian formulation). Another observation is made at this point: performing a
displacement in the canonical Hamiltonian as Hc → Hc + vmφm, it is obvious from action principle
(2.16) and variation (2.17) that one gets again equations of motion (2.14), (2.15) up to a redefinition
of the Lagrange multipliers as um → um + vm. Thus, there is not a unique Hamiltonian function
describing a gauge theory.

2.1.3 Poisson bracket formalism

There is a more systematic way to perform the Hamiltonian analysis. In particular, for arbitrary
functions f , g of the canonical variables (q, p) there exists a bracket operation defined as

{ f , g} ≡ ∂ f
∂qi

∂g
∂pi −

∂ f
∂pi

∂g
∂qi

. (2.18)

This is the Poisson bracket. It has the following properties, arising directly from its definition:

{ f , g} = −{g, f } antisymmetry (2.19)

{ f1 + f2, g1 + g2} = { f1, g1}+ { f1, g2}+ { f2, g1}+ { f2, g2} linearity (2.20)

{ f1 f2, g} = f1{ f2, g}+ { f1, g} f2 product law (2.21)

{ f , {g, h}}+ {h, { f , g}}+ {g, {h, f }} = 0 Jacobi identity . (2.22)
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With this tool in hand, it is possible to express the Hamilton equations (2.14), (2.15) in a compact
way. Indeed, considering the total time derivative

ḟ =
∂ f
∂qi

q̇i +
∂ f
∂pi ṗi (2.23)

and then substituting q̇i and ṗi the r.h.s. of the above expression with the Hamilton equations (2.14),
(2.15) and finally using the Poisson brackets’ properties (2.20), (2.21) one finds that

ḟ = { f , Hc}+ um{ f , φm} . (2.24)

It is straightforward to verify that for f = qi and f = pi, one gets the Hamilton equations of motion
(2.14), (2.15).

2.1.4 Secondary constraints

A consistency requirement one has to impose is that the primary constraints φm have to be pre-
served in time. This is because they have to hold during the whole time evolution of the system.
Using f = φm in (2.24) one gets

φ̇m = {φm, Hc}+ ur{φm, φr}
!
= 0 ∀ m (2.25)

where r = 1, . . . , M. The above set of equations gives consistency conditions for the constraints
which can be categorized as follows: the set (2.25) gives

1. relations between the canonical variables (q, p), independent of the Lagrange multipliers um

If

• these relations reduce to primary constraints, then equations (2.25) are trivially satisfied.

• these relations are independent of primary constraints, then they are called secondary
constraints and one has to proceed further to examine their consistency in time. The
name secondary is justified, in the sense that primary constraints are just consequences
of the definition of canonical momenta, whereas for the secondary constraints one has to
make use of the equations of motion as well. For example, considering X(q, p) = 0 as a
secondary constraint, this also need to be preserved in time and according to (2.24) one
gets

Ẋ = {X, Hc}+ um{X, φm}
!
= 0 . (2.26)

Of course now, one has to examine again whether this new consistency condition implies
new secondary constraints or if one falls into either category 1i., i.e. one gets an expres-
sion dependent on the constraints found so far, or category 2), i.e. one gets restrictions
on the Lagrange multipliers um. This case is analyzed in 2.1.4.2, that follows, after intro-
ducing the weak equality notation. When this process is terminated, one ends up with
the secondary constraints

Xk = 0 , k = M + 1, . . . , M + K (2.27)

where K is their total number.

2. relations between the Lagrange multipliers um. Then, the set (2.25) has to be solved with
respect to these u’s. Again, this case will be analyzed in 2.1.4.2.

3. a mixture of categories 1) and 2) (this of course is also the case 1ii., when exhausting the
constraints’ consistency conditions). In this case, one first has to terminate the consistency
conditions for the constraints that are not u-dependent and then determine the u’s.
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For later convenience, it is better from now on to denote all constraints, primary and secondary,
as

φj ≡
(

φm

Xk

)
= 0 , j = 1, . . . , M︸ ︷︷ ︸

m

, M + 1, . . . , M + K︸ ︷︷ ︸
k

≡ J . (2.28)

1. Weak equality

At this moment, it is useful to distinguish between equations that hold on the constraint surface
and equations that hold on the entire phase space. For this, one uses the weak equality symbol ≈
for equations on the constraint surface. Therefore, one can write (2.28) as

φj ≈ 0 . (2.29)

Whenever a quantity is weakly zero, this implies that it is a combination of constraints and need
not necessarily vanish in the entire phase space. In this perspective, after the consistency algorithm
for the constraints (2.25) has been terminated one should get

φ̇j ≈ 0 ∀ j (2.30)

either because the l.h.s. is a combination of constraints either because the u’s have been restricted
either because there is a combination of both these cases.

2. Restrictions on Lagrange multipliers

What is left of the above discussion is to analyze the case where one gets restrictions on the
Lagrange multipliers um. For this case one assumes firstly that the consistency process arising from
(2.25) has been exhausted. In this way, both categories 2 and 3 which have been stated before are
covered. The consistency conditions for the constraints (2.25) are written as

φ̇j = {φj, Hc}+ um{φj, φm} ≈ 0 . (2.31)

These are J inhomogeneous equations of the M ≤ J unknowns um, with coefficients that are func-
tions of the canonical variables (q, p). Notice that this set of equations must be solvable, otherwise
the mechanical system described by the Lagrangian (2.1) is inconsistent in the first place. The
general solution of (2.31) is of the form

um = Um + Vm (2.32)

where Um is a particular solution of the system of inhomogeneous equations

{φj, Hc}+ Um{φj, φm} ≈ 0 (2.33)

and Vm is the general solution of the system of homogeneous equations

Vm{φj, φm} ≈ 0 (2.34)

where Vm consists of a linear combination of the linearly dependent solutions Vam of (2.34), denoted
as vaVam, with va being arbitrary and a = 1, . . . , A. Thus, the general solution (2.32) can further be
written as

um ≈ Um + vaVam . (2.35)
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2.1.5 Total Hamiltonian

Once the consistency algorithm of the constraints is terminated, one can rewrite the equations of
motion ḟ = { f , Hc + umφm} as

ḟ = { f , Hc + Umφm + vaφa}
≈ { f , Hc}+ Um{ f , φm}+ va{ f , φa} (2.36)

with φa ≡ Vamφm. Defining
HT ≡ Hc + Umφm + vaφa (2.37)

as the total Hamiltonian, the equations of motion can be written as

ḟ ≈ { f , HT} . (2.38)

These are again equivalent with the Euler-Lagrange equations (2.3) because the total Hamiltonian
is by construction equivalent to the Lagrangian and both describe the same gauge symmetries.
Furthermore, (2.38) can be derived from an action principle. This is

ST =
∫ t2

t1

dt
(

pi q̇i − Hc −Umφm − umφm
)

(2.39)

where φm are primary constraints. After redefining Um + um → um and requiring this action to
be stationary for arbitrary variations δqi, δpi and δum subject to the boundary conditions δqi(t1) =

δqi(t2) = 0, one gets exactly variation (2.17) i.e. the Hamilton equations (2.14), (2.15) and the primary
constraints φm ≈ 0.

2.1.6 Classification of constraints into 1st and 2nd class

As soon as the consistency algorithm of the constraints has been exhausted, the distinction be-
tween primary and secondary constraints is of minor importance. This is understood in the sense
that no new constraints are generated. Another type of classification is now of crucial importance.
This is the classification of constraints into 1

st and 2
nd class. This is of great significance because it

reveals the gauge symmetries of the system. In particular, as it will be explicitly demonstrated, 1
st

class constraints are the generators of gauge symmetries while 2
nd class constraints are not and they

are removed by treating them as strong equations, after performing the Dirac bracket formulation.
An arbitrary function f of the canonical variables (q, p) is 1

st class if its Poisson bracket with every
constraint vanishes weakly, i.e. if

{ f , φj} = cl
jφl ≈ 0 , ∀j . (2.40)

A function of the canonical variables that is not 1
st class is then called 2

nd class and its Poisson
bracket with at least one constraint is of the form

{ f , φj} = dj (2.41)

where dj is a constant, which does not depend on the canonical variables. Some important features
arise from the above classification:

• The Poisson bracket of two 1
st class functions is 1

st class.
Proof:
Since f , g are 1

st class
{ f , φj} = cl

jφl , {g, φj} = dl
jφl . (2.42)
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Then {
{ f , g}, φj

}
=
{

f , {g, φj}
}
−
{

g, { f , φj}
}

=
(
{ f , cl

j} − {g, dl
j}+ cjmcml − djmdml

)
φl

≈ 0

→ { f , g} is 1
st class (q. e. d.) . (2.43)

• The constraints φa ≡ Vm
a φm are 1

st class.
Proof:

{φa, φj} = {Vm
a φm, φj} ≈ Vm

a {φm, φj} ≈ 0 , ∀j (2.44)

since Vm
a is a solution of (2.34) (q. e. d.). Moreover, φa form a complete set of 1

st class
constraints because vaVm

a is the most general solution of (2.34) on the constraint surface.

• The total Hamiltonian (2.37) is 1
st class.

Proof:

{HT, φj} ≈ {Hc, φj}+ Um{φm, φj}+ va{φa, φj}
(2.33), (2.34)
≈ 0 , ∀j (q. e. d.) . (2.45)

After the above classification, the analysis continues with the interpretation of 1
st class constraints

as gauge generators and the treatment of 2
nd class constraints with the introduction of the Dirac

bracket.

2.1.7 1st class constraints as gauge generators

In a gauge system, if one examines the final state of the time evolution of canonical variables
from a given initial state, then a very interesting feature is revealed. This feature is the fundamental
difference between gauge theories and those that do not exhibit gauge invariance.

A general dynamical variable f with initial value f1 at t1 is considered to represent the initial
state. Then, the final state is obtained after a short time interval δt = t2 − t1 and is characterized by
the value f2 at later time t2. One can write f2 as

f2 = f1 + ḟ δt

= f1 + { f , HT}δt

= f1 + { f , Hc + Umφm}δt + va{ f , φa}δt (2.46)

where φa are primary 1
st class constraints and va are completely arbitrary by construction as was

stated in (2.35). At this point, one makes the following observation: even though the initial state f1

is characterized uniquely by the set (q1, p1), one has to choose some values for the va’s at time t1 in
order to get a set of (q2, p2) that represents the final state f2. This implies that choosing different
values for these coefficients at time t1 one gets different values for (q2, p2) in the final state. In
particular, it is assumed that one chooses v′a as different values from va. Then, the difference in f2

is

∆ f2 = (va − v′a) { f , φa} δt

= εa{ f , φa} (2.47)

with εa ≡ (va − v′a)δt. Now, since one requires a well-defined initial value formulation, the initial
state must determine uniquely the final state. Thus, it is clear that these different values of f2 (2.47)
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at final time t2 must represent the same final state. This implies that the final state must be charac-
terized not only by one set (q2, p2) but rather by the set (∆q2, ∆p2). This ambiguity is a physically
irrelevant ambiguity. This is the characteristic feature of gauge theories and it is exactly the dis-
similarity with theories which are not gauge invariant. The transformations (∆q2, ∆p2) between the
different values of the canonical variables, which correspond to the same physical state, are gauge
transformations and as showed in (2.47) they are generated by 1

st class primary constraints.
In general, gauge transformations are not uniquely generated by expressions of the form (2.47).

In fact, the following statement holds:

• The Poisson bracket of two 1
st class primary constraints generates a gauge transformation.

Proof:
Suppose that one applies in succession two transformations of the form (2.47) with parameters
εa and ηa respectively. The difference in the final state is

∆ε∆η f2 = f1 + εa{ f , φa}+ ηb
{

f + εa{ f , φa}, φb

}
(2.48)

where b = 1, . . . , A and terms of the orders O(ε2), O(η2) have been neglected. Applying the
two transformations in reverse order one gets

∆η∆ε f2 = f1 + ηb{ f , φb}+ εa
{

f + ηb{ f , φb}, φa

}
(2.49)

Subtracting (2.48) and (2.49) and applying the Jacobi identity (2.22), the result is

(∆η∆ε − ∆ε∆η) f2 = εaηb
{

f , {φa, φb}
}

. (2.50)

Since (∆2∆1 − ∆1∆2) f2 corresponds to a change of final values f2 that do not alter the final
physical state, this must be the also case for the r.h.s. of the above expression. Thus, {φa, φb}
generates a gauge transformation (q. e. d.).

This statement allows for possible generalization of the fact that 1
st class primary constraints gen-

erate gauge transformations. According to (2.43), the Poisson bracket of two primary 1
st class con-

straints is also 1
st class. But this by no means implies that this is necessarily a primary constraint.

Thus, in principle, a secondary 1
st class constraint could also generate gauge transformations. In

practice it really does so, e. g. in the case of General Relativity and Electrodynamics. Under this
consideration, Dirac conjectured that all secondary 1

st class constraints generate gauge symmetries.
Although this has not been proved to be true and despite the fact that there are counter-examples
to this conjecture, it is generally postulated for all practical and realistic examples that all 1

st con-
straints generate gauge symmetries. Then, the gauge generator takes the form

G = εaφa (2.51)

where φa are all the 1
st class constraints and coefficients εa are arbitrary.

Castellani algorithm

In addition to Dirac’s conjecture, there is an algorithm which formally constructs gauge generators
by fixing the arbitrary coefficients εa in (2.51). In some cases this is useful and instructive. This
algorithm is known as Castellani algorithm [52] and it can be applied when one is interested in
gauge symmetries of the Lagrangian.

The starting point is to consider a physical state (qi, pi) of the system that satisfies the Hamilton
equations of motion. Then, it is assumed that there exists a second state that again obeys the
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Hamilton equations and differs by small variations (ηi, ξ i) from the first one. For the varied state
(qi + ηi, pi + ξ i), the Hamilton equations read

q̇i + η̇i =
∂HT

∂pi (qj + ηj, pl + ξ l)−
(
q̇m + η̇m

)∂φm

∂pi (qj + ηj, pl + ξ l)

ṗi + ξ̇ i = −∂HT

∂qi
(qj + ηj, pl + ξ l) +

(
q̇m + η̇m

)∂φm

∂qi
(qj + ηj, pl + ξ l) (2.52)

and the constraints are
pm + ξm = φm(qj + ηj, pl + ξ l) . (2.53)

Expanding the r.h.s. of (2.52) and (2.53) to first order in the small variations ηi(t) and ξ i(t) and then
using the Hamilton equations of motion for the first state (qi, pi) and its constraint equation one
finds

∂2HT

∂qi∂pj ηi +
∂2HT

∂pi∂pj
ξ i − ∂φm

∂pj η̇m − η̇j = 0

∂2HT

∂qi∂qj
ηi +

∂2HT

∂pi∂qj
ξ i − ∂φm

∂qj
η̇m + ξ̇ j = 0

∂φm

∂qi
ηi +

∂φm

∂pi ξ i − ξm = 0 . (2.54)

This set of equations give the necessary and sufficient conditions for the varied state (qi + ηi, pi + ξ i)

to be physical: the small variations ηi(t) and ξ i(t) which satisfy the above set, correspond to gauge
degrees of freedom. Now, the next step is clear: one is interested in finding the corresponding
conditions for a function to be a generator of these gauge degrees of freedom. This construction
involves two assumptions: (i) the small variations (ηi, ξ i) are generated by arbitrary but finite
phase space functions Gn(q, p) with n = 0, 1, . . . , k, and (ii) each generating function Gn(q, p) is
parametrized by infinitesimal quantities εn, with εn being the n− th time derivative such that

ηi =
k

∑
n=0

εn{qi, Gn} =
k

∑
n=0

εn ∂Gn

∂pi (2.55)

ξ i =
k

∑
n=0

εn{pi, Gn} = −
k

∑
n=0

εn ∂Gn

∂qi
(2.56)

where ∂Gn
∂pi and ∂Gn

∂qi
are calculated along the first state (qi, pi). Substitution of (2.55), (2.56) to the set

(2.54) yields ( ∂

∂qi
+

∂φρ

∂qi

∂

∂pρ

)(
{Gn, HT}+ Gn−1

)
= 0( ∂

∂pi +
∂φm

∂pi
∂

∂pm

)(
{Gn, HT}+ Gn−1

)
= 0

{Gn, any constraint} = constraints (2.57)

or more explicitly

{G0, HT} = PFC

G0 + {G1, HT} = PFC

G1 + {G2, HT} = PFC
... (2.58)

Gk−1 + {Gk, HT} = PFC

Gk = PFC
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where PFC stands for “primary first class constraints”. An underlying assumption in this expression
is that the chain of Gn is finite. This is equivalent with the assumption that there is a finite number
of secondary constraints. Actually, k is the number of generations of secondary constraints of the
theory. Finally, the gauge generator has the general form

G =
k

∑
n=0

εnGn . (2.59)

The Castellani gauge generator contains by construction all symmetries of the Lagrangian. As
it will be explained in what follows, in the quantization procedure one should in principle allow
for more gauge degrees of freedom and extend the total Hamiltonian. In this case, the Castellani
algorithm can not be applied any more and then, the gauge generator, adopting Dirac’s conjecture,
can be expressed as (2.51).

2.1.8 Extended Hamiltonian

Given the significance of 1
st class constraints on account of them being gauge generators, it is

important to involve them all in the Hamiltonian formulation. The total Hamiltonian (2.37) does
not contain, in principle, all 1

st class constraints. Therefore, it is useful to construct a Hamiltonian
function in order to exhibit all the existing gauge symmetries of the theory. This is the extended
Hamiltonian, constructed as

HE = Hc + Umφm + uaγa (2.60)

where γa are all 1
st class constraints. It can be straightforwardly verified, using (2.33), that the

extended Hamiltonian (2.60) is 1
st class, i.e.

{HE, φj} ≈ 0 , ∀j (2.61)

where φj are all the constraints.
It is evident from expression (2.60) that the extended Hamiltonian is not equivalent with the

original Lagrangian (2.1). The extended action principle takes the form

SE =
∫ t2

t1

dt( pi q̇i − Hc −Umφm − ujφj) (2.62)

with φj being all the constraints. The corresponding equations of motion are

ḟ ≈ { f , HE} (2.63)

φj ≈ 0 (2.64)

with uj = ua Aaj and Aaj is such that 1
st class constraints can be written as γa = Aajφj. It should

be emphasized again that these equations of motion are not equivalent with the ones of the total
Hamiltonian (2.38). On the contrary, there is an extension of the Lagrangian theory to a construction
such that all gauge freedom becomes manifest. And this is the reason that it is preferable to work
with the extended Hamiltonian in the canonical quantization.

2.1.9 Treatment of 2nd class constraints and Dirac bracket

According to the previous definition (2.41), a constraint φj is 2
nd class when its Poisson bracket

with at least one other constraint does not vanish weakly, i.e. when

{φi, φj} = dij (2.65)

where dij are constants, not depending on the canonical variables. From now on, the 2
nd class

constraints are denoted as Xα and indices α, β, . . . denote the number of them. It is obvious from
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the above expression that the contact transformation generated by a 2
nd class constraint does not

preserve all the constraints φj ≈ 0 and thus maps an allowed state to a non-allowed state. Therefore,
2

nd class constrains cannot be interpreted as gauge generators, they are unphysical and they have
to be treated differently. This requires the introduction of the Dirac bracket. The Poisson bracket is
then abandoned and all equations of the theory are formulated in terms of this Dirac bracket.

The construction of the Dirac bracket starts as follows: it is stated here without proof that there
is an equivalent description of the constraint surface φj ≈ 0 in terms of 1

st class (γa) and 2
nd class

(Xα) constraints (the proof can be found in 1.3.1. of [40]). In this description, one obtains a Poisson
bracket matrix as (

{γa, γb} {γa,Xβ}
{Xα, γb} {Xα,Xβ}

)
≈
(

0 0
0 Cαβ

)
(2.66)

where Cαβ is antisymmetric and invertible in the constraint surface, such that

CαβCβγ = δα
γ . (2.67)

An interesting observation here is that the number of 2
nd class constraints must be even, otherwise

Cαβ has a zero determinant. The Dirac bracket is now defined as

{ f , g}? ≡ { f , g} − { f ,Xα}Cαβ {Xβ, g} (2.68)

for any phase space functions f , g. Its properties are

{ f , g}? = −{g, f }? antisymmetry (2.69)

{ f1 f2, g}? = f1{ f2, g}? + { f1, g}? f2 product law (2.70)

{ f , {g, h}?}? + {h, { f , g}?}? + {g, {h, f }?}? = 0 Jacobi identity . (2.71)

Additionally, one obtains

{Xα, f }? = 0 for any f (2.72)

{ f , g}? ≈ { f , g} for g 1
st class and f arbitrary (2.73){

h, { f , g}?
}?
≈
{

h, { f , g}
}

for g, f 1
st class and h arbitrary . (2.74)

Relation (2.72) holds in the entire phase space (strong equality). Thus, the 2
nd class constraints can

be set strongly equal to zero, i.e.
Xα = 0 (2.75)

either before of after the evaluation of a Dirac bracket. Now, the equations of motion must be
evaluated in terms of the Dirac bracket. Since the extended Hamiltonian (2.63) is 1

st class, using
property (2.73) one finds that the equations of motion of the extended Hamiltonian take the form

ḟ ≈ { f , HE} ≈ { f , HE}? . (2.76)

Therefore, the extended Hamiltonian (2.63) still generates the correct equations of motion. Further-
more, the effect of a gauge transformation can also be evaluated in terms of the Dirac bracket as

{ f , γa} ≈ { f , γa}? . (2.77)

So now the original Poisson bracket is discarded and all equations of the theory are formulated in
terms of the Dirac bracket. As it was stated in (2.75), the 2

nd class constraints are strongly set to zero
and they just become identities, expressing some canonical variables in terms of others. In some
cases, including the case of conformal gravity as it is described in Appendix C.3, setting 2

nd class
constraints strongly equal to zero can actually be used to eliminate some of the canonical variables
of the formalism.
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2.1.10 Counting of degrees of freedom

Since gauge freedom indicates that there is more than one set of canonical variables that corre-
sponds to the same state, it is always allowed to choose one of these sets among the rest. This can be
done by some gauge fixing condition. In this way, one can completely fix the gauge by eliminating
all 1

st class constraints and end up with 2
nd class constraints. Then, one arrives at the following

counting of physical degrees of freedom:

2× N =
(
Number of independent canonical variables

)
=
(
Total number of canonical variables

)
−
(
Number of second class constraints

)
−
(
Number of first class constraints

)
−
(
Number of gauge fixing conditions

)
=
(
Total number of canonical variables

)
− 2×

(
Number of first class constraints

)
−
(
Number of second class constraints

)
. (2.78)

2.2 generalization to field theories

The described Hamiltonian formalism for gauge systems consisting of finite degrees of freedom
can be formally generalized for gauge systems that possess infinite degrees of freedom i.e. for field
theories. This formal generalization is performed after generalizing appropriately the notions of the
dynamical variables, of summation, of partial differentiation and of the Poisson bracket operation.
In particular, a field theory can be described as a mechanical system in which the dynamical vari-
ables

(
qi(t), pi(t)

)
are defined at each point x ≡ (~x, t) in spacetime with each index i, j, . . . taking on

continuous values as well, i.e.

i→ (i,~x) (2.79)

qi(t)→ qi(t,~x) ≡ qi(x) (2.80)

pi(t)→ pi(t,~x) ≡ pi(x) . (2.81)

Summation of any phase space functions fi = fi(x), gi = gi(x) is promoted to integration and
summation as

fi gi →
∫

Σt

d3x fi(x)gi(x) . (2.82)

Additionally, partial differentiation of a phase space function fi(x) with respect to the canonical
variables qi(x), pj(x) is defined as

∂ fi(x)
∂$k(y)

→ ∂ fi

∂$k
(x, y)δ(3)(~x−~y) , t = t′ (2.83)

with y ≡ (~y, t′) and $k(x) is any of the canonical variables qi(x), pj(x). Using (2.82) and (2.83), the
(equal time) Poisson bracket (2.18) between two phase space functions fi(x), gj(y) becomes

{ fi(x), gj(y)} ≡
∫

Σt

d3z

[
∂ fi

∂qk
(x, z)

∂gj

∂pk (y, z)− ∂ fi

∂pk (x, z)
∂gj

∂qk
(y, z)

]
δ(3)(~x−~z) δ(3)(~y−~z) (2.84)

=

[
∂ fi

∂qk

∂gj

∂pk −
∂ fi

∂pk
∂gj

∂qk

]
(x, y) δ(3)(~x−~y) , t = t′ . (2.85)

Using the above definition, the Poisson bracket between the canonical variables takes the form

{qi(x), pj(y)} = δ
j
i δ(3)(~x−~y) , t = t′ . (2.86)
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Phase space functions like the Lagrangian (2.1), the total and the extended Hamiltonian (2.37), (2.60)
and the gauge generator (2.51) are now promoted to phase space functionals of the form

f =
∫

Σt

d3x f
[
qi(x), pj(x)

]
. (2.87)

Partial differentiation of phase functionals with respect to the canonical variables, appearing for
example in the definition of the canonical momenta and in the Poisson bracket formalism, is gener-
alized to functional differentiation as

δ f
δ$k(x)

=
∫

Σt

d3y
∂ f
[
qi, pj]
∂$k

(x, y)δ(3)(~x−~y) , t = t′ . (2.88)

Exploiting the above relation, the (equal time) Poisson bracket of any phase space functionals f , g
is now defined with the above functional derivative (2.88) replacing the partial derivative in (2.18)
and using the summation (2.82) as

{ f , g} ≡
∫

Σt

d3x

[
δ f

δqi(x)
δg

δpi(x)
− δ f

δpi(x)
δg

δqi(x)

]
, t = t′ . (2.89)

The Poisson bracket between a phase space function fi(x) and a functional g can be derived from
the above Poisson bracket (2.89) by setting f = fi(x). This is found to be

{ fi(x), g} =
∫

Σt

d3y

[
∂ fi

∂qk
(x, y)

δg
δpk (y)−

∂ fi

∂pk (x, y)
δg
δqk

(y)

]
δ(3)(~x−~y) (2.90)

=

[
∂ fi

∂qk

∂g
[
qi, pj]
∂pk − ∂ fi

∂pk

∂g
[
qi, pj]
∂qk

]
(x) , t = t′ (2.91)

after using (2.83) and (2.88). It is obvious that this Poisson bracket yields Hamilton equations of
motion for fi(x) being a canonical variable and g being the Hamiltonian.

Under the above considerations, all Poisson bracket relations, equations of motions, interpreta-
tions, results and consequently the whole Hamiltonian setup which was presented previously for
a gauge system of finite degrees of freedom can be directly applied in the case of gauge field the-
ories. In this way, the Hamiltonian formalism provides a tool of major importance because it can
be used to analyze field theories of actual physical interest, since almost all of them possess gauge
symmetries.

2.2.1 Presence of boundaries

A closer look on the aforementioned rules of generalization of the Hamiltonian formalism to field
theories reveals a potential ambiguity. This is obtained as follows: functional differentiation as de-
fined in (2.88) consists of boundary integrals on Σt. Now, functionals appearing in the Hamiltonian
formalism, from the initial canonical Lagrangian up to the Hamiltonians and the gauge generator,
depend on the canonical variables but also on their derivatives. Thus, their functional differentiation
consists of boundary integrals on Σt and inevitably, after performing an integration by parts, con-
sists as well of surface integrals on ∂Σt. Therefore, consistency with definition (2.88) requires those
surface integrals on ∂Σt to vanish. This is not problematic per se: when the boundary Σt is closed
(compact), the surface terms on ∂Σt vanish identically. In such cases, functional differentiation of
the Hamiltonians and the gauge generator is well-defined, in the sense that it is of the form (2.88).
On the contrary, when the boundary Σt is open (non-compact), surface integrals on ∂Σt resulting
from integration by parts do not vanish. Then, the Hamiltonians and the gauge generator have
not well-defined functional derivatives, i.e. they are not of the form (2.88). This fact has several
consequences: Hamilton equations of motion are defined up to surface integrals on ∂Σt and thus,
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they are ill-defined. Likewise, the gauge generator, when acting on the canonical variables via the
Poisson brackets, generates gauge transformations of the canonical variables up to surface integrals
on ∂Σt. These are not merely technical ambiguities: it turns out that they are crucial for the correct
notion of energy, momentum and other conserved quantities of the physical system.

Presence of open boundaries is a completely realistic situation in field theories. This is because one
is mostly interested in examining solutions of equations of motion of the theory or, in the language
of the Hamiltonian setup, the phase space of solutions: in the case of gravitational theories, where
the dynamical field is the spacetime itself, the boundary Σt of phase space of a solution is the spatial
geometry of this solution. In many cases, this is an open boundary. For instance, asymptotically
flat and asymptotically AdS solutions of General Relativity, where asymptotically refers to spatial
infinity, have open spatial surfaces. In those cases, functional derivatives of the Hamiltonians and
the gauge generator fail to be of the form (2.88) and thus, they are not well-defined.

Under the above considerations, it is obvious that in presence of open boundaries surface integrals
on ∂Σt, arising from integration by parts, have to be treated in such a way that functional derivatives
end up being of the form (2.88), i.e. they must consist only of boundary integrals on Σt. In other
words, the Hamiltonians and the gauge generator have to be improved.

2.2.2 Improved Hamiltonian and gauge generator, boundary conditions and charges

Throughout this thesis, in order for the Hamiltonians and the gauge generator to be improved
in such a way to have well-defined functional derivatives of the form (2.88), the Regge-Teitelboim
approach [41] is adopted. Its characteristic feature is the fact that it maintains the (natural) foliation
of spacetime into constant time slices (Σt), as Hamiltonian formalism does. There exist as well other
methods which follow a covariant approach [42], [43].

It was discussed in the previous subsection that, in the case of gravitational theories, the boundary
Σt of phase space of a solution is the spatial geometry of this solution. This implies that (asymp-
totic) boundary conditions that coincide with this spatial geometry have to be imposed on the
canonical variables. Exploiting such boundary conditions, the Regge-Teitelboim approach improves
the Hamiltonians and the gauge generator in order to have well-defined functional derivatives of
the form (2.88) as follows: appropriate surface integrals are added, the variation of which cancels
the already existing surface integrals, under the boundary conditions. In this way, functional deriva-
tives of the Hamiltonians and the gauge generator consist only on boundary integrals on Σt. Thus,
they are indeed of the form (2.88) and they are rendered well-defined. Additionally, variation of the
improved Hamiltonians and gauge generator vanishes on-shell, on the constraint surface and under
the boundary conditions. That is, denoting the improved quantities as H′ and Γ, their variation
takes the form

δH′|on-shell = δH − δQ′ ≈ 0 (2.92)

δΓ|on-shell = δG− δQ ≈ 0 (2.93)

after the boundary conditions have been imposed and Q, Q′ are the appropriate surface integrals
on ∂Σt. They are usually referred to as canonical charges. Since they appear under imposition
of boundary conditions, they are associated with the corresponding asymptotic symmetries of the
theory. Indeed, charges turn out to be the energy, the momentum, or any other conserved quantity
of the physical system.

In this chapter, an explicit derivation of the improved Hamiltonians, gauge generator and canon-
ical charges is presented in 2.3.2, where the case of Electrodynamics is discussed and in 2.4, where
the case of General Relativity is considered.

With the Hamiltonian formulation in hand, one is now equipped with all the necessary tools to
pass into the canonical quantization of theory. The canonical quantization was first performed by
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Dirac [44], [45] and its major advantage is the fact that canonical coordinates, conjugate momenta
and their corresponding Poisson (or Dirac) brackets have a simple quantum analogue. Therefore,
transition from the classical Hamiltonian setup to the quantum theory is almost straightforward.
Now the importance of the Hamiltonian formulation becomes extremely significant: it is the starting
point of the canonical quantization of classical field theories of physical interest.
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2.3 examples

The Hamiltonian formulation is now applied to two systems that exhibit gauge symmetries. The
first one is a mechanical system which describes conformal mechanics and the second one is a field
theory example, in particular Electrodynamics.

2.3.1 Conformal mechanics

The action is
S = −

∫
dt

1
2µ

e−2εijk xi yj zk (2.94)

where e, xi, yj, zk are the dynamical fields, i, j, k = 1, 2, 3 and µ is a coupling constant. The above
expression is the symmetrical reduction of the conformal gravity action in 3 dimensions, i.e. of
S = −1

2µ

∫
M d3x εabcΓd

ae(∂bΓe
cd +

2
3 Γe

b f Γ f
cd) [46]. The first order form of the action (2.94) is

S =
∫

dt
[

px
i ẋi + py

i ẏi − Hc(e, xi, yi, zi, px
i , py

i )
]

(2.95)

where the canonical coordinates are (e, xi, yi, zi) and the corresponding canonical momenta are
(pe, px

i , py
i , pz

i ). In order to avoid a larger phase space with more constraints, the appropriate mo-
menta have already been identified [47] and px

i , py
i are Lagrange multipliers enforcing the relations

ẋi = eyi, ẏi = ezi. Assuming further that zi is a linear combination of xi and yi of the form
zi = zxxi + zyyi, the phase space becomes 18-dimensional, consisting of the canonical variables
(e, xi, yi, zx, zy) and the canonical momenta (pe, px

i , py
i , pzx, pzy). Then, the primary constraints are

pe =
∂L
∂ė

= 0 (2.96)

pzx =
∂L
∂żx

= 0 (2.97)

pzy =
∂L
∂ży

= 0 . (2.98)

The canonical Hamiltonian in (2.95) takes the form

Hc = eG (2.99)

where
G = px

i yi + py
i (zxxi + zyyi) . (2.100)

The total Hamiltonian is
HT = eG + u1 pe + u2 pzx + u3 pzy (2.101)

where u1 = u1(t), u2 = u2(t), u3 = u3(t) are arbitrary functions of time. The consistency conditions
for the primary constraints (2.96), (2.97), (2.98) reveal the secondary constraints

{pe, HT} = −G (2.102)

{pzx, HT} = −epy
i xi ≡ −eΠx (2.103)

{pzy, HT} = −epy
i yi ≡ −eΠy . (2.104)

Proceeding further, the time evolution of the above secondary constraints (2.102), (2.103), (2.104) is

{G, HT} = u2Πx + u3Πy ≈ 0 (2.105)

{Πx, HT} = e
(
− zyΠx + Πy − px

i xi
)

≈ −e px
i xi ≡ −e Φx (2.106)

{Πy, HT} = e
(
− 2px

i yi − zyΠy + G
)

≈ −2e px
i yi ≡ −2e Φy . (2.107)
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Thus, Φx in (2.106) and Φy in (2.107) are ternary constraints. Their time evolution is

{Φx, HT} = e
(
− zxΠx + Φy

)
≈ 0 (2.108)

{Φy, HT} = ezx

(
Πy + Φx

)
≈ 0 (2.109)

and therefore, there are no further constraints.
The next step in the analysis is to classify all constraints (2.96)-(2.98), (2.102)-(2.104), (2.106) and

(2.107) into 1
st and 2

nd class. An explicit calculation yields

{pe, φm} = 0 , {pzx, φm} = 0 , {pzy, φm} = 0 , ∀m = 1, . . . 8 (2.110)

{G, pzx} = Πx ≈ 0 , {G, pzy} = Πy ≈ 0 , {G, Πx} = Φx + zyΠx − πy ≈ 0

{G, Πy} = Φy − zxΠx ≈ 0 , {G, Φx} = zxΠx − φy ≈ 0

{G, Φy} = zxΠy − zxΦx − zyΦy ≈ 0 (2.111)

{Πx, Πy} = −Πx ≈ 0 , {Πx, Φx} = Πx ≈ 0 , {Πx, Φy} = −Φx + Πy ≈ 0 (2.112)

{Πy, Φx} = 0 , {Πy, Φy} = −Φy ≈ 0 (2.113)

{Φx, Φy} = Φy ≈ 0 (2.114)

where φm in (2.110) are all constraints with m = 1, . . . 8. It is obvious from the above Poisson bracket
algebra that all constraints are 1

st class. The physical degrees of freedom are 1
2 (2× 9− 0− 2× 8) = 1.

Using the total Hamiltonian (2.101), the Hamilton equations of motion are

ė = {e, HT} = u1 , ṗe = {pe, HT} = −G (2.115)

ẋi = {xi, HT} = eyi , ṗx
i = {px

i , HT} = −e py
i zx (2.116)

ẏi = {yi, HT} = e
(
zxxi + zyyi) , ṗy

i = {py
i , HT} = −e

(
px

i + py
i zy
)

(2.117)

żx = {zx, HT} = u2 , ṗzx = {pzx, HT} = −eΠx (2.118)

ży = {zy, HT} = u3 , ṗzy = {pzy, HT} = −eΠy . (2.119)

One notices the characteristic feature of gauge theories, namely the fact that the equations of motion
contain arbitrary functions of time. That is, presence of the arbitrary functions u1, u2, u3 in the first
equations of (2.115), (2.118), (2.119) respectively states that the canonical variables e, zx, zy are
not fixed by the equations of motion. Subsequently, the rest equations of motion contain as well
arbitrary functions of time and the rest of the canonical variables are partially fixed.

The extended Hamiltonian is obtained when adding the secondary (2.103), (2.104) and ternary
constraints (2.106), (2.107) to the total Hamiltonian (2.101). Thus, the extended Hamiltonian takes
the form

HE = HT + v4Πx + v5Πy + v6Φx + v7Φx

= (v1 + e)G + v2 pe + v3 pzx + v4 pzy + v5Πx + v6Πy + v7Φx + v8Φy (2.120)

where va = va(t) with a = 1, . . . 8, are arbitrary functions of time. The corresponding equations of
motion are

ė = {e, HE} = v2 , ṗe = {pe, HT} = −G (2.121)

ẋi = {xi, HE} = (v1 + v8 + e)yi + v7xi , ṗx
i = {px

i , HE} = −(v1 + e)py
i zx − v5 py

i − v7 px
i (2.122)

ẏi = {yi, HE} = (v1 + e)
(
zxxi + zyyi)+ v5xi + v6yi ,

ṗy
i = {py

i , HE} = −(e + v1)
(

px
i + py

i zy
)
− v6 py

i − v8 px
i (2.123)

żx = {zx, HE} = v3 , ṗzx = {pzx, HT} = −(e + v1)Πx (2.124)

ży = {zy, HE} = v4 , ṗzy = {pzy, HT} = −(e + v1)Πy . (2.125)



30 hamiltonian formulation of gauge theories

Once again, one notices the presence of the arbitrary functions of time va(t) in the above equations
of motion. In particular, presence of v2, v3, v4 in the first equations of (2.121), (2.124), (2.125) implies
that the canonical variables e, zx, zy are not fixed by the time evolution. As a result, the rest of the
canonical variables, the equations of motion of which contain these arbitrary functions of time, are
partially fixed.

The gauge generator is constructed by adding all 1
st class constraint. In this case, they are con-

tained already in the extended Hamiltonian (2.120). Thus, the gauge generator is simply the ex-
tended Hamiltonian (2.120) and generates the gauge symmetries which are described by equations
(2.121)-(2.125).

2.3.2 Electrodynamics

The Maxwell Lagrangian is

L = −1
4

∫
Σt

d3xFabFab (2.126)

with Fab = ∂a Ab − ∂b Aa and a, b = 0, 1, 2, 3. The vector potential Aa is considered to be the canonical
variable. The canonical momenta are

πa =
δL

δȦa
= Fa0 (2.127)

with the primary constraint being
π0 = F00 = 0 . (2.128)

The canonical Hamiltonian takes the form

Hc =
∫

Σt

d3x πa Ȧa − L

=
∫

Σt

d3x
(1

4
FijFij +

1
2

πiπi − A0∂iπ
i
)

(2.129)

with i, j = 1, 2, 3. The total Hamiltonian is

HT = Hc +
∫

Σt

d3x u π0

=
∫

Σt

d3x
(1

4
FijFij +

1
2

πiπi − A0∂iπ
i + uπ0

)
. (2.130)

where u = u(x) is arbitrary. The consistency condition for the primary constraint (2.128) generates
the secondary constraint

{π0(x), HT} = −
∫

Σt

d3y δ(3)(~x−~z) δ

δA0(z)

∫
Σt

d3y(−A0∂iπ
i) = ∂iπ

i . (2.131)

Additionally, there are not further secondary constraints since

{∂iπ
i, HT} = ∂i∂jFij = 0 (2.132)

and both constraints (2.128), (2.131) are 1
st class because

{π0, ∂i Ai} = 0 . (2.133)

The physical degrees of freedom are 1
2 (2× 4− 2× 2) = 2. The equations of motion are

Ȧ0 = {A0, HT} = u (2.134)

Ȧi = {Ai, HT} = πi + ∂i A0 (2.135)

π̇0 = {π0, HT} = ∂iπ
i ≈ 0 (2.136)

π̇i = {πi, HT} = ∂jFj
i (2.137)
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One notices the characteristic feature of gauge theories, namely the presence of arbitrary functions
of time in the equations of motion. Indeed, (2.134) contains the arbitrary function u = u(x) and
thus, the time evolution of A0 is not determined. The 0-th component of the vector potential Aµ is
left arbitrary.

The 1
st class constraints (2.128), (2.131) generate the gauge transformations δAµ = εa{Aµ, φa}

and δπµ = εa{πµ, φa} with φ1 ≡ π0, φ2 ≡ ∂iπ
i, a = 1, 2 and εa = εa(x) being arbitrary. These

transformations explicitly read

δA0 = ε1 (2.138)

δAi = −∂iε2 (2.139)

δπµ = 0 . (2.140)

with ε1 = ε1(x) and ε2 = ε2(x) being arbitrary. Finally, the gauge generator of (2.138), (2.139),
(2.140) is

G =
∫

Σt

d3x
(

ε1 π0 + ε2 ∂iπ
i
)

. (2.141)

Now it is interesting to examine the symmetries of the extended Hamiltonian. Since, the 1
st class

secondary constraint (2.131) is already present in the total Hamiltonian (2.130), it is sufficient to
view A0 as a Lagrange multiplier and not as a canonical variable. Notice that is also implied by the
first equation of motion (2.134). The extended Hamiltonian is simply

HE =
∫

Σt

d3x
(1

4
FijFij +

1
2

πiπi + λ∂iπ
i
)

(2.142)

where λ = λ(x) is an arbitrary function. The equations of motions with respect to the extended
Hamiltonian are

Ȧi = {Ai, HE} = πi − ∂iλ (2.143)

π̇i = {πi, HE} = ∂jFji . (2.144)

One notices again the presence of the arbitrary function λ = λ(x) in equation of motion (2.143).
Now, the 1

st class secondary constraint (2.131) generates the gauge transformations δAi = ε{Ai, φ}
and δπi = ε{πi, φ} with φ ≡ ∂iπ

i and ε = ε(x) being arbitrary. These transformations explicitly
read

δAi = −∂iε (2.145)

δπi = 0 . (2.146)

The generator of the above gauge symmetries is

G =
∫

Σt

d3x ε ∂iπ
i . (2.147)

It is now investigated whether the above gauge generator has well-defined functional derivatives of
the form (2.88). Its variation takes the form

δG =
∫

Σt

d3x
[
∂iπ

iδε− ∂iεδπi
]
+
∫

∂Σt

d2xi ε δπi (2.148)

where an integration by parts has been performed. It is obvious that, since the variation consists
of surface integrals on ∂Σt, the gauge generator (2.147) has not well-defined functional derivatives.
Thus, it needs to be improved. This is done by adding to (2.148) the surface integral

δQ = −
∫

∂Σt

d2xi ε δπi . (2.149)
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Then, the variation (2.93) of the improved generator Γ becomes

δΓ|on-shell = δG + δQ

=
∫

Σt

d3x
[
∂iπ

iδε− ∂iεδπi
]

≈ 0 (2.150)

after use of the constraint (2.131), subject to the boundary condition

δπi|Σt = 0 . (2.151)

The charges are evaluated by integrating (2.149) in phase space. The result is

Q = −
∫

∂Σt

d2xi ε πi . (2.152)

Identifying the canonical momenta πi as the electric field Ei, the 0-th component of the above charge
takes the form

Q = −
∫

∂Σt

d2xi Ei (2.153)

which is simply the electric charge, since the above expression is the integrated form of Gauss’ law.



2.4 the case of general relativity 33

2.4 the case of general relativity

2.4.1 General setup

The Einstein-Hilbert action is
S =

1
16π

∫
M

d4x
√
−gR . (2.154)

The Gibbons-Hawking-York boundary term [48], [49] that is required for a well-defined variational
principle does not contribute to the dynamical evolution of the system. Therefore, from now on,
this and other boundary terms will be neglected, being dynamically irrelevant. Using the ADM
decomposition [50], which is presented in Appendix A.3, the Lagrangian of (2.154) can be rewritten
as

L =
∫

Σt

d3x
√

hN
(
R+ KabKab − K2 + 2∇a(na∇cnc)− 2∇a(nc∇cna)

)
. (2.155)

The derivation of the above is given in Appendix A.2. The last two terms in the parentheses yield
boundary terms in (2.154) and are dropped. The components of the canonical momenta πab = δL

δġab
are

πab =
δL

δḣab
=
√

h(Kab − Khab) (2.156)

π =
δL
δṄ

= 0 (2.157)

πa =
δL

δṄa
= 0 . (2.158)

The last two expressions (2.157), (2.158) are primary constraints. The Lagrangian (2.155) in terms of
canonical variables takes the form

L =
∫

Σt

d3x
√

hN
(
R+

1
h

πabπab −
1

2h
πa

a
2
)

(2.159)

and therefore the canonical Hamiltonian is

Hc =
∫

Σt

d3x
[
πabḣab + πaṄa + πṄ

]
− L

=
∫

Σt

d3x
√

hN
(
−R+

1
h

πabπab −
1

2h
πa

a
2
)
−
∫

Σt

d3x 2 Nb Daπab +
∫

Σt

d3x 2 Da

(
Nbπab

)
(2.160)

using (2.156), (2.157) and (2.158). The last expression is a boundary term and is dropped. The total
Hamiltonian is

HT = Hc +
∫

Σt

d3x
(

uπ + uaπa

)
=
∫

Σt

d3x
√

hN
(
−R+

1
h

πabπab −
1

2h
πa

a
2
)
+
∫

Σt

d3x
(
− 2Nb Daπab + uπ + uaπa

)
(2.161)

with u = u(x), ua = ua(x) being arbitrary. The consistency conditions for the primary constraints
(2.157) and (2.158) reveal the secondary constraints

{π, HT} =
√

h
(
R− 1

h
πabπab +

1
2h

πa
a

2
)
≡ −H⊥ (2.162)

{πa, HT} = 2Dbπb
a ≡ −Ha . (2.163)

At this stage, it is convenient to calculate their Poisson brackets. They are

{H⊥(x),H⊥(y)} = hab
(
Hb(x) +Hb(y)

)
∂aδ(3)(~x−~y) (2.164)

{Ha(x),H⊥(y)} = H⊥(x) ∂aδ(3)(~x−~y) (2.165)

{Ha(x),Hb(y)} = Ha(y) ∂bδ(3)(~x−~y) +Hb(x) ∂aδ(3)(~x−~y) (2.166)



34 hamiltonian formulation of gauge theories

with the partial derivative always acting on the x argument. It is easily recognized that the above
relations form an algebra. The discussion and analysis of this Poisson bracket algebra is postponed
until subsection 2.4.2 that follows.

The total Hamiltonian (2.161) can now compactly written as

HT =
∫

Σt

d3x
(

NH⊥ + NaHa + uπ + uaπa

)
. (2.167)

Using the algebra (2.164), (2.165), (2.166), the time evolution of the secondary constraints H⊥, Ha

terminates since

{Ha(x), HT} =
∫

Σt

d3y{Ha(x), NH⊥ + NcHc (y)} = H⊥∂aN + ∂c(NcHa) +Hc∂aNc ≈ 0 (2.168)

{H⊥(x), HT} =
∫

Σt

d3y{H⊥(x), NH⊥ + NaHa (y)} = Ha∂aN + ∂a(NHa)

+ ∂a(H⊥Na) ≈ 0 . (2.169)

Thus, there exist no further secondary constraints.
The next step is to classify all constraints into 1

st and 2
nd class. One finds

{π, πa} = {π,H⊥} = {π,Ha} = 0

{πa,H⊥} = {πa,Hb} = 0

{H⊥(x),Ha(y)} = H⊥(x) ∂aδ(3)(~x−~y) ≈ 0 (2.170)

and therefore all constraints are 1
st class. The physical degrees of freedom are 1

2 (2× 10− 0− 2× 8) =
2, corresponding to the two different polarizations of the graviton.

Using the total Hamiltonian (2.167), the Hamilton’s equations of motion are

ḣab = {hab, HT} =
2N√

h
(πab −

1
2

habπc
c) + 2D(aNb) (2.171)

Ṅ = {N, HT} = u (2.172)

Ṅa = {Na, HT} = ua (2.173)

π̇ab = {πab, HT} = −N
√

h(Rab − 1
2

habR) + N
2
√

h
hab(πcdπcd − 1

2
πc

c
2)

− 2N√
h
(πa

c πbc − 1
2

πabπc
c) +
√

h(DaDbN − habDcDcN)− 2πc(aDcNb) + Dc(Ncπab) (2.174)

π̇ = {π, HT} = −H⊥ ≈ 0 (2.175)

π̇a = {πa, HT} = −Ha ≈ 0 . (2.176)

It is obvious from (2.172) and (2.173) that N, Na remain arbitrary functions. Subsequently, equations
of motion (2.171), (2.174) contain as well arbitrary functions, a characteristic feature of General
Relativity as a gauge theory.

As discussed in 2.1.8, the extended Hamiltonian is obtained by adding all secondary 1
st class

constraints (2.162), (2.163) to the total Hamiltonian (2.167), i.e.

HE = HT +
∫

Σt

d3x
(

αH⊥ + αaHa

)
=
∫

Σt

d3x
(
(α + N)H⊥ + (αa + Na)Ha + uπ + uaπa

)
(2.177)

where α = α(x), αa = αa(x) are arbitrary functions. Since the equations of motion of N, Na (2.172),
(2.173) state that N, Na are, as well, arbitrary, the terms in the above parentheses can be redefined
as

HE =
∫

Σt

d3x
(

ε⊥H⊥ + εaHa + uπ + uaπa

)
(2.178)
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with ε⊥ = ε⊥(x), εa = εa(x) being arbitrary functions. As it was argued in 2.1.8, one is generally
interested in the extended Hamiltonian when quantizing the theory, where all gauge freedom be-
comes manifest. That is because secondary 1

st are added in the total Hamiltonian, which were
not present before. But in the present case, it is obvious that the extended Hamiltonian (2.179) is
the same with the total one (2.167) and generates the gauge symmetries of the Lagrangian (2.155),
as the total Hamiltonian does. Nevertheless, for distinguishing the true dynamics of the theory
from parts characterizing merely how the coordinate system evolves in time (sections 3.3 and 3.4
of [50]), it is customary to reduce the phase space as follows: from the analytic expressions of the
secondary constraints H⊥ (2.162) and Ha (2.163), one observes that they do not depend neither on
N, Na nor their conjugate momenta π, πa and thus the extended Hamiltonian (2.178) can be viewed

as describing two distinct systems: the first system, consisting of
∫

Σt
d3x
(

ε⊥H⊥ + εaHa

)
in which

N, Na are not dynamical variables anymore, reveals the true dynamics. The second one, consisting

of
∫

Σt
d3x
(

uπ + uaπa

)
characterizes the evolution of the coordinate system in time and is discarded.

The rest of the analysis continues with the extended Hamiltonian to be

HE =
∫

Σt

d3x
(

ε⊥H⊥ + εaHa

)
. (2.179)

Now the phase space has been reduced since N, Na and their conjugate momenta are not canon-
ical variables anymore. The remaining dynamical variables are hab and πab. The corresponding
equations of motion are

ḣab = {hab, HE} =
2ε⊥√

h
(πab −

1
2

habπc
c) + 2D(aεb) (2.180)

π̇ab = {πab, HE} = −ε⊥
√

h(Rab − 1
2

habR) + ε⊥

2
√

h
hab(πcdπcd − 1

2
πc

c
2)

− 2ε⊥√
h
(πa

c πbc − 1
2

πabπ) +
√

h(DaDbε⊥ − habDcDcε⊥)− 2πc(aDcεb) + Dc(ε
cπab) . (2.181)

One obtains, once again, the characteristic form of equations of motion of a gauge theory, namely the
fact that they contain arbitrary functions, in this case these functions being ε⊥ and εa. Additionally,
varying the extended Hamiltonian (2.179) with respect to ε⊥ and εa one gets the constraint equations
H⊥ = 0, Ha = 0.

2.4.2 Poisson bracket algebra of the constraints

It was mentioned before that the algebra of the constraints is

{H⊥(x),H⊥(y)} = hab
(
Hb(x) +Hb(y)

)
∂aδ(3)(~x−~y) (2.182)

{Ha(x),H⊥(y)} = H⊥(x) ∂aδ(3)(~x−~y) (2.183)

{Ha(x),Hb(y)} = Ha(y) ∂bδ(3)(~x−~y) +Hb(x) ∂aδ(3)(~x−~y) . (2.184)

Their geometrical interpretation was particularly important for understanding the dynamics of Gen-
eral Relativity: the third relation (2.184) states that Ha are generators of spatial diffeomorphisms
on the surface Σt. The second relation (2.183) states that H⊥ is a scalar density. This does not at
all contain any new information since it was already defined as such in (2.162). Finally, the first
relation (2.182) states that H⊥ is generator of deformations of the surface Σt normal to itself, as
it is embedded in Σt × R ' M. This means that the evolution of the dynamical variables of the
theory can be represented as motion of the 3-dimensional surface Σt in the 4-dimensional manifold
of hyperbolic signature. A very interesting discussion concerning this geometric interpretation of
the above Poisson bracket algebra can be found in [51]. A last observation is that the presence of hab
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in the r.h.s. of (2.182) shows that the Poisson bracket algebra of constraints is not a true Lie algebra
at all. Interestingly, as it will be explained later, it becomes a Lie algebra asymptotically.

Another useful version of this Poisson bracket algebra can be derived using smeared variables as

H⊥[η] ≡
∫

Σt

d3x H⊥η (2.185)

H[ξa] ≡
∫

Σt

d3x Haξa (2.186)

where η = η(x) and ξa = ξa(x) = ha
bξb are a scalar and a tangent vector field on Σt respectively.

Then, the algebra (2.182), (2.183), (2.184) becomes

{H⊥[η1], H⊥[η2]} = H[hab(η1Dbη2 − η2Dbη1)] (2.187)

{H[ξa], H⊥[η]} = H⊥[ 3£ξa η] (2.188)

{H[ξa
1], H[ξb

2]} = H
[
[ξa

1, ξb
2]

c] (2.189)

where
[ξa

1, ξb
2]

c = ξa
1∂aξc

2 − ξa
2∂aξc

1 (2.190)

is the usual expression for the Lie bracket of two vector fields.
Furthermore, the extended Hamiltonian (2.179) can be written in the smeared version as

HE[ε] =
∫

Σt

d3x εaHa (2.191)

with εa ≡ {ε⊥, εa}. Then, the algebra (2.187), (2.188), (2.189) can be compactly written as

{HE[ε1], HE[ε2]} = HE
[
[ε1, ε2]

]
(2.192)

with

[ε1, ε2]
⊥ = εa

1∂aε⊥2 − εa
2∂aε⊥1 (2.193)

[ε1, ε2]
a = hab(ε⊥1 ∂bε⊥2 − ε⊥2 ∂bε⊥1 ) + εb

1∂bεa
2 − εb

2∂bεa
1 (2.194)

also known as surface deformation algebra [51].

2.4.3 Gauge generator

Firstly, the case of the gauge symmetries of the Lagrangian (2.154) is explored. For this, one uses
the Castellani algorithm [52]: starting with the primary first class constraint π, one has the following
chain

G1 = π

G0 + {π, HT} = PFC

{G0, HT} = PFC (2.195)

with
PFC =

∫
Σt

d3y
(

α(x, y)π(y) + αa(x, y)πa(y)
)

. (2.196)

The coefficients α(x, y) and αa(x, y) are determined via chain (2.195) to be

α(x, y) = Na∂a(y)δ(3)(~x−~y)

αa(x, y) = ∂aN(y) δ(3)(~x−~y) + N(y)∂aδ(3)(~x−~y) . (2.197)
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The corresponding gauge generator is associated with diffeomorphisms orthogonal to the spatial
hypersurface ∂M and it takes the form

G⊥(ζ⊥, ζ̇⊥) =
∫

Σt

d3x
[
ζ⊥
(
H⊥ + 3£~Nπ + πaDaN + Da(π

aN)
)
+ ζ̇⊥π

]
. (2.198)

Likewise, starting with the primary first class constraint πa the algorithm gives the following chain

G1a = πa

G0a + {πa, HT} = PFCa

{G0a, HT} = PFCa (2.199)

with
PFC =

∫
d3y
(

βa(x, y)π(y) + βb
a(x, y)πb(y)

)
. (2.200)

The coefficients βa(x, y) and βb
a(x, y) are found from (2.199) to be

βa(x, y) = ∂aN(y)δ(3)(~x−~y)

βb
a(x, y) = ∂aNbδ(3)(~x−~y) + Ncδb

a∂cδ(3)(~x−~y) . (2.201)

The corresponding gauge generator is associated with spatial diffeomorphisms on ∂M and it takes
the form

GD(ζ
a, ζ̇a) =

∫
Σt

d3x
[
ζa
(
Ha + πDaN + 3£~Nπa

)
+ ζ̇aπa

]
. (2.202)

Hence, the gauge generator of symmetries of the Lagrangian (2.154) is

G = G⊥ + GD

=
∫

Σt

d3x
[
ζ⊥
(
H⊥ + 3£~Nπ + πaDaN + Da(π

aN)
)
+ ζ̇⊥π

+ ζa
(
Ha + πDaN + 3£~Nπa

)
+ ζ̇aπa

]
. (2.203)

Lastly, as it is shown in Appendix B.1.1, it can be straightforward verified that the Castellani gener-
ator (2.203) produces the correct gauge symmetries of the Lagrangian (2.155). That is, it generates
the transformations

δgab = £ζc gab (2.204)

under diffeomorphisms of the coordinates, x′a = xa + ζa(xb).
Now, the case of the gauge symmetries of the extended Hamiltonian in the form of (2.179) is

analyzed. Since 1
st class constraints generate gauge symmetries, the gauge generator is simply the

extended Hamiltonian
HE =

∫
Σt

d3x
(

ε⊥H⊥ + εaHa

)
. (2.205)

At this point, it is reminded that the phase space has been reduced by discarding N, Na and their
canonical momenta. Thus, the gauge symmetries in this case are the transformations of the spatial
metric

δhab = £εc hab (2.206)

under diffeomorphisms of the coordinates xa on M of the form x′a = xa + εa(xb). It is demonstrated
that the extended Hamiltonian (2.205) indeed generates the correct gauge transformations (2.206).
The task is to find δhab under the action of the gauge generator (2.205), i.e. to find δHE hab, and then
verify that it generates the r.h.s. of (2.206). Indeed, δHE hab is the Hamilton’s equation of motion
(2.180), which is rewritten as

δHE hab = {hab, HE}

=
2ε⊥√

h
(πab −

1
2

habπc
c) + 2D(aεb)

= 2ε⊥Kab + 2D(aεb) (2.207)
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after use of (2.156) and its trace. Now, focusing on the r.h.s. of (2.206), the vector field εa on M can
be decomposed in the ADM basis as

εa = ε⊥na + εa (2.208)

with
ε⊥ = −naεa and εa = ha

bεb (2.209)

Then, using (2.208), the r.h.s. of (2.206) is found to be

£εc hab = £ε⊥nc+εc hab = £ε⊥nc hab +
3£εc hab

= ε⊥nc∇chab + 2hc(a∇b)(ε
⊥nc) + 2D(aεb)

= ε⊥
[
nc∇chab + 2hc(a∇b)n

c
]
+ 2D(aεb)

= ε⊥£nc hab + 2D(aεb)

= 2ε⊥Kab + 2D(aεb) (2.210)

after using nahab = 0. This is exactly the r.h.s of (2.207) and thus δHE = £εc hab. Therefore, it
is concluded that the extended Hamiltonian (2.205) indeed generates the gauge transformations
(2.206) of the spatial metric.

2.4.4 Improved Hamiltonian and generator

It was already discussed in 2.2.1 that, in presence of boundaries, the Hamiltonian functions and
the gauge generator have not, in principle, well-defined functional derivatives of the form (2.88).
Indeed, this holds true in the case of General Relativity as well. Namely, the extended Hamiltonian
or gauge generator (2.205) has not well-defined functional derivatives. Thus, it has to be improved
by adding appropriate surface integrals, such that they cancel those arising from its variation. This
inevitably leads to imposition of asymptotic boundary conditions which, here, are chosen to be
asymptotically AdS4.

At first, it is demonstrated that the extended Hamiltonian or gauge generator (2.205) has not well-
defined functional derivatives of the form (2.88). Writing Hamilton equations of motion of (2.205)
compactly as

ḣab = {hab, HE} =
δHE

δπab (2.211)

π̇ab = {hab, HE} = −
δHE

δhab
(2.212)

one observes that the functional derivatives appearing in the r.h.s. are the coefficients of the variation
of the extended Hamiltonian (2.205), i.e.

δHE =
∫

Σt

d3x
[

Aabδhab + Babδπab
]

(2.213a)

with
δHE

δhab
≡ Aab (2.213b)

δHE

δπab ≡ Bab . (2.213c)

Thus, in order for the Hamilton equations of motion (2.211), (2.212) to be defined at all it is com-
pulsory that variation δHE is of the form (2.213) for arbitrary changes of the phase space functions
(hab, πab). But an explicit variation of (2.205) yields

δHE =
∫

Σt

d3x
[

Aabδhab + Babδπab
]
−
∫

∂Σt

d2sd

[
Gabcd(ε⊥ Dcδhab − Dcε⊥ δhab)

]
−
∫

∂Σt

d2sd

[
2εcδπcd + (2εcπbd − εdπbc)δhbc

]
(2.214)
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with Gabcd = 1
2

√
h(hachbd + hadhbc− 2habhcd) and the exact expressions of Aab, Bab are the r.h.s. of the

Hamilton equations (2.180) and (2.181) respectively. Thus, the surface integral on ∂Σt which appears
in the above variation renders the extended Hamiltonian (2.205) not being of the form (2.88) and
thus not-well defined. For the Hamilton equations to make sense, the surface integrals in the above
variation must vanish. Therefore, the extended Hamiltonian (2.205) has to be improved. This is
done by adding an appropriate term, the variation of which cancels these unwanted surface terms.
The explicit form of this term depends on the asymptotic boundary conditions one imposes.

2.4.5 Asymptotically AdS4 boundary conditions and canonical charges

The extended Hamiltonian (2.205) is improved to have well-defined functional derivatives, after
imposing asymptotically AdS4 boundary conditions. Then, the corresponding canonical, asymptotic
charge is constructed. As it is shown, these charges describe asymptotic symmetries of the theory,
namely the symmetries of O(3, 2) which is the isometry group of AdS4.

Firstly, the AdS4 spacetime is considered: the solution of Einstein’s equations with a cosmological
constant term Λ that possesses the maximum number of isometries is AdS4 spacetime and can be
written as

ds2
0 = −(1 + ρ2)dt2 + (1 + ρ2)−1dr2 + r2dΩ2

2 (2.215)

where ρ ≡ r
` , dΩ2

2 = dθ2 + sin2 θφ2 and Λ = − 3
`2 , with ` being the radius of curvature of AdS4. The

group of isometries is O(3, 2). Its ten generators are the Killing vectors UAB with A, B = 1, . . . , 5
and they have the explicit form

U51 =
∂

∂τ

U21 = −ρ sin τ sin θ cos φ(1 + ρ2)−1/2 ∂

∂τ
+ (1 + ρ2)1/2 cos τ sin θ cos φ

∂

∂ρ

+ ρ−1(1 + ρ2)1/2 cos τ
(

cos θ cos φ
∂

∂θ
− sin φ

sin θ

∂

∂φ

)
U31 = −ρ sin τ sin θ sin φ(1 + ρ2)−1/2 ∂

∂τ
+ (1 + ρ2)1/2 cos τ sin θ sin φ

∂

∂ρ

+ ρ−1(1 + ρ2)1/2 cos τ
(

cos θ sin φ
∂

∂θ
+

cos φ

sin θ

∂

∂φ

)
U41 = −ρ sin τ cos θ(1 + ρ2)−1/2 ∂

∂τ
+ (1 + ρ2)1/2 cos τ cos θ

∂

∂ρ
− ρ−1(1 + ρ2)1/2 cos τ sin θ

∂

∂θ

U25 = ρ cos τ sin θ cos φ(1 + ρ2)−1/2 ∂

∂τ
+ (1 + ρ2)1/2 sin τ sin θ cos φ

∂

∂ρ

+ ρ−1(1 + ρ2)1/2 sin τ
(

cos θ cos φ
∂

∂θ
− sin φ

sin θ

∂

∂φ

)
(2.216)

U35 = ρ cos τ sin θ sin φ(1 + ρ2)−1/2 ∂

∂τ
+ (1 + ρ2)1/2 sin τ sin θ sin φ

∂

∂ρ

+ ρ−1(1 + ρ2)1/2 sin τ
(

cos θ sin φ
∂

∂θ
+

cos φ

sin θ

∂

∂φ

)
U45 = ρ cos τ cos θ(1 + ρ2)−1/2 ∂

∂τ
+ (1 + ρ2)1/2 sin τ cos θ

∂

∂ρ
− ρ−1(1 + ρ2)1/2 sin τ sin θ

∂

∂θ

U23 =
∂

∂φ

U34 = − sin φ
∂

∂θ
− cot gθ cos φ

∂

∂φ

U42 = cos φ
∂

∂θ
− cot gθ sin φ

∂

∂φ
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where τ = t`−1. These Killing vectors obey the o(3, 2) Lie algebra

[UAB, UCD] = CEF
ABCDUEF (2.217)

where

CEF
ABCD =

1
2

ηBC(δ
E
AδF

D − δF
AδE

D)−
1
2

ηBD(δ
E
AδF

C − δF
AδE

C)− (A↔ B) (2.218)

and the five-dimensional metric ηAB has signature (−,+,+,+,−).
Since the interest here is for an asymptotically AdS4 spacetime, one can write such a line element

as
ds2 = ds2

0 + habdxadxb . (2.219)

For example, such a spacetime describes the Kerr− AdS4 and the Schwarzschild− AdS4 spacetimes
(with appropriate hab in each case). Now, boundary conditions at infinity (hab as r → ∞) are usually
imposed by hand. However, they should be such that they meet some reasonable and desirable
criteria. In this example, adopting the argument of [53], boundary conditions should be such that
they fulfill the following requirements: 1) they should contain asymptotically AdS spacetimes of
physical interest, for example the Kerr − AdS4 solution, otherwise they would be too restrictive,
2) they should be invariant under the O(3, 2) group, otherwise an allowed configuration under a
symmetry transformation would be mapped into an non-allowed one, and 3) they should make
the surface integrals associated with generators of the O(3, 2) group finite asymptotically. To fulfill
condition 1), one starts with the Kerr − AdS4 metric in the form (2.219) and acts on it with the
generators of O(3, 2) (2.216). The generated metric perturbations hab are

htt = r−1 ftt +O(r−2) htr = r−4 ftr +O(r−5) htθ = r−1 ftφ +O(r−2) htφ = r−1 ftφ +O(r−2)

hrt = htr hrr = r−5 frr +O(r−6) hrθ = r−4 frθ +O(r−5) hrφ = r−4 frφ +O(r−5)

hθr = htθ hθr = hrθ hθθ = r−1 fθθ +O(r−2) hθφ = r−1 fφθ +O(r−2)

hφt = htφ hφr = hrφ hφθ = hθφ hφφ = r−1 fφφ +O(r−2)


(2.220)

where the functions ftt, ftr, frr, frθ , frφ, fθφ, fφφ depend on r, θ, φ. It turns out that the above asymp-
totic boundary conditions are O(3, 2) invariant, i.e. also fulfill condition 2). Additionally, the above
set of boundary conditions preserves asymptotic isometries of the metric hab generated by vector
fields εc ( 3£εc hab = r−n fab, with n = 1, 4, 5 according to (2.220)) obeying

lim
r→∞

[
εc − εABUc

AB

]
−→ 0 (2.221)

where εAB are the constant components of εc along the Killing vector fields components Uc
AB. The

precise fall off behavior of (2.221) cam be found in [53].
The next step is to find, under the asymptotic boundary conditions (2.220), (2.221), the appropriate

surface term the variation of which cancels the unwanted surface terms in (2.214). Additionally, to
meet condition 3), this surface term must be finite asymptotically. Using Kab = 1

2N (−ḣab + D(aNb)),
the asymptotic behavior of canonical momenta is found to beπrr = r−1 prr +O(r−2) πrθ = r−2 prθ +O(r−3) πrφ = r−2 prφ +O(r−3)

πθr = πrθ πθθ(x) = r−5 pθθ +O(r−6) πθφ = r−5 pθφ +O(r−6)

πφr = πrφ πφθ = πθφ πφφ = r−5 pφφ +O(r−6)

 (2.222)

where the functions prr, prθ , prφ, pθθ , pθφ, pφφ depend on θ, φ and all πta = 0 ∀a. Using the asymptotic
boundary conditions (2.220), (2.221), (2.222), the appropriate term to cancel the unwanted surface
integrals in (2.214) is found, up to a constant, to be

1
2

lim
r→∞

εABQAB (2.223)



2.4 the case of general relativity 41

where
QAB =

∫
∂Σt

d2Sd

(
W̃abcd(U⊥ABD̃bhac − D̃bU⊥ABhac) + 2Uc

ABπd
c

)
(2.224)

and the quantities with ˜ refer to the spatial AdS metric (2.215) and W̃abcd = 1
2

√
h̃(h̃ach̃bd + h̃adh̃bc −

2h̃abh̃cd). Moreover, it turns out that this term is finite asymptotically, therefore condition 3) is
satisfied. Thus, one has now achieved the initial aim: the improved Hamiltonian or equivalently the
improved gauge generator can be written as

H′ ≡ HE +
1
2

lim
r→∞

εABQAB

=
∫

Σt

d3x
(

ε⊥H+ εaHa

)
+

1
2

lim
r→∞

∫
∂Σt

d2Sd

(
W̃abcd(U⊥ABD̃bhac − D̃bU⊥ABhac) + 2Uc

ABπd
c

)
. (2.225)

One notices immediately that H′ ≈ QAB. Therefore, the improved Hamiltonian (2.225) can be
interpreted now as the (correct) energy of the system, being charge (2.224).

Lastly, it is interesting to calculate charge (2.224) of a particular solution e.g. for the Schwarzschild−
AdS4 spacetime

ds2 = −
(

1 + ρ2 − 2M
r

)
dt2 +

(
1 + ρ2 − 2M

r

)−1
dr2 + r2dΩ2

2 (2.226)

with ρ ≡ r
` . In this case, the asymptotic boundary conditions (2.220), (2.222) are

hrr =
2M`4

r5 +O(r−8) , other hab = 0 (2.227)

πab = 0 (2.228)

and charge (2.224) associated with the Killing vector U51 = ∂τ reads

Q51 =
∫

∂Σt

d2sa W̃abcdU⊥51D̃bhcd = 8πM`
∫ π

0
dθ sin θ = 16πM` (2.229)

and all other QAB = 0. This is indeed the mass (energy) of the system at spatial infinity.

2.4.6 Asymptotic symmetry algebra

Now it is demonstrated that charge (2.224) generates asymptotic symmetries of the theory, namely
that is isomorphic to o(3, 2) algebra (2.217): since the extended Hamiltonian has been improved to
H′ = HE + 1

2 limr→∞ εABQAB, the smeared version of the Poisson bracket algebra of the constraints
(2.192) takes the form

{H′[ε1], H′[ε2]} = H′
[
[ε1, ε2]

]
. (2.230)

Since H′[ε] now has well-defined functional derivatives, so has {H′[ε1], H′[ε2]}, according to [54]:
the Poisson bracket of two well-defined differentiable generators is also a well-defined differentiable
generator. The algebra (2.230) on the constraint surface becomes

{Q[ε1], Q[ε2]} ≈ Q
[
[ε1, ε2]

]
. (2.231)

The asymptotic part of the Lie bracket [ε1, ε2] is expressed in terms of the asymptotic parts of
ε1, ε2 according to the surface deformation algebra (2.193), (2.194). Then, using the asymptotic
boundary conditions (2.220), (2.221), one finds that the Lie bracket [ε1, ε2] takes also the form (2.221)
asymptotically, i.e.

lim
r→∞

[
[ε1, ε2]

c − [ε1, ε2]
ABUc

AB

]
−→ 0 (2.232)

and additionally that
lim
r→∞

[ε1, ε2]
AB = CAB

CDEF εCD
1 εEF

2 (2.233)
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with CAB
CDEF being the structure constants of o(3, 2) defined in (2.218). Thus, substituting (2.232)

and (2.233) into the r.h.s. of (2.231), one finds that

{Q[ε1], Q[ε2]} ≈ CAB
CDEF εCD

1 εEF
2 Q[UAB] (2.234)

i.e. the algebra of the charges is isomorphic to the Lie algebra o(3, 2) (2.217).



3

PAT H I N T E G R A L A P P R O A C H T O G A U G E T H E O R I E S A N D 1 - L O O P
C O R R E C T I O N S

3.1 general setup

It was already discussed in chapter 2 that the Hamiltonian formulation is the starting point of the
canonical quantization of a classical (gauge or not) theory. One major advantage of this approach is
the simple analogue of the whole Hamiltonian setup to the quantum theory. Nevertheless, the choice
of a particular time slice, mandatory in the Hamiltonian setup, makes the canonical quantization
approach not manifestly relativistic.

There are alternative approaches to quantization. One of them is the path integral quantization
which is formally provided by a Hamiltonian formulation of the theory. This still maintains the non-
relativistic feature. However, it can equivalently be provided by a Lagrangian formulation. This
is desired because it has the obvious advantage that the Lagrangian can be expressed manifestly
relativistically, on account on the action being relativistically invariant. The Lagrangian approach
to quantization is equivalent with the Hamiltonian approach for the cases where the Hamiltonian
function is schematically of the form H = p2

2m + V(q), where p are the conjugate momenta and
V(q) a potential term. As it is obvious, this form of Hamiltonian already covers a wide variety of
realistic systems. But there are cases, such as non-Abelian gauge theories, in which the Hamiltonian
function is not in the above mentioned form. Thus, the Lagrangian path integral approach is not
subsequently obtained from the initial Hamiltonian formalism. Nevertheless, due to the relativistic
feature the Lagrangian possesses, it is customary to ignore the presence or not of an equivalent
Hamiltonian path integral approach. Instead, the starting point of path integral quantization is
considered to be provided by the Lagrangian.

Throughout this chapter, the path integral approach to field theories which possess gauge sym-
metries starts in 3.1, by analyzing initially a non-relativistic quantum mechanical system. The gen-
eralization to field theories is then performed gradually and the linearization and 1-loop corrections
are presented. Finally, in 3.2, the whole setup is applied in the case of General Relativity.

3.1.1 Quantum probability amplitude and classical Lagrangian

All equalities between quantum amplitudes and the path integral are to be understood up to
(infinite) overall factors. This point is emphasized when it appears for the first time.

Non-relativistic quantum mechanics

Throughout this subsection, h̄ is restored, for clarifying the classical limit of the path integral.

The original idea of connecting the quantum mechanical amplitude between two states with the
classical Lagrangian was first stated by Dirac [55]. This connection was inspired by the following
fundamental concepts: classical canonical transformations and their validity in the quantum level as
well, the Hamilton-Jacobi equation and the classical limit of wave mechanics. The main statement,
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or postulate, was that the probability amplitude of an initial state |q1, t1〉 to be found in a final state
|q2, t2 > must satisfy the following relation:

〈q2, t2|q1, t1〉 corresponds to e
i

t2∫
t1

dtL/h̄
(3.1)

where L = L(q, q̇) is the classical Lagrangian with q = {qi}, q̇ = {q̇i}, i = 1, . . . N being the degrees
of freedom of the system and q1 ≡ qi(t1), q2 ≡ qi(t2). The expression corresponds to is used to
point out the relation between the quantum mechanical amplitude and the classical theory, and
throughout Dirac’s work expression (3.1) is treated as an equality. The assumption that in the r.h.s.
appears the exponential of time integral of the Lagrangian, i.e. the classical action, is reasonable
and is justified: expressing the wavefunction ψ(q, t) as ψ(q, t) = ρ(q, t)eiS[q]/h̄ where ρ(q, t) is the
probability density and S[q] any real functional, it turns out that the classical limit of Schroedinger
equation is simply the Hamilton-Jacobi equation of classical mechanics H(q, ∂S[q]

∂q , t) + ∂S[q]
∂t = 0

where S[q] =
t2∫

t1

dtL + constant.

Dirac’s statement was then further developed by Feynman [56] to the formal formulation of the
path integral. Namely, in an attempt to investigate what "corresponds to" accounts for in (3.1), he
formulated a spacetime approach to quantum mechanics based on path integrals: the notion of a
unique classical path (trajectory) describing motion of a particle between two fixed end points and
satisfies Hamilton’s principle is radically altered. In quantum theory, between the two fixed end
points there exist infinite paths in spacetime plane along which motion takes place. Hence, all of
them must be taken into account in the dynamics of the theory. In particular, the r.h.s. of Dirac’s
statement (3.1) must be integrated over all these spacetime paths as follows

〈q2, t2|q1, t1〉 =
q2∫

q1

D[q(t)] e
i

t2∫
t1

dtL/h̄
. (3.2)

This expression is known as Feynman’s path integral. D[q(t)] is the path integral measure and de-
notes functional integration along spacetime paths in configuration space. The boundary conditions
(fixed end points in space) in the path integral are denoted as q(t2) = q2, q(t1) = q1. It should also
be mentioned that the above equality is up to an (infinite) normalizing factor (further details can be
found in the original work).

This path integral approach is mathematically equivalent with other formulations of quantum
mechanics, like the Schroedinger equation and the Heisenberg operator algebra. Furthermore, it
can be verified that the Feynman path integral has the correct limit as h̄ → 0, indeed singling out
the classical path contribution. A heuristic argument is the following: considering h̄ → 0, paths
away from the classical one will have large phase difference and will interfere destructively. On the
contrary, paths that are near the classical one will have small phase difference and will interfere
constructively. Thus, as h̄ → 0, the most important contribution to the path integral comes from
the region around the path which extremizes the action. According to Hamilton’s principle, that
is nothing else than the classical path. This conclusion can also be formally derived by use of the
stationary-phase method.

Relativistic quantum field theory

In what follows, h̄ is again set to unity.

The next step is to find an expression of the quantum amplitude in terms of the Feynman path
integral (3.2) for systems with infinite degrees of freedom, i.e. for a field theory. The simplest case
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will be considered here, that of a scalar field. Later, more involved examples will be analyzed, such
as the case of Electrodynamics and the case of General Relativity. Using the correspondence

q→ φ (3.3)

i→ ~x (3.4)

qi(t)→ φ(t,~x) = φ(x), with x ≡ (~x, t) (3.5)

where φ(x) is the scalar field, the Feynman path integral (3.2) takes the form

〈φ2(~x), t2|φ1(~x), t1〉 =
φ2(~x)∫

φ1(~x)

D[φ(x)] ei
∫

d4xL(φ) (3.6)

where L = L(φ(x), ηab) is the Lagrangian density and ηab the Minkowski metric. The boundary
conditions (fixed end points in spacetime) in the path integral are denoted as φ(~x, t1) = φ1(~x),
φ(~x, t2) = φ2(~x).

In quantum field theory, it is usual to take the initial and final states φ1(~x), φ2(~x) to be the vacuum
state. This can be denoted as < 0, t2|0, t1 >. This is a convenient but a natural choice as well, since
this is precisely what is measured in experiments. Then, this quantum transition amplitude from
vacuum to vacuum (for a free of interactions Lagrangian) represents the energy of the ground state.
But this is not of particular interest, since the aim is to calculate and measure energies of excited
states relative to the energy of vacuum state. Such cases are for example, when there is creation
of particles which propagate for a while and then at a later point they annihilate. This is formally
interpreted by a source at which particles can be created and annihilated. A typical Lagrangian
density for a scalar field with a source function J = J(x) is of the form

L(φ) = 1
2

ηab∂aφ∂bφ−V(φ) + Jφ (3.7)

where V(φ) being a general potential term. Here and from now on, x-dependence is not explicitly
written in expressions inside the path integral. Now, the quantum amplitude (3.6) takes the form

〈0, t2|J|0, t1〉 =
∫

D[φ] e
i
∫

d4x
[

1
2 ηab∂aφ∂bφ−V(φ)+Jφ

]
. (3.8)

Of course, the Lagrangian density (3.7) can also contain additional interaction terms between the
fields like e.g. − λ

4! φ
4 and so forth, with λ being the coupling constant of the interaction. For

simplicity, these additional terms are not written explicitly here.
The ultimate target is to analytically evaluate this quantum amplitude in its most general form, i.e.

for the most generic Lagrangian density. This is done as follows: it is expanded in a perturbation
(Taylor) series in J and in λ and the resulting expression is a series of functional integrals. This series
can also be schematically represented by the known Feynman diagrams. Each of the functional
integrals of the series must be, in principle, analytically evaluated and, again in principle, they
should not be infinite. It is important to state though, that even the functional integrals that appear
in the lowest orders of perturbative expansion are in general highly non-trivial to calculate.

During the direct, straightforward evaluation of these functional integrals that arise from the Feyn-
man path integral (3.8) an important identity is widely used. This identity is an infinite dimensional
generalization of the Gaussian-type integral

∞∫
−∞

dx e−
1
2 ax2+bx =

(2π

a

)1/2
eb2/2a . (3.9)

The infinite dimensional generalization is obtained when integrating by parts the exponential in
(3.8) and assuming as always boundary conditions, such as the fields to vanish fast enough at the
boundaries. Then, the analogue of the identity (3.9) takes the form∫

D[φ] e−
1
2 φ ·K · φ−V+J · φ = e−V(δ/δJ) e

1
2 J ·K−1 · J (3.10)
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where K = ∂2 here, but in general it contains all quadratic terms in the dynamical fields which
appear in the Lagrangian density. Also, · denotes tensor multiplication in a generic case.

Relativistic quantum field theory with gauge symmetries

Since most of theories that actually describe nature do exhibit gauge invariance, it is of major
importance to calculate the corresponding of the quantum amplitude (3.8) in these cases. In doing
so, things seem to be not so straightforward. Namely, a small difficulty appears: whenever needed,
implementation of the identity (3.10) is problematic. In particular, K has no inverse. Of course, this is
not at all surprising since the Lagrangian (density) in gauge theories is singular: this is was already

encountered in 2.1.1 where it was deduced that for a gauge theory, one has det
[

∂2L
∂q̇i∂q̇j

]
= 0. This

non invertibility of K appears at least to next-to leading order terms in the perturbative expansion
of the path integral and consequently affects the unitarity property of the corresponding quantum
amplitude [57].

A characteristic example of this complication is the case of Electrodynamics. The Maxwell action
with presence of a current Ja, i.e.

S[A] =
∫

d4x
[
− 1

4
Fab Fab + Aa Ja

]
(3.11)

with Fab ≡ 2∂[a Ab], is invariant with respect to the gauge transformation Aa → A′a = Aa − ∂aΛ.
When evaluating the path integral, in the attempt to bring it to form (3.10), a partial integration in
the action must be performed. This gives

S[A] =
∫

d4x
[
− 1

2
Aa
(
− ηab∂2 + ∂a∂b)Ab + Aa Ja

]
. (3.12)

Therefore here, K in (3.10) is proportional to −ηab∂2 + ∂a∂b ≡ Bab. But one immediately observes
that Bab is singular, because acting on the vector ∂aΛ it has zero eigenvalues, i.e. Bab∂bΛ = 0. Thus,
K has no inverse.

Although there exist several tricks to overpass this difficulty, they are successful only at lowest or-
der of the perturbative expansion of the path integral and only in the above case of Electrodynamics.
The most general and successful method to attack this problem is that of Faddeev and Popov [58],
[59]. Its success relies on the facts that it is successful at any order of perturbative expansion and at
cases of non-Abelian gauge theories, such as Yang-Mills and also at the case of General Relativity.

The Faddeev-Popov method is now performed for the above case of Electrodynamics. It essen-
tially consists of factoring out of the path integral the redundant integration over Λ (where K is
singular), up to an overall infinite factor. Since quantum amplitudes at all orders will contain this
infinite overall factor, it is usual to ignore it and throw it away. This can be schematically written as

∫
D[A] eiS[A] =

( ∫
D[Λ]

)
J (3.13)

where J is a path integral, independent of Λ and is to be specified. It is worthwhile mentioning that
this is reminiscent of the choice of a particular gauge in the canonical quantization of Electrodynam-
ics.

The method introduces a functional ∆(A), known as the Faddeev-Popov determinant. It is de-
fined by writing unity as

1 ≡ ∆[A]
∫

D[Λ]δ[ f (A′)] (3.14)
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where f [(A′a)] is any gauge fixing function depending on A′a = Aa − ∂aΛ. It can be shown that the
Faddeev-Popov determinant is gauge invariant, i.e. ∆(A) = ∆(A′) (a proof can be found in III.4 of
[60]). Then, inserting (3.14), the l.h.s of (3.13) becomes∫

D[A] eiS[A] =
∫ ∫

D[A]D[Λ] eiS[A]∆[A]δ[ f (A′)]

=
∫ ∫

D[A]D[Λ] eiS[A]∆[A]δ[ f (A)]

=
( ∫

D[Λ]
) ∫

D[A] eiS[A]∆[A]δ[ f (A)] (3.15)

where in the second equality the inverse gauge transformation A′a → Aa has been performed. Also,
it has been used that the Faddeev-Popov determinant, the path integral measure D[A] and the
action are gauge invariant. Now this expression is indeed of form (3.13). The integration over Λ has
been factored out in the overall infinite volume element

∫
D[Λ]. It is infinite because it is the volume

of group of gauge transformations A′a = Aa − ∂aΛ. But as was stated before, this is not problematic
since all quantum amplitudes are considered to be normalized to common infinite factors.

To see specifically that the singular behavior of K in identity (3.12) disappears with the Faddeev-
Popov method, it is instructive to choose f [A] = ∂a Aa − σ, with σ being a scalar function. Then,
from (3.14) the inverse of the Faddeev-Popov determinant takes the form

[∆(A)]−1 =
∫

DΛδ(∂a Aa − ∂2Λ− σ) . (3.16)

But since in (3.15) ∆[A] is multiplied with δ[ f (A)], one can heuristically set f [A] = ∂a Aa − σ to
zero. Thus, [∆(A)]−1 ∼ [

∫
DΛδ(∂2Λ)]−1. This does not depend on Aa and is thrown away. In other

words, the Faddeev-Popov determinant here can be set to 1. Therefore, up to overall factors that
only depend on Λ, (3.15) takes the form∫

D[A] eiS[A]∆[A]δ[ f (A)] =
∫

D[A] eiS[A]δ(∂a Aa − σ)

=
∫

D[σ]e−
i

2ξ

∫
d4x σ

∫
D[A] eiS[A]δ(∂a Aa − σ)

=
∫

D[A]eiS[A]− i
2ξ

∫
d4x(∂a Aa)2

(3.17)

where an additional integration over σ has been performed in order to compensate with the delta
function δ(∂a Aa − σ) and ξ is a number. Then finally, the original Maxwell action (3.11) takes the
form

S̃[A] = S[A]− 1
2ξ

∫
d4x(∂a Aa)2

=
∫

d4x
[
− 1

2
Aa

(
− ηab∂2 +

(
1− 1

ξ

)
∂a∂b

)
Ab + Aa Ja

]
. (3.18)

It is straightforward to check that K of (3.10) is now proportional to B̃ab = −ηab∂2 +
(
1− 1

ξ

)
∂a∂b

which does have an inverse and is no longer singular. Therefore, the Faddeev-Popov method in this
case fixes the problem by "adding" a gauge fixing term in the action.

Consequently, for a relativistic theory that possesses a particular gauge symmetry the correspond-
ing expression of the quantum amplitude (3.8) can be written as

〈0, t2|J|0, t1〉 =
∫

D[φ] ∆(φ) eiS[φ] (3.19)

where ∆(φ) is the Faddeev-Popov determinant, relevant with the gauge symmetry of the scalar field
action S[φ].
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Gravitational theories

Since the aim of this thesis is to analyze extensively aspects of conformal gravity, it is desirable to
extend the above discussion in this direction. And since the most physical and illustrative example
to start with is General Relativity, the action S[g] will be left arbitrary and generic in order to cover
both these cases.

The gauge symmetry that General Relativity possesses is that of diffeomorphism invariance, that
is invariance under changes of coordinates as xa → xa′ = xa + ξa(xb). Conformal gravity is dif-
feomorphic invariant as well. But it exhibits additionally scale invariance as a gauge symmetry.
Therefore, for a generic gravity theory an analogue of expression (3.19) with the Faddeev-Popov
determinant should be derived.

Before proceeding with the actual derivation and exactly because of diffeomorphism invariance,
it is important to emphasize on boundary conditions or end points of the path integral. Namely, an
initial and a final state can be characterized by a metric g1 on a spacetime M1 and a metric g2 on a
spacetime M2 respectively. But, due to diffeomorphism invariance not all components of g1 and g2

are physically relevant. That is, the components gabnb, where nb is the normal vector on the induced
surfaces S1 and S2 of M1 and M2, can have by gauge transformations arbitrary values which move
points in the interior of spacetime but leave the boundary fixed. Therefore at the end surfaces S1

and S2, it is sufficient to specify only the induced 3-dimensional metric h1 and h2 respectively.
Taking this into account, the quantum amplitude from an initial state with metric h1 on a surface

S1 to a final state with metric h2 on a surface S2 is [61]

〈h2, S2|h1, S1〉 =
h2∫

h1

D[g] ∆(g) eiS[g] (3.20)

with ∆(g) being the Faddeev-Popov determinant, associated with gauge symmetries of the gravita-
tional action S[g].

3.1.2 Euclidean path integral and partition function

There is a technical issue concerning the Feynman path integral that was described before. And
this is the issue related to its convergence. In particular, the action that appears in the exponential
of path integral (3.19) is real, for real φ. Likewise, the Einstein-Hilbert action as appearing in the
exponential of (3.20) is real when g is a real Lorentzian metric, i.e. having signature (−,+,+,+).
Therefore in both these cases, the exponential terms oscillate and cause convergence problems in
the path integral.

A resolution to this problem is to turn the oscillating exponentials into decaying ones. In order
to achieve that, the time parameter t is analytically extended into the complex set. This is done
by performing a Wick rotation t → −iτ, with τ ∈ R. Then, the section of the complex plane
characterized by real coordinates (τ, x, y, z) is the Euclidean spacetime (τ is also known as the
Euclidean time). The spacetime metrics η and g with initial Lorentzian signature are changed to the
Euclidean signature (+,+,+,+). Then, all path integrals can be performed in Euclidean spacetime
and resultant expressions can be always analytically continued back to the initial Lorentzian section.

At first, the Euclidean continuation is applied in the case of scalar field theory. The path integral
in (3.19) takes the form ∫

D[φ] ∆(φ) e−Ŝ[φ] (3.21)

with Ŝ[φ] = −iS[φ] being the Euclidean version of S[φ]. For real φ on Euclidean spacetime, Ŝ[φ] is
positive semi-definite. Now the initial aim has been achieved: the path integral over all such field
configurations is indeed exponentially damped and thus, it is expected to tend to converge. The
above expression is also known as Euclidean path integral.
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Another important application of the Euclidean path integral is related with aspects of statistical
mechanics. That is, a canonical ensemble of the scalar field φ and its partition function. Such
a relation can be obtained as follows: one can consider the scalar field φ without the presence

of a source, i.e. to consider the free action S =
∫

d4x
[

1
2 ηab∂aφ∂bφ − V(φ)

]
. Then, the quantum

amplitude between an initial state |φ1(~x), t1 > and a final state |φ2(~x), t2 > is given by the Feynman
path integral (3.6), which is repeated here:

〈φ2(~x), t2|φ1(~x), t1〉 =
φ2(~x)∫

φ1(~x)

D[φ] eiS[φ] . (3.22)

Using the Schroedinger picture, the l.h.s. can be written as

〈φ2(~x)|e−iH(t2−t1)|φ1(~x)〉 . (3.23)

Assuming that t2 − t1 = −iβ, φ1(~x) = φ2(~x) and summing over a complete orthonormal basis of
φn, one obtains from the above the partition function of the canonical ensemble of the field φ at
temperature T = β−1, which is

Z = ∑
n
〈φn(~x)|e−βEn |φn(~x)〉 (3.24)

where En is the energy eigenvalue of the state φn. But as it was stated before, the Feynman path
integral can also be replaced by its Euclidean version. Thus, the partition function (3.24) can also be
represented as a Euclidean path integral

Z =

φ2(~x)∫
φ1(~x)

D[φ] e−Ŝ[φ] (3.25)

where Ŝ[φ] is the Euclidean action and the path integration is performed over all φ’s that are real in
the Euclidean section and periodic in τ with period β.

Now it is of interest to discuss the above considerations in the case of gravitational theories.
That is, to derive the corresponding expression for the Euclidean path integral and investigate the
canonical ensemble and partition function of the gravitational field. With analytic continuation to
the Euclidean section, the spacetime metric g takes the Euclidean signature (+,+,+,+) and the
quantum amplitude (3.20) becomes

〈h2, S2|h1, S1〉 =
h2∫

h1

D[g]∆(g) e−Ŝ[g] (3.26)

where Ŝ[g] = −iS[g] is the Euclidean version of the gravitational action. The path integration
is performed over all metric configurations that are real in Euclidean spacetime and have given
values h1, h2 at the boundary surfaces S1, S2 respectively. Now the question is whether the issue of
convergence of the path integral has been resolved, like in the case of the scalar field. One obtains
that

• the Euclidean Einstein-Hilbert action is not positive definite. This conclusion comes form the
fact that there is a particular example of a metric, that is g′ = Ω2g , which makes the action
arbitrarily negative for Ω varying rapidly. Therefore, the issue of convergence of the path
integral in this case is not resolved. It is unavoidable to adopt a "Positive Action Conjecture"
[8], which nevertheless has been proven to hold for asymptotically Euclidean metrics [9] and
other special cases.
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• the conformal gravity action (5.1) consists of a Lagrangian density which is quadratic in cur-
vature tensors of the metric. Assuming that i) the dimensionless coupling constant αCG is
positive and ii) the metric gab is real and positive, then the conformal gravity action is positive.
Thus, and only under these assumptions, its path integral is expected to converge.

In any case, given the Euclidean path integral (3.26) it is natural to define the partition function of
a gravitational canonical ensemble in an analogous manner like in the scalar field. But the situation
is quite different: the universal attractive nature of gravity is source of many instabilities, which
make the canonical ensemble ill-defined. This fact was already known from Newtonian gravity,
where a static and homogeneous fluid is unstable under gravitational perturbations [62]. Similar
problems appear when considering a gas of gravitons in a finite volume, which are in thermal equi-
librium under their own Newtonian gravitational field: the system is thermodynamically unstable.
All these problems arise due to the attractive nature of the gravitational force.

In the case of General Relativity the problem of instabilities not only is not resolved, but becomes
even more severe. A gravitational system in equilibrium does not have a spatially constant tem-
perature, but there is only a local notion of temperature depending on the local observer. This is
concluded from the equivalence principle and implies that the temperature is blue- or red-shifted.
Additionally, a gravitational system due to influence of its own gravitational field will experience
gravitational collapse which will inevitably lead to the formation of a black hole [63]. The black
hole has a negative specific heat and thus, it cannot be in stable equilibrium with thermal radiation
at a fixed temperature [64]. Consequently, the black hole formation renders the canonical ensemble
ill-defined. Similar instability results are deduced when restricting the ensemble into a particular
metric configuration, such as flat spacetime: the canonical ensemble of flat spacetime at a finite tem-
perature is not well-defined [65]. Other approaches that consider the gravitational microcanonical
ensemble are not discussed here.

The problem of instabilities though is handled, when imposing certain assumptions in the whole
setup. That is, when enclosing the system in a box and imposing particular type of asymptotic
boundary conditions to the black hole to be formed. Such an example is the case of an asymptoti-
cally flat black hole inside a spherical cavity. The enclosing of the system inside the cavity is crucial
for defining the notion of temperature of the black hole ensemble: this is defined to be the uniform
temperature of the wall of the spherical cavity and depends on its boundary radius. In this case,
the canonical ensemble and its partition function turn out to be well defined [66]. Another example
is the case of an asymptotically AdS black hole. It is interesting to notice that this system does
not require the confinement in any kind of cavity, because the gravitational potential of the AdS
space acts like a box (of finite volume) itself. Then, an asymptotically AdS black hole has a positive
specific heat and thus, makes the canonical ensemble and its partition function well-defined [67].

Under the above considerations, a definition of the partition function of a canonical ensemble
for the case of gravitational theories should be done with great care on the (asymptotic) boundary
conditions imposed on the Euclidean path integral. In the cases when those allow a definition of
a gravitational canonical ensemble, following the analogue of (3.22), (3.23), (3.24) the gravitational
partition function is

Z =

h2∫
h1

D[g]∆(g) e−Ŝ[g] (3.27)

where g is periodic in τ with period β = T−1, i.e. g(τ,~x) = g(τ + β,~x), and has given boundary
values h1, h2.

3.1.3 Linearization and 1-loop correction to the classical action

The present and following section are entirely focused on the case of gravitational theories. As
it was already described before, their path integral is, in a sense, ill-defined. And this is due to
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the problem of convergence of the path integral, even in its Euclidean version (3.20), (3.27). But
even if this issue is neglected and one attempts to actually calculate the whole perturbative series
of the path integral, it turns out that it is extremely non-trivial. This complication arises due to
non-linearity of the equations of motion that gravitational theories exhibit.

Therefore, in the path integral formulation of gravitational theories it is legitimate to use approx-
imation methods. It is natural to expect that the dominant contribution to the path integral will
come from metric configurations that are near to those who extremize the action. That is, near to
solutions of the classical equations of motion. This method is called stationary-phase approximation
and it basically exploits perturbation theory to approximate the non-linear equations of motion into
a simpler, linearized version.

The starting point is to assume that there is an exact, known solution of the equations of motion
and a deviation around this solution. The spacetime metric gab can then be written as

gab = ḡab + gab(ε) (3.28)

where ḡab is the exact known solution and gab(ε) is the deviation around it. This can also be
expressed in a perturbative (Taylor) series as

gab = ḡab + ε
dgab

dε
|ε=0 +

ε2

2!
d2gab

dε2 |ε=0 + . . . (3.29)

= ḡab + εγab + . . . (3.30)

with dgab
dε |ε=0 ≡ γab. The parameter ε denotes the degree of perturbation, in the sense that g(ε)

depends differentiably on ε and gab(0) = ḡab.
The aim is to find S[ḡ + εγ + . . .]. Using the functional analogue of the Taylor series expansion,

i.e.

f [x + a] = exp
[

a
δ

δx

]
f [x] = ∑

n

1
n!

δ(n) f [x]
δxn an (3.31)

one arrives at

S[ḡ + εγ + . . .] = S[ḡ] + ε
δS[g]

δg
|ḡγ +

1
2!

ε2 δ(2)S[g]
δg2 |ḡγ2 + . . . (3.32)

= S[ḡ] +
1
2!

ε2 δ(2)S[g]
δg2 |ḡγ2 + . . . (3.33)

provided that the action has a well-defined variation principle. In the stationary-phase approxima-
tion that is considered here, one focuses up to the term of order ε2. This term contains the second
variation of the action and is quadratic in the perturbation γab. After a partial integration, it can
be brought into an equivalent form of an operator linear in γab, which is more convenient for the
analytic evaluation that follows in the next sections. This is always possible and to understand why,

it is instructive to derive the analytic form of δ(2)S[g]
δg2 |ḡ. This is done by studying the corresponding

equations of motion, i. e. the equations of motion at order ε. That is, one performs the perturbative
analysis (3.28), (3.29), (3.30) at the level of the equations of motion and picks the ones of order ε.

Denoting the equations of motion of gab as E [g] = 0, one is interested for a one-parameter family
of solutions gab(ε) of the form

E
[
g(ε)

]
= 0 . (3.34)

To extract the desired order (ε), it is necessary to differentiate them with respect to ε and set this to
zero, i.e.

dE
[
g(ε)

]
dε

|ε=0 = 0 . (3.35)

Then, the above is linear in
dgab

dε
|ε=0 ≡ γab (3.36)
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which is the deviation term in metric expansion (3.30). On account of (3.35) being linear, it can be
expressed in the form

L(γab) = 0 (3.37)

where L is a linear operator. These are the linearized equations of motion about ḡab. Now, substi-
tuting this back in the perturbative expansion of the action (3.33), one finds

S[ḡ + εγ + . . .] = S[ḡ]− 1
2!

∫
d4x ε2 γabL(γab) + . . . (3.38)

= S[ḡ] + ε2 S[ḡ, γ]
1-loop + . . . (3.39)

where a partial integration has been performed and

S[ḡ, γ]1−loop ≡ −
1
2!

∫
d4x γabL(γab) (3.40)

also known as the 1-loop correction to the classical action. This is referred to as 1-loop because in
the Feynman diagrams it corresponds to any number of external lines joined to a single closed loop.
This 1-loop term is assumed to describe self-gravitational interactions of the theory.

3.1.4 1-loop partition function

The stationary-phase method described previously can be applied to extract 1-loop corrections of
several quantities of physical interest. In this way, one improves their classical values. Throughout
this thesis, such a quantity will be the partition function of the canonical gravitational ensemble.

The partition function (3.27) after substituting (the Euclidean form of) (3.39) can be written as

Z = Zḡ × Z
1-loop × . . . = e−Ŝ[ḡ] ×

∫
D[g]∆(g) e−Ŝ[ḡ,γ]

1-loop × . . . (3.41)

and thus the 1-loop partition function takes the form

Z
1-loop =

∫
D[g]∆(g) e−Ŝ[ḡ,γ]

1-loop . (3.42)

The non-trivial task is to evaluate this expression analytically. One way of performing that is via
heat-kernel techniques which are analyzed in detail in chapter 7 and analytic expressions are de-
rived.

Since the 1-loop partition function has been defined, it is straightforward to obtain a relevant
expression for the 1-loop correction to the free (Helmholtz) energy of the ensemble. That is

F1−loop = − 1
β

ln Z1−loop . (3.43)
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On account of the gravitational canonical ensemble of asymptotically AdS black holes being well-
defined [67], it is natural to perform the linearized analysis around the AdS4 background and expect
that its partition function will be well-defined. The purpose of this section is to derive the expression
of the 1-loop correction to the partition function of such an ensemble.

3.2 the case of general relativity

3.2.1 Linearized equations of motion and second variation of the action

The Euclidean version of the Einstein-Hilbert action with a cosmological constant is

Ŝ[g] = − 1
16π

∫
M

d4x
√

g
(

R + 6
)
− 1

8π

∫
∂M

d3x
√

h K (3.44)

with gab having the Euclidean signature (+,+,+,+). The first variation gives

δŜ[g] =
1

16π

∫
M
d4x
√

g
(

Gab − 3gab

)
δgab (3.45)

yielding Einstein’s equations of motion. At this point the perturbative approach starts: as it was
described previously, the metric gab is decomposed into a fixed background solution ḡab of (3.45)
and a perturbation γab as a deviation from this background as follows

gab = ḡab + ε γab (3.46)

where ε is the perturbation parameter. The choice here for the fixed background solution ḡab of
(3.45) will be AdS4 spacetime. From now on quantities with a bar will denote their value on this
background. Inserting the above perturbation expansion (3.46) into the Einstein’s equations of
motion arising from (3.45), one gets at first order on ε

2∇̄(a∇̄|c|γc
b) − ∇̄

2γab − ∇̄b∇̄aγ− 2γab + ḡab
(
∇̄2γ− ∇̄d∇̄cγcd − γ

)
= 0 (3.47)

with γ ≡ ḡabγab. These are the linearized equations of motion.
In order for diffeomorphism invariance and the true dynamics of the linearized theory to be

revealed, it is customary to perform a York-decomposition to γab into a transverse-traceless part
(γTT

ab ), a “trace” part (γ̂) and a vector part (va) as

γab = γTT
ab +

1
4

ḡabγ̂ + 2∇̄(avb) (3.48)

where ∇̄aγTT
ab = 0 = ḡabγTT

ab . Now the diffeomorphism invariance of the linearized theory is un-
veiled: it is represented by the transformation γab → γab + 2∇̄(avb). Thus, absence of the vector part
va in expressions such as the equations of motion, the partition function, etc. denotes diffeomor-
phism invariance. This is the reason that va is sometimes referred to as gauge part. Therefore, this
convenient York-decomposition of γab is adopted throughout the rest of the calculation.

Inserting (3.48) into the linearized equations of motion (3.47), one arrives at the equivalent expres-
sion

4∇̄c∇̄(aγcTT
b) − 2∇̄2γTT

ab − ∇̄b∇̄aγ̂ + 12γTT
ab + ḡab

(
∇̄2γ̂− 3γ̂

)
= 0 . (3.49)

It is emphasized once again that the vector part va of decomposition (3.48) is absent, denoting
diffeomorphism invariance.

The next step in the analysis is to find the second variation of the Euclideanized Einstein-Hilbert
action (3.44). Varying (3.45) and inserting (3.46) one arrives at

δ(2)Ŝ[ḡ, γ] =
∫

M
d4x

√
ḡ
[
(δGab − 3γab)γ

ab + (Ḡab − 3ḡab)δγab
]

. (3.50)
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The second term in the parenthesis above vanishes on shell and the first term is just the linearized
expression (3.47). Therefore, after using the York-decomposition (3.48) and some partial integration
the second variation (3.50) or 1-loop correction takes the form

Ŝ[ḡ, γ]
1-loop =

∫
M
d4x

√
ḡ
[
γab

TT
(
− ∇̄2 − 2

)
γTT

ab + γ̂
(
− ∇̄2 + 4

)
γ̂
]

(3.51)

where the subscripts (0), (2) denote the transverse-traceless modes γTT
ab and the scalar modes γ̂

respectively. From now on the bar is omitted from the Laplacian operator.

3.2.2 Path integral measure, gauge fixing and Faddeev-Popov determinant

The gauge group that yields an infinite volume factor in the path integral is the group of diffeo-
morphisms. In order to get rid of this infinite factor consistently, as it was already mentioned in 3.1.2,
the Faddeev-Popov method should be applied. In the present case, the path integral measure D[g]
is divided by the infinite volume of the group of diffeomorphisms and it is expressed in terms of the
Faddeev-Popov determinant ∆(g). Then, ∆(g) is given by the Jacobian of the York-decomposition
transformation γab → (γTT

ab , va, γ̂) (3.48). The resulting expression can be written schematically as

D[γ]

Vdiff
= ∆(g) D[γTT] D[v] D[γ̂] (3.52)

where Vdiff is the volume of the group of diffeomorphisms.
The standard procedure to evaluate ∆(g) consists of picking a suitable gauge for the metric vari-

ables va and γ̂ of the York-decomposition (3.48) and then expressing ∆(g) in terms of the Jacobian
matrices of these transformations. This is done as follows: one assumes orthonormality for γab, i.e.

1 =
∫

D[γ] exp
[
−
∫

d4x
√

ḡ γabγab
]

=
∫

∆(g)D[γTT]D[v]D[γ̂] exp
[
−
∫

d4x
√

ḡ γab(γ
TT, v, γ̂)γab(γTT, v, γ̂)

]
(3.53)

and the same for each mode of the York-decomposition of γab (3.48), i.e.

1 =
∫

D[γTT] exp
[
−
∫

d4x
√

ḡ γTT
ab γab

TT

]
(3.54)

1 =
∫

D[v] exp
[
−
∫

d4x
√

ḡ vava

]
(3.55)

1 =
∫

D[γ̂] exp
[
−
∫

d4x
√

ḡ γ̂2
]

. (3.56)

Due to the mixing between modes of different types in the inner product in (3.53), it is convenient
to choose as a gauge fixing condition one which cancels this mixing. Such a premise is met by
decomposing va into a transverse (vT

a ) and a scalar part (σ) and γ̂ into two scalar parts (γ̃, σ) as
follows:

va = vT
a +∇aσ (3.57)

γ̂ = γ̃− 2∇2σ (3.58)

with ∇avT
a = 0. With this gauge choice, the mixing is canceled and the decomposition of the inner

product in (3.53) is indeed orthogonal

γabγab = γTT
ab γab

TT − 2va
T(∇2 − 3)vT

a + 3σ(−∇2)(−∇2 + 4)σ +
1
4

γ̃2 . (3.59)
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Now these gauge-fixing transformations (3.57), (3.58) result a Jacobian, denoted as J2, in the path
integral measure D[γ], i.e. D[γ]

Vdiff
= J2 D[γTT] D[vT] D[σ]D[γ̃]. Using the orthonormality condition

(3.53) one finds

1 =
∫

D[γTT]D[vT]D[σ]D[γ̃] J2 exp
[
−
∫

d4x
√

ḡ
(

γTT
ab γab

TT − 2va
T(∇2 − 3)vT

a + 3σ(−∇2)

(−∇2 + 4)
)]
⇒ J2 =

[
det(−∇2 + 3)T

(1) det(−∇2)(0) det(−∇2 + 4)(0)
] 1

2
. (3.60)

The notation T
(1) denotes the transverse vector mode vT

a and the subscript (0) denotes the scalar
part σ. What is left of the above analysis is to find the Jacobians of each of the gauge-fixing trans-
formations (3.57), (3.58) in the corresponding path integral measures. That is, to find J1 and J0 for
D[v] = J1 D[vT] D[σ] and D[γ̂] = J0 D[γ̃] D[σ] respectively, where J1 and J0 are the Jacobians. A
straightforward calculation shows that J0 = 1 where as for J1 using (3.55) one obtains

1 =
∫

D[vT]D[σ]J1 exp
[
−
∫

d4x
√

ḡ (va
TvT

a − σ∇2σ)
]

⇒ J1 =
[

det(−∇2)(0)

] 1
2

. (3.61)

Now the analysis is completed since the Faddeev-Popov determinant can be expressed in terms of
the Jacobians J1 and J2. Considering again the expression for the path integral measure D[γ] after
the gauge-fixing transformations (3.57), (3.58), i.e.

D[γ]

Vdiff
= J2 D[γTT] D[vT] D[σ]D[γ̃] =

J2

J1
D[γTT] D[v] D[γ̂] (3.62)

and comparing with (3.52), the Faddeev-Popov determinant is found to be

∆(g) =
J2

J1
=
[

det(−∇2 + 3)T
(1) det(−∇2 + 4)(0)

] 1
2

. (3.63)

3.2.3 1-loop partition function

According to (3.42), all the necessary ingredients are now in hand to evaluate the 1-loop partition
function of the theory. Using (3.51) and (3.63) the 1-loop partition function takes the form

Z1−loop =
∫ D[γ]

Vdiff
e−Ŝ[ḡ,γ]

1-loop

=

[
det(−∇2 + 3)T

(1)

det(−∇2 − 2)TT
(2)

] 1
2

(3.64)

= Z(1) Z−1
(2) (3.65)

where Z(s) being the partition functions of the modes of spins s = 1, 2. The interpretation of the
above expression is the following: the partition function Z(1) that appears in the nominator, i.e. the
determinant of the vector part, corresponds to diffeomorphism invariance of the theory as already
discussed in 3.2.1. Thus, it is pure gauge. The true dynamics of the theory are expressed via the
s = 2 modes, the partition function of which (Z(2)) appears in the denominator. According to the
canonical analysis of 2.4, the dynamical degrees of freedom for Einstein gravity are 2, corresponding
to the massless spin-2 graviton, and are expressed here via the partition function of the spin-2
transverse traceless modes.

The story does not end here of course, since one would like to analytically calculate the 1-loop
partition function (3.64). This is desirable for many purposes such as: comparing with the classical
contribution and determine if indeed the 1-loop correction is small- according to the stationary-
phase approximation that was employed, evaluating 1-loop corrections to thermodynamical quanti-
ties, etc. One method of attacking the analytic calculation are the heat kernel techniques which will
be described in detail in 7.3. The corresponding expression for (3.64) will be presented then.
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F E W W O R D S O N T H E A D S - C F T C O N J E C T U R E

The AdS− CFT conjecture is a particular realization of a generic holographic principle or holog-
raphy [68]. Originated from considerations of black hole entropy, holography, roughly, suggests
a correspondence between a theory in some space with a theory defined on the boundary of that
space. In this perspective, both theories are considered to be dual because they generate the same
physical content. Now, the AdS − CFT conjecture proposes a correspondence between a gravity
theory on AdSd+1 spacetime and a conformal field theory (CFT) without gravity in d spacetime
dimensions. The conjecture was originally proposed [69] in the following form: the large N limit
of a conformally invariant theory in d dimensions corresponds to a supergravity theory on AdSd+1
spacetime times a compact manifold. An example to which this correspondence applies is N = 4
super Yang-Mills in d = 4 spacetime dimensions with gauge group SU(N) and coupling constant
gYM. This theory is conjecturally equivalent to type IIB superstring theory on AdS5 × S5. In the
large N limit with g2

YMN fixed but large, super Yang-Mills is strongly coupled whereas the string
theory is weakly coupled and is approximated well enough by the corresponding (classical) super-
gravity theory. Some piece of evidence that the conjecture might be true comes from entropy and
symmetry considerations. In particular,

1. the Bekenstein-Hawking entropy of a 10-dimensional supergravity black hole has a T3 depen-
dence, where T is the temperature. Using arguments of statistical mechanics, one finds that
a U(N)N = 4 supermultiplet, which consists of a gauge field, 6N2 massless scalars and 4N2

Weyl fermions, has the same T3 dependence.

2. • SO(2, 4) is the isometry group of AdS5. This is the conformal group in 4 spacetime
dimensions.

• SU(4) ∼ SO(6) is the isometry group of S5. This is the R-symmetry of the N = 4 Super
Yang-Mills theory.

• SU(2, 2|4) is the full isometry group of AdS5×S5. This is also the N = 4 superconformal
symmetry.

Elaborating the idea of the duality, a later proposal [70] suggests that there exists a precise corre-
spondence between conformal field theory observables and the supergravity theory. Namely, cor-
relation functions in the d-dimensional conformal field theory are given by the dependence of the
supergravity partition function on the asymptotic behavior of the fields at spatial infinity (bound-
ary) of AdSd+1. In particular, for a massless scalar field φ(x), the proposed relation takes the form

Zgravity[φ0(x)] = 〈exp
∫

Sd−1
φ0(x)O(x)〉CFT (4.1)

where Zgravity[φ0(x)] is the partition function of the supergravity action at φ(x) = φ0(x), φ0(x) is the
value of the field φ(x) at the boundary of AdSd+1, Sd−1 is identified as boundary of AdSd−1, O(x)
is the CFT operator and φ0(x) is considered to be coupled to O(x) via a coupling

∫
Sd−1 φ0(x)O(x).

Subsequently, one can evaluate correlation functions of CFT operators [71]. That is, considering the
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leading contribution on the gravitational partition function as Zgravity[φ0(x)] = e−Sgravity[φ0(x)], it is
deduced from (4.1) that the correlation functions of CFT operators are given by

〈O(x1)O(x2) . . .O(xn)〉 =
δ

δφ0(x1)

δ

δφ0(x2)
. . .

δ

δφ0(xn)
Zgravity[φ0(x)] . (4.2)

Thus, the fields φ0(x1), . . ., φ0(xn) can be interpreted as sources and the correlation functions O(x1),
. . ., O(xn) as holographic response functions to the corresponding sources. The above relation
provides a calculational tool that can be applied in numerous examples.

Throughout this thesis, the AdS− CFT conjecture is applied from the gravity theory side. Addi-
tionally, this gravity theory is regarded as classical. In particular, considering the case of conformal
gravity in (A)dS4 and imposing a particular set of boundary conditions, holographic response func-
tions of the dual field theory are deduced, following the logic of (4.2).
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A S Y M P T O T I C A L LY ( A ) D S B O U N D A RY C O N D I T I O N S A N D H O L O G R A P H Y

Throughout this chapter, conformal gravity is considered in a holographic content. Starting with
the general setup in 5.1, the boundary value problem of the theory is investigated. Then, in 5.2,
adopting a Fefferman-Graham type expansion for the boundary metric, the holographic response
functions are evaluated. Also, under some proposed set of asymptotic boundary conditions, the
variational principle is examined. Then, the analysis continues in 5.3 by applying the results found
so far to three solutions of the theory. Finally, in 5.4, the asymptotic symmetry algebras of the dual
field theory are constructed, those which are allowed by the proposed set of asymptotic boundary
conditions.

5.1 general setup and boundary value problem

The conformal gravity action is

S = αCG

∫
M

d4x
√
|g|Cabcd Cabcd (5.1)

where
Cabcd = Rabcd − ga[c Rb]d + gb[c Rd]a +

1
3

R ga[c gd]b (5.2)

is the Weyl tensor and αCG is a dimensionless coupling constant. This is the only free parameter
of the theory and here it is set to unity. Using the analytic expression (5.2), the action (5.1) can be
rewritten in an equivalent form which consists of a Ricci-squared and a total derivative term as

S =
∫

M
d4x

√
|g|
[
2RabRab − 2

3
R2 + 32π2χ(M)

]
. (5.3)

The total derivative term χ(M) is the Euler density

χ(M) =
1

32π2

(
RabcdRabcd − 4RabRab + R2

)
. (5.4)

In order to examine the boundary value problem of the action (5.3) and later on its holographic
response functions, it is convenient to decompose the spacetime (M, gab) into hypersurfaces ∂M lo-
cated at constant coordinate ρ. This requires the choice of a normal vector field na to ∂M, which can
be either timelike or spacelike. Then, the hypersurfaces are either spacelike or timelike respectively.
The purpose here is to keep track of both these cases because the aim is to perform an (A)dS−CFT
analysis: the normal vector is timelike in the dS spacetime (like in the standard ADM foliation) and
in the AdS spacetime it is spacelike. Thus, the normal vector is chosen to have the following norm

nanbgab = −σ (5.5)

where σ = ±1. When σ = 1, the normal vector is timelike and refers to the dS4 case and when
σ = −1 the normal vector is spacelike and refers to the AdS4 case. With this notation, the induced
metric γab on each ∂M takes the form

γab = gab + σnanb . (5.6)
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Since the task is to implement an (A)dS− CFT analysis, it is natural to consider a 4-dimensional
metric ansatz such that it coincides with the (A)dS4 spacetime in some appropriate limit. This limit
is considered to be the conformal boundary of M at ρ = 0, which coincides with the hypersurface
∂M. Such a metric ansatz can be described by the line element

ds2 =
`2

ρ2

(
− σdρ2 + γij(ρ, xk)dxidxj

)
(5.7)

with 0 < ρ � ` and ` is a length scale, which in the case of Einstein gravity is related to the
cosmological constant as Λ = 3σ

`2 . The above line element reduces to (A)dS4 spacetime (with `

then being the radius of curvature of AdS4) when the induced metric γij(ρ, xk) is expanded in a
generalized Fefferman-Graham form, as it will be shown in the next section of the holographic
analysis. The above spacetime satisfies (5.5) and (5.6) with

na = −ρ

`
δa

ρ (5.8)

γij = gij (5.9)

where na and γij = γij(ρ, xk) being the normal vector and the induced metric on ∂M respectively.
Under these conventions, the extrinsic curvature tensor is defined as

Kij = −
σ

2
£na γij . (5.10)

The boundary value problem is treated by varying the action (5.3) with respect to the induced
metric γij and the extrinsic curvature Kij independently. Thus, the boundary conditions consist of
keeping the metric and the extrinsic curvature on the boundary ∂M fixed, i.e. setting

δγij|∂M = 0 (5.11)

δKij|∂M = 0 . (5.12)

According to the holographic analysis of the next section, it turns out that the action (5.3) has a well-
defined variational principle when a boundary term is added. Therefore, adding this boundary
term at this stage the action (5.3) takes the form

S =
∫

M
d4x
√
|g|
[
2RabRab − 2

3
R2
]
+ 32πχ(M) +

∫
∂M

d3x
√
|γ|
[
− 8σG ijKij +

4
3

K2 − 4KKijKij

+
8
3

KijKl
jKil

]
. (5.13)

Then, the first variation of the above on-shell action reads

δS|on-shell =
∫

∂M
d3x
√
|γ|
[

pijδγij + PijδKij

]
(5.14)

where

pij =
σ

4
(
γijKkl − γklKij) fkl +

σ

4
f ρ
ρ

(
γijK− Kij)− 1

2
γijDk(nρ f k

ρ ) +
1
2

Di(nρ f ρj)− 1
4
(
γikγjl

− γijγkl)£n fkl + σ
(

2KRij − 4KikRj
k + 2γijKklKkl − γijKR+ 2D2Kij − 4DiDkKkj

+ 2DiDjK + γij(DkDlKkl − DkDkK
))

+
2
3

γijKk
mKlmKkl − 4KikK jlKkl + KijKklKkl

+
1
3

γijK3 − 2KijK2 − γijKKklKkl + 4Ki
kK jk + i↔ j (5.15)

and
Pij = −8σG ij − σ

(
f ij − γij f k

k
)
+ 4γij(K2 − KklKkl)− 8KKij + 8Ki

kK jk (5.16)

and finally fab is proportional to the 4-dimensional Schouten tensor

fab = −4
(

Rab −
1
6

gabR
)

. (5.17)

Therefore, the action (5.13) and the boundary conditions (5.11), (5.12) constitute a well-posed bound-
ary value problem.
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5.2 holographic analysis

After verifying the fact that the action (5.1) has a well-defined boundary value problem, the dis-
cussion continues with the holographic analysis. Namely, it is examined whether the first variation
of the on-shell action (5.14) vanishes for some appropriate asymptotic boundary conditions. It turns
out that it indeed vanishes. Thus the whole setup yields a well-defined variational principle. Addi-
tionally, the holographic response functions are calculated and it is shown that they are finite. Thus
there is no need to add holographic counterterms.

5.2.1 Generalized Fefferman-Graham expansion

The hypersurface ∂M that is characterized by (5.8), (5.9) is identified with the conformal boundary
of M, which is located at ρ = 0. Close to this conformal boundary, the 3-dimensional induced metric
γij is assumed to have a generalized Fefferman-Graham or Starobinsky expansion [72] of the form

γij = γ
(0)
ij +

ρ

`
γ
(1)
ij +

ρ2

`2 γ
(2)
ij +

ρ3

`3 γ
(3)
ij + . . . (5.18)

where γ
(0)
ij is the boundary metric. Adopting this asymptotic expansion, the line element (5.7)

indeed yields as ρ→ 0 the Poincare patch of (A)dS4 for γ
(0)
ij = ηij.

The next step in the holographic analysis consists of finding the asymptotic expansion of all the
tensors that appear in the first variation of the on-shell action (5.14). Namely, to insert the line
element (5.7) and the asymptotic expansion of the 3-dimensional induced metric (5.18) into the
expression of (5.14). Consequently, it is necessary to express all the relevant tensors in terms of γ

(0)
ij ,

γ
(1)
ij , γ

(2)
ij , . . . and in terms of the curvature tensors of the boundary metric γ

(0)
ij , i.e. in terms of R(0)

ij ,

R(0), G(0)
ij , . . .. This calculation is performed with the xAct package of Mathematica [73] and all the

results are given in the Appendix C.2. Here, due to their significance in the rest of the analysis, the
asymptotic expansion of the electric and magnetic part of the Weyl tensor is presented explicitly:
adopting the spacetime split (5.8), (5.9), the Weyl tensor can be decomposed into an electric (Eij) and
a magnetic part (Bijk) as

Eij ≡ nanbCa
ibj = Cρ

iρj =
1
2

(
γm

i γl
j −

1
3

γijγ
ml
)(

σRml + KmlK− £nρ Kml

)
(5.19)

Bijk ≡ naCa
ijk = Cρ

ijk = 2D[iKj]k + DlKl
[iγj]k − D[iKγj]k . (5.20)

After inserting the line element (5.7) and the generalized Fefferman-Graham expansion of the bound-
ary metric (5.18), their asymptotic expansion takes compactly the form

Eij = E(2)
ij +

ρ

`
E(3)

ij + . . . (5.21)

Bijk =
`

ρ
B(1)

ijk + B(2)
ijk + . . . (5.22)

The leading order terms of the above expansions, namely the orders O(ρ−2) and O(ρ−1) of the
electric part and the order O(ρ−2) of the magnetic part, all vanish, i.e. E(0)

ij = E(1)
ij = B(0)

ijk = 0. Also,

the term B(2)
ijk is not of relevance for the present calculation. The non-vanishing terms E(2)

ij and E(3)
ij

of the electric part (5.21) take the form

E(2)
ij = − 1

2`2 ψ
(2)
ij +

σ

2
(
R(0)

ij −
1
3

γ
(0)
ij R

)
+

1
8`2 γ(1)ψ

(1)
ij (5.23)

E(3)
ij = − 3

4`2 ψ
(3)
ij −

1
12`2 γ

(0)
ij ψ

(1)
kl ψkl

(2) −
1

16`2 ψ
(1)
ij ψ

(1)
kl ψkl

(1) −
σ

12
(
R(0)ψ

(1)
ij − γ

(0)
ij R

(0)
kl ψkl

(1)

+ γ
(0)
ij Dl Dkψkl

(1) +
3
2

DkDkψ
(1)
ij − 3DkDiψ

(1)k
j

)
+

1
24`2 Eγ

ij (5.24)
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with

Eγ
ij ≡ γ(1)

(
3ψ

(2)
ij +

1
2

γ
(0)
ij ψ

(1)
kl ψkl

(1) − γ(1)ψ
(1)
ij

)
+ 5γ(2)ψ

(1)
ij − σ`2(DjDiγ(1) −

1
3

γ
(0)
ij DkDkγ(1)

)
(5.25)

and

γ
(n)
ij =

1
3

γ
(0)
ij γ(n) + ψ

(n)
ij (5.26)

with n = 1, 2, 3. Finally, the non-vanishing term B(1)
ijk of the magnetic part (5.22) is

B(1)
ijk =

1
2`
(

Djψ
(1)
ik −

1
2

γ
(0)
ij Dlψ

(1)
kl

)
− j↔ k . (5.27)

At this point, the following observation is made: the Weyl tensor is traceless in any pair of its
indices, i.e. γijEij = 0 and γijBijk = 0. Consequently, this holds at all orders of the asymptotic
expansion of these expressions, i.e.

γ
ij
(0)E

(2)
ij = 0 (5.28)

γ
ij
(0)E

(3)
ij = 3ψ

ij
(1)E

(2)
ij (5.29)

γ
ij
(0)B

(1)
ijk = 0 . (5.30)

These relations can also be verified by a straightforward calculation, using the analytic expressions
(5.23), (5.24), (5.27). From now on they are referred to as trace conditions.

5.2.2 Holographic response functions

Using the generalized Fefferman-Graham expansion (5.18) and the corresponding asymptotic
expansions of all the relevant tensors in (5.15), (5.16), the on-shell variation (5.14) for a compact
region ρc ≤ ρ becomes

δS|on-shell =
∫

∂M
d3x
√
|γ(0)|

[
τijδγ

(0)
ij + P ijδγ

(1)
ij

]
(5.31)

with

τij = σ
[2
`

(
E(3)

ij −
1
3

E(2)
ij γ(1))− 4

`
E(2)

ik ψ
k(1)
j +

1
`

γ
(0)
ij E(2)

kl ψkl
(1) +

1
2`3 ψ

(1)
ij ψ

(1)
kl ψkl

(1)

− 1
`3 ψ

(1)
kl

(
ψ
(1)k
i ψ

(1)l
j − 1

3
γ
(0)
ij ψ

(1)k
m ψlm

(1)

)]
− DkB(1)

ijk + i↔ j (5.32)

Pij = −
4σ

`
E(2)

ij (5.33)

as ρc → 0. The metric variations δγ
(0)
ij and δγ

(1)
ij are part of the specification of the proposed

boundary conditions, which are analyzed in the following section. For the moment it is sufficient
to obtain that they are finite as ρc → 0. The tensors τij and P ij are interpreted as the holographic
response functions conjugate to the sources γ

(0)
ij and γ

(1)
ij respectively. One major conclusion is made

at this point: according to their analytic expression above, the holographic response functions are
finite as ρc → 0. Thus, they do not require addition of holographic counterterms. Furthermore,
one obtains the following facts: firstly, the response function τij (5.32) is proportional to the Brown-
York stress tensor of the Einstein action [74], [75]. Secondly, the next-to leading order term γ

(1)
ij

exhibits partial masslessness in the sense of [76], [77] when plugged into the linearized equations of
motion of the conformal gravity action (5.1) around an (A)dS4 background. Therefore, the response
function P ij (5.33) which has γ

(1)
ij as its source is called the “partially massless response" (PMR).
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Additionally, the holographic response functions (5.32), (5.33) satisfy certain relations due to the
trace conditions (5.28), (5.29), (5.30). In particular, taking their trace one finds that

γ
ij
(0)τij =

σ

`
ψ
(1)
ij Eij

(2) (5.34)

γ
ij
(0)Pij = 0 (5.35)

where use of (5.28), (5.29), (5.30) has been made. Substituting (5.33), the first condition (5.34) be-
comes

γ
ij
(0)τij +

1
2

ψ
ij
(1)Pij = 0 . (5.36)

The above expressions (5.35) and (5.36) are also referred to as trace conditions and play a crucial
role in the forthcoming section.

5.2.3 Asymptotic boundary conditions and variational principle

The proposed asymptotic boundary conditions consist of fixing the leading (γ
(0)
ij ) and the next-to

leading (γ
(1)
ij ) order terms in the generalized Fefferman-Graham expansion (5.18) as follows

δγ
(0)
ij |∂M = 2λγ

(0)
ij (5.37)

δγ
(1)
ij |∂M = λγ

(1)
ij (5.38)

where λ is a regular function on ∂M. The higher order terms in the asymptotic expansion (5.18) are
allowed to vary freely, i.e. δγ

(n)
ij |∂M 6= 0 for n ≥ 2.

It is now demonstrated that the first variation of the on-shell action (5.31) vanishes for the pro-
posed asymptotic boundary conditions (5.37), (5.38). Indeed, inserting them in the on-shell variation
(5.31) one finds

δS|on-shell =
∫

∂M
d3x
√
|γ(0)|

[
τijδγ

(0)
ij + P ijδγ

(1)
ij

]
(5.39)

=
∫

∂M
d3x
√
|γ(0)| λ

[
2 τijγ

(0)
ij + P ijγ

(1)
ij

]
(5.40)

=
∫

∂M
d3x
√
|γ(0)| λ

[
2 τijγ

(0)
ij + P ijψ

(1)
ij +

1
3

γ
(0)
ij P

ij γ(1)

]
(5.41)

= 0 (5.42)

with use of the trace conditions (5.35), (5.36). Thus it is concluded that the action (5.1) and the
asymptotic boundary conditions (5.37), (5.38) constitute a well-defined variational principle.

5.2.4 An alternative formulation

An alternative formulation is obtained when performing a Legendre transformation of the action
(5.1) which exchanges the role of the PMR and its source. Namely, by adding a Weyl invariant
boundary term as

S̃ = S +
∫

∂M
d3x
√
|γ|KijEij (5.43)

where Eij is the electric part of the Weyl tensor (5.19). The first on-shell variation of the above action
for a compact region ρc ≤ ρ takes the form

δS̃|on-shell =
∫

∂M
d3x
√
|γ(0)|

[
τ̃ijδγ

(0)
ij + P̃ ijδE(2)

ij

]
(5.44)
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with

τ̃ij = τij +
2σ

`
E(2)

lm ψlm
(1)γ

(0)
ij +

8σ

3`
E(2)

ij γ(1) −
8σ

`
E(2)

m(iψ
(1)m
j) (5.45)

P̃ij =
4σ

`
γ
(1)
ij . (5.46)

The holographic response functions τ̃ij and P̃ ij are now conjugate to the sources γ
(0)
ij and E(2)

ij respec-

tively. Indeed, the PMR has now exchanged its source, from γ
(1)
ij to E(2)

ij . Finally, the holographic
response functions (5.45), (5.46) are finite as ρc → 0 and thus, like before, no additional counterterms
are required.

5.2.5 Currents and charges

A boundary diffeomorphism xi′ = xi + ξ i
(0) on ∂M produces the following changes in the bound-

ary metric γ
(0)
ij and in the next to leading order term γ

(1)
ij :

δγ
(0)
ij = £ξk

(0)
γ
(0)
ij = 2 D(iξ

(0)
j) (5.47)

δγ
(1)
ij = £ξk

(0)
γ
(1)
ij = ξk

(0) Dkγ
(1)
ij + 2 D(iξ

k
(0) γ

(1)
j)k . (5.48)

Inserting the above transformations in the on-shell variation (5.31) and performing a partial integra-
tion, one finds

δS|on-shell =
∫

∂M
d3x
√
|γ(0)|

[
Di

((
2τi

j + 2P ijγ
(1)
jk

)
ξk
(0)

)
+ ξk

(0)

(
− Di

(
2τi

k + 2P ijγ
(1)
jk

)
+ P ijDkγ

(1)
ij

) ]
=
∫

∂M
d3x
√
|γ(0)|Di Ji (5.49)

with
Ji = (2τi

j + 2P ilγ
(1)
jl )ξ j (5.50)

being a conserved current if and only if

Di
(
2τi

k + 2P ijγ
(1)
jk

)
= P ijDkγ

(1)
ij . (5.51)

From the conserved current (5.50), a modified stress tensor Ti
j can be identified as Ji ≡ Ti

j ξ
j
(0) [78]

with
Ti

j = 2τi
j + 2P ilγ

(1)
jl . (5.52)

Then, condition (5.51) implies that this modified stress tensor is not conserved but satisfies

DiTi
j = P ikDjγ

(1)
ik . (5.53)

Finally, one can construct the conserved charge that generates asymptotic symmetries. Considering
the case of σ = −1 such that the boundary surface ∂M is timelike, the asymptotic charge becomes

Q[ξk
(0)] =

∫
C

d2x
√

hui Ji (5.54)

where C is a constant time surface, h is the metric on C and ui is the future-pointing normal vector
on C.
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5.3 applications

The previous results are applied to three examples which are solutions of the conformal gravity
action (5.1). In particular, the holographic response functions (5.32), (5.33) are calculated for each of
these solutions.

5.3.1 Solutions for which γ
(1)
ij = 0

The first example that is considered are the solutions that have γ
(1)
ij = 0. Among these are the

asymptotically (A)dS4 solutions of Einstein gravity. It is found that

E(2)
ij = 0 (5.55)

B(1)
ijk = 0 . (5.56)

The first expression is implied by the asymptotic equations of motion of the action (5.1) and the
second one results from (5.22). Therefore, the holographic response functions (5.32), (5.33) become

τij =
4σ

`
E(3)

ij (5.57)

Pij = 0 . (5.58)

Subsequently, the trace condition (5.36) renders τij traceless. Additionally, the modified stress tensor
(5.53) is now conserved. Thus, one recovers the traceless and conserved Brown-York stress tensor of
Einstein gravity [75], also in agreement with later analysis [38].

5.3.2 The MKR solution

The Mannheim-Kazanas-Riegert (MKR) spacetime [21], [22] is a static, spherically symmetric
solution of the action (5.1) and it is the analogue of the Schwarzschild− (A)dS4 solution of Einstein
gravity. The additional parameter that appears except the mass and the cosmological constant is
now the Rindler acceleration. The corresponding line element takes the form

ds2 = − f (r)dt2 +
dr2

f (r)
+ r2dΩ2

2 (5.59)

where
f (r) =

√
1− 12αM− 2M

r
+ 2αr− Λ

3
r2 (5.60)

and M, Λ, α are the mass, the cosmological constant and the Rindler acceleration respectively. Adopt-
ing the decomposition of a spacetime gab into hypersurfaces according to (5.5), (5.6), (5.7) for the
above line element, setting σ = −1 for concreteness and then, expressing it in the generalized
Fefferman-Graham form (5.18), the leading term γ

(0)
ij is found to be

γ
(0)
ij =

−1 0 0
0 `2 0
0 0 `2 sin2 θ

 (5.61)

with ` being the radius of curvature of AdS4, whereas the next to leading order term γ
(1)
ij takes the

form

γ
(1)
ij =

0 0 0
0 −2α`3 0
0 0 −2α`3 sin2 θ

 . (5.62)
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The higher order terms of the induced metric expansion are

γ
(2)
ij =

α2`2 −
√

1− 12αM 0 0
0 3α2`4 − `2

√
1− 12αM 0

0 0 3α2`4 − `2
√

1− 12αM sin2 θ

 (5.63)

γ
(3)
ij =

 8M
` 0 0
0 −3α3`5 + 4`M + 3α`3

√
1− 12αM 0

0 0 −3α3`5 + 4`M + 3α`3
√

1− 12αM sin2 θ

 . (5.64)

Using the above values for the metric coefficients, the holographic response functions (5.32), (5.33)
become

τij = −
8m
`2 rij + 8

α aM

`2 qij (5.65)

Pij =
8aM

`2 rij (5.66)

with

rij =

−1 0 0
0 − 1

2 0
0 0 − 1

2

 , qij =

−1 0 0
0 −1 0
0 0 −1

 (5.67)

and

aM =
1−
√

1− 12αM
6

(5.68)

m =
M
`2 . (5.69)

It is noticed that when the Rindler acceleration vanishes, i.e. α = aM = 0, the PMR (5.66) vanishes
and the response function (5.65) reduces to the previous case (5.57). Therefore, the Schwarzschild−
(A)dS4 solution of Einstein gravity is recovered in this case. On the other hand, for non vanishing
Rindler acceleration α, the PMR (5.66) is linear in α. Additionally, when aM � 1 the trace of the
response function (5.65) is quadratic in α. From these observations, it is deduced that the Rindler
acceleration in the MKR solution can be interpreted as coming from a partially massless graviton
condensate.

The Killing vectors of the MKR solution (5.59) are explicitly analyzed in section 5.4.4. Here, only
the Killing vector of time translations ξk

(0) = ∂t will be used. Using the normalization αCG = 1
64π for

the dimensionless coupling constant of the theory, the asymptotic charge (5.54) associated with the
asymptotic killing vector ∂t takes the form

Q[∂t] = m− αaM . (5.70)

Then, the Wald entropy [79] is

S =
Ah

4`2 (5.71)

where
Ah = 4πr2

h (5.72)

is the area of the event horizon f (rh) = 0. It is noteworthy that the entropy obeys an area law
despite the fact that the action (5.1) is a higher-derivative theory.

5.3.3 The Rindler-Kerr-(A)dS solution

The Rindler-Kerr-(A)dS spacetime [80] is a rotating black hole solution of the action (5.1) with
vanishing mass parameter. Its line element takes the form

ds2 = ρ2

(
dr2

∆r
+

dθ2

∆θ

)
+

∆θ sin2 θ

ρ2

(
adt− (r2 + a2)

dφ

Ξ

)2

− ∆r

ρ2

(
dt− a sin2 θ

dφ

Ξ

)2

(5.73)
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where

∆r = (r2 + a2)(1− 1
3

Λr2)− 2µr3 (5.74)

∆θ = 1 +
1
3

Λa2 cos2 θ (5.75)

Ξ = 1 +
1
3

Λa2 (5.76)

ρ2 = r2 + a2 cos2 θ (5.77)

with a being the rotation parameter, µ the Rindler acceleration and Λ the cosmological constant.
Expressing the above line element in the generalized Fefferman-Graham form (5.18) and setting
σ = −1 for concreteness, it is found that the boundary metric is

γ
(0)
ij =


−1 0 a sin2 ψ

1− a2

`2

0 `4

`2−a2 cos2 ψ
0

a sin2 ψ

1− a2

`2

0 `4 sin2 ψ
`2−a2

 (5.78)

and the leading term γ
(0)
ij is

γ
(1)
ij =


0 0 0

0 2µ`2

1− a2

`2 cos2 ψ
0

0 0
2µ(1− a2

`2 cos2 ψ) sin2 ψ

(1− a2

`2 )
2

 . (5.79)

The higher order terms of the induced metric expansion are also calculated but they are not pre-
sented here explicitly. Consequently, the holographic response functions (5.32), (5.33) take the form

τij =


24 a2µ

` cos2 ψ

`3 0 −
12aµ(cos2 ψ−1)

(
3 a2

`2 cos2 ψ−1
)

a2−`2

0 − 12 a2µ
` cos2 ψ

a2
` cos2 ψ−`

0

−
12aµ(cos2 ψ−1)

(
3 a2

`2 cos2 ψ−1
)

a2−`2 0
12 a2µ

` (cos2 ψ−1)
(

5 a2

`2 cos4 ψ−4 a2

`2 cos2 ψ−3 cos2 ψ+2
)

`( a
`−1)2( a

`+1)2

 (5.80)

Pij = 0 . (5.81)

The vanishing of the PMR (5.81) implies that a non-zero Rindler term µ 6= 0, or equivalently γ
(1)
ij 6= 0

from (5.79), is necessary but not sufficient for a non-zero PMR.
The Killing vectors of the Rindler-Kerr-(A)dS solution (5.73) are explicitly presented in section

5.4.5. Here, 2 Killing vectors will be used, namely the one of time translations ξk
(0) = ∂t and the one

of rotations ξk
(0) = ∂φ. Using again the normalization αCG = 1

64π like in the case of the MKR solution,
the asymptotic charges (5.54) are evaluated. The first charge associated with the asymptotic killing
vector ∂t is the energy and takes the form

E = − a2µ

`2Ξ2 (5.82)

whereas the second charge is the angular momentum associated with the asymptotic killing vector
∂φ and becomes

J = − aµ

Ξ2 . (5.83)
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5.4 asymptotic symmetry algebras

The purpose of this section is to exploit under the asymptotic boundary conditions (5.37), (5.38)
the symmetry algebra of the dual field theory and examine all possible subalgebras that are allowed
by these boundary conditions. Namely, to analyze the asymptotic symmetries on the conformal
boundary ∂M such that they admit the assumed boundary conditions and they preserve the gauge
transformations of the conformal gravity action (5.1).

The procedure consists of analyzing the asymptotic expansion of the gauge transformations at
the leading order O(1) and at the sub-leading order O(ρ). Higher order terms are not considered.
As before, the generalized Fefferman-Graham expansion (5.18) is assumed for the induced metric
γij. The analysis at order O(1) is expected to yield the conformal algebra o(3, 2) for γ

(0)
ij = ηij and

the analysis at order O(ρ) gives subalgebras of the conformal algebra by imposing restrictions on
γ
(1)
ij .
Lastly, the asymptotic symmetry algebras of two particular solutions of conformal gravity are

investigated. Namely, of the MKR solution which describes a static, spherically symmetric black
hole and of the Rindler-Kerr-AdS solution which is describes a rotating black hole.

5.4.1 Boundary conditions preserving gauge transformations analysis

The additional gauge symmetry of the theory, in comparison to diffeomorphism invariance of
General Relativity, is the local Weyl rescalings of the metric, i.e.

gab → g′ab = e2Ωgab (5.84)

where Ω = Ω(xa). Thus, under the gauge symmetries of the theory, i.e. the transformation of
the coordinates xa → x′a = xa + ξa(xb) and the local Weyl transformations (5.84), the consequent
infinitesimal change in the spacetime metric is

δgab =
(
Lξc + 2Ω

)
gab . (5.85)

The aim is to exploit the above gauge transformations for the spacetime metric (5.7) asymptotically,
under the boundary conditions (5.37), (5.38). The procedure consists of expanding (5.85) near the
conformal boundary ρ = 0 under the following considerations: the 4-dimensional metric ansatz is
taken to be

gab =

(
−σ
ρ2 0
0 gij

)
(5.86)

and
gij =

1
ρ2 γij (5.87)

with γij = γij(ρ, xk). Then, gab is of the form (5.7) with ` = 1. The 3-dimensional induced metric
γij is assumed to have the generalized Fefferman-Graham expansion of the form (5.18). This is
repeated here for clarity

γij = γ
(0)
ij + ργ

(1)
ij + ρ2γ

(2)
ij + ρ3γ

(3)
ij + . . . (5.88)

Additionally, one allows for Ω a similar expansion to the Fefferman-Graham type (5.88), i.e.

Ω = Ω(0) + ρΩ(1) + ρ2Ω(2) + . . . (5.89)

Finally, the boundary conditions (5.37), (5.38) are considered, which are repeated here

δγ
(0)
ij |∂M = 2λγ

(0)
ij (5.90)

δγ
(1)
ij |∂M = λγ

(1)
ij . (5.91)
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Now, inserting (5.86), (5.87), (5.88), (5.89) and (5.90), (5.91) into the r.h.s and the l.h.s. of the
gauge transformations of the spacetime metric (5.85) respectively, the resulting expression consists
of terms of order O(1), terms of order O(ρ) and terms of higher order in ρ. These results can be
classified into the components of (5.85) as follows:
•ρρ-component (

Lξc + 2Ω
)

gρρ = 0⇒ ξρ∂ρgρρ + 2gρρ∂ρξρ + 2Ωgρρ = 0 . (5.92)

Solving for ξρ = ξ
ρ
hom + ξ

ρ
inhom one gets

ξ
ρ
hom = λρ (5.93)

∂ρξ
ρ
inhom −

1
ρ

ξ
ρ
inhom + Ω = 0 (5.94)

where λ = λ(x). Inserting the asymptotic expansion (5.89) in (5.94) the solution for ξ
ρ
inhom is

ξ
ρ
inhom = Ω(0)ρ log(ρ) + ρλ̃ + ρ2λ(2) + . . . (5.95)

In order to avoid logarithmic terms one sets Ω(0) = 0. Therefore, the expansions for ξρ and Ω finally
take the form

ξρ = ξ
ρ
hom + ξ

ρ
inhom

= ρ(λ̃ + λ) + ρ2λ(2) + . . .

= ρκ + ρ2λ(2) + . . . (5.96)

Ω = ρΩ(1) + ρ2Ω(2) + . . . (5.97)

with κ ≡ λ̃ + λ.
•iρ-component (

Lξc + 2Ω
)

giρ = 0⇒ gρρ∂iξ
ρ + gij∂ρξ j = 0 (5.98)

Substituting (5.96) in the above equation, the solution for ξ i is

ξ i =
∫

dρ σγij(ρ∂iκ + ρ2∂iλ
(2) + . . .

)
(5.99)

which, after inserting the inverse metric expansion one finds that the lowest order of the above
integrals is O(ρ2). Therefore, they appear at order O(ρ)2 of expression (5.85). This order will not
be further analyzed in the forthcoming sections and thus, the asymptotic expansion of ξ i (5.99) can
be compactly written as

ξ i = ξ i
(1) + ρ2ξ i

(2) + . . . (5.100)

where ξ i
(2) ≡ σγ

ij
(0)∂jκ after solving the integrals in (5.99) in the lowest order.

•ij-component (
Lξc + 2Ω

)
gij = δgij ⇒ ξρ ∂ρgij + Lξk gij + 2Ω gij = δgij (5.101)

with
δgij =

1
ρ2

(
δγ

(0)
ij + ρδγ

(1)
ij + . . .

)
=

1
ρ2

(
2λγ

(0)
ij + ρλγ

(1)
ij + . . .

)
(5.102)

under the boundary conditions (5.90), (5.91). Finally, inserting (5.87), (5.88), (5.96), (5.97), (5.100)
and (5.102), expression (5.101) takes the form

(ρκ + ρ2 λ(2) + . . .)
−2
ρ3 (γ

(0)
ij + ρ γ

(1)
ij + . . .) + (ρ κ + ρ2 λ(2) + . . .)

1
ρ2 (γ

(1)
ij + . . .)

+
1
ρ2 (ξk

(0) + ρ2 ξk
(2) + . . .)(∂kγ

(0)
ij + ρ ∂kγ

(1)
ij + . . .) +

1
ρ2 (γ

(0)
kj + ρ γ

(1)
kj + . . .)(∂iξ

k
(0) + ρ2 ∂iξ

k
(2) + . . .)

+
1
ρ2 (γ

(0)
ki + ρ γ

(1)
ki + . . .)(∂jξ

k
(0) + ρ2 ∂jξ

k
(2) + . . .) +

2
ρ2 (ρ Ω(1) + . . .)(γ(0)

ij + ρ γ
(1)
ij + . . .) = 0 .

(5.103)
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This expression is now explicitly analyzed at order O(1) and at order O(ρ). The leading order
O(1) determines the asymptotic symmetry algebra at the conformal boundary of ∂M, which is
expected to be the conformal algebra o(3, 2). The sub-leading order O(ρ) determines the asymptotic
symmetry subalgebras of o(3, 2) by restricting γ

(1)
ij .

5.4.2 Asymptotic symmetry algebra of the O(1) equation

At O(1), (5.103) takes the form

Lξk
(0)

γ
(0)
ij − 2κγ

(0)
ij = 0 . (5.104)

Taking the trace one gets

κ =
1
3

Dkξk
(0) (5.105)

and substituting back in (5.104), its final form becomes

Lξk
(0)

γ
(0)
ij −

2
3

γ
(0)
ij Dkξk

(0) = 0 . (5.106)

Considering now the case of γ
(0)
ij = ηij, the above expression is

∂iξ
(0)
j + ∂jξ

(0)
i −

2
3

ηij ∂kξk
(0) = 0 (5.107)

which is the conformal Killing equation that characterizes the conformal algebra o(3, 2) as expected.
It admits (up to constants) the following 10 conformal Killing vectors:

ξ1
(0) = ∂t , ξ2

(0) = ∂x , ξ3
(0) = ∂y (5.108)

ξ4
(0) = −y∂x + x∂y , ξ5

(0) = y∂t + t∂y , ξ6
(0) = x∂t + t∂x (5.109)

ξ7
(0) = t∂t + x∂x + y∂y (5.110)

ξ8
(0) = 2xt∂t + (x2 − y2 + t2)∂x + 2xy∂y , ξ9

(0) = 2yt∂t + 2yx∂x + (y2 − x2 + t2)∂y

ξ10
(0) = (t2 + x2 + y2)∂t + 2tx∂x + 2ty∂y . (5.111)

In particular, these conformal Killing vectors are the generators of 3 translations (5.108) (Pi ≡
{ξ1

(0), ξ2
(0), ξ3

(0)} with i = t, x, y), 2 boosts and 1 rotation (5.109) (Jij ≡ {ξ4
(0), ξ5

(0), ξ6
(0)} with i, j = t, x, y),

1 dilatation (5.110) (D ≡ ξ7
(0)) and 3 special conformal transformations (5.111) (Ki ≡ {ξ8

(0), ξ9
(0), ξ10

(0)}
with i = t, x, y). These generators obey the usual commutation relations of the 3-dimensional con-
formal algebra:

[Pi, Pj] = 0 , [Jij, Jkl ] = ηil Jjk − ηik Jjl − ηjl Jik + ηjk Jil , [Pi, Jjk] = ηijPk − ηikPj

[D, Pi] = Pi , [D, Jij] = 0 , [Ki, Pj] = 2(ηijD− Jij) , [Ki, Jjk] = ηijKk − ηikKj

[D, Ki] = −Ki , [Ki, Kj] = 0 . (5.112)

5.4.3 Subalgebras of o(3, 2), analysis of the O(ρ) equation and conditions on γ
(1)
ij

At this stage, it is instructive to explore the subalgebras of o(3, 2) algebraically. That is, to try to
construct possible subalgebras from the above commutation relations (5.112). This is done before
analyzing the order O(ρ) of expression (5.85), which by imposing restrictions on γ

(1)
ij admits par-

ticular subalgebras of o(3, 2). In other words, the following algebraic analysis enables one to know
what subalgebras to look for. Then, by analyzing explicitly the O(ρ) of (5.85) one can specify if each
particular subalgebra is actually realized by imposing conditions on γ

(1)
ij . A formal and exhaustive

derivation of all the subalgebras of o(3, 2) in general can be found in Tables IV-XI of [81].
The commutation relations (5.112) lead to the following observations:
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1. The largest subalgebras of o(3, 2) are 7-dimensional. Furthermore, they cannot contain both
the subalgebra of translations and the subalgebra of special conformal transformations (SCTs).
It consequently turns out that these 7-dimensional subalgebra are either the so called extended
Poincare algebra (i.e. the Poincare transformations and the dilation which is also known as
similitude algebra LSim(2,1)), or the analogue of this where the role of translations is replaced
by the SCTs.

Proof: Starting with the 3 SCTs and adding a translation one gets from [Ki, Pt] the dilatation
and two Lorentz rotations. Then from [Jij, Jkl ], these two Lorentz rotations imply the third one.
But from [Pt, Jij] one gets the remaining two translations and therefore one ends up with o(3, 2).
This implies that the 3-dimensional subalgebra that contains the SCTs cannot be enlarged by
adding any translation. Therefore, in order to enlarge this 3-dimensional subalgebra one
has to add the rest of the generators except the translations. By adding the dilatation the
resulting 4-dimensional subalgebra is trivially closing. By adding to this one Lorentz rotation,
the resulting 5-dimensional subalgebra is also trivially closing: one possible subalgebra then
is exactly this, namely containing 3 SCTs, 1 Lorentz generator and the dilation. But this is
not the largest one. If one more Lorentz rotation is added, one gets automatically the third
one i.e. one has the 7-dimensional analogue of the extended Poincare algebra. Likewise, the
same logic can be followed by starting with the subalgebra of the 3 translations and attempt
to include one SCT. Firstly, one obtains that this consequently leads to o(3, 2) and secondly,
by adding the rest of the generators except the translations one gets the extended Poincare
algebra.

2. The next lower dimensional subalgebras of o(3, 2) are 6-dimensional. They can be either the
Poincare algebra or an algebra that contains 2 SCTs, 2 translations, 1 Lorentz rotation and the
dilatation.

Proof: The fact that one of the two 6-dimensional subalgebras is the Poincare algebra is evident.
As far as the second 6-dimensional algebra is concerned, starting with 2 SCTs and adding the
dilatation one has 3 generators. Then, one can add either (i) one Lorentz rotation or (ii) one
translation. As it is explained, both cases (i) and (ii) give the same result:

(i) Adding 1 Lorentz rotation, one gets a 4-dimensional subalgebra. It should be mentioned
here that the appropriate Lorentz rotation should be added, i.e. the one which via [Ki, Jjk] gives
the 2 already assumed SCTs and not the third one. Otherwise, one falls into the 7-dimensional
subalgebra of case 1. Then, one notices that this 4-dimensional subalgebra cannot be enlarged
by adding one more Lorentz rotation. If one does so, one gets the third one as well and the
commutation relation of each of them with the two SCTs now gives the third SCT, falling
again into the case 1. So there is nothing left to add to this 4-dimensional subalgebra than 1

translation. But the appropriate one, such that via [Ki, Pj] no new Lorentz rotation appears.
Now the subalgebra is 5-dimensional, but still unclosed. For this then to close via [Pi, Jjk],
one more translation has to be added. Any attempt to include anything more ends up with
o(3, 2). Thus, in this case the subalgebra is 6-dimensional and contains 2 SCTs, the dilatation,
1 Lorentz rotation and 2 translations.

(ii) Adding 1 translation, one gets via [Ki, Pj] 1 Lorentz rotation. This translation has to be
the appropriate such that via [Ki, Pj] one does not get two Lorentz rotations which imply the
third one and consequently end up to o(3, 2). Now this subalgebra is 5-dimensional, but still
not closed. For the closure it is necessary via [Pi, Jjk] to get 1 more translation. If anything
else is added in order to enlarge this subalgebra leads to o(2, 3). Therefore, in this case the
subalgebra is 6-dimensional and has exactly the same content with case (i).

Similar arguments can be applied to obtain lower dimensional subalgebras of o(3, 2), that is the 5-,
4-, and lower-dimensional subalgebras. Those are not mentioned here explicitly and an exhaustive
list of them can be found in Tables IV-XI of [81]. Later in the analysis, it is examined specifically
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which of the 5-, 4-, and lower-dimensional subalgebras are realized in the content of this thesis, that
is for a particular choice of γ

(1)
ij .

Having obtained algebraically some of the subalgebras of o(3, 2), the purpose is now to investi-
gate whether and which of them are actually realized by the order O(ρ) of (5.103). This procedure
inevitably imposes restrictions on γ

(1)
ij . As a starting point two assumptions are made: i) the bound-

ary metric γ
(0)
ij is considered to be the 3-dimensional Minkowski metric ηij and ii) the leading order

term γ
(1)
ij is taken to be traceless, i.e. γ(1) ≡ ηijγ

(1)
ij = 0. The first assumption is rather natural

whereas the second one simply imposes relations between the coefficients of γ
(1)
ij and thus it is a

gauge choice. Then, at O(ρ), (5.103) becomes

−2λ(2)ηij − κγ
(1)
ij + Lξk

(0)
γ
(1)
ij + 2Ω(1)ηij = 0 (5.113)

which by setting λ(2) = −Ω(1) and using (5.105) becomes

Lξk
(0)

γ
(1)
ij −

1
3

γ
(1)
ij ∂kξk

(1) + 4Ω(1)ηij = 0 . (5.114)

Taking the trace and solving for Ω(1) one finds

Ω(1) = − 1
12

(
ξk
(0)∂kγ(1) + 2γi

k(1)∂iξ
k
(0) −

1
3

γ(1)∂kξk
(0)

)
. (5.115)

Taking into account the gauge choice γ(1) = 0, the above equation takes the simpler form

Ω = −1
6

γi
k(1)∂iξ

k
(0) (5.116)

and (5.114) becomes

Lξk
(0)

γ
(1)
ij −

1
3

γ
(1)
ij ∂kξk

(1) −
2
3

ηij γi
(1)k ∂iξ

k
(0) = 0 . (5.117)

Then, the procedure consists of inserting particular ansatz for γ
(1)
ij in the above equation and exam-

ine if any subalgebra is obtained. Of course it is a crucial point in the analysis that this ansatz is as
general as possible.

7-dimensional subalgebras

For the trivial case of γ
(1)
ij = 0 one recovers o(3, 2), in the sense that (5.117) is trivially satisfied

and one is left only with (5.107). For γ
(1)
ij being conformally flat, i.e. γ

(1)
ij = f (t, x, y) ηij one also

obtains o(3, 2).
The procedure then consists of finding the most general form of γ

(1)
ij that through (5.117) accom-

modates the translations (5.108). Then, one gradually includes the rest of the generators (5.109),
(5.110), (5.111). Demanding (5.117) to be satisfied by the translations (5.108) one finds that the
following condition has to hold

∂mγ
(1)
ij = 0 (5.118)

for every m = t, x, y. This expression is referred to as translations condition. Imposing this in (5.117)
and inserting the boosts and the rotation in (5.109) one gets

γ
((1))
xy = 0 , γ

(1)
ty = 0 , γ

(1)
tx = 0 , γ

(1)
xx = γ

(1)
yy = −γ

(1)
tt = c (5.119)

or equivalently
γ
(1)
ij = c ηij (5.120)
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where c is a constant. But due to this gauge fixing condition γ(1) = 0 one gets c = 0 which implies

γ
(1)
ij = 0 and leads trivially to o(3, 2). Therefore, the 7-dimensional extended Poincare subalgebra

cannot be realized for any choice of γ
(1)
ij 6= 0.

The other 7-dimensional subalgebra, which is the analogue of the extended Poincare where the
translations are replaced by the SCTs, was not obtained in the present analysis. In particular, the
system of partial differential equations arising from (5.117) when one inserts the SCTs, could not be
solved for γ

(1)
ij .

6-dimensional subalgebras

From the analysis above it is obvious that neither the 6-dimensional Poincare subalgebra can be
realized: the conditions (5.118) and (5.120) for the translations and the Lorentz transformations
respectively give c = 0, which implies γ

(1)
ij = 0 and thus inevitably leads to o(3, 2).

The 6-dimensional subalgebra that contains 2 SCTs, 2 translations, 1 Lorentz rotation and the
dilatation cannot be realized. Any attempt to include a SCT in the 4-dimensional subalgebra con-
taining the 2 translations, 1 Lorentz rotation and the dilatation leads to o(3, 2). A derivation of this
is given in the forthcoming paragraph of the 4-dimensional subalgebras.

5-dimensional subalgebra

Among the wide list of the subalgebras of o(3, 2) with 5 generators there is exactly one which
is realized, subject to equation (5.117). This is obtained by starting with the subalgebra of the
translations, i.e. from Pi = {ξ1

(0), ξ2
(0), ξ3

(0)}, with i = t, x, y. It was found previously that the

translations conditions is ∂mγ
(1)
ij = 0 for every m = t, x, y, or equivalently

γ
(1)
ij =

c1 + c2 c3 c4

c3 c1 c5

c4 c5 c2

 . (5.121)

This 3-dimensional subalgebra can then be enlarged by including generators that are suitable linear
combinations of the Lorentz Killing vectors (5.109) and the dilatation (5.110). In particular, these
linear combinations are between the dilatation (D ≡ ξ7

(0)) and the ty-boost (Jty ≡ ξ5
(0)) as D̃ =

ξ7
(0) +

1
2 ξ5

(0), and between the xy-rotation (Jxy ≡ ξ4
(0)) and the tx-boost (Jtx ≡ ξ6

(0)) as J̃ = ξ4
(0) − ξ6

(0).

Indeed, inserting these and the above expression for γ
(1)
ij in (5.117) one finds that

γ
(1)
ij =

−c 0 c
0 0 0
c 0 −c

 (5.122)

and the commutation relations take the form

[ξ1
(0), J̃] = ξ2

(0) , [ξ1
(0), D̃] = −ξ1

(0) −
1
2

ξ3
(0) (5.123)

[ξ2
(0), J̃] = ξ1

(0) + ξ3
(0) , [ξ2

(0), D̃] = ξ2
(0) (5.124)

[ξ3
(0), J̃] = −ξ2

(0) , [ξ3
(0), D̃] = −ξ3

(0) −
1
2

ξ1
(0) (5.125)

[ J̃, D̃] = −1
2

J̃ (5.126)

[Pi, Pj] = 0 ∀ i, j = t, x, y . (5.127)

Similar results can be obtained when again starting with the translations and now including differ-
ent but again suitable linear combinations between the Lorentz generators and the dilatation. That
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is, considering now the dilatation with the ty-boost (Jty ≡ ξ6
(0)) as D̃ = ξ7 − 1

2 ξ6
(0) and then the

xy-rotation (Jxy ≡ ξ4
(0)) with the tx-boost (Jtx ≡ ξ6

(0)) as J̃ = ξ4
(0) − ξ6

(0). In this case, (5.117) restricts

γ
(1)
ij to be

γ
(1)
ij =

c c 0
c c 0
0 0 0

 . (5.128)

This algebra with 5 generators is the highest dimensional realizable subalgebra of o(3, 2). That
means that for any other choice of γ

(1)
ij no other 5-dimensional example can be constructed because

it gives γ
(1)
ij = 0 via (5.117) and consequently leads to o(3, 2).

4-dimensional subalgebras

Some of the 4-dimensional subalgebras can be straightforwardly constructed by adding suitably
one more generator to the subalgebra of the translations Pi = {ξ1

(0), ξ2
(0), ξ3

(0)}, with i = t, x, y. Insert-
ing the translations conditions (5.118) in (5.117) and demanding to contain 1 Lorentz rotation, e.g.
Jxy ≡ ξ4

(0), one gets that c3 = c4 = c5 = 0 and c1 = c2 ≡ c. Thus γ
(1)
ij takes the form

γ
(1)
ij =

2c 0 0
0 c 0
0 0 c

 (5.129)

and the commutations relations of this subalgebra with 4 generators are

[Pi, Pj] = 0 (5.130)

[Pi, Jxy] = ηixPy − ηiyPx . (5.131)

Similar results can be obtained when considering again the subalgebra of the translations and
adding another Lorentz rotation, e.g. Jty ≡ ξ5

(0) or Jtx ≡ ξ6
(0). Following the same technique as in the

previous paragraph, the form of γ
(1)
ij becomes

γ
(1)
ij =

−c 0 0
0 −2c 0
0 0 c

 (5.132)

when the boost Jty is contained and

γ
(1)
ij =

−c 0 0
0 c 0
0 0 −2c

 (5.133)

when the boost Jtx is contained. The commutation relations in these cases take the analogue form
of (5.130), (5.131).

Another subalgebra with 4 generators is obtained when considering the 3 translations and a linear
combination of the dilatation D ≡ ξ7

(0) and 1 boost, e.g. J5
(0) ≡ ξ5

(0), of the form D̃ = ξ7
(0) −

1
2 ξ5

(0).

The translations condition (5.118) imply constant γ
(1)
ij and the addition of the generator D̃ restricts

it further via (5.117) to be

γ
(1)
ij =

c 0 c
0 0 0
c 0 c

 . (5.134)



5.4 asymptotic symmetry algebras 77

The commutation relations in this case are

[ξ1
(0), D̃] = ξ1

(0) +
1
2

ξ3
(0) (5.135)

[ξ3
(0), D̃] =

1
2

ξ1
(0) + ξ3

(0) (5.136)

[Pi, Pj] = 0 ∀i, j = t, x, y , [ξ2
(0), D̃] = 0 . (5.137)

Other 4-dimensional subalgebras with the 3 translations as a starting point can be also realized
in a slightly different way. In particular, when assuming suitable linear combinations between
these translations and between the Lorentz generators and the dilatation (5.109)-(5.110). That is,
one considers the translation ξ2

(0) and two linear combinations of the rest of the translations as
P+ = ξ1

(0) + ξ3
(0) and P− = ξ1

(0) − ξ3
(0). Inserting these in (5.117), one gets the translations condition

(5.118). Then, another linear combination of the dilatation D ≡ ξ7
(0) and 1 boost, e.g. Jty ≡ ξ5

(0) can
be included, namely D̃ = ξ7

(0) − ξ5
(0). This implies via (5.117) that

γ
(1)
ij =

0 c 0
c 0 c
0 c 0

 (5.138)

and the commutation relations are

[P+, P−] = 0 , [P+, D̃] = 0 , [P+, ξ2
(0)] = 0 , [P−, ξ2

(0)] = 0 (5.139)

[P−, D̃] = 2P− (5.140)

[ξ2
(0), D̃] = ξ2

(0) . (5.141)

An analogous subalgebra is realized when starting again with the translation ξ2
(0) and a linear

combination of the rest 2 of the form of the previous paragraph. Then, including a linear combina-
tion of the rotation and a boost as J̃ = ξ4

(0) − ξ5
(0) and inserting in (5.103), γ

(1)
ij becomes

γ
(1)
ij =

 c −c 0
−c c 0
0 0 0

 (5.142)

whereas the commutation relations take the form

[P+, J̃] = −2ξ2
(0) (5.143)

[ξ2
(0), J̃] = −P− (5.144)

[P+, P−] = 0 , [P+, ξ2
(0)] = 0 , [P−, ξ2

(0)] = 0 , [P−, J̃] = 0 . (5.145)

Another interesting subalgebra can be obtained by excluding one translation, e.g. Pt ≡ ξ1
(0), from

(5.117). Then, the rest of the translations are maintained for ∂mγ
(1)
ij = 0 for m = x, y and the general

form of γ
(1)
ij is now

γ
(1)
ij =

 f1(t) + f2(t) g(t) w(t)
g(t) f1(t) h(t)
w(t) h(t) f2(t)

 . (5.146)

Inserting this in (5.117) and additionally including the xy-rotation (Jxy ≡ ξ4
(0)), one finds that g(t) =

w(t) = h(t) = 0 and f1(t) = f2(t) ≡ f (t). Thus, expression (5.146) now becomes

γ
(1)
ij =

2 f (t) 0 0
0 f (t) 0
0 0 f (t)

 . (5.147)
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This 3-dimensional subalgebra that contains 2 translations and 1 Lorentz rotation is the Poincare
algebra in 2 spatial dimensions. It can be further extended by adding the dilation D ≡ ξ7

(0). Indeed,
inserting (5.147) and the dilatation generator in the non-vanishing components (xx, tt, yy) of (5.117)
one gets the relation

t∂t f (t) + f (t) = 0 (5.148)

which then implies for (5.147) that

γ
(1)
ij =

1
t

2c 0 0
0 c 0
0 0 c

 . (5.149)

Thus, for this choice of γ
(1)
ij the extended 2-dimensional Poincare algebra is realized with the follow-

ing commutation relations

[PI , PJ ] = 0 , [D, Jxy] = 0 (5.150)

[PI , Jxy] = ηIxPy − ηIyPx (5.151)

[D, PI ] = PI (5.152)

where I, J = x, y. This is of particular interest because the corresponding theory has scale invariance,
due to the dilatation generator. Then it is natural to ask if the special conformal transformations can
be included to exhibit conformal invariance. Interestingly, the answer is no: inserting (5.149) and one
of the special conformal transformations in (5.117) implies c = 0, which leads to o(3, 2). Therefore,
the extended 2-dimensional Poincare algebra corresponds to a theory that asymptotically has scale
invariance but not conformal invariance. Additionally, this result is excluding the realization of
the 6-dimensional subalgebra of o(3, 2) that was discussed before. That is, the subalgebra that
contains 2 translations, 2 SCTS, 1 Lorentz rotation and the dilatation: this cannot be realized because
attempting to include 1 SCT inevitably leads to o(3, 2).

Similar results can be derived when excluding from (5.117) another translation e.g. Px ≡ ξ2
(0) or

Py ≡ ξ3
(0). Demanding then the rest of the translations, 1 (appropriate) Lorentz rotation and the

dilatation to be contained in (5.117), the form of γ
(1)
ij becomes

γ
(1)
ij =

1
x

−c 0 0
0 −2c 0
0 0 c

 (5.153)

for the exclusion of Px ≡ ξ2
(0) and

γ
(1)
ij =

1
y

−c 0 0
0 c 0
0 0 −2c

 (5.154)

for the exclusion of Py ≡ ξ3
(0). The commutation relations in these cases take the analogue form of

(5.150), (5.151) , (5.152).
It should be mentioned at this point that the subalgebras with 4 generators that were considered

here do not yield an exhaustive list. They are the ones that were realized during this work but there
may be more amongst the wide list of the subalgebras of o(3, 2), by imposing a condition on γ

(1)
ij .

3-dimensional subalgebras

It is evident from the previous analysis that a realizable subalgebra with 3 generators consists of
the translations with

γ
(1)
ij = cij (5.155)
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where cij are constant coefficients and the commutation relations are

[Pi, Pj] = 0 ∀ i, j = t, x, y . (5.156)

Following a similar logic with that in the investigation of the 4-dimensional subalgebras, i.e. ex-
cluding 1 translation from (5.117) one arrives at a realization of two more 3-dimensional subalgebras.
The first one is obtained when excluding e.g. Pt ≡ ξ1

(0) and including the dilatation D ≡ ξ7
(0). Then,

γ
(1)
ij is restricted to be

γ
(1)
ij =

1
t

cij (5.157)

with cij being a constant matrix and the commutation relations take the form

[Px, Py] = 0 , [D, PI ] = 0 ∀ I = x, y . (5.158)

Analogous results arise when excluding one of the rest of the translations, e.g. Px ≡ ξ2
(0) and

Py ≡ ξ3
(0).

The second 3-dimensional subalgebra that is realized when removing one of the translations from
(5.117) was already obtained in the construction of the 4-dimensional extended Poincare subalgebra
in 2 spatial dimensions. Indeed, excluding the translation Pt ≡ ξ1

(0) and adding the rotation Jxy ≡
ξ4
(0) one arrives at the Poincare algebra in 2 spatial dimensions with the condition (5.147) for γ

(1)
ij . It

is repeated here for clarity

γ
(1)
ij =

2 f (t) 0 0
0 f (t) 0
0 0 f (t)

 . (5.159)

The commutation relations in this case are

[PI , Jxy] = ηIxPy − ηIyPx , I, J = x, y (5.160)

[PI , PJ ] = 0 ∀ I, J . (5.161)

Finally, it is mentioned that the Lorentz subalgebra is generated from (5.109). Inserting these gen-
erators into (5.117), one gets a system of partial differential equations which has to be solved for γ

(1)
ij .

In the present analysis, this system was not solved analytically and thus, the Lorentz subalgebra is
not realized for a particular form of γ

(1)
ij . Further subalgebras with 3 generators and lower, e. g.

2-dimensional, are not examined in the present work.

A last but important remark is that it is straightforward to verify that the generators of each of
the above mentioned subalgebras satisfy the Jacobi identities. All results obtained so far, namely
the subalgebras of o(3, 2) which arise via (5.117) for a particular form of γ

(1)
ij , are summarized in the

following table. It should be also mentioned that this table does not provide an exhaustive list.
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Generators Form of γ
(1)
ij Dimension

of
the subal-
gebra

Commutation relations

Linear combi-
nation of the
Lorentz algebra,
the dilatation and
the translations

γ
(1)
ij =

−c 0 c
0 0 0
c 0 −c

 5 [ξ1
(0), J̃] = ξ2

(0)

[ξ1
(0), D̃] = −ξ1

(0) −
1
2 ξ3

(0)

[ξ2
(0), J̃] = ξ1

(0) + ξ3
(0)

[ξ2
(0), D̃] = ξ2

(0)

[ξ3
(0), D̃] = −ξ3

(0) −
1
2 ξ1

(0)

[ξ3
(0), J̃] = −ξ2

(0)

[ J̃, D̃] = − 1
2 J̃

[Pi, Pj] = 0 ∀ i, j= t, x, y

where D̃ = ξ7
(0) +

1
2 ξ6

(0)

J̃ = −ξ5
(0) + ξ4

(0)

Poincare in 2 spa-
tial dimensions
and dilatation

γ
(1)
ij = 1

t

2c 0 0
0 c 0
0 0 c

 4 [D, PI ] = PI

[PI , Jxy] = ηIxPy − ηIyPx

[PI , PJ ] = [D, Jxy] = 0

Translations and
1 rotation

γ
(1)
ij =

2c 0 0
0 c 0
0 0 c

 4 [Pi, Jxy] = ηixPy − ηiyPx

[Pi, Pj] = 0

Translations
and linear com-
bination of 1

boost and the
dilatation

γ
(1)
ij =

c 0 c
0 0 0
c 0 c

 4 [ξ1
(0), D̃] = ξ1

(0) +
1
2 ξ3

(0)

[ξ3
(0), D̃] = 1

2 ξ1
(0) + ξ3

(0)
[Pi, Pj] = 0 ∀i, j = t, x, y
[ξ2

(0), D̃] = 0

where D̃ = ξ7
(0) −

1
2 ξ5

(0)

Linear combina-
tion of the trans-
lations, 1 boost
and the dilatation

γ
(1)
ij =

0 c 0
c 0 c
0 c 0

 4 [P−, D̃] = 2P− , [ξ2
(0), D̃] =

ξ2
(0)

[P+, P−] = [P+, D̃] =

[P+, ξ2
(0)] = 0

[P−, ξ2
(0)] = 0

where P+ = ξ1
(0) + ξ3

(0)

P− = ξ1
(0) − ξ3

(0)

D̃ = ξ7
(0) − ξ5

(0)

Linear combi-
nation of the
translations
and 2 Lorentz
generators

γ
(1)
ij =

 c −c 0
−c c 0
0 0 0

 4 [P+, J̃] = −2ξ2
(0)

[ξ2
(0), J̃] = −P−

[P+, P−] = [P+, ξ2
(0)] =

[P−, ξ2
(0)] = [P−, J̃] = 0

where P+ = ξ1
(0) + ξ3

(0)

P− = ξ1
(0) − ξ3

(0)

J̃ = ξ4
(0) − ξ5

(0)
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Generators Form of γ
(1)
ij Dimension

of
the subal-
gebra

Commutation relations

Translations γ
(1)
ij = cij 3 [Pi, Pj] = 0

2 translations +
dilatation

γ
(1)
ij = 1

t cij 3 [PI , PJ ] = 0 , [D, PI ] = PI

Poincare in 2 spa-
tial dimensions

γ
(1)
ij =

2 f (t) 0 0
0 f (t) 0
0 0 f (t)

 3 [PI , PJ ] = 0
[PI , Jxy] = ηIxPy − ηIyPx

5.4.4 The MKR solution

As it was already mentioned in section 5.3.2, the MKR spacetime is a black hole solution of the
action (5.1). Its line element takes the form

ds2 = − f (r)dt2 +
dr2

f (r)
+ r2dΩ2

2 (5.162)

where
f (r) =

√
1− 12αM− 2M

r
+ 2αr− Λ

3
r2 (5.163)

and M, Λ, α are the mass, the cosmological constant and the Rindler acceleration respectively.
Before proceeding with the analysis of the asymptotic symmetry algebras of (5.162), it is construc-

tive to exploit its spacetime symmetries. It is immediately recognized that these symmetries consist
of a static, spherically symmetric spacetime or equivalently the R + so(3) algebra. The Killing
vectors which generate these symmetries and satisfy £ξc gab = 0 are

ξ1 = ∂t (5.164)

ξ2 = ∂φ (5.165)

ξ3 = cos φ∂θ − cot θ sin φ∂φ (5.166)

ξ4 = − sin φ∂θ − cot θ cos φ∂φ (5.167)

and their commutation relations take the form

[ξ2, ξ3] = ξ4 , [ξ2, ξ4] = −ξ3 (5.168)

[ξ3, ξ4] = ξ2 (5.169)

[ξ1, ξk] = 0 ∀ k = 2, 3, 4 . (5.170)

As it will be obtained in what follows, this 4-dimensional algebra of the spacetime symmetries can
be enlarged asymptotically, at the leading order O(1) of (5.103).

Proceeding now with the asymptotic analysis, it is reminded that the following steps must be
performed: the line element (5.162) can be rewritten suitably when following the procedure that
was described in the beginning of this chapter. Namely the decomposition of a spacetime gab
into hypersurfaces according to (5.5), (5.6), (5.7). This split allows one to expand (5.162) in terms
of the generalized Fefferman-Graham form (5.18) and determine the leading order term γ

(0)
ij and

the next to leading order term γ
(1)
ij . Then, one ends up with the expressions (5.61) and (5.62)

respectively, for ` = 1. Additionally, the group that describes the asymptotic symmetries of the
MKR spacetime (5.162) is considered to be the conformal symmetry group O(3, 2). That is, the
procedure consists of the boundary conditions preserving gauge transformations analysis of section
5.4.1. Consequently, the asymptotic symmetry algebras at order O(1) and at order O(ρ) for the
MKR solution are determined by the orders O(1) and O(ρ) of (5.103) respectively.
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Asymptotic symmetry algebra of the O(1) equation

The induced boundary metric (5.61) for ` = 1 takes the form

γ
(0)
ij =

−1 0 0
0 1 0
0 0 sin2 θ

 . (5.171)

The leading order O(1) of (5.103) takes the form (5.106), which is repeated here for clarity

Lξk
(0)

γ
(0)
ij −

2
3

γ
(0)
ij Dkξk

(0) = 0 . (5.172)

Inserting (5.171) into the above equation one finds that it admits the 10 conformal Killing vectors
(5.108)-(5.111) expressed in spherical coordinates. In particular, they are

ξ1
(0) = ∂t (5.173)

ξ2
(0) = ∂φ , ξ3

(0) = cos φ ∂θ − cot θ sin φ ∂φ , ξ4
(0) = − sin φ ∂θ − cot θ cos φ ∂φ (5.174)

ξ5
(0) = cos t cos θ ∂t − sin t sin θ ∂θ (5.175)

ξ6
(0) = cos t sin θ cos φ ∂t + sin t cos θ cos φ ∂θ − sin t

sin φ

sin θ
∂φ (5.176)

ξ7
(0) = cos t sin θ sin φ ∂t + sin t cos θ sin φ∂θ + sin t

cos φ

sin θ
∂φ (5.177)

ξ8
(0) = − sin t sin θ sin φ ∂t + cos t cos θ sin φ ∂θ + cos t

cos φ

sin θ
∂φ (5.178)

ξ9
(0) = − sin t cos θ ∂t − cos t sin θ ∂θ (5.179)

ξ10
(0) = − sin t sin θ cos φ ∂t + cos t cos θ cos φ ∂θ − cos t

sin φ

sin θ
∂φ (5.180)

with ξ1
(0) being the time translation, ξ2

(0), ξ3
(0), ξ4

(0) being the o(3) generators and the rest conformal
Killing vectors are linear combinations of the dilatation, the boosts and the SCTs in spherical coor-
dinates. The non-vanishing commutation relations are

[ξ1
(0), ξ5

(0)] = ξ9
(0) , [ξ1

(0), ξ6
(0)] = ξ10

(0) , [ξ1
(0), ξ7

(0)] = ξ8
(0) , [ξ1

(0), ξ8
(0)] = −ξ7

(0) , (5.181)

[ξ1
(0), ξ9

(0)] = −ξ5
(0) , [ξ1

(0), ξ10
(0)] = −ξ6

(0)

[ξ2
(0), ξ3

(0)] = ξ4
(0) , [ξ2

(0), ξ4
(0)] = −ξ3

(0) , [ξ2
(0), ξ6

(0)] = −ξ7
(0) , [ξ2

(0), ξ7
(0)] = −ξ6

(0) , (5.182)

[ξ2
(0), ξ8

(0)] = −ξ10
(0) , [ξ2

(0), ξ10
(0)] = −ξ8

(0)

[ξ3
(0), ξ4

(0)] = ξ2
(0) , [ξ3

(0), ξ5
(0)] = −ξ6

(0) , [ξ3
(0), ξ6

(0)] = ξ5
(0) , [ξ3

(0), ξ9
(0)] = −ξ10

(0) , (5.183)

[ξ3
(0), ξ10

(0)] = ξ9
(0)

[ξ4
(0), ξ5

(0)] = ξ7
(0) , [ξ4

(0), ξ7
(0)] = −ξ5

(0) , [ξ4
(0), ξ8

(0)] = −ξ9
(0) , [ξ4

(0), ξ9
(0)] = ξ8

(0) (5.184)

[ξ5
(0), ξ6

(0)] = ξ3
(0) , [ξ5

(0), ξ7
(0)] = −ξ4

(0) , [ξ5
(0), ξ9

(0)] = −ξ1
(0) (5.185)

[ξ6
(0), ξ7

(0)] = ξ2
(0) , [ξ6

(0), ξ10
(0)] = −ξ1

(0) (5.186)

[ξ7
(0), ξ8

(0)] = −ξ1
(0) (5.187)

[ξ8
(0), ξ9

(0)] = ξ4
(0) , [ξ8

(0), ξ10
(0)] = −ξ2

(0) (5.188)

[ξ9
(0), ξ10

(0)] = ξ3
(0) . (5.189)

Therefore, the Killing vectors of R + so(3) which correspond to the spacetime symmetries of the
MKR solution are indeed enlarged asymptotically, at the leading order, to the conformal Killing
vectors of o(3, 2).
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Asymptotic symmetry algebra of the O(ρ) equation

For ` = 1, the next to leading order term (5.62) becomes

γ
(1)
ij =

0 0 0
0 −2α 0
0 0 −2α sin2 θ

 . (5.190)

The next to leading order O(ρ) of (5.103) becomes

−2λ(2)γ
(0)
ij − κγ

(1)
ij + Lξk

(0)
γ
(1)
ij + 2Ω(1)γ

(0)
ij = 0 . (5.191)

Setting λ(2) = −Ω(1) like in the case of a flat boundary metric and using (5.105), the above expression
takes the form

Lξk
(0)

γ
(1)
ij −

1
3

γ
(1)
ij ∂kξk

(1) + 4Ω(1)γ
(0)
ij = 0 . (5.192)

Taking the trace and solving for Ω(1) one finds

Ω(1) = −1
6

γi
k(1)Diξ

k
(0) . (5.193)

Thus, the final form of (5.192) is

Lξk
(0)

γ
(1)
ij −

1
3

γ
(1)
ij ∂kξk

(1) −
2
3

γ
(0)
ij γi

(1)k ∂iξ
k
(0) = 0 . (5.194)

Îd’he time translation (5.173) and the so(3) generators (5.174) satisfy (5.194) and constitute of the
subalgebra R + so(3) with 4 generators. The commutation relations are

[ξ2
(0), ξ3

(0)] = ξ4
(0) , [ξ2

(0), ξ4
(0)] = −ξ3

(0) (5.195)

[ξ3
(0), ξ4

(0)] = ξ2
(0) (5.196)

[ξ1
(0), ξ i

(0)] = 0 ∀ i = 2, 3, 4 . (5.197)

It is noteworthy that the attempt to enlarge the above 4-dimensional subalgebra fails, in the sense
that it requires γ

(1)
ij = 0 and thus yields o(3, 2).

5.4.5 The Rindler-Kerr-(A)dS solution

The Rindler-Kerr-(A)dS spacetime is a rotating black hole solution of the conformal gravity action
(5.1) with vanishing mass parameter. Its line element is

ds2 = ρ2

(
dr2

∆r
+

dθ2

∆θ

)
+

∆θ sin2 θ

ρ2

(
adt− (r2 + a2)

dφ

Ξ

)2

− ∆r

ρ2

(
dt− a sin2 θ

dφ

Ξ

)2

(5.198)

where

∆r = (r2 + a2)(1− 1
3

Λr2)− 2µr3 (5.199)

∆θ = 1 +
1
3

Λa2 cos2 θ (5.200)

Ξ = 1 +
1
3

Λa2 (5.201)

ρ2 = r2 + a2 cos2 θ (5.202)

with a being the rotation parameter, µ the Rindler acceleration and Λ the cosmological constant.
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The spacetime (5.198) is stationary and axisymmetric. Thus, the generators of these symmetries
satisfying £ξc gab = 0 are the time translation and one rotation, i.e.

ξ1 = ∂t (5.203)

ξ2 = ∂φ (5.204)

and they commute with each other. In what follows it will be shown that this 2-dimensional algebra
of the spacetime symmetries can be enlarged asymptotically, at the leading order O(1) of (5.103).

Proceeding now with the asymptotic analysis, one follows the exact same steps like in the case
of the MKR solution: applying the procedure in the beginning of the chapter, the spacetime metric
of (5.198) is rewritten suitably and is expanded in terms of the generalized Fefferman-Graham
form (5.18). Consequently, the leading order term γ

(0)
ij and the next to leading order term γ

(1)
ij

are determined and one ends up with the expressions (5.78) and (5.79) respectively, for ` = 1.
It is then shown that γ

(0)
ij is conformally equivalent with the MKR boundary metric (5.171) and

thus they admit the same symmetry group, that is O(3, 2). Finally, according to the boundary
conditions preserving gauge transformations analysis of section 5.4.1, the realized subalgebra of
o(3, 2) is determined by the order O(ρ) of (5.103).

Asymptotic symmetry algebra of the O(1) equation

For ` = 1, the Rindler-Kerr-(A)dS boundary metric (5.78) becomes

γ
(0)
ij =

 −1 0 a sin2 ψ
1−a2

0 1
1−a2 cos2 ψ

0
a sin2 ψ
1−a2 0 sin2 ψ

1−a2

 (5.205)

in the generalized Fefferman-Graham expansion (5.18). It will be now shown that under a coordi-
nate transformation this is conformally equivalent to the MKR boundary metric (5.171). Therefore
it admits the same asymptotic symmetry algebra, namely o(3, 2). Then, the conformal Killing vec-
tors of (5.205) are constructed by applying this coordinate transformation to the conformal Killing
vectors (5.173)-(5.180) of the MKR boundary metric.

Starting with the coordinate transformation

t =
τ√
Aa

(5.206)

φ =
φ′ − aτ√

Aa
(5.207)

where A = 1
1−a2 , the boundary metric (5.205) is brought into the diagonal form

γ
(0)
ij =

−
1

aA − a sin2 ψ 0 0
0 1

1−a2 cos2 ψ
0

0 0 sin2 ψ
a

 . (5.208)

Performing now a Weyl rescaling to the above metric such that

γ
(0)
ij

( 1
aA

+ a sin2 ψ
)−1

=

−1 0 0
0 a

(1−a2 cos2 ψ)2 0

0 0 sin2 ψ
1−a2 cos2 ψ

 ≡ γ
′ (0)
ij (5.209)

and then transforming the coordinate ψ as

ψ = − cos−1
[√ 1 + cos2 u− sin2 u
−2 + a− a2 cos2 u + a2 sin2 u

]
(5.210)
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one finds that γ
′ (0)
ij becomes

γ
′ (0)
ij =

−1 0 0
0 B 0
0 0 sin2 u

 (5.211)

with B = aA = a
1−a2 . Finally, after a redefinition of the coordinates as τ →

√
Bτ, φ′ →

√
Bφ′, the

final form of (5.211) is

γ
(1)
ij = B

−1 0 0
0 1 0
0 0 sin2 u

 . (5.212)

This is indeed the MKR boundary metric (5.171) up to the constant B . Therefore, the Rindler-Kerr-
(A)dS boundary metric (5.205) is conformally equivalent with the MKR boundary metric, subject to
the Weyl rescaling (5.209) and the coordinate transformations (5.206), (5.207), (5.210).

Consequently, transforming the conformal Killing vectors (5.173)-(5.180) according to (5.206),
(5.207), (5.210) one finds the 10 conformal Killing vectors of the Rindler-Kerr-(A)dS metric (5.208) to
be

ξ1
(0) =

√
B∂τ , ξ2

(0) =
√

B∂φ′ (5.213)

ξ3
(0) = cos(

φ′√
B
) F(ψ) ∂ψ − cot u(ψ) sin(

φ′√
B
)
√

B ∂φ′ (5.214)

ξ4
(0) = − sin(

φ′√
B
) F(ψ) ∂ψ − cot u(ψ) cos(

φ′√
B
)
√

B ∂φ′ (5.215)

ξ5
(0) =

√
B cos(

τ√
B
) cos u(ψ) ∂τ − sin(

τ√
B
) sin u(ψ)F(ψ) ∂ψ (5.216)

ξ6
(0) =

√
B cos(

τ√
B
) sin u(ψ) cos(

φ′√
B
) ∂τ + sin(

τ√
B
) cos u(ψ) cos(

φ′√
B
)F(ψ) ∂ψ

− sin(
τ√
B
)

sin( φ′√
B
)

sin u(ψ)

√
B ∂φ′ (5.217)

ξ7
(0) =

√
B cos(

τ√
B
) sin u(ψ) sin(

φ′√
B
) ∂τ + sin(

τ√
B
) cos u(ψ) sin(

φ′√
B
)F(ψ)∂ψ

+ sin(
τ√
B
)

cos( φ′√
B
)

sin u(ψ)

√
B ∂φ′ (5.218)

ξ8
(0) = −

√
B sin(

τ√
B
) sin u(ψ) sin(

φ′√
B
) ∂τ + cos(

τ√
B
) cos u(ψ) sin(

φ′√
B
)F(ψ) ∂ψ

+ cos(
τ√
B
)

cos( φ′√
B
)

sin u(ψ)

√
B ∂φ′ (5.219)

ξ9
(0) = −

√
B sin(

τ√
B
) cos u(ψ) ∂τ − cos(

τ√
B
) sin u(ψ)F(ψ) ∂ψ (5.220)

ξ10
(0) = −

√
B sin(

τ√
B
) sin u(ψ) cos(

φ′√
B
) ∂τ + cos(

τ√
B
) cos u(ψ) cos(

φ′√
B
)F(ψ) ∂ψ

− cos(
τ√
B
)

sin( φ′√
B
)

sin u(ψ)

√
B ∂φ′ (5.221)

where u(ψ) = sin−1

[√
sin2 ψ

1−a2 cos2 ψ

]
and F(ψ) = (1−a2 cos ψ2) cos ψ sin ψ√

(a2−1) cos2 ψ sin2 ψ
. Their commutation relations take

the form (5.181)-(5.189). Thus, the Killing vectors of the spacetime symmetries of the Rindler-Kerr-
(A)dS line element (5.198) are indeed enlarged asymptotically, at the leading order, to the conformal
Killing vectors of o(3, 2).
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Asymptotic symmetry algebra of the O(ρ) equation

For ` = 1, the next to leading order term (5.79) becomes

γ
(1)
ij =


0 0 0
0 2µ

1−a2 cos2 ψ
0

0 0 2µ(1−a2 cos2 ψ) sin2 ψ
(1−a2)2

 (5.222)

in the generalized Fefferman-Graham gauge (5.18). After performing the coordinate transformations
(5.206), (5.207) this becomes

γ
(1)
ij =


aµ(−2+a2+a2 cos 2ψ) sin2 ψ

−1+a2 0 − µ(−2+a2+a2 cos 2ψ) sin2 ψ
−1+a2

0 2µ
1−a2 cos2 ψ

0

− µ(−2+a2+a2 cos 2ψ) sin2 ψ
−1+a2 0 µ(−2+a2+a2 cos 2ψ) sin2 ψ

−1+a2

 . (5.223)

The order O(ρ) of (5.103) takes the form (5.191). Following the same steps as in the corresponding
case of the MKR spacetime, i.e. setting λ(2) = −Ω(1) and solving for Ω(1), the final expression is
(5.194). This is repeated once again here

Lξk
(0)

γ
(1)
ij −

1
3

γ
(1)
ij ∂kξk

(1) −
2
3

γ
(0)
ij γi

(1)k ∂iξ
k
(0) = 0 . (5.224)

Inserting (5.223) into the above, it is found that it admits the two conformal Killing vectors (5.213),
i.e. the ones that generate time translation and rotation around the φ-axis. Thus, the subalgebra of
o(3, 2) in this case is 2-dimensional and the Killing vectors commute with each other. Any attempt
to enlarge this 2-dimensional subalgebra fails, in the sense that it gives γ

(1)
ij = 0 and thus o(3, 2) is

recovered.

5.5 summary and conclusions

In this chapter the conformal gravity action was considered in the concept of holographic analysis
and the investigation of the asymptotic symmetry algebras of the dual field theory. The original
work concerning the holographic setup can be found in [82] and the analysis about the asymptotic
symmetry algebras can be found in [83].

It was found that the first on-shell variation of action (5.1) vanishes, under the proposed asymp-
totic boundary conditions (5.37), (5.38). Thus, the setup renders a well-defined variational principle.
Additionally, the holographic response functions conjugate to the sources γ

(0)
ij and γ

(1)
ij were evalu-

ated and were found to be finite. Therefore, no addition of holographic counterterms is required.
Then, three concrete solutions of the equations of motion of (5.1) were considered, namely solutions
with γ

(1)
ij = 0, the MKR and the Rindler-Kerr-(A)dS spacetime. Their holographic response functions

and physical quantities, like energy, angular momentum and entropy, were calculated. For the MKR
solution it was found that the entropy obeys an area law, despite the fact that the conformal gravity
action (5.1) constitutes a higher derivative theory. Later on, the asymptotic symmetry algebra of the
dual field theory was explored under the proposed asymptotic boundary conditions (5.37), (5.38).
This was done following a boundary conditions preserving gauge transformations analysis, which
led to solving (5.85) at order O(1). The asymptotic symmetry algebra was found to be o(3, 2). It
was also examined which of the subalgebras of o(3, 2) were realized from the order O(ρ) of (5.85),
for a particular γ

(1)
ij . The highest dimensional subalgebra that was obtained was 5-dimensional, con-

sisting of 3 translations, a linear combination of the dilatation and a boost and a linear combination
of the other boost and the rotation. Lower dimensional subalgebras were also realized, e.g. 4- and
3-dimensional. Lastly, the MKR and Rindler-Kerr-(A)dS solutions were considered once again in
order to obtain their asymptotic symmetry algebras. These were found to be o(3, 2), at order O(1)
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of (5.85). At order O(ρ) of (5.85), it was found that both solutions admit one subalgebra each, that
of their original spacetime symmetries, i.e. R + so(3) for the MKR solution and the 2-dimensional
algebra consisting of a time translation and one rotation for the Rindler-Kerr-(A)dS solution.





6
H A M I LT O N I A N A N A LY S I S

Throughout this chapter, the Hamiltonian formulation of conformal gravity is performed. The
analysis starts with formulating the general setup in 6.1, by introducing the canonical variables,
the constraints of the theory and the construction of the Hamiltonian. Then, the Poisson bracket
algebra of the constraints and their geometric interpretation is discussed in 6.2. The generator of
gauge symmetries of the theory is presented in 6.3 and in 6.4, after establishing a set of boundary
conditions the canonical charges associated with asymptotic symmetries are derived. Finally, in 6.5,
the asymptotic symmetry algebra of the canonical charges is presented.

6.1 general setup

The conformal gravity action is

S = −1
4

∫
M

d4x
√
−g Ca

bcd Ca
bcd . (6.1)

The dimensionless coupling constant of the theory has been set to αCG = − 1
4 for convenience, as it

is described in Appendix A.3. Using the ADM foliation [50] the Lagrangian in (6.1) becomes

L =
∫

Σt

d3x
√
|h|N

[
−
(

hc
ahd

b −
1
3

habhcd
)(
Rcd + KcdK− 1

N
(K̇cd − 3£Na Kcd − DcDdN)

)
× 1

2

(
hcahdb − 1

3
habhcd

)(
Rcd + KcdK− 1

N
(K̇cd − 3£Na Kcd − DcDdN)

)
+
(

2D[aKb]c + DdKd
[ahb]c − D[aKhb]c

)
×
(

2D[aKb]c + DdKd[ahb]c − D[aKhb]c
)]

. (6.2)

This expression is derived explicitly in Appendix A.3. It is obvious that it contains second-order
time derivatives of the metric hab and therefore the equations of motion will have up to fourth-order
time derivatives. This is not problematic in the Lagrangian formulation but in the Hamiltonian
setup the equations of motion contain only first-order time derivatives. This problem is handled by
introducing additional fields in the Lagrangian and therefore enlarging the phase space in such a
way as to construct an action that is first-order in time derivatives. Here, this is done by regarding
hab and Kab as independent canonical variables and the relation

ḣab = 2(NKab + D(aNb)) (6.3)

between them is treated as a constraint, multiplied with the additional auxiliary field λab. The
Lagrangian (6.2) now takes the form

L =
∫

Σt

d3x
√

h N
[
−
(

hc
ahd

b −
1
3

habhcd
)(
Rcd + KcdK− 1

N
(K̇cd − 3£Na Kcd − DcDdN)

)
× 1

2

(
hcahdb − 1

3
habhcd

)(
Rcd + KcdK− 1

N
(K̇cd − 3£Na Kcd − DcDdN)

)
+
(

2D[aKb]c + DdKd
[ahb]c − D[aKhb]c

)
×
(

2D[aKb]c + DdKd[ahb]c − D[aKhb]c
)

+ λab
( 1

N
(
ḣab − 3£Nc hab

)
− 2Kab

)]
. (6.4)
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The canonical momenta πab
g = δL

δġab
, Πab

K = δL
δK̇ab

and pab =
δL

δλ̇ab are

πab
h =

δL
δḣab

=
√
|h| λab (6.5)

π =
δL
δṄ

= 0 (6.6)

πa =
δL

δṄa
= 0 (6.7)

Πab
K =

δL
δK̇ab

= −
√

hGabcd
(

3£Na Kcd −Rcd − KKcd −
1
N

DcDdN
)

(6.8)

pab = 0 (6.9)

where Gabcd = 1
2 (h

achbd + hadhbc) − 1
3 habhcd. At this point, it is observed that in (6.5),

√
|h|λab ap-

pears as the conjugate momentum πab
h . Thus, if the auxiliary field λab and its conjugate momentum

pab are to be treated as canonical variables in the analysis, then, the additional primary constraints
φ1 ≡ πab

h −
√
|h| λab ≈ 0 and φ2 ≡ pab ≈ 0 appear. It is shown in Appendix C.3 that the Hamiltonian

analysis including φ1 and φ2 as primary constraints, i.e. considering λab and pab as canonical vari-
ables, is equivalent with substituting πab

h =
√
|h| λab and pab = 0 in (6.4). With this substitution, the

auxiliary field and its conjugate momentum are eliminated from the Lagrangian (6.4) and they are
not canonical variables anymore. Expressions (6.6), (6.7) are primary constraints. One also observes
by taking the trace of (6.8) that

P ≡ habΠab
K = 0 (6.10)

which is a primary constraint as well. The origin of this constraint is due the fact that the Weyl
tensor is traceless in any pair of its indices: the r.h.s of (6.8) is part of Ph[ncndCacbd] (electric part of
the Weyl tensor), as it is shown in (A.48) in Appendix A.3, and thus renders Πab

K traceless.
In terms of canonical variables, the Lagrangian (6.4) after a partial integration becomes

L =
∫

Σt

d3x
[
Πab

K K̇ab + πab
h ḣab − N

(
− 1√

|h|
Πab

K ΠK
ab

2
+ DaDbΠab

K + Πab
K (Rab + KabK) + 2πab

h Kab

−
√
|h|
(
2D[aKb]c + DdKd

[ahb]c − D[aKhb]c
)
×
(
2D[aKb]c + DdKd[ahb]c − D[aKhb]c))

− Na
(

Πcd
K DaKcd − 2Dd(Πcd

K Kac)− Ddπcd
h hac

)]
−
∫

∂Σ
d2Sa

[
Πab

K DbN − DbΠab
K N + 2Nc(πab

h hbc + Πab
K Kbc)

]
. (6.11)

Although the surface term in the above expression is dynamically irrelevant, it will be kept ex-
plicitly throughout the analysis. The reason for doing this will become evident later, when the
canonical charges subject to appropriate boundary conditions are constructed. It is worthwhile to
be mentioned that the surface term in (6.11) renders the conformal gravity Lagrangian (6.11) to have
well-defined functional derivatives, under some suitable boundary conditions. Not surprisingly, the
resulting total Hamiltonian of (6.11) is already an improved gauge generator under these boundary
conditions. Additionally, due to the specific form of the secondary constraint W which is derived
later in the analysis, the extended Hamiltonian arising from (6.11) has also well-defined functional
derivatives, under these boundary conditions. These aspects are not surprising, since the fact that
the conformal gravity action (6.1) plus some appropriate boundary conditions has well-defined
functional derivatives was already demonstrated in sections 5.1 and 5.2.3, following the Lagrangian
formalism: it was stated that the action (6.1) and some suitable boundary conditions constitute a
well-defined boundary value problem.

The canonical Hamiltonian is

Hc =
∫

Σt

d3x
(

Πab
K K̇ab + πab

h ḣab

)
− L =

∫
Σt

d3x
(

NaHa + NH⊥
)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
(6.12)
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where

H⊥ ≡ −
1√
|h|

Πab
K ΠK

ab
2

+ DaDbΠab
K + Πab

K (Rab + KabK) + 2πab
h Kab

−
√
|h|
(
2D[aKb]c + DdKd

[ahb]c − D[aKhb]c
)
×
(
2D[aKb]c + DdKd[ahb]c − D[aKhb]c) (6.13)

Ha ≡ Πbc
K DaKbc − 2Dc(Πcd

K Kad)− 2Dcπcd
h had (6.14)

Qa
⊥ ≡ Πab

K DbN − DbΠab
K N (6.15)

Qa ≡ 2Nc(πab
h hbc + Πab

K Kbc) . (6.16)

Finally, the total Hamiltonian takes the form

HT =
∫

Σt

d3x
(

NaHa + NH⊥ + λπ + λaπa + λPP
)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
(6.17)

where λ = λ(x), λa = λa(x), λP = λP (x) are arbitrary functions.

The consistency conditions for the primary constraints (6.6), (6.7), (6.10) reveal the secondary
constraints

{π, HT} = −H⊥ (6.18)

{πa, HT} = −Ha (6.19)

{P , HT} = −NKP + Da(NaP)− N(Πab
K Kab + 2πab

h hab)

≈ −N(Πab
K Kab + 2πab

h hab) = −NW (6.20)

with

W ≡ Πab
K Kab + 2πab

h hab . (6.21)

One notices that the first two secondary constraints (6.18), (6.19) already exist in the total Hamilto-
nian (6.17), exactly like in the case of General Relativity. The time evolution of all (6.18), (6.19), (6.20)
gives

{H⊥(x), HT} =
[
− NaH⊥(x) + N

(
Ha(x) +Ha(y) + (P(x) + P(y))(DbKb

a − DaK)
)]

∂aδ(3)(~x−~y)

+ λP
[
W(y) + P(y)K(y)

]
δ(3)(~x−~y) ≈ 0 (6.22)

{Ha(x), HT} = Nb
[
Ha(y) ∂bδ(3)(~x−~y) +Hb(x) ∂aδ(3)(~x−~y)

]
+
[

NH⊥(x) + λPP(x)
]

∂aδ(3)(~x−~y) ≈ 0 (6.23)

{W(x), HT} = 2NP(y)∂2δ(3)(~x−~y) +
[
− NaW(x) + 3N∂aP(x)

]
∂aδ(3)(~x−~y)

+
[

N
(
H⊥(x) + ∂2P(x)

)
− λPP(y)

]
δ(3)(~x−~y) ≈ 0 . (6.24)
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No new constraints are generated and thus, there are no further secondary constraints. All are 1
st

class since

{H⊥(x),H⊥(y)} =
[
Ha(x) +Ha(y) +

(
P(x) + P(y)

) (
DbKb

a − DaK
)
(x)
]

∂aδ(3)(~x−~y) (6.25)

{Ha(x),H⊥(y)} = H⊥(x) ∂aδ(3)(~x−~y) (6.26)

{Ha(x),Hb(y)} = Ha(y) ∂bδ(3)(~x−~y) +Hb(x) ∂aδ(3)(~x−~y) (6.27)

{Ha(x),P(y)} = P(x) ∂aδ(3)(~x−~y) (6.28)

{Ha(x),W(y)} =W(x) ∂aδ(3)(~x−~y) (6.29)

{P(x),W(y)} = P(y)δ(3)(~x−~y) (6.30)

{P(x),H⊥(y)} = −
(
W(y) + P(y)K(y)

)
δ(3)(~x−~y) (6.31)

{W(x),H⊥(y)} =
(
H⊥(x) +∇2P(x)

)
δ(3)(~x−~y) + 2P(y)∇2δ(3)(~x−~y)

+ 3∂aP(x)∂aδ(3)(~x−~y) . (6.32)

The above relations form an algebra. The discussion and analysis of this Poisson bracket algebra is
postponed until section 6.2. Additionally, Hamilton equations of motion using the total Hamiltonian
(6.17) are given in Appendix C.4.

The extended Hamiltonian is obtained by adding all secondary 1
st class constraints (6.18), (6.19),

(6.20) to the total Hamiltonian (6.17), i.e.

HE = HT +
∫

Σt

d3x
(

αH⊥ + αaHa + wW
)

=
∫

Σt

d3x
(
(α + N)H⊥ + (αa + Na)Ha + wW + λπ + λaπa + λPP

)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
(6.33)

where α = α(x), αa = αa(x), ω = ω(x) are arbitrary functions. Additionally, according to Hamilton
equations of motion of N, Na using the total Hamiltonian (6.17), which are given in Appendix C.2,
N, Na remain arbitrary functions as well. This can also be deduced from the time evolution (6.22)-
(6.24) of the secondary constraints. Indeed, their time evolution is a linear combination of constraints
and thus it vanishes on the constraint surface, without restricting N, Na. Thus, α, αa, N, Na can be
redefined in (6.33) as

HE =
∫

Σt

d3x
(

ε⊥H⊥ + εaHa + λπ + λaπa + λPP + wW
)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
(6.34)

where now

Qa
⊥ ≡ Πab

K Dbε⊥ − εDbΠab
K (6.35)

Qa ≡ 2εc(πab
h hbc + Πab

K Kbc) (6.36)

with ε = ε(x) and εa = εa(x) being arbitrary. It is observed that, in comparison with the total
Hamiltonian (6.17), the extended one (6.34) contains additionally the 1

st class constraint W . Thus,
since 1

st class constraints generate gauge symmetries, the extended Hamiltonian (6.34) captures
all the gauge freedom of the theory. Nevertheless, for distinguishing the true dynamics of the
theory from parts characterizing merely how the coordinate system evolves in time (sections 3.3
and 3.4 of [50]), it is customary to reduce the phase space as follows: the secondary constraints
(6.13), (6.14), (6.21) depend neither on N, Na nor on their conjugate momenta π, πa. Then, the ex-
tended Hamiltonian (6.34) can be considered as consisting of two distinct systems: the first one,

being
∫

Σt
d3x
(

ε⊥H⊥ + εaHa + λPP + wW
)
+
∫

∂Σt
d2Sa

(
Qa
⊥ +Qa

)
in which N, Na are not dynam-

ical variables anymore, reveals the true dynamics of the theory. The second one, consisting of
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∫
Σt

d3x
(

λπ + λaπa

)
characterizes the evolution of the coordinate system in time and is discarded.

The extended Hamiltonian (6.34) on the reduced phase space is considered to be

HE =
∫

Σt

d3x
(

ε⊥H⊥ + εaHa + λPP + wW
)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
. (6.37)

Subsequently, the Hamilton equations of motion are

ḣab = {hab, HE} = 2D(aεb) + 2ε⊥Kab + 2whab (6.38)

π̇ab
h = {πab

h , HE} = 3£εc πab
h − λPΠab

K − ε⊥
[ 1√

h

(1
4

Πcd
K ΠK

cdhab −Πa
KcΠbc

K

)
−Πcd

K KcdKab

+ DcD(bΠa)c
K −

1
2

habDcDdΠcd
K −

1
2

DcDcΠab
K + 2

√
h
(
− 1

4
BcdeBcdehab + BacdBb

cd

+
1
2

BcdaBcd
b + Bc(ab)DcK− Bc(ab)DdKd

c − Dc
(

Bd(ab)Kc
d + Bcd(aKb)

d + B(a|dc|Kb)
d

))]
− Dcε⊥

[
2DdΠd(a

K hb)c + D(bΠa)c
K −

3
2

DcΠab
K − DdΠcd

K hab − 2
√

h
(

Bd(ab)Kc
d + Bcd(aKb)

d

+ B(a|dc|Kb)
d

)]
− DcDdε⊥

[
2Π(d|(a

K hb)|d) −Πab
K hcd − 1

2
Πcd

K hab
]
− 2wπab

h (6.39)

K̇ab = {Kab, HE} = λPhab +
3£εc Kab + ε⊥

[
Rab + KKab −

1√
h

ΠK
ab

]
+ DaDbε⊥ + wKab (6.40)

Π̇ab
K = {Πab

K , HE} = 3£εc Πab
K − ε⊥

[
Πab

K K + Πcd
K Kcdhab + 2πab

h + 4
√

hDcBcab
]

− 4BcabDcε⊥ − wKab (6.41)

where Babc ≡ 2D[aKb]c + DdKd
[ahb]c−D[aKhb]c is the magnetic part of the Weyl tensor, as explained in

Appendix A.3. Also, varying (6.37) with respect to ε⊥, εa, λP and w one gets the constraint equations
H⊥ ≈ 0, Ha ≈ 0, P ≈ 0, W ≈ 0. The physical degrees of freedom are 1

2 (2× 12− 2× 6) = 6. The
interpretation of these 6 physical degrees is as follows: 2 of these describe a massless graviton, like
in the case of General Relativity and the remaining 4 a “partially massless" graviton [76], [77].

6.2 poisson bracket algebra of the constraints

The Poisson bracket algebra of the constraints (6.25)-(6.32) can be reformulated compactly by
introducing smeared variables as

H⊥[η] ≡
∫

Σt

d3x H⊥η (6.42)

H[ξa] ≡
∫

Σt

d3x Haξa (6.43)

P[χ] ≡
∫

Σt

d3x Pχ (6.44)

W[ζ] ≡
∫

Σt

d3x Wζ (6.45)
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where η = η(x), χ = χ(x), ζ = ζ(x) are scalars and ξa = ξa(x) = ha
bξb is a tangent vector field on

Σt. Then, algebra (6.25)-(6.32) takes the form

{H⊥[η1], H⊥[η2]} = H[hab(η1Dbη2 − η2Dbη1)] + P[hab(η1Dbη2 − η2Dbη1)Ka] (6.46)

{H[ξa], H⊥[η]} = H⊥[ 3£ξa η] (6.47)

{H[ξa
1], H[ξb

2]} = H
[
[ξa

1, ξb
2]

c] (6.48)

{H[ξa], P[χ]} = P[ 3£ξa χ] (6.49)

{H[ξa], W[ζ]} = W[ 3£ξa ζ] (6.50)

{P[χ], W[ζ]} = P[χζ] (6.51)

{H⊥[η], P[χ]} = W[ηχ] + P[ηχK] (6.52)

{W[ζ], H⊥[η]} = H⊥[ζη] + P[ζD2η + ηD2ζ − DaζDaη] (6.53)

where

Ka ≡ hbcDbKac − DaK (6.54)

and

[ξa
1, ξb

2]
c = ξa

1∂aξc
2 − ξa

2∂aξc
1 (6.55)

being the usual expression for the Lie bracket of two vector fields. At this point, it is instructive to
compare the above Poisson bracket algebra (6.46)-(6.53) with the one of General Relativity (2.187)-
(2.189). As expected, in the absence of constraints P[χ], W[ζ], there is complete equivalence with
(2.187)-(2.189). The geometrical interpretation of the above algebra is analogous with that of General
Relativity: relations (6.47), (6.49) and (6.50) state that H⊥, P and W are scalar densities. Of course,
this is not new information since they were defined as such, according to (6.8), (6.10),(6.13) and
(6.21). Relation (6.48) states that H[ξa] are generators of spatial diffeomorphisms on the surface Σt.
Additionally, the first relation (6.46) states that H⊥[η] is generator of deformations of the surface
Σt normal to itself, as it is embedded in Σt × R ' M. Last but not least, there is the presence
of constraint P[χ] as a result of tracelessness of the Weyl tensor, indicating the additional gauge
symmetry of the theory, namely local Weyl rescalings.

The Poisson brackets between constraints H⊥[η], H[ξa] (6.46), (6.47), (6.48) can be rewritten more
compactly when considering the ADM decomposition of two vector fields ka

1, ka
2 on M as

ka
1 = nak⊥1 + κa

1 (6.56)

ka
2 = nak⊥2 + κa

2 (6.57)

with k⊥1 = −naka
1, k⊥2 = −naka

2 and κa
1 = ha

bκb
1, κa

2 = ha
bκb

2 being their normal and parallel components
respectively. Then, setting H[k1] ≡ H⊥[k⊥1 ] + H[κa

1] and H[k2] ≡ H⊥[k⊥2 ] + H[κa
2] the Poisson brackets

(6.46), (6.47), (6.48) take the form

{H[k1], H[k2]} = H
[
[k1, k2]

]
+ P

[
(k⊥1 Dak⊥2 − k⊥2 Dak⊥1 )Ka

]
(6.58)

with

[k1, k2]
⊥ = na £kb

1
ka

2 (6.59)

[k1, k2]
a = ha

b £κc
1
κb

2 . (6.60)

As expected, comparison of (6.58) with the corresponding Poisson bracket of General Relativity
(2.192), shows clearly the modification of the surface deformation algebra (2.193)-(2.194) into (6.59)-
(6.60) due to the presence of the primary P constraint.
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6.3 gauge generator

Since 1
st class constraints generate gauge symmetries, the gauge generator is simply the extended

Hamiltonian (6.37), i.e.

HE =
∫

Σt

d3x
(

ε⊥H⊥ + εaHa + λPP + wW
)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
. (6.61)

Now, it is demonstrated that the gauge generator (6.61) generates the correct gauge transformations
of the theory and that H⊥, Ha and W are generators of normal displacements, spatial diffeomor-
phisms and local conformal transformations of the spatial metric hab. It is reminded that the phase
space has been reduced by discarding N, Na and their canonical momenta. Thus, gauge symmetries
are transformations of the spatial metric

δhab = (£εc + 2w)hab (6.62)

under diffeomorphisms of the coordinates xa on M of the form x′a = xa + εa(xb) and local Weyl
rescalings of the form hab → h′ab = whab with w = w(x). Therefore, the aim is to find δhab under the
action of the gauge generator (6.61), i.e. to find δHE hab, and then verify that it generates the r.h.s. of
(6.62). Indeed, δHE hab is the Hamilton equation of motion (6.38), which is rewritten here explicitly
as

δHE hab = {hab, HE}

=
∫

Σt

d3xε⊥{hab,H⊥}+
∫

Σt

d3x + εc{hab,Hc}+
∫

Σt

d3xw{hab,W} (6.63)

= 2ε⊥Kab + 2D(aεb) + 2whab (6.64)

where

{hab,H⊥} = 2ε⊥Kab (6.65)

{hab,Hc} = 2D(aεb) (6.66)

{hab,W} = 2whab . (6.67)

Then, focusing on the r.h.s. of (6.62), the vector field εa on M can be decomposed in the ADM basis
as

εa = ε⊥na + εa (6.68)

with
ε⊥ = −naεa and εa = ha

bεb . (6.69)

Then, using (6.68), the r.h.s. of (6.62) is found to be

£εc hab = (£ε⊥nc+εc + 2w)hab = (£ε⊥nc hab +
3£εc + 2w)hab (6.70)

= ε⊥nc∇chab + 2hc(a∇b)(ε
⊥nc) + 2D(aεb) + 2whab

= ε⊥
[
nc∇chab + 2hc(a∇b)n

c
]
+ 2D(aεb) + 2whab

= ε⊥£nc hab + 2D(aεb) + 2whab = 2ε⊥Kab + 2D(aεb) + 2whab (6.71)

after exploiting nahab = 0. This is exactly the r.h.s of (6.64) and therefore δHE hab = (£εc + 2w)hab.
Thus, it is concluded that the extended Hamiltonian (6.61) indeed generates the gauge transforma-
tions (6.62) of the spatial metric. Additionally, it is deduced from (6.65), (6.66), (6.67) and (6.70) that
H⊥ generates normal displacements, Ha generates spatial diffeomorphisms whereas W generates
local conformal transformations of the spatial metric hab.
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6.4 boundary conditions , improved gauge generator and canonical charges

The next step in the analysis is to construct the improved gauge generator and the canonical
charges of the theory. For this task, it is necessary to impose boundary conditions. The approach
that will be followed is that of Regge-Teitelboim [41], which was explicitly stated in 2.2. Briefly,
this approach consists of improving the gauge generator in such a way that it has well-defined
functional derivatives, given particular boundary conditions. Namely, the variation of the gauge
generator must include only volume integrals on Σt yielding Hamilton equations of motion, af-
ter the imposition of boundary conditions. Equivalently, the surface integrals on ∂Σ arising from
partial integration of the volume terms must vanish, after the implementation of those boundary
conditions. This requires 1) the addition of suitable surface terms on the original gauge generator,
which takes the name improved after this addition, and 2) the imposition of those boundary condi-
tions. Then, the improved gauge generator has well-defined functional derivatives i.e. its variation
on ∂Σ vanishes on-shell when the boundary conditions are imposed.

It is now demonstrated that the gauge generator (6.61) has well-defined functional derivatives,
under the proposed set of boundary conditions and thus no improvement at all is required. In other
words, only imposition of boundary conditions (condition 2) above) is necessary. The expression of
the gauge generator (6.61) is repeated here

HE =
∫

Σt

d3x
(

ε⊥H⊥ + εaHa + λPP + wW
)
+
∫

∂Σt

d2Sa

(
Qa
⊥ +Qa

)
(6.72)

where

Qa
⊥ = Πab

K Dbε⊥ − εDbΠab
K (6.73)

Qa = 2εc(πab
h hbc + Πab

K Kbc) . (6.74)

It is emphasized again that the last two surface terms Q⊥, Qa in (6.72) arise from partial integration
of the original Lagrangian (6.2). An explicit variation of (6.72) evaluated on-shell, i.e. applying
Hamilton equations (6.38)-(C.44), and on the constraint surface yields

δHE|on-shell ≈
∫

Σt

d3x
(

ε⊥δH⊥ + εaδHa + λPδP + wδW
)
+
∫

∂Σ
d2Sa

(
δQa
⊥ + δQa

)
(6.75)

≈
∫

∂Σ
d2Sa

{[
εaπbc

h − 2π
a(c
h εb) + 2ε⊥

√
h
(

Bad(cKb)
d + B(c|daKb)

d + Bd(cb)Ka
d

)
+ ε⊥

(
− DcΠab

K +
1
2

DaΠbc
K +

1
2

DdΠcd
K hab

)
− 2Πab

K Dcε⊥ + Πbc
K Daε⊥ +

1
2

Πad
K Ddε⊥hbc

]
δhbc

− 2εchbcδπab
h +

[
εaΠbc

K − 2Πac
K εb + 4ε⊥

√
hBacb

]
δKcb +

[
− 2εcKcb − Dbε⊥

]
δΠab

K

+ ε⊥DbδΠbc
K + ε⊥

(
2δCa

bcΠab
K − δCb

bcΠac
K

)}
+
∫

∂Σ
d2Sa

(
δQa
⊥ + δQa

)
(6.76)

where Ca
bc denotes the difference tensor of two neighboring Levi-Civita connections and

δQa
⊥ = δΠab

K Dbε⊥ + Πab
K Dbδε⊥ − δε⊥DbΠab

K − ε⊥DbδΠab
K (6.77)

δQa = 2δεc(πab
h hbc + Πab

K Kbc) + 2εc(δπab
h hbc + πab

h δhbc + δΠab
K Kbc + Πab

K δKbc) . (6.78)

It is noteworthy that all surface integrals (except those of δQa
⊥ and Qa) arise from partial integration

of the volume integrals of δH⊥ and δHa. The variations δP and δW produce only volume integrals
which contribute to Hamilton equations. Therefore, the gauge generator W (6.21) of conformal
transformations of the spatial metric hab has well-defined functional derivatives, before the imposi-
tion of boundary conditions. This is expected, since from the analytic form of the constraints (6.10),
(6.13), (6.14), (6.21), one observes that only H⊥ (6.13) and Ha (6.14) depend on derivatives of the
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canonical variables and thus, will produce surface integrals in the variation, while P (6.10) and W
(6.21) depend linearly on the canonical variables.

Now the set of boundary conditions is implemented. The proposed set is constructed by consid-
ering local conformal rescalings of the spatial metric hab and the arbitrary functions ε⊥, εa, ω. That
is, letting the boundary Σt having a topology R× ∂Σ, one assumes that hab, ε⊥, εa, ω can be written
near the surface ∂Σ as

hab = Ω2h̄ab (6.79)

ε⊥ = Ωε̄⊥ (6.80)

εa = ε̄a (6.81)

ω = ω̄ (6.82)

with Ω being arbitrary and h̄ab, ε̄⊥, ε̄a, ω̄ being finite near ∂Σ. The purpose is now to find the
corresponding conformal transformations of the rest of the canonical variables, i.e. of Kab, πab

h and
Πab

K . This is done as follows: inserting the above set of conformal transformations (6.79)-(6.81) into
Kab = 1

2ε⊥
(ḣab − 2D(aεb)) and using Hamilton equations of hab (6.38), one finds that Kab transforms

as

Kab = Ω
[ h̄ab

ε̄⊥
[
(∂t − 3£ε̄c) ln Ω + ω̄

]
+ K̄ab

]
. (6.83)

Explicit formulas that are required for the above derivation and the ones that follow throughout
this section are given in Appendix C.5. Afterwards, the conformal behavior of Πab

K is specified by
expressing Πab

K via Hamilton equation of motion of Kab (6.40) and then, by inserting the conformal
transformations (6.79)-(6.81) and (6.83). The result is

Πab
K = Ω−1

√
h̄Ḡabcd

[
R̄cd + K̄K̄cd +

1
ε̄

D̄cD̄dε̄− 1
ε̄

(
∂t −3 £ε̄e − ω̄

)
K̄cd

]
= Ω−1Π̄ab

K (6.84)

where Ḡabcd = 1
2 (h̄

ach̄bd + h̄adh̄bc)− 1
3 h̄abh̄cd and use of Ḡabcdh̄ab = 0 has been made. Finally, express-

ing πab
h via Hamilton equation of motion of Πab

K (6.40) and inserting the rescalings (6.79)-(6.81) and
(6.83), (6.84), the conformal behavior of πab

h is found to be

πab
h = Ω−2

[
− 1

ε̄⊥

(
(∂t − 3£ε̄c) ln Ω +

3
2

ω̄
)

Π̄ab
K + π̄ab

h

]
(6.85)
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where use of P̄ = h̄abΠ̄ab
K = 0 has been made. Using the above conformal rescalings (6.79), (6.83),

(6.85), (6.84), the variations of the canonical variables on the surface ∂Σ can be specified. These are
found to be

δhab = Ω2(2δ ln Ωh̄ab + δh̄ab) (6.86)

δKab = Ωδ ln Ω
[ h̄ab

ε̄⊥
(
(∂t − 3£ε̄c) ln Ω + ω̄

)
+ K̄ab

]
+ Ω

h̄ab

ε̄⊥
(∂t − 3£ε̄c)δ ln Ω

+ Ω

[
δh̄ab

ε̄⊥

(
(∂t − 3£ε̄c) ln Ω + ω̄

)
+ δK̄ab

+
h̄ab

ε̄⊥

(
− (∂t − 3£ε̄c) ln Ω

δN̄
N̄2 − δε̄aD̄a ln Ω + δω̄

)]
(6.87)

δπab
h = −2δ ln Ω

Ω2

[
− 1

ε̄⊥

(
(∂t − 3£ε̄c) ln Ω +

3
2

ω̄
)

Π̄ab
K + π̄ab

h

]
− 1

Ω2ε̄⊥
(∂t − 3£ε̄c)δ ln ΩΠ̄ab

K

+ Ω−2

[
− 1

ε̄⊥

(
(∂t − 3£ε̄c) ln Ω +

3
2

ω̄
)

δΠ̄ab
K + δπ̄ab

h +
π̄ab

h
ε̄⊥

(
(∂t − 3£ε̄c) ln Ω

δε̄⊥

ε̄⊥2

+ δε̄aD̄a ln Ω +
3
2

δω̄
)]

(6.88)

δΠab
K = Ω−1(−δ ln ΩΠ̄ab

K + δΠ̄ab
K ) (6.89)

where both δ and ln only act on the first term on the right. Now, the proposed set of boundary
conditions is specified: inspection of the variation of the gauge generator (6.76) indicates that the
set of boundary conditions must consist of fixing the variation of the canonical variables h̄ab, K̄ab,
π̄ab

h , Π̄ab
K and the arbitrary functions ε̄⊥, ε̄a, ω̄ on the surface ∂Σ. At first, one assumes that the

variation of h̄ab, ε̄⊥, ε̄a and of their derivatives are fixed on ∂Σ, i.e. setting

δh̄ab|∂Σ = D̄cδh̄ab|∂Σ = 0 (6.90)

δε̄⊥|∂Σ = D̄cδε̄⊥|∂Σ = 0 (6.91)

δε̄a|∂Σ = D̄cδε̄a|∂Σ = 0 . (6.92)

Subsequently, demanding consistency with Hamilton equations (6.38), (C.44) and (6.40), it is de-
duced that

δK̄ab|∂Σ = 0 (6.93)

δω̄|∂Σ = 0 (6.94)

δΠ̄ab
K |∂Σ can be arbitrary but finite (6.95)

δπ̄ab
h |∂Σ can be arbitrary but finite . (6.96)

Thus, the proposed of boundary conditions consists of the set (6.90)-(6.96).
Now the variation of the gauge generator (6.76) under the imposition of the above conformal

transformations and boundary conditions is examined. Namely, after inserting the rescalings of all
the canonical variables (6.79), (6.83), (6.85), (6.84) and of the arbitrary functions (6.80), (6.81), (6.82),
as well as the variations (6.86)-(6.89), the variation of the gauge generator (6.76) becomes

δHE|on-shell ≈
∫

∂Σ
d2Sa

[
2δε̄c(π̄ab

h h̄bc + Π̄ab
K K̄bc) + 2ε̄c(π̄ab

h δh̄bc + Π̄ab
K δK̄bc) + Π̄ab

K D̄bδε̄⊥ − δε̄⊥D̄bΠ̄ab
K

]
≈ 0 (6.97)

on the constraint surface, after imposition of the boundary conditions (6.90)-(6.92), (6.93)-(6.96).
Thus, the variation of the gauge generator vanishes on-shell with no requirement of additional
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boundary terms. That is, the boundary terms (6.73), (6.74) arising from partial integration of the
original Lagrangian (6.1) are necessary and sufficient, together with the implemented boundary
conditions (6.90)-(6.92), (6.93)-(6.96), to render a well-defined variational principle for the extended
Hamiltonian (6.76). As far as each generator in (6.76) is concerned, it is emphasized again that the
gauge generator of conformal transformations W was already well-defined before the imposition
of boundary conditions, as it was stated before. The gauge generators H⊥ and Ha, which generate
normal displacements and spatial diffeomorphisms of the spatial metric hab, as it was described in
section 6.3, are well-defined generators with the presence of the surface terms Qa

⊥ and Qa respec-
tively.

Finally, the canonical charges are evaluated. Not surprisingly, they are, up to a constant, the
surface terms of the extended Hamiltonian (6.72), i.e.

HE ≈
∫

∂Σ
d2Sa

(
Qa
⊥ +Qa

)
≡ Q (6.98)

where
Qa
⊥ = Πab

K Dbε⊥ − DbΠab
K ε⊥ (6.99)

is the charge associated with normal displacements and

Qa
⊥ = Πab

K Dbε− DbΠab
K ε (6.100)

is the charge associated with spatial diffeomorphisms of the spatial metric hab. It is now demon-
strated that they are finite on ∂Σ. Indeed, imposing the conformal transformations (6.79)-(6.81) and
(6.83), (6.84), (6.85) in the above charges (6.99), (6.100), a straightforward calculation reveals that

Qa
⊥ = Πab

K Dbε⊥ − DbΠab
K ε⊥ = Π̄ab

K D̄bε̄⊥ − D̄bΠ̄ab
K ε̄⊥ + ε̄⊥ P̄ D̄a ln Ω

≈ Π̄ab
K D̄bε̄⊥ − D̄bΠ̄ab

K ε̄⊥ (6.101)

and

Qa = Πab
K Dbε− DbΠab

K ε

= 2ε̄c(π̄ab
h h̄bc + Π̄ab

K K̄bc) . (6.102)

Thus, the charges (6.101), (6.102) are finite at ∂Σ. It is expected that they generate symmetries
at ∂Σ (asymptotic symmetries), namely normal displacements and spatial diffeomorphisms of the
rescaled spatial metric h̄ab with respect to a vector field ka on M which is finite at ∂Σ. An important
observation is made at this point: there exists no charge associated with local Weyl rescalings,
independent of the imposition of boundary conditions. This statement is a direct result of the
fact that the generator W of conformal transformations is already improved and does not require
boundary terms, which yield a charge, to be a well-defined generator, independently of boundary
conditions. Therefore, in view of the above charges (6.101), (6.102), it is concluded that the gauge
symmetries of the spatial hab, i.e. normal displacements and spatial diffeomorphisms, become
symmetries at ∂Σ while conformal transformations remain (proper [84]) gauge symmetries even at
the boundary Σt.

6.5 asymptotic symmetry algebra

Considering two vector fields ka
1, ka

2 on M, their ADM decomposition is

ka
1 = nak⊥1 + κa

1 (6.103)

ka
2 = nak⊥2 + κa

2 (6.104)

with k⊥1 = −naka
1, k⊥2 = −naka

2 and κa
1 = ha

bκb
1, κa

2 = ha
bκb

2 being their normal and parallel components
respectively. Performing a conformal rescaling according to (6.80), (6.81) for the normal and parallels
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components of ka
1 and ka

2 respectively and using na = Ω−1n̄a, it turns out that the conformal rescaling
of (6.103), (6.104) takes the form

ka
1 = k̄a

1 , ka
2 = k̄a

2 . (6.105)

Thus, the two vector fields k̄1, k̄2 are boundary conditions preserving symmetries at ∂Σ. Using
the smeared version of the constraints H⊥, Ha according to (6.42), (6.43), (6.44), one sets H[k̄1] ≡
H⊥[k̄⊥1 ] + H[κ̄a

1] and H[k̄2] ≡ H⊥[k̄⊥2 ] + H[κ̄a
2]. But then, according to [54], Poisson brackets of the

form (6.58) remain true also in the case where ka
1, ka

2 are boundary conditions preserving symmetries,
like here. Thus, (6.58) can be written in the present case as

{H[k̄1], H[k̄2]} = H
[
[k̄1, k̄2]

]
+ P

[
(k̄⊥1 D̄a k̄⊥2 − k̄⊥2 D̄a k̄⊥1 )K̄a

]
. (6.106)

Following [85], one might fix a gauge which turns the 1
st class constraints into 2

nd class. Then,
these are required to vanish strongly and the Poisson brackets are converted to Dirac brackets.
Additionally, on the constraint surface, H[k̄a], is simply the charge (6.98), where k is any of k1, k2.
Thus, {H[k̄1], H[k̄2]} ≈ {Q[k1], Q[k2]}. Then, in terms of the Dirac brackets, the symmetry algebra
of the charges on ∂Σ can be written as

{Q[k̄1], Q[k̄2]}∗ = Q
[
[k̄1, k̄2]

]
(6.107)

where it has been assumed that there is not any central extension. Therefore, the algebra of the
charges at ∂Σ (asymptotic symmetry algebra) is isomorphic to the Lie algebra of the boundary
conditions preserving diffeomorphisms.

6.6 summary and conclusions

In this chapter the conformal gravity action was formulated in the Hamiltonian formalism. The
original work, in a slightly different approach than here, can be found in [86]. Earlier than this,
a Hamiltonian formulation of generic higher derivative theories, including conformal gravity, was
considered in [87].

By identifying the canonical variables and the primary constraints (6.6), (6.7), (6.10), the total
Hamiltonian (6.17) was derived and then, the secondary constraints H⊥ (6.13), Ha (6.14) and (6.21)
were deduced. Their Poisson bracket algebra (6.46)-(6.53) was discussed: constraints H⊥, Ha are
generators of normal deformations and spatial diffeomorphisms of the spatial metric hab respec-
tively and constraints P , W are related with local conformal transformations of the spatial metric
hab. Then, it was found that all constraints are 1

st class and subsequently the physical degrees of
freedom of the theory were detected: these are 6, 2 corresponding to the massless spin-2 graviton
and the rest 4 corresponding to the PMR. Then, the extended Hamiltonian (6.37) in a reduced phase
space was considered and the corresponding Hamilton equations (6.38)-(C.44) were presented. Fur-
thermore, the gauge generator (6.61) of the theory was presented as being the reduced phase space
extended Hamiltonian and it was shown that it generates the correct gauge transformations of the
spatial metric hab (6.62). Additionally, assuming boundary conditions such as conformal transfor-
mations of the canonical variables and the rest of the parameters (6.90)-(6.92), (6.93)-(6.96), it was
demonstrated that the variation of the gauge generator vanishes on-shell on the constraint surface
(6.97). Therefore, the gauge generator (6.61) has well-defined functional derivatives and is already
an improved generator. No additional boundary terms are required, other than (6.35), (6.36) which
arise initially from partial integration of the conformal gravity Lagrangian (6.2), in order to render
a well-defined variational principle. This is in complete agreement with the results of sections 5.1
and 5.2.3. Then, the canonical charges were derived (6.99), (6.100), associated with symmetries at
the surface ∂Σ, i.e. normal displacements and spatial diffeomorphisms of the spatial rescaled metric
h̄ab. There were proved to be finite (6.101), (6.102). There was not found a Weyl charge because
the generator W of conformal transformations of hab has well-defined functional derivatives. Thus,
conformal transformations of hab remain gauge symmetries even at the boundary Σt . Then, the
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asymptotic symmetry algebra of the charges (6.107) was deduced. Since there is no Weyl charge,
the asymptotic symmetry algebra is isomorphic to the Lie algebra of the boundary conditions pre-
serving symmetries at ∂Σ.
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1 - L O O P PA RT I T I O N F U N C T I O N

The issue of consistency of a gravitational canonical ensemble was discussed in 3.1.2. There it
was mentioned that it is very important to specify asymptotic boundary conditions of the system
in question, in order for the ensemble to make sense at all. In particular, in the case of General
Relativity asymptotically AdS black holes have a positive specific heat and this renders the canon-
ical ensemble and its partition function well-defined [67]. Thus, in the present case of conformal
gravity it is reasonable to expect that considering the AdS background in the linearized approach,
the canonical ensemble will be well-defined as well. Additionally, the Euclidean path integral is
expected to converge for a positive coupling constant αCG and for real and positive metrics, since
the conformal gravity action is a quadratic functional of curvature tensors of the metric. Consid-
ering such a canonical ensemble, the forthcoming analysis starts by linearizing the theory in 7.1,
continues with evaluating the path integral measure and fixing the gauge in 7.2 and finally, the 1-
loop correction to the partition function of the ensemble is evaluated analytically using heat kernel
techniques in 7.3.

7.1 linearized equations of motion and second variation of the action

The first step towards the evaluation of the 1-loop partition function of the theory is to find the
second variation of the Euclidean version of the conformal gravity action, i.e. of

Ŝ [ g ] =
1
4

∫
M

d 4 x
√

g C a b c d C a b c d (7.1)

with g a b having the Euclidean signature ( + , + , + , + ) . The coupling constant of the theory has
been set to α C G = 1

4 . The first variation of (7.1) gives

δ Ŝ [ g ] =
1
4

∫
M

d 4 x
√

g B a b δ g a b (7.2)

and the resulting equations of motion are

B a b ≡ 2∇ d∇ c C c a b d + C c a b d R c d = 0 (7.3)

where B a b is the Bach tensor. On account of the perturbative approach that is followed throughout
this analysis, it is convenient to consider the metric tensor g a b as consisting of a fixed background
field ḡ a b and a fluctuation γ a b . The fixed background solution of the equations of motion is chosen
to be A d S 4 spacetime. The decomposition of the metric g a b is then written as

g a b = ḡ a b + ε γ a b (7.4)

where ε is the perturbation parameter. From now on quantities with a bar will denote their value
on the A d S 4 background.

In order for gauge symmetries and true dynamics of the linearized theory to be revealed, it is cus-
tomary to perform a York-decomposition. That is, to decompose fluctuation γ a b into a transverse-
traceless part (γ T T

a b ), a “trace” part ( γ̂) and a vector part (v a ) as

γ a b = γ T T
a b +

1
4

ḡ a b γ̂ + 2 ∇̄ ( a v b ) (7.5)

103
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with ∇̄ a γ T T
a b = 0 = ḡ a b γ T T

a b . Under this decomposition, the gauge symmetries of the linearized
theory are now uncovered. Namely, conformal invariance: diffeomorphism invariance is repre-
sented by the transformation γ a b → γ a b + 2 ∇̄ ( a v b ) . Therefore, absence of the vector v a in all
forthcoming expressions indicates diffeomorphism invariance. Likewise, the local rescaling of the
full, unperturbed metric g a b → e 2 ω g a b is represented at the linearized level by the transformation
γ a b → γ a b + 2 ω ḡ a b . This is in accordance with the York-decomposition (7.5) for ω = 1

8 γ̂ . Thus,
absence of the “trace” part γ̂ in all forthcoming expressions denotes local scale invariance.

Inserting (7.4) and the York-decomposition (7.5) into the equations of motion (7.3), one finds at
first order in ε

−16γTT
ab + 8∇̄c∇̄(aγTTc

b) − 6∇̄2γTT
ab + 2∇̄c∇̄d∇̄(a∇̄b)γ

cd
TT − 6∇̄2∇̄c∇̄(aγTTc

b) + 3∇̄2∇̄2γTT
ab = 0 . (7.6)

These are the linearized equations of motion. It is stressed again that they depend neither on the
vector va, stating the diffeomorphism invariance, nor the “trace” part γ̂, stating local scale invariance.
The dynamics of the linearized theory are fully encompassed in the transverse-traceless modes γTT

ab .
The next step in the analysis is to find the second variation of (7.2) which after inserting (7.4)

becomes

δ(2)Ŝ[ḡ, γ] =
1
4

∫
M
d4x

√
ḡ
(

δBabγab + B̄abδγab
)

. (7.7)

The second term above vanishes on shell for the AdS4 background solution and in the first term
δBab is the linearized expression (7.6). After using the York-decomposition (7.5) and some partial
integration, the second variation (7.7) or 1-loop correction takes the form

Ŝ[ḡ, γ]
1-loop =

∫
M
d4x

√
ḡ γab

TT

(
− 8− 6∇̄c∇̄c − ∇̄c∇̄c∇̄d∇̄d

)
γTT

ab (7.8)

where the notation TT
(2) denotes the transverse-traceless modes γTT

ab . From now on the bar is
omitted from the Laplacian operator.

7.2 path integral measure , gauge fixing and faddeev-popov determinant

The gauge group that provides an infinite volume factor in the path integral is the group of con-
formal gauge symmetries. In order to remove this infinite factor consistently, it is mandatory to
pursue the Faddeev-Popov method. In the present case, this is done as follows: the path integral
measure D[γ] is divided by the infinite volume of the group of conformal gauge symmetries and
it is expressed in terms of the Faddeev-Popov determinant ∆(g). Then, exploiting the York decom-
position (7.5), ∆(g) is given by the Jacobian of the transformation γab → (γTT

ab , va, γ̂). The resulting
expression can be written schematically as

D[γ]

Vconf
= ∆(g) D[γTT] D[v] D[γ̂] . (7.9)

In order to evaluate ∆(g), the standard procedure consists of choosing a suitable gauge for the
metric variables va and γ̂ of the York-decomposition (7.5). Then, ∆(g) is expressed in terms of
the Jacobian matrices of these gauge-fixing transformations. This is done as follows: one requires
orthonormality for γab, i.e.

1 =
∫

D[γ] exp
[
−
∫

d4x
√

ḡ γabγab
]

=
∫

∆(g)D[γTT]D[v]D[γ̂] exp
[
−
∫

d4x
√

ḡ γab(γ
TT, v, γ̂)γab(γTT, v, γ̂)

]
(7.10)
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and the same as well for each mode of the York-decomposition of γab (7.5), i.e.

1 =
∫

D[γTT] exp
[
−
∫

d4x
√

ḡ γTT
ab γab

TT

]
(7.11)

1 =
∫

D[v] exp
[
−
∫

d4x
√

ḡ vava

]
(7.12)

1 =
∫

D[γ̂] exp
[
−
∫

d4x
√

ḡ γ̂2
]

. (7.13)

Because of the mixing between modes of different types in the inner product in (7.10), it is conve-
nient to select as a gauge-fixing condition one which cancels this mixing. Such a condition is met
by decomposing va into a transverse (vT

a ) and a scalar part (σ) and γ̂ into two scalar parts (γ̃, σ) as

va = vT
a +∇aσ (7.14)

γ̂ = γ̃− 2∇2σ (7.15)

with ∇avT
a = 0. Such a gauge choice cancels the mixing and makes the decomposition of the inner

product in (7.10) indeed orthogonal, i.e.

γabγab = γTT
ab γab

TT − 2va
T(∇2 − 3)vT

a + 3σ(−∇2)(−∇2 + 4)σ +
1
4

γ̂2 . (7.16)

The gauge-fixing transformations (7.14), (7.15) produce a Jacobian, denoted as J2, in the path
integral measure D[γ], i.e. D[γ]

Vconf
= J2 D[γTT] D[vT] D[σ]D[γ̃]. Using the orthonormality condition

(7.10) one arrives at

1 =
∫

D[γTT]D[vT]D[σ]D[γ̃] J2 exp
[
−
∫

d4x
√

ḡ
(

γTT
ab γab

TT − 2va
T(∇2 − 3)vT

a

+ 3σ(−∇2)(−∇2 + 4)
)]
⇒ J2 =

[
det(−∇2 + 3)T

(1) det(−∇2)(0) det(−∇2 + 4)(0)
] 1

2
(7.17)

where the notation T
(1) denotes the transverse vector mode vT

a and the subscript (0) denotes the
scalar part γ̃.

The next step in the analysis is to find the Jacobians of each of the gauge-fixing transforma-
tions (7.14), (7.15) in the corresponding path integral measures. That is, to find J1 and J0 for
D[v] = J1 D[vT] D[σ] and D[γ̂] = J0 D[γ̃] D[σ] respectively, where J1 and J0 are the Jacobians of
the corresponding transformations. A straightforward calculation yields J0 = 1 where as for J1

using (7.12) one finds

1 =
∫

D[vT]D[σ]J1 exp
[
−
∫

d4x
√

ḡ (va
TvT

a − σ∇2σ)
]

⇒ J1 =
[

det(−∇2)(0)

] 1
2

. (7.18)

Now, the Faddeev-Popov determinant can be finally expressed in the terms of the Jacobians J1

and J2. Recalling the expression for the path integral measure D[γ] after the gauge-fixing transfor-
mations (7.14), (7.15), i.e.

D[γ]

Vconf
= J2 D[γTT] D[vT] D[σ]D[γ̃] =

J2

J1
D[γTT] D[v] D[γ̂] (7.19)

and comparing with (7.9), the Faddeev-Popov determinant is

∆(g) =
J2

J1
=
[

det(−∇2 + 3)T
(1) det(−∇2 + 4)(0)

] 1
2

. (7.20)
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7.3 1-loop partition function and heat kernel

Having in hand all necessary ingredients, one can now find the 1-loop canonical partition function
of the theory according to (3.42). After the use of (7.8) and (7.20) the 1-loop partition function takes
the form

Z1−loop =
∫ D[γ]

Vconf
e−Ŝ[ḡ,γ]

1-loop

=
[det(−∇2 + 3)T

(1) det(−∇2 + 4)(0)
det(−∇2 − 4)TT

(2) det(−∇2 − 2)TT
(2)

] 1
2

(7.21)

= Z(1) Z(0) Z−1
(2),4 Z−1

(2),2 (7.22)

where Z(s) are the partition functions of the modes of spins s = 0, 1, 2 and Z(2),r are the partition
functions of the s = 2 modes with r = 2 and r = 4. The interpretation of the above expression is the
following: the partition functions Z(0) and Z(1) that appear in the nominator, i.e. the determinants
of the “trace" and of the vector part respectively, correspond to gauge symmetries of the theory
as already emphasized in 7.1. Namely, they describe diffeomorphism and local Weyl rescalings.
Therefore, Z(0) and Z(1) correspond to pure gauge degrees of freedom. The true dynamics of the
theory are expressed via the s = 2 modes, the partition functions of which (Z(2),4 and Z(2),2) appear
in the denominator. According to the canonical analysis in chapter 6, the dynamical degrees of
freedom for conformal gravity are 6, 2 of which describe the massless spin-2 graviton and the rest 4

describe a ”partially massless” spin-2 graviton (PMR). To determine which of Z(2),r describes what,
it is helpful to compare with the 1-loop partition function of General Relativity (3.64). The common
contribution of course is the massless graviton, described by the partition function Z(2),2. Therefore
one deduces that the remaining partition function Z(2),4 in (7.22) corresponds to the PMR.

The next non-trivial thing is to evaluate analytically the determinants in (7.21). For this purpose,
heat kernel techniques are adopted. An extensive overview of heat kernel methods in general can be
found in [88]. Adopting this philosophy, the partition function and the determinant of an operator
are related to the trace of the heat kernel K(s)(t) via

ln Z(s) = −
1
2

ln det(−∇2 + m2)(s) = −
1
2

Tr ln(−∇2 + m2)(s) = −
1
2

∞∫
0

dt
t

K(s)(t) (7.23)

where the traced heat kernel is defined as

K(s)(t) ≡ Tr e−t(−∇2+m2)(s) (7.24)

and m is a constant. One way to evaluate this traced heat kernel coefficient is by using group theo-
retical techniques that are explicitly described in [89]. In this reference, the calculation is performed
for the case of odd-dimensional hyperboloids. Here, the same approach is adopted but it is applied
to even-dimensional hyperboloids and in particular to the case of a thermal quotient of AdS4.

7.3.1 The traced heat kernel on a thermal quotient of AdS4

To find the traced heat kernel on a thermal quotient of AdS4 one considers the quotient space
H4 ' SO(4, 1)/SO(4) obtained by analytic continuation of the 4-sphere S4 ' SO(5)/SO(4). The
traced heat kernel coefficient is then given by

K(s)(t) =
β

2π ∑
k∈Z

∑
~m

∞∫
0

dλ χλ,~m(γ
k) etE(s)

R (7.25)

where E(s)
R are the eigenvalues of spin s Laplacian operator on the quotient space H4, χλ,~m(γ

k) is the
Harish-Chandra character in the principal series of SO(4, 1), γ is an element of the thermal quotient
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of S4, β is the inverse temperature and (λ, ~m) denotes the principal series representation. The next
step is to find the eigenvalues E(s)

R and the character χλ,~m(γ
k) in the case of the symmetric transverse

traceless tensors that are of interest here.
The unitary irreducible representations of SO(4, 1), denoted as R, are characterized via the array

R and the unitary irreducible representations of SO(4), denoted as S, are characterized via the array
S as follows:

R = (iλ− 3
2

, m2) with λ ∈ R+ (7.26)

S = (s1, s2) with s1 ≥ s2 ≥ 0 (7.27)

where m2 is a non-negative (half-)integer and s1, s2 are (half-) integers. For the special case of the
symmetric transverse traceless tensors, one finds that s2 = 0 and λ ≥ s1 = m2 ≥ 0, which arise as
branching rules. Further details and an explicit derivation of this can be found in [89]. Then, the
above representations further simplify to

R = (iλ− 3
2

, s) (7.28)

S = (s, 0) (7.29)

where s ≡ s1. Now, the eigenvalues of the spin-s Laplacian operator in the quotient space SO(4, 1)/SO(4)
are given by

E(s)
R = −C2(R) + C2(S) (7.30)

where C2(R) and C2(S) are the quadratic Casimirs for R and S respectively:

C2(R) = m ·m + 2rSO(4,1) ·m , C2(S) = s · s + 2rSO(4) · s . (7.31)

Here the dot product is the usual Euclidean one and ri,SO(4,1) =
5
2 − i, ri,SO(4) = 2− i and i = 1, 2, 3.

For the special case of symmetric transverse traceless tensors, when substituting (7.28), (7.29) the
quadratic Casimirs (7.31) become

C2(R) = λ2 + s2 + 3s +
9
4

, C2(S) = s2 + 2s . (7.32)

Therefore, the corresponding eigenvalues (7.30) take the form

E(s)
R = −

(
λ2 +

9
4
+ s
)

. (7.33)

The Harish-Chandra character in the principal series of SO(4,1) is [90]

χλ,~m(β, φ1) =
(e−iβλ + eiβλ)χ

SO(3)
~m (φ1)

e−
3β
2 |eβ − 1||eβ − eiφ1 |2

(7.34)

where χ
SO(3)
~m (φ1) is the character of the representation of SO(3). For the thermal quotient that

is considered here, one gets β 6= 0, φ1 = 0 and χ
SO(3)
~m (0) = 1 + 2s [91] and therefore the above

expression simplifies to

χ(β, φ1) = (1 + 2s)
cos(βλ)

4 sinh3
(

β
2

) . (7.35)

Finally, using (7.33), (7.35), the traced heat kernel (7.25) takes the form

K(s)(t) =
β(1 + 2s)

8
√

πt ∑
k∈Z+

1

sinh3 kβ
2

e−
k2β2

4t −t(λ2+s) . (7.36)
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At this point all necessary ingredients exist in order to evaluate a partition function that consists
of spin-s operators. Substituting (7.36) in (7.23) and performing the integral the result is

ln Z(s) = −(1 + 2s) ∑
k∈Z+

e−kβ
(

3
2+
√

9
4+m2+s

)
(1− e−kβ)3k

. (7.37)

Finally, using the above in (7.22), the 1-loop partition function of the theory is found to be

ln Z1−loop = − ∑
k∈Z+

e−2kβ(−5 + 4e−2kβ − 5e−kβ)

(1− e−kβ)3k
(7.38)

= − ∑
k∈Z+

q2k(−5 + 4q2k − 5qk)

(1− qk)3k
(7.39)

where q = e−β and β is the inverse temperature.
Lastly, the 1-loop correction to the free energy of the ensemble takes the form

F1−loop = ∑
k∈Z+

e−2kβ(−5 + 4e−2kβ − 5e−kβ)

(1− e−kβ)3kβ
. (7.40)

For clarity, the corresponding expressions are now derived for the case of General Relativity .
During the above calculation, the eigenvalues E(s)

R (7.33) and the character χλ,~m(γ
k) (7.35) have been

derived considering the quotient space H4 ' SO(4, 1)/SO(4) and symmetric transverse traceless
tensors. Therefore, the traced heat kernel (7.36) is characterized by the space one considers and
the symmetries of the operators. This implies that it is independent on the type of the partition
function (or gravitational theory) and thus, the resulting expression (7.37) can be used to evaluate
the 1-loop partition function of General Relativity around AdS4 spacetime. Applying (7.37) to the
1-loop partition function (3.64), the result is

ln ZGR
1−loop = − ∑

k∈Z+

e−3kβ(5− 3e−3kβ)

(1− e−kβ)3k
(7.41)

and the 1-loop correction of the free energy takes the form

FGR
1−loop = ∑

k∈Z+

e−3kβ(5− 3e−3kβ)

(1− e−kβ)3kβ
. (7.42)

7.4 summary and conclusions

In this chapter, the conformal gravity action was considered in the concept of the path integral
approach. The original work can be found in [92].

Exploiting the Euclidean path integral, the purpose was to evaluate the 1-loop partition function
of the theory. This required a number of steps. At first, a linearized analysis was performed around
a background solution, which was chosen to be AdS4 spacetime. Additionally, in order for the
gauge symmetries and the true dynamics of the theory to be uncovered, a York decomposition
was employed. The corresponding linearized equations of motion (7.6) and the 1-loop correction
of the classical action (7.8) were derived. It is verified that the gauge symmetries of the theory are
maintained at the linearized level, by the absence of the gauge parts va, γ̂ of the York decomposition
(7.5) in the linearized equations of motion (and the 1-loop correction of the classical action). Then,
on account of the singular conformal gravity Lagrangian, it was necessary to perform the Faddeev-
Popov method in order to remove consistently this infinite contribution from the path integral.
Choosing a particular gauge like (7.14), (7.15), the corresponding Faddeev-Popov determinant (7.20)
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was evaluated. Subsequently, the path integral measure was defined properly with the Faddeev-
Popov determinant as (7.9) and the 1-loop partition function was presented in (7.21) in terms of
determinants of various modes. The dynamical modes of conformal gravity, i.e. the massless
graviton and the PMR, as well as the pure gauge contributions are identified with the relevant
determinants of (7.21). Lastly, heat kernel techniques were exploited, in order to actually evaluate
the 1-loop partition function (7.21). This was possible via its relation (7.23) with the traced heat
kernel (7.24). The traced heat kernel was evaluated on a thermal quotient of AdS4 and finally, the
1-loop partition function of the theory took the final form (7.38).





8
S U M M A RY, C O N C L U S I O N S A N D E L A B O R AT I O N S

Throughout this thesis, the theory of conformal gravity has been explored in general concepts and
formulations, such as the holographic analysis, the Hamiltonian formalism and the path integral
approach.

In the holographic analysis, the theory was formulated by imposing asymptotically (A)dS4 bound-
ary conditions and evaluating the corresponding response functions of the dual field theory, which
were found to be finite. Furthermore, under the proposed set of asymptotic boundary conditions,
the variational principle of the conformal gravity action was found to be well-defined. Then, the
holographic response functions of particular solutions of the theory were evaluated, such as a spher-
ically symmetric and an axisymmetric black hole. Lastly, the asymptotic symmetry algebras of the
dual field theory were explored, those which are allowed under the proposed asymptotic boundary
conditions.

Thereafter, the theory was studied in the Hamiltonian formalism. Performing the constraint anal-
ysis, all constraints of the theory were classified as 1

st class and their Poisson bracket algebra was
derived. Subsequently, the 6 physical degrees of freedom, ascribed to conformal gravity, were speci-
fied and the Hamilton equations of motion were derived. Then, the generator associated with gauge
symmetries of the theory, namely diffeomorphisms and conformal transformations, was deduced
and it was found to have well-defined functional derivatives under the imposition of particular
boundary conditions. The charges associated with diffeomorphisms were constructed, and were
found to be finite, while there was no charge associated with local Weyl rescalings. Consequently,
the algebra of the charges was found to be isomorphic to the algebra of boundary conditions pre-
serving symmetry diffeomorphisms.

Lastly, the theory was formulated in the Euclidean path integral approach to evaluate the 1-loop
partition function. Following a linearized analysis around an AdS4 background and performing a
particular metric decomposition, the corresponding linearized equations of motion were derived.
Their form confirmed the fact that gauge symmetries are maintained at the linearized level. Then,
the corresponding Faddeev-Popov determinant was evaluated and a primary expression for the 1-
loop partition function was derived, in which the contribution of the 6 physical degrees of freedom
of the theory, as well as the gauge ones, were identified. Finally, the 1-loop partition function was
analytically evaluated using heat kernel techniques.

The main conclusions that were obtained throughout the above analysis are:

• The conformal gravity action constitutes a well-defined variational principle, together with
the proposed (asymptotic) boundary conditions. These are more general as compared to
the Starobinsky ones [72], since they allow for an additional linear term, and when they are
imposed, no additional boundary terms or counterterms are required in order for the action to
have well-defined functional derivatives. This aspect is due to the fact that the boundary terms
arising from partial integration of the original conformal gravity Lagrangian are necessary
and sufficient to render the variational principle well-defined. In other words, the equations
of motion constitute a well-defined boundary value problem in the presence of a boundary.

This feature of the theory was demonstrated exploiting both the Lagrangian and Hamiltonian
formulations. On the one hand, this was shown in the holographic analysis where the La-
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grangian formulation was adopted. In this case, when the proposed generalized asymptotic
boundary conditions are considered, the first on-shell variation of the action vanishes and
thus, no additional counterterms are required and the corresponding holographic response
functions are finite. And on the other hand, in the Hamiltonian setup, the extended Hamil-
tonian has well-defined functional derivatives when the proposed boundary conditions are
imposed. These are more general than those of the holographic analysis, in the sense that they
allow for arbitrary Weyl rescalings as well. Finally, the extended Hamiltonian is already an
improved gauge generator and the resulting canonical charges are finite.

The result that no additional boundary terms or counterterms are required in the conformal
gravity action confirms several indications that this might be the case, such as the finite on-
shell action for a metric compatible with the proposed asymptotic boundary conditions and
also the fact that the free energy derived from the on-shell action is consistent with the ADM
mass [93] and Wald’s definition of entropy [79]. Additionally, in the proposed asymptotic
boundary conditions in the holographic analysis, the presence of the additional linear term
allows for solutions of the conformal gravity action, as opposed to [38] where from the con-
formal gravity action only the Einstein gravity solutions are selected when this linear term
vanishes.

• There exist no canonical charges associated with conformal transformations of the metric,
independently of boundary conditions. Therefore, conformal transformations remain (proper
[84]) gauge symmetries even at the boundary, on the contrary with diffeomorphisms which
become symmetries at the boundary.

This fact was demonstrated in the Hamiltonian formulation of the theory. It was immediately
obtained that the generator of conformal transformations of the spatial metric depends linearly
on the canonical variables and does not depend on their derivatives. Thus, it has well-defined
functional derivatives, already before the implementation of boundary conditions, and there is
not an associated charge. As a result of the non-existence of this Weyl charge, the asymptotic
symmetry algebra of the charges associated with diffeomorphisms is isomorphic to the Lie
algebra of the boundary conditions preserving symmetry diffeomorphisms.

The result that there is no Weyl charge is in accordance with [94], where it was shown that
the superpotential associated with Weyl rescalings is vanishing, implying that conformal sym-
metry has a trivial conserved charge. Additionally, in the Weyl invariant scalar-tensor model
analyzed in [95], the Noether current associated with Weyl rescalings is also vanishing, conse-
quently shows that Weyl symmetry does not play any dynamical role. Nevertheless, in view of
analysis of the conformally invariant gravitational Cherns-Simons theory in three dimensions
[96], the non-existence of Weyl charge is unexpected. It was shown there that the Weyl charge
vanishes as well, but only if the Weyl factor is not allowed to vary freely. As soon as the Weyl
factor is allowed to fluctuate, there exists Weyl charge.

• The sources of the holographic response functions are consistent with the physical degrees of
freedom of the theory. Namely, the source conjugate to the analogue of the Brown-York tensor
is identified as the spin-2 massless graviton and the source conjugate to the partially massless
response (PMR) [76], [77] is identified as the partially massless spin-2 graviton.

After performing the Hamiltonian analysis of the theory, the 6 physical degrees of freedom
were detected. Then, in the holographic analysis content, 2 of those were identified as the
source conjugate to the analogue of the Brown-York tensor and the rest 4 were identified with
the source of the PMR. These identifications were also made in the 1-loop partition function
of the theory, in terms of determinants.

• The proposed asymptotic boundary conditions for the well-defined variational principle of the
conformal gravity action are consistent with the Mannheim-Kazanas-Riegert (MKR) [21], [22]
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solution. In particular, the Rindler acceleration in the MKR solution is interpreted as coming
from the conjugate source of the PMR.

This was stated during the holographic analysis, where the holographic response functions
of the MKR solution were derived. In particular, it was found that the PMR is linear and
the analogue of the trace of the Brown-York tensor is quadratic in the Rindler acceleration for
small mass and Rindler acceleration. Therefore, the Rindler acceleration in the MKR solution
was identified as arising from a partially massless graviton condensate.

The consistency of the proposed asymptotic boundary conditions with the MKR solution and
in particular the identification of the Rindler acceleration with a partially massless graviton
renders conformal gravity an example of a theory that allows a non-trivial Rindler term in
its solutions. Theories that admit non-trivial Rindler term were discussed in [97] as effective
models for gravity at large distances. Thus, in this perspective, conformal gravity can be
regarded as an effective model for gravity at large distances.

• The asymptotic symmetry algebra of the dual field theory is o(3, 2). Its highest dimensional
subalgebra for non-trivial asymptotic boundary conditions was found to admit 5 generators.

This was derived throughout the holographic setup and it was expected, since the imposed
asymptotic boundary conditions were asymptotically (A)dS4. Indeed, the 10 conformal Killing
vectors of o(3, 2) were the solutions of the asymptotic gauge transformations of the boundary
metric (conformal Killing equation). Furthermore, subalgebras of o(3, 2) were also obtained
for particular choices of the next-to leading order boundary metric. The largest one was found
to be 5-dimensional, consisting of 3 translations, a linear combination of the dilatation and a
boost and a linear combination of the other boost and the rotation.

In view of the presented research and the above conclusions, further elaborations and future
work can be outlined. In the holographic analysis content, an immediate application would be
to use the presented results for the response functions and the resulting asymptotic charges to
further solutions of conformal gravity. Among those solutions are for example, a rotating black
hole with non-vanishing mass and a charged, rotating black hole [80], axisymmetric and spherically
symmetric cosmological solutions [98], [99] and also solutions in the presence of additional fields
in the Lagrangian [100]. Continuing in the direction of the holographic analysis, a later application
that requires more labor would be to calculate higher n-point functions of the dual field theory,
given the 1-point functions that were derived in the present work. Indeed, 2-point functions have
been considered in [101] and therefore calculation of 3- and higher point functions can be further
performed. Such computations can be useful for understanding the underlying degrees of freedom
of the dual field theory, specifying in this way its operator content.

Continuing with the results of the Hamiltonian analysis of the present thesis, it is reminded
at this point that, when deriving the Dirac algebra of the charges, it was assumed that this algebra
admits no central extensions. Thus, it would be interesting to investigate whether non-trivial central
extensions could be realizable in this algebra. Along the lines of [85], this can be done by choosing a
particular gauge and thus formulating the entire Hamiltonian setup in terms of the Dirac brackets.
Then, explicit evaluation of the Dirac bracket of the resulting canonical charges reveals the presence
or not of central extensions. Additionally, according to the findings of the present work, local
conformal rescalings are a trivial gauge symmetry even at the boundary. It would be useful to
investigate further this classical aspect of the theory and possibly relate it with the presence or not
of central extensions of the Dirac algebra of the charges.

Lastly, concerning the 1-loop partition function of the theory, the formulation in the present work
was considered in an AdS4 background. It would be of interest to perform the exact same analysis
considering an arbitrary background solution. Then, this would be in the direction of including all
solutions of the theory in the path integral and thus tracking the full partition function of the theory.
Furthermore, either considering a particular background solution or not, future work can be done
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in verifying the fact that 1-loop corrections of conformal gravity are finite [17]. This would require
to adopt a particular regularization scheme for the 1-loop partition function that was derived in the
present work. And of course, placing the presented corrections in a more general aspect, it would
be of obvious importance to evaluate explicitly higher order corrections of the partition function,
as well as of scattering amplitudes. This would then reveal whether conformal gravity is actually
renormalizable.
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A
C O N V E N T I O N S A N D P R E L I M I N A R I E S

a.1 conventions

The conventions for the fundamental constants are taken to be h̄ = c = G = 1. Whenever each of
these constants is restored, it is explicitly stated in the text.

Latin letters from the beginning of the alphabet, i.e. a, b, c, . . . denote 4-dimensional indices and
Latin letters from the middle of the alphabet, i.e. i, j, k, . . . denote 3-dimensional indices, unless it is
explicitly stated otherwise.

A 4-dimensional metric is denoted by g. The corresponding induced metric in a hypersurface
∂M is denoted by h. Perturbative metric coefficients are denoted by γ. The signature of every
4-dimensional metric is (−,+,+,+). Additionally, the covariant derivative compatible with g is
denoted with ∇ whereas the covariant derivative compatible with h is denoted by D.

All 4-dimensional tensors constructed from gab are denoted by normal letters, e.g. R, Rab, Gab,
etc. and purely tangential 3-dimensional tensors constructed from hab are denoted by calligraphic
letters, e.g. R,Rab,Gab, etc. Similarly, the same notation is adopted for purely tangential tensors
constructed from hij, e.g. Rij,Gij, etc. For clarity, whenever a Lie derivative is 3-dimensional, it will
be denoted by a subscript, i.e. 3£.

The notations A[aBb], A(aBb), A[a|cBd|b] and A(a|cBd|b) are defined as follows

A[aBb] =
1
2
(AaBb − AbBa) (A.1)

A(aBb) =
1
2
(AaBb + AbBa) (A.2)

A[a|cBd|b] =
1
2
(AacBdb − AbcBda) (A.3)

A(a|cBd|b) =
1
2
(AacBdb + AbcBda) . (A.4)

Lastly, throughout this thesis, Einstein summation convention is adopted.

a.2 decomposition with respect to a spacelike or timelike hypersurface

A spacetime (M, gab), with gab having signature (−,+,+,+, ), can be decomposed into hyper-
surfaces ∂M of constant θ, where θ is a parameter which is chosen accordingly for spacelike and
timelike hypersurfaces. That is, f is taken to be a global time function for spacelike hypersurfaces
whereas for timelike ones it is taken to be a function of one spatial coordinate of gab. A normal
vector field na to ∂M is assumed to have the norm

nanbgab = −σ (A.5)

where σ = ±1. Then, gab induces a metric hab on each ∂M via

hab = gab + σnanb (A.6)
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where σ = 1 for spacelike hypersurfaces and σ = −1 for timelike ones. It is deduced from (A.5) that
the normal vector is timelike (nanbgab = −1) for spacelike hypersurfaces and spacelike (nanbgab = 1)
for timelike ones.

The acceleration is defined as

αa =
gbcnc∇bna

−nanbgab =
gbcnc∇bna

σ
. (A.7)

Any tensor on spacetime (M, gab) can be projected to the hypersurface ∂M by the projector ha
b as

Aab... = Ph[Aab...] ≡ hc
a hd

b Acd... . (A.8)

The covariant derivative Da, compatible with hab, of any tensor T cd...
e f ... on ∂M is related with the

covariant derivative ∇a compatible with gab by

DaT cd...
e f ... = Ph[∇a(PhTcd...

e f ... )] (A.9)

where Tcd...
e f ... is any tensor on M. The extrinsic curvature is defined to be the projection of the

covariant derivative of the normal vector, i.e.

Kab ≡ Ph[∇anb] = hc
a∇cnb (A.10)

where ∇ is the covariant derivative compatible with the spacetime metric gab. The decomposition
of Riemann tensor into components tangent and normal to the hypersurface ∂M is given by the
following relations:

• Gauss relation
Ph[Rabcd] = Rabcd + σ

(
KcaKdb − KcbKda

)
(A.11)

• Codazzi relation
Ph[nd Rabcd] = σ

(
DaKbc − DbKac

)
(A.12)

• Ricci relation
Ph[nbnd Rabcd] = KabKb

c − σ£nb Kac + Daαc + αaαc (A.13)

Contractions of these relations give the projections of Ricci tensor. In particular one finds:

Ph[Rab] = Rab + σ
(
KKab − 2KacKc

b
)
+ £nc Kab − σDaαb − σαaαb (A.14)

Ph[nbRab] = σ
(

DbKb
a − DaK

)
(A.15)

nanb Rab = KabKab − σhab£nc Kab + Daαa + αaαa . (A.16)

Then, the decomposition of Ricci scalar is given by

R = habPh[Rab]− σnanbRab

= R+ σ
(
K2 − 3KabKab)+ 2hab£nc Kab − 2σDaαa − 2σαaαa . (A.17)

It is usual to rewrite the above expression, when considering the Einstein-Hilbert action, up to a
total derivative term. This is done as follows: focusing on a spacelike surface ∂M, i.e. setting σ = 1
in (A.17), one uses

£nc Kab = nc∇cKab + 2Kc
(aKb)c − 2n(aαc)Kb)c (A.18)

to find its trace as

hab£nc Kab = nc∇cK + 2KabKab = ∇c(ncK)− K2 + 2KabKab . (A.19)

Using the above trace and
Daαa + αaαa = ∇aαa (A.20)
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in (A.17), the decomposition of the Ricci scalar becomes

R = R+ KabKab − K2 + 2∇a(na∇cnc)− 2∇a(nc∇cna) . (A.21)

This is the expression that is used in (2.155).
The Weyl tensor decomposition is

Ph[ndCabcd] = 2D[aKb]c + DdKd
[ahb]c − D[aKhb]c ≡ Babc (A.22)

Ph[nbndCabcd] =
σ

2

(
hb

ahd
c −

1
3

hachbd
)(
Rbd − KbdK− £ne Kbd + D(bαd) + αbαd

)
≡ Eac (A.23)

The projection Ph[Cabcd] into purely tangent components is derived later using the ADM foliation,
i.e. in the case of a spacelike surface ∂M.

a.3 adm decomposition

The spacetime (M, gab) is now decomposed with the standard ADM foliation [50]. This consists
of specifying a global time function t on M which by assumption allows to foliate M with a family
of spatial surfaces ∂M ≡ Σt, defined by t ≡ x0 = constant. The tangent bundle T Σ is identified
with the 1-form ∇at, where ∇ is the covariant derivative on M. Then, the surfaces Σt are spacelike
if

gab∇at∇bt < 0 . (A.24)

The future pointing surface normal vector field is taken to be

na = β∇at (A.25)

where β is a normalization constant. From (A.24) it follows that for the surfaces Σt to be spacelike,
the normal vector is timelike, i.e.

gabnanb = gab β2∇at∇bt < 0 . (A.26)

From (A.5), the above is satisfied for σ = 1. Additionally, the normalization constant β of the normal
vector (A.25) is chosen as follows: one assumes that there exists a vector field ta on M such that
ta∇at = 1. Then, this can be decomposed as

ta = Nna + Na (A.27)

with N being the lapse function and Na the shift vector. From the above, it follows that tana = −N
and from (A.25), it follows that tana = β. Thus, one sets β = −N and the normal vector (A.25)
becomes

na = −N∇at (A.28)

Choosing ∇at = (1, 0, 0, 0), the normal vector (A.28) can be written as

na = (−N, 0, 0, 0) , na =
( 1

N
,−Na

N

)
(A.29)

The acceleration (A.7) takes the form

αa =
DaN

N
. (A.30)

According to the previous conventions, any vector field on M can be decomposed as

ξa = naξ⊥ + Ξa (A.31)

with ξ⊥ = −naξa and Ξa = ha
bΞb being its normal and parallel components respectively.
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The induced metric hab on Σt is obtained from (A.6) for σ = 1 as

hab = gab + nanb . (A.32)

The invariant line element of spacetime M is written as

ds2 = −N2dt2 + hab(dxa + Nadt)(dxb + Nbdt) . (A.33)

Thus, using (A.32) and (A.33) the components of gab take the form

g00 = −N2 + NaNbhab , g0a = ga0 = Na , gab = hab

g00 = − 1
N2 , g0a = ga0 =

Na

N2 , gab = hab − NaNb

N2
√

g = N
√

h . (A.34)

The extrinsic curvature (A.10) and its trace take the form

Kab =
1
2

Ph[£nc hab] =
1

2N
ha

c hb
d

(
£te hcd − £Ne hcd

)
=

1
2N

(
ḣab − 2D(aNb)

)
(A.35)

K = habKab = −
1

2N

(
habḣab − 2DaNa

)
(A.36)

where
ḣab ≡ Ph[£tc hab] . (A.37)

Additionally, the time derivatives of the extrinsic curvature and its trace are

K̇ab = Ph[£te Kab] = NPh[£ne Kab] +
3£Nc Kab (A.38)

K̇ = Ph[£te habKab] = NPh[£ne K] + 3£Ne K . (A.39)

Now the Gauss, the Codazzi and the Ricci relations (A.11), (A.12), (A.13) become

Ph[Rabcd] = Rabcd + KcaKdb − KcbKda (A.40)

Ph[ndRabcd] = DaKbc − DbKac (A.41)

Ph[nbndRabcd] = Kb
aKcd +

DaDcN
N

+
1
N

3£Nb Kac −
1
N

K̇ac . (A.42)

The decompositions of Ricci tensor (A.14), (A.15), (A.16) are

Ph[Rab] = Rab + KKab − 2Kc
aKbc −

1
N

3£Nc Kab +
1
N

K̇ab −
DbDaN

N
(A.43)

Ph[nbRab] = DbKb
a − DaK (A.44)

nanbRab = KabKab −
hab

N
(K̇ab − 3£Nc Kab) +

1
N

DaDaN (A.45)

and the decomposition of Ricci scalar (A.17) takes the form

R = R+ K2 − 3KabKab − 2
DaDaN

N
+ 2

hab

N
(K̇ab − 3£Nc Kab) . (A.46)

The magnetic and the electric part of the Weyl tensor (A.22), (A.23) are

Babc ≡ Ph[ndCabcd] = 2D[aKb]c + DdKd
[ahb]c − D[aKhb]c (A.47)

Eac ≡ Ph[nbndCabcd] =
1
2

(
hb

ahd
c −

1
3

hachbd
)(
Rbd + KbdK− 1

N
(K̇bd − 3£NKbd

− DbDdN)
)

. (A.48)



A.3 adm decomposition 121

The decomposition into purely tangential components can be grouped into two parts after using
the symmetries of the Weyl tensor, that is its traceleness in any pair of indices. Then, the two parts
consist of a traceless one, denoted as Kabcd, and a trace one as

Ph[Cabcd] = Kabcd + hacPh[nen f Cbed f ]− hadPh[nen f Cbec f ]− hbcPh[nen f Caed f ]

+ hbdPh[nen f Caec f ]

= Kabcd + hacEbd − hadEbc − hbcEad + hbdEac (A.49)

with

Kabcd =
1
2

KacKbd + hac(Ke
bKde − KbdK)− 1

4
hachbd(Ke f Ke f + K2)

+ (a↔ b, c↔ d)− (a↔ b)− (c↔ d) . (A.50)

Then, the square of the Weyl tensor which appears in the conformal gravity Lagrangian (6.1) is
decomposed as

CabcdCabcd = Ph[Cabcd]Ph[Cabcd] + 4EabEab − 4Babc Babc

= KabcdKabcd + 8EabEab − 4Babc Babc (A.51)

after using (A.49). From the term KabcdKabcd in the above expression, only the term 2Ka
bcd Kc

a Kbd

survives. But due to Cayley- Hamilton theorem, it turns out that this also vanishes: in particular
− 1

3 Ka
bcd Kbd reads

Ka
bKbdKdc − Ka

bKb
c K +

1
2

Ka
c

(
K2 − KbdKbd

)
− 1

6
δa

c

(
Kb

dKdeKbe − 3KbdKbd + 2K3
)

. (A.52)

Now, the characteristic polynomial of Ka
c with Ka

c as its argument is exactly expression (A.52) and
thus, due to Cayley- Hamilton theorem it vanishes. Thus, the Weyl tensor decomposition (A.51)
becomes

CabcdCabcd = 8EabEab − 4Babc Babc . (A.53)

Consequently, choosing αCG = − 1
4 for convenient cancellations, the conformal gravity action (6.1)

takes the form
S =

∫
M

d4x
√
−g
[
− 2EabEab + Babc Babc

]
(A.54)

and then, by substituting (A.47) and (A.48), it explicitly reads

S =
∫

M
d4x
√

h N
[
−
(

hc
ahd

b −
1
3

habhcd
)(
Rcd + KcdK− 1

N
(K̇cd − 3£NKcd − DcDdN)

)
× 1

2

(
hcahdb − 1

3
habhcd

)(
Rcd + KcdK− 1

N
(K̇cd − 3£NKcd − DcDdN)

)
+
(

2D[aKb]c + DdKd
[ahb]c − D[aKhb]c

)
×
(

2D[aKb]c + DdKd[ahb]c − D[aKhb]c
)]

. (A.55)





B
B A S I C C O N C E P T S

b.1 the case of general relativity

b.1.1 Gauge transformations of the metric with respect to Castellani generator

Having constructed the Castellani generator (2.203), it is straightforward to verify that it indeed
generates the correct gauge transformations of the metric: that is, diffeomorphisms generated by a
vector field ζc on M as

δgab = £ζc gab . (B.1)

After decomposing the vector field ζa and the metric gab according to the ADM basis (A.31), (A.34),
δgab takes the explicit form

δg00 = −(2∂0ζ0 − ζ⊥∂⊥g00 − ζa∂ag00) (B.2)

δg0a = −(∂0ζa + ∂aζ0 + 2ζ⊥
Na

N3 ∂⊥N − 2Na∂0ζ0 − ζc∂cg0a) (B.3)

δgab = −(∂aζb + ∂bζa − ζ⊥∂⊥gab − ζc∂cgab) (B.4)

Now one can calculate the transformations which are produced by the Castellani generator (2.203),
by evaluating δGgab = {gab, G} for each metric component. It is straightforward but tedious to
show that δG(hab − Na Nb

N2 ) indeed yields (B.4), using Hamilton’s equations of motion (2.171), (2.172),
(2.173). This calculation is not presented here. The rest of the components of δGgab = {gab, G}, that
is δGg00 and δGg0a are now derived. An explicit calculation of δGg00 = {g00, G} gives

δGg00 =
∫

d3x{ 1
N2 (y), π(x)}(Na∂aε⊥ − ˙ε⊥ − εa∂aN)(x)

= −2∂0ε0 + ε⊥∂⊥g00 + εa∂ag00 (B.5)

in complete agreement with (B.2). Likewise, for δGg0a = {g0a, G} one finds

δGg0a =
∫

d3xNa(y){ 1
N2 (y), π(x)}(−Nb∂bε⊥ + ˙ε⊥ + εb∂bN)(x)

+
∫

d3x
1

N2 (y){Na(y), πb(x)}(∂bNε⊥ − Nπb∂bε⊥ + εc∂cNb − Nc∂cεb + ε̇b)(x)

= −∂0εa − ∂aε0 − 2ε⊥
Na

N3 ∂⊥N + 2Na∂0ε0 + εc∂cg0a (B.6)

in complete agreement with (B.3). Thus, it is concluded that the Castellani gauge generator (2.203)
indeed gives the transformations (B.2)-(B.4) or equivalently (B.1).
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C
T H E C A S E O F C O N F O R M A L G R AV I T Y

c.1 (A)dS4 asymptotics

The decomposition with respect to a spacelike or timelike hypersurface that was mentioned in
section A is now performed for a particular type of metric gab . This is required for the holographic
calculation of chapter 6. The ansatz for the line element is taken to be

ds2 = gab dx a dxb = −σ
`2

ρ2 dρ2 +
1
ρ2 γ i j dx i dx j (C.1)

where γ i j = γ i j (x k , ρ), i , j , k , . . . = 1, 2, 3, ` is the (A)dS radius and σ = 1 for dS4 and σ = −1
for AdS4. The conformal boundary is at ρ → 0 and is treated as a constant ρ surface. The outward
-or future- pointing unit normal vector to this surface is chosen to be

n a = − ρ

`
δ a

ρ , n a =
σ`

ρ
δ

ρ
a (C.2)

such that it satisfies (A.5). Then, for the induced metric (A.6) one finds

γρa = gρa + σnρ n a (C.3)

γ i a = γ i a (C.4)

and consequently from the line element one gets (C.1)

γρρ = 0 (C.5)

γρ i = γ iρ = 0 (C.6)

γ i j = g i j . (C.7)

The non-vanishing components of the extrinsic curvature (A.10) are

K i j = −
σ

2
£nρ γ i j = σ

ρ

2`
∂ρ γ i j (C.8)

and its trace is
K = − σ

2
£nρ γ i j = σ

ρ

2`
∂ρ γ i j . (C.9)

The Gauss (A.11), the Codazzi (A.12) and the Ricci relation (A.13) become

Pγ [R abcd ] = h a
i hb

j h c
k hd

l R abcd = R i jk l + σ
(

K i k K j l − K i l K jk
)

(C.10)

Pγ [nd R abcd ] = h a
i hb

j h c
k nρ R abcρ = σ

(
D i K jk − D j K i k

)
(C.11)

Pγ [nb nd R abcd ] = h a
i h c

k nρ nρ R aρcρ = K i k K k
j + σ£nρ K i j . (C.12)

Contraction of the above give the components of the Ricci tensor (A.14), (A.15), (A.16). Here, they
take the form

Pγ [R ab ] = h a
i hb

j R ab = R i j + σ
(

KK i j − 2K i k K k
j
)
− £n a K i j (C.13)

Pγ [nb R ab ] = h a
i nρ R aρ = σ

(
D i K − Dk K k

i
)

(C.14)

n a nb R ab = nρ nρ Rρρ = K i j K i j + σγ i j £nρ K i j . (C.15)
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Then, the decomposition of the Ricci scalar (A.17) becomes

R = R + σ
(

K2 − 3K i j K i j) − 2γ i j £nρ K i j . (C.16)

The magnetic and electric part of the Weyl tensor (A.22), (A.23) take the form

Bijk ≡ Pγ[ndCabcd] = ha
i hb

j hc
knρCabcρ = 2D[iKj]k + DlKl

[iγj]k − D[iKγj]k (C.17)

Eij ≡ Pγ[nbndCabcd] = ha
i hc

knρnρCaρcρ =
σ

2

(
γm

i γl
j −

1
3

γijγ
ml
)(
Rml − KmlK + £na Kml

)
(C.18)

c.2 asymptotic expansion of tensors

The asymptotic expansion of all the tensors, which are required for the calculation of the first
variation of the on-shell action (5.14) and the holographic response functions that arise from (5.15),
(5.16), is presented. This is done as follows: the induced, boundary metric (A.6) is assumed to have
a generalized Fefferman-Graham expansion at the conformal boundary ρ = 0 as

γij = γ
(0)
ij +

ρ

`
γ
(1)
ij +

ρ2

`2 γ
(2)
ij +

ρ3

`3 γ
(3)
ij + . . . (C.19)

where the dots denote terms of order ρ2 or/and higher. Then, one inserts the line element (C.1) and
the above asymptotic expansion of the boundary metric into the tensors and express them in terms
of γ

(0)
ij , γ

(1)
ij , γ

(2)
ij , . . . and in terms of curvature tensors of the metric γ

(0)
ij , i.e. R(0)

ij , R(0), . . .. This
calculation is performed with the xAct package of Mathematica [73].

The inverse metric takes the form

γij = γ
ij
(0) −

ρ

`
γ

ij
(1) +

ρ2

`2

(
γim
(1)γ

j
(1)m − γ

(2)
ij

)
+ . . . (C.20)

such that γim γmj = δ
j
i +O(ρ5). From (C.8) and (C.19) the extrinsic curvature reads

Kij = σ
[ ρ

2`2 γ
(1)
ij +

ρ2

`3 γ
(2)
ij +

3ρ3

2`4 γ
(3)
ij + . . .

]
(C.21)

and its trace is

K = γijKij = σ
[ ρ

2`
γ(1) +

ρ2

`3

(
γ(2) −

1
2

γ
(1)
ij γ

ij
(1)

)
+ . . .

]
. (C.22)

The Christoffel symbol of the metric (C.19) is

Γk
ij = Γ(0)k

ij +
ρ

2`
(
2D(iγ

(1)k
j) − Dkγ

(1)k
ij

)
+ . . . . (C.23)

The components (C.13)-(C.15) of the Ricci tensor take the form

Rij =
1
`2

(
R(0)

ij + σ
(1

2
γ
(1)m
i γ

(1)
jm −

1
4

γ
(1)
ij γ(1) − γ

(2)
ij

))
+

ρ

`3

(
`2DmD(iγ

(1)m
j) − 1

2
`2DiDjγ

(1)

− 1
2
`2D2γ

(1)
ij + σ

(1
4

γ
(1)
ml γml

(1)γ
(1)
ij −

1
2

γ
(1)
ml γ

(1)m
i γ

l(1)
j + 2γ

(1)
m(iγ

(2)m
j) − 1

2
γ
(2)
ij γ(1) − 1

2
γ
(1)
ij γ(2)

− 3γ
(3)
ij

))
+ . . . (C.24)

Riρ =
1
2`

(
Dmγm

(1)i − Diγ
(1)
)
+

ρ

4`2

(
3γml

(1)Diγ
(1)
ml − 2γml

(1)Dlγ
(1)
mi − 2γl

(1)iDmγ
(1)m
l + 4γ

(1)
im Dmγ(1)

+ 4Dmγ
(2)m
i − 4Diγ

(2)
)
+ . . . (C.25)

Rρρ =
1

2`2

(
γ
(1)
ij γ

ij
(1) − 4γ(2)

)
+

ρ

2`3

(
− γ

(1)k
i γ

ij
(1)γ

(1)
jk + 4γ

ij
(1) − 6γ(3)

)
+ . . . (C.26)
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where the covariant derivative D is compatible with the metric γ
(0)
ij . The Ricci scalar (C.16) becomes

R =
1
`2

[
R(0) + σ

(3
4

γ
(1)
ij γ

ij
(1) − γ2

(1) − 2γ(1)
)]

+
ρ

`3

[
− `2γ

ij
(1)R

(0)
ij + `2DiDjγ

ij
(1) − `2DiDjγ(1)

+ σ
(
− 3

2
γ
(1)i
m γ

(1)l
i γ

(1)m
l +

1
2

γ
ij
(1)γ

(1)
ij γ(1) + 5γ

ij
(1)γ

(2)
ij γ(1) − γ(1)γ(2) − 6γ(3)

)]
+ . . . . (C.27)

One more tensor that is required for the calculation is the 3-dimensional Einstein tensor with tan-
gential indices. It takes the form

Gij = G(0)ij +
ρ

2`

(
2DmD(iγ

(1)m
j) − DiDjγ

(1) − DmDmγ
(0)
ij + γ

(0)
ij

(
DmDmγ(1)

− DmDlγ
ml
(1)γ

ij
(1)

3R(0)
ij

)
− γ

(1)
ij

3R(0)
)
+ . . . . (C.28)

The asymptotic expansions of the magnetic and the electric part of the Weyl tensor (A.22) , (A.23)
are given in the main text in (5.21) and in (5.22).

c.3 elimination of the auxiliary field variables

Considering the auxiliary field λab and its conjugate momentum pab as canonical variables in the
Hamiltonian formulation of 6.1 implies that two additional primary constraints appear, namely

φ1 ≡ πab
h −

√
|h| λab ≈ 0 (C.29)

φ2 ≡ pab ≈ 0 . (C.30)

These primary constraints are 2
nd class, since

{φ1, φ2} = −
√
|h| δ(a

c δ
d)
b δ(3)(x− y) . (C.31)

One now has to proceed by considering the Dirac bracket. The antisymmetric tensor Cαβ, which
was introduced in (2.66) of 2.1.9, takes the matrix form

C =
√
|h|δ(3)(x− y)

(
0 −1
1 0

)
(C.32)

and subsequently, for any phase space functions f , g, the Dirac bracket (2.68) is

{ f , g}? = { f , g} −
∫

Σt

d3x
1√
|h|
{ f , φ1(x)} {φ2(x), g}+

∫
Σt

d3x
1√
|h|
{ f , φ2(x)} {φ1(x), g} . (C.33)

According to the arguments of 2.1.9 that lead to (2.75), one can set the 2
nd constraints (C.29), (C.30)

strongly equal to zero

λab =
1√
|h|

πab
h (C.34)

pab = 0 . (C.35)

Using the above substitutions, the auxiliary field λab and its conjugate momentum pab are eliminated
from the conformal gravity Lagrangian (6.4). In other words, the 2

nd class constraints (C.29), (C.30)
have been solved everywhere as (C.34), (C.35). Thus, any phase space functions f , g do not depend
on λab or its conjugate momentum pab but they depend on the rest of the canonical variables, i.e.
hab, N, Na, Kab and their conjugate momenta. Consequently, the last two terms in (C.33) vanish and
the Dirac bracket (C.33) simplifies to

{ f , g}? = { f , g} (C.36)

and the Hamiltonian formulation in 6.1 can be performed using the Poisson bracket for the rest of
the canonical variables, i.e. of hab, N, Na, Kab and their conjugate momenta.
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c.4 hamilton’s equations of motion with the total hamiltonian

The Hamilton’s equations of motion, using the total Hamiltonian (6.17), take the form

ḣab = {hab, HT} = 2D(aNb) + 2NKab (C.37)

π̇ab
h = {πab

h , HT} =3£Na πab
h − λPΠab

K − N
[ 1√

h

(1
4

Πcd
K ΠK

cdhab −Πa
KcΠbc

K

)
−Πcd

K KcdKab

+ DcD(bΠa)c
K −

1
2

habDcDdΠcd
K −

1
2

DcDcΠab
K + 2

√
h
(
− 1

4
BcdeBcdehab + BacdBb

cd

+
1
2

BcdaBcd
b + Bc(ab)DcK− Bc(ab)DdKd

c − Dc
(

Bd(ab)Kc
d + Bcd(aKb)

d + B(a|dc|Kb)
d

))]
− DcN

[
2DdΠd(a

K hb)c + D(bΠa)c
K −

3
2

DcΠab
K − DdΠcd

K hab − 2
√

h
(

Bd(ab)Kc
d + Bcd(aKb)

d

+ B(a|dc|Kb)
d

)]
− DcDdN

[
2Π(d|(a

K hb)|d) −Πab
K hcd − 1

2
Πcd

K hab
]

(C.38)

Ṅ = {N, HT} = λ (C.39)

π̇ = {π, HT} = −H⊥ (C.40)

Ṅa = {Na, HT} = λa (C.41)

π̇a = {πa, HT} = −Ha (C.42)

K̇ab = {Kab, HE} = λPhab +
3£Na Kab + N

[
Rab + KKab −

1√
h

ΠK
ab

]
+ DaDbN (C.43)

Π̇ab
K = {Πab

K , HE} =3£Na Πab
K − N

[
Πab

K K + Πcd
K Kcdhab + 2πab

h + 4
√

hDcBcab
]
− 4DcNBcab (C.44)

Equations (C.39) and (C.41) state that N, Na are arbitrary functions. Since N, Na are contained in the
remaining equations, the characteristic feature of conformal gravity as a gauge theory is revealed:
that is, the dynamical evolution of the system is not completely determined by the equations of
motion but depends on arbitrary functions.

c.5 conformal transformations

Expressions that are used in 6.4 are presented here analytically. Considering a local conformal
transformation of the spatial metric hab on Σt as

hab = Ω2h̄ab (C.45)

with Ω being arbitrary, the transformation for the inverse metric is

hab = Ω−2h̄ab (C.46)

by demanding habhbc = h̄abh̄bc = h̄c
a = δc

a. Also, it is deduced that the square root of the determinant
of the spatial metric transforms as

√
h = Ω3

√
h̄ . (C.47)

The normal vector (A.29) takes the form

na = Ωn̄a , na = Ω−1n̄a . (C.48)

The relation between the covariant derivative which is compatible with hab and the one which is
compatible with h̄ab is

Davde...
bc... = D̄avde...

bc... − C f
bavde...

f c... − C f
acvde...

b f ... + . . . + Cd
a f v f e...

bc... + Ce
a f vd f ...

bc... + . . . (C.49)
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where vde...
bc... is any tensor on Σt or ∂Σ and

Cc
ab =

1
2

hcd(2D̄(ahb)d − D̄dhab)

= 2δc
(aD̄a) ln Ω− h̄abD̄c ln Ω (C.50)

is the difference tensor. Using (C.49) and (C.50) the conformal behavior of the 3-dimensional Ricci
tensor is found to be

Rab = R̄ab − D̄aD̄b ln Ω + D̄a ln ΩD̄b ln Ω− h̄ab
(

D̄cD̄c ln Ω + D̄c ln ΩD̄c ln Ω
)

. (C.51)

The Weyl tensor Ca
bcd is invariant under local conformal transformations of the form (C.45), so using

(C.46) one finds
Cabcd = Ω2C̄abcd . (C.52)

Using the above expression and (C.48), the magnetic and the electric part of the Weyl tensor (A.47),
(A.48) become

Babc = ΩB̄abc (C.53)

Eab = Ω−1Ēab . (C.54)

The arbitrary functions ε⊥, εc are chosen to transform as

ε⊥ = Ωε̄⊥ (C.55)

εa = ε̄a . (C.56)

Additionally, one further expression that is required is

1
ε⊥

DaDaε⊥ = D̄aD̄b ln Ω− D̄a ln ΩD̄b ln Ω +
1

ε̄⊥
D̄aD̄bε̄⊥ + hab

(
D̄c ln ΩD̄c ln Ω

+
1

ε̄⊥
D̄c ln ΩD̄cε̄⊥

)
. (C.57)
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