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Abstract

In this thesis we study the one-dimensional Heston stochastic volatility model and its multi-
variate extension, the so-called multidimensional Heston stochastic volatility model.

While the variance process equals the well-known Cox-Ingersoll-Ross process in the one-
dimensional setup, the covariance process of the multidimensional Heston stochastic volatility
model follows the Wishart process introduced by M.-F. Bru. Both stochastic volatility models
belong to the class of affine models whose characterizing property is the exponential affine form
of the conditional characteristic function.

A detailed study of the multidimensional Heston stochastic volatility model is given, and in-
teresting relations between the marginals of the multidimensional Heston stochastic volatility
model and the one-dimensional Heston stochastic volatility model are derived.

Moreover, small time asymptotics for the implied volatility of a call written on one asset in the
multidimensional Heston stochastic volatility model are considered. We show that an expansion
of the asymptotic implied volatility proved by M. Forde and A. Jacquier for the one-dimensional

Heston stochastic volatility model can be extended to the multidimensional one.

Keywords: Heston model, multidimensional affine model, Wishart process, stochastic volatility,

implied volatility



Kurzfassung

Diese Diplomarbeit behandelt das eindimensionale stochastische Volatilitatsmodell von Hes-
ton (,,Heston Stochastic Volatility* Modell genannt) und dessen multivariate Erweiterung, das
mehrdimensionale Heston Stochastic Volatility Modell.

Wahrend im eindimensionalen Fall der Varianzprozess durch einen Cox-Ingersoll-Ross Prozess
gegeben ist, folgt im mehrdimensionalen Heston Stochastic Volatility Modell der Kovarianzprozess
einem Wishart Prozess, der erstmals von M.-F. Bru definiert wurde. Beide stochastischen
Volatilitatsmodelle gehoren zur Klasse der affinen Modelle, die als charakterisierende Eigen-
schaft eine bedingte charakteristische Funktion von exponentiell affiner Form aufweisen.

Diese Arbeit umfasst eine detaillierte Analyse des mehrdimensionalen Heston Stochastic Volatil-
ity Modells, wobei unter anderem auch interessante Beziehungen zwischen den Marginalen
des mehrdimensionalen Heston Stochastic Volatility Modells und des eindimensionalen Hes-
ton Stochastic Volatility Modells hergeleitet werden.

Des Weiteren wird die Kurzzeitasymptotik der impliziten Volatilitdt einer Kaufoption auf ein
Asset im eindimensionalen Heston Stochastic Volatility Modell betrachtet. Dabei wird gezeigt,
dass die Darstellung der asymptotischen impliziten Volatilitat, die von M. Forde und A. Jacquier
fiir das eindimensionale Heston Stochastic Volatility Modell gezeigt wurde, auch auf den mehrdi-

mensionalen Fall erweitert werden kann.

Schlagworter: Heston Modell, mehrdimensionales affines Modell, Wishart Prozess, stochastische

Volatilitdt, implizite Volatilitdt
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Chapter 0

Introduction

The aim of my thesis is to introduce and study the concept of the multidimensional Hes-
ton stochastic volatility model. As the name already indicates, the multidimensional Heston
stochastic volatility model is a multivariate generalization of the well-known one-dimensional
Heston stochastic volatility model introduced by Steven L. Heston. In a one-dimensional Heston
stochastic volatility model only one asset can be considered, in a multidimensional framework
however, a vector of different assets and their correlations can be modeled and examined. While
the Cox-Ingersoll-Ross process is chosen as variance process in the one-dimensional Heston
stochastic volatility model, it is replaced by the so-called Wishart process in the multidimen-
sional Heston stochastic volatility model. The Wishart process can be interpreted as a matrix

extension of the CIR process.

In general, stochastic volatility models are used to model the volatility in such a way that it
follows or coincides with certain phenomenons in the market: While in the original famous
Black-Scholes model, it is assumed that the volatility is given as a constant, one sees, however,
that in reality the implied volatility of a derivative depends on its strike and maturity which
is presented by the so-called volatility surface: A possible effect is the volatility smile or skew.
That is the reason why local and stochastic volatility models were introduced and studied.

These models take account of the above mentioned effects.

An import property of the one-dimensional and the multidimensional Heston stochastic volatil-
ity model is that they both belong to the class of affine processes. Affine processes are character-
ized by their special form of their (conditional) characteristic function, namely the characteristic
function of an affine process is exponential affine in its initial state. One of the advantage of
affine models is that there exist semi-closed-form solutions for pricing of derivatives. Therefore

affine processes often appear in financial mathematics.



The structure of my thesis is as follows:
Chapter 1: Affine Processes

At the beginning of this chapter, affine diffusion processes are introduced. As already men-
tioned, the characterizing property of affine processes is their exponential affine conditional
characteristic function. Moreover it is mentioned that the exponent of this characteristic func-
tion is determined by solutions of so-called Riccati equations. Then we state that if a stochastic
process is affine, its drift and diffusion matrix are also affine. Furthermore, affine processes on
the canonical state space R’" x R" are discussed. In the last section of this chapter, discounting
and pricing in affine models on the canonical state space are explained. The main result of this

section is a theorem about Fourier pricing in an affine model.
Chapter 2: One-Dimensional Heston Stochastic Volatility Model

The beginning of Chapter 2 deals with the definition and some properties of the one-dimensional
Heston stochastic volatility model. It is explained that the variance process in the one-dimensional
Heston stochastic volatility model follows a CIR process. Then it is also shown that there exists
a link between the CIR process and the Ornstein-Uhlenbeck process.

In the second part of Chapter 2, the Riccati equations for the one-dimensional Heston stochastic
volatility model are studied by applying results about Riccati equations of affine processes from
Chapter 1. In addition to that, explicit solutions of the Riccati equations are derived for this
one-dimensional model. As an application, the joint characteristic function of the asset price
and the variance process is given. At the end of this chapter, the pricing of a European call
option is explained by applying the theorem about Fourier pricing for affine processes stated in
Chapter 1.

Chapter 3: Wishart Processes

Chapter 3 of my thesis can be split into two parts: At first Wishart processes in the sense of
Marie-France Bru are introduced. This first part is mainly based on [3] and summarizes its
main steps. Then we introduce the kind of Wishart processes studied and examined in this
thesis. The Wishart process follows a so-called Wishart distribution which is motivated and
introduced in a separate subsection. As a next step the CIR-process as a special case of the
Wishart process is considered. Finally, the characteristic function of the Wishart process is

studied where its affine property is emphasized.
Chapter 4: Multivariate Heston Stochastic Volatility Model

The beginning of Chapter 4 covers multivariate affine stochastic volatility models and its condi-
tional characteristic function in general. Then the multidimensional Heston stochastic volatility
model is defined and its conditional characteristic function is given. Again the affine property

of the characteristic function is highlighted.



Chapter 5: Relationships and Results concerning the Multidimensional Heston Stochastic Volatil-
ity Model

The main objective of this chapter is to investigate properties of the multidimensional Heston
stochastic volatility model. So at first the multidimensional Heston stochastic volatility model
is examined component-by-component. To be more precise, the k-th entry of the vector of
the log price process in combination with the (k, k)-th entry of the Wishart process represents
a “‘new” model which we call marginal of the multidimensional Heston stochastic volatility
model. The second section of this chapter covers the relation between these marginals of the
multidimensional Heston stochastic volatility model and the one-dimensional Heston stochastic
volatility model. The interesting result is that if we choose the deterministic matrix M to
be the null matrix or more generally of diagonal form, the dynamics of the marginals of the
multidimensional Heston stochastic volatility model simplify to the one-dimensional Heston
stochastic volatility model. Since it is a well-known fact that the drift of a stochastic process
can be changed by applying Girsanov’s theorem and hence changing the probability measure, we

also prove that possible way of obtaining a one-dimensional Heston stochastic volatility model.
Chapter 6: Small-Time Asymptotics for Implied Volatility

In this last chapter of my thesis, the small-time asymptotics for implied volatility are inves-
tigated. After repeating the concept of implied volatility in the first section of this chapter,
we summarize in the second chapter the results about the small-time asymptotics for implied
volatility for the one-dimensional Heston stochastic volatility model published by Martin Forde
and Antoine Jacquier in [8]. Finally, in the last section of this chapter we show that these re-
sults are also valid for a more general framework, namely the marginals of the multidimensional

Heston stochastic volatility model as defined in Chapter 5.



Chapter 1

Affine Processes

The aim of this chapter is to give the reader a short overview of affine diffusion processes which
are of major importance in the subsequent chapters and sections. These main results on affine
diffusions are taken from “Chapter 10” of the book “Term-Structure Models” published by
Damir Filipovié (see [5]).

Most of the theory of affine processes given in Chapter 10 of [5] can also be found in the paper
[6] written by Damir Filipovi¢ and Eberhard Mayerhofer.

1.1 Vector-Valued Affine Processes in General

For the definition of affine processes we follow [5, p.143]:

Denote by D C R a closed state space with non-empty interior, where d > 1 is some fixed
dimension. Furthermore let b : D — R? be a continuous function and let p : D — R%*? be
a measurable function with a(z) = p(x)p(z)" being continuous in z € D. Let (Q,F, (F;),P)
be a filtered probability space and Wy = (Wy1,..., Wsq) be a d-dimensional Brownian motion
defined on that probability space. In this framework we assume that for every x € D there

exists a unique solution X = X* with Xy = z of the stochastic differential equation

Remark 1.1.1. a(x) is called diffusion matrix, whereas b(x) is called drift of the stochastic
process.
Now we are ready to give a definition of vector-valued affine processes.

Definition 1.1.2. X is affine if the F;-conditional characteristic function of X7 is exponential
affine in X, for all t < T. Mathematically this means that there exist C- and C% valued



functions ¢(t,u) and ¥ (t,u) with jointly continuous t-derivatives such that X = X* fulfills

B [euwT‘ ft} — (T —tu)+(T—tu) T X, (1.2)

Vu € iRt < T and x € D.

As mentioned already above, hereafter important theorems concerning affine processes are stated
without proof. Interested readers can find the corresponding proofs in “Chapter 10: Affine

Processes” of the book “Term-Structure Models” by Damir Filipovié¢ (see [5]).

Theorem 1.1.3. (see [5, Theorem 10.1]) Suppose X is affine. Then the diffusion matriz a(x)
and drift b(z) are affine in x. That is,

d
a(r) =a+ Z T,
i=1
P (1.3)
b(x) = b+z$i,87, =b+ Bx
i=1
for some d x d-matrices a and «; and d-vectors b and f3;, where we denote by B = (B1, ..., B4)

the d x d-matriz with i-th column vector 5;,1 < i < d. Moreover, ¢ and 1p = (¢1,... ,wd)T solve

the system of Riccati equations

i;?td)(t, u) = %w(t, W) Ta(t,u) + bTH(E, u),

¢(07 u) = Oa
) X (1.4)
albi(tvu) = §¢(t’u)Tai¢<t’u) + IBZTQ]Z)(t,u), 1<i< d7

(0, u) = u.

In particular, ¢ is determined by ¥ via simple integration:

B(t,u) = /Ot <;1/)(s,u)—ra¢(s,u) + b%(s,u)> ds.

Conversely, suppose the diffusion matriz a(x) and drift b(x) are affine of the form (1.3) and
suppose there exists a solution (¢,v) of the Riccati equations (1.4) such that
o(t,u) + ¥(t,u) "z has a nonpositive real part for all t > 0,u € iR? and x € D. Then X is

affine with conditional characteristic function (1.2).

Moreover we state a lemma about the global existence and uniqueness of the system of Riccati
equations:

Before stating the lemma, let K be a placeholder for either R or C.



Lemma 1.1.4. (see [5, Lemma 10.1]) Consider the system of ordinary differential equations

0

2 f(t,u) = RU(1, ), (L5)

f(o’ u) = u7
where R : K¢ — K% is a locally Lipschitz continuous function. Then the following holds:

e For every u € K%, there exists a life time t, (u) € (0,00] such that there evists a unique
solution f(-,u) : [0,t1(u)) — K x K¢ of (1.5).

e The domain Gx = {(t,u) € Ry x Kt <ty (u)} is open in Ry x K and mazimal in the
sense that either ty(u) = 0o or limy q () [|f(t,u)| = oo respectively, for all u € KA.

e For every t > 0, the t-section G (t) = {u € K% (t,u) € G} is open in K%, and non-
expanding in t in the following sense: K¢ = G (0) D G (t1) D Gr(tz), 0 <ty < to. In
fact, we have f(s,Gx(t2)) C Gi(t1) for all s < tg —t;.

1.2 Vector-Valued Affine Processes on the Canonical State Space

The parameters a, o, b, 5; can be further specified according to the state space D:

e the parameters have to fulfill conditions that guarantee that the process X does not leave

the state space D

e the parameters a and «; determining the diffusion matrix must be defined in such a way
that a(z) = a + Zgzl Tioy € Sj,Vm € D, where S:lr denotes the set of symmetric and

positive semidefinite matrices

We shall pay particular attention to the so-called canonical state space which is given by
D =R} xR",

for some integers m,n > 0 with m +n = d.

Hereafter, for the canonical state space, two index sets are defined by I = {1,...,m} and
J={m+1,...,m+n}.
In addition to that, let par = (1i)iem and varn = (Vij)iem,jen be the sub-vector and sub-matrix

of an arbitrary vector p or an arbitrary matrix v for any index sets M or N.

With this setup of the canonical state space R'" x R"™ a complete characterization of the pa-
rameters of affine processes is possible, which is subject of the main results of the following

theorem:

Theorem 1.2.1. (see [5, Theorem 10.2]) A process of the form (1.1) on the canonical state
space R x R™ is affine if and only if a(x) and b(x) are affine of the form (1.3) for parameters



a, a;, b, B; which are admissible in the following sense:

a,q; are symmetric positive semidefinite,

arr =0 (and thus ary = a; = 0),

a; =0 VjelJ
Qig =0 =0 forkeI\{i},V1<i,l<d, (1.6)
be R x R",
Brs =0,

Brr has nonnegative off-diagonal elements.

In this case, the corresponding system of Riccati equations (1.4) simplifies to

0 (1) = 50a(t0) gt u) + BT ),

2
»(0,u) =0,
ol ) = 20t ) ot u) + o), Pe T, (1.7
gth(t7 'LL) - B}ﬂbj(ta ’U,),
¢(07 u) =4,

and there exists a unique global solution (¢(-,u), (-, u)) : Ry — C_ x C™ x iR"™ for all initial
values u € C™ x iR™. In particular, the equation for vy forms an autonomous linear system

B

with unique global solution ¥ ;(t,u) =e Jrtuy for all uy € C".

We now proceed by formulating an important theorem about the existence of affine processes:

Theorem 1.2.2. (see [5, Theorem 10.8]) Let a,a;, b, 5; be admissible parameters. Then there

T

exists a measurable function p : RT x R™ — R with p(z)p(z)" = a+ Y,c; wicy and such

that, for any v € R* x R", there exists a unique R’ X R"™-valued solution X = X* of

dX = (b+ BX)dt + p(X)dW,
Xo =T

and p(z)p(x)" = a + > ic1 Ticti. Moreover, the law of X is uniquely determined by a, o, b, 3;,

and does not depend on the particular choice of p.



1.3 Discounting and Pricing in Affine Models on the Canonical

State Space

This section is mainly based on [5, p.151-155].

Throughout this section it is assumed that the interest rates are given as constants. (In subse-
quent chapters we set the interest rates to 0.)

With this assumption of deterministic interest rates, the framework is fixed as follows:

Let S be a n-dimensional price process which is a functional of some d-dimensional process X.
Hence there exists a function g : R? — R such that g(X;) = S;. For example, if g(X;) = e¥, X
can be interpreted as the log-price of a stock. Moreover, we consider a filtered probability space
(Q, F,(F),Q), where Q denotes a risk-neutral probability measure under which the discounted

price process S; is a (local) martingale with respect to Q.

Assume that the process X is affine on the canonical state space R7" x R™ introduced before

with admissible parameters a, a;, b, 8; specified as in (1.6).

Hereafter, a time horizon 7' > 0 is fixed and a claim with maturity 7' (called T-claim) is
considered. Denote by f(Xr) the (arbitrary) payoff of the T-claim for a measurable function
f : R? — R which has to fulfill the following integrability condition

Eq [|f(X7)[] < oo,

where the expectation is taken with respect to the risk-neutral probability measure Q.

Then by risk-neutral valuation, arbitrage-free prices at any time t < T of T-claims with payoff
f (A7) are obtained by

m(t) = Eg |e "I f(Xp)|F| = e T IEg [f(Xr)|F] - (1.8)

The goal of the remaining section is now to find an analytical or numerical solvable expression

for the pricing formula (1.8).

Some important theorems concerning the pricing of affine processes can now be mentioned
(compare [5, p.152-155]):

Before stating the first theorem, some notation has to be introduced:
For any set U C R¥(k € N), the strip S(U) is defined by

S(U) = {z € C¥|Re(z) € U}

in C*, where Re(z) denotes the real part of z.



Theorem 1.3.1. (compare [5, Theorem 10.4]) Let Gk (K = R or C) denote the mazimal do-
main for the system of Riccati equations in (1.7). Then Eqg e*’”(T*t)e“TXTLFt} can be expressed

as

Eq [efr(TfneuTxT | ]_—t} — P T—t)=r(T=)+p(T—tu) T X (1.9)

Vu € S(Gr(9)),t <T <t+ S and x € R} x R".

Finally, we state a theorem which makes it possible to price claims analytically, namely the

so-called Fourier pricing:

Theorem 1.3.2. (see [5, Theorem 10.5]) Let Gr denote the maximal domain for the system of
Riccati equations (1.7). Assume that f : R? — R satisfies

f(z) = /Rq e(”“L’\)T”"f()\)d)\ dz-a.s. (1.10)

for some v € Gr(T) and d x g-matriz L, and some integrable function f:R?— C, for a positive

integer ¢ < d. Then the price (1.8) is well defined and given by the formula

7T(t) — / e(j)(Tft,eriL/\)fr(Tft)+w(Tft,v+iL)\)TXt f()\)d)\ (1 1 1)
R4

Proof. The arbitrage-free price can be calculated by

m(t) = Eqg [G—T(T—t)f(XT)|ft:| =Eg [/ e—r(T—t)e(v+z'LA)TXTf()\)d)\u:t
R

q

Fubini /R Eq [ (T=0el N ¥ 7] F(3)dA
q

(1.9) / AT HIN) =r(T=0+ (Tt 0N T X F(\) 1
Ra

Fubini can be applied in the third step in the calculations above because

Eq [|e™ 0 f(xp)|| 7| = Eq [T 0| ()] | 7]

_ EQ |:e—r(T—t)| GUTXTe(iL)\)TXTf()\)d)\| ’ft:|

Ra

<Eg [/ eT(Tt)evTXT|f()\)’d)\|ft:| < 00
Re

by assumption. O



Chapter 2

One-Dimensional Heston Stochastic
Volatility Model

2.1 Introduction of the One-Dimensional Heston Stochastic
Volatility Model

In this section the famous (one-dimensional) Heston stochastic volatility model by Steven L.
Heston is introduced (compare [12]). Briefly, the one-dimensional Heston stochastic volatility
model is a generalization of the well-known Black-Scholes model, where the volatility is assumed
to be stochastic. This section is mainly based on section “10.3.3 Heston Stochastic Volatility
Model” of the book “Term-Structure Models” written by Damir Filipovié¢ (see [5, p.166-168]).

The one-dimensional Heston stochastic volatility model belongs to the class of the so-called

affine models introduced in the precedent chapter.
Now we give a formal definition of the one-dimensional Heston stochastic volatility model:

Definition 2.1.1. Let X = (X,Y’) be an affine process with state space Ry x R given by the

risk-neutral dynamics

dX; = (k‘ + /%Xt)dt + 04/ 2X:d By,

(2.1)
dY, = (r — Xo)dt + /2X, (det +/1- p2th)

for some constant parameters k,0 > 0,k € R, p € [~1,1] and two independent Brownian mo-
tions By and W;. Then the model (X,Y’) determined by its characterizing parameters (k, k, o, p)

is called one-dimensional Heston stochastic volatility model.

In the framework of the one-dimensional Heston stochastic volatility model, it is assumed that
interest rates are non-negative constants (r; = > 0) and there exists one risky asset S; = e*.

Very often this risky asset can be interpreted as a stock.

10



Hence Y; in (2.1) describes the dynamics of the log returns Y; = In S; of the risky asset .S; while

X, in (2.1) represents the dynamics of the variance of this risky asset.

Remark 2.1.2. Note that if we define the Brownian motion W; := pB; + /1 — p2W; (see also

Remark 2.2.2), the quadratic covariation can be calculated by

(dBy, dWy) = (dBy, pdB; + /1 — p>dW;)
= p<dBt, dBt> +1-— p2 <dBt, th>
-0
= pdt.

2.1.1 The CIR Process as the Variance Process in the One-Dimensional
Heston Stochastic Volatility Model

In literature, the variance process in the one-dimensional Heston stochastic volatility model
(which is given by the dynamics X;) is often called CIR process (Cox-Ingersoll-Ross process)
after the mathematicians Cox, Ingersoll and Ross who have introduced this square-root process
in mathematical finance. Before William Feller has already studied such kind of diffusion

processes named Feller processes in genetics.

Often another parametrization for this CIR process is used in literature as for example in the
paper “A Closed-Form Solution for Options with Stochastic Volatility with Applications to Bond
and Currency Options” written by Steven L. Heston (compare [12]) or in the paper “Continuous

Time Wishart Process for Stochastic Risk” published by Christian Gouriéroux (compare [9]):

The latter is used for the following considerations concerning the link between the CIR process
and the OU process (Ornstein-Uhlenbeck process) (see [9, p.178]):

The Cox-Ingersoll-Ross process satisfies the diffusion equation
d’l)t = R(a - 'Ut)dt + 6'\/U>tdBt, (22)

where (B;) denotes an univariate Brownian motion and the parameters satisfy the following
conditions: & > 0, k@ > 0 (the latter condition guarantees the positivity of the stochastic

process conditioned that the initial value vg is also positive).

In this context the parameters of the CIR process can be interpreted as follows: K denotes the

mean reversion rate, § denotes the long run variance and & denotes the volatility of the variance.

One can also mention that both the expectation and the variance of the CIR process are affine

functions of the current process value v; since

E[dvi] = &(6 — v¢)dt and  V[duv] = 6%vedt.
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2.1.2 Link between the Ornstein-Uhlenbeck Process and the CIR Process

This subsection is again based on [9, p.183-184].

Assume that an Ornstein-Uhlenbeck process is given by its dynamics dx; = exydt +nd By, where
e,n€R.

By applying Ito’s formula, the square of this Ornstein-Uhlenbeck process can be obtained as

follows:

d(x?) = 2apday + %2<d:¢t>
= 2z (exdt + ndBy) + (ndBy)
= 2ay(exydt + ndBy) + n*(dBy) (2.3)
= 2ex?dt 4 2xmdB; + n’dt
= (2ex? 4 n?)dt + 2nzdB;.

If we now define y; = 7, then the dynamics in (2.3) can be rewritten as
dyr = (2ey; +1*)dt + 21\/y;dB;.

As a next step we consider n independent Ornstein-Uhlenbeck processes with identical param-

eters
dxi:emidt+77dB; 1=1,...,n,

where the Brownian motions Bf, ¢ = 1,...,n are independent.

Then we define by z; the sum of these independent squared Ornstein-Uhlenbeck processes, hence
o= S (), -

In addition to that, we define the process B; by dB; = %, which is a Brownian motion.
To verify that B; is a Brownian motion, we apply Levy’s characterization theorem. If we can

show that (dB;) = dt, it implies that B, is a Brownian motion:

<d§t> — D ey l‘tdBt7 Z] 1 xtdB]
vV Vi
Yoiy Sy ajal (dB],dBY)
\/?t\/?t (2.4)
Zz 123 1$t$t )dt

Zt

n 7\2
EDMSICH

2t zt
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Hence we have shown that By is a one-dimensional Brownian motion.

By Ito’s formula it follows that

n n

dz = d(>_(«})?) = d((«})?)
=1 =1
= Z (2¢(z})? + n?)dt + Z 2nz}dBy)

= (262 }) —I-Zn ) dt+2n2:ﬁidBf

=1

= (2ez +nn?)dt + 2n\/Zd B,

because dB; = E"\/»tdBt & S 2idB] = /ZdB; (last step).

Considering these steps and calculations, we can state the following proposition about the link
between the CIR process (as defined in (2.2)) and the OU process:

Proposition 2.1.3. The sum of squares of n independent Ornstein-Uhlenbeck processes with

identical parameters € and n is a Cox-Ingersoll-Ross process with parameters

2
R=—2, &=2n &0=nn’ :9——%
€

2.2 Interesting Results of the One-Dimensional Heston
Stochastic Volatility Model

Proposition 2.2.1. In the one-dimensional Heston stochastic volatility model the risk-neutral
stock dynamics are given by

dSt = Sﬂ“dt + St\/ 2Xtth,

where W, denotes a linear combination of the two Brownian motions By and Wy defined by

Wy = pB+ /1 — pZWt.

Proof. By applying Ito’s formula, one can show that the risk-neutral stock dynamics are given
by

13



dS; = d(e") = €"dY; + ze" d(V;, V1)
—_——
=d(Y})
( r— X,)dt + /2X,(pd By + /1 — p2dW, ) n eYt2Xt (pdB: + /1~ p2dW)
P2 (dBe)+(1—p?)(dWr)
= St ((’I" — Xt)dt + 2Xt(,0dBt + vV 1-— Pdet)) + StXt(det + (1 - p2)dt)
= St(T‘dt — Xidt + +/ 2Xt(PdBt + 11— p2th)) + S X, dt

== St’l“dt + St\/ 2Xt(det + 1-— deWt)

=dWq

= Sﬂ’dt + St\/ 2Xtth.

Remark 2.2.2. Clearly W, is again a Brownian motion because

W) = (pBy) + (/1 — p2W,) = + (1= p)YWy) = p*t+ (1 — p*)t =t,

and then by applying Levy’s characterization theorem the assertion follows.

Remark 2.2.3. Note that 1/2X; denotes the stochastic volatility of the price process of the risky
asset.

Furthermore one can easily show that in the one-dimensional Heston stochastic volatility model
the covariation between the risky asset and the variance process can be expressed as follows:
Proposition 2.2.4. In the one-dimensional Heston stochastic volatility model, the covariation

between the risky asset Sy and the variance X, is given by

d<St, Xt> == 20'pStXtdt

Proof. The quadratic covariation between S; and X; can be calculated as follows

d<St, Xt> == St 2Xt0'\/ 2Xtd<Wt, Bt> == StO'2Xt d<th + 1-— pZWt, Bt> == 20'[)StXtdt

Bt,WLindepA

pdt

O]

With the same argumentation as above the covariation between the log return and the variance

process is examined in the following proposition:
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Proposition 2.2.5. In the one-dimensional Heston stochastic volatility model, the covariation
between the log return Y; and the variance X; does not depend on the log return Yy, it only
depends on the variance X;. The correlation between these two random variables Xy and Yy is

given by

d(Yy, Xt) = 20pXydt.

Proof. The quadratic covariation between Y; and X; is obtained by

d<th, Xt> = 2Xt0'\/ QXt d<th + v/ 1-— p2Wt, Bt> = QO'pXtdt

B¢,Wgindep.

pdt

2.3 Riccati Equations in the One-Dimensional Heston
Stochastic Volatility Model

2.3.1 Derivation of the Riccati Equations in the One-Dimensional Heston
Stochastic Volatility Model

Now the Riccati equations are derived for the special case of the one-dimensional Heston stochas-

tic volatility model.

Theorem 2.3.1. In the one-dimensional Heston stochastic volatility model, the Riccati equa-

tions can be written as

¢
o(t,u) = k/o P1(s,u)ds + rusat,

gtz/q(t, u) = o3 (t,u) + (2pous + k)1 (t,u) + u3 — us, (2.5)
Y1(0,u) = u,
Po(t,u) = us.

Proof. The Riccati equations for the one-dimensional Heston stochastic volatility model are
deduced from Theorem 1.2.1 with d =2 and I = {1}, J = {2}.

In matrix notation (2.1) can be rewritten as

dXt k + IiXt gy 2Xt 0 dBt
dX; = = dt + : .
dY% r— Xt PV 2Xt \/ 1-— p2\/ 2Xt th
—_——

=b(Xt) =p(Xt)

15



Since a(X;) = p(X)p(X) T, a(X;) can be calculated by

PR S s N> o
R W VI-2VIX, ) 0 V1-p2V2X,

N 0'22Xt 0',02Xt . 2(72Xt 2(TpXt
op2Xy p22X; + (1 - p?)2X, 200X, 22X, |

From Theorem 1.1.3 we know that the diffusion matrix a(z) has also an affine representation

(2.6)

and hence comparing (2.6) with (1.3), one can easily see that

00 202 20p 00
a = ) a1 = ) Qg = .
0 0 20p 2 0 0

Since the drift is also affine, one gets

) ae(n) () (a2

Clearly, the second and the fifth equation of (1.7) remain also the same in the context of the

one-dimensional Heston stochastic volatility model.

Since Boo = 0, it follows that %iﬁg(t, u) = 0 and hence
Ya(t,u) = const. = (0, u) = us.

Plugging age = 0 and b = (k,r) into the first equation of (1.7) leads to

0 P1(t,u)
gqﬁ(t,u) = ( k r ) ( ol ) > = ki1 (t,u) + riao(t,u) = ki (t,u) + rug,

=uso

and by considering that ¢(0,u) = 0, it follows that

t t t t
o(t,u) —/0 i(b(s,u)ds—/o kwl(s,u)ds—i—/o rqus—k/O P1(s,u)ds + ruat,

which verifies the first equation of (2.5).

Inserting a; and 1 in the third equation of (1.7) and remembering that 15 (¢, u) = ug, we show
that %wl (t,u) can be calculated from (1.7) as follows:
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0 1 202 20p 1 (t,u) 1 (t, u)
() = 5 ( Pi(t,u) Ya(t,u) ) < 20p 2 > ( bl ) ) + ( ko1 ) ( balt 1) )

2(202w1(t7u)+20mﬂ2(t:u) , 20pn (tru)+2w2(t7u))

= & | 20%63(t,0) + 20000 (1, 0) (8, u) +20p (8, 0) 0l w) 42030, w)
—— —— —

=u2 =uo :U%

+ Rwl(tu U) - ¢2(t7 'U,)

= 22 (t,u) + 20 pusthy (t, u) + ud + Kby (t, u) — us
202 (t,u) + (20pug + k)1 (t,u) + us — us.

I
S

Hence we have also proved that the second equation of (2.5) is valid. d

2.3.2 Explicit Solutions of the Riccati Equations

The idea of this approach is mainly based on [19].

The aim is to find explicit solutions for the Riccati equations in the one-dimensional Heston

stochastic volatility model:
Hence we consider the first two equations of (2.5)

t
o(t,u) = k/o P1(s,u)ds + rust, o

£t ) = R0 w) + 2oy + Rt ) + 0 o

Since 1 (t,u) is independent of ¢(t,u), we consider the second ordinary differential equation
(ODE) at first:

For notational simplicity, we define ¥ (¢, u) =: ¢;(t) and %wl (t,u) = %@bl (t) =: 11 (t) and then

the second equation of (2.7) can be rewritten as

D1(t) = gri(t) = P00 + (1) +

with v = 2pous + k and w = u% — Us.

Firstly, we consider the special case where 0 = )1 (0) = 02¢2(0) 4 v (0) + w. In this case, we
clearly get 11 (t) = ¥1(0) and therefore 11 (¢t,u) = 11(0,u) = uy. Hence in this special case we
have ¢(t,u) = kuyt + rust.
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In general let (; be a solution of the equation below:
o2 +vC +w=0.

One can easily see that (; must be of the following form

—v+ V02 — 402 —v+
G = Y Y oW _TVTF Gith 2z = V2 — 402w.

202 202

Without loss of generality, we set (1 = Cf . As a next step we consider the difference between
the stationary solution ¢; and the “true” solution 1 (t), namely A(t) = ¢1(t) — (i.

Since %Cl = 0 (per definition of ¢;) and remembering that 02¢? + v(; +w = 0 and

_ —v+z

Q=50 ez= 202(; + v, one gets

OA(t) _ 9(G1+A())
ot ot
= o+ AW + (G + A®R) +w (2.8)
= 022+ 202 A(t) + 02 A2 (t) + v¢1 + vA(t) +w
= 2 A2(t) + (20%C1 + v)A(t) = a2 A%(t) + 2A(t)

with initial condition A(0) = 1(0) — (5.

Considering Equation (2.8), namely ngt) = A(t) = 02A2(t) + zA(t), we recognize that this

differential equation has the form of a Bernoulli differential equation which can be explicitly

solved.

Substituting y(t) = A~(t) leads the following equivalent linear differential equation,
(t) = —AT2(OA() = — A2 (0P A% () + 2A(1) = —0® — 2A7H (1) = —0” — zy(t),

whose solution can be represented as the sum of the homogeneous solution y,(t) and a particular

solution y,(t) .

To solve the ODE, the homogeneous equation is considered at first:
dy(t
y(t) = —zy(t) < /yy((t)) = /—zdt < In|y(t)|=—2t+c (ceR).

Hence the homogeneous solution is given by yy,(t) = ce™*L.

Applying variation of the constant leads to the particular solution y,(t) = c(t)e™*"

By plugging the particular solution in the linear differential equation above, we get
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e(t)e ™ + e(t)e * (—2) = —0® — ze(t)e

Un(t)
& ét)e ™ = —o?
& o(t) = —e*lo?
2
o
= t - zt
c(t) —¢

Since only a particular solution is needed, the constant of integrations can be omitted. Hence

the particular solution is of the following form

o2 o?
t) = t —zt: 7zt—zt: e
wlt) = elt)e ™ = ~Zc d
All in all, we get
t o’
y(t) = yn(t) + yp(t) = ce™*" — "

Resubstituting gives us

At) = = : 2.9
T R (2.9
To determine the constant, we consider equation (2.9) for the initial value
1 1 o?
A=t ) = =L T
c—Z ! ei(0)—¢F 2
For the next step some short auxiliary calculations are needed: Since (fb is defined as Cli = _2?22 ,
it follows that Cf—cl_ = _21;‘52— o7 = 77 and hence "72 = 1+i = or equivalent %Z(Cfr—g_) =1.
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With these auxiliary calculations, A(t) in (2.9) becomes

1
(7111(0 ) e - 072
1
(1/11 <1 ) G_Zt N 0-7
C1 G
(w -G +1)e T )
C1 Cl
(c —¢r +¢1 )e a1
_ C1 Cl
$1(0) —z
(wm 5 ) el
_ G -4
C1 "Z’l( ) —z
(wl( 0—¢F 2t
_ G -G
Y1(0)\ _,
(w1(0> ) e+l
_a-d
G —(0)) .,
1= (cf—wl(O)) et
GG
1 —ae?t’
with o = S5
Hence, 11 (t) can be rewritten as
Pi(t) = ¢ + A()
G ) - )
s s (6] = (0)01 — e~
_ G =G G = i(0) —ae™* (¢ —11(0))
=¥(0) + 1—ae#t
B ¢ —¥1(0) — e *(¢T — ¥1(0))
=v1(0)+ 1—ae*t
_ (¢ = 1(0)(1 = e™))
= ¥1(0) + 1 —ae#t '
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Inserting 11 (t) into ¢1(t), ©1(t) can be rewritten in explicit form as

o(t) = k:/o P1(s)ds + rusgt
= k:/ot <1/11(0) + (G —10)a = 6—28)> ds + rugt

1—ae %3

t _ 2§
— k1 (0)t + (G — ¢1(0)) / 12O s st
=
tq1 _ —zs —2z5 _ ,—28
— kb1 (0)t + K(CT — ¢ (0)) / O T st runt
; -
t _ —ZzS
= k1 (0)t + k(¢ — ¢1(0)) / (1 + m> ds + rust
; -
t _ —zs
= b0+ K& = a0 (¢4 [ S0 4 ruae
N
t e~ %S
= kGt k(G — 1 (0))(a 1) /0 st

subs. p;:e*zs kél_t + k(Cl_ o wl(o))(a _ 1) /16 p (—1> dp + ruat

z

:kqt_k(q—m(o»“_l/j L i+ rugt

= kGt = k(G — ()" L (- (1 — ap)D

—_ _ —zt
= kG k(G (0) (AT

t
1—a )‘FTUQ

1 —ae ?t

_ k
:k‘Clt—(ﬂln< >+ru2t.

l1—a

In the last step of the equation above, we have used that

a— +— | —
(G — o)t = 4 =00 (CI ‘“(0)—1)

az z Cf—@b(o)
_ ¢ —¥1(0) — ¢ +91(0)
z
a4
- z
1
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Resubstituting gives the following explicit solutions for ¢(¢,u) and (¢, u)

— o~ (VvP—452w)t
iltyu) = (0, ) + - “33“ e g
Pa(

1— J ) —(Vv2—do2w)t
0.u)€

(Cl ¢1 (0 u))(l —e (\/ 2pouz+r)2—4o2(u2—usz))t )

11— —1(0,u) 7(\/(2pO"LL2+I€)274O'2 (uZ—u2))t
C1 —1(0, U)
(&G i (0w —(Vv2—do2w)t
B! (cffwl(o,u)) ‘

= 1/)1(0,11/) +

tu)=k(t— —1 t
¢( 7“) Cl o2 n L (Cf—ﬁbl(ovu)) + ruo
=91 (0,u)
N 1— ( Ci —dn(&u)) o—(V/(2pouz+r)? =102 (u3 —uz))t
=k(;t——In 4 910w + rugt
g

N o)

with

—(2poug + k) £ \/(2pous + k)2 — 402(u3 — ug)
202 ‘

(=

These explicit solutions gives rise to the following corollary concerning the Riccati equations in

the one-dimensional Heston stochastic volatility model:

Corollary 2.3.2. In the one-dimensional Heston stochastic volatility model, the Riccati equa-

tions in the form of explicit solutions can be written as

(G = 91(0,w) (1 = eV Oroma i i)
1 — §1 —1(0,u) —(\/(Qpauz+n)2—402(u%—ug))t

’lﬁl (t, u) = 'lbl (O, U) +

9

¢ =410, U)
. $1(0,u) —(\/(2p0u2+n)2—402(u2—u2))t
o(t,u) = k¢t — L In : <§1 wl(ﬂm) ’ 2 + rugt
’ o2 1 <<f7w1(07u)> ’
¢ —v1(0,u)
¢1(07 U) = Ui,
1/)2 (t, u) = Uu2.
with
= —(2poug + k) £ \/(2pous + k)2 — 402(u3 — ug)
T = .

202

2.3.3 Joint Characteristic Function in the One-Dimensional Heston Stochas-
tic Volatility Model

Combining Theorem 1.3.1 and Corollary 2.3.2, we are now prepared to introduce the joint

conditional characteristic function of the log price and variance process in the one-dimensional
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Heston stochastic volatility model:

Theorem 2.3.3. In the one-dimensional Heston stochastic volatility model, for all ui,us € iR,

the joint conditional characteristic function can be expressed as

E [em Xr+u2Yr

]_-t] — STt +r (T—tw) XetuaYe
where ¢(T — t,u) and Y1 (T — t,u) are given as in the last Corollary 2.3.2.

Proof. The above theorem follows from equation (1.9) and Corollary 2.3.2 by noting that
Yo(t, u) = uz. O

2.4 Pricing in the One-Dimensional Heston Stochastic
Volatility Model

Now the goal is to show how the price of a Furopean call option can be calculated in the one-
dimensional Heston stochastic volatility model (compare [5, p.158-168]).
The calculation is done by Fourier pricing which was introduced in the last chapter for affine

models in general.

The price of a European call option at an arbitrary time point ¢ < T with strike K and maturity

T is given by (risk-neutral valuation formula)

m(t) = e " TR [(Sr — K)Y| A,

As a preliminary work, the following lemma is stated and a part of it is also proved.

Lemma 2.4.1. [5, Lemma 10.2] Let K > 0. For any y € R the following identities hold:

— et i
1 (wtiN) Ko 1Hid) (K =€) Z.fw <0
— [ e v , —d =4 (e —K)T—¢e¥ if0<w<]l,
21 Jr (w+iN)(w—141X)
(e — K)* if w> 1.

The middle case (0 < w < 1) obviously also equals (K — e¥)t — K.

Now, only one case of the above lemma is proved, namely the case where w > 1. This case will
be needed in the sequel to derive the price of a European call option in the one-dimensional

Heston stochastic volatility model.

Proof. For w > 1 we have to prove that

1 ) K—(w—l-l—i)\)
Y _ Kyt = & (w+iX)y d.
(¢V = K) 27r/Re (w+iN(w—1+iN)
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Define h(y) = e "¥(e¥ — K)™. Then its Fourier transform can be calculated as
h(\) = / e (WA (eY — )Ty
R

_ / ef(eri)\)y(ey - K)dy
In K

_ /1 e—(w—1+i)\)ydy - K e—(ﬂl-i—i/\)ydy

n K In K
e~ (w—1+i\)y o e~ (w+iN)y &
o w—1414A w4 A
In In K
K —(w—14iX) K —(w—14i))
T w—1+iN  w+id

B Kf(w71+i)\) (w + Z)\) _ K,(w,pﬂ'/\) (U) — 1+ ZA)
(w11 iN(w+ N
K—(w—l-‘ri)\)

C(w =1+ i) (w+iN)

Then the fundamental inversion formula from Fourier analysis is applied:

Let g : R? — C be an integrable function with integrable Fourier transform

g = /Rq e Vg (y)dy.

Then the inversion formula

1 i T, A
holds for dy-almost all y € RY.
In this context, we get
1 ) K~ (w—1+i})
hy) = e WY (e¥ — k)t = — Ay d\
(y) = e (e’ — K) e (w—1+iN(w+iN)
K—(w—l—i—iA)

2T
1 .
v _ K +_ (w+iN)y d
< ("= K) 27r/Re (w— 1+ N (w + iN)

O]

Applying Lemma 2.4.1 we are now prepared to state a theorem about the price of a European

call option in the one-dimensional Heston stochastic volatility model.

Theorem 2.4.2. In the one-dimensional Heston stochastic volatility model, the price of a Fu-

ropean call option is given in closed form by

m(t) = e " Eg[(ST — K) | A

) / eHT—t0w+iX)+p1 (T—60w+iX) Xe (w+iNYE F()) ),
R
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where

1 K —(w—14iX)
T 2m (w+iA)(w— 14N

F
and ¢ and ¢ are given as in (2.5).
Proof. Since the exponential function is a strictly monotonic continuous function on (—oo, c0)
with values in (0, 00), it holds that VS7 > 0 Jy € R : e¥ = St.
From Lemma 2.4.1 we know that the integrable function f(\) = %% and

f(y) = (e¥ — K)* satisfy condition (1.10) of Theorem 1.3.2.
One has also to note that ¥o(T — t,0,w 4+ i\) = w + iA.

Then by applying Theorem 1.3.2, we obtain
(t) = / ATt 0urHiN) = (T—) (T 00X T e F(\) 1)
R
_ () / (AT L0+ (T4 0wHiX) Xt 2 (T—HOw+NY: F( )} 1)
R

) / (AT 0N +61 (T—E0w+N) X (wHiNYe F()) I,
R
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Chapter 3
Wishart Processes

The Wishart processes which belong to the class of affine diffusion processes on positive semidef-
inite matrices are introduced and studied in this chapter. As already discussed some chapters
before, the characterizing property of affine processes is that their (conditional) characteristic

function is exponential affine.

Henceforward, throughout the remaining chapters, the following notation is used: We denote
by S;Jr the set of all symmetric positive definite d x d matrices, by Sj the set of all symmetric
positive semidefinite matrices, by S, the set of all symmetric negative semidefinite matrices, by
S, the set of all symmetric negative definite d x d matrices and by S; the set of all symmetric
matrices with scalar product (z,y) = tr(zy). Note that the Euclidean scalarproduct of two

d x d matrices, for example u and Xy, equals the trace of their product, because

(u, X;) = Z Z uij(Xy)ji = Z(uXt)ii = tr(uX,).

From now on v/A denotes the unique symmetric positive semidefinite square root of a matrix
A.

The square root of a matrix A can be defined by applying the spectral theorem for symmetric
matrices: According to the spectral theorem there exists an orthogonal matrix Q (Q'Q =

QQT =1, where I denotes the identity matrix) and a diagonal matrix D such that
Q'AQ=D

and by defining D3 = diag(\/d,...,\/dy) one gets

=

Ar =QD:QT.

In this chapter, we consider at first the Wishart processes in the form introduced by Marie-

France Bru in 1980. Later we study the kind of Wishart processes which is used in this thesis.
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3.1 Introduction of the Wishart Process in the sense of Bru

For historical reasons, we start by presenting the approach as given in [3].

3.1.1 Motivation: Wishart Processes as a Generalization of the Famous

Squared Bessel Processes

As a starting point we consider an R"-Brownian motion By = (By 1, ..., Bi,), where By,

i =1,...,n denote independent one-dimensional Brownian motions, hence the quadratic covari-
ation is given by (By;, By j) = 1(;=j)t. Then we define a process X; by X; = || B¢||* = >_i_| B,
where || - || represents the Euclidean norm.

The stochastic differential equation of X; can be calculated by applying Ito’s formula as follows:

n n
1 Z

i=1 ij=1 —
=Li=pt

=2 En: BidBi; + i: 1dt (3.1)
=1 =1

n
=2 BydBy; + ndt.
=1

To further simplify the last equation, we define Wy := >~ | Ot HBBS ZH dBs;

< HBtu >
BSZBSZ
Bsi

/ g, U5

=HBtII2

n
D BuiBui

i=1
= = s
/0 | Be||?
t
:/ lds =t
0

and by applying the well-known Levy’s characterization theorem, it follows that W; is a Brow-

The quadratic variation of W, equals

nian motion.

27



Since X; = || B;||? and hence /X; = || By, W; can be rewritten as

Z/o ||Bt||
—Z/ “LaB,.

which can be in differential notation expressed as

th Z t X dBt i <~ v Xtth = Z Btﬂ'dBt’i. (32)
Hence (3.1) can be rewritten as

dX; =2 ByidBy; + ndt = 2/ X;dW; + ndt. (3.3)
=1

As mentioned in [3, p.725], the generator of this SDE dX; = 2v/X;dW; +ndt equals 2zD? +nD,
where D = -

If we now consider an arbitrary non negative real number § > 0, the process generated by
22D? + 6D is called a squared Bessel process BESQ(6).

In literature, for example in the book “Continuous Martingales and Brownian Motion” published
by Daniel Revuz and Marc Yor, one can find the following definition of squared Bessel processes
(see [16, p.409-410]):

Definition 3.1.1. Let B be a §-dimensional Brownian motion and define p = || B||?>. For every

0 € N and = > 0, the unique strong solution of the equation

t
Zt:.l‘—|—2/ \/stﬁs—i—ét,
0

where

B = Z/Sw%

is called the square of §-dimensional Bessel process started at x and is denoted by BESQ(9).

According to [3, p.725], the density of a Bessel process BESQ(d) with initial value Xy = x is
given by a Bessel function with Laplace transform

E[e Xy =2] = (1+ 2>\t)7%e_%. The density of a Bessel process equals a non-central
x?-distribution.

Instead of vectors, Marie-France Bru has considered matrices of independent Brownian motions.

To be more specific, we now take a look at a sample (By,...,B,) of R? Gaussian vectors and

28



denote by B a matrix of dimension nxd with the vector B; in the i-th row. Then the matrix B' B
follows a so-called Wishart distribution! which is a natural generalization of the well-known y?

distribution. The density of the Wishart distribution equals a Bessel matrix function.

Remark 3.1.2. Note that in this setup, the input of generating a Wishart distribution are
Gaussian vectors. Later we will see that there exists also a more general possibility to generate
a Wishart process, namely by taking squares of Ornstein-Uhlenbeck processes. Clearly, these

Ornstein-Uhlenbeck processes are still kind of Gaussian but they include an additional drift.
That is the intuition why Marie-France Bru has started to examine extensions of squared Bessel
processes, to be more precise matrix versions of them.

In her paper she has defined Wishart processes step by step. At first she has considered simple

versions of them, and in each section she has generalized them (see [3]).
At the beginning she has defined Wishart processes as follows (see [3, p.726-727]):

A Brownian matrix is a process taking its values in the set of real-valued n x d matrices whose

components are independent Brownian motions.

Let n and d be two integers > 1, and N; be a n X d Brownian matrix with initial state Ny = C.
Definition 3.1.3. A Wishart process in the sense of Bru of dimension d, index n and initial
state xq is a matrix process

X, =N'N, with z=C"C. (3.4)

This Wishart process is denoted by WIS (n,d, z).

Remark 3.1.4. If we set d = 1, we get the special case of a squared Bessel process W1S(n, 1, zg)

of index n and with starting value x.

Since we have already motivated the topic of Wishart processes, we start by studying the most
general version of the Wishart process introduced in [3]. Later we will also examine less general

versions of Wishart processes by introducing them as special cases of the most general one.

3.1.2 The (most general) Wishart Process studied by Bru

In this subsection, a Wishart process determined by five parameters is studied. As already
mentioned, this Wishart process presents the most generalized version of the Wishart process,
which is examined in section “Five-Parameter Wishart Processes; Square Ornstein-Uhlenbeck
Processes - Matrix Case” in [3, p.745-749].

!The Wishart distribution was first mentioned and introduced by John Wishart in his paper “The generalised
product moment distribution in samples from a normal multivariate population” published in 1928 (compare
[18]).
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The setting of this Wishart process characterized by five parameters can be summarized as

follows:

Denote by V; a n x d matrix of stochastic processes which is a solution of the following stochastic

differential equation
dVy = dNya + Vibdt, Vo = v, (3.5)
where (V) is a n x d Brownian matrix (matrix of independent one-dimensional Brownian

motions) and a and b denote d x d matrices.

Then we define the matrix-valued process
X, =V,'"V (3.6)
with initial value zg = UOT 0.

The dynamics of X; are examined in the following proposition:

Proposition 3.1.5. Let b € §; . The dynamics of the matriz process X; are given by

dX; =a'dN," Vi + V,"dN;a + (bX; + X;b)dt + na ' adt. (3.7)
Proof. To verify (3.7), we examine the dynamics of X; component-by-component at first: For
that we have to note that the (i, j)-th component of X; is obtained by (X¢)i; = > r_1 (V;")it(V2) ;-

Then by applying integration by parts formula, the dynamics of the (7, j)-th component of the

matrix-valued process X; are given by

n

d((Xe)ig) =AY (Vi )i(Ve)y)

k=1

d((V;D)ir(Vi)ij)

I
NE

b
Il
—

(3.8)

I
NE

(A )i (Ve + (VD )i (Vis + UV iws (Vi)

>
Il
—_

AV )i (Vs + > (Vi )ad(Ve)wg + D d{(Vi ity (Vi)s)-
k=1 k=1

I
M=

e
Il
—

Now we do some auxiliary calculations:

Therefore one has to note that the (7, j)-th component of V; can be written as

d
(dV)i; = (dNya)ij + (Vibdt)i; = > (dNy)gay; + Z (Vi)arbujdt.
=1 =1
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Moreover, since V,' is determined by dV;" = aTdN," + bV, dt, the (i, j)-th component of V,"
is given by (thT)ij = (aTdNtT)zJ (bTV;t Jijdt = Zl 1(a )il(dNtT)lj + Z?ﬂ(bT)il(V}T)l]’dt-

The first term of the last row of (3.8) can further be calculated by

d
Zd VD) (Vo) Z (Z(a (AN )i +Z ma det> (Vi)k;

=1

n d n d
ZZ )it (AN )ik (Vo) ZZ )it (Ve ik (Vo) rjdt
—1 k=1 I=1

k=11 (3.9)
= (a"dN/ Vi)ij + (0T V" V)it
= (aTdN, Vi)ij + (b Xy)ijdt
= (a"dN, V3)ij + (bXy)ijdt,
where the last step follows because b € S .
It follows by the same step that for the second term of equation (3.8) we get
n n d d
Z(V}T)ikd(vt)kj = Z(V}T)ik (Z(dNt)klalj + Z(%)klbljdt>
k=1 k=1 =1 =1
n d n d
= Z (ViD)ik(dNp) a; + ZZ )ik (Vi) kibijdt (3.10)
k=11=1 k=11=1
= (V;"dNza)sj + (V;' Vib)jdt
( dNta) (th)ijdt.
Considering the last term of equation (3.8), namely the quadratic covariation, yields
n d d
Zd (ViD)is (Virg) <Z )it (AN )i, Y (AN) k’mamj>
k=1 k=1 \i=1 m=1
n d d
=3 D) (a aam( dNtT)lka(dNt)km>
k=1 I1=1 m=1 (dNt)
n d d
= 2 ; mZ:1 Jit@m; ((AN) k1, (ANE) ) (3.11)
T - :1(l:m)dt
n d
= Z Z(a—r)ilaljdt
k=1 1=1
= (aTa)ijdt
k=1
n(a’a)yd

because the deterministic terms (dt-terms) vanish in the quadratic covariation.
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Plugging (3.9), (3.10) and (3.11) into (3.8), (3.8) can be rewritten as

d((Xt)z]) = (CLTdNtTV%)ZJ + (bXt)ijdt + (V;TdNta)ij + (th)ijdt + n(aTa)ijdt
= (a"dN;Vp)ij + (V,"dN;a)ij + (bX; + Xib)ijdt + n(a” a)jdt.

Hence for the d x d matrix-valued stochastic process X; it holds that
dX; = a'dN, Vi + V,"dNya + (bX; 4+ X;b)dt + na ' adt.

O]

As a next step we define a stochastic matrix by dB; = / X; 'V,TdN;a(VaTa)™! with n > d +1
and show that this stochastic matrix is a d X d Brownian matrix. In addition to that, also the

SDE fulfilled by the matrix process X; is derived in the subsequent proposition:

Proposition 3.1.6. Let X; be given by (3.6) withn >d+1 and letbe S .

The d x d matriz process given by
dB; =/ X;'V,"dNa(VaTa)™!

is a d X d Brownian matriz. With this definition of the Brownian matriz By, the matrix process

X, solves the stochastic differential equation

dX; =/ XidBVaTa+VaTadB \/X; + (bX; + X;b)dt + na'adt,  Xo=1z0. (3.12)

Proof. By applying Levy’s characterization theorem we show at first that the d x d matrix B

equals a Brownian matrix.

By noting that the (7, j)-th entry of the matrix B, is given by its dynamics

ABei = 3 S (VX Vi@V mg(a(VaTa) .

m=1 g=1

we obtain for the quadratic covariation
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)_l
>—‘

(VX VD (y X Vi ia(a(VaTa) g (alVaTa) ™)t dd(N g (Ne)uao)

=L(m,q)=(u,w)dt

m=1g—1
_y (VX i/ X m)i(((m) a7 sa(VaTa) V) dt
m=1 g=1

To prove the second part of the above proposition, one has to note that B;r is governed by its

dynamics

B[ = (VaTa)™)TaTdN, (V;") (/X )T
= (VaTa) ta"dN Vi / X1

Therefore one can verify that (3.12) is true by

dX; = /X dBVaTa+ VaTadB /X, + (bX; + X;b)dt + na' adt

= X/ X7 W, dNa(VaTa) " WaTa+ VaTa(VaTa)ta dN Vi / X7/ X,
+ (X, + X;b)dt 4+ na " adt
=V,"dNia + a"dN,"V; + (bX; + Xyb)dt + na' adt,

which was proved in (3.7). O

We can now state an important general existence theorem about the SDE (3.12):

Theorem 3.1.7. (see [3, Theorem 2"]) If « € Ag ={1,...,d—1}U(d — 1,400), a is in the
group of invertible d x d matrices, b € S, , xg is in Sj and has all its eigenvalues distinct, and

(By) is a d x d Brownian matriz, then on [0,7) (T denotes the first eigenvalue collision time),
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the stochastic differential equation
dX; = /X dBVaTa+V a—radBtT X+ (bXy + Xib)dt + aVaTadt, Xo=z9 (3.13)
has a unique solution (in the sense of probability law) if b and Va'a commute.

After stating the last theorem, we can formally give a definition of this class of Wishart processes:

Definition 3.1.8. A matrix process on S; governed by the stochastic differential equation
given in (3.13) with initial value X = z¢ is called Wishart process in the sense of Bru with
index «, dimension d, initial state xzp, and matrix parameters b and a. According to [3], this

stochastic process is denoted by WIS(a, b, a,d, z).

3.1.3 Characteristic Function of this most general Wishart Process
introduced by Bru

In this subsection, the distribution of X; for fixed ¢ is studied. Since it is a well-known fact
that the distribution of a random variable/process is uniquely determined by its characteristic

function, the characteristic function is now given in the following theorem:
Theorem 3.1.9. (see [3, p.749]) If (X;) € WIS(a, b,a,d,xg), where o € Ay, a is in the group

of invertible d x d matrices, b € S;~ commutes with vV ala,zg € SIJF, u € 1Sy, the characteristic

function of the stochastic matriz-valued process X; can be expressed as

Elef“Xt| Xo = z0] = E[e!“X0)| X = )
_ (det b—l(b + uaTa - uaTaeth))—%etr(ebta:oebtb(b—&—uaTa—uaTae%t)’1u). (314)

Remark 3.1.10. Since (3.14) can be rewritten as

E[etr(uXt)|X0 _ xO] _ eln((det b’l(b—l—uaTa—uaTaeth))_%)+tr(ebtzoebtb(b-‘raTa—uaTae%t)’1u)
)

one can easily see that the characteristic function is exponential affine in the initial state zg

and hence, by the definition of affine processes studied some chapters before, it follows that the

Wishart process WIS(«,b,a,d, ) defined in Definition 3.1.8 is an affine process.

3.1.4 Literature Review of Wishart Processes introduced by Bru

As previously discussed, Marie-France Bru has introduced in her paper [3] Wishart processes
step by step, which means that by starting with simple versions, she has defined them more and
more generally. We will now give a short overview of the different forms of Wishart processes

she has studied but in this thesis we examine them from the opposite direction:
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While Marie-France Bru has used an inductive way to introduce Wishart processes, we will now
shortly study them from an deductive perspective. In other words, we will examine the less

general forms by regarding them as special cases of the most general one.

If we restrict the d x d matrices a and b to be only one-dimensional parameters v and (3, we are in
the case of section “Five Parameter Wishart Processes: Square Ornstein-Uhlenbeck Processes -
Real Case” of [3, p.743-745], where the following kind of Wishart processes WIS(a, 8,7, d, x¢)

is studied.

Denote by V; a n x d matrix process which fulfills the stochastic differential equation
dVi = vdN; + pVidt, Vo = vo, (3.15)

where N; is a n X d Brownian matrix, vg is a n X d deterministic matrix, v € R, 8 € R_. Then

we define the matrix-valued stochastic process X; by X; = VtTVt with initial value zg = v(;r 0.

Proposition 3.1.11. Letn > d+ 1. The d x d matriz process By governed by

dB; = \/ X; 'V, dN;

s a d X d Brownian matriz.
With this definition of the Brownian matriz By, the matriz process X; is a solution of the

following stochastic differential equation:

dX; = v(/ XdB; + dB;r\/Xt) + 28X dt + ny2Idt, Xy = xo. (3.16)

Proof. The proposition above follows by considering Proposition 3.1.6 for the special case where

the d x d matrices a and b are replaced by the real-valued parameters « and (. ]

Similar as before, we obtain the following theorem:

Theorem 3.1.12. (see [3, Theorem 2']) If (Bt)i>0 is a d x d Brownian matriz, then for all
vy eR, BeER, and x¢ € S; with distinct eigenvalues labeled A1(0) > ... > Ag(0) > 0, the

stochastic differential equation
dX; = y(V/XdBy + dB / X3) + 28X dt + ary? Idt (3.17)

has
e a unique solution in Sy (in the sense of probability law) if « € (d —1,d+ 1) and
e g unique strong solution in SJJ“ ifa>d+1.

The eigenvalues of such a solution never collide: a.s. for allt >0
Al(t)>...>)\d(t)20, )\d(t)>0 ’if a>d+1
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and satisfy the stochastic differential system

A + A
RALY

d)\,-:2\//\7dvi+afy?dt+26)\idt+722)\ ot
i Nk

ki
where v1(t),...,v4(t) are independent Brownian motions.
In such a way the Wishart process in the sense of Bru with index «a, dimension d, initial state
xo, and real parameters 3 and v, denoted by WI1S(a, 3,7, d, x), is defined.

As in the previous subsection, the distribution of X; for fixed ¢ can be determined by its

characteristic function as stated in the following corollary:

Corollary 3.1.13. (see [3, p.749]) If (Xy) € WIS (o, B,7,d,x0) where a € Ag, B € R_,v €R,

g € SC'ZH, u € 1Sy, the characteristic function of the stochastic matriz-valued process Xz is given

by
E[e(u,Xt>|X0 — ﬂUo] - ]E[etr(uXt)|X0 = xo]

= <det <ﬁI+ 7Pu— eyt \ eBe?Pttr(zo (BI+y u—e?Pty?u) ~tu)
3 .

(3.18)

If we consider the special case where the drift of (3.5) vanishes and the volatility is assumed to
be the identity matrix, which means that we consider a purely Gaussian case, we are in section
“Generalization. The WIS(a,d, x¢) Process” of [3].

Hence by choosing the d x d matrix a to be the identity matrix I and the d x d matrix b to be
the null matrix, (3.5) simplifies to

AV, = dN,, Vi = .

Therefore in this framework, X; simplifies to X; = NtT Ny, Vo = vo.

Remark 3.1.14. Clearly, setting v = 1 and 8 = 0 in Proposition 3.1.11 and Theorem 3.1.12,

these statements are also valid for this setup.

Remark 3.1.15. As already mentioned before, Marie-France Bru has started by introducing the
Wishart process for integer-valued index n, later she has replaced the integer-valued index n by
a real-valued index a. If we set v = 1 and 8 = 0 and assume that the index « is integer-valued

in (3.17), we are exactly in the case where the matrix-valued process X; is of form (3.4).

There exists extensive literature on the subject of Wishart processes. Some authors have also
tried to introduce and examine Wishart processes from a point of view strongly related to affine

processes which has become more and more popular.

In the subsequent section we state the definition of the Wishart process which will be used

during this thesis.
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3.2 The kind of Wishart Processes studied and examined in this

thesis

According to Eberhard Mayerhofer for example (see [14, p.6]), the concept of Wishart processes

can be introduced and defined as follows:

Definition 3.2.1. Let v X denote the unique, positive semidefinite matrix square root on the
space of symmetric positive semidefinite d x d matrices Sj. Let X, M be real valued d x d
matrices, d > d— 1. As Wishart process we define the stochastic process given by the stochastic

differential equation
dX; = VX dB, X+ X TdB VX, + (0278 + MX, + X, M ")dt, Xo=z€S8f, (319

where B is a standard d x d Brownian motion matrix.

Hence a Wishart process is characterized by its parameters (0, M, 3).

Remark 3.2.2. Comparing (3.19) with (3.13), we see that these two definitions of Wishart
processes are quite similar. If we set X = VaTa and M = b in (3.19), only the constant part of
the drift differs in these two dynamics. But there is also a difference in the domain of definition
of the characterizing matrices. While Marie-France Bru has assumed that b € S; and b and
VaTa commute, we do not make such restrictions on the corresponding matrices M and ¥ in
the Wishart process (3.19) used in this thesis.

Hence the Wishart process defined in (3.19) presents an even more general form than the

Wishart process in the sense of Bru studied in the last section.

As a next step we examine the uniqueness of the solution of the Wishart process given in (3.19)
(compare [14, p.15]): For that we suppose that Xy = x is positive definite in (3.19). Then,
according to [14], there exists a unique strong solution of the Wishart process as long as X;
does not hit the boundary. This first hitting time of the boundary is defined by

T, := inf{t > 0| det(X) = 0}.

If the boundary is never reached by the stochastic process, which means that T, = oo, unique

strong solutions of the Wishart process always exist.

There exists an important relation between the first hitting time and the dimension d and the

constant part of the drift 4, which is mentioned in the subsequent theorem:

Theorem 3.2.3. [14, Theorem 3.1.] Suppose § > d+ 1. Then T, = oo almost surely.

Summarizing all these facts leads to the following important corollary:

Corollary 3.2.4. If § > d+1, then there exists a unique strong solution of the Wishart process
as given in (3.19).

In the next proposition the distribution of the Wishart process in (3.19) is stated:

37



Proposition 3.2.5. The Wishart process as defined in (3.19) follows a non-central Wishart

distribution 2

3.2.1 Motivation and Introduction of the Wishart Distribution

At first, a motivation of the Wishart distribution is given (compare: [14, p.2-3]):

Denote by &1, ..., & a sequence of independent R%valued random variables which are normally

distributed with mean vector p; € R? and covariance matrix X.

Then the random variable defined by = := §1§1T .+ fkﬁl;r follows a Wishart distribution,

i.e. I'(p,w;o), with scale parameter p :=

centrality w := Zle gy -

2, Shape parameter o := 23 and parameter of non-

Before a formal definition of the Wishart distribution is given, the Laplace transform is cal-
culated for a special case of the Wishart distribution, namely for the case of one-dimensional
random variables (d = 1).

In this case the Laplace transform can be easily calculated as follows:

Ejeu7] = e dn
\/ 2%
—<1+2Eu)n +2nu] u?
s dn
7(1+22u)2n2+2(1+22u)7]u]-7(1+2Eu);4]2-
— 25 (1+250) dn
V2rX
—((1+2Eu)n—uj)2—22uu§
- - / e 25 (1+25u) dn
V2rX
1+22u 77(1“'22”)_#]' )2_ u/:.?
1+25u T+25u dn (3_20)
\/ 2ry
1+22u My )2 up?
= e—mdn
\/ 2ry
W? 1 1 Lz (Y
= ¢ 1f2%u 7 e 2= \" 15 dn
1+ 2Xu by
2T o5
(x)=1
2 —
ef(u,uj)(H»QEu) 1
= - u>0
(14 2%u)z
(*) integral over the density of a standard normal distributed random variable N (5 s T +§Eu)

2This so-called non-central Wishart distribution is introduced and studied in the subsequent subsection

38



Under the assumption that &, ..., & are independent, one gets

k
Ele"®] = Efe T €] = [[ Ele &)
=1

—(up2)(1+25u) 1 e—u(l—i—?Eu)’l Zle u2 e—u(l—&-au)’lw

:He - - ,

2 (142202 (14 2%u)? (1+ ou)

NI

where we used that o = 2¥ and w = Zle pip; as defined before for the case where d = 1.

If we now assume that d > 1, the positive random variable Z becomes a positive semidefinite
symmetric d X d matrix. Then a possible formal definition of the Wishart distribution is the

following (see [13, p.1]):

Definition 3.2.6. The general non-central Wishart distribution I'(p,w;o) on the cone S; of
symmetric positive semidefinite d x d matrices is defined (whenever it exists) by its Laplace

transform
L(T(p, w; 0))(u) = (det(I + ou)) Pe truron ™ w) =y e gt (3.21)

where p > 0 denotes its shape parameter, o € S;lL is the scale parameter and the parameter of
non-centrality equals w € 8;.

In the special case where w = 0, I'(p; o) := I'(p,0; 0) is called the central Wishart distribution.
Remark 3.2.7. For the setup of the Wishart process as defined in (3.19), we have to set p = g.

Remark 3.2.8. The central Wishart distribution was first mentioned in “The Generalised Prod-
uct Moment Distribution in Samples from a Normal Multivariate Population” (see [18]) written
by J. Wishart in 1928.

Remark 3.2.9. Comparing (3.20) with (3.21), one can again see that the first equation is a
special case of the second equation.
At the end of this subsection about the Wishart distribution, we take a brief look at the existency

of the Wishart distribution:

Proposition 3.2.10. [14, p.3-4] For invertible o, the central Wishart distributions I'(p; o) =
I'(p,w = 0;0) exist if and only if p belongs to the Gindikin ensemble, which equals the set

1 d—1 d—1
Ay = — e, —— — .
e ol O ()

Equivalently, the right hand side of (3.21) is the Laplace transform of a distribution on Sc'l|r if
and only if p € Ag.

The following properties concerning the non-central Wishart distribution are taken from [13,
p.3-4]:
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Before stating this proposition, some notation has to be introduced: We denote by 88; the
boundary Sj \S&H. Then for k =1,2,...,d—1, D) C 88; describes the d x d matrices whose
rank is less or equal to k.
Proposition 3.2.11. /13, Lemma 2.2.] Let p € Ag,0 € S and w € S] . We have
o Suppose w = mm' for m € R? and set ¥ := . IfY ~ N(m,%), then X := YYT ~
I‘(%,w; o) is supported on D;.
o Ifp< % and rank(w) < 2p, then the right hand side (3.21) is the Laplace transform of

a probability measure supported on Day,.

o Ifp> %, then the right side of (3.21) is the Laplace transform of a probability measure
L(p,w;o) on S .

e In particular, if p > % and if o is invertible, then the density of T'(p,w; o) exists.

3.2.2 The CIR Process as a Special Case of the Wishart Process

This subsection deals with an interesting relationship between the Wishart process and the CIR
process. But before deducing this relation, the dynamic of the CIR process is given here once

more:

The Cox-Ingersoll-Ross process (CIR process) satisfies the diffusion equation

d’Ut = /?5(9 — 'Ut)dt + 5’\/@ch
where (B;) denotes an univariate Brownian motion and the parameters satisfy the following
conditions: & > 0, k6 > 0.

We now consider a Wishart process with diagonal matrices M and X. The result will be that
this special case of a Wishart process can be seen as a multidimensional CIR process. The idea

of these considerations is mainly based on [2, p.6]:

If the matrices M and ¥ in the Wishart dynamics (3.19) are restricted to be diagonal matrices
(hence M can be written as M = diag(Mi1, ..., Mgq) while ¥ can be written as
Y =diag(X11,...,%44)), the dynamics of the diagonal elements given in (3.19) simplify to
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(dX1)ii = dXp 50 = (VXedBy)iiSii + (1) (dB) v/ Xy)ii
+ (6(ETE)M + M (Xy)is + (Xt)u(MT)u) dt

= (VX:dBy)ii%ii + (E)m(\/)TtT dBy)ii + (0(2%)i; + My (Xe)ss + (Xe)ii(M);) dt
—_——

=VX
= 2% (V/ XedBy)is + (0(52)5 + 2Mi(Xy) s )dt (3.22)

d

=25 | > (VXD dB)ki | + (6(5)ii + 2M;i (X, )ii)dt
[ e
=(VXt)ki

d
=2%4 (Z thi(dBt)kz) + (0(22) 5 + 2Mi (Xy)is)dt.

k=1

Define a vector of d independent Brownian motions (Z;) = (Z;1, Zt2, ..., Zt.4) by

Ml

(dZy); = dZs; = X1, (dByg) i)

k:l

To verify that (Z;) is a vector of d independent Brownian motions, we show by applying Levy’s

characterization theorem that its quadratic covariation ((dZ;), (dZ;);) = 1(;—j)dt:

d
((dZy)s, (dZy) ;) = tvioors IZ Xt (dBt)ki)s \/ (Xt) Z Xtm] (dBt)mj))
k=1

d

TG S S VT, (@B, (@B

k=1m=1

=L(k,5)=(m,j)dt

d
1 -1
=V(X0i VXDi >V XV XLy dt

d
-2
=V (Xt)u Z V Xtik thj]‘(i:j)dt
k=1
(X2)i) ™ (VX X1)ij izt

(Xe)ii)H (Xp)ijLizjdt
(i=) At

o~~~

Il
=

Hence (Z;) denotes in fact a vector of independent Brownian motions.
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Then note that

Xty (dBt)ki)- (3.23)

M&

d
—1
(dZs)i =/ ( Z Xt]m (dBp)ki) & v (Xe)ii(dZy)i
k=1

k:l

With this definition of the Brownian motion vector (Z;) and (3.23), (3.22) can be rewritten as

d
(dXy)ii = 254 <Z thi(dBt)ki> + (0(X%) 4 + 2Myi (X, )i )dt
k=1

= 2%V (X1)ii(dZy); + (6(2%) s 4+ 2Mii(Xy)i4)dt.

(3.24)

So, considering the dynamics of the diagonal components of the Wishart process with diagonal
matrices M and X, we see that each of them can be interpreted as the dynamics of independent

5(22)i;

Cox-Ingersoll-Ross processes with parameters o = 23;;, kK = —2M;; and 0 = —=; .

Hence this important relation is summarized in the following proposition:

Proposition 3.2.12. In the simple case where the matrices M and X are restricted to diag-
onal matrices in the Wishart process, the diagonal components of the Wishart process become

independent Cox-Ingersoll-Ross processes characterized by the following parameters

o = 22“‘7 k=—-2M;; and 0= — oM, .

Hence the Wishart process is a direct multivariate extension of the well-known CIR process
which has been introduced for modeling the variance of the one-dimensional Heston stochastic
volatility model; with the concept and setup of a Wishart process it is possible to increase the
dimensionality of risk. In the subsequent sections and chapters, one of our aims is to replace
the one-dimensional volatility (for example in the one-dimensional Heston stochastic volatility
model) by a volatility-covolatility matrix. This step allows us to define so-called multivariate
affine stochastic volatility models, for example the multidimensional Heston stochastic volatility

model. One of the advantages of these models is that there still exist closed-form solutions.

But before doing so, we will state the characteristic function of the Wishart processes used in
this thesis:

3.2.3 The Characteristic Function of Wishart Processes

This section is mainly based on Section 2.2 of the paper “On the existence of non-central Wishart
distributions” written by Eberhard Mayerhofer (see [13, p.4-5]).

As already mentioned in Chapter 1 for the case of vector-valued stochastic processes, a process

is called affine, if its characteristic function is exponential affine in the state variable. Expressed
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more mathematically, one has the following definition of multidimensional affine stochastic

processes (which may be a repetition for most of the readers):

Definition 3.2.13. A stochastically continuous (Markov) process X on S;r is called affine, if

its conditional characteristic function can be written as
E[e<u,Xt>|XO — $] — e¢(t,u)+<¢(t,u),w> (325)
witht e Ry, z € Sj and u € 1Sy.

From this definition we can draw the following conclusion:

Proposition 3.2.14. The so-called characteristic exponents ¢ and 1 in the above definition,

satisfy a system of generalized Riccati equations

with F, R being of a specific Lévy-Khintchine form.

Theorem 3.2.15. (see [13, Definition 2.3.]) An affine process X is a Wishart process on
Sd+ characterized by its parameters (6,%, M), if its characteristic exponents (p, 1) satisfy the

following Riccati equations

ot u) = 6(STS, 0t w),  ¢(0,u) =0,
Dt u) = =20t w) ST S(t, u) + (t, u)M + M T(t, u), »(0,u) = u.

Before stating the theorem about the characteristic function of Wishart processes studied in my

thesis, according to [13, p.5], two functions have to be introduced:

e let w}M be the flow of the vector field Mx + 2 M defined by

w RxSF—SF, wM(z) = eMigeM Tt
e the corresponding integral o : Sj — 8; for t > 0 is defined by

t
oM Ry x ST — S5, oM(z) = 2/ wM (z)ds.
0

We are now prepared to state the characteristic function of the Wishart process:

Theorem 3.2.16. (see [13, Proposition 2.5.]) Let X be a Wishart process. Then the charac-
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teristic exponents ¢, take the form

o(t,u) = glog det(I+uoM(2'Y)),

U(t,u) = eMTt(u_1 + af\/l(ETE))_leMt.

Consequently, the characteristic function of X is given by

N[

E[e(X0|Xg = o] = (det(I— o (5T 2)u)) * e (It ET0m @)y € iy (3.26)
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Chapter 4

Multidimensional Heston Stochastic
Volatility Model

After introducing Wishart processes in the last chapter we are now prepared to introduce the
multidimensional Heston stochastic volatility model.

In the setup of a multidimensional Heston stochastic volatility model, the corresponding stochas-
tic covariance process follows a Wishart process. Hence, in other words, the CIR process as
variance process in the one-dimensional Heston stochastic volatility model is now replaced by
the Wishart process as covariance process in the multidimensional Heston stochastic volatility
model.

This stochastic covariance process as a process of Sj should give the possibility to reflect the
stylized facts of financial data, like the volatility smile, in the model. In addition to that it

should also enable to capture the dependence structure of different assets.

Since the joint conditional characteristic function of the multidimensional Heston stochastic
volatility model is exponential affine, the multidimensional Heston stochastic volatility model

belongs to the class of affine processes.

But before studying the multidimensional Heston stochastic volatility model, multivariate affine

stochastic volatility models will be introduced and defined in general.

4.1 Introduction of Multivariate Affine Stochastic Volatility
Models

In this section matrix-valued affine processes on S; will be introduced and studied; to be more

concrete, so-called multivariate affine stochastic volatility models will be defined.

This section is mainly based on “Chapter 5: Multivariate Affine Stochastic Volatility Models”
in [4] written by Christa Cuchiero.
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Consider a model for a d-dimensional logarithmic price process whose risk-neutral dynamics are

given by

1
dY; = <r]1 - 2dz’ag(Xt)) dt+ /X dW;,  Yo=uy,

where W, denotes a standard d-dimensional Brownian motion, r the constant interest rate, I
the vector whose entries are all equal to one and diag(X;) the vector containing the diagonal

entries of X.

Then we consider the i-th component of the logarithmic price process, denoted by Y;; := (Y7);

and which can be written as

1
dY;; = (dY:); = <(7“H)z' - 2Xt,ii> dt + (v/ X dWy);

d
1
- iXt,iidt + ; V Xt AWy j.

Then component-by-component, for all 7, j € {1,...,d}, the quadratic covariation of this process

can be calculated as

d(Yis, Vi) = Z VXt i Wi m, Z VX1, dWi )

d d
Z Z \/)thm\/ftjn <th,ma th,n>
—_———

m=1n=1
:l(mzn)dt

I
M= 3§

VX \/thm dt
:mm]

= (VX Xy)ijdt

= Xt7ijdt.

1

.
Il

So we have now shown that (Y} ;, Y},j> = Xj;; and therefore for the stochastic covariation process
it holds that

Y,Y) = X.

In our framework a multivariate affine stochastic volatility model is defined and characterized
by its joint characteristic function of the logarithmic price process and its covariation process:
(compare [4, p.144-145]):
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It is assumed that the d-dimensional asset price process (S;):>0 is given by
S, = etV t>0

where 7 denotes the constant nonnegative interest rate and (Y;):>o denotes the d-dimensional
discounted logarithmic price process which starts at ¥y = y € R? a.s. Then, clearly the dis-
counted price process equals (eYt)tZO. Henceforward, without loss of generality and for ease of
notation, we assume that the interest rates are 0. As already mentioned, we denote by (X¢):>0

the stochastic covariation process taking its values in S; and starting at Xg =z € Sj a.s. .

According to [4, p.145], in the context of a multivariate affine stochastic volatility model, the
joint process (X¢, Yz)i>0 with state space D := Sj x R? has to fulfill the following two important

assumptions:

o (X4, Yi)i>0 is a stochastically continuous time-homogeneous Markov process on D :=
S x R?

e The characteristic function of (X¢,Y;) has exponential affine dependence on the initial
states (x,y), that is, there exist functions (¢,u,v) — ®(t,u,v) and (t,u,v) — ¥(¢,u,v)
such that

B[00+ X = 1, ¥y = 3] = {t,u 0)eln Ve (11)
V(z,y) € D and Y(u,v) € iSg x iR?

Remark 4.1.1. Considering (4.1), we see that in the above definition we have ®(¢,u,v) instead
of e?(t:u?) a9 defined before. The reason for this is that it is still an open question if O(t, u,v)
may also take the value 0. Therefore in literature one can often also find this slightly “different

parametrization” of the characteristic function.

At the end of this section we state a theorem about important properties of multivariate affine
stochastic volatility models (see [4, p.146,Theorem 5.1.2.])

Theorem 4.1.2. Let (1,u,v) € Ry x iSg x iR? for some T > 0 and suppose that
E[etT(UXT)-i-UTYT |X0 — 0’ )/b — O] ?é 0.

Then, fort,s > 0 such that t +s = 7, we have (T,u,v) € Ry x iSg x iR?, (s, U(t,u,v),v) €
R, x iSy x iR? and

Bl X0+ Y X, = 0¥, = 0] #£0  and [ VEe0X)t0 Yo X — 0¥, = 0] # 0.
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Moreover, the functions ® and ¥ satisfy the semiflow equations, that is

O(t + s,u,v) = O(t,u,v)P(s, ¥(t,u,v),v),
U(t+s,u,v) = ¥(s,V(t,u,v),v),

and the derivatives

0P (t,u,v oV (t, u, v
F(u,v) := (8t ) o and R(u,v) := (8t ) o

exist and are continuous in (u,v). Furthermore, fort € [0,7), ® and ¥ satisfy the generalized

Riccati equations

0

—®(t,u,v) = P(t,u, v)F(¥(t,u,v),v), ®(0,u,v) =1,
%t (4.2)
alll(t,u, v) = R(U(t,u,v),v), U(0,u,v) = u.

Remark 4.1.3. If we consider ¢(t,u,v) = log ®(t,u,v), the first generalized Riccati equation in
(4.2) turns into

0 b 1 9
70t w ) = 5. (log ®(t,u, v)) = Wa@(t,u,u)
- W‘P(t,wv)F(‘lf(t,u,v),v) = F(U(t,u,v),v)

(4.3)

with ¢(0,u,v) = In ®(0, u,v) = 0.
—_————

=1

4.2 Introduction of the Multidimensional Heston Stochastic
Volatility Model

In this section the multidimensional Heston stochastic volatility model used in this thesis is

introduced.

As the following definition shows, the multidimensional Heston stochastic volatility model is
characterized by the dynamics of a d-dimensional logarithmic price process and by the dynamics

of the covariance process which follows a Wishart process.

Definition 4.2.1. Let W denote a standard d-dimensional Brownian motion, denote by I a
vector, whose entries are all equal to 1, and by diag(X) a vector containing the diagonal entries
of X. In addition to that let B be a standard d x d Brownian matrix (a d x d- matrix which
contains independent one-dimensional Brownian motions as its entries), M a d x d matrix and

> an invertible d x d matrix and let § > d + 1. Then the dynamics in the multidimensional
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Heston stochastic volatility model are given by

1
dY; = <—2dz’ag(Xt)> dt +/XedWy,  Yo=uy,
(4.4)

dX, = (52T2 + MX, + XtMT> dt + /X, dB,% + ST dB /Xy,
where
dW; = dBip + dZi(1 — p" p)

with Z being an R%valued Brownian motion, independent of B and p being an R%vector. In
addition to that we assume that without loss of generality for the deterministic matix X it holds
that ¥ = VXY which means that the matrix ¥ is symmetric.

Remark 4.2.2. The multidimensional Heston stochastic volatility model defined above is ex-
actly the “Wishart Affine Stochastic Correlation Model” which has been introduced by José Da
Fonesca and Claudio Tebaldi in their paper [7] published in 2007 (see Appendix A).

Three years before, Christian Gouriéroux and Razvan Sufana were one of the first mathemati-
cians who have defined and investigated multidimensional stochastic volatility models (see also
Appendix A). The main difference between the multidimensional stochastic volatility model
introduced by Fonesca and Tebaldi and that introduced by Gouriéroux and Razvan is the corre-
lation between the Brownian motions: While Gouriéroux and Sufana assume that the Brownian
motion of the log return is independent of the Brownian motion of the covariance process, there

exists a correlation between those in the model studied by Da Fonesca and Tebaldi.

4.3 The Characteristic Function of the Multidimensional
Heston Stochastic Volatility Model

This section is based on [4, p.163-164].

In the multidimensional Heston stochastic volatility model the solutions of the Riccati equations

d

@%tuav) Ot u ) (65T (1w, 0)),

U (t,u,v) T LT T T
s = 20w )T St u ) + e+ W(Lu )BTt £ M)y

d
1
T T I
+ (vp' B+ M V(t,u,v) — B 21 vi(eie; ),
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are given by
U(t,u,v) = (ulia(t,v) + oot v)) (w2, v) + Uai (¢, 0)),

D(t,u,v) = exp (/Ot tr(0% T 2w(s, u,v))d3> : (4.6)

where
\Illl(t, U) D) (t, U) ET,O’UT + M —2xTy
=expit| | 7 d T T T :
Va1 (t,v) Waal(t,v) s(wo =3y vileie; ) —(vp ¥+ M7)

After having stated the solutions of the Riccati equations in the multidimensional Heston
stochastic volatility model, we are now able to mention the theorem about the characteris-

tic function in this model:
Theorem 4.3.1. In the multidimensional Heston stochastic volatility model, the characteristic

function of (X,Y:) can be written as

E[e(u’Xt>+vTYt|X(] — Yy = y] _ E[etr(uXt)-f—vTY}|X0 =x,Yy= y]

4.7
_ q)(t, u, U)etr(\ll(t,u,v):c)-l—v-ry’ ( )

Y(z,y) € D and ¥(t,u,v) € Ry xiSg x iR?, where the explicit solutions of the Riccati equations

are given as in (4.6).

Remark 4.3.2. If we set

in (4.7), we obtain the characteristic function of the Wishart process as stated in (3.26).

Remark 4.3.3. Comparing (4.2) with (4.5), it follows that in the multidimensional Heston

stochastic volatility model

vi(eiez—-r)
1

d
1
R(u,v) := 2uX"Yu + §UUT +u(ETpoT + M)+ (vp" S+ M u—

| =

]

and
F(u,v) == tr(6% Zu).

These two functions will play an important role in Chapter 6 of this thesis.
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Chapter 5

Relationships and Results
concerning the Multidimensional
Heston Stochastic Volatility Model

In this chapter we will focus on interesting properties of the multidimensional Heston stochastic
volatility model. A relation between the multidimensional Heston stochastic volatility model

and the one-dimensional Heston stochastic volatility model is also derived.

5.1 The Multidimensional Heston Stochastic Volatility Model

Considered Componentwise

Let us recall the notion of the multidimensional Heston stochastic volatility model introduced

in the last chapter:

In this chapter we assume again that the interest rate equals 0. Then the dynamics in the

multidimensional Heston stochastic volatility model are given by

1
dy; = —idz’ag(Xt)dt + v/ XedWr, Yo =,

(5.1)
dX, = (52T2 +MX; + XtMT) dt + /X dB:S + 2T dB] /X,
where
th = dBt,O + dZt(l — pT,O) (52)

with Z being an R%valued Brownian motion, independent of B, and p being an R%vector.
Without loss of generality we assume again that ¥ = VX TX.
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Before stating the first proposition of this section, two random variables BF, W[ are defined in
the following way:

Let e, denote the k-th unit vector. In addition to that let 6 > d + 1 and X be invertible such
that ¥~ and X! are well-defined.

Then define B by

i -1
BY :/ VXowh e VX ABNVETS e 1/ (ST
0
i -1
-1
=/ VXsik  (VXdBVETE ) A/ (BTE)
0
and W} by

t —1
VVtk::/0 \/e;—Xsek e;—\/XdeS
t
:/0 \/Xs,kk_l(\/Xdes)k-

Proposition 5.1.1. Let § > d+ 1 and X be an invertible matrix.
Then for all k,1 € {1,...,d} the quadratic covariation of BF and B! is given by

1 —1
(dBf,dBl) = \/Xe e Xeww vV ED(EDn Xip(S?)widt. (5.3)

For the special case where % is assumed to be of diagonal form, Bf and Bé are uncorrelated.

Moreover, the quadratic covariation of WF and W} is obtained by
—1
(W[, aW]y = /Xy e Xeu  Xe pidt. (5.4)

Remark 5.1.2. We assume that § > d+ 1, because then a unique strong solution of the Wishart
process is guaranteed (see Corollary 3.2.4), which does not hit the boundary (see Theorem
3.2.3).

Proof. In differential notation, we have

71 —
dBf = /Xomr  (VXdBVETE) o/ (ST5) i
d d _
-1

1

1
=1 m=1

and
AW} =/ Xt,klc_l(\/ X dWh) g
d
= VX YV X dWei
=1
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At first, the quadratic covariation of Bf and B! is studied

d d 1
(dva dBé> = < Xi k’k (Z Z thldBt zm\/i > (ETE)kk ,
1 m=1

(2

d d -1
oo DY VXudBjVETS |\ (ST >

j=1g¢=1

-1 1
= m*mw ST \/(sz)
Z Z Z Z \/Ekl thj ik DY ql <dBt im» dBt ]q>

i=1 m=1 j=1 q=1

=1(i,m)=(j.0) 4
1 d d
= VX ETDRETD Y VeV K VET S VETE,
i=1 m=1
4, d d
o anan \/ETE er(ETD 0 Y| VX VX | D | VET S0k VET Sy | dit
=1 :‘;{t—/ m=1 :_?;
- il - m

=/ Xt,kat,ll_l\/(ETZ)kk(ETZ)Zlil(\/Z\/Z)kl(v YTEVETE) pdt

—1
—1

= /X Xeu \/(ETZ)kk(ETZ)ZZ (X)) (2T ) pdt
—1 —1

= VX Xen VE)(E)n X (ZH)pdt.

(5.5)

If 3 is restricted to be a diagonal matrix, (5.5) simplifies to

—1 —1
(dBf,dB)) = \/XesuXenw VED(Z)y Xew (EHudt =0 VE#£1,
N —

=0

because 2 remains a diagonal matrix and therefore (32)z; = 0.
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Then the quadratic covariation of W} and W} for all k,1 € {1,...,d} is examined
1 1

(AW, awf) = <\/Xt,kk >V XudWei /Xew Y thjdwt,j>
i=1 j=1

d d
:\/Xt,kkilx/Xt,llilzZ XV Xty (Wi, dWy 5)
—_— ——

i=1 j=1
=L(i=y)dt

d
—1
= /Xt e Xeu E X V Xy di
=1

=vXiy

=/ Xt,kk;Xt,u_l(\/ X/ Xi)mdt
= /X Xen Xy pdt.

O]

Corollary 5.1.3. The random variables Bf and W[ are both one-dimensional Brownian mo-

tions if 6 > d+ 1 and X is invertible.
Proof. The property of the two random variables BF and W} being both one-dimensional Brow-
nian motions can be concluded from equation (5.3) and (5.4):

If we can show that the quadratic variation <Bf> = t, by Levy’s characterization theorem it

follows that Bf is a one-dimensional Brownian motion (the same holds for W}).

Hence, to get the quadratic variation of BF, we set k = [ in (5.3):

—1 —1
(dBf,dBf) = (dBf) = /Xe Xk VEDe(E)re Xo ok (E7)radt

= (Xt k) (Z)h) ™ X i (B gt

= dt.
Therefore we have now shown that BF is a one-dimensional Brownian motion.
Then the quadratic covariation of W} is examined: Again setting k = [ in (5.4) yields

-1
(AWE, AW = (dWF) = /Xy e Xopre Xppidt

= (Xppr) ' Xp prdt
= dt.

Since (WF) = t, it follows by the same step that also W} is a one-dimensional Brownian

motion. OJ
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As a next step we are now prepared to consider the multidimensional Heston stochastic volatility

model component-wise:

Theorem 5.1.4. Let § > d+ 1 and X be invertible. Then componentwise, the dynamics in the

multidimensional Heston stochastic volatility model can be written as
X = (X0 = (8T + (X)) + (XM ) )

+/ Xt,kkdBf\/@TZ)kk + \/ ST ek dBE v/ X1 gk (5.6)
_ (5(2T2)kk F(MX ) + (XM kk) dt + 21/ (ST e/ X pwd B

and
Ay 1= (Y = — Xopadt + /Ko (5.7)
with
-/ X e KBTS e [T )
= /Ot NGt (\/)TSstx/ﬁ)kk (ET3) ke
and

t —1 t
:/0 \/el Xser e;\/XdeS:/O Voo (VX AW,

being both one-dimensional Brownian motions.

Proof. Clearly, to get the (k, k)-th component of the Wishart matrix Xy, one has to multiply it

with two unit vectors, once from the left and once from the right:
(dXt)kk = 6];rdXt€k
=] (52T2 + MX, + XM ) exdt + ef /Xy dB,Sey, + ef ST dB] \/Xyex

= (ST + (MX )k + (XM )er)dt + (VX dBE) e + (STdBI /X (5-8)
= (6(2TS) ke + (MXp)pr + (XM D i)dt + (VX dBiX)pr + (V Xid By
= (6(XTS)k + (MX) it + (X, M o)t + 2(\/ X dB,Y)

The penultimate step follows since

(STdB /X)) = (2TdB/ Xt ek = (VX dB2) Nk = (VX1 dByX)
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Plugging the Brownian motion Bf (BY is given by dBf = , /Xt7kk_1(\/XtdBt\/ETE)kk \/(ETE)kk_l)

into (5.6), one obtains

dXypr = <5(2T2)kk + (M X¢)kk + (XtMT)kk> dt + +/ Xt,kk:dBtk\/(ETE)kk + \/(ETE)kkdBf VXt kk
_ (5(2Tz)kk +(MX0)ws + (XtMT)kk> dt
~1
-1
Vo Ko (VEABVETD) i/ (ETD /(5T

+ \/(ETE)kk \/(ETE)kk_l (VX:dBVETE) i/ Xt,kkil vV Xkk
- (5(2T2)kk + (MXy)pe + (XtMT)kk> dt + (v/XdB; VETS) i + (VX:dB; VET )i

b =X

- <5(2T2)kk F(MX ) + (XtMT)k,k> dt + 2(v/ X, dBiS) .
(5.9)

The first equation (5.6) of the theorem is now verified since (5.8) and (5.9) are equivalent.

Similarly as before, to get the k-th component of Y;, one has to multiply it with the appropriate

unit vector
1
(dYy)r = e,IdYt = eg(—gdmg(Xt)dt) + ez(\/Xtth)
1,
= —§(dzag(Xt))kdt + (VX dWy)g (5.10)

1
= _iXt’kkdt + (\/ Xtth)k-

Plugging in the Brownian motion W} (dW} is given by dW} = \/Xt,kkil(\/Xtth)k) into
(5.7), one gets

1
dYy, = _§Xt,kkdt + /X dWE

1 -1
=-3 skt + X/ Xk (VX dWi)s, (5.11)

1
= —§Xt7kkdt + (\/ Xtth)k-

Since (5.10) and (5.11) are equivalent, we have now also proved the second equation (5.7). O

We can now proceed by stating the following definition:

Definition 5.1.5. We call the one-dimensional model determined by the dynamics in (5.6)
and (5.7) the k-th marginals of the multidimensional Heston stochastic volatility model. In
other words, each of the diagonal element of the Wishart process X, in combination with the
corresponding component of the logarithmic price process Y;; represents the k-th marginals

(Xt kk, Yz1) of the multidimensional Heston stochastic volatility model.
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As a next step the correlation between X j;, and Y;; is examined:

The result will be that the [-th component of the d-dimensional logarithmic price process and
the (k, k)-th diagonal element of the covariance process is independent of any component of the
logarithmic price process; it only depends on the stochastic covariance process which is in our
case given by the Wishart process.

At this point we should mention that this property is valid for affine models in general.

But before stating this important theorem, as an intermediate step the correlation between Bf

and W} is considered:

Proposition 5.1.6. The correlation between the Brownian motion BF and the Brownian motion

W} is determined by

—1
-1
(dBF,dW}) = /X Xewr /(ST Xe(Sp)rdt. (5.12)

Especially, the correlation between the Brownian motion BF and the Brownian motion W[ does
not depend on Xij; and is given by
-1
(dBf, dWE) = \/ (ST (Sp)rdt. (5.13)

Proof. The quadratic covariation between Bf and W} can be calculated as
(dBF,dW}) = <«/Xt7kk (VX dBVSTS (2T, ,/Xt 0 (VX dW) >
Ll d 1 Ll
<\/Xt e Y Y (VX (dB)iVET S )\ (ST ke 5 v/ Ko D thq<th)q)>
q=1

=1 m=1
. . 1 d d d
=VXiwe VXa VETDm DD VX VET S/ Xy {(dBy)im, (W) ).
1=1 m=1q=1

(5.14)

Now as an auxiliary calculation we focus on the last term of the above equation.
In the third step of the subsequent calculations one has to remember that, per definition, Z; is

independent of B;:
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((dBt)im, (AW4)q) = ((dBt)im, (dBip)q + (dZi(1 = p" p))q)

((dBt)im, (dBtp)q) + ((dB)im, (dZ:(1 = p' p))q)
0

= ((dBt)im; (dBip)q)
d

= ((dB1)im> »_(dBt)gjp;)

7j=1

d
Z dBt zma dBt)q]>

=1(i,m)=(q,5)dt

Therefore (5.14) can be simplified to

1
(dBE. AW = /Koo VKot A (ST ek

d

d d
Z Z Z thz mk\/ythpj Z dBt zm, dBt)q]>

=1 m=1¢g=1

=1, m) (a,5)at

= VXewn Xty \/ (BT Z Z VX VET S/ Xy pmdt

i=1 m=1
X 4 d d
= VX Xen A\ (ETE)rk ;( X VXty;) mZ:l T8k pm)dt
- = thl N - ETka

1
—1
= VXt Xty A\ ETD) e (VXN X)u(VETEp)dt
1
—1
= VX Xen (ETE) Xeu(Ep)rdt.

For the special case where the quadratic covariation of BF and W} is considered, we obtain by

setting k = [:

1
-1
<de{€7thk> = \/m (ETZ)kk Xthk;(Ep)kdt
1
= (X)) N ET) e Xppr(Sp)ndt

(TS (o)t

O]

After formulating the last proposition we are now prepared to state the following important

theorem:



Theorem 5.1.7. The quadratic covariation between Xy and Yy is given by
(AX4 ko, dYyy) = 2X¢ 1 (Xp)rdt,

which means that it does not depend on the logarithmic price process Yy, it only depends on the

stochastic covariance process Xy pi. In particular, for k =1:

(dXtpr, dYig) = 2 X ke (Xp)rdt. (5.15)

Proof. Considering that the “dt-terms” (deterministic terms) vanish under the quadratic co-

variation, the correlation is given by

(X1, dYyy) = <2\/Xt,km/(zT2)kkdBf, \/Xt,udwt’>
=2/ Xt o/ X/ (ST (dBY, dW]) (5.16)
-1
5.12 -1
(.12 2/ X ik Xeai\) (CT2) it/ X Xen A/ (BT ke Xpu(Sp)rdt

= 2X; 1 (Xp)rdt.

Especially, setting £ = [ in (5.16), the quadratic covariation between X, and Y;j can be
determined by

(dXt gk, dYig) = 2 X ke (Xp)rdt.

5.2 The One-Dimensional Heston Stochastic Volatility Model
as the Marginals of the Multidimensional Heston Stochastic
Volatility Model

In this section we choose the matrix M appropriately in the dynamics of the marginals of the
multidimensional Heston stochastic volatility model given by (5.6) and (5.7) such that we get

the special case of a one-dimensional Heston stochastic volatility model.

But before doing so, we set the dimension d =1 in (5.1). Then we obtain the one-dimensional
Heston stochastic volatility model with a slightly different parametrization as introduced some

chapters before: To be more precise, under the assumption that d = 1, the dynamics given in
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(5.1) simplify to

1
dY; = —§Xtdt + v X dWy,

(5.17)
dXy = (0%% + 2M X;)dt + 25/ X1 d By,
where dW; = pdB; + (1 — p*)dZ;.
In addition to that, if d = 1, the quadratic covariation of W; and By is determined by
dWdBy = (dWy, dBy)
= (pdB; + (1 — p*)dZ;,dBy)
= (pdBy, dBy) + (1 — p*)dZy, dBy) (5.18)
- p<dBtv dBt) + (1 - pZ) <dZt7 dBt>
=0
= pdt.
For notational convenience we set 0 = X, p = p, k = 0%2 and k = 2M.
Then (5.17) and (5.18) can be rewritten as
dXt = (k + KXt)dt + 20’\/ XtdBt,
1
dY; = —iXtdt + v/ X dWy, (519)

dWydB; = pdt
with k,0 > 0,k € R.

The one-dimensional model (X,Y") given by (5.19) and determined by its characterizing param-

eters (k, k, 0, p) is called one-dimensional Heston stochastic volatility model.

Remark 5.2.1. This parametrization of a one-dimensional Heston stochastic volatility model as

given in (5.19) will be used in the remaining sections and chapters.

In the one-dimensional Heston stochastic volatility model determined by (5.19), the covariation

between the log return Y; and the variance X; is given by
d(Y:, Xy) = 20/ X/ Xi(dBy, dWy) = 20 Xy pdt (5.20)
and does not depend on the log return Y;.

Now denote by O the zero matrix (matrix which contains 0 in each component). If in equation
(5.6) the deterministic matrix M is chosen to be the zero matrix (M = ), we are in the case
of the one-dimensional Heston stochastic volatility model, which is the idea of the following

theorem:
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Theorem 5.2.2. Let 6 > d+1 and X be invertible. Setting the deterministic matric M = Q in
(5.6), the marginals (X;;,Y;) of the multidimensional Heston stochastic volatility model simplify
to the well-known one-dimensional Heston stochastic volatility model. Hence each component
(in the diagonal) corresponds to a one-dimensional Heston stochastic volatility model with the

following characterizing parameters

(Xp)i

VETD):

k‘i = 5(ETE)“, KR = O, o; = (ETE)“ and ﬁl =

Proof. If M equals the zero matrix, the dynamics of the (i,4)-th component of the multidimen-

sional Heston stochastic volatility model (5.6) can be simplified to

X = (6(ST2)it + (OX0)ii + (X0 i) dt + \/Kead By (STS)is + 1/ (STS)ud B/ Ko
- (5(2T2)ii) dt + 21/ (ST)iin/Xrid Bl

(5.21)

Comparing (5.19) with (5.21), the parameters of the one-dimensional Heston stochastic volatility
model can be determined as follows: k; = 6(XTX);, x; = 0 and 20; = 2\/(ZTE)y =

O; = \/ (ZTZ)“
And finally, comparing (5.20) with (5.15), we see that

2X:4i(Xp)idt =200 X sdt < 0ipi = (2p)is
and hence by noting that o; = /(X 73)4, it follows that

(Zp)i _ (Zp)i

(oF} \/(ZTE)““

pi =
O

The statement about the last theorem is still true if we consider the more general case where

the deterministic matrix M is assumed to be of diagonal form:

Theorem 5.2.3. Let § > d+ 1 and X be invertible. If the matriz M is restricted to be a di-
agonal matriz (M = diag(My, Ma, ..., Mg) = diag(Mi1, Maa, ..., Maq)), the multidimensional
Heston stochastic volatility model considered component-by-component still simplifies to the one-

dimensional Heston stochastic volatility model with the following characterizing parameters

/ . Xp)i
ki =4 ZTE i and R; = 2Mii and g; = ETZ i and ; = ¥
| ) ( ) ’ (XT8)u
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Proof. Plugging M = diag(Mi1, Mas, ..., Mgg) into the dynamics of the (,7)-th component of

the multidimensional Heston stochastic volatility model (5.6), we get

X = (55T + M Xesi + XoaiMit ) dt v/ Xeiad B/ (ST + 1/ (ST)ud B /Ko

_ (5(ZTE)M i 2MiiXtm~) dt + 21/ (ST%)ii/Xpud B,

As before, the parameters can be determined: k; = 5(ETE)ii, ki = 2M;; and o; and p; stay the
; - TSY.. = (Zp)i

same as before, which means that o; = \/(X'%);; and p; = Toon O

Remark 5.2.4. This interesting relationship between the multidimensional Heston stochastic

volatility model and the one-dimensional Heston stochastic volatility model can also be derived

by considering their characteristic functions instead of the dynamics as we have done it before:

At first we choose u and v to be of the following form

O 0 O @]
u=1 O wuy O and v=| v
O 0 O @]

(so u denotes the d x d matrix which has wu; as its (i,7)-th entry and otherwise only 0; v
denotes a d-dimensional null vector with the exception that its i-th entry equals v;). As a
next step we plug them into the equation of the characteristic function of the multidimensional
Heston stochastic volatility model as defined in (4.7). In other words, we have to consider
BlewiXuiitviYei| X o = 245, Yo = y;]. In addition to that the deterministic matrix M has to be
chosen appropriately as before, which means that in the first case we set M = O and then in the
second less restricted case we set M = diag(Mi1, Mo, ..., Myq). If we then simplify the right
hand side of (4.7) and compare this term with the characteristic function of the one-dimensional
Heston stochastic volatility model, the parameters as specified in Theorem 5.2.2 or Theorem
5.2.3 could be determined as well.

So to summarize, there exist two different ways to derive the relationship between the marginals
of the multidimensional Heston stochastic volatility model and the one-dimensional Heston

stochastic volatility model, either by studying their dynamics or their characteristic functions.

As we have seen in the previous examinations, vanishing a linear drift (M = Q) or choosing the
matrix M to be only of diagonal form is a possibility to get a one-dimensional Heston stochastic

volatility model out of the marginals of the multidimensional Heston stochastic volatility model.

It is a known fact that if one changes the probability measure under Girsanov’s theorem, the
drift of the stochastic process changes. Hence, by applying Girsanov’s theorem, we get the
desired drift:

This result is stated in the following theorem proved by Eberhard Mayerhofer in [14, p.17-18]:
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Theorem 5.2.5. (see [14, Theorem 4.1.]) Suppose X is a Wishart process with parameters
(6, M, X)), where ¥ is invertible, and let Xg =z € SC'[. For 62 € R and a d x d matriz MQ, we

set
- 5 o0 -
Y= VXM — (MYT)m (2 -5 ) No ol

and

=€ (— /O t tr(vsst)) ,

If min(g, ?) > %, then Z; is a martingale on [0,T], and B;@ := v + By is a Q-Brownian

motion on [0,T]. Furthermore Xy is a Wishart process with parameters (5Q, MQ, %) under Q.
Remark 5.2.6. Clearly Q is defined by dQ = & (— fOT tr('ysst)) dQ = ZrdQ.

Hence by applying Theorem 5.2.5, under the equivalent probability measure @, the dynamics

of (3.19) can be written as

dX; = /X dB2S + 27T (dBY] /X, + (0957% + MOX, + X, (M%) T)dt. (5.22)

By noting that v,/ = (E_l)T(M—MQ)\/Xt—FE\/Xt_l(% - ?), expression (5.22) can be verified

because

dX; = /X dB2S + 2T (dBY] /X, + (69578 + MOX, + X, (M) T)at
= /X (pdt +dB)E + 27 (v dt + dB] )X, + (69578 + MOX, + X, (M) T dt
5Q

- VX, ((mmﬂ — MYz 4 (g - 2) \/)Tt_lzT> dt + dBt> 5

2

+x7 <<(21)T(M ~ MY VX, + VX, (5 - ‘f)) dt +dBj) VX,

+(000Ty + MOX, + X, (M) T)dt

. Q
=Xy (MT — (MY "dt + <g — 2) 2T8dt + /X1dB;%

; 5 o0 ; ; ;
+ (M- MYXdt + 278 (2 — 2) dt +XTdB /X, + (69272 + MOX, + X,(MQ) Tat

= VX dBX +XTdB /X + (62TY + MX, + X, M ")dt,

which equals exactly the Wishart process given in (3.19).

Remark 5.2.7. Clearly, Theorem 5.2.5 is also valid if we restrict M Q to be only of diagonal form

which we denote by MS ag”
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Hence by applying Theorem 5.2.5, we get the desired diagonal form of M Q (denoted by Mg “ g),

which yields to a one-dimensional Heston stochastic volatility model.
This important result is stated in the following theorem:

Theorem 5.2.8. Define v; by

3 _ 5 6Q —1
Yt = \/Xt(MT — (M;Q,;ag)T)E 1 + (2 - 2) \ Xt ET.

Considering the dynamics of (3.19) under the equivalent probability measure Q given by

5 T
d@ =€ <—/0 t"“(’)/sst)> d@v

the marginals (Xii, Yii) of the corresponding multidimensional Heston stochastic volatility
model belong to a one-dimensional Heston stochastic volatility model with characterizing pa-

rameters

(Xp)i

VETD)u

diag,ii’

g; = (ZTZ)”' and ,(N)Z =

Remark 5.2.9. Clearly, the multidimensional Heston stochastic volatility model under the equiv-

alent probability measure Q is given by

1 N
dY; = (—Qdiag(Xt)> dt ++/ XtthQ, Yo=y

X, + X, (M2

— (05T Q
ax; = (69Tx + M Q.

2, )T)dt+ V/XdBPS + 3T (aBY)] VX,

where
AW = dB2p + dZ2(1 - pp)

with 7@ being an R%valued Q-Brownian motion, independent of BQ and p being an R%-vector.

Remark 5.2.10. If we start under the physical measure with a multidimensional Heston stochas-
tic volatility model, there always exists some equivalent measure change such that we end up in
the setting of Theorem 5.2.8 and have risk neutral one-dimensional Heston stochastic volatility

models for each marginal.
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Chapter 6

Small-Time Asymptotics for Implied
Volatility

In this chapter the small-time asymptotics for implied volatility in different stochastic volatility
models are studied. At first a one-dimensional Heston stochastic volatility model is considered

and then the marginals of the multidimensional Heston stochastic volatility model are regarded.

Martin Forde and Antoine Jacquier have examined the small-time asymptotics for implied
volatility under the one-dimensional Heston stochastic volatility model in their paper [8]. In
the second section of this chapter we summarize important results concerning this topic. And
finally, in the third section of this chapter, we show that these statements and theorems are
also valid in a more general framework, namely for the marginals of the multidimensional
Heston stochastic volatility model defined in (5.6) and (5.7). In other words, we assert that
the results proved in [8] by Martin Forde and Antoine Jacquier are independent of any choice
of the deterministic matrix M in the dynamics (5.6) of the multidimensional Heston stochastic
volatility model regarded component-wise.

Note that also Elisa Alos has studied small-time asymptotics of option prices for the Heston

stochastic volatility model by using Malliavin calculus (see [1]).

Now in the first section of this chapter we define the implied volatility:

6.1 Short Introduction of the Implied Volatility

It is a well-known fact that a popular possibility to price a European call or put option is to
use the famous Black-Scholes formula. So if the Black-Scholes formula is applied for pricing
purposes, one has to plug in the interest rate, the strike, the current value of the underlying,
the maturity of the option and the volatility to get the price. The four former quantities can

be easily observed in the market.
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In reality, the price of a European call or put option is quoted in the market. It may now
arise the question which volatility has been used to get the quoted market price. This input is
called implied volatility. So in financial mathematics, “the implied volatility is the volatility of
the underlying which when substituted into the Black-Scholes formula gives a theoretical price

equal to the market price.” (see, [17, p.130])

More mathematically, the implied volatility can be defined as follows in the below-mentioned
framework (see [15, p.220)):

Let us consider a European call option with exercise price K, maturity 7" and time 7 =T — ¢
to the maturity 7. Assume that the current market price Cj" can be taken as an input due to

the fact that it can be observed in the market.
Definition 6.1.1. The implied volatility at any time point ¢ < T, denoted by &y, is derived
from the non linear equation (the well-known Black-Scholes equation)

Ctm = St<1>(d1(5t, T, &t, K,T‘)) — KeiTT(P(dQ(St,T, &t, K, T‘)),

with

ln(%) +(r+ %02)7'

dy(s,7) = e

and

dg(S,T) = dl(S,t) —U\E,

where the only unknown quantity is 6y.
This means that the implied volatility &; is the value that, when put in the Black-Scholes

formula, results in a model price equal to the current market price of a call option.

Remark 6.1.2. The implied volatility can equivalently be defined by the corresponding price
of a European put option. Due to the put-call parity relationship, the implied volatility of a
Furopean call option coincides with that of a European put option. Very small differences may

be caused by the bid-ask spread.

6.2 Small-Time Asymptotics for Implied Volatility under the
One-Dimensional Heston Stochastic Volatility Model

This section which covers the small-time asymptotics for implied volatility under the one-
dimensional Heston stochastic volatility model is mainly based on the paper [8] published by

Martin Forde and Antoine Jacquier.

The most important results of their studies are summarized:
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Theorem 6.2.1. (see [8, Theorem 1.1]) Consider the one-dimensional Heston stochastic volatil-
ity model given by the following dynamics

dXt = (k + /‘iXt)dt + 20’\/ XtdBt,

1

dYy; = —§Xtdt + X dWy,

dWdBy = pdt,
with Xo =2, Yo =9,k <0,k >0,0 >0, |p| <1 andk > 202, so that X = 0 is an unattainable
barrier, where Wy and By are two correlated Brownian motions. Then Y; — y satisfies a Large

deviation principle (LDP) as t — 0, with rate function A*(x) equal to the Legendre transform
of the continuous function A : R — RT U {cc} given by

A(p) = el for  pe(p-,py)

20(\/1 = p? cot(op\/1 — p2) — p) (6.1)

=00 for  pé(p-,p+),

where the following table shows how to compute the values of p— and p4:

p p— b+
arctan (7le~_ﬁ2> 7r+arctan(7“lﬁ_ﬁz>
<0
a\/lfﬁQ O’\/l*ﬁQ
— _ T T
— 20 20

—m—arctan <7vlpf’52> arctan <7vlpf’52>
oy/1-p2 oy/1-p2

>0

Remark 6.2.2. The Fenchel-Legendre transform A* : R — R of the function A is defined by

AN (z):= sup {pxr—A(p)}, Vz € R.
pE(p—p+)

Martin Forde and Antoine Jacquier have proved the above theorem in their paper [8] by applying
Gértner-Ellis Theorem. (An explanation of the Gértner-Ellis Theorem and the corresponding

relevant definitions can be found for example in [8, Appendix A].)

The important issue is to show that

i FVi—y) —

lim ¢ log E[e ] =Alp), (6.2)
Remark 6.2.3. Note that (6.2) is equivalent to show that

limtlogEle?Yt] = A
lim ¢log E[e ™| = A(p) + py,
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because

—_ 7 B(thy) —_ 7 ,Ey Ey't 7 ,Ey EYt
A(p) = lim ¢ log E[e ()] — lim ¢ log (e E[e? ]) Ii 0t<log(e ") 4 log(E[e” ]))

t—

T _g Byt):_ . 2y,
_%E}%t( ty—i—logIE[et ] py~|—%1_1)1%tlogE[et ].

Then one can show that Y; — y satisfies a Large deviation principle as ¢t — 0 with rate function
equal to the Legendre transform of the continuous function A. Equation (6.2) will play an

important role in the subsequent section.

As a next step we study an application of the last theorem, namely the pricing of out-of-the-
money call and put options of small maturity.
But before doing so, some terms used in the subsequent theorems and corollaries are repeated:

the moneyness and out-of-the-money/ in-the-money/ at-the-money call and put options

A call option is called out-of-the-money (in-the-money) if its strike price K is greater (smaller)
than the market price of the underlying asset; therefore for out-of-the-money call options we
get K > 5, = & >1=log(£) > 0.

Contrary, a put option is called out-of-the-money (in-the-money) if its strike price K is smaller
(greater) than the market price of the underlying asset; therefore for out-of-the-money put
options we have K < 5; = S% <l= log(%) <0.

Moreover, an option (put or call) is called at-the-money if the strike price equals the market

price of the underlying asset, hence K = S%.

We are now prepared to state the following corollaries about the pricing of out-of-the-money

call and put options (compare [8, Corollary 2.1 & 2.2]):

Corollary 6.2.4. The small-time behaviour for out-of-the-money call options on S; = e¥* can

be written as
—lim tlog E[S; — K|T = A*(m),
t—0

where m = log(sﬁo) > 0 is the log-moneyness.

Corollary 6.2.5. The small-time behaviour for out-of-the-money put options on Sy = e¥* can

be written as
—limtlog E[K — S]]t = A*(m),
t—0
where m = log(sﬁo) < 0 is the log-moneyness.

Knowing the rate function A*(m), according to Martin Forde and Antoine Jacquier, one can

also determine the asymptotic implied volatility:
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First we state a theorem which covers the implied volatility of a European call option which
is not at-the-money (hence in-the-money or out-of-the money). Secondly, a theorem about the

small-time implied volatility of at-the-money options is mentioned.

Theorem 6.2.6. (see [8, Theorem 2.4]) Let m = log (%) be the log-moneyness. We have the
following asymptotic behaviour for the implied volatility o = o¢(m) of a European call option
on Sy = ¥t with strike K = Spe™ and m € R,m #0, ast — 0

I(m) = limoi(m) = m

0 V205 (m)’

(6.3)

Theorem 6.2.7. (see [8, Theorem 2.5]) Let m = log (SEO) be the log-moneyness. The asymp-

totic implied volatility I1(m) has the following expansion around m = 0

I(m) =z (1 + %ﬁz + (214 - 5’8;32> 22+ O(z3)> , (6.4)

where z = 22

Remark 6.2.8. Considering expression (6.3) and (6.4), the interesting property is that in the
representation respectively expansion of the asymptotic implied volatility of the European op-
tions k and x do not play a role. Hence these two expressions, namely (6.3) and (6.4), do not

depend on the drift of the considered model.

6.3 Small-Time Asymptotics for Implied Volatility under the
Marginals of the Multidimensional Heston Stochastic
Volatility Model

As previously discussed, the aim of this section is to prove that for the marginals of the multi-

dimensional Heston stochastic volatility model, as given in (5.7) and (5.6), it holds that

lim € log E[ee_lpyf’i] = A(p) + pyi, (6.5)

e—0

with A(p) as defined in (6.1) and y; being the initial value of the i-th component of Y;, where

the parameters are matched as already shown in the last chapter.

Remark 6.3.1. To verify that (6.5) is valid, we will at first consider and examine the following

expression
liﬁn%elogE[e<571"’X€>+€71”TY€] (6.6)

in the setup of the multidimensional Heston stochastic volatility model.

By choosing u to be the d x d null matrix (v = Q) and v to be a d-dimensional vector whose
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entries are all equal to 0 except for the i-th component which equals p, expression (6.6) simplifies
to the left hand side of (6.5).

If we can show that (6.5) is valid, the results proved by Martin Forde and Antoine Jacquier
which we have summarized in the last section are also applicable for the marginals of the

multidimensional Heston stochastic volatility model as defined in (5.6) and (5.7).

To show that (6.5) is true in this more general framework, we use some lemmas and statements,
Archil Gulisashvili and Josef Teichmann have studied in their paper [11] in Section 4 called
“Homogenization Procedure”. To be more precise, while they both have stated and proved the
following lemmas and statements for affine processes on the canonical state space RT, x R", we
will consider an adapted version of these lemmas and statements, namely in a set_up for (the

marginals of) the multidimensional Heston stochastic volatility models.

At first let us define the set Q and V by

o) :{(t,u,v) € Ry x Sy +iSy x ccd]

E [|etr<uxt>+vTYtH Xo=2,Yy= y} —E [etrme(u)xtme(vm | Xo = a,Yp = y] < oo}
and

V = {(u,v) € S84+ i8Sy x C¢|3t > 0 such that (t,u,v) € Q}.

Then the following two lemmas are stated for the solutions of the generalized Riccati equations

of multivariate affine stochastic processes:

Lemma 6.3.2. Let U be the unique solution of the generalized Riccati equation as given in the

second equation of (4.2), namely

%\I/(t,u,v) = R(¥(t,u,v),v), U(0,u,v) = u.

Then, for every € > 0, the function
U (t,u,v) == e (et, e tu, e )

solves the equation

gt\I/E(t,u,v) = R (V(t,u,v),v), U0, u,v) =u (6.7)

with R¢(u,v) == R(e 1u,e ), Y(u,v) € V.

Similar, let ¢ :=log ® be the unique solution of the generalized Riccati equation as given in the
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equation (4.3), namely
0
agb(t,u, v) = F(U(t,u,v),v), #»(0,u,v) = 0.
Then, for every € > 0, the function
5 (6, 0) 1= elet, e u, e 0)
solves the equation
0
aﬁ(t, u,v) = F(U(t, u,v),v), ¢°(0,u,v) =0 (6.8)
with F€(u,v) = 2F (e u, e 1), V(u,v) € V.

Proof. At first we show that (6.7) is true:

0 . 0 _ _
Q\IJ (t,u,v) = En (e\IJ (et, e lu, e 11}))
= e%‘li (et, e_lu, e_lv)

=ceR (\If (et, e lu, 67111) ,eilv) €
=R (\Il (et, e lu, eilv) ,eflv)
=R (6716\11 (et, e lu, eflv) ,eilv)
= ER(e 1t u,v), e 1)

= R (U*(t,u,v),v).

With exactly the same steps (6.8) can be verified.
O

Lemma 6.3.3. Under the previous assumptions, the limit lime_,o U = 0O exists uniformly

on compact sets in Ry x V. Furthermore

U (t,u,v) = WO (¢ u,v) + e 0D (¢, u,v) + Z UM (¢ u, v) (6.9)
n>2

is a convergent power series expansion for small € > 0. The coefficient functions in (6.9) satisfy

certain ordinary differential equations, i.e. in particular

0

SOt u,0) = RO@O(w0),0),  ¥O0,0,0) = .
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and

0

at\ll(l)(t,u,v)za RO (L, u,0), ) 0D (¢ u,0) B (0,u,0) = 0.

e e=0

For n > 2, the equations for the coefficient functions involve higher order derivatives.
In complete analogy, the limit lime_,o ¢¢ = &) exists uniformly on compact sets in Ry x V.

Furthermore

¢E(ta u, U) = QS(O) (tv u, ’U) + 6¢(1) (tv u, U) + Z 6n¢(n) (ta U, U)

n>2
for small enough values of e.
As a next step we define by A(i),i > 0, the functions appearing in the following power series
expansion in € (compare [11, p.15]):

ROy 0) + A D (u,v) 4+ .. 1= 95 (1,u,0) + (a0, U(1,u,0)) + 07,

where (z,y) denotes the initial value of (X,Y).

By applying the homogenization procedure for continuous multivariate affine processes, we

obtain

A(0) u,v A
E[ele u X +e T Yy A LA (). (6.10)

9

where (u,v) is such that the expressions on both sides of (6.10) are finite for small enough

values of € (compare [11, Remark 4.4.]).

Considering the left hand side of (6.10), we see that we have obtained a similar expression as
(6.6). If we take the logarithm, multiply the equation with ¢ and take the limit, we obtain

exactly expression (6.6):

— — A(0) U,V A
E[€<€ Lu, Xe)+e lvTYE] _ e%()+A(1)(u,v)+.,.

AO) (y, v)

e luXee oY — AD (u,v) + ...

& logE[e!

< elog ]E[e<571“’X€>+671”TY€] = A (u,v) + eAV (u,v) + ...
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The last expression can further be rewritten as

elog E[e<671“’X€>+671”TY] AO (u,v) + eAD (u,v) 4 ...
(1, u,0) + (2, U¢(1,u,0)) + vy
¢

O)(1,u,v) + e¢M (1, u,v) —I—Ze"qb (1,u,v)

n>2
+<w,\II()(1uv)—|—e\II (1, u,v) —1—2”\1/ (1,u,v)) +v'y.
n>2
(6.11)
If we take the limit on both sides of the last equation, (6.11) can be written as
lim ¢ log E[efe wXelte 0T = 601 4, 0) + (2, TO(1,u,0)) + vy, (6.12)
€E—

where from Lemma 6.3.3 we know that
WO (¢, u,v) is a solution of %\P(O) (t,u,v) = RO(WO (¢, u,v),v) and ¢ (¢, u,v) is a solution of
500 (t,u,0) = FOWO(E u,0), v).

The results we have stated and proved so far are valid for affine processes in general.
We will now derive R and F(© for the multidimensional Heston stochastic volatility model:

Remark 6.3.4. As already stated in Remark 4.3.3 for the case of the multidimensional Heston
stochastic volatility model, R(u,v) is given by

1
R(u,v) = 2uX " Su + E’UUT +u(ETpoT + M)+ (vp' S+ M u sz eie;

Since R¢(u,v) := e2R(e 'u, e 1v), it holds that
R(u,v) := € R(e tu, e 1)
1
= 22 tux Txe tu + 6256_11}6_11}—'— + e (X pe o’ + M)

+ (e tup 'S+ M)ty — 22 Z e tu(ee]))

d
1 1
= 2uX " Yu + §va +uX pv" +vp " Su+ euM + eM "u — € Zvi(eiej)
i=1
=: RO (u,v) + eRM (u,v),

where

1
RO (u,v) := 2uxT Su + §UUT +uX v’ +op' Tu
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and

d
1
(1) - T, _ — N
R (u,v) :==uM + M 'u 5 z;vz(ezei ).
Considering Remark 4.3.3, we see that F'(u,v) can be written as
F(u,v) = tr(62" Su).

Therefore F(u,v) can be rewritten as

F(u,v) := €2F (e tu, e v)
= Etr(0% 2 )
=2 r (62 Su)
= etr(62 Su)
=: FO(u,v) + eFD (u,v),

where
FO (u,v) :==0
and

FD(u,v) = tr(62 T Su).

Using expression (6.12) and applying Remark 6.2.3 and Remark 6.3.4, we are prepared to state

the following proposition:

Proposition 6.3.5. For the marginals of the multidimensional Heston stochastic wvolatility
model as given in (5.6) and (5.7) it holds that

lim € log E[e(lpyﬁvi] = A(p) + py & lim € log E[eeilp(nﬂ'*yi)] = A(p), (6.13)
e—0 e—0

where A(p) is given in (6.1) with o; = \/(X7X);; and p; = \/%

Proof. Let (X,Y) be a multidimensional Heston stochastic volatility model and let (X,Y)
denote a multidimensional Heston stochastic volatility model with the same parameters but
with M = O and the same starting values (z,y).

Then we know by equation (6.12) that

limn € e<€71“’ie>+671”Tﬂ =01, u,v) + (2, ¥O(1,u,v)) + vy = (2, VO(1,u,v)) + vy,
€E—>
(6.14)
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where ¢(© = 0 and U are equal to the same expressions for (X,Y). Since the marginal
distribution of 17“ is the same as the one of the one-dimensional Heston stochastic volatility
Y est where the parameters are matched accordingly (see Theorem 5.2.2), we deduce

lim eE {ee_lp?ﬁ’i} = lim eE [ee_lpyfhm] = A(p) + pyi.

e—0 e—0

Since by equation (6.14), we have

. 1,5 . -1 _
lim eE [e€ me} = lim eE {ee pYW} ,
e—0 e—0

it follows that

lim eE [eglpyﬂ’} = A(p) + pyi-

e—0

d

Remark 6.3.6. The intuition why (6.13) is valid is that the linear drift determined by the matrix

M does not appear in the above mentioned asymptotic.

That is the reason why the results and statements of Section 6.2 are also valid for the marginals

of the multidimensional Heston stochastic volatility model.

Therefore, at this point we can state the following two theorems similar as in the last section
(compare Theorem 6.2.6 and Theorem 6.2.7); the only difference is that we choose now the pa-
rameters appropriately for the setup of the marginals of the multidimensional Heston stochastic

volatility model.

So the first theorem covers the implied volatility of a European call option which is not at-the-

money in the setup of a multidimensional Heston stochastic volatility model:

Theorem 6.3.7. Define S; = e¥t¢ with Y being the i-th component of the log-price in the
multidimensional Heston stochastic volatility model and let m = log <S£0> be the log-moneyness.
For the marginals of the multidimensional Heston stochastic volatility model we have the fol-
lowing asymptotic behaviour for the implied volatility oy = o¢(m) of a European call option on
S, = eYti with strike K = Spe™ and m € R,m #0, ast — 0

I(m) = limoy(m) = o

0 " /2A ()
with o; = /(XTY);; and p; = \/%

In the second theorem we state an expansion for the asymptotic implied volatility of at-the-
money European call options in the setup of the multidimensional Heston stochastic volatility

model:
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Theorem 6.3.8. Define S; = e¥ti with Y being the i-th component of the log-price in the
multidimensional Heston stochastic volatility model and let m = log Sﬁo be the log-moneyness.
For the marginals of the multidimensional Heston stochastic volatility model (Xy,Y::) the

asymptotic implied volatility 1(m) has the following expansion around m =0

1. 1 5 _
1om) = v (14 3+ (g7 47t 1 +0CD).
where z; = @ with Xo4 = x4 and p; = \/%
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Chapter 7

Conclusion

In the present thesis a detailed study of the one-dimensional Heston stochastic volatility model
determined by the dynamics in (2.1) and its multivariate extension, the so-called multidimen-
sional Heston stochastic volatility model defined by the dynamics in (4.4) was given.

While the variance process equals the well-known Cox-Ingersoll-Ross process in the one-
dimensional setup, the covariance process of the multidimensional Heston stochastic volatility

model follows the so-called Wishart process introduced by Marie-France Bru (see [3]).

Since both stochastic volatility models belong to the class of affine models, we have shortly
introduced and studied the concept of affine processes in the beginning of this thesis. To
summarize, the characterizing property of affine processes is the exponential affine form of the
conditional characteristic function and the exponent of the conditional characteristic function
is determined by two solutions of so-called Riccati equations. Moreover, we have also shown
a possible way to derive explicit solutions of the above mentioned Riccati equations for the

one-dimensional Heston stochastic volatility model.

As we have already given a detailed overview of this thesis in the Introduction, we will only

summarize the most important results at this point:

In the first part of Chapter 5, we have derived the so-called k-th marginal of the multidi-
mensional Heston stochastic volatility model. The important result is that if we choose the
matrix determining the linear drift appropriately, the marginals of the multidimensional He-
ston stochastic volatility model simplify to the well-known one-dimensional Heston stochastic
volatility model. Appropriate forms of the above mentioned matrix are a null matrix or a di-
agonal matrix. Additionally, we have shown that by applying Girsanov’s theorem we also get a
one-dimensional Heston stochastic volatility model out of the marginals of the multidimensional

one.

Moreover, in Chapter 6 of this thesis, we have considered the small-time asymptotics for the
implied volatility for a Furopean call option written on one asset in the multidimensional Heston

stochastic volatility model. Thereby, we have proved that an expansion of the asymptotic
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implied volatility proved by Martin Forde and Antoine Jacquier in [8] for the one-dimensional

Heston stochastic volatility model can be extended to the multidimensional one.
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Appendix A

Multivariate Stochastic Volatility

Models in Literature

In this chapter of the Appendix two famous examples of multivariate stochastic volatility models,
where the variance follows a Wishart process are stated. In the definition of the models the

respective notation of the paper is used.

A.1 The Multidimensional Heston Stochastic Volatility Model

in the sense of Gouriéroux and Sufana

Christian Gouriéroux and Razvan Sufana have considered a market which consists of n risky
assets and one riskfree asset. Their model is determined by infinitesimal geometric returns of

these n risky assets which are presented in a n-dimensional vector (see [10]):
The joint dynamics of log Sy and 3; are given by the stochastic differential system:
tT(Dl Et)

1
dlog Sy = |pu+ : dt + X2dW;°
tT(DnZt)

1 1
d¥ = (QQT + M 4+ M Ndt + 22dWPQ + QT (dWP) T2,

where W;° denotes a n-dimensional vector-valued Brownian motion and W denotes a d x d
matrix-valued Brownian motion; u equals a deterministic n-dimensional vector and D;,7 =

1,...,n,Q,M,Q are n X n matrices with {2 assumed to be invertible.

The authors also point out in their paper that the joint process (log S, ;) is an affine process,

which means that the drift and volatility functions are affine functions of log S; and ¥ (compare
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[10, p.5-10]).

A.2 The Multidimensional Heston Stochastic Volatility Model

in the sense of Fonesca, Grasselli and Tebaldi

José Da Fonesca, Martino Grasselli and Claudio Tebaldi have stated the following assumptions
concerning the Wishart Affine Stochastic Volatility Model in [7]:

Assumption 1: The continuous time diffusive Factor Model is considered to be Affine in the
terminology of Duffie and Kan (1996).

Assumption 2: The evolution of asset returns is conditionally Gaussian while the stochastic

covariance matrix follows a Wishart process.

The authors assume that the n-dimensional risky asset S; is given by its risk-neutral dynamics
dSt == dzag(St)(r]Idt + vV EtdZt)

where I = (1,...,1)" and Z; € R™ denotes an n-dimensional vector Brownian motion. In
addition to that they assume that the quadratic variation of the risky assets is given by a

matrix analogue of the square root-mean reverting process
A% = (7 + MY + 2 M dt + VEAW,Q + QT (dW,) T/ (A1)

with Q, M, Q € M, (M,, denotes the set of square matrices), €2 invertible and W; € M,, denotes

a matrix Brownian motion.

Remark A.2.1. The dynamic given in (A.1) is exactly the variance process which Christian
Gouriéroux and Razvan Sufana have also used in their model - namely the Wishart process

which has been introduced by Marie-France Bru.

To guarantee the strict positivity and the mean-reverting behaviour of the volatility, it is as-

sumed that M is a negative semidefinite matrix and Q fulfills
00" =5QTQ

with the real parameter 5 > n — 1.
The authors interpret the parameters as follows: the matrix-product QQ7 is related to the
expected long-term variance-covariance matrix X, through the solution to the following linear

equation:
—QQ" = MY + SooM .
The volatility of volatility matrix () accounts for the variance-covariance fluctuations.
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Assumption 3: The Brownian motions of the assets’ returns and those driving the covariance

matrix are linearly correlated.

A possible way to correlate these Brownian motions is to introduce n real matrices Ry € M, k =
1,...,n such that

dz} = /1 — tr(RuRD)ABE + tr(RedW)T), k=1,....n,

where the (vector) Brownian motion B is independent of W.

81



Bibliography

1]

E. Alos. A decomposition formula for option prices in the Heston model and applications

to option pricing approximation. Finance and Stochastics, 16:403-422, 2012.

A. Benabid, H. Bensusan, and N. E. Karoui. Wishart Stochastic Volatility: Asymptotic
Smile and Numerical Framework. 2:1-48, 2010.

M.-F. Bru. Wishart Processes. J. Theoret. Probab., 4:725-751, 1991.
C. Cuchiero. Affine and Polynomial Processes. Diss. ETH No. 19652, 1:1-200, 2011.

D. Filipovic. Term-Structure Models: A Graduate Course. Springer Finance. Springer,
2009.

D. Filipovic and E. Mayerhofer. Affine Diffusion Processes: Theory and Applications.
SSRN eLibrary, 2009.

J. Fonseca, M. Grasselli, and C Tebaldi. Option pricing when correlations are stochastic:

an analytical framework. Review of Derivatives Research, 10:151-180, 2007.

M. Forde and A. Jacquier. Small-time asymptotics for implied volatility under the heston
model. International Journal of Theoretical and Applied Finance (IJTAF), 12(06):861-876,
2009.

C. Gourieroux. Continuous Time Wishart Process for Stochastic Risk. Econometric Re-
views, 25(2):177-217, 2006.

C. Gourieroux and R. Sufana. Derivative Pricing with Multivariate Stochastic Volatility:
Application to Credit Risk. Les Cahiers du CREF of HEC Montréal Working Paper No.
CREF 04-09, 2004.

A. Gulisashvili and J. Teichmann. The Gaertner-Ellis Theorem, Homogenization, and
Affine Processes. Working Paper, 2014.

S. L. Heston. A closed-form solution for options with stochastic volatility with applications
to bond and currency options. Review of Financial Studies, 6:327-343, 1993.

E. Mayerhofer. On the Existence of Non-Central Wishart Distributions. Cornell University
Library, 114:1-11, 2012.

82



[14]

[19]

E. Mayerhofer. Stochastic Analysis Methods in Wishart Theory: Part IT: Wishart Processes
and Wishart Distributions: An Affine Processes Point of View. Journal of Multivariate
Analysis, CIMPA Workshop:2-31, 2012.

M. Musiela and M. Rutkowski. Martingale Methods in Financial Modelling. Stochastic
Modelling and Applied Probability. Springer, 2006.

D. Revuz and M. Yor. Continuous Martingales and Brownian Motion. Grundlehren
der mathematischen Wissenschaften; A Series of Comprehensive Studies in Mathematics.

Springer, 1999.

P. Wilmott. Paul Wilmott on Quantitative Finance. Number Bd. 1-3 in Paul Wilmott on
Quantitative Finance. Wiley, 2006.

J. Wishart. The Generalised Product Moment Distribution in Samples from a Normal

Multivariate Population. Biometrika, 1928.

L. Wu. Lecture notes: Chapter 04. stochastic volatility models. http://www.math.ust.hk/~
malwu/math6380a/Chapter%2004.pdf, downloaded 06.06.2014.

83



