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Summary

A good knowledge of nuclear reaction cross sections is an important prerequisite not
only for the design of nuclear devices and the development of novel nuclear technologies,
e.g. nuclear fusion on a large scale, but also for several applications, e.g. materials
science, nuclear medicine, geology and space research. Hence, there is a worldwide
effort to establish nuclear data libraries which represent our best knowledge of reaction
cross sections. At present several evaluated nuclear data libraries exist containing
the best quantitative knowledge of nuclear reaction data for a wide range of nuclei
and projectiles. Especially for neutron-induced reaction cross sections of medium and
heavy nuclei the libraries provide excellent descriptions of cross sections up to neutron
energies of 200 MeV.

At low incident energies the reaction cross sections exhibit striking resonance struc-
tures associated with many-nucleon effects. These phenomena cannot be properly
reproduced by (semi-)microscopic nuclear models. Usually R-matrix theory is applied
to obtain a sufficiently accurate and consistent, but phenomenological description of
the resonance region. However, the concept of standard R-matrix theory is only based
on two-particle reaction channels. Three- and many-particle channels cannot be de-
scribed by standard R-matrix theory and are usually treated in an approximative way,
e.g. by sequential processes. In light nuclear systems, however, breakup reactions can
even occur at low incident energies and often have a significant share on the reaction
cross section. Consequently approximations become increasingly inadequate and there
is a need for an exact treatment in the frame of R-matrix theory.

In this PhD thesis a novel R-matrix formalism for three-body reactions is presented.
The first idea of such an R-matrix method was proposed by W. Glockle based on the
Faddeev equations and restricted to three identical particles in the exit channel. This
model has been generalized to arbitrary particle masses and interactions in a previous
work. In this PhD thesis essential modifications were performed in order to make the
formalism applicable to realistic nuclear systems. A numerical implementation was
successfully elaborated and first demonstrated on the neutron+deuteron system. Also
the neutron+YBe system was studied in the frame of the three-body R-matrix. The

results for both systems are presented in the final chapter of this thesis.
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Kurzfassung

Eine gute und zuverlassige Kenntnis nuklearer Reaktionsdaten ist unabdingbar fiir die
Auslegung und das Design nuklearer Geréte und die Entwicklung neuer nuklearer Tech-
nologien wie Kernfusion in groitechnischem Maflstab. Dartiber hinaus ist diese wichtig
fiir weitere Anwendungen in den Bereichen wie Materialwissenschaft, Nuklearmedi-
zin, Geologie und Raumfahrt. Aus diesem Grund besteht ein weltweites Bestreben
zur Schaffung nuklearer Datenbanken, die den besten Kenntnisstand iiber Reaktion-
swirkungsquerschnitte enthalten. Derzeit existiert eine Zahl nuklearer Datenbanken,
in denen der aktuell beste Wissensstand iiber eine Vielzahl nuklearer Reaktionen en-
thalten ist. Speziell fiir Neutronen-induzierte Reaktionen mittelschwerer und schwerer
Kerne liegen profunde Daten der Wirkungsquerschnitte von Neutronenenergien bis
200 MeV vor.

Im niedrigen Energiebereich weisen die Reaktionswirkungsquerschnitte markante
Resonanzstrukturen auf, die auf Vielteilcheneffekte zuriickzufiihren sind. Diese Struk-
turen konnen durch (semi-)mikroskopische Modelle nicht zufriedenstellend reproduziert
werden. Daher wird im genannten Energiebereich hauptsachlich die R-matrix Theo-
rie zur Beschreibung herangezogen. Sie bietet eine hinreichend genaue und konsis-
tente, jedoch phemoménologische Beschreibung des Resonanzbereiches. Die Standard-
methode der R-matrix Theorie beruht auf zwei-Teilchen Reaktionskanalen. Drei- oder
Mehrteilchen-Reaktionskanéale werden tiblicherweise approximativ behandelt, beispiel-
sweise im Rahmen von sequentiellen Prozessen. Da jedoch in leichten nuklearen Sys-
temen schon bei niedrigen Einfallsenergien Aufbruchswirkungsquerschnitte einen sig-
nifikanten Anteil am Reaktionswirkungsquerschnitt haben konnen, sind solche approx-
imative Methoden inadaquat. Daher besteht die Notwendigkeit einer exakten Behand-
lung dieser Reaktionen im Rahmen der R-matrix Theorie.

In dieser Dissertation wird eine neue R-matrix Methode zur Behandlung von drei-
Korper Kanalen prasentiert. Fin erster Ansatz einer solchen Methode wurde zuerst
von Walter Glockle vorgelegt, basierend auf den Faddeev-Gleichungen und beschrankt
auf drei identische Teilchenmassen im Ausgangskanal. Dieses Modell konnte in einer
vorangegangenen Arbeit auf beliebige Massen und Wechselwirkungen verallgemeinert
werden. In der vorliegenden Arbeit wurden essentielle Modifikationen durchgefiihrt, um
den Formalismus auf reale nukleare Systeme anwendbar zu machen. Eine numerische

Umsetzung konnte erfolgreich ausgearbeitet und am Neutron+Deuteron System erst-



mals angewandt werden. Auch das Neutron+°Be System wurde im Rahmen der drei-

Die Resultate beider Systeme werden im abschliefenden

Korper R-matrix studiert.

Kapitel dieser Dissertation prasentiert.
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1 Introduction

Reliable data of nuclear reactions are a crucial prerequisite in various scientific fields,
especially for the construction and design of nuclear devices such as fusion or fission
reactors. Therefore, there is a worldwide effort to obtain consistent and reliable sets
of reaction data which represent our best knowledge of the reactions. In order to
create such data sets all available experimental data of a certain group of reactions are
retrieved [1] and an assessment of their quality is performed. In a further step these
data undergo an evaluation process frequently based on Bayesian statistics which allows
one to consistently combine these data with a-priori knowledge mostly given in terms
of nuclear model calculations. This so-called ”Evaluation Process” yields evaluated
data sets with information also in energy regions where no measured data exist and
the associated uncertainties. Finally, the evaluated data sets are collected in ”Nuclear
Data Libraries” [2, 3, 4] using the ENDF-format [5]. The evaluation process is well
established for medium and heavy nuclear systems at energies above the resonance
regime, but exhibits some problems in the resonance regime at low energies. First,
there is a lack of a-priori knowledge because there are no microscopically-based nuclear
models available which provide a quantitative description. Another open problem is
the difficulty to establish reliable uncertainties associated with resonances. A first
approach was given in [6].

At present reaction cross sections are usually described by R-matrix theory [7]. In
general a phenomenological R-matrix description is used where the parameters (poles
and widths) are adjusted in order to obtain the best agreement of the R-matrix model
with experimental data. The phenomenological R-matrix does not contain microscopic
information on the n-body structure and consequently it is limited in its predictive
power. Alternatively the calculable R-matrix is based on a Hamiltonian with a micro-
scopic potential, but similarly to other methods one cannot account for the complexity
of the n-body system thus missing a quantitative description of the resonance regime.
Both the phenomenological and the calculable R-matrix theory are originally designed
for two-body channels only. Hence, when dealing with light nuclear systems there
arises another difficulty namely the appearance of breakup channels even at low inci-
dent energies. Due to the lack of a corresponding R-matrix theory these many-particle
channels have usually been treated in an approximative way using for instance sequen-

tial approach models [8]. However, in many light nuclear systems of interest, e.g. in
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fusion research, breakup processes occur in the low energy range of a few MeV and
have a significant share on the total reaction cross section. For such dominant breakup
channels the validity of sequential approaches (Sec. 3.2) is questionable. In order to
include dominant breakup channels in a consistent R-matrix analysis an extension of
the R-matrix formalism to not-binary channels is required.

The focus of the present thesis is the extension of the R-matrix formalism to three-
body breakup channels. They represent, apart from capture channels, a significant
fraction of non-binary channels in the low energy regime of light nuclear systems. Fur-
thermore there exists an exact quantum mechanical description of three-body problems
via the Faddeev equations [9]. In 1974 W. Glockle [10] presented a first proposal of
a three-body R-matrix formalism for particles of equal masses based on the Faddeev
equations. This concept could be successfully generalized to particles with different
masses in [11] and thus became applicable to a wider range of nuclear systems. How-
ever, we are not aware of any demonstration or application of this method.

The developments of the R-matrix formalism in the present thesis started from
the idea of Glockle [10] to enter division in the Jacobi-coordinates. This assumption
bypasses a conceptual problem hampering a straightforward extension of standard R-
matrix theory to three- and many-body channels. In course of the developments in the
present thesis significant modifications of the formalism apart from the generalization to
different masses were required in order to obtain a working tool for an R-matrix type
description for breakup channels. The new formalism was numerically implemented
and successfully applied to experimental data of breakup reactions.

The present thesis is structured essentially in three parts. After this brief introduc-
tion chapters 2, 3 and 4 constitute the first part which gives a concise introduction into
the theoretical basics required for the further developments. In chapter 2 the basis
of standard R-matrix theory is revisited together with the most important quantities
and relationships of scattering theory. In chapter 3 the difficulty of an extension of
the standard R-matrix concept to three- and more-body channels is outlined. Further-
more, a frequently used approximative method, i.e. the sequential approach is sketched
without details. Chapter 4 gives an introduction into the Faddeev equations and pro-
vides all basic definitions and relationships required for the development of the novel
R-matrix formalism.

The second part comprising chapters 5 and 6 is the central part of this thesis and

gives a detailed description of the formal developments (chapter 5) and numerical
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implementation (chapter 6). It provides the details of the derivation of the complex set
of equations and its transfer into a uniquely solvable system of linear equations for the
expansion coefficients of the interior wave function and the T-amplitudes from which
the breakup, the elastic scattering cross section and the rearrangement cross sections
can be directly calculated.

The first applications of the three-body R-matrix formalism to real systems are
subject of chapter 7, the third part. As a first application the neutron—+deuteron
system is considered which is the simplest and most genuine nuclear three-body system
without further structures. The calculated results for the breakup reaction and for
elastic scattering will be compared to experimental data. Also the optical theorem
will be considered and possible algorithm errors will be specified. In the next step the
three-body R-matrix is applied on the neutron+°Be system. In this nuclear system the
breakup reaction occurs at incident energies of about 1.6 MeV and has a significant
share on the total cross section. It is of great importance in fusion devices since it
serves as a neutron multiplier for tritium breeding. Therefore, a good knowledge of the
neutron-induced reaction cross sections of “Be is important for the design and operation
of fusion facilities in order to optimize the facility regarding maintenance, safety and
production rate. Compared to the neutron+deuteron system there arise some more
difficulties since the ground state of Be is J™ = 3/2~ and a pure s-wave description
is no longer sufficient. Again the calculated results will be presented together with
measured data sets.

Finally, in chapter 8, a summary and outlook on further applications and combina-

tions with standard two-body R-matrix theory will be given.
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2 Basics principals of standard R-matrix theory

Standard R-matrix theory is formulated for reactions of particle systems for which non-
relativistic quantum mechanics is applicable. Hence creation and destruction processes
of particles are excluded. In order to treat the dynamics of an N-nucleon system in
the frame of R-matrix theory one assumes a space-fixed finite channel surface that

confines the microscopic nuclear interactions into an interior region (Fig. 1). The lack

channel /

surface
—Q

Figure 1: Division of space assumed by standard R-matrix theory at the example of a two-body
reaction in the cm-system.

of detailed knowledge of the complex many-body wave function in this area is effectively
described by an expansion over a set of basis states which is matched at the channel
surface to the external region where no mutual polarization of the objects occur. The
problem of a projectile interacting with a single nucleon or a nucleus of N nucleons is
thus transferred to an effective two-body problem. Therefore it is convenient to change
to the center of mass system. As a consequence in the external region all quantities
(potential, wave functions etc.) are given in terms of the distance r between the two
objects of the channel and the center of mass motion vanishes.

A comprehensive and detailed description of the R-matrix formalism is given by
Lane and Thomas [8]. In the following a brief sketch of scattering theory and standard
two-body R-matrix theory following [12] and [13] will be given. These relations will be
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relevant for the further developments regarding three-body channels.

2.1 Basics of scattering theory

The starting point is a simple single-channel problem governed by a central potential

V(r) and described by the radial Schrodinger equation
(Ty +V(r) — E)u(r) =0 (2.1)

with the kinetic energy operator

REd* e+ 1)
T[ = _ﬂ (ﬁ - 7"2 ) . (22)

Here, FE is the total energy of the system, ¢ the orbital momentum quantum number
and g is the reduced mass of the channel.
We consider the eigenstates ¢, (t) of the free Hamiltonian Hy = 7}

Hol6a(1)) = 10 100(0) (2.3
and 1, (t) of the interaction Hamiltonian H = T, + V' (r)
HJuh(6) = i 1) (2.0
The time evolution under H of ¢gi)(t) is given by
ve(t) = U )0 (¢) (2.5)
with the time evolution operator
Ut t') = e /MHE) (2.6)

In infinite past or future depending if one considers outgoing (+4) or incoming (-)

solutions I/J((;t) equals ¢, so that we can write

Y& () = U () = lim Ut ¢)éa(t), (2.7)

t'—Foo
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or equivalently, using the Green’s function,
U0 =1 lim G )6 (t). 23
The Green’s functions G is defined by
(F—-—H)G=1. (2.9)
Similarly we have a Green’s function G associated with the free Hamiltonian Hy
(EF— Hy)Gy=1. (2.10)
Considering the relationship

Go(E — H)G = Go(E — Hy — V)G = Go(E — H))G — GoVG = G — GoVG  (2.11)

one obtains
G=Gy+G)VG (2.12)

which is the Dyson equation. Plugging Eq. (2.12) into Eq. (2.8) yields under the

assumption of an instantaneous interaction

O =i lim G(()Jr)(t,t’)qﬁa(t’)—l—it/lim A"GSO (W (G (A ) da(t)

t'——o00
(2.13)
and with
i lim GO ) pa(t)) = D (") (2.14)
! ——o0
we finally get the Lippmann-Schwinger equation
U0 = ult) + [ G W ). 215)

As already mentioned above one boundary condition of the scattering problem is the

equivalence of 1/1((1” with the free state ¢, in infinite past, i.e.

lim [e”/ MO (¢ = 0) — e /Molp (¢ = 0)] = 0. (2.16)

t——o0
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This leads to the relationship

PIE =0) = lim (/M7 /M0ty o (¢ = 0) = QD¢ (' =0), (2.17)

t——o00

with Q = tlim (e/hHte=i/hHat) g the so-called Mgller operator or wave operator. The
——00

free states build up the complete Hilbert space, while the scattering states form a

subspace which excludes the part formed by the bound states. Therefore the Mgller

operator is an isometric operator satisfying the relations
QDI — 00 — 1 (2.18)

and
QBT — It — 1 — Z Yl | (2.19)

where 1),, denotes the bound states sustained by H. The second term on the right hand
side of Eq. (2.19) is denoted as defect. In the absence of bound states €2 is unitary.
The second form of the Dyson equation (2.12) reads

G=Gy+GVGE. (2.20)
This expression can be applied onto a free state in order to obtain a scattering state

PN E, @) = lim [He(E +ie — H)™'] ¢(E, ) = G (B)(E, o) 2o
— (B, a) + GD(EWH(E,a) = [1 + G (EWI]H(E, a),

where the energy dependent Green’s function results from the transformation

%W@:i/deWﬁ@ (2.22)

[e.9]

Comparing Eq. (2.21) with Eq. (2.17) one finds a relationship between the Mpgller

operator and the Green’s function
QP =14+ (E)V. (2.23)

One of the most important quantities in scattering theory is the S-matrix. It is
calculated as the overlap of the plane wave wé_)(t), which in infinite future has the set

of quantum numbers 3, with w&ﬂ (), which is a plane wave with quantum numbers «
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in the infinite past. Hence,
Spa = (05 (OIS (1)) = (25| 9a (1)) = (D) |(QA)QD g (1))
= (¢5(1)[S]9a(t)),

where the definition of Q) from Eq. (2.17) was used. With Eq. (2.24) the S-matrix

can be expressed via the Mgller operator

(2.24)

S = Qo) (2.25)

The S-matrix is unitary
STS =1 (2.26)

which means that its domain and codomain are identical. In angular momentum

representation and for spherical symmetric potentials the S-matrix can be written as
<€'m'|§|€m> = 6(/@6m/m8g = 6g/36m/m62154 s (227)

where d; is the phase shift in the ¢ partial wave.

Another essential quantity is the transition- or T-matrix defined by

Toa = (6(Eg, B) [V (Ea, ) (2.28)
Using relation (2.21) one obtains
Toa = (#(Es, B)IV + VGOV|6(Ba, ) (2:29)
and consequently the (two-body) T-operator is
T(E)=V +VGH(E)V. (2.30)

If we consider the T-matrix element (2.29) we can distinguish three different cases.
First if the energies E,, /g and E are all different from each other it is the off-shell T-
matrix. Second if two of the three energies are equal and the third one is not, it is called
half off-shell T-matrix. And finally if all energies are equal it is the on-shell T-matrix.
The on-shell quantities will be important for the following three-body formalism and

therefore we will proceed with theses quantities.
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The on-shell part S of the S-matrix is obtained by

Lo 12
Ssa = 0(ky — kg)Ssa =
5 (Kb )Ss ik

5(Es — Ea)Ssa ,

(2.31)

with the reduced mass p of the two collision partners and the relative wave vector k,.

The on shell S-matrix is related to the T-matrix via

2T

Spe = (0 — Q) — ifthia 3 Tho

Analogously one can define an on-shell T-matrix T as

~ 1
T,Ba = ,Uka ﬁTﬁa

and relation (2.32) becomes
gﬁa = S(Qb - Qa) - 277'17:'5&

or in operator notation
S=1-2xT

valid on the energy shell.
With the nomenclature g = k' and o = k we have

(SN VI (k) = (ST | (k) = Ty -

The unitary relation for the on-shell S-matrix reads

/ dQ"S%, - Spup = 8(Y — Q).

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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Starting from this relation and using Eq. (2.32) we get (with E” = E' = F)

5 —Q) = / dQ" Sz, S

:/dQ" {5(9// — Q) - 1Nk = k“k’} {5(9// —Q)— lu/{: - k“k]
9\ ? (2.38)
=5(Q — Q) —iuk 77,2[ R T]:k,] (’ukﬁ) /dQ”TI://k/Tk”E
27 . 27 .
= ik [T — Tip) = <uk h2> / AT T
On the energy shell k' =k and thus
: * 27(- 1
I[TEE — TIQE] = uk h2 dQ Tk//ka”E
(2.39)

o
—2Im T = pk / A" T |”

which is the optical theorem in terms of the T-amplitudes. Using the on-shell T-

clements from Eq. (2.33) with the same nomenclature 8 = &’ and o = k reading
1
r= NkﬁTE’E (2.40)
and inserting this expression into the optical theorem (2.39) yields

—2h—ImT—27r—/dQ” [
wk

K"k
(2.41)

ImT——w/dQ” [

Kk

which is the optical theorem in terms of the on-shell T-amplitudes.
The T-matrix is a crucial quantity for all scattering processes because it grasps the
effect of the interaction. Hence, it provides the necessary input for the determination

of the elastic cross section [20]

o\ * ~ 2
Oe¢lastic — (f) Mz/d2k, ‘TIQE

where g is the reduced mass of projectile and target. The T-matrix elements are

(2.42)

10
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directly proportional to the scattering amplitude fl_i.ﬂ(f),

) 2 2 A2 T i
£ = —p (g) Tyir = —ﬁ$7 (2.43)

and the elastic cross section is calculated according to

) 2 o\ [ .. o 167% [
Oelastic — /d’F = :u2 (ﬁ) /d’f’ TEfE - W/dr

2.2 Standard R-matrix theory

) T

( (2.44)

The potential V(r) in Eq. (2.1) is usually composed of a Coulomb part of infinite
range and a short-ranged nuclear part. Introducing a matching radius a sufficiently
large that the nuclear part is negligible defines a proper channel surface and thus the
separation of the space into an internal and an external region. In the external region
the form of the radial wave function wy(r) is well known and given in terms of the
S-matrix element Sy(F) from Eq. (2.27) which in R-matrix theory is usually denoted
by Ui(E), i.e.

uP (r) = Cy[Iy(kr) — Uy - Og(kr)]  for r>a, (2.45)

where k = \/2uE /h?. The incoming function
Iy, =Gy —iF, (2.46)

and outgoing function
O =Gy +1iF, (2.47)

are defined in terms of the regular and irregular Coulomb functions F; and Gy, respec-
tively. The regular Coulomb functions F; vanish at the origin and are asymptotically

normalized as
Fy(n,kr) — sin(kr —1/20m —nln(2kr) + o) , (2.48)

kr—oco
whereas the irregular Coulomb functions G, are unbound at the origin (except for

¢ =n=0) and have the asymptotic form

Go(n, kr) T cos(kr — 1/20w — nln(2kr) + oy) . (2.49)

T—00

11
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The Coulomb phase shift o, is given as
op=argl'({ + 1+ in) (2.50)

with the Euler function -
['(z) :/ " e dw (2.51)
0

for Re(z) > 0.
In the asymptotic region the functions I, and O, represent incoming and outgoing

waves, respectively. The behavior is directly reflected in the asymptotic form,

Iy(n, kr) I exp|—i(kr — 1/20m — nln(2kr) + o] (2.52)
and
Ou(n, kr) T expli(kr — 1/20m — nln(2kr) + o] . (2.53)

In the case of at least one of the two particles being neutral the regular and irregular
Coulomb functions simplify to Fy(0, kr) = krj,(kr) and Gy(0,kr) = krng(kr) with
Je(kr) and ny(kr) being the spherical Bessel and Neumann functions.

In the internal region the radial wave function wu,(r) is represented by an expansion

over a finite set of N linearly independent basis functions, ¢;(r),7 = 1,..., N,

N

u(r) = Z cjpi(r). (2.54)

j=1

In order to describe a physical solution the basis functions ¢; must vanish at r = 0,
but they must not satisfy specific boundary conditions at the matching radius r = a.
A solution of Eq. (2.1), i.e. the radial wave function u,(r) and its derivative uj(r),
must be continuous at each r-value in the domain r € [0, 00[ and especially at the
matching radius a. The matching of the external wave function u§**, Eq. (2.45), and
the internal wave function vl Eq. (2.54), at the channel surface provides a boundary

condition, which is conveniently expressed by the definition of the R-matrix Ry(FE),
w(r = a) = Ry(E) [auy(r = a) — Buy(r = a)] , (2.55)

where B is a dimensionless boundary parameter. The inverse of the R-matrix is directly

12
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related to the logarithmic derivative of the wave function at the matching radius,

- B. (2.56)

The R-matrix takes a particularly convenient form for a Hamiltonian which is her-
mitian on the domain of the internal region r € [0,a]. This is not satisfied for the

Hamiltonian of Eq. (2.1), but can easily be restored by introducing the Bloch operator

. L= h—25(r —a) (i - E) (2.57)

into the Schrodinger equation. This leads to the Bloch-Schrédinger equation,
[(TZ Ty E) +V(r )} uiBt () = LSt (r) . (2.58)

Using Eq. (2.54) and Eq. (2.45) for the radial wave function wu,(r) in Eq. (2.58) and
projecting Eq. (2.58) on the set of basis states at r = a yields the matrix equation

2

h lex ex N
(GCUE. Bley) ¢ = 5oi(@) [ (@) = B-ui(@)] i = 1N (259)

Mz

7j=1
where C(E, B) is defined by
CE,By=Ty+L—-E+V(r). (2.60)

It is important to remark that Eq. (2.59) implies that the solution of the Bloch-
Schrodinger equation is fully determined by the internal region, while the right-hand
side of Eq. (2.58) contains only values of the channel surface. The expansion coefficients

c; are obtained by solving the system of linear equations (2.59)

cj—;;—u @€y [o ™ (0) = B )] (2.61)
with
Cyy = (@il C(E. B)loy) (2.62)
13
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Introducing these coefficients (2.61) into Eq. (2.54) at r = a gives

MZ% )Y i€y o u(a) - Bupt@]  (2.03)

and with the definition of the R-matrix in Eq. (2.55)
-~

R,
(E, 2au ]Z;

Assuming that the basis functions ;(r) are orthonormal the matrix C~! can be written

pila )izpi(a) . (2.64)

=

in its spectral representation

N

OB, By = ot (2.65)
7 =1 Enf —F

with the eigenvalues F,, and the corresponding eigenvectors u,,,,
0(07 B)Unf - Enﬁgnf . (266>

The eigenvectors fulfill the condition @7,v,y = d,,/. Inserting expression (2.66) into

Eq. (2.64) yields the spectral representation of the R-matrix,

o0 2
Ry(E,B)=Y % . (2.67)
n=1 n

In a complete basis the energies E,, are exact eigenvalues of the Hamilton operator
Hy=T,+V(r)+ fL(B) The quantities 7, are denoted as "reduced width amplitudes”
and 72, reduced widths. They are connected to the basis functions at the matching

radius a

72 1/2
Tne (2#&) n@(a> ) ( 68)

with

= Z Unei0i(T) - (2.69)

Here, v,¢; denotes the i-th component of the eigenvector 7,,. However, within the

frame of phenomenological R-matrix theory the form (2.67) is replaced by a finite

14
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sum and well suited to fit a certain numberof pole and widths parameters to measured
data. Once fitted to available experimental reaction data in a certain energy region the
R-matrix provides a tool for calculating consistently different observables for a large

energy range, e.g. the phase shift

ka RAE)FZ/(?% ka) - Ff(na ka)
ka Ry(E)GY(n, ka) — Go(n, ka)

tan(dy) = (2.70)
and all observables derived from it.
With the external wave function (2.45), its derivate and the definition of the R-

matrix, Eq. (2.56), the scattering matrix U, can be expressed in terms of the R-matrix

as follows ) (L* B)R (E B)
U, = etide 20— 2) 2.71
= 1 -(Li— B\R(E,B)’ (2.71)
where O’(k: )
L, = ka2t 2.79
£~ 50, (ka) (2.72)

is the dimensionless logarithmic derivative of Oy in Eq. (2.47) at the channel radius a,

L* denotes the complex conjugate of L and
¢ = —arctan[Fy(ka)/Gy(ka)] (2.73)

is the hard-sphere phase shift.

Using the relationship between the R-matrices with different B-values,

1 1
R(E,0)  R,(E,B)

+ B, (2.74)

one can show that Eq. (2.71) is independent of the boundary parameter B which is a
physical requirement that the scattering matrix U, must not depend on the parameter
B.

The single-channel case where the R-matrix is a number can be generalized to a

multi-channel system based on the matrix equation

> T+ Ee— E)8eq+ Vea ua =0, (2.75)
d

where ¢, d, ... denote the different channels. FE. is a diagonal matrix which contains

for each channel the threshold where it energetically opens. Again in order to restore
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hermiticity on the interval [0, a] a Bloch operator L. is introduced for each channel c,

N h?
L.=
2/t

d
or—a.) | ——B:) . 2.76
r-a) (3 -5 (2.76)
In analogy to the single channel system the Bloch-Schrodinger equation of the coupled
channel system is projected onto the basis states yielding

h2
2a 4

> (@ilCealE, B)lg;) caj =Y  5—pi(a) x [a-ug™(a) = By uf(a)] . (2.77)

d d
The summation on the right hand side is performed over all involved channels and
contains only quantities of the external regions. This allows a clear separation into
an internal and external region. Finally one ends up with a generalized form of the

R-matrix for the multi-channel case

o0

R(E,B)=Y" ;ZX”E . (2.78)

n=1

Here, R.. is a matrix of dimension N, x N, with N, being the number of reaction
channels at energy E. This form of the R-matrix plays an important role in phe-
nomenological R-matrix analyses of experimental data where it provides a simultane-
ous consistent description for all the reaction channels. To that end Eq. (2.78) is used
with a finite number of poles at real energies F, and widths ~,. and 7, which are
fitted to experimental data in the desired energy region. Poles that are located outside
this energy region are accounted for by so called background poles which influence
the cross section in the considered energy range by shifting its ground level. Because
of rotational invariance and the properties of the nuclear and the Coulomb force the
total angular momentum J and parity 7 are conserved quantities. Consequently the
R-matrix must be considered for a given J”™ and must include all sub-channels coupling

to the channel J™. The R-matrices for different J™ are in this case disjunct.
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3 Introduction into the 3-body problem in the frame of R-

matrix theory

3.1 The general difficulty

In nuclear collisions breakup channels with three outgoing particles may occur at rather
low energies in the resonance region, especially in light nuclear systems.

Albeit total energy and momentum must always be conserved in three-body kinetics
there remains freedom in mutual directions and the partial kinetic energy of the three
collision partners. Thus in a general three-body channel the external region in which no
mutual polarization of the bodies occur cannot be fixed in space. This feature of three-
body problems represents a severe obstacle for the extension of the R-matrix formalism
to three- and many-body channels. Due to the lack of an interaction region confined in
space the introduction of a channel surface is not possible. Therefore an extension of
the R-matrix formalism to three- and many-body problems is not straightforward and
requires major conceptional modifications. At present no generally applicable R-matrix
formalism for three- and many-body channels is available.

In their seminal work on R-matrix theory Lane and Thomas [8] present some ideas
on approximations which bypass the difficulty of defining a channel surface of the
three-body problem. One possibility is the so-called sequential approach in which the
three-body breakup is represented as a two-step process of binary reactions. More de-
tails on this approach and its validity are given in subsection 3.2. A second approach
to account for non-binary channels is offered by the reduced R-matrix, a concept also
first presented by Lane and Thomas [8]. In this case one considers an R-matrix anal-
ysis of an incomplete system, i.e. not all energetically open channels are included in
the R-matrix analysis. Because of the loss of flux into ignored channels the S-matrix
associated with the R-matrix analysis is not unitary. Hence, the defect of the unitarity
is directly related with the total cross section for transitions into the ignored channels.
This approach is frequently used to include capture reaction with the Reich-Moore
approximation [14]. This method was not used for other channels, e.g. breakup chan-
nels, because of lack of proper parametrization for the reduced R-matrix. Recently,
the nuclear data group at TU Wien developed R-matrix parametrizations suitable to
account for breakup channels [15]. First reduced R-matrix analyses are currently in

progress [16].
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3.2 Sequential Approach

In nuclear collisions breakup channels with three outgoing nuclei may occur at rather
low energies in the resonance region, especially in light nuclear systems. Therefore
the description of breakup channels in R-matrix analyses of such nuclear systems is
important. Being aware of the difficulty of R-matrix theory to describe systems with
energetically open three- and many-body channels, the possibility of approximations
was considered. In the following the sequential approach is sketched according to [13].

In the seminal work of Lane and Thomas [8] the treatment of breakup channels as a
succession of two two-body disintegrations is worked out. This procedure is applicable
if at least two of the three outgoing nuclei form a long-lived compound. In this case the
wave function components in all unbound channels are negligible and an approximate
finite channel surface can be given. Thus the breakup reaction appears as two successive

two-body processes (see Fig. 2).

interaction region

Figure 2: Nlustration of a three-body breakup reaction involving a long-lived reaction product as two
successive two-body processes in the C.M.-system.

The procedure has been worked out in detail in Ref. [8]. The key for the treatment
of successive two-body reactions is the enumeration of the breakup channels. For a
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given total energy £ the energies F, and Ejg are given and consequently we know the
energetically open unbound states (labeled by r) of the long-lived compound S. Thus
the open states of 3 are given by 1, ) where the index ¢ specifies the composition
(o, ) of the nuclear system.

The inclusion of the successive breakup is easily implemented by substituting the
>, by Y. [ dEg in all expressions. Thus the total asymptotic wave function of the

system takes the form
U, ~ 1, — Z Uc’,cOc’ - Z / dElch’(Eg,r’),cOc’ ) (31)

where the first sum describes the two-body reaction into the composition («, /) and
the last sum gives the contribution of the subsequent decay of S. Using the collision
matrix elements UC/(E;B,T/%C one can evaluate the cross section of the breakup in the
channel ¢'(Ej, ') and integrating over all admissible £ and summing over all open

channel 7’ yields the cross section for given three end products.
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4 Faddeev equations for three-body systems

The sequential approach discussed above is a reasonable approximation which is ap-
plicable if a long-lived nucleus is involved in the breakup reaction. A quantum me-
chanically exact treatment of three bodies exhibits the problem that the Lippmann-
Schwinger equation (2.15) does not provide a unique solution [21]. This difficulty was
solved by L. Faddeev [9] who set up a set of three equations which is the basis of
W.Gléckle’s proposal for a three-body R-matrix theory published in 1974 [10].

In this section a brief summary of Faddeev’s three-body equations according to [11]
is given followed by an introduction into the relations used by Glockle for his formalism.
In the next step the generalized formulse derived in [11] are recapitulated and some
essential modifications that make the formalism applicable to real nuclear systems are
introduced. The result of this section is a system of three-body R-matrix equations

ready for numerical implementation.

4.1 Description of the three-body system

A three-body problem composed of three nuclei with masses m;, my and mg is governed

by the total Hamiltonian,

—

2

H:Z (2% —i—vi> + (Vijn) , (4.1)

where 15; is the momentum of particle ¢, v; the two-body interaction between particle
j and n and Vjj;, a three-body interaction which will be omitted in the following.
It is convenient to change to Jacobi coordinates (Fig. 3) yielding the transformed

Hamiltonian

P2 72 P2

H= "+ +tv+vs+uvz+ M : (4.2)
25m  2fign) 2(m1 +ma +m3)

The momenta p; and ¢ are associated with one of the Jacobi coordinate tuples (Fi,ﬁi),

1 =1,2,3. Latter are defined as

— mng + mgfg

_)1:_)2_5?37 Rlzfl_—a (4?))
Mo + M3
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ro = I3 —
- =
rs =TI —

1

[y

—

= Mgy + My Ty

Ry =%y — ——————, 4.4
? 2 my + mg (4.4)
5 L My 4+ meds
Ry =7, - [T1 T M2tz 45
’ : my + Mo (45)

where Z; represent Cartesian coordinates. The momenta p; and ¢ in the Jacobi-

coordinate system are

]_ — —
i = —— (Mg Py — mo P
P m2+m3( 312 23)1
_'—é(w’.aj‘3 maP;)
p2_m1+m3 143 3f1),
p: : (ma P Py)

=—(m —m

P3 R 247 1£2),

1

7 — P, —m,(P, + P
¢ m1+m2+m3[(m2+m3) 1 —my(P + Bs)],
(4.6)

L1 s 5B
®= T, Jr,.,,],13[(?"7’11 + mg) P, — my(P1 + PBs)],
(4.7)

]- — —+ —
Jy = my + me )Py — ma( Py + B)].
a3 m1+m2+m3[( 1 2) 3 3( 1 2)]
(4.8)

The potential v; is the interaction between nuclei j and n (Fig. 3) and the associated

reduced masses are

mj--m

Hin

mj+m

m; - (mj + my,)
m; +m; +m,

and  fli(jn) = (4.9)

In the following considerations a vanishing center-of-mass motion is assumed, Pgpr = 0.

channel a: 1(23)

. channel 3: 2(31)

channel y: 3(12)

Figure 3: Jacobi coordinates and potentials in a three-body system
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4.2 Faddeev equations

This subsection is focused on the path to the Faddeev equations for three-body sys-
tems reflecting mainly the derivation in [11]. In the following a system composed of
three particles of different masses (my, mq, ms) interacting via two-body potentials is
considered. Furthermore we assume that each subsystem of two particles sustains at

least one bound state. Such a system may exhibit up to five types of exit channels,

2
1) 1 <3> Final cannel «v : Elastic channel
3 .
2) 2 <1> Final cannel 3 : Rearrangement channel
1 .
3) 3 <2> Final cannel v : Rearrangement channel
4) 1,2,3 Final cannel 0 : Breakup channel
1
5) 2 Final cannel B : Bound channel
3

The actual number of channels depends on the interaction and the involved parti-
cles/nuclei. Channel B which represents a three-particle bound state will not be con-
sidered in this thesis. The particles in brackets under 1), 2) and 3) interact via a
two-body potential v;,(r;) = v;(r;) and form a bound state.

For each decomposition one can define a channel Hamilton operator

pe o a?
hy = —o 4 Ja W, a=1.23 4.10
2,ua+2Ma+U a ( )

with the asymptotic channel states |¢a.,) as eigenfunctions,

ha|¢am> - Ea|¢am> . (4.11)

Here m denotes the m-th bound state of the corresponding subsystem. They are related

to the total Hamilton operator according to

H=hy+V,, (4.12)
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with the definition

Va=V-ta=) v,. (4.13)

TFa

For the following derivation two-particle operators are denoted by lowercase letters,
whereas three-particle operators are represented by capital letters (except for channel
Hamiltonians defined above). Each channel is characterized by an interaction between
two-particles in a subsystem, which is expressed by the respective potentials v, or v;
from above (Fig. 3). Since nuclear forces act at short ranges (< 2 fm) only the particles
in the asymptotic area of the breakup channel can be assumed to be free (Fig. 4) and

hence
19 =0. (4.14)

This will change if more than one charged particle is involved because of the Coulomb
interaction which is of infinite range. However, such systems will not be treated in this

thesis.

break-up channel

Figure 4: Breakup channel.

4.2.1 Lippmann-Schwinger equation

The Lippmann-Schwinger equation plays a central role in scattering theory. For two-
body problems in Eq. (2.15) it provides a unique solution for the scattering problem.
In the three-body case however, it must be extended to a set of three equations.

The full resolvent of the three-particle system G(z) with z = E + ie is defined as

G(z)=(z— H)™". (4.15)
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Similarly to the two-body case one obtains two equations for G(z) using the channel

resolvent g,(z) = (2 — ho) 1,

G(Z) = ga(’z) + ga(Z>VaG<Z) = ga(z) + G<Z)Vaga(z> : (4'16)

They can be verified by multiplying for instance the second equation in (4.16) by G~1(2)
from the left and using the identity

g;l(z)—G_l(z) =z—hy—2—H=V,

— (4.17)
= G(2) =9, (2) = Va
which yields

1=GY2)g,(2) + Vagalz

1( K (—> fal >_ (4.18)
1= (ga (Z) - Va)ga(z) + Vaga(z) =1.

The scattering state in channel « is defined as

|2y = lim ieG/(E % i€) | dam) - (4.19)
€—>

It is a three-particle wave packet with a subsystem of two particles being in their m-th
bound state and the third one moving freely. Inserting the first resolvent equation (4.16)
into Eq. (4.19) and after executing the limits leads to the Lippmann-Schwinger equa-

tion for a three-particle scattering state in channel «

(5 = lim Hiega (2)|@am) + lim iega (2)VaG(2)|bam) = |dam) + ga(E £i0)Valt) -
€— €—>
(4.20)
|pam) is an eigenstate of h, and thus
. . . . 1 . +ie
lim +i€go (2)|Pam) = lim tie(z — hy) ™ |Pam) = M ——————|dam) = |Pam) -
e—0 e—0 € — Ea

However, this equation exhibits a problem since it is not uniquely solvable. The reason

is that the homogeneous equation
[050) = 9a(E £10)Va|v ) (4.21)

has non-trivial solutions in the region of scattering energies, where £/ > 0. This can

be shown by writing down the Lippmann-Schwinger equation (4.20) for the scattering
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state of another channel g # a,
[95) = lim Fiega(2)]pn) + limm Hiega(2)VaG(2)|83n) = ga(E £ 0)Valufy)) . (4:22)

Since |¢g,) is not an eigenstate of hg, ga(2)|¢s,) remains finite for e approaching 0.
Hence, what remains after performing the limit ¢ — 0 in Eq. ((4.22)), is the solution

of the homogeneous equation
[05)) = ga(E £i0)Va|05)) . (4.23)

It is an additional solution to |1/1&jf,2> and can be added to it. In the two-particle case,
there exist non-trivial solutions of the homogeneous Lippmann-Schwinger equation
too. However, these solutions are found at discrete binding energies of the two-particle
system (Ejp;ng < 0), not in the positive energy region where scattering takes place.

There are further equations beside the Lippmann-Schwinger equation [18], which are
satisfied by the scattering state |¢&jﬁ2>, They result from inserting the second resolvent
equation of (4.16) for G(z), but now for a different channel than «, e.g. f,

9 =l ieG(E + i€) o)

=limiegs(F + i€)|¢am) + limiegs(E + 1)V 5G (E + i€)|¢am) (4.24)
ie =
—lim——— E+i (H)y
61_{% E+ic — hﬁ ‘¢am> + gﬁ( + 10)Vﬁ‘wam>

The first term vanishes since |¢a,,) is not an eigenstate of hg. Hence, the denominator
remains finite while the numerator approaches 0. Finally, in the limit € — 0 the product
93|Pam) vanishes, which is known as the Lippmann identity. A similar equation is
obtained by using the ~-resolvent. Glockle found out that adding two homogeneous

equations to the Lippmann-Schwinger equation,
[05) = [Pam) + ga(B +10)Val ()

[osey gs(E +i0)V |l (4.25)
Wéﬂ) = gv(E + 1O)Vv|¢<(;rz>

the scattering solution |w((;r2> becomes unique [19]. These additional equations intro-
duce physical boundary conditions to the Lippmann-Schwinger equation which guaran-

tee that there are no incoming waves in channels § and ~. In the breakup channel the
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behavior of |@/J((;£1)) is determined by each of the three equations (4.25). Alternatively
one can use the form (4.24) with 8 = 0, to describe |¢(§;2> in the breakup channel,

W5 = GoVolw(h)) = GoVIvSh) . (4.26)

This state again guarantees a purely outgoing wave in the breakup channel [18]. More-

over, the structure of (4.26) gives rise to a decomposition of W&an)) into components

3
W) = GoVIwS) = GoVileli)s, (4.27)
=1

which are called Faddeev components of the scattering wave function.
However, there are still problems remaining. The integral kernel of Eq. (4.20),

9oV o, and the integral kernels of the equations in (4.25) do not have a finite Schmidt

o el = (i) = [ ff v i) -

and they are not compact. Latter is caused by the occurrence of delta functions in the
kernel which arise from the fact that the channel resolvent g, acts in the two-particle
subsystem of the three-particle system, and does not affect particle . This can be
expressed by writing down the matrix elements of the resolvent

2
— —

Lo . 4o
(ol 0 (2) 7,00 = 8(d — G Fula(z — 522l (429)

Here, g, is a two-particle operator living in two-particle space, while g, is a two-particle
operator in three-particle space.
Faddeev was the first to realize these problems, which led him to look for new

equations, the so-called Faddeev equations.

4.3 Faddeev equations for the T-operator

Similarly to Eq. (2.30) in the two-particle problem one can introduce a three-particle

T-operator

T(z) =V +VG(2)V (4.30)
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with the three-particle resolvent
G(2) = go(2) + 90(2)T(2)g0(2) - (4.31)
Combining them yields two integral equations for the T-operator, i.e.

T(z) =V +Vgo(2)T(2),

(4.32)
T(z) =V +T(2)go(2)V .
Faddeev suggested to split the T-operator into three components,
T; = v; +vigoT, (4.33)

where V' = vy +vs+wv3 and thus T' = T7 + 15+ T3. However, the integral kernel remains
the same as before and is still non compact. The equations for the three components

can be arranged in matrix from

T1 V1 v U1 U1 Tl
T2 =lv| + vy vy vy do TQ . (434)
13 U3 U3 Us Us T

In the following some manipulations to this matrix equation are performed in order to

make the integral kernel less singular. The first line of the matrix equation
Ty = v1 +vigo(Ty + 1o + T3) (4.35)

can be rewritten as
(]l - U190>T1 = + UlgO(T2 -+ Tg) . (436)

Multiplying this equation by (1 — v1go)~! from the left leads to
Ty = (1 — v1go) w1 + (1 — vago) vrgo(Ta + Ts) (4.37)

or
T1 = tl + tlgo(TQ + Tg) s (438)

with the two-particle t-operators

ti = (1 —vigo) vy, (4.39)
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acting in the three-particle space. The same procedure can be carried out for the

second and third line and one ends up with the matrix equation

T1 tl 0 tl tl Tl
T2 =\t + |1 0 ta | 90 TQ . (440)
T3 t3 t3 t3 0 T3

These are the Faddeev equations for the T-matrix. They can be alternatively written

as

Ti(2) = t:(2) + 3 Fy(2)90(2)T3(2) (4.41)

with the Faddeev operator

The potentials v; have been totally replaced by the two-particle operators ¢; acting in
the three-particle space. Two-particle operators, like ¢; that act only in subsystem ¢,
always enter off-shell into three-body scattering amplitudes because of the energy shift
z — q?/2M; in subsystem i. As a consequence, there is more information contained
in three-particle scattering data than in pure two-particle data. Additionally, when
performing the operator product ¢;g07; one has to integrate over all intermediate states

|pt) and |q}), where

2 2 '2
b; q; b;
Pi _ 4 4P 4.43
24 7z 2M; 7 204 (4.43)

The kernel of Eqgs. (4.40) and (4.41), t;g01}, is still not compact and does not have
a finite Schmidt norm. This is due to the exclusive action of ¢; in subsystem ¢, which

causes O-functions occurring in the matrix elements,

2

(11 () ) = 8(8 — ) GlEu(z = 53 ) (4.44)

with the two-particle operators ¢; acting in the two-particle space. The existence of the
Schmidt norm [Eq. (4.28] is a sufficient condition for compactness of the integral kernel.
Latter is an important feature of the kernel as it is a necessary condition to enable the
Fredholm theory and other methods of integral equation theory to be applied. After a
first iteration of Eq. (4.40), not carried out here, there occur operator products such
as t;got; with ¢ # j. Such a product implies an integration over intermediate energy

states, where the d-functions disappear and the particles get linked together. Further
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problems and details are treated in [21], however, we can proceed using the form (4.41)
of the Faddeev equations for the T-operator. If we continue iterating Eq. (4.40), we

get the Neumann series of the Faddeev equations, which is [21],

T(z) =) t(z) (E(2)g0(2)t(2))" (4.45)

v=0

where doubly underlined quantities represent matrices and singly underlined quantities
vectors. The Faddeev equations describe the three-particle scattering process as a
two-body multiple scattering process, where the individual two-body scattering occurs
on-shell or off-shell.

In the next step Faddeev equations for the three-particle resolvent G;(z) and the

scattering wave function |vE ) will be derived.

4.4 Faddeev equations for the resolvent and scattering states

We start with the resolvent G(z) from Eq. (4.31) and replace the operator T by the

sum of its three components 7T; (4.32),

G(2) = go(2) + ilgo(z)ﬂ(z)go(z) : (4.46)
With the definition of components G;(z),
Gi(2) = go(2)Ti(2)g0(2) , (4.47)
Eq. (4.46) is rewritten as
G(2) = go(2) + Z Gi(z). (4.48)

Equations that determine G;(z) can be obtained by inserting the Faddeev equations (4.41)
for the T-operator into Eq. (4.47) (omitting the argument z of the resolvents and op-

erators),
3

Gi = goligo + go Z Fijg0T90 - (4.49)

j=1
We proceed by including a relation that follows from extending the resolvent equation

in two-particle space (operators carrying a tilde are two-particle operators acting in
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two-particle space)

g = go + Jotdo (4.50)
into three-particle space,
gotigo = Gi — 9o - (4.51)
Then,
3
Gi=gi— g0+ 9 Y FijgoTigo (4.52)
j=1
and with Eq. (4.47)
3
Gi=9i—go+ ZQOFijGj : (4.53)
j=1

Let us now find Faddeev equations for the scattering state
W) = lim ieG (B % i€)|dam) (4.54)
e—

by inserting the splitting of the resolvent (4.48), which yields

3

[05) = lim iego(E £ i€)|@am) + lim £ie ) Gi(E £ic)ldam).  (4.55)
i=1
We define
Xiamn) = lim iegi(E £ i€) o) (4.56)
e—
and
W& = lim ieG;(B £ i€)|gam) (4.57)
e~
with i = 1,2,3. The state | XZ(:Q with a # 0 can be simplified by performing the limit
e — 0, '
AT R PR S =0,1,2 4
|X7/Oém> 61—1;Ia- E j: ie o hl |¢am> Za|¢0{m> ) 1 07 Y 73 ) ( '58>

which is true since |¢,,,) is an eigenfunction of h; if i = a. @ # 0 means an incoming
state consisting of a bound pair and one particle moving freely. This case will be
considered in the following. For v = 0, which describes an incoming state consisting of

three free particles, we get different results for |X§;tr)n>7 which, however, will not concern
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us further. As a consequence the scattering state is split into components
3
[05) = [XGam) + D [65:- (4.59)
i=1

With the Faddeev equations for the resolvent (4.53), these components become

3
[y, = lim ie | g;(E & i€) — go(E + i€) + > " o(E +ie)Fi;(E +ie)G(E % ie) | |dam) -
€—

J=1

(4.60)
For an incoming state consisting of a bound pair and one particle moving freely one

finally obtains

3

WD) = BialGam) + Y _ go(E £10)Fyj(E £10)[(E); (4.61)

=1

and the total scattering wave function is a coherent sum of the three Faddeev compo-

nents,
3
WS =) [, (4.62)
=1

Eqgs. (4.61) and (4.62) are the Faddeev equations for the scattering state.
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5 A novel three-body R-matrix formalism

In this main section a novel R-matrix formalism for three-body channels is presented.
It provides a full quantum mechanical treatment of three-body processes in the frame
of R-matrix theory making use of the Faddeev equations. An important proposal for
such a formalism was first given by W. Glockle in 1974 [10]. It is the only attempt of
an R-matrix formalism based on the exact three-body equations until now. However,
to our knowledge it has never been numerically implemented and tested.

Dealing with an extension of an R-matrix formalism it is obvious that the asymptotic
form of the three-body wave function plays an important role. Therefore it will be topic
of the first subsection followed by an outline of the R-matrix procedure and its final

equations in the next subsections.

5.1 Faddeev equations and asymptotic wave functions

The Faddeev equation for the scattering wave function (4.61) reads

3 3
W5 = bialbam) + Y 9031055 = Gialdam) + Y go(1 = 6:5)t:[0 ),
j=1 i=1

5 (5.1)
= 5ia’¢am> + Z gOti|¢Sr:r2>j )
iG)=1
with
3
WG =D 1S (5.2)
i=1

Here the relationship Fj; = (1 — 0,;)¢; was used. Starting from the resolvent equation

in its two forms,

Go(E — ho — v;)gi = go = gi — 9ovigi = Gi = go + Govigi = gi = (1 — gov;) " go

(5.3)
gi(E — ho — vi)go = go = gi — giVigo = gi = Go + Givigo = gi = go(L — govi) ™",
the two-particle t-operators can be expressed by
ti = v +vigot; = v; + tigovi = t; = (1 — v;90) " = vi(1 — govi) ™" (5.4)
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Combining Eq. (5.3) with Eq. (5.4) yields

gi = go(1 —v;90) ' = (1 —vigo) ' = gglgi =t = galgivi = goli = 9iv;

(5.5)
gi =1 —govi) 'g0 = g9y = (1 — govi) " = t; = vigigy " = tigo = vigs
Hence, Eq. (5.1) can be rewritten using Eq. (5.5),
3
|77Z)£x:7t72>1 = 5ia|¢am> + givi Z |1/}1(1:7E’2>j . (5.6)

i(#)=1

We use the coordinate space representations of the physical scattering wave functions

|w§§2)z and suppress the indices a and m
il By) = (7 By SE) (5.7)

The index ¢ = 1,2, 3 and j denote the Faddeev component and a certain set of Jacobi
coordinates, respectively. In the following the notation for two-particle Green’s func-
tions and two-body potentials (V; =V}, is the interaction between particle j and n)
will change from lowercase to capital letters while leaving their definitions unchanged
(see subsection 4.1). In coordinate space representation the Faddeev equations form a

set of three coupled integral equations

1(71, R1)o = ¢1(r1, R1)a /d3 /ng'1<771§1|G1|ﬁﬁi>‘/23(Ti)[¢2(77§aé'g)a+¢3(%7§§)a]

o (72, Ry)o = /d3 /d3R, 72R2’G2’7’2R2>Vi’>1(7“2)Wl(ﬁa ) +¢3( )a]
/d3 /dSR/;g(FsRs’Gs’ngéﬂ/ﬁ(ré)[wl(ﬂlaRll)a+¢2(7:57ﬁ/2>a]>

(5.8)
for channel
G, Ry = / &, / 0 R, (7 |G 74 B ) Vi () [T, o)+ (. Ty )
Uo (T, Ro)g = ba(ra, Ry)g + /d?’ré/d3R’2<F2§2|G2|7ﬂ2§/2>%1(T/2)Wl(ﬁa R))g + 13(7y, Ry) ]
Uy, ) — / & / 0 R, (71 G 7 By Via () [t (74, B )5+t Ty )]
(5.9)
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and for channel ~
(o, B, = / & / 0 R (7 B |G |7 ) Vas () (s B )+ (7, )]
Uy, o) — / & / 0 Rl (7 Rol Gl Ry Vi () (7 B )+ (7, ).

(7, Fi)y = dalra Ry + [ v [RGB RVia ) 01 (7, ), + 0l )
(5.10)

All labels correspond to the notations used in Fig. 5 with V;(r;) = Vj,(r;). The

1T V) :"'FZh‘“"“~\V3(r3)

| 3
channel a.: 1(23) = channel B: 2(31) . channel y: 3(12)

Figure 5: Jacobi coordinates and potentials in a three-body system.

dynamical quantities will be denoted according to the dispersion relation (A = 1)

K2 2 . 2 2 2 2. K2
7 _'_ QZ — E()+ Ql 7 ka _ qKz + 7

— = + - . (5.11)
2 2MtiGny 0 2MiGn) 2Mgn 2MiGn)  2Mjn 2Hign)

E=E, =

The index ¢ stands for the respective Faddeev component in Eq. (5.8) and will be omit-
ted for the wavenumbers in the following. Eq. (5.11) exhibits the energy-wavenumber
relations for all possible channels of the three-body problem. Fj, denotes the bind-
ing energy of the bound subsystem in the incoming, elastic or rearrangement channel,
whereas () stands for the wavenumber of the projectile or scattered particle. If breakup
occurs k denotes the relative wavenumber between the two particles that were bound
in the subsystem, but after breakup moving freely and @)}, is the respective wavenum-
ber of the third particle. The wavenumbers k; and (), are associated with the Jacobi
momenta p; and ¢; defined in Eqgs. (4.6), (4.7) and (4.8). gx and K; have the same

physical meaning as k& and ), and will be needed in the Green’s function below to
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study an asymptotic limit. The Faddeev equations require different sets of Jacobi co-

ordinates as a function of that set used in a certain subsystem. For ¢ = 1, 2 the relation
reads (i # j # n and i # n)

= = (LR, By = (—1p T T
m; + my (mi + my)(my + my) mi + M
(5.12)

and for i =3 (i #j #n and i # n)

T = S R (—1VR;, R;= —(—1)jmimn AR +mnmnﬁ - R,
m; +my, (mi + my,)(m; +my,) m; +m,,

(5.13)

There are two ways to write down the Faddeev equations either as integral or differ-
ential equations. In the following we consider the integral form and restrict ourselves
to the s-wave part of the wave functions in Riccati form w;(r;, R;) = riRy;(rs, R;).
Then Eq. (5.8) reads (the index "a* will be omitted in the following)

1
1 [ui(r}, RS)  ug(r), RY)
Ao’y R)= | 20 L 1
X/:”Zu{qu TR (5:14)

e
—ub(rl )sin(QR;) —I—/drg/dR; (riR;|Gi|ri RO Vi(r)) Ni(ry, R;)

where

! 3
iR (15, R
mm&%/mﬁQZwﬁJx (5.15)
I
e

J#
and z; is the cosine of the relative angle between r; and R;. Applying (E — FIZ) on both
sides of Eq. (5.14) and using the identity

5 - 1
(B — H)(riRi| Gi|riR;) = (E — H;){r:R; IE i [riRi) = 8(r; — 73)8(R; — R)
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yields

1 a2 IS
B a — + Vi(ry) — E|u;(r;, R;
[ 20tj dr}  2ppigjny AR} ) e
[e’] S :
o MR G ui(r, R
I 15 (7 — V(B — BV ety
_ /drz/dRz d(r; — })3( 1, Rz)vl(m/dxl > LR (5.16)
J / J j=1 177
i
1 / ~ (1. Ry)
T P Ui\, 1)
— 1) / dmeZ; ot

-1 =
J#

with boundary conditions for outgoing scattered waves. FE is the total energy of the sys-

tem. The Green’s function for three-body problems in absence of Coulomb interaction

reflects the dispersion relation (5.11) and can be written in two forms [18]

R e
2 i — i i 7 —)*
+— /dk: u,i )(m) (—Q,LLZ-(jn)e‘Q’“Ri> %) u,i ) (r}) (5.17a)
A Qr
0
2 - 2hin (+) ) ) si ’
- dK sin(KR;) —q—qu (ric)Wey (i) | sin(KR;),  (5.17b)
K

0

where R;» = max(R;, R}), R« = min(R;, R}) and r;~ = max(r;, ), ri« = min(r;,r})
and i, m,n denote the different particles (i # j # n and i # n), respectively. The
functions uSt (r) and We, () form a complete set of bound- and scattering states and

are normalized as
ufli) (r) v @ sin(gr + 6(q)) (5.18)
and
wy(r) = e (5.19)

for r — oco. With this Green’s functions and the coordinate transformation

1 [ 1
T = pcos p; R; = psin g, , (5.20)
24bjn 24ti(jn)

one obtains after an involved derivation provided detail in [11] the asymptotic form
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of the three-body wave function for R; — oo and r; fixed and r; — oo and R; fixed.
These forms are important for the R-matrix procedure. For R; — oo and r; fixed we

obtain

\ 2uin B
4 - .
ui(ri, Ri) 2 ) (ry) sin(QR;) — 2pijmyus (rs)e 9T — —HiGn) / dk g (r;)e R T (k)

0

o ia /2uj(in)E%Ri/sin<p; , . 9 0o .
7 w; (r;)C; + - / dk wy, 7 (r;)Ci(k)

]— K3
J#i V2uinE

1
+0 ()

Mw

(5.21)
and for r; — oo and R; fixed
A/ Q}L]'nE
wi(ry, R;) < —% / dk sm(QkRi)e‘k”Ti(k:) +0 (—2> (5.22)
r
0 7
The angle ¢} is given by
C = t 5.23
vy T arehan <mi +mn ik ) (523)

and the numbers C? and C;(k) are determined by

b 2 in —1/4 [ My i s s\T/2 /4
CF =) =€ 25 24150 2ptyony) (=) (sing) 2B
ml
00 (5.24)

2 7 n
x T; (\/2uan cos <pj> HiGs /dr u; ,

Hj(in) (E - ,Mm) sin’ <Pj 0
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7

2 i —1/4 [ My +m, . % 372 *
Ci(k) :\/;e T20Li(im)\/ 2Hbjn (Z;Lj(m)) (T sin gpj) EYVAT, (\/Q/Lan cos goj)

1 [ O
X 5 /dr u,(C ) (r)Vi(r) .
k= 2B 4 2 p ()
Hin i 0

i(jn) (mi-+mn) sin o7

(5.25)

Finally the asymptotic expression of the three-body wave function in the breakup

channel where both r; and R; tend towards infinity is given by [11]

wi(ri, Ri) 2 (2uiein)¥ >/ 20 2 i%fﬂﬂﬂ& T (20 VE 5.96
i\, L) — Nz(]n)) Hijn 7_[8 P1/2 P i Hijn P ) ( )

p—00

with p = \/2pjn1r? + 2pi(jn) RZ.
With the momentum transformation (for details see [11])

k= +/2pj, Esind, Qr = \/2pin) I cos (5.27)

and the coordinate transformation (5.20) the breakup wave function of the Faddeev

component ¢ is calculated according to

irVE
48

ui<ri7 Rl) 1
Vi(ri, By) = TR 2fki(jn)\/ QMyn\/je iy PE Sm%’@ﬂ(k‘i)

hat
p—r00

1

= 2:““1 (Gn) V 2“Jn\/je ipl/ e 1/2 sin i/ 2/% (Jn) \/ TZ(’@)

,0 sin; p COS Y;
——

=cos(Z—v;)
= 2pigm)""? 2“J‘"\/z e e;f gf%)
_ (Zﬂi(jn))s/Q QNJH\/E x g/ 6:5\//; \/m
_ (4m(jn)ujn)3/z \/geigE:a/zxepS_f Tz‘g{?i) .
i (5.28)

Here the saddle point condition ¥; = § — ¢;, resulting from the integration along the
[

line of steepest descent carried out in [11] was used.
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The total wave function for the breakup channel in the asymptotic region is calcu-

lated as a sum over the three Faddeev components, ¥;(r;, R;), according to Eq. (5.2)

3 ipVE 3
2 in e’ T;(k;)
(+) _ “— iz 3/2 L4V
Wbreakup - E ¢i<ri7 Rl) i =00 \/;6 E3/4 p5/2 E (4/%(]11)”]71) L (529)
=1 1

Ri%oo =1

The asymptotic wave function depends on the T'—amplitudes. From the deriva-
tion of Glockle and the generalization to different particle masses the form of the

T—amplitudes in coordinate representation is given by

T = / dR / dr %u?(r}%(T)A(T, R) (5.30)
and . .
Ty(k) = / dR / dr Sm(éL:R)ué_)*(r)Vi(T)A(r, R) (5.31)

with Eq. (5.15),
1
3
Ai(ri, Ry) = | day —5— I
(o R = [ an, B Y M
1 7=t
J#i
They must not be confused with the three-body T-operators treated in subsections 4.3
and 4.4.
In the following we show according to [18] that these forms of the transition ampli-
tudes [(5.30) and (5.31)]are equivalent to

Tso = (0a|VI057) (5.32)
which is the three-body analogue to Eq. (2.28). The channel potential is given by
VB:Va_'_VW 057&67&77

where « is the entrance and elastic channel and § and 7 are rearrangement channels.

The breakup channel conveniently carries the index 0 with the corresponding po-
tential Vy = 0 and thus V° = V; + V5, + V3 where we use the notation V,, = 1}, Ve =V,
and V,, = V3 .

39



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

b
With the notation ¢; = jo(QR1)@%(r1) and ©8(r) = UIT(T) the elastic T-amplitude

from Eq. (5.30) reads in abstract vector notation
Ty = (1| Vil + s) = (91 [ViGo(Va + Va) [0 D) = (¢1|Va + V3w H)) . (5.33)
In the first equality inserted the definition of the Faddeev components,
i) = GoVi o)) (5.34)
and in the second equality we made use of the relation
GOV1|¢1> = |¢1>' (5'35>

To prove Eq. (5.35) we multiply both sides by Gy* from the left side which leads to

Go ' GoVilon) = Gyt |¢n)
Vilgy) = (E Hy)|¢1)
Vilgr) = (Hi — Hy)ln)
Vilg1) = Vilon) .

because Hy = Hy + V; with the eigenstate |¢1), Hy|d1) = El¢:).
The breakup amplitude in channel 1, T7(k) from Eq. (5.31), in abstract vector
notation with ¢ = kjo(kr1)jo(QxR1) reads

Ty(k) = (oy Vi lws + t3) - (5.36)

The scattering state ](ﬁ,(:r)) is a solution of the Lippmann-Schwinger equation

1
61) =160 + GoVilol”) =[] +lim " Vilel™) . (5:37)

where |¢;,) is an eigenstate of Hy, i.e. Ho|dy) = Fo|¢r) and Iill|gz§,(€+)> = E|gz§,(€+)>. The

scattering state ](b,(j)) can also be represented as

|¢1(f+)> = |¢r) + G1Vilég) (5.38)
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and the corresponding vector in dual space

(@07 = (o] + (e VAGh. (5.39)

Inserting Eq. (5.39) into the expression for the T} (k)-amplitude, Eq. (5.36), and using
relations (5.6) and (5.2) yields

Ti(k) = (0| Vi|e + 3) + (0r|VIG1 V|2 + 3) = (0r|Va|wa + 3) + (k| Vi|tr — 1)

= (Sr[Viltn + o + 1b3) — (B[ Vald1) = (S VAITH) — (| Vi] 1) -
(5.40)

The second term in the last line vanishes on-shell due to strong surface oscillations
resulting from partial integration that do not contribute to the cross section [18]. The
first term is the breakup T-amplitude in channel 1. The total breakup behavior is

obtained by adding up the contributions from all three Faddeev components,
T(k) = (6k[Vi + Vo + Va|H)) = (0 [V ) (5.41)

which corresponds to definition (5.32) of the three body T-amplitudes.
In general the elastic or rearrangement T-amplitudes for the i-th Faddeev component

read
T7 = (¢l Vil + ¥n) (5.42)

and for the breakup channel

Ti(k) = (ox|Viltj + ¢n) | (5.43)

which in coordinate representation yield Eqgs. (5.30) and (5.31). The indices i, j,n

account for three different particles, i.e. i # j # n and i # n.
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5.2 Derivation of the generalized three-body R-matrix formalism

In this subsection the three-body R-matrix formalism based on Glockle’s ideas, but
generalized to different masses according to [11] is presented. The concept of dividing
the Jacobi-coordinate space is introduced followed by the determination of the matching
radii and finally the path is drawn to a system of equations for the expansion coefficients

c,(f) and the T-amplitudes which will be outlined at the end of this subsection.

5.2.1 Division of the Jacobi-coordinate space

The key feature of R-matrix theory is the division of the configuration space into
an interior region where strong interactions take place and the complex n-body wave
function is substituted by an expansion over a set of basis functions and an exterior
region where the asymptotic form of the wave function in terms of the scattering matrix
is well known. However, in three-body theory this concept must be modified because,
e.g. of the presence of a bound subsystem after scattering or two particles that stay
close together after breakup. Both cases imply an interaction of at least two particles
also in the asymptotic range. Consequently the concept of a finite interaction volume,
a prerequisite of standard R-matrix theory, is not satisfied in three-body problems. In
order to transfer the concept of the division of space to three-body systems, Glockle
[10] proposed the introduction of a border in the space of Jacobi-coordinates. Fig. 6
gives a schematic view of the division, where the contours C; = (r;, A;),r; € [0, a;] and
Cy = (a;, Ry), R; € [0, A;] confine the "interaction region” D from the exterior region.

It is important to remark that the ”inner region” D is not associated with a finite
volume in space. However, we have to take care that for each subsystem ¢ the two
remaining sets of Jacobi coordinates (7}, ﬁ,) and 79, (77, ﬁ,) are confined to the area D
as well. This is the central claim of R-matrix theory. In the r; direction the potential
Vi(r;) with range ro; is acting, which determines the matching radius a;. In the dimen-
sion R;, however, there is no such criterion for A; because due to the definition of the
components in the Faddeev equations there is no interaction in R;. For the moment
A; remains a free parameter and is specified by the requirement that all set of Jacobi

coordinates must remain inside D.
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Figure 6: Division of Jacobi coordinate space

An estimation of the magnitudes for the sets of Jacobi coordinates is given by

= rman ()R ? i + Ai < ay
&) r; mj"‘mnr ( )-Rl rrin D mj_l_mn’ro—l— <a
5 MMy, + MMy, + My My _, m; .
b) B =(~1) - |
) ’ ( ) (mi + mn)(mj + mn) m; + mnm RID (5.44)
Ml + M + Ml - T g < g,

m; + m,)(m; +m, roi m; + m,
( )(m; )

where we used

|aF; 2bR;| = \/ (ar;)? £ 2ab(F; - R;) + (bR;)? =~ /(ar;)? + 2abr;R; + (bR;)? = ar;+bR; .

(5.45)
Expressing A explicitly from relation b) we get
b) Ag 2 m; My, + m;my + mnmnrm _ m; + m; + mn?"u;‘ (546)
(mj + mn)mn (mj' + mn)
Inserting b) in a) gives
m; m; +m; +m, m; + 2m; +m,
a) — re+ Myt 0 <= a; = ha it 0i (5.47)
m; + Mmn (m; +mn) (m; + mn)
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Thus, by choosing the boundary parameters,

(5.48)

rj, R;j are confined to D. These are the lower limits for A; and a; which can always be
enlarged by adding some constant greater than zero.
Proceeding in R-matrix theory the wave function w;(r;, R;) inside the area D is

expanded over a complete sets of basis states,

w1, Ri) = Z CS)QOS)(% R;). (5.49)

m

These states gpff)(ri, R;) obey the equation

¢S)<Tm R;) =0, (5.50)

1 d2 1 d? ,
S VA — E®
244, dr? Vilr) = 2/4i(jn) dR " ]

with the boundary conditions proposed by Gléckle [10],

ol R)| O (ri, Ry)

D0, R;) = ¢ (rs, 0 =0 5.51
( ) (rl? ) 87“7; aRZ ’ ( )
Ti=a; Ri:Ai
which imply the orthonormality relation
// drdR ¢, @y, R)gou (r, R) = 00 - (5.52)

Thus, the expansion coefficients can be calculated as

0—//@@R¢1TMWQR) (5.53)
It is convenient to write the basis functions as product states

o) (r, R) = X,y ()Y, (R) (5.54)
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where the functions X (r) and Y,{(R) are solutions of the equations

1 @ N
{— S dr + Vi(r) - egg} XP(r)=0 (5.55)
and . &2
_ — Dy _
[ Sy I em] "(R)=0. (5.56)

The total energy Efti) = effl) + e,(fQ) is split into the energy of the two relative motions,
e,(fl) (particle j relative to particle n) and e,(fz) (particle ¢ relative to particles j and n

where i # j # n and i # n).

5.2.2 Equations of three-body R-matrix theory

The essential quantities that have to be determined in the three-body problem are the
expansion coefficients c,(f) for the interior wave function and the elastic, rearrangement
and breakup T-amplitudes. In order to get equations for the cff), Eq. (5.16) is projected
onto the basis states go,(f) (r, R)

(i)(r. R;) _Ld_Q + Vi(r:) — Ld_Q — E| ui(r, R) =
90/1/ (2] (2 2/,Ljn d’f’z 3 3 2#1(]71) dRZQ 7 19 —
1
riRi o~ iy, Ry) (5:57)

— oD (e RV :
90;1 (Tle)V;(rl)/dxl 2 Z r]Rj

-1

and then integrated over the domain D,

- 1 d? 1 d?
// drdR ¢ (ri, R;) [— +Vilr) — 5 E} ui(r, ;) =
D

24, dr? 24ti(jn) AI;
L ; (5.58)
; ’l“iRi U(TaR)
_//D drdR SDEL)(TZ’,Rz‘)Vi(ri)/dxi 5 Z JerRj .
e i
J#

Integrating the left hand side of Eq. (5.58) by parts and observing the boundary
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conditions (5.51) (see Appendix A) yields

1 7 ; duZ
— dr @ (1, Ay)
2ul(jn) J . dRr

R=A; 2ft5m s

Inserting the expansion of the wave function the right hand side of Eq. (5.58) one
gets

1

3
_ AR oD (5. RV (s it (1, By)
//DdhdRz o (m,Rz)V;(n)/dxl 5 ]Ezl R

-1 =
J#i

(5.60)

1

3 .
— —// d’l"ldRz QDI(Z)(T‘“RZ)V( / i TZ E E ,gpu T]’ ) .
D o

-1
J#l

r; and R; always remain inside D, which is ensured by the values of the matching radii
(5.48). With the matrix element

; D(r R
(i) _ AR oD BV (1 o P (i 1) 1
Vo //L; dridR; ¢, (rl,Rl)VZ(n)/dx, riR; R (5.61)
|
Eq. (5.58) finally becomes
(%) l])
(B +ZZ s
. 2 N (5.62)

= dr go r, A;
2Mi(jn) / ( ) dRr

The wave functions on the borders (5.21) and (5.22) can be plugged into this equa-

[ar e S

R=A; 2405n /

r=a;

tion [11] resulting in
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3
(B B+ 3 g -

=1 W
J#

2:“%'(]'71)

i/ 21 (im) B e Aa sin

1 e
I R

2 i _1
X 7__[642/~Li(jn) 2p45n (245(im)) 3

x 7dr u,g_)*(r)‘/i(r)>

0

B 1

. my; . *
3 iel' /Qyj(m)EmZTfnnAi/smgoj
-2 7
=1 Al

Tthjn

~ <\/2,uan cos go;>

i\ / 2,“](171)E

m;

—SIIIQOJ-

M, cos(QA;) — iQM 9N T?

m; .
m; +m,

5

. 2
M) (sin go}‘»)%EiMubTi <\/2uan Ccos cp;‘)

Njw

1
Ea
my;

1

\/ 2uin B

]:
J#
X (Nb(E)MMb ‘;Qi ——
I (in) (E ~ em S
2

2
1 72 Hj(in) m;
L k2 - 2F 4 24 E( sm;)

Hi(jn) (mi+mn)

/ dk ik M,q, ™ T;(k)
0

A/ 2,U,an

~ 2 . i(jn) . ik
QM,;, cos(QA;) — iQMubelQAiTib - / dk {iQlesk)eleAi + %U{,‘M,@ke‘ka’

in
0

T, (V2B cos s} )

) 7017“ u; (r)Vi(r)

sone) [ oug)

A /Q;Lan Hjn

47

0

1 I o
2 /d?" U’l(c ) (T)‘/Z(r) )
k= 2B 4 2 p ()

Hi(5n)

mi+my ) sin ©3

(5.63)
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with

3
2 ix 1 (mi+mp\?, . 5.3
Ny(E) = \/;e I/ 20050 (2005(im) ) * (—) (singj)2 B4, (5.64a)

m;

1
2 in Limitm, o\ 8
Nu(E) = \/;euui(jn)\/zujn (2145(in) ) (T Slngoj) Ei. (5.64b)

7

The shortcuts are defined according to

My, = /dr goff) (r, A)ub(r), Mﬁ;) = /dr @S)(r, Ai)u,(c_)(r)
" ’ (5.65)

Mg = / AR ¢ (a,, R) sin(QR) .
0

Eq. (5.63) represents a set of (N7 + Ny + N3) equations for the coefficients c,(}), c,(f)

and cﬁg) and the amplitudes 77 and T'(k). N; denotes the number of basis states used
in the i-th Faddeev component and therefore (N; + Ny + N3) is the total number of
expansion coefficients c,(f). Hence, there is a need of some more equations in order
to get a unique solution. At the matching radii it is required that the interior and
exterior wave function must equal each other yielding three additional relations. The
continuity of the first derivative of the wave function at the matching radii is not
explicitly included in this derivation. The consequences and resulting problems are
discussed in subsection 7.4.

The leading terms of the wave function (5.21) for R; — oo and r; fixed are

\/ 21jin B
wi(ri, R;) = uf(r,) sm(QRi)—Z,ui(jn)ul() )(ri)e QR’T;’—%MUH) / dk u,(g )(Ti)e Q’“R’Ti(k)

0

(5.66)

Replacing the left hand side by the expansion valid in the interior region and projecting
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the equation onto the bound state u?(r) gives

aj a;

/dru Zcu 4,0# r, A;) /dr ‘uf(r)‘Qsin(QAi) - Qﬂi(jn)/dr |uf(r)}2€iQAiTib
0 0 0
—— ——
] =1
QMj"E Qg
4
Hi(n) / dk | dr ub(r)uy” (r) @UNT (k)
0 0

(5.67)

where the relation f dr ui?(r)ul(c_)(r) ~ 0 on the line C) was used. Latter relation could

0
be proved for the nuclear systems we considered following sections. The normalization

of u?,

/dr ub(r)* =1 (5.68)

is valid only in case if u®(a;) ~ 0. This assumption which Gléckle made in [10] can be
problematic for practical calculations and will be discussed in the next subsection.

Finally, T? is given by the coefficients cff) through
Z Mubcg) = 8in(QA;) — 2piginye @M T} . (5.69)
The integral in Eq. (5.66) can be replaced by the asymptotic expression of the

three-body wave function in Eq. (5.26) while the left hand side is again given by an

expansion over basis functions. On the contour Cy Eq. (5.66) reduces to

DDl (ri, Ai) = () [sin(@A) — 2y 1Y)

m
5.70)
epA\/E A Tl (
2M2 Jn) \/ 2:u _e 1/4 1/2 T (2[/6]”\/@ ) )
pa- PA pA
. . A; .
with pa = \/ijnrf + 2,ui(jn)A§ and sin 90i|01 = \/2Hti(jny— - The same procedure is
PA
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carried out on the line C; and provides the fourth equation,

ZC%L’ ai, R;)
: OR. 2 w0 . w
= ul(a;) [sin(QR:) — 2ui(jm @@ TY] + (2piiim) > \/;e,‘u_@l/‘l o p—z T, <2ujn\/ E—Z)
ipaVE
3/2 2 iz e'fa Rz a;
) (2Hi(jn)) / \/;e 4E1/41—/2p— T; (2,an\/E_> )

Pa

(5.71)

with p, = \/2pjna? + 2pi(jnyR? and Glockle’s assumption uf(a;) = 0.
The set of equations that uniquely determines the expansion coefficients cff) and the
three-body T-amplitudes, 77 and T;(k), reads
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1)(ED — E)c® + Z S v (5.72a)
1
i
2# ; Q ub COS(QA;) — iQMubeiQA"Tib

\/ 2in B
2
- / dk [iQkaL eiQudi y Hilin)

T

0
3 iei1 /Q,uj(m)EﬁAi/sin ©3
—E (\/Q,u]n cosgoj)

k?M 1ka,-:| T;(k?)

]TL

3/2
j=1 Ai/
i
2Nz (jn)
x| No(E) M dr ul(
Hj(in) <E — 2 ‘Pa

% T0i
2 3 1 N
TV (B) / dk My, T T / dru;><r)w<r>)
V210 B #a_n T Hi(jn) <(mi+mn) sin ) 0

Z b Cy 0 o sin(QA;) — 2pti(jn) @@ TY (5.72b)
ZC 1)90,9 ris Ai) — ul(r;) [sin(QAi) - Q,Ui(jn)eiQAiT;b} (5.72¢)
ePaVE 4, i
2;%(3” ’/QM_\/> Az 1/2 p_T (QMJn\/E )
A PA
2 . eiraVE R a
% ? 3/2 iz /4 { 7
Zc VoW (s, Ri) 2 (2ptiginy) \Ee ipY R T, (2/%\/5%) L (5.72d)

This system of equations was first derived by Glockle for three identical bosons in
[10] and is presented here in its generalized form for three different particles elaborated
n [11].
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5.3 Formulation of a new applicable R-matrix method

In the previous subsection the generalization of the three-body R-matrix formalism to
three different masses and different interactions, first presented in [11], was revisited.
This generalization was the first important step with regard to applicability of the
formalism. The method follows the key idea of the proposal of Gléckle [10], but also
bears it shortcomings. Essential modifications are required to obtain an applicable
R-matrix formalism for three-body breakup channels. This new R-matrix formalism
is subject of this subsection and the updated set of equations suitable for numerical
implementation and application is presented at the end of this subsection in Eq. (5.85).

One modification concerns the boundary conditions for the basis functions. In the
proposal [10] the following conditions were introduced

(Z) (Ti ) RZ)

(%)
i i ® Oy’ (i, R
P00, R) = 0, 0) = L5 _ deu o B)

R = 0. (5.73)

R;=A;

Ti=a;

However, from the vanishing first derivatives at the boundaries (see Fig. 6) there results
a problem from a practical point of view. The conditions (5.73) imply a discrete energy
grid in E,(f) which can be problematic for practical calculations because it can occur
that the energy step width gets too large and consequently the interior three-body
wave function cannot be reproduced properly in certain energy ranges.

This issue gives rise to reduce the boundary conditions (5.73) to
o3 (0, ) = ) (i, 0) = 0. (5.74)

Then the orthonormality relation (5.52) is no longer valid, but

a

A
/ dR / dr 0 (r, Ryp(r, R) = C,. (5.75)
0

0

This matrix C,,, enters Eq. (5.72a) via the integral

A a
/ dR / dr (B, — E)u;(r, R)e)(r,R) = > Ciyw (5.76)
0 0 w
(4), (9

since w;(r;, R;) = Zu’ Coit P (r;, R;) in the interior region.
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A further consequence of these boundary conditions shows up when partially inte-
grating the left hand side of Eq. (5.58)

. . 1 K dul 1 i dQO;(LZ)
(B9 — Bl — /dr SD( (1, 4;) + /dr w;(r, A;)
a I TH AR |z 4,  2MiGn) dr |
, 4 R=A;
A d Ai do
i 1 ]
/dR ’) (a;, R Y /dR ui(a;, R) i
2u]n dr r—a;  2Mjn dr
0 0 r=a;
(5.77)

The terms containing a first derivative of the basis functions at the boundary lines did
not appear in Eq. (5.59) as shown in Appendix A.

Another important modification concerns the bound state wave functions u¢(r) in
subsystems. In the original proposal [10] it is assumed that u?(r) at r = a; is negligible.
However, in most light nuclear systems the values of u?(r) at r = a; cannot be ignored
for reasonable values of a; and u?(a;) must be included in the formulse. This affects
Eq. (5.72a) and the boundary condition in Eq. (5.72d). Latter is derived from Eq.
(5.66) using the asymptotic expression (5.26) and the expansion of the wave function

in the interior region and now reads

S)wi)(ai, R;)

o
= uf(a)e @AY T Muuel? + ul(ag) [sin(QR:) — XM sinQA)] g e
m
ipaVE
3/2 |2 1/4epa R @i
+ (2pim) \/;e o2 pa . \/_pa

with p, = \/21jna? + 2pi(jnyR?. The boundary condition (5.72b) which is obtained
by projecting u?(r) onto the asymptotic three-body wave function (5.21) gets slightly

changed because if u?(a;) # 0 then u%(r) is not normalized to 1 in the interval [0, a;].
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Consequently

Qg i Qg

/dru ch gpu r, A;) /dr ‘uf(r)fsin(QAi) - 2m(jn)/dr |uf(r)}2eiQAiTib
0 0
%,_/ —_——
=C =C

\ 2uin B a;
/ dk / dr uf(r)u,(g_)(r) eiQ’“AiTi(k) ,
0

0

J/

Vv
~0

(5.79)

and Eq. (5.72b) becomes

C> " My ) = sin(QA;) — 2p(jn)e' NI} (5.80)
o
The introduced constants are 1/C' = C'. The boundary condition (5.72¢) is not touched
by the introduced modifications.
The extended set of three-body R-matrix equations containing the mentioned modi-

fications is obtained by plugging the asymptotic forms of the three-body wave function
(5.21) and (5.22) into the equation

( +ZZ MZLJ/)CLJ’ -

J#Z
1 : du; 1 ' dipt?)
dr 0@ (r, 4;) — — dr w;(r, 4;) —£ 5.81
215 (jn) / " P (r, 4s) dR | s 2pign) / ruir, Ai) dR o ( )
7 0 —A,;
T d I dot
1 w o
dR ¢"(a;, R) —|  — dR u;(a;, R) —~
i 21“’]” 0/ i (a 7 ) dr r=a; 2Mjn 9 B (a 7 ) dr .
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This yields

% Z ,U//« N _'_ZZ H;J)l(j

J=1
J#i
1
2o [ M@ cos(QA;) — ub sin(QA; )]

— Myqui(ai) | — ((QMyy — M)l T

2 . — ~r(— i ) i(jn) ;. ~ ika,
- / dk {(1QkM/5k) — M@ BN s o Mg, ek ] T;(k)

pk .
an

g VIS A (et ma)sing; dgya()
A3/2 M/ 2,uj(zn)E dR

1 )
%

1
(4) A
R=A,; gp;ﬁ( ’L)
704

V2050 cos 5} ) (Nb<E>M,m o / dr ul (r)Vi(r)
n gpj)

2
Hitn) (E " i

X
lag
~~

oo T04
2 _ 1 .
w2 [ My [ (r)m(r)>
L2 _9F 4+ 2“J(m)E (( mi

A /2/1,an Hjn Hi(jn)

m;+my) sin Lp;‘. 0

(5.82)

The shortcuts are

Qa; l ~ dSO(Z)(R) 1
MubZ/dMO)(TA) 1(r), MubZMﬂa'(% @A
0 R=A; Pu2 (Al)
a)(r)
; . - @ (r 1
M, = / dR ¢ (a;, R)sin(QR), Mg = M,q - ( Sl ” ) (5.83)
0 r r=a; gpul <a1>

o ((dein(R)
M,Sk—/dwmw ), M,SQzM,Sk*(%
0

1
(@) A '
R=A; 90;12( 1)
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The total system of equations containing all mentioned modifications reads

E) Y oty +ZIZ il
I j=1 u
J#

M cos(QA) — M sin(QA)|

— Myqu(a;) | — (IQMyp — M) Ty

(5.84a)

2 . — ~r(— i ) i(yn) /. ~ ika,
- / dk {(@legk) — M)A B Gy o 3o e } T, (k)

n

B 23: olV/2H5(im B Ai/ sing; o (mi + m,,) sin } dgofg(R)
A3/2 QNJ(zn)E dR

1 %
%

(@)

T04

X
e
/~

202 . 9
I (in) <E ~ o sin

o T0¢

2 _ 1 Y
+ZNL(EB) dk M) dr ul”
T e _opa 2“““” E ( Lz i
\/m Hijn Hi(jn) (m;+mn) sin 4/3; 0

CZMM,C n(QA;) — 241(jnye @M T}
Zc o (ri, Ai) = (1 Z Mincy?
eiraVE A r
2 (2tiim))* >/ 21t —e BV —’ﬂ(zmnx@i)
pa- PA PA
0 oo, By
"

)eiQ(Ri*Ai) Z M,ubcg) + uf(az) [SIH(QRl) — eiQ(RiiAi) SIH(QAZ)}

VvVE
3/2 2 € ipa R~ a;
+ (2uigm)) \/; B 7z o Li (zﬂan@p ) ;

Pa Pa a

(z‘h‘))

2 i(jn
21 E cos gpj) (Nb(E)Mub Hi( i *> /dr u?(r)Vi(T)
i)

R=A; Pu2

(T)Vi(?“)>

(5.84b)

(5.84c)

(5.84d)

In Eqs. (5.84b)-(5.84d) the T-amplitudes can be expressed explicitly and plugged into
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Eq. (5.84a). For the T;(k) amplitudes it depends on the value of & whether Eq. (5.84c)
or (5.84d) is used. This point is discussed in detail in subsection 6.1.
We finally obtain a set of four equations that uniquely determines the three-body

problem in the frame of R-matrix theory

E)Y Cpey + ZZ Vi (5.852)
w

J=1 W
i
1 1
= M@ cos(QA;) — M i@ sin(QA;)
20ijm) " 20tijm) "
1 dub(r) . 9 . -
+ M d ul(a; iQM,, + M,y M e,
2,“]71 [ nQ dT ol nQ ( ) 2//67,(]11) ( 1% 2 ) ; o=
,/Q,uan
2 X _ ~(— i ) i(gn) /. " ika;
2 [ k] - S B kg, — g, )6 | Tk
0 m
—~ Hp(Ai)
2) TP« — —ieA; C’Z —sin(QA4;) (5.85b)
2Mz<m>

3T, <2Mm\/E;;> (5.85¢)

-1
iPaVE E A,

4T, <2um\/E az) (5.85d)

a

= [Z oW (a;, R;) —U?(ai)eiQ(Ri_Ai)ZM W
I

I
( ILL( ))3/2\/7 E1/4elpa\/ R
jn T Pclz/Q Da

— u)(a;) [sin(QR;) — QUR—A) gin(QA; )]

with po = /2007 + 20im) B2, pa = /2?7 + 21 A? and the leading asymp-
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totic term of order O (A3/ >

3, VA B A [ (my 4+ my,) sing? dpl)(R)
1 —

7

1 )
na P(A)

2 wn
xT; (\/Q[Lan cos gp}‘) (Nb(E)MMb Fi (] /d?" ul

Hj(in) (E ‘U'J(”L> sin” ('OJ 0

i T0i
2 - 1
+= Ny (E) dk M, dr w7 (r)Vi(r) |
T 8 L2 _9op 2u]<m>E ( m 2
V 2Mj”E Hjn Hi(jn) (m7,+mn smcp 0

(5.86)

Comparing Eqgs.(5.85) with Eqgs. (5.72), these extensions result in the additional

quantities M MuQ7M;Sk)7Mqu and

Zm/ (mi + ) sin g5 digj(R) L.
2 477 miy/2uiamE AR ol(A)
75

which is part of the O <A3 /2) asymptotic term.

k2

We have obtained a system of linear equations (5.85a) for the expansion coefficient
cff) and the T-amplitudes T;(k) and T?. There are three additional conditions required
[Egs. (5.85b)-(5.85d)] in order to obtain a unique solution. These conditions were
derived in the previous subsection and generalized under the use of the modifications
introduced in this subsection.

Recalling the form of the two-body R-matrix in Eq. (2.77) the three-body R-matrix
in Eq. (5.85a) exhibits the same structure with everything inside the internal region
on the left hand side an the terms from outside on the right hand side.

The three-body R-matrix equations in the form (5.85) were numerically imple-
mented (Sec. 6) and applied to the neutron+deuteron and the neutron+°Be system
(Sec. 7).
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5.4 Calculation of cross sections

The T-amplitudes determined via solution of the set of linear equations (5.85) provide
a direct link to the observables, i.e. the cross sections. The elastic cross section is
given in terms of T? [Eq. (5.30)], the rearrangement cross sections in terms of 7% and
T? [Eq. (5.30)] and the breakup cross section to T'(k) [Eq. (5.31)]. Corresponding
formulae for the cross sections in terms of TP and Tj(k) were not available and had to
be derived from standard scattering theory (see e.g. [20]). In this subsection we include
h explicitly and do not set h = 1.

We start with the elastic cross section and consider the elastic T-amplitude, T, 06
which is equivalent to Eq. (2.36) in the two-particle case. The only difference is that
k: used for the wavenumber in subsection (2.1) is now replaced by @ in the three-body

problem. In partial wave expansion TH,Q is

Tg= Y Vi QTHQYin(@) = - S+ DLQR@Q) (587
I,m =0

Because in the three-body R-matrix method presented in this thesis we consider s-waves
only we also restrict ourselves to ¢ = 0 (s-waves) here and consider T35 = +=T15(Q)

only. The elastic cross section reads in analogy to Eq. (2.42)

2 2 2m\* A
Oelastic = (f) /h 23) /d2@l = (f) M%(23)/d2

A3
= 7 M1(23 To(Q )’ )

S | To(Q))
(4) ! (5.88)

where fi1(23) denotes the reduced mass of the projectile and the subsystem in the en-
trance channel. The on-shell S-matrix S’@Q is related to the S-matrix (Eq. (2.24))

via

2
Se6= g ;Z - 8(Eg — E5)S55 (5.89)
with
Sgg=8(Q — Q) —27i8(Eg — Eg)T g (5.90)
and L 72 . A
3@ - Q O, 8(Eg — Eg)d(Q@' — Q). (5.91)
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Hence
A N 27

Sg5=08Q —Q) — it129Q 53 TG (5.92)

Glockle’s work [10] is based on the dimensionless on-shell T-amplitude T7. For the

optical theorem below the breakup threshold we get for arbitrary masses

Im7? = —2

H1(23) 2 2 2
(T3] + |13+ |13]") - (5.93)
mn
where m,, denotes the neutron mass and o3 is the reduced mass of the two particles
in the bound subsystem in the entrance channel.
In [20] one finds

T
Im 75(Q) = —M1(23)Qﬁ |To|2 (5.94)

on the energy shell which means E’ = E. This can be compared with Eq. (5.93) which

leads us to the relation 0
™My,
7(Q) = 5 e Th(Q) (5.95)
for the dimensionless on-shell amplitude 77. The elastic cross section can now be

expressed in terms of T} by inserting relation (5.95) into Eq. (5.88)
43 B 43,

™2 /[ h O\’ 2
Oelastic = F/ﬁ(%) |T0(Q)|2 = Flﬁ(z‘s) <§> (an) }le(QM

2 (5.96)
— 1o (M2 QP
my Q?
Analogously the two rearrangement cross sections are determined by
oll) . =167 (’“(23)>2 QI - (5.97)
rearr m, 02 12
and
o® = 16r (’“(23)>2 L. (5.98)
rearr m, 0?2

Replacing |Tp|* in Eq. (5.94) by Eq. (5.88) and together with the rearrangement

cross sections the optical theorem reads

_ - Q
1673 H1(23)

1
= —Im TO(Q) (O-GZGStiC + 0-7(’217’7’ + O-S?azzrr) : (599)

Im T-'Q' 47T
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Alternatively starting from the optical theorem in [21]
<¢am|Uaa(E + 10) - U (E - 10)|¢am>

2
>/ 1,8 (B~ 31 — B4 [{0unlUi (B +10)6.0)
7

R2Q?  hk2 I (5.100)
+ /d3Q1 /d3k:1 5 <E — 2/~L1?2;> — 2@;) {Gam|Uao(E +10)|Q1k1)|?

2
- n Ql [Z(an + O-breakup)]

163
- 167 H1(23) o

= -7

where U,o = (Q)IQF) and (¢am|Usa(E + i0)|¢am) the S-matrix element which
represents the overlap of an incoming three-body wave function with quantum numbers
am with an outgoing three-body wave function with the same quantum numbers, i.e.
it is the S-matrix element for forward scattering. Considering the relation between
the on-shell S- and on-shell T-matrix (2.32), the difference Uy (E +10) — Uyo(E —i0)
yields the imaginary part of the T-matrix element, Im T, 60 = %Im Ty. With this and
by using relation for the on-shell T-amplitude (5.95), we could verify the elastic part
of the optical theorem by Glockle (5.93) and the formula for the elastic cross section
(5.96).

According to the structure of the Faddeev equations it is obvious that the breakup

transition amplitude in Eq. (5.100) is composed of three components
(Gam|Uso(E +10)|@1k1) = Ty + Ty + Tos - (5.101)

For these components there must be a relation similar to (5.95) between the on-shell

amplitudes T;(k) used by Glockle and Tp; (k)

T mpk;
Ty(k) = OF "2 (1) (5.102)

with an unknown constant C' that we were not able to determine definitely from
Glockle’s formulae. Thus we obtain the amplitude of the breakup term in Eq. (5.100)

2 1 [Tiky) | Tolka) | Talks)

E+i0)|Q\k) = C=
(Dam|Uao(E +10)|Q1 k1) Cﬂmn i o o

(5.103)
Entering this expression into the breakup part of Eq. (5.100) and integrating over )4
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yields

B2 /mg V22 B[ Ty (k) TQ(k’) Ty (kL) |
C*32m— / / Ak kP Q| —5 =2 =3
. Mn ky k ks (5.104)
= 1671'3 M1(23) Obreakup -

where x is the cosine of the angle between k] and k) and the angle between k] and £,

respectively. Finally

V2ha B Ti(k) | To(ky) | Ty(kS)|?
Cbreatup = 1673 <“ . ) o / dz / dk Q) 11(6,1>+ 215;,2)+ 3,&,3)
2 3

(5.105)

where we set the constant 3 = 3273C? . However, we suppose very strongly that /3

must be equal 1 (which is supported by numerical results (see Sec. 7)). From g =1
follows C' = /73/32.
Proceeding from (5.99) we can formulate an optical theorem with respect to the

amplitude T -
e — b
T omZm,Q !

that contains the total cross section which is the sum of the elastic, two rearrangement

T (5.106)

and the breakup cross sections above the breakup threshold

1w Qs 1(23) >
- I Tb — 16 Tb 2 Tb 2 Tb 2 caku
27r2an1m ! 1673 f11(23) 7T(mn> Q2(| PR+ 1T + ovrcatur
(5.107)
and finally
1 m
Im 70 = —22129 (17012 17012 4 | T212) — — " Q20 eatap - 5.108
= P T T - T Gl (5108)
With Eq. (5.96) one obtains
L m,
Im le = Ql[aelastzc =+ Uﬁzw + 0'1(52“@ + Ubreakup] 5 (5109)
87T H1(23)
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or in terms of the T-amplitudes

Im 77 = —2M1
m

n

VEmE]E Tik) | Tk() | Tyk@) [
1(23) 1 7.2 1 212 RASE
IO / da / WU P TR T K@ |

(1777 + T + |T517)

(5.110)

The energy dependence of the breakup part in the optical theorem differs from Glockle’s
formula in [10]. Instead of & in [10] we got Q.

The observables for the three-body problem can be summarized

Oclastic = 167 (ul(% ) QQ ’Tb Ql } ’ (51113)
H1(23
Trehrr = 167 (m—n)> o QI (5.111b)
2
H1(23 2
o2 = 165 ( ﬂ;;) FIn@l 1)
16 V21 Ti(k)  To(k))  Ts(kh)|?
Obreakup — Ml(ZB) 71-5/ / dk/k/2Qk/ 1(, ) 2(/ 2) + 3(/ 3)
(5.111d)

Optical theorem :
o
Im T} = =222 (IT7(Qu)* + |T3(Q1)* + |75(Q1)P)

n

V[ Ti(k) | Ta (
23) I 1
Ql/ dx/ dk kQQk, K + k() + k()
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6 Numerical implementation

This section focuses on a strategy of solving the system of equations (5.85) numerically.
Entering the expressions for the T;(k) amplitude, Egs. (5.85¢) and (5.85d), into Eq.
(5.85a) yields a unlquely solvable set of linear equations for the coeflicients cu). With
the coefficients cu and the amplitudes 77 and T;(k) the wave functions and the cross
sections can be determined via (5.111).

6.1 Setting up a system of linear equations for cﬁf)

The system of linear equations (5.85a) reads

Z uu Cr +ZZV#(; u

Jj=1
J#
 MuQos(QA) — s——M,4iQ sin(QA,)
oS ) — iQsin(QA;
244i(jm) - 214i(jn) "
1 dul(r ~ SR - :
T o Mo (i<) uQus (@) | + 5— <1QMub+Mub)ZM#'bCLI) (6.1)
,ujn T r=a; MZ(]”) w

i

]n

2 : - i ika;
2 [ w3 PO kg g, — g6 | Tk

with H;(A;) defined in Eq. (5.86).
Regarding the T;(k)-amplitude we introduce the component notation for Eq. (5.85c¢)

T(’) <2,u]n\/fi)
P

A
1 1 (62)
- 2032 20 3 i%E1/4epA Ai @) A — M
— ( lul(Jn)) Hjn e 1/2 [QOH (ru z) u (m) p,b:|
pi- PA
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and for Eq. (5.85d),

a

ipaVE
32 |2 i€V R;

pa” Pa
i a;
T (2/%\/5/)—)

a

i a;
7y (zﬂjn\/E—>
—1

o (s, Ry) — Uf(@i)eiQ(Ri_Ai)Mub]

2 —u(a;) [sin(QR;) — QA=A sin(QA;)]

ipaVE B
3/2 |2 jm g7V R
(2Ni(jn)) \/;e By p1/2 o

1,0 and one independent of p,
Tfi)nh. Latter is a result of the finite value of u’(r) at the matching radius a;.
In both Egs. (6.2) and (6.3) the argument of T:s(l,i and T4(Z is the wavenumber k

which is parametrized in two different ways by the spatial coordinates r; and R;. A

Eq. (5.85d) is split into a part depending on p, 0wy

graphical representation of the relationships is given in Fig. 7. In this plot the functions

are normalized to a; = A; = 1 and also i, = pijn) = 1. In order to cover the full

1 e ——

f f I
09 L it EQ. (6.5) === |
0.8 I- EQ. (6.4) —
0.7 - .
0.6 - .
0.5 - -
04 - -
0.3 =
0.2 — -
0.1 S

0 | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10

r [fm] or R [fm]

k [1/fm]

Figure 7: Functional dependence of k on r and R in Eqgs. (6.2) and (6.3).

k range the parametrization at the intersection point which is located at r = a; and
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R = A; must be changed from Eq. (6.2) to (6.3). Hence the components T;Ei)(k:) of
T;(k) are given by

a;
V2010 + 2fbigin) A7

a.
- <k < kpas 6.5
V20007 4 2iGmy AT T (65)

for 0 < k < 2u;nVE (6.4)

T (k) =

70+ 1), for 2p;,VE
with Kpew = /pjnE. T;(k) is obtained from T,Ei)(k) by

Ti(k) =) T (k). (6.6)

Plugging 7, LEZ)(/{) according to conditions (6.4) and (6.5) into Eq. (6.1) yields a

system of linear equations for the expansion coefficients cff),

3
G) (&) () (i) (9)
(EM E) E C’W,c#, + E E Vi G

W Jj=1 W
J#i
1 1
= M, Q cos(QA;) — M i@ sin(QA;)
2Mi(jn) g 2,ui(jn) g
1 dub(r) - 5 - .
b M — Muqub(a:)| + 5——(1QMyup + M) > Myncly
2:ujn [ ne dr r=a; " 2Iu7'(J”) : g ; e

H n W
J 1

’

. — ~(— i . Hi(in) . ~ ika, 7 7
- / dk {(1Q,€Mﬁk) — M)A 1 EUD (o — Mg, )e™ } > T (k)
0

(6.7)
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oV 20 m) B Au/ sin g ( (mi + m,,) sin ¢} d‘Pfj%(R)
-

— A3? min/ 24 (in) F dR

1 )
noa PAO(A)

(2

T0i
i 2 i(jn
xT, <\/2uancos go}‘) Ny(E) M,y ,u(; 2 /dr ul (r)Vi(r)
figny (B — 2% sin® o
3(in) Hij(in) 7] 0
o) T0i

2 _ 1 W
+—=Ni(E) / dk M(k) 3 /d’r u,(C ) (r)Vi(r) | .
T H Lk2_2E—|—2M(m)E( m;

Hin

V210 B Hi(in) (mitma)sing: | 0
(6.8)
The potential elements are [Eq. (5.61)]
(i) 1 oy (s Ry)
u) — AR oD (r: RV (r: e R IR D
Vi = //D drdR; ¢, (n,Rl)VZ(n)/de riR; T
“1
The system of linear equations (6.7) can be written in matrix notation
Axc=b (6.9)
with
D, Via| [Vis[\ M1 @)
= _|le N, D] N
é_ Vor D, Vas | | N and ¢ = /(1) 2 and b= ,(1) 2
3 3
V| [Vao| [Ds)/ Ny ) Ns b)) N

where N; denotes the number of basis states for the i-th Faddeev component.
The matrix A is the coefficient matrix for the vector of solutions cff) and is of
dimension (Ny + Ny + N3) x (N] 4+ N} + N}). The vector ¢ contains the coefficients cl(f)

for each subsystem which are the solutions of the system.
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The elements used in matrix A are Vj; = Vu(;],') from Eq.(5.61) and

—n@ _ i (@ _
D; =D, = (E) —E)C,) (1IQM,p, + M) M,

T
\/ 2in B
. — = 1 ILL "~ ika; i
/ dk {(1Qle(m)—M£ Nei@edi p BV (g 0g o — Mg, )e | TS (k)

]TL

24

_I_

Al

0
0
~H(A).
(6.10)

Finally the vector of inhomogeneities b is made up of the components

1

i) = M,,Q cos(QA;) — M,,,iQ sin(QA;
: 21Li(jn) : 21Li(jn) " )
1 dub(r) - )

M, i (a;
+ 2 [ i Qg (a;)

—ul(ay) [sin(QR;) — oI @Hi—Aq) sin(QA;)]

where the last term comes from T( 9 L, in Eq. (6.3).

For the numerical solution of the system of linear equations the LAPACK routine
ZGESV is used. It computes the solution to a system of complex linear equations
A Xz =b, where A is an n X n matrix and x and b are n-dimensional vectors. For
integration the QUADPACK routine ”qags” was used which is a quadrature routine
that applies the Gauss-Kronrod 21-point integration rule adaptively until an estimate
of the integral over (a,b) is achieved within the desired absolute and relative error

limits.

6.2 Stability of the algorithm

Before applying the theory to realistic nuclear systems it is important to probe the
stability of the numerically implemented algorithm. This was done by considering a
hypothetical system of three identical spinless bosons with equal masses and a potential

of Woods-Saxon type,
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T T expl(r—a)/h]
with vg = —50 MeV, a = 1.25 fm and b = 0.1 fm.

A first calculation led to an extremely spiky unphysical breakup cross section which

V(r) (6.12)

was a hint that the system of linear equations was ill-conditioned. Checking the eigen-
values of the coefficient matrix A revealed some leading values and the remaining ones

being very small. Table 1 lists t_he first 12 eigenvalues.

Ai
—8048.04 — 5395.58 1
262.08 + 213.621
8.42 — 16.521
1.07 + 1.111
—0.58 — 3.73-1072i
0.15 +7.02-107%i
—6.82-107% —2.42-1073i
—2.69-1072 +1.20- 10731
—2.25-107*—3.64-107°i
1.23-107* —1.34-10%1
—1.05-107°—4.46-1076i
7.85-107% - 5.65-107%1

© 00 N O Ut = W N

—= = =
N o= O

Table 1: The first twelve eigenvalues of the matrix A.

The small eigenvalues cause highly fluctuating solutions (e.g. solution cg in Fig. 8)
and consequently lead to unphysical fluctuations in the cross section. A possibility to
cure that ill-conditioned system is to apply a regularization procedure
A=A+l (6.13)

where [ is the identity matrix.
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Figure 8: Solution cg as a function of the incident energy without regularization.

The solutions for the coefficients cg) associated with the new matrix A’ as a function
of the incident energy exhibit a much smoother behavior (solution ¢g in Fig. 9) than
before. Consequently also the fluctuations are removed in the cross sections (Fig. 10).

In a highly dynamical eigenvalue spectrum like in Tab. 1 the eigenvectors associated
with very small eigenvalues tend to point out exactly every inaccuracy (e.g. rounding
errors, algorithm errors,...) resulting in unphysical fluctuations. The regularization
suppresses these contributions of the eigenvectors associated with small eigenvalues
and confines the system to the essential components. The number of contributing
eigenvectors can be controlled by the regularization parameter 7. Latter must be
chosen such that the components with small eigenvalues are suppressed while the those
governing the physical behavior must be retained. The figures should illustrate the
influence and impact of regularization in the presented method. Albeit the considered
schematic example is not directly related to any real nuclear system the impact and
observed properties of the system and its regularization will remain similar also for real

systems.
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7 Results

7.1 The neutron+deuteron system

The deuteron (from greek devTepor 'the second one’) is the simplest existing nuclear
bound system. The bound state is a coupled 3S;-3D; state with a binding energy
of 2.225 MeV. Measurements show that the quadrupole moment of the deuteron is
not vanishing and hence there must be a certain admixture of a 3D;-state in the
total bound state. Depending on the nucleon-nucleon potential used, it is about 3-6%.
Consequently, the force acting between the neutron and the proton is not only a central
one, but has a tensor component. The latter will not be considered in the following
because the developed R-matrix formalism is limited to s-waves.

The available experimental data for the breakup and the elastic cross section are
taken from the EXFOR library [1] and are displayed in Figs. 11 and 12.

& T
FSN 1) L R

¢ 012

8 01r- .

E 0.08 - -
0.06 |- -

0.04 11 |

0.02 - I}r exp data ——— |
0 | | | |
0 5 10 15 20 25

incident energy [MeV]

Figure 11: Experimental data for the breakup cross section. The references of the experimental data
are given in Appendix B.1
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i
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i 1

25 - = -

cs [barns]
w

1.5 £ _

05 I = s i st -
0 | | | | | ]
0 5 10 15 20 25 30

incident energy [MeV]

Figure 12: Experimental data for the angle-integrated elastic cross section. The references of the
experimental data are given in Appendix B.2.

The interaction between the neutron and proton in the deuteron is ideally modeled

by a Reid soft core potential of the form

—p1r e—4M1r —Tuir
— vp1 - 1650.6 + Voo - 6484.2

V(r) = —10.463
M1 Har Har

(7.1)

-1
with puy = he where m, is the mass of the force carrier, the pion mass. vy
MyC ’ 0

and vgy are determined such that the derived neutron-proton (*S; state) phase shift
coincides with the Nijmegen multi-energy analysis data [22] and that the bound state
at B, = —2.225MeV is reproduced. This is fulfilled by setting

Vo1 = 1000, Vo2 — 0.830. (72)

The potential for the neutron-neutron interaction is determined analogously. The
Reid soft core form is fitted to the neutron-neutron (1Sy state) phase shift data from
Nijmegen multi-energy analysis [22] with the constraint that there must not exist any

bound state. The obtained parameters are

Vo1 = 0733, Vo2 — 0.657. (73)
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Both the neutron-proton and the neutron-neutron potential are displayed in Fig. 13

and the derived phase shifts in Fig. 14. The bound state wave function that results

from this potential is shown in Fig. 15 with a binding energy FEj, = —2.2249MeV.

1400
1200

1000 fr

800
600
400
200
0
-200

V(r) [MeV]

np ——
nn

r [fm]

Figure 13: Neutron-proton and neutron-neutron potentials.

1.8

3.5

2.5

1.5

V(r) [MeV]

0.5

T
Nijmegen nn data o

Nijmegen np data x
fitted np-3S; phaseshift -
fitted nn-1Sy phaseshift

0.5 1 1.5
k [1/fm]

Figure 14: Fitted phase shift curves compared to Nijmegen multi-energy analysis data [22].
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Figure 15: Bound state wave function u?(r) of the deuteron.

The bound state wave function is normalized by [;° dr|ul(r)]* = 1.

7.2 Application of the novel formalism on the neutron+deuteron system

The novel three-body R-matrix theory was first applied to the neutron+deuteron sys-
tem where the breakup (Fig. 11) and the angle-integrated elastic cross section (Fig.
12) were calculated. The breakup of the deuteron represents the most simple and
genuine nuclear three-body system without any further nuclear structure to be consid-
ered. Hence it is obvious to use this system as a first check of the new formalism. The
only approximation is the use of an effective central potential instead of the realistic

interaction with a tensor component since we restrict ourselves to s-waves.

7.2.1 Pauli principle and consequences

In the neutron+deuteron system there are two indistinguishable neutrons. Therefore,

the wave function

Uy = (¢a |$a>)1 ® (wb |Sb>)2 ® (wc |sc>)3 (7.4)

must be antisymmetric with respect to an interchange of the two neutrons. If we assume

that the two neutrons are in a spin-0 state, the application of the antisymmetrization

(0]
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operator yields

é[l — ProJur = [(¢a|5a))y @ (@ l5))y = (W5 l56))1 © (Va[$a))o] @ (e [sc))s

2!
1
:E(wa%wc) [Isa)1lsp)2 = Isb)1lsa)2] [sc)s -

Since the permutation affects only the spin part, the spatial functions of the two Fad-

(7.5)

deev components where the position of the neutrons are changed are identical. As a
consequence the number of Faddeev components in Eq. (5.8) is reduced from three to
two because now subsystem 1 and 2 where one neutron is bound to the proton and the
other one free, respectively, are identical. Hence also the system of linear equations

(6.9) is reduced in its dimension,

M1 M3 C;(}) [ b/(}) [0
A_( ) 14 andc_:—(c(:,))),u andé_(b(?’)),u
B Vai| | D3 " K " K

1

As a consequence of the non-distinguishableness of the two neutrons and the fact
that a bound state between two neutrons does not exist, the neutron+deuteron system

does not exhibit any rearrangement channels.

7.2.2 Basis states

Beside the potentials and the resulting phase shifts and the bound state wave function,
presented in the previous subsection, an appropriate set of basis functions is required
within the R-matrix formalism. As already mentioned in subsection 5.2 the basis
functions depend on the two Jacobi-coordinates r;, R; and are assumed to be factorized
in the variables r; and R; (see subsection 5.2.1). The basis functions gp,(f) (r, R) according
to Eq. (5.54) are product states

QO,(f) (r, R) = Xy, ()Y, (R) .

These functions X, (r) and Y,,,(R) for both the neutron-proton (np) and the neutron-
neutron (nn) subsystem are eigenfunctions of the Schrodinger equations for the respec-
tive subsystems [Eqs.(5.55) and (5.56)] and their energy-eigenvalues €,; and €.

For the np-subsystem the number of X(7)-states was chosen to be 12 scattering

states with equidistant energy steps between 0.1 and 5.5083 MeV for the eigenenergies
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€,1 plus the neutron-proton bound state, so in total 13 states (Table 2). For the
function Y'(R), which describes the free motion of the third particle, three states were
chosen with three equidistant eigenenergies €, 0.1 MeV, 1.909 MeV and 3.718 MeV
(Table 2). The functions X (r) and Y (R) for the np-system are shown in Fig. 16. The
total eigenenergies E,(}) = ef}l) + ELIZ,) of the basis states ¢4 (r, R) of the np-subsystem

are summarized in Table 3.

m/ps || € MeV] | e MeV]
1 -2.225 0.100
2 0.100 1.909
3 0.592 3.718
13 5.5083

1)

u1 and ef}Q) for the np-subsystem.

Table 2: Eigenenergies €

E& [MeV]
2.125
-0.316
1.493
0.200
2.009
3.818
0.692

~N|o|lalea|lw| | =T

30 9.2263

)

Table 3: Eigenenergies E,(L1 of the basis states for the np-subsystem.

For the nn-subsystem the number of basis functions X (r) is also 12 and the energy
eigenvalues 6231) are equidistantly distributed between 0.1 and 5.5083 MeV (Table 4).

The Y (R)-states are the same as for the np-subsystem (Table 4). X (r) and Y (R) for

the nn-system are shown in Fig. 17. Again the basis functions gpf)(r, R) are product

states with the energy-eigenvalues E,(f) = 6,(5’1) + e,(f;) given in natural order in Table 5.
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pa/pz || € MeV] [ ) [MeV]
1 0.100 0.100
2 0.592 1.909
3 1.083 3.718
12 5.5083

Table 4: Eigenenergies ¢® and 6(32) for the nn-subsystem.

pl M

EY) [MeV]
0.200
2.009
3.818
0.692
2.501
4.310
1.183

N |o|la|le|lw| | =T

30 9.2263

)

Table 5: Eigenenergies E;(L?’ of the basis states for the nn-subsystem.
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Figure 16: Basis functions for the np subsystem.
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Figure 17: Basis functions for the nn subsystem.

7.3 Results for the neutron+deuteron system

The numerical implementation and application on the neutron+deuteron system was
carried out successfully. To our knowledge it was actually the first application of a
three-body R-matrix formalism to a real system. The results are very promising and
will be presented in this subsection. The observables calculated were the total elastic
and the breakup cross section according to (5.111). The results were compared with
the experimental data from the EXFOR library [1].

The the minimum values for the matching radii are calculated according to Eq.
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(5.48) and yield for the potential (7.1) with a range 79 ~ 2 fm,
a; =4fm and A; = 3fm. (7.6)

The number of basis functions in both subsystems was set to be 30 with the properties
described above.

The breakup and elastic cross sections obtained are displayed in Figs. 18 and 19
for different values of the regularization parameter 7. The regularization parameter n
was introduced in order to remove unphysical fluctuations. The first calculation was

carried through with matching radii
a; = 7fm and A; = 5.6 fm. (7.7)

Both cross sections show a distinct convergence with respect to n. In Figs. 20 and 21
the breakup cross section is plotted as a function of the regularization parameter 7 for
the two incident energy points 8.01 MeV and 11.15 MeV . For both incident energies a
plateau is reached starting at n = 22. For this value of 7 the experimental data are very
well reproduced (Fig. 22). However, while the breakup cross section at an incident
energy of 8 MeV is stable for values of n > 22, the cross section drops significantly
at an incident energy of 11.7 MeV for n greater than 35. In the energy range below
8-9 MeV we observed that the calculated cross section data remain stable for n > 22
while in the energy region above 9 MeV there is a certain range for 7 between 22 and
about 35 where convergence is obtained. The result for n = 40 is displayed in Fig. 23.
The reason for this behavior of the cross section might be the fact that in the higher
energy region more basis states are needed to reproduce the three-body wave function
properly . The parameter n removes fluctuations, i.e. it cuts off the basis states with
very small eigenvalues which cause these fluctuations. If the number of basis functions
contributing to the result is reduced too drastically by the regularization, one observes
the drop in the cross section which occurs for higher energies at lower values of 7.

Simultaneously convergence is reached for the elastic cross section beginning with
n = 22 (Fig.19). However, there is a significant drop for energies greater than 8 MeV
in the converged curve (Fig. 24).
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Figure 18: Breakup cross section for a; = 7 fm and A; = 5.6 fm for different values of 7.
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Figure 19: Elastic cross section for a; = 7 fm and A; = 5.6 fm for different values of 7.
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Figure 20: Breakup cross section at 8.01 MeV as a function of the regularization parameter 7.
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Figure 21: Breakup cross section at 11.15 MeV as a function of the regularization parameter 7.
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: Breakup cross section for a; = 7 fm and A; = 5.6 fm and with n = 22.
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Figure 23: Elastic cross section for a¢; = 7 fm and A; = 5.6 fm with n = 40.
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Figure 24: Elastic cross section for a; = 7 fm and A; = 5.6 fm and with n = 22.

7.4 The problem of the continuity of flux

The underestimation of the elastic neutron+deuteron cross section beyond 8 MeV
appears to be a problem of the algorithm because even drastic changes of the basis
functions do not lead to significant changes of the breakup and elastic cross sections.
Therefore, the basics of the algorithm and its derivation were revisited. In the current
derivation of the R-matrix formalism for three-body channels all, but one basic condi-
tions of R-matrix theory for two-body problems were properly transferred to three-body
channels. The only condition which is missing in the new formalism is the constraint
of a continuous first derivative of the three-body wave function at the border of the
domain D (Fig. 6). The evaluation of the three-body wave function in terms of the
coefficients cg) in the interior and via 77 and T;(k) in the exterior region [Egs. (5.21),
(5.22) and (5.29)] clearly indicates discontinuities in the first derivative of the total

three-body wave function
3

u(r, R) = Zui(r, R) (7.8)

i=1
beyond 8 MeV (Fig. 25), while the situation at lower energies is in general much better

(Fig. 26). The discontinuities in the first derivative of the wave function are associated
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with discontinuities in the particle flux and represent a severe problem. In order to
cure this problem one can introduce the constraint of a continuous first derivative
into the algorithm. However, this would lead to an overdetermined system. Taking
into account that the asymptotic three-body wave function is of limited accuracy at
the matching radius the actual improvement of such an extension is questionable.
Therefore a different procedure which remains within the developed formalism was
searched. Considering the Faddeev equations one basic concept is the division of the
wave function in three components each associated with a system, where one particle
is a free spectator and the reaming two are interacting in the subsystem. Because
the spectator is free there exists no natural bound of A; whereas a; is determined
by the range of the potential in the subsystem. Hence, cross sections change with
respect to the value of A; while a; if greater than a minimum value of 4 fm (Eq.
(7.6)) has practically no impact on the observables. Therefore we can use A; as an
additional parameter which can be adjusted in order to optimize the continuity of
the first derivative of the three-body wave function. A; must be chosen in different
incident energy regions in such a way that continuity in the first derivative is given in
some areas of r. Continuity on the full r-range cannot be reached. These areas of r
can be determined by considering the parametrization of k in terms the coordinates r
and R [see Egs. (6.2) and (6.3)]

k= 2ujn\/E% (7.9)

with p = /277 + 24i(jn) A7 and k denotes the wavenumber between the two particles
in the subsystem. A criterion could be that the wave function depending on R should
be continuous for such values of r yielding energies in the vicinity of considered energy
point.

With this criterion it was found that the ideal value for A; in the energy region
below 8 MeV is A; = 5.6 fm yielding the cross sections Fig. 22 and Fig. 24.

Above 8 MeV A; = 3 fm yielding the cross sections in Figs. 27 and 28. In this
energy range the value A; = 3 leads to a significant improvement of the continuity of
the first derivative of the wave function in Fig. 29 compared to the energy region below
8 MeV (Fig. 30).
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Figure 25: Real part of the wave function u(r, R) for a fixed value of r in the interior (purple) and
exterior (green) region.
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Figure 26: Real part of the wave function u(r, R) for a fixed value of r in the interior (purple) and
exterior (green) region.
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Figure 27: Breakup cross section for a; = 5 fm and A; = 3.3 fm for different values of 7.
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Figure 28: Elastic cross section for a¢; = 5 fm and A; = 3.3 fm for different values of 7.
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Figure 29: Real part of the wave function u(r, R) for a fixed value of r in the interior (purple) and
exterior (green) region.
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Figure 30: Real part of the wave function u(r, R) for a fixed value of r in the interior (purple) and
exterior (green) region.
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Hence, by using the argument of continuity of the first derivative of the three-
body wave function at the matching radius A; we obtain a set of ideal matching radii

depending on the energy range

4 {5.6 fm for 0MeV < E < 8MeV
" 13.0fm  for 8MeV < E < 30 MeV

and

7.0 fm for 0MeV < F < 8MeV
" {5.0 fm  for §MeV < E < 30 MeV
Hence, the cross sections giving the best description over the total energy range are
shown in Figs. 31 and 32. They are composed of two parts with different values for

the matching radii which are merged smoothly at 8 MeV.
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0.12

0.1
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0.06 - .=
0.04 N
exp data ——
0.02 ~ ] calcullated cs

0 st — | | | |
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incident energy [MeV]
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Figure 31: Breakup cross section for the total energy range.
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Figure 32: Elastic cross section for the total energy range.

As mentioned above the continuity of the first derivative of the wave function is
directly related with the continuity of the particle flux. The conservation of flux is
directly related with the unitarity of the S-matrix and leads to the optical theorem
(5.112). We insert the T-amplitudes 77 and Tj(k) (rearrangement T-amplitudes do not
exist in the neutron+deuteron system) obtained from our calculations and compare the
left and right hand side of the optical theorem (5.112) in Fig. 33 (the step at 8 MeV

results from the change of the matching radii).
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Figure 33: Left and right hand side of the optical theorem, Eq. (5.112).

It is obvious from Fig. 33 that the calculated quantities do not fulfill the optical
theorem. However, the evaluated cross sections agree fairly well with the experimental
data from which follows that the absolute value of TP must be correct. We compared
Im 7% obtained from the three-body R-matrix calculations with Im 7P calculated from
the the optical theorem (5.109),

1 m,

—Q% [Uelastic + Ub'reakup] .

Im7? = ——
8T p1(23)

where we use the experimental values for the cross sections. For both cases we deter-

mine the complex phase angles according to
Im T} = |T7|sing, (7.10)

The angle @eq., which is the one for the calculated quantity Im le and g, which
comes from the experimental data are plotted in Fig. 34. One can interpret the
difference A = Qe — Yexp (Fig. 35) as phase shift error of the calculation. This phase
shift A may result from the asymptotic wave function which will exhibit a different
phase compared to the asymptotic form used in our derivation. This different phase in

the asymptotic form of the wave function results in a phase shift in the calculated T}
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Im T = |T?|sin(@erp + A) . (7.11)
Therefore this difference A can be considered as the error of the algorithm.
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L o ///,/' _
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\\ /
— \\\x ‘// / ik
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Figure 34: Angles @eqp and @eqie.
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Figure 35: Phase shift A for the calculated complex TP amplitude.
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The excellent agreement between the experimental cross section data and the calcu-
lated ones confirms that our assumption concerning the normalization of the breakup
cross section ((5.111d)) was correct and the open parameter 5 = 1. This is also con-
firmed by the optical theorem which is exactly fulfilled with 5 ~ 1 up to about 15 MeV
(Fig. 36).

1.3 I T
1.2 - | B—— A
1.1 [ / -
1+ | .
09 F | .
0.8 | / -
0.7 - / -
0.6 | — -
0.5 \ :
0.4 e -
gg | | | | | ey
5 10 15 20 25 30

incident energy [MeV]

Figure 36: The factor 8 calculated for the case that the optical theorem is exactly fulfilled.

Limits of the model

There are two main limitations of the presented novel three-body R-matrix model.
First there is the asymptotic form of the three-body wave function which does not
match the interior wave function properly at the values of the matching radii that were
used. However, if one increases the radii the number of basis states must be increased
drastically and therefore the stability of the algorithm gets worse and the computation
time increases significantly. These asymptotic problems are also supposed to be the
reason for the phase difference with respect to experimental data that occurs in Im T7.
Secondly we have included s-waves only. As a consequence the results are reasonable
only at low energies up to about 10 MeV. At higher energies it is expected that p-

waves and higher partial waves contribute significantly.

94



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

7.5 The neutron+°Be system

Beryllium plays an important role in fusion and fission devices. It is an important
ingredient of plasma facing components and a neutron multiplier for tritium breeding.
The neutron (n) multiplying reaction is n+?Be—n+n+(*Be)*—n+n+*He+?He and

occurs at relatively low incident energies (Tab. 6).

reaction Q-value [MeV]
9Be(n,n)? Be 0.0000
9Be(n,«)%He -0.5971
9Be(n,2na)*He -1.6636
9Be(n,na)He -2.3073
9Be(n,t)7Li -10.4373
9Be(n,p)?Li -12.8248
9Be(n,ta)t 112.9049
9Be(n,d)(8Li) -14.6615
9Be(n,t)(®Li) -14.6615
9Be(n,nd)7Li 116.6032
9Be(n,np)(8Li) -16.8861
9Be(n,nt)°Li -17.6871
9Be(n,na)Li -19.2874
9Be(n,pt)SHe -20.4108
9Be(n,*He)("He) -21.5845
9Be(n,pa)(°H) -23.1857

Table 6: Reaction channels in the n+?Be system with the associated Q-values.

We are interested to evaluate this four-body breakup reaction because it dominates
the reaction cross section at low energies. The exact threshold for this reaction is at
1.664 MeV and at 5 MeV it has a share of about 20% on the total cross section. Hence
this channel can no longer be handled approximatively. The two alpha particles form
a resonance state (®Be) at 92 keV which has a lifetime of about 8.19-107'7 s thus four
magniudes longer than nuclear reaction times. Because of that we can treat this four-
body breakup reaction as an effective three-body problem. The available evaluations
in ENDF/B-VIILO [2], JENDL-4.0 [4] and JEFF-3.1/A [3] are shown in Fig. 37, but

all of them are based exclusively on analyses of experimental data.
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Figure 37: Neutron+“Be breakup: Experimental data from EXFOR [1] and evaluated curves from
2], [23] and [4]

In this subsection we present an application of the three-body R-matrix formalism to
the n+°Be system in order to determine the breakup cross section. The Faddeev-based
three-body R-matrix requires a separation of the total three-body system according to

the three Faddeev-components (Fig. 38).

3
channel a: 1(23) . channel B: 2(31) channel y: 3(12)

Figure 38: lustration of the three Faddeev-components in a three-body system.

If particles 2 and 3 are assumed to be two neutrons and particle three the resonance
state (*Be) then subsystems two and three are identical. In this subsystem the neutron
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Figure 39: Neutron+°Be potential of Woods-Saxon form.

is bound to (*Be) in an angular momentum state £ = 1 via a potential that is assumed

to be of Woods-Saxon form

Vo

Vir) = 1+ exp((r —a)/b)

(7.12)

with @ = 1.25v/A = 1.25¢/8 = 2.5 fm and b = 0.1 fm (Fig. 39). The potential depth
vg = —42.4519 MeV is chosen such that there exists a bound state (shown in Fig. 40)
at -1.664 MeV which corresponds to the neutron-separation energy.

In the first subsystem - in analogy to the neutron+deuteron system - the two neu-
trons interact via the Reid soft-core potential in Eq. (7.1) with the parameters (7.3).
From the range of the potential one can determine the matching radii a; and A; ac-
cording to Eq. (5.48). In the case of the Woods-Saxon potential in Eq. (7.12) with a

range of about 3 fm reasonable values are

a; = 16fm and A; = 13.5fm . (7.13)
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Figure 40: Bound wave function of the n+®Be subsystem.

7.5.1 Basis states

Because the two neutrons are indistinguishable the total wave function must be anti-
symmetric with the consequences described in Sec.7.2.1. The numerical implementation
is completely analogue to the neutron+deuteron system in section 6 although we now
have an ¢ = 1 state in subsystem 2 and the theory was elaborated only for s-waves.
Because p-waves are not included in the formalism we did some kind of approximation.
We stuck to the formalism restricted to s-waves, but took basis states for subsystem 2
with angular momentum ¢ = 1 in order to describe the neutron density correctly. The
set of basis states X (r) [Eq. (5.55)] is composed of the bound state wave function and
14 scattering states with equidistant eigenenergies 5;(;21) between 0.1 and 6 MeV (Table
7). The set of basis states Y (R) [Eq. (5.56)] consist of 15 states with eigenenergies 6532)
equidistantly partitioned between 0.1 and 6 MeV (Table 7). The total basis comprises
225 states <p,@ (r,R) = X,1(r) - Y,2(R) and energy eigenvalues EL(?) = 6;(121) + 6222) A
selection of basis states for subsystem 2 is displayed in Fig. 41. A selection of the

energy eigenvalues is given in Tables 7 and 8.
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pa/pz || el MeV] [ € [MeV]
1 -1.664 0.100
2 0.100 0.521
3 0.554 0.942
15 6.000 6.000

Table 7: Eigenenergies ¢

Table 8: Eigenenergies El(tz)

pl M

) and 6(22) for the n+®Be-subsystem.

EP [Me

V]

-1.564

-1.143

-0.722

-0.301

0.120

0.541

Nglo|lao|k|lw| |~

0.962

225 12.000
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Figure 41: Basis functions for the neutron+®Be subsystem.

The basis states of the nn-subsystem are chosen quite similarly to those in the

neutron+deuteron section. Their number is now 225 with the eigenenergies 681) of the

X,1(r) states and ef}z) of the Y,5(R) states listed in Table 9 and the total basis states

energies are given in Table 10. A selection of the basis states gof})(r, R) is displayed in

Fig. 42.
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pa/pz || el MeV] [ € [MeV]
1 0.100 0.100
2 0.521 0.521
3 0.942 0.942
12 6.000 6.000

Table 9: Eigenenergies ¢

Lll) and 682) for the nn-subsystem.

EYV [MeV]

0.200

0.621

1.042

1.463

1.884

2.305

N |o|la|le|lw| | =T

2.726

30

12.000

(1)

Table 10: Eigenenergies Eﬁl) of the basis states ¢,,’ (r, R) for the nn-subsystem.
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Figure 42: Basis functions for the nn subsystem.

7.6 Results for the neutron+°Be system

The application of the R-matrix formalism requires an additional approximation be-
cause of the p-state in ?Be. In order to simulate the radial neutron density distribution
we use ¢ = 1 basis wave functions in this subsystem, but keep the remaining formal-
ism unchanged. The application of the formalism yields the breakup cross section and
the angle-integrated elastic cross section. However, the latter cannot be compared to
the experiment because the assumed three-body structure does not contain two-body

channels such as “He+a which opens already at 0.5971 MeV in the center of mass
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system (see Tab. 6). In principle the three-body model would allow the description
of inelastic n+?Be* channels to an excited single-particle state. Because of the ap-
proximations involved we calculate only the breakup cross section and the elastic cross
section. These cross sections are calculated by Egs. (5.111d) and (5.111a). Like in the
neutron+deuteron system there exist no rearrangement channels in the neutron+°Be
system. The obtained results for the breakup cross section are displayed in Fig. 43 for
different values of the regularization parameter n (Eq. 6.13). Convergence with respect
to n is reached at a value of about 1.6. For this regularization value the final breakup
curve is shown in Fig. 44 together with the available experimental data from the EX-
FOR library [1]. Up to 4 MeV the calculated cross sections are in excellent agreement
with measured data. At energies greater than 4 MeV the algorithm fails independent
of the choice of basis functions. We suppose that the coarse approximation to deal
with quasi s-states breaks down and a detailed treatment of higher partial waves would

be required.

0.8 ] i i
ex ata ———
Q.7 rgg 1.3 —— n
14 oy s
0.6  reg1s- ﬂ ﬂ :
E 0.5 - reg 1.6 N
= 04 - —
2 03+t i
wn
O 0.2+ -
0.1 - -
0 r e -
01 | | | | | |
0 1 2 3 4 5 6 7

incident energy [MeV]

Figure 43: Breakup cross section for different values of 7.
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Figure 44: Breakup cross section for = 1.6.

The calculated elastic angle-integrated cross section is presented in Fig. 45 and
compared to EXFOR data [1]. It is also in fair agreement with the experiments between
2 and 4 MeV. The peak below 3 MeV is not well reproduced, but the results show
a correct indication of the resonance associated with the breakup channel. Below 1
MeV our results differ significantly from the experimental data. However, as mentioned
above the structures below 1 MeV in the elastic cross section result from the appearance
of the ?Be(n,a)®He reaction channel which is not included in the three-body model and
therefore cannot be reproduced in our calculation. Similarly to the neutron+deuteron
system A; is not fixed because there exists no potential in R. However, one can use
A; to restore continuity of the first derivative of the wave function at the matching
radius A; which is not inherently requested in the formalism. To justify the choice
of the value for A; = 13.5fm the first derivative of the R-dependent part of the wave
function should be continuous at R = A; for values of r that correspond to a k-value
(Eq. (7.9)) or energy in the vicinity of the considered incident energy point. This is
shown in Figs. 46 and 47 for the energy point 3.75 MeV.
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Figure 45: Elastic cross section for n = 1.6.
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Figure 46: Real part of the wave function u(r, R) for a fixed value of r in the interior (purple) and

exterior (green) region.

105



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

0.06
0.04
0.02

|
r=3.23 fm, E=3.75 MeV —+—

g 2 xf‘_’x

.
T -
Ear TV IVENEET

Re [u]

-0.02
-0.04
-0.06

-0.08 | | |
0 3 10 15 20

R [fm]

Figure 47: Real part of the wave function u(r, R) for a fixed value of r in the interior (purple) and
exterior (green) region.

Finally we also considered the optical theorem (5.110) for the n+°Be system which
accounts for flux conservation. Fig. 48 reveals an excellent agreement of the optical
theorem for energies greater than 1.3 MeV. One reason for the better agreement com-
pared to the n+deuteron system might be the larger matching radii that we had to
use in this system. Thus the asymptotic form of the three-body wave function seems
more appropriate at the matching radii. Below 1.3 MeV the results are not reliable at

all which was already visible in the elastic cross section data (Fig. 45).
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8 Conclusion and Outlook

In light nuclear systems breakup channels with three or more fragments often occur
even at low incident energies and can have a significant share on the total cross sec-
tion. Consequently, approximative methods like the sequential approach are no longer
appropriate to describe these channels. Hence, there was a need of a full quantum
mechanical treatment of three-body processes in the frame of R-matrix theory.

Based on the Faddeev equations and the ideas of W. Glockle [10] such a three-
body R-matrix formalism was successfully developed for three arbitrary particles in
[11]. In the present PhD thesis several essential modifications were elaborated and
included into the formalism in order to make it applicable to nuclear systems. A
numerical implementation was presented which is to our knowledge the first ever done
for a three-body R-matrix formalism. The initial problem of an ill-conditioned system
of linear equations for the expansion coefficients of the wave function in the interior
region could be cured by introducing a regularization parameter.

We probed the novel formalism first on the neutron+deuteron system which is a
genuine three-body system without any other nuclear structures. The results for the
breakup cross section were impressively good and the calculated values as a function of
the regularization parameter converged to the experimental data. A similar behavior
was observed for the elastic cross section. However, in the energy range greater than
8 MeV the calculated results deviated significantly from the measured values. Studying
this problem, we found an inherent deficiency of the three-body R-matrix formalism
based on the Faddeev equations. The particles in the subsystem interact via a two-
body potential which determines the matching radius a; in the subsystem. However,
the third particle is free and therefore exists no natural bound for the second matching
radius A;, which can be considered as a free parameter. In order to determine proper
values for A; we introduced the criterion of continuity of the first derivative of the
wave function at the matching radius which was not included in the derivation of the
formalism. Restoring the continuity of the three-body wave function for some areas of r
(relative coordinate in the subsystem) we found values for A; depending on the incident
energy which led to a significant improvement of the elastic cross section. Finally, we
obtained two energy regions with different values for the matching radii where a very
good agreement of the calculated elastic and breakup cross section with experimental

data was obtained.
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The second system that was studied in the frame of the three-body R-matrix for-
malism is the n+YBe system which plays an important role as a neutron multiplier for
tritium breeding in fusion reactors. The first breakup channel Be(n,2n)(®*Be) ener-
getically opens up at 1.664 MeV and was treated as an effective three-body channel
by assuming that the a-particles form a long-lived resonance state (®Be). Because the
three-body R-matrix formalism in its present form is elaborated for s-waves only, the
problem of an ¢ = 1 state in the n+(®Be) subsystem was solved by introducing the
approximation of leaving the formalism unchanged, but using p-wave basis states for
that subsystem which give the correct neutron density distribution. The numerical
results for the breakup channel are in very good agreement with the experiment up to
4 MeV. The calculated elastic cross section shows similarities to the experimental data
in shape although with problems below 1 MeV due to the appearance of the channel
9Be(n,a)%He which was not contained in the thee-body structure of our model. For
energies greater than 4 MeV we assume higher partial waves, which are not considered
in the formalism, to contribute significantly.

Considering the optical theorem for both systems we observed a good fulfillment
in case of the n+Be system above 1 MeV. However, in the n+deuteron system there
appear deviations. This may result from the fact that we use smaller matching radii in
the n+deuteron system and the continuation of the asymptotic wave function to these
small matching radii seems to be problematic. The consequence is a distortion of the
phase in T-amplitudes which can be considered as an algorithm error. If the matching
radii are increased the matching conditions between the interior and the asymptotic
wave function improve which is reflected in a better fulfillment of the optical theorem as
seen in the n+YBe system. However, increasing the matching radii implies a significant
increase of the number of basis states for a fair reproduction of the interior wave
function, which in turn extends the computation time dramatically.

In its present form the three-body R-matrix only exists as a calculable R-matrix,
but not as a phenomenological one which is used for fitting procedures. For latter it is
important to know its spectral representation which, however, is not yet established for
the three-body case. Another task would be the extension of the formalism to higher
partial waves than s-waves and hence making it applicable to higher energy regions.

In order to include this novel formalism into existing R-matrix evaluation processes
one could insert TP-amplitudes calculated, e.g. with the reduced R-matrix formalism

elaborated in our group and then determine the breakup cross section via the three-
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body R-matrix formalism. This would circumvent the problems appearing with the

elastic channel in the three-body theory especially seen in case of the n+YBe system.
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A Partial integration of Eq. (5.58)

In this section we consider the left hand side of Eq. (5.58) which reads,

//d Ry i) |-y - € el R
P T T T R B
A a 2
u u
= d R dR R)—
 2u, / / el d’f’2 2uz<yn) / / Pul dR2 (A1)
0 0

+ / dr /A dR @, (r, R)[V(r) — EJu(r, R)

0

and solve the occurring integrals via integration by parts. We can rewrite the terms
containing second derivatives in Eq. (A.1) using the product rule twice (suppressing

factors and the dependencies of the functions on spatial coordinates)

d? d (dy, du d?p, de, du  dy, du du
o) = = _ Qu QU S (A
i) = IR ( ar " T dR) "t arar T arag Toram WY

and isolate the term which occurs in Eq. (A.1),

d?u  d? de, du  d?p,

uam = ae

(A.3)

) _re - _

dR AR~ drz"
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Using relation (A.3), the integrals in the second line of Eq. (A.1) can be calculated

beginning with the second one,

A A
1 d*u 1 d? do, du  d%p
dR o, (r, R)Sst — dR |=_ Ryu(r R)| — %P du  d%0u,
24ti(jn) 0/ Al )dRZ 21ti(jn) / [d 7 [oulry Rur, R)] dR dR ~ dr?"
1 d 4 I dgd s
de, du 90;1
== — (pu(r, R)u(r, R))| + 2 /d /dRu
2ti(jm) ar P et ) 0o 2Migm ) dR R " 2%” / dR?
1 dep du\ |*
= — R)—£ R —
214i(jn) <u(7‘, ) dR ulr )dR) 0
A A
du [ d?u 1 d2e
+2 ou(r,R) — —/dRap r, R + /dRu R K
215 (jm) u(r, ) dR|, / ul )dR2 24i(jn) / (r, R) dR2
1 @ dyp du du
- UT,A —= —'U/T,O - T TuA 1D "2 T,O -—
2iom |V R L:E_Z ar |, e AR L(_G_l R |, ,
=0
u u u
+2 ou(r,A) — — u(r,0) — -2 /ngp r,R)——=
1 i d2
Pu
dR R
- 215 (jn) / u(r, £) dR?
1 d 1 i i
u u
A) — -2 dR R P
245 >¢”( A dr Rea  2MHi(jn) / #ulro R) g 2m / dR2
(A.4)

We integrated by parts in the second line of Eq. (A.4) and in the fifth and sixth line

we made use of the boundary conditions (5.51),

_ _ 890H<T7 R) . a@u(ﬁ R)
©,(0, R) = p,(r,0) = m = R |, 0.
Additionally, u(r,0) = 0 since we integrate over the domain D where
u(r,0) = Zcﬂgpu(r, 0)=0.
m
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Finally we get the result

d?u du d?¢
A) — i A
/dR ou(r, R)dR2 (T, )dR R:A—l—/dR u(r, R) 1R (A.6)
and analogously
[oaontt—oawn® s [owne o
rou(r, B) 55 = pula, R) -~ ru(r, R)—5 .

0

Inserting them into Eq. (A.1) yields

A
du
_ d -
2Mjn0/ R ¢,(a, R) T

1 j
— dr ¢, (r, A

i du
— — dr p,(r, A
r=a 2”’(]") / M( ) dR

R=A

A
1 d2 1 d?
d d — — —-F
+/ R/ ru(r, R)[ 2 A +V(r)— 2iim dR2 }cpu(r, R)
0

1 /a du
— — dr ¢, (r, A
r=a 2”’(]”) 0 H< ) dR

1 / du
— — d A
r Y 2,&1(371) ! T Spli(?n ) dR

R=A
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In the third equality we applied Eq. (5.50),

1 d? 1 d?
[ —E,|pu(r,R)=0

— - V — -
2,u]'n d?”2 (r) 2,&1(]71) dR2

and in the last line we used the definition of the expansion coefficients (5.53) for the

interior wave function,

cy = //D drdR ¢, (r, R)u(r, R) .
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B Experimental data for the neutron+deuteron system

B.1 Breakup cross section

incident energy [MeV] | Aincident energy [MeV] | opreakup [mbarn] | Aopreqkup [mbarn| | Ref
5.54 0.080 57.6 3.3 [24]
5.81 0.090 60.5 3.4 [24]
6.34 0.100 74.9 42 [24]
6.83 0.100 74.6 4.2 [24]
6.83 0.150 82.6 11.2 [24]
7.23 0.150 85.5 6.2 [24]
7.75 0.150 98.6 7.2 [24]
20.2 0.4 172.4 14.1 [24]
21.2 0.4 153.7 11.8 [24]
21.6 0.4 128.9 10.9 [24]
21.8 0.3 142.6 11 [24]
21.8 0.3 136.3 10.1 [24]
21.8 0.4 131.8 12.1 [24]
22.4 0.3 134.1 10.9 [24]
23 0.3 132.1 115 [24]
23.5 0.3 154.4 12.2 [24]
24.1 0.3 141.6 13.8 [24]
24.7 0.3 141.8 11 [24]
7.41 0.165 109 17 [25]
7.93 0.15 138 15 [25]
8.44 0.135 127 13 [25]
8.94 0.125 137 10 [25]
9.44 0.115 149 11 [25]
9.93 0.11 120 10 [25]
10.42 0.1 142 19 [25]
10.91 0.095 146 10 [25]
11.4 0.09 165 10 [25]
11.88 0.085 148 10 [25]
12.36 0.085 155 13 [25]
12.85 0.08 165 14 [25]
13.33 0.075 165 14 [25]
13.8 0.075 175 14 [25]
14.28 0.07 168 14 [25]
14.76 0.065 180 14 [25]
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B.2 Elastic cross section

Bl N B e e S e N N N N R RN A EEEEEEE =)
2=l JorH FocRsoc RN cRNOC NG R acROC G C o CROC R C O C A C O COC G C RO CRAC MO AOCH BOCROC N BOCRGC RNOCIOC BIRACIRNOCINAC N B A AP W AP AP i
a
=
3
E
- S 9o N ™ o 0o 9o o o
al © S o N B = e B = I B I =R o Bae o ©
MGMHHHm987665443323222110000333%%%%N%
g
=
=
3
=)
=
)
E
ol o M Mo O ® S Bl lo = = o o o 9 o o
SFIE X O NS I AaAAaRAIIERILIIRIL2ITIEAFAoaORIT2SSSF DD
AN =2 DO E DA N0 R PTBIIERIBVTGYF TSR ITR[IE O
m32211111111 N NN~ Ao oA < M MmN M
IS}
)
=
=
N)
=
ARy
=
=l -
2l S
512 n 0 10 S 10 0 L 2w 2 22 QLR g T
) NS © 0 O 10 o )
R = = N N N od | — S oSS o o o
=aR=
g3
g1
=
=
R

“Yayloljqig usip N.L Te 1uld ul ajgejrene si sisay) 210190 Syl JO UoisiaA [eulblio panoidde ay 1

118

qny a8pajMmous| JNoA

“regBniian ayiolgig UsIp\ NL 19p Ue 1sI uoeuassiq 1asalp uoisiaAfeulibLO apjonipab susiqoidde aig Av_ﬂ—._u.o__ﬂ_m



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

References

[1] https://www-nds.iaea.org/exfor

[2] D. A. Brown et al., Nuclear Data Sheets 148, p. 1-142 (2018)

[3] A. J. N. Plompen et al., Europ. Phys. J. A 56, 181 (2020)

[4] K. Shibata et al., Journal of Nuclear Science and Technology 48, p 1-30 (2011)
[5] A. Trkov and D.A. Brown, https://www.osti.gov/biblio/1425114 (2018)

[6] B. Raab, Th. Srdinko, H. Leeb, EPJ Web of Conferences 211, 07006 (2019)
[7] E.P. Wigner, L. Eisenbud, Phys. Ref. 72, 29 (1947)

[8] A.M. Lane, R.G. Thomas, Rev.Modern Phys. 30, 257 (1958)

[9] L.D. Faddeev, Soviet Phys. JETP 12, 1014 (1961)
[10] W. Glsckle, Z. Phys. 271, 31 (1974)
[11] B. Raab, A Faddeev based R-matriz method, (Master thesis, TU Wien, 2017)
[12] P. Descouvemont, D. Baye, Rep. Prog. Phys. 73, 036301 (2010)
[13] B. Raab, Th. Srdinko, H. Leeb, EPJ Web of Conferences 239, 03002 (2020)
[14] C.W. Reich and M.S. Moore, Phys. Rev. 111, 929 (1958)

[15] H. Leeb, private communications (2021)

[16] Th. Srdinko, T. Stary, private communications (2021)

[17] C. Bloch, Nucl. Phys. 4, 503 (1957)

[18] W. Glockle, " The Quantum Mechanical Few-Body Problem*, Springer Verlag,
ISBN-13:978-3-642-82083-0

[19] W. Glockle, Nucl. Phys. A141, 620 (1970)

[20] P. Frobrich and R. Lipperheide ”Theory of Nuclear Reactions®, Clarendon Press, Oxford 1996
ISBIN 0 19 853783 2

[21] E.W. Schmid, H. Ziegelmann, ” The Quantum Mechanical Three-Body Problem*, Vieweg,
ISBN 3 528 08337 9

[22] V. G. J. Stoks, R. A. M. Klomp, M. C. M. Rentmeester and J. J. de Swart, Phys. Rev. C 48 792
(1993)

[23] A. Koning et al., ”The JEFF-3.1 Nuclear Data Library”, Report 21, OECD (2006)

119



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

[24] J.-M.Laborie et al., European Physical Journal A: Hadrons and Nuclei Vol.48, p.87 (2012)
[25] J. Frehaut et al., Radiation Effects Vol.96, p.219 (1986)

[26] K. Gul et al., Jour. of Physics, Part G (Nucl.and Part.Phys.) Vol.5, Issue.8,; p.1107 (1979)
[27] G. Pauletta, F.D.Brooks, Nuclear Physics, Section A Vol.255, p.267 (1975)

[28] N. Koori, Journal of the Physical Society of Japan Vol.32, p.306 (1972)

[29] E.R. Graves, J.D. Seagrave, U.S.AEC Nucl.Cross Sections Advisory Comm. Repts No.42, p.158
(1971)

[30] M. Holmberg, Nuclear Physics, Section A Vol.129, p.327 (1969)

[31] S. Shirato, N. Koori, Nuclear Physics, Section A Vol.120, p.387 (1968)

[32] G. Vedrenne, D.Blanc, F. Cambou, Journal de Physique Vol.24, p.801 (1963)
[33] H.C. Catron et al., Physical Review Vol.123, p.218 (1961)

[34] V.J. Ashby et al., Physical Review Vol.111, p.616 (1958)

[35] N. Koori, Journal of the Physical Society of Japan Vol.32, p.306 (1972)

[36] E. Fermi, L. Marshall, Physical Review Vol.75, p.578 (1949)

[37] P. Schwarz, et al., Nuclear Physics, Section A Vol.398, Issue.1, p.1 (1983)
[38] P. Chatelain et al., Nuclear Physics, Section A Vol.319, p.71 (1979)

[39] J.D. Seagrave et al., Annals of Physics (New York) Vol.74, p.250 (1972)

[40] P.R. Tunnicliffe, Physical Review Vol.89, p.1247 (1953)

120



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Name
Address

Date of birth
Nationality
Religion
Marital status
Mobile

E-mail

Curriculum vitee

Benedikt Raab

Austrian

benedikt.raab@tuwien.ac.at

PROFESSIONAL EXPE-
RIENCE

Jan. 2018 - May 2022

Project assistant at the Atominstitut, Vienna University of
Technology in the project ”Nuclear data evaluation and pro-
cessing”, partly supported by EUROfusion grant agreement
633053 and KKKO grant of the Austrian Academy of Sciences

EDUCATION

Jan. 2018 - present

November 2017

Oct. 2014 - Nov. 2017

PhD student at the Atominstitut, Vienna University of Tech-
nology, PhD thesis: ” A novel three-body R-matrix formalism

for breakup reactions in light nuclear systems”

Master of Science (MSc) in Technical physics with distinction,
Vienna University of Technology

Master studies Technical physics, Vienna University of Tech-
nology, Master’s thesis: “A Faddeev based R-Matrix Theory”

121



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

July 2014 Bachelor of Science (BSc) in Technical physics with distinction,
Vienna University of Technology

Oct. 2010 - July 2014 Bachelor studies Technical physics, Vienna University of Tech-
nology

Sep. 2009 - Mar. 2010 Military service in the Austrian army

June 2009 Final exam (Matura) with distinction (1.0)

2001 - 2009 Secondary school (Gymnasium) in Gmiind, Lower Austria

1997 - 2001 Primary school in Weitra, Lower Austria

LANGUAGES

German first language

English fluent written and spoken

Latin good reading and writing skills

PUBLICATIONS

B. Raab, Th. Srdinko, H. Leeb:

” Formulation of Model Defects Suitable for the Resonance Regime”;
In Proc. WONDER-2018 — 5" International Workshop On Nuclear
Data Evaluation for Reactor applications, Aix-en-Provence 2018;
EPJ Web Conf., Volume 211, 2019

B. Raab, Th. Srdinko, H. Leeb:

” Developments regarding three-body reaction channels

within the R-matriz formalism”;

In Proc. Int. Conference on Nuclear Data for Science and Technology
(ND 2019), Beijing 2019;

EPJ Web Conf., Volume 239, 2020

122





