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1. Introduction

Typical magnetic field gradient sensors based on MEMS tech-
nology [1] exhibit a temperature dependence of the resonant 
frequency that is mainly caused by the thermal expansion of 
the cantilever arms [2]. First, the sensors are built out of SOI 
wafers with a buried SiO2-layer under the Si sensing structure. 
The thermal coefficient of expansion of these materials is four 
times lower than that of Si [3]. Second, the vibrating structure and 
carrier frame have different masses and therefore different heat 
capacities, leading to different temperatures in transient processes.

Due to these differences, temperature variations will 
expand or tighten the measuring structure faster than the 

carrier frame. A mechanical stress is the consequence which 
alters the resonance frequency. The desired high quality factor 
of the structure causes a high error level in the amplitude 
due to temperature dependence [4]. In this work, a specific 
mechanical substructure is designed, fabricated and proposed 
to compensate for this temperature dependence (figure 1).

The sensors used within this paper are discussed in an 
earlier paper of our group regarding the sensitivity of the 
magn etic flux density gradient (see table 4) [5].

2. Theory

2.1. Extended Euler Bernoulli beam theory—Timoshenko 
beam theory

For the calculation of the temperature coefficient regarding 
the resonance frequency, the Euler Bernoulli beam theory 
must be extended with the bending and normal stresses.
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Only the first symmetric mode is investigated in our experi-
ments. Hence, the Timoshenko theory can be simplified and 
applied to an oscillating solid-shell element for the H-shaped 
structure. The resonant frequency reads:

f =
1

2L̂

1
√
ρν

√
P, (1)

where L̂ is the length of the oscillating structure, ρ  is the mass 
density, ν is the Possion’s ratio, and P is the force in longitu-
dinal direction (prestress) [6].

For a long thin structure with small oscillating amplitude, a √
P dependence is expected. The resultant force is generated 

by the geometry of the structure due to thermal expansion. In 
addition, with the effect of the prestress on the eigenvalues, 
the Timoshenko beam theory [7] is described by:

∂4uy

∂x4 − P
EIz

∂2uy

∂x2 +
ρA
EIz

∂2uy

∂t2 = 0. (2)

Due to the huge difference of the heat capacities of the free-
standing structure and the carrier frame, the MEMS structure 
responds faster to temperature changes than the carrier frame. 
The occurring outer stresses can be approximately described 
as a function of the temperature difference of the measuring 
structure to the frame by:

εges = εth + εm, εth = α ·∆T , εm =
σ

E(T)
, (3)

where εges is the total strain, εth is the thermal strain, εm is 
the mechanical strain by stress, α is the thermal coefficient of 
expansion (TCE), σ is the tensile/compressive stress, and E is 
the Young’s modulus [8].

For a small temperature range from 300 K to 350 K, the 
nonlinearity of the TCE of silicon is negligible. The occurring 
stress is

σ = −E(T) · α ·∆T . (4)

The temperature coefficient from the Young’s modulus of 
silicon for axial load is −60 ppm K−1 and for uniaxial load 
−75 ppm K−1. The bending stiffness decreases with temper-
ature [9].

For the theoretical consideration, we use the design of a 
torsional oscillator (figure 2).

Applying only antiparallel currents, we excite a pure tor-
sional oscillation without any bending components (in the 
y-direction) due to the symmetric design. The oscillation 
mode with axial load P  is described by:

[
GJ − PIα

m

]
∂2ϕ

∂x2 − I
∂2ϕ

∂t2 = 0 (5)

where G  represents the shear modulus and J is the moment 
of inertia (in a good approximation, the moment of inertia of 
the bar), I is the polar mass moment of inertia per unit length, 
m represents the mass of the oscillator, and ϕ is the angular 
displacement of the bar [8].

 • Applying (4) into design considerations, attention should 
be paid to some design details and boundary conditions: 
the plate in the middle of the oscillating system is short 
compared to the whole bar (Lp < L̂) and the torsional 
stiffness of the plate is much higher. The majority of the 
total torsion occurs in the bars.

 • The neutral axis and the center of mass axis are congruent 
and are not subjected to any bending deformation.

 • The static deflection of the bar caused by the gravitational 
force on the mass of the plate is neglected. The deflec-
tions act in the linear elastic regime and boundary effects 
in the connection between plate and bar are neglected.

Solving the eigenvalue problem delivers the eigenfrequency 
of the torsional mode (only the first antisymmetric mode with 
antiparallel current, depicted in figure 3 is calculated)

ωP =
π√

L̂

√(
GJ
I

− P
m

)
. (6)

By setting P to zero the equation yields the eigenfrequency 
ω0  =  4446 Hz without any boundary load through thermal 
influences. The result of the simplified calculation is in good 
agreement with the experimental data (see chapter 4). The 
parameters used for the calculations are listed in table 1.

2.2. Influence of the temperature effect of the lead  
on the operating temperature

Due to strong frequency changes caused by small temper-
ature variations, the heating power of the lead has to be taken 
into account. Therefore, the heat balance of the lead on the Si 
wafer under atmospheric influence is given by:

K (T) = P (T) , (7)
where K (T) is the heat dissipation and P (T) is the produced 
heat by the electrical current [10]. The heat dissipation to the 

Figure 1. Structure of the MEMS sensor.

Figure 2. Layout of two structures with relevant Lorentz-forces 
(Fz) for the first symmetric modes with parallel current (Iy) direction 
(left: the double U-shapedU-shaped structure, right: the omega-
shaped structure). Bx is the magnetic flux density and P is the axial 
load by thermal expansion.
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surroundings can be split into three parts: heat conduction 
(Q̇cond), convection (Q̇conv) and thermal radiation (Q̇rad).

K (T) = Q̇cond (T) + Q̇conv (T) + Q̇rad (T) (8)

Q̇cond (T) = λ
T2 − T1

h
As

Q̇conv (T) = α (T) As (T2 − Te) (9)

Q̇rad (T) = ε σAs(T4
2 − T4

e ), (10)

where T2 is the temperature of the lead, T1 is the temper ature 
of the Si wafer, h is the thickness of the lead path, As is the 
contact surface of the lead with Si structure, and Te is the 
ambient temperature.

To calibrate the sensor, the temperature of the sensor frame 
(silicon wafer) must be known. The energy balance is:

P (T) = ÛeffI (11)

ÛeffI = λ T2−T1
h As + α (T)As (T2 − Te)

+εσAs
(
T4

2 − T4
e

) 
(12)

convert→ T1 = h
λ

[
α (T) (T2 − Te) + εσ

(
T4

2 − T4
e

)
+ Ûeff I

As

]

= 31.209 ◦C.
 

(13)

To calculate T2, the resistance of the lead with stable power 
supply was recorded:

R1 =
LLB

Aq
ρ20 (1 + αR∆T1) and (14)

R2 =
LLB

Aq
ρ20 (1 + αR∆T2) , (15)

where R1 is the electrical resistance of the lead at room temper-
ature, R2 is the electrical resistance of the lead after 15 min of 
the temperature change, LLB is the length of the lead, and Aq 
is the cross section of the lead. With the measurement results 
T2 becomes:

T2 = ∆T2 − TR = 31.211 ◦C. (16)

The dominating term is Q̇cond, which is 70 times larger than 
Q̇conv and 1600 times larger than Q̇rad . Q̇cond (T) = 2.33 mW, 
Q̇conv (T) = 0.033 mW , Q̇rad (T) = 0.0014 mW.

Therefore, for measurements at room temperature and con-
sidering the actual geometry, Q̇conv (T) and Q̇rad (T) can be 
neglected. The parameters used for the calculations are listed 
in table 2.

2.3. Material specifications

The applied material is [1 0 0] silicon featuring an anisotropic 
Young’s modulus of 170 GPa in 1 1 1 directions and reduced 
values down to 130 GPa for all other directions [9].

Via the lithography process, thin gold leads with a thick-
ness of 150 nm are deposited on the silicon structure. These 
leads are insignificant for the thermal tensile or compressive 
stress due to the Young’s modulus of 78 GPa being 2.2 times 
higher than that of silicon and the lead being 100 times thinner 
than the silicon structure.

During Au evaporation, mechanical stress is introduced 
in the metal layer and consequently within the Si-structure. 
Afterwards, this pre-stress is minimised by a thermal treat-
ment at 90 °C for 1 h.

Between the sensor and the Pt100 element (see figures 6 
and 7), a two-component conductive silver epoxy is used as 
an intermediate layer.

3. Simulations

As a first step, the temperature dependency is simulated with 
the FEM-software COMSOL® Multiphysics 5.2.

Different designs are tested with FEM simulation. Figures 4 
and 5 depict the temperature dependence of the resonant fre-
quency of the first six modes. The reference temperature is set 
to 300 K [1].

For modelling, we assume that there is no thermal expan-
sion of the frame surrounding the oscillating structure. A 
temperature difference between frame and silicon based 
structure is set. For this reason, the supporting points of the 
structure are fixed in the axial direction. Avoiding torsion of 
the gradient structures (plate) the suspension bars are not gen-
erally fixed in the radial direction.

Figure 3. Design of the torsional oscillator with the forces (Fz) for 
the first torsional mode, with antiparallel currents (Iy), the whole 
length of the structure, plate and bars (L) and the length of the plate 
(Lp).

Table 1. Relevant parameters for the simulation of the silicon 
structure [8].

Symbol Quantity Value

G Shear modulus 64.1 GPa
ν Poisson ratio 0.28/0.2

L̂ Free length 4 mm

J Sec. moment of inertia 2.66 · 10−19 m4

I Moment of inertia per 
unit length

5.32 · 10−10 kg m2

α TCE −60 ppm K−1 for axial load

J. Micromech. Microeng. 28 (2018) 025002
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Figure 4. Simulated temperature dependence of the resonance 
frequencies of the first six modes of the omega-shaped design.

Figure 5. Simulated temperature dependence of the resonance 
frequencies of the first six modes for the double U-shaped  
design.

Figure 6. Measurement setup with Helmholtz coils, heating plate 
and readout with the vibrometer.

Figure 7. Double U-shaped design with a Pt100 fixed with a silver 
thermal adhesive.

Figure 8. Omega-shaped design.

Figure 9. Torsional oscillator design.

J. Micromech. Microeng. 28 (2018) 025002
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Comparing figures  4 and 5 illustrates that the omega-
shaped structure has a lower adjustment of the resonant 
frequency. This is due to the smaller stiffness in the x-direc-
tion, caused by the meander sub structure (figure 2).

4. Measurements

The measurement setup comprises a set of Helmholtz coils 
where the sensor is fixed in the center on a plate that can 
be heated up. The leads on the structure are connected to 

a waveform generator that produces a periodic chirp in the 
range of 500 Hz around the resonant frequency of the selected 
sensor. The deflections are recorded with a Micro System 
Analyzer (MSA 400, Polytec).

The heat control plate is made from aluminum equipped 
with a PT100 element and four heating resistors driven by a 
PWM controller. To avoid any interferences with the magn etic 
field of the two Helmholtz coils, the heat resistors are placed 
outside of the coils. For good heat transfer and low dist ortions 
of the magnetic field, aluminum (with its paramagn etic 

Table 2. Relevant parameters for the calculation of the heat 
balance.

Symbol Quantity Value

λs Thermal conductivity  
coefficient

117 W m−1 K−1

α(T) Convection coefficient for 
free convection

6 W m−2 K

εAu Emission coefficient 0.04
σ Stefan–Boltzmann constant 5.6 · 10−8 W (m2 K4)−1

ρ20 Specific resistance of gold 
at room temperature

2.2 · 10−2 Ω mm2 m−1

αR Temperature coefficient of 
specific resistance

3.7 · 10−3 1/K

Figure 11. Measured change of the resonant frequency of the first 
antisymetric (torsional) mode from the torsional bending structure 
in dependence of the temperature.

Figure 10. Measured temperature induced change of the resonant 
frequency of the first symetric mode.

Figure 12. Measured change of the resonant frequency of the 
second symetric mode from the double U-shaped structure in 
dependence of the temperature.

Figure 13. Measured change of the resonant frequency of the first 
symetric mode from the omega-shaped structure in dependence of 
the temperature.

Figure 14. Measured change of the resonant frequency of the 
second symetric mode from the omega-shaped structure in 
dependence of the temperature.

J. Micromech. Microeng. 28 (2018) 025002
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properties) is used. In the middle of the plate, directly on the 
surface, the PT100 element is placed, measuring the actual 
temperature of the plate. The controller allows the adjustment 
of the temperature in a range from room temperature up to 
100 °C.

To measure the temperature of the sensor, more precisely 
the Si-frame, another Pt100 element is mounted directly on 
the Si structure (see figures 7 and 8). The limited heat transfer 
between the aluminum plate and the sensor will cause a slight 
temperature difference. The result of the sensor Pt100 element 
is the actual temperature for the device (reference temperature 
for the subsequent measurements).

The measurements are performed with the highest pos-
sible continuous load of the Helmholtz coil, see table 3 for 
operating parameters. With lower flux densities, no significant 
change in the temperature dependency has been determined.

5. Conclusion and outlook

The drift of the resonance frequency during heating and 
cooling is measured versus the temperature (recorded with a 
second Pt100 element directly on the surface of the Si struc-
ture) for three different sensor designs. Except for the torsional 
mode from the torsional bending structure (figures 10 and 11), 
the depicted results are in good agreement with the simula-
tions (figures 4 and 5) and show a hysteresis between heating 
and cooling. This effect is caused, first by the positioning 
of the heat plate under the sensor and the single-sided heat 
supply during the heating process. Second, during the cooling 
process, heat dissipation only occurs on the upper surface of 
the sensor where the Pt100 element is fixed. Third, by the high 
self-cooling rate (approximately 1 °C per second) without 
heat supply. To avoid influences from the excitation current, 
it is switched off during the heating and cooling processes.

The measurements reveal the differences between the 
U-shaped design and the omega-shaped design (figures 12–14)  
with the temperature effect –compensating substructures 
(see table  4). Using two sensors with the same sensitivity 
for the magnetic flux density gradient, the temperature 
effect decreases from 5.8 Hz K−1 (U-shaped) to 1.3 Hz K−1 
(omega-shaped). In particular, this effect occurs in the case 
of symmetric modes due to buckling. However, no significant 
differences between both structure types are seen for antisym-
metric modes.

The torsional bending structure has a temperature effect of 
0.5 Hz K−1 using the first symmetric mode (comparable with 
a both side fixed beam) caused by the additional mass in the 
center of the beam and the temperature-effect-compensation 
sub-structure (see figure 9), but 12.4 Hz K−1 using the first 
torsional mode (which is used for the magnetic flux density 
gradient measurement).

Subsequently to this basic characterization, the research 
team aim at another set of different sensors with capacitive 
readout as magnetic field gradient sensor on the one hand 
and as high sensitive temperature sensor on the other hand. 
The structure is very sensitive to changes to the force on the 
supporting points. The team will use this effect to fabricate a 
multiaxial force sensor with high sensitivity.
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