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1. Introduction 

Since the days of John Von Neumann and Stanislaw Ulam the growth of digital 

simulations in size and complexity follows the development of processing capabilities 

of increasingly available computers. Although currently it may seem that a limit of 

processing speed increase has approached, the trend continues along the cluster 

computing, i.e. by parallelization of both hardware and solution schemes, e.g. [Foster 

et al. 2001] or the Vienna Scientific Cluster [Zabloudil 2012].  

In such context the following question emerges naturally to both scientists as well as 

engineers: What is the necessary amount of information to be processed in a model 

that leads to optimal decisions [Rubinstein 1998]. Although such thinking easily leads 

to open philosophical questions, such as determinism and the role of chance [e.g. 

Schaffer 2007], observer’s dilemma or selective observation effect [Steineck and 

Clausius 2013], a contribution based on hard scientific evidence can be made by e.g. 

studying the phenomena of uncertainties and randomness [Bucher 2009], focusing 

on particular levels of detailing and by identifying various sources, as conceptually 

shown at fig. 1. At a certain level, the increase of processed information does not 

lead to increase of predictive performance.  

It could be argued on a valid basis that so defined redundant information can 

nevertheless be important in order to quantify the estimate of statistical properties of 

actions based on such prediction, such as safety, risk, probability of failure, 

robustness, resilience, redundancy, etc. [Der Kiureghian and Liu 1986, Frangopol 

and Curley 1987]. However, the extent of universality of such argument is also 

limited, since it is believed by the author and partially proven in the presented thesis 

that an unprofitable component of randomness always exists such that it is redundant 

in any frame of reference, including the conceptually most correct full probabilistic 

assessment [Ang and Tang 2007]. 

Somewhat naturally, simulation tasks are commonly formulated such that the scope 

of information to be processed is far beyond the currently available computational 

capacity. Despite rapid advancements in computational availability and capacity, the 

unsatisfiable demands from the modeling and simulation community drives the spiral 

loop of processing power increase and the necessity of adopting model and Monte 
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Carlo (MC) -type simulation reduction schemes [Kahn, 1949, Kahn and Marschall, 

1953]. 

Fig. 1. Various observers’ perspective on the components of uncertainty and the 

complementary role of computational analysis of randomness and classical 

mathematical theory.  

Model (order) reduction techniques [Bamer and Bucher 2012] and the MC task 

reduction schemes can be considered as supertemporal and their application does 

not create a demand for further reduction, unlike the case of accelerated hardware 

performance. Among the scientific community, special sampling design and model 

reduction methods are increasingly popular as they still hold a potential of numerous 

major breakthroughs and simply because the scope of computational universe goes 

beyond the laws of currently accepted physics, a universe full of abstractions free for 

all, given the availability of computers and imagination. 
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In the following chapters the author will elaborate these arguments in the context of 

civil engineering systems subjected to ever changing environment. The necessity of 

quantifying the performance of such systems on a probabilistic basis reveals the full 

potential of the following considerations.  Following text presents 3 already published 

papers and an annex describing the essential code for reproducibility of the research 

as published in chapter 2 and 3. The author of this thesis wishes the readers an 

undisturbed experience and comprehensive view on the subject of probability based 

performance assessment of structural systems and infrastructure, with the focus on 

natural phenomena. 

  

In chapter 2 the discussion concerns environmental loads that need to be considered 

as time-varying stochastic phenomena acting on engineering infrastructure. The 

objective is to evaluate such actions in a probabilistic context. It is further assumed 

that due to nonlinear effects in infrastructure models and temporal representation of 

probabilistically different events [Deodatis 1996], closed-form solutions do not exist 

and common approximation methods fail, i.e. Monte Carlo type of assessment is 

required in order to solve the limit state functions. As this is computationally 

unfeasible, reduction schemes are commonly sought on both model and load 

representation side as well as on number of repeated trials. In the particular case 

presented, i.e. seismic protection, the high dimensional MC problem is reduced by 

introducing a novel method that enables an effective pre-screen of MC samples, or in 

the presented case, the identification of critical ground motion records with respect to 

given mechanical oscillators. Determination of various threshold exceedance 

probabilities served for benchmarking against the reference brute-force MC method, 

arithmetic mean and randomly sampled realizations at the same cost of the proposed 

reduction method. The comparison revealed that critical samples can be identified at 

a fraction of the reference cost (1,5%) and served as motivation for further research 

in the subject of importance sampling for dynamical systems.  

Chapter 3 further focuses on the utilization of image processing and pattern 

recognition techniques towards the goal as described in chapter 2. It reveals, among 

others, that for few process-model scenarios, the importance classification rules can 

be based on visual comparison of graphical representation of the original set of 

stochastic processes (e.g. according to [Priestley, 1965]). This evidence has led to a 
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hypotheses that pattern recognition techniques could be trained to solve the 

identification problem. Due to only partial success in solving the test cases, the 

approach diverged to more general formulation, which later become designated as 

STS. It still utilizes graphical representation of the time-series, adding stochastic 

sensitivity analysis of a small training sample set and consistently identifies the 

critical processes, including the non-stationary and non-separable types of artificially 

generated ground motion records acting upon non-linear mechanical oscillators with 

arbitrary degrees of freedom. The presented results implies a new importance 

sampling strategy for structural transient formulations and analogous problems in 

environmental sciences, e.g. in water resources context precipitation scenarios for 

hydrological routing models. 

The following chapter 4 attempts to capture „all possible“ deterioration states, unlike 

the uniform class of stochastic processes from previous chapter, in order to quantify 

resistance of a particular engineering infrastructure against events unaccounted for 

during design phase and/or unexpected during operation. It is worthwhile to note 

here that the „all possible“ term denotes a possibilistic approach (e.g. [Marano and 

Quaranta 2010]) rather than probabilistic one, hence it is difficult, if impossible, to 

assign probabilities to unexpected or rare events, which cannot be described by a 

scalar value or function, like in the case of e.g. return periods in hydrology, where 

theoretical distribution functions are more less effectively used to model flow 

quantitates. Existing prestressed box-girder bridge serves as a demonstration 

example where the consequences of environmental loads, uncertainty and random 

nature are combined and evaluated. Here various damage scenarios were explicitly 

modeled using the available information on bridge condition from past inspections. 

Finally, such artificially generated realizations were computed as detailed 3D Non-

linear models on a fully probabilistic basis [Cervenka 2013], taking into account know 

distributions of material properties, prestressing forces and geometrical 

imperfections. Argument behind such an attempt is the number of emerging 

performance damage-based indicators, such as robustness, redundancy or 

resiliency, requiring higher-order variable statistics [Biondini and Frangopol 2012]. 

Typically, the problem is treated on a component-removal level, however, isostatic 

systems, like the presented bridge, receives very little attention. The uniqueness of 

this chapter is therefore mainly in adopting the damage-based performance 
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indicators for isostatic systems, where straightforward removal of discrete 

components is not possible. 

9
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a b s t r a c t 

This paper contributes to the structural reliability problem by presenting a novel approach that enables 

for identification of stochastic oscillatory processes as a critical input for given mechanical models. The 

proposed method is based on a graphical representation of such processes utilizing state of the art image 

processing and pattern recognition techniques, leading to a set of finite rules that consistently identifies those 

realizations of stochastic processes that would lead to a critical response of a given mechanical model. To 

examine the validity of the suggested method, large sets of realizations of artificial non-stationary processes 

were generated from known models, several criteria for critical response were formulated and the results 

were statistically evaluated. The promising results suggest important applications that would dramatically 

decrease computational costs e.g. in the field of probabilistic seismic design. Further examination may lead 

to a formulation of a new class of importance sampling techniques. 
c © 2013 Published by Elsevier Ltd. 

1. Introduction 

The necessity for adopting fully probabilistic design concepts has 

become imperative when considering static loads [ 1 , 2 ]. On the other 

hand, structural dynamics is still far from a practical utilization of 

such concepts despite cheap contemporary computational costs. This 

is mainly due to the uncertain nature of environmental loadings that 

have to be modeled as time-varying phenomena, represented in this 

paper by non-stationary stochastic oscillatory process as defined by 

Priestley [ 3 ]. 

It is a well-accepted fact that structures respond in a very uncer- 

tain manner to probabilistically different ground motion events while 

there is very limited a priori knowledge on the structural behavior. 

An implication is the necessity to perform the structural analysis for 

each realization of the event separately, which makes the Monte- 

Carlo based reliability analysis computationally unfeasible for some 

realistic assumptions, i.e. small probabilities and large sample sizes. 

There have been several recent attempts to avoid such reliabil- 

ity problems in their full form. Moustafa [ 4 ] proposed a framework 

for deriving optimal earthquake loads expressed as a Fourier series. 

More recently, critical excitation methodologists propose to identify 

critical frequency content of ground motions maximizing the mean 

earthquake energy input rate to structures (for details see e.g. [ 5 ]). 

* Corresponding author. Tel.: + 43 1 58801 22301. 

E-mail address: podrouzek@waterresources.at (J. Podrouzek). 

From a different perspective, Barbato et al. [ 6 ] approximate the first 

passage problem by formulating exact closed form solutions for the 

spectral characteristics of random processes. Macke et al. [ 7 ] present 

an importance sampling technique for randomly excited dynamical 

systems. 

Authors of this paper attempt to maintain the up-to-date con- 

ceptually correct fully probabilistic concept [ 8 ] while reducing the 

number of required analyses by means of the proposed identification 

framework. It is based on a non-traditional assumption that there 

exists a finite set of rules capable of classifying synthetic samples of 

stochastic processes according to their importance as a critical input 

for a given mechanical model. Whether such sets of rules could be for- 

mulated for an arbitrary system remains an open problem for further 

research. 

2. Development 

The identification strategy follows a transparent image process- 

ing paradigm completely independent of structural dynamics, thus 

representing a nontraditional option in the field. The reason behind 

such argument is experimental, aiming at delivering a simple and 

wide-purpose method. 

The main objective can be formulated as follows: find the crit- 

ical realization of a stochastic process from a target sample set S 

under defined critical response criteria. In the following text the sym- 

bol → designates higher order mapping function, e.g. x 0 → f ( x 0 ). 

Suggested Small Training Set (STS) input format: 

0167-4730/ $ - see front matter c © 2013 Published by Elsevier Ltd. 

http://dx.doi.org/10.1016/j.strusafe.2013.10.005 
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Fig. 1. Relationship between the signal and the G pattern. Horizontal axes represents time and is joined for both the signal and G . Vertical axis of G represents the equivalent scales 

(octaves or frequency bands). 

Fig. 2. Graphical representation ( G ) of L1 (left) and L2 (right) in the form of Wavelet Scalogram and visualized detected keypoints ( R ) described by radius, orientation and contrast 

sign (circle, rotation and color). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. Number of fitted oriented ellipses (based on SURF) as a performance indicator. Upper row: 3 ranked maximum and lower row: 3 ranked minimum responses. 

(i1) Finite set S of 1-dimensional stochastic process realizations r i 

r i ∈ 〈 v 1 , v 2 , . . . , v t 〉 (1) 

S ∈ 〈 r 1 , r 2 , . . . , r n 〉 (2) 

where v i can be an arbitrary value, e.g. acceleration values 

recorded in t time steps. The notation n is used for the size 

of S. 

(i2) Arbitrary deterministic solver, typically extremely expensive 

computational numerical integration, e.g. FEM, or reduced 

meta-models such as MOR and POD [ 9 ], 

F ( r i ) 
N Solve 
→ y i (3) 

returning an arbitrary scalar response quantity y i , e.g. a peak 

displacement. 

(i3) Arbitrary algorithm for 2-dimensional graphical representa- 

tion G of r i . Among the two general options maintaining the 

physicality of the G product is the evolutionary spectra [ 10 ] or 

the wavelet–vector coefficients based scalogram [ 11 ] wd. The 

latter is used in this paper due to preferable computational 

complexity, basic principles demonstrates sample patterns at 

Figs. 1 and 2 . 

wd ( r i ) 
maps 
→ G i = 

 

 
 
 
 

c 
( i) 
1 , 1 · · · c 

( i) 
t, 1 

. 

. . 
. . . 

. 

. . 

c 
( i) 
1 ,o · · · c 

( i) 
t,o 

 

 
 
 
 

(4) 

Here the wavelet vector coefficients (1, . . . , o ) are plotted as rows 

of colorized rectangles c t,o , in which large absolute values are 

shown darker and each subsequent row corresponds to differ- 

ent wavelet index specifications. Note that the actual choice 

of the mapping algorithm in this step is quite immaterial for 

proper functioning of the method as long as it allows a time- 

frequency decomposition of the signal. 

(i4) Parameters vector and admissible intervals f 〈 1 . . . ( t × o ) 〉 , 

m 〈 1 . . . n 〉 , p 〈 1 . . . m / 2 〉 , q 〈 1 . . . m 〉 

Proposed STS strategy steps: 

(s1) Construct a training subset s randomly sampled from S having 
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the length m ≪ n . 

s ∈ 〈 r 1 , r 2 , . . . , r m 〉 (5) 

(s2) Solve the training subset s : 

( r 1 ) , F ( r 2 ) , · · · , F ( r m ) 
〉 yiel ds 

→ s F ∈ 〈 y 1 , y 2 , · · · , y m 〉 (6) 

(s3) Create ranked minimum and maximum sets S F,min and S F,max : 

s F , min = 
〈

1 , . . . , p 
〉th 

smallest elements in s F (7) 

s F , max = 
〈

1 , . . . , p 
〉th 

largest elements in s F (8) 

(s4) Transform r i ’s corresponding to S F,min and S F,max into graphical 

representation 

wd ( r s F , min ) , wd ( r s F , max ) 
yiel ds 
→ 

〈

G min , 1 , . . . , G min , p 
〉

, 

〈

G max , 1 , . . . , G max , p 
〉

(9) 

(s5) Find a finite set of rules R such that consistently maps the s4) 

products to the corresponding few important (i.e. maximal or 

critical) response criteria. Note that a one-to-one correspon- 

dence is likely unfeasible and the search domain can be effec- 

tively narrowed by ignoring the pixels with constant or random 

behavior. A simple specific form of R can be attained by calcu- 

lating the 2-dimensional correlation pattern P using the G min 

and G max : 

P = 

∣

∣

∣

∣

∣

∣

p 
∑ 

i= 1 

t 
∑ 

x= 1 

o 
∑ 

y= 1 

c 
( min ,i ) 
x,y 

p 
−

p 
∑ 

i= 1 

t 
∑ 

x= 1 

o 
∑ 

y= 1 

−
c 
( max ,i ) 
x,y 

p 

∣

∣

∣

∣

∣

∣

(10) 

From the formula above it is clear that P has the same dimen- 

sion as G and that the higher values P coefficients hold, the 

more relevant this location became for the classification of the 

original set S (for a sample pattern see Fig. 4 left). Another form 

of correlation structure ( R ) can be i.e. the number of fitted ori- 

ented ellipses (see Fig. 3 ), however applicability of such rule is 

very limited and therefore is demonstrated here only as a rare 

instance when visual features themselves enable for classifica- 

tion of S . In the following text a concrete form of R , i.e. P , will 

be used to help the reproducibility of the STS strategy. 

(s6) Quantification of important Features QF i on the original set S 

using the summation of j th largest element in P (denoted as P le 
( j )) multiplied by G i element at corresponding position of j th 

largest element in P in terms of t,o indices, denoted as G cp ( i , j ) 

projection. 

S 
wd ( ri) 
→ G S (11) 

QF S 

〈

∑ f 

j= 1 
P le ( j) × G cp (1 , j) , 

∑ f 

j= 1 
P le ( j) × G cp (2 , j) , . . . , 

∑ f 

j= 1 
P le ( j) × G cp ( n, j) 

〉 (12) 

(s7) Classification of S according to the highest values of QF s with 

respect to the response quantity y i . Both values QF i and y i are 

correlated now and the identification results are known. The 

associated likelihoods can be approached as evidence support- 

ing the hypotheses y i ≥ max : 

P rob ab i li ty ( y i ≥ y max ) = 
1 

n 
(13) 

In the broader context one should consider the STS strategy as a 

fast MC samples pre-screen to limit the number of necessary execu- 

tions of numerical analysis of the mechanical model. It is assumed that 

mechanisms behind rules extracted from reasonably small samples 

are applicable to arbitrarily larger sample. Clearly, whenever using a 

black-box type of approach, there is a risk of extracting mechanisms 

that apply only to the training sample if its sample size is too small or 

in cases of “statistical bad luck”. The determination of minimal size of 

a training set should be based on a requirement for STS’s predictive 

confidence, quantified by a proposed performance index as part of 

the STS. It should be noted, however, that the confidence intervals for 

various process–model combinations have to be defined individually 

(e.g. note various vertical scales in Fig. 11 ). 

In the following text graphical representation of the particular 

ground motion time history has the form of Gabor Wavelet Scalo- 

gram, visualization at Fig. 1 highlights the basic concept. First ex- 

ample resolves time and frequency features (20 and 70 Hz) of a sig- 

nal, second shows sinusoid with linearly increasing frequency and 

the last example demonstrates good time localization of a feature 

Sin[4 πt ] + 2Exp[ −10 5 (1 / 3 − t ) 2 ]. More on the evolutionary behavior 

of spectral characteristics utilizing wavelet coefficients can be found 

e.g. in the dissertation of Tezcan [ 12 ] including explicit relationship 

between the harmonic wavelet coefficients of a process and its time 

dependent spectral content. 

As stated before, the proposed STS strategy aims at general and 

automated feature extraction. It should be noted here, however, that 

in rare instances visual comparison of the ranked scalograms G itself 

enabled the formulation of the identification rule R by comparing the 

number of regions with steep contrast gradient, i.e. image keypoints 

( Fig. 2 ). For such feature, a number of standardized algorithms exists, 

e.g. implemented Speeded Up Robust Features (SURF, [ 13 ]), a scale- 

and rotation-invariant interest point detector and descriptor. Such an 

approach can be interpreted as assessment of localization of energy 

in the time domain and proved to be consistent for configurations 

of SDOF oscillators excited by stationary or amplitude modulated 

processes. In such instances, a low number of detected keypoints 

indicates a critical process, i.e. G has minimal scatter of excitation 

energy as seen in Fig. 3 . 

The most general version of STS utilizes f few pixels of a small- 

resolution Wavelet Scalogram image G and correlation pattern P . Ide- 

ally, the values of particular G i pixels localized by the most sensitive 

P pixels vary systematically according to the ranked small sample 

training sets as can be seen in Fig. 4 . If not, the correlation can be 

optimized by adjusting the p and f parameters without increasing the 

number of expensive F ( r i ) computations. 

The sensitive pixels typically form clusters, in some instances a 

line indicating a dominant frequency band ( Fig. 4 ). Regardless of the 

attractiveness of emerging questions on the physical connections of 

these clusters to the mechanical models (and dominant frequencies), 

such debates will not be detailed here due to the limited scope of the 

paper. For a related discussion see the work of e.g. Drenick [ 14 ]. 

3. Design point motivating pattern 

The choice of wavelet coefficients as indicators of relevant exci- 

tation patterns will be motivated by a simple example. For a linear 

single-degree-of-freedom system subjected to white noise w ( t ) exci- 

tation it is well known that the most likely excitation pattern leading 

to first passage of a displacement threshold at a given time t is given 

in terms of the time-reversed impulse response function [ 15 , 16 ]. For 

an oscillator described by the equation of motion 

ẍ + 2 ζω ̇x + ω 
2 x = w ( t ) (14) 

in which ζ = 0.05, ω = 3 the design point excitation for time T = 20 s 

is shown in Fig. 5 . 

13
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Fig. 4. Correlation pattern on the left: Array of pixels (rescaled) according to their behavior, the darker the color, the more sensitive the pixel is to the ranked G s , while lighter 

colors indicate random or invariant behavior. Right: corresponding position of these pixels on the wavelet scalogram of particular realization. 

Fig. 5. Design point excitation for linear SDOF oscillator subject to stationary white 

noise. 

Fig. 6. Gabor wavelet transform of design point excitation. 

The Gabor wavelet transform of this design point excitations is 

shown in Fig. 6 . This figure clearly shows the increasing intensity in 

the frequency range around 3 rad / s (which matches the natural cir- 

cular frequency of the oscillator) towards the end of the time interval. 

In contrast, actual realizations of white noise as shown in Fig. 7 do 

not exhibit any immediately recognizable time–frequency patterns. 

For the two samples as shown in Fig. 7 , the Gabor wavelet transforms 

are shown in Fig. 8 . 

In order to recognize a pattern in the random arrangement in 

time–frequency, the correlation between the oscillator response x at 

time T and the individual wavelet coefficients (pixel) is computed. 

This computation is based on 1000 realizations of the white noise. 

The coefficient of correlation is then plotted in the same arrangement 

as the wavelet coefficients. This is shown in Fig. 9 . This correlation 

pattern exhibits a remarkable similarity to the wavelet transform 

of the design point excitation. It is therefore obvious that for each 

Fig. 7. White noise sample functions. 

Fig. 8. Gabor wavelet transform of white noise sample functions. 

14
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Fig. 9. Design point equivalent correlation pattern between wavelet coefficients and 

oscillator response x ( T ). 

sample function of the white noise, the degree of similarity between 

this correlation pattern and the actual wavelet transform gives an 

indicator of relevance. Such an indicator ( QF ) can easily be computed 

in this motivating example by a normalized projection of the wavelet 

transforms on the identified correlation pattern. 

The presented evidence validates the implementation towards 

identification of critical samples of realistic excitation patterns cou- 

pled with various structural models and consequent importance sam- 

pling. 

4. Acceleration and structural models 

For the validation of the STS method four distinct combinations of 

two models (M1 and M2) and two loadings (L1 and L2) are considered. 

The mechanical models represent a single degree of freedom (SDOF) 

damped linear oscillator (M1) and a nonlinear seismically isolated 

SDOF on a friction pendulum system (M2) subjected to an earthquake 

loading F ( t ) = −ma ( t ). Here m is the mass of the SDOF system and a ( t ) 

is the ground acceleration described as (L1) an amplitude modulated 

random process 

a ( t ) = e ( t ) · b ( t ) (15) 

where e(t) is the amplitude modulating function (see rescaled plot as 

dashed line in Fig. 10 ) given by 

e ( t ) = 4 [ exp ( −0 . 25 t ) − exp ( −0 . 5 t ) ] f or t > 0 (16) 

and b(t) denotes a stationary zero-mean Gaussian random process 

(Kanai-Tajimi filter [ 17 ]) with power spectral density 

S bb ( ω ) = S 0 

 

 
 
 

1 + 4 ζ 2 
g 

[ 
ω 
ω g 

] 2 

{

1 −
[ 

ω 
ω g 

] 2 
+ 4 ζ2 

g 

[ 
ω 
ω g 

] 2 
}

 

 
 
 (17) 

The second ground acceleration model (L2), is amplitude and 

frequency modulated random process whose objective is to repro- 

duce the general frequency variation characteristics of an acceler- 

ation record from the 1964 Niigata earthquake described by the 

Bogdanhoff–Goldberg–Bernard (1961) envelope function 

A ( t ) = a 1 t exp ( −a 2 t ) f or t > 0 (18) 

and the Clough–Penzien [ 17 ] correction to the Kanai–Tajimi acceler- 

ation spectrum with parameters S 0 , ω g and ζ g = ζ f as functions of 

Table 1 

Mechanical models and structural data. 

time: 

S ( ω, t ) = S 0 ( t ) 

 

 
 
 
 

1 + 4 ζ 2 
g ( t ) 

[ 
ω 

ω g ( t ) 

] 2 

{

1 −
[ 

ω 
ω g ( t ) 

] 2 
}2 

+ 4 ζ2 
g ( t ) 

[ 
ω 

ω g ( t ) 

] 2 

 

 
 
 
 

×

 

 
 
 
 

[ 
ω 

0 . 1 ω g ( t ) 

] 2 

{

1 −
[ 

ω 
0 . 1 ω g ( t ) 

] 2 
}2 

+ 4 ζ2 
f ( t ) 

[ 
ω 

0 . 1 ω g ( t ) 

] 2 

 

 
 
 
 

(19) 

S 0 ( t ) = 
σ2 

π ω g ( t ) 
(

2 ζg ( t ) + 
1 

2 ζg ( t ) 

) (20) 

ω g ( t) = 

 
 
 

 
 

15 . 56 , 0 ≤ t&4 . 5 

27 . 12 ( t − 4 . 5) 
3 

− 40 . 68 ( t − 4 . 5) 
2 
+ 15 . 56 , 4 . 5 ≤ t&5 . 5 

2 . 0 , t ≥ 5 . 5 

(21) 

ζg ( t) = 

 
 
 

 
 

0 . 64 , 0 ≤ t&4 . 5 

1 . 25 ( t − 4 . 5) 
3 

− 1 . 875 ( t − 4 . 5) 
2 
+ 0 . 64 , 4 . 5 ≤ t&5 . 5 

0 . 015 , t ≥ 5 . 5 

(22) 

where parameters a 1 = 0.68, a 2 = 0.25 and σ = 100. Eqs. (21) and (22) 

represent a soil liquefaction model proposed by Deodatis and Shi- 

nozuka [ 18 ]. Simulation techniques for stationary and non-stationary 

processes were adopted from [ 19 , 20 ], respectively. 

The nonlinear mechanical model M2 represents a SDOF system 

combined with a friction based seismic isolation device (friction pen- 

dulum system) that introduces another mechanical degree of freedom 

as well as an internal variable representing plastic slip z . This model 

was adopted from [ 21 ] and will not be detailed in this paper. The 

structural data for both M1 and M2 are provided in Table 1 , while 

random realizations (sample functions) of L1 and L2 and the corre- 

sponding responses are depicted in Fig. 10 . 

The critical response criterion has been formulated either as the 

absolute value of the maximum displacement of the mass most dis- 

tant from the application of the seismic load or as a given percentile 

of the mean-square value of the response displacements. The former 

criterion leads to better identification performance Ip (Eq. (23) ), i.e. 

systematic features are reproduced more efficiently; and therefore is 

adopted in this paper. 

5. Identification results 

Development and testing of the proposed STS on multiple scales 

and process–model combinations showed that it is difficult, perhaps 

impossible, to formulate a general identification rule of physical in- 

terpretability. One of these attempts led to the formulation of R in- 

corporating the image keypoints as a way of quantifying the energy 

scatter in the loading process. 

Consequently, soft computing techniques were used in search 

of a general black-box type method. The proposed version of STS 

was tested on a large number of clusters composed from a total 

of 4.2 × 10 4 realizations of the L1 and L2 processes in combina- 

tion with mechanical models M1 and M2. The stochastic simulations 

verified the consistency of identified R for every one of the tested 

15
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Fig. 10. Sample realizations: left column top down: sample of L1 process, M1 and M2 responses to L1; right column top down: sample of L2 process, M1 and M2 responses to L2; 

time (s) at horizontal axes. 

Fig. 11. Performance index Ip as a function of sample size n (left to right: L1M1, L1M2, L2M1, L2M2). Dashed lines represent the Normal distribution PDFs fitted to 21 joined min 

and max sets for sample size n = 2.1 × 10 4 . Note the PDFs separation effect on the performance index (different vertical scales). 
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process-model combinations (persistent trend after resampling). Re- 

sults presented in Fig. 11 were chosen to demonstrate the variability 

of performance and do not represent the best or the worst process–

model combinations considered. 

The performance index Ip is defined according to the following 

integral expression: 

I p = 

∫ 1 

0 
PD F min ( x ) PD F max ( x ) dx (23) 

where PDF min / max ( x ) stands for the probability distribution function 

fitted to QF S scalar vector (development step s6). Growing separation 

of these distribution functions corresponds to better performance 

(see Fig. 12 ), indicated by the decreasing value of iP in Eq. (23) . The 

integration range corresponds to the admissible values of the G pixels. 

6. Sample selection 

Following the successful formulation and validation of R accord- 

ing to the proposed STS, the importance sampling strategy is based 

on applying R to various sizes of S while sorting the stochastic pro- 

cess realizations r i according to QF i . Then, for each S size the first 

q corresponding realizations are determined as critical input for the 

mechanical model. The determination of q depends on the required 

confidence of the STS strategy, e.g. in the L1M2 model-process com- 

bination, q = 10, i.e. 1% of the full set (1000). Refer to the right hand 

side plot of Fig. 13 . 

The importance sampling test scenario, as described above, proved 

to be a consistent measure for reducing the 1000 sample set to a 

smaller size while maintaining the same critical response charac- 

teristics. The STS utilized a 100 sample training set (10%) and the 

consequent importance sampling required an additional 10 analyses 

(1%), therefore reducing the computational task by 89%. The addi- 

tional 1% ensured that the important sample (most critical response) 

was captured by over 91% (within 21 test runs). 

It should be noted here that optimal f parameter follows from the 

inverse U-shaped curve logic, i.e. neither high nor low f values are 

desirable. This is demonstrated by the presented example from Fig. 

14 where f = 1. Here note the effect of an emergent 2nd branch STS 

artifact from the y distribution plot according to the ranked QF . The 

inverse of the same plot ( Fig. 13 ) does not exhibit such effect, repre- 

senting the amount of unaccounted information by STS mainly due to 

incorporating only a single dominant pixel to reproduce the system- 

atic behavior of a several clusters of sensitive pixels. With increasing 

f the QF benefits from utilizing the sum of f-most sensitive pixels (Eq. 

(12) ) until a point where many less sensitive pixels outweigh the few 

important and the identification results start following the RND curve 

of Fig. 15 . The presented QF quantification can be further improved 

assigning weighs to each subsequent f value or by including the di- 

rectional effects of P , following e.g. the spatial changes of the steepest 

contrast gradient. 

Choosing the graphical domain as part of the STS strategy deliv- 

ers clear benefits in terms of transparency, efficiency and robustness; 

however, there is also a problematic aspect arising from the ambigu- 

ous low color depth RGB channels. This effect can be observed in Fig. 

14 as the top horizontal row of y points. Ideally, all such points should 

concentrate around the coordinate [0, 1]; however, as the critical re- 

sponse is represented by a scalar maximum, it is sufficient to capture 

any instance of such scalar maxima and therefore such aspect can be 

tolerated. In either case, uniqueness of the QF labels (currently RGB 

values of sensitive pixels) can be easily ensured by e.g. enhancing the 

RGB values with random binary sequences of given length. 

The effect of unaccounted information does not only exhibit itself 

via the 2nd branch, but clearly also by the inability to always capture 

the single y maximum, as one might observe on the comparison plot 

in Fig. 15 . Here the goal is to determine the probability of exceeding 

a critical displacement threshold u lim at different sample size scales 

and compare it against reference pure Monte Carlo (MC) values. 

In terms of accuracy, the maximum reached deviation between the 

MC reference and STS value was 7.8%. However, in terms of compu- 

tational efficiency, the STS based importance sampling utilized only a 

fraction of the MC computational cost, e.g. 1.5% for the 10 4 sample size 

( m = 1% of n and q = 50% of m ). Due to its substantial computational 

advantage, however, the present approach will be suitable especially 

for reliability-based design optimization problems for which the re- 

liability analysis has to be repeated frequently. 

The plots at Fig. 15 also demonstrate the basic principle of large 

number theory. With increasing sample size the associated likeli- 

hoods asymptotically reaches zero probability. Also, if an infinite set 

is theoretically assumed, the critical time history pattern can be iden- 

tified using deterministic study of the problem. This is certainly noth- 

ing new; however, the shape of such pattern (similar to that of Fig. 5 ) 

would be in direct contradiction to the definition of stochastic pro- 

cess as observed in reality. Estimating likelihood of such or similarly 

shaped smooth patterns can be considered controversial, especially 

for practical purposes, also in comparison to the first passage proba- 

bility concept. 

7. Conclusions 

A novel S mall T raining S et strategy has been proposed enabling 

the identification of critical samples of stochastic oscillatory processes 

from a finite set with respect to the response of a given mechanical 

model. Such processes are understood here as environmental loads 

acting on a structural system. From a design point of view, it is es- 

sential to identify what particular realization of such a process has 

critical impact on the structural response. A given dynamical system 

has a different and unique response to different realizations of the in- 

put stochastic loads. Consequently, for Monte-Carlo-based structural 

reliability considerations, a very large number of realizations of the 

stochastic load must be considered and analyzed, making the task 

computationally unfeasible for realistic failure probabilities, since no 

sampling technique capable of reducing such a task is currently avail- 

able. 

Motivated by the last statement, an importance sampling strategy 

can be formulated such that it reduces the size of the computational 

task without sacrificing any of the desirable properties of a fully prob- 

abilistic approach. As demonstrated in the numerical examples, iden- 

tification is feasible with varying performance according to the type of 

process-model combination considered. As can be observed in Fig. 11 , 

there is no relationship between the complexity of the process-model 

combination and the performance index. 

Successfully tested for both stationary and non-stationary pro- 

cesses, as well as for linear and non-linear mechanical models, an 

important consequence is that the proposed STS strategy moves the 

advantages of a fully probabilistic approach within the context of 

dynamical systems one step closer to engineering practitioners, mo- 

tivated by the ever-growing demand for performance-based design. 

Beyond the engineering community, the proposed STS strategy may 

prove to be a useful technique in the context of environmental sci- 

ences, such as water resources, addressing analogous problems such 

as identifying critical precipitation events. 

Further research will focus on possible extensions and improve- 

ments regarding the accuracy of the first passage probabilities as well 

as the treatment of more complex engineering models in the field of 

structural dynamics and hydrology. 
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Abstract: This paper contributes to the structural reliability problem by presenting a novel approach that enables for identification of 

stochastic oscillatory processes as a critical input for given mechanical models. Identification development follows a transparent image 

processing paradigm completely independent of state-of-the-art structural dynamics, aiming at delivering a simple and wide purpose

method. Validation of the proposed importance sampling strategy is based on multi-scale clusters of realizations of digitally generated 

non-stationary stochastic processes. Good agreement with the reference pure Monte Carlo results indicates a significant potential in 

reducing the computational task of first passage probabilities estimation, an important feature in the field of e.g., probabilistic seismic 

design or risk assessment generally. 
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identification problem.

1. Introduction

The necessity for adopting probabilistic design 

concepts has become imperative among the structural 

static problems [1-3]. On the other hand, structural 

dynamics is still far from practical utilizations of such 

concepts despite cheap contemporary computational 

costs. Among the main reasons is the uncertain nature 

of environmental loading that has to be modeled as a 

time-varying phenomena, represented in this paper by 

non-stationary stochastic oscillatory process as an 

analogy to earthquake event. 

It is a well-accepted fact that structures respond in a 

very uncertain manner to different ground motion 

events while there is very limited a priori knowledge on 

the structural behaviour. Same applying for models, an 

implication is the necessity to perform the structural 

analysis for each realization of the event separately, 

which makes the Monte-Carlo (MC) based reliability 

                                                          
Corresponding author: Jan Podrouzek, doctoral student, 

research fields: environmental modeling, water resources, 
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analysis computationally unfeasible for realistic 

assumptions, i.e., small probabilities and large sample 

sizes. 

There have been several recent attempts to avoid such 

reliability problem in its full form. Moustafa [4] 

proposed a framework for deriving optimal earthquake 

loads expressed as a Fourier series. More widely, critical 

excitation methodologists propose to identify critical 

frequency content of ground motions maximizing the 

mean earthquake energy input rate to structures (Refer 

to Ref. [5] for details). From a different perspective, 

Barbato et al. [6] approximates the first passage problem 

by formulating exact closed form solutions for the 

spectral characteristics of random processes. Macke et al. 

[7] presents an importance sampling technique for 

randomly excited dynamical systems. 

The author of this paper attempt to, unlike the above, 

maintain the up-to-date most conceptually correct fully 

probabilistic concept [1] while reducing the number of 

required analyses by means of the proposed 

identification framework (designated STS). It is based 

on a non-traditional assumption that there exists a finite 
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amplitude modulated processes. In such instances a

low number of detected keypoints indicates a critical

process, i.e., G has minimal scatter of excitation energy

(See Fig. 2 for example).

The most general non-physical version of STS

utilizes several pixels of small-resolution wavelet

scalograms image for composition of R and R(GSt) ->

Cr mapping (step 4) based on a stochastic sensitivity

analysis, returning pixels with state values that varies

systematically according to the ranked small sample

training sets (See Fig. 3).

The sensitive pixels are usually in clusters forming a

line (indicating a dominant scale) and/or points (Fig. 3).

Regardless of the attractiveness of emerging questions

on physical connections of these clusters to the

mechanical models (and dominant frequencies), such

debates will not be detailed here due to the limited

scope of the paper.

3. Acceleration and Structural Models

For validation of STS method four distinct

combinations of two models (M1 and M2) and loadings

(L1 and L2) are considered. The mechanical models

represent a single degree of freedom (SDOF) damped

linear oscillator (M1) and nonlinear seismically

isolated SDOF on a friction pendulum system (M2)

subjected to an earthquake loading F(t) = -ma(t). Here

a(t) is the ground acceleration described as (L1) an

amplitude modulated random process (!) = "(#) $ %(&)   (1)

where e(t) is the amplitude modulating function given

by '(() = 4[exp()0.25*)) exp()0.5+)]

for , > 0    (2)

and b(t) denotes the stationary zero-mean Gaussian

random process with power spectral density:

-./(0) = 12 3456789:;<=>?
(@ABCDE)FGHIJKLMNOP (3)

and as (L2) an amplitude and frequency modulated

random process whose objective is to reproduce the

general frequency variation characteristics of the

Fig. 2 Number of fitted oriented ellipses (based on SURF)

as a performance indicator, left column: 3 ranked maximum

and (right column) 3 ranked minimum response.

Fig. 3 Left: Array of pixels (rescaled) according to their

behaviour, darker the color, more sensitive the pixel is to the

ranked Gs, lighter colors indicates random or invariant

behaviour; right: corresponding position of the sensitive

pixel at the wavelet scalogram.

acceleration record from the 1964 Niigata earthquake

[11] described by the Bogdanhoff-Goldberg-Bernard

(1961) envelope function:Q(R) = S1 T exp()U2 V) for W > 0 (4)

and Clough-Penzien acceleration spectrum with

parameters XY ,Z[ and \] = ^_ as functions of time:

`(a, b) = cd(e) f ghijkl(m)n opq(r)
st

uvwx yz{(|)
}~� !"#$%(&)' ()*(+)

,-. /
0 1 23.456(7)

89
:;<= >?.@AB(C)

DEFGHIJKL(M)N OP.QRS(T)
UVW  (5)

XY(Z) =
[\] ^_(`)abcd(e)f ghij(k)

l  (6)

mn(o) =

p 15.56,     0 q r < 4.5

27.12 (s ) 4.5)t) 40.68(u ) 4.5)v + 15.56,4.5 q w < 5.5

2.0, x y 5.5

(7)
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z{(|) = } 0.64, ~ < 4.5

1.25 (� ) 4.5) ) 1.875(! ) 4.5)" + 0.64, 4.5 q $ < 5.5

0.015, % y 5.5

(8)

where parameters a1 = 0.68, a2 = 0.25 and σ = 100. 

The nonlinear mechanical model M2 represents a

building (SDOF) combined with a friction based

seismic isolation (friction pendulum system) device

that introduces another mechanical degree of freedom

as well as an internal variable representing plastic slip z.

The implementation was adopted from Ref. [12] and

will not be detailed in this paper. The structural data for

both M1 and M2 are provided in Table 1, random

realizations of L1 and L2 and response characteristics

are depicted in Fig. 2. 

Critical response criterion was formulated either as

absolute values of top displacement of mass most

distant from the application of seismic load or as given

percentile of the mean-square values of the

displacements. The former criterion led to better

identification performance and therefore was adopted.

4. Identification Results

Development and testing of the STS on multiple

scales and process-model scenarios showed that it is

difficult, perhaps impossible, to formulate a general

identification rule of physical interpretability, a fact

that corresponds with the structural dynamics paradigm.

One of such attempts led to the formulation of R

incorporating the image keypoints as a way of

quantifying the energy scatter in the loading process.

Therefore, soft computing techniques were deployed in

search for general black-box type method. The

presented state of STS was tested on large number of

clusters composed from a total of 4.2 × 10
4

realizations

of Kt and Ni process in combination with various

mechanical models (For sample realization see Fig. 4).

The stochastic simulations revealed the existence of R

for every tested process-model scenario. Results

presented in Fig. 5 were chosen to demonstrate the

variability of performance and do not represent the best

nor worst analysed process-model instances.

The performance index was defined according to the

following integral:

Table 1 Mechanical models M1 & M2 (left, right) and

structural data.

m
k
c

400 kg
80 MN/m
120

m0

m1

k0

k00

k1

6080 kg
79770 kg
42372 KN/m
2629 KN/m
62500 kN/m

& = ' ()*+,-
.

/
(0).123456(7)89 (9)

where PDFmin/max states for the probability distribution

function fitted to the ranked minimum/maximum set,

growing isolation of these functions indicates better

performance (See Fig. 6). The integration range

corresponds to the admissible value of the G pixels.

5. Importance Sampling

Following a successful formulation and validation of

R according to the proposed STS, the importance

sampling strategy is based on applying R to the full

(original) set of realizations of stochastic processes and

sorting the functional values of this product. Finally,

the first n realizations corresponding to the ranked set

are determined as critical input for numerical models.

The determination of n depends on the required

Importance Sampling confidence, e.g., in the presented

case study (KtM2 model-process scenario) n = 10, i.e.,

1% of the full set (1000) (See Figs. 7-8).

The importance sampling test scenario, as described

above, proved to be a consistent measure for reducing

the 1000 sample set to a smaller set while maintaining

the same critical response characteristics. The STS

utilized 100 sample training set (10%) and the

consequent importance sampling required additional

10 analyses (1%), therefore reducing the

computational task by 89%. The additional 1%

ensured that the important sample (most critical

response) was captured by over 91% (within 21 test

runs). Note the effect of emergent 2
nd

branch STS

artefact from Cr distribution plot according to ranked

R product. The inverse of the same plot (Fig. 7)

does not exhibit such effect, representing the amount of
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Fig. 4 Example of realizations: left column top down: L1 process, M1 and M2 response to L1; right column top down: L2

process, SDOF response to L2, FPS response to L2 (note the abrupt change of frequency content at 5.5 sec); time at horizontal

axes, acceleration/displacement on vertical axes.

Fig. 5 Performance index P as a function of sample size n, left to right: KtM1, KtM2, NiM1, NiM2; dashed line represents the

normal distribution PDFs fitted to 21 joined min and max sets for sample size n = 2.1 × 10
4
; Note the PDFs spacing effect on

performance index.

25



Importance Sampling Strategy for Oscillatory Stochastic Processes668

Fig. 6 Ranked sets PDF {min, max}; Isolation growth with increasing sample size n = {100, 500, 1000}; KtM2 realizations.

Fig. 7 Left: Inverse property of ranked critical response (Cr points) and the R product (both Rescaled to (0, 1) vs. sample size

1000, Sti); here for illustration n = 10 and corresponding critical input markers “x”, others “o”. Right: Percentage of

necessary/full computational task as a function of Cr ranked maxima (required/full volume) for 2 colour channels (RGB).

Fig. 8 Rescaled distribution of Cr points (gray cloud)

according to ranked R product (black line) from individual

realizations Sti; 21 repeated runs; particular realization in

red points; note the emergent 2
nd

branch STS artefact.

unaccounted information by STS. This is partly due to

(1) incorporating only one sensitive point and (2)

ambiguous Cr -> Rp identifier based RGB (Red, Green

and Blue) channels. The performance of STS could be

enhanced by including multiple sensitive points with

cross-correlations (1) and by modifying the R

products by labels (e.g., random binary sequencing) or

by enhancing the colour depth to ensure uniqueness

(2).

The effect of unaccounted information does not only

exhibit itself via the 2
nd

branch, but clearly also by the

inability to always capture the single Cr maximum, as

one might observe on the comparison plot in Fig. 9.

Here the goal was to determine the probability of

exceeding a critical displacement threshold ulim at

different sample size scales and compare it against

reference pure Monte Carlo values. In terms of

accuracy the maximum reached deviation between the

MC reference and SST value was 15%, however, in

terms of computational efficiency the STS based

importance sampling utilized only 4.6% of the MC

computational cost, i.e., 0.6% for feature extraction

and the remaining 4% for running the n realizations
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Fig. 9 Determination of probability of exceeding a critical

displacement threshold ulim at different sample size scales:

Comparison of pure Monte Carlo method (100%

computational costs)and STS based importance sampling at

4.6% of computational cost.

corresponding to the Pr ranked sets. This result

indicates that there is significant potential in the

application of the STS approach to the estimation of

first passage probabilities. Nevertheless, the accuracy

in its present form is not comparable to established

simulation techniques. Due to its substantial

computational advantage, however, the present

approach will be suitable especially for

reliability-based design optimization in which the

reliability analysis has to be repeated frequently.

6. Conclusions and Discussion

A novel Small Training Set (STS) strategy proposed

by the author enables for identification of critical

stochastic oscillatory processes with respect to given

mechanical model. Such process is understood here as

an environmental load acting on a structural system.

From a design point of view, it is essential to

understand what particular realization of such process

has the critical impact on the structure. Traditionally, it

is understood that each individual dynamical system

has a very unique response to various stochastic loads.

Therefore, for Monte-Carlo-based structural reliability

considerations, all realizations of the stochastic load

must be executed individually, making the task

computationally unfeasible for realistic failure

probabilities, since no sampling technique capable of

reducing such task is available up to current date.

Motivated by the latter statement, an importance

sampling strategy is formulated such that it reduces the

size of the computational task without sacrificing any

of the properties of fully probabilistic approach. As

demonstrated on the numerical examples, the

identification is feasible with varying performance

according to the type of process-model scenario. As

one may observe in Fig. 5, there is no relationship

between the complexity of the process or model and the

performance index.

Positively tested for both stationary and

non-stationary processes, linear and non-linear

mechanical models, an important implication is that the

proposed STS strategy moves the fully probabilistic

approach within the context of dynamical systems one

step closer to the engineering practitioners, motivated

by the ever-growing demand for performance-based

design. Besides from the engineering community, STS

may be a useful technique in the context of

environmental sciences, such as water resources,

solving analogous problems, e.g., realistic critical

precipitation scenarios.

Further research will focus on possible extensions

and improvements regarding the accuracy of the first

passage probabilities as well as the treatment of more

complex engineering models including structural

dynamics and hydrology.

Acknowledgment

The author would like acknowledge the financial

support from the Austrian Science Funds (FWF) as part

of the Vienna Doctoral Programme on Water Resource

Systems (DK-plus W1219-N22) and the hospitality of

the Department of Civil Engineering and Engineering

Mechanics at Columbia University, NY, where part of

the research was conducted, especially Prof. Deodatis

for inspiring discussions.

References

[1] A.H.-S. Ang, W.H. Tang, Probability Concepts in

Engineering Planning and Design, John Wiley & Sons,

New York, 1990.

27



Importance Sampling Strategy for Oscillatory Stochastic Processes670

[2] A. Haldar, S. Mahadevan, Reliability Assessment Using Finite

Element Analysis, John Wiley & Sons, New York, 2000.

[3] R.E. Melchers, Structural Reliability Analysis and

Prediction, 2nd ed., John Wiley & Sons, Chichester, 2001.

[4] A. Moustafa, Damage-based design earthquake loads for

single-degree-of-freedom inelastic structures, Journal of

Structural Engineering 137 (2011) 456-467.

[5] I. Takewaki, Probabilistic critical excitation method for

earthquake energy input rate, Journal of Engineering

Mechanics 132 (2006) 990-1000.

[6] M. Barbato, J.P. Conte, Structural reliability applications of

nonstationary spectral characteristics, Journal of

Engineering Mechanics 137 (2011) 371-382.

[7] M. Macke, Ch. Bucher, Importance sampling for randomly

excited dynamical systems, Journal of Sound and

Vibrations 268 (2003) 269-290.

[8] M.B. Priestley, Evolutionary spectra and non-stationary

processes, Journal of the Royal Statistical Society: Series B

(Methodological) 27 (2) (1965) 204-237.

[9] Mathematica, Version 7.0, Wolfram Research, Inc.,

Champaign, IL, 2008.

[10] H. Bay, A. Ess, T. Tuytelaars, L. Van Gool, SURF:

speeded up robust features, Computer Vision and Image

Understanding (CVIU) 110 (3) (2008) 346-359.

[11] M. Shinozuka, G. Deodatis, Simulation of stochastic

processes by spectral representation, Appl. Mech. Rev. 44

4 (1991) 191-204.

[12] Ch. Bucher, Optimal probabilistic design of friction-based

seismic isolation devices, in: H. Furuta, D.M. Frangopol,

M. Shinozuka (Eds.), Safety, Reliability and Risk of

Structures, Infrastructures and Engineering Systems,

Taylor & Francis Group, London, 2010.

28



Chapter 4: Technical paper published in Structural Concrete Journal 

Robustness based performance assessment of a pre-stressed concrete bridge 

Jan Podrouzek, Alfred Strauss, Konrad Bergmeister 

DOI: 10.1002/suco.201300002 

Publication History 
Accepted manuscript online: 6 NOV 2013  
Manuscript Accepted: 4 OCT 2013 
Manuscript Revised: 3 SEP 2013 
Manuscript Received: 14 JAN 2013 

Editor-in-Chief: Luc Taerwe (Belgium); Deputy Editor: Steinar Helland (Norway) 
Impact Factor: 0.289 
ISI Journal Citation Reports © Ranking: 2012: 46/57 (Construction & Building 
Technology); 105/122 (Engineering Civil) 

Online ISSN: 1751-7648 

  

Copyright © 2013 Ernst & Sohn Verlag für Architektur und technische 

Wissenschaften GmbH & Co. KG, Berlin 

29



248 © 2014 Ernst & Sohn Verlag für Architektur und technische Wissenschaften GmbH & Co. KG, Berlin · Structural Concrete 15 (2014), No. 2

Technical Paper

DOI: 10.1002/suco.201300002

Life-cycle civil engineering addresses, among other things, the

growing number of deteriorating bridges and the associated eco-

nomic challenges. As a consequence, government bodies, infra-

structure and bridge owners as well as industry request objective

and rational performance indicators for classification and inter-

vention planning in structural engineering. This paper focuses on

a methodology for analysing the damage-based robustness mar-

gins of bridge systems under traffic loading. In particular, a series

of emergent deterioration-based damage scenarios are com-

pared with the actual or virgin state in terms of loadbearing

 capacity and serviceability. Non-linear finite element analysis

based on a detailed 3D model has a high potential for capturing

the available bridge capacity for different degradation phenome-

na and levels, serving as an input for further reliability-based per-

formance indicators. Notwithstanding, costs associated with fully

probabilistic assessment measures are still prohibitive despite

technological advances and new methods of reducing the sam-

ple size in Monte Carlo computations. In addition, considering the

large uncertainties and imprecision involved, it is imperative that

probabilistic schemes are preferred over deterministic assess-

ments.

The objective of this article is to present strategies for robust-

ness-based performance assessment using non-linear modelling

and to discuss relevant reliability-based quantities and perfor-

mance indicators in relation to structural damage using the ex-

ample of specific degradation events in an existing prestressed

box girder bridge. Furthermore, some strategies are developed on

the basis of the new approach for general complex engineering

structures.

Keywords: robustness, existing structure, reliability, performance indicators,

safety, stochastic methods

1 Introduction

Our understanding is still very limited in many fields of
life-cycle civil engineering. For instance, concrete deterio-
ration mechanisms such as creep and corrosion have a sig-
nificant impact on the durability and serviceability of in-
frastructure systems, but our understanding of the impact
of combined actions needs to be improved. Therefore,

strategic approaches are needed to establish simple per-
formance assessment procedures with some realistic back-
ground analysis. As shown in Fig. 1, it is hardly possible to
quantify the likelihood of such combined actions or to de-
fine the effect of single risks on the durability. Fig. 1 at-
tempts to illustrate the complex interactions between ex-
ternal action processes and processes within the structure,
and the resulting modelling requirements to the extent to
which it is generally possible to implement them. As a re-
sult of the complexity of such modelling, considerable
simplifications are frequently made [1]. The non-linear ro-
bustness modelling approach chosen in this contribution
virtually makes it possible to isolate the analysis from the
causes of the degradation processes. The analysis is based
only on existing damage profiles; it assumes a set of dete-
riorated elements (regions), e.g. the loss of prestressing
tendons as definite facts due to corrosion and chloride
ingress processes, for example. The set of deteriorated ele-
ments has been derived from non-destructive and destruc-
tive testing results (e.g. data from [23], [13]) and input
gained from consultations with experts. In addition, dam-
age catalogues such as those developed for DIN 1076 have
been used to explore the likelihood of deterioration
processes associated with the selected set of deteriorated
elements. The concept presented addresses the perfor-
mance-based approach as established in the fib Model
Code for Concrete Structures 2010, particularly the issues
of chapter 9, i.e. conservation strategies, condition assess-
ment and intervention planning [15].

The design and modelling of new or degraded
bridges and structures, for example, are traditionally per-
formed on a member-by-member basis [2], [10]. Usually, no
consideration is given to the system capacity, which can
prove compensatory where some structural elements fail
due to degradation processes [3], [7], [8]. In general, the
failure of an individual member does not lead to the fail-
ure of a complete statically indeterminate structure or
bridge system [9], [10], [11], [34], [35].

As a result of the constant increase in the number of
deteriorating structures and bridge systems, taking advan-
tage of the system reserves mentioned above as well as the
structural robustness is rapidly attracting more interest
[14]. Since both system reserves and structural robustness
are related to the overall system behaviour, the traditional
member-oriented approach fails to provide objective safe-
ty margins and global assessment procedures. The system
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reserves and structural robustness are of increasing rele-
vance together with non-linear fracture mechanics-based
finite element modelling [17], [19], [20], [21], [12] .

In this contribution, non-linear numerical model
techniques combined with robustness and redundancy
concepts will be discussed in order to capture existing
overall system behaviour; in particular, the studies are per-
formed on a selected prestressed bridge structure in South
Tirol, Austria. Robustness issues are closely linked with
degradation processes, maintenance strategies and hence
with the remaining lifetime tR of structures. Therefore, an
additional objective of these studies has been the evalua-
tion of robustness- and redundancy-associated concepts
for the determination of tR with respect to defined degra-
dation phenomena [3]. The degradation processes, consid-
ered for the case study mentioned above, have been de-
rived on the basis of bridge inspection measures and in
respect of the EN 1991 load model LM1. In particular, the
LM1 loading levels associated with (a) first member fail-
ure, (b) ultimate capacity of damaged system and (c) loss
of functionality and ultimate capacity of the intact system
are investigated. Linear as well as non-linear modelling
techniques have been used in order to characterize the
system behaviour and associated failure mechanisms com-
prehensively [22], [29], [30], [31]. In particular, fundamen-
tal differences in the failure mechanisms were observed
with respect to the modelling methods. The factor γLM1

used in these studies refers solely to the variable values of
load model LM1 and represents the loading percentage.

The system redundancy and robustness mentioned
above are defined differently by different authors. Accord-
ingly, the redundancy (Latin: “redundare”: to overflow, to
abound) of a system defines the multiple presence of func-
tionally identical or similar technical resources (load re-
serves) and the ability of the system to continue to carry
load after the capacity of individual members is exceeded
or even after the removal of individual members from the
system. According to [10], [11] , redundancy is defined as
the capability of a system to redistribute and increase
loading processes after the failure of one main member. As
a provision of capacity, a redundant structure has addi-
tional structural capacity and reserve strength, allowing it
to carry a higher load than anticipated when considering
the capacity of individual members. The measures of re-
dundancy are:

Ru = LFu / LF1 (1)

Rf = LFf / LF1 (2)

Rd = LFd / LF1 (3)

where:
LF1 load that causes failure of the first member
LFu load that causes collapse of the system
LFf load that causes the functionality limit state of the

initially intact structure to be exceeded
LFd load factor that causes the collapse of a damaged

structure that has lost one main member

An alternative definition associated with the redundancy
of a system was also given in terms of the reliability index
using a “redundancy factor” βR:

(4)

where:
βint. reliability index of intact structural system
βdamaged reliability index of damaged structural system

Note that his type of analysis can only be implemented in
cases where appropriate data regarding the potential haz-
ards (actions, degradation) are available and where the
system reliability indexes associated with these events can
be determined reliably. Probabilistic finite element soft-
ware packages such as the “Structural Analysis and Relia-
bility Assessment (SARA)” developed by Cervenka Con-
sulting [17], [21], [12] or the software package COSSAN X
(http://cossan.co.uk/) are tools well suited to determining
an existing system’s reliability.

The second term commonly used in connection with
system reliability is that of robustness (Latin: “robustus”,
adjective of “robur”: oak, very hard wood), which denotes
the ability of a system to withstand changes without hav-
ing to adapt its originally stable structure. Examples are
the robustness of a system against overloading or its ro-
bustness against a decrease in load-carrying capacity of in-
dividual system elements. According to [10], [11], robust-
ness can be considered as the capability to perform
without failure under unexpected conditions. Frangopol,

R
int

int

.

. damaged

Fig. 1. Modelling requirements: interaction between external action processes and processes within a structure, as described in section 2
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Biondini and Ghosn ([10], [11]) have defined robustness
on the basis of the following robustness index:

(5)

where:
Pf damaged probability of failure of a damaged structure
Pf intact probability of failure of the intact structure

Obviously, RI = 0 for a robust structure and may approach
infinity for a non-robust structure. In addition, imple-
mentable redundancy and robustness measures were ad-
vanced by the offshore industry in the ISO 19902 stan-
dards. One of those measures is the Reserve Strength
Ratio (RSR), which is defined as

(6)

where:
Qultimate load capacity of the structure
Qdesign unfactored design load

Another measure is the Damaged Strength Ratio (DSR),
defined as

(7)

where:
Qdamaged load capacity of a structure damaged due to

corrosion or fatigue failure

More details with respect to robustness and redundancy
formulations are provided in [10], [11]. In the following,
the above observations regarding robustness and redun-
dancy will be applied to a hollow box girder bridge system,
followed by the definition of the corresponding perfor-
mance indicators.

2 Definition of bridge and possible damage scenarios

The Colle Isarco Bridge belongs to the complex engineer-
ing structures on highway A22, part of the Brenner High-

RSR
Q

Q
ultimate

design

DSR
Q

Q
damaged

design

RI
P P

P
f damaged f intact

f intact

way in northern Italy. This 40-year-old box girder bridge is
characterized by its high number of prestressing tendons
and its high prestressing degree in all three directions.
Owing to the inherent complexity of the system and the
high frequency of heavy axle loads [4], there is great inter-
est in the system-specific reliability assessment and perfor-
mance prediction as provided by the robustness and re-
dundancy approaches discussed above. Fig. 2 shows the
configuration of the spans and the topology of the Colle
Isarco Bridge, a concrete prestressed box girder structure
erected in 1969. The bridge has a total length of 1028.80
m and consists of 13 spans. The deck of the post-tensioned
box girder bridge is represented by two parallel box girder
superstructures with a total width of 22.10 m, which are
supported by the same piers. The bridge was designed as
an externally statically determinate structure. The box
girders are cast-in-place balanced cantilever beams with
varying girder depth. The depth of the box girders varies
from 10.80 m over the middle support to 2.85 m at mid-
span.

A comprehensive non-linear 3D finite element model
was developed within the ATENA software environment
for the robustness and redundancy analyses of the Colle
Isarco Viaduct (see Fig. 3b) [6]. In particular, the ATENA
software tool was chosen since it comprises highly devel-
oped material laws for the non-linear investigation of con-
crete and reinforced concrete. The virtual FE model of
the Colle Isarco Bridge includes 496 individual prestress-
ing tendons, i.e. longitudinal parabolic bottom slab ten-
dons, vertical tendons and top slab tendons, all arranged
according to the bridge documentation drawings as
shown in Fig. 3a. The mild steel reinforcement of the box
girder was modelled with a smeared reinforcement ap-
proach by assigning the reinforcement ratios in accor-
dance with the original drawings (see Fig. 3a); more de-
tails associated with smeared reinforcement approaches
are provided in [19]. In total, the finite element model con-
sists of about 9 × 103 volume elements, as illustrated in
Fig. 3b.

The primary objective of the first reliability assess-
ment phase of the Colle Isarco Bridge was to reproduce
the original (virgin) real system behaviour as well as the
design system behaviour loaded by the self-weight and the
LM1 load model of EN 1991. To this end, use was made of
the limits specified in the standards that were valid at the

Fig. 2. Side view of main girders (l = 163 m) of Colle Isarco Bridge and general overview of Colle Isarco Bridge system. The arrow indicates a significant ob-

servation point for deflections, which was frequently used for evaluation measures (longitudinal x coordinate 58.45 m).
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time and the bridge construction records (e.g. pretension-
ing logs). In order to reduce the simulation errors (= mod-
elling errors and solution error) in the area of idealization
and discretization, which can arise during the develop-
ment of the non-linear FE model, various variations were
implemented (see [33]). These included variations in the
boundary conditions (level 1 validation), variations in
mesh size (level 2 validation) and element type (level 3
validation) as well as variations in the solution process
(level 4, verification of solution error). The model updat-
ing of the physical FE model associated with this process
was performed on the basis of the monitoring data of and
with reference to the proof loading that was carried out in
the course of the inspection and approval of the viaduct.
On the basis of the updated original model, relevant dam-
age scenarios were defined, taking into consideration the
inspection data and the outcome of an assessment of the
risk that degradation processes pose to the structure.
These damage scenarios reflected, among other things, the
current and future conditions caused by environmental
loading and material deterioration. Significant associated
processes are chloride ingress, reduction in concrete cov-
er, reinforcement corrosion, loss of prestressing cables as
well as creep and shrinkage processes and their effect on
the prestressing system [27]. The inspection data revealed

that the mechanism of chloride propagation in some areas
underneath the pavement in the top slab is a result of the
application of de-icing salt (diffusive feed). This process
had a direct impact on tendons in the top slab.

In order to capture the uncertainties and the scatter-
ing values in both the action and the resistance models
and to exploit the resulting information in the actual as-
sessment process, the damage scenarios were in many cas-
es examined using non-linear stochastic FE approaches
combined with probabilistic characteristics. For the Colle
Isarco Bridge, an extensive survey of inspection examina-
tion records and relevant literature [13], [23]. [28] indicates
the stochastic properties as shown in Table 1. The correla-
tions between the scattering input variables, determined
on the basis of relevant literature [26], [31], [16], [25], are
listed in Table 3.

The statistical system responses to the probabilistic
non-linear FE analyses as shown in Table 4 were of inter-
est for the Colle Isarco Viaduct studies. In particular, the
damage scenario depicted conceptually in Fig. 5 is based
on the findings of historic inspection activities.

In an initial approach, the complexity of the damage
processes was modelled in a simplified manner; simulta-
neous occurrence and interaction were not considered.
Such information is very difficult to generate from purely
theoretical considerations or even using simulation and
sampling methods. In general, such information can be at-
tained only by judicious implementation of monitoring
systems over a longer period of time and on the basis of
preliminary surveys [36], [37]. In addition, within a given
time frame, it enables the utilization of information avail-
able from monitoring, visual inspection and correlation
between surface properties and internal mechanical prop-
erties.

Fig. 3. Drawings and FE model of main girder of Colle Isarco Viaduct: (a) geometry of prestressing tendons according to original 1970s documentation and

(b) 3D symmetrical FE model

Table 1. Random properties of concrete

Property [unit] Mean PDF COV

E [GPa] 30 lognormal 0.15

fc [MPa] –38.37 lognornal 0.10

ft [MPa] 2.066 Weibull 0.18

Gf [MN/m] 7e-5 Weibull 0.20

Table 2. Random properties of steel

Property [unit] Mean PDF COV

prestressing

Es [GPa] 210 lognormal 0.08

smeared

Es [GPa] 210 lognormal 0.13

Table 3. Correlation matrix for concrete

Ec fc ft Gf

Ec 1 0.9 0.7 0.5

fc 0.9 1 0.8 0.6

ft 0.7 0.8 1 0.9

Gf 0.5 0.6 0.9 1
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3 Performance assessment

The Colle Isarco superstructure was designed as a statical-
ly determinate system. Typical redundant and robust
structures are hyperstatic structures and the aim is usually
to determine the remaining capacity after the first member
failure due to, for example, overloading or continuous or
sudden functional failure as a result of degradation

processes. For the Colle Isarco Bridge, a structure that is
statically determinate externally and, as a result of the pre-
tensioning, statically indeterminate internally to a very
high degree, the characteristics related to robustness and
redundancy are closely linked with the failure of any of
the 494 individual pretensioning cables. The cause of
these failures is attributed to chloride ingress as a result of
inadequate sealing underneath the road surface. Determi-
nation of the expected failure rate of the tendons over
time allows indirect conclusions to be drawn regarding
the chloride ingress process, as studied by Teplý and Voře-
chovská [32], for instance. In addition, statements and in-
formation about the future development of traffic are es-
sential for the reliability assessment and, consequently, for
estimating the remaining lifetime tR, which has to be con-
sidered in combination with increasing traffic flows.

In this context, defining the performance indicators
that make it possible to predict the failure and/or a de-
crease in the load-carrying capacity of structural elements,
e.g. the pretensioning elements, at an early stage are of
enormous interest. The definition of such performance in-
dicators may be (a) limited to structures of the same type,
(b) refer to structural networks or (c) refer to the univer-
sally valid mechanical principles. The performance indi-
cators outlined above in relation to the robustness and re-
dundancy of a system can be adopted for standardized
frames of reference that provide an objective basis for as-
sessment and decision-making with regard to bridge net-
works to be used by the structure’s owners. In this con-
text, the work of Ghosn et al. [10] is relevant. They pursue
approaches along these lines and also provide succinct
lists of code-specified criteria for evaluating the perfor-
mance of bridge systems exposed to various types of haz-
ard. In this regard, in the following the probabilistic per-
formance indicator concept will be analysed in detail with
regard to its applicability and feasibility in the example of
the Colle Isarco Bridge. For the failure scenarios, ds1 to
ds3 are analysed. The first scenario ds1 follows degrada-
tion evolution-induced (e.g. chloride ingress, see Po-
droužek et al. [18]) loss of randomly selected prestressing
tendons from the upper slab by means of independent
sampling. In particular, each probabilistic analysis of the

Table 4. Relevant structural responses

serviceability limit state

deflection

ultimate limit state

load capacity

crack width

concrete stress, top slab

concrete stress, bottom slab

durability limit state

crack opening in upper slab surface

crack width in exposed areas

loss of prestress due to creep

Fig. 4. Advanced concrete material models for non-linear finite element analysis: (a) crack band model for smeared crack approach under tension and

compression, (b) computed fracture process zone using crack band approach next to support of prestressed Colle Isarco Bridge (red contours represent

maximum fracturing strain in longitudinal direction)

Fig. 5. Damage scenario concept: combined chemical action on a bridge

superstructure resulting in the loss of particular prestressing tendons

(dashed lines) at specific locations (letters A to G) determined on the basis

of inspection records; typical cantilever segment with the pretensioned

tendon profiles and representation of worst chloride ingress location

 resulting in the loss of several pretensioned cables (dashed lines)
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damage scenarios investigated was limited to four degrees
of failure: case A1 = 0 % tendon failure rate, case A2 =
15 % failure rate, case A3 = 30 % and case A4 = 45 % (see
Fig. 6). In addition, based on consultations with experts, a
distinction was made between variant A = concrete mate-
rial permissible strain parameter, i.e. eca = 0.2 [%] and vari-
ant B = concrete material permissible strain parameter, i.e.
eca = 0.35 [%]. The load factor γLM1 for LM1 (γLM1 = 1.00
for 100 % applied LM1 at the most unfavourable position
on the whole bridge) vs. the vertical deflection of the end-
point of the cantilever beam (indicated in Fig. 2) is illus-
trated in Fig. 6. It can be clearly seen, that (a) the reduc-
tion in the number of tendons can lead to up to 30 % of a
possible quadruple loading increase in the maximum load,
(b) distinguishing eca does not have any dominant influ-
ence on the loadbearing behaviour in the load-carrying
state and (c) a more ductile system does not emerge until
45  % of the tendons fail, where deformability increases
and the LM1 load can only be doubled. The phenomenon
of an increase in the maximum load capacity caused by
fewer tendons is also reflected in the development of the
robustness with respect to the degradation processes, as
shown in Fig. 7.

This robustness has been computed according to Eq.
(4) with an initial reliability index βintact = 6.00 extracted
from a probabilistic analysis. The system performances
and characteristics detected for the virgin and the degrad-
ed structure are primarily operators for predictive models
(see also [10], [11]) for the compliance of the structural per-
formance over the planned lifetime tL and the assessment
of the remaining lifetime tR. This phenomenon of an in-
crease in load capacity and robustness occurs in a similar
manner in damage scenarios ds2 and ds3. Damage sce-
nario ds2 follows the setup of ds1 with the exception of
statistically dependent (in terms of damage accumulation)
random sampling for structure A only. Such sampling
schemes yield lower ultimate capacity values, as shown in
Fig. 8. The third scenario (ds3) follows the setup of ds2,
adding a reduction in the prestressing force to 80 % of its
original value as a result of excessive creep in combina-
tion with the random removal of prestressing tendons.
The qualitative robustness evaluation for structure A and
all three scenarios are represented by the robustness
curves [11] in Fig. 9 for both the peak resistance and its as-
sociated deflection.

The simulated behaviour of various damage scenar-
ios presented here reveals a trend that proved to be persis-
tent in every realization of the virtual experiment. In addi-
tion, the ultimate capacity of the virgin structure shows a
smaller load-carrying capacity than the system with fewer
pretensioned tendons, e.g. due to the degradation process-
es detected. In addition, the robustness investigations on
the Colle Isarco Bridge with respect to the robustness for-
mulations of Eqs. (1) to (7) show that the probabilistic-
based formulations (Eqs. (4) and (5)) are more appropriate
due to the high scattering in the damage scenarios and the
structural responses.

These findings are supported by the quasi semi-deter-
ministic simulations presented in Fig. 10. In this figure, the
system responses (semi-deterministic representation) for
the 5 and 50 % fractile values are outlined on the basis of
the stochastic input values as shown in Tables 1 and 2.

Fig. 6. Load-displacement diagram for damage scenario ds1, for A1 = 0 %,

A2 = 15 %, A3 = 30 %, A4 = 45 % loss of prestressing tendons, where A indi-

cates a concrete material permissible strain parameter eca = 0.2 and B indi-

cates eca = 0.35

Fig. 7. Robustness curves for damage scenario ds1 for A with eca = 0.2 and 

B with eca = 0.35; the performance reflects the overload factor γLM1

Fig. 8. Load-displacement diagram for damage scenario ds2 (statistical

 dependence between the random variables) for A1 = 0 %, A2 = 15 %, A3 =

30 %, A4 = 45 % loss of prestressing tendons, where A indicates a concrete

material permissible strain parameter eca = 0.2
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(a) the load-carrying capacity of the virgin structure 
γLM1 = 2.93 (ds1, A1) is higher than that required by
the LM1 load model according to EN 1991,

(b) the maximum load-carrying capacity γLM1 = 5.31 can
be reached in the case of an A3 = 30 % failure of the
tendons, which is, however, associated with an unac-
ceptable deflection value of 1.00 m where serviceabil-
ity limit states are relevant, and

(c) due to the possibility of the high tendon failure rate
that may occur before any problems regarding the
load-carrying capacity arise, it may be deduced that
both load-carrying capacity and performance will be
suitably achieved up to the end of the service life tL.

Based on the inspections, a maximum deterioration rate
of 10 % may be deduced for any box girder cross-section
after an operating life of 30 years. However, a comprehen-
sive set of conservation measures is scheduled within the
next three years. In terms of the load-carrying capacity, it
may be concluded that the structure examined exhibits
sufficient capacity under all relevant damage scenarios, re-
flecting current and future conditions, far beyond the
planned life span.

For the quantification of the performance indicators
presented above with respect to robustness and redundan-
cy, probabilistic simulation approaches were necessary to
(a) obtain the statistical characteristics of the response
quantities, e.g. in terms of the probability density (PDF)
distribution parameters (see Table 5), and (b) obtain the
required set of reliability indexes ß associated with both
the initial and the damaged structural conditions, whereas
the following limit state function is formulated using ac-
tion E and resistance R models:

pf = P(R – E < 0) (8)

where the action model E is represented by a determinis-
tic value of 1, i.e. the design load. The resulting probabili-
ties are presented together with the relevant safety indexes
in Table 6. Please note that deterministic action was used
to demonstrate and separate the effect of various resis-
tance models. The conventional method would account

From these processes it clearly emerges that there is a
need to integrate the statistical moments as well as the
density function of the system responses into the formula-
tion of the performance indicators (which generally takes
the form of a lognormal distribution), as performed in
Eqs. (4) and (5).

The deterioration studies of the Colle Isarco bridge,
especially the tendon failure scenarios investigated, have
shown that:

Fig. 9. Robustness distribution for damage scenarios ds1 to ds3

Fig. 10. Fractile development (50 and 5 % fractiles) of the system responses

for damage scenario ds1 with regard to the ECOV analysis for A1 (virgin)

and damaged (A4) model. Grey lines represent fitted normal distribution

(CFxx) using a relative scale.

Table 5. Statistical characteristics of load factor γLM1

Origin m COV PDF

Rmin = ds1 2.93 0.09 lognormal

Rmax = ds3 5.31 0.13 lognormal

Table 6. Reliability index and failure probability pf with respect to structural

response and 100 % LM1 (γLM1 = 1.00) load model of damage scenarios ds1

to ds3

ULS m COV β pf

Z (Rmin,E) 1.92 0.13 7.32 1.2e-13

Z (Rmax,E) 4.31 0.16 6.24 2.1e-10
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for the uncertainty values in the action model as well. The
least performing scenario Rmin in terms of mean value of
1.92 in fact has higher safety index β = 7.32 when com-
pared with the best performing scenario Rmax, with its 
β value of 6.24. This means that by including the higher
moment’s statistics for response, we obtain the expected
behaviour (i.e. more damage leading to less performance,
in contrast to the evidence presented in Figs. 6 and 8).
 Finally, selected damage-based performance indicators for
the Colle Isarco Bridge are presented in Table 7 for the
most extreme scenarios of ultimate capacity, designated in
the text as Rmin and Rmax.

Since such indicators were designed for and are typi-
cally used to evaluate the performance of parallel systems,
e.g. frame structures or suspension bridges, it is difficult to
find reference values at this time for concrete structures
designed as statically determinate. An analogy to parallel
systems made here can only assume the deactivation of
the system’s mass (concrete, reinforcement) or function
(prestressing).

4 Estimation of coefficient of variation (ECOV) approach

The ECOV method was introduced by Cervenka [5] to sim-
plify the computationally intensive fully probabilistic
method. In this method the coefficient of variation VR of,
for example, the structural resistance is estimated using
two separate non-linear analyses with mean and charac-
teristic input values. Assuming lognormal distribution, as
is typically used for structural resistance due to the pre-
vailing multiplicative operations involved in the calcula-
tions, VR may be expressed as

(9)

where Rm and Rk represent mean and characteristic re-
sponse quantity respectively. The global safety factor γR of
resistance is then estimated as

(10)

where αR is the sensitivity factor for resistance reliability
and β is the reliability index. This procedure complies
with the principles of reliability assessment as formulated
in engineering code specifications. According to Euro-
code 2, typical values are 4.7 for β (reference period of one
year) and 0.8 for αR. Finally, the design resistance can be
calculated as

V
1

1.65
ln

R

RR
m

k

Vexp( )R R R

(11)

Such approximations improve the confidence of the EN
1992-1-1 estimation while reducing the computational in-
put of the fully probabilistic approach. As a consequence,
the safety of resistance can be formulated according to
Cervenka [5] in objective and rational terms. In Fig. 10,
the fractile development alternatives required for the
ECOV analysis (50 and 5 % fractiles) of the system re-
sponses are shown for damage scenarios ds1: A1 and A4.
This resulted in coefficients of variation VR,A1 = 35 % and
VR,A4 = 1.5 %. The application of these variation coeffi-
cients to the global safety factor approach of resistance re-
sults in γR,A1 = 2.95 and γR,A4 = 1.05 and, finally, in the de-
sign resistance in terms of the LM1 overload factor, Rd,A1

= 1.14 and Rd,A4 = 2.80.
The respective load–deflection diagrams are depict-

ed in Fig. 10 together with PDFs fitted to two fixed points.
Note that the large difference in variance is clearly re-
sponsible for the smaller design resistance of the virgin
structure. In addition, such approximation methods in
combination with complex structural models have to be
treated with caution, especially where sensitive asymmetri-
cal distributions are considered. In many instances, physi-
cally insignificant modifications of the computational
model lead to performance shifts on a logarithmic scale.

5 New strategy for complex engineering structures

What have we learned? There are already promising ap-
proaches for assessing the system performance which can
clearly differ from the individual component assessment.
The system performance concepts, which are based, for
example, on robustness and redundancy, require (a) prob-
abilistic methods for the incorporation of uncertainties in
the input data and the structural response, and (b) the de-
finition of clearly specified criteria associated with robust
or non-robust systems.

How can the system performance concepts gener-

ally be applied? The global safety factor concept ECOV,
which is based on the distribution of two fractiles of the
structural response provides (a) the possibility to define
global safety factors for general systems, and (b) inputs for
the robustness and redundancy assessment of a system.
Therefore, the ECOV approach combined with robustness
and redundancy methods can be considered as a logical
and simple assessment procedure.

6 Conclusions

The objective of the current paper is to quantify the effects
of relevant, combined deterioration mechanisms and me-
chanical actions and to compare these effects with the be-
haviour of an intact and current state system.
1. Due to the uncertainties in environmental loading, me-

chanical degradation processes and inspection records,
a parameter study with reduced critical elements has
been considered as a suitable procedure for assessing
reliability and remaining lifetime.

2. The reliability assessment is usually related to the criti-
cal member of a system and not the whole system. Ro-

R
R

d
m

R

Table 7. Robustness- and redundancy-associated performance indicators

for the Colle Isarco Bridge

Name Symbol Eq. Value

Redundancy Factor βR (4) 6.77

Robustness Index RI (5) 1749

Reserve Strength Ratio RSR (6) 5.31

Damaged Strength Ratio DSR (7) 2.93

37



256

J. Podroužek/A. Strauss/K. Bergmeister · Robustness-based performance assessment of a prestressed concrete bridge

Structural Concrete 15 (2014), No. 2

bustness and redundancy approaches are therefore
considered to be more appropriate because they take
into account the redistribution ability of the system.
This study examines the feasibility of several formula-
tions with respect to robustness and redundancy.

3. The cantilever bridge case study demonstrates that ro-
bustness is not a monotonic function but can increase
in the case of certain damage scenarios.

4. Nevertheless, the study also shows that robustness can
be an appropriate indicator for bridge owners who wish
to evaluate the fitness of their structures.

5. Additionally, the performance indicators were compared
to the semi-deterministic approximation method, the
global safety factor. The development was in agreement
with the deterministic performance indicators such as
Damaged Strength Ratio and Reserve Strength Ratio.

The investigation of the Colle Isarco Bridge shows that in
terms of design and assessment, bridges may exhibit a sig-
nificant increase in loading capacity when system failure
rather than element failure is considered. From this per-
spective, the bridge analysed sustains all damage scenarios
that were developed, maintaining the operational and
safety requirements, including realistic data from in situ
measurements and subsequent identification of remaining
material parameters. The framework presented can be ap-
plied to a variety of engineering structures beyond the
deemed-to-satisfy concept, such as bridges, water reser-
voirs, dams, etc.
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6. Conclusion 

The studies presented as part of the Doctoral Programme on Water Resource 

Systems have offered an evaluative perspective on an important aspect of quantified 

environmental hazards, the computational analysis of randomness and feasible 

solution strategies. 

Of particular interest were the statistical characterizations of stochastic transient 

structural loads, heterogeneity, combined environmental effects and deterioration 

mechanisms, all challenging and open research questions. On selected case studies 

from the fields of structural mechanics and water resources, new concepts were 

elaborated and verified through numerous test cases, including non-traditional 

numerical schemes and involved nested high-dimensional Monte Carlo simulations, 

i.e. MC simulation of MC simulations etc. The consequential parsing revealed new 

features that again required more simulations to check them which in turn revealed 

new features that had to be validated etc. Maintaining a single direction in the 

development process proved to be another challenging task when subjected to 

constantly growing set of evidence from digital simulations and the author has to 

admit that not infrequently has found himself wondering in loops or around unrelated 

themes. 

Since almost anything can be formulated within an MC framework, it easily creates 

computational demand. Often, such demand is beyond the scope of available 

capacity, and, more importantly, such demand cannot be justified if effective 

reduction schemes are available. And computational analysis of randomness 

together with uncertainty quantification rarely cannot benefit from repeated MC trials. 

By considering current and newly emerging performance indicators for engineered 

systems subjected to ever changing environment, the demand and motivation should 

follow. 

The issue of seismic risk was covered in the second chapter, mostly in relation to 

structural dynamics, where a novel strategy was introduced enabling the identification 

of critical samples of stochastic oscillatory processes from a finite set with respect to 

the response of given mechanical model. From a design point of view, it is essential 
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to identify what particular realization of such a process has critical impact on the 

structural response. Any non-linear dynamical system has a different and unique 

response to various realizations of probabilistically different ground motion events 

[Clough & Penzien 1975]. Consequently, for Monte-Carlo-based structural reliability 

considerations, a very large number of realizations of the stochastic load must be 

considered and analyzed, making the task computationally unfeasible for realistic 

failure probabilities. Up to date of submitting the chapter 2 and 3 papers, no sampling 

technique was capable of reducing such probabilistic formulation with the exception 

of the proposed STS method, according to authors knowledge. 

The possibilities of more general soft-computing approach were examined in the 

following chapter, resulting in software development for a fast prescreen of Monte 

Carlo transient samples and consequent importance sampling strategy. An important 

consequence is that the proposed STS strategy moves the advantages of a fully 

probabilistic approach within the context of dynamical systems one step closer to 

engineering practitioners, motivated by the ever-growing demand for performance-

based design. Beyond the engineering community, the proposed STS strategy may 

prove to be a useful technique in the context of environmental sciences, such as 

water resources, addressing analogous problems such as identifying critical 

precipitation events.  

Regarding further research, among the key objective would be a general formulation 

of a relationship between the first passage probabilities accuracy and the STS 

training sample size. Despite author’s intention, such effort requires extensive 

processing capabilities if to be treated by MC, or more analytical skills.  

Another interesting aspect would be the reconstruction of a correlation structure 

between the STS quantified feature and the critical response variable. The actual 

distribution asymmetry makes the use of current bivariate models ineffective while 

the kernel distribution has too many parameters for an MC based parameters fit. 

In chapter 4 the discussion concerned the difficulty of describing possibilistic set of 

deteriorations states, a formulation required for the quantification of damage-based 

performance indicators and consequent optimal maintenance planning. The 
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investigations showed, among others, that structures may exhibit a significant 

increase in loading capacity when system failure rather than element failure is 

considered and that non-monotonous  robustness may have an unexpected course. 

The simulations also revealed the importance of considering the so called solver 

noise, a non-physical solution artifact that can significantly affect the statistical 

response, when compared to the effect of inherent variability of e.g. material 

properties.  

Although the several newly proposed concepts from the probabilistic context of 

infrastructure safety have upgraded the selection of available solution strategies, the 

author would like to express a more general statement with regards to theirs transfer. 

Still, rather a long distance remains between arousing interest and confidence of the 

professional public, and the current state, not only with respect to black-box type of 

approaches, although efficient and often more transparent when compared to 

established top-down methods. 

Nevertheless, classical analytical approaches should always remain among the first 

to consider verification tools, and in many instances, also entirely adequate.  
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Appendix A. The code  

In sake of reproducibility of the main ideas as published in chapters 2 and 3, the 

essential computational environment is presented here. As a development platform 

for initial identification experiments and rapid prototyping of complex model scenarios 

was chosen Mathematica [© 2014 Wolfram], a commercial computer algebra system. 

Although this task could have been implemented in  a language like PERL, C/Fortran, 

etc., the choice made was due to minimizing the learning curve slope and avoiding 

the use of different packages from many users and developers. However, during the 

brute-force verification period, which consisted of a large number of repeated Monte 

Carlo trials, the computational performance requirements, including stability, led to 

the choice of SLangTNG [© 2007 - 2014 Vienna University of Technology], a free 

interpreted scripting language (BSD-style licenses) based on Lua [© 1994 – 2014 

Lua.org]. Here, the proposed identification method was rewritten and optimized for 

minimal computational time requirement. 

Scope of this appendix is to demonstrate the functionality of the proposed method, 

providing a comprehensive toolbox of algorithms in the Mathematica code.  

The input consists of  

a) particular stochastic process generator, reproducing in this case the characteristics 

of the 1964 Niigata earthquake by means of non-stationary ground acceleration 

records. Instead of using a generator, another option is to load a given set of 

stochastic processes already available to the user. 

 b) particular solver module or a connection to external code, in this case a non-linear 

mechanical oscillator on a seismic isolation device (friction pendulum system). Due to 

the limited scope of this appendix, the code for realistic example of mechanical model 

which consists of thousands of degrees of freedom or its abstract reduction (e.g. 

POD) will not be shown here.  

c) 3 parameters to define the full sample size, training sample size and identification 

confidence. 

�
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