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ABSTRACT: The mechanical behavior of concrete structures subjected to temperature changes is sig-
nificantly influenced by hygro-thermal processes occurring at the nanoscopic material scale. In order to 
quantify this relation exemplarily, a multiscale structural analysis of a simply supported concrete beam 
subjected to sudden cooling at its top surface is carried out. The overall analysis is organized in three steps. 
The first step refers to upscaling of thermoelastic properties of concrete by means of a multiscale model. 
It uses measured “hygrothermic coefficients” as input. They quantify the change of the internal relative 
humidity resulting from a temperature change. The multiscale model links temperature-induced changes 
of effective pore pressures in nanoscopic gel and capillary pores to the macroscopic thermal expansion 
behavior of the cement paste and the concrete. In the present contribution, this upscaling approach is 
validated by comparing model-predicted thermal expansion coefficients of cement paste with measured 
counterparts. The second step of the overall analysis consists of a macroscopic thermoelastic Finite Ele-
ment analysis of the aforementioned concrete beam. These simulations are based on the homogenized 
elastic stiffness and the homogenized thermal expansion coefficient of concrete obtained in the first step. 
The simulations deliver distributions of the temperature and of the macroscopic stresses inside the ana-
lyzed concrete beam. In the third step, the obtained macroscopic stresses of concrete and the corre-
sponding temperature changes are downscaled to average stress states of the cement paste matrix and of 
the aggregate inclusions, respectively. This way, it is shown that the significant mismatch of the thermal 
expansion coefficients of cement paste and aggregates results in microscopic tensile stresses of cement 
paste, which are significantly larger than the macroscopic tensile stresses experienced by concrete.

24 10 6⋅ /10 6 °C,  mainly depending on the internal 
relative humidity (Emanuel & Hulsey 1977). 
This dependence is typically attributed to the 
experimentally measured increase of the inter-
nal relative humidity, ΔRH, resulting from a 
temperature increase, ΔT. In this context, the 
ratio ΔRH/ΔT is referred to as the “hygrother-
mic coefficient”.
The described experimental observations sug-

gest that thermal expansion of concrete is a mul-
tiscale thermo-hygro-poro-mechanical problem. 
This calls for multiscale structural analysis of con-
crete structures, which combines multiscale mod-
eling of concrete with structural simulations.

The multiscale model of concrete used in the 
present contribution reflects the hierarchical organ-
ization of concrete based on four different matrix-

1 INTRODUCTION

When steel-reinforced concrete structures are sub-
jected to temperature changes, all material constit-
uents exhibit thermal eigenstrains. Given that the 
thermal expansion coefficients of steel and con-
crete are similar, there is no significant mismatch 
of thermal eigenstrains. However, the concrete 
constituents “cement paste” and “aggregates” do 
exhibit significantly different thermal expansion 
properties.

• Concrete aggregates exhibit thermal expansion 
coefficients ranging between 4 10 6⋅ /10 6 °C  and 
12 10 6⋅ /10 6 °C, mainly depending on the mineral 
composition.

• The cement paste exhibits thermal expansion 
coefficients ranging between 8 10 6 1⋅ /10 66 C  and 
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inclusion composites, introduced at four different 
scales of observation, see also (Wang et al. 2017b, 
Wang et al. submitted) and Figure  1. Concrete is 
considered to consist of a cement paste matrix and 
of spherical aggregate inclusions Figure 1.

The multiscale model renders two types of scale 
transition possible.

• Bottom-up homogenization of the elastic stiff-
ness and of the thermal expansion properties of 
concretes.

• Top-down calculation of microscopic stress 
states inside the concrete constituents “cement 
paste” and “aggregates”.

Both types of scale transitions turn out to be 
important for multiscale structural analysis of a 
thermally loaded concrete beam subjected to a 
sudden temperature change. This analysis is struc-
tured as follows:

1. An analytical solution of the heat conduction 
problem is presented. This involves a series 
solution of the temperature field history.

2. Thermo-mechanical Finite Element simulations 
of the concrete beam are performed. They use 
calculated temperature fields, the homogenized 
stiffness and the homogenized thermal expan-
sion coefficient of concrete as input. The mac-
roscopic simulations deliver thermal stresses in 
the homogenized concrete.

3. Microscopic stresses of cement pastes and 
aggregates are calculated based on the multi-
scale model, using the temperature field (from 
item 1) and the macroscopic concrete stresses 
(from item 2) as input.

The present contribution is organized as fol-
lows. Section 2 contains a brief  overview over the 
multiscale model of concrete. Section ? deals with 
the multiscale structural analysis of a concrete 
beam subjected to a sudden temperature change. 
Section 3 contains conclusions.

2 THERMO-HYGRO-PORO-MECHANICAL 
MULTISCALE MODEL OF CONCRETE

2.1 Modelling of gel and capillary pore spaces

Both gel and capillary pores are considered to be 
spherical, with pore radii r  following exponential 
distributions (Huang et al. 2015)

φkφ pdfφφ
k kRkk
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Rkk
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with k ∈ .[ ]gp cpor;gpor  In Eq.(1), R nmgporR 12  and 
R nmcporR 12  denote the characteristic radius of 
the gel and the capillary pores, respectively (Wang 
et al. 2017b).

Considering partially saturated conditions, pores 
with radii smaller than rlg are filled by porewater, 
while larger pores are occupied by air. Thereby, rlg 
denotes the curvature of the menisci between liq-
uidfilled and gas-filled domains. The curvature is a 
function of both the absolute temperature T and 
the internal relative humidity RH, as described by 
the Kelvin-Cohan equation (Neimark & Raviko-
vitch 2001).

r
RTlgrr

l
m t= +m2 cvlg
m os

ln
γ θ
( )RH

, (2)

where R, γlg, θ, and vm denote the universal gas con-
stant, the surface tension prevailing in a liquid-gas 
interface, the contact angle of porewater, and the 
molar volume of water, respectively. Also in Eq. 
(2), t denotes the thickness of water layers which 
are adsorbed to the pore surfaces. It increases with 
increasing relative humidity, as quantified by Bad-
mann et al. (1981),

t = 0 385. n385 m ln[ ln( )] 0⋅ .189 nm.  (3)

Figure 1. Multiscale representation of a concrete structure.
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2.2 Effective pore pressures relevant for 
homogenization

The solid skeleton around the pores is subjected to 
so-called “effective pore pressures”, combining the 
influence of the fluid pressure and of the surface 
tension. Considering that porewater is a perfectly 
wetting fluid, the effective pore pressures p(r) can 
be written as (Wang et al. 2017b)
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Average effective pore pressures of gel and capil-
lary pores, pgpor and pcpor, are relevant for upscaling 
of the pore-size-dependent effective pressures, see 
Eq. (4), to the material scale of concrete, see (Pich-
ler & Dormieux 2010). With reference to Eq. (1), 
they read as
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with k ∈ [gpor; cpor].

2.3 Further phase input for homogenization

Homogenization of the thermoelastic properties of 
the matrix-inclusion composites shown in Figure 1 
is carried out in the framework of the Mori-Tan-
aka scheme. Each representative volume element 
(RVE), V, is subdivided into a matrix phase and 
an inclusion phase, occupying the domains Vm and 
Vi, respectively, where m stands for “matrix” and 
i for “inclusion”. Both material phases k ∈ [m; i] 
exhibit a specific elastic stiffness Ck and a specific 
eigenstress σσσσ kσσ eσ ,

∀ ∈
⎧
⎨
⎧⎧

⎩
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as well as a specific volume fraction fk, given as

f
V
Vkff kVV

= .  (7)

The phase stiffness tensors Ck, the phase eigen-
stress tensors σσσσ kσσ e,  and the phase volume fractions 
fk, are described in the following three paragraphs.

The elastic stiffness tensors Ck  of  all material 
phases of concrete are considered to be isotropic. 
Therefore, they may be expressed in terms of phase 
bulk moduli, k, and phase shear moduli, μ, (see 
Table 1):

Ck dev.= 2+3kk kvol 2vol +vol IIμkk  (8)

In Eq. (8), IIvol and IIdev are the volumetric and 
the deviatoric part, respectively, of the symmetric 
fourthorder identity tensor II, i.e. II  =  IIvol  +  Idev, 
see, e.g. (Wang et al. 2017b) for more details.

The eigenstress tensors σσσσ kσσ eσ  of  the pore phases 
are equal to the effective pore pressures defined in 
Eq. (5)

σσσσ kσσ eσ pk= − 1,  (9)

with k ∈ [gpor; cpor]. As for the solid phases, 
the eigenstresses are induced by the thermal 
eigenstrains

σσσσ kσσ eσ k T= − ΔC Ce
k kk α kCe

kk Ck :Ce = − kCk = 1,  (10)

with k ∈ [hyd; cem; agg].
The volume fractions of the concrete constitu-

ents are functions (i) of the initial composition, 
quantified in terms of the aggregate-to-cement 
mass ratio a/c and the initial water-to-cement mass 
ratio w/c, and (ii) of the maturity of the material, 
quantified in terms of the hydration degree ξ. At 
the concrete scale, the volume fractions of the 
cement paste and the aggregates read as (Pichler 
& Hellmich 2011):

f

a c
agg

w c f fcpff con

cem agg

aggff cpff con=
+ +

/

/ /c a , ,f fff cpffρaa

ρ ρcem ρ
1

H Oρ 2

 (11)

where ρagg  =  2648  kg/m3, ρcem  =  3150  kg/m3, and 
ρH2O  =  1000  kg/m3 are the mass densities of 
aggregates, cement, and water, respectively. At the 
cement paste scale, the volume fractions of the 
hydrate foam and the residual cement grains read 
as (Pichler & Hellmich 2011):

Table 1. Bulk and shear moduli of the material phases of concrete.

Phase Bulk modulus k [GPa] Shear modulus μ [GPa] Sources

Solid hydrate  31.8 19.1 Ulm et al. (2004)
Cement 116.7 53.8 Pichler & Hellmich (2011)
Aggregate  22.2 16.7 Gudmundsson (2011)
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f w
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At the hydrate foam scale, the volume fractions 
of the hydrate gel and the capillary pores read as 
(Pichler & Hellmich 2011):

f
w
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cporff hf
geff l
hf= 0 68

32
.
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, .f fff geff l

ξ
ξ

 (13)

At the hydrate gel scale, the volume fractions of 
the solid hydrates and the gel pores read as (Ulm 
et al. 2004):

f f fhydff l
gporff l

hydff gel−1fgporfff gel =f gel .  (14)

2.4 Homogenization of thermoelastic properties 
of all involved matrix-inclusion composites

The elastic behavior of any matrix inclusion com-
posite can be expressed by means of the general-
ized Hooke’s law as

∑ = + ∑hom hom: ,+ ∑homChom homE e  (15)

with Σhom denoting the homogenized stress tensor, 
Chom  standing for the homogenized stiffness ten-
sor, Ehom denoting the homogenized strain tensor, 
and ∑hom

e  standing for the homogenized eigen-
stress tensor. The homogenized stiffness tensor 
reads as (Hill 1963)

C C Ahom ff fC AC Am if ff fCC i i:CAA iA .  (16)

The homogenized eigenstress tensor reads as 
(Levin 1967)

∑ =hom : .m m m i i if fm m
e

m iσi:m
ee

m iσ iσσ A:ef+ σf+++ σ eeσσ  (17)

Thereby, Am  and Ai  are the phase strain 
concentration tensors of the matrix and of the 
inclusions, respectively. The corresponding Mori-
Tanaka estimates read as (Mori & Tanaka 1973, 
Benveniste 1987)
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with  as the fourth-order Hill tensor for spherical 
phases.

As for the homogenization of the thermal expan-
sion coefficient, αhom, the composite is subjected to 
temperature change ΔT, and it is allowed to deform 
freely, such that the macroscopic stress tensor 

vanishes, i.e. Σhom  =  0. In such a scenario, the 
homogenized strain tensor Ehom is equal to the 
homogenized thermal expansion coefficient αhom 
multiplied by the second-order identity tensor 1, i.e.

E Ehom hom
e =Eh
e − ∑ = Δhom hom hom

e Tα 1.  (19)

By inserting Eqs. (16) and (17) into Eq. (19), the 
homogenized thermal expansion coefficient of the 
matrix-inclusion composite can be determined.

2.5 Bottom-up homogenization of concrete

Analytical upscaling of the elastic stiffness of con-
crete, see Eq. (16), and of its eigenstress tensor, see 
Eq. (17), is carried in four subsequent steps, start-
ing with the hydrate gel scale and continuing with 
the hydrate foam scale, the cement paste scale, and, 
finally, with the concrete scale, see Table 2.

As for the exemplary validation of these devel-
opments, model-predicted thermal expansion coef-
ficients of mature cement pastes are compared 
with corresponding measurements. Hygrothermic 
coefficients, measured by Grasley & Lange (2007), 
see Figure  2, together with the initial water-to-
cement mass ratios of the tested cement pastes 
serve as input for the multiscale model. The model-
predicted thermal expansion coefficients of cement 
pastes agree quite well with independent measure-
ments, also reported by Grasley & Lange (2007), 
see Figure 3. This underlines the satisfactory per-
formance of the developed multiscale model.

2.6 Top-down stress concentration

After a structural simulation, the macroscopic 
stress tensors of concrete, Σcon, and the tempera-
ture changes ΔT are known at every point of the 
structure. Top-down stress concentration aims 
at quantifying microscopic stress states inside 
both the cement paste matrix and the aggregate 
inclusions.

This task is accomplished by explicit considera-
tion of the underlying Eshelby problems. At first, 
the macrostrain is calculated from the macrostress 
and the temperature change as

Econ con= ∑1
con + Δcon c+ on T1.  (20)

The macrostrain allows for quantification of the 
auxiliary strain E∞, representing the remote load-
ing of the underlying Eshelby problems (Zaoui 
2002).
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The microscopic strains of the cement paste 
and of the aggregates, σcp and σagg, are quantified 
as (Zaoui 2002)

ε
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The microscopic stresses of the cement paste 
and of the aggregates, σcp and σagg, finally follow 
as

σσσσ
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3 MULTISCALE STRUCTURAL ANALYSIS 
OF A CONCRETE BEAM SUBJECTED 
TO SUDDEN COOLING AT THE 
TOP SURFACE

The object of the following multiscale thermo 
mechanical structural analysis is a simply-sup-
ported concrete beam with a rectangular cross 
section, see Figure 4. In the initial configuration, 
the beam exhibits a uniform reference temperature 
Tref

T t refe( ,z ) .TreTT fe0  (24)

At time instant t  =  0, the top surface of the 
beam is considered to be flooded by ice-water. 

Figure  2. Experimentally determined hygrothermic 
coefficients ΔRH/ΔT by Grasley & Lange (2007) for 
mature cement pastes with an initial water-to-cement 
mass ratio w/c ∈ [0:40; 0:50].

Figure  3. Comparison of model-predicted and meas-
ured thermal expansion coefficients of the cement paste 
with initial water-tocement mass ratios w/c ∈ [0.40; 0.50;] 
the hydration degrees ξ of  the mature pastes are set equal 
to 80%.

Table 2.  Input and outputs of the step-by-step homogenization of the concrete.

RVE Constituent Volume fraction Stiffness Eigenstress

Homogenized

Stiffness Eigenstress

hydrate
gel

solid hydrates fhydff gel Chyd − ΔChyd hyd:α T1 Cgel ∑gel
e

gel pores fgporff gel 0 −pgpor1

hydrate
foam

hydrate gel fgeff l
hf Cgel ∑gel

e Chf ∑hf
e

capillary pores fcporff hf 0 −pgpor1

cement
paste

hydrate foam fhfff cp Chf ∑hf
e Ccp ∑cp

e

cement fcemff cp Ccem − ΔCcem :α cem T1
concrete cement paste fcpff con Ccp ∑cp

e Ccon ∑com
e

aggregates faggff con Cagg − ΔCagg :α agg T1



262

Figure  4. One-dimensional heat conduction along the 
height of a simply supported concrete beam with a rec-
tangular cross section.

Figure  5. Distributions of the temperature along the 
height of the beam for different values of the dimension-
less time parameter at/h2.The temperature at the top surface decreases 

instantaneously to zero degrees centigrade and 
remains constant thereafter

T(z = h; t) = 0°C. (25)

The temperature at the bottom surface of the 
beam, in turn, remains constant at the reference 
temperature

T(z = 0,t) = Tref. (26)

All other surfaces of the beam are considered to 
be perfectly insulated, such that one-dimensional 
heat conduction along the height of the beam, i.e. 
along the z-direction, takes place.

3.1 Solution of the heat conduction problem

One-dimensional heat conduction in z-direction 
is described by the following partial differential 
equation

∂
∂

=
∂
∂

T
t

a
T
z

2

2
,  (27)

where a represents the thermal diffusivity of con-
crete. The analytical solution of the heat conduc-
tion problem defined in Eqs. (24) – (27) reads as 
(Binder et al. 2018, Wang et al. 2017a)
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Distributions of the temperature along the 
height of the beam are shown in Figure  5, for 
specific values of the dimensionless time instant 
at/h2. The temperature distribution along the height 
of the beam during the instationary heat conduc-
tion is nonlinear. Specifically, large temperature 

gradients are observed close to the top surface, 
where the sudden cooling is applied. Steady-state 
heat conduction has been already reached at the 
dimensionless time instant at/h2 = 1, resulting in a 
linear distribution of the temperature field along 
the height of the beam.

3.2 Macrscopic thermal stress analysis based on 
finite element simulations

A three-dimensional Finite Element model of 
a simply-supported beam, with the dimensions 
l h ×h = ×b 2m 0.3m 0.4m,×  is established for 
macroscopic thermo-mechanical analysis. The 
basis for two different types of input is as follows:

• Knowledge of the volume fractions, elastic prop-
erties, and thermal expansion coefficients of the 
cement paste and the aggregates gives access to 
the corresponding thermo-mechanical proper-
ties of the concrete following Eqs. (16) and (19), 
see also Table 3.

• Temperature distributions at the dimension-
less time instants h/ ∈h2 2∈ 110 1[ ], ,−2− 110 10 1 ,  are 
calculated according to Eq.  (28). Thereby, the 
reference temperature, TreTT fe ,  and the thermal dif-
fusivity of concrete, a , are set equal to 20 �C  
and to 4.73 10 m /s,7 2m× −  respectively.

Simulation results are the distributions of the 
normal stress along the height of the cross section, 
Σxx ( )z ,  at midspan of the beam, see Figure  2. 
Right after the sudden cooling, significant tensile 
stresses occur at and in the vicinity of the top and 
the bottom surface of the beam, while compres-
sive stresses prevail at the middle part of the beam. 
Notably, because of the overall equilibrium of the 
structure, in the absence of mechanical loads, the 
stress resultants, in the form of the normal forces 
and the bending moments, vanish at all times. 



263

The temperature-induced stresses are gradually 
decreasing. Finally they vanish as the temperature 
profile along the height of the beam approaches 
the linear distribution which refers to the steady-
state heat conduction.

3.3 Top-down quantification of stress states in the 
cement paste and the aggregates

The microscopic stresses in the cement paste 
and the aggregates are quantified on the basis 

of  the presented multiscale model. The calcu-
lated macroscopic stress states of  concrete and 
the temperature distribution along the height of 
the beam serve as input. The microscopic stresses 
in the cement paste matrix and in the aggregate 
inclusions at the dimensionless time instant 
at h/ =h2 1= −10  are shown in Figure 3. Because of  the 
mismatch of  the thermal expansion of  the cement 
paste and the aggregates, the tensile stresses pre-
vailing within the cement paste are larger in com-
parison to those within the aggregates and the 
concrete.

4 SUMMARY AND CONCLUSIONS

A multiscale thermo-hygro-poro-mechanical model 
for concrete was developed and applied to the mul-
tiscale structural analysis of a concrete beam.

• Bottom-up homogenization was used to upscale 
hygrothermic coefficients to the thermal expan-
sion coefficients of the cement paste and the 
concrete.

• The homogenized stiffness and the thermal 
expansion coefficient were used as input for a 
three dimensional Finite Element simulation of 
a simply supported concrete beam subjected to 
sudden cooling at the top surface.

• Top-down stress concentration was used to 
quantify the microscopic stresses of the cement 
paste matrix and the aggregates.

This analysis has led to the following conclusions:

• The homogenization approach for thermal 
expansion coefficients was exemplarily validated 
in Subsection  2.5, where measured hygrother-
mic coefficients were upscaled to effective ther-
mal expansion coefficients of different mature 
cement paste. The model-predicted thermal 
expansion coefficients agree very well with the 
measured counterparts. This is strong evidence 
of the predictive capabilities of the presented 
multiscale model.

• The overall multiscale structural analysis has 
shown that considerable macroscopic thermal 
stresses arise right after sudden cooling. These 
stresses gradually decrease and finally vanish, 
once heat conduction has reached the steady-
state regime.

• Top-down stress concentration was carried 
out explicitly considering the mismatch of the 

Table 3. Thermoelastic properties of the cement paste, the aggregates, and the homogenized concrete.

Material Volume fraction Elastic modulus Poisson’s ratio Thermal expansion coefficient

cement paste 0.33 18 GPa 0.2 15.0⋅10−6/°C
Aggregates 0.67 40 GPa 0.2 8.5⋅10−6/°C
concrete — 30 GPa 0.2 10.0⋅10−6/°C

Figure 6. Evolution of the distribution of the macro-
scopic normal stress Σxx along the height of the cross-
section at the middle length of the beam with heat 
conduction.

Figure  7. Distribution of the macroscopic stresses of 
concrete and of the microscopic stresses of the cement 
paste and the aggregates along the height of the cross sec-
tion at midspan of the beam at the dimensionless time 
instant at h/ =h2 1= −10 .
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thermal expansion coefficients of the cement 
paste and the aggregates. This way, it could be 
shown that the tensile stresses in the cement 
paste are significantly larger than the ones at 
the concrete scale. This proves that the risk of 
cracking of concrete is larger than estimated on 
the basis of the tensile stresses quantified at the 
macroscopic scale of concrete.
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