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Abstract:

Starting with an expansion technique for binary trees obtained by Han [Han(08a)], sev-
eral other authors, e.g. Chen, Yang, Kuba and Panholzer [KP13, [CGG09, [Yan08] have
unified and extended this approach to various other tree families, such as k-ary trees,
labelled trees and forests, weighted trees and increasing trees.

In this thesis, we take a look at the original hook-length expansion technique, explain
how Han obtained it, give an explanation of how exactly hook-length formulas are
derived and list examples of the most significant ones. Furthermore, we examine, how
this formula was extended to fit other tree families and, on the basis of this results,

show unifications and connections between certain tree families.

Keywords: Hook-length formulas, Binary trees, K-ary trees, Ordered trees, Labelled

trees, Weigthed trees, Increasing trees.

Zusammenfassung:

Beginnend mit einer Expansionsmethode fiir bindre Baume, abgeleitet von Han [Han08a],
haben mehrere andere Autoren, z.B. Chen, Yang Kuba und Panholzer [KP13],[CGGQ9,
Yan0§| diesen Ansatz vereinheitlicht und auf verschiedene andere Baumfamilien wie k-
are Baume, markierte Baume und Wiélder, gewichtete Baume und aufsteigend markierte
Baume ausgeweitet.

In dieser Arbeit werfen wir einen Blick auf die urspriingliche Hakenldngenexpansions-
methode, erlautern, wie Han sie erhalten hat, erkliren, wie genau Hakenldangenformeln
abgeleitet werden, und listen Beispiele mit den wichtigsten Ergebnissen auf. Aufler-
dem untersuchen wir, wie diese Formel auf andere Baumfamilien erweitert wurde, und
zeigen basierend auf dieser Grundlage Vereinheitlichungen und Verbindungen zwischen

bestimmten Baumfamilien auf.

Schliisselworter: Hakenldngenformeln, Bindre Baume, K-dre Baume, Geordnete Baume,

Markierte Baume, Gewichtete Baume, Aufsteigend markierte Baume.
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1 Introduction

Given a rooted tree T', the hook-length of a vertex v € T', denoted by h,, := h(v), is the
number of decendants of node v. Several identities involving the hook-length, so called
hook-length formulas, have been discovered, essentially starting with the following

formula, which Postinikov derived for binary trees B(n) of size n, see [Pos05]:

! 1
DS (1 + ) = (n+1)""
2 TeB(n) veT ho
Following this, Han developed a versatile expansion technique, see [Han(O8a]. This
technique can be used for deriving further hook-length formulas for binary trees by
showing that for any given power series F'(z) with F'(0) = 0, it’s possible to determine

the weight function p(n), if

> ( > 11 p(hv)) 2" =F(z),
n>1 \TeB(n) veT
holds.

Han used his expansion technique to obtain further hook-length formulas, see [Han08b|
Han08¢c|. For some of these formulas combinatorial proofs do exist, for others they are
yet to be found.

Based on this technique Chen, Gao and Guo found several extensions for k-ary trees,
ordered trees and forests and labelled trees and forests, see [CGG09]. By finding ap-
propriate generating functions, they derived new hook formulas or replicated results
from various authors.

By considering weighted tree families and due to the fact, that different simply gener-
ated tree models are obtained by using weighted ordered trees, where each node v in an
ordered tree T' € O gets a certain degree-weight factor depending on the out-degree of
v, Kuba and Panholzer [KP13] proposed an expansion technique which further unifies

recent results.

This thesis is organized as follows. In Chapter 2 we list the most basic terminol-
ogy, define generating functions and list often used identities and the most important
theorems. The third chapter is dedicated to the derivation and the proof of Han’s ex-
pansion technique. We then use this technique and derive some hook-length formulas

for binary trees before considering two special types of binary trees: Fibonacci trees



and complete binary trees.

Our goal in the fourth chapter is to extend the results from the third chapter to other
trees. We look at k-ary trees, orderded trees and forests and labelled trees and forests.
We also give serveral hook-length formulas for each of the considered tree families. The
aim of Chapter 5 is to achieve a generalization of all previous results by expanding the
expansion technique using weighted trees.

In Chapter 6 we take a closer look at increasingly labelled trees and extend our results

to k-labelled increasing trees.



2 Basic definitions and terminology

In this section we list mathematical definitions and necessary identities, which we will

use several times throughout the whole thesis.

2.1 Trees and weight-functions

Since we are dealing with various types of trees, forests and weight-functions in this

thesis, we start with a review of the necessary terminology.

Definition 2.1. A tree is an undirected graph in which any two vertices are connected
by exactly one path. In other words, any acyclic connected graph is a tree.

A rooted tree is a tree in which one vertex has been designated the root, see [Knu97, p.
285-399].

Definition 2.2. A forest is a disjoint union of trees.

We will define the special types of trees we examine at the beginning from their re-
spective chapter.
Furthermore, we need a few basics about weight-functions, which we will further ex-

pand in Chapter 5.

Definition 2.3. Given a rooted tree T', the hook-length of a vertex v € T, denoted
by hy := h(v), is the number of decendants of vertex v, where we use the convention
that each vertex v is always considered to be a decendant of itself. A wvertex w is a

decendant of v, iff v lies in the unique path from the root of T to w.

Since our calculations can get quite complicated from time to time, it’s convenient to

introduce the following:

Definition 2.4. Given a weight function p : N* — C we can associate with any given

tree T of some rooted tree family the hook-weight wheor(T') via

Whook(T) 1= T p(ho). (2.1)

veT

We call p the hook-function or hook-weight-function.



2.2 Generating functions

Due to the importance of generating functions in this thesis, we dedicate this section

for a proper introduction of the key aspects.

Definition 2.5. The ordinary generating function of a sequence (an)n>o s

A(z) =D anz™

n>0

Therefore, the sought-after information is saved in the coefficients of the formal power-
series A(z).

Since we deal with combinatorial enumeration problems that involve labelled objects,
it’s sometimes more convenient to use the exponential generating function than ordi-

nary generating functions.

Definition 2.6. The exponential generating function A(z) of a sequence (ap)n>o 1S
defined as

0o o
n=0 :

To extract the coefficients we use the coefficient extraction operator.

Definition 2.7. Let A(z) = X.,50an2" be a generating function. Then [2"] denotes
the coefficient extraction operator and [z"] A(z) := a, delivers the coefficient of 2" in

the formal power series expansion of A(z). Two formal power series A(z), B(z) are
equal, if and only if [z"]A(z) = [2"]B(z), Vn € N,

Example 1. Let A(z) = 3,50 %z" Then [2"]|A(z) delivers %

We can also define arithmetic operations on the set of formal power-series R[[z]] :=

{2050 an2" : a, € R} in the following way:

+: A(z)+ B(2) = > (an + by)2",

n>0

A(z)-Bz) =% (fj akbn_k> o

n>0 \k=0

Now we need the definition of an inverse power-series.



Definition 2.8. Let A(z) = Y ,50an2" be the ordinary generating function of a se-

quence a,. We call the generating function B(z) = 3,50 bp2™ (multiplicatively) inverse

to A(z) if A(z)- B(z) = 1.

Theorem 2.9. The generating function A(z) = Y,50@n2" has an (multiplicative)

inverse generating function if and only if ag # 0.
Proof. A proof can be found in [Wil94 p. 31]. ]

If one represents a sequence as a generating function, certain manipulations of the
sequence correspond to special manipulations of the generating function. We list the

most important ones:

Lemma 2.10. Let A(z) = 3,5 an2™ be the ordinary generating function of a sequence
a, and k € N. Then it holds

Generating function | sequence

A'(z) ((n + D)ant1)nz0

%(A(z) + A(—2)) ap, 0, a9,0,ay4, ...

T (A(z) — A(==2)) 0,a1,0,a3,0...
2FA(2) (Gn—k)n>0

Proof. Through simple calculation. m

We'll also often need the Cauchy product of power series:

Definition 2.11. The Cauchy product of two power series is defined as follows:

(Z anz"> : (Z bnz"> => 1 > anbe,|2" (2.2)

n>0 n>0 n>0 \ n1+n2=n
n1,n22>0

2.2.1 Important power series

Following results and identities concerning power series are quite useful and we’ll

benefit from them throughout the whole thesis:

e Taylor series, see [Taylor’s theorem| (Theorem [2.12)), of essential functions:

— Expansion of e*:

v
S|

n>0



— Mercator series:

2", (2.4)

— Sum of the geometric series:
For |z| < 1 the n-th partial sum of A(z) = 3,5 2" fulfills

m—1 m
. 1=z

E z = .

=0 1—2=2

As m — oo, the absolute value of z must fulfill |z| < 1 for the series to

converge. The sum then becomes

Zzn:liz' (2.6)

n>0
There exists a useful generalisation of this identity for m > 1 € N:

(l_lz)mzz <m+"_1>z”. (2.7)

S0 m—1

e The binomial theorem, see [Coo049].
The binomial theorem is used to expand binomial expressions (a + b)™ raised to

any given power by

(a+b)" =3 (Z) aF bk, (2.8)

k>0

We in particular need one special case (m € N):

1+2)m=%" <m> g (2.9)

n>0 \"



2.3 Main theorems

Following two theorems are of great importance for numerous proofs and derivations

presented in this thesis.

Theorem 2.12 (Taylor’s theorem). Let k > 1 be an integer and let the function
f R —= R be k-times differentiable at the point a € R. Then there exists a function
hi : R — R, such that

) (g
[0yt O L P

= nl
with lim hi(z) = 0.
Proof. A proof can be found in [For(8]. O

Following this theorem, we can define the Taylor series:

Definition 2.13. The Taylor series of a real or complez-valued function f(x), that

is infinitely differentiable at a real or complex number a, is the power series, which

fulfills

Theorem 2.14 (Lagrange Inversion formula). Let ¢(u) = 3,50 ¢pu” be a power series
in Cllu]] with ¢pg # 0. Then, the equation y = z¢(y) admits a unique solution in C[[z]],

whose coefficients are given by

Furthermore, let H be an arbitrary function. Then it holds

2" H(y(=)) = o (o)), 0> 1, (2.10)

which is known as the Lagrange-Biirmann formula.

Proof. A proof can be found in [FS09]. O



3 Han’s expansion formula for binary trees

Han obtained a general way to calculate the weight function corresponding to the ex-
pansion of a series considering binary trees. Before we generalize his result for various

other families, we give an explanation of his method.

Before we start to examine how Han derived his method, it is recommended to define
binary trees recursively, due to easy handling and nice properties of the regarding

power series.
Definition 3.1. A binary tree T with size |T| =n > 1 is recursicely defined as:

o There is one specially designated vertex v € T', which is called the root of T.

e The remaining vertices (excluding the root) are then displayed in an ordered pair

(T, Ty), where Ty, Ty are either binary trees or empty subtrees.
A wvertex is called leaf, if its two subtrees are both empty.

Let ®B(n) denote the set of all binary trees of size n, so that

B:= ) B(n),

n>1

is the set of all binary trees.
We will use this way often to define trees and furthermore splitting it into the root
and his subtrees. Most theorems, lemmas and corollaries are proved by this recursive

definition and considering all possibilities of building a tree.

In his paper, see [HanO8al], Han uses the concept of the hook-length expansion to

derive hook-length formulas for binary trees, defined as follows:

Definition 3.2. The left-side of the following equation is called hook-length expansion:

> AT p(he) = F(2), (3.1)

TeB veT

where F(z) € K|[z]] is a formal power series with coefficients in K.

We will use the following equivalent form of (3.1]) throughout the whole thesis:

F(z)= Z ( Z H p(hv)) 2", (3.2)

n>1 \TeB(n)vel



Its called expansion technique, because it starts with an expansion of the generating
function linked to the generating function of the sum of the products of the weights
of all trees with the same given amount of vertices.

Furthermore, Han defines F(2) = f12 + f22% + - - -, the generating function for binary
trees under the weight-function p.

Now we can prove Han’s Theorem:

Theorem 3.3. Let B be the family of binary trees associated with a weight function
p and let F(z) be the generating function of the total weights of trees of size n > 1:

X:(E:IIM%QZ"ZF@) (3.3)

n>1 \TeB(n) veTl

Then the weight-function p satisfies

[2"]F(2)
pu— > 1. 3-4
A= s EER o
Proof. To simplify proofs it is advantageous to define B(0) = {¢}, i.e., the empty tree,
although %(0) is formally not contained in B. We define

["F(2) = fu=>_ I p(h).
TeB(n) veT
Due to our recursive definition of binary trees, we can identify each binary tree with
its root v and two subtrees T} and T5. So every binary tree corresponds with a triplet
(T, Ty, v), where h, =n and

Ty € B(ny), Ty € B(ng), ny+ng=n—1, ny,ny > 0.

Since ny and ny can be empty, according to our definition, but according to (3.2)) F'(z)
doesn’t consider empty binary trees, we have to take a look at 1 + F'(z) instead by
adding fo = 1.



Considering, how a binary tree splits into its root, its subtrees and dealing with all

possibilities, we can rearrange (3.3) and get:

["1F(z) = > ]I p(ho)

TeB(n) veT

=pn) X ( II p(hu)'p(hw)

nit+na=n—1 \T1€B(n1),To€B(n2) uc€T1,vels
n1,n2>

=p(n) Y (Z Hp(hv))-( > Hﬂ(hu>)

nit+ne=n—1 \T1€B(n,) veT1 TreB(ng) u€Ts
ny1,n22>0

:p(n) Z fm'fm'

ni+ng=n—1
n1,n2>0

Using (2.2) and simplifying with the [2"] operator leads to

[Z"|F(2) = p(n)["](1 + F(2))?

[2"]F'(2) 1

TS EE R

]

Han’s expansion technique enables us to calculate F'(z) for a given weight function p,
or vica versa, to calculate p for a given F'(z) under the premise, that % has
a nice form.

If both p and F(z) have compact forms, we call the resulting formula hook-length

formula. The hook-length formula is then given by the identity of the coefficients:

> 1 p(he) = [2"F(2).

TeB(n) veT

10



3.1 Hook-length formulas for binary trees

In this section, we’ll use (3.4) and several known power series to duplicate some results

given in [Han08al [Pos05, [Han08c, [Han08b] and conclude hook-length formulas.
Corollary 3.4. It holds
1—1—2(2 Hh2h—1) " =e".
n>1 \TeB(n)vel

Proof. Han presented two proofs for this theorem.
We present one proof using (3.4]), the other proof uses induction and the recursice

definition of binary trees, see [Han08b].

With (2.3 we can obtain

nl
=on!

Therefore, by setting F(z) = e* — 1, and with ([3.4))

n) — [2"]F'(2) _[Me -1 = _ (1)
P = G PO T e T 2 T o
p(n) = n-;”l’ n>1,

yielding the hook-length formula

Z H h, 21%—1 -

TeB(n) veT

1
aa

and therefore

1+Z(Z 11 th_l) n_ e

n>1 \TeB(n) vGT

11



Corollary 3.5. It holds

1 1
1+> | > 11 ) " :
n>1 (Te‘B ver M C1l-z
Proof. We use ‘) and F(z) = flz — 1. From 1' we know
1 n 1 n
1_2_%:0,2 =1 1= _nz:lz.
Since F'(z) fulfills
1
Fl(z) = s =(1+F(2)*=> nz"", (3.5)
(1-2) n>1
we, according to (3.4]), get
2" F (2 (272
p(n) [ ] ( ) 1

Thus, we obtain the hook-length formula

ZH*

TeB(n) vel U

and

nE(E o)t

n>1 \TeB )UET

Additionally we present the following combinatorial proof:
It has been shown [GS05], that the number of ways |L;(T")| to label the vertices of T

with {1,2,...,n}, so that every vertex has a higher value than all its descendants, is
n!

L,(T)| = . 3.6

L) = (36)

These trees are called increasingly labelled binary trees, which we will further examine

12



in Chapter 6, where we will prove a generalization of (3.6 as well. Furthermore it has
been shown, that each increasingly labelled binary tree with n vertices is in bijection

with a permutation of order n, see [Sta86, p.24].

S IL(T)| = nl,

TeB(n)

or

Now we divide by n! and transform the resulting equation into a generating function:

1+z(21hwwzzw

n>1 \TeB(n)vel "V n>0

With (2.9) this equation is equal to

1+Z(Zlhwf_ﬁf

n>1 \TeB(n)vel Y

Corollary 3.6. It holds

1+Z(Z H1)z":1_ V22_42‘ (3.7)

n>1 \TeB(n)vel

Proof. Since the right side of (3.7)) is the formal power series of the Catalan numbers
1
n+1

to the n-th Catalan number C,, = %H(QT?), see [Sta99, p.220].

This fact alone would be sufficient to prove the corollary. Instead we’ll use (3.4)), define

(2:), the corollary implies, that the number of binary trees with n vertices is equal

13



F(z) = =4=% — 1 and obtain

1—\/1—4,2)2_1—2-\/1—4z+1—4z

2z 422

(1+F(z))2:<
C2-(1-V1T—-42-22) 1—-1-42—-2z

422 222
- yT—4z 22 1-yT-4z 1 1
- 222 222 2z z oz
1—+v1-—-4 1 1
:< Z—1>-:F(z)..
2z z z

We use this result and conclude for n > 1:
2" (14 F(2))? = " F(2) /2 = [2"]F(2). (3.8)

So with (3.4]) and (3.8)), we get

"E()  [EME(2)

A= o FEy T R "
We obtain the hook-length formula
Z H 1 1 <2n>7
TeBn) oCT n+1\n
which proves the corollary. O]

In our introduction, we mentioned the basic formula from Postnikov and with use of

the |Lagrange Inversion formulal (2.10) and Han’s theorem ({3.3)), we can now prove it

in a different way, than Postnikov did.

Corollary 3.7 (Postnikov). It holds

1+Z(Z H(l%—}i))znzzwzn. (3.9)

|
n>1 \TeB (n) veT n>0 n:

Proof. Let P(z) be a power series which fulfills

P(z) =P,

14



Now we substitute W (z) = In(P(z)), which implies P(z) = ¢"(*). So we can rearrange

P(z) = & = In(P(2)) = 2z - P(2), (3.10)

W(z) =2V, (3.11)

W (z) is the exponential generating function of the numbers n"~! enumerating rooted
labelled trees of size n. Therefore e"'(*) denotes the exponential generating function
enumerating rooted labelled forests of size n. With the [Lagrange Inversion formula)
for H(z) = H'(z) = e* and ¢(z) = e*, we get the following equation

nfl] n+1)z

e(

With these coefficients, we have the explicit expansion of P(z):

P(z)=1+> Wz’",

n>1
which implies

1) 12n
Pz) =14y F ) VA (3.12)

n>1

The right-hand side of (3.9)) is exactly P(2z). To use (3.4) we further need P(2z)?,
which is just a slight modification of our previous calculations.

15



In this case we get H(z) = (¢*)?, H'(z) = 2 - (¢*)? and ¢(z)
ny( ,W(z)\2 _ 1 n—1 z,z2 nz
[2"](e™*)* = —[z""]2e%e” - e

(n+2)% ,
K-

=Y

k>0

2 (n+2)n!
“n o (n—1)!

2(n +2)"1
n!

So by (3.4)), (3.12)) and defining F(z) = P(2z) — 1, it follows

["F(z)  _ ["]P(22) -

1

P = AT RGP T P2

(n—l) (n+1)71. 20
nl(n + 1722
+1)

1
=14+—-, n>1
n

A

S

Thus, we obtain

;l ) H<1+h):(n+1)"—1

= ¢®. Thus it follows

TeB(n)vel
and
1 n712n
(2 ()= e
n>1 \TeB(n) vel n>0 n:

We can further generalize (3.9) to:

Corollary 3.8. It holds

n>1 \TeB(n UGT n>0

16

1+ Z ( Z H 2::1—: )_vl)hv—z) P— Zm(n—i—m)”’




Proof. Let P(z) again be a power series which fulfills
P(z) = ¥ PG,

Now we substitute W (z) = In(P(z)), which implies P(z) = "W). Thus, we can

rearrange

P(z) = &P = In(P(2)) = 2z - P(2),

W(z)=z-eV&,

With the |[Lagrange Inversion formula (2.10) for H(z) = (e*)™, H'(z) = m(e*)™ and

¢(z) = e* we get the following equation:

@[anl]e(n+m)z

n

1
[Zn]<€W(z))m — 7[Zn71]mem-zen-z _

S

[anl] Z (n+m) k

s 13

= z
>0 k!
~m (n4+m)*!
n (n—1)
. (n+m)~t
N n! '
Therefore, the explicit power series is
n—1
P =1+Y Mg”. (3.14)
n>1 n:

The right-hand side of (3.13) is P(22)™ and with (3.4) and F'(z) = P(22)™ — 1 we get

(2" F(2) _[EMPRy)m -1 (n—1)lm(n+ m)"t.on
21+ F(2)? [z YP(22)™  2m-nl(n+2m — 1)n—227—1

p(n) = [

(n+m)" ! > 1
- n
n(2m+n —1)"=2’ -

17



yielding

(m + hy)=t

1+ Z ( Z H @m+h )hUZ) 2" = Zm(n+m>n—1(2z)n.

n!
n>1 \TeB(n vET n>0 :

Remark. In [CY08] Chen and Yang present a combinatorial proof of Postnikov’s
hook-length formula.

]

Corollary 3.9.

To(m—1+41) n 1
”Z(Z 05, +m_1+z>)z—<1_z>m-

n>1 Te%(n)veT
Proof. From ([2.7))
1 m4n—1 1 m4n—1
B — e 1=F() = "
=2 Z( B e R B

and (3.4) we conclude, for n > 1,

n n 1 . m+4n—1 (m4n—1)!
p<n) _ [Z ]F(Z) _ [Z ](lfz)m 1 . ( m—1 ) - nl(m—1)!
o n— o n— 1 T (n+2m— - m+n—2)!

[Z 1](]‘ + F(Z))2 [Z 1] (1_2)2m ( ;31712) %

1 m-(m+1)-(m+2)---(2m—1)
n (m+n)-(m+n+1)-(m+n+2)---2m+n-—2)

which yields the hook-length formula

3 H m—1+1) _(m4n-—1
TE%(nvGT m—i—h —1+1) m—1 )

therefore proving our corollary. Han used the symmetric properties of the binomial

coefficient (Z) = (nﬁk) to get the equivalent result:

et (m+i) 1
12 2 H2h nhv—2(2m+')z (=)™

n>1TeB(n) vel

18



The following corollary can be used to prove several other hook-length formulas, in-

cluding some of our previous results by choosing parameters a and m accordingly.

Corollary 3.10.

7! (mla + 1) + 2ah, —i(a — 1)) n
n;( 2 1 2h, H'“’_2 (2m(a +1) + 2a(h, — 1) —i(a — l))) )

TeB(n)veTl

(3.15)

—Z( mia+1) 1j +2an—i(a—1))>z

n>1

Proof. Let P(z) be the following power series

P(z)=14 (a—1)zP(z)0- 1>

and furthermore we substitute B(z) = P(z)— 1, to use the|Lagrange Inversion formulal

(2.14). We also need

m
e =3 (1)
obtained from (2.9). Now we have

2a

B(z) = (a—1)z(B(z) + 1)@1.

With @2.14), H(z) = (z + )", H'(z) = m(z + )" and 6(2) = (@ — )=z + )77 we

get the following

2an

2")(B(z) + 1)" = :l[z"_l]m(z 1) (g — 1) + 1)

2an

R R IC R

- 1 n an
— m(an ) [Zn—l](z_{_l)m—l—i-%‘

19



With (2.9) we get

[2"](B(2) + 1) = m(an_l)n[znl] go <m _ 1i+ aaq) .
~_m(a—1)" (m—1+2m)
== ]§2< )

n—2
)" 2an
= -1 —1).
n(n —1) ' H ( * a—1 Z)
After an index shift and excluding ﬁ from the product, we get

2"(B(z)+1)" = m(o;'—l)”l_[ (m(a—1) 4 2an —i(a — 1)).

Since we got the coefficient for every arbitrary exponent m, we use %

instead to match the right-hand side of (3.15]). In conclusion, we have

as exponent

prett - M= D 111 m® 10— 1) + 20— i(a— 1)
m(a+ 1) "5

=—— II (m(a+ 1) + 2an — i(a — 1)).

i=1

a+1

By 1) and setting F'(z) = P(2)"«1 — 1 we get

F(z) PR -1
A1+ F(2)? [pr1]p(z)ma

p(n) = [

met) [in=1 (g + 1) + 2an — i(a — 1))

— n!

e DT (2m(a + 1) + 2a(n — 1) —i(a — 1))

_ ?—11( (a+1)+2an —i(a—1)) .
It (2m(a+ 1) +2a(n — 1) —i(a — 1))’ = 1
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yielding the hook-length formula

7Y (mla+ 1) + 2ah, —i(a — 1))
> T1 oh. Hhv—2 (2m(a +1) +2a(h, — 1) —i(a — 1))

TeB(n)veT

:(C;lHI:[ (a+1)+2an —i(a —1)).

Corollary 3.11. It holds

1+z(z Hp<hv>)z":fj;,

n>1 \TeB(n)veT

with, for k € N,

%, ifn=3k—2,
p(n)=14 0, ifn=3k-1,
=+, ifn=23k
Proof. We start with
142
F —
(2) 1+ 23
14224 22
= (1+F(z)?=—""2_=
( + (Z)) (1+23)2
1 2z 2?

AR AR

and now write the explicit form of every power series appearing by (2.7). We start

with (1 + F(z2))%

S o I

(I+2%)? =

21



2z
" =N "2(n+1)(=1)"" ",
e

2

T~ %; (n+ 1)(—1)"2*2,

Equivalently, we repeat this with F\(z) = {25 — 1 = 15 — 1 4+ 155

1423
1 —1= Z (_1)712371
1+ 23 = ’
z
— 1 _1 n 3n+1.
RIS

Now we use ([3.4)) and distinction of cases and also see, that each power series contained

in (1+ F(z))? and F(z) contributes to just one case. Thus we get

B (2% F(2) _ =y A
PR = AL PR D
I O N
R P [ | T
S i L O I o A |
P3N =) = AL F)E el
which completes the proof. O]

3.1.1 Hook-length formulas for Fibonacci trees

Definition 3.12. A Fibonacci tree T is a binary tree such that the right subtree of

each vertex v is either an empty tree or a binary tree with only one vertex.

Let Br(n) denote the set of all Fibonacci trees of size n and

s:BF = U ‘Bp(n),

n>1

the set of all Fibonacci trees.
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Theorem 3.13. Let Bp be the family of Fibonacci trees associated with a weight
function p and let F(z) be the generating function of the total weights of Fibonacci

trees of size n.:

F<z>=z( > Hp(hv>)

n>1l \TeBr(n)vel

Then the hook-function p satisfies

["F(2) '
p(n) = FTIFEHOEZ0FE) fn=z2, (3.16)
[ F(2), if n=1.

Proof. Considering, how a Fibonacci tree of size n > 3 splits into a left subtree with
either n — 1 vertices, if the right subtree is empty or a left and a right subtree with

n — 2 and 1 vertices, respectively, we get

["F(z) = > Tl p(h)

TEB 1 (n) veT

=pn) Y Il e(h)+pm)pr) > ]I olhe)

TeBr(n—1)veT TeBr(n—2) veT

= p(n)[2"|F(2) + p(n)p(1)[2" 7] F(2)

= 2"F(2) |
[z F(2) + p(1)[z" %] F(2)
For n = 2 these computations are also valid, but we need to add f; = 1, since

Br(0) = {€}, and obtain the following formula:

[2"]F'(2)

P0) = R O A0 T P

Finally, there exists only one Fibonacci tree with size 1, therefore

Z'F(z) = > ][ plhe) = p(1).

TeB (1) veT
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Now we give an explanation, why these kind of trees are called Fibonacci trees.

Definition 3.14. The Fibonacci numbers are the sequence of numbers (fn)n>o0 defined

by the linear recurrence equation:
fn:fnfl"i_fnf% n>2,

Example 2. It’s well known, see [Rio62], that

=2 fad" =

n>0

—z =2
is the generating function of the Fibonacci numbers. We define F(2) = F(z)—1. Since
p(1) = [2']F(2z) = 1 we use (3.16)) and the definition of Fibonacci numbers to get

[2"]F'(2) _

Pn) = o T O )~ Fort i~ 22

Therefore
1
Y (Y M)e=
n>1 \T€B p(n) veT

which includes, that the number of Fibonacci trees with n vertices is given by the n-th

Fibonacci number.

Corollary 3.15. It holds

1+z(z I

n>1 \TeBr veT

m+h Dm+h,—2)) , 1
ho (Mg + hy — 2)) SR SRS Ty

Proof. We know from ([2.7)), that
1

m+n—1Y\
u—@mzz<7m4 %‘

n>0

Let us define F'(z) = — 1. Thus, with (3.16]) we get

1
(1=2)m
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and,

) 1R (2)
[2" 1 F(2) + p(1)[z"2](1 + F(2))
m+n—1
I D)
(") ()
B (;7!1(‘*;::11))!! B w
T (m4n—2)! (m+n—3)! —  (m+n—2)! (n—1)(m+n—3)!
o Dim=11 T M a2)im=1)1 S
_ (m+"_1)n(m+n_2) _ (m4+n—-1)(m+n-2)
- w+m(”zl) ~n(m+n—2+mn—m)
-1 -2
:(m+n Y(m+n )’ n> 0.
n(mn +n — 2)
This leads to the stated result. O

3.1.2 Hook-length formulas for complete binary trees

Definition 3.16. A complete binary tree T is a binary tree such that the two subtrees
of each vertex v are either both empty or both non empty, with the possible exception
when v is the latest vertex in the so-called inorder traversal. The inorder traversal is
a certain way to visit every vertex in a binary tree exactly once, see [Knu97, p. 819].
In the latter case, the right subtree of v is empty when T possesses an even number of

vertices.

Let B¢ (n) denote the set of all complete binary trees with n vertices, such that

SBC = U %C(TL),

n>1
is the set of all complete binary trees.

Theorem 3.17. Let B¢ be the family of complete binary trees associated with a weight
function p and let F(z) be the generating function of the total weights of complete
binary trees of size n:

F<z>—z( > me)

n>1l \Te€B¢c(n) veT
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Then the hook-function p satisfies

") F (2) :
o(n) = { FBEG-FETFE) ifnz2, (3.17)
[Z1F(2), ifn=1.

Proof. Considering, how a complete binary tree of size n > 2 splits into a root v, a
left subtree with an odd number of vertices, and the remaining vertices in the right

subtree, also

2
Ty € Bo(ny), Ty € Be(ng), n; >0, an =n—1, n; odd,

i=1

F() = > T p(he)

TEBe(n) veT

0,2 (e )

ni+ne=n—1 n1),T2€Bc(n2) \uel1,veTs
ni odd
n1,m2>0

=p(n) > ( > Hp(hv))-< > Hp(hu))

ni+ne=n—1 T1€%c(n1) veTy TQE%C(TLQ) u€T>
n1 odd

n1,n2>0
:p(n> Z fn1 'fnz :p(n> Z fk'fnflfka
ni+ne=n—1 0<k<n—1
ni odd k odd
n1,n2>0

where for the last identity we again defined fy := 1. From (2.10) we know, that the
generating function of a sequence, which contains just the odd coefficients is %(F (2) —
F(—=z)). Together with (2.2)) and taking into account that we had to add fy = 1 we

obtain

[2"]F'(2)

P = IR — P+ Ry "

Also, there exists only one complete binary tree of size 1, therefore
[Zl]F(Z> = ZTG‘BC(l) [Toer p(hy) = p(1). L
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Example 3. Define F(z) =e* —1=3,5; 52" Since [2"]F(z) = %, for n > 1, and

1

1
Z"75(F(2) = F(=2))(1+ F(2)) = [2" 5 (€" —e7)e?
1 2n72
— [,n—112 (22 _ 1) =
together with ([3.17) it follows
2" F(z L
pn) = ——— [2"]F(2) _
N FG) — -2+ F() | 2
1
Therefore, we get following hook-length formula
1
2 HhQW%:EP

TEBe(n) veT
yielding
1+Z ( Z H h 2hv_2) :ez.
n>1 \TeBc(n)veT

Corollary 3.18. It holds

1+Z( > Hp(hn)z":li ,

n>1 \TeBc(n) veT <
with
1, ifn=1,
p(n) =1 1, ifn=2k+1,
%, if n = 2k.

27



Proof. To use (3.17) with F(z) = t&- — 1 we first consider

1 ! ! :
SF(2) = F(=2))A + F(2)) = 5 - ((1 —2)? 1- Z2>

B 1 . 2z _z+ 22
2 (1=2)2(1+2) (1-—22)?2
9 1
=(z+4z )(1—22)2'
With we get
n=1y(, 4 2 1 _ el z 22
2" (= + )<1_22)2 [ ](1_22)2+(1_22)2
= [2"] Z;B (n+ 122"+ > (n+ 1)22n+1),
which yields
(74 22 L =n=[2"""Y(z+ 22 L
[Z ]( + )(1_22)2 [ ]( + )(1_22)2'
With , for n > 1, we get
[2*"F(2) 1
P = Lo LB ) — F-2)(+ () n
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4 Hook-length formulas for further tree families

In this chapter, we follow [CGG09] and derive hook-length formulas for various families
of trees and forests, namely k-ary trees and ordered trees/forests. We’ll also examine

certain generating functions to find weight functions p.

4.1 Hook-length formulas for k-ary trees

Definition 4.1. A k-ary tree is an ordered rooted unlabelled tree, where each vertex

has exactly k subtrees. We also allow a subtree to be empty.

For our purpose we’ll split a k-ary tree into its root and k subtrees, as we have already

done with binary trees.

Definition 4.2. Let Ti(n) denote the set of k-ary trees with n vertices and let Ty, be
defined as

Sk = U ‘Ik(n)

Ty is the family of all k-ary trees.

Note, that for £ = 2 we get binary trees, so our previous results will be special cases

for k-ary trees.

Definition 4.3. The hook-length expansion for k-ary trees is defined as

> (Z I p(fm) = F(2). (4.1)
n>1 \T€T) veT
Equivalent to binary trees the weight function p is calculated as follows.

We define F(2) = f12 + foz? + f32° 4+ -+ to be the generating function for k-ary trees
associated with the weight function p. Therefore, with each T € T(n), n > 1 we can
associate a set (11, Ty, ..., Ty, v), consisting of the k subtrees and the root vertex v.
By using the same technique as for binary trees, we can use this expansion to calculate

F(z) for a given p, or to calculate p for a given F(z).
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Theorem 4.4. Let T} be the family of k-ary trees associated with a weight function p
and let F(z) be the generating function of the total weights of k-ary trees of size n:

> (Z 11 p(hn) = F(2). (4.2)

n>1 \Te%, veT

Then the hook-function p satisfies

2] F(2) n> 1. (4.3)

A= EE

Proof. Recall (2.1)): whoor(T) := Tlyer p(hy). Considering, how a tree splits into its

root, its subtrees and dealing with all possibilities, we get
k
T; € Ti(n;), n; >0, an =n-—1.
i=1

Since n; can be empty according to our definition, but F'(z) isn’t defined for empty
k-ary trees, we again take a look at 1 + F'(z), to close this gap and add fy = 1.
We can rearrange (4.2)) yielding

()= > Il p(h)

TeX(n) veT

= p(n) > ( . > Hwhook<Tl)>)

ni4+no+-+np=n—1 T2€Tk(n2),...., Th€TK(ng) (l:l
n1,n2,...,nk >0

= p(n) Z ( Z whook<T1))"'( Z whook(Tk>)

ni+ng+-+np=n—1 T1€Tk(n1) Tkeik(nk)
n1,nz,...,ng>0

—p) Y (H )

ni+ng+-4n=n—1
n1,n2,...,ng>0

By using the [2"] operator and (2.2)) k-times to compute

G+rF=Y| ¥ (Hf) (4.4

n>0 \ nit+ng+-+ng=n
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we obtain

[2"]F(2)
7S s per "2
[
Example 4. Define F(z) = ¢* — 1. Since [2"|F(z) n > 1, and
kn 1

21+ F() = [t =

we use (4.3), thus

MFGE) w1

R F (RS 6 = T

Therefore, we obtain the hook-length formula

> Hhkhvlz

TeZk(n) veT

1

n!

and therefore

1+Z( > I khv—l) t=el

n>1 \TeT(n UGT

Since the results for binary trees and k-ary trees are calculated the same way, we are
going to just present one universal hook-length formula, which includes most previous

results as special cases.
Corollary 4.5. It holds

[0t (ma + k(a — 1)h, —i(a — k)) n
Z( 2 T Ghma + ha ><hv—1>—i<a—k>>)z

TETk(n) vET

_ Z (m T (ma + k(a— 1 — i(a — k))> .

=1
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Proof. We define

k:(a 1)

P(z) = (a—k)z(1+ B(z))
and
B(z) = (1 — P(z))a*.

With (2.10]) we get

n a-\m | a m—a_ 1 n k(a—1)n
[Z")((1 = P(2))a %)™ = Z[2" Ym———(1+ 2)"aF Y a— k)" (14 2) aF*
n a—k
— M[Zn 1](1+2)M_1+M
n
— ma l)n
— ma(a (a —k >Zl
n l>0
ma(a _ k(a—l)n)! l
N 1 | } Ba—T)i z
n >0 \ ! —I)!
ma(a — k)" "=* [ ma k(a—1)n
n! g a—k L !

Extracting —— (n — 1)-times from the product simplifies it to

ma(a - l{?)n_l n—2

[Z")(1 = P(2)=F)" = g — k)t 11 (ma+k(a—1)n—(a—k)(i + 1))

=— || (ma+k(a—1)n—ila—k)).
nl
Since B(0) = (1 — P(0))a* = 1 we consider F(z) = (1 — P(z))a* — 1 to match
the requirements of Theorem [4.4 We also need [¢"~!|(1 + F(z))*, which is equal to
((1 = P(2))a%)™ and because our calculation holds for every exponent m € N, we
just need to substitute m for km and get
kma "=2

"1+ F(2))F = TS II (kma + k(a — 1)(n — 1) —i(a — k)).

Ci=1
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So, by ([4.3),

e
SR (e e

ma Zﬂz—ll (ma+ k(a —1)n —i(a —k))

n!

bma 1102 (kma + k(a — 1)(n — 1) —i(a — k))

(n=1)!

"Hma+k(a—1)n —ila—k))
= RnIl? (kma+ k(o - D(n—1) —ifa— k) "=

Therefore

127! (ma + k(a — 1)hy, —i(a — k)) .
Z( 2 1 Hh”Q(kma—l—k(a ' )Z

n>1 \TE€T;(n) veT —1)(hy — 1) —i(a —k))

Z( 1;[ ma+k:a—1)n—l(a_k))> -

n>1
]

This formula is an unification and an extension to several known formulas. For exam-
ple, by setting k = 2 and substituting a for a + 1, we obtain (|3.15)).

If we set a = k and m = 1, we obtain

N i ;k]ZIE:HEf_l)hv) = TR0 6= )

TSy (n) veT D(h, = 1)) nl5

Since the enumeration index ¢ does not occur, this simplifies to

+ (k — 1)h,))"! ok

2 1l khv—lh Ty e L GO

TGT;C UET

= 3 i O

TET(n )veT 1+ ( )( v))hv_Q
— 1)h, k™
= > H Jhv) n'(1+(k 1)n)
TGik )UET
1 kn n—1
= Y 1 (k:—1+h> =1+ (k- 1)
TET,(n) vET v n:
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which is the extension of Postnikov’s hook-length formula (3.9) to k-ary trees.
We can also extend (3.13) to k-ary trees by setting a = k to get

107 (km + k(k — 1)hy) P

Te%(n)yl;[T kb, Hh“ = (k2 k(= Dy 1))~ it L G k= 1)

m+ (k — 1)h,))~! _ K'm L
=2 1 khe (k:(mk; + (k—=1)(hy —1)))n=2 (m+ (k—1)n)

TeX(n)veT

T T N
o, H mk: + (k= 1)(hy — 1))o=2 m

TGT (n) UET

(m+ (k—1)h,)1 B
- Z H khy(mk 4 (k — 1)(hy, — 1))v=2

TGTk (n) veT

m(k(m+ (k= 1)n))" .
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4.2 Hook-length formulas for ordered trees and ordered forests

Trees are often used to implement databases, but to do so, we have to declare a certain

ordering for the descendants of each vertex. This leads us to ordered trees.

Definition 4.6. An ordered tree (or planted plane tree) is a rooted tree in which an

ordering is specified for the children of each verter.
Remark. An ordered binary tree is sometimes called a binary search tree.

Let O(n) denote the set of ordered trees with n vertices, so that

0= JOMm),

n>1

is the set of all ordered trees.

Theorem 4.7. Let O be the family of ordered trees associated with a weight function
p and let F(z) be the generating function of the total weights of ordered trees of size

n:

Z( > Hp(hv)) 2" = F(2).

n>1 \TeO(n)veTl

Then the hook-function p satisfies

UG i > 9,

o) = | Pl (16)
21 F(z), ifn=1.

Proof. Yet again, for every ordered tree T of size n > 2, we can split the tree in its
root v and a sequence of subtrees.
This yields a (j + 1)-tuple (11,15, ..., Tj,v), (j > 1), where h, = n, and

J
EGD(TLZ), 7%21, Zm:n—l
i=1

Let f, = [2"]F(z). By definition and considering every possibility to build an ordered
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tree, it holds

= > Ilrh

TeD(n) vel

= p(n) Z Z (T o0 Z (lj Whook(17) ))

j>1 | ni+ng+--+n;j=n—1 1),..Ty€0(ny)
n1,M2,...,n5>1

j=21 \ nitne+-+nj=n—1 \T1€O(n1) T;€0(n; )
N1,M2 5.y n;>1

151577 = p(n) Y > ( > Whook(Th) ) " ( > Whook(T, )

:p(n)z Z fmfnz"'fnj

j=>1 | nit+ng+-+n;=n—1
ni,ng,...,n;>1

Simplified with the [2"] operator and using (4.4) we get

1F() = )l
= o) = T, 22
1-F(z)

Finally, there exists only one ordered tree with size 1, therefore

F() = > Tleh

TeBR(1) veT

Corollary 4.8. It holds

hy—1 -1 n—1
Sz () )zn=z<” Lo (17)
n>1 \TeD(n) veT n:
Proof. In order to use {D we need to calculate ﬁ(z) first. The right-hand side of

(4.7) is exactly (3.14) with m = —1,

_1+Zn+—m>12n$p(z>—1:1_zwzn‘

n>1 n>1
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Therefore,

(1+Zn+1 )_zl—z(n_l)n_lz”.

n>1 n>1 n!
Finally we switch the exponent —1 to the other side and get the wanted result
(n+ 1 (n—1m1t \
1+ ,; = (1 — nz;l Tz ) .

We just showed, that

Thus, we obtain the hook-length formula

Z H <1 — hl)hv_l - M’

|
TeD(n) vET n:

and therefore
S(s me-0))r-g e

n>1 \TeO(n)veT

Now we expand our previous results to ordered forests.
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Definition 4.9. An ordered forest is a disjoint union of ordered trees, in which an
ordering is also specified.
We denote the set of ordered forests with n vertices with O p(n).

Theorem 4.10. Let Op be the family of ordered forests associated with a weight
function p and let F(z) be the generating function of the total weights of forests of size

n:

Z Z H p(hv)) 2" = F(z). (4.8)

n>0 (Fer(n) veF

Then the hook-function p satisfies

p(n) = —r———"— n>1. (4.9)

N
3
i
>
—
N
~—

Proof. We'll prove this theorem in Chapter 5. Another proof can be found in [CGG09].
O

Example 5. Let F(z) = €. It holds [z" " F(z) = for n > 1, and

(n—1)1 1)17

(_1) prg
n!

Via ([4.9), we get

which yields

DI | (S SR

TeOp(n) veT

and

I e

n>0 \TeOp(n)vel

38



Theorem 4.11. For ordered forests it holds

[T (@b, —m)a— @+ 1)) ,
Z( 2 1l h”_z((h—2+m)a—(a+1)i)>

n>1 \FeOpr(n) UEF
(4.10)
=3 (m H (2n +m)a — (a + 1)i )) 2

n>1 i=1

Proof. We define
G(2) = (a = D21+ G(2))=
and
F(z) = (1+G(2))"

With [Lagrange Inversion formulal (2.10), H(z) = (14 z)a+1, H' = ma(1 +z)a+i ' and

o(z)=(a+1)-(1— z)azTiL1 we get

1 ma an
2+ GE)H = [ (1 ) 0 1) (14 2)H
1 ma an
= anjral (a+1D)"z"1(1+ z)m—lu + z)iﬂ
= @ (a + 1)71—1[271—1](1 + 2)‘1(”1*&171127”*1
n
With (2.9),
a(m—1+2n)-1
Y G =T e (T )
n >0 l
ma (Am=r2n-1y,
el Ch VA e DO e i e
n = (% _ l)

_ Mt 1)"—17?1‘[2 <(2n+7;1;11>a_ ! —i)
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After simplifying and an index shift we get

[2"](1 —l—G(z))aLJral = % . mﬁ (2n+m—1)a—1—i(a+1))
— n;!afl_l (2n+m)a—a—-1—-(i—1)(a+1))
_ ’Z,“n (2 + m)a — i(a + 1)).

Substituting m with —m yields

[Z"(1+ G(2) =T = [2"] (1 + G(2)+T)

n—1

- II (2n—m)a—i(a+1)), n>1.

=1

Therefore, with F(z) = (14 G(z))=+ and using (4.9), we obtain

)
—~
S
N~—
I
|

2 HE(2)

IS (@n-ma—iatD)
SIS (20 =2+ m)a—i(a+1)) 77

n!

concluding to

Feopm)ver 11 1272 (2hy — 2+ m)a — (a+ 1)i

;( SO =7 (2hy — m)a — (a + 1)i )z"

Z( 1j 2n+ma—(a+1))> o

n>1

O

With (4.10]) one can derive other hook-length formulas by adjusting a nd m accordingly.
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4.3 Hook-length formulas for labelled trees and labelled forests

Now we give the expansion formula for labelled trees and forests and then derive hook

formulas.

Definition 4.12. A labelled tree of size n is a tree, where its vertices are labelled with
distinct integers of the set {1,2,...,n}. We denote the family of labelled unordered trees
with Uy, and the family of labelled unordered forests with Uy p.

Since we look at unordered trees now, we have to use the multinomial coeffcients:

Definition 4.13. The multinomial coefficient is defined as follows, where k;;n € N
and ki + ko + -+ k,, = n:

n n!
= 4.11
(kl,kg,...,km> kilko! -+ k! ( )

The multinomial coefficient has a direct combinatorial interpretation, as the number
of ways of depositing n distinct objects into m distinct bins, with k; objects in the

first bin, ko objects in the second bin, and so on.

Theorem 4.14. Let U5 be the family of labelled unordered trees associated with a
weight function p and let F(z) be the generating function of the total weights of labelled

unordered trees of size n:

n>1 \Tes (n) vel

Z( > Hp<m>)j:F<z>.

Then the hook-function p satisfies

[2"]F'(2)

p(n) = T TeF )’ n>1. (4.12)

Proof. We split the tree in its root v and a possibly empty sequence of subtrees. This
yields a (j + 1)-tuple (73, T3, ..., Tj,v), (j > 0), where h, = n and

J
T;EL[L(TLZ'), n,Z 17 Z?’len—l
i=1

Let f, = [2"]F(2) = & Yreu, (n) Lver p(hy). There are n ways to label the root vertex

and the remaining n — 1 labels are distributed to its subtrees. We use the multinomial
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) to count all possibilities of doing so. It holds

1,125 nj

["F(z) == > Il p(he)

T Testy (n) ver

O St D> S (Tow(, 27 )
- - whook(ﬂ)
<n - 1>! =0 j! n1+n2+~-+nj§?—1 Tiedr (n1),...45(n;) \i=1 ny, Mo, ..., 1y

,,,,,

] n—1
4 Z ( Z (H Whook (ﬂ) (’I’L n n )
j=0 j n1+n2+"'+nj:n*1 T16£J.L(n1) iiL(nj) i=1 LR R

-----

(n)(n —1)! 1 1
:p(n—l)! Z ( Z whook(Tl)nl!)"'( Z whook(Tj)')

7 .
7>0 J: nitnz+--+nj=n—1 \Ti€Uy (n1) TjeUr(ny) A

—_

Z fnlfnz"'fnj'

il
7>0 J: ni+ng+-+n;=n—1

Simplified with the [2"] operator we get

2" F(z) = pln) 2" ]e"®)

= p(n) = [Z[,in]f;(}f()z) n=l

Example 6. Let F'(z) =In (%W) With ([2.5)) we obtain

(1

F(z):1n<(1_1z>m> =m~ln<1iz> =y 2

Since F(z) =In (W), this leads to
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So, with (4.12)) and (2.7)) we obtain for n > 1

_ MFG) %
p(n) - [Z”_l]eF(Z) - (mntﬁIQ)u

concluding to

and therefore

n>1 \Tes, (n)veT \ 1

R A 1
S(2 D) i)
Now we expand to labelled forests.

Theorem 4.15. Let Upr be the family of labelled unordered forests associated with a
weight function p and let F(z) be the generating function of the total weights of labelled

unordered forests of size n:

Z( > Hp<hv>) S=F),

n>0 TEﬂLF(TL) veT
Then the hook-function p satisfies

[2"] In(F'(2))

) n> 1. (4.13)

p(n) =

Proof. We take a look at the generating function F'(z) for labelled forests. Since a tree
of size n can be seen as a root together with the forest of subtrees with n — 1 vertices,
the generating function for trees is zF'(2), see [GS05]. A forest is a set of trees, therefore

the generating function for forests is e*'(*). F(2) satisfies the functional equation
F(z) =),

By this exponential formula, we obtain

Z( > Hp(hv))jzeXp{Z( > Hp(hv)j:}.

n>0 \Telyp(n)vel n>1 \Tel (n) veT
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Taking logarithm yields

1n<F<z>>=Z( > Hmm) -

n>1 \Telr (n)veT

With (4.12) we get

[2"]F(z) [2"]In(F(2))
p(n) = [z7—1]eF () - [zn—1]en(F (=)=

e
T Re) . e

Corollary 4.16. It holds
( Tkt (ahy — (a = DF) ) 2

>

n>1

2 Hth *(a(hy — 1+ m) — (a— 1)k) ) n!

FEULF ’UEF

_y (maH (n+m) (a—l)k)) -

n>1

Proof. The proof is nearly equivalent to the proof of (4.10). We define

G(2) = (a— 1)2(1 + G(2))r

and

F(z) = (1+G(z))

With the [Lagrange Inversion formulal (2.10)), we get

2"F(2) = "] (aln +m) — (a — 1)k).

|
=1
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and

(2" In(F(2)) = 5[2”—1]%(1 +2) Y a—1)"(1 + 2)%
= n;?:: (an — (a — 1)k).
So, with
[2"|In(F(2)) _ ma 14 (an — (a — 1)k)

p(n) = [n-1F(z) casy =t (a(n —1+m) — (a — 1)k)

M -
nI7=2 (a(n —1+m) — (a — 1)k)’

O

The last theorem was proven in [CGG09] and is a unification of several known hook-

length formulas for forests.

If we set a = 1 and m = 1, we obtain

2" n—1_n
which implies, that the number auf labelled forests with n vertices is (n+1)""!. This
is due to Cayley’s formula, see [Cay89]. It states, that for every positive integer n, the
number of unordered trees with n labelled vertices is n" 2.

Each labelled rooted forest can be turned into a labelled tree with one extra vertex,
by adding a vertex with label n + 1 and connecting it to all roots of the trees in the

forest.
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5 Hook-length formulas for weighted tree and forest

families

In this chapter we’ll follow the definitions and calculations given by [KP13] to derive
further hook-length formulas for certain important and well-studied combinatorial
objects called simply generated tree families. For this purpose, the objects considered

are again ordered trees, recall:

Definition 5.1. An ordered tree (or planted plane tree) is a rooted tree in which an

ordering is specified for the children of each vertex.

Definition 5.2. Let O(n) denote the set of ordered trees with n vertices and let O be
defined as

O ={JOMm).

9 is the family of all ordered trees.

To extend Han’s expansion technique to weighted tree families, we need the definition

of a degree-weight.

Definition 5.3. A sequence of complex numbers (¢;);>0 with ¢g # 0 defines the mul-
tiplicative degree-weight ¢; of a vertex v with out-degree j (out-degree: number of
children, denoted as deg(v)). Then, the degree-weight wqey(T) of any ordered tree T' is
given by the product of all degree-weight factors of the vertices v of T':

wdeg(T) = H d)deg(v)'

veT

Definition 5.4. The family § of weighted ordered trees contains all ordered trees
T € O paired with their degree-weights to form pairs (T, wqe,(T)).

Before we can use the expansion technique for weighted ordered tree families, we have

to define a weight to any given ordered tree.

Definition 5.5. Let T' be an ordered tree. Given a hook weight function p : N — C

and a degree-weight sequence (¢;);>0 we define

W(T) := Waeg(T') - Whook(T'),
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and associate this weight to any given ordered tree T'. Recall ,

whook(T) = H p(hv)
veT
Now we are ready to prove the corresponding expansion technique for weighted ordered
trees to find a general approach for all kinds of tree families, including those we already

examined in this thesis.

Remark. In [Yan0§], Yang extended Han’s results to binomial families of trees, a
special form of weighted ordered trees. Binomial trees include ordered trees, but they

do not include, for example, complete binary trees, which we examined in Chapter 3.

Theorem 5.6. Given a family § of weighted ordered trees associated to a degree-weight
generating function ¢(t) = > ;50 ¢;t!, let F(z) be the generating function of the total

weights of trees of size n:
F(z) =), ( > w(T)) =3 ( > wag(T) 1 p(hv)) 2"
n>1l \TeO(n) TeO(n) veT
Then the hook-function p satisfies

[2"]F'(2)

p(n) = T To(F () n > 1. (5.1)

Proof. Once again we use the decomposition of a tree, following our previous results.

Now we have to consider all possibilities to build a tree of size |T'| > 2. So we split

our tree into its root v and the subtrees 7T; attached to the root:
J
EED(TLZ), nZZI, Zm:n—l
i=1

Note, that the root gives a degree-weight factor ¢geg() = ¢; assuming the root v has

out-degree j > 1 and p(h,) = p(n). By definition we have

F() = 3 w(T) = 3 wae(T) - whoo(T) (5.2)

TeN(n) TeO(n)
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and

W(T) = Waeg(T') - Whook(T') = HTP(hv) * Ddeg(v) (5.3)
= 65 () [ iee(T3) - (T0) = 5 - plo) T (T3 (5.4)

Now we combine (5.4 and (5.2)) to generate all possible trees:

[F() = > w(T) = 3 waee(T)  whoor(T) =

TeD(n) Ted(n)

=p(n) Y ¢; > ( ) Hw(Tl))
j=1 n1+n2+"'+nj§711—1 T1€D(n1) ,,,,, TjGD(nj) =1
N1,N2,ee T >

=p(n) Y ¢; > ( > w(T1))'( > w(T2)>"'( > w(ﬂ))
Jj>1 nltﬁ;?ﬁ;,fﬁj;?il T1€9(n1) ) T1€0(n)

J
=p(n) Y ; > ( fm)
7>1 ni+ng+--+n;=n—1 \I=1
Nn1,M2,...,n5>1

Simplified with the [2"] operator and using (4.4)) and the definition of ¢(t) we obtain

[2"]F(2) = p(n)[" ' ]6(F(2))

[2"]F'(2)

T erE); "R

The case n = 1 is easily proven by the definition f; = ¢gp(1) and therefore

2'F(2) fi
1 = = —
P = oF G~ o
showing, that (5.1)) holds for all n > 1. O

Now, we can use this theorem to show some applications to important tree models,
duplicate some of our results and derive hook-length formulas for yet to be examined

tree families. But first we need to define an isomorphism between trees.
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Definition 5.7. Let T" be a rooted tree and T be a ordered tree. We write
shape(T") = T, if there exists an isomorphism from T" to T that preserves the linear

order of the children of the vertices.

Various tree families are equivalent to families of weighted ordered trees with specific
degree-weights. This situation occurs if, for a rooted tree familiy R, there exists a
weighted ordered tree family § with a degree-weight generating function ¢(t), such
that for each ordered tree T' € O the following relation holds:

Waeg(T) = [ ¢acerw) = > L.

veT T'eR,shape(T")=T

Since the hook-weight is also preserved by an isomorphism, with p defined as an

arbitrary hook-function and 7' € © we further get

W(T) = Whook (T') - Waeg(T') = Whook(T') - > 1

T'eR,shape(T")=T

- > Whook(T') = > Whook(T").

T'eR,shape(T")=T T'eR,shape(T")=T

By summerarizing over all ordered trees T with |T'| = n, we get

Z UJ(T): Z Z whook(T,): Z whook(T,)a

TeD(n) TeO(n) T'eR,shape(T")=T T'eR(n)
which leads to following result:
F(z)=Y_ ( > w(T)) 2= ( > whook(T’)) 2", (5.5)
n>1 \Teo(n) n>1 \T'eR(n)

Equation (5.5) means, that our result (5.1) for weighted tree families associated to a
degree-weight generating function ¢(t) is also true for the corresponding rooted tree

family.

5.1 Confirmation of previous results

Now we take a look back und prove some of our previous results with weighted trees
and certain degree-weight functions.
First we consider binary trees, so we have to find the equivalent weighted ordered tree

model. To see, how to choose the coefficients of the degree-weight generating function,
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we examine an arbitrary ordered tree T' € O and count the number

waeg(T) = 2 1,

T'eR,shape(T")=T

of binary tress 17" € B with shape(7”) = T. Since a binary tree can only have at
most 2 children we got ¢; = 0 for j > 3. If deg(v) = 1, the child of v, assuming that
deg(v) < 2 for all v € T, could be attached as a left child or a right child, therefore we
g0t Weg (T') = 20T des)=1} " If deg(v) = 0 or deg(v) = 2, there is only one possibility,
so overall we got:

o =1, 1 = 2, ¢ = 1 and as stated before ¢; = 0, for j > 3.

In either case, we get wyeg(1) = ol{veTideg()=1} — T . Pdeg(v) for ordered trees T

with deg(v) < 2, for all v € T', and wqeg(T") = 0 otherwise. Finally, let
F@zZ(ZIU%O%
n>1 \TeB(n)veTl

be the generating function of the total weights of binary trees. Then, according to

(5.1) and matching with Han’s result (3.4)), we get

Sy — WG )P (2)
TR () U0+ 2F(z) + F(2)?)
2")F(2)

T+ F()?

Using the same pattern, we can generalize this result for the family ¥, of k-ary trees.
Every vertex has k positions, where up to k children can be attached, so overall
¢ = (];), for j > 0, with (I;) =0, for 7 > k. As shown in (2.9) it holds,

(I+2)" =3 <k)zj

7>0 \J

So the generating function of (I;) is (14 t)*, yielding ¢(¢) = (1 + t)*. Thus by setting

F<z>:z( ) Hp<hv>)

n>1 \TeTy(n) veT
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and applying (5.1), we get (4.3):

PG MR
o(F (=) 0T FEF

p(n) =

Since our approach is based on ordered trees, they are easily obtained by using the

degree weights ¢; = 1, for j > 0. From ({2.6) we know:

n 1
Zl.z 1=z

n>0

yielding, that the generating function for this sequence is ¢(t) = -

-t
Therefore, with

F(z):z( 3 pr)

n>1 \TeO(n)veT

and (51), we get (I0):

_EVFe e
)= Cgm )~ e o

5.2 Hook-length formulas for further tree families

In this chapter, we take a look at tree families, which are yet to be examined, and

derive further hook-length formulas. We start with even trees.

5.2.1 Even trees

Definition 5.8. An even tree is a rooted ordered tree, where each vertex has an even

number of descendants.

Due to this definition the degree weights for even trees are easily obtained by:

b = 1, if 5 > 2, j even,
771 0, ifj odd.

The way to cancel out every odd coeffient in a generating function is to consider

F(z) = 5(A(z) + A(—=2)), see (2.10). This, together with the generating function of
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the sequence (1,1,1,---), which is 1=, see (2.6), leads to:

¢(t):1<1—|— 1 >:1<1+t+1—t>

2\1—-t 14t 2 1—1¢2
1 ( 2 ) 1
C2\1—2) 1%
With (5.1)) follows the weight-function for even trees:

_ [FGR) _ [FFG) i
p(n) = [ 1]6(F(2)) - [Zn_l]l—Fl(zy’ > 1. (5.6)

5.2.2 Motzkin-trees

Definition 5.9. A Motzkin-tree, also called unary-binary tree, is a rooted ordered tree,

where each vertex has 0, 1 or 2 children.

Let 99%(n) denote the set of Motzkin-trees with n vertices.

As the name suggests, they are related to Motzkin-numbers and Motzkin-paths, which,
just like Catalan-numbers, have diverse applications in geometry, combinatorics and
number theory, see [DSTT].

Since we already know the degree-weights of binary trees (¢g = 1, ¢1 = 2, ¢ = 1 and
¢; = 0 for j > 3) and we know there are no attachment positions in Motzkin-trees,
we get ¢g = 1, o1 = 1, ¢ = 1 and ¢; = 0, for j > 3, and thus the degree-weight
generating function ¢(t) = 1+t + ¢* and therefore:

["]F(z) [2"]F'(2)
[ é(F(2) [+ F(z) + F(2)?)

p(n) = n > 1. (5.7)
Example 7. For this example it’s convenient to define EN(T') as the set of leaves of
the rooted tree 7. EN(T') consists of all vertices v satisfying deg(v) = 0 and thus
h, = 1.

First we want to apply (5.7) on the function

1 1 1 1 1
Fz)==(e"—1) == S =1 == (S =2]|.
(2)=3( =1 2(%0 1 ) 2(7§n!2)
We obtain
MF(z) = 1 >1
PR = o
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By simplifying the denominator of (5.7)), we get

" 6(F(2) = [" (1 + F(2) + F(2)*)

1 1
— [,n—1 1 Z(ef —1 .
) (14 5 = 1)+ 4
3 1
o n17_7.2,z: n—1
—[Z ]4 46 [’Z ]4 4
3 . 2n?
_[,n—112 n
=z ]4 7; n!z

_{ 20 if g > 2,

(n nHH
5 if n=1.

Finally, with (5.1)) and our results, we get

8 12"

O
A= o) 2 T 2
1

In conclusion we derive the hook-function

1 .
=2 it n > 2,
n)=
pn) {1, ifn=1,

and the hook-length formula

1

> II hooh—2 ol

TeM(n) veT\EN(T)
Therefore, it follows
n>1 \TeM(n) veT\EN(T)
Rearranging yields the equivalent hook-length formula

1

X e

TeM(n) veT\EN(T

23

S(S I ) S

2n!

1

=1,



and thus

1 z

S =

n>1 TeM(n) veT\EN(T

_Z‘

In Chapter 3 we mentioned the so-called tree-function W(z), which satisfies the func-

W(z)

tional equation W (z) = z - e . In (3.14)), we have proven

-1
1Ly m(n + m) -
n>1
with P(z) = e"®). To get the explicit form of W (2)™ we multiply P(z)™ by 2™ and
get

1
W(z)" =2 P(z)" ="+ 2" % (”+,m> "
et n!
m(n 4+ m)"! pn-m-l
=2"+ ) o =z"+ Z
n>1 : n>m
_ Z mnn—m—lzn
N o (n —m)!
For the next corollary we need
nnf2 .
W(z) = = (n— 1)!2
(5.8)
nnfl "
g ' A s
=1
and
2nn—3
W(z)? = 2" 5.9
0= % ooy (59)
Corollary 5.10. It holds
| 1 1 n n—1_n
Sl Y g 11 (1+ h)z =Y (n 4 1),
n>1  TeM(n veT\EN(T) v n>1

Proof. Recall EN(T) denotes the set of leaves of the tree T.
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We now use the same ¢(t) = 1+¢+¢%, but the different function F(z) = 1 (%ﬁ” — 1).
To apply (5.1), we need [2"]F(z) and [z""|¢(F(2)), which now we are able to obtain

easily by using (5.8):
1 (22) 1[0 QnLnTl - 2"
MEe) = s (Y22 ) o (e 2
) = 1y (T - 1) [z12( -

_ n} n(n+ )n‘zn _ Zn n—l(n+ )n Zn
- (22 (i 1) )‘[ 122y
(4 1)

and

2 2z (22)2 2z
1 1 1 2 1 2 1 22)?
oLyl L W) 1 W) 1 W)
2 4 2 2z 2 2z 4 (22)?
31 W(22)?
— n—1 — . > 1
SRR 222 "=

For n > 2 and with (5.9)), we calculate

1 W(22)?

n—l]i

n+1 1 2 _ n+1
I T — g WP =

16

[z

1 2n+2(n + 1)n—2

16 (n —1)!

2" (n4 1)
B (n—1)!
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Finally, with (5.1) and our results we get

21 (n41)"
o) = —ZAFE) i - 20t 1)
T [an—1 T on—2(p41)n—2 T
e(F(z) — E2 T,

(],

In conclusion we derive the hook-function

2(1+1), ifn>2,
p(n) = (1+3) .
1, if n=1,

and therefore

! "=
;(Te%;(n)l 11 2<1+hv))2 _7; (n+1)!

veT\EN(T)

This implies the hook-length formula

1 2”_1(n + 1)

2 1l 2<1+h>: (n+1)!

TeM(n) veT\EN(T) v
n—1 n—1
— Z on—|EN(T)| H <1 n 1) _ 2" Y n+1)
T hy n!
€EM(n) veT\EN(T)
n! n—|EN(T)| 1 n—1
= = > 2 11 <1+h =(n+1)

2 TeMm(n) veT\EN(T) v

<— n! Z o= |EN(D)|=(n=1) H (1 + 1) =(n+ 1)”_1
TeM(n) vET\EN(T) o

' 1 1 n—1
TeM(n) vET\EN(T) v

Altogether, we obtain

Z(n! > e 11 <1+;}>)Z”:Z(n+l)”_lz”,

n>1 TeM(n) vET\EN(T)

which is the corresponding formula to Postnikov’s result (3.9)) for Motzkin-trees.
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5.2.3 Labelled ordered trees

In this section, we describe various labelled tree models, using a variation of our
approach for weighted ordered trees. For this purpose, we extend the definition given
in Chapter 4.

Definition 5.11. A labelled tree of size n is a tree, where its nodes are labelled with
distinct integers of the set {1,2,...,n}.

We denote the family of labelled ordered trees with O and IL(T') the set of labellings
of a given ordered tree T' € O.

Apparently |L(7)| = nl, for T' € O(n). Following this, we consider a labelled ordered
tree Tp, € Oy as a pair Ty, = (T, L) with T' € O and L € Ly a labelling with distinct
integers of {1,2, ..., |T}.

Now we have to associate each labelled rooted tree T” with a non-empty set of ordered

labelled trees. To achieve this we use shapeset notation:

Definition 5.12. For a labelled rooted tree family Ry, we associate to each tree T' €

R a non empty set of ordered labelled trees by
N — 1) p(2) (m) : (1) -
shapeset(T") = {17, T;”,...,7, "}, m>1, withT;” € Op,1<i<m,

where the trees T", Tél), - ]Em), are “label-isomorphic” meaning that for all1 < i <m

and labels x,y it holds:

vertex labelled x is a child of vertex labelled y in T" == vertex labelled z is
a child of vertex labelled y in Tg).

Equivalent to our approach with unlabelled tree models we assume there exists a
weighted ordered tree family § with a degree-weight generating function ¢(t), such
that for each labelled ordered tree T;, € 9 the following relation holds:

1
x(T1) = [shapeset(T")|
Waeg(TT,) Z ) |shapeset(T")]

T'eRL Ty € shapeset(T’
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With p defined as an arbitrary hook function and Ty, € 9 we further get

1

Tr) = Tr) - e 1) = 00, 1) - lshapeset (T |
W(TL) = Whook(TL) * Waeg(TL.) = Whook (1) 2 )|shapeset(T’)|

T'eRy, Ty eshapeset(T’

_ Z Whook (TL)

T'eRy,: T eshapeset(T”) |Shapeset (T/) |

Following our isomorphic shapeset definition, we further conclude
Whoot (T") = whaok<T£i))7 1<i<m,
which leads to

wr)= % Lhont ()

T'eR LTy eshapeset(T") |Shapeset (T/) |
Furthermore, we obtain (recall that |L(7")| = n!):

DIRTCAED SRS SIFERE T SRR

TeD(n) TeD(n) LeL(n) e (n)

. 1 whook’(T/)
-~ nl 2 2 ) |shapeset(T")]

TreDL(n) T'eRL T Eshapeset(T”

1 Whook (T/)
= —. h t(7T)] - ——22%F 7
2 Ishapeset(T") |shapeset(T")]

T'eRr(n)

_ZM

which leads to
Zn
LGRS PORTCIEED o1 I wiewie) e
n>1 \Te(n) n21 \T'eRr(n) "

This means, that our result (5.1)) for weighted tree families associated to a degree-
weight generating function ¢(t) is also true for the corresponding labelled tree family
Rp.

Example 8. We now examine the family € of labelled cyclic trees.

Definition 5.13. A labelled cyclic tree is a labelled tree where each vertex is either an
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end-vertex or its children are arranged via circular shifts such that the child with the

smallest label is always the leftmost child.

To use we have to assign the right degree-weights to our weighted ordered tree
family ©. In case of an end-vertex we set ¢y = 1. Since T, T" € € are considered equal,
if the order of children of each vertex v’ € T” can be obtained by cyclic movements of
the children of the corresponding vertex v € T', and for j children, there are j different

equal cyclic positions. Therefore we conclude ¢; = %, for j > 1.

Further we need ([2.6)):
1 1
In < > =5 2"
1—=z2 R

Overall we get ¢(t) =1+ ln( ) which allows us to use (|5.1]) by defining
F(z) =1—e W& with W(z) defined in . In -, we already derived

m(n +m)"1

P = (W _1+Z—zn
n>1
-1 n—1
:>€W(z):( _1+Z TL ) ) on
n>1 n'
_ 1)n—1
1 — W(z) _ (n n
e 1%:1 ol V4
n (n — 1)n—1
= () =

With (5.8) we obtain
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So, with (5.1)) it follows

n— n—1
p(n) = IFG) o
[rto(F(z)) i

—1 1
)

n n

yielding

Thus, it follows
1
> I (1-5)=m-v
Te€(n) veT\EN(T) hv
and

=50, 0) -5

n>1 \Te€(n) veT\EN(T) v
5.2.4 Weighted ordered forests

To further generalise some of our previous results about ordered forests, we now in-
troduce forests of weighted ordered trees. Then our already known formulas appear

as particular instances.

Definition 5.14. A given finite sequence F' = (T4, ..., T}) of ordered trees, where we
allow the empty sequence F = ¢, is called ordered forest. We call the family of ordered
forests Op and define their size |F| = |T\| + |To| + - - - |Tk|, with |¢| = 0.

Now we define a weight for each ordered forest.

Definition 5.15. Let F' € Op be a given ordered forest. Then F has a weight w(F")
defined as:
k
w(F) = ¢ Hw(Tl), if F=(T1,...,Ty), and w(e) = ¢p.

=1

Recall that (¢;)j>0 is the degree-weight sequence associated to a family O of weighted

ordered trees.
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Following to this definition, the family O of weighted ordered forests consists of all

ordered forests F' together with their weights w(F'). The generating functions

=2 D w

n>1TeO(n)

of the total weights of ordered trees of size n, and the generating function

=2 > w

n>0 FEOR(n)

of the total weights of forests of size n are, due to our definition of the weight of a

forest, simply connected by

Theorem 5.16. Given a family O of weighted ordered forests associated to a degree-
weight generating function ¢(t) = ;50 @517, with g # 0 and ¢1 # 0, let G(z) be the

generating function of the total weights of forests of size n,

n>0 \FeDp(n)

G(z)=>_ ( > w(F)) 2" (5.10)

Then the hook-weight function p satisfies

NG —d)

p(n) = TG0) , > 1, (5.11)

where ¢(t) == d(t) — ¢o, and p=U(t) denotes the inverse function of (t), with respects
to composition, i.e. ¢((t)) = PN (P(t)) =1t

Proof. Due to ¢ # 0 and Theorem [2.9] there exists a formal power series ¢l U(t) =
> j>1¢;t7, which is inverse to o(t).

From G(z) = ¢(F(2)) and our definition of ¢(t) we get the relation G(z) = ¢y +
O(F(2)), s0

F(z) =2 > )w(T)Z" = ¢"(G(2) — o).

n>1TeO(n
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Therefore we can use (5.1)) to obtain

() [0 NG(E) — d)
L 6(F() (@@ (G(=) — o)

R - )
=" (60 + H@I(G(2) — )

_ [218-1(G(E) - 60)
GG

p(n) =

]

In Chapter 4, we obtained expansion formulas for different kinds of forests. We’'ll use
to confirm our results.

With the degree-weight generating function ¢(t) = ﬁ for plane forests we are yet to
prove the result (4.9):

Therefore ¢I~(t) = L. We conclude

pln) = Hin”g] (2) -1 _ [0~ i)

2 [G()

n>1

G
"G (=)~
)

lGE e

which proves (4.9)).
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For forests of labelled trees, we obtained result (4.13)):

[2"] In(F(2))

"= TG

With the degree-weight function for forests of labelled trees ¢(t) = €', we obtain
o(t) = e — 1, yielding
dt)=e —1=o(t)+1=¢,

In(o(t) +1) =t.

Consequently ¢l=1(¢) = In(1 4 t). Hence, with (5.11)), it follows

"0 (G(z) — 1) _ [2"]In(G(2))

= emem o) e

Finally we use (5.11)) for a new family of forests called labelled cyclic forests €p.

Definition 5.17. A given finite sequence F = (T4, ..., Ty) of cyclic trees, where cyclic
rearrangments of a particular sequence of trees are considered to be equal, is called

labelled cyclic forest. We allow the empty sequence F' = e.

We call the family of labelled cyclic forests € and define their size |F| = |T1] + |Tz| +
oo+ |Ty|, with |¢| = 0.

Recall, that for cyclic trees we found the degree-weight function ¢(t) = 1 + In(1;)
and with

(1L 1 e
1—t:>1 t_e¢(t)

we get ¢l7U(t) = 1 — e'~*. With (5.11)), the tree-function W(z) = 3,5, 2", and
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[z”]&[fﬂ(g(z) ~1) - [27]e! =G ()
o "G () [YG(R)
e
T W) + 1

In Chapter 3, we got result (3.14)) for a power-series P(z), which satisfies P(z) = e"(*),

recall:
m(n+m)"t

playm =S T
(2) n};ﬂ =
For m = —1 we obtain P(2) ! =e W& =% —(“_Tll)!n_lz”. We get
IR SR S
PNV =~ - (717711)'”—2 -
[z (z) + 1 = n
1
=1—-—, n>2,
n

which yields the hook-length formula

> M (1, )=

FeCp(n) veF\EN(F)

and thus

) ( > 11 (1 + li,)) 2" = ;nnlz”.

n>1 \Fe€p(n) ve F\EN(F)
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6 Hook-length formulas for increasing trees

In this chapter, we follow the calculations and results for increasing trees given by
Kuba and Panholzer in [KP13, [KP16].

Definition 6.1. An increasing tree T is a specific labelled tree with size n, where the
nodes are uniquely labelled by integers from 1 to n, so that every sequence of labels in

any path starting from the root is increasing.

Definition 6.2. Let O(n) denote the set of ordered trees with n vertices and let O be
defined as

O =JOMm).

Analogous to the previous chapter we will define the family J of weighted increasing

trees as follows:

Definition 6.3. The family J consists of all ordered increasing trees T € O together

with their degree-weights waey(T), where waey(T) is defined as:

wdeg(T) = H ¢deg(v)7

veT

with a degree-weight sequence (¢;)i>0, po # 0. The hook-weight Wheor(T), given for a

hook-function p, and the weight w(T') of an increasing ordered tree is defined as:

whook(f) = H ﬁ(hv), U)(T) = wdeg(T) . whook(T)~
UET
Definition 6.4. Let ¢(t) := > ;50 ¢;t7 denote the degree-weight generating function.

Then the exponential generating function of the total degree weights is given by:

T(2) ::ZTnj;, Tyi= S wae(T).

n>1 Ted(n)

Now we are able to prove the corresponding expansion technique for weighted increas-

ing trees.
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Theorem 6.5. Given a family J of weighted increasing trees associated to a degree-
weight generating function ¢(t), let F(z) be the exponential generating function of the

total weights of increasing trees of size n:

(% wn)5-ro 1)

n>1 \Ted(n)

Then the hook-function p satisfies

() _ _nl"F(2)

" E )

[ o(F(2) [ ]6(F(2)

p(n) = n>1. (6.2)
Proof. We use [2"]F(2) = [2"] Sps1 faly = fudy, with f,, = ZTe{)(n)w(T) and the
top-bottom decomposition of a tree into a root vertex v and the subtrees attached to
it. We consider a tree T with size n > 2 and assume that the root v has out-degree
J = 1. Recall the root vertex gives a degree weight factor ¢g.4,) = ¢; and a hook-
weight p(h,) = p(n). We split our tree into its root v and the subtrees T; attached to

the root:

and the multinomial coefficient , since after removing the root v the remaining
n — 1 vertices are distributed to the j subtrees and we need to consider all the ways
to do so.

We start of with [z"~'|F” and get

[Zn—l]F/ — [Zn—l] D Te%(n) U}( N) (n — 1)'
w(T)
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By now considering all possible ways to build an increasing tree of size n > 2 we

conclude

T ' znfl U}(T)

tj>1 ni+-+nj=n—1
n1,n2,...,n; >1

~ T 1 [ 1

ODIEEDY ( > w<T1>).“' 2wy

j>1 n1+n2+~~+n1§?—1 T1€D(n1) ' T; j e
n1,M2,..., ng =

mal |°
J>1 migeedmy=n—1]=1 "1’ no! onyl
ni,ng,...,n;>1

Simplified with the [2"] operator and using (4.4)) and the definition of ¢(t) = 3,50 Pnt"

we obtain

which, due to (2.10)), leads to

" E () nfen]

e |
p(n) [2n1)p(F(2)) [z Yo (F(2))

Now we check the inital case n = 1. Since ['|F = Y 7ca b0 - p(1) we get
[2°]p(F(2)) o
which proves the theorem for all n > 1. O]
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Alternatively, by starting with a family O of weighted ordered trees associated to a
degree-weight generating function ¢(t) and a set IL;(T') of all increasing labellings with
distinct integers from {1,2,...,|T|} for each ordered tree T' € O, we can also define

the family of weighted increasing trees as follows:

Definition 6.6. The family J of weighted increasing trees consists of pairs (T,L),
where T € 9 is an ordered tree and L € IL; an increasing labelling, together with their

degree-weights Waeq(T).
We use this definition and the next lemma to prove (6.2)) by using (5.1)).

Lemma 6.7. For any ordered tree T € O(n) the number of increasing labellings
\L;(T)| of T is equal to

n!

H’UET hv ‘

1L (T)] = (6.3)

Proof. Since we take a look at some k-labelled increasing tree families later on, we
prove ([6.7)) for k-labellings, see (6.10). The lemma is then a special case for k = 1. O

With this lemma we can now show the strong connection between our previous results

for weighted ordered trees and hook-length formulas for weighted increasing trees.

Lemma 6.8. If the hook-weight functions p and p of the families I and O, respectively,

satisfy the relation

p(n) = np(n), (6.4)

then the following relation between the total weights of weighted increasing trees T € O
and weighted ordered trees T € O holds:

Yo waeg(T) - T () o = S waeo(T) - T1 p(ho) 2" (6.5)

|
n>17ed vel ne o >1Ten veT
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Proof. We prove this by equating coefficients, so it follows

*deeg ) 11 k) *Z > Waeg(T) - I plho)

Ted veT T TeO LeL(T) veT
: )< TL k) - ILa(T)] = 3 waeg() - T () -
= Wde 1 - We
nl 7% ol veT l o ol veT HvETh
= 3 wae (1) [T ) -
TeD veT H'UET v
Since
. p(n
) = npln) = P — i),

we finally get

Z wdeg(T) ) H ﬁ(hv) : HvETh = Z wdeg ) ) H p(h

TeOD veT TeO veT

So, assuming p(n) = np(n) holds, and defining

F<z>—z< > wig(T) Hp(hw) -

n>1 \Te€O(n) veT

with we get F(z) = F(z).

Example 9. Let J, denote the family of increasingly labelled k-ary trees. In Chapter
4 we derived the following hook-length formula:

(m+ (k—Dh)>t
o e e, e

Tefk(n )veT

m(k(m + (k — 1)n))" ",

for k-ary trees. Now we use (6.4) and (6.5) to obtain a hook-length formula for
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increasingly labelled k-ary trees:

m + (k — 1)h,)™~! S
2 5 +JEk;( )(>va )— fyyez = Mkl (k= 1)n))

TeTk(n) veT

= Z H mk: +( k;(k _1)1()h}iv)—v1))hu—2 = m(k(m + (k = 1)n))""",

yielding

n n

| |
n>1 \Tea,(n veT ne > n:

N

6.1 Bilabelled increasing trees

We take a look at bilabelled increasing trees first, before we expand the results to

general k-labelled increasing trees.

Definition 6.9. A bilabelled increasing tree T is a specific labelled tree of size n, where
the nodes are uniquely labelled by sets of size 2 of integers from 1 to 2n, so that each

label of a child vertex is larger than all the labels of its parent vertex.

Then the family J, of bilabelled increasing trees consists of all trees T' € O together
with their weights w(T') and the set of increasing bilabellings L2(7T'), so we can identify
it with triplets (T, w(T), L(T)), where L(T) € L3(T).

Let Ty, := Speom w(T) - |JL7(T)| be the number of bilabelled increasing trees with n
vertices and T'(z) denote the exponential generating function 7'(2) := 3,51 T, (Zgn), of
the number of bilabelled increasing trees T' € Ji(n) with n vertices.

In [KP16] it is shown, that this function 7'(z) fulfills the following autonomous second

order differential equation:
T'(z) = (T(2)), T(0)=0, T'(0)=0. (6.6)

Our next goal is to give an implicit representation of T'(z). Therefore we translate the

second order differential equation into a first-order differential equation.
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Lemma 6.10. The exponential generating function T'(z) of bilabelled increasing trees

with degree-weight generating function ¢(t) satisfies the first oder differential equation:
T'(z) = 2(T'(2)), T(0) =0,
with ®(z) = [5 o(t)dt. T(z) is given implicitly via

r = Z.

) 1
S,
/0 V20(T(x))

Proof. We start by transforming into an first-order differential equation by mul-
tiplying it with 7"(2).

T'(2)T"(2) = T'(2)¢(T(2))-

Integrating both sides yields

(T'(QZW = @(T(2) = T'(2) = \20(T(2)), T(0) =0.

To obtain the implicit representation we need separation of variables, see [EBCD12,
p. 42-51]. It states that the solution of the differential equation

y'(z) = fy(@)g(x), y(zo) = o,
is given by the solution y of following equation:
y(*) ds /w
—_— = s)ds.
/y DTS g9(s)
In our case this leads to

dr =z +C.

T(z) 1
! J22(T(2))

Since T'(0) = 0, the constant fulfills C' = 0, completing the proof. ]

71



Further we need the number of different increasing bilabellings of a tree.

Corollary 6.11. The number [L3(T)| of different increasing bilabellings of a tree T

of size n is given by

2n)!
LI(T)| = ( . 6.7
= @@, - 1) o7
Proof. By Lemma for k = 2. O
Now we can prove the next hook-length formula:
Corollary 6.12. [t holds
¢deg 2 Tn 2
2= z, (6.8)

Proof. With (6.7) and T,, := Spego( w(T) - [LF(T)| , we get that the total weight T,

of increasingly bilabelled trees of size n is given as follows:

Waeg (1) (2n)!
T, = |
Te%:(n) [Toer (2h, (20, — 1))

Dividing by (2n)! leads to

3 Waeq(T) _ T
réo(n) Hver (2hy(2h, — 1)) (2n)!

¢deg(v) o Tn
= 2 1l 2h,(2h, — 1) (2n)!

TeO(n) vel

concluding to

= (3 Mot

n>1 \TeO veT
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Example 10. We consider the family of unordered bilabelled increasing trees with

the degree-weight generating function ¢(t) = e'. Now we use Lemma m

O(z) = /Ox¢(t)dt - /Oxetdt et 1

:/T@) 1
0 f2%er—1)

Substituting u = v/e? — 1 = u? = e® — 1 = u? + 1 = % yields

du 1 . Ui+l 2u
= dv =

dr 2/ =1 2 R EER

Thus

TE-1 ] 9y 2 Vel
v 2 "
NG 1

1 [7T() 1 1
— - 22 du= -
\/5/0 [2(er — 1) \/5/0 u u?+41 + u?
2 arctan(u)|, 71 = /2 arctan ( T(z) — 1) .
Therefore

V2 arctan ( el(z) — 1) = 2z = arctan ( T(z) — 1) \j_

)+1

Sl

2
= /eI — 1 =tan | —= | = ¢7® = tan?
(ﬂ)

= T(z) =1In (tan2 (\%) + 1) :

Extracting coefficients leads to the so-called reduced tangent numbers
T, = (2n)![2*"T(2) = E,.

Together with ¢(t) = e' = ¢; = , and 1@' we obtain

1 2n Eﬂ 2n
Z( 2 Hdeg )2hv(2hv—1)>z _2(271)!2 '

n>1 \TeO(n)veT
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6.2 k-labelled increasing trees

Analogous to bilabelled increasing trees we define:

Definition 6.13. An k-labelled increasing tree T is a specific labelled tree of size n,
where the nodes are uniquely labelled by sets of size k of integers from 1 to kn, so that

each label of a child vertex is larger than all the labels of its parent vertewx.

Then the family T, of k-labelled increasing trees consists of all trees T' € O together
with their weights w(T") and the set of increasing bilabellings IL¥(T'), so we can identify
it with triplets (T, w(T), L(T)), where L(T) € L¥(T).

an

The exponential generating function 7'(z) = 3,5, T”W fulfills
T®(2) = ¢(T(2)), TW(2)=0, 0<I<k—1 (6.9)

Lemma 6.14. For any tree T € O(n) the number of increasing k-labellings |IL%(T)|
of T is equal to

(kn)!

ILH(T)| = Moy (ehE (6.10)
where nE =n(n —1)(n —2)- (n—k+1).
Proof. We use induction on the size n of a tree.
For n = 1 there is obviouly exactly one increasing labelling and h, = 1. Thus,
LA = i = 4 -1

Let the lemma hold for n — 1 and consider a tree T of size |T'| = n. We split the tree
into its root v, which has an arbitrary out-degree j and its j subtrees. Due to T" being
an increasing tree, the root vertex v must have the labellings {1,2,...,k}.

The subtrees T7(n1), T2(ng), ..., Tj(n;) fulfill 1 < ny,ng,...,n; < n —1. Its easy to
see, that each subtree, after an order preserving relabelling, is itself an increasing k-
labelled tree. Since the remaining kn — k labels are distributed to the j subtrees, we

use the multinomial coeffcients (4.11)):

kn —k B (kn — k)!
kny, kng, ... kn; ) (kny)!(kng)!. .. (kn;)!
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Together with the induction hypothesis we obtain:

kn —k

/{;nl, kTLQ, e

L = ) IS LT L)

J

(kn—k)! & (kny)!
1y (kn)! =y Toer, (kho )k

_ (kn—k)! 7 (kny)!
IIi:l(k7U)!Ili:1IIveT}(khW)E
(kn — k)!

Ty oer, ()t

After reattaching our root vertex, we have to consider its labels. Since we have an
increasing tree, the root node must be labelled with the £ smallest labels, which adds
the weight (kn)k. This concludes to:

A B (kn — k)! B B (kn)E
O = T o e~ = P T (e
B (kn)!
B HUET (khv)E

With (6.10) we can obtain a generalization of (6.8).

Theorem 6.15. Let Jy be the family of k-labelled increasing trees. Then it holds

S(gmim)nhe

n>1 \TeO(n)veT n>1

Proof. With (6.10) and T}, := e w(T) - [LF(T)| , we get that the total weight T,

of increasingly k-labelled trees of size n is given as follows:

B Waeg(T) (kn)!
T = 2 Thoer (bt

TeO(
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Dividing by (kn)! leads to

wdeg(T) _ Tn
TeD(n) HUET (khv)h (kn)‘

¢deg o Tn
= 2 G~ gr

TeD(n vET

concluding to

]

To show an application of (6.11]), we consider the family of unordered trilabelled in-
creasing trees. Let ¢(t) = e again be the degree-weight generating function. For the

next hook-length formula we need the Blasius differential equation.

Definition 6.16. The Blasius differential equation is the following third-order ordi-

nary differential equation:

y'(2) +y"(2)y(2) =0, y(0) =0, ¢'(0)=0, limy'(z)=1, (6.12)

Z—00
and arises in the theory of fluid boundary layers, see [Bla0§].

The solution of this differential equation satisfies

(z)=> (-1)”Lﬂ+lz3n+2 ¢ =y"(0) = 0.4695 (6.13)
Y = 3n +2)! ) Y . cee )

with po = 1 and (p,,)n>1 & certain positive integer sequence. Now we can prove:

Corollary 6.17. It holds

! 3n Pn-1 3n
Z( A deg( )'3hv(3hv—1)(3hv—z)> =2 G

n>1 \TeO(n) veT n>1

where (py)n>o denote the coefficients of the Blasius function y(z).
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Proof. Since ¢(t) = e' = ¢; = % and due to 1) by setting k = 3 we obtain

1

2 ( 2 L G mheh = DEh = 2)) 2=

n>1 \TeO(n)veTl

Therefore, we just have to show T,, = p,_1.
By , the exponential generating function 7'(z) satisfies the third-order non-linear

autonomous differential equation
T"(2) =™, TMW(0)=0, n=0,1,2.
Now we differentiate this equation und set F(z) = T'(2):
T"(2) = T'(2)e"®
= F"(z) = F"(2)F(2)
= F"(2) - F"'(2)F(2) =0, F(0)=F(0)=0, F'=1.

Since F(2) = Y,>1 Tn%, we obtain F'(—z) = Y ,51 (—1)" T, (3n ry- Comparing
this to (6.13)) and considering F”(0) = 1 one gets

F(Z) _ iy (_Z) _ C1:1‘3 Z Cn+1 3n+2

(s (s (3n+2)! ¢n¢s
3n+2 3n—1
S0 (3n + 2)! et (3n —1)!
which yields our wanted result: T,, = p,,_1. O
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7 Summary
In this thesis we derived the following hook-length formulas:

e Binary trees:

1
a.

>, I 2hv—1:

TeB(n) ser b

1
> =
TeB(n)vel

2n
1= .

;1 3 H(1+ >:(n+1)”—1

TeB(n) veT
(m + hy)1 42"
=m(n+m)" —.
TGZ%: )vl;g (2m + h, — 1)ho—2 n!

S I h“l(m+z). :<m+n—1>‘

TeB(n) veT 2hy H (2m +1) m—1

127" (ma + 1) + 2ah, —i(a — 1))

(m
Te%:n)lg?h Hh“_2(2 (@ +1) +2(hy — 1) —i(a — 1))

:(Crbn—i_l H (a+ 1)+ 2an —i(a —1)).
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e Fibonacci trees (f, denotes the n-th Fibonacci number):

>, IIt=/u

TeBp(n) veT

(m+h, —1)(m+h,—2) [(m+n-1
hy(mhy, + hy, — 2) S\ m—-1 )

> 10

TE%F ) veT

e Complete binary trees:

> iy
TeB(n) veT h 2hv_2 nl
>, Il rh) =
TeB(n) veT
with
1, ifn=1,
p(n)=1q 1, ifn=2k+1,
%, if n = 2k.
e k-ary trees
1
>, I h, khv—l ol

Te‘Zk ’UET

120! (ma + k(a — 1)h, —i(a — k))
2 Hkh H 2 (kma+k(a—1)(hy — 1) —i(a — k)

TeX(n) veT

— MU (ma + k(a - 1n — ia— k).

|
s
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n

> H(l{;—1+}i})=i!(1+(/€—1)n)"—1

TeX(n) veT

(m+ (k= Dh)ht -
2 ke, — e ke = D))

TETk ’UGT

e Ordered trees and forests:

e

TeD(n) veT

DD | =

TEDF ) veT

=7t ((2hy — m)a — (a + 1)i)
Z H hl,—2 ((th —24 m)a — (a + 1)2)

ma n—1

=l ((2n+m)a — (a + 1)7).
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e Labelled trees and forests:

m
> I i =
Testp(n) veT (| i

ot (ahy — (@ — 1)k)

> ey,

Felrp n)UEF 13257 (a(hy = 1+ m) — (a — 1)k)

n—1

=ma [] (a(n+m)— (a —1)k).

k=1

> I[1=@+1)"

Feslpp(n) veF

e Motzkin-trees:

1

Y 11 Wzl-

TeM(n) veT\EN(T)

1

1 n—1
nl 2, OIEN(T)|-1 II (1 + m) =(n+1)

TeM(n) veT\EN(T)

e Cyclic trees:

> 11 (1—;”) =(n—1)"1

Te€(n) veT\EN(T)
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e Labelled cyclic forests:

S I (14 )=t

FeCp(n) ve F\EN(F)

e Increasing trees

— Increasingly labelled k-ary trees:

— hy—1
LY mk+ - >1<>hh)— Dy = Mk m o+ (= 1)n))"

TET,(n) veT

— Bilabelled increasing trees:

¢de (v) o Tn
2 I 2h,, (2}2 —1)  (2n)V

TeO(n) veT

where T}, denotes the number of bilabelled weighted increasing trees of size

n.

— Unordered trilabelled increasing trees:

1 Pn—1
2 11 deg(v)13hy(3hy — 1)(3hy — 2) (30!

TeO(n) veT

where (py,)n>0 denote the coefficients of the Blasius function (6.12]).
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