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Introduction

The purpose of this thesis is to derive the sharp asymptotic of the convergence rate to
equilibrium for a bistable dynamical system in the regime of large dimensions and small
noise. We will investigate the following system of stochastic ordinary differential equations

d

dt
Xi = Xi −X3

i +
µ

4sin( π
N
)2
(Xi+1 − 2Xi +Xi−1) +

√

2N

β
ξi, (1)

where ξ = (ξi)
N
i=1 represents R

N -valued white noise and we assume periodic boundary
conditions on the random vector X = (Xi)

N
i=1, i.e. X0 = XN . The white noise ξ(t) can be

seen as the formal derivative of a R
N -valued Wiener process t 7→W (t). Because the paths

of a Wiener process are almost surely not differentiable, the equation (1) is only formal.
However, the standard approach to make it rigorous is to rewrite it as an integral equation
in the following form

Xi(t) = xi +

∫ t

0
Xi(s)−X3

i (s) +
µ

4sin( π
N
)2
(

Xi+1(s)− 2Xi(s) +Xi−1(s)
)

ds+

√

2N

β
Wt,

for almost every ω in the underlying probability space Ω, with initial condition Xi(0) = xi.
Observe that t 7→ X(t) is a stochastic process, i.e. X(t) is a R

N -valued random variable,
and that we have suppressed the ω dependence of Xi(t) andWt in the equation for a better
readability. Further we denote by Xz(t) the solution of equation (1) with initial
condition Xz(0) = z ∈ R

N .

System (1) can also be seen as a discretisation of the stochastic Allen-Cahn equation in
one space dimension on the interval (0, 2π√

µ
), which can formally be written as

d

dt
Φ(t, x) = Φ(t, x)− Φ3(t, x) +

d2

dx2
Φ(t, x) +

√

2

β
ξ(t, x), (2)

where ξ(t, x) represents white noise in time and space. This by [1] and others well stud-
ied equation, is also known as the stochastic Chaffee–Infante equation. For example, this
model arises in the context of the φ41 model in stochastic quantization. We can relate the
stochastic ordinary differential equation (1) with the stochastic partial differential
equation (2) by the approximation Xi(t) ≈ Φ(t, 2π√

µ
i
N
).

We will discuss the equation (1) in the limit of vanishing noise, i.e. we are interested in
the limit β → ∞. With a suitable potential V : RN → R we can write this equation more

compactly as d
dtX = −∇V (X) +

√

2N
β
ξ. This stochastic differential equation describes

the trajectories of N coupled particles in the velocity field −∇V , which are additionally
exposed to a stochastic perturbation in the form of white noise. Looking at the energy
landscape of V , we see that there are exactly three critical points, the
points I− := (−1, ..,−1) and I+ := (1, .., 1) which are minima, and the third critical
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point (0, .., 0), which is a saddle point. Hence I−, I+ are attracting orbits for the determinis-
tic equation d

dtX = −∇V (X), whereas (0, .., 0) is an unstable equilibrium point. Therefore
we have a good heuristic understanding of the long time behaviour of solutions of the de-
terministic equation. Depending on where the solution starts, it will either converge
to (−1, ..,−1) or (1, .., 1), as long as it does not start in the unstable point (0, .., 0). As soon
as we add the stochastic perturbation, we obtain another interesting long time behaviour.
At first the system will still approach one of the stable orbits (−1, ..,−1)
or (1, .., 1), but for even larger times, we will see that so called metastable transitions occur,
see [2], and the system will converge as a probability distribution to the equilibrium
state dµβ = 1

Zβ
e−βV dx, independently of the starting point. In the limit of vanishing noise,

these probability measures µβ again converge to the distribution 1
2(δI++δI−). This tells us,

that even for arbitrary small noise, it is always possible for the particles to tunnel through
the potential barrier from one zone of attraction into the other. We see that the points I−
and I+ are stable for moderate time scales, but unstable for larger times. To quantify this
new time scale where stochastic tunnel effects appear, one defines the stopping time τβ,N as
the first time the particle enters the other zone of attraction. The Eyring-Kramers formula
for the finite dimensional case, for example see [3, 4], tells us in the limit of vanishing noise

E[τβ,N ] = c · eβ
4 ·

(

1 + oβ(1)
)

with a suitable positive constant c which can be computed explicitly.

Consider the diffusion operator L defined by the closure of −N
β
∆(φ) +∇V · ∇φ in the

Hilbert space L2(µβ), which is associated to our stochastic differential equation in the sense
that the evolution describing Markovian semi group

Qt(f)(z) := E[f ◦Xz(t)]

is generated by −L. Note that L is selfadjoint and the constant function 1 is the eigen-
function to the eigenvalue 0. Let us denote with λβ,N the first non zero eigenvalue of L.
By a standard spectral theoretic argument, we see that the convergence rate

‖E[f ◦Xz(t)]−
∫

f dµβ‖2L2(µβ)
≤ ‖f‖2L2(µβ)

e−λβ,N t

is governed by the spectral gap λβ,N . In this sense, one can identify the convergence rate
to the equilibrium state µβ of the dynamical system (1) with the first non zero eigenvalue.
Observe that the tunnel time τβ,N is related to λβ,N as well by the following equation

E[τβ,N ] =
2

λβ,N
·
(

1 + oβ(1)
)

, (3)

see [5, 6], which tells us that it is asymptotically equivalent to find the expected exit time
or the first non zero eigenvalue.
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It is known that the Eyring-Kramers formula for the expected exit times holds as well
for the (infinite dimensional) Allen-Cahn equation (2), for example see [7, 8, 9]. In the
context of finite discretization, this means that the asymptotic result

E[τβ,N ] = c · eβ
4 ·

(

1 + oβ,N (1)
)

holds with an error term oβ,N (1) converging to 0 in the limit β → ∞ uniformly in N ,
compare notation 4.4. In the relation E[τβ,N ] =

2
λβ,N

·
(

1+ oβ(1)
)

we have no insight about

the N dependence of the error term oβ(1), therefore it is not straightforward to see, that
the central relation

λβ,N =
2

c
· e−β

4 ·
(

1 + oβ,N (1)
)

(4)

with an uniformly in N controlled error term oβ,N (1) holds as well. Because of the Eyring-
Kramers formula, we know that this error term gets small in β for every discretisation
size N , while it is shown in [10] that one can find useful N independent estimates on λβ,N .
It is content of this thesis, to prove that the error term gets small for β → ∞ uniformly
in N .

Performing a so called ground-state transformation, one can see that the operator L is
up to a multiplicative constant unitary equivalent to a Schrödinger operator H = −∆+Φ
with a suitable potential Φ, see Corollary 2.7. In the framework of Schrödinger operators,
we would talk about the semi classical limit h := 1

β
→ 0 instead of vanishing noise,

where h corresponds to Planck’s constant, see [4]. In this setting, one also encounters
tunnel effects, which have been investigated in various papers, such as [11] or [12]. In
analogy to equation (3), it is described in [12], that the tunnel times in quantum mechanics
are associated to the low lying spectrum of the operator H. Again in [12], this low lying
spectrum is analysed. To be precise, the asymptotic exponential convergence rate of the
spectral gap gets identified, using the theory of large deviations. Observe that we want,
similar to the Eyring-Kramers formula, the sharp asymptotic of the spectral gap, and not
only the exponential convergence rate. Never the less, using the Schrödinger operator rep-
resentation H of our diffusion operator L can be a very useful tool, especially while working
with a fixed dimension N . The problem is, that the natural bounds on H have a bad N
dependence, which is why we will introduce different useful transformations in Definition
2.5.

This thesis is structured in the following way, in Section 1 we define and analyse the
energy landscape of our potential V . Especially we want to find the critical points, see
Lemma 1.10, and investigate convexity properties of V , which is content of Lemma 1.9.
This will be useful, because we have a good understanding of the spectral gap of an oper-
ator associated to a convex potential.

In section 2 we discuss the fundamental techniques, which we require for the main proof.
In particular, this includes the IMS localisation formula, which allows us to connect local

6

D
ie

 a
pp

ro
bi

er
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t i

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
at

 th
e 

T
U

 W
ie

n 
B

ib
lio

th
ek

.
tu

w
ie

n.
at

/b
ib

lio
th

ek

https://www.tuwien.at/bibliothek


Contents

results with global ones, see Corollary 2.19. Therefore we can restrict our investigations on
test functions which have a support contained in some subsets Ω ⊂ R

N . This investigations
should yield us a local version of the spectral gap, which we use in a combination of Corol-
lary 2.19 and Lemma 2.15, a version of the Max–min principle, giving us insight about
the spectrum. Furthermore we discuss logarithmic Sobolev inequalities in this section. For
instance, they give us the right understanding of the spectral gap associated to a convex
potential, especially see 2.12.

Even though we are interested in the first non zero eigenvalue, we have to do most of the
work, to control the second non zero eigenvalue, which is carried out in Section 3. We will
do this, by covering our space with subsets Ω1, ..,Ω6, where we can find the right estimates
for each Ωj . The precise definition of this sets is given in Definition 3.1. Roughly
speaking, Ω1 and Ω2 are neighbourhoods of the attracting orbits I−, I+ and the proof of
the local spectral gap is carried out in Section 3.1. The saddle point of V is contained
in Ω3, while the infliction points are contained in Ω5,Ω6. The investigations of these regions
are carried out in Section 3.2, respectively in Section 3.4. Finally, the region Ω4 contains
all points, which are away from the constants (x, .., x). Here the proof of the local spectral
gap is carried out in Section 3.3, and relies heavily on the fact, that the potential V is
convex, if we restrict it to points which are orthogonal to the constants.

In section 4 we will be able to prove the asymptotic of the spectral gap, using the
results of section 3. It is shown in [10], that the uniform bound on the second eigenvalue
implies the desired asymptotic of the spectral gap. We will also carry out this proof, but
only for the case of Dirichlet boundary conditions around one of the attracting orbits, see
Definition 4.1. This operator again corresponds to a stochastic differential equation, where
particles get absorbed at the boundary. If we denote with λDβ,N the first non zero eigenvalue
corresponding to Dirichlet boundary conditions, we will prove

λDβ,N =
1

2
λβ,N ·

(

1 + oβ,N (1)
)

=
1

c
· e−β

4 ·
(

1 + oβ,N (1)
)

,

in analogy to formula (4). Observe that for this eigenvalue we have the relation

E[τβ,N ] =
1

λDβ,N
·
(

1 + oβ(1)
)

instead of E[τβ,N ] =
2

λβ,N
·
(

1 + oβ(1)
)

. The factor 2 only appears, because we are looking

at the non generic case of a double well with equal well depths. This motivates, why λDβ,B
is more naturally connected to E[τβ,N ] and why we want to investigate the operator with
Dirichlet boundary conditions as well.
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1 Preliminaries

1 Preliminaries

In this section we will define the double-well potential VN and analyse its basic properties.
In general we will follow the approach of [10], where the basic analysis of VN is carried out
in chapter 2.1.

1.1 Notation

Definition 1.1. Given a µ > 1, we define for every N ≥ 2 a bilinear form on R
N (with vi

being the i-th component modulo N of v) by the formula

KN (v, w) :=
µ

4sin2( π
N
)

N
∑

i=1

(vi − vi−1)(wi − wi−1).

Furthermore let VN : RN → R be the potential

VN (x) :=
1

4N

N
∑

j=1

x4j −
1

2N

N
∑

k=1

x2k +
1

2N
KN (x, x) +

1

4
.

With a slight abuse of notation, we will also write KN for the linear mapping given by
the formula

(

KN · x, y
)

= KN (x, y), for all y ∈ R
N ,

where
(

x, y
)

:=
∑N

k=1 xk · yk denotes the standard scalar product on R
N .

Because of the special structure of our potential VN , it will be convenient to introduce
the following notation.

Notation 1.2. For x ∈ R
N we denote the standard norm on R

N

|x|2 :=
N
∑

k=1

x2k

and the mean

x̄ :=
1

N

N
∑

k=1

xk.

Furthermore let WN ⊂ R
N be the set of all y ∈ R

N s.t. ȳ = 0. We can then, for
every x ∈ R

N , perform the following orthogonal decomposition

x = (x̄, .., x̄) + y(x),

with y(x) ∈WN .

8
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1 Preliminaries

Definition 1.3. For N ∈ N≥2 and z ∈ R we define the function Fz,N :WN → R

Fz,N (y) := VN ((z, .., z) + y)− 1

4
z4 +

1

2
z2 − 1

4

=
1

4N

N
∑

k=1

y4k + z
1

N

N
∑

k=1

y3k +
3

2
z2

1

N

N
∑

k=1

y2k −
1

2N

N
∑

k=1

y2k +
1

2N
〈KN · y, y〉 .

We basically look at the function VN restricted to the subset (z, .., z) +WN , where we
subtract terms which are constant in y.

1.2 Analysis of Fz,N

First we show a convexity result for Fz,N .

Lemma 1.4. For all y ∈WN we have

〈KN · y, y〉 ≥ µ|y|2.

Proof. For this proof, we look at KN as a bilinear form defined on C
N . Then the elements

vk :=
(

ei2πkj
)N

j=1
,

with k = 0, .., N − 1 form an orthogonal basis of Eigenvectors, where vk correspond to the

eigenvalue λk := µ
sin(k π

N
)2

sin( π
N
)2

. Because we know λk ≥ µ for all 1 ≤ k < N we obtain for

all y ∈WN = {v0}⊥

〈KN · y, y〉 ≥ µ|y|2.

Corollary 1.5. There exists a positive constant c, s.t. for all N ∈ N≥2, z ∈ R and y ∈WN

HessFz,N |y ≥
c

N
.

Proof. For all v ∈WN we define x := (z, .., z) + y. Using Lemma 1.4 we obtain

HessFz,N |y(v, v) = HessVN |x(v, v) =
1

N

N
∑

k=1

3x2kv
2
k −

1

N

N
∑

k=1

v2k +
1

N
〈KN · y, y〉

≥ − 1

N
|v|2 + µ

N
|v|2 =:

c

N
|v|2.

9
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1 Preliminaries

For the proof of Corollary 1.5, it was necessary to assume µ > 1. In the last part of this
subsection we show some useful estimates of Fz,N .

Lemma 1.6. We can control Fz,N by the following two estimates. First of all we have for
all z ∈ R and y ∈WN

Fz,N (y) ≥
1

2N
〈(KN − I) · y, y〉+ z2

2N

N
∑

k=1

y2k.

Second, there exists a positive constant q s.t. for all y ∈W , for all z ∈ R and
all x ∈ R

N with y(x) = y and |x̄| ≤ 1

Fz,N (y) ≤
1

2N

N
∑

k=1

x4k +
q ·

(

z2 + 1
)

2N

N
∑

k=1

x2k +
1

2N
〈KN · x, x〉 .

Proof. We compute for the first estimate

Fz,N (y) =
1

2N
〈(KN − I) · y, y〉+ 1

4N

N
∑

k=1

(

y4k + 4zy3k + 6z2y2k
)

=
1

2N
〈(KN − I) · y, y〉+ 1

4N

N
∑

k=1

y2k(yk + 2z)2 +
1

2N
z2

N
∑

k=1

y2k

≥ 1

2N
〈(KN − I) · y, y〉+ 1

2N
z2

N
∑

k=1

y2k.

For the second estimate we define b := q ·
(

z2 + 1
)

. Then this problem is equivalent to

N
∑

k=1

1

4
y4k + zy3k + (

3

2
z2 − 1)y2k ≤

N
∑

k=1

1

2
y4k + 2x̄y3k + 3(x̄)2y2k +

1

2
(x̄)4 +

b

2
y2k +

b

2
(x̄)2.

This especially means that we are done, if we can show that the function

f(y) :=
1

4
· y2 + 2(x̄− z) · y +

(

3(x̄)2 − 3

2
z2 + 1 + b

)

is positive. We see that the minimum point of f is at y = 2z − x̄, with the value

f(2z − x̄) =
1

4
(−2x̄+ 2z)2 + (x̄− z)(−2x̄+ 2z) + 1− 3

2
z2 + 3(x̄)2 + q ·

(

z2 + 1
)

.

Since x̄ is bounded we can take the constant q big enough, s.t. the function is always
positive.
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1 Preliminaries

1.3 Analysis of VN

First of all, we compute some derivatives of our potential VN

∇VN (x) =
1

N

(

KN · x− x+ (x3k)k
)

,

HessVN (x) =
1

N

(

KN − I + (3x2k · δk,l)k,l
)

,

∆VN (x) =
µ

2sin2( π
N
)
− 1 +

3

N

∑

i

x2i .

It will be our next goal, to show that VN is uniformly convex on a ”big enough” neighbour-
hood around the points (−1, ..,−1) and (1, .., 1). As we will see later, these two points are
the local minima of VN .

For the next two auxiliary results, let us denote δ(v) := maxl,k |vl − vk| for all v ∈ R
N .

Lemma 1.7. There exist constants b > 0 and C > 0, s.t. for all v ∈ R
N with |v| = 1

and δ(v) ≥ C√
N

〈(KN − I) · v, v〉 ≥ 1.

Proof. With the definition C := 32π2

µ
, we obtain using Lemma 5.3

〈(KN − I) · v, v〉 = 〈KN · v, v〉 − 1 ≥ N
µ

16π2
δ(v)2 − 1

≥ N
µ · C

N

16π2
− 1 = 1.

Lemma 1.8. There exists a constant D s.t. for all v with |v| = 1 and δ(v) < C√
N

|vk| ≤
D√
N
,

for all k ∈ {1..N}.
Proof. First of all, we claim that there exists a j s.t. |vj | ≤ 1√

N
. To prove this, let us

assume |vj | > 1√
N

for all j ∈ {1, .., N}. From this we could conclude

|v|2 =
N
∑

j=1

|vj |2 >
N
∑

j=1

1

N
= 1,

11
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1 Preliminaries

a contradiction. Using the definition of δ(v) we obtain for all k

|vk| ≤ δ(v) + |vj | ≤
C√
N

+
1√
N
.

We define our neighbourhood Ωz0,γ as the set of all x ∈ R
N s.t. x̄ > z0

and |y(x)| < γ
√
N · |x̄| with a suitable choice of γ and z0. We are now able to prove the

following result.

Lemma 1.9. For all z0 >
√

1
3 , there exist positive constants γ and c, s.t. for all x ∈ Ωz0,γ

HessVN |x ≥ c

N
.

Proof. Let v ∈ R
N be an arbitrary vector with |v| = 1. First of all we consider the

case δ(v) ≥ C, where we chose C as in Lemma 1.7. From this result we obtain

HessVN |x(v, v) =
3

N

N
∑

k=1

3x2kv
2
k +

1

N
〈(KN − I) · v, v〉 ≥ 1

N
〈(KN − I) · v, v〉

≥ 1

N
〈(KN − I) · v, v〉 ≥ 1

N
.

In the other case that δ(v) ≤ C, we know from the Lemma 1.8, that there exists a D s.t.
for all k ∈ {1, .., N}

|vk| ≤
D√
N
.

With the decomposition x = y(x) + (x̄, .., x̄) we obtain, using |y(x)| < γ
√
Nx̄ and |x̄| > z0

HessVN |x(v, v) ≥
3

N

N
∑

k=1

x2kv
2
k −

1

N

N
∑

k=1

v2k =
3

N

N
∑

k=1

y(x)2kv
2
k +

3

N

N
∑

k=1

2y(x)x̄v2k +
3

N

N
∑

k=1

x̄2v2k −
1

N

≥ 3

N

(

x̄2
N
∑

k=1

v2k − 2|x̄|
N
∑

k=1

|yk(x)|v2k
)

− 1

N
≥ 3

N

(

x̄2 − 2x̄D2 1

N

N
∑

k=1

|yk(x)|
)

− 1

N

≥ 3

N

(

x̄2 − 2|x̄|D2

√

√

√

√

1

N

N
∑

k=1

|yk(x)|2
)

− 1

N
≥ 3

N

(

x̄2 − 2x̄2γD2
)

− 1

N

≥ 3z20(1− 2γD2)− 1

N
.

Note that because of z20 >
1
3 the numerator in the last expression is positive for γ small

enough.
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1 Preliminaries

Lemma 1.10. The potential VN has exactly three critical points at (−1, ..,−1), (0, .., 0)
and (1, .., 1), where (−1, ..,−1) and (1, .., 1) are minima and (0, .., 0) is a saddle point
where Hess(V )((0, .., 0)) has exactly one negative eigenvalue.

Proof. Computing ∇VN shows that the three points are indeed critical points.
According to Corollary 1.5, the function Fz,N is convex, with a minimum at y = 0. This
means ∇V (y + (z, .., z)) = 0 is only possible for y = 0. It is easy to show that z has to be
one of the values {−1, 0, 1}. Because HessVN |(1,..,1) = 1

N

(

KN +2 · I
)

is convex, (1, .., 1) has
to be a minimum. A symmetry argument shows that this also holds true for the
point (−1, ..,−1). We still have to prove that (0, .., 0) is a saddle point. Because exactly
one Eigenvalue of HessVN |(0,..,0) = 1

N

(

KN − I
)

is negative, we obtain that (0, .., 0) is a
saddle point.

Without the assumption µ > 1, we would lose the property that the potential has only
three critical values. At the end of this subsection, we show a property which will be useful
later on.

Lemma 1.11. There exists a constant C s.t. for all x ∈ R
N

W (x) :=
1

4
|∇βVN (x)|2 −

1

2
∆βVN (x) ≥ C,

where C might be negative and depend on N and β. Furthermore we have

lim
x→∞

W (x) = ∞.

Proof. Let us recall ∇VN (x) = 1
N

(

KN ·x−x+(x3k)k
)

and define s := β
N
(x31−x1, .., x3N−xN ).

We write

W (x) = |s|2 + 1

N
|KN · x|2 + 1

N
2 〈KN · x, s〉 −∆βVN (x) ≥ |s|2 − c0|x| · |s| − c1|x|2 − c2

≥ 1

2
|s|2 − (c1 +

c20
2
)|x|2 − c2 =

N
∑

k=1

(c3x
6
k + c4x

4
k + c5x

2
k + c6),

with suitable (positive) constants c0, .., c6. Because c3 is positive, the
mapping y 7→ c3y

6+c4y
4+c5y

2+c6 is bounded from below, which yields us the first result.
Because the mapping y 7→ c3y

6 + c4y
4 + c5y

2 + c6 − y2 is bounded from below as well, we
obtain for a suitable constant C ′

W (x)− |x|2 ≥ N · C ′,

and therefore W (x) tends to infinity for x→ ∞.
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2 Auxiliary results

2 Auxiliary results

In this section we gather some definitions and results, which will be useful later on.

2.1 Dirichlet Form

Notation 2.1. For a measurable function V : RN → R we denote by µV the measure

µV (A) :=

∫

A

e−V dx

Furthermore we will write C∞
0 (Ω) for the set of all C∞ functions φ : Ω → R which have

compact support and we will call the bilinear form

EV (φ, ψ) :=
∫

∇φ · ∇ψ dµV ,

defined on C∞
0 (Ω) functions, the Dirichlet form associated to the potential V .

In the following we define a diffusion operator, which will be our main object.

Definition 2.2. Let V : R
N → R be a C2 function. We define LV as the Friedrichs

extension (see [13]) in the space L2(µV ) of the symmetric and positive operator

L′
V :

{

C∞
0 (RN ) → L2(µV ),

φ 7→ −∆φ+∇V · ∇φ.

Lemma 2.3. For all functions φ, ψ out of the set C∞
0 (RN ) we obtain

EV (φ, ψ) = 〈L′
V φ, ψ〉L2(µV ) .

Remark 2.4. That the operator L′
V is symmetric and positive follows from

Lemma 2.3. As described in [13], this is sufficient for the existence of the Friedrichs
extension. In the following we are interested in the low lying spectrum of the operator

Lβ,N :=
N

β
LβVN ,

where VN is given by Definition 1.1. It is clear that Lβ,N is a positive selfadjoint operator.
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2 Auxiliary results

2.2 Unitary Transformations

Definition 2.5. Given a C2 function U : R
N → R, which we will call the reference

potential, we define a unitary transformation

TV,U :=

{

L2(µV ) → L2(µU ),

φ 7→ exp
(

− 1
2(V − U)

)

· φ.

We then define the transformed operators

LUV := TV,U · LV · TU,V : dom(LUV ) → L2(µU ),

where dom(LUV ) is the set of all φ ∈ L2(µU ) s.t. TU,V · φ ∈ dom(LV ).

Lemma 2.6. We obtain for φ ∈ C∞
0 (RN ),

LUV φ = LUφ+
(1

2
LU (VN − U) +

1

4
|∇VN −∇U |2

)

φ.

Moreover, the set C∞
0 (RN ) is a core for the operator LUV , if and only if it is a core for the

operator LV .

Proof. Let us denote W := 1
2(V − U) and compute

LUV (φ) = e−W · LV (eWφ) = e−W ·
(

−∆(eWφ) +∇V · ∇(eWφ)
)

= e−W ·
(

−∆WφeW − 2∇W · ∇φeW −∆φeW +∇V · ∇φeW +∇V · ∇WφeW
)

= −∆φ+
(

∇V − 2∇W
)

· ∇φ+
(

−∆W +∇V · ∇W
)

φ

= −∆φ+∇U · ∇φ+
(

−∆W +∇V · ∇W
)

φ

= LV (φ) + LV (W ) · φ.

Corollary 2.7. The special cases U := V and U := 0 yield for φ ∈ C∞
0 (RN )

LVV φ = LV φ,

L0
V φ = −∆φ+

(1

4
|∇V |2 − 1

2
∆V

)

φ.

Remark 2.8. The operator H := L0
V has the structure of a Schrödinger operator with

the potential 1
4 |∇V |2 − 1

2∆V . The operator H can be seen as the restriction of the Witten
Laplacian on the level of functions, which can more generally be defined on a Riemannian
manifold, for example see ([4], [14]).
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2 Auxiliary results

Lemma 2.9. The operator L′
βVN

from Definition 2.2 is essentially selfajoint i.e. LβVN is
the unique selfadjoint extension of L′

βVN
and the set of all smooth and compactly supported

functions C∞
0 (RN ) is a core for LβVN . We also know that the spectrum of LβVN is discrete.

Proof. We look at the unitary equivalent operator L0
V . An operator of the type −∆+W

with a C0 potential is, according to [13] Theorem 9.15, essentially selfadjoint, if W is semi

bounded from below. If we define W :=
(

1
4 |∇βVN |2 − 1

2∆βVN

)

we

obtain L0
βVN

= −∆+W . Furthermore, Lemma 1.11 tells us that W ≥ C for some

constant C, and therefore we know that the set C∞
0 (RN ) is a core for L0

V and hence a core
for LV , see Lemma 2.6. Lemma 1.11 also tells us, that W tends to infinity for x → ∞.
Therefore we know that the spectrum of our Schrödinger operator −∆+W is discrete, see
[13].

2.3 Logarithmic Sobolev Inequality

We will use the following results on multiple occasions. I want to refer to [15] and [16] for a
detailed analysis of this topic. We will use slightly different definitions, which will be more
convenient, since we do not want to cover the topic as general as in [15] or [16].

Definition 2.10. We say that a C2 potential V with
∫

e−V dx <∞ satisfies the logarithmic

Sobolev inequality with constant ρ > 0, if for all φ ∈ dom
(√

LV

)

, see Definition 2.2,

with 1∫
e−V dx

∫

φ2 e−V dx = 1

∫

φ2 log(φ2) e−V dx ≤ ρ‖
√

LV φ‖2L2(µV ).

For φ ∈ C∞
0 (RN ) this inequality becomes

∫

φ2 log(φ2) e−V dx ≤ ρ

∫

|∇φ|2 e−V dx.

Lemma 2.11 (Poincaré inequality). If the C2 potential V satisfies a logarithmic Sobolev
inequality with constant ρ >, then it satisfies a Poincaré inequality with the same constant.
Satisfying such a Poincaré inequality means that for

all φ ∈ dom
(√

LV

)

with
∫

φ dµ = 0

∫

φ2 e−V dx ≤ ρ‖
√

LV φ‖2L2(µV ).

For φ ∈ C∞
0 (RN ) this inequality becomes

∫

φ2 e−V dx ≤ ρ

∫

|∇φ|2 e−V dx.
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2 Auxiliary results

Proof. See [15] Proposition 3.1.8.

One of the most useful criteria to show a logarithmic Sobolev inequality is the following
result.

Lemma 2.12 (Bakry and Émery). Let V : RN → R be a C2 potential
with HessV |x ≥ m · I > 0 for all x ∈ R

N . Then V satisfies a logarithmic Sobolev inequality
with constant ρ := 1

m
.

Proof. See [15] Theorem 3.1.29.

Lemma 2.13 (NGS Bound). Let V be a C2 potential satisfying a logarithmic Sobolev
inequality with constant ρ and let Ω ⊂ R

N be a measurable set. Then we obtain for every
continuous function G with

∫

e−
ρ
2
G e−V dx < ∞ and all φ ∈ C∞

0 (RN ) with a support
contained in Ω

∫

|∇φ|2 e−V dx+

∫

Gφ2 e−V dx ≥ CΩ

∫

φ2 e−V dx,

with CΩ := −2
ρ
log

(
∫
Ω e

− ρ
2G e−V dx∫

RN
e−V dx

)

.

Proof. See [16] Theorem 7.

Putting together 2.12 and 2.13, we obtain the following corollary.

Corollary 2.14. Let V : RN → R be a C2 potential with HessV |x ≥ m · I > 0 for
all x ∈ R

N and let Ω ⊂ R
N be a measurable set. Then we obtain for every continuous

function G with
∫

e−
m
2
G e−V dx <∞ and all φ ∈ C∞

0 (RN ) with a support
contained in Ω

∫

|∇φ|2 e−V dx+

∫

Gφ2 e−V dx ≥ CΩ

∫

φ2 e−V dx,

with CΩ := −2m log
(
∫
Ω e

− 1
2mG e−V dx∫

RN
e−V dx

)

.

2.4 Estimate on the Spectrum

We want to show, that the spectrum of the operator Lβ,N defined in Remark 2.4
contains at most two values lower then some positive β and N independend constant C.
To do so, we need some kind of Max–min principle, for an introduction to this principle,
also see [13].
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2 Auxiliary results

Lemma 2.15 (Max–min principle). Let A be a selfadjoint operator. Assume that there
exist constants C, c1, .., cn and Hilbert space elements v1, .., vn such that for all x in the
domain of A (or all x out of a core of A)

〈Ax, x〉 ≥ C‖x‖2 −
n
∑

j=1

cj 〈vj , x〉2 .

Then

|σ(A) ∩ (−∞, C)| ≤ n.

This especially means that the part of the spectrum smaller than C is discrete and can
only contain up to n different values. If A has discrete spectrum we obtain

λn+1 ≥ C,

where λj denotes the j-th eigenvalue of A.

Proof. Assume that there are n + 1 different values λ1, .., λn+1 ∈ σ(A) with λj < C. Let
us choose an ǫ > 0 small enough, such that (λi − ǫ, λi + ǫ) ∩ (λj − ǫ, λj + ǫ) = ∅
for i 6= j and λi + ǫ < C. Then, pick wi 6= 0 with wi ∈ ran

(

E((λi − ǫ, λi + ǫ))
)

, where E
denotes the spectral measure of A. Because of

dim
(

span(w1, .., wn+1)
)

= n+ 1 > n ≥ codim
(

span(v1, .., vn)
⊥),

there exists an element x 6= 0 with x ∈ span(w1, .., wn+1) ∩ span(v1, .., vn)⊥. Because
of x ∈ span(w1, .., wn+1) ⊂ ran

(

E((−∞, C))
)

and x 6= 0 we obtain

〈Ax, x〉 < C‖x‖2.

On the other hand, x ∈ span(v1, .., vn)
⊥ together with the assumptions of this result implies

〈Ax, x〉 ≥ C‖x‖2 −
n
∑

j=1

cj 〈vj , x〉2 = C‖x‖2.

This is a contradiction, hence there can only be up to n different values in σ(A)∩ (−∞, C).

Our goal is to show the existence of a constant C > 0, such that

|σ(Lβ,N ) ∩ [0, C)| ≤ 2,

for all β big enough and arbitrary N ≥ 2. For this we will need the following localisation
results.

The next results will allow us to connect local results with global results. This technique
can for example be found in [17]. First of all, we will introduce some notation.
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2 Auxiliary results

Notation 2.16. Let ξ1, ..ξn be a family of smooth functions with
∑n

k=1 ξ
2
k = 1. Then we

denote for a smooth φ the decomposition φ1 := ξ1 · φ, .., φn := ξn · φ.

Lemma 2.17 (IMS localisation formula). For all smooth φ : RN → R

n
∑

k=1

φ2k = φ2,

n
∑

k=1

|∇φk|2 = |∇φ|2 +
n
∑

k=1

|∇ξk|2φ2.

Proof. The first claim is obvious. For the second one, observe that we
obtain

∑n
k=1 ξk∇ξk = 0 by differentiation of the equation

∑n
k=1 ξ

2
k = 1. Now we can

compute

n
∑

k=1

|∇φk|2 =
n
∑

k=1

|∇ξkφ+ ξk∇φ|2 =
n
∑

k=1

|∇ξkφ|2 +
n
∑

k=1

|ξk∇φ|2 + 2

n
∑

k=1

(∇ξkφ) · (ξk∇φ)

= φ2
n
∑

k=1

|∇ξk|2 + |∇φ|2
n
∑

k=1

ξ2k + 2φ∇φ ·
n
∑

k=1

ξk∇ξk

= φ2
n
∑

k=1

|∇ξk|2 + |∇φ|2,

where we made use of
∑n

k=1 ξ
2
k = 1 again.

Corollary 2.18. Let LV be the operator from Definition 2.2. We
have ‖φ‖2

L2(µV ) =
∑n

k=1 ‖φk‖2L2(µV ) and

| 〈LV φ, φ〉L2(µV ) −
n
∑

k=1

〈LV φk, φk〉L2(µV ) | ≤ ‖
n
∑

k=1

|∇ξk|2‖∞ · ‖φ‖2L2(µV ).

Based on the IMS localisation formula, we are able to verify the correctness of one of our
most important tools, which will allow us to work locally.

Corollary 2.19. Let RN = Ω1 ∪ .. ∪ Ωn be a cover of the whole space, ξ1, ..ξn a family of
smooth functions with

∑n
k=1 ξ

2
k = 1 and supp ξk ⊂ Ωk, and let us assume that we have a

family of functions ψk,1, .., ψk,m(k) ∈ L2(µV ) for all k ∈ {1, .., n}, s.t. for all

smooth φ ∈ C∞
0 (RN ) with supp φ ⊂ Ωk

〈LV φ, φ〉L2(µV ) ≥ C‖φ‖2L2(µV ) −
m(k)
∑

j=1

|
∫

φψk,j dµ|2.
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2 Auxiliary results

Under these assumptions, the part of the spectrum σ(L) smaller then C ′ := C−‖∑n
k=1 |∇ξk|2‖∞

can only contain up to m :=
∑n

k=1m(k) different eigenvalues.

Proof. We define for all k ∈ {1, .., n} and j ∈ {1, ..,m(k)} the functions θk,j := ξk ψk,j , and
denote the cut-off of a function φ with φk := φξk. Observe that supp(φk) ⊂ Ωk. Corollary
2.18 yields us

〈LV φ, φ〉L2(µV ) − ‖
n
∑

k=1

|∇ξk|2‖∞ · ‖φ‖2L2(µV ) ≥
n
∑

k=1

〈LV φk, φk〉L2(µV )

≥
n
∑

k=1

(

C‖φk‖2L2(µV ) −
m(k)
∑

j=1

|
∫

φk ψk,j dµ|2
)

= C‖φ‖2L2(µV ) −
n
∑

k=1

m(k)
∑

j=1

|
∫

φξk ψk,j dµ|2.

Therefore we obtain for all φ ∈ C∞
0 (RN )

〈LV φ, φ〉L2(µV ) ≥ C ′‖φ‖2L2(µV ) −
n
∑

k=1

m(k)
∑

j=1

|
∫

φ θk,j dµ|2,

and applying Lemma 2.15 immediately yields us the desired statement.
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3 Estimate on the third Eigenvalue

3 Estimate on the third Eigenvalue

In the proof that the third eigenvalue is bigger then some β and N independend
constant C, we follow the strategy of [10], which contains a combination of the IMS local-
isation formula Lemma 2.17, Corollary 2.19 and the version of the max-min principle in
Lemma 2.15. In a first step, we will cover RN with regions Ω1, ..,Ωm. We will then prove
the condition for applying the max-min principle in each region Ωk separately. The IMS
localisation formula will then yield us the desired statement for the whole R

N .

The success of our strategy is based on finding a good partition Ω1, ..,Ωn of the
whole R

N , s.t. 〈Lβ,Nφ, φ〉 ≥ C|φ‖2 or 〈Lβ,Nφ, φ〉 ≥ C|φ‖2 − 〈ψj , φ〉2 for all φ with support
in some subset Ωj . Corollary 2.19 yields

|σ(Lβ,N ) ∩ [0, C)| ≤ 2,

for a constant C > 0 and all β,N big enough. Observe that |σ(Lβ,N )∩ [0, C)| ≤ 2 can also

be expressed as λβ,N3 ≥ C, where λβ,N3 denotes the third eigenvalue of Lβ,N .

Recall the Notation 1.2 of x̄ and y(x), which we will use in the following definition.

Definition 3.1. Let ρ, r be positive constants. Let R(t · e+ y) := −t · e+ y be the reflection
orthogonal to e, with e := 1√

N
(1, .., 1). We decompose RN = Ω1∪..∪Ω6 in the following way

We define the region Ω1 as the half open cylinder containing the minima (1, .., 1)

Ω1,N := {x ∈ R
N :

1√
3
+ ρ < x̄ <∞, |y(x)| < 2

√
Nr},

and symmetrical Ω2,N := Re · Ω1,N , which contains the minima (−1, ..,−1). Furthermore
we define Ω3 as the cylinder

Ω3,N := {x ∈ R
N : − 1√

3
+ ρ < x̄ <

1√
3
− ρ, |y(x)| < 2

√
Nr},

which contains the saddle point of VN . If we define the on both sides open
cylinder Z := {x ∈ R

N : |y(x)| < 2
√
Nr}, we observe that the complement R

N \ Z is
covered by

Ω4,N := {x ∈ R
N : |y(x)| >

√
Nr}.

With the Definition

Ω5,N := {x ∈ R
N :

1√
3
− 2ρ < x̄ <

1√
3
+ 2ρ, |y(x)| < 2

√
Nr}

and Ω6,N := Re · Ω5,N we can cover the whole cylinder Z with the
sets Z = Ω1 ∪ Ω2 ∪ Ω3 ∪ Ω5 ∪ Ω6.
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3 Estimate on the third Eigenvalue

In the subsections 3.1, 3.2, 3.3 and 3.4 we will prove the following two results, which
give us locally the desired estimate on the Dirichlet form, which is crucial for applying the
Max-min principle.

Notation 3.2. For convenience, we will denote the scalar product

〈φ, ψ〉 := 〈φ, ψ〉L2(µβVN ) :=

∫

φ · ψ e−βVNdx

and the norm ‖φ‖2 := 〈φ, φ〉.

Lemma 3.3. We can choose r, ρ > 0 small enough, s.t. there exists a constant C and
functions ψl, ψr with

1.
∫

Ω1,N
|∇φ1|2 e−βVN dx ≥ β

N
C‖φ1‖2 − |

∫

φ1 ψr e
−βVNdx|2,

2.
∫

Ω2,N
|∇φ2|2 e−βVN dx ≥ β

N
C‖φ2‖2 − |

∫

φ2 ψl e
−βVNdx|2,

3.
∫

Ωk,N
|∇φk|2 e−βVN dx ≥ β

N
C‖φk‖2 for k = 3, .., 6,

for all β big enough, arbitrary N ∈ N≥2 and all functions φk with supp(φk) ⊂ Ωk,N .

Proof. Let γ be as in Lemma 1.9. If we choose r < γρ, we know that HessVN ≥ c
N

on the
set Ω1,N respectively on the set Ω2,N and therefore apply the results of Subsection 3.1
with Ω := Ω1,N respectively Ω := Ω2,N . This covers the proof for the first two statements.
For k = 3 one finds, under the assumption ( 1√

3
− ρ)2 + 4r2 < 1

3 , the proof in Subsection

3.2 and for k = 4 in 3.3. If we take ρ small enough, one finds the proof for k = 4, 5 in
Subsection 3.4.

Lemma 3.4. There exist C∞ functions ξ1,N , .., ξ6,N with the
properties supp(ξk,N ) ⊂ Ωk,N ,

∑6
k=1 ξ

2
k,N = 1 and

6
∑

k=1

‖|∇ξk,N |2‖∞ ≤ K

N
,

with a N independent constant K.

Proof. From the way we have chosen our regions Ωk it is clear that we can find
functions ξk,N with the properties supp(ξk,N ) ⊂ Ωk,N and

∑6
k=1 ξ

2
k,N = 1, s.t. we can write

for all N ∈ N the functions ξk,N as x 7→ hk(x̄,
|y|2
N

), where hk is a C∞ function which has a
compactly supported gradient ∇hk. The construction is carried out in Corollary 5.7. We

are going to estimate the norm of the gradient of ξk,N : x 7→ hk(x̄,
|y|2
N

). Because of the
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3 Estimate on the third Eigenvalue

compactly supported gradient of hk, we can assume for a suitable constant d that |x̄| ≤ d

and |y|2
N

≤ d. We obtain

|∇ξk,N (x)|2 =
N
∑

j=1

(∂1hk ·
1

N
+ ∂2hk ·

2yj
N

)2 ≤ 1

N2
|∇hk|2 ·

N
∑

j=1

(1 + 4y2j )

≤ 1

N2
|∇hk|2 · (N + 4|y|2) ≤ 1

N
‖|∇h|2‖∞ · (1 + 4d).

This immediately yields us the existence of a N independent constant K s.t.

6
∑

k=1

‖|∇ξk,N |2‖∞ ≤ K

N
.

Corollary 3.5. There exists a constant D s.t. β big enough and arbitrary N ∈ N≥2

|σ(Lβ,N ) ∩ [0, D)| ≤ 2.

Proof. Because of Lemma 3.3, our decompositions Ω1,N , ..,Ω6,N with the functions ξ1,N , .., ξ4,N
meet the requirements of Corollary 2.19, with the constant β

N
C, hence we obtain

|σ(LβVN ) ∩ (−∞, C ′
β,N )| ≤ 2,

with C ′ = β
N
C −∑6

k=1 ‖∇ξk‖2∞. Lemma 3.4 tells us for β big enough and D := C
2

Cβ,N ≥ β

N
C − K

N
≥ β

N
D.

Using the Definition Lβ,N := N
β
LβVN yields us the desired estimate.
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3 Estimate on the third Eigenvalue

3.1 Localisation around the Minima (Ω1,N ,Ω2,N)

For a convex potential F with HessF ≥ c we know because of Corollary 2.12, that for
all φ with

∫

φ e−Fdx = 0
∫

|∇φ|2 e−Fdx ≥ c

∫

φ2 e−Fdx.

Using some kind of Max-min argument, this basically yields us the desired estimate for the
region Ω1, and therefore also for Ω2. There is still a small technical difficulty, because our
potential is not convex on the whole R

N . The details are carried out in the rest of this
subsection.

Assumption 3.6. Let Ω be a convex set, V : RN → R a C2 function and let us
assume HessV |x ≥ C · I for all x ∈ Ω.

Lemma 3.7. Let us additionally assume that Ω is bounded. Then for all C∞

functions φ which have a support contained in Ω and satisfy
∫

Ω φ e
−V dx = 0, we have

〈LV φ, φ〉 ≥ C‖φ‖2.

If we define ψ :=
√

1∫
Ω e−V dx

1Ω, we obtain

〈LV φ, φ〉 ≥ C‖φ‖2 − |
∫

φ ψe−V dx|2,

now for all smooth φ with suppφ ⊂ Ω.

Proof. First of all, we can find an extension F : RN → R of V which still
satisfies HessF ≥ C · I, for more details see Lemma 5.4. According to Lemma 2.12 the
convex function F satisfies a logarithmic Sobolev inequality with constant 1

C
. Consequently

Lemma 2.11 tells us
∫

|∇φ|2 e−Fdx ≥ C‖φ‖2,

for all C∞ functions with
∫

RN φ e
−V dx = 0. If we additionally assume supp(φ) ⊂ Ω we are

able to exchange F with VN in the inequality and in the condition
∫

RN φ e
−V dx = 0, the

domain of the integration R
N with the set Ω. Using Lemma 2.3 yields us the first statement.

For the second statement, define c2 :=
∫

RN e−Fdx, ψ̃ := 1
c
1Ω

and φ̃ := φ −
∫

φ ψ̃e−V dx · 1
c
1RN . We can now compute, again using Lemma 2.3 and the

results we already have

〈LV φ, φ〉 =
∫

|∇φ|2 e−V dx =

∫

|∇φ̃|2 e−Fdx ≥ C‖φ̃‖2

= C‖φ‖2 − |
∫

φ ψ̃e−V dx|2 ≥ C‖φ‖2 − |
∫

φ ψe−V dx|2.
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3 Estimate on the third Eigenvalue

We can now prove an analogous result, without the restriction, that our set Ω needs to
be bounded.

Corollary 3.8. We define ψ :=
√

1∫
Ω e−V dx

1Ω and obtain

〈LV φ, φ〉 ≥ C‖φ‖2 − |
∫

φ ψe−V dx|2,

for all smooth φ with compact support contained in Ω.

Proof. Let φ be as in the assumption of this result. For every R > 0 s.t. the support
of φ is bounded by the radius R, we define the convex and pre compact set ΩR := Ω∩BR(0),
which satisfies the assumptions 3.6 and additionally contains the support of φ. We obtain

〈LV φ, φ〉 =
∫

ΩR

|∇φ|2 e−V dx ≥ C‖φ‖2 − 1
∫

Ω∩BR(0) e
−V dx

|
∫

Ω
φ e−V dx|2

→
R→∞

C‖φ‖2 − 1
∫

Ω e−V dx
|
∫

Ω
φ e−V dx|2 = C‖φ‖2 − |

∫

φ ψe−V dx|2.
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3 Estimate on the third Eigenvalue

3.2 Localisation around the Saddle Point (Ω3,N)

To prove the estimate for this region, we will perform a ground state transformation on
the operator Lβ,N , but only in one direction. Again we follow the techniques of [10]. Let
us fix a δ > 0 and let Ω be the set of all x ∈ R

N s.t. |x|2 ≤ N(13 − δ). In this section, we
will consider smooth functions ψ with supp(ψ) ⊂ Ω.

Remark 3.9. For ( 1√
3
− ρ)2 + 4r2 < 1

3 the set Ω3,N is contained in Ω, for some δ > 0.

Lemma 3.10. There exists a δ dependent constant C > 0 s.t. for all x ∈ Ω and N ∈ N≥2

HessVN |x(e, e) ≤
−C
N

,

where e := 1√
N
(1, .., 1).

Proof. Because of HessVN (x) =
1
N

(

KN − I + (3x2k · δk,l)k,l
)

and KN · e = 0 we obtain

HessVN |x(e, e) =
1

N2

N
∑

k

(3x2k − 1) ≤ 1

N2
(N(1− 3δ)−

N
∑

k

1) =
−3δ

N
.

Lemma 3.11. The following estimate holds true for smooth functions ψ
with supp(ψ) ⊂ Ω, β big enough and arbitrary N ∈ N≥2

〈Lβ,Nψ, ψ〉 ≥
C

2
‖ψ‖2.

Proof. Let us define φ := ψ exp(−β
2VN ). We then obtain

〈Lβ,Nψ, ψ〉 =
N

β

∫

|∇ψ|2 exp(−βVN )dx ≥ N

β

∫

|∇ψ · e|2 exp(−βVN )dx

=
N

β

∫

|∇
(

exp(
β

2
VN )φ

)

· e exp(−β
2
VN )|2dx

=
N

β

∫

|∇φ · e+ φ
β

2
∇VN · e|2dx

=
N

β

∫

|∇φ · e|2 + 2(∇φ · e)φβ
2
(∇VN · e) + |φβ

2
∇VN · e|2dx

≥ N

β

∫

φ(∇φ · e)β(∇VN · e)dx =
N

β

∫

∇φ2 ·
(

e
β

2
(∇VN · e)

)

dx

= −N
β

∫

β

2
φ2∇ ·

(

e(∇VN · e)
)

dx = −N
∫

1

2
φ2HessVN |x(e, e)dx

≥ N
1

2

C

N

∫

φ2dx =
C

2

∫

|ψ exp(−β
2
VN )|2dx =

C

2
‖ψ‖2.
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3 Estimate on the third Eigenvalue

3.3 Localisation away from the z-Axis (Ω4,N)

For the region Ω4,N = {x ∈ R
N : |y(x)|2 ≥ N ·r2} we will use the fact, that VN is uniformly

convex, if restricted VN to the set (z, .., z) +WN . The following estimate on the Dirichlet
form which ”only acts on WN”

N

β

∫

(z,..,z)+WN

|∇ψ|2 e−βVNdy ≥ C

∫

(z,..,z)+WN

|ψ|2 e−βVNdy, (5)

will be our main tool. Because the restriction of VN is convex, we can obtain this estimate,
by applying the NGS Bound 2.13 with perturbation G := 0.

Let us fix a constant R > 0. We will prove the following Lemma at the end of this
subsection.

Lemma 3.12. Let Γ be the set of all y ∈W s.t. |y| ≥
√
NR. Then there exists

a R dependent, but z independent constant C, s.t. for arbitrary N ∈ N≥2, β big
enough, ψ :W → R smooth with supp(ψ) ⊂ Γ and z ∈ R

N

β

∫

W

|∇ψ|2 e−βFz,N (y)dy ≥ C

∫

W

|ψ|2 e−βFz,N (y)dy,

where Fz,N is defined in Definition 1.3.

As a consequence of this result, we obtain the following corollary.

Corollary 3.13. Let Ω be the set of all x ∈ R
N s.t. |y(x)| ≥

√
NR. Then there exists

a R dependent constant C, s.t. for arbitrary N ∈ N≥2, β big enough and for all φ : RN → R

smooth with supp(ψ) ⊂ Ω, the following estimate holds true

〈Lβ,Nφ, φ〉 ≥ C‖φ‖2.

Proof. With e := 1√
N
(1, .., 1) we compute

β

N
〈Lβ,Nφ, φ〉 =

∫

RN

|∇φ|2 e−βVN (x)dx

=

∫

R

∫

W

|∇yφ
(

t · e+ y
)

+∇eφ
(

t · e+ y
)

|2 e−βVN
(

t·e+y
)

dy dt

≥
∫

R

∫

W

|∇yφ
(

t · e+ y
)

|2 e−βVN
(

t·e+y
)

dy dt.

Because the support of the function ψt(y) := φ
(

t · e+ y
)

is contained in the set Γ, we can
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3 Estimate on the third Eigenvalue

apply Lemma 3.12

〈Lβ,Nφ, φ〉 ≥
∫

R

N

β

∫

W

|∇ψt|2 e−βVtdy e
β
4

(

t√
N

)4
−β

2

(

t√
N

)2
+β

4 dt

≥
∫

R

C‖ψt‖2t e
β
4

(

t√
N

)4
−β

2

(

t√
N

)2
+β

4 dt

= C

∫

R

∫

W

|ψt|2 e
−βF t√

N
,N

(y)
dy e

β
4

(

t√
N

)4
−β

2

(

t√
N

)2
+β

4 dt

= C

∫

R

∫

W

|φ(t · e+ y)|2 e
−β

(

F t√
N

,N
(y)− 1

4

(

t√
N

)4
+β

2

(

t√
N

)2
− 1

4

)

dy dt

= C

∫

R

∫

W

|φ(t · e+ y)|2 e−βVN (t·e+y)dy dt = C

∫

RN

φ2 e−βVNdx.

In the rest of this section, we will prove Lemma 3.12. The key tool for our investigations
is the following estimate.

Remark 3.14. Because of Lemma 1.6 we know that there exist a positive constant q s.t.
for all N ∈ N≥2, y ∈WN , z ∈ R, t with |t| ≤

√
N and x := t · e+ y

Fz,N (y) ≤
1

2N

N
∑

k=1

x4k +
q ·

(

z2 + 1
)

2N

N
∑

k=1

x2k +
1

2N
〈KN · x, x〉 .

Lemma 3.15. There exists a constant β0 s.t. for all β ≥ β0, N ∈ N≥2 and all z ∈ R

∫

e−βFz,N (y) dy ≥ 1√
β

(N2π

β

)
N−1

2 1

det(KN + q
(

z2 + 1
)

· I) .

Proof. With the definition b := q ·
(

z2 + 1
)

≥ q =: b0, Remark 3.14 tells us

e−βFz,N (y) ≥ e
− β

N

(

1
2

∑N
k=1(t·e+y)4k+

b
2

∑N
k=1(t·e+y)2k+

1
2
〈KN ·y,y〉

)

holds for all y ∈ W and t with |t| ≤
√
N . If we integrate this inequality and consider that

the left side is independent of t we obtain using Lemma 5.12 (see also [10])

2
√
N

∫

e−βFz,N (y) dy ≥
∫

√
N

−
√
N

∫

W

e
− β

N

(

1
2

∑N
k=1(t·e+y)4k+

b
2

∑N
k=1(t·e+y)2k+

1
2
〈KN ·y,y〉

)

dy dt

=

∫

{

x:
∣

∣
1
N

∑N
k=1 xk

∣

∣≤1
}
e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx

=
(N2π

β

)
N
2 1

det(KN + b · I) · (1 + oβ,N (1)).
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3 Estimate on the third Eigenvalue

We conclude
∫

e−βFz,N (y) dy ≥ 1

2
√
N

(N2π

β

)
1
2
(N2π

β

)
N−1

2 1

det(KN + b · I) · (1 + oβ,N (1))

≥ 1√
β

(N2π

β

)
N−1

2 1

det(KN + b · I) ,

for β.

Proof of Lemma 3.12. Let us fix a smooth function ψ :W → R with supp(ψ) ⊂ Γ. Because
of

HessFz,N |y ≥
µ− 1

N
· I

we obtain, using the Log-Sobolev constant of the measure corresponding to Fz,N

N

β

∫

W

|∇ψ|2 e−βFz,N (y)dy ≥ −µ− 1

2
log

(

∫

Γ e
−βFz,N (y) dy

∫

W
e−βFz,N (y) dy

)

‖ψ‖2z.

For all |y| ≥
√
NR

Fz,N (y) =
1

2N
〈(KN − I) · y, y〉+ 1

4N

N
∑

k=1

(

y4k + 4zy3k + 6z2y2k
)

≥ 1

2N
〈(KN − I) · y, y〉+ 1

4N

N
∑

k=1

y2k(yk + 2z)2 +
1

2N
z2

N
∑

k=1

y2k

=
1

2N
〈(KN − 1 + µ

2
I) · y, y〉+ z2 + µ− 1

2N

N
∑

k=1

y2k +
1

4N

N
∑

k=1

y2k(yk + 2z)2

≥ 1

2N
〈(KN − 1 + µ

2
I) · y, y〉+ z2 + µ− 1

2
R2.

Then
∫

Γ
e−βFz,N (y) dy ≤ e−β

z2+µ−1
2

R2

∫

W

e−
β
2N

〈(KN− 1+µ
2
I)〉 dy

= e−β
z2+µ−1

2
R2

(2Nπ

β

)
N−1

2 1

det(KN |W − 1+µ
2 IW )

,

and together with the Lemmatas 5.8, 5.12 and 3.15

∫

Γ e
−βFz,N (y) dy

∫

W
e−βFz,N (y) dy

≤ e−β
z2+µ−1

2
R2√

β
det

(

KN + q
(

z2 + 1
)

· I
)

det(KN |W − 1+µ
2 IW )

≤ e−β
z2+µ−1

2
R2√

βeλq
(

z2+1
)

G.
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3 Estimate on the third Eigenvalue

We conclude

N

β

∫

W

|∇ψ|2 exp(−βFz,N (y))dy

≥
(

β
µ− 1

2
· z

2 + µ− 1

2
R2 − λq

(

z2 + 1
)

− log
(

G
√

β
)

· µ− 1

2

)

‖ψ‖2z ≥ C‖ψ‖2z,

for a suitable constant C > 0 and β big enough.
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3 Estimate on the third Eigenvalue

3.4 Localisation around the Infliction Points (Ω5,N ,Ω6,N)

The success of this subsection is based on finding a good reference potential, see
Definition 2.2 and Lemma 2.6, s.t. we can find a suitable estimate for the unitary trans-
formed operator L′

β,N . It will be the NGS Bound 2.13 which will yield us this estimate.

Let us recall Ω5 := {x ∈ R
N : 1√

3
− 2ρ < x̄ < 1√

3
+ 2ρ, |y(x)| < 2

√
Nr}.

Our goal will be to prove the following statement

Lemma 3.16. For ρ small enough, there exists a constant C > 0, s.t. for all φ
with supp(φ) ⊂ Ω5

N

β

∫

|∇φ|2 e−βVNdx ≥ C‖φ‖2,

for β big enough and arbitrary N ∈ N≥2.

Definition 3.17. We define our reference potential, see Subsection 2.2, as

UN :

{

R
N → R

x 7→ VN (x) +
λ
2 x̄

2,

where we choose 1 < λ < µ. This yields us HessUN ≥ λ−1
N

· I.

Remark 3.18. From 2.6 we know that the unitary transformed
operator L′

β,N := T · Lβ,N · T−1 with T := T
βVN
βUN

can be written as

L′
β,Nφ =

N

β
LβUN

φ+
N

β

(1

2
LβUN

(βVN − βUN ) +
1

4
|β∇VN − β∇UN |2

)

φ.

With the definition WN (x) := VN (x)− UN (x) = −λ
2 x̄

2 and

G : =
1

2
LβUN

(βVN − βUN ) +
1

4
|β∇VN − β∇UN |2

=
β2

4

(

|∇WN |2 + 2∇UN · ∇WN

)

− β

2
∆WN

we obtain

〈Lβ,Nφ, φ〉 =
N

β

(

∫

|∇φ|2 e−βUNdx+

∫

Gφ2 e−βUNdx
)

.

for all φ ∈ C∞
0 (RN ).
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3 Estimate on the third Eigenvalue

The potential βUN satisfies a logarithmic Sobolev inequality with
constant β

N
· c := β

N
· 1
2(λ−1) , see Definition 2.10. Then the NGS Bound 2.13 tells us

〈Lβ,Nφ, φ〉 ≥ −1

c
log

(

∫

Br,δ(z0)
e
−N

β
cG

e−βUNdx
∫

RN e−βUNdx

)

‖ψ‖2.

If cG was positive enough, i.e. cG ≥ β
N
C, it would be easy to see by a monotonicity

argument that we would be done. In general, we are not able to prove this, but we can
show that adding a suitable quartic term will yield the positivity. This will be content of
the next result.

Lemma 3.19. Let c be an arbitrary positive constant. For all 1 < λ < 4
3 there exist positive

constants C, ρ and r s.t. for all x ∈ Ω5

c ·G+
β2

4N2

N
∑

k=1

x4k ≥
β2

N
C,

where G is defined as in Remark 3.18.

Proof. Let x be an element of Ω5, i.e.
1√
3
− 2ρ < x̄ < 1√

3
+ 2ρ and |y(x)|2 ≤ 4N · r2.

Because of ∆W ≤ 0, we are done if we can show

F := c
(

|N∇Wλ|2 + 2N∇Uλ ·N∇Wλ

)

+
N
∑

k=1

x4k ≥ N · C.

Using

N∇Wλ = −λ(x̄, .., x̄),
N∇Uλ = (x31, .., x

3
N ) + (KN − I) · y(x) + (λ− 1)(x̄, .., x̄),

we obtain

F = N · c(2λ− λ2)x̄2 − 2cλx̄
N
∑

k=1

x3k +
N
∑

k=1

x4k.

Applying the orthogonal decomposition x = y + (x̄, .., x̄), where we suppress the x
dependence of y := y(x), we get

N
∑

k=1

x4k =
N
∑

k=1

y4k + 4x̄
N
∑

k=1

y3k + 6x̄2
N
∑

k=1

y2k +N · x̄4,

N
∑

k=1

x3k =

N
∑

k=1

y3k + 3x̄

N
∑

k=1

y2k +N · x̄3,
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3 Estimate on the third Eigenvalue

which leads to

F = N · cλx̄2
(

2− λ− 2x̄2
)

+

N
∑

k=1

y4k + (4x̄− 2cλx̄)

N
∑

k=1

y3k + (6x̄2 − 6cλx̄2)

N
∑

k=1

y2k +N · x̄4.

Using 1 < λ < 4
3 , we obtain for the function d(x) := 2− λ− 2x̄2

d(
1√
3
) =

4

3
− λ > 0.

Because d is continuous, there exists a 0 < ρ < 1√
3
and a c > 0 s.t. for

all 1√
3
− 2ρ < z < 1√

3
+ 2ρ

d(z) > C ′.

From this we can deduce

F ≥ N · cλ
(

√

1

3
− 2ρ

)2
C ′ +

N
∑

k=1

y2k

(

y2k + (4x̄− 2cλz)yk + (6x̄2 − 6cλx̄2)
)

.

Let us look at the quadratic function

p(y) := y2 + (4x̄− 2cλx̄)y + (6x̄2 − 6cλx̄2).

This function takes its minimum at y∗ = cλx̄− 2x̄ with the value

p(y∗) = (cλx̄− 2x̄)2 + (−2cλx̄+ 4x̄)(cλx̄− 2x̄) + 6x̄2 − 6x̄2cλ.

The expression above is defined on the compact set x̄ ∈ [ 1√
3
−2ρ, 1√

3
+2ρ] and is continuous,

hence has a minimum C ′′. This leads to

F ≥ N · cλ
(

√

1

3
− 2ρ

)2
C ′ − C ′′

N
∑

k=1

y2k ≥ N ·
(

cλ
(

√

1

3
− 2ρ

)2
C ′ − 4C ′′r2

)

=: N · C.

Observe that C is positive, if r is small enough.

Remark 3.20. We denote the adjusted potential

U ′
N (x) := UN (x)−

1

4N

N
∑

k=1

x4.

For c := 1
2(µ−1) we then obtain, using Corollary 2.14,

N

β

∫

RN

|∇ψ|2 e−βUNdx+
N

β

∫

RN

G · |ψ|2 e−βUNdx

≥ −1

c
log

(

∫

Br,δ(z0)
e
−N

β

(

cG+ β2

N2

∑N
k=1

1
4
x4k

)

e−βU
′
Ndx

∫

RN e−βUNdx

)

‖ψ‖2.
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3 Estimate on the third Eigenvalue

The key step is, that we decompose the measure e−βUNdx = e−
β
N

∑N
k=1 x

4
k · e−βU ′

Ndx and add
the quadric part to the pertubation G, i.e.

∫

Br,δ(z0)
e
−N

β
cG

e−βUNdx =

∫

Br,δ(z0)
e
−N

β

(

cG+ β2

N2

∑N
k=1

1
4
x4k

)

e−βU
′
Ndx.

Proof of 3.16. We define c := 1
2(µ−1) . We show, that there exists a positive constant C s.t.

we obtain for all β big enough, arbitrary N ≥ 2 and all smooth functions ψ : RN → R

with supp(ψ) ⊂ Ω5

〈Lβ,Nφ, φ〉 ≥ C‖φ‖2.

Because Lβ,N and L′
β,N are unitary equivalent, it is enough to prove

〈L′
β,Nψ, ψ〉 ≥ C‖ψ‖2.

Combining Lemma 3.19 and Remark 3.20, yields us the existence of a positive
constant C s.t.

〈L′
β,Nψ, ψ〉
‖ψ‖2 ≥ −1

c
log

(

∫

Br,δ(z0)
e−βC e−βU

′
Ndx

∫

RN e−βUNdx

)

≥ β
C

c
− 1

c
log

(

∫

RN e−βU
′
Ndx

∫

RN e−βUNdx

)

.

Because of Corollary 5.11 we know that we have in the regime of large β

∫

RN e−βU
′
Ndx

∫

RN e−βUNdx
≤ 2.

Furthermore, for β big enough we obtain

〈L′
β,Nψ, ψ〉
‖ψ‖2 ≥ β

C

c
− log(2)

c
≥ C.
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4 Generalisation on Dirichlet Boundaries

4 Generalisation on Dirichlet Boundaries

4.1 The second Eigenvalue

In the case of Dirichlet boundary conditions, we can investigate analogously to section 3
the asymptotic behaviour of the low lying spectrum. Note that if we assume Dirichlet
boundary conditions, 0 is not an eigenvalue any more. As a consequence we will analyse
the second eigenvalue instead of the third one. In the second part of this section, we will
additionally analyse the asymptotic behaviour of the first eigenvalue.

Definition 4.1. Given a R < 1 we define ΩR,N ⊂ R
N as the set of all x ∈ R

N

s.t. |x− I+| >
√
NR, with I+ := (1, .., 1). In other words

ΩR,N := R
N \B√

NR
(I+).

Further we denote the set of test functions DR, as the set of all C
∞ functions φ : ΩR,N → R

with compact support.

We can now define for a V : ΩR,N → R, which can be extended to a C2 function on
an open set V ⊃ ΩR,N , in analogy to Definition 2.2, AR,V as the Friedrichs extension in
the space L2(µV ) of the symmetric and positive operator

A′
R,V :

{

DR → L2(µV ),

φ→ −∆φ+∇V · ∇φ.

Furthermore we define Aβ,N := N
β
AR,βVN |ΩR,N

, where we suppress the R dependence in our

notation. We have in analogy to Lemma 2.3 for all φ ∈ DR

〈AR,V φ, φ〉L2(µV ) =

∫

|∇φ|2 e−V dx.

In Corollary 3.5 we have shown |σ(Lβ,N )∩ [0, D)| ≤ 2. For the spectrum of Aβ,N we are
able to prove the following stronger result.

Theorem 4.2. There exists a constant C > 0 s.t. for all β big enough

σ(Aβ,N ) ∩ [0, D) = {λ0},

with λ0 > 0.

Remark 4.3. Considering that Aβ,N is a positive operator, tells us that λ0 cannot be neg-
ative.
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4 Generalisation on Dirichlet Boundaries

To prove Theorem 4.2, we repeat the proof we did for Lβ,N . The only difference is, that
we can prove an even stronger result for functions φ ∈ DR, which are localised in Ω1, see
Definition 3.1 for the definition of the decomposition Ω1, ..,Ω6. Observe that Ω1 and Ω2

can not be treated similarly, because we only cut out the ball B√
NR

in the region Ω1.

Notation 4.4. In the following, we will write

f(β,N) = oβ,N (1)

for a function f , which has the property

lim
β→∞

sup
N∈N

|f(β,N)| = 0,

i.e. f(β,N) converges to 0 uniformly in N .

Lemma 4.5. There exists a constant C s.t. for all φ ∈ DR with supp(φ) ⊂ Ω1

N

β

∫

|∇φ|2 e−βVNdx ≥ C‖φ‖2,

for all β big enough and arbitrary N ∈ N≥2.

Proof. Let F be a convex extension, as described in Lemma 5.4. Using Corollary 2.14 on
the potential V := βF , subset Ω := Ω1 and perturbation G := 0, yields us

N

β

∫

|∇φ|2 e−βFdx ≥ Cβ,N‖φ‖2,

with Cβ,N := −2c log
(

∫
Ω1∩ΩR,N

e−βF dx
∫
RN

e−βF dx

)

, where c is given by Lemma 1.9. First of all, we

estimate, using Lemma 5.13 and Corollary 5.9
∫

RN

e−βFdx ≥
∫

Ω1

e−βFdx =

∫

Ω1

e−βVNdx

=

∫

Ω1

e−
β
2N

〈(KN+2I)·(x−I+),(x−I+)〉dx+ oβ,N (1) ·
∫

e−
β
2N

〈(KN+2I)·x,x〉dx

=

∫

e−
β
2N

〈(KN+2I)·x,x〉dx ·
(

1 + oβ,N (1)
)

.

Furthermore, let δ > 0 be small enough, s.t. Lemma 5.13 holds. Then we obtain
∫

Ω1∩ΩR,N

e−βVNdx =

∫

Ω1∩ΩR,N

e−βVN−βδ
N

|x|2+βδ
N

|x|2dx

≤ e−βR
2

∫

e−β(VN− δ
N
|x|2)dx

= e−βδR
2

∫

e−
β
2N

〈(KN+2I)·x,x〉dx ·
(

1 + oβ,N (1)
)

,

which yields us the desired statement.
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4 Generalisation on Dirichlet Boundaries

Proof of Theorem 4.2. We already know that there exists a
constant C and a function ψl (observe that there is no ψr compared to Lemma 3.3) for the
potential VN , s.t. for all β big enough, arbitrary N ∈ N≥2 and all functions φk
with supp(φk) ⊂ Ωk and φk ∈ DR

1.
∫

Ω1
|∇φ1|2 e−βVN dx ≥ β

N
C‖φ1‖2,

2.
∫

Ω2
|∇φ2|2 e−βVN dx ≥ β

N
C‖φ2‖2 − |

∫

φ2 ψl e
−βVNdx|2,

3.
∫

Ωk
|∇φk|2 e−βVN dx ≥ β

N
C‖φk‖2 for k ∈ {3, .., 6},

The first statement is proven in Lemma 4.5. The last two statements hold true for the
same reasons as in Lemma 3.3. Because the product of a DR function with one of the
ξ1,N , .., ξ6,N functions stays a DR function, an analogue argument as in
Corollary 2.19 yields us for φ ∈ DR

N

β

∫

|∇φ|2 e−βVNdx ≥ C‖φ‖2 − |
∫

φ ψl e
−βVNdx|2.

Let us define a norm on DR

‖φ‖2Dr
:=

∫

(φ2 + |∇φ|2) e−βVNdx

and denote X ⊂ L2(µβVN |ΩR,N
) as the completion of

(

DR, ‖.‖2DR

)

. Furthermore let us

write E : X → R for the extension of the quadratic form φ 7→
∫

|∇φ|2 e−βVNdx. Because
our operator Aβ,N is defined as the Friedrichs extension with respect to the quadratic
form φ 7→

∫

|∇φ|2 e−βVNdx, see Definition 4.1, we obtain dom(Aβ,N ) ⊂ X and for
all φ ∈ dom(Aβ,N )

E(φ, φ) = 〈Aβ,Nφ, φ〉 .

Let us take an arbitrary φ ∈ dom(Aβ,N ). From the construction of X follows, that there
exists a sequence φn ∈ DR s.t. φn → φ in the norm ‖.‖2

DR
. Because E as well as

the L2(µβVN |ΩR,N
) scalar product are continuous with respect to ‖.‖2

DR
, we obtain

〈Aβ,Nφ, φ〉 = E(φ, φ) = lim
n

E(φn, φn) ≥ lim supC‖φn‖2 − |
∫

φn ψl e
−βVNdx|2

= C‖φ‖2 − |
∫

φ ψl e
−βVNdx|2.

Applying Lemma 2.15 yields us the desired statement.
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4 Generalisation on Dirichlet Boundaries

4.2 The first Eigenvalue

To prove the sharp asymptotic of the the first eigenvalue, we need to find good test func-
tions, which should be close to the real eigenvector. The control of the second eigenvalue,
which we have already established, is crucial for the proof that our constructed test func-
tions are ”close” to the real first eigenvector. In [10] this strategy, i.e. using the control of
the spectral gap between the first and second non zero eigenvalue to obtain the asymptotic
behaviour of the first non zero eigenvalue, is carried out in the case of no boundaries. We
will adapt this procedure in the case of Dirichlet boundaries.

Definition 4.6. Let χ : R → R be a C∞ function with the properties |χ| ≤ 1, χ|[b,∞) = 0

and χ|(−∞,a] = 1, with 0 < a < b < 1. Then we define our test functions ψβ,N : RN → R

the following way

ψβ,N (x) := fβ(x̄) :=

√

β

2π

∫ x̄

b

χ(t) · e−βt2

2 dt,

where x̄ is defined as in 1.2. Observe that ψβ,N ∈ DR for b small enough.

Lemma 4.7. We have lim
β→∞

fβ(
y
β
− 1) = 1 and lim

β→∞
fβ(

y
β
+ 1) = 0. Moreover |fβ(z)| ≤ 1

for all z ∈ R.

The next results give us the control over crucial quantities of ψβ,N .

Lemma 4.8. We obtain the asymptotic result

∫

|ψβ,N |2 e−βVNdx =

√

2πN
β

N

√

det
(

KN + 2 · I
)

·
(

1 + oβ,N (1)
)

.

Proof. Using the Laplace asymptotic of Lemma 5.13 allows us to substitute
∫

|ψβ,N |2 e−βVNdx
with

∫

x̄>0
|ψβ,N |2 e−

β
2N

(KN+2·I)
[

x−(1,..,1)
]

dx+

∫

x̄<0
|ψβ,N |2 e−

β
N
(KN+2·I)

[

x+(1,..,1)
]

dx.

If we denote by λ0, .., λN−1 the eigenvalues of KN + 2 · I. We can compute using
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4 Generalisation on Dirichlet Boundaries

transformations and Lemma 4.7
∫

x̄≤0
|ψβ,N |2 e−

β
N
(KN+2·I)

[

x+(1,..,1)
]

dx

=

∫

ξ0≤0
|fβ(

ξ0√
N

)|2 e−
βλ0(ξ0−1)2

2N dξ0

∫

RN−1

e−
β
2N

(λ1ξ21+..+λN−1ξ
2
N−1)dξ1..dξN−1

=

∫

y
β
−1≤0

|fβ(
y

β
− 1)|2 e−

λ0y
2

2 dy

√

N

β

∫

RN−1

e−
β
2N

(λ1ξ21+..+λN−1ξ
2
N−1)dξ1..dξN−1

=
(

1 + oβ,N (1)
)

·
∫

R

e−
βλ0(ξ0−1)2

2N dξ0

∫

RN−1

e−
β
2N

(λ1ξ21+..+λN−1ξ
2
N−1)dξ1..dξN−1

=
(

1 + oβ,N (1)
)

·

√

2πN
β

N

det
(

KN + 2 · I
) .

Analogously we obtain

∫

x̄≥0
|ψβ,N |2 e−

β
N
(KN+2·I)

[

x−(1,..,1)
]

dx = oβ,N (1) ·

√

2πN
β

N

det
(

KN + 2 · I
) .

Lemma 4.9. We obtain the asymptotic result

∫

|∇ψβ,N |2 e−βVNdx = e−
β
4

β

2πN
·

√

2πN
β

N

√

det
(

Q̃N
)

·
(

1 + oβ,N (1)
)

,

with Q̃N [x] := 〈(KN − I) · y(x), y(x)〉+Nx̄2.

Proof. If we define F (x) := VN (x) + x̄2 we see that Q̃N describes the quadratic part of F ,
to be precise

F (x) =
1

4N

N
∑

k=1

x4k +
1

2N
Q̃N +

1

4
.
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4 Generalisation on Dirichlet Boundaries

If we use again a suitable Laplace asymptotic, we obtain

∫

|∇ψβ,N |2 e−βVNdx =

∫

β

2πN
|χ(x̄)|2e−βx̄2 e−βVNdx =

β

2πN

∫

|χ(x̄)|2 e−βFdx

= e−
β
4

β

2πN

∫

|χ(x̄)|2 e− β
2N

Q̃N [x]dx ·
(

1 + oβ,N (1)
)

= e−
β
4

β

2πN

∫

e−
β
2N

Q̃N [x]dx ·
(

1 + oβ,N (1)
)

= e−
β
4

β

2πN
·

√

2πN
β

N

det
(

Q̃N
) ·

(

1 + oβ,N (1)
)

.

Corollary 4.10. Let λβ,N be the first eigenvalue of the diffusion operator Aβ,N with Dirich-
let boundary conditions, see Definition 4.1, then

λβ,N ≤ e−
β
4

2π

√

det
(

KN + 2 · I
)

det
(

Q̃N
) ·

(

1 + oβ,N (1)
)

.

Proof. Using the test function ψβ,N yields us

λβ,N ≤ 〈Aβ,Nψβ,N , ψβ,N 〉
‖ψβ,N‖2

=
N

β

∫

|∇ψβ,N |2 e−βVNdx
∫

|ψβ,N |2 e−βVNdx
=
e−

β
4

2π

√

det
(

KN + 2 · I
)

det
(

Q̃N
) ·

(

1 + oβ,N (1)
)

.

Remark 4.11. The N asymptotic of

√

det
(

KN+2·I
)

det
(

Q̃N

) can be computed explicitly, see e.g.

[10]. The essential part for us is, that there exists a constant g > 0, s.t.

lim
N→∞

√

det
(

KN + 2 · I
)

det
(

Q̃N
) = g.
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4 Generalisation on Dirichlet Boundaries

Lemma 4.12. There exists a constant q, s.t. for β big enough and arbitrary N ≥ 2

∫

|Aβ,Nψβ,N |2 e−βVNdx ≤ q

β2
e−

β
4 ·

√

2πN
β

N

√

det
(

Q̃N
)

.

Proof. We compute, using
∑N

k=1(KN · x)k = 0 and ψβ,N ∈ Dr

Aβ,Nψβ,N =
1

β

√

β

2π
·
(

− χ′(x̄) +
1

N

N
∑

k=1

β χ(x̄) x3k
)

e−
β
2
x̄2 .

Because of supp
(

χ′) ⊂ [a, b] we obtain |χ′(x̄)| ≤ S for some constant S and furthermore we
claim

|χ′(x̄)| ≤ S

a3

N
∑

k=1

x3k.

In the case x̄ < a, we are done because of χ′(x̄) = 0. For x̄ ≥ a we can compute

a ≤ 1

N

N
∑

k=1

|xk| ≤
( 1

N

N
∑

k=1

x3k

)
1
3
,

which implies |χ′(x̄)| ≤ S = S
a3
a3 ≤ S

a3
1
N

∑N
k=1 x

3
k. We can now estimate

|Aβ,Nψβ,N | ≤ e−
β
2
x̄2 1

β

√

β

2π
·
( S

a3
+ β

) 1

N

N
∑

k=1

|xk|3 ≤ e−
β
2
x̄2

√

β

2π
2 · 1

N

N
∑

k=1

|xk|3,

for β big enough. Using ( 1
N

∑N
k=1 |xk|3)2 ≤ 1

N

∑N
k=1 x

6
k and the

decomposition VN (x) + x̄2 = 1
4N

∑N
k=1 x

4
k +

1
2N Q̃N + 1

4 ≥ 1
2N Q̃N + 1

4 from Lemma 4.9, we
obtain

∫

|Aβ,Nψβ,N |2 e−βVNdx ≤
∫

2β

π

1

N

N
∑

k=1

x6ke
−βx̄2 e−βVNdx ≤ e−

β
4
2β

π

∫

1

N

N
∑

k=1

x6k e
− β

2N
Q̃Ndx.

Analogously to Lemma 5.12, we can compute the sixth momenta explicitly, and conclude
that there exists a constant P s.t.

∫

1

N

N
∑

k=1

x6k e
− β

2N
Q̃Ndx ≤ P · 1

β3

√

2πN
β

N

√

det
(

Q̃N
)

.

In total we obtain

∫

|Aβ,Nψβ,N |2 e−βVNdx ≤ 2

π
P

1

β2
e−

β
4 ·

√

2πN
β

N

√

det
(

Q̃N
)

.
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4 Generalisation on Dirichlet Boundaries

The next corollary follows from Lemma 4.9 and Lemma 4.12.

Corollary 4.13. We conclude

〈Aβ,Nψβ,N , Aβ,Nψβ,N 〉 = oβ,N (1) 〈Aβ,Nψβ,N , ψβ,N 〉 .

4.2.1 Some Spectral Analysis

Assumption 4.14. Let σ(L) = {λ}∪̇[C,+∞) ∩ σ(L), P := E([C,+∞))
and Pλ := E({λ}) where E denotes the spectral measure of L. Furthermore, we have
an ǫ > 0 and an element u ∈ dom(L), s.t. ‖u‖ = 1 and 〈Lu,Lu〉 ≤ ǫ 〈Lu, u〉.

Lemma 4.15. Under those assumptions

〈LPu, Pu〉 ≤
ǫ
C

1− ǫ
C

λ.

Proof. Using the spectral calculus we obtain (observe that t1σ(L)∩[C,+∞) ≤ t2

C
1σ(L))

〈LPu, Pu〉 =
∫

σ(L)∩[C,+∞)
t dEu,u ≤ 1

C

∫

σ(L)
t2 dEu,u =

1

C
〈L2u, u〉 = 1

C
〈Lu,Lu〉 .

If we take the equation 〈Lu, u〉 = 〈LPu, Pu〉 + 〈LPλu, Pλu〉 into account, which is true
because of

〈Lu, u〉 =
∫

σ(L)
t dEu,u =

∫

{0,λ}
t dEu,u +

∫

σ(L)∩[C,+∞)
t dEu,u = 〈LPu, Pu〉+ 〈LPλu, Pλu〉 ,

we can deduce

〈LPu, Pu〉 ≤ ǫ

C
〈Lu, u〉 = ǫ

C
(〈LPu, Pu〉+ 〈LPλu, Pλu〉) =

ǫ

C
(〈LPu, Pu〉+ λ 〈Pλu, Pλu〉).

Furthermore we obtain

〈LPu, Pu〉 ≤ ǫ

C
〈LPu, Pu〉+ ǫ

C
λ 〈Pλu, Pλu〉 .

Because of ‖u‖ = 1 we have 〈Pλu, Pλu〉 ≤ 1 which yields us the desired inequality.
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4 Generalisation on Dirichlet Boundaries

Lemma 4.16. Under the assumptions 4.14 we obtain

| 〈Lu, u〉 − λ| ≤ 2ǫ

C − ǫ
· λ.

Proof. Let us consider the case λ = 0. Then 4.15 yields us x = 0 and
therefore Pu ∈ ker(L). This is only possible, if Pu = 0. In this case u is the eigenvector
to the eigenvalue λ = 0 and we are done.

In the case λ 6= 0 we define

z := 〈Lu, u〉 ,
x := 〈LPu, Pu〉 ,
r := 〈Pλu, Pλu〉 .

We already know from Lemma 4.15

|x
λ
| ≤

ǫ
C

1− ǫ
C

.

If we consider the equation z = x+ λr, we can deduce

|z − λ

λ
| = |z − λr + (λr − λ)

λ
| ≤ |x

λ
|+ |r − 1|.

Because of λ ≤ C, we know

1− r = 〈Pu, Pu〉 ≤ 1

C
〈LPu, Pu〉 ≤ 1

C

ǫ
C

1− ǫ
C

λ ≤
ǫ
C

1− ǫ
C

.

4.2.2 Asymptotic of λβ,N

Theorem 4.17. We obtain for the first eigenvalue λβ,N of Aβ,N

λβ,N =
e−

β
4

2π

√

det
(

KN + 2 · I
)

det
(

Q̃N
) ·

(

1 + oβ,N (1)
)

.

Proof. Because of Theorem 4.2 we know that we have for β big enough

σ(Aβ,N ) ∩ (−∞, D) = {λ0}.
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4 Generalisation on Dirichlet Boundaries

Using the Lemmatas 4.8 and 4.12, we obtain for u :=
ψβ,N

‖ψβ,N‖ and arbitrary N ∈ N≥2

〈Lu, u〉 = e−
β
4

2π

√

det
(

KN + 2 · I
)

det
(

Q̃N
) ·

(

1 + oβ,N (1)
)

,

〈Lu,Lu〉 ≤ q

2πβ2
.

We can now apply Lemma 4.16 for the operator L := Aβ,N and the element u := uβ,N ,
which yields us

| 〈Aβ,Nuβ,N , uβ,N 〉
λβ,N

− 1| ≤
q
πβ2

D − q
2πβ2

→
β→∞

0,

uniformly in N . From this we conclude

λβ,N = 〈Aβ,Nuβ,N , uβ,N 〉 ·
(

1 + oβ,N (1)
)

=
e−

β
4

2π

√

det
(

KN + 2 · I
)

det
(

Q̃N
) ·

(

1 + oβ,N (1)
)

.
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5 Appendix

5 Appendix

5.1 Convexity of VN

Lemma 5.1. For δ, b > 0 we define Vn,δ,b := {w ∈ R
n : w1 = b, wn − w1 = δ} and a

mapping

E :=

{

Vn,δ,b → R

w 7→ ∑n−1
k=1(wk+1 − wk)

2.

Then w∗ =
(

b+ (j − 1) δ
n−1

)n

j=1
minimizes E with E(w∗) = δ2

n−1 .

Proof. Because of limr→∞E = ∞ there exist a minimum w∗ of E. Then for all u ∈ R
N

with u(1) = u(n)

0 =
d

dt

∣

∣

∣

t=0
E(w∗ + t · u) = 2

n−1
∑

k=1

(w∗
k+1 − w∗

k)(uk+1 − uk).

For all 1 < j < n we define u s.t. uk = 1 for 1 < k ≤ j and uk = 0 for k = 0 and k > j.
Testing with this vector u yields

0 = (w∗
2 − w∗

1)− (w∗
j+1 − w∗

j ).

From this follows w∗
j = b+ (j − 1)(w∗

2 − w∗
1). Because of δ = w∗

n − w∗
1 = (n− 1)(w∗

2 − w∗
1)

this is only possible, if w∗ =
(

b+ (j − 1) δ
n−1

)n

j=1
.

Definition 5.2. For all v ∈ R
N , we define

δ(v) := max
l,k

|vl − vk|.

Lemma 5.3. For all v ∈ R
N and N ∈ N≥2

〈KN · v, v〉 ≥ N
µ · δ(v)2
16π2

.

Proof. W.l.o.g. we can assume vn − v0 = δ(v) with 1 < n ≤ N .
We obtain (with vN+1 := v1)

〈KN · v, v〉 = µ

4 sin( π
N
)2

N
∑

k=1

(vk+1 − vk)
2 ≥ µ

4 sin( π
N
)2

n−1
∑

k=1

(vk+1 − vk)
2.
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5 Appendix

Because of
(

vj
)n

j=1
∈ Vn,δ(v),v0 Lemma 5.1 tells us

µ

4 sin( π
N
)2

n−1
∑

k=1

(vk+1 − vk)
2 ≥ µ

4 sin( π
N
)2
δ(v)2

n− 1
≥ µ

4 sin( π
N
)2
δ(v)2

N
≥ N

µ · δ(v)2
16π2

.

The next result is a corollary of the extension Theorem from [18].

Lemma 5.4. Let V : Ω → R
N be a C2 function with HessV ≥ C · I, where Ω is a convex

and bounded subset of RN . Then the function V can be extended to a strictly convex C2

function F : RN → R with HessF ≥ C · I. By an extension, we mean that

F |Ω = V.

Proof. The C2 function

f :

{

Ω → R,

x→ VN (x)− C
2 |x|2,

is strictly convex. Because f is also defined on a compact and convex domain, we can apply
the extension Theorem from [18], which yields us that there exists a convex extension G
of f . It is elementary to show that F (x) := G(x) + C

2 |x|2 satisfies the desired properties.

5.2 Construction of ξ1, .., ξ6

Lemma 5.5. For all a < b we can find a function fa,b ∈ C∞(R)

with fa,b|(−∞,a] = 0, fa,b|[b,∞) = 1 and 0 ≤ fa,b(x) ≤ 1, s.t.
√

1− f2a,b is a C∞(R) function

as well.

Proof. We prove the statement for the prototypical case a = 0 and b = 1. To do so, we
define the C∞ function g as g(x) := e−

1
x for x > 0 and g(x) := 0 for x ≤ 0. We claim

that f(x) := f(x)
f(x)+f(1−x) has the desired properties, especially that

√

1− f2 is again a C∞

function. We compute

1− f2(x) =
(g(x) + g(−x))2 − g(x)2

(g(x) + g(−x))2 =
2g(x)g(1− x) + g(1− x)2

(g(x) + g(1− x))2

= g(1− x) · 2g(x) + g(1− x)

(g(x) + g(1− x))2
.

and obtain

√

1− f2(x) =
√

g(1− x) ·
√

2g(x) + g(1− x) ·
√

1

(g(x) + g(1− x))2
.
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5 Appendix

Because 2g(x)+g(1−x) and g(x)+g(1−x) are strictly positive, the functions
√

2g(x) + g(1− x)

and
√

1
(g(x)+g(1−x))2 are C∞. Furthermore

√

g(1− x) = e
− 1

1−x

1
2
= e

− 1
2−2x = g(2− 2x)

is a C∞ function, hence
√

1− f2 ∈ C∞.

Lemma 5.6. Let (a0, b0), .., (an, bn) be a series of open intervals with an = −∞, b0 = ∞
and aj < bj+1 < aj−1. Then there exists a series of C∞ functions h0, .., hn
with

∑n
j=0 h

2
j = 1 and supp(hj) ⊂ [aj , bj ]. We can additionally assume that supp(h′j) is a

bounded set.

Proof. We define h0 := fa0,b1 , see Lemma 5.5, hn :=
√

1− f2an−1,bn
and for 0 < j < n

hj := faj ,bj+1
·
√

1− f2aj−1,bj
.

With this definition we obtain for 0 < j < n, that supp(hj) = (−∞, bj ] ∩ [aj ,∞) = [aj , bj ]
and supp(h′j) ⊂ [aj , bj+1] ∩ [aj−1, bj ]. We also see that h0 and hn have the right support
properties. We claim for all k > 0

k−1
∑

j=0

h2j = f2ak−1,bk
.

For k = 1 this is obvious. Let us assume that this property holds for k < n, then

k
∑

j=0

h2j =
k−1
∑

j=0

h2j + h2k = f2ak−1,bk
+ f2ak,bk+1

· (1− f2ak−1,bk
).

For x ≤ bk+1 we obtain, using x ≤ bk+1 < ak−1, that fak−1,bk(x) = 0 and hence

fak−1,bk(x)
2 + fak,bk+1

(x)2 · (1− fak−1,bk(x)
2) = fak,bk+1

(x)2.

In the other case that x > bk+1, we have fak,bk+1
(x) = 1 and consequently

fak−1,bk(x)
2 + fak,bk+1

(x)2 · (1− fak−1,bk(x)
2) = fak−1,bk(x)

2 + (1− fak−1,bk(x)
2)

= 1 = fak,bk+1
(x).

Using this property for k = n yields us

n
∑

j=0

h2j =
n−1
∑

j=0

h2j + h2n = f2an−1,bn
+ (1− f2an−1,bn

) = 1.
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5 Appendix

Corollary 5.7. There exist C∞ functions ξ1,N , .., ξ6,N with the
properties supp(ξk,N ) ⊂ Ωk,N ,

∑6
k=1 ξ

2
k,N = 1 and

ξk,N (x) = hk(x̄,
|y(x)|2
N

),

with suitable N independent functions hk.

Proof. Let q0, q1, q2, q3, q4 be as described in Lemma 5.6 with respect to the series of inter-
vals ( 1√

3
+ ρ,∞), ( 1√

3
− 2ρ, 1√

3
+ 2ρ), (− 1√

3
+ ρ, 1√

3
− ρ), (− 1√

3
− 2ρ,− 1√

3
+ 2ρ),

(−∞,− 1√
3
− ρ) and let w0, w1 be as described in Lemma 5.6 with respect to the series of

intervals (r,∞), (−∞, 2r). We can now define suitable functions hk in the following way

h1(z,R) := q0(z) · w1(R),

h2(z,R) := q4(z) · w1(R),

h3(z,R) := q2(z) · w1(R),

h4(z,R) := w2(R),

h5(z,R) := q1(z) · w1(R),

h6(z,R) := q3(z) · w1(R).

It is easy to see that ξk,N (x) := hk(x̄,
|y(x)|2
N

) has the right support properties. Finally
we compute

6
∑

k=1

hk(z,R)
2 = w2(R)

2 +
6

∑

k=1,k 6=4

hk(z,R)
2 = w2(R)

2 + w1(R)
2

4
∑

j=0

qj(z)
2 = w2(R)

2 + w1(R)
2 = 1.

5.3 Asymptotic Computations

Similar computations can be found in more detail in [10].

Lemma 5.8. Let b0 be a positive constant. Then there exist constants G, λ s.t. for
all b ≥ b0 and N ≥ 2

det(KN + b · I) ≤ Geλb · det
(

KN |W − 1 + µ

2
· IW

)

.
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5 Appendix

Proof. First of all, observe that with d := b+ 1+µ
2

det(KN + b · I)
det

(

KN |W − 1+µ
2 · IW

) = b · det
( KN |W + b · IW
KN |W − 1+µ

2 · IW

)

= b · det
(

IW +
d

KN |W − 1+µ
2 · IW

)

= b ·ΠNk=1

(

1 +
d

µ
sin(k π

N
)2

sin( π
N
)2

− µ+1
2

)

= b · (1 + 2d

µ+ 1
)2 ·ΠN−1

k=2

(

1 +
d

µ
sin(k π

N
)2

sin( π
N
)2

− µ+1
2

≤ b · (1 + 2d

µ+ 1
)2 ·Π[N

2
]

k=2

(

1 +
d

µ
sin(k π

N
)2

sin( π
N
)2

− µ+1
2

)2
.

Because of N ≥ 2 we have
sin(k π

N
)2

sin( π
N
)2

≥ 1
4k

2 for all k ∈ {1, .., [N2 ]}. We conclude,

using ln(1 + x) ≤ x,

det(KN + b · I)
det

(

KN |W − 1+µ
2 · IW

) ≤ b · (1 + 2d

µ+ 1
)2 ·Π[N

2
]

k=2

(

1 +
d

µ
4k

2 − µ+1
2

)2

= b · (1 + 2d

µ+ 1
)2 · e

2
∑[N2 ]

k=2 log
(

1+ d
µ
4 k2−µ+1

2

)

≤ b · (1 + 2d

µ+ 1
)2 · e

2d
∑∞

k=2
1

µ
2 k2−µ+1

2

= b · (1 + 2b+ 1 + µ

µ+ 1
)2 · e

(1+µ)
∑∞

k=2
1

µ
4 k2−µ+1

2 · e
b·2

∑∞
k=1

1
µ
4 k2−µ+1

2 .

Observe that T :=
∑∞

k=2
1

µ
4
k2−µ+1

2

is finite and that b · (1 + 2b+1+µ
µ+1 )2) ≤ g · eb for a suitable

constant g. We obtain

det(KN + b · I)
det

(

KN |W − 1+µ
2 · IW

) ≤ g · eb · e(1+µ)·T · eb·2T = g · e(1+µ)·T · eb·
(

1+2T
)

=: G · eb·λ.

Corollary 5.9. For arbitrary small ρ > 0 we obtain
∫

B√
Nρ

(0)
e−

β
2N

〈(KN+2I)·x,x〉dx =

∫

RN

e−
β
2N

〈(KN+2I)·x,x〉dx ·
(

1 + oβ,N (1)
)

,

where B√
Nρ

(0) the ball around 0 with radius
√
Nρ.

Proof. We compute
∫

RN\B√
Nρ

(0) e
− β

2N
〈(KN+2I)·x,x〉dx =

∫

RN\B√
Nρ

(0)
e−

β
2N

〈(KN+I)·x,x〉−β|x|2
2N dx

≤ e−βρ
2

∫

RN

e−
β
2N

〈(KN+I)·x,x〉dx = e−βρ
2

∫

RN

e−
β
2N

〈(KN+2I)·x,x〉dx ·
√

det
(

KN + 2I
)

det
(

KN + I
)

≤
∫

RN

e−
β
2N

〈(KN+2I)·x,x〉dx · T · e−βρ2 ,
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5 Appendix

for some positive constant T . We have used Lemma 5.8 in the last step, to estimate

det
(

KN + 2I
)

≤ Geλ2 det
(

KN |W − 1 + µ

2
· IW

)

≤ Geλ2 det
(

KN |W + IW
)

= Geλ2 det
(

KN + I
)

.

Lemma 5.10. We have

∫

β

N

N
∑

k=1

x4k e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx = oβ,N (1) ·
∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx

and

∫

β

N

N
∑

k=1

|x3k| e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx = oβ,N (1) ·
∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx,

under the assumptions a+ b > 0 and a > −µ.

Proof. The key element of this proof is our ability to explicitly compute fourth and sixth
momenta of a Gaussian distribution

∫

x4k e
− 1

2
〈Q−1x,x〉dx =

∫

e−
1
2
〈Qx,x〉dx ·

(

3Q2
k,k

)

,

∫

x6k e
− 1

2
〈Q−1x,x〉dx =

∫

e−
1
2
〈Qx,x〉dx ·

(

15Q3
k,k

)

.

We define C as the inverse operator of x 7→ 1
2

(

〈KN · x, x〉+ a|x|2 + b ·Nx̄2
)

and

claim Ck,k ≤ D
N

for a suitable constant D and arbitrary N ∈ N≥2. If we perform a Fourier
transformation, for example see the proof of 1.4, and denote with λCl the eigenvalues of C,
we obtain

0 ≤ Ck,k = ek · (C · ek) =
1

N

k
∑

l=1

ei
2π
N
k l · λCl ≤ 1

N

k
∑

l=1

λCl .

The trace
∑k

l=1 λ
C
l is uniformly bounded in N , which proves our claim. As a consequence

we can estimate

∫

β

N

N
∑

k=1

x4k e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx =

∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx · 3β
N

N
∑

k=1

(N

β
· Ck,k

)2

≤
∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx · 3
β
D2.
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5 Appendix

For the second statement, we have to be careful because we take the absolute value of
the x3k. We will overcome this inconvenience, by using the following estimate

|y| ≤ ǫ+
1

ǫ
y2,

for an arbitrary ǫ. We obtain

∫

β

N

N
∑

k=1

|x3k| e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx ≤
∫

β

N

N
∑

k=1

(

ǫ+
1

ǫ
x6k

)

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx

= β

∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx ·
(

ǫ+
15

ǫN

N
∑

k=1

(N

β
· Ck,k

)3)

≤ β

∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx ·
(

ǫ+
1

ǫ
· 15
β3
D3

)

.

With the choice ǫβ :=
√

15D3

β3 we get

∫

β

N

N
∑

k=1

|x3k| e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx ≤
∫

e−
β
2N

(

〈KN ·x,x〉+a|x|2+b·Nx̄2
)

dx 2β · ǫβ .

Because of lim
β→∞

2β · ǫβ = 0, we have the second statement.

Corollary 5.11. Let UN be as in Definition 3.17 and U ′
N as in Remark 3.20, then for

all β big enough and arbitrary N ≥ 2
∫

RN

e−βUNdx ≥ 1

2

∫

RN

e−βU
′
Ndx.

Proof. We apply Lemma 5.10 with a := −1 and b := λ and obtain
using |e−a − e−b| ≤ |a− b| · e−min(a,b)

∫

RN

e−βU
′
Ndx−

∫

RN

e−βUNdx =

∫

e−
β
2N

(

〈KN ·x,x〉−|x|2+λ·Nx̄2
)

− e−
β
2N

(

1
2

∑N
k=1 x

4
k+〈KN ·x,x〉−|x|2+λ·Nx̄2

)

dx

≤ β

4

∫

1

N

N
∑

k=1

x4k e
− β

2N

(

〈KN ·x,x〉−|x|2+λ·Nx̄2
)

dx <
1

2
·
∫

e−
β
2N

(

〈KN ·x,x〉−|x|2+λ·Nx̄2
)

dx,

for β big enough. Hence
∫

RN

e−βUNdx =

∫

RN

e−βU
′
Ndx−

∫

e−
β
2N

(

〈KN ·x,x〉−|x|2+λ·Nx̄2
)

− e−
β
2N

(

1
2

∑N
k=1 x

4
k+〈KN ·x,x〉−|x|2+λ·Nx̄2

)

dx

>

∫

RN

e−βU
′
Ndx− 1

2

∫

RN

e−βU
′
Ndx =

1

2

∫

RN

e−βU
′
Ndx.
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5 Appendix

Lemma 5.12. Let b0, c be positive constants and let us define

D :=
{

x :
∣

∣

1

N

N
∑

k=1

xk
∣

∣ ≤ c
}

.

We claim that there exist for all ǫ > 0 a constant β0 s.t. for all b ≥ b0, β > β0 and
arbitrary N ∈ N≥2

∫

D

e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx > (1− ǫ) ·
(N2π

β

)
N
2 1

det(KN + b · I) .

Proof. First of all, we compute

∫

Dc

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx =

∫

|t|>c
√
N

e−
β
N

b
2
t2dt

∫

W

e
− β

N

(

1
2
〈(KN+b)·y,y〉

)

dy

≤ 2

∫

t>c
√
N

t

c
√
N
e−

β
N

b
2
t2dt

∫

W

e
− β

N

(

1
2
〈(KN+b)·y,y〉

)

dy

= −2
N

βc
√
Nb

e−
β
N

b
2
t2 |∞
t=c

√
N

∫

W

e
− β

N

(

1
2
〈(KN+b)·y,y〉

)

dy ≤ 2

√
N

βb

1

c

∫

W

e
− β

N

(

1
2
〈(KN+b)·y,y〉

)

dy

= 2
1√
2πβb

1

c

∫

e−
β
N

b
2
t2dt

∫

W

e
− β

N

(

1
2
〈(KN+b)·y,y〉

)

dy

≤
√

2

πβb0

1

c

∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx

<
ǫ

2

∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx,

for β big enough. This especially yields

∫

Dc

e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx ≤
∫

Dc

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx

<
ǫ

2

∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx.

Furthermore, using |e−a − e−b| ≤ |a− b| · e−min(a,b) ,

∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

− e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx

≤ β

2

∫

1

N

N
∑

k=1

x4k e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx <
ǫ

2
·
∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx
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5 Appendix

for β. Observe that we have used Lemma 5.10 in the last inequality. Combining our
estimates yields

∫

D

e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx ≥
∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx−
∫

Dc

e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx

−
(

∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

− e
− β

N

(

1
2

∑N
k=1 x

4
k+

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx
)

>

∫

e
− β

N

(

b
2

∑N
k=1 x

2
k+

1
2
〈KN ·x,x〉

)

dx ·
(

1− ǫ

2
− ǫ

2

)

= (1− ǫ) ·
(N2π

β

)
N
2 1

det(KN + b · I) .

Lemma 5.13 (Laplace asymptotic for VN ). Let fβ,N : RN → R be a family of uniformly
bounded functions and V δ

N (x) := VN (x)− 1
2N δ|x|2. Then we obtain for δ small enough

∫

fβ,N e−βV
δ
Ndx =

∫

x̄≥0
fβ,N e−

β
2N

Qr
N [x]dx+

∫

x̄≤0
fβ,N e−

β
2N

Ql
N [x]dx+ oβ,N (1) ·

(

N2π
β

)
N
2

det(KN + 2 · I) ,

where we denote

QrN [x] := 〈(KN + 2 · I − δ · I) · (x− (1, .., 1)), x− (1, .., 1)〉 ,
QlN [x] := 〈(KN + 2 · I − δ · I) · (x+ (1, .., 1)), x+ (1, .., 1)〉 ,

and suppress the δ dependence in the notation.

Proof. Let K be a bound for the family of functions. We then obtain

|
∫

x̄≥0
fβ,N e−

β
2N

Qr
N [x]dx+

∫

x̄≤0
fβ,N e−

β
2N

Ql
N [x]dx−

∫

fβ,N e−βV
δ
Ndx|

≤ K ·
∫

x̄≥0
|e−βV δ

N − e−
β
2N

Qr
N [x]| dx+K ·

∫

x̄≤0
|e−βV δ

N − e−
β
2N

Ql
N [x]| dx.

Using |e−a − e−b| ≤ |a − b| · e−min(a,b) and the following inequality, which follows from
Lemma 3.6. in [10] for δ small enough,

V δ
N (x+ (1, .., 1)) ≥ 1

2N
〈(KN − I) · x, x〉+ 5

8
x̄2 =: Q0

N [x] for all x with x̄ ≥ −1,

53

D
ie

 a
pp

ro
bi

er
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t i

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
at

 th
e 

T
U

 W
ie

n 
B

ib
lio

th
ek

.
tu

w
ie

n.
at

/b
ib

lio
th

ek

https://www.tuwien.at/bibliothek


5 Appendix

we obtain together with Lemma 5.10

∫

x̄≥0
|e−βV δ

N − e−
β
2N

Qr
N [x]| dx ≤

∫

x̄≥0
|VN (x)−QrN [x]| e−

β
2N

Q0
N [x−(1,..,1)]dx

≤
∫

RN

β

N
|
N
∑

k=1

1

4
x4k +

N
∑

k=1

x3k| e−
β
2N

Q0
N [x]dx ≤ oβ,N (1) ·

∫

e−
β
2N

Q0
N [x]dx

= oβ,N (1) ·
∫

e−
β
2N

Q0
N [x]dx = oβ,N (1) ·

(

N2π
β

)
N
2

det(Q0
N )

= oβ,N (1) ·

(

N2π
β

)
N
2

det(KN + 2 · I) .

Note that

det(KN + 2 · I) = C · det(Q0
N ).

follows from Lemma 5.8, for a big enough constant C and arbitrary N ∈ N≥2. In the same
way we can estimate the integral

∫

x̄≤0
|e−βV δ

N − e−
β
2N

Ql
N [x]| dx.
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