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Introduction

The purpose of this thesis is to derive the sharp asymptotic of the convergence rate to
equilibrium for a bistable dynamical system in the regime of large dimensions and small
noise. We will investigate the following system of stochastic ordinary differential equations

d [ [2N
— X=X, - XP 4+ — (X —2X + X —¢ 1
dt 7 7 7 + 4317’1(%)2( ’L+1 Z+ (2 1) + B 527 ( )

where ¢ = ({Z)Z]\L | represents RN_valued white noise and we assume periodic boundary
conditions on the random vector X = (X;)X,, i.e. X9 = Xx. The white noise £(t) can be
seen as the formal derivative of a R™-valued Wiener process ¢ — W (t). Because the paths
of a Wiener process are almost surely not differentiable, the equation (1) is only formal.
However, the standard approach to make it rigorous is to rewrite it as an integral equation
in the following form

t

Xi(t) = i + / Xi(s) — X?(S) + m(Xz‘—H(S) —2X,(s) + Xi_l(s)) ds + ﬂﬂft7
0 sin(%7) B

for almost every w in the underlying probability space €2, with initial condition X;(0) = x;.
Observe that t — X (t) is a stochastic process, i.e. X(t) is a R¥Y-valued random variable,
and that we have suppressed the w dependence of X;(t) and W; in the equation for a better
readability. Further we denote by X?*(t) the solution of equation (1) with initial
condition X?#(0) = z € RV,

System (1) can also be seen as a discretisation of the stochastic Allen-Cahn equation in

one space dimension on the interval (0, 2—7&), which can formally be written as

d d? 2
a<I>(t,:1:) = ®(t,z) — ®3(t,z) + @tb(t,x) + \/gf(t,x), (2)

where £(t, z) represents white noise in time and space. This by [1] and others well stud-
ied equation, is also known as the stochastic Chaffee-Infante equation. For example, this
model arises in the context of the ¢7 model in stochastic quantization. We can relate the
stochastic ordinary differential equation (1) with the stochastic partial differential

equation (2) by the approximation X;(t) ~ ®(t, %ﬁ)

We will discuss the equation (1) in the limit of vanishing noise, i.e. we are interested in
the limit 3 — oco. With a suitable potential V : RY — R we can write this equation more
compactly as %X = -VV(X)+ \/gf . This stochastic differential equation describes
the trajectories of N coupled particles in the velocity field —VV, which are additionally
exposed to a stochastic perturbation in the form of white noise. Looking at the energy
landscape of V', we see that there are exactly three critical points, the
points I_ := (—1,..,—1) and I := (1,..,1) which are minima, and the third critical
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point (0, ..,0), which is a saddle point. Hence I_, I, are attracting orbits for the determinis-
tic equation %X = —VV(X), whereas (0, ..,0) is an unstable equilibrium point. Therefore
we have a good heuristic understanding of the long time behaviour of solutions of the de-
terministic equation. Depending on where the solution starts, it will either converge

to (—1,..,—1) or (1,..,1), as long as it does not start in the unstable point (0, ..,0). As soon
as we add the stochastic perturbation, we obtain another interesting long time behaviour.
At first the system will still approach one of the stable orbits (—1,..,—1)

or (1,..,1), but for even larger times, we will see that so called metastable transitions occur,
see [2], and the system will converge as a probability distribution to the equilibrium

state dug = Ziﬁe*ﬂvdx, independently of the starting point. In the limit of vanishing noise,
these probability measures 115 again converge to the distribution %(5 1, +07_). This tells us,
that even for arbitrary small noise, it is always possible for the particles to tunnel through
the potential barrier from one zone of attraction into the other. We see that the points I_
and I are stable for moderate time scales, but unstable for larger times. To quantify this
new time scale where stochastic tunnel effects appear, one defines the stopping time 73 n as
the first time the particle enters the other zone of attraction. The Eyring-Kramers formula
for the finite dimensional case, for example see [3, 4], tells us in the limit of vanishing noise

Elrgn] =c-et - (14 05(1))

with a suitable positive constant ¢ which can be computed explicitly.

Consider the diffusion operator L defined by the closure of —%A(@ + VV . V¢ in the

Hilbert space L? (), which is associated to our stochastic differential equation in the sense
that the evolution describing Markovian semi group

Qi(f)(2) := E[f o X*(t)]

is generated by —L. Note that L is selfadjoint and the constant function 1 is the eigen-
function to the eigenvalue 0. Let us denote with Ag ny the first non zero eigenvalue of L.
By a standard spectral theoretic argument, we see that the convergence rate

2 2 Y
”E[f © Xz(t)] - /f dMﬁHLQ(uﬁ) S HfHLQ(“ﬁ)C B.Nt
is governed by the spectral gap Ag n. In this sense, one can identify the convergence rate

to the equilibrium state pg of the dynamical system (1) with the first non zero eigenvalue.
Observe that the tunnel time 75 y is related to Ag y as well by the following equation

Elran] = 5 - (1 0(1). )

see [5, 6], which tells us that it is asymptotically equivalent to find the expected exit time
or the first non zero eigenvalue.
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It is known that the Eyring-Kramers formula for the expected exit times holds as well
for the (infinite dimensional) Allen-Cahn equation (2), for example see [7, 8, 9]. In the
context of finite discretization, this means that the asymptotic result

E[T@N] =C- eg . (1 + 0/5,]\[(1))

holds with an error term og (1) converging to 0 in the limit 8 — oo uniformly in N,
compare notation 4.4. In the relation E[rg y] = )\BLN - (14 05(1)) we have no insight about
the N dependence of the error term og(1), therefore it is not straightforward to see, that

the central relation 5
_B
Mgy = e (1+ogn(1)) (4)

with an uniformly in N controlled error term og x(1) holds as well. Because of the Eyring-
Kramers formula, we know that this error term gets small in 3 for every discretisation
size N, while it is shown in [10] that one can find useful N independent estimates on Ag .
It is content of this thesis, to prove that the error term gets small for 8 — oo uniformly
in N.

Performing a so called ground-state transformation, one can see that the operator L is
up to a multiplicative constant unitary equivalent to a Schrodinger operator H = —A + ®
with a suitable potential ®, see Corollary 2.7. In the framework of Schrédinger operators,
we would talk about the semi classical limit h := 1 — 0 instead of vanishing noise,
where h corresponds to Planck’s constant, see [4]. In this setting, one also encounters
tunnel effects, which have been investigated in various papers, such as [11] or [12]. In
analogy to equation (3), it is described in [12], that the tunnel times in quantum mechanics
are associated to the low lying spectrum of the operator H. Again in [12], this low lying
spectrum is analysed. To be precise, the asymptotic exponential convergence rate of the
spectral gap gets identified, using the theory of large deviations. Observe that we want,
similar to the Eyring-Kramers formula, the sharp asymptotic of the spectral gap, and not
only the exponential convergence rate. Never the less, using the Schrodinger operator rep-
resentation H of our diffusion operator L can be a very useful tool, especially while working
with a fixed dimension N. The problem is, that the natural bounds on H have a bad N
dependence, which is why we will introduce different useful transformations in Definition
2.5.

This thesis is structured in the following way, in Section 1 we define and analyse the
energy landscape of our potential V. Especially we want to find the critical points, see
Lemma 1.10, and investigate convexity properties of V', which is content of Lemma 1.9.
This will be useful, because we have a good understanding of the spectral gap of an oper-
ator associated to a convex potential.

In section 2 we discuss the fundamental techniques, which we require for the main proof.
In particular, this includes the IMS localisation formula, which allows us to connect local
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results with global ones, see Corollary 2.19. Therefore we can restrict our investigations on
test functions which have a support contained in some subsets Q@ C RY. This investigations
should yield us a local version of the spectral gap, which we use in a combination of Corol-
lary 2.19 and Lemma 2.15, a version of the Max—min principle, giving us insight about
the spectrum. Furthermore we discuss logarithmic Sobolev inequalities in this section. For
instance, they give us the right understanding of the spectral gap associated to a convex
potential, especially see 2.12.

Even though we are interested in the first non zero eigenvalue, we have to do most of the
work, to control the second non zero eigenvalue, which is carried out in Section 3. We will
do this, by covering our space with subsets 1, .., Qg, where we can find the right estimates
for each 2;. The precise definition of this sets is given in Definition 3.1. Roughly
speaking, 1 and 9y are neighbourhoods of the attracting orbits /_, I and the proof of
the local spectral gap is carried out in Section 3.1. The saddle point of V' is contained
in 3, while the infliction points are contained in 25, . The investigations of these regions
are carried out in Section 3.2, respectively in Section 3.4. Finally, the region €4 contains
all points, which are away from the constants (z, .., ). Here the proof of the local spectral
gap is carried out in Section 3.3, and relies heavily on the fact, that the potential V is
convex, if we restrict it to points which are orthogonal to the constants.

In section 4 we will be able to prove the asymptotic of the spectral gap, using the
results of section 3. It is shown in [10], that the uniform bound on the second eigenvalue
implies the desired asymptotic of the spectral gap. We will also carry out this proof, but
only for the case of Dirichlet boundary conditions around one of the attracting orbits, see
Definition 4.1. This operator again corresponds to a stochastic differential equation, where
particles get absorbed at the boundary. If we denote with )‘BD7 n the first non zero eigenvalue
corresponding to Dirichlet boundary conditions, we will prove

B
4

1 1
Ay =5han - (L+0sn(1)) == €77 (1+05n(1)),

in analogy to formula (4). Observe that for this eigenvalue we have the relation

Elrs.n] = )\[;N (14 05(1))

instead of Elrg n]| = /\ﬁ% . (1 + 05(1)). The factor 2 only appears, because we are looking

at the non generic case of a double well with equal well depths. This motivates, why )\g B
is more naturally connected to E[rg y] and why we want to investigate the operator with
Dirichlet boundary conditions as well.
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1 Preliminaries

1 Preliminaries

In this section we will define the double-well potential Vy and analyse its basic properties.
In general we will follow the approach of [10], where the basic analysis of Vj is carried out
in chapter 2.1.
1.1 Notation

Definition 1.1. Given a ju > 1, we define for every N > 2 a bilinear form on RN (with v;
being the i-th component modulo N of v) by the formula

N
Ky(v,w) := 48“;;(;\;) Z(vZ — vi—1)(w; — wi—1).
i=1

Furthermore let Vi : RN — R be the potential

With a slight abuse of notation, we will also write K for the linear mapping given by
the formula

(Kn - z,y) = Ky(z,y), forall y e RY,

where (:c, y) = Zévzl x), - yi denotes the standard scalar product on RV,

Because of the special structure of our potential Vi, it will be convenient to introduce
the following notation.

Notation 1.2. For z € RY we denote the standard norm on RN

N
\a:|2 = Zmz
k=1
and the mean
1 N
X = N Z:Ek
k=1

Furthermore let Wy C RN be the set of ally € RN s.t. j=0. We can then, for
every x € RN, perform the following orthogonal decomposition

r=(Z,.,7)+y(x),

with y(z) € Wi
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1 Preliminaries

Definition 1.3. For N € N> and z € R we define the function F, y : Wy — R

1 1 1
Fon(y) = Vn((z, )+3/)—ZZ4+§Z2—1
1 & 1L, 3,14, 1 <.,
WZ NZ Yk 5% Nzyk—fzyiﬁ-%[( N YY)
k=1 k=1 k=1 k=1

We basically look at the function Vi restricted to the subset (z,..,2z) + Wy, where we
subtract terms which are constant in y.

1.2 Analysis of F, x

First we show a convexity result for F} y.

Lemma 1.4. For all y € W we have

(Kn - y,y) > ply*

Proof. For this proof, we look at Ky as a bilinear form defined on C. Then the elements

v = (ez‘%kj);\f:l,

with £ =0,..,N — 1 form an orthogonal basis of Eigenvectors, where v; correspond to the

. T2
eigenvalue A\ := ,usszzl((k LN))Q . Because we know Ay > p for all 1 < k < N we obtain for
N

all y € Wy = {vo}*+

(KN -y,y) > plyl*

O
Corollary 1.5. There exists a positive constant c, s.t. for all N € N>o, z € R andy € Wy

c
HessF, > —.
z,N|y - N

Proof. For all v € Wy we define = := (z,..,2) + y. Using Lemma 1.4 we obtain

N
1 1
HessF, n|y(v,v) = HessVi |z (v, v) E 3z, N E ’Ul% + N (KN -y, y)
k=1

1
— <ol + Lol =: *IUIQ-
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1 Preliminaries

O]

For the proof of Corollary 1.5, it was necessary to assume g > 1. In the last part of this
subsection we show some useful estimates of F, y.

Lemma 1.6. We can control F, n by the following two estimates. First of all we have for
all z e R and y € Wy

1 22
Fen(y) 2 o (Bv = 1) - 9,9) + = Ui

Second, there exists a positive constant q s.t. for ally € W, for all z € R and
all v € RN with y(x) =y and |7| < 1

LNZQW SHRRL) o Sy, )

=2
=2

Proof. We compute for the first estimate

N
1 1
Fon(y) = 5 (Kn = 1) -y,0) + — Y (v + 424} + 62°53)
k=

N AN &

1 1 Y 1,
= Ky—1 — u 22)° + =2

N (Kn—=1)-y >+4Nk—1yk(yk+ z) +2NZ k;—1yk

> —_— .
2 on (Kn—1)-y >+2 z g Vi

For the second estimate we define b := ¢ - (22 + 1). Then this problem is equivalent to

DUkt (52 = Dy <
k=1 k=1

i i 1, b, b,
v+ 228+ 3(2)°y; + 5 (@) + Sy + 5 (@)

N =

This especially means that we are done, if we can show that the function
1 3
fy) = Z-y2+2(:f—z) y+ (3(2)% - 5z2+1+b)
is positive. We see that the minimum point of f is at y = 2z — Z, with the value
- 1 - 2 (= - 3 2 —\2 2
f(2z—17) = Z(—2a: +22)2 4+ (2 — 2) (-2 +22) + 1 — 57 +3(z)° +q- (2" +1).

Since T is bounded we can take the constant ¢ big enough, s.t. the function is always
positive.

10
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1 Preliminaries

1.3 Analysis of Vy

First of all, we compute some derivatives of our potential Viy

1

VVn(x) = N(KN cx—x+ (sz)k)a
1
HessVy(z) = N(KN — 1+ (323 - kK1),
__ L
AVy(z) = WQ(%) - 1+NZ%‘-

It will be our next goal, to show that Vi is uniformly convex on a ”big enough” neighbour-
hood around the points (—1,..,—1) and (1,..,1). As we will see later, these two points are
the local minima of Vy.

For the next two auxiliary results, let us denote &(v) := max;y |v; — vg| for all v € RY.

Lemma 1.7. There exist constants b > 0 and C > 0, s.t. for all v € RY with |v] = 1

&
and §(v) > i

(Kny = 1I)-v,v) > 1.

Proof. With the definition C' := %, we obtain using Lemma 5.3

H 2
<(KN—I)‘U,’U>:<KN-’U,U>—1ZNW5(U> -1
bR

>N —
~ 7 1672

1=1.

Lemma 1.8. There exists a constant D s.t. for all v with |v| = 1 and é(v) <

EL

D
log| < —=

\/N’
for all k € {1..N}.

Proof. First of all, we claim that there exists a j s.t. |vj] < ﬁ To prove this, let us

assume |v;| > ﬁ for all j € {1,..,N}. From this we could conclude

N N 1
2 _ p -
DD ST
7j=1 7j=1

11
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1 Preliminaries

a contradiction. Using the definition of §(v) we obtain for all k
C 1
ok < 6(v) + |vj| € ==+ —=.
=Rt
O

We define our neighbourhood €2, - as the set of all z € RY s.t. Z > z
and |y(z)| < vV/'N - |Z| with a suitable choice of v and zy. We are now able to prove the
following result.

Lemma 1.9. For all zy > %, there exist positive constants v and c, s.t. for all x € Q, ,

c
HessVy |, > N

Proof. Let v € RY be an arbitrary vector with |v| = 1. First of all we consider the
case 6(v) > C, where we chose C' as in Lemma 1.7. From this result we obtain

1

HessVy |z (v,v) = N;Sxkvk—l— KN—I)-U,U>ZN<(KN—I)-U,U>
1 1
—((Ky—1 > —.
> Ky —1)-0,0) >
In the other case that d(v) < C, we know from the Lemma 1.8, that there exists a D s.t.

for all k € {1,.., N}
D
|?)k| S e

VN

With the decomposition z = y(z) + (&, .., &) we obtain, using |y(1:)] < vV/NZ and |i‘| > 2o

HessVn |z (v, v

Note that because of zg > % the numerator in the last expression is positive for + small
enough. O

12
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Lemma 1.10. The potential Viy has exactly three critical points at (—1,..,—1),(0,..,0)
and (1,..,1), where (—1,..,—1) and (1,..,1) are minima and (0, ..,0) is a saddle point
where Hess(V)((0,..,0)) has exactly one negative eigenvalue.

Proof. Computing VVx shows that the three points are indeed critical points.
According to Corollary 1.5, the function F, y is convex, with a minimum at y = 0. This
means VV (y + (z,..,2)) = 0 is only possible for y = 0. It is easy to show that z has to be
one of the values {—1,0,1}. Because HessVi |1, 1) = +(Kn+2-1) is convex, (1,..,1) has
to be a minimum. A symmetry argument shows that this also holds true for the
point (—1,..,—1). We still have to prove that (0, ..,0) is a saddle point. Because exactly
one Eigenvalue of HessVi/|q, o) = %(KN - I) is negative, we obtain that (0,..,0) is a
saddle point.

O

Without the assumption p > 1, we would lose the property that the potential has only
three critical values. At the end of this subsection, we show a property which will be useful
later on.

Lemma 1.11. There exists a constant C s.t. for all z € RY
1 5 1
W(z) = Z]VﬁVN(m)] — §AﬁVN(m) >C,

where C' might be negative and depend on N and B. Furthermore we have

lim W(z) = occ.

T—00
Proof. Let usrecall VVy(z) = + (Ky-z—2+(23);;) and define s := %(w?—xl, W TR —TN)-
We write

1 1
W(z) = |s|2 + N|KN . x|2 + NQ (KN - z,8) — ABVN(z) > |s|2 —colx| - |s] — 01]:1:\2 — o
c2 N
5|2 — (1 + 50)\90]2 —cy = 2(03362 + 4zt + 572 + ),
k=1

>

N |

with suitable (positive) constants co, .., cg. Because c3 is positive, the

mapping y — 3y + sy + e5y% + ¢ is bounded from below, which yields us the first result.
Because the mapping y +— c3y% + c49? + c5y? + c6 — y? is bounded from below as well, we
obtain for a suitable constant C’

W(z) —|z]*>N-C',

and therefore W (x) tends to infinity for z — oo. O

13
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2 Auxiliary results

2 Auxiliary results

In this section we gather some definitions and results, which will be useful later on.

2.1 Dirichlet Form

Notation 2.1. For a measurable function V : RN — R we denote by puy the measure

)= [ e Vas

Furthermore we will write C§°(Q) for the set of all C*° functions ¢ : Q@ — R which have
compact support and we will call the bilinear form

&wwwz/vwvwww

defined on C3°(Q2) functions, the Dirichlet form associated to the potential V.
In the following we define a diffusion operator, which will be our main object.

Definition 2.2. Let V : RY — R be a C? function. We define Ly as the Friedrichs
extension (see [13]) in the space L*(uy) of the symmetric and positive operator

M_Ywﬁﬂéﬂwm

Voo —Ad+VV - Vo

Lemma 2.3. For all functions ¢, out of the set CS°(RYN) we obtain

Ev(d.¥) = (Lyd, ) 24y ) -

Remark 2.4. That the operator Lj, is symmetric and positive follows from
Lemma 2.3. As described in [13], this is sufficient for the existence of the Friedrichs
extension. In the following we are interested in the low lying spectrum of the operator

N
Lgn = gLﬁvN»

where Vi is given by Definition 1.1. It is clear that Lg n is a positive selfadjoint operator.
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2 Auxiliary results

2.2 Unitary Transformations

Definition 2.5. Given a C? function U : RV — R, which we will call the reference
potential, we define a unitary transformation

Too ,:{ L (pv) = L2 (),
o ¢|—>e$p(—%(V—U))-¢.

We then define the transformed operators
LY :=Tyy - Ly - Tyy : dom(LY;) — L*(uv),

where dom(LY.) is the set of all ¢ € L*(uy) s.t. Ty,v - ¢ € dom(Ly).

Lemma 2.6. We obtain for ¢ € C*(RY),
U 1 1 2
156 = Lug + (5Lo(Viw = U) + 71V = VU ) 0.
Moreover, the set C°(RN) is a core for the operator LY., if and only if it is a core for the

operator Ly .

Proof. Let us denote W := £(V — U) and compute
L59) =W Ly(eV9) = eV (= A 9) + TV - V(eV9))

— WL ( — AW —2vW - Ve — AgeW +VV - VeV +VV - VW¢eW)

= —A¢+ (VV =2VW) - Vo + (= AW + VV - VIV)¢
=-Ap+VU -Vo+ (—AW +VV - VW)¢
:Lv(¢)+LV(W) (b

Corollary 2.7. The special cases U :=V and U := 0 yield for ¢ € C(RY)
Ly¢ =Ly,
1 1
0 4 _ _ - 2_ -
196 = -2+ (7I9V] 2Av)¢.

Remark 2.8. The operator H := L?, has the structure of a Schrodinger operator with
the potential i|VV|2 — %AV. The operator H can be seen as the restriction of the Witten
Laplacian on the level of functions, which can more generally be defined on a Riemannian

manifold, for example see ([4], [14]).

15
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2 Auxiliary results

Lemma 2.9. The operator LfBVN from Definition 2.2 is essentially selfajoint i.e. Lgy,, is
the unique selfadjoint extension of L/ﬁVN and the set of all smooth and compactly supported

functions C°(RYN) is a core for Lgy,. We also know that the spectrum of Lgy,, is discrete.

Proof. We look at the unitary equivalent operator L?,. An operator of the type —A + W
with a C? potential is, according to [13] Theorem 9.15, essentially selfadjoint, if W is semi

bounded from below. If we define W i= (4[VAVy[? — JABVy ) we

obtain L%VN = —A + W. Furthermore, Lemma 1.11 tells us that W > C for some

constant C, and therefore we know that the set C§°(R”) is a core for L), and hence a core
for Ly, see Lemma 2.6. Lemma 1.11 also tells us, that W tends to infinity for z — oo.
Therefore we know that the spectrum of our Schrodinger operator —A + W is discrete, see
[13].

2.3 Logarithmic Sobolev Inequality

We will use the following results on multiple occasions. I want to refer to [15] and [16] for a
detailed analysis of this topic. We will use slightly different definitions, which will be more
convenient, since we do not want to cover the topic as general as in [15] or [16].

Definition 2.10. We say that a C? potential V with i e~Vda < oo satisfies the logarithmic
Sobolev inequality with constant p > 0, if for all ¢ € dom <\/LV>, see Definition 2.2,
with ﬁ f¢2 e_vdl‘ =1

[ #108(6%) e < IV Evol
For ¢ € C3°(RY) this inequality becomes

/ $*log(¢%) ¢ Vda < p / Vo e Ve,

Lemma 2.11 (Poincaré inequality). If the C? potential V satisfies a logarithmic Sobolev
inequality with constant p >, then it satisfies a Poincaré inequality with the same constant.
Satisfying such a Poincaré inequality means that for

all ¢ € dom(m) with [ ¢ du=0

/¢2 e™Vde < pllVLvel2(,)-

For ¢ € C°(RYN) this inequality becomes

/¢2 e Vdr < p/ IVo|? e Vdz.

16
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Proof. See [15] Proposition 3.1.8.
0

One of the most useful criteria to show a logarithmic Sobolev inequality is the following
result.

Lemma 2.12 (Bakry and Emery). Let V : RN — R be a C? potential
with HessV |, > m -1 >0 for all x € RY. Then V satisfies a logarithmic Sobolev inequality
1

with constant p := -.

Proof. See [15] Theorem 3.1.29.
O

Lemma 2.13 (NGS Bound). Let V be a C? potential satisfying a logarithmic Sobolev
inequality with constant p and let Q@ C RN be a measurable set. Then we obtain for every
continuous function G with fe_gG e Vdz < oo and all ¢ € CSO(RN) with a support
contained in 2

/!V¢|2 e Vdx + /G¢2 e Vdx > Cg/ng e Vda,

_pG _
with Cq == =2 log (fﬂf—vd“"f>

Jen e Vda

Proof. See [16] Theorem 7.

Putting together 2.12 and 2.13, we obtain the following corollary.

Corollary 2.14. Let V : RN — R be a C? potential with HessV |, >m -1 >0 for

all z € RN and let @ € RN be a measurable set. Then we obtain for every continuous
function G with fe_%G e Vdz < oo and all ¢ € CC(RN) with a support

contained in )

/yv¢|2 e Vdz + /G¢2 e Vdz > CQ/¢2 e Vdz,

_ 1
Joe 2m @ e*de)

with Cq := —2mlog ( v o Vds
R

2.4 Estimate on the Spectrum

We want to show, that the spectrum of the operator Lg n defined in Remark 2.4
contains at most two values lower then some positive 5 and N independend constant C.
To do so, we need some kind of Max—min principle, for an introduction to this principle,
also see [13].
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2 Auxiliary results

Lemma 2.15 (Max—min principle). Let A be a selfadjoint operator. Assume that there
exist constants C,cy,..,c, and Hilbert space elements vi,..,v, such that for all x in the
domain of A (or all x out of a core of A)

(Az,z) > COllz|* = > ¢j (v, )%
j=1
Then
lo(A) N (=00, C)| < n.

This especially means that the part of the spectrum smaller than C' is discrete and can
only contain up to n different values. If A has discrete spectrum we obtain

>\TL+1 Z C)

where \; denotes the j-th eigenvalue of A.

Proof. Assume that there are n + 1 different values A1, .., A1 € 0(A) with A; < C. Let
us choose an € > 0 small enough, such that (A\; — e, A\j +€¢)N(Aj —€,Xj+¢€) =0

for i # j and \; + € < C. Then, pick w; # 0 with w; € ran(E((Ai — €, + e))), where E
denotes the spectral measure of A. Because of

dim(spcm(wl, . wn+1)) =n+1>n> codim(span(vl, o vn)J‘),

there exists an element x # 0 with 2 € span(wy, .., w,11) N span(vy, .., v,)*. Because
of z € span(wy, .., wp41) C ran(E((—oo,C))) and x # 0 we obtain

(Az,x) < C’HJUH2

On the other hand, x € span(vy, .., vp)* together with the assumptions of this result implies

(Az,2) > Cllz||> =Y ¢j (v, 2)* = Ca||*.

=1

This is a contradiction, hence there can only be up to n different values in o(A) N (—o0, C).
O

Our goal is to show the existence of a constant C' > 0, such that
lo(Lsn)N[0,0) <2,

for all 5 big enough and arbitrary N > 2. For this we will need the following localisation
results.

The next results will allow us to connect local results with global results. This technique
can for example be found in [17]. First of all, we will introduce some notation.

18
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2 Auxiliary results

Notation 2.16. Let &1,..&, be a family of smooth functions with > p_, & = 1. Then we
denote for a smooth ¢ the decomposition ¢1 :=&1 - P, ..,0n = E&n - @.

Lemma 2.17 (IMS localisation formula). For all smooth ¢ : RY — R
n
> o =%
k=1

DIV = [Vel* + ) IVEl*6”.

k=1 k=1

Proof. The first claim is obvious. For the second one, observe that we
obtain Y p_; &VE& = 0 by differentiation of the equation Y ;_; & = 1. Now we can
compute

STIVoR? =D [VEd + &V =D IVaal* + Y 1GVel* +2> (Vée) - (&V0)
k=1

k=1 k=1 k=1 k=1

=" Y VG VO Y G +26Ve- > &V
k=1 k=1 k=1

=¢* > V&> + Vol
k=1

where we made use of > }_; {l% =1 again.

Corollary 2.18. Let Ly be the operator from Definition 2.2. We
have quH%Q(uv) =D ko1 ||¢k||%2(“v) and

n

Ly, 0) 12y = D LV Ok 08) 2y | < 1Y IVE oo - 10172 -
k=1

k=1

Based on the IMS localisation formula, we are able to verify the correctness of one of our
most important tools, which will allow us to work locally.

Corollary 2.19. Let RN = Q, U..UQ, be a cover of the whole space, &1, ..&, a family of
smooth functions with Y _, f,% =1 and supp & C Q, and let us assume that we have a

family of functions V.1, .., Yym) € L*(uy) for all k € {1,..,n}, s.t. for all
smooth ¢ € C§°(RN) with supp ¢ C

(L&) sy = ol = D | [ b0 dul®
j=1
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2 Auxiliary results

Under these assumptions, the part of the spectrum o (L) smaller then C' := C—|| >} _; |V&k|*[loo
can only contain up to m =Y ;_, m(k) different eigenvalues.

Proof. We define for all k € {1,..,n} and j € {1,..,m(k)} the functions 0y, ; := & 1y j, and
denote the cut-off of a function ¢ with ¢y := ¢&. Observe that supp(¢yr) C Qk. Corollary
2.18 yields us

(Lvé, &) 2y = | D IVEP oo - 11172000 = D (L dks Dk) 12y

k=1 k=1
(e - Z | / o Uiy dil?)
k=1
n m&
= Ol = D0 D | [ 06 v dul”
k=1 j=1

Therefore we obtain for all ¢ € C5°(RY)

n m(k)
LV, 0) 2y = ol — D2 D | [ 6 00 d,
k=1 j=1
and applying Lemma 2.15 immediately yields us the desired statement. O
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3 Estimate on the third Figenvalue

3 Estimate on the third Eigenvalue

In the proof that the third eigenvalue is bigger then some 8 and N independend

constant C, we follow the strategy of [10], which contains a combination of the IMS local-
isation formula Lemma 2.17, Corollary 2.19 and the version of the max-min principle in
Lemma 2.15. In a first step, we will cover RV with regions 1, .., Q,,. We will then prove
the condition for applying the max-min principle in each region {2 separately. The IMS
localisation formula will then yield us the desired statement for the whole R¥.

The success of our strategy is based on finding a good partition €24, .., 2, of the
whole RN s.t. (Lgno,¢) > C|o||? or (Lgno,d) > C|8|*> — (v, $)? for all ¢ with support
in some subset €2;. Corollary 2.19 yields

|U(L57N) N [07 C)| <2,

for a constant C' > 0 and all 3, N big enough. Observe that |o(Lg ) N[0,C)| < 2 can also
be expressed as )\g N> , where )\g N denotes the third eigenvalue of Lg n.

Recall the Notation 1.2 of Z and y(x), which we will use in the following definition.
Definition 3.1. Let p,r be positive constants. Let R(t-e+vy) := —t-e+y be the reflection
orthogonal to e, with e := Tlﬁ(l, ., 1). We decompose RN = Q,U..UQg in the following way
We define the region Q4 as the half open cylinder containing the minima (1,..,1)

1
Uy ={reRY: — +p<7<oo, |ylx)|<2VNr},

V3

and symmetrical Qo N := R. - Q1 N, which contains the minima (—1, .., —1). Furthermore
we define 23 as the cylinder

1 1
Qs n = {z e RV : —Fte<E< Zop ly(z)] < 2v/Nr},

which contains the saddle point of V. If we define the on both sides open
cylinder Z = {x € RN : |y(x)| < 2v/Nr}, we observe that the complement RN \ Z is
covered by

Q= {z e RN : |y(z)| > VNr}.

With the Definition
1 1
sy ={zeRV: — —2p<z<—+2p, xz)| <2V Nr
5,N { /3 p /3 ps |y(z)| }

and Q¢ N := R - Q5 n we can cover the whole cylinder Z with the
sets Z = Q1 U Qs U Q3 U Q5 U Q.
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3 Estimate on the third Figenvalue

In the subsections 3.1, 3.2, 3.3 and 3.4 we will prove the following two results, which
give us locally the desired estimate on the Dirichlet form, which is crucial for applying the
Max-min principle.

Notation 3.2. For convenience, we will denote the scalar product
(¢ 9) = <¢,w>L2(NBVN) = /¢ Y e PN Ay

and the norm ||¢[|? = (¢, ®).

Lemma 3.3. We can choose r,p > 0 small enough, s.t. there exists a constant C' and
functions ¥y, P, with

L fo, V6112 e da > LClonl? = | [ é1 ¥ e PV daf?,
2. fQ2,N Vo|? e PN dz > %CH%HQ — | [ b2ty e PV daf?,

3 Joun [VORI* €PN dz > G|yl for k =3,..,6,

for all B big enough, arbitrary N € N>y and all functions ¢y, with supp(dr) C Qi N

Proof. Let v be as in Lemma 1.9. If we choose r < yp, we know that HessViy > & on the
set {11 n respectively on the set Q2 xy and therefore apply the results of Subsection 3.1
with € := € y respectively €2 := 9 x. This covers the proof for the first two statements.
For k£ = 3 one finds, under the assumption (% —p)? +4r? < %, the proof in Subsection
3.2 and for k = 4 in 3.3. If we take p small enough, one finds the proof for k = 4,5 in
Subsection 3.4.

O

Lemma 3.4. There exist C*° functions {1 N, .., &6, with the
properties supp(§pn) C QN 22:1 fg’N =1 and

6
K
>Vl < 3y

with a N independent constant K.

Proof. From the way we have chosen our regions €0y it is clear that we can find
functions &, y with the properties supp(&r,n) C QN and 22:1 5,%7]\, =1, s.t. we can write

for all N € N the functions §; n as z — hy(Z, %), where hy is a C'°° function which has a

compactly supported gradient Vhi. The construction is carried out in Corollary 5.7. We

2
are going to estimate the norm of the gradient of & n : = — hy(Z, %) Because of the
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3 Estimate on the third Eigenvalue

compactly supported gradient of hy, we can assume for a suitable constant d that |z| < d
2
and % < d. We obtain

N N
1 2 1
|V§k7N(x)\ Z(aﬂlk — 4+ Oahy - yj) W’v}LkP . Z(l + 4y]2-)

Jj=1 Jj=1

1 1
< ——|Vhe|? - (N +4ly?) < =|IVA*||leo - (1 + 4d).
_Nglvk! ( +|y|)_NH!VIII (1+4d)

This immediately yields us the existence of a IV independent constant K s.t.

Z\vakNl oo < N

Corollary 3.5. There exists a constant D s.t. B big enough and arbitrary N € N>o

lo(Lg,n)N[0,D)| < 2.

Proof. Because of Lemma 3.3, our decompositions {1 v, .., {26 y with the functions &1 n, .., {4, N

meet the requirements of Corollary 2.19, with the constant %C, hence we obtain
lo(Lavy) N (—00,Ch n)| < 2,
with ¢ = %C — 50 V&% Lemma 3.4 tells us for 8 big enough and D := §

>o-—>L
Can > ’EC NK NﬁD

Using the Definition Lg y := %LﬂVN yields us the desired estimate.
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3.1 Localisation around the Minima (£ x, 22 x)

For a convex potential F' with HessF' > ¢ we know because of Corollary 2.12, that for
all ¢ with [¢ e Fdz =0

/|V¢\2 e Fdr > c/¢2 e Fda.

Using some kind of Max-min argument, this basically yields us the desired estimate for the
region {21, and therefore also for €25. There is still a small technical difficulty, because our
potential is not convex on the whole RY. The details are carried out in the rest of this
subsection.

Assumption 3.6. Let Q be a convex set, V : RN — R a C? function and let us
assume HessV |, > C - I for all x € Q.

Lemma 3.7. Let us additionally assume that € is bounded. Then for all C'*°
functions ¢ which have a support contained in ) and satisfy fQ ¢ e Vdx =0, we have

(Lve, 0) > C|l8]%

If we define ¢ 1=, /Wﬂg, we obtain
(Lvo,d) = ClolP | [ 6 ve Vasl?
now for all smooth ¢ with suppep C €.
Proof. First of all, we can find an extension F : RV — R of V which still
satisfies HessF' > C - I, for more details see Lemma 5.4. According to Lemma 2.12 the

convex function F satisfies a logarithmic Sobolev inequality with constant % Consequently
Lemma 2.11 tells us

/ Vo e Fdz > C|l6),

for all C'*° functions with fRN ¢ eVdx = 0. If we additionally assume supp(¢) C 2 we are
able to exchange F' with Vjy in the inequality and in the condition fRN ¢ e Vdx = 0, the
domain of the integration RV with the set Q. Using Lemma 2.3 yields us the first statement.

For the second statement, define ¢? := fRN e Fdz, o = %]lg

and <;~5 =¢—[¢ ﬁe‘vdx . %]IRN. We can now compute, again using Lemma 2.3 and the
results we already have

(Lvo,d) = [196P e Vo = [ V3P e Fdo > CJd?
= Cllol | [ o deVaa = ol —| [ 6 veVaal
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3 Estimate on the third Eigenvalue

We can now prove an analogous result, without the restriction, that our set €2 needs to
be bounded.

Corollary 3.8. We define ¢ := /ﬁﬂg and obtain
Q

(Lyé, o) = Cllo|® - | / 6 e def?,

for all smooth ¢ with compact support contained in 2.

Proof. Let ¢ be as in the assumption of this result. For every R > 0 s.t. the support

of ¢ is bounded by the radius R, we define the convex and pre compact set Qg := QNBEr(0),

which satisfies the assumptions 3.6 and additionally contains the support of ¢. We obtain
(Lvord) = [ V6P eV > ClofP -

vl [oeVasp
Qg fQﬂBR(O) e~ Vdz' Jq

2 1 / V3.2 _ 2_/ —V 1..12
2, ClI1? = g [ 6 ¢V aal? = oI =1 [ 6 peVaap

1

R
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3 Estimate on the third Figenvalue

3.2 Localisation around the Saddle Point (23 )

To prove the estimate for this region, we will perform a ground state transformation on
the operator Lg y, but only in one direction. Again we follow the techniques of [10]. Let
us fix a § > 0 and let Q be the set of all z € RV s.t. [z|> < N(3 — §). In this section, we
will consider smooth functions ¢ with supp(y)) C Q.

Remark 3.9. For (-1 +4r? < % the set Q23 n is contained in 2, for some d > 0.

/3 ,0)
Lemma 3.10. There exists a § dependent constant C > 0 s.t. for all z € Q and N € N>
—C

HessVy|z(e,e) < N

where e := ﬁ(l, 1),

Proof. Because of HessViy(z) = + (Kn — I + (322 - 6k1)k,) and Ky - e = 0 we obtain
N

1 1 al —36
HessVy | ( NQZk:Bxk_l 2 (N(1—30) - Zk: )=~
O
Lemma 3.11. The following estimate holds true for smooth functions
with supp(y) C Q, B big enough and arbitrary N € N>
C
(Lo ) 2 © [l
Proof. Let us define ¢ := 1) exp(—éVN). We then obtain
Loaot) = [ V6P esp(-pVi)do = 7 [ Vo e exp(~pV)do
N
= 6/|V exp(éVN)qS) -eexp(—ng)de
N
=3 / Vo e+ <Z>§VVN -e|?dx
N
- ﬂ/|v¢-612 £2(V6- )0l (VWi ) + 65TV - o d
N N
> /¢(v¢-e)ﬁ(va.e)dx = 5/%2 : (eg(VVN-e))dx
= N ﬁ¢2 (e(VVn -e))dz = —N/;qbQHessVN\w(e, e)dx
240 = & Buvizan— Sz
Ny [ o= [lwes(-5vaas = S ul?
O

26


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Diplomarbeit ist in der TU Wien Bibliothek verfiigbar.

The approved original version of this thesis is available at the TU Wien Bibliothek.

m ibliothek,
tuwien.at/bibliothek

3 Estimate on the third Figenvalue

3.3 Localisation away from the z-Axis (€24 v)

For the region Q4 v = {x € RY : |y(x)|? > N -r%} we will use the fact, that Vi is uniformly
convex, if restricted Viy to the set (z,..,2) + Wx. The following estimate on the Dirichlet
form which ”only acts on Wyx”

N

: Vo2 ey > C / |2 eV dy, (5)
(z,..,2)+Wn (

Zy,2)+WN

will be our main tool. Because the restriction of Vj is convex, we can obtain this estimate,
by applying the NGS Bound 2.13 with perturbation G := 0.

Let us fix a constant R > 0. We will prove the following Lemma at the end of this
subsection.

Lemma 3.12. Let T be the set of ally € W s.t. |y| > VNR. Then there exists
a R dependent, but z independent constant C, s.t. for arbitrary N € N>o, B big
enough, 1 : W — R smooth with supp(1)) CT and z € R

]g/ |vw|2 e—ﬂFz,N(y)dy > C/ |,¢|2 e_ﬁFZ’N(y)dy,
w w

where F, n is defined in Definition 1.5.
As a consequence of this result, we obtain the following corollary.

Corollary 3.13. Let Q be the set of all z € RN s.t. |y(z)| > VNR. Then there exists
a R dependent constant C, s.t. for arbitrary N € N>o, 3 big enough and for all ¢ : RV — R
smooth with supp(v) C §, the following estimate holds true

(Lg,ng, d) > C|8]%.

Proof. With e := ﬁ(l, .., 1) we compute

B (Lo, ) = / Vo[? e (Dda
N RN
= / / IVyd(t-e+y) + Vep(t-e+y)[* e PV (te+9) 4y at
R JW

> / / Vyo(t-e+y)l e PV (retv) dy dt.
R JW

Because the support of the function ¢y (y) := gb(t -e+ y) is contained in the set I', we can
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3 Estimate on the third Eigenvalue

apply Lemma 3.12

Lantd) 2 [ 5 [ 9wl ey RN

4 B( ¢ B
1

> [ Clly oF ) )
R

— 4 2
= C/ / ‘wt‘Q e o tN’N(y)dy e%(LN) _g(ﬁ) +§dt
R JW

t t

-8\ F (e ()
:C/ / |¢(75'6+y)|26 ﬁ( ﬁ’N(y) 4( N) +2( N) 4)dy dt
R JW

=C / / 6(t-e+y)? e PWEAqy dt =C | ¢* e PV da,
R JW RN

4

O]

In the rest of this section, we will prove Lemma 3.12. The key tool for our investigations
is the following estimate.

Remark 3.14. Because of Lemma 1.6 we know that there exist a positive constant q s.t.
for all N € N>g, y € Wy, z € R, t with |[t| < VN andz:=t-e+y

N N

1 q- (22 +1) 1
F < 4 72 24— (Ky- .

Lemma 3.15. There exists a constant By s.t. for all > Py, N € N>o and all z € R

/e—ﬁFz,N(y) dy > 1(N27T>N2_1 1 )
“VB\ B det(Kn + (22 +1) - 1)

Proof. With the definition b := ¢ - (22 + 1) > q =: by, Remark 3.14 tells us

o BFn () > ei% (% Sioa(tety)i+s Zi\f:l(t-e+y)ﬁ+%<KN-y,y>>

holds for all y € W and ¢ with |t| < v/N. If we integrate this inequality and consider that
the left side is independent of ¢ we obtain using Lemma 5.12 (see also [10])

VN
2@/6—51@,1\,@) dyZ/ / e*%(%ifle(t-eﬂ;)i% Zivzl(t-eer)iJr%(KN-y,y)) dy dt
-VNJw

_/ 6—%(%Zszlx§+%ZkN=1xi+%(KN-m,z>) dz
{2 58 1)
N27m\ % 1
:< 3 ) det(Ky +b-1)

(14 Oﬂ’N(l)).
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3 Estimate on the third Eigenvalue

We conclude

/e_BFz,N(y) dy Z

(14 o0s,n(1))

(N%) det(KN1+ b 1)

/‘\
=
N|=

1 NT(' 1

ﬁ(?) det(Ky +b-1)

for .

O

Proof of Lemma 3.12. Let us fix a smooth function ¢ : W — R with supp(¢)) C I". Because
of

-1
p=1

HessF >
essF, nly > N

we obtain, using the Log-Sobolev constant of the measure corresponding to F, x

E 2 _BFZN(y) fF 2
3 [, 17 Py 2 g (R

For all |y| > VNR

N
1 1
Fon(y) = 5 (BN = 1) yow) + 0 D (i + 4z + 62°7)
k=1
1 1 X
2 2
2 on (BEn 1) yay>+4]\7;yk(yk+22 +—z Zyk
1 L+p 2 +u
= o (BEy = =—=0) - y,0) + Z k+4NZyk yp +22)°
1 1+u P24p—1_,
> (Ky — —F71 T R
2 on By ———1) yy)+———R

Then
/ —BF. N (v) dy < e B 2y 1R2/ e — 2 (Kn—132 1)) dy
r w

g2l 4u—1p2 2N % 1
_ PR ( ) . ,
B det(Kn|w — S 1Iw)

and together with the Lemmatas 5.8, 5.12 and 3.15

Jre BN qy B 67522+2H_1R2\/Bd6t(KN +q(z2+1)-1)
fW e_BFz,N(y) dy - det(KN‘W — HTMIW)

< PR Bl g
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3 Estimate on the third Figenvalue

We conclude

/ VYl exp(—BFsn(y))dy
w

N
B

> C|ly|2,

2
z

il

w—1
2

R? — )\q(z2 +1) —log (G\/B) .

2

p—1 224+pu—1
2

B

for a suitable constant C' > 0 and g big enough.

>

“Yayiol|qig UsIp\ NL a1 1e 3jgejiene si SIsayl Syl JO UoIsIaA [eulblio panoidde ay |
“regBnyian yayloljqig usipn N1 Jap ulisi iagrewoldiq Jasalp uoisianfeulblQ ausiqoidde aiqg
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3 Estimate on the third Figenvalue

3.4 Localisation around the Infliction Points (25 v, (2 v)

The success of this subsection is based on finding a good reference potential, see
Definition 2.2 and Lemma 2.6, s.t. we can find a suitable estimate for the unitary trans-
formed operator L% - It will be the NGS Bound 2.13 which will yield us this estimate.

Let us recall Q5 := {x € RV : % -2p<zT< % +2p, |y(x)| < 2v/Nr}.
Our goal will be to prove the following statement

Lemma 3.16. For p small enough, there exists a constant C > 0, s.t. for all ¢
with supp(¢) C Qs

N _
3 / Vo e PVrdz > gl

for B big enough and arbitrary N € N>q.

Definition 3.17. We define our reference potential, see Subsection 2.2, as

RY - R
Uy : \ 2
= Vn(z) + 577,

where we choose 1 < A < pu. This yields us HessUn > % - 1.

Remark 3.18. From 2.6 we know that the unitary transformed
operator L% =T -Lgn- T with T := ngg can be written as

, N N /1 1
bt = G Lauo+ (g Laus (BVx — BUN) + 718VVy — SYUNT) 6.

With the definition Wy (z) := Vy(z) — Un(z) = —5% and

1 1
G:= §L5UN(6VN — BUN) + vavN — BVUN|?

,82

; (yVWNP VU - VWN) . gAWN

we obtain
_N 2 —BUN 2 —BUN
(Lg,No, d) = 3 (/!Vcb\ e dx+/Gq§ e d:z:).

for all ¢ € C(RY).
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3 Estimate on the third Eigenvalue

The potential SUp satisfies a logarithmic Sobolev inequality with
constant % SCi= % . ﬁ, see Definition 2.10. Then the NGS Bound 2.13 tells us
N
I35 5(20) e~ 5 e=BUNy
Jon e PUNdx

1
(Lano,6) = ——log el

If ¢G was positive enough, i.e. ¢G > %C’ , it would be easy to see by a monotonicity
argument that we would be done. In general, we are not able to prove this, but we can
show that adding a suitable quartic term will yield the positivity. This will be content of
the next result.

Lemma 3.19. Let ¢ be an arbitrary positive constant. For all1 < A < % there exist positive
constants C, p and r s.t. for all x € Q5

where G is defined as in Remark 3.18.

Proof. Let x be an element of 5, i.e. % —-2p <z < % +2p and |y(z)* < 4N - 72

Because of AW < 0, we are done if we can show
N
Fi=c(INVW,|* +2NVUy - NVW,) + Y _at > N - C.

Using

NVWy,

Il

|
=
&
%I
:_/

we obtain
N N
F=N-c2\=M\)7* —2cAz Y a2} + Y af.
k=1 k=1

Applying the orthogonal decomposition = =y + (Z, .., Z), where we suppress the x
dependence of y := y(z), we get

N N N N
dSab =D 4z i +62°Y i+ Nz
k=1 k=1 k=1 k=1
N N N
dad=> yi+3T> yi+ Nz
k=1 k=1 k=1
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3 Estimate on the third Eigenvalue

which leads to
N

N
F=N-cAt?(2-X—22") + > yi + (42— 2cA2) >y} + (627 — 6cAz%) Y yi + N
k=1 k=1 k=1

=

Using 1 < A < %, we obtain for the function d(x) := 2 — A — 272

1 4
d(%):§—>\>0.

Because d is continuous, there exists a 0 < p < \f and a ¢ > 0 s.t. for
allﬁ—2p<z<%+2p

d(z) > C'.
From this we can deduce

N
F>N- c)\(\/g — 2p)2C'/ + Zy,% (y,% + (4Z — 2eX\2)yy + (6% — 60)@2)).
k=1

Let us look at the quadratic function
p(y) :=y? + (47 — 2eAT)y + (62 — 6cAT?).
This function takes its minimum at y, = cAZ — 2x with the value
p(ys) = (AT — 2%)% 4 (—2cAT + 4%)(cAT — 2T) + 6% — 6T2cA.

The expression above is defined on the compact set z € [ 7 —2p, 4 73 +2p] and is continuous,
hence has a minimum C”. This leads to

N
F = N'CA(\/g— 2p)201 - C,,Z?Ji >N - (c)\(\/g— 2p)2C" —4C”r2> = N-C.

k=1

Observe that C' is positive, if r is small enough.

Remark 3.20. We denote the adjusted potential
Uy (z) := Un(z) — L23:1:4
NN AN &=

For c: y we then obtain, using Corollary 2.1/,

N N

B/ V|2 e_BUNd$+/ G- |[p]* e PUNdz
RN

e——(cG—l— 52 Zk 149%) e BUJ/\’diL‘

Jon e PUNdz

2(/1 1

1 <fBT’5(zo)

> ——log
&

IR
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3 Estimate on the third Eigenvalue

. B /
The key step is, that we decompose the measure e PUNdz = e~ N i . e=AUNAz and add
the quadric part to the pertubation G, i.e.

N N 82 <N 1.4
/ e 7Y e PNy = / e_F(CGJFW =i o) e PUNAx.
Bi.s5(20) Bi.s5(20)

Proof of 3.16. We define ¢ := m We show, that there exists a positive constant C s.t.

we obtain for all § big enough, arbitrary N > 2 and all smooth functions ¢ : RY — R
with supp(¢) C Q5

(Lg.no,9) > Cllo|>.

Because Lg y and L’ﬁ, N are unitary equivalent, it is enough to prove

(L y, ) > Cllo])*.

Combining Lemma 3.19 and Remark 3.20, yields us the existence of a positive
constant C' s.t.

e~ PC e~ PUndg

(L N5 ) S —llog (IBT,(;(ZO)
W = [

Because of Corollary 5.11 we know that we have in the regime of large 3

C 1 fRN G_BUIIVdﬁ
> B2 — Zlog (RY =),
) _ﬁc clOg<fRN e*BUNdm>

fRN e PUndz
Jon € PUNdz —

Furthermore, for 8 big enough we obtain

<L/57N¢7w>
1112

log(2)

> 3% el
C
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4 Generalisation on Dirichlet Boundaries

4 Generalisation on Dirichlet Boundaries

4.1 The second Eigenvalue

In the case of Dirichlet boundary conditions, we can investigate analogously to section 3
the asymptotic behaviour of the low lying spectrum. Note that if we assume Dirichlet
boundary conditions, 0 is not an eigenvalue any more. As a consequence we will analyse
the second eigenvalue instead of the third one. In the second part of this section, we will
additionally analyse the asymptotic behaviour of the first eigenvalue.

Definition 4.1. Given a R <1 we define Qg n C RN as the set of all x € RN
s.t. | — I | >VNR, with I, := (1,..,1). In other words

Qpn =RV \ B zpa(ly).

Further we denote the set of test functions D g, as the set of all C* functions ¢ : Qp y — R
with compact support.

We can now define for a V- : Qpn — R, which can be extended to a C? function on
an open set VO Qg N, in analogy to Definition 2.2, Agy as the Friedrichs extension in
the space L%(uy) of the symmetric and positive operator

, {QR — L2 (),
RV -+

o= —Ad+VV - Vo

Furthermore we define Ag n 1= %ARﬁVNmR,N , where we suppress the R dependence in our
notation. We have in analogy to Lemma 2.3 for all ¢ € Dg

<AR,V¢a ¢>L2(Mv) = / |V¢|2 e Vda.
In Corollary 3.5 we have shown |o(Lg n) N[0, D)| < 2. For the spectrum of Ag n we are
able to prove the following stronger result.

Theorem 4.2. There exists a constant C > 0 s.t. for all B big enough
o(Ap,n) N[0, D) = {Ao},

with Ag > 0.

Remark 4.3. Considering that Ag y is a positive operator, tells us that \g cannot be neg-
ative.
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4 Generalisation on Dirichlet Boundaries

To prove Theorem 4.2, we repeat the proof we did for Lg . The only difference is, that
we can prove an even stronger result for functions ¢ € Dpr, which are localised in €)1, see
Definition 3.1 for the definition of the decomposition 1, ..,Qg. Observe that Q1 and o
can not be treated similarly, because we only cut out the ball B /5 in the region §.

Notation 4.4. In the following, we will write
f(B,N) =o03n(1)
for a function f, which has the property

lim sup |f(8, N)| =0,
p—00 NeN

i.e. f(B,N) converges to 0 uniformly in N.

Lemma 4.5. There exists a constant C' s.t. for all ¢ € D with supp(d) C Oy
N
5 [19ep e vae = clol?,

for all B big enough and arbitrary N € N>a.

Proof. Let F be a convex extension, as described in Lemma 5.4. Using Corollary 2.14 on
the potential V := BF, subset () := €}y and perturbation G := 0, yields us

N _
5 [196P s = Conlol?,

J e PFag
with Cp y = —2clog( QIPSZVR,Z*Bde >, where ¢ is given by Lemma 1.9. First of all, we
R

estimate, using Lemma 5.13 and Corollary 5.9

/ e_ﬁpde/ e_ﬁFdx:/ e PVNdy
RN (921 Q4

1951

_ / e,%«KNHI)%@dx. (1 + OB,N(l))'

Furthermore, let § > 0 be small enough, s.t. Lemma 5.13 holds. Then we obtain

S )
/ e PNy = / e*ﬁVN*%|I|2+%|x\2dx
er‘IQR,N leQR,N

< IR / BN —E12%) 4
= 6_551%2 / 6_%((KN+2I)'x’x>dx . (1 + O/g’N(l)),

which yields us the desired statement. O
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4 Generalisation on Dirichlet Boundaries

Proof of Theorem 4.2. We already know that there exists a

constant C' and a function 1; (observe that there is no v, compared to Lemma 3.3) for the
potential Vi, s.t. for all 8 big enough, arbitrary N € N>o and all functions ¢y,

with supp(¢r) C Q and ¢, € D

L o, IVé1]? eV dz > £Cén |12,
2. [o, Vol e da > £C|go||? — | [ ¢2 1 e VN daf?,

3. fo, IVoRI? PV dx > £C||¢x* for k € {3, .., 6},

The first statement is proven in Lemma 4.5. The last two statements hold true for the
same reasons as in Lemma 3.3. Because the product of a ®p function with one of the
§1,N, -, &6, N functions stays a D function, an analogue argument as in

Corollary 2.19 yields us for ¢ € Dp

N _ _
3 / Vo e Pudz > Ol — | / 6 by e PV daf?.
Let us define a norm on ®p
16]3, = / (6 + Vo) P da

and denote X C L2(/’L5VN|QR N) as the completion of (D, HH%R) Furthermore let us

write £ : X — R for the extension of the quadratic form ¢ — [ |Vo|? e PVNdz. Because
our operator Ag y is defined as the Friedrichs extension with respect to the quadratic
form ¢ — [|V¢|? e #VNdz, see Definition 4.1, we obtain dom(Ag ) C X and for

all ¢ € dom(Ag n)

E(d,0) = (Ap NP, 9) -

Let us take an arbitrary ¢ € dom(Ag n). From the construction of X follows, that there
exists a sequence ¢, € D s.t. ¢, — ¢ in the norm HH%R Because £ as well as
the L? (“BVN\QR N) scalar product are continuous with respect to H.H%R, we obtain

(Ap.n®,0) = E(¢, ) =1im (¢, ¢n) > limsup Cén|” — | / on 1 e PV daf?
= ClolP = | [ 6w eV

Applying Lemma 2.15 yields us the desired statement. O
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4 Generalisation on Dirichlet Boundaries

4.2 The first Eigenvalue

To prove the sharp asymptotic of the the first eigenvalue, we need to find good test func-
tions, which should be close to the real eigenvector. The control of the second eigenvalue,
which we have already established, is crucial for the proof that our constructed test func-
tions are ”close” to the real first eigenvector. In [10] this strategy, i.e. using the control of
the spectral gap between the first and second non zero eigenvalue to obtain the asymptotic
behaviour of the first non zero eigenvalue, is carried out in the case of no boundaries. We
will adapt this procedure in the case of Dirichlet boundaries.

Definition 4.6. Let x : R — R be a C*° function with the properties [x| < 1, x|jpoc) = 0
and X|(—oo,q) = 1, with 0 < a < b < 1. Then we define our test functions Vg y : RY - R

the following way
_ B [* _Bt2
YN () = fa(T) =/ o x(t)-e” = dt,
T Jb
where T is defined as in 1.2. Observe that vYg n € D for b small enough.

Lemma 4.7. We have lim fg(% —1) =1 and lim fﬂ(% +1) = 0. Moreover |fg(z)] <1
B—ro0 B—o0
for all z € R.

The next results give us the control over crucial quantities of 15 n.

Lemma 4.8. We obtain the asymptotic result

N
/2nN
/|¢B,N|2 eiﬁVNdx = B . (1 +06,N(1))-

Vdet (K +2-1)

Proof. Using the Laplace asymptotic of Lemma 5.13 allows us to substitute [ |5 y|? e PN dx
with

/ 2 o~ o (Kn+2:1) [2—(1,..1)] dm—i—/ s e—%(KN+2.I)[x+(1,..,1)] dr.
z>0 <0

If we denote by Ag, .., An_1 the eigenvalues of K + 2 - 1. We can compute using
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4 Generalisation on Dirichlet Boundaries

transformations and Lemma 4.7

[ oanlt e hrsznlesnenl,
<0

(g—1)?
:/£<O|fﬁ(j?v)| e dg O/RN e —an Mg AR g den
0

:/ |f,3(* —1 |2 Ldy\/i/ iN )\15%+"+/\N_1€12V*1)d51..di_l
—1<0 RN-1

Brg(€g—1)2 B
= (1+0gn(1) / TN dg / e NSRS )dg L dey
.

27rN
V 5

det (Ky+2-1)

=(1 + Oﬂ,N(l)) :

Analogously we obtain

N
2rN
/ g n? e R 8 (Kn+2-1) [a—(1, "’1)]d$:0[3,N(1)- V B

det (Ky +2-1)

z20

Lemma 4.9. We obtain the asymptotic result

N
2rN

gﬁ

/|V¢B,N|2 e Vdz = e~ (14 o05n(1)),

det (QN

with Qn[z] :== (Kn — I) - y(x),y(z)) + Nz2.

Proof. If we define F(z) := Vi (x) + Z2 we see that Qy describes the quadratic part of F,
to be precise

F(x) 4N2mk+ QN+Z'

39


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Diplomarbeit ist in der TU Wien Bibliothek verfiigbar.

The approved original version of this thesis is available at the TU Wien Bibliothek.

m ibliothek,
tuwien.at/bibliothek

4 Generalisation on Dirichlet Boundaries

If we use again a suitable Laplace asymptotic, we obtain
/WWN‘Z e P da = /B!X(f)\ge_ﬁxz e Pdp= D / (@) e PFdz
' 2r N TN
i 25]\7 / (@) e 2w @NEldg - (14 05.5(1))
: / e~ OFldz - (1405, v(1))

|

e

e

Ny

2N

y

27N det (Qu)

e

NI

“(1+o0gn(1)).

O]

Corollary 4.10. Let Ag n be the first eigenvalue of the diffusion operator Ag n with Dirich-
let boundary conditions, see Definition 4.1, then

e \/det (Ky +2-1)

A < =
SN = Ton det (Qw)

(1+o0s,n(1)).

Proof. Using the test function g y yields us

AN < (1+o0s,n(1)).

(Apnpn¥sn) N [V n]* e PVda e~ % [det (Ky+2-1)
[¥s,n]? B [|vpn|? e FVndx 21

N det (Qw)

O]

det (Kn+21)
det (QN)
[10]. The essential part for us is, that there exists a constant g > 0, s.t.

, det (Kny +2-1)
lim = =g.
N—oo det (QN)

Remark 4.11. The N asymptotic of can be computed explicitly, see e.g.
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4 Generalisation on Dirichlet Boundaries

Lemma 4.12. There exists a constant q, s.t. for 5 big enough and arbitrary N > 2

/|AB,N¢B,N\2 e PVNdx < %6% : 0

Proof. We compute, using ZéV:l(KN -x)r, =0 and Yg N € D,

1 /8 1 N B 72
Asnvsn = 5\ gr (=X @+ 5 38 x(@) )es™
k=1

Because of supp(x’) C [a, b] we obtain |x'(Z)| < S for some constant S and furthermore we
claim

g N
@< 5> 2k
0. For > a we can compute
1 1S a3
3
0+ lul < (NZ D
which implies | (Z)| < § = Sa3 < %N SO 23, We can now estimate
1 /3 .S 1Y 5.
2 3 —-£ 3
Vo Gty Ll < Vi Z!wkl
for 8 big enough. Using ( L ijv )2 < 4 Ziv 1 :1:2 and the

decomposition Vy(z) + 22 = 7 S L Th+ 5 1 LQN + 1> 5Qn + 1 from Lemma 4.9, we
obtain

2
/|A5N¢5N‘2 ’BVNdx</ 6N E xﬁe*ﬁx ﬁVNdx<e 1 6/]\]5 9 e ~an @V g,
T
k=1

Analogously to Lemma 5.12, we can compute the sixth momenta explicitly, and conclude
that there exists a constant P s.t.

|Ag N N| < e

In total we obtain

N 2rN

1 6 —LOn 1 B
—g e 2NNdr <P — ————.
/Nk1 p? \/det(QN)
N

|A6,N¢B,N‘2 BVNd:L‘ < P—Qe ——
B
det (QN)
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4 Generalisation on Dirichlet Boundaries

The next corollary follows from Lemma 4.9 and Lemma 4.12.

Corollary 4.13. We conclude
(A NYpN, Ag N N) = og n(1) (A N N, VpN) -

4.2.1 Some Spectral Analysis

Assumption 4.14. Let o(L) = {\}U[C, +00) No (L), P := E([C, +0))
and Py := E({\}) where E denotes the spectral measure of L. Furthermore, we have
an € >0 and an element u € dom(L), s.t. ||u|| =1 and (Lu, Lu) < e (Lu,u).

Lemma 4.15. Under those assumptions

(LPu, Pu) < - <
C

Proof. Using the spectral calculus we obtain (observe that t1,(7)n(c 4+00) < %10( )

(LPu, Pu) :/
o(L)N[C,+00)
If we take the equation (Lu,u) = (LPu, Pu) + (LPyu, P\u) into account, which is true

because of

(Lu,u) = / tdE, , = / t dEy u + / t dEy, = (LPu, Pu) + (LPyu, P\u) ,
o(L) {0,2\} o(L)N[C,+00)

1 1
— (LPu,u) = — (Lu, Lu) .

1
tdE, ., < — t2 dE, , =
’ —c/g(L) v o C

we can deduce

(LPu, Pu) < % (Lu,u) =

€

& ((LPu, Pu) + (LPyu, Pyu)) = %((LPu, Pu) + A (Pyu, Pyu)).

Furthermore we obtain

(LPu, Pu) < g (LPu, Pu) + é)\ (Pyu, Pyu) .

Because of ||u|| =1 we have (Pyu, Pyxu) < 1 which yields us the desired inequality.
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Lemma 4.16. Under the assumptions 4.14 we obtain

2¢

C—e.A'

| (Lu,u) = Al <

Proof. Let us consider the case A = 0. Then 4.15 yields us = 0 and
therefore Pu € ker(L). This is only possible, if Pu = 0. In this case u is the eigenvector
to the eigenvalue A = 0 and we are done.

In the case A # 0 we define

z = (Lu,u),
x := (LPu, Pu),
r:= (Pyu, P\xu) .
We already know from Lemma 4.15
3
HES s
- C

If we consider the equation z = x 4+ Ar, we can deduce

’z—)\‘_’z—)\r—l—()\r—)\)
A A

T
<|= — 1.
<51+ =1

Because of A < C, we know

| Qle

£
Ce)‘g
e

1 1
1—7r=(Pu,Pu) < = (LPu,Pu) < — .

4.2.2 Asymptotic of \g x
Theorem 4.17. We obtain for the first eigenvalue A\g N of Ag N

e’% \/det (KN+2-I)

2m det (QN)

Proof. Because of Theorem 4.2 we know that we have for § big enough

. (1 + OB,N(l))-

AgN =
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4 Generalisation on Dirichlet Boundaries

Using the Lemmatas 4.8 and 4.12, we obtain for u := ”zg—x” and arbitrary N € N>o

e [det (Ky+2-1)
(L w) = 5 \/ det (Qw) (1 ont)

q
(Lu, Luy < g

We can now apply Lemma 4.16 for the operator L := Ag n and the element u := ug v,

which yields us

q

A
[(ApNUsNUBN) g ",
AN D — 557 B—ro0

uniformly in N. From this we conclude

AN = (Agnugn,ug ) - (L+0sn(1)) = o det (Qw)

e \/det (Ky+2-1)

44
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5 Appendix

5 Appendix

5.1 Convexity of Vy

Lemma 5.1. For 6,b > 0 we define V55 = {w € R" : w1 = byw, — w1 = 6} and a
mapping

E— Vn,é,b — R
' w = YR (Wi — wi),

Then w* = (b+ (j — 1)-25)"

jo1 minimizes E with E(w*) = >

Proof. Because of lim,_,o, F = 00 there exist a minimum w* of E. Then for all u € RV
with u(1) = u(n)

n—1
d . . .
OZ&tZOE(U} +t'u):2;(wk+l_wk)(uk+l_uk)'

For all 1 < 5 < n we define u s.t. up =1for 1 <k <jand up =0 for k=0 and k > j.
Testing with this vector u yields

0= (w} — wf) — (w]y; — w)).

From this follows w} = b + (j — 1)(w3 — w}). Because of § = w;, —wj = (n — 1)(w3 — wy)
this is only possible, if w* = (b +(j— 1)%)?:1.

Definition 5.2. For all v € RN, we define

6(v) := — vgl.
(v) := max|o — vp

)

Lemma 5.3. For allv e RN and N € N>o

p-8(v)?
<KN"U,U> ZNW

Proof. W.l.o.g. we can assume v, —vg = 0(v) with 1 <n < N.
We obtain (with vy :=v1)

N n—1
(o -.0) = gy 2kt )" 2 o iy (ks =)
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5 Appendix

Because of (vj);.l

—1 € Vi s(v),0o Lemma 5.1 tells us

The next result is a corollary of the extension Theorem from [18].

Lemma 5.4. Let V : Q — RY be a C? function with HessV > C - I, where Q is a convex
and bounded subset of R™V. Then the function V can be extended to a strictly convexr C?
function F : RN — R with HessF > C - I. By an extension, we mean that

Flog=1V.

Proof. The C? function

f Q— R,
Nz — Vn(z) — %\x!Q,

is strictly convex. Because f is also defined on a compact and convex domain, we can apply

the extension Theorem from [18], which yields us that there exists a convex extension G

of f. It is elementary to show that F'(z) := G(z) + %|m|2 satisfies the desired properties.
O

5.2 Construction of &, .., &

Lemma 5.5. For all a < b we can find a function fq, € C*(R)

With fapl(—soa] = 05 faplper) =1 and 0 < fop(w) <1, 5.t /1~ fib is a C®(R) function

as well.

Proof. We prove the statement for the plrototypical case a = 0 and b = 1. To do so, we
define the C'™ function g as g(x) := e = for x > 0 and g(x) := 0 for x < 0. We claim
that f(x) := @ has the desired properties, especially that /1 — f2 is again a C*®

4 f@)+f(1-z)
function. We compute

)2 —g(2)* _ 29(x)g(1—x) +g(1 —x)?

P ) )
L= P = (9(@) + 9(1— 2))?
—y(l-1) 2g(x) + g(1 — )
(9@) T 9(1 —7))?
and obtain
1
V1= f2(z) = Vgl —z) - /29(z) + g(1 — z) - \/(g(x)—i—g(l—:p))?'
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5 Appendix

Because 2g(z)+g(1—z) and g(z)+g(1—z) are strictly positive, the functions \/2g(z) + g(1 — )

and m are C*°. Furthermore

1
_1 35

g(l — x) —e 1I-z° = eiﬁ = 9(2 — 2;[;)

is a C* function, hence /1 — f2 € C°.
O

Lemma 5.6. Let (ag,bo), .., (an,by) be a series of open intervals with a,, = —oo, by = 00
and a; < bjy1 < aj_1. Then there exists a series of C™ functions hg, .., hy

with Y71 h? = 1 and supp(h;) C [a;,b;]. We can additionally assume that supp(h’;) is a
bounded set.

Proof. We define hg := fap,, see Lemma 5.5, by, := /1 — f2  and for 0 < j <n

R L1 - £2
h-j T faj7bj+1 1 fa]-_1,bj'

With this definition we obtain for 0 < j < n, that supp(h;) = (—o0,b;] N [aj,00) = [aj, bj]
and supp(h};) C [aj,bj41] N [aj—1,b;]. We also see that ho and h, have the right support
properties. We claim for all £ > 0

k

[y

2 f2
hj — Jag_1,bx"

0

<

For k =1 this is obvious. Let us assume that this property holds for £ < n, then

E
—_

hi = h?—I_hi: : +f3k,bk+1'(1_ ; )-

Jj ag—1,bk ag—1,bk

M=

=0

.
Il
=)

For x < by41 we obtain, using « < by < ap—1, that f,, , 4, () = 0 and hence

fak_l,bk ($)2 + fak,bk+1 (w)Q : (1 - fak—lybk (:L')Q) = fak,bk+1 (x)z

In the other case that x > byy1, we have fy, 5, ., (7) =1 and consequently

Far o (@) + fapbpns (@)% (L= far 1 50(@)?) = fapr0p (@) + (1= far 10 (2)?)
=1= fakybk+1 (33)

Using this property for k = n yields us

n n—1
Zh,? = Z h? + h%‘ = 3n71,bn + (1 - 3n717bn) = 1
§=0 =0
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Corollary 5.7. There exist C°° functions &1 n, .., §6,n with the
properties supp(&k.n) C Q. N, 22:1 fl%,N =1 and

(o)
0.

&N (x) = hi(z,

with suitable N independent functions hy.

Proof. Let qo, q1, 92, q3,q4 be as described in Lemma 5.6 with respect to the series of inter-
vals (% + P 00)7 (% - 2p’ % + 2p)7 (_% + P % - p)7 (_% - 2p7 _% + 2/)),

(—o0, —% — p) and let wy,w; be as described in Lemma 5.6 with respect to the series of
intervals (r, 00), (—o0, 2r). We can now define suitable functions hy in the following way

hi(z, R) :== qo(2) - wi(R
ha(z, R) = qa(z) - w1 (R
h3(z, R) := ga(2) - wi(R
ha(z, R) := wa(R),

hs(z, R) :== q1(z) - wi(R
he(z, R) := q3(z) - wi(R

2
It is easy to see that &, y(x) := hy(Z, %) has the right support properties. Finally
we compute

6 6

> hi(z,R)* =

k=1 k=1,k#4

5.3 Asymptotic Computations

Similar computations can be found in more detail in [10].

Lemma 5.8. Let by be a positive constant. Then there exist constants G, A s.t. for
allb> by and N > 2

1
det(Ky +b-I) < Ge™ - det (Ky|w — % Iw).
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5 Appendix

Proof. First of all, observe that with d := b+ HT“

K 1 K I
det(Ky +b-I) = b det N’Wﬁf ) = b det (Iw + . )
det(KN|W—— I ) Knlw — =5 - Iw KN|W*7H Iy
d 2d d
— .1V _ 20 2 N-1
szn(%)2 2 szn(ﬁ)2 2
2d 5 _[5] d 2
sb-(+ p+ 1) = (1+ sin(kx)? L"l) '
sin(37)? 2
Because of N > 2 we have Sm((kl%))Q > 1k2 for all k € {1, .., [§]}. We conclude,
N

using In(1+z) <z

det(Fn +b )y, 2 HEﬂ(H d >2
det(KN\W—H—“ I ) w+1 - “kQ_“TH
2d 22 log (1454
:b.(1+m)2,e Og( %kQ—igﬂ)
<b (1 2 M
p+1
b1+ 2b +i ik ,u)2 . e(Hu)Zi’;z @ . eb-zZZ‘;l @
U
Observe that T := > 7, m is finite and that b- (1 + 21):%)2) < g- €’ for a suitable
constant g. We obtain ! ’
det(Kny +0b-1) )T b2T o (1) T, b (142r) _ G . b

det (Kn|w — 34T )—g ¢

Corollary 5.9. For arbitrary small p > 0 we obtain

/ o (BN 42D 0,2) g — / e~ (BN H2D22) 4z (14 05 (1)),
Bxﬁp( ) RY

where B, /5;,(0) the ball around 0 with radius VNp.
Proof. We compute

z2
/R M\B 5,(0) e i~ e — o (K D) )= 2

2N dx

(Kn+2D)aa) g, _ /
RM\B_ (0)

S 6_602/ e 2€V<(KN+I) xm>d$ _ 6_6p2/ 6_%<(KN+21)'1‘7$>(1$ det (KN + 2[)
RN RN

det (Kn + 1)

</ o~ (BEN+2D)2.2) 00 . T . o= BP
-~ RN Pl
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5 Appendix

for some positive constant T. We have used Lemma 5.8 in the last step, to estimate

det (Ky + 2I) < Ge* det (Kn|w — HTM I)

< GeM det (KN|W + IW) = GeM det (KN +I).

Lemma 5.10. We have
B = B8

/Nzxk e 3N KN‘z,x>+a|x\2+b~Nz2) d.’L’ZOB’N(l) /6 5N ((KNxJ:>+a\x|2+bNx) dz

and
ﬂ N B 2 =2 2
/NZ ’JZ%’ efﬁ(<KN-x,x)+a|z| +b-NZz ) do — O,B,N(l) /6 5N ((KN -x,x)+a|z|?+b-Nz? ) du,
=1

under the assumptions a +b >0 and a > —pu.

Proof. The key element of this proof is our ability to explicitly compute fourth and sixth
momenta of a Gaussian distribution

/xi e~ 3(Q71ma) g, z/ e 2@ dr - (37 ),
[at et 0= [ Hean (15,
We define C as the inverse operator of x — %( (K -@,2) +alef* +b- Nﬁ) and
claim Cj,; < £ for a suitable constant D and arbitrary N € N>,. If we perform a Fourier

transformation, for example see the proof of 1.4, and denote with )\ZC the eigenvalues of C,
we obtain

k k
1 (21 1
OSC&k:ek(C'ek):NE €ZN NE

The trace Zle )\lc is uniformly bounded in NN, which proves our claim. As a consequence
we can estimate

N
~32N (<KN z,x)+alz|?+b- Nz? ) dr = /6 5N ((KN z,2)+alz|2+b- Nm EZ E
NZ"” ¢ N 5
k=1 2
< /e 2N ((KNx:c>+a|x|2+bNx ) dm-ﬁDQ.
B
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5 Appendix

For the second statement, we have to be careful because we take the absolute value of
the x% We will overcome this inconvenience, by using the following estimate

1
‘y| S €+ EyQa

for an arbitrary €. We obtain

/Bi |ZL‘3| 6_%(<KN~z,:B>+a|I|2+b-N52) da < /Bi (6+ 11,6) e—%(<KN'I,$>+G|CB|2+b-N§:2) da
Nk:l * - N ek

N
= /J’/e—ﬁv(<KN~r,m>+alx|2+b-Nfg) da - (e+ o > (ﬁ Cri)’)

€ k=1 5
<B / ¢~ o (el talel+08a?) qp (o4 1 };DS).
€
With the choice eg := 1%{33 we get
N
/ﬁz‘xi‘ 67%((KN-x,x)+a|x\2+b-NgE2) de/eﬁv((KN'm,x>+ax|2+b~sz) dz 2,3-65.
k=1

Because of ﬂlim 23 - eg = 0, we have the second statement.
— 00

O

Corollary 5.11. Let Uy be as in Definition 3.17 and Uy, as in Remark 3.20, then for
all B big enough and arbitrary N > 2

1 /
/ e PUNAy > 2/ e PUndz.
RN RN

Proof. We apply Lemma 5.10 with a := —1 and b := A and obtain
using e =% — e~ < |a — b| - e~ ™in(a:b)

/ e=BUN 4y — / —BUN 4 — / o (Bnwa)—laP+anNe?) _ o= (3 SN e (Kovaa) el +AN7) g,
RN RN
I3 1 N B8 2 —2 1 B8 2 —2
< /NZ“"% o~ 2 ((Kywa)—laP4rNa?) g, - /eQN((KN-x,x)Lr FANZ )dx,

k=1

for 8 big enough. Hence

B 2 =2 B (15N 4 2 =2
/ o BUN dp :/ e BTk dop — /e—m(wm,x)—xl ANT) o (32N af Ky we) — a4 ANT2) | g0
RN RN

! 1 ! 1 !
> / e PUNdx — / e BUNdx = / e PUNdzx.
RN 2 RN 2 RN

o1
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5 Appendix

Lemma 5.12. Let by, ¢ be positive constants and let us define

N
D = {:1; : |NZxk‘ gc}.
k=1

We claim that there exist for all € > 0 a constant Bo s.t. for all b > by, 8 > By and
arbitrary N € N>g

/ e—%(éZszlwi+%25§:1xi+%<m-m,z>) > (1— o). <N2W)§ 1 '
D I5] det(KN +5b- I)

Proof. First of all, we compute

_B (b N 2 Lip e _8(1 .
/ e N(zzkzl itz (KN :)) da:—/ eggﬁdt/ e N(2<(KN+b)y:y>> dy
c [t|>cV N w
_B8(1 .
§2/ t e_]lf]thdt/ e N(2((KN+b)y,y)>
t>cV'N C\/ﬁ w

N
=2 ¢

BC\/NI)

(1 ,
ot [odty [ ¢ (s
W

S L} 67%(3 zi\;l x%JF%(KN-LE,x)) do
Wﬁbg C
< E/e_ﬁ(gzj’“vlmﬁ+é<KN'$ax)> dz,

dy

zw

Bb ¢

for 8 big enough. This especially yields
- <% CRo1 TRt 5 Tt $i+%<KN‘xvfc>) % (% She $i+%<KN~$J)>
e dx < e dx
<ofot (siietrinen)
2
Furthermore, using |[e=® — e~ %| < |a — b| - e~ ™in(@b) |

/6—5(325_1xz+;<mw>) A e )

N’\Q

N
| limitrimen) e [ f(4Siatrbieyaa)
/N kz dz < 3 /e dz

52

b2 —Z( L(Kn+b)yy) VN1 — B (K n4b)yy)
Qt ‘t_c\/ﬁ/we N<2 >d <2/ e N(2 )dy
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5 Appendix

for 8. Observe that we have used Lemma 5.10 in the last inequality. Combining our
estimates yields

5 (et o e+ n )
e dz >
D
R 10> 5 (et S e b (e
e dz — e dz
C
( /eg(gzﬁ_lxz+;<m-x,m>) A (AR T ) )

> /e—§<32§_1zi+;<1<1v.x,m>> dz - (1 -- E)
2

2
N2m\ % 1
:(1_6)'< B ) det(Ky +b-1)

O]

Lemma 5.13 (Laplace asymptotic for V). Let fg n : RN — R be a family of uniformly
bounded functions and V(z) := Vi (x) — 556|z|*>. Then we obtain for § small enough

N
(5)’
B

~8Viq :/ —£Qnlalg / 2l g 0.
/fg,N e x =0 fa.n e 2N T+ <o fa,N e 2N x4+ ogn(1) det(Ky +2-1)
where we denote

Qnlz] = (Kn+2-T—6-1)-(z—(1,..,1)),2 — (1,..,1)),
Q\lz] = (Kn+2-T—6-1)-(z+(1,.,1),z+ (1,..,1)),

and suppress the § dependence in the notation.

Proof. Let K be a bound for the family of functions. We then obtain
| fﬁNe 2NQNJJ]d1»+/ fon e QNQN[x]dx_/fﬁNe ﬁVNd:L"|

<K / ]e_fBVJ(\Sf — e_WQN[x]\ d:I:+K-/ \e_ﬁvN - e_WQNm] dz.
z>0 #<0

Using | — 7| < |a — b - e~ ™) and the following inequality, which follows from
Lemma 3.6. in [10] for § small enough,

Vi@ + (1,1)) > —— (Kny — 1) -2,2) +

SN 2 = Q% [z] for all z with z > —1,

| Ot
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5 Appendix

we obtain together with Lemma 5.10

[ et — ek ar < [ Vi) - Qylel] e RO
z>0 x>0
,3 N 1 N B_NH0
/ N\Zzaci—i-z:x%]e_MQN[x]deO/&N(l)-/ e~ 3w el gy
N

k=1 k=1
N N
() ()
_ B 00w
:Oﬁ,N(l)'/ e~ 2l ]dmzoﬁvN(l)'WQoN) =osv W) GeiRy v 2 1)

Note that

det(Ky +2-1)=C - det(Q%).

follows from Lemma 5.8, for a big enough constant C' and arbitrary N € N>5. In the same
way we can estimate the integral

5
/<0 |e_6V1(\$/ - e_WQlN[x” dz.
z<
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