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Abstract

The aim of this thesis was to elaborate and extend the results proved in [7]. There, one can
find convergence analyses for time and space semi-discretisations and full discretisations
applied to the cubic nonlinear Schrodinger equation with a harmonic oscillator potential.
The methods used in this treatise include Hermite quadrature and an operator splitting
of second order.

The author was able to generalise all these results for Schrodinger equations with a scaled
harmonic oscillator potential and a sum of power-nonlinearities up to an arbitrary degree,
and was also capable of showing an existence and uniqueness result for equations of this
type. Furthermore, using additionally the formal calculus of Lie derivatives [13], the
author could prove convergence of arbitrary order of the time semi-discretised equation
when using an appropriate higher order splitting scheme.

Proving a higher rate of convergence for the fully discretised scheme, however, turned out

to be impossible without additional tools, and remains a challenge for future studies.
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1. Introduction

In many areas of applied and theoretical physics, for instance nonlinear optics, Bose-
Einstein condensation and plasma physics [4], we encounter a special kind of nonlinear
Schrodinger equation, the so-called Gross-Pitaevskii equation (GPE). It reads

i0pp(x,t) = —Dip(, 1) + V(2)e(z, 1) + ¢ (z, )P, 1), (1.1)

where ¢ is the complex unit, V' an external potential and ~ a physical parameter. In
the case of the modelling of a Bose-Einstein condensate, the wavefuntion v solving this
equation represents the macroscopic wave function of a condensate if the temperature
drops below a critical temperature T [21]. Since these condensates are usually prepared
in magnetic traps that create a (not necessarily isotropic) harmonic oscillator potential,
V takes the form V(z) = Zizl &2, where &, are physical parameters.

In the derivation of equation (1.1), the cubic term results from considering 2-body in-
teractions. If one also considers 3-body interactions, a cubic-quintic nonlinearity occurs.
Taking also into account the interactions of even more particles, we understand that the
solution of

iOpp(x,t) = =D, 1) + V(@) (a, 1) + Y valto(, ) (x, 1)

is of physical relevance as well. If we further generalise the external potential to V(x) =
x? Az +U(z), for a symmetric, positive matrix A and a bounded, real valued, continuous
function U, and consider an arbitrary space dimension, we obtain the equation

i%ﬁ(m,ﬂ = —A(x,t) + 2" Axp(z, t) + (Z Yulto(z, )P + U(x)) Y(x,t), (1.2)

n=1

which will be dealt with throughout this thesis.

This diploma project aims at proving several convergence results for different (semi)-
discretisations of this equation, using [7] as the main reference. Hence, the discretisation
techniques that we employ are a Hermite spectral collocation method in space and a
high-order exponential operator splitting method in time. The latter has become one of
the most popular techniques for treating not only Schrodinger equations, but also general
(parabolic) evolution equations on Banach spaces. The core of this technique is that we
can construct approximate solutions of an equation of the form ¢, = (A + B)v from the
solutions of ¢, = A and 1y = B. These splitting methods can be of arbitrary order p,
with p = 1 being the only uneven one [26]. In the same work, Yosida computes a set of
coefficients with which one can construct methods up to order p = 8, and also provides
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leads to how to construct even better schemes.

The method that most works discuss is the Strang-splitting, which is an operator splitting
of second order, as originally presented in [23]. For linear operators A and B, we can find
convergence proofs for higher order splittings in [24] and [11]. Concerning the Strang-
splitting, a rigorous convergence analysis has been performed for the cubic Schrédinger
and the Schrédinger-Poisson equation [18], for the multi-configuration time-dependent
Hartree equations [17] and the multi-configuration time-dependent Hartree-Fock equa-
tions [12]. The most recent advance that we know of in this field is a local error expansion
for splitting methods of arbitrary order [13], which will also be employed in this work.
All contributions mentioned so far analyse the convergence rate of semi-discretisations in
time, only. In [7], the convergence of a full discretisation is shown for the case that a
spectral collocation method is combined with a Strang-splitting.

Other possible space discretisation methods that have successfully been employed can be
finite element (see for instance [22]), or finite difference (see for instance [19]), methods.
However, since the GPE is usually studied in the whole space, pseudo-spectral collocation
schemes seem to be the most suitable ones, as the space domain does not have to be
truncated (see [3]).

This thesis has been organised as follows.

In chapter 2, we introduce the functional analytic framework in which we have to treat
equation (1.2) and prove an existence and uniqueness result for sufficiently regular initial
data.

In chapter 3, we prove the convergence of a semi-discretisation in space of (1.2), provided
that the solution is adequately regular.

In chapter 4, a convergence result for a splitting-scheme of arbitrary order has been es-
tablished, again under the assumption of sufficient regularity of the solution.

In chapter 5, the techniques and tools developed in the previous chapters have been
combined to investigate the convergence of the full discretisation resulting from the com-
bination of the operator splitting with the collocation method.

However, we have not been able to generalise this result for splittings of arbitrary order,
and hence provide a convergence proof only for the Strang-splitting. The further gener-
alisation for higher-order splittings remains a challenge for future work.

Finally, chapter 6 contains numerical studies, illustrating the theoretical results of this
thesis.




2. Properties of the Nonlinear
Schrodinger Equation

We will present the most important properties of the Schrodinger equation that will be
dealt with in this thesis. The respective equation reads

ot
(,0) = tho(x) (2.1)

where x € R%, v, € R Vn, U is a bounded, continuous function R — R, T € R* and
A € R4 is a symmetric, positive definite matrix with tr(A) > 1. Therefore, it allows
a decomposition A = QTA2Q with an orthogonal matrix Q. For notational simplicity we
will most often use the decomposition A = QTA*Q, which means that A is a diagonal
matrix containing the (positive) square roots of the eigenvalues of A. These assumptions
remain valid throughout the whole thesis. Moreover, we set

ig@b(x,t) = —AY(z,t) + 2T Az p(z,t) + (Z Yulth(z, )P + U(a:)) W(x,t), te(0,7T],

L=—-A+2a2"Ax (2.2)
V() = (Z P+ U(x)) b, (23)

which allows us to rewrite (2.1) in the shorter form

iy = Ly + V(). (2.4)

The domain of definitions of L and V' will be clarified in sections 2.2 and 2.3, respectively.
The final conclusion of this chapter will be an existence and uniqueness result in an
appropriate function space. Before proving this, we will state, or partially prove, some
results and properties which lead to this theorem and will be of crucial importance for
the convergence analysis, at the same time.

2.1. Hilbert Scales and Sobolev Towers

This section contains the most relevant information about Hilbert scales. They will be
used for the existence result and for simplifying proofs for the special Hilbert scale which
is generated by the operator L. The results presented here can be found in [15], [25] and
6, p. 123ff].
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Let Hy be a Hilbert space and A a strictly positive self-adjoint operator with dense domain

D(A) C Hy. Additionally, let A fulfil
Jull, < | Aul, foru € D(A). (2.5)

We now define H := (,—, D(A*) and on this set the s-norms ||u||s = ||A%ul|#,. This leads
to the following result [15, §9]:

Lemma 2.1. For each s € R, the space H® := ﬁu'”s is a Hilbert space. Additionally,
H*® = D(A®). The chain of spaces (H®)secr is then called a Hilbert scale (or, for integer
s, Sobolev tower) and A its generating operator.

There is another suitable norm on H*® which is generated by the eigenfunctions (hy,)nen
and eigenvalues (wy, )nen of A. Bearing in mind that the set of eigenfunctions is a complete
orthonormal basis (if we choose the norm of the eigenfunctions accordingly), we define
for u, € Cand u € Hy u=7y_ yunhy

Hs:={uc Hy: |ul

fe < 00}, [lullf =Y whlual,

neN

Some results in the respective literature (for instance in [25]) state that these two defini-
tions lead to the same spaces. Due to the fact that this equivalence is crucial for almost
every argument in this thesis, we will give a proof for it.

Lemma 2.2. The spaces H® and H?* are identical, or more precisely, they contain the
same elements and the norms coincide.

Proof. Assume that 1, p € D(A%) and ¢ = >, .\ rhe. Then

(A onhi, )y = (O prhu, AU)m,

keN keN
= ]}E};O(Z Prhus, A%V) g
k<N

= lim (Y A*pphe, )y
N

where the self-adjointness of A° and the continuity of the scalar product have been used.
Hence,

ASQD = A° Z @khk = ZASQthk
keN keN
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The identity of the norms on H* N H2 now follows from
“uHHS = (AsuaASu>Ho

= (As Z ughy, A® Z Unhn>H0

keN neN

= Z Wi kW (s i) 1,
k,neN

= wplug)?
keN

= [lull gz

For this calculation, we need that A® can be pulled inside the infinite sum, which is
possible Yu € D(A*), and for such u, the left-hand side of the equation is finite since
A® : D(A%) — H,. Hence, also the right-hand side is bounded and therefore u € H?*. For
the other inclusion, we need a different reasoning as we do not know if we may pull A®
outside of the sum. In order to show H® D H?. we take an arbitrary u € H?. Thus,
> ken Wit |ug|? < oo. Furthermore, we set

u" = Z Ukhk

k<n

So, u" — wu in the sense of Hy and each u™ € D(A®) since it is a finite linear combination

of eigenfunctions of A®. Furthermore, u" is also a (strong) Cauchy sequence in the sense
of H*, as there holds

n
" — ™| g = A" — ™|y = Y wiugl* — 0,
k=m

for n > m and n, m — oo because the whole series converges. Since H® is a Hilbert space,
it follows that u™ converges to some u € H®. Since the H*-norm dominates the Hy-norm,
these limits have to coincide, u = w. Therefore, u € H®, which completes the proof.  [J

Further properties of Sobolev towers are summarised in
Lemma 2.3. Let r,s,e € RT and s <r. Then

e H" C H?® with a compact and dense inclusion. This in particular means that
|lulls < Cllul|, for some constant C' > 0(see [15, §9]).

o ||ullg. < (ming, wy) 2wl gore Yu € H(see [25]).

e The operator A maps H* into H*"! (see [6, II.5a]).
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2.2. Hermite Functions

As we have seen in the previous section, the knowledge of the eigenbasis of L is essential
for working with the Hilbert scale that it generates. So, in this section we are constructing
eigenfunctions of L. For the harmonic oscillator potential L, the eigenbasis is well known.
It consists of the Hermite functions h,. Since the eigenbasis of L will turn out to be
a tensor product, a result that shows how to construct these basis functions and the
respective eigenvalues from the one-dimensional ones, has been proven first.

Lemma 2.4. Let I be a finite subset of N, (Xy)ker Hilbert spaces and X the product
space of the (Xy)ger. Furthermore, let (Ly)rer be a family of operators with Ly, : Xy —
Xy having a set of eigenfunctions (gp’ka) with eigenvalues /\ﬁk- Then the operator L
X — X defined by L := ), ,;(Li) has eigenfunctions given by the tensor products of the
eigenfunctions of Ly, and the eigenvalue corresponding to @Q.c; Pny 15 D kes Any.-

Proof. We commence with defining L := ), (L) more precisely. Since each Lj only
acts on X, its action on the product space X can be described as

Lity = L Q) vy = Q) L™ .,

pel pel
for ¢ € X. Hence,
5
WY L - Y@L,
kel pel kel pel

If we choose ¥ = ®p€ 1 #h, With ¢f  being the n,-th eigenfunction of L, we can conclude
that

LR - SR~ Qut o — (z) R —

pel kel pel kel pel kel pel

[]

We now collect some common facts about Hermite functions that will be used in the
following computations and can be found, for instance, in [1]. The two most commonly
used expressions for the Hermite functions are either based on Rodrigues’ formula

fod 22 dn 2
hn(z) = che™ d—e_z , en = (=1)"/4/ /72! (2.6)
Zn

or define them as a product of a Hermite polynomial multiplied with the according weight

function
- L2
ho(2) = coHo(2)e™ 2, ¢, = 1/4/ /7270, (2.7)
H,1(2) =22H,(2) — 2nH,1(2), n>1

HU Z) = 1, Hl(Z) = 22,

where ¢, ensures the normalisation of the h,,. Employing these formulas, we can prove
the following results.
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Lemma 2.5. Let A = QTA*Q, where Q € R4 is orthogonal and diag(Ar, ..., Aa) =
A € R4 45 diagonal. Furthermore, let y = AQu, j € N? a multi-index and h; (AQx) =

hj(y) [To<kea P (i) Then (IT,<p<q VAR (y ))jena is a system of orthonormal eigen-
functions of L which was defined in (2.2).

Proof. We start out from expressing A, in the new coordinate y:

axn Z gi/i Yy
d
ain <8xn) Z gi: Oy <; : 3yp>
_ ZZ Oyp, <%i + %8_2>
o 0y \ 0T, yr Oy, Oy, OyrOy,
o Z Z Oyp Oyp O
0x,, Oxy, 0y, 0yy

where we have used the product rule and

Since 1y, = Zizl(AQ)kmxm, we have 3—31’2 = (AQ)kp. This yields

n=1 n,k,p=1

d . 2 d ) 82
- AQ) - (AQ)T) L = 7

3 (09 (1) g =D N

due to ((AQ) - (AQ)T),, = (AQQTAT), = A3

Therefore, the operator L written in the coordinate y is given by

Hence, lemma 2.4 implies that the elgenfunctlons of L are tensor products of the one-
dimensional eigenfunctions of L = —<%; + 22, These are the one-dimensional standard
Hermite functions with according eigenvalues )\ = 2n+ 1. As h;(y) = h;(AQx) = hy(x),
there holds

Lhj(x) =Y A (24 + 1)hy(x).
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Finally, we need to normalise these eigenfunctions. Since

B B - B y=AQx
/Rd hj(x)h(z) de = /]Rd hi(AQz)h(AQr) dx = ’dy = (det A)dx

= (e ) [ B)huty) dy

= H PYRRT

1<k<d

for another multi-index [ € N, the right scaling factor is [], ., (Ae)2. O

We can also prove that the momentum and the position operator are ladder operators
in the following sense.

Lemma 2.6. Let j € N be a multi-inder, <m>€ N? the m-th unit vector and y = AQxz.
Then for the scaled Hermite function h;(y) there holds

zih;(y) = Z(QTA?l)lm <\/§h3<m>(y><1 — 0jn0) T/ jn;+lﬁy+<m>(y)> (2.9)

it suffices to prove for n > 1

— \/;?Ln_l(z) - \/712?%71—&-1(2)

which follows directly from the recurrence relation (2.7), and

~ n+1~
= _hn n
| 5ea) 4/

for n > 1, which we will show now. We note that = —\ / and
1 gntt 2
- -2 %22 —22 (n k)
den-i-le dznze Z ( )
n—l m
o —22 z
on 1 e + z@e
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These two formulas imply

_ 22 dn—l 2 1 dn—i—l . dn—i—l 2
- e’ a1 2 dzmt1 dznt!
o é dr—t _.2 1 dntt 2
= Gn€ ndznfl 2 dxntl
ne, - Cn =+
_ n hn— n hn
Cn—1 (=) + 2¢n 41 #2)
~ n+1-~
— \/;hn—l(z) —\ Pnt1(2).
22
At last, there holds hq(z) 7a¢ 2 and thus
zho(z) = TTize T = V2h (%)
d -~ 1 2

2.3. The Scaled Harmonic Oscillator Potential L

We now focus on the operator L that is defined in (2.2). For convenience, we set D(L) = S,
the Schwartz class. Since L is constructed merely by a rescaling of the harmonic oscillator
potential L we expect L to inherit all of the properties of L. From lemma 2.5 we deduce
the existence of an orthonormal eigenbasis of L?(R?) and hence, by proposition A.2,
L is essentially self-adjoint, which means that the closure L of L is self-adjoint. We will
denote this closure by L from now on, instead. From Stone’s theorem [20, theorem 1.10.8],
we deduce furthermore that —:¢L is the infinitesimal generator of a strongly continuous
semigroup of unitary operators 7 (¢) on L.

Establishing results about the Hilbert scales generated by L is the most elaborate part of
this section. Firstly, we have to prove

Lemma 2.7. L is the generating operator of a Hilbert scale.

Proof. Since the eigenvalues of L are strictly positive and diverge to infinity, L is strictly
positive definite and unbounded. More precisely, the positivity and the normbound (2.5)
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are implied by

(Lp, )iz = (LY @iy, > puhu) 1

jeNd leNd

= (D Lojhi, Y pihi)re

jENd leNd

= () wieihy, > @il

jeNd leNd

= Z wjspiPi0ji

j,leNd

= wileil = ) el

jENd jENd
= Iz,

since the smallest eigenvalue wy o > 1 by assumption. From the fact that the eigenfunc-
tions h; form a sequence of unit norm with ||Lh,||2 = [|wjh;| 2 = w; — oo, we deduce
the unboundedness of L. O

Before continuing, let us clarify some notations. Firstly, H* and H* denote the Hilbert
scales introduced in section 2.1 generated by L. Additionally, we write

leolls = llellgss @€ H".

We emphasise that this is not the same as the H*-norm, as we chose not to square the
eigenvalues w; in the definition of H* in accordance with [7]. With this notation, we also
have ||.||zz = ||-|lo- The following claim is vital for the existence proof and for numerical
stability.

Lemma 2.8. Let T (t) be the semigroup of unitary operators that has —ilL as its infinites-
imal generator. Then T (t) is a group of unitary operators on H*Vs € RT.

Proof. Let 3 napjh; = ¢ € H*. Since T(t) is bounded on L?, we can pull it inside the
infinite sum
T by =Y Tt)ph;.
jeNd jENd
Since T (t)h;(x) = e~ ™i'h;, there holds
Z T(t)QOJhJ = Z €7iwjt()0jhj =: Z @jhj'
jend jEN jENd
Since |¢;| = |@;| V7, there holds
lells = > wilesl? = > wilesl = lléls,
jENd jENd

and hence 7 (t) is indeed unitary on every H®. O

10
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A very important feature of this particular Hilbert scale is the boundedness of two
operators that are vital in quantum theory. In the following, ;7 is a multi-index and
< 1> R?is the [-th unit vector. Hence, j+ < [ > adds 1 to the I-th entry of the
multi-index j. Furthermore, x; denotes the [-th coordinate. As the proof of this result is
tedious, an auxiliary result is first being proven.

Lemma 2.9. Let F; be a family of operators such that for ¢ € D(F))

Fop=F)Y ¢ihj=Y ¢iFh; and Fhj=cphjcs + djhjicrs,

jENd jeNd

with real constants c;;,d;; that are monotonously increasing in each element of j. If
Wi 59 < Cwi™ holds Vi for

g =max{dy, [ciracisy - djl, &, |dj—acis - i}, (2.10)
then ||Fiolls < C||@l|s+1, where C may depend on s.

Proof. Obviously, we have to calculate the Hermite coefficients of the new function Fjp.
In the following computation we drop the /[-dependence of the constants:

Fo=FEY ¢hi=> ¢Fh

jENd jeNd
= > wileihj—as(1 = 6.0) + dihjeas)
jENd
= cpihi—as(1=0;0)+ Y dipjhjias
jeNd jENd
= Z Cj’+<l>90j’+<l>hj’ + Z d"—<l>90j’—<l>hj’a
j'end §'—<lI>eNd

where we used the substitutions j' = j— <[> in the first and j' = j+ <[> in the second
sum. In the first sum, we have to sum over j' € N, because cjp;h;_<~(1 — §;,0) # 0 if
Ji > 1, which is the same as j; > 0. Rewriting the sums once again, we arrive at

Fip = Z Cjry<i>Pi+<ishy + Z djr—<i>(1 — (5jl’,0)90j’—<l>hj’

j/eNd j’ENd

= § hj’ (Cj’+<l>90j’+<l> + d"—<l>90j’—<l>(1 - 5jl’,0))
j/eNd

= E hj/QOj/.
j’ENd

Hence, the s-norm of Fjp is given by

1Frells = Z wilejr<i>Pjr<i> + dj—<spj-<>(1 — 30
jENd

11
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Employing the triangular inequality and subsequently Young’s inequality on the mixed
terms of the Hermite coefficient, we arrive at

15512 < & cislpjrars P+ (1= 85,0)d5_ s loj—cs |
+ (1 = 0j.0)¢i<i>dj—<i> (¢j+<l>90jf<l> + Ej—<l>90j+<l>)
< pjras|® (Gras + lcjrasdi—as| (1 = 6j,0))
+ lpj-<as? ( <> T lCrasd;- <l>|) (1 —=dj.0)-

Changing the index of summation again, we finally obtain

[ Frells < Z Wgs'/‘%‘?j’+<l>’2 (C?’+<l> + ‘Cj’+<l>d"7<l>’ (1 - 53‘{70))

j/ENd
+ Z w /’% —<l>‘ ( J—<i> T |Cg t<i>d; —<l>’) (1 - 5]'{70)
j'eNd
= Z wi_aslesl” (€ + lejdjacas| (1= 65,1))
j—<I>eNd
+ Y Whasleil (& + leraasdy]) (1= 60)
j+<I>€Nd
=Y Wl (¢ + lejdjaas| (1= 65.1)) (1= 6j,.0)
jENd
+ 3w ol (& + [ejraasdsl)
jENd

Therefore, ||Fiolls < C|l¢|st1, if there holds
Wipasg < C,W;Ha

because w; is monotonously increasing in each j;. Since this exactly is assumption (2.10),
the proof is complete. n

Lemma 2.10. The momentum operator and the position operator are continuous from
H*Y — (H®,||.||s11). More precisely, for p € H™ and l € {1,...,d} there holds

0
||8—xl90| s < Com |l gon (2.11)

lzpll s < Callpl] grosa- (2.12)
Proof. Firstly, we have to ensure that we can use lemma 2.9, which means that we

can pull z; and 6%1 into the infinite sum, which is not a priori clear for these un-
bounded operators. It is legitimate to compute the coefficients of the (weak) derivative

12
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of I NW2 3 o= ZjeNd @;h;(z) by differentiating the basis functions h; because of

0
(8_ﬂ¢7¢>L2 = (gp, 827 Z QOJ j7 o ¥Y)L2
jENd
. 0
= —nh_{go( > Spjhjaa_xll/} 12 = lim ( > %a hj, )2
j€{0,...,n}d j€{0,...,n}
0
= (Z (10]8 h]7w>L27
jENd

where ¢ is a test function, and the continuity of the scalar product was used.
We have to apply a similar procedure to prove that z;p = ZjeNd wjzihj. Generally, the
position operator () is defined on

DQ)={f€L*: nfcL*}.

Assuming that ¢ € D(Q), there are coefficients (1)) jena such that z;0 = 3. a1;h;. We
can compute these coefficients by

;= (1, hy) 2 = (@, 21hj) 2

Therefore, 1); is also the coefficient of ¢ to the basis x;h; if these functions actually form
a basis of D(Q) This is indeed the case, since span((z;h;)jena) is still in L* due to lemma
2.6 and all finite linear combinations obviously lie in D(Q)). Hence, 210 = >, na pj2ih;

and 81@ =53 jeNd goja%lhj. Therefore, we can apply lemma 2.9 to estimate the norms of

these two terms. Secondly, we see that a bound for %ﬁj (y) and ylﬁj(y) is sufficient, since
due to (2.8) and (2.9) there hold

[z ()l 7o < d max Ay

1<i<d

< C
< dlrg%)\ﬂylﬂw
=: Oy |||

Hs+1

FI5+1

and

0
. TA—
s < dmax(Q°A )zzlngagngay

0
||a—xl<p(y)!

< .
d max; max <= Cay, ]

=t Cou [l o1

I~_[s+1

We now use lemma 2.9 for ¢;; = \/% and d;; = £ ”TH The assumptions of the lemma

are fulfilled if we can bound

2
°<Jas‘+<z>‘7l_2F < Cuwith, (2.13)

13
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because ”%2 > ¢. Since

s jl + 2 s+1
Wit<i>"9 < Cuwj?

d s d s+1
: +2 |
- (Z M W) <0 (Z N+ 1>)
=1 i=1
d s . + 2 d s+1
= max A (Z(% +1)+ 2> A= < Cmin N[O (Z@ji + 1>>
( 2 )s Jit+2 max; A2
s (14 : ‘ <
>u2+1)) 2> (25, +1) min; )\?(S-H)

and since the last line holds true with C' = (1 + )5% equation (2.13) is valid.
We have so far proven that (2.11) and (2.12) hold for f € X, where

~ 0 ~ ~ ~
X = {fEHS—HZ a—xleHs}, or Xy 1= {fEHS+1: IleHS})

respectively. We will finish the proof by showing that this leads to the desired estimate
Vf € H**'. Firstly, we note that X; is dense in H s+l We can therefore take a sequence
(fu)nen C X that converges to f € H*™! in the sense of H*™'. Hence,

0
_ < )
I Falle < Cllfullers

Taking the limit n — oo, we see that

lim H an < O flls+1

thus there exists a subsequence, denoted again as (a%l fn)nen that converges weakly in the

sense of H® to an element f € H*®. Since weak convergence in H*® implies strong conver-
gence in L? (and especially also weak convergence in L?) due to the compact embedding
of H® — L?, lemma 2.3, we have that Vo € L? and especially for all testfunctions ¢

0 _
lim (a—mlfn,so) =(f, o)

n—oo

0 0 0
& —ggo(fn,a—mlwz—(fa ¢) = ((9 lfw)

Therefore, the weak L2-limit is pr 9_f in the sense of distributions. Since both functions
belong to L2, also the strong L2limit coincides and has to be the weak H*-limit at
the same time. We conclude that (2.11) holds Vf € H*+!. Exactly the same limiting
procedure yields the validity of (2.12). H

14
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Lemma 2.11. The space H® has a continuous embedding into W25 for integer s. More-
over, assume N > s > (k + g) and ¢ € H®. Then ¢ € C* with a continuous embedding
and

sup o™ (2)] < Cllell e
zC€Rd

Proof. The first claim is immediate since we can bound the k-th Sobolev seminorm by
the H*-norm for all & < s and all the resulting H* norms by the H*-norm.

The second claim is a direct consequence of the first one and of the usual Sobolev embed-
ding theorem. O

As mentioned above, the next result will be used to bound products of functions.

Lemma 2.12. Let r > g be an integer and s > d be an even integer.
o IfpeH and € L2, then [lpvllo < Crollll - ¢ 1lo-

o Ifh,p€E H* then It

Proof. The first claim follows easily by applying Hélder’s inequality and the continuous
embedding from lemma 2.11

lewlls = llew e < Ml Pllelllellze < llElellie < Cllvllalels.

For the second claim, we perform a change from x to y in the norm which will shorten
the computations:

(@) (@)ls = | L2 (@) (@)]lo = (det A) 2 [ Lg @ (y)eb()]lo-
Hence, we have to estimate
d
0
I(-X
k=1

. 2 . .
As L*/? is a sum of products of % and xik and as the commutator of % and xy is given
ni P
by

s < Csllgl

Hs

2

d 2
Z ) (¥ o

n=1

0 8

[8xp i) f = xkf—xk—f —xka—f+5kpf aipf:(skpf7

we can separate the multlphcatlon operators and derivatives. This means that we can
bound || L2 (¢1)]|o by a sum of terms such as

||<szk> ( 1 <w>>||o.

For n, which is the number of operators appearing, there holds n < s, since we started
with § second order differential operators and 5 multiplication operators 22, Applying
the product rule, we can estimate this term by another sum with summands of the form

H(Hmk 11 iw) (f[ a%w)uo

q=m+1 q p=r+1 Ip

15
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or by the same terms, but with ¢ and ¢ exchanged. Due to the first statement of this
lemma, each of these terms can again be estimated by

u(H% 1.2 )(H >||o<||szk [T 52l IT 2ol 219

q= m+1 q= m+1
for o being the smallest integer greater than g, if HZ:T 41 %1/} is indeed in H°. As this
p

is an implication of ¢ € H7t"" by virtue of lemma 2.10, n — r < > and o < %, there
holds v € H® € H°t" ", and hence the estimate is justified. This reasoning also yields

[ H —wna < ClYllgsnr < Cll¥]ls.

p= r+1

In order to estimate the first factor on the right-hand side of (2.14), we note that r < n < s,
which yields

0
IIszk H —wllo < Cllell- < Cliells,

q= m+1 ‘1
due to lemma 2.10. Hence, we conclude

lells < Cllgllsliells:

2.4. The Arbitrary Power-Nonlinearity

If we assign the operator V' defined in (2.3) to act on the Schwartz class S, then clearly
VS — S. Moreover, we see that for ¢ in any normed algebra X" also V(¢) € X'. This
is one of the main reasons why the convergence results and the existence theorem can be
established. Furthermore, we can directly compute and bound the Fréchet derivatives of
V' of arbitrary order, which will be crucial for working with Lie derivatives. To achieve
this aim, two auxiliary results are being proven first.

Lemma 2.13. Let X be a Banach*-algebra with involution operator x* =: T, h,, =
(hi,..., hm) € X™ and the family of functions Vi ,(x) be defined as
Vin(z) = 2*7"  forn,k € N (2.15)
Vin(®) =0 for —ke NtV —neNT (2.16)
forx e X.
Then the m-~th Fréchet derivative of Vi,(x) is given by
“ k! n
= V —in—m-dq R . hma ‘ *
E e Y e LG

The function g depends on a vector h,, and a natural j in the following way: g is a sum
of products of the elements of h,,. In each product, every h; appears exactly once, and
m — j of these factors are conjugated.

16
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Proof. We start with the brief computation

Ven(® +h) = zk: (f) R A Xn: (@)fjgn—j

=0 j=0 J
k. n
k N
=2 (.><7)xvf—vﬁh ’
=0 j=0 t J
= 2T 4 k2T h 4 nat TR (2.17)
k—1 n—1 k n ) n—2 n ) k—2 k
SO (e 3 (ot 5 (B
- - [/ J - J - [/
=0 j=0 7=0 =0
o(h)
(2.18)

which will be needed later. Furthermore, there holds

hm+l g(hm>m) = g(hm-i-la m + 1)?
i1 90, J — 1) + hps1 g(hy, 7)) = g(hia,7), j€{1,...,m— 1}, (2.19)

hm—i—l g(hm7 0) = g<hm+17 O)

The second line of the equation is valid because in g(h,,,7 — 1), m — j + 1 factors are
conjugated, and hence also hy,,1 g(h,,,7 — 1) contains m — j + 1 conjugated elements.
The expression g(h,,,j) on the other hand contains m — j factors that are conjugated,
thus m — j + 1 factors of h,,41 g(h,,,7) are conjugated.
The claim is proved by induction. First, we are verifying the hypothesis for the seed
m = 1. Since

Vin(z + ) = Vin(2) = k2" T"h + na"7" " h + o(h),

where we employed (2.17), we find that

V};n(m)h = kVicin(x)h +nVj o1 (x)h

For the induction step m — m + 1, we compute

= kn!
k, ( +1) J;O k—j, +J< +1)(k—])'(n—m+j)' ( )
:Z 0(Pmi1) + (Vijn-mrs () + (k= )Vijrn-mri () 1
=0

, — kln!
+ (n—m+ j)Viejn-mtj—1(2) himt1)

o= )i =t gy )

17
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:>Vk(77:+1)<x>hm+1:2 ((k = IWa—j—tn—m+j () hipi1 + (n—m+]’)kaj,n7m+j71(x)hmﬂ)

j=0
kln!

= —mr )

:g; Vi—j—1n—m+j i—j— 1;‘(];' mp— j)!hm+19(hm7j)
: iv’” (k- j)!(ni!k; ry =)

:jio V(1) m—(m+1)+(+1) =G+ 1;;:?;1 ey j))!hm+1g(hm,0)
+ 27": Vijn—(m+1)+; = )(n f'(]{; Iy j)!ﬁmﬂg(hm,j).

=0
With the substitution j'=j + 1 in the first sum, this yields

m+1

1
Vk(;?—’— ) (x)hm—i-lzz V}c—j’,n—(m—i—l)—f—j’

j'=1

nlk!

e — (m s 1) gy 9B d = 1)

nlk!

+ V;gf',nfm 1)+j . . Em 1g<hm7j)
Z I (= ) (n = (m o+ 1)+ )0

nlk!
:ka(m+1),n($) (k’ — (TTL T 1))|n'hm+1g(hm7 m)

“ nlk!
Vi—jr n—(m i . . hm hma -1
‘I'Z k—j' n—(m+1)+j (k—]’)‘(n—(m—i—l)—{—j’)' +1g( J )

j'=1

nlk! —
by 19y, J
= (m 5 D1 9B )

+ Vien—(m+1) ()

- nlk!
V,'nfm 1 . . hm hma . .
+Z k—j,n—( +1)+](k_j)'(n_(m+1)+j)| +lg( .7)

j=1 '

18
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Due to (2.19), we finally obtain

Vlg(,:):—‘rl)(x>hm+lzvk—(m+l),n<x> (

nlk!
F=n )l 9 m + 1)

n!k! —
h
kl(n — (m+ 1))!hm+lg( m:0)

+ Vk,nf(m+1) (ZIZ’)

m nlk!
+ Z <Vvk_j7n_(m+1)+j (k’ _ ])l(n — (m + 1) + ])'

=1

(P90, §) + A1 g(hy, § — 1)))

jiasy n'k!

= V—‘n—m j ; ; hm 7--
j;o k—j,n—( +1)+]<k_j)'(n_(m+1)+j)'g< +1 j)

]

Corollary 2.1. Let the assumptions of lemma 2.13 be fulfilled and let X additionally be
normed. Then there holds

Ve < clle =TT Inll,
=1

for a constant C(k,n,m) € R.
The most important properties of V' are summarised in
Proposition 2.1. Let (X, |.||x) be a normed algebra, 1 € X and V : X — X. Then
o V() < C(MM for g € (X, |.]lx) and [llx < M,
e Ve C>®(C,C) (in the real sense) and
e the m-th Fréchet derivative of V' is explicitly given by

(2 +1)! 2i
(2i +1—7)! (2 —m+j)

k m
V()™ = Z Vi Z Vair1—j2i—m+j(¥) 19(hm, J) 4 Udm
i=1  j=0 ’

form > 1 and is therefore bounded on bounded subsets of X .

Proof. We immediately see that in the notation of lemma 2.13, V' can be written as

V(@D) = Z’Vn‘/én-i-lzn(d]) + U($)¢

Hence, all the claims are direct consequences of lemma 2.13 and corollary 2.1. O]

19



Nicola Ondracek Convergence Analysis of Time-Splitting Methods

2.5. Existence, Uniqueness and Regularity

We are now in the position to prove existence, uniqueness and regularity of our solution
given that the initial data are sufficiently regular. Regularity means that the intial data
should lie in a space H™ for appropriate m. Our problem now reads

u e C((_Tmim TmaX)a Hm) N Ol((_Tmina Tmax)a Hmil)
chl;tL = Lu + V(u) te (_TminaTmaX) (220)
u(0) = wuo.

In addition, let the energy functional F(u) be defined as
1 -
E(u) = 5/ (Vul? + 27 Az|ul* — V(|ul?) dz
R4

with V(y) = oy ’yk% + U(x)y, where U(x) is the function appearing in the power
potential V. Imitating the proof of [5, theorem 4.10.1], we can obtain the following result:

Theorem 2.1. Assume that vy € H™ and m > %l. Then equation (2.20) has a unique
local solution. Additionally, ||u(t)||gm — 00 ast / Thax if Tmax < 00 and ||u(t)| gm — o0
as t ¢ Tin if Tin < 00. Moreover, the total charge (mass) ||ul|r2 and the total energy
E(u) are conserved.

Proof. Step 1: Local existence and uniqueness. Let the semigroup generated by —iL be
denoted as T (t). If we define the operator B by

B(u)(t) := T (t)up + V(¢
uo—i-z/Tt—s u(s)) ds

then, clearly, a fixed point of B is the solution of our problem in integral form, which
is given in proposition A.3. We want to employ the Banach fixed point theorem which
will also establish uniqueness of the solution. Therefore, we need to construct a suitable
Banach space on which B is a contracting self map. We claim that

X = {U - LOO(],Hm) . ||u||L°°(I,Hm) S M},

equipped with the metric
d(u,v) := |lu = v|| peo(r,2),

is indeed a Banach space for I := (=7,7T) and arbitrary T, M.

We only need to show that (X, d) is closed in L*(/, H™) and are using lemma A.1 for
this aim. We choose a sequence (f,,)neny C X which is a Cauchy sequence in the sense of
L>(I,H™). As ||.||z2 < C||.||m, this sequence is also a Cauchy sequence in the sense of
L>=(I, L*) and hence converges to some f € L (I, L?). This entails that (f,(¢))nen — f(1)
for almost all ¢t € I. We may choose X = H™ and Y = L? because each H™ is a Hilbert
space and therefore also a reflexive Banach space and the embedding H™ — L? is dense
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and continuous for all m. From lemma A.1 with p = ¢ = oo, we can conclude that f € X
and that, therefore, X is a Banach space.
Since we can estimate

IV (u)l|gm < C(M)M

for ||ul|gm < M due to proposition 2.1, we deduce that V(u) € L>*(I,H™) if u €
L>(I,H™). So, V(u) € C(I,H™) and hence also u € C(I, H™). The constant C'(M)
additionally depends on the constants «, and the highest degree 2N appearing in V.
Moreover, we already know that the semigroup 7 (¢) is a semigroup of unitary operators
on all H™. It has to pointed out that this very step is the reason why this results can
only be proven in the Hilbert scales generated by L, but not in the usual Sobolev spaces
W?2m_ If, as in the original proof, L is the Laplace operator, then it can be shown that
the semigroup generated by this operator is an isometry on every W™, This is, however,
incorrect for the harmonic oscillator potential. Hence,

1BC) ()l < latlsm + / IV ()l ds

< Nl + TNV () | w1y
< ol am +TC'(M)M.

In order to prove the contraction property of B for accordingly chosen T, M, we compute
for u,v € X

1B(u)(t) = Bw)®)llz2 = [I [ Tt = s)(V(u(s)) = V(v(s))) ds 2

< [ IV(uls)) = V(v(s))llz2 ds

- 0
t
< C(M)/ lu = vl ds
0
S O(M)T”U — UHLOO(I,L2)7

where we have used lemma A.3 for the C*°-map V. This is possible since functions in H™
are bounded and continuous by lemma 2.11. We note that the constant C'(M) already
contains the Sobolev imbedding constant. Since the right-hand side does not depend on
t, there also holds

1B(u) — B(v)||zoe(1,2) < C(M)T||u — vl Loo(1,22)-

Now we set M = 2||ug]|m, K = max{C'(M),C(M)}, and KT = KT(M) = 3. It follows
that B is a contracting selfmap on X and thus has a unique fixed point. This fixed
point is also the unique solution of (2.20) because V(u(s)) € L>(I,H™) C L'(I,L?),
v € H™ C D(L) and v € C(I,H™) C L*(I,D(L)). The equation also implies that
u, € C(I, H™™1), since L maps H™ — H™ L.

Step 2: Blow-up alternative. Using the local solution at time 7', we can start the same
procedure to get a solution on a larger interval. It is, however, not possible to guarantee a
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global solvability, so it is not possible to bound the step size 2T from below independently
of M. This is specified by the blow-up alternative which is being proven in the following.
From the unique local solution u € C'(I, H™), we can define a maximal solution

ue C((_Tmin’ TmaX)? Hm) n Ol<<_Tmin7 Tmax)a Hm_1)7
where the differentiability follows from equation (2.20) and Tiyin, Tmax are defined as

Tax : = sup{7" > 0 : 3 a solution of (2.20) on [0, 7]}

Tmin : = sup{7T > 0: 3 a solution of (2.20) on [T, 0]}.
Assume that Tiax < 00 and [Ju(t,)||gm < M < oo for a sequence (t,)nen — Tmax from
below. Now we choose k such that ¢t + T (M) > Thax. From step 1 follows that we
can extend the solution to the larger interval (—T i, T'(M) + tx), which contradicts the
maximality of the solution. Hence, either Tyax = 00 or limy sz, ||u(t)||zm = co. Exactly
the same reasoning also applies for Tp,y,.

Step 3: Conservation laws. Since (2.20) makes sense in L? we can take the L*-scalar
product of both sides of the equation with u to arrive at

i(ug, w) + (Lu,u) + (Vu,u) = 0.
Since (Lu,u) + (Vu,u) € R, taking the imaginary part yields

1d

5@”“”%2 = (ug,u) =0

and thus, the conservation of charge.
Multiplying (2.20) with @; and integrating over R" yields

i(ug, ug) — (Lu,ug) — (Vu,ug) = 0.
We now take the real part of this equation and integrate by parts to arrive at
(Vu, V) + (27 Az u,uy) + (Vau, ug) = 0,

which is justified due to the regularity of u. As this is exactly < F(u(t)) = 0, the proof is
complete. O

22



3. Semi-Discretisation in Space

We will now prove a convergence result for the spectral space-discrete version of (2.1)
assuming that the initial data and hence the solution by theorem 2.1 are sufficiently
regular. The main tools for this proof will be provided in section 3.1. Before we start,
let us clarify the notation employed throughout this chapter: For an integer K we set

K={jeN:0<j;<K-1Vi}and K—1= (K —1,...,K — 1) € N%. Furthermore,
we say that a function of the type p(z)e *" = HZ:1 ;. (z,)e™™" has degree less than K if

every p;, is of degree less than K. Moreover, let
Xy :=span;x(h;) C H* Vs € R™.

We start this treatise with some information on a scaled Hermite quadrature.

3.1. Hermite Quadrature

Due to the scaling of our Hermite basis functions, we cannot apply the usual Gauss-
Hermite quadrature, but instead also need to scale the quadrature nodes. Firstly, we
recall the standard one-dimensional Hermite quadrature. For a polynomial p : R — R of
degree less than 2K — 1, there holds

K-1

/Rp(x)e_””2 de = Z (T )Wk,

k=0

I

Khg 1(Z)°
Hence, we also have a d-dimensional quadrature at hand. For p being a tensor product of
one-dimensional polynomials, each of degree less than 2K — 1, we have

[ p)e " de =3 oty

jex

where the 7, are the K distinct roots of the K-th Hermite polynomial and w;, =

with #; = (&;,,...,%;,) € R, ;= Lahg 1(y) and K —1= (K - 1,...,K — 1) € N
We now establish suitable nodes and weights for a quadrature performed with the scaled
Hermite functions of section 2.2. Choosing the scaled nodes as z; = QTA™'Z;, we see
that

hy(xe) = hy(AQay) = hy(&).
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Since hy(x) is integrated exactly, there holds

B i AQx =y
/Rd hi(z)dx = /Rd(det N)2hj(AQx) dx = ‘ do — det(A)_ldy'
= / d(detAr%Bz(y) dy

(det )72 > Iy(i;

jex

= hy(a;)(det A) i

Jjex

= Z hl(.’L'j)’LUj,

jek

and thus, the correct quadrature weights for this scheme are w; = det(A)~"@;. Therefore,
we can approximate the integral of any function f € L3R e 1*F) with f = fe l*I* by

fla)yde = [ flx)e ™’ dw
Rd Rd

> ) e
~ d t A thK 1(]7])

JEK

From the orthogonality of the scaled Hermite functions and from proposition A.4, we
obtain the two important ”orthogonality” properties:

Lemma 3.1. For the scaled Hermite functions h; and the scaled Gauss points xj, and
weights wy, there holds

(1) 3 jex hi(x)hy (z)wr = 650
(2) > iexc Tz iy )w; = 05

Proof. The first claim is obvious, since the Hermite functions are integrated exactly and
are orthonormal up to this scaling factor in L?. To show the validity of the second one,
we note that due to equation (A.9)

=

-1

> e HelE) i) = 0

k=0

since 4, ,, are roots of the K-th Hermite polynomial. Consequently, by multiplying with
=2 =2
zp+zq

e~ 2 , weget

T

B
Il
o

24



Nicola Ondracek Convergence Analysis of Time-Splitting Methods

the same conclusion for the scaled one-dimensional Hermite functions and, thus, also for
the d-dimensional ones. For the last step of the proof, we employ (A.10) to obtain

= 1 2K
WHk(fi’p)Hk(fp) = mH}((fp)HKfl(fp) = mf[?el(fp),
k=0
where we have once again inferred that z, is a root of Hx and that H; = 2kH_;.
Multiplying this equation with e~% once more, we arrive at
K-1
o 2K ~o _ ~ _ 1
k hi(,) = mhi(IﬂK K = 1) = Khi (Z,) = o
=0

From this, one can easily conclude the same result for the scaled Hermite functions and
also the d-dimensional claim. O

3.2. Projections and Interpolation

For a function ¢ € H* s> d/2 we can think of several ways to restrict it to the span of
a subset of the Hermite basis. The most intuitive is the L2-orthogonal projection P onto
this subspace, which is given by

Pr(p) = Z%‘hj & (@, hy) = (Pele), hy) YjeK. (3.1)

From this definition, we see that Px(i) is well defined VY € L?, so for this projection we
do not need the H S-regularity. In the following, we drop the dependence of Px on K, so
K is considered fixed for the rest of this chapter. For this projection, we can immediately
prove stability:

Lemma 3.2. For ¢ € H*, s > o, there holds

le = PP)lls < CKZ [lep]s. (3.2)
Proof. Since for j ¢ K
d d
wp =D N2+ 1) 2 M D0+ 1) 2 MK,
i=1 i=1

there holds w;” < A\PK—P = CK~" for p > 0. Furthermore, as the sum is absolutely
convergent, we have

o —Pp) =Y oihi =D ih; =Y oh,

jeNd Jjex j¢K
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which yields the proposed estimate by

le —PII2 =D wllosl> = wi™* g,

28 JgK

< ZC’K"_Sw;|gpj|2 < CK?™® Z w;’|g0j|2
JgK JENT

= CK"|¢ll3.

]

The second way of restriction that will be used is called the Hermite interpolation Zj.

It is defined by
T : C(RY) — Xi, ZIxe(r;) = ¢(x;)Vj € K. (3.3)
Once again, we drop the dependence of Zx- on K and just write Z instead. Since Zy € X,

it has the form
Ty = Z @ih;
jex
Bearing in mind the orthogonality of the basis functions on this discrete level, we can
compute the interpolation coefficients by

Top(z) = Y ihy(s) = o(x;)

JjEK
= Z%Zhl@z) 2 ng hl xz
JjeK e e
R Z @jfsjl = QO[ ZSO hl l‘z i (34)
JjeK e

Hence, for computing these coefficients we need to be able to evaluate ¢ in every z;. This
is feasible, if o € H*® and hence continuous.

In the following lemma some useful information on the interpolation operator Z is sum-
marised

Lemma 3.3. For s > 4, let ¢, € H*. Then
(1) T:CRY — X is linear,
(2) Z(pv) = T(Z(p)Z(v)),
(3) JaaZ(P)T() = 3 jex pla;)(z))wj,
(4) |1 Z(p¥)||r2 < supjex [0 () || Z()]] L2,
(5) Z(Pp) = Pe.
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Proof. (1) is obvious by the definition of the coefficients ;.

(3) follows from the fact that Zy and Zi) each are of degree less than K, and that for
functions of degree less than 2K — 1 the quadrature is exact.

Moreover, we can compute

(ToTo)i= D wyhilw,)b(a)p(en) Y wiby(z)hy(a,) S wih(@)ha(z,)

= Z wyhi ()0 (21) (k) 010k

= Z wph; (.%p)w(ajp)gp(xp)

which shows (2).
Using (3), in order to prove (4) we compute

IZ(o0) 2 = / (o) T(p0) da
= o)) o) (xs)w;

jek

< suplp(a;)* Y ()0 (a;)w,
JEK jek

= sup |¢(z;)| / | Z(y)|* du.
JjEK

Finally, (5) is indeed valid if ¢ = Zv Vi) € X. This is the case due to

Zw]h —ZZh iL‘l xl ’LUl

JEK JEK lek

= Z Z hi(x) Z Yoh () wih;

JEK lek LexX

= h Y b,

jek ek
= Z Yjh;
jex
m
We can also prove a stability result for the interpolation operator. Firstly, we show this

result for the one-dimensional case according to [8], before we extend it to arbitrary space
dimensions.

Lemma 3.4. Let ¢ € WY%(R). Then there holds

1
1 Zell. <C (Z KZ!@’WW) -

n=0
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Proof. Before we can actually prove this claim, we need to clarify some notations and
cite results from various papers. If d = 1, then the matrix A is just a constant and
hence, the new Hermite Gauss-Points xy  are Ayn i, where yy , are the original Hermite
Gauss-Points for £ = 0,...,1. For the new weights wy j, there holds wy , = A‘le,k. We
explicitely write out the dependence of the points and weights on N in this proof only,
since we are concerned with bounds that depend on N. Furthermore, we set

]\N,k = (yN,k—l,yN,kH)a AN,k = YNk+1 — YNk-1, aN =V 2N.
From [16] we know that there exist constants C,,, > 0 such that
2 2
—an+1(1 = N73) < Ciyno, ynn < Caanyi(l — N73), (3.5)

fork=1,...,N—1

1 |yNj|>_é X 1 < |yNj|)_é
Cyme (119, < Ayp < O (1= 9N , 3.6
3\/N+1( any ) TP TYUN T ANt (3.6)
and from [9] we cite that for k =0,..., N

1 w2 1 lyn ) 2

Unil\ * _ - Ynjl\ 2
Cy——(1- <tiyg < Cgre 1 UML) 7 3.7
5\/N< CLN+1> = k= 6\/N( CLN+1) (3.7)

It can be observed that it is feasible to choose C; < 1 and Cy > 1, and that (3.7) and (3.6)
also hold for zx and wyk, if the constants are chosen accordingly. From these formulas
we deduce some estimates that will be needed for the actual proof of our claim. Equation
(3.5) yields for k =0, N

-4
(1 - M) < CNY3, (3.8)
AN 41
Additionally, we deduce
_1
NIAGL (1 - m—k') <o (3.9)
’ aN+1

from (3.6), and

(ST

N2 Ay, (1 = |yN”“|)

aN+1

-1

aN+1

< CN™'Ni =CN"3, (3.10)

W=

from combining (3.6) and (3.8). The last result we need to employ reads

C
sup [p(2)]” < s——|ellz2(0p) + (@ = )l (3.11)
z€[a,b] a
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and can be found in [2].
Thus, we can conclude from

N
IZello =Y () Pug

k=0
1

aN+1

N-1 1
1 2
<CN7s ”80”2 + E :ANk (1 - ) HSOH%%AN,,C)

CLN+1

| /\

1

S lynel)
N,k
Z Ay ( ) |(p|%[1(AN,k))

AN+1

IN

_1
(N lellzn + el + N3 lelzn)
_1
(N™ (||90||ia+|w|§{1)+llwlli2+N eplan)
< C(llellze + N75lelin),

1
6
1
6

C
C

IN

where we used equation (3.11) and the continuous embedding of H' into L. ]

Lemma 3.5. Let o € W42, Then there holds

d
IZell2 < C (Z K’glwlwm) :

n=0

Proof. Before commencing with the actual proof, let us define some notations. For a
function ¢ : RY — C, we denote by ||¢| 12 with a multiindex j the norm with respect to

the coordinates given in j. For instance, [¢l2  denotes the L?norm with respect

AAAAA

to the first d — 1 coordinates. Furthermore, for z; being a d + 1-dimensional node with

according weight w;, we set j° = (ji1,...,J4—1) and, thus, z; = x5 ;,_, is a d — 1-
dimensional node with according weight w;. Therefore, w;w;, = w; and, (z;,x;,) = ;.
Finally, we write |.| g+ for the Sobolev seminorm and d’' = (1,...,d). We prove the claim

by induction and note that we have already established the validity of the hypothesis for
the seed d = 1 in lemma 3.4. Additionally, we can estimate

(s 2
o & axl L2

For the induction step d — d + 1, we assume that

d
IZel2 < C (Z K‘3|s0|ww>

n=0

0
< ||<P||L2||a—$l80||L2.

lolle - lolie| = 2 |- g
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is valid and note that

K-1
IZell72 = Y wilel@)P = Y wp Y o))
jeKq JeRq—1 Ja=0
= Y willlZeellee @)l = 1T a1 (1 Za@) )l -
J'ekq1
Thus, there holds
1Zel 2@y = 1 Za (1 2ol 2, iz,
< CNNZu(l9llz,, + Ko lelay, ),
< OlZalieliz, iz, + K- 6|||¢|H;+1||
_1 _k
<C (ZK |||¢||Ld+1|H§, + KO ZK 6 ||¢|Hé+1}H§,>
k=0
d
<0 (Sx el + 57 S Kl, )
k=0 =
d+1
<CZK 6’90|Hk ..... d+1’
k=0
due to
oy O
|||ax “ellzg,, g = max 1Dl 5 =—llzz, llzg,, < max |D%¢lliagon)
= lelwina
and
ellez, lwez = maxID™@ley oz, < max D%z, 2z, = max | D¢l 2
= lelwye

Using the stability results for Z and P, we can now prove

Proposition 3.1. Let N> s > d,o and ¢ € H5. Then there exists C € R independent
of ¢ and K such that

le = Lol <
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Proof. We begin by estimating

d
IZ(Pe - ¢)|ls < CK%|Z(Pp — ¢)|ls < CK? (Z K75 [Pyp — @Iwm)
=1

d
<CK*? (Z K6||Pyp - SDHFIZ) < OK# (ZK

=1

d l
<CK?% ( 572 HS) <
=1

= C'K3°% g

Since Z(Py) = Py according to lemma 3.3(5), we may insert Z(P¢)— Py on the left-hand
side and then use the triangular inequality. We also know that for j € KC

g

Hs

d
wi =Y X2 + 1) < max(A\;)d(2K + 1) < max(\;)d(3K) =: C(\, d)K
=1
and hence, for 1) € X, there holds
)12 =" wl > < CE7Y [y * = CK|J|[5.
jex jex

Combining all this information, we finally can conclude

le —Zollo < IZ(Pe —@)llo+ |l — Pells <
< max{C, C'}K5+°7° ||| 5«

> +CK™

3.3. Convergence Analysis

In the following part of chapter 3, a space semi-discrete version of (2.1) is derived. That
means that the space-dependence of the functions is removed by applying a collocation
scheme to obtain a system of ordinary differential equations in time. For this purpose, we
assume that the solution t(z, ) can be written as 1 (z,t) = ¥(t)g(z) with g € H* for some
s. Then we choose a finite dimensional subspace X of our space solution space H* and
a set of collocation points, which will be the Hermite-Gauss points (z;);ex. Obviously,
(h;)jex is then basis of X and X — L? as K — 0o. As usual, the collocation scheme is
to expand the numerical solution 1k in the basis of X with time-dependent coefficients
¥;(t) and to demand that the equation is fulfilled in the collocation points. We then
arrive at the system

Z’%W(ik, t) = (A + 2" Az)yr ) (p, t) (Z%wal " + Uw) (T4, t) t>0,kek

n=1
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Although it is not obvious in this notation, this system is uniquely solvable, which is being
proven in

Proposition 3.2. System (3.12) has a unique local solution.

Proof. We start with rewriting system (3.12) in the form ) (t) = f(¢(¢)), with a vector
Y(t) € CX* to clarify how the right-hand side function f operates. For this aim, we
multiply (3.12) with wih,(zx) and then sum over k£ € K. This yields

i () Z hy () hp(er)we =Y Lo (O)hy () hp(ar)+ > Uwe)i; ()hy () hp(a) wy

jex kek J,keK J,keK
m,lEX JeEK

As this leads to very long expressions, we split the computation into three parts. Firstly,
the left-hand side of (3.13) reduces to

P> W (k) hy(z)we =i > W(t) U ().

jex kel jex

Secondly, for the linear part of the right-hand side of (3.13) there holds

ZLZ’L% xk wk—i-ZU LL’k $k>wk2¢j(t)hj(xk =

kek  jek kek jek
=Y di(Owihy (@) hp(w)we + Y Ul by () wih (2);(1)
j7k€’C ykGIC

= wy(t) + b, - M -,

with My; = h;(zy) and b, = U(xy)h,(x;)wy,. Hence, this part is also linear in the finite
dimensional case.
Finally, the nonlinear part of (3.13) reads

Zh Ty, wkZ’Yn(Z U (£ () P () xk) Zd’]

kek m,lek jek

= v > i(Ohy(wi)hp(ax) (L()T B (t))

j.keK

with (B)im = hm(2x)hi(21). As this is a polynomial in 1 (¢) and (t), we can write
system (3.12) as

wW(t) = Co(t) +pu(t),v(t) = f(L(1)),

where C' is a matrix and p a polynomial. Thus, f is Fréchet differentiable (in the real
sense) and, therefore, f is also locally Lipschitz continuous. We conclude that there exists
a unique local solution of (3.12) due to the Piccard-Lindel6f theorem.

O
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Since ¢ and Zv coincide in xy , system (3.12) can also be written as

idopye = (A + 2T Ax)vr) + Z( 0 Wlvx [k + Utbk) ¢ >0,
Uk (., 0) =Zy(., 0).
For this system, we will now state and prove the main result of this chapter.

Theorem 3.1. Let N> s > 2+ (dﬂw + 2—d and T > 0. Assume that the exact solution
W(x,t) of (2.20) is in H® fort € [0,T] and set By = supyeoq 1Y0(-, 1) ||s- Then

(3.14)

[k () — o), < CK*572 vt e (0,77,

holds for all K > K, where C' and Ko depend on o,s,d, Bs, A, (|n|)n<n, N and U.

Proof. We start by computing the Hermite interpolation of (2.20). Additionally, we want
to differentiate after interpolating and therefore have to show that 4(Zy) = Z(Z1).
We can only prove this claim if we can write dtz/) = > jeNd T/)J( )h;, Wthh is fulfilled
f Ly € L2(RY)Vt € [0,T). If the series converges V¢ € [0,7] in the sense of L?(R?),
it also converges in the sense of L*([0,7] x R?). Hence, we can choose a testfunction
@ E COO([O T] x R?) and compute

dt Z V;(t) e(,t)) 20,17, = Z ¥;(t)h; _90<x t)) L2 (10,71, a)
]GNd ]eNd
S hm Z% (55 £))r2(o,7)R9)
jEIC
) d
= Jim (3 Z0s (O (o) o) o
]6
=0 dt% (1)) L2(jo,7) ) -
jENd

This yields 41 = 4 Y iena Vihy = 3 icna Lap;(t)hy. Since we can obviously compute
47(¢) by differentiating the coefficients (the sums are finite) and as the computation of
the coeffcients of I(%@/)) is linear, we may pull the differentiation into the interpolation
operator. With this reasoning, the Hermite interpolation of (2.20) reads

0

i Z(W) =T(Ly) + ) wI([$[") + Z(UY)

N
= Z(LY) + ) wI(Z " Ty) + I(UW),

due to lemma 3.3(2). We subtract this from (3.14) and keep in mind that Zvx = ¢,
due to lemma 3.3(5), to arrive at

0

i=-0x = Libx — T(Ly) +Z% (1wl vr) = Z(W ")) + Ut — Z(UY),
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for Xic 2 0 = 1 —ZI1. Subsequently, we insert the two zeros Li— L and L(Zv)—L(Zv))
and rearrange some of the terms. This gives

2 e = Lt 3 ()= (000) Ui~ (U0 + LT+ Lo~ T(L)

n=1

and furthermore, by lemma 3.3(2),

zgaK L5K+Z% ((1x " ose )~ T (TP ) + Ui~ L(Uh) + L(Tp— )+ Lo—T(L)).

n=1

We now apply lemma A.1 to the term -7 7, ((|vx[*™x) — Z(|Z%|*"Z4)). In the
notation of this lemma, we obtain

N N
> wn(([x k) = TV P"TY)) = (9T, dx, n)ox + fo(Teh, vxc, m))dx
n=1 n=1
+ [T, i, )oK ).
To shorten the formulas, we now define

N
=3 ([T, x,n)ox + foT, e, )0k ) + L(Tp — ) + (L — TLp).  (3.15)

n=1
Since 0 € Xx and ¢ is a real mapping,

N
/ 0T (Z %Q(I@/),%UK,”)@() dr € R,
Rd

n=1

by lemma 3.3(3). Furthermore, there holds

T(Uv) - T(U) = TEW)I(6x)) - TT0)I())
— T(Z(U)5x)

and thus, due to U being a real map, lemma 3.3(3) yields
/ xI(Udk)dx € R.
R4

Hence, multiplying (3.15) with dg, integrating over R? and taking the imaginary part of
the resulting equation gives, since (vy,v) = 2 2||v[|* = [[v]| Z]|v]| € R,

0
(a@(, 5K>L2 = Im(éKynK)LQ
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and moreover, due to Cauchy-Schwarz inequality and Z(0) = ¥k (0), there holds

0
Il 1l < s c
0
= D oe(t)s < (o)
t t
iMﬂMHSAWm@Mﬁ—WMWW=AHW@MWt

since ¥ (0) = Z(0).
Before continuing, we need estimates for the different terms contained in 7ng. Firstly, by
propositon 3.1 with 0 = 2

|L(Ty = ¥)llo = | T — ¢l < CK5T5

Dlls-

Secondly, due to proposition 3.1 with ¢ =0 and s = s — 2

s—2

| — Z(Lw) o < CK 3~ | Lip|lsp = OK 5175

Y5

Finally, we turn to the most elaborate part,

N
F(¢K7I¢7N) =1 (ZVH(fl(Iwad)Kvn)g—'— f2(I¢7wK7n>6K)) .
n=1

Applying the triangular inequality to || F'||o yields

N
1P (i, T, N)lo <~ Wl IZ(A2 (e, Teb, )il + I Z(f2 (s, Top, m)dc ) fo-
n=1

Each term || fx(¢k, [, n)dk||o for K = 1,2 and n € {1,..., N} can be bounded by using
3.3(4), ¥(z;) = T(z;) Vj € K, and lastly lemma 2.11 for an arbitrary integer o' > 4:

IZ (feWore, T m)dse)lo < filsup e ()], sup [Z() ()], m)0xc o
= Jr(sup [¢x ()], sup |4 ()], n)||0x o
jeX jex
< fk(sgg WK(M’SEE ()], )]0k lo
< fe(Cllvkllor, Cliv ()0, )]0k [lo-

Hence,

N
1E (s, T8N lo < 185 0 ) (1l f1(Clloic o, Cll(@) o)+ fo (Ol o, Cllo() o))
n=1

= G(Yx, 1, N)|ox]lo-
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We now return to our estimate of d:

H5K(t)|!o§/0 G(thx, &, N) (1) [0k (7)llo dr + 20K 575 [ (8),

t
S/ sup G(vie, v, N)(7)(0) [0k (7)llo d7 +2C K515 sup [[0(6)]]s.
0 6€0,7] 6€[0,7]

Our next step is the employment of Gronwall’s inequality A.4. We note that a(r) =
20K 5t ~3 SUPyeo. - 19(0)|ls is non-decreasing in 7. Thus,

ot < ate)exp ([ 5e) i)

with 3(§) = suppep g G(¥x,Z¢, N)(0). Since w; is monotonously increasing in j, for any
¢ € Xx we can estimate

lellz =D w?l(e)i* < Gk ) 1(9)F = CoEligllo.

jeK jex
Hence, for arbitrary o < s, we obtain

16k (t)llo < Co K2 |35 (£)lo

0€[0,7] 0€0,t]

<201 K5 exp (/O sup G (¢, v, N)(0) dT) sup |4 ()]s

<201 K5 exp (/0 sup G(¢r, 4, N)(0) dT) sup |[4(6) ][«

0€[0,t] 0€[0,1]

<201 K5 exp (t sup G(W%N)(@)) sup [4(0)]s-

0€(0,t] 0€0,t]
This yields, by applying the triangular inequality and proposition 3.1,

[V (t) = PO llo < x(t) = Lo ()]s + [1Z9(1) — (@)

o—s

< 16k lls + CoE 552 |0
< C5K5T73 sup [|0(0)]] (2 exp <t sup GwK,w,N)(e)) + 1) ,
0€[0,t] 0€(0,t]

where C3 = max{C', Cy}.
Now we are almost done. We are only left to show that G can be bounded independently
of 1. For this aim, we fix an interval [0, ©] in which

sup ¢k (0)llo < 2Cy sup ([P (0)]s,
0€[0,0)] 0€[0,0]
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where C; = max{Cj3, 1}. This assumption is justified, since it is valid at # = 0, and since
both functions are continuous in time. We can extend this interval to © = T" because for
t € [0, 0] (note that G is increasing in both of its arguments) there holds

[k @®)lle < Yx(t) =@)o + 0@
< [l (O« + CsE 55 sup [l(9)], (2 exp (t sup G(wﬂ/aN)(@)) + 1)

0€[0,t] 0€[0,t]

<20y sup [[9(0)]s,
0€(0,t]

for K larger than K with

R qup [0(6))s (2exp (t sup Gw,mw)) T 1) =1

0€[0,t] 0€[0,t]

This last result finally yields

[9(t) =)o < CKST5" B(sup [0(0)]],)-

0€[0,t]
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4. Semi-Discretisation in Time

4.1. The Calculus of Lie Derivatives

In this section, a short introduction to the calculus of Lie derivatives is given. Since
we need to employ an extended formalism, which can be used in an infinite dimensional
Hilbert space, each definition is presented for the finite dimensional, intuitive case before
it is subsequently extended. The results presented in this section can be found in [10,
section 5.1] for the finite dimensional case and in the appendix of [13] for the infinite
dimensional case.

Let for the rest of this section F, G’ be continuous vector fields R* — R?, X a Hilbert space
and, furthermore, F, G continuous, but possibly unbounded and nonlinear operators with
suitable domains D(F) C X and D(G) C X. Then, for y € R? we have

Definition 4.1. Dy := )", Fk(y)% is called the Lie derivative with respect to F.

Clearly, D is a linear differential operator. The Lie derivative of a differentiable vector
field G is hence given by
DpG(y) = G'(y)F(y).
Note that this is independent of the dimension of the underlying space. We therefore
define for y € X

Definition 4.2. DzG(y) := G'(y)F(y) is called the Lie derivative of G with respect to F.

The next step is to extend the wellknown notions of the flow and the flow operator or
evolution operator generated by a vector field. In R? the flow generated by F' is defined
as the solution of

yt) = F(y(t)), te (0,71, y(0)=wo, (4.1)
and commonly denoted as ¢%(yo) or ¢r(t,yo). The evolution operator is the operator
which maps the initial data and ¢ € (0, 7] to the solution pp. If F is linear, then by the
theory of semigroups of linear operators, r(t,vo) = T (t)(yo), where T (t) is the semigroup
generated by F'. Even if F' is nonlinear, but Lipschitz continuous and 7" small enough,
the flow operators form a semigroup of linear operators due to the unique solvability of
(4.1) on a suitable time interval. This semigroup can be represented with the help of the
exponential function and the Lie derivative, which follows directly from

Lemma 4.1.

& Gl (m) = DeCleil) (4.2
Gler(tw) = t—,(D?G)(yo) = exp(tDr)G(yo)- (4.3)
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Proof. Claim (4.2) is easily proven by applying the chain rule

%G(satp(yo)) = G' (05 (0) 2% (W) = G'(¢r(y0)) F (€% (%)) = DrG(er(y0)),  (4.4)

and will serve as the induction seed for the hypothesis dTIZG (0% (o)) = DEG(¢%(0)).
We compute
k+1 dk
WG(SDF(t,yo)) = ﬁ(DFG(QDF(tﬂJO)))
= Di(DeG(pr(t, y0)))
= D§’+1G(¢F(t7 yO)):

whence (4.3) follows from Taylor expansion. O
Setting G = Id in (4.3), yields
' (y0) = exp(tDr)yo

as the representation of the flow operator.
Moreover, both

d
7 exp(tDr)|i=o yo = Drldyg (4.5)
and
exp(sDr) exp(tDrp)yo = exp(tDr) exp(sDr)yo = exp((s + t)Dr)yo (4.6)

obviously holds true, if s and ¢ are small enough.
A rather curious consequence of (4.3) is Grobner’s Vertauschungssatz, which reveals how
the composition of two flow operators has to be defined.

Proposition 4.1 (Vertauschungssatz). The composition of two flow operators applied to
a vector 1y is given by

tDp eSDG

e Yo = (s, pr(t, yo))

for s,t € R.
Proof. This statement exactly is equation (4.3) with G substituted by e*P¢. O

In the infinite dimensional setting, the evolution operators are defined analogously and,
under suitable conditions at F, they also form a semigroup. However, the exponential
cannot be defined without further undesired restrictions on F. Contrariwise, since (4.2)
still holds and because of the semigroup property, it is still common to write

tDr

or(t,y0) = €7 Yo,

but only as a formal expression. What is more, if we combine two or more solution
operators, we have to be aware of proposition 4.1 and reverse the order in which we apply
the flow operators to the initial data.

The next perception that needs to be generalised is the commutator of two operators.
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Definition 4.3. Let F,G be two operators.

(1) The Lie commutator of F and G is given by
[F,G1(y) == F(9)G(y) — G'(y) F(y) (4.7)
(2) The iterated commutator ad’:(G) is recursively defined by
ad(G) = [F,ady ' (§)], ad%(G) =G (4.8)

Clearly, (4.8) makes sense both for linear and nonlinear operators, and (4.7) coincides
with the usual commutator for linear operators.
Since one of our goals will be to bound iterated commutators of Lie derivatives of opera-
tors, we will rewrite them in terms of the appearing operators themselves.

Lemma 4.2. For a j-times Fréchet differentiable A there holds

ad}, (Dg)A(v) = (1) D,y (5A() (4.9)

Proof. First, we establish the induction seed:
[Dr, Dg]Av = Dy A'(v)G(v) — DgA'(v) F (v)
= A"(0)(G(v), F(v))+ A (v)G'(v) F (v) = A"(v)(F (v), G(v)) — A'(v) F' (v)G (v)
= A'(v)(G'(v)F(v) = F'(v)G(v))
= A'(v)[G, F](v)
= —D[]:g]AU.

For the induction step, we compute

adJD—i_fl<Dg)AU = [D]:, adj (Dg)]AU
(~1Y[Dr. D,y g} Av
( 1) dj+1 )AU
( 1) ad]Jrl(g)A'U.

]

An explicit expression for the n-th iterated Lie commutator, if one of the operators is
linear, is of particular interest for our problem.

Lemma 4.3. Let F,G be as above, and, in addition, F be linear. Then there holds

ad2(G)(0) = Y FP (ComumnG@)P(FM(v),..., F™(v)),
pim(mk)l=n
m(n,k)ENﬁ

where each m(n, k) is a multi-index (for each k), and each cppmmr) s a real constant.
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Proof. The claim is proven by induction. We choose n = 1 as the induction seed and see
from

adr(G)(v) = G (v)F(v) — F(v)G(v)
= P w)F (v) + F{(-G ()

that the hypothesis is fulfilled. Let us now assume that the claim is true for n € N. Since
ad’(G)(v) = F'(v)ad':(G)(v) — (ad’%(G))'(v)F(v), we see that for the second term we
will need an expression for the derivative of the n-th commutator. Again, the first term
is of the form demanded, since for any linear operator F'(v)u = F(u), so p becomes p+ 1
and hence the summation goes to n + 1. Before we compute the second term, we note
that for a linear operator F also F” is linear and hence FP(u)'(v) = FP(v). Thus, we
have

(ad%:(9)) ()F (@)= > Campm (F@)PGP (0)((F)mmHr, . (F)mebe)(v))
pHim(mk)|=n
m(n,k)GNﬁ_

/

F(v)

= Z Cn,m(n,k)fp <G(k+1)(v) (‘Fm(mk)la s 7Fm(n’k)kaf) (U)

pFim(n,k)|=n
m(n,k)eNk

k+1
OG®) (v . o o
#3 (CELEm  Frn) (e ()7 () )
q=2
= D Cumn T (G(’””(v) (Frmkn ek F ()

pFim(n,k)|=n
m(n,k)ENi

k+1
+ Z (G(k) (U) (]:'m(n,k:)l7 o 7‘/—_'7’n(n,k)q,1’‘/—_-frn(n,k)qu17 o ,fm(n,k)kj‘/—_'m(n,k)q—i-l) (U))) 7
q=2

where we have used the chain rule for Fréchet derivatives, the fact that the k-th derivative,
seen as a function in k + 1 variables, is linear in every variable except in the first one and
the notation % for the partial derivative with respect to the ¢g-th variable. This expression
is of the form we demanded, since p stays the same, and either k is raised to k + 1 with

p A+ |mn, k+1)] = p+[(m(n, k), )| = p+ [m(n, k)| +1=n+ 1,
or k also stays the same but one index of m(n, k) is raised by one, and hence
p+ mn+1,k)| =p+|m(n,k)+1=n+1
O

It has to be pointed out that in the definition of the summation in lemma 4.3 there is
also an implicit restriction on k. Since m(n, k) € N¥_ there holds |m(n, k)| > k and hence
also p+ k <n.
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4.2. Operator Splitting

Operator splitting is a very popular technique that enables a numerical treatise of general
evolution equations of the form

ur = Au+ Bu, u(0) =g (4.10)

for general (possibly nonlinear) operators A and B acting on a Hilbert space X that may
be finite or infinite dimensional. If A and B were linear, bounded operators (with suitable,
compatible domains), then the theory of semigroups of linear operators states that the
solution would be given by

0k

u(t) = exp(t(A+ B)Jup = 3 (A + B)up.

k=0
The technique of operator splitting of order m is rewriting this expression by a product
of exp(a;tD,) and exp(d;tDg) and a remainder term R, where the coefficients a; and b,
are chosen in a way that the desired order of convergence m is obtained. In other words,
we have

u(t) = exp(tDayp)ug = Hexp(a5+1_thA) exp(bsi1—;tDp)ug + R(t, uo) (4.11)
j=1

= q)n(t)UO -+ R(t, U())7

where R = o(t™) as t — 0. We write Dy and Dp instead of A and B as there is no
difference for linear operators A, B but (4.11) stays valid also for nonlinear operators.
The correct a; and b; are computed by equating coefficients of ¢" for n < m in the Taylor
expansions of the left and right-hand sides of (4.11).

For nonlinear and /or unbounded operators, the procedure is exactly the same except that
we equate the coefficients in a formal Taylor expansion. This is, however, not sufficient
for the method to converge. To achieve convergence, we additionally have to be able to
bound iterated commutators of D4 and Dg up to a certain order, which is specified in
theorem 4.1.

This method is obviously beneficient if the evolution operators exp(tD4) and exp(tDg) can
easily be found and be implented numerically with at least the same order of convergence
as the operator splitting itself.

The convergence of this numerical scheme is usually proven by substantiating step-by-
step-stability and convergence of the local error, which finally leads to convergence of the
global error.

Firstly, we will prove that a splitting method of an arbitrary order is stable if each split
step is stable. In the following, the dependence of " on t will be omitted.

Lemma 4.4. Let ®; be one step of the semi-discrete solution operator ®™ug = szl Prug.
If all the @y, are stable in the sense that

12(p) = Pr(¥)ll < el —wll, ke{l,....n},

for an arbitrary norm ||.||, then also ® is stable in the same sense with the stability
constant C' = "7 _, Cy.
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Proof. The claim is obviously true for n = 1. For the induction step we compute

127 () = " W)| < (|01 (2" () = Pria (27 ()]
< |0 () — " (Y)

n+1
< Xt Ol — g
[

A local error expansion for splitting methods of arbitrary order is established in [13].
This result appears to be rather cumbersome, but the important aspect is that we only
have to be able to bound iterated Lie-commutators D4 and Dg to employ it. The theorem
reads

Theorem 4.1. Let Ty = {7 = (11, 72,...,7) ER*: 0< 7, < -+ <7y <10 =t} and
Li={ = (\,...; ) eNF: 1<\, < oo <\ < \g = s}. Provided that the condition
cs = 1 is satisfied, where ¢, = aj+as—+- - -+ay for 1 < s, the defect operator (the difference
between the real solution operator and the discrete solution operator) of the exponential
splitting method (4.11), when applied to the nonlinear evolution equation (4.10), admits
the formal expansion

p k
1
Etv)y=> > Et’f“ﬂ‘oku [ [ads, (Ds) exp(tDa)v + Rpsa(t,v), 0<t<T,
k=1 )

penNk =1
lu|<p—k
(4.12)
k k 1
Crp = Q by, cht — , 4.13
o AZ: I ];[Ml+"'+ﬂk+/€—l+1 (4.13)
€L, =1 =1

with a remainder term R(t,v) = o(t*1).

4.3. Convergence Analysis

We are now well equipped with theoretical tools to prove convergence of an operator
splitting scheme applied to equation (2.20). We split it into the two subproblems

i%w(:v,t) =L = (A + 27 Ax)(z, 1) (4.14)
() = Vo = (Z (e, ) + U(x)) V(1) (4.15)

In the previous section we demanded that we should have access to the explicit form of
the solution operators (or to good numerical approximations of them at least) in order to
be able to apply the splitting method advantageously. Since (4.14) is linear, the solution
operator exp(tDy) is just the semigroup 7 (¢) that has —iL as its infinitesimal generator.
We already know that this semigroup acts on a function ¢ € Xy by multiplying each
Hermite coefficient ¢; with e~*s* and hence this scheme is very easy to implement. For
exp(Dyt) we have the following result.
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Lemma 4.5. The solution operator exp(Dyt) is given by

exp(Dyt)ug(x) = exp (—zt (Z lug(z)[*" + U( ))) uo ()

Proof. The claim is clear if along solutions of (4.15), the absolute value of the solution
does not change, since the equation then becomes

cg)t (Z Yalto*" + Uz )> Y(x,t),  Y(x,0) = up(w),

and the only function fulfilling this equation is obviously

exp(Dyt)ug(x) = exp (—zt (Z |ug(x)|*™ + U( ))) up(z).

To see that || is constant, we multiply (4.14) with 1) and drop the dependency on z and

t, which yields
N
iy = (Z PP+ U) W € R.

n=1

Conjugating (4.15), and then multiplying it with ¢, we furthermore obtain

i (Z Yulth2" + U) W2 € R.

Since (1) = 94 =: 4, and the time derivative of a real valued function has to be real as
well, there holds

(1)), _ Vb, + Y
2[4 2[4|

and hence [¢|; = 0 along solutions of (4.15). O

R > ] = (v¥);* =

€ Ri,

The following proposition provides the stability of one step of the splitting method in
both the L? and the H*-norms, if the real solution is bounded in H?*.

Proposition 4.2. Let s > d be an even integer, " a splitting operator of order n with
step size h and p,v» € H®. Then

127 (¢) = @"(P)ls < v = @llo, (4.16)

where the constant C' depends on o,d, A, (|ve|)k<n, N,n, U, ||¥]|ls, |@lls and o is either s
or 0.
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Proof. Due to lemma 4.4 we only have to show the claim for n = 1. Therefore, the
discrete evolution operator has the form ®"(¢)p = exp(—itDy)exp(—itDy)p. If e7#Pv
were stable in the sense of (4.16), then we would have

e~ Pre=hPvy, — eWPre=Dr < CHT(ty — T(D)ell
= €ChH¢ - @HS?

since 7 () is linear and unitary on every H* by lemma 2.8. Hence, the assertion holds if
we can establish the stability of exp(—z’tDv). For this aim, let # and 1 be the solutions of

o= Zwr?ne U@, 00) =¥

9
i = Z%M%U +U(x)n, 1(0) = ¢

Then we have to estimate

0(h) — n(h) = exp(—ihDy )y — exp(—ihDy )y

= exp (—ih (Z %|¢|2”+U(fv)>) P — exp (—ih (Z %|s0!2”+U(flf)>> @

We note that 6 can be bounded (exactly the same reasoning leads to a bound for 7) due
to

6ol =1 | 5r0(r) dm =000},
<100l + [ 150l dr

t N
Sy / || (ZWPHU) 0l dr
n=1
t N
= ||1/}||5+/0 (ZCQ"I%III@DH?"+C||U||s) 10l dr,

n=1

where we have used the assumption that H*® is a normed algebra several times. Hence,
we can employ Gronwall’s inequality (lemma A.4) for the special case that a(t) = |||,
is nondecreasing (since it is constant) to obtain

16 ls < N1 lls eXp/ Zm |CMIIIE" + CllU ] dr)

< Hi/}l!sexp(C'tZ Ml + U5 dr)

n=1

=: [|[¢)]|s exp(A(¥)1),
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where C" = max,—1,
In the following, we derive a bound for ||2 (6 — n)||s. Though it would be easy to find a
bound in terms of products of ¥ and ¢, we need to find a bound that can be expressed
as a sum of terms containing (0 — n) and (¢ — ¢) at least once, a form which we need
to apply Gronwall’s inequality once again. For this purpose, we have proven lemma A.2
which we use to rewrite

—i(0 =) =D _ [0 — |@"n) + U(6—n)

n=1

D (PO = n) + (WP = le™)m) + U0 —n)

S
Il
—

Yu([0[P"(0 — ) + (ha (1, 0, 1) (p— @) + ha(t, o, 1) (—))n) + U(6—n).

WE

3
Il
fa

Therefore, we can estimate

1O = n)illo < NUO =mllo + D Il ("0 = )lls

n=1

+ [[(h1 (3, 0,1) (¥ = ) + ha(1, 0, n) (Y — ©))nllo),

for an arbitrary integer o > 0. Since o, 1) € H*, also hi(V¥,p,n) € H* since H* is a
normed algebra and hx (1, ¢, n) is a polynomial in ¥, ¢, 1, . Hence, for arbitrary p € H#,
due to lemma 2.12, we can estimate

ot (4, 0, n)llo < llpllol[n (4,0, n)lls and [Iphe(eh, @, n)[ls < [lpllsl[n (4, 0, ) -

It is due to this step in the proof, that we need the solution v to be in H?*, even if we
are only interested in L?-stability. Let us return to our estimate of ||(# — )|, Since
(0 —n).(t), v — ¢ and 7(t) are elements of H*, this reasoning allows us to estimate the
appearing products even further for o =0 or o = s:

N
||(9 - n)t”g S ||9 - 77”0 (Z |’7n| (H,l?ngnCsZ;z) + CSU”UHS>
n=1

N
+ C2nllslle = @l (Z vl (A1 (0, 0, ) [ls + (1R (2, 0, n)||s)>
N n=1
<10 —nllo (Z Yal (0137 C2) + Csa|IUl|s>
n=1

+ Collells exp(A(@)t) v — ¢l (Z [l (122 (9, 0,0 [[ s+ ([ a4, so,n)lls)>

n=1

=10 =nllo F(p, %) + [l — olls exp(A()t) G (¥, ).
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The o-norm of hi(v,p,n) for k = 1,2 and n = 1,..., N can be bounded by a term
depending on the o-norms ¢ and v due to lemma 2.12. We can conclude with the
Gronwall inequality, since

16— nll, < ||/0 (60— ), dr— (0 —0)(O)]l»
< / 16 = )+l dr + 116 — 0)(O)]1s

< /0 10 = nlloF (@, 1) + | — ¢llo exp(A(0)t) G (Y, ) dT + ||t — ¢l|o

t 1
< /O 160 = nlleF'(¢, ¢) dT + mlld) — ¢lle exp(A(0)1) G (¥, ) + [V — ¢l
! 1
= [ 10 =l Ploiyar + (G5 exp(A@OG W) + Dl =
! 1
= [ 10—l Pl ) i+ (s exp(ARIG )+ D = el
As a(t) = (ﬁ exp(A(p)t)G (Y, p) + 1)||v — ¢l|, is again nondecreasing, we obtain

10 =1l < (5 pAG. )+ Dl = ploess ([ Flovar)
< exp(t(F(p,¢) + A(e) + D)llv — @llo,
because 1 < ef for t > 0. O
The next step to our convergence result is establishing a bound for the local error.

Proposition 4.3. Let s > d be an even integer, By = sup,eoq) V() |lo, € the local error
of the discrete splitting scheme and let ®" be of classical order p. If the solution v of
(2.20) is in H¥"2#=2 then

IER) ||z < ChIH,

where C' depends on d, s, A, U, N, (|yn|)n<n, 1, Bsyou—2-
If ¢ € H5 2" then we have the same bound in the s — norm:

IEMR)Is < Cht
where C' depends ond d, s, A, U, N, (|Yn|)n<n 1, Bstop-

Proof. We know from the abstract local error expansion (theorem 4.1) that the local error
is o(t#*1) if we can bound all terms of the form

ad}, (Dy)e" v
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for £ < p. We can rewrite this expression as

lad, (Dv)e = vlls = [| Daay vyetzols
= [[(e"?%) (v)adL, (V)]s
= | T(®) (v)adi (V)ols
= [T () (adz(V)v)]s
= [ladz (V)olls,

since 7T (t) is a semigroup of linear, unitary operators on every H#. Hence, due to lemma
4.3, we have to estimate

H Z L? (Cn,m(n,k)v(z/})(k)<Lml7 SR (Lmk))(w» Ha

p+m(nk)|=n
m(n,k)eNE

for o = 0, s to obtain an estimate for the local error in the L2- or in the H*-norm. First,
triangular inequality and lemma 2.2 are used to obtain

ladf, (D) Ylls < Y fenmua [V @)D (L1 (), o LR ()| gs2p

pFIm(n,k)|=n
m(n,k)eNk

The next step is estimating the k-th Fréchet derivative of V', which we have already done
in corollary 2.1. Hence, for each k and m(n, k), there holds

N m
IV ()DL LB )], < Y lll T TTIE™ 2 ()]

Thus, we finally obtain

ladh, (DV)eP el < Y lemmul V@)W (L™ (@), LD ()) 510y

pt|m(q,k)|=¢q
m(q,k) EN{?_

N k
<o Y S Pl T,
v=1

pt|m(g,k)|=g n=1
m(q,k)Efo_

N k
< Gy Z Z ||¢||§T2r;7k H [0 llo-+2p-2m(q.h).
v=1

pt|m(g,k)|=g n=1
m(q,k)Efo_

N
<G S M o ey

pt+im(g,k)|=q n=1
m(q,k)ENi
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Since |m(q, k)| = ¢ — p and each element of m(q, k) > 1, there holds maxm(q, k) = ¢ —
p — k — 1 and, thus,

N
ladh, (DV)ePrells < Cs Y Y I 19151 20-201)

p+|m(g,k)|=g n=1
m(q,k)ENﬁ_

N
<Co Y I g ey

pt+Im(g,k)|=q n=1
m(q,k)ENi

holds true. This term is bounded if ¥ € H*t2 and so, the splitting method of order u
induces a local error of order p+1 in the s-norm, if the true solution lies in ¢» € H**2*. For
the bound in the~L2—n0rm we exchange ¢ and s on the right-hand side (which is possible
since for ¢, & € H®, there hold both [[¢&|lo < [|@lloll€]ls and [[¢€]lo < |l¢llslI€llo). Hence,
the splitting method will converge locally with order g + 1 in the L?-norm if the true
solution v lies in H572#2, since max{2,s+2u—2} = s+2u—2, duetos >d > 1. [

We note that the result for the local error coincides with the result of [7], where = 2
and hence we need ¢ € H5*2. An interesting property of this error expansion is that the
degree of the power non-linearity does not influence which regularity we have to assume,
but only of what value the constants are.

So, now the proof of the final result of this chapter is only the application of the argument
of Lady Windermere’s fan.

Theorem 4.2. Let the assumptions of proposition 4.3 be satisfied and By =supc(o 1 ]|
We then have the global error bound

10" = ¥(ta)lo < Cih*  for0<t,=nh<T andy € H+#2

||77/)n — w(tn>||s S Ogh”‘ fOT’ O S tn = nh S T and w c ﬁs-i—?p,’

where Cy and Cy both depend on d, s, A,U, N, (|vn])n<n, T, C1 additionally on Bgio, o
and Cy additionally on Bsio,.

Proof. The argument of Lady Windermere’s fan is that we can estimate the norm of the
global error ||E|| by summing || E,| which are norms of the local errors that are induced
of the n-th step of the scheme, for n = 1,..., M, and are transported until the final time
T. In order to estimate these norms, we use the stability estimates from propositon 4.2
and the bounds on the local errors from proposition 4.3 to compute for o = 0, s

N M
Il < Z [Enllo < ZeC(T’t“)IleiHo
=1
M

< ZQC(T tn) h““ Z C(T—tn) C"h“

CT=DqtC'h* =: Ch*,

IN
o\
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because t — eI~ is decreasing and hence Zi‘il(hec(T*t”)) is the Riemannian lower
sum of this function. O

20



5. Full Discretisation

In this chapter we will finally prove a convergence result for the full discretisation of (2.20),
for which we use an operator splitting in time and a Hermite pseudo-spectral collocation
in space. As mentioned in the introduction, we will provide a convergence proof for the
second-order Strang splitting only, which is a scheme with coefficients ¢; = ¢5 = % and
d; = 0,dy = 1. In contrast to that, a detailed solution algorithm for arbitrary order p will

also be given.

5.1. Presentation of the Fully Discretised Scheme

This section follows the presentation of a fourth order algorithm in [3]. We denote the
fully discrete evolution operator with time step size h, space discretisation parameter K
and order p by ®},. Furthermore, we denote the solution operators that provide the
intermediate results by 67, ¢ =1,...,p, hence

p p
P _ q _ —icqtDy —idgtDg
@hK—H@hK—He e v,

q=1

q=1

The change from the usual potential V to V =7 (V') has to be employed as this scheme
is defined on Xy for some K and the solution after each time step must still lie in Xj.
Thus, we have to use the space discretised version of (2.20). The numerical solution
at time step m is stored in a tensor ¢™ of order d, such that ¢7" ~ Y(xj,mh). The
operator ®¥ .- approximates the real solution ¢(z,t) in the Hermite points x; at times mh
by alternatingly solving the two subsystems

P N
it = WI(xl"vx) + T(Utx) (5.2)
n=1

Yi (0) = Z(¢o)

In section 4.2, it was demanded that these subproblems need to be numerically solvable
with an error which is smaller than the one introduced by the splitting itself. The next
lemma shows that this is indeed the case.

Lemma 5.1. Equations (5.1) and (5.2) are uniquely solvable and exactly integrable in
time.
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Proof. We begin with (5.2). Since ¢k coincides with Zvf in the collocation points z;,
the equation evaluated in these nodes becomes

2 i, ) S () . 8) + T )

n=1

> w0 P e (5, 8) + U () (25, 0)

3
Il
—

[ =

(|0x (25, 0)*")ore ) (w5, 1) + U5k (5, 0),

3
Il
—

and is hence solved by

Vi (zj,t) = exp <—it2%(|¢f(|2n@/}f<)(%70) + U(%‘)) Vi (z5,0),

n=1

as has already been proven in lemma 4.5.

Concerning equation (5.1), we recall that the semigroup generated by —iL, T (), acts on
a function 9 x by multiplying its coefficients v; with respect to the Hermite basis h; with
e—iwjt_ ]

For a practical implementation, we have to figure out how we can acquire the Hermite
coefficients from knowing the values of ¥ only in the Gauss-Hermite points. This can be
done using the Hermite interpolation, because, as we have already shown in lemma 3.3(5),
that for ¢ € Xk, there holds ¢; = ¢;, and hence

= wip(ak, t)hy ().

Rediscovering the values at the collocation points is simply done by

fL"k:, ZSOJ

JEK

Hence, the scheme in an implementable form reads as follows. Let 9% be a tensor storing
the numerical solution after k intermediate steps between the time steps m and m + 1
and the tensor U be the function U(z) evaluated in the collocation points. Then for
k=1,...,p and for each time step we have to compute

w;nk Zexp <_ch+1h27n wmk 1+|2nwmk 1+)+U>wmk 1,+ (53)

JEK

¢m Kt Z e~ thdry1wip, (%»)@Z)m k’ wm,k _ Z wl@Z)Zm hj(l"l)- (5‘4)

jex lex

By applying the two orthogonality relations that the Hermite functions fulfil (lemma 3.1),
we can prove
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Lemma 5.2. & conserves the L*-norm of the discretised initial datum, which means

lenillzz = I1Z(tho)l[ 2

Proof. The claim is true if it holds for one step of the splitting. Since the first step (5.3)
obviously does not change the norm, only the norm conservation of the second step has
to be ensured. We drop the dependencies of the solution on the time step and simply
denote it as ¢™. The L?%norm of a function ¢ € Xx can be computed by

Il = [ 1P dz = 3 o) P
R4 ,
JEK
since the degree of ¢ is smaller than 2K — 1. Hence, we can compute ||¢)(mh)||zz via the
weighted [?-norm of ¥™, and so the claim follows from the calculation

[P w0k P = wy | et nedin (ay)

jeK JjeK lek
= Y ettt PRk N "y () h(25)
ek JEK
_ Z e_itck+le6itck+lwlQ@f’g&lkéh
le
2
Tk 2 k
=D |0 = 2| D witihu(xy)
lex lek |jexk
= Z wj¢f¢wath(xb)hl(xj)
Ljek leK
k 1k
= > wivlo,
L,jEX
k|2
= Z wj|wj ‘ )
JeEK

where the orthogonality relations lemma 3.1(1) and subsequently lemma 3.1(2) have been
used. O

Therefore, a fully discrete operator splitting inherits the property of norm conservation
from the continuous equation (2.20). What is more, the scheme is obviously explicit and,
since we can substitute h for —h, also time reversible. Chapter 6 contains numerical data
gathered from experiments wherein the scheme we have just presented was used. But
before dealing with that, we will look at the convergence properties of a special ®% .- in
the following section.

5.2. Convergence Analysis

Employing the triangular inequality, we can estimate the error of the full discretisation
by
[Vhse — V(s to)llze < Wk — Vhllze + 105 — () llz2.

23



Nicola Ondracek Convergence Analysis of Time-Splitting Methods

The second part is the global error of the semidiscretisation in time, which we already
bounded in theorem 4.2. The first part will be studied employing methods that were
introduced in the two previous chapters. The final proof uses the fan of Lady Windermere
and hence we need to find a local error bound and show step-by-step stability. As we will
rely heavily on an intermediate result which is a bound for ||}, (Z¢) — Z(PF )] 12, we
will prove stability and boundedness of the local error for this expression, starting with
the stability.

Proposition 5.1. Let s > § 4 be an integer. If ¢, € X, then

197 () — @5 e (p)llo < TN [0y — o],
with C > 0 depending on s,d, A, N, (Vn)n<n and U.

Proof. The proof is very similar to the one of proposition 4.2. By lemma 4.4, it is again
sufficient to show stability of one step and once again, since the semigroup 7 (¢) which is
generated by —¢L is unitary, we only have to estimate

||€—ith‘~/¢ ZthVgO”

which means that we have to bound the norm of 6(h) — n(h), where 6 and n are the
solutions of

100 = T(3_ 3010 + U(2)6),  6(0) = ¢

n=1
N

iom =Tl n+U(z)n), n(0) = .
n=1

Subtracting the second equation from the first one, we obtain

00 —n) =1 (Z(%W”@ — [n|*"n) + U(x)(0 — 77))

n=1

[
WE

%I<g(m 0,n)(0 —n) + fi(n,0,n)((0 —n))

n=1

+ fo(0,0.0)(0 =) + Z(U(0 — ).

Substituting § = (6 — n), multiplying with § and integrating over R yields

i(0:0,6)0 = Z% 9(n,0,n)5 + f1(n,0,1)8 + fa(n,0,n)6) + Z(US),6)0.

Taking the imaginary part of this equation yields

8t, 0o— Z ”Yn fl 7779 n)5+ f2(77’9 n)3)76)0
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since (9;6,6)0 = 29;/|6]13 = 1|6]|0]|0:0]lo € R and g is real valued, and furthermore, due to
Cauchy-Schwarz’ inequality

108010 <>~ [yl IZ(f1 (1,0, 2)5 + f2(,6,1)5)]lo-

n=1

The next step is to apply lemma 3.3 several times, to see that there holds
IZ(fi(Inl, 101, n)8)[lo < [ fr(sup [n(z;, t)|, sup [6(z;, )|, n)|[|6]]o
JeEK JeKX
= | fr(sup [¥(2;)], sup [p(z;)], n)[|5]]o,
jJEK jeEK

< fe(l9lls: olls; n)l10lo,

idhDy,

since the absolute value of the solution is conserved by e™****v at the points x;. Hence,

we obtain

N
al16llo < 116110 > vl (Frlllellss Nellss ) + Follllss Nellss m))

n=1

= ||6]loF1 (¢, ).

Finally, the differential form of the Gronwall inequality (lemma A.5) yields

15(8)lo < €214 — o,
and thus, the proof is complete if we set F' = > 7 _, F}, due to lemma 4.4. O

This was the last step that allowed a useful generalisation of the techniques of [7]
for a splitting of higher order. For the rest of this section we will restrict our analysis
to the second-order Strang splitting with a solution operator that we denote as ®,x =
e~13Le=hDye=i5L for the fully discrete and as @, for the time semi-discrete scheme. For
this splitting a bound for the local error is being deduced first.

Proposition 5.2. Let ¢ be an element of H* for some integer s > g. Then there exists
a function F' that is monotonously increasing in both of its arquments such that

1®hxc(Tep) — Z(@n())[lo < ChE*375 (FUZ@Nlielodb|o]| 4 || Dyplo) | (5.5)
with C' > 0 depending on s,d, A, N, (Vn)n<n and U.
Proof. We start with analysing the error by establishing bounds for the two components
161 = Z(m)llo and [[62 = Z(n2)]l0,
where 7, and 6, are solutions of the systems

i@tﬁl = L917 91(0) = ¢1 S X]C 5
i0ym = L,  m(0) = ¢ (5.7)
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and
N
100y =Y WI(02"02 + U(2)6s),  02(0) =ty € Xc (5.8)
n=1
N
i0me = WwI(ml"n2 + Ux)n2),  12(0) = 2. (5.9)
n=1

Subtracting the Hermite interpolation of (5.7) from (5.6), we obtain

i0y(0; — Z(m)) = LO, — T(Lmy) + Loy — Ly + L(Zmy) — L(Zm)
= L(0y —Z(m)) + L(Z(m) —m) + Ly — Z(Lmy).

We multiply this equation with (6; — Z(n;)) =: § and integrate over R? to attain
i(96,0)0 = (L(0),0)o + (L(Z(m) — m),6)o + (L — Z(Lm), 6)o.

As L is selfadjoint, taking the imaginary part yields
16[00:(|6]l0 = Im(L(Z(m) — m),6)o + (Lm — Z(Lm), )o,

which gives, by Cauchy-Schwarz inequality and lemmas 3.5 and 2.12

10u161lo] < [|1L(Z(m) — m)llo + | L — Z(Lm)l|o
<\Z(m) = mlls + CLE 5= || L |52
< CoR 3T o + QLS

|«
= K575 ||n 5.

Integrating over (0, ) results in the first bound

101(2) — Z(m) ()llo < llvr — Z(w1)llo + [[mlls-

To estimate ||62(t) — Z(n2)(%)]]o, we subtract the Hermite interpolation of (5.9) from (5.8)
and notice that we can proceed exactly as in the proof of proposition 5.1. Thus,

162(2) = Z(n2)(t)llo < e W2l 1212 9hy — T () o
From combining these two estimates we obtain for 1y € Xi

He—iLge—ihDV% . e—iLge—z‘hDVLpQHO < C’KH%_%

< CK“i3

6—ihDV(p2||0 + ||6_ihD‘7’l7/)2 o e—ihDV(pQHO

DY o lo 4 eCPEMlle200) 4, — ol

iL%gp for 19, and e‘iL%I(cp) for ¢y, we can estimate the last term by

oll,)

Substituting e~

eC?sz(IIwQ|Ic~||v:z||a)W2 — oallo < cChE(IZellos ¢llo) <||ISO ~Tollo + O3

— (CHEIZelollello) 0 =5 .
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Furthermore, since e~ is unitary on every H*, we can substitute ||e~*“*¢||, = ||¢||» and

h

) @Hs — ||e—z‘L%6—z‘hDve—iLﬁ

He—ihDve—iL QQOHS = ||(I)hS0Hs’

to finally obtain

d
3

||¢hk(z¢) — I(<1>h¢)||0 < ChKYs—3 (eF(III(so)Ila,Ilwlla)h||<p||s + ||<I>hg0||0) ]

]

With propositions 5.1 and 5.2 we are now in the position to prove the final result of
this thesis.

Theorem 5.1. Let s > [d%lw + 2+ %d be an even integer. Let, furthermore, the ex-
act solution ¥ (x,t) = ¢ of equation (2.20) be an element of H*™ for t € [0,T] and let
suPepo,r) || lls = Bs. Then there exist a time discretisation parameter hy, a space discreti-

sation parameter Ky and a constant C' that all depend on A, d, s, T, (|yu|)n<n, N, Bsi2 and
a bound of U(x), such that Yh < hg and VK > K there holds

07 — V(ta)llo < C(K572 + 1), 0<t,=nh<T.
Proof. We begin by splitting

ki — ¢ (En)llo < ¥k — Pillo + 1¥h — ¥ (En)llo
< [¥nk = Z(p)llo + IZ(Wh) — ¥illo + lvr — &) llo,

and see that the first term is the only one we have not bounded up to now. We set
o' = [41] and
a(k) = max (@) (Z(5)) o

p€e{0,....k—1},¢€{0,....k—p—1}

The next step is to apply the argument of Lady Windermere’s fan to ||}, — Z(¢¥7)]lo
using propositions 5.1 and 5.2. As we can thus estimate the global error by summing the
transported local errors, we obtain

[Vhk —Z(p)llo = [[(Pnx)™ (Ztbo) — Z((Pr)"t0)llo

< Z eCF(Ha(n)IIUI,IIa(n)Hg/)h(n—p—l)Hq)hK(Z(wz)) — Z(Du ()l
p=0
n—1

< cCEUla(m)l| o lla(m)ll o) h(n—p=1) p, 155 (QCIIZ%HU/IIsaZIIU/hWZHS+szHHS) :
p=0

since F' is increasing in both of its arguments. Now we need to elimate the dependency
of the error on the numerical solution 7. Due to theorem 4.2 and the boundedness of 1,
there holds

[diller < lleglls < Ne(Ep)lls + 15 — o)l < €,
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where C' depends on d, s, T, (|n|)n<n, N, Bsy2, A and U. Furthermore, due to lemma 3.5,
there also holds

IZWllor < l1hllor + llvby, = Z(p) llor

’
o

< [hlls + CLES T =570 |47 ||y 20
<1+ )Yl < 1+ CHC" = C.

Hence, we can estimate the error by

n—1
e — TR0 < 3 PO D o 1+5,
p=0
Since €T~ is decreasing, the right-hand side constitutes a Riemannian lower sum and

is hence estimated by

T
1 — Z)o < / (Ot O gy
0

CTF(a(n),a(n)) _ q
s €
= CK'573 ( ) :

eCF (a(n),a(n))

for CF(||a(n)]o, ||a(n)||sr) # 0. If this expression is 0, the lower sum can be bounded by
T, because then we merely have to integrate fonh 1dt. This additionally yields

n n a,o—s [(eCTF(an)am) _ 1
[Vhg = Z(Wp)llor < CK'F5772 < cOF(a(m),a(n) )

and due to lemma 3.5

[k — Ykl < ¥Rk — Z(p)llor + 190k — Z(4p)llor

1+Q+a/75 eCTF(a(n),a(n)) —1
< K732 < SCF(a() () + 1) )

As a(n) depends on the numerical solution, we have to eliminate it from the error estimate.
To achieve this aim, we assume «a(n) < 2C and perform an additional time step to
(n+1)h < T. Since (Prx)" P(Z¢7) is a part of Lady Windermere’s fan for p =0,...,n
the estimate above has to hold for these points as well. Hence, there holds

(@)™ (T () — wpllr < CRMHEe (£ 1
hK h hllo" = eCF(a(n)@(n)) 5

and thus also

@)@ Ao < il + CRIEE (2L
hK Cu)ller = hllo’ e '
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Therefore, if K is large enough such that

i ol oCTF(2C20) _ {
CK ™37 =2 ( CT(@C20) ) < 1,

also a(n + 1) < 2C, whence it follows by induction that a(n) < 2C' ¥n, and so we can
conclude that

d_ s
[ — Z(p)llo < OK'™573,

where C' depends on A, d, s, N, (Yn)n<n, U, T and Bgys.
Hence, we conclude

[k — ¥ a)llo < [k — Ynllo + 1vn — ()]0
< [nx — ZWm)llo + 1Z(y) — Yyllo + llvn — ¥ (Ea)llo
< CLE™ETE 4 CuR TR 4+ Oyh?
< O(KY575 4 17),
where the bound of the second term follows from lemma 3.5 and the estimate for the third
term follows from theorem 4.2. O]

Corollary 5.1. Let the assumptions of theorem 5.1 be fulfilled and let additionally,
Y(x,t) € HP with p = max{s + 2,0 + 4} for an even integer o with s > o > d. Then
there also holds

o—s

Wi — Yt ls < OS5 4 h2),
with a constant C(d,s,0,T, B,, A, (|V|)nen, N, U).

Proof. We employ the same splitting as above to obtain

[Ynk — V(t)lle < [Vnk — Yrllo + l[vn — ¥ (ta)llo
< hx — ZWi)llo + 1Z(¥5) — ¥ille + [[¥F — ()l
< ClKHng% + 02K1+g+% + Cgh2

o—s

< O(KY5+55° 4 1?),

where the bound on the first term follows from

o

—s
2
)

[ohe = Z(Wp)|lo < CK%HQ/JZk —Z()|lo < CKI+5+

and the bound on the last term from theorem 4.2 under the additional regularity assump-
tions on 1. O]
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6. Numerical Results

We end this thesis with some numerical results. In chapter 5, we introduced the fully
discrete solution operator @} .- which (for different p) was used to compute the errors and
solution plots that are contained in this chapter. The first plot, figure 6.1, illustrates
the behaviour of the solution of a cubic nonlinear Schrodinger equation in two space
dimensions for the initial datum

z2+y2

Q/JO(ZL',:I/) =e 2

and the matrix A = diag(2,4). The space-discretisation parameter K was set to 40 and
the time-step size to 0.005, and the simulation ended at 7" = 16.

The second plot, figure 6.2, shows the convergence rate of the error in the L?-norm,
which is induced by operator splittings of order 2,4 and 8 that were applied to the one-
dimensional cubic nonlinear Schrodinger equation with A = 2. The initial datum was

vo(z) = e_g and the "real” solution was chosen as the numerical solution with time-
step size h = 274, The space discretisation parameter of this experiment was K = 120.
After a start-up phase which is of different length for each order, the expected order of
convergence is clearly visible.
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Figure 6.1.: Time evolution of |1 (z, y)|*
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Figure 6.2.: Error of operator splittings of different order
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A. Appendix

A.1. Technical Results

In this section, two lemmas are presented that we needed to prove in order to obtain our
desired convergence results. We chose to store them in the appendix so that the proofs
of those results did not have to interrupted in the respective sections.

Lemma A.1. For z,y € C and Vi € N there are functions g : C2 x N = R, f; : C?
N — C and fy : C> x N — C, all of which are polynomials in x,v,T,7, such that

Py — |2z = g(z,y,9)(y — 2) + fi(z,y,0) (Y —2) + fa(2,9,9)(y — 2).

A triple of functions fulfilling this condition is given by

g(x,y,i) = [yl + |=]*, (A1)
fila,y,i) = I olnyIQJwy(l [P ) i =2k (A2)
Y 3 24 2i—2—4j 2i—2—4j i—1 — ’ '
> 2o lzylPay (|| + |y )+ |lzy| ey =2k 41
Z_4 . . . .
Fala, i) = § 2z ool (a0 ) A )
Z]_ |$y|2]+2 (|ZL’|2Z 2—4j5 + |y|21 2— 4]) + |xy|i+1 Z — 2]{3 + 1

Proof. We will first show the existence of such a triple by induction which will also provide
us with a recurrence relation for these functions. During this proof we will drop the
dependence of all appearing functions on z,y. For i = 0 the claim is obviously fulfilled
for g=1, f,, =0. For i =1 we have

Yy — |2’z = |y)*y — 2Pz + [y[z + |2’y — |y|*z — |2y
= (lyl* + |2*)(y — @) + 2yy — 2Ty
= (ly]* +|z*)(y — 2) + zy(y — z),

whence g(1) = [y* + [z]?, fi(1) = zy, f2(1) =0
For the induction step from ¢ to ¢ + 1 we rewrite the left hand side in the following way:

|y|2i+2y _ |$|2i+2$ _ |y|2i+2y _ |$|2i+2$ ‘I’ |y|2i+21, _ |y|2i+2$ + |x|2i+2y _ |l,|2i+2y
_ (‘y’2i+2 + |x|2i+2)(y _ iU) + ’y‘2i+2 _ |x‘2i+2y
= (W27 4 [Py - o) + 7 - Ty
= (ly1**2 + 12***)(y — ) + 2y(Jy*y — |2|*7).
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Thus, the induction hypothesis yields

[P Py —a* e = ([y 2+ 2P (y—a) + 2y(9() (y—=) + f1())(y—2) + f2(i) (y—2))
= (Jyl 2+ ]z (y—2) + 2y((9(i) + L) (y—2) + fi(i)(y—2)).

This proves that (A.1) is a possible choice for g, if f; and fo fulfil

2y(g(i) + (i) = fi(i + 1) (A.4)
2y fi(i) = fo(i+1). (A.5)

Plugging (A.5) into (A.4) and recalling the starting values results in the recurrence relation

fi1(8) = 2y(@y fi(i —2) + g(i — 1))
= ay(|2[* 7 + [y + 77fi(0 - 2)), i>1
f1(0) =0
fi(l) ==y,
from which f;, and subsequently also f5, can be calculated Vi. A direct computation

shows that f; defined in (A.2) satisfies the recurrence relation and that (A.3) satisfies
(A.5). O

Lemma A.2. Forxz,y € C there are functions hy, hy with h; : C? xN that are polynomials
n x,y,T,y, which satisfy

’m‘Zk - ‘y|2k = h’l('ray?k)(m - y) + h2($,y,k)($ - y)

A possible choice for h; is

k—
(z,y, k |a:|2l|y|2<l =g (A.6)
.
ho(z,y, k) = |z[¥ |y . (A7)

i=0
Proof. This proof is performed analogously to the one of lemma A.1. Again, an induction
argument yields a recurrence relation. The dependence of h; on z, y is dropped once again.
For k = 1, one computes
2] = [y* = 2T — y7 + 27 — 27
=y —y) +z(r—y),

resulting in hi(1) =7, ha(1) = x.
For the induction step £ to k + 1, we rewrite
— |y = 2P (|2 + [yl = [y?) = [y |yl

= lyP (|2 = [y[*) + 2] (J2* = y*)

= lyP(hu (k) (@ —y) + ha(k)(@=y)) + 2" (1 (1) (w —y) + ho (1) (@ =Y)),

|:L‘|2(k+1)
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due to the induction hypothesis. For that matter, the following recurrence relation for

hi(k) has been deduced:
hi(k +1) = |y|*hy(k) + |z[*h: (1), i=1,2

hi(1) =

ha(1)

8 <

We can see by a direct computation that (A.6) and (A.7), respectively, fulfil these relations.
[
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A.2. Results from the Literature

For the convenience of the reader, this section contains results that are either not well
known or appear in various forms. These lemmas and propositions are only cited, their
proofs can be found in the respective reference.

Proposition A.1. Consider two Banach spaces X — Y and 1 > p,q < oo. Let (fn)nen
be a bounded sequence in LU(I1,Y) and let f : I — Y be such that f,(t) — f(t) inY
asn — oo for a.a. t € I. If (fu)nen is bounded in LP(I,X) and if X is reflexive then
feLP(I,X) and || f|lzrr,x) < iminf, oo || follLr(r,x) - [5, theorem 1.2.5]

Lemma A.3. Let m > d/2 be an integer and let g € C™(C,C) satisfy g(0) = 0. Then
VM > 0 there exists a constant C(M) > 0 such that

lg(w) = g(v)llz2 < C(M)llu — vl
for all u,v € H™ with ||u]| s, |v|| e < M. [5, lemma 4.10.2]

Proposition A.2. Let H be a separable Hilbert space and (D(T'),T) a positive symmetric
unbounded operator on H on the domain of definition D(T). Assume that there ezists
an orthonormal basis (e;) of H such that e; € D(T) Vj are eigenfunctions of T with
corresponding eigenvalues \;.

Then T is essentially self-adjoint. [14, lemma 5.10]

Proposition A.3 (Duhamel’s Formula). Let (A, D(A)) be the self adjoint infinitesimal
generator of the semigroup of linear operators T(t). If x € A and f € L*([0,T], X) and
if u e WHH(0,T), X) or if u € L*((0,T), D(A)), then u satisfies

u(t) =T(t)z + i/o T(t—s)f(s)ds

if and only if
we LY(0,T),D(A) nWhi((0,T), X),

i+ Aut f=0 ae on|0,T], (A8)
u(0) = x.

[5, remark 1.6.1(v)]

Lemma A.4 (Gronwall inequality, integral form). Let I := [a,b] a real interval, u, o,

be continuous, real valued functions and 3 additionally nonnegative.

If
u(t) < aft) +/ B(s)u(s)ds
holds ¥t € I, then

u(t) < alt) —|—/ a(s)ﬂ(s)exp(/ pB(r)dr)ds, Vtel.

a
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If a is additionally nondecreasing on I then

u(t) < alt) exp( / CB(s)ds), Wtel

Lemma A.5 (Gronwall inequality, differential form). Let I := [a,b] a real interval, u, «
be continuous, real valued functions and u additionally differentiable on (a,b).
If u satisfies

u'(t) < a(t)u(t), Vte (a,b),

then there holds .
u(t) < u(a) exp(/ a(s)ds), Vte (a,b).

Proposition A.4 (Christoffel-Darboux-formula). [1] Let (Hg(z))ren be the Hermite poly-
nomials and x # y. Then we have

n

1 1 Hn(y)Hn+1(SC) B Hn(x>Hn+1(y>

—Hy(z)H, = . A.
prd K12k () Hi(y) nl2n+1 x—y (A4.9)

For x =y, there holds

> @ = (@) (@) — H@) Hun(e). (A0)
k=0

T oplontl
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