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Introduction

The past decades have revealed several reasons for studying non-commutative
field theories. Einstein’s theory of general relativity together with quantum
field theory, for instance, suggest the following problem [9,/10, 11]: According
to Heisenberg’s uncertainty relation, measuring the position of a point parti-
cle with high accuracy a will cause an uncertainty in momentum of the order
% (in natural units h = ¢ = G = 1). Therefore an energy of the order £ will be
concentrated in the localized region, and the associated energy-momentum
tensor T}, will generate a gravitational field which will be determined by
solving Einstein’s equations for the metric g,

1 .
R, — ERQW = 87T, (i)

where R, and R denote the Ricci tensor and the Ricci scalar, respectively. If
the uncertainties Az, in the measurement of coordinates become sufficiently
small, which is the case near the Planck length

Az, ~ N\, = % ~ 10~*cm, (ii)
the gravitational field generated by the measurement will become so strong
as to prevent light or other signals from leaving the region in question. To
avoid black holes from being produced in the course of measurement one is
tempted to introduce quantum, or non-commutative, space-time.

Apart from this motivation, there is also the fact that ultraviolet divergent
terms appear in quantum field theories due to point particles interacting
locally. This also suggests that at very small distances physical laws must be
modified in such a way that interactions become non-local’.

A possible way of achieving such behaviour is to replace space-time co-
ordinates with operators & acting on a Hilbert space [13, 14, 15]. Classical
fields can then be described by an isomorphism in which the operators z# are

! An historical overview of the idea of non-commutative space-time can be found in [8].



replaced by classical coordinates x* on a 6-deformed space-time leading to
the so-called star product or Weyl-Moyal product (see Chapter[1 for details).
In the Feynman rules this deformation leads to modified vertices picking up
phases, whereas propagators remain unchanged. These phase factors act as
UV-regulators depending on external momenta p*. As these momenta tend
to zero, the regularization scheme unfortunately breaks down and some UV-
divergences are replaced by infrared divergences [22]. Furthermore, Feynman
diagrams can be split up into parts with phases called non-planar graphs and
parts independent of phases referred to as planar graphs?. Planar graphs
must therefore be ultraviolet divergent, like their commutative counterparts.
This behaviour leads to the so-called UV/IR-mizing problem.

Even though the singularities arising in quantum field theories cannot
be eliminated through non-commutativity, there is still one further moti-
vation to consider such models: It has recently been discovered that non-
commutativity between coordinates appears in open string theories with a
B-field background as well as in toroidal compactification of Matrix The-
ory [23, 24,25, 26].

Here, our aim is to study non-commutative 241 dimensional quantum
electrodynamics (QED) including fermions and see whether such a model
remains finite, like its commutative counterpart [1]. This is mainly done
(in Feynman gauge) in Chapter 2| after reviewing some basic properties of
non-commutative space-time? in the first chapter. We then extend the model
by adding a Chern-Simons term, which has the effect of making the gauge
bosons A" massive, and discuss more general (Lorentz) gauges.

Finally, in Chapter 4 we add a further term to the action, namely the
Slavnov term. This extension is motivated by the fact that infrared diver-
gences in a non-commutative model can only be cancelled by introducing
non-local counter terms in the renormalization scheme. This fact suggests
that the model is incomplete. The Slavnov term was first introduced in [27]
and mainly consists of a further Lagrange multiplier field A multiplied with
the field tensor contracted with 6#¥, the matrix describing non-commutativity
between (space) coordinates. It has the effect of constraining the so con-
tracted field tensor to zero. Furthermore, it modifies the gauge boson prop-
agator (in our case the photon propagator) in such a way that it becomes
transversal with respect to momenta p* = 0*¥p,.. Then, if all infrared singu-

2Actually, in some cases even planar graphs may have phase factors but these must
only depend on external momenta [19].

3In fact non-commutativity will be restricted to space coordinates in order to preserve
causality and unitarity [21} 23].



lar terms in the vacuum polarization are proportional to p*p” they will make
no contribution to the correction of the photon propagator, as contraction
with (transversal) internal bare propagators will amount to zero. Therefore,
these singularities will no longer present a problem. Eventual ultraviolet
singularities can (hopefully) be eliminated through standard renormalization
as known from commutative models. In order to keep the main part of this
study compact and to avoid getting lost in technical details, most calculations
have been put into the appendices.



Chapter 1

The Star Product

In the Hilbert space of non-commutative flat Minkowski space MY the co-
ordinates z* are replaced by selfadjoint operators z* with = 0,1, ..., (n—1).
Following the work of Filk [13] by considering a canonical structure, these
operators respect the commutation relations

@+, 8] = io",
6", 37] = 0, (L1)

where the matrix 0" is real, constant and antisymmetri(E In the special
case of 2 4+ 1 dimensions this matrix is given byE

0 0 O
o =0 0 0 1 |, (1.2)

0 -1 0
where 6 is a real constant. In natural units where » = ¢ = 1 it has
mass dimension [#] = —2. Note that this matrix means space-space non-

commutativity, only. The reason for this choice is that space-time non-
commutativity would lead to an acausal theory with non-unitary scattering
matrices [21].

The product of functions on M}~ can then be viewed as a ‘deformed‘ product
called the ‘star product® of ordinary functions on regular Minkowski space
M™ [19]. First, one needs to define the operator

T(k) = e, (1.3)

LObviously, this construction leads to a violation of Lorentz symmetry. Discussions on
this matter can be found in [16, 17, (18] and references therein.
2Any antisymmetric 3 x 3 matrix can be transformed into (1.2).



which has the properties

T k) = T(—k), (1.4)
T)T (k) = T(k + K )e ¥ (1.5)
tr T(k) = (2m)" 0™ (k,,), (1.6)

where the abbreviation k x k' = k,0*"k/, has been used. From these relations
one can furthermore derive

—% Z kiij

tr (T(kl)T(kQ) ---T(km)TT(k)> =(@2m)"e " gm (i ki — k#> .
- (1.7)

Next, one associates an operator ®(z) to the classical function ®(z) in the

following W&}H:

_ / CE B k), (1.8)

where ®(k) denotes the Fourier transform of ®(x). The classical function
®(z) can then be recovered from ®(Z) by using the trace:

B(z) = / %eik“x“tr (é(@)f*(k)). (1.9)

This relation suggests the following definition of the star product (also known
as the Weyl-Moyal product):

d"k

) (2) % () % - % Dy (2) = /

Inserting (1.8) and (1.7) into (1.10) leads to
"k, [ dk, Ak, i3 Kea,
q) @ et (P pu— . .. =1
) x ol ) / (2n)" / (2m)" / @m*

~ ~ ~ —i i kiXkJ‘
X @y (k) Do (ky) - - - Dy (kg )e 10

(1.11)

3Note that functions of operators must be understood as Taylor expansions in their
arguments. The operator T'(k) in (1.3) therefore actually reads T'(k) = 1 + ik, &" + ...
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where the 51 again denote the Fourier transformed functions?. Using this
formula one can easily verify the following properties of the star product:

/ " (B % By) () = / "2, (2)Bs (), (1.12a)
/d"x(@l*cbg*---*(l)m) (x) :/d"x(QDQ*---*(I)m*(I)l)(:p),
(1.12D)

0 /d"x((l)l*d)g*---*@m) () = (Pax---*xDp) (y). (1.12c¢)

6P (y)

Furthermore, the star product is associative.

4Clearly, considering formula (1.11) the commutation relation [z#,z"], = i0"" is ful-
filled as well.



Chapter 2

Non-Commutative, Massless
QED3

Quantum Electrodynamics was first formulated in about 1950 and has been
very successful in the past decades (i.e. it predicted the anomalous magnetic
moment of the electron correctly to six decimal places) [32]. Ultraviolet di-
vergences appearing in the model can be dealt with through renormalization,
but the fact that they appear at all suggests that interactions should actu-
ally be non-local. Unfortunately, non-commutative QED in 3+ 1 dimensions
does not cure these divergences. Instead it leads to UV/IR-mizing, which
is worse since the appearing infrared divergences would require non-local
counter terms [2, 22]. On the other hand, if one reduces dimensions to 2+ 1,
QED becomes finite [1]. Therefore our aim in this chapter is to find out
whether this is also true for non-commutative 2 + 1 dimensional QED. We
start with massless fermions and gauge bosons:

2.1 The model

The action of this model is given by
S = Sinv + Sgf, (2.1)

with the gauge invariant part

Simw = /d?’x{—iFW*FW—FM/_)*lDHb}, (2.2)



and the gauge fixing par
S —/d% {B@“A + 2B 5% 0" (Duc — ie|A,, ] )} (2.3)
gf — Ty 1 ws Clx) (s .

where B is the Lagrange multiplier field, ¢ is the ghost and ¢ is the antighost
field. The electromagnetic field tensor is given by

F.=0,A,—0,A, — z'e[AM, Aylss (2.4)
and the covariant derivative is defined as
D=~"D,, D, =0, —ieA,. (2.5)

Note that even in the Abelian theory the commutators [A,, A,], and [c, A,],
do not vanish due to the star product. The set of v matrices has been chosen
as

W = (01,109, —i03), (2.6)

respecting the usual relations (clifford algebra)

{77} = 29", (2.7)

where ¢g" = diag (1, —1 — 1) is the 3-dimensional Minkowski metric. The o;
are the usual Pauli matrices:

01:<(1)é), 02:<?_()i), 03:((1)_01). (2.8)

Furthermore, the action (2.1) is invariant under the BRS-transformations

s = tec 1,

s1) = iel * c,

sA, = 0,c —ie[A,, c|,,

sc = tec*c,

sc = B,

sB =0, (2.9)

as shown in Appendix /Al Note, however, that in contrast to ordinary QED,
the field tensor F,, is not gauge invariant due to the non-vanishing commu-
tator (see (2.4)). Instead it transforms (covariantly) as

sk, = —ie[F,,, ds, (2.10)

IBecause of relation (I.12a)) the star product need not be written in the bilinear terms.

10



a result known from non-Abelian gauge theories. But, of course, the gauge
field action | d®*xF* x F),, is invariant due to the property (1.12b) of the star
product.

Finally, BRS-invariance of the action (2.1) restricts all coupling constants in
the model to be identical (see Appendix|Alfor details).

2.2 Propagators

In the path-integral formalism one derives propagatorg from [32, 33]

1 82z
A= — = 2.11
i2ZO 5ja5jb j:O’ ( )
with
Z = %% = / Dd® exp (iS[(I)“] + / d%j“(b“) ,
Z¢[j%) = T[@2j7]] + / 00057,
AEA (2.12)

j=0’
where ®* stands for any field of our model and j* for its source. Z is the
generating functional of the Green functions and Z¢[j°] is the one of the
connected Green functions and can be written as the Legendre transform
of the so-called effective action® [[®%]. The effective action depends on the
classical fields ®¢ which are functionals of the sources j* as defined by the
Legendre transformation. In order to derive the propagators one only needs

to consider the bilinear part of the action and in this lowest order one can
show that ['g[®%] = Sy[®@¢]. Therefore, in our model Z§ can be written as

Z§[5%] = So[®°[5]] + /d%; (g + Jub + j4 A, + jec + jeC) (2.13)
with
1 _
So[®7] = / d%{ — 58“14" (0,4, — 0,A,) + by

+ BO"A, + 5B — e} (2.14)

2Due to relation (1.12a) the same procedure is applicable for non-commutative field
theories.

3[[®9] is in fact the generating functional of another two-point function, namely the
inverse of the propagator.

11



The source of the unphysical field B has been set to zero, which corresponds
to integrating out the B-field.
From equation (2.11) follows

A

w1 52°82°
= —
Z'QZU 5ja6jb

j=0 8 4P

7 jo) . (2.15)

The second term does not contribute due to momentum conservation and
therefore we get

ab _ — 4
A®(z,y) = 5esp = g (2.16)

From the inverse of the Legendre transformation (2.13) and the commutation
properties of the fields follows

050

Sor —(—1)5, (2.17)

with a, b equal to zero for bosons and equal to 1 for fermions.
Performing the left-hand side variation yields the equations of motion for the
free fields:

050

55 = 0"AutaB =0, (2.18a)
O - De=j, (2.18b)
% — i = j, (2.18¢)
% e (2.184)

where the first equation has been used to eliminate B in the last equation.
The fields can be expressed by formally inverting the differential operators
acting upon them and for the propagators in Feynman gauge (a = 1) follows

Az, y) = _i5jc(y) = D—.mé?’(x —y) = —A“(z,y), (2.19a)
AV (x,y) = —zgjzi(é)) = —&}%53(93 —y) = —AW(JJ, Y), (2.19b)
AA _ 5‘4#(37) _ Guv 3
N, y) = —i 5y ZD—$5 (x —vy), (2.19¢)



from equation (2.16).
The ghost propagator can furthermore be written as

. i dp . dp i,
aNcs - _ ip(z—y) _ _ ip(z—y) 2.20
e =g, | @ [ e

defining its Fourier transform

(2.21a)

The other propagators in momentum space can be calculated in a similar
way and are thus given by

AV (p) = —z’ﬂ, 2.21b
. (p) » (2.21b)
~ _/Lg v
AVAVAVAVAVAVAY Do) = —3%, (2210)
H P v p

where the property pz = p? has been used for the fermion propagator.

2.3 Vertices

The interaction part of the action, considering the antisymmetry of the elec-
tromagnetic field tensor, is given by

2
St = / de{iea"A" [Au, A, + %A“*A” < [A,, A,

Ve x Axap + ieck a“[AM,c]*}. (2.22)

Obviously, we are dealing with four different vertices: the 3-photon vertex,

the 4-photon vertex, the fermion-photon vertex and the ghost-photon vertex.

First, we calculate the fermion-photon vertex (Figure 2.1a) in momentum
space:

1) 1) 1)
OU(—kr) A (—k2) 50 (—ks)

VI (ky, ko, k) = i(27)° Sing- (2.23)

13



Fa, FAVAVAY S

by ez
a) b)
k3,7’ k3,7' k4’€
kQ,O’
kl.,p kZ,U kl.p
c) d)

Figure 2.1: Vertices

Momenta pointing inwards (see Figure [2.1) are to be taken positive. Con-
sidering the definition of the star product (1.11), the fermion part of S;,;
becomes

d? ZZqz = ~ ~ -4 3 gixq
St ‘e/ & / - D A (g)Blgs)e 5

2 Z q5 Xqi

:e/ (QQ1)353(611+qz+q3)¢( Q)Y (q2)¢(q3) i< . (2.24)

and for the vertex follows

VI (s a, bg) = ie(2m)°6% (ky + ks + K)oy 2080, (2.25)

where ko has been eliminated in the exponent using momentum conservation
expressed by the delta function and taking into account that k; x k; = 0 due
to the antisymmetry of 6.

The ghost-photon vertex (Figure 2.1b) follows from

o 4] )

VAL ko ks) = i(2m)° — - _
1% ( 1 2 3) ( ﬂ-) (5C<_k1) (5A“(—k2) 55(—k3)

Sints (2.26)

14



with

/d Q1>93 qfelzz a $u~<q1) (gu(qz)g(%)
3)

( >€ L@ xq2+a2xas+q1%q3)

st = ie [ &
)

—clg

& ) -

= 6/ 0 63(]1 63(q1 + q2 + Q3) (E(ql)Au(%)C(QQ)e 2((11 q3)
_C(

(2m)
Fan)(az) Aula)et @) (2.27)

The result is
k’l X k’g

V%A (ky, b, ks) = 26(2m)°6° (K + ko + kg )y sin ( ) ;o (2.28)

where we used [34] ‘ ,
ezx _ e*ZZE .
: = sinx.
21

Next, we calculate the 3-photon vertex (Figure[2.1c):
J J o

VOAAA (L ko ky) = i(27)%— - - Sint. 2.29
e ) ) T (k) 037 (k) %)

The relevant part of the action is given by

~ . X
Shitt = 2ie / s (Z%) {AY (q1) A <q2>Ay<q3>sm<‘th3),

(2.30)

and after a short calculation given in Appendix B.1 one gets for the vertex
VOAAA (K, kg, k) = —2e(2m)30% (k1 + Ko + k) (ks — k2) pGor

poT
. ki x k
+ (k1 = k3)ogpr + (k2 — k1)rgps] sin ( -2

) . (2.31)

Finally, the 4-photon vertex (Figure [2.1d) is calculated from

A ) —iemr 0 0 ' g ()
GAP(—ky) OA7(—ky) SAT(—ks) OA(—ky)

15



leading to
f}vAAAA(kh k’g, kg, k’4) — _42-62(27T)353(k‘1 + k’2 + ka + k4)

pPOTE

. k’l X k’g . kg X k4
X (nggae - gpeggq—) S111 Sin
2 2
. (k1 xk . (ke Xk
+(gpag7'e - gpegm') S111 ( ! B 3) Sin < 2 5 4)

ko X k ky x k
+(9pogre —gmggs)sin( : 5 3) sin< : 5 4)] : (2.33)

The explicit calculation is given in Appendix

Notice that the fermion-photon vertex is the only one including a phase of the
form exp(iy), whereas all other vertices are proportional to sin ¢. This differ-
ence becomes clear when comparing the relevant terms in the action (2.22):
The term including fermion fields v is the only one without a commutator,
since our -fields are in the fundamental representation.

2.4 Power counting

Before we start to calculate one-loop corrections to the propagators, it would
be useful to find the superficial degree of divergence of a particular graph.
Several factors need to be considered: Every integral over 3 dimensional
space-time gives a contribution of three powers of k in the numerator and
therefore raises the degree of divergence. Furthermore, the ghost-photon
vertex and the 3-photon vertex each raise the degree of divergence by one.
On the other hand, the degree of divergence is reduced by the propagators:
The fermion-propagator adds one power of k£ to the denominator and both
ghost and photon propagators each add two powers of k to the denominator.
Therefore, one can derive the following formula for the superficial degree of
divergence d(7) for a certain Feynman graph

d(y) =3L — Iy — 21y — 21+ V. + V34, (2.34)

where Iy 4. are the numbers of internal fermion, photon and ghost lines,
respectively. V. and V34 are the number of ghost and 3-photon vertices
and L denotes the number of loop integrations. Since there are [ internal
momenta as well as momentum conservation at each vertex and finally also
overall momentum conservation, the number of independent momenta, which
is L, is given by the relation

L=1y+1s+1.—(Vp+V.+Vsa+Vig—1), (2.35)

16



where V,; and Vi4 denote the number of fermion and 4-photon vertices, re-
spectively. Elimination of L in (2.34) yields

d(y) =3+ 2Ly + Ia + L. — 3V — 2V — 2Vaq — 3Via. (2.36)

Finally, one needs relations between the number of vertices and the number of
legs. External legs denoted by Ey . 4 count once, whereas internal legs Iy 4 .
count twice as they are always connected to two vertices (or two legs at one
vertex). Furthermore, one can treat the coupling constant e as an external
field E. because in 3-dimensional QED e has mass dimension [e] = 1/2
(compare the expression for the action (2.1) considering [9,] = [¢] = [¥] = 1,
[A)] =1/2, [c] =0 and [¢] = 1).

Thus, one finds the following relations:

oV, = By + 21,
oV, — E, 421,
Vi) + Vi + 3Vas + 4Vis = Eq + 21,
Vi + Vet Vag +2Viy = E.. (2.37)

Elimination of the internal legs in equation (2.36) produces

1 1 1 1

and use of the last relation of (2.37) finally leads to

1

Va4 = Vaa, (2.38)

dy) =3 — By — %EA _ %E _ %E (2.39)
depending on the number of external legs, only. (In other words, instead of
counting the different vertices as in (2.38) one merely counts the coupling
constants, which are therefore treated as external legs.)

Obviously, F. gets larger with growing loop order (which is equivalent to
increasing number of vertices). Therefore, there is only a limited number of
superficially divergent graphs in this model: Since every Feynman graph has
E. > 2 (E, =2 to one-loop order), the fermion self-energy (E, = 2) appears
to be, at most, logarithmically divergent, whereas superficially, the photon
(E4 = 2) and ghost (E. = 2) self-energies appear to be linearly divergent.
Further superficially (logarithmically) divergent graphs are those including
three external photon lines (E4 = 3, E. = 3) and the (lowest order) correc-
tion to the ghost-photon vertex (E. = 2, E4 = 1, E, = 3). In commutative
2 4+ 1 dimensional QED all vertex corrections converge (divergent contribu-
tions cancel each other) [32, 33]. Therefore it would also be interesting to

17



find out whether this remains true in the non-commutative mode. We will,
however, concentrate on one-loop corrections to the propagators, since they
include the worst possible divergences, and additional calculations of vertex
corrections would exceed the scope of this study.

2.5 One-Loop calculations

Now that we have all the building blocks necessary for doing loop calculations,
we will first take a look at the fermion self-energy at one-loop level:

(k—p/2)

(k+p/2)

Figure 2.2: fermion self-energy

o [ &k k+p/2 . 1
0=¢ | G T O

An explicit calculation of equation (2.40) is given in Appendix Obvi-
ously, this expression is completely independent of phases and there is no
modification due to non-commutativity [2].

Equation (2.40) seems to be logarithmically divergent, which also follows
from the previous chapter’s considerations summarized in power counting
formula (2.39), since E, = E, = 2.

From relation (2.7) follows

VYoV = Yp(2 = 1) = =, (2.41)

where y#v, = 3 in 3-dimensional space. The remaining integral is solved in
(D.15) in Appendix D.2/ using dimensional regularization and the result is

ez p
20) =16 = (2.42)
“In fact, it was shown in [30] that in the case of 3 + 1 dimensional QED (without
fermions) the ghost-photon vertex correction diverges only logarithmically (suggesting
convergence in 2 + 1 dimensions) and that the sum of corrections to the 3-photon vertex

includes a linear infrared divergence (suggesting a logarithmic infrared divergence in the
2 4 1 dimensional model).

18



which is in fact finite [1].

The photon self-energy at one-loop level has four contributions due to the
star product: the fermion loop, the ghost loop and two different types of
photon loops as shown in Figure 2.3. Remember that in ordinary QED one
only has the fermion loop, the other contributions vanish.

(k—p/2) (k—p/2)
P P’ p“wl W\N v
(k+ p/2) (k1 p/2)
a) b)
(k—p/2) "
p“ % Wé&/w
(k +p/2) p" p’
c)

Figure 2.3: vacuum polarization

According to the Feynman rules one gets for the fermion-loop graph in Fig-

ure 2.3a (see Appendix [B.4)
>k + /2 — /2
14 (p) = —thr/ = (k v )Q’y” (% v )2, (2.43a)
(2m)* " (k+p/2)° " (k—p/2)
and for the ghost-loop graph in Figure 2.3b (see Appendix[B.5)
3 2 12 _ 2 v
I (p) = —462/ d k‘3 (k+p/ )2 (k= p/ )2 sin? (k x p) . (2.43b)
(27)° (k +p/2)" (k —p/2) 2
The photon loop including 3-photon vertices (Figure ) is given by
3 kP kY k,2 uy 9 (2 uv oV
et = [ TEB LRG3 o (2)

2m)? (k+p/2)" (k —p/2)’ 2
(2.43¢)
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as calculated in Appendix and the photon-tadpole loop (Figure 2.3d)
becomes

, Bl g (kxp
5 (p) = —862/ 2n) 2 sm2< 5 >, (2.43d)

(see AppendixB.7). As expected from equation (2.39) all four graphs appear
to be linearly divergent, superficially (E4 = E, = 2).
Since [34]

sin? (k ; p) = % (1 —cos (k x p)), (2.44)

all of these graphs have a planar (phase independent) and a non-planar (phase
dependent) part (except for the fermion-loop graph which is completely pla-
nar). All planar contributions can be calculated with dimensional regular-
ization (see Appendices D.1land D.2).

In order to calculate the fermion-loop graph one needs a relation for the trace
over four v matrices. Such a relation can be found using equation (2.7):

try#y "7 =2(g"9" — 9" 9" + 9" 9"") . (2.45)
This relation together with the integral formula (D.18) yields

PP + D’ Gpo

64/p?

I (p) = €*2(g""9"" — g™ ¢"" + g"7¢"") (2.46)

and finally

() — e php” — pPg™

- - 2.47
@ 16 V/p? ’ ( )
which is finite and transversal.

The planar part of the ghost-loop contribution can also be solved with for-

mula (D.1R):

W () = e plp” + p*g"
P =T e

and is finite as well but not transversal.

(2.48)
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For the calculation of the planar part of the photon-loop graph we need

equations® (D.12) and (D.20) and arrive at
p'p” —pPg"” il S o e
64+/p?

64 /2 16y/p2
1562 p,upu _ p29/,w 62 pQQyu

32 \/]? 16 \/]? ‘
So we find that all planar contributions of this model are finite, since the
planar part of the photon-tadpole loop (2.43d) gives no contribution to the
self-energy in dimensional regularization as shown in Appendix D.2|(equation
(D.21) with n = 3). The planar part of the photon-loop graph (2.43c)) is
not transversal but the sum of ghost-loop (2.43b) and photon-loop (2.43c)
contributions is.
The sum of all planar contributions to the vacuum polarization reads

I (p) = e? |6 + 26" 9,0

(2.49)

v 3¢ p'p” — p’g™
" ( ) = —?— F’

therefore being finite and transversal (p,II};" = 0).

(2.50)

The non-planar contributions of the graphs in Figure[2.3 can be evaluated
using Schwinger parameterization as described in Appendix |D.3. First, we
write the phase factors as

1 1 .
— 5 cos (kxp)= —2 Z P (2.51)

n==x1

where p* stands for ##*p,. Employing formula (D.54) in Appendix D.3 we
now find the following result for the non-planar ghost-loop contribution (Fig-

ure 2.3b):

v P gl P p2 1
H -
- o 52 T gy

h

(2.52)

As defined in Appendix [D.3, 2(5) is proportionaﬁ to \/p?. Therefore, one
can expand e * ~ 1 — z + O (2?) for small § and arrives at

2 joyThen Y] 2 oV 2 v
e e +
I, (p) ~ — PO ) - TPT L 00), (253)
P am\/p? 32 /p?
°For the second term we have to write 2k?g” = 2g" g,, kP k°

2(6) = Vel = Ep?p?
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where equation (D.78b) was used to solve the remaining integral. We find
that the second term exactly cancels the planar contribution of the ghost
loop while the first term is proportional to 1/ \/p% and is therefore (linearly)
infrared-divergent (for p?> — 0) and also tends to infinity in the commutative
limit 6 — 0.

The non-planar part of the photon-loop graph (Figure [2.3¢) can be solved
using equations (D.46) and in Appendix|D.3:

y _ae) | 3PP pg’“’ 5
e (p) - /W_ [ (> _)

NN A
A ()R, e
P\ 8 V2 ‘/ (1—¢
(2.54)

When expanding for small 6 (considering equation (D.78a) and (D.78b))) this

expression becomes

2 2 v 2 pv
(3p“p 5 W) L ¢ Lopp” — 13p%g"

i/ 2 JP

where the second term cancels the planar contribution and the first term is
again infrared-divergent.

() =

cnp

+0(0), (2.55)

Finally, we get the expression for the (non-planar) photon-tadpole loop (Fig-
ure[2.3d) from equation (D.58) in Appendix D.3/ with M = 0:

"

dnp

629“”
W=7

This graph is obviously also (linearly) infrared divergent.

(2.56)

If we sum up the IR divergent parts of the non-planar graphs we notice that
the terms proportional to the metric cancel each other and what remains is
the transversal expression

e prpY
2m\/p? D*

Hl;]’/% dwergent(p) = (257)

So in contrast to the commutative model non-commutative 3-dimensional
QED is not finite but diverges for p — 0 as well as in the limit # — 0. From
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the superficial degree of divergence (2.39) we originally expected a linear ul-
traviolet divergence. The planar contributions, however, turned out to be
finite in dimensional regularization (due to gauge symmetry). Now the non-
planar contributions show an infrared divergence of exactly the same degree
as the originally expected ultraviolet one, namely linear. This UV /IR-mixing
is typical for non-commutative field theory since the (oscillating) phase fac-
tors (2.51) act as regulators depending on the external momenta p. However,
as these external momenta get smaller, the phases become ineffective and the
diagrams diverge at p — 0. The same happens in the limit § — 0. Due to
this new divergence, taking the latter limit is non-trivial and does not recover
the commutative theory [22].

One graph still remains: the ghost self-energy

(k—p/2)

p ----- ~------@------ a«- - - --- p
(k+p/2)

Figure 2.4: ghost self-energy

_ e [ R p(k+p/2) a2 (R xp
= [ @) (k1 p/27 (k— p2) ( 5 > (2:58)

An explicit calculation of equation (2.58) is given in Appendix B.8. From our
power counting formula (2.39) we expect linear divergence (E, = E, = 2)
but in fact (2.58) seems to be only logarithmically divergent since one of the
momenta in the numerator (coming from one of the vertices) is an external
one.

Remembering relation (2.44) one sees that this graph also decomposes into a
planar and a non-planar part. The planar part can be solved with equation

(D.15) in Appendix and reads

[1]

~(m:_f%27 (2.59)

:pl

whereas the non-planar part is calculated using equation (D.50) in Appendix

D.3:
2 2 1 _
=) = Y dgy| S e, (2.60)
0
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with 2(£) = /&(1 — &)p?p?. Both contributions are finite. Furthermore, in
the limit # — 0 one finds that planar and non-planar contributions cancel

each other.

We see now that, apart from the infrared divergence (2.57), all contributions
that do not appear in the commutative model are of the order O(#) and we
have

e p

S(p) = ——
et P, e ppt —pPg"”
11 (p) = + 2T 1 0(0),
Ve 16 g Y
=(p) = 0(0), (2.61)

where the finite #-independent term in the photon self-energy comes from
the fermion-loop graph (Figure[2.3a).
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Chapter 3

Non-Commutative QED3 with
Chern-Simons Mass Term

Now that we have seen that non-commutative massless quantum electrody-
namics is infrared divergent, we would like to find an extension which renders
the model finite. One could, for instance, try making the gauge bosons mas-
sive, since a photon propagator proportional to 1/ (p? — M?) would no longer
be singular at p — 0 and one could hope that the infrared singular term (2.57)
in the self-energy becomes proportional to 1/

However, if one considers where the infrared divergence came from in the first
place, one will realize that massive gauge bosons will probably not cure the
divergence problem: As mentioned below equation (2.57), phases including p
act as UV-regulators which become ineffective as p tends to zero. Therefore
the infrared divergent term is actually related to an ultraviolet divergence
which presumably cannot be eliminated with a mass parameter. In spite of
this intuitive analysis it is still interesting to verify this claim through explicit
calculations.

Unfortunately, a mass term of the type M A*A, in the lagrangian is not
gauge invariant, but it is possible to construct a term which is, namely the
Chern-Simons term. Calculation of the new photon propagator will make
clear why this term can be interpreted as a mass term even though it in-
cludes a derivative of the gauge field (see ). In order to be more general
we will also make our fermions massive.
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3.1 Propagators

If we add the (gauge invariant) mass terms

S = — / &z {% 0 A,0,A, + mfzzz/;} (3.1)

to the action we find the following equations of motion for the free
fermion- and photon fields:

0.5, , 4

(SS(] 11—« .

220 _ g RPN PO A — it 9
5A, +— oMorA, — use"’o,A, I (3.2b)

where m; and ps stand for the fermion mass and the Chern-Simons mass,
respectively. The fermion propagator is then given by

Z,(Sw(x) _ i
0jy(y)  id, —my

AV (z,y) = & (x —y), (3.3)

or after Fourier transformation:

~ = P —my
A (p) = —zz; — 3
!

(3.4)

In order to calculate the photon propagator one has to find the inverse of the
operator (see (3.2b))

1—
D = Oghe + —— L9 — e, (3.5)
o
One can make the ansatz
Do = GpaA + 0,008 + €par07C, (3.6)

and calculate A, B and C' from D*D, | = §k:

«

1 —
5t = DD = O5F A + — "0, A — 11,9, A + 00", B
[0
1 _
+ —— 2000, B — 11,6"°0,0,00B + O™ _0™C
(6%
1 _
b L 01DPOTC — 136"y 0,07 C. (3.7)
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The second term depending on C' and the third term depending on B vanish
since €"70,0, = 0 and with €""?¢,o, = 6K0Y — "5’ one finds the following
three relations when comparing coefficients:

gt OA - p,0C =1, (3.8a)

1-— 1
91, - - Caq ~0B + 1,0 =0, (3.8b)
et 0" pA+0C =0. (3.8¢)

Therefore one finds
Am L (3.92)
SO+ o
(a—1) 1
B=——" == 3.9b
( O 0 O+ (3.9b)
ks 1

C = OO+ 52 (3.9¢)

and the photon propagator is given byE

0A,(x) J
AN (g, y) = —i—22 — D 1% (x
r (:9) A R AC)) (Preda())
2 3
, pel 0,0, €uwp0” 0° (x —y)
= -1 s _
M
(3.10)
or after Fourier transformation
_ 2 0
NAA _ i Hs | PuPv . Euvpp
AP«V (p) - p2 _ ,LL? (guz/ + |:(O( - 1) — OéF:| p2 -+ s p2 > . (311)
In Feynman gauge (o = 1) this expression reduces to
NAA _ i 2 PuPv . E,uuppp
A,u,y <p> - m <_g;w + Mg p4 — s p2 > . (312)

We now continue with one-loop calculations to find out how (or if) the in-
frared divergent term (2.57) depends on the masses.

lD;O% denotes the inverse of the operator D## in (3.5). Furthermore, all derivatives are
to be taken with respect to the variable x and act on the delta function.
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3.2 Omne-Loop calculations

Following the same steps as in Appendix B.3 but with our modified propa-
gators (3.4) and (3.12]) one finds for the fermion self-energy at one loop level

(k—p/2)

(k+p/2)

Figure 3.1: fermion self-energy

_ 2 [ Lk k+p2—ms 1
X(p) = /(%)37 (k+p/2)2_m§7 TS
e
(/f—p/Q) (k_p/2)

which in the limit m; — 0 and p; — 0 reduces to (2.40). In the following, we
only consider possible divergences: According to power counting, the only
superficially divergent term in (3.13) is the one proportional to the metric
reading

(3.13)

oy = o2 [ K E+p/2+ 3my 1
¥*(p) = /(27r)3 (k+p/2)2_m? (k_p/2)2—,u§’ (3.14)

where the properties y#v, = 3 and (2.41) of the v matrices have been used.
This integral can be solved with the integral formulas (D.24) and (D.27)
leading to

—e2

S () = 2A(7 s, VT = 22|
()= = P/ 2A(my, i) N
+ 2(1 +my — [i) + 3my ) arcsinz| |, (3.15)
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with

IO 1 9 ~o
A(mf,,us) = g [(1 — m? —+ /“Ls) 4MS:| s
+1+m 2 ~2 _ 2 /,2
ay = I and T@; B ng/]; (3.16)
\/(1_7’%%_’_#3) 4”5 g = Ug/P

This expression is in fact finite (in accordance to the massless model discussed
in the previous chapter). In the limit my, us — 0 (3.15) reduces to (2.42)).

Next we will take a look at the four contributions to the photon self-energy:

(k—p/2) (k—p/2)
P P’ p“wl W\N P
(k1 p/2) (k7 p/2)
a) b)
M/v%m |
P p w%w »
c)

Figure 3.2: vacuum polarization

Following the steps given in Appendix B.4 but with the massive fermion
propagator (3.4) the fermion-loop graph (Figure [3.2a) reads

» __621. B y k+p/2—mf k—p/?—mf
Ha"(p) = —et /(2@37 (k+p/2)° —mﬂ (h—p/2)” —m?2 (3.17)

Using the trace properties of the v matrices

tryfy" = 2¢",
trytyPy” = 20et?”
try# Py = 2(g"g" — g""9” + 979", (3.18)
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one finds

tr ['7” (k "‘ZZ)/Z - mf) 7" (}{7 - p/Z - mf)] = ZQWM? — 2imysetp,
+2(g""g"" — g"" 9" + " g"") (k +p/2)" (k —p/2)”. (3.19)

Considering this relation one can now solve the integral with formulas
(D.24) and (D.30) when setting m; = mg = my:

2
I* (p) = [— ime"Pp, + 2m> (pp” — p* gt } arcsin z
( ) 471_\/]? f p f( )

at

1 a a
+ (p“p” — pQQ’“’) (Z — T?L?c) |:Z\/ 1—22 a:r + arcsin z ;] },
(3.20)
with
+1
ay = ———— and fﬁfc = m?c/p2 . (3.21)
1 — 4m?

This expression is finite as well and in the limit my — 0 (3.20) reduces to

(2.47).

Since the ghost propagator (2.21a)) has not changed, the ghost-loop graph
(Figure 3.2b) remains the same as in (2.43Db).

The expression for the photon-loop graph (Figure [3.2¢) can be derived simi-
larly to Appendix|B.6 when replacing the massless photon propagator (2.21c)
with the massive one in (3.12):

j224 — e2 d3k SiIl2 <%)
I (p) =2 / 27m)* [(k +p/2)" — 12] [(k — p/2)* — 12]

[ — (k—3p/2)" g"" + 2k*g"" — (k + 3p/2)" gw]
x [ (k+3p/2)7 g + 2" g% — (k — 3p/2)eg”}
k (k+p/2), (k+p/2), i, Crom (k+p/2)"
" { e (k+p/2)" e e )2 }
2 (k= p/2) (k=p/2), . eqn(k—p/2)"
X{ T ) " k= p/2) }

(3.22)
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The product of the two propagators in this expression leads to nine terms.
However, only three of them are superficially divergent: the term propor-
tional to gr+g., appears to be linearly divergent and the other two being
proportional to

e/ (/2
(g”’“ Thop2? T ) >

seem to be only logarithmically divergent.
The term proportional to ¢, ge, looks almost like expression except
for the mass terms in the denominator and can therefore be evaluated using

formulas (D.24), (D.33), (D.59) and (D.63). The results are

at

9e? p’g" —p'p” (1 —4jiy) €
I (p) = + > 3php” — 5p?ght) | arcsin z
cpl() [1671’ \/}? 327"@ (pp P g )
2
e2y/—
— (3p P’ +Tp°g"), (3.23)

eV

a—

with
+1

~92 27,2
a ) s — Hs
+ = - [y = 115/p

(3.24)

and

v,00 e =50 | 3PP p79" 5
1 () =4—/d6\/ €1-9 e 0[ 22 (2-2)

R
'y p* (1
+ﬁ2ﬁ(;+1>

3pp? — Bpighv)
+_(pp P9

e—*©)
TN / € o

3ptp” +p [

4W\/2_/5 — (3.25)

with

2(6) = V(L — &) — i) p*p?, (3.26)

for the planar and the non-planar parts, respectively. is finite whereas
(3.25) shows a (linear) infrared divergence, as can be seen when expanding
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(3.25) for small p*:

2 DY e2 _~23 oV 7 Y
e () e <pp_5w>+ i3 3p'p” + Tp’g

T an R\ P 8 VP

2 15pHpY — 13 2 v ~2 23 Hpl — 5 2 v a
S P9 B&°P P9I | aresinz|  + O(0).
321 1/p2 8T w/p2 a—

(3.27)

As in the massless model the (lowest order) finite terms in this expression
cancel the corresponding planar contributions, leaving exactly the same in-
frared divergent term as before. In the limit pus — 0 and (3.25) tend
to (2.49) and (2.54)), respectively.

Due to symmetry properties

3p\"* P\ y
€ppv (k + —) <k + —> = te, D"k,

2 2
3p\" v
o (67 ) (1) s

and the superficially logarithmically divergent part of becomes

ile? d’k sin” (57)
2’ | () [+ /27 — 2] [(k — p)2) — 12]

(= B) P, = (3= B) Ok + (5= B (b4 ),

(k+p/2)°
(35 + )" hyp + (k= %) @k, — (k+ %) 0 (k- ),
+ .

(k —p/2)°

(3.29)

In fact, we notice that with

3p)° P2

(k + 7) - (k = 5) + 4 (p? % kp) (3.30)

the only two terms with three powers of k in the numerators cancel each
other and this contribution is finite after all.

32



Finally, the photon tadpole-loop graph (Figure [3.2d) is given by (see Ap-
pendix [B.7)

A3k 1 kyk €orpk?
v 2 2 vo vt . oT
1—Idljl (p) = 2e / (271')3 L2 _ /,LE (ga'T — My 1A + s k’l; >

k x
x [g"g"7 + 9" g7 — 29" g7 sin” ( 9 p) ) (3.31)
leading to

, &Pk sin® (222) L kMR — KPgh
O e e

because [¢"7¢"” + "7 g"" — 29" ¢°7| €57, = 0. Only the term proportional to
g seems to be divergent, superficially, and can be evaluated with formulas
(D.10a) with n =3, ¢ =0, L? = p? and a = 1, and (D.58) with M? = u?:

2 exp [—i\/,ugfﬂ]
Uy V.
T \/ﬁ

In the limit ps — 0 this infrared divergent expression tends to (2.56). Fur-

thermore, expanding for small p? (with exp [—i\ /ugﬁ?} ~ 1—i\/1u2p?)
leads to

"= (p) = (3.33)

€2g;w
= =
All in all, if one sums up all divergent terms of this model, one finds exactly

the same expression (2.57) as in the massless model: As expected, adding
masses my and i, did not eliminate the (linear) infrared divergence.

I (p) +0(6). (3.34)

Finally, replacing the massless photon propagator with (3.12) in Ap-
pendix B.8|leads to the expression for the ghost self-energy at one-loop level:

=(p) = —4e? d’k sin” (%)
=e)= 4¢/@ﬂ%k+wmﬂ@—pmf—@]

ol (B =p/2)][F* —p*/4] L, e (k+p/2)" (k —p/2)°
’ (k—p/2)" ) (k —p/2)”

p(k+p/2) —

] , (3.35)
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(k+p/2)

Figure 3.3: ghost self-energy

where only the first term is superficially (logarithmically) divergent. The
planar part of this term can be evaluated with integral formula (D.27), iden-
tifying m; = 0 and my = ps and leading to

o 62 /pZ

—p2 4 (1 — fi2) arcsin 2

a—

ﬂ , (3.36)
with -
o +1 - M
a4+ = .
V) - a2
So, (3.36)) is also finite and in the limit ps — 0 tends to (2.59).

The non-planar part of the superficially divergent term can be calculated
from equation (D.62) with m; = 0, ms = us and reads

2,2 ; 1—
Znp(p) = fﬂe / ds, | é_]%e‘z@, (3.39)
0

2(€) = V(€ — u2)(1 — E)p*p>. (3.39)

Here (3.38) is again finite and in the limit pus — 0 tends to (2.60). Further-
more, in the limit & — 0 planar and non-planar contributions cancel each
other.

(3.37)

with

3.3 Gauge-dependence of the model

So far we have done one-loop calculations in Feynman gauge (v = 1). If one
considers an arbitrary gauge parameter o one gets additional terms which
might diverge.
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In the fermion self-energy one has to deal with only one additional (superfi-
cially logarithmically divergent) term of the type

e [ ) (- g2 2] (- )
=)= /k%fUk+mm?wﬁuk—mm%M—pmf—@}
21— [ (F+p/2) —my —2p
=—ed X/@ﬂS[w+pmf—wﬂ[%—pmf—uﬂ
(k—p/2) 2kp —p?)
[(k+p/2)* —m?] (k= p/2)* [(k — p/2)" — 112]

where relation (2.7) was used for

(k=p/2)" = (k= p/2)",
(K= p/2) (K+p/2) (k= p/2) =2 (k= p/2) [(E+p/2) (k = p/2)]
Ck—p2 (K4p). (34D
Furthermore, (k + p/2) (k — p/2) = (k — p/2)* + kp — p*/2 was considered.
The first term in (3.40]) can be integrated using formulas (D.24) and (D.27)

in Appendix D.2| and is therefore finite. The second term is finite as well,
since there are only two powers of k left in the numerator.

+

. (3.40)

Fermion and ghost-loop contributions to the vacuum polarization are obvi-
ously gauge-independent. The photon-loop graph gets the additional super-
ficially divergent terms
A3k o — 1) sin? (5xe
H;cuz,a,oo(p> :262/ - (2 )2 ( 2 ) . .
(2)? [k + /27 — 2] [(k — p/27 — /2]
X | = (k= 3p/2)° g + 20g" — (k + 3p/2)" g™

X [ — (k+3p/2)7 ¢ + 2k 9" — (k — 3p/2)‘ gw]
y {g (k=p/2), (k=p/2),  (k+p/2), (k+p/2),
T (k-p/2) v (k+p/2)°
(k—p/2).(k—p/2),(k+p/2), (k+p/2), }
(k—p/2)" (k+p/2)° '

+ (a—1)

(3.42)

Multiplying the three brackets and keeping only the highest powers of k in
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the numerator leads to

N (o — 1) (K?g" — k*k") gin2 [ ExP
4 / (277)3 [(k; _|_p/2)2 _ ﬂ’ﬂ [(k’ _ p/2)2 _ u?] ( B ) , (3.43)

when considering k2 = (k £ p/2)* F kp — p?/2. The planar part is finite, as
can be seen from formula (D.33) in the Appendix, whereas the non-planar
part, as calculated using formula (D.63), exhibits the infrared divergent term

2 -1 SUSY
mevece(p) = - SO (24 o). (3.4

47r\/pq p?

The photon-tadpole graph receives the additional superficially linearly diver-
gent term

V,Q,00 dgk ko'kT SinQ ke T VO VT o v _OoT
117> (p) :262(a_ 1)/ (27T)3 k2 (k2 _(ug)) (9" 9" +g""g" — 29" g"")

A3k kHkY — kg kxp
42 .2
=4de“ (o — 1)/ 2n ) R (2 = 1) sin ( 5 ) . (3.45)

Comparing the term proportional to the metric with the one in (3.32) it can
be seen that this contribution is the same as (3.33)) multiplied with a factor
(a—1)/2. Finally, the first term can be evaluated using formulas and
(D.64) in the Appendix. The result for then reads

62(Oé — 1) uv 2 2 P |:_Z Mgﬁ?}
—ﬂ' g SV M5+ /_ﬁQ

UL o —2(¢)
-~ 1d _ . . | .
20/ ¢ [\/p% )" (1+ (5))] } (3.46)

with 2(§) = \/—u2(1 — £)p?. Expanding this expression for small p? finally
yields

"= (p) =

V,0t,00 €2a—1 ﬁuﬁ/ v
o) = L) (B o) 0w, an

where to order O(0) planar and non-planar terms cancelled each other.
Obviously, the divergent terms (3.44) and (3.47) cancel each other and the
infrared divergence of this model really is independent of the gauge parameter
a. A similar result for 3 + 1 dimensional QED was found in [30].
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The ghost self-energy graph gets the additional superficially logarithmically
divergent contribution
:oz,oo(p) _ / d3k 462(1 — Oé) [p (k _ p/2>] [kQ _p2/4] sin2 (k X p)
(2m)” (k +p/2)* (k = p/2)" [(k — p/2)* — p2] 2

o [ p (k= p/2)
—aci-a) <2w>3{<k+p/2>2 (o= p/27 — 2]

[p (k — p/2))? a2 (Rxp
+(/f+P/2)2(k‘—p/2)2 [(k—p/2)2—uﬂ} ( 2 )’
(3.48)

where (k* — p®/4) = (k — p/2)* + kp—p?/2 was considered. The second term
is obviously finite since only two powers of £ remain in the numerator. The
first term looks almost like the first one in (3.35) and therefore gives (a — 1)
times the contributions (3.36) and (3.38) which in fact are finite as well.
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Chapter 4

Adding the Slavnov Term

4.1 Feynman rules

In the previous chapters it has been shown that non-commutative QED3 suf-
fers from UV/IR-mixing and is therefore linearly infrared divergent, where
the divergent term (2.57) of the one-loop vacuum polarization is indepen-
dent of the gauge parameter and also of the Chern-Simons mass term. A
possible way of eliminating the problems caused by the infrared divergence
by adding the following (gauge invariant) term in the action was suggested
by Slavnov [27]:

S stavnon = /d%ﬁ)\(x)e’”’ * F,,(z), (4.1)

where (3 is an arbitrary parameter, A is a further Lagrange multiplier field and
the non-commutativity matrix 6" was defined in (1.2). We choose § = 1/2
to simplify the resulting Feynman rules. In the limit § — 0 the Slavnov term
vanishes, leading to ordinary commutative® QED. Using the abbrevia-
tion

04 F,, = 20" (9,A, —ieA, x A,) = F, (4.2)

!Note that Slavnov [27] chooses 3 = 1/6, making the Slavnov term independent of the
parameter 6. Therefore, in the limit § — 0 such a model will not reduce to regular QED
but instead describes a scalar field.
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the complete action now reads
- 1
S = /d?’x{w * (i) —my) * o) — T F B — s A0, 4,
1 ~
+ BO"A, + %BQ —cx 0" (0,c —ie[A,, c]s) + 5)\ * F}, (4.3)

and remains BRS invariant if A transforms as
S\ = —ie[A, |y (4.4)

(see Appendix/A).
Obviously, variation of the action with respect to A yields

- 0 0 0 0 —E —E,
F=tu{[o0o 0 1 E, 0 -B |p=B=0, (4.5)
0 —1 0 Es, B 0

and the magnetic field? is therefore constrained to zero.

When adding a source term for the Lagrange multiplier A

/ i)

in the generating functional (2.13) the equations of motion for the free A and
photon fields are given byﬁ

050

%% _HA, = —j, (4.6a)
1_ ~
m

where 9" denotes 0" 9, and the Lagrange multiplier B has been eliminated
using its equation of motion (2.18a).
Applying 0, to (4.6b) and inserting (4.6a) one finds

1 ~ -
A== (—&Jﬁ —Ojy + usewpauayAp) , (4.7)

2In equation (4.5), B denotes the magnetic field and not the Lagrange multiplier in-
troduced earlier.
38, is now the bilinear part of (4.3).
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where 0 = 5"5”. Reinserting this equation into leads to

o
a@”@" — ,use“”pay + %ETVP876V> Ap

DHA, = (Dg’“’ +
«

o, O s :
= 74+ = (305 +00). (48)

In order to express A, in terms of the sources, we need to find the inverse
of the operator D*?. Taking into account the new tensor structure in (4.8)

including 5# (compare (3.6))), we make the ansatz
Dol = GapA + 020, B + €0r07C + 8,0, D
+ 5QETGM578€E + 5METEQ5T8€F + ewéea”ewéffaTG, (4.9)
and D, | D* = ¢¥, yields

l—«

5r =067 A +

«

W%A—uﬁﬁ&A+%aﬁW@@A+lDW%B
8}
+&jﬁ%ﬁ¢mwhwaﬁc+%ﬂwi@%W@WC+Di@D

+ Déaeﬁpé*aﬁE — usgae“”peTwa,,gTaEE + DgpeTeagTaEF
+ Deaa,geﬁ"epmg"aTG — ;Lse”””eum&,gaaTeae,,gea"G. (4.10)

Remembering e”*V¢,,, = 0462 — 620" and comparing coefficients we find the
following relations:

ob OA—p0C =1, (4.11a)
1-— 1
920, - aaA+EDB+MO=Q (4.11b)
e,.0":  puA+0C =0, (4.11c)
99, : 0D+ p,0E =0, (4.11d)
a0, - %A+DE—Q (4.11c)
e 0.0, OF + p,0G =0, (4.11f)
eawgeﬁ”epwg"@T ; %C’ +0G =0, (4.11g)
leading to
1
e — 4.12

40



(U5 a“_?) : (1121)

O 02) O+ u?’
C:_%Di@’ (4.12¢)
::éf%[]j:ug’ (4.12d)
E:_Sémi@’ (4.12¢)
F:_éémiu? (4.12f)
::EﬁéﬁE]j:ui’ (4.12¢)

and the operator we were after reads

2

1 2 4 ~ ~
D = - <9a# + [(a —1)+ a&} Pk s o | 1y 9o

o O p? O] O O 00
~ ~ 3 ~ 2 ~ ~
S Pren 00 — L0+ L0 00 €, 07T |
oo [20] 020
(4.13)

We therefore have

Only  Hs ~ =~ _
Ay =— Dt 222y B 5 000 | 5"
( o0 g )jA

E
1 a ,LLS Na T .
+ E (aa - Eeam—a 0 ).])m (414)
and
o 0+ /Jz . e Hs Noar\ p
A= ”_E<@+Eﬁmaa>“' (4.15)
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The propagators are then given byE

AM(z,y) = —iifg((;; = (D;j - 55%” + D‘;—Sﬁé,,ewéffaf> Bz —y),
(4.16a)
B ) = i) = L (<B4 B @ 0) Pla =), (a0
BPa9) = i s = = (Bt e 07) o ) (116¢)
A (2, y) = —z'g;;((g;)) _ - E“g 5@ — ). (4.16d)

Since these propagators will lead to rather lengthy expressions in the cor-
responding one-loop graphs we will now set us = 0 for simplicity’s sake.
(Otherwise the photon propagator consists of nine terms!) Furthermore, we
do not expect the Chern-Simons mass to have any effect on divergent terms
as this was not the case in the previous model.

Fourier transformation then leads to

AN, B == (0 = )P - PR,

1 v v P> p?
(4.17a)
NN B = - (4.17b)
—WW B =1, (4.17¢)
- AM(p) = %2. (4.17d)

Ghost and fermion propagators remain the same as in (2.21a) and (2.21b),
respectively. The additional term in our new photon propagator (4.17a) leads
to the nice property

f)m;‘,j*(p) = 0. (4.18)

In fact, the photon propagator is transversal with respect to p* even when
keeping ps # 0. This property can render infrared singularities of the type

40nce more, all derivatives act on the delta functions and are to be taken with respect
to the variable x.
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(2.57) harmless, since when they are contracted with internal photon propa-
gators in higher loop insertions one gets expressions including p,p* = 0 [27].

Now that we know the propagators, we still need the new additional lambda-
photon vertex (Figure [4.1):

klw

ks
k2,1/

Figure 4.1: Lambda-photon vertex

5 5 5
SAR(—ky) §AY(—ky) ON(—F3)

VA = j(2m)° Sints (4.19)

with

~ ~ —% > 4GXq

, By i3 dour )
SS;Z‘AZ_WW/ d%/ (22)936“ "Ma1)Ay(a2)Ar(gs)e 7=

: d*qi_ ooNT ~ i (gax
= ﬂe@’”/ﬁ&s(%+Q2+Q3)>\(Q1)Ap(Q2)AT(Q3)€ 2@2xa) - (4.20)

from the action (4.3). The result is therefore

VA = —2ie(2m)26 (ke + ko + k3)0" sin (kl >2< k2) : (4.21)

4.2 Power counting

Since we are now dealing with additional propagators and vertices we have
to modify our power counting formula (2.39). The A\ propagator as well as
the AA propagator each reduce the degree of divergence by one, whereas the
A\ propagator adds an equal number of powers of £ to both numerator and
denominator. Therefore equation becomes

d(y) =3L — Iy — 214 — 2I. — ya + Ve + Vag, (4.22)
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where I, 4 denotes the number of both internal AA and AN\ lines. The number
of loop integrations L is then

L:[w+IA+[c+IAA+IAA_(Vw+‘/;+‘/fﬂA+‘/zlA+VA_1)a (423)

which differs from (2.35) by the additional internal A\-lines I, the internal
AA-lines I, and the lambda-photon vertex V.
Elimination of L in (4.22) yields

d(v) = 3421+ 1o+ 1.+ 30 +20a — 3V, — 2V, —2V34 —3Vis — 3V5. (4.24)
Similar considerations as in Section [2.4] lead to the relations

2V, = B, + 21,
2, — B, + 2L,
Vi + Ve 4+ 3Vaa +4Via + 2V = Eq + 214 + L4,
Vi = Exy + 21 + Iya,
Vy+ Vit Vap + 2Via + Vi = E.. (4.25)

Now what about external AA and A\ legs? The degree of divergence of a
certain Feynman graph depends on which end of these legs couple to the
vertices: If the lambda part couples to a vertex, such a leg will have the
same effect as F\\, whereas if the photon part is coupled to a vertex it will
have the same effect as F4. Therefore we can either count them as E), or
as F4. In any case, it is not clear how such legs should be amputated.
Elimination of the internal legs in equation (4.24) produces

1 1 3 1

d(’y) = 3-E¢——EA——EC——E/\)\—

1.1 1
— Vo— Ve —Via— =i, (4.2
5 5 5 2V¢ QVC Vaa—Via— Vi, (4.26)

2 2
and use of the last relation of (4.25) finally leads to

1 1 3 1
dv)=3—-FEy,— -Ey—=-E.— -FE\,— =F,, 4.27
(7) v QAT M T 5 ( )
depending only on the number of external legs once more. In addition to
the ones we had before, one further superficially divergent Feynman graph is
the one-loop correction to the AA (or AX) propagator, which appears to be
logarithmically divergent (E4 = E\ =1, E, = 2).
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4.3 Omne-loop calculations

Due to the Slavnov term in the action (4.3) one gets six additional one-loop
graphs: the lambda self-energy (Figure [4.2a), three further corrections to
the vacuum polarization (Figures[4.2b-d) and two corrections to the lambda-
photon propagator (Figures 4.2e,f).

(k—=p/2) (k—p/2)
p* P’ p P
(k+p/2) (k+p/2)
a) b)
(h=p/2) (k= p/2)
pll \ p” p” pu
(k+p/2) (k+p/2)
¢) d)
(k= p/2) (k=/2)
P I P’
(k+p/2) (k+p/2)
e) £)

Figure 4.2: Additional graphs including the new lambda and lambda-photon
propagators and the lambda-photon vertex

The lambda self-energy is obviously finite as follows from our power counting
formula (4.27) (E\y = E. = 2 — d(y) = —1) and therefore need not be
discussed here further.

The expression for the graph in Figure 4.2b as calculated in Appendix [C.1
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is given byE

() — 402 P’k gin? kxp (k—p/z)Q 27w
)= [ (55 )<k+p/2>2(%5/2)2{ o

(F+5r2) (F+512)" | (ks py2) (k+p/2)y}

—(a—=1) P = 2
(k-+p/2) (5 972)
(4.28)
with the abbreviations (see (1.2))

0 0 0
1 =—0"0" =0 0 -1 0 |, (4.29a)

0 0 -1
B=0"k, = 0> K |. (4.29b)

k‘2

Notice that 1V = g where i, j = 1,2. Therefore the matrix 1*” can be used
to pull up indices of all vectors with zero component of zero (e.g. k,, k).

(k—p/2)

(k+p/2)
Figure 4.3: The graph including a photon-lambda propagator

In addition to the graph in Figure|4.2¢ there is actually also the possibility of
replacing the lambda-photon propagator with a photon-lambda propagator

®Remember I1"” , are the graphs represented in Figure 3.2
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as illustrated in Figure The sum of both contributions is then given by
Ph s (52)

3 2 2
2m) (k+p/2) (F-5/2)

x {2/@]’5@“” +2(k—p/2)" k¥ — (75 - 3;’5/2)“ (75 - 17/2>V

I (p) = —4e? / (

+(a- 1>% (kb = s+ p/2) (= 3p/2) (k= 5/2))
- % <2k13”15”+2 (EQ —@2/4) k) } tpev o, (4.30)
+p

(see Appendix|(C.2).
Furthermore, the contribution including two lambda-photon propagators (see
Figure[4.2d) as calculated in Appendix|C.3|is given by

iy — g0t [ (k—p/2)" (k+p/2)" a2 (Fxp
I (p) =4 /(%)3 (E+ﬁ/2)2(75—13’/2)2 ( 5 ) (4.31)

Finally, both photon-loop and photon-tadpole graphs (see Figures [3.2¢ and
in the previous chapter) receive additional terms due to our modified

photon propagator (4.17a).
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The photon-loop graph gets the additional terms®

2 dgk Sin2 (%) ni.v
=2 <2w>3<k+p/z>2<k—p/2>2{8 ¢
>

oy (e 3) () ()

- ~\ M
+3kﬁ{(kig) p"+uHu}

py (=) (F8) s
N (S5 )
(B -7/4) k"+k1’5ﬁ“] b

(’/5+ 1’5/2) (’/5— 52)

and the tadpole graph gets additionally

Bk (kR g kX p
pv 42 B
Iy (p) = —4e / (21)? (kQEQ 12 ) sin ( 5 ) . (4.33)
We are now interested in possible infrared divergences coming from the non-

planar sector. The relevant terms can be extracted by setting the external
momentum p = 0 but keeping p # 0:

" P s [ PR
T (p = —¢? Z/ - <_921ﬂ —(a—1) 12 + —= ),

"

csl

_|_

: (4.32)

n==x1 k2
_knkY
I157°(p) = —2ae? / P
fnp nzﬂ k2k2
~k”’k
) - = 3 [ e
n==1
Ve e L N ) S
Hgslnp =’ Z/ 3 k2 ( k2 +a E2>’
n==x1

5[...][# — v] means multiplication with the same term in brackets but with the index
1 replaced by v. Expression (4.32) is the result of algebraic manipulations of originally 36

terms.
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3 Br s (KR g
Hv,00 _ 2 v ”7kp M
Hd,sl,np(p) =€ / (271')36 <k2E2 k_2 ) . (434)

n==x1
The sum of these terms is then
&Pk~ 021 krkY g krEY
JV,00 _ 2 inkp [ _ —
Hsl,np (p) = —¢€ Z / (27’(’)36 ( %2 + 2 ,]54 + 12 2 X ),

n==x1
(4.35)

which can be evaluated using formulas (D.55), (D.58), (D.65), (D.71) and
considering k? = —02k?. The divergent parameter integrals coming from the

first two terms in (4.35) cancel each other and introducing the momentum
400 +A

cutoff [ dk® — [ dk° we arrive at
—00 —A

oo e’ (A L\ pp
ngm=;<—— )7?. (4.36)

T 2\/p§

Comparing this result with (2.57) we see that the infrared divergent (second)
term of (4.36) cancels exactly the one we had in our previous model: There
is no more infrared divergence left in the vacuum polarization of the photon.
Instead we find the transversal linear ultraviolet divergence
e prp”

|1 e (p) = lim A

np,divergent Asoo PPT (437)
Note, however, that the cancellation of the infrared divergence only happens
in 3 dimensions: The integrands producing these terms are k*k”/k* which
appear only in the ghost-loop and the photon-loop graphs. As was shown in
Appendix B.6| their fore factor depends on the trace of the metric, hence on
the dimension in which the model is formulated, and happens to be zero in
our case.

Next, let us take a look at the planar sector: Examining the integrands
one notices several k’-independent terms’. Therefore one expects further
ultraviolet divergent terms coming from the planar part of the model. The

"The reason for the appearance of such integrals lies in the structure of the Slavnov
term in the action (4.1).
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most divergent term are:
1% (p) = 2¢ 2/ Bk { 21w o) <E+ﬁ/2>“ (7%+j5/2>y
(F—572)° (k+p/2)* (% - 5/2)
(k:+p/2)“(/2+p/2) }
S (Fea) (o)
oy g [ [ (R=3902) (E=712)
0 =4 | { (o2 (B=5/2)
Y @%/2)“(%5/2)”}
k+p/2)° (k: p/2>
oo v g2 [ Ak (k—p/2)" (k+p/2)"
o (=2 / 7 (k+5/2) (F-f2)

1,00 _ A3k 4kH kY
Hcslpl(p) = /(27T)3{(k+p/2)2(k—p/2)2

(Eiﬁ/z)“ (%iﬁ/z)y}
Y- (k+p/2)’ (%i5/2)2 |

R Y
V,00 o 2
M) =22 | (m; G )

Summing up these terms, keeping only the superficially linearly divergent
ones (logarithmic divergences will not be discussed in this chapter) and where
convenient shifting k — k + p/2 we arrive at

+ (o —

29

+ «

(4.38)

2k (k +p/2)"

d*k 621
UV,00 _ 2 _

" 2kt

(F+572) (k-p/2)

+

8Remember (k + p/2)° = (k T p/2)” + 2kp.

20

B e p/2 (k—p/2) } (439)



The third and fourth terms are finite, as can be seen from formulas (D.20)
and (D.21), whereas the first two terms are independent of k° and therefore
one would naively expect them to diverge. But in fact the term proportional
to 1#” is zero in dimensional regularization:

d3k 92 1m dkY d’k 1’“’
[ e 0
7T

The integration over the space coordlnates can be performed similarly to
(D.21) in Appendix D.2 using dimensional regularlzatloi and therefore this
integral is zero.

Only the second term in (4.39) remains divergent and can be calculated using
formula (D.77) in the Appendix with n — 3 and taking into consideration
that k2 = —02k2. Introducing the momentum cutoff A as before, we get!?

oo 2 (PP
My (p) = Jlim Al (€) 5 5 ( 2 1 ) ) (4.41)
which is transversal since p,p* = —p?/6? and p, 1" = —p”/6? (see defi-

nitions (4.29a) and (4.29b)). The coupling constant in this expression has
mass dimension (1+¢)/2 due to dimensional regularization and has therefore
been denoted e, which in the limit ¢ — 0 reduces to e. Introducing a new
parameter p with mass dimension 1 we can write e? = e?p¢.

Together with (4.37) the (ultraviolet) divergent terms of this model now read

e2

v P N
”w v
Hdivergent(p) Alﬂoo Aﬁ }542 + lg%r (6) 3 (p_Q -1 >:| : (442)
(We have already seen that infrared divergent terms cancel each other.) Fur-
thermore, one notices that the first term in (4.42) is transversal with respect
to the photon propagator (4.17a). If the same is true for the second term,
these divergences will not contribute to the one-loop correction of the photon

propagator given by

N/AA _ NAA A po,AA
A" = AL + 1L,AP Ly,

and therefore the Slavnov trick [27] should work in this model even though
new ultraviolet divergent terms appear, provided that

ﬁﬂﬁl/ ﬁl/pp v _7
(1 B2 (7 1) 2 "

9Here we are dealing with a Euclidian integral, whereas the Appendix deals with
Minkowski-type integrals. The difference in the results lies in some constant fore factor

which in this case is, of course, irrelevant since this specific integral is zero anyway.
10¢ = 3 — n and therefore the limit € — 0 corresponds to n — 3.
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Since p* is proportional to p* with zero component p’ = 0 (see equation

(4.29b)), p,p” = 0 and one has

57 P 5 P P
(gw_p%fu> (pp _ly,)) _ DuP _1,,+pup

P2 P P?
. 0 0 0 00 0 0 0 0
== |0 ®)? pp | =010 |+[0 P2 - ||,
PN ot ) 001 0 —pp' (p')?

where the last line follows from p, = —p*, p, = —p* = —=0"'p,, 1,V = =1
(numerically) and from inserting the equations (4.29a) and (4.29b). Since
(p')? + (p*)? = p? all remaining terms cancel each other and (4.43) is really
fulfilled.

Note, however, that there might still be logarithmic (UV-) divergences left
in the model coming from three and more parameter integrals. These and
also all finite terms must have the following structure to be transversal:

™ (p) = *\/p? <pr 9" ) AP + (pﬂpy - 1“”) B (p*.p%)

p2

+ Wﬁ/c (p*.7%) ] . (4.44)

Because of (4.43), divergences in B (p?, p?) and C (p?, p*) will not contribute
to the one-loop correction of the vacuum polar1zat10n and those in A (p?, p?)

can be dealt with through standard renormalization procedures.

Finally, corrections to the lambda-photon propagator appear to be only log-
arithmically divergent, as follows from our power counting formula (4.27).
Fermion and ghost self-energy (Figures(3.1land [3.3) also both get additional
terms because of the modified photon propagator (4.17a)), but one can easily
show that both contributions are finite:

o e () @) ()
X (p) = /(27r)3 (k+p/2)% (k — p/2)? (7545/2)2

Ny 02 2kp (% — ﬁ/2>
N / (2m)* (k + p/2)" (k — p/2)° (- ;’5/2)2

+ (k+p/2) ],

(4.45)
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. 462/ i (R+p/2)" (k= ﬁ/Q)upV = ﬁ/2>y . (k § p)
G (k2 (0~ p/2)? (R - 5/2)2
— 42 dk (kﬁ)Q i kX p |
- / Cm (ke + p/2)? (k- p/2)* (75 - 5/2)2 ( 2 )
(4.46)

The only superficially divergent term is the second one in (4.45), which can
be calculated with formula (D.15) in Appendix/D.2 and is therefore finite as
well.

It remains to be checked in future studies whether logarithmic divergences
in the vacuum polarization (and in the corrections to the lambda-photon
propagator) cancel each other and if the model really is renormalizable in
case they do not.
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Conclusion

By extending massless 241 dimensional QED to non-commutative Minkowski
space M3 we have shown that the resulting model is no longer finite but
exhibits a linear infrared singularity

et pp

7k g P) = —=—=- (i)
—divergent ~o
2m\/p% D

in the vacuum polarization (whereas fermion and ghost self-energy do remain
finite). Making fermions and photons massive (for photons this is achieved
in a gauge invariant way via a Chern-Simons mass term) does not change
this situation: The divergent term remains independent of all mass pa-
rameters. (A similar result is quoted in [22] for ®*-theory.) In Chapter (3.3
we then verified gauge independence of (iii).

As stated in the Introduction, it should be possible to render the infrared
singular term harmless by extending the action by the so-called Slavnov
term [27]. Such a model was discussed concerning divergences in Chapter
For simplicity’s sake and since the Chern-Simons mass did not have any
effect on the divergence in the previous model, the mass parameter u, was
set to zero. As expected, the new photon propagator became transversal
with respect to p* (see Introduction and reference [27]). In addition, the
infrared divergent term now was even cancelled out, a result unique in
3 dimensions (see Chapter [4.3). On the other hand, new UV-divergences
appeared in the model:

2 [~unv € S SV
(p) = lim A= |22 4 himD (e) & (p P —WH (i)

| (e
Ao T2 ﬁg e—0 2 ﬁQ

UV —divergent

but these are again transversal (like the initial infrared divergence) with re-
spect to the photon propagator and therefore do not seem to present a prob-
lem. The ultraviolet divergent terms (iv) appear due to some k%-independent
integrands which are the result of *” not having full rank. (0" was defined
in Chapter 1 in equation (1.2).) Also note that the divergent terms (iii) and
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are completely independent of the fermionic sector, since the Lagrange
multiplier field A introduced in the Slavnov term couples to the gauge bosons,
only.

A matrix 0" with full rank would replace (some) ultraviolet divergent
terms with infrared divergent ones (due to the famous UV /IR-mixing). This
is, however, only possible in even dimensions and one would have to sacrifice
causality [21] (which would not matter in a Euclidian model, for instance).
Calculations [6, 7] have shown that in the case of four dimensional (Euclidian)
QED coupled to scalar fields (including full-rank 6#”) the Slavnov term does
not eliminate (or even change) the (quadratic) infrared divergent term

1l

IR—divergent

prp”
(p) ox ——. (v)
i
Due to the fourth dimension, logarithmic ultraviolet divergences still appear
in the model, however. But these can (hopefully) be dealt with through
standard renormalization procedures.

Whether logarithmic divergences remain in 241 dimensional QED includ-

ing the Slavnov term remains to be checked. However, divergences propor-

tional to o

p'p

vﬁ(ﬁ;—fﬁ,
p

can (hopefully) be dealt with through standard renormalization procedures
since similar corrections appear in commutative 3+1 dimensional QED. All
other divergences (in the vacuum polarization) must have the same structure
as the linear ones due to transversality. What still remains to discuss is
whether the Slavnov trick also works for higher-loop corrections and whether
the theory really is renormalizable.
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Appendix A

Showing BRS-Invariance

The complete action used throughout this study reads
- 1
S = /d?’x{w* (zlﬂ — mf) * 1) — ZFW * Fl, — pse"?A,0,A,
1 =~
+ BO"A, + %Bz —cx 0" (0,c —ig[A,, cli) + 5)\ * F}, (A.1)

with

F.=0,A,—0,A, —iglA,, Als,

F=0"™F,,
D =" (0, —ieA,). (A.2)

We will now prove its invariance under the BRS transformations

s =iecx), s =iexc,
sA, = 0,c —ig[A,, .,
sC = 1gc*c,
sc=B, sB=0,
S\ = —ig[\, . (A.3)

Furthermore we will find the restriction e = g for the coupling constants.
Letting the BRS-operator s act on the fermionic part of the action one gets

s(&*(iﬁ—mf)*w) :iezE*c*ilD*@/J—&*s(ilﬁ*w)
—ie x cmy x 1 +ie x mycx 1 = 0. (A.4)
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This equation is obviously fulfilled if D, x ¢ transforms the same way as ¥:
s(D,xv) = —ie(sA,) ¢ +ie (0, —ieA,) xcx
= —ie (Ouc — igA, *xc+igcx A,) x 1 +ie (0, —ieA,) xcx 1
= iec* (0, —ieA,) x 1. (A.5)

This condition leads to the important constraint g = e for the two coupling
constants.

Next we calculate the transformation of the electromagnetic field tensor. As
already mentioned, £, , having non-Abelian structure due to non-commutati-
vity, will no longer be gauge invariant. It will instead transform the same
way as A (which is actually the reason why the BRS transformation s\ was
guessed in the first place).

sF,, = 0,0,c — ig0u[A,, clx — 1g[0uc, Ayl + (ig)Q[[AM, e, Ay — 1 = v
= —1ig ([auAV - auA/u C]* - ig[[A#7 C]*a AV]* + ig[[Aw C]*> A#]*) (A-6)

Using the Jacobi identity
HA/M C]*’ A'/]* + [[Cw AV]*? Au]* = _HAW Au]*> C]*v (A7)
one finds
sE,, = —ig[F, c|s, (A.8)

and therefore
/d%s (F* x F,,) = —ig / &z ([F", cly x Fy + Fo, % [F™ ) c],)
= —ig / &Pz (F"™ % F,*c—cx F™ % F,,)=0. (A.9)

In the last step, property (1.12b)) of the star product was used.
BRS transformation of the Chern-Simons term yields

/ s (P A,0,A,) = / B (e (sA,)0,A, + P A0, (sA,))

=2 / dPre"? (9,0 —igA, x e +igex A,)d,A, = 0.
(A.10)

which follows from partial integration, renaming of indices and equation

(1.12h).

Next we prove BRS-invariance of the Slavnov term:

/ s (ko) = —ig[A, % Foy —igh % [Farcle =0, (A1)
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which can be seen recalling (1.12b)).
Transformation of the gauge fixing and ghost part of the action is given by

/d3x {BO"sA, — (s¢) x O'sA, —cx O"s°A,} =0, (A.12)

since the first and second term cancel each other, and the third term is zero
because the BRS-operator s is nilpotent as we will now show:

s%c = ig(sc) x ¢ —ige* sc = —gPcxcxc+ gilexcxe=0,
s%p = ie(sc) x ) —iecx s = —egck ck1h + e2ecxcxp =0,
s*) = ie(sh) xc —ieh x sc = —e*Ppxckc+eghxcke =0,
s*A, = s(9,c —ig[A,, cy)
=190, (cx ¢) + ¢*[Ay, cx s —ig {uc —ig[A,, s, c}, = 0,
s*X\ = —igs|\, c, = —g* {[\, s, ¢}, + F*[N\, ex ], = 0, (A.13)

and we see once more that e = g is necessary.
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Appendix B

Calculations for Chapter

B.1 The 3-photon vertex

kB,T

k?ﬂ

E1,p

Figure B.1: 3-photon vertex

From equations (2.29) and (2.30) respecting the product rule for variations
follows

Iy
VOAM () iy, ) = —26(2m)*8% (ky + ko + k) | K40YGopgry sin (|~
g 2

poT
ko X k
+ k407 Gpugry Sin ( 2 1)

Xk’g

2

+E 0 GovGrp SIN ( >
ks x k
+k507 gr g SN <k2 x k3) + k407 Gpugoy Sin ( 3 ; 1)

k’ng’Q

+k50Y gopuGpy Sin (
= —26(27T>353(k1 + kf2 + k?S [klagpr klfrgpa - k?pg’ra

. [k xk
+k27—9pa + k3pgro - k?)ang] sSim ( - 92 2) : (Bl)
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B.2 The 4-photon vertex

k37u3 k47#4

kQ#Z kl”ul

Figure B.2: 4-photon vertex

The relevant part of the action is

Sadaa E/d N5 <Z %) A(g) [Zu(qg)gy(%)

_A <Q4)AV(Q3):| 6*5(111><QQ+111><Q3+111><Q4+112><Q3+112><q4+QS><Q4)

=< /d q1—4 53 (Z %) (Q2)Au(q3)gy(q4)e—%(q1><q2)

X [6*5((111+Q2)><q3) . e%((q1+q2)><q3)]

=—1e / GE;;) L (1 + a2+ ¢+ q) A“(Ql)Av(Q2>gu(Q3)gv<Q4)

i X
w e~ 3(@x4e) gipy (q3 5 Q4) . (B.2)

Inserting this expression into equation (2.32) leads to

k3 X ]f4
Vﬁﬁﬁléuz; (kh ka, ks, k4) = 62(27T) |:gl‘1usgu2#4e k) sin < 2 )

4
+ 23 index—permutations] 5 (Z k‘l) . (B.3)

i=1
Since there are four photon-fields (A, (k1—4)) in (B.2) there are 4! possible
ways to do the variations according to (2.32). Because of the symmetry of
the Minkowski metric one finds the relations ¢, = Guop: a0 Guy s Guops =
GpopaGurps- Therefore there are always 8 permutations leading to the same
Guv9po-factor which one can group together. The following table shows the
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permutations for g,, ., gu.u, as well as the resulting phase factors. Obviously,
the sum of two successive lines can be written as a product of sine functions.
In fact, all eight terms can be united into two such expressions.

GuipsGuapa*

(1234) — e (k1 xk2) sin (k3>2<k4)
— —et3 2 (k1 xk2) <in (k3>2<k4) +

— —2isin (]“;'”) sin (k3§k4)

(k‘3><k4) k1 ><k‘2)
2

sin (

+L(k3xks) o3 k1 xko + _27/ Sin (k1>2<k2) Sin (k3>2<k4)
— —€ ( ) Sin (—)
2

+2(k3Xk2)sin(%) + —  +2isin (5228 sin (Bxk)

)
)
)
3214) —» ¢~ 30Xk iy (hrka)
)
) e~ 5 (k1xka)

sin (12552)

(4123) — o+ 5O xka) iy (,QX,%) + — +2¢sin (k2>2<k3) sin (k1;k4)
2

The remaining two groups of eight terms each can be calculated the same
way and are given by
prp2pspa-
1324 2413 .
iu(314)2;(r (423)1+) } — —disin (858 sin (f50)
(2314) + (1423)+
+(3241) + (4132) }

and

—  —4isin (R2Xk) gin (k)

Jpapa9pops-
(1243) + (4312)+ }
+(2134) + (3421)
(4213) + (1342)+
+(2431) + (3124) }

—  44isin (B252) gin (RaXh)

—  +4isin (kQXk‘*) sin (%)

Gathering all 24 terms finally yields the result

yAdAA (ky, ko, ks, ky) = —4ie(2m)20°% (ky + kg + ks + ky)

12434

. ]{71 X ]fg . k’3 X k’4
X (9u1u39u2u4 - gulmgugug) sin 5 sin 5
. k‘l X k’g . k}g X k}4
H(Gps p2 Gpspia — Gy paGpaps) SN 5 sin 5

. k?g X k?g . ]{}1 X ]{‘4
+<gu1,uzg,u3u4 - gm,usg,uz,LM) S ( 2 ) S ( 9 )} . <B4)
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B.3 The one-loop fermion self-energy

p,&p

k

Figure B.3: fermion self-energy

With equations (2.21b),(2.21c) and (2.25), according to the Feynman rules,

one arrives at

3143 1! 43,4/ 4 .
E(p) = /M 2'6(271.)353 (_p/ — K+ k‘) ,y,ueé(kxp/)_zk

(2m)° 2
: 383 (_ / L(pxk) —1ig"
X 26(271') ) ( k+k +p) Y €2 W
Bkd3k iy K i 1
d3k ; koo 1
— o2 s(kxp) & p 5 (pxk) ) B.5
* [ Gttt B9

Obviously, the phase factors cancel out, leading to the commutative result
of regular 3-dimensional QED. Furthermore, one can shift k — k + p/2 to
make the integrand symmetric.

B.4 The photon line with fermion loop
K
" p

k

Figure B.4: fermion-loop graph
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According to the Feynman rules, equations (2.21b) and lead to

v dgkd3l€/d3p/ . i _Z%
;" (p) = — tr/W ie(2m)383 (k — p/ — k') ezt gl
!
X ie(27)350 (K + p — k) A¥ e k) —kjf
BEPE , ko ¥
- —tr/ (2m)3 e 'y“ﬁé (K +p—Fk)~y e

= — e2tr/ &k 7#&% (k—9)

(2m)3 " k2 (k—p)?’

(B.6)

where again the phases cancelled. Shifting variables k — k + p/2 finally
yields the symmetric expression in .

B.5 The photon line with ghost loop

Figure B.5: ghost-loop graph

With equations and (2.28), according to the Feynman rules, one

arrives at

v d?’kd3k/d3p, ) ]i] % —k/ Z
Hgb (p) = — / WQG(ZW)B(SS (k —p — k') k" sin ( (2 )) s

k' x (—k ’
x 2e(2m)%8* (K +p — k) K sin (%) #

Ekd3k 1 ) K xk\ 1
= — 4@2/ Ok k"ﬁ&s (K +p— k) k" sin® ( ) —

f (),

and a variable shift £ — k+p/2 leads to the symmetric version of this result.
(Since p x p = 0 the phase does not change.)
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B.6 The photon line with photon loop

kl

k

Figure B.6: photon-loop graph

According to the Feynman rules, equations and (2.31) lead to

) 1 [ BrdPK S
2(0) = 5 [ S (20 2m) 8 (k= f ) [ + 1)

+(k+K)g"" + (=p' — k) g™ sin <k . (—p’)) 4o (—2e)(27)?

2 k,/2
X 53 (k?l +p o k) [(—]{I _p)crgue + (k/ + k)ugcre + (p o k/)egau]

. (K xp\ —igep
cun (L) 2

3 3 1./
= —2¢? / CRAR e o084 (k4 K62 + (K — 2K)og] —

(27)3 172
! ev% / veo , ov 1
><53(k? +p—k) [—(k;—i—p) §p+(k; + k) 5,)"’(]?—]{?),,9 }ﬁ
- (ka”) . (k/xp)
X sin Sin
2 2
= 2@2/d3_k [(2]9 _ k)p(;u + (Qk _p)uép . (p—l— k:) gp“]
(27T)3 g o o (k‘—p)z
1. k x
X [=(k +p)70) + (2k = p)"0] + (20 — k)97 ] 5 sin’ ( 2 p) .
(B.8)

After shifting variables k — k + p/2, performing the multiplication of the
two square brackets and considering 0507 = 3 when working in 3 dimensions,
this expression becomes

Ek (K +3p°) g + 3k — '’ (k X p

[ (p) = de? / e ) . (B.9)
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B.7 The photon line with photon-tadpole loop

p/ H pl/

Figure B.7: tadpole graph

With equations and (2.33), according to the Feynman rules, one
arrives at

v 1 dgkdgp/ . / _igUT
f@(p)zzi/m(%ﬂG(—%ﬁ?@ﬂﬁ&%_p-—k4—k+p) .

" [(gmggu g sin (p/ ;< k) o (k: >2< p)
+(9" g™ — ¢"g°") sin (W) sin (%)] . (B.10)

The square bracket contains only two terms, since the third term coming
from the vertex is proportional to sin(k x k/2) = 0. Using ¢,,¢°" = 3 (in 3
dimensions), and performing the integration over p’ finally leads to

) Bk g . (kxp
Hg (p) = _862/Wﬁ SlIl2 (T) . (Bll)

B.8 The one-loop ghost self-energy

Figure B.8: ghost self-energy
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With equations (2.21a), (2.21c) and , according to the Feynman rules,

one arrives at

31-43 1 30/ o/
=(p) = /MQQ(QW>353 (—p' — k' + k) k" sin (%)

(2m)?
U g (27)363 (—k + K voim ((ER) XD 1
o 26(2m)°0° (=k + k' + p) p”sin 5 1
BkdPK p,, k" ) (k' x k
:462/ 2n)? k_’gﬁﬁ (—k—i—k’—l—p)sm( 5 )
X sin (Hﬁ)%) , (B.12)
and finally
>k Ptk kxp
Z(p) = —4e2 K in2 B.13
(p) € / (27T)3 k2<k _p)Q sin ( 2 ) J ( )
where again the shift £ — k 4+ p/2 leads to the symmetric version given in
g p y g
(2.58).
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Appendix C

Calculations for Chapter 4

C.1 The photon line with lambda propagator

k/

k

Figure C.1: photon line with lambda propagator

With equations (4.17a), (4.17d) and (4.21)) one gets according to the Feynman
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rules
v dgkdgk/d?)p/ . 3¢3 / ’ . k x (—p/)
¥ (p) = | —=—— (—2ie)(2m)°0° (k —p' — k') 0"’ sin | ————=
(2m)? 2
1.2 B
v 2752 (—2i€)(27)%6% (—k + &' + p) 67" sin (M)

—igpe ke | ikks
) ( e
3 _ 2
:4@2/ Zk3 sin? (l{;;p) (kN p) 2
(2m) 2 (k _ ﬁ)

EMEY 0RPk, 07k
nw pov . p o
X (9 L0 (v —1) 2 + o > :

(C.1)

Shifting variables k — k + p/2 finally yields the symmetric version (4.28).

C.2 The photon line with lambda-photon

propagator
17 1
P o P P
k k
a) b)

Figure C.2: photon line with lambda-photon propagator
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With equations (4.17b) and (4.21) one gets according to the Feynman rules

1) = [ G (2ie) 2 (- - 1) 0% sin ()
X L (-26) (20 (k= 9 (R (= K]

(K xp\ [ —ig ikek, ik
3/ / e N elvr elvr
x 0° (—k+k —|—p)sm( 5 )( 12 (a—1) 1 +k2%2)

— 46t [ SR g = Q=+ (= 2]

v (k —p =
X —< )p Jer + (0 — 1) ek — kikT sin? b xp , (C.2)
> 2 k2 k2 2
2 (7 =5)

which is the expression for the graph in Figure (C.2a. A similar calculation
leads to the expression for the graph including a photon-lambda propagator
(Figure (C.2b). One finds almost the same result but with the indices u, v
exchanged. Therefore the sum of both graphs, after shifting variables k — k+

p/2 and performing the multiplication of the two brackets in each expression,
becomes

WY — g2 d*k sin’ (%)
T e e

. {gkﬁew v (F-572) 1= (F—9p2)" (F—5r2)’

+(a- 1>% (kb = (s +p/2) (= 3p/2) (k= 5/2))
_ W;E(k J:Z/;Z)e (2kﬁﬁ’+2 (’];2 _23»2/4) k”) } e
+p

(C.3)
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i

k

Figure C.3: photon line with two lambda-photon propagators

C.3 The photon line with two lambda-photon
propagators

With equations (4.17b) and (4.21), according to the Feynman rules, one

arrives at

3143 1 431/ L
15" (p) = /M (—2ie)(27)383 (k — p/ — k') 07" sin (k X; p))

(2m)?
5, 2ie)(2r)6 (—k + K+ p) 6 sim [ K22 Zhe
< (=202’ (k4 K+ p) 07 sin () —
5 0w (k—p) 0wk,
:462/(C”C ( >,, sinQ(k;p). (C.4)

)

Shifting variables k — k + p/2 finally leads to the symmetric version (4.31).
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Appendix D

Integrals

D.1 Dimensional regularization

We follow the derivation given in reference [32] on pages 382-385: Working
in n-dimensional Minkowski space we start with integrals of the type

d"k
I(9) = / (k2 + 2kq — L2)™ (D-1)

where k = (ko,7, ¢, 01,0, ...,0,_3) in polar coordinates and the volume ele-
ment is therefore given by

n—3

d"k = dkor"*drdg | [ sin’ 0,d6;. (D.2)

Shifting variables k), = k,, + g, and using

(n 1)

/d(bH/sm 0;db; = ( g (D.3)

110

we arrive at

(n n X

T r"=2dr
I( D.4
n _1 /dkO/ ]{Z2—7”2 q +L2>aa ( )
0

2

where the primes have been dropped Since the integrand depends only

quadratically on kg we can replace f dky — 2 f dky.

—0o0
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To evaluate the remaining integrals we use the Euler beta function [35]

Blz,y) = ———% :Hy Q/dtt% N1+1%)" igg;ig (D.5)
0
Putting
x—#, yza—%, t= 3 (D.6)
leads to
TS ) .
(s24+ M2 9 (M2)* 02 ()

0

and if we identify 3 =0 and M? = —r? — (¢*> + L?) we can use this formula
to perform the integration over kg in (D.4):

_ o0

27r = ”2F )F(a—%)
L(q T /
T 0

) D.8
(¢ +L2)* " T(a) 08

By identifying o = a — 3, 3 =n—2 and M? = ¢ + L* we can once again
use formula (D.7) to perform the remaining integral:

—a _(_ gmgr<a_%)_2_ 2\2—a
In(q) = (=1)7"F o) (1 12 % =(=1) (o) (—¢" - L7)
(D.9)
Therefore the result is
_ d"k _ n. gr<a_%) 2 r2\Z-a
I.(q) = / CE ey (—1)2im W(—q —L%)27. (D.10a)

Differentiating both sides with respect to g, and redefining o as well as using
the property of the Gamma-function zI'(x) = I'(1 + x) leads to

1@ = [ @ e~ (<)o) (D.100)

and further differentiation with respect to ¢, yields

Kk ¢ (—¢* — I?)
I"(q) = [ d"k = | ¢"¢" In(q).
20 = [ g = (o + L = ) 1
(D.10c)
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D.2 Integrals and Feynman trick

Feynman’s formula’ is given by

/(JszLbl—z)7 (D-11)

0

and is a useful trick in order to bring the following integrals into the form
I,,(0) or I*(0) as defined in Appendix D.1.

The first integral we want to calculate is

A3k 1 1
/ 27 (k+2)° (k—2)°  8y/p* (D.12)

Applying formula (D.11) leads to

d3k 1

dz d3l<: ! 5 (D.13)
/ / —p(5=2)" 21— 2)}

Now we can shift variables to k' = k — p (% — Z) and use formula (D.10a)
in order to perform the integration over &’. Identifying (—L?) = p?z(1 — 2),
g =0 and n = 3 leads to

/ / = P (k2 1 2 i(l—z)} :O/dz(_(?f)?g FFS))

where formula (D.78a) was used for the remaining z-integral.

In a similar way we can derive

¢k (k5"
/(%)3 (k+2)° (k—12)"  16\/p? (D.15)

!The proof of this integral formula is straightforward: simply substitute 2’ = (a—b)z—b.
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Applying formula (D.11) and shifting variables k' = k — p (% — z) leads to
Bk P+ pr(1 -
/dz/ (1= 2) - (D.16)
P {R? 4+ p?2(1 - 2)}

which can be solved with equations (D.10a) and (D.10b). (Note that the first
term including A* does not contribute since I#(0) = 0 in (D.10b).) With
(—LQ) =p?2(1 — 2), ¢ =0 and n = 3 one gets

d3k/ p(1—2) / (—1)zin2T(3) , [T—2
/dz/ {k?2 + p22(1 — Z)} O/dz (2m)3  T(2) p Zp?

Our next integral is
/ @k (k+8)" (k=58 p’+p*g™
(

5 5 = — . (D.18)
e O
Following the same steps as before one gets
1

K (k" +p" (1= 2)) (K = p"2)
O/dZ/ (2m)*  {k? 4 p22(l - 2)}

1
dz 7\/z2(1 — 2z . . PP D 2 ghv
= / ( 1-2) (—=g"p* — p'p”) = ,  (D.19)

N e

where additionally formulas (D.10c) and (D.78b) were used.
In the same way we find

/ d3k ) _ pupl/ _ pZQ;U/ (D 20)
G (k+8)" (k—5)" 64V
The last of these integrals is
d'k 1
— =0. D.21
| ¢ 2

To prove this formula we use the following trick:
/ d'k 1 _/ d"k 1 k* — M?
mr k2 ) @)k k2 — M?
1

dnk 1 M2
— / (2m)" | k2 — M? - O/dz(kQ mpyeT —z))2 ,  (D.22)
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where M is an arbitrary parameter and formula has been used for
the second term. The integral over k can be solved with equation (D.10a)
leading to

(_1)%”% F(l — TQL) CAP2\E-1 a2 zF (2_ g) CM2(1 — 2))52
B | R ) wf!d (M=)

B (-D2i(-M?»)2"t _ [(2—n 2—-n 2 |

B (272)% F( 2 ) [H 2 n—Q] =0 (D-23)

The next set of integrals will contain masses as appear in Chapter 3.2. The
first on is

/ d3k 1 _arcsina, — arcsina_ (D.24)
G [k + )" = mt] [k = 8)° —m] stV
with IR
. = e (D.25)
V(L= i+ m3)* — 43
To prove this formula we use (D.11) and (D.10a) and get
/ d3k 1
3 2 2
B [k +8)" = ma] [(k—8)" —mj]
1
3K 1
- dz 2713 112 2 2 2 2
TR S )
/ d
: (D.26)

1
B SW\/FO/ Vel =2) —miz —m3(1—2)

where k' = k—p (3 — z) and m3 , = mi,/p®. Applying formula finally
yields the result.

2Note that if one takes the limit mi,2 — 0 the parameters at+ become 1 and the
numerator reduces to m leading to the same expression as in formula (D.12).
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Next we show

[ (k+3)
P [ 8)" = mi] [k = )7~ 3

——— ar 1 9~ . |@
[\/QA(ml,mg)\/l—ZQ +—i—5(1—1—771?—m%)arcsmz j,

pl"’
B 87r\/]¥

(D.27)
with
~  ~ 1 ~2 | ~2\2 ~2
A(my,me) = 3 [(1 —mi+m3) — 4m2] : (D.28)
Applying formulas (D.11),(D.10a) and (D.10b) yields
/ &k (k+5)"
0 [k +8)° — mt] [k~ 5)" —m3]
/ / 3K K™+ pH(1 — 2)
PP {k? 4+ p22(1 — 2) —m2z —mi(1 — 2)}°
1—
(1-2) (D.29)

87r\/ \/z 1—2)—m2z—mi(1—2)
which can be solved with (D.88).

Our next integral is

PE (e y) (e
/ :

—1 _ a
- P (3 — 2)/2A (i, o)V — 22|
8 p2 a_
~9 | ~2 ~4 | =4 a
+p'p” (—ml _ng ~%~§ i mz) arcsin z a+
+ A(ma, ma) (p"p” + p*g™) |:Z\/ 1— 22| + arcsinz +} } (D.30)
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From formulas (D.11) and (D.10a) — (D.10c) follows

/ d’k (k+8)" (k—8)"
CrP* [(k+2)* = 3] [(k - 2)° - m3]

/ / 3K EMEY — ptpYz(1 — 2)
PR+ p22(1 = 2) = miz — m3(1 - 2))’

{ prpYz(1 - 2)

V(1 —2) —miz—m3(1—2)

:87r\/F0

+ 2"/ 2(1 — 2) —miz — m3(1 — z)} (D.31)

This integral can be rewritten to

[ { P (ke + (1 — 2)
V21— z) —m2z —m3(1 - 2)

-1
871’\/]? J

+ (pHp” +p2g’“’)\/z(1 —z)—miz —m3(l — z)}, (D.32)

which can be solved with equations (D.88), (D.89) and (D.91).

Similarly we evaluate

2 2

/ 3k kHEY
2 [k +8)" = mt] [k~ §)" — ]

-1 _ - —— o+
= 8 ) A VT
T/ P -
1 php (—m1 _5 T2y mims — w — Z) arcsin /|

+ arcsin z

+ A(mq, ms) (p“p” +p2g‘“’) [2\/1 — 2|

a—

/ j } (D.33)
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Finally we need

/ B k“k:” / p / d3k krkv
zZ
(27m)3 k2 (k2 — M?) — M2(1 —2))?

— g

- /dz —M2(1 - 2)

0
v

127 ’
where formulas (D.11) and (D.10a) have been used.

(D.34)

D.3 Integrals and Schwinger parameterization

In order to solve the following integrals we use Schwinger parameterizatio:

b2
. / docio(keh) —ac. (D.35)
(k£8)" +ie /

where € > 0 is an arbitrary small parameter needed to regularize the integral
on the right hand side.

Furthermore, we have to solve some complex Gauss-integrals in n-dimen-
sional Minkowski space:

n—1
/dnkeiak2 _ 115)% dnke—(E—ia)kg—(6+ia)k2 _ _Lm (%) 2 7 (D36)
and therefore
/ d knemk? 0t (D.37)
(2m) (dima)?

Finally we need the following integral formula [35]:

R Y (AT
/dpp v =2(2)" K, (2va7). Royoo (D3
0

3The same method for solving non-planar graphs was used in e.g. [2].
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where the K, (z) are the modified Bessel functions. The only ones we need

are [35]
Q —Zz
Kii)o(2) = 1/56 and
K ajal2) = \/z§(23/2%—21/2)62. (D.39)
The first integral we want to calculate is

\ ;ﬂemkp
[t foo [ ] oo o (e

2

+ig <k _ 5) +inkp— (o + ﬁ)e]

T < )

— lg%niilo/da/dﬁ/ 3ep ila+ Bk
afp?

—Ha+ﬁ 4(Oé+ﬁ) (oz—l—ﬁ)] (D.40)

where the integral over k has been shifted to &' = k + # (Remember
pp = 0,,p"p” = 0 and n* = 1.) Making use of formula and taking the

limit € — 0 afterwards leads to

asp? ip’
/da/dﬁa—l—ﬁ 2exp{ 5 4(044‘5)} (D.41)

3
2

A factor 2 comes from the sum over 7 (since the integrand does not depend
on 7 any longer). Next, we make the following substitutions:

“= g_—@)ﬂ } — dadf=—""_dgdp (D.42)
B =g (€1 = &)p?)

Therefore we have

V= o

Oé—i-ﬁ: W, (D43)
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and the integral becomes

3/ / \/% {w—&(l;—j”ﬁ)ﬁ}. (D.44)

Now we can use formula (D.38) if we identify v = 1/2, 7 = —i+¢€, 0 =
45 (1-&p*p* +¢ and take the hmlt e — 0 after performing the integration

over p. Setting z(£) = /&(1 — &)p?p? yields

1

ﬁ/d&(é(l —)p?) 22 (%Z)W Kija(2), (D.45)

and considering (D.39) the result is
Z eznkp

A3k n==t1 e ()
3 D) 3 5 (D.46)
G R T
The next integral we need is
3 / &k (k+5)"emp
3 2 2
d @) (k4 5)" (k=5
r [ 0 [ &k 2
:zhmZ/da/dﬁ—/ 3exp{zoz k+ =
e—0 =1 / ayﬂ (271‘) < 2)
+if3 (k— —) +mk§—|—iy< ) OH—ﬁ)e}
y=0
d3 / Oéﬁp2
= zhm /da/ / exp [ (a+ B)K? +i——
nzil ayl‘ 3 a + ﬁ
ip’ (26p —np)y iy? ]
- + - — (a+ , D.47
0t T 2aws) Harm TV B4
y:
where k has been shifted according to k' = k + M. Now we use

2(a+p)
equation (D.37), take the limit ¢ — 0 and perform the differentiation with

respect to y, and arrive at

i (28p — np)* o fp? ip’
— Z /dao/dﬁWexp {Za—i—ﬁ_él(a—i—ﬁ)]' (D.48)
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The term proportional to n cancels out when writing out the sum, and making
the same substitutions (D.42) as before we get

1 o)
1-&p' [ if(l—f)pQﬁQ}
dpy| ———= ———=—1. (D.49

Finally, considering equations and (D.39) the result is

Z/ d3k k—i— ) etnkp B / 7Z(E. (D.50)
n=x1 (k_g 2 47T\/_

Next we calculate

Z/ d3kz k+ )" (k= £)" emhp
p

S %)2 (k—5)°
:Pl% Z /d&/dﬁa—%a% / <d3]§3 exp [za <k—|—§>2

+z’ﬁ(k—§) +z’nkﬁ+iy<k+§)+z‘z (k;—%’) —(a—i—ﬁ)e}

. &K n o0
_E%Z/d&/dﬁa—%a—%/< >3exp{(a—|—ﬁ)k2 a—i—ﬁ

y:z:(}

it (20p—np)y — Qap +up)z iy +2)°

RCE 2(a+ 5) a+p) (O‘”)E}

where k was shifted to k' = k 4+ C=DPEPIutz \ye yse equation (D.37), take
the limit ¢ — 0 and perform the dlf%erentlatlons with respect to z, and y,
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and get

ig"

[ 7 28p — np)" (2ap + mp)”
o 2 [ [P - w
X exp {z aﬁpQ — zfoﬁ _
a+p  Ala+p)]
i (7 afptp” PPy g™
4(z’7r)go/dao/dﬂ{(a+ﬁ)7/2 dla+B3)72  2(a+B)%2]
afBp? ip?
xexp[ 7 Naid)| (D.52)

having taken into account in the last step that the terms proportional to n
cancel out when writing out the sum. Making the substitutions (D.42) again

L R Y

vields
o [ [ [
—m} . (D.53)

—&)p’p

2 Mt ) 51
—5(1—5)(p2p52/92p ] exp [zl)— ol I

3
2

Using equations (D.38) and (D.39) finally leads to
) (k=) e
2
+5) (k-5

nzj;/ 27r
1
1 P’ pPgl 1’5“15” p
w/‘“ [f NG

0

p

d3k kE+2

)2
o—H(6)

(D.54)
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Following the same steps we also find

d3k k“k” inkp
nzztl/ (k - §)2
o — () prp” p'p” igh”
g/da/dﬁ[ A(a +5)7/2 B 4(a—|—ﬁ)7/2 B 2(04+ﬁ)5/2
0
X exp [ ofp” i }
+3 4o+ p)
1
_ -1 A 1 PP o)
[T ] e
prp” p2 1 2(€)
2 \/P <; + 1) . (D.55)

Finally, we need to calculate the integral
d3k e’”kp .
Z/ 3k;2 Z/da/ 3eXp za k —M2)+277kp]
—+1
> / d / s e K2 ina - P
=—i o xp |t a——
P 4o

n==x1
(D.56)

Using formula (D.37) and writing out the sum over 7 yields
(D.57)

with &' = k+ 2.
—1 _3 N ip?
daa™2exp | —itM o — —
4o

s ~2
T=iM?+¢eand o = = + € one can use formulas

N
4 (im)2 J

1 _
) - T
(D.38) and (D.39) to solve the remaining integral. Taking the limit € — 0

Identifying p = o, v =
dBk mkp exXp |:—Z'\/ M2]32:|

= . (D.58)

27/ p?

Z/ (2m) k2 —

n==+1

finally leads to
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Furthermore we need similar integrals including mass parameters for chapter
We start with

Z eiﬁkﬁ 1
/(d% ot /dgﬁ =© (D.50)

22" [k )" =] [(6—3)7 —mg] A7) ()

where now

26 =\l — &) — it — (1 - O PP and @3, = m?, /" (D.60)

This formula can be derived in the same way as (D.46) except that when
using formula (D.38]) one identifies

~ 2 ~ 2
TZ—i(l— ™ —@)Jre. (D.61)

Following the same steps as in the derivation of (D.50) but with (D.60) and
(D.61) we also find

d3k: (k + B)" einkp ! / (1-9\7P° —2()
> [ 2 : fz,]_ﬂ/d€ EGI
0

n==t1 2 mﬂ [(k_§> -m

(D.62)

Similarly to (D.55) we evaluate

d3k feH kY einhp
Y o Taro el [ =

n==+1 L —ml] [(k—5)2—m2}

—i 1 PP i PG g
~de [ dpJEA -9 (1- I
4(m)20/ 50/ aa 5)[( 45(1—£>> ’ g

NN

(p?)? PP | m2 o omd\  ig(l — Op
10 E o] (1= 2y %) 07

-5 [ [(5(1—6)—1> VP e S, P <1+z<s>>] e,

4) 2(¢) VPR ()Y
(D.63)

where z(€) is once more given by (D.60)).

84



The last of these integrals we need is

1
dk_k'k"em? 1 s .
Z/ 2 T (3] —E/dgl - T (+0)]
0

n==+1

(D.64)

with z(€) = /—M?2(1 — )p?. This result follows immediately from formula
(D.63) when setting ms = M, m; = p = 0 but keeping p # 0.

Finally we need further integrals for Chapter (4.3, the first of which is

Z/ dgk elnkp Z/da/ dgk’ —ak2+mkp
(27

n==+1
T 4
=1 [ dK° / danp—/O‘] (D.65)
—00 0

Since k2 = (k')2 + (k2)? includes only spacial components, we could this time
use the parameterization

o)

1 -
= / doe™ (D.66)

i2
0

which after completing the square in the exponent led to a 2-dimensional
Gauss-integral (remember p° = 0). The remaining integrals over £° and the
parameter o do not converge.

The next integral is

Bk ktE ek Bk 0 0 7o~
_ dad —(a+B)k*+inkp—ik
Z/ )P ks Z/ “ 5/ 2w38yu(9yy6

(D.67)

Completing the square, the exponent becomes

+ )

4la+p)  2a+pB)  4la+p)
where the sum over ¢ = 1,2 is to be taken. This leads to a 2-dimensional
Gauss-integral. Performing the differentiations and taking the limit y — 0

85



produces

/mw/ﬁ(iﬁnuﬁ%Jumﬁﬂ-<m&

The substitution

g - ?f_ o } — dadB = MEd) | (D.69)
leads to
0 “+oc0o
K0 (T
/ 0\ / - (% . )eXp /4], (D.70)

and the result is

Bk krkveinkh 1 o [ PP 1 —
Z/ S :47r2/dk 15‘2+/ o P P/

n==+1

—0o0 0

(D.71)

where the substitution \' = p has been used for integration in the first term.
The remaining integrals d1verge once more.
Finally, we evaluate the similar (dimensionally regularized) 1ntegra

/ d"k k* (k+p/2)”
(2m)" pa (E + ;7/2)2 = ﬁ/2>2

&k 9 9 L2
/dadﬁ/ e p[—a(k—l—p/2>

—ﬁ(i%’—pm) —;7/2—5(/2+ﬁ/2)]

y:z:O

d'k 9 0 =
/dadﬁ/ 8% exp [— (a+ B)k

afp?  ((a—P)yJ—280)F (§+2)
@+9 " 20th) T datp)

. (D.72)

y=2z=0

4Remember k# = —0? (0, E) as defined in (4.29Db).
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with &' = k + %. Performing the Gauss-integration and the differ-
entiations with respect to y and z yields

d° [ 7 [BB—a)pp I s
[y e [~ e

2(a+ 0)
a7 N |
—_ | = a2\ -5 p'p e I
/QHy!@Z%wlgm) h—aﬁp+2}pe’
(D.73)

where substitutions (D.42) and the shift £ — (1 — &) have been used. Con-
sidering the definition of the Gamma-function®

[e.9]

['(x) = / t" e tdt, (D.74)

0

this expression becomes

52) 2 -1p"p" (5-n\  <un(3-n
- oo [ OB [ () e (352)]

2
(D.75)
and evaluating the remaining parameter integral with formula [35]
i ()
0
B(z,y) = —2— — [ gy==1(1 — 1) N D.76
(@:9) x—i—y / Ry) >0 (D70
0
yields
/ d"k k (k+p/2)"
n S 7, 2
(2m)" ga (F+572) (F-52)
2T 3-n n-1
_ (p)n+1/dk0 pp i,ul/ (2)( (2))7 (D??)
oontlp p? (n—1)

where the property I'(z + 1) = z['(z) has been used in several places to
simplify the resulting expression.

Ssee e.g. Bronstein [34]
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D.4 Special integrals

/ x(?__x) - (D.78a)

/\/x(l —z)dx = g, (D.78b)

0
1 1
x l—o2  ,
/,/1_xdx /\/ p dx 5 (D.78¢)
0 0
proof:

The first of these three integrals can be easily verified using the substitution
y = (2o — 1) which leads to

+1
=T (D.79)

-1

1 1
/ dx / dy .

——— = | ——— = arcsinzx
) Va(l —z) . V1—v?
The same substitution in equation (D.78b) yields

1
+1 / —?
- J 4T y?
(D.80)

where partial integration has been used. Obviously, the boundary term is
zero and one finds

1 1

1 1
/\/x(l—x)dx:/zx/l—dey:Zy 1—192
0 1

1 1 1 1
/—\/l—dey:— “V1—2dy+ - | —. (D.81)
4 4 4 1
1

The left hand side-integral appears again on the right hand side and therefore
this equation can be rewritten as

1
+1/ 1 o
8| 1—u2 8
—1 1 Yy

where the remaining integral has been solved by recalling equation (D.79).

(D.82)

1
1
~/1—2dy =
/4 y-ay
-1

88



Finally, formula (D.78c¢) is again proved by substituting y = (2x — 1):

1
y+1 1 m

\/ ——dy = —. D.83

/ /2 2 1—y2y 2 ( )

The term proportional to y in the numerator of the integrand does not con-
tribute to the result since an uneven function is integrated over a symmetric
interval.

Our next integral is

dz

V21— z) —miz —mi(1 - 2)

= arcsina; — arcsina_, (D.84)

with I
+1+m? —m3

V(L= i + m3)* — 43

which follows from making the substitution

, (D.85)

a4+ —

o 2z — (1 —m?2 +m3) | (D.56)

V(U= i 4+ )? - 4

leading to

= arcsina, — arcsina_. (D.87)

/ dz'
V1—2"?
In the same way one can show that

1

11—z
\/z 1—2)—miz—m3(1—2)
——— a1 SOPRPS e
:\/QA(ml,mg)\/l—z2 +§(1+m1—m2)arcsmz : (D.88)
and
1
2
\/z 1—2)—miz—m3(l—2)
— ar 1 ~9  ~9 L |e+
:_\/2A(m1,m2)\/1—22 +§(1—m1—|—m2)arcsmz , (D.89)
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with

A(fin, fitg) = [(1 — w2+ m2)’ - 47%3] . (D.90)

1
8

Finally we need

jdz\/z(l _2) — 2e — m2(1 - 2)

= (i, o) [ 2/T = 22 "

a—

j (D.91)

+ arcsin z

Making the same substitution as before we get

/dz\/z(l — 2) —m2z — m3(1 — z) = 2A(My, ) [dz’m. (D.92)

a—

Using partial integration we find

at
/dz'\/l — 2?2 =2V1 - 22

a—

at

a4 a4
1
+ /dz’— — [ dZV1—22, (D.93)
a_ /1 _ Z/2 /

and inserting this equation into yields the result :
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