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Kurzfassung

In der folgenden Arbeit untersuchen wir zwei spezielle parabolische Kreuzdif-
fusionsmodelle, mit Bezug zur Biologie, der Form

¢t —div(A(c)Ve) =r(c), z€Q, t>0,
wobei ¢ := (c1,...,cn) " eine vektorwertige Funktion mit Werten in [0, 1]%,
N > 2, ist, Q C R? ein beschrinktes Gebiet fiir 1 < d < 3 bezeichnet und
A(c) bzw. r(c) die Diffusionsmatrix bzw. die Produktionsterme des Systems
beschreiben. Die Funktionen ¢; stellen dabei bestimmte Anteile der i-ten Kom-
ponente einer Mischung bestehend aus (N +1) Komponenten (Fluide) dar. Als
Besonderheit unserer Systeme sei zu nennen, dass die (N + 1)-te Komponente
in den Gleichungen nie explizit, sondern immer nur implizit, durch die anderen
N Anteile ausgedriickt, vorkommt.

Aus biologischer bzw. physikalisch-chemischer Sicht sind Kreuzdiffusionsmod-
elle von Bedeutung, da sie im Gegensatz zu klassischen Diffusionsmodellen
die Interaktionen der Populationen bzw. der chemischen Komponenten in
einem Mehrkomponentensystem miteinbeziehen, was bei der Modellierung zu
zusatzlichen Eintragen in der Diffusionsmatrix abseits der Hauptdiagonale
fiihrt. Wir nennen daher ein System der obigen Gestalt, vereinfacht gesagt, ein
Kreuzdiffusionssystem, wenn die Diffusionsmatrix A keine Diagonalmatrix ist.
In den von uns betrachteten Modellen besteht A aus nichtlinearen Koeffizien-
ten, die abhéngig von ¢ und ungleich 0 sind, sodass eine strenge Kopplung der
Systemgleichungen vorliegt.

Die Analyse nichtlinearer Kreuzdiffusionsmodelle ist Gegenstand neuerer Un-
tersuchungen. Oft wird dabei der Spezialfall N = 2 oder der Fall, dass die
Diffusionsmatrix eine Dreiecksmatrix ist, betrachtet. Die Herausforderung
in der Existenzanalyse solcher Systeme besteht darin, dass im Allgemeinen
weder Standardresultate noch Maximumprinzipien zur Verfiigung stehen, was
wiinschenswert wére, um a priori Abschétzungen sowie die Beschrénktheit
bzw. die Nichtnegativitat der Losungen zu zeigen. Eine weitere Schwierigkeit
in den von uns betrachteten Kreuzdiffusionssystemen ist, dass die Diffusion-
smatrizen A weder symmetrisch noch positiv semidefinit sind, sodass es uns
nicht méglich ist, zumindest die lokale Existenz von Loésungen aus Standard-
resultaten zu folgern.



Trotz dieser Schwierigkeiten kénnen wir unter geeigneten Anfangsbedingungen
und homogenen Neumann-Randbedingungen die globale Existenz beschrank-
ter schwacher Losungen der entsprechenden Anfangsrandwertprobleme be-
weisen. Dazu bedienen wir uns der Entropiemethoden. Genauer gesagt fiihren
wir mittels einer geeigneten Variablentransformation sogenannte Entropievari-
ablen ein, die die Beschranktheit und Nichtnegativitat unserer Losungen garan-
tieren, womit wir die Notwendigkeit eines Maximumprinzips umgehen. Ferner
beobachten wir, dass unser System ein spezielles Funktional besitzt, das wir
Entropie nennen, welches zur Herleitung von a priori Abschétzungen dient.

Wir wenden diese Methoden im ersten Teil der Arbeit auf ein 2 x 2-Tumorwachs-
tumsmodell in einer Raumdimension an, das in [49] hergeleitet worden ist und
welches durch die Volumenanteile von Tumorzellen und extrazellularer Ma-
trix beschrieben wird. Es stellt sich heraus, dass die Existenz einer Losung
fir Werte der Druckkonstante 6 kleiner einer explizit berechneten Schranke
gezeigt werden kann. Wie numerische Resultate vermuten lassen, kénnen un-
sere Methoden fiir allgemeine # nicht verwendet werden.

Im zweiten Teil der Dissertation widmen wir uns Maxwell-Stefan Systemen,
die Kreuzdiffusionssysteme fiur beliebiges N darstellen und den Diffusion-
sprozess in Mehrkomponentengasmischungen mittels der Stoffmengenanteile
der jeweiligen Komponenten zum Beispiel in der Lunge entsprechend model-
lieren. Wir erweitern die Beweisidee des Tumorwachstumsmodelles auf das
N-Komponentensystem. Eine zusétzliche Schwierigkeit hierbei ist, dass die
Diffusionsmatrix nicht explizit gegeben ist und nicht klar ist, ob sie existiert.
Durch Kombination unserer Methoden mit den Resultaten aus [I5], wo Aus-
sagen iiber das Spektrum einer mit A in Verbindung stehenden Matrix gemacht
werden, unter Verwendung der Perron-Frobenius Theorie fiir quasipositive, ir-
reduzible Matrizen, kénnen wir die Existenz von schwachen Losungen dennoch
beweisen.

SchlieBlich zeigen wir, unter Verwendung der relativen Entropie, dass diese
Losungen fiir den Fall, dass die Produktionsterme gleich 0 sind, exponentiell
gegen ihren homogenen Gleichgewichtszustand konvergieren.
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Chapter 1

Introduction

The following thesis is dedicated to parabolic cross-diffusion systems of the
form

¢t —div(A(c)Ve) =r(c), (1.1)

T is a vector-valued function consisting of N > 2 real

where ¢ := (c1,...,cN)
functions

Ci:QT—>[0,1], 1=1,...,N,

being defined on Qr := (0,00) x Q, where Q@ C R? d € {1,2,3}, is a
bounded domain whose boundary 92 is (at least) of class C%!, A(c) :=
(aij(c))ij=1,.,n denotes an N x N-matrix being called diffusion matriz and

r(c) := (ri(c),...,rn(c))" is a vector whose entries are—such as those of
A(c)—real functions depending on ¢ representing production terms. For ¢ =
1,..., N the function ¢; denotes a dimensionless quantity, that is a certain

fraction of the i*" component in a mixture consisting of N + 1 components
(fluids). Assuming that these fractions describe the mixture completely the
fraction of the (N +1)%' component in the mixture can be defined by the other

functions as
N

eny1 =1 — ch. (1.2)

k=1

Furthermore, system ([1.1]) is equipped with the initial conditions
ci(0,.)=¢ forzeQ, i=1,...,N, (1.3)

where ¢, ..., c% are real measurable functions defined on {2, satisfying

N
C?ZO, chgl Ag — a.c.
i=1

as well as with homogeneous Neumann boundary conditions
Ve -v=0 on 90, t>0, i=1,...,N, (1.4)

1



2 CHAPTER 1. INTRODUCTION
where v := (v1,...,v4)" is the exterior unit normal vector on JQ existing
almost everywhere and \; denotes the d-dimensional Lebesgue measure. We

choose this kind of boundary conditions since we want our systems to be iso-
lated.

In this work we use the following notation. The partial derivative of a vector
function with respect to time or space is defined component-by-component.
Furthermore, the gradient of a scalar function ¢; is regarded as the column

vector Ve; := ((¢i)ay,---,(¢i)z,)" while the gradient of a vector function

Ve = (%)1217_“71\[7]-:1““@ is defined as an N x d-matrix. The divergence
J

of an N x d-matrix is considered as vector whose i*" component, i = 1,..., N,

is equal to the divergence of the i*" row of the matrix.

We call a cross-diffusion system iff the diffusion matrix A is no diagonal
matrix, i.e. there exists at least one (4,7) € {1,...,N}? i # j, so that a;; # 0
under the assumption that a;; # 0. These off-diagonal elements are called
cross-diffusion terms.

In the problems that we are dealing with A is a full matrix, i.e. a;j(c) # 0 for
all (i,7) € {1,..., N}?, being furthermore non-linear coefficients, so that
represents a quasilinear second-order system in divergence form consisting of
N strongly or fully coupled equations because of the coupling in A¢; and Ve
fori=1,...,N.

In order to motivate cross-diffusion from the physico-chemical or biological
point of view we consider systems of reaction-diffusion equations. Following
[74] and [16] diffusion is a time-dependent process and can be described as
the intermingling of the atoms or molecules of more than one species resulting
from the random motions of the individual molecules that spread in space.
Here, species refers to the chemical component in a binary or multicomponent
mixture. Instead of defining the diffusion process for chemical components we
can describe it for more general groups of particles such as cells, chemicals,
bacteria or the individuals of a population. In all situations we speak of dif-
fusion if the group of particles distributes as a whole in spite of the irregular
movements of the individual particles [60], [64].

Let us consider a system consisting of N > 2 particle groups and let w;(t,z) €
R be the density or concentration of the i*" group being a function of time and
space, where t > 0 and z is an element of an adequate domain of R?, d > 1.
Then, according to [60], the conservation equation for the i*t component says
that the rate of change with respect to time of u; results from the motion and
the production of the i*" component, i.e.

(ui)e + div(J;) = Ri(t,z,u), i=1,...,N, (1.5)

where u := (u1,...,un)", the d-dimensional vector J;(t, ) denotes the flux



and the real function R; the production term, also called reaction term, of the
i*" component. For u; describing the molar concentration of the i species in
a binary or multicomponent mixture the production of the i*t component is
given by chemical reactions, whereas R; represents the birth-death process if
u; is considered to be a population density. Since the production of a compo-
nent is influenced by the other components as well in general, the functions
R; depend on u. Assuming that the flux J; is diffusive only and that it is
proportional to the gradient of w; for ¢ = 1,..., N by generalising Fick’s first
law of diffusion (see chapter [3[ for details) we obtain

Ji:—Di'VUi,iZI,...,N, (1.6)

where D; > 0 is called the diffusion coefficient or the diffusivity of the "
component. Usually, the diffusivities are supposed to be constant although it
is more realistic to model them as functions depending on w. Thus, we can

write (1.5]) as
(ui)e —div(D; - Vu;) = R;, i=1,...,N,

ie.

u — div(D - Vu) = R,
where D := diag(Di,...,Dy) denotes the diagonal matrix whose diagonal
entries are the diffusivities and R := (Ry,...,Ry)". A system of this form is

called a reaction-diffusion-system.

Although modelling the diffusion flux J; as above is sufficient in many situ-
ations, this approach does not include cross-effects, i.e. the influence of the
other components on the flux of the i particle group is ignored. In other
words, cross-diffusion, described in [79] as the phenomenon, where the flux of
a chemical component in a mixture is induced by the concentration gradient of
another species, is neglected, while it occurs in fact in reality as experiments
show. In chapter [3] we will deal with cross-diffusion effects in multicomponent
gas mixtures and refer to [79] for experiments illustrating the importance of
cross-diffusion in chemistry. Furthermore, cross-diffusion does also play an
important role in biology which seems to be plausible if we think for example
of interacting populations and their dynamics. It is clear that the presence
or distribution of one population can affect the motion of the individuals of
all other groups. A well-known cross-diffusion system in this context is the
population model developed by Shigesada, Kawasaki and Teramoto [70]. Let
us first consider the Lotka-Volterra competition model with diffusion

ul ST D1 0 . T . ul(al — b1u1 — C1U2)
(uz)t div <( 0 D2> V(Uh u2) > o <UQ((12 — bzul — CQUQ)

=:R

described in [57]. It can be regarded as an extension of the classical Lotka-
Volterra predator-prey model since two populations of competing animal spe-
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cies, instead of a predator and a prey population, described in the equations
by the population densities u;(t,x) and wug(t,z), are considered not only in
time but also in space. Thus, the spatial distribution of the individuals can
be taken into account leading to diffusion terms, where the positive constants
D;, i = 1,2, denote diffusion coefficients as before. The coefficients appear-
ing in the production term R are all positive constants, where a; represents
the growth rate of population 7 = 1,2, b1, co can be regarded as coefficients of
intraspecific competition, leading to the terms —blu% as well as —CQU%, appear-
ing in contrast to the classical model on the right hand side of the equations,
modelling intraspecific competition and bs, c; denote the coefficients of inter-
specific competition. Analogously, the interpecific competition is given by the
terms —cjujug and —bouqus.

The above system has been generalised by Shigesada, Kawasaki and Teramoto
by taking into consideration the interactions of the populations not only in the
production term but also in their spatial distribution leading to a spatial seg-
regation of the species [70]. In other words, they assume that the individuals
of two competing similar animal species move, amongst others, due to the mu-
tual intraspecific and interspecific interference between the individuals. Let
us cite the system

(ul)t = div(D1Vu1 + OZHV(’LL1)2 + 0112V(U1UQ)) + ul(al — b1U1 — 61U2)
(1.7)

(U2)t = diV(DQVUQ + Oé21V(U1’lL2) + OQQV(UQ)2) + U2(a2 — byug — CQUQ)
(1.8)

as a special case of the Shigesada-Kawasaki-Teramoto model extended to
higher space dimensions being considered for instance in [23] or [57]. Here
we use the same notation as for the Lotka-Volterra competition model. The
coefficients oy; for 4,7 = 1,2 are non-negative constants, where a1 as well as
a9o are called self-diffusion coefficients and a9 as well as o1 denote cross-
diffusion coefficients. Writing these equations in a different form, we obtain
the following cross-diffusion system

e _ (ui(ar — brur — cruz)
Ut le(A(U)VU) - <u2(a2 — b2u1 — CQUQ)) ’

where u := (u1,u2)" and

Afu) == D1+ 2011u1 + agus Q12U
’ 091U Ds + ag1ut + 2ai2us

is the diffusion matrix, showing that the interaction between the two popu-
lations leads to cross-diffusion terms as off-diagonal elements and—compared
to the Lotka-Volterra competition model—to more general diagonal elements
depending on %1 and us in the diffusion matrix.



Another phenomenon where cross-diffusion appears in biology is that of chemo-
taxis describing the situation in which cells move towards or away from chem-
ical species being higher concentrated in a directed way [79]. Therefore, the
motion of the cells is influenced by a chemical substance. This behaviour can
be described by the Keller-Segel chemotaxis model of the form

(2)-= (3 57 )-8

that can be found in [47], where z denotes a non-negative constant, u; repre-
sents the cell density and the concentration of the chemical species is given by
ug. Again, u := (uq, ug)T, D; are positive diffusivities and R; the production
terms for ¢ = 1,2. The term x(u)u;Vug , where the non-negative function
x is called chemotactic sensitivity function, measuring the sensitivity of the
cells to the chemical species, shows that the cells will move towards higher
concentration of the chemical substance and that this effect will be increased
by the number of cells being present. Hence, the cells move due to diffusion
in the classical sense and due to the flux caused by the chemical species.

Further examples of cross-diffusion systems arising in life science are for exam-
ple cancer models of certain brain tumours [60] or the tumour growth model
developed by Jackson and Byrne [49] that we will deal with in chapter [2|lead-
ing in all cases to cross-diffusion terms in the diffusion matrix.

The aim of this work is to analyse particular initial-boundary-value problems
of the form f and to prove the global-in-time existence of bounded
weak solutions. The first model of interest is a 2 X 2-cross-diffusion system
for the volume fractions of tumour cells and extracellular matrix in one space
dimension representing a special tumour growth model. For details we refer
to chapter [2 In chapter |3 we extend our existence analysis to N x N-cross-
diffusion systems for 1 < d < 3, i.e. we investigate Maxwell-Stefan systems
for N > 2 mole fractions describing the diffusion process in multicomponent
gas mixtures such as in the lung.

Generally, non-linear cross-diffusion models have been investigated only in re-
cent years. Most frequently the systems consist of two equations and often
the special case of the diffusion matrix being a triangular matrix is considered
(see [20] for references). Further references concerning cross-diffusion systems
with full diffusion matrix or systems consisting of 3 or more equations can
be found in [61] and [20]. The challenge of proving the existence of solutions
to such systems is due to the lack of standard tools that can be employed.
In fact, there is no general maximum or minimum principle available used in
the case of single equations for deriving a priori estimates as well as for prov-
ing the non-negativity or boundedness of the solutions, being reasonable from
the biological or physical point of view since they usually represent fractions,
densities or concentrations. Moreover, in both cross-diffusion systems that we
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will deal with in the following chapters the diffusion matrix A is neither sym-
metric nor positive (semi-)definite such that even the local-in-time existence
of solutions does not follow from standard results.

Amann has considered general quasilinear parabolic systems of second order
and has proven the local existence of unique classical solutions. In [4] he im-
proves this result and derives sufficient conditions for the solutions to such
systems to exist globally in time. The question if a given local solution exists
globally is reduced to the problem of finding a priori estimates in suitable
Sobolev spaces.

In order to overcome the difficulties mentioned above we will choose an ap-
proach that has been developed amongst others in [39], [25], [24] or [47] for
2 X 2-systems arising in granular material modelling, population dynamics,
semiconductor theory or cell biology to treat cross-diffusion systems whose
diffusion matrix is full and may be neither symmetric nor positive definite.
In [26] and [2§] this method has also been applied to thermodynamic models
consisting of N equations.

The idea is to exploit the entropy structure of the model. More precisely,
so-called entropy variables are introduced guaranteeing that the solutions be-
come non-negative respectively bounded so that the maximum principle can
be circumvented. Writing the system in terms of these new variables, a new
diffusion matrix is obtained possessing properties that are essential for the
existence proof. Furthermore, it is observed that the models possess a func-
tional allowing for the derivation of a priori estimates that we will call an
entropy because of its relation to the physical entropy that can be described,
roughly speaking, as a kind of measure of disorder in a thermodynamical sys-
tem. The entropy functionals that we use in our proofs can be regarded as
generalisation of the Boltzmann entropy (see [52] for details) and describe in
fact the negative entropy of the system. From the mathematical point of view
an entropy, denoted by E, can be regarded as a specific functional defined for
appropriate solutions to the corresponding problem for ¢ > 0 that describes a
Lyapunov-functional. In other words in our case F is defined for appropriate
solutions ¢ := (cq,...,cn) " to f for t > 0 and satisfies Boltzmann’s
H-theorem, i.e.
%E(c(t)) <0, t>0.

We remark that the definition of an entropy is not consistent in literature.
In [51] or [50] a possible definition can be found. Furthermore, we refer to
these two lecture notes for a motivation of entropy-dissipation methods and
their historical development. For a given entropy and appropriate solutions

we define
E,(c(t)) :== _dE(dct(t))’ t>0



as entropy dissipation or entropy production. The integrand of the correspond-
ing integral is called entropy production density and denoted by p. This den-
sity is used for the numerical experiments in section (2.4). The pair (E, E})
is called an entropy-entropy dissipation pair. According to this, a relation
between an entropy functional and its entropy dissipation in the form of an
inequality is called an entropy-dissipation inequality.

In [27] it has been shown that the existence of an entropy functional is equiv-
alent to the existence of a symmetric formulation of the system, that is to
a system written in entropy variables whose diffusion matrix is symmetric
and positive definite. Indeed, this has also been observed in [25], where the
Shigesada-Kawasaki-Teramoto population model f is considered by
assuming that ajs = ag; = 1 and including an additional environmental po-
tential (see [25] and [70]). The entropy considered for this model has the
form

E(u) := /(ul(ln up — 1)+ 1) 4 (ug(Inug — 1) + 1)d Ny
Q

for ¢t > 0, where 2 is a bounded domain of dimension d < 3. Using the variable
transformation

where the functions w;, ¢ = 1,2, are called entropy variables the positivity of
the population densities is obtained due to the exponential function for appro-
priate functions w;. It can be shown that the diffusion matrix of the system
considered in these new variables is both symmetric and positive definite.

Generally, we cannot expect symmetry or positive definiteness of the new dif-
fusion matrix. In [39], for example, where a cross-diffusion model describing
the mixture of two granular materials in a rotating drum is investigated the
transformed diffusion matrix is positive semi-definite but not symmetric. In
this special model one of the solution functions is assumed to possess val-
ues in [—1,1] influencing the choice of the variable transformation of course.
Although the diffusion matrix of the transformed system is at least positive
semi-definite in the cited papers [39], [25], [24] and [47] this does not hold true
anymore for all parameters in the tumour growth model that we will investi-
gate.

Let us now come to the two cross-diffusion systems that we will deal with in
chapter [2[ and [3| and that have been investigated in [53] and [54]. In order to
prove the existence of solutions we introduce (in both cases) the logarithmic
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entropy

E(c) == / h(c)dAg (1.9)

N N N N
;:/ (Z ci(lne; — 1)+ (1= c)(In(l =D cx) — 1)) d)g,
Q =1 k=1 k=1

where h(c) denotes the entropy density, which is the sum of the logarithmic
entropies of all components. It is defined for all ¢; > 0,7 = 1,..., N, satis-
fying Zf\il ¢; < 1. Notice that the (N + 1)%* component of the mixture does
also appear in the functional but only implicitly expressed by the other N
functions. As formal calculations in chapter 2| (under the assumption that the
production terms vanish) and |3| show describes a Lyapunov-functional
to the corresponding problems. The choice of a logarithmic entropy turns out
to be convenient as it leads to a variable transformation that guarantees the
positivity and boundedness of solutions. Let us define the entropy variables

oh &
wij=—=In(——), i=1,...,N, (1.10)
dc; CN+1
derived formally as the partial derivatives of h with respect to the functions
¢, 1=1,...,N. Inversely, this relation can be written as
eV
ci(w):1+ew1+---+ew1\f’ i=1,...,N, (1.11)
where w := (wy,...,wy)", leading automatically to positive fractions ¢; for
1 =1,..., N satisfying Zfil ¢; < 1 which implies that c¢y4+1 > 0 if the func-
tions w;, ¢ = 1,..., N, take finite values or are bounded. Assuming that all
second order partial derivatives of h with respect to ci,...,cy exist, we can

define its Hessian H(c) as

Hiy(e) =14+ -1 i=1,...,N,
H(c) := HZ( ) e N (1.12)
z(c)_ cNt1’ ) =L 727&']
In case that H(c) is invertible its inverse is given by
H ') =c¢(1-¢), i=1,...,N
H ' e)=1¢ 1 ' R 1.13
(c) { Hijl(c) = —cicj, i,j=1,...,N,i#j ( )

Because of the variable transformation ((1.10) and the definition of ¢y (1.2)
a formal calculation shows that

H™(¢)-Vw = Ve
so that in terms of the variables wy, ..., wy system (1.1)) can be written as

(c(w))s — div(B(w) - Vw) = r(c(w)), (1.14)



where
w; 1 Qr — R,

c(w) :== (cr(w),...,ex (W), rlc(w)) := (ri(c(w)),...,rn(c(w))) " and
B(w) := A(c(w)) - H ! (¢(w))

is the diffusion matrix of the transformed system. Thus, (1.14]) can be inter-

preted as a parabolic system in the variables w1, ..., wy, where c1,...,cy are
functions of wq,...,wy. Its initial respectively boundary conditions are
9
w;(0,.) =In | -~ forxef, i=1,...,N, (1.15)
CN+1
respectively
Vw;-v=0 on 90Q,t>0, i=1,...,N, (1.16)

resulting from |} and |} where c?v =1= Zfil c?. The initial condi-
tions only make sense for ¢; > 0 A\g-a.e., i =1,...,N + 1, of course.

We notice that a related 2 x 2-cross-diffusion model has been analysed in [20]
that describes diffusion of two particles by taking account of size exclusion.
It features an entropy functional that is similar to and, consequently,
the same entropy variables for N = 2. The diffusion matrix in [20]
in the entropy variable formulation is diagonal which simplifies the analysis.
However, this is not the case in our systems.

Let us outline the most important steps for proving the existence of bounded
weak solutions to the tumour growth model and Maxwell-Stefan systems. The
idea of the existence proof is similar for both considered cross-diffusion sys-
tems. For details we refer to section 2.3 and section [3.4

First of all, we assume that there exists n € (0, 1) so that
c? >n ae, t=1,....,N+1.

Thus, for i = 1,..., N w;(0,.) is well-defined a.e. and an element of L>(Q).
Next, we consider the initial-boundary cross-diffusion system after the (formal)
change of variables f and discretise it in time by the implicit Euler
scheme with time parameter 7 := T'/m, where (0,7"), T > 0, denotes a fixed
time interval being divided into m subintervals. We want to show the existence
of semi-discrete weak solutions to the resulting sequence of non-linear elliptic
equations, using the Lax-Milgram lemma as well as the Leray-Schauder fixed
point theorem. In chapter [2| we try to solve the time-discrete problems in the
space H'(Q). As we consider the tumour growth model in one space dimension
only, the embedding H'(2) — L*(Q) is compact which is needed for the
Leray-Schauder theorem. For the Maxwell-Stefan systems we have assumed
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that 1 < d < 3. Therefore, we consider the space H?(f2) instead in order to
guarantee the compact embedding of the Sobolev space into L*°(£2). Due to
this embedding we can further apply the chain rule to the weak derivatives
when deriving the discrete entropy inequality. In order to apply the Lax-
Milgram lemma we add the elliptic operator —e((w1)zz — w1, (W2)ze —w2) " to
the time-discrete tumour growth model to show the coercivity of the elliptic
system in the entropy variables (wq,ws). As we require more regularity in the
semi-discrete Maxwell-Stefan system (as we consider the space H?({2) instead
of H'(Q)) we add the fourth-order operator e¢(A%w + w) to that model. In
both cases € denotes a fixed but arbitrary positive parameter. Furthermore, in
chapter [3| we need more regularity on the boundary of 2 in order to show that
the corresponding bilinear form is coercive and the discrete entropy variables
have to satisfy homogeneous boundary conditions. That is the reason why we
introduce the space V. In both models, the coefficients of the matrix B are
elements of L>°(2) so that the weak formulation of the time-discrete problem is
well-defined. We remark that the transformed diffusion matrix B(w*), where
wk denotes the approximation of w at time step k (k=0,...,m), is symmetric
and positive definite a.e. due to the variable transformation in the Maxwell-
Stefan system and positive definite a.e. for special parameter values for  (more
precisely for § < 4/4/3) in the tumour growth model, which is also needed
to show coercivity. Thus, we can prove that semi-discrete solutions exist.
The next step is the derivation of the discrete entropy inequality. For that
purpose, we consider h as a function of the time-discrete solution at time step
k, (ch,..., cﬂ“v), and try to find a relation between its discrete time derivative
and the discrete entropy production. Of course, the inequality also contains
e-terms. As the production terms can easily be estimated the difficulty of
deriving the entropy inequality is the estimation of the term

Vu® : B(w®)VuwF, (1.17)

uniformly in w”, where “” denotes the Hilbert-Schmidt inner product. Re-
calling the above variable transformation this expression can be formulated in
terms of the diffusion matrix A. For the tumour growth model we obtain

Vu® : B(w®)Vu > K, / ()2 + (ch)2dNg,
Q

where Ky > 0 depends on the parameters 8 and 3. The challenge of deriving
the discrete entropy inequality in the case of Maxwell-Stefan systems is due
to the fact that it is not clear whether the diffusion matrix A exists and that
it is not given explicitly. Thanks to the variable transformation we obtain
¥ € (0,1) ae. fori =1,...,N + 1. In that case we know that A exists
a.e. and information concerning the spectrum of a matrix that is related to A
is available using Perron-Frobenius theory. Using this information it can be
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shown that (1.17]) is greater that or equal to

N+1

5 [ 2t
Q i=1

where A depends only on the parameters in the diffusion matrix A, yielding

H'-bounds for \/cf. Solving the discrete entropy inequality recursively and

using the fact that the piecewise constant functions in time, denoted as CET)

for ¢ = 1,..., N, depending on ¢,7 and 7, are bounded a.e. by 1, we can
derive a priori estimates for CZ(T). These estimates are independent of 7,7 and
€ which allows us to pass to the limit 7 — 0, ¢ — 0 using weak compactness
methods. Finally, we can pass to the limit n — 0 and obtain weak solutions
¢ € L2 (0,00; H(Q)) for i = 1,..., N that satisfy 0 < ¢; < 1 a.e. as we lose
the strict inequalities in the limit.

Moreover, we have a look at the long-time behaviour of solutions to the
Maxwell-Stefan systems for vanishing production rates in section As-
suming that
min ||C?||L1(Q) >0

+1

i=1,...,
the constants ¢ for i = 1,..., N defined as
_ 1 .
&) = )\d(Q)/cgd)\d, i=1,...,N+1 (1.18)
Q

are steady state solutions of the corresponding cross-diffusion system. We are
able to prove that the solutions for the Maxwell-Stefan systems for vanishing
right-hand side, whose existence can be shown as we have seen above, converge
exponentially fast to this stationary state. For this, we introduce the relative
entropy

N+1
E*(c) =) /ci In %dAd (1.19)
=1 Q ?

defined for ¢; > 0,i=1,..., N +1. We remark that the choice of the relative
entropy functional seems to be plausible as we know that the entropy increases
(decreases in our case) with time in a closed thermodynamical system and that
its maximum (minimum) is reached for stationary solutions [52]. The relative
entropy is non-negative and it is minimized by the steady state solu-
tions (2),...,e% +1)T. The Csiszar-Kullback inequality bounds the L!-norm
of (ci(t,.)—2Y), t > 0, in terms of the discrete relative entropy. More precisely,
again, we assume that the initial data are greater that or equal to n € (0,1)
and consider the time discrete system as in the existence proof. The difficulty
of this proof is that the approximate solutions cf do not conserve the L'-norm
because of the presence of the regularising e-terms and we need to derive ap-
propriate bounds leading to additional v-terms. The proof is based further
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on the discrete entropy-dissipation inequality and the logarithmic Sobolev in-
equality, which links the discrete entropy dissipation to the discrete relative
entropy as well as on the Csiszar-Kullback inequality that we use after passing
to the limit €, 7,v,7 — 0.

In chapter [2.4] we present some numerical results concerning the tumour growth
model. For an introduction and a derivation of this model respectively of the
Maxwell-Stefan systems we refer to section [2.1] and [2.2| respectively to section
and In section we derive some properties of diffusion matrices
being essential for the existence proof of the Maxwell-Stefan systems. General
results from matrix analysis that we need in this section are summarised in
appendix [A] Finally, we outline some open problems in chapter [4 that might
be interesting to investigate with regard to future research.



Chapter 2

Entropy Structure of a

Cross-Diffusion Tumour
Growth Model

2.1 Introduction

In the last years the number of people suffering from cancer, being the most
common fatal disease apart from cardiovascular diseases in the industrial na-
tions [12], has been increasing so that today tumour research is of great interest
not only in medicine but also in mathematics where tumour models are devel-
oped and analysed. Tumours can appear in every part of the body and their
behaviour and formation are quite different and not totally clear up to now.
The mathematical modelling and simulation of tumour growth may provide
biologists with complementary insight into the chemical and biological mech-
anisms that influence the development of tumours and can therefore help to
understand these processes.

A tumour or neoplasm is by definition an abnormal mass of tissue resulting
from the progeny of abnormal cells produced naturally in the body, being
called tumour cells. For this process regulatory disorders of genes particularly
controlling the proliferation (growth, progeny), the apoptosis (programmed
cell death) and the cell differentiation (development of various cell types hav-
ing specialised functions and a special morphology) of cells are responsible [9],
[75].

Today we act on the assumption that tumour growth comes from transformed
somatic cells that are able to divide. Proliferation of these tumour cells leads
to a cluster of cells that becomes heterogeneous as a result of differentiation as
well as of mutations. Although these transformed cells are assumed to be not
very active regarding cell division they are very important for the survival of
the tumour. If the diameter of a tumour exceeds 2 mm the neoplasm cannot

13
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be nurtured by its environment by diffusion anymore but needs its own vascu-
larisation. The proliferation of blood vessels is called tumour angiogenesis and
it is initiated by the tumour cells themselves so that finally the tumour con-
sists of tumour cells, being called tumour parenchyma, and a tumour stroma
shoring up the tumour and providing its blood supply [9].

Thus, tumour growth can be very roughly classified into three stages. The
first stage which is mostly governed by the proliferation of tumour cells is the
avascular growth. When the tumour starts developing its own blood supply
we speak of the vascular stage. Later, the tumour cells are able to escape from
the tumour via the circulatory system and lead to secondary tumors in the
body describing the metastatic stage [66].

Generally, tumours are divided in benign and malignant tumours but there
are also semi-malignant tumours [9).

Malignant tumours, also called cancer, potentially result in death. Usually,
they grow very fast, invasively and in a destructive way, i.e. they grow into
organs and vessels leading to a destruction of the normal tissue. If the pri-
mary tumour penetrates lymphatic vessels or blood vessels tumour cells can
spread in the body and form metastases (daughter or secondary tumours) in
other tissues and organs in the course of metastasis. Normally, the edges of
malignant tumours are not clearly defined, their cells are more or less ded-
ifferentiated, i.e. they lose differentiation properties, and show more atypia
compared to cells of normal tissues [9], [75].

In contrast, benign tumours are usually not perilous. They grow slowly and ex-
pansively, i.e. the neighbouring normal tissue is replaced and compressed but
not destroyed, their edges are clearly defined, their cells are well-differentiated
and homogeneous and they do not form metastases [9].

Semi-malignant tumours can be regarded as a special form of tumours possess-
ing properties of both malignant and benign tumours. They grow invasively
and in a destructive way but they do not spread in the body [9].

It has been observed that benign and low grade malignant tumours are often
surrounded by a collagen capsule that may prevent the tumour from invasion
but up to now the reason for this phenomenon is still unexplained. There are
two complementary theories explaining this behaviour and both of them have
been supported by experiments. Following the expansive growth hypothesis
tumour encapsulation is a passive reaction of the host. It is assumed that
those cells of normal tissue that are adjacent to the tumour die if it grows
due to the pressure they experience and that the extracellular matrix that is
also compressed forms a capsule then. Eztracellular matriz (ECM) can be de-
scribed as the constitutive component of tissue apart from cells. Although its
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function and its chemical composition depend on the respective tissue it con-
sists basically of matrix and the two structural proteins collagen and elastin.
It provides structural support to tissues and affects the motion of their cells
[9]. In contrast to that, according to the foreign body hypothesis encapsulation
is an active response of the host to confine the tumour. In this theory it is
assumed that normal cells secrete collagen as well as other fibrous components
of the extracellular matrix when they are stressed [49].

In order to compare these two theories numerically Jackson and Byrne have
developed a mathematical model in [49] describing tumour growth as well as
tumour encapsulation of solid tumours in the avascular stage. Following the
definition of the National Cancer Institute [81] a solid tumour is a tumour that
usually does not inclose liquid areas or cysts. According to their simulation
results it seems to be more realistic that tumour encapsulation follows from a
passive reaction of the host although the capsule becomes denser if both active
and passive host response are taken into account. An active response alone
does not lead to capsule formation however.

Before explaining their tumour growth model in detail we review briefly the
modelling of tumour growth (see also [L1] for example).

Most macroscopic models for tumour growth fall into two categories: discrete
cell population models that track the individual cell behaviour and contin-
uum models that formulate the average behaviour of tumour cells and their
interactions with the tissue structure leading to a system of partial differential
equations for cell populations and chemical substances [12].

In the following, we concentrate on continuum models and in particular only on
those which contain cross-diffusion. A possible continuum model ansatz is the
use of reaction-diffusion equations for chemicals and mass balance equations
for the cellular components. As in [49] the tissue or the tumour is sometimes
considered as multiphase material. Using mixture theory mass balances are
obtained then for the components that are represented by their volume frac-
tions [12].

These equations need to be closed by defining (or deriving) equations for
the corresponding velocities. Thereby, we distinguish between two classes of
models: phenomenological and mechanical models (see section 4 in [12]). In
phenomenological models, it is assumed that there are no mechanical effects
influencing the motion of the components in the tissue so that the cellular
and chemical constituents do not move or that they move due to diffusion,
chemotaxis or other mechanisms. Thus, mechanical models differ from phe-
nomenological ones by the fact that the latter ones do not take into account
mechanical causes of cell movement due to pressure produced by proliferating
tumor cells to the surrounding tissue [12]. An example of such a model is given
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by Casciari et al. in [22]. By contrast, the components are supposed to move
as a result of physical forces in mechanical models, where force balances and
momentum balance equations are used. Examples regarding the modelling of
velocities or stresses in mechanical models are given amongst others in [12] or
in [18]. More details can be found in the review of Roose et al. [66] giving an
overview of tumour growth models of avascular stage.

The cross-diffusion system investigated in [49] represents a mechanical tumour
growth model and is of the form (1.1)) for N = 2. We set

cp=c¢ co=m and cyy1 =c3=w:=(1—c—m)

denoting the volume fraction of tumour cells, extracellular matrix and inter-
stitial fluid respectively composing the control tissue Q := (0, 1).

Interstitial fluid denotes the liquid that fills out the spaces between cell mem-
branes in tissue, including lymph, and belongs to the extracellular fluid. It
consists mainly of water, nutrients and cellular waste products and is impor-
tant for the cell communication, the transport of substances to the cells and
the removal of their waste [75].

The mass balance equations for the volume fractions of the tumour cells and
the ECM are supplemented by equations for the velocities, depending on the
gradient of the corresponding pressure. The third component w and its veloc-
ity are eliminated from the equations by expressing them in terms of ¢ and m
and their velocities.

A particular feature of the model is tumour encapsulation which is triggered
by the increase of the pressure of the ECM due to tumour growth. It is as-
sumed in [49] that the pressure of the tumour cells and the ECM increases
with the respective volume fraction and that the presence of tumour cells leads
to an increase in the ECM pressure, being modelled by the cell-induced pres-
sure coefficient § > 0, which causes a non-linear term in the ECM pressure.
When 6 > 0, the ECM becomes more compressed as the tumour cell fraction
increases. Choosing 6 = 0 this effect can be excluded from the model.

The model is given by the following equations

(;;J - <A(c, m) <;fm>>$ =r(c,m) inQ, t>0 (2.1)

subject to the initial conditions
c(0,:) =¢p, m(0,-) =mg in{ (2.2)
and the Neumann boundary conditions

cz =my=0 on 0Q,t>0. (2.3)
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The diffusion matrix A is defined as

( 2c¢(1—c)— BOcm? —2Bem(1 + Oc)
Ale,m) = (—QCm + BO(1 —m)m? 2pm(1 —m)(1 + 00)> (24)

with the pressure coefficients 5 > 0 and 6 > 0 and the production terms are

given by
r(e,m) = <TC(C’m)> — <’YC(1 —c—m)— (5c>

Tm(c,m) acm(l —c—m)

(setting r1 = 7. and ro = ry,), where v > 0 and « > 0 denote the growth
rates of the tumour cells and the ECM respectively and § > 0 is the death
rate of the first component. Notice that the scaling we have used in order to

obtain (2.1)) differs from that proposed in [49] (see section [2.2| for a sketch of
the model derivation and the scaling).

This chapter is organised as follows. In section we sketch the derivation
of the model . Global-in-time existence of bounded weak solutions to
the initial-boundary-value problem f is proven in section using
entropy methods for 6 being smaller than a certain explicit critical value.
Finally, numerical results using a finite-difference discretisation are presented
in section 2.4l

2.2 Derivation of the Model and Scaling

For the convenience of the reader and to specify the biological assumptions,
we sketch the derivation of the tumour growth model following Jackson and
Byrne [49].

They assume that the tumour-host environment, given by a fixed interval
(—¢,0) with £ > 0, consists of the tumour cells, the extracellular matrix (ECM)
and interstitial fluid (water phase). Notice that normal cells do not appear
in their model. Supposing that this mixture is saturated, which means that
there are no voids, the volume fractions of the tumour cells ¢, the ECM m
and the water phase w sum up to one so that ¢ +m +w = 1. As in [21] it
is assumed that cells proliferate by absorbing water and that they release it
when they die. Furthermore, the tumour is supposed to be centred at x = 0,
being free of ECM, and to expand symmetrically around that region in one
space direction such that it is sufficient to consider the interval (0, ¢).

Inhibitive factors regarding tumour growth such as nutrient and dioxygen lim-
itation or a response of the host’s immune system as well as promotive factors
such as promoters, i.e. substances that accelerate the proliferation of tumour
cells, are not included in the model. In addition, vascularisation of the tumour
is also ignored. For tumours being small enough this modelling coincides with



18 CHAPTER 2. A TUMOUR GROWTH MODEL

reality (see section [2.1). In [58], where the blood supply of the tumour is also
not taken into account in the model, Lubkin and Jackson justify this approach
by the fact that they want to consider changes that take place over the time
scale of growth instead of the time scale of perfusion. Another reason is to
keep the model as simple as possible. The diameter of the tumour is expected
to be between 1072 m and 1072 m in [58].

The tumour, the ECM and the water phase are treated as fluids which is a
reasonable assumption as water is a main constituent of all three components.
Denoting their corresponding mass densities by p., pm and p,, mass balance

Ipi

ot
stating that the mass of a fluid is constant in time if there is no transfer of
mass through its surface and no increase or loss of mass inside the material,
such as conservation of momentum

+ (pivi)z =0, @ =c,m,w, (2.5)

0
a(ﬂzvz) + (szg)x == (UZ)JT + plfla 1= c,m,w, (26>

meaning that the rate of change with respect to time of momentum is equal
to the sum of the external forces that act on the material, can be formulated
for each component, where v; is the velocity, p;v; the mass flux, o; the stress
tensor and f; the force per unit mass regarding the three fluids, ¢ = ¢, m, w,
respectively.

These balance laws, being well-known in continuum mechanics, hold only in
the region occupied by the corresponding fluid. In order to obtain mass and
momentum balance equations for the tumour cells, the ECM as well as for
the interstitial fluid that hold everywhere in the mixture including interac-
tions of the constituents the approach of averaging of Drew can be mentioned,
where two materials (phases), that are assumed to be interacting continua,
are considered and modelled as a new material being called mixture. For de-
tails concerning the averaging technique we refer to [32] or to [33] where it is
extended to multiphase material.

Assuming that the three components are interacting continua and incompress-
ible fluids with constant and equal densities, that can w.l.o.g. be supposed to
be 1 [21I], Drew’s method leads to the continuity equations

e+ (cve)y =1y, My + (MU)z = Tmy W + (WUW)z = Ty (2.7)

for t > 0, z € (0,¢), where r.(c,m,w), rpm(c,m,w) and r,(c, m,w) are the
corresponding net production rates.

In order to derive momentum balance equations we assume that body forces
can be neglected, as in Preziosi’s and Vitale’s lecture notes (“Mechanical As-
pects of Tumour Growth: Multiphase Modelling, Adhesion, and Evolving Nat-
ural Configurations”) for instance, published in [13], where the authors argue
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that it is difficult to imagine relevant body forces acting on the phases except
of gravity that is not important for the consideration. Furthermore, as the
Reynolds number of each of the three fluids is assumed to be rather small as
in [I8], where it has been checked to be approximately 1072 in a system con-
sisting of tumour cells and extracellular water, inertial forces can be ignored.
Under these assumptions we obtain the force balances

(0e€)y + pey + FP =0,
(omm)y + pmy + F,iélt =0,
(oww)s + pwy + nynt =0,
where p denotes a common pressure in all three phases. The interfacial force

density Fiint for ¢ = ¢, m,w is supposed to be the force per unit volume acting
on phase ¢ by the other two phases, i.e.

Fit = Z Fij,

j=c,m,w
i
where Fj; denotes the force per unit volume that phase j exerts on phase i for
i, =c,m,w, i # j. Due to Newton’s third law it is assumed that F;; = —F};
for all 7,7 = ¢, m,w, 7 # j. Thus, we obtain

(CUC)I + PCx + ch + ch - 07 (2.8)
(mom)z +pmeg — Fem + Frpw = 0, .
(’LUO'w)x +pwx - ch - me =0. (210)

Notice that the functions appearing in equation (2.7)) and (2.8)—(2.10)) have to

be understood in an averaged sense due to the averaging process in contrast
to the usual non-averaged functions in and . To simplify matters
we have used the same notation for the functions and their averaged versions
in all balance laws above. A detailed derivation of the equations f
can be found in [32] and [63].

Since the system is supposed to be closed the total net production vanishes,
Te+ Tm + 7w = 0. (2.11)

Furthermore, with the expression ¢ + m + w = 1, the water volume fraction
w = 1—c—m can be expressed in terms of ¢ and m. Using this fact and
when adding all equations in and recalling tumour growth symmetry,
which implies that the velocities vanish at x = 0, we find that

Woy = —(cve + muy,). (2.12)

Next, we have to determine the stresses and forces. Following [32] the force
densities Fj;, that represent classical drag forces, can be written as

ch = kl (Cy m)(vm_vc)y ch = kQ(C, w)(vw_vc)v me = k3(maw)(vw_vm)7
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where ki, ko and ks depend on the corresponding drag coefficient. Although
k1,ko and k3 could be determined empirically the less realistic case is chosen
in order to simplify matters assuming them to depend linearly on ¢m, cw and
muw respectively. This approach is common in many tumour growth models
(see [1§] for example). Thus, we obtain

Fopp = kiem (v —ve), Few = kacw(vy—2c),  Fw = ksmw(vy—vy,), (2.13)

where ki1, ko and k3 are positive constants, showing that the force being ex-
erted on the tumour cells by the ECM or the interstitial fluid is equal to 0 in
regions without tumour cells.

The stresses are given by
oc=—(p+Pe), om=—(p+ Pn), ow=-p, (2.14)

where the pressures P, and P,,, respectively, distinguish the cell and the ECM
phases from water. We assume that the pressures P, and P,, are proportional
to their respective volume fractions. Moreover, we expect that the tumour
cells increase the ECM pressure but not inversely. Therefore, we write

P. = sc.c, Py =spym(l+06c), (2.15)

where s, > 0, s, > 0 are constants, and # > 0 can be regarded as a parameter
measuring the strength of the ECM pressure increase due to tumour cells.
When 6 > 0, the ECM becomes more compressed as the tumour cell fraction
increases.

By adding all three force balance equations (2.8))—(2.10J), the force terms cancel
and inserting (2.14)) as well as the above expressions for P, and P,, (2.15), since
c+m+w=1and (c+m+ w), =0, we end up with

Pr = —(cPe+mPp)s = — (se¢® + smm?*(1 + 00)) , . (2.16)

Replacing wv,, by (2.12) and w by 1 —c—m, (2.8)—(2.9) become, using ([2.13|)
and (Z.14),

(cP.)y + puc = Fepy + Foy = k (—c(m + w)ve + cmuy, + cwvy,) = —kev,

(mPp)z + pam = —Fepy + Frpw = k (—em(vm — ve) + mw(vy — vyy))

= —kmuvy,,

where we have set k1 = ko = k3 =: k£ > 0 which significantly simplifies the
equations.
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Employing (2.16)) to eliminate p, and (2.15)) to eliminate P, and P,,, it follows
that

cve = =k~ ((¢P)y + pac) = =k~ ((1 — ) (se?)s = c(smm®(1 + e )»’C) )
mupy, = —k~! ((mPp)g + pam) = —k ((1 - m)(smm2(1 +0c)), — m(8002>93) :

These identities allow us to eliminate the velocities from the mass balance
equations (2.7)), leading to the system

e — k! ((1 — c)(SCCQ)m — c(smm2(1 4 0c )m):E =T,
my — k! (1- m)(s;mm?(1 + 6c))y — m(ScC2)x)w = Tm,

where x € (0,¢), t > 0.

In order to determine r. and r,, Jackson and Byrne follow observations but
choose the assumptions in such a way that the model becomes as simple as
possible. As mentioned before, they assume that tumour cells proliferate by
absorbing water at a rate being proportional to the cell and water fractions
and that they die at a rate being proportional to c¢. Furthermore, it is assumed
that the presence of tumour cells is the most important factor for the ECM
production but that ECM and water are also necessary components for this
process. Thus, new ECM is produced only when all three phases are present.
The loss of ECM is neglected. Altogether, we obtain

re(e,m) = ace(l —c—m) — dee, rm(c,m) = amemw = amem(l —c—m),

(2.17)
where ag, amp, 6. > 0. The water production can be computed from
Tw = —(Te +Tm).
Introducing the diffusion matrix
~ 1 [ 2s.c(1 —c)— spmbem? —28mem(1 + 6c)
A(e,m) == — 9
kE \—2sc.cm + s,0(1 — m)m*  2s,m(1 —m)(1 + 6c)

and inserting the production rates (2.17)), the above system can be written as

i () = (A ()= Conemt =25007)

System ([2.1]) is obtained by assuming that s, > 0 and rescaling time by s :=
t/7 and space by x4 := x/{, where T := kf?/s.. Then

0 (¢ Cr, _ (ve(l —c—m)—dc
Oty (m) B <A(C’ m) <mxs>>x N < acm(l—c—m) )’
where x5 € (0,1), ts > 0 are dimensionless variables and A(c,m) is defined in

(2.4) depending on
51=8m/8c207 6>0
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that are both pressure coefficients. In fact, 5 denotes the ratio of the pressure
coefficients regarding the ECM and the tumour cells. As the case 5 = 0 leads
to a diffusion matrix that is not full we will assume that 8 > 0 which is more
interesting from the mathematical point of view. The scaled growth rate and
death rate of the tumour cells as well as the growth rate of the ECM are given
by the non-negative constants

v i=Tae = ozckl2/sc, 0:=Tb, = (5Ckl2/sc, ai=Tay, = amkl2/sc.

We remark that Jackson and Byrne [49] have employed a different scaling by
setting 7 := 1/a,, where «, is assumed to be positive. Then the scaled system
writes as

£(0) (mem (), - (Gamss). e

where

o 2Bcc(1 — ¢) — Bnbem? —2Bmem(1 + Oc)
AT(e;m) = <2Bccm + Bmf(1 —m)m?  2B,,m(1 —m)(1 + 90))

for ts > 0, zs € (0,1) and
Be = 8¢/ (acktl?) >0, Bm = sm/(ackl?) > 0.

The motion of the components is influenced by their mechanical interactions
which is emphasised by the coefficients 5. and ,, being dependent on the
drag coefficient and the pressure coefficients in the tumour cells and the ECM
respectively [49]. The non-negative rates a and ¢ are defined as above, i.e.

d =06/, a=apm/ac.

Recalling tumour growth symmetry and assuming that the system is isolated
at z = 1 Jackson and Byrne choose the Neumann boundary conditions

Coe =My, =0 forag € {0,1},t5 > 0. (2.19)
As initial conditions they consider the functions

1 d— s 1 d- S
c(0,zs) :== 3 <1 + tanh <0005x>> , m(0,z5) = 3 <1 — tanh <00051‘>>
(2.20)

for x5 € (0,1) showing that the tumour is localised in a region around zs =0
and that this region is free of ECM at the beginning (see figure plotted
with Maple).

In the following we do not differentiate between x and x; or t and t,.
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Figure 2.1: Initial conditions for ¢ (left) and m (right) according to [49].

2.3 Existence of Weak Solutions

The aim of this section is to show that there exists a global-in-time solution
(c,m)" to — in a weak sense that satisfies ¢,m,c+ m € [0,1]. For
this purpose we observe that the diffusion matrix A(c,m) of the above cross-
diffusion system is neither symmetric nor positive semi-definite for general
8 > 0 and 0 > 0 as counterexamples show and apply entropy methods as
well as a variable transformation to our system (see chapter . The entropy
functional used in the following has the form

E(c,m) := [ h(c,m)d\ (2.21)
/
= /(c(lnc -1 +mInm—-1)4+(1—-c—m)(In(l —c—m) —1))dA,
Q

where A := A1 and h denotes the entropy density being defined for ¢,m > 0
that satisfy ¢ +m < 1. Furthermore, we introduce the entropy variables

_ ._@_1 ¢ — ._%_1 m
B (e L e G Py

(2.22)
leading to positive volume fractions
e e’
C(u,’U) - 1—|—€u+€v’ m(u,v) - 1—|—€“—|—€v

that satisfy c(u,v) + m(u,v) < 1 if u and v are bounded. In terms of the
entropy variables u and v system (2.1)) can be written formally as

% <§f&?)> - (B(“’ v) (Z))x = r(e(u, v),m(u,v)), (2.23)
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for (t,z) € Qr, where
B(u,v) := Ac(u,v), m(u,v)) - H (c(u,v), m(u,v))

with elements

bi1(c,m) == (2¢(1 — ¢) — BOem?)e(1 — ¢) + 28c*m>(1 + bc)

bia(c,m) == —(2¢(1 — ¢) — BOem?)em — 2Bem? (1 + 0e)(1 — m)
bo1(c,m) == (—=2em + BO(1 — m)m?)e(1 — ¢) — 2Bem?(1 + fc)(1 — m)
baz(c,m) := —(—2em + BO(1 — m)ym?)em + 2Bm2(1 — m)?(1 + fc)

and H~! denotes the inverse of the Hessian of h with respect to ¢ and m, i.e.

(I =m)/c(1—-c—m) 1/(1—c—m)
H{(e,m) "( /(1 —c—m) (1—c)/m(1—c—m)> (2.24)

and

Hl(c,m)_<c(1—c) —em >

—cm m(l—m)

In order to derive system ([2.23)) we have used the fact that

e (32) = (o)

For §# = 0 and arbitrary 8 > 0 the diffusion matrix B simplifies to

5 2¢2(1 — ¢)? + 2Bc2m? —2c%(1 — ¢)m — 2Bem?(1 —m)
T\ —2¢3(1 — ¢)m — 2Bem?(1 — m) 2¢2m? + 2m2(1 — m)? ’

Obviously, it is symmetric and also positive definite if ¢,m,c + m € (0,1)
which can be seen by using Sylvester’s criterion since

det(B) = det(A)det(H™ 1) = (48em(1 — ¢ — m))(em(1 — ¢ — m)) > 0.

For general 8 and § the matrix B cannot be expected to be symmetric or
positive semi-definite. However, assuming that 6 < 6* := 4/y/B and 0 <
c,m,c+ m < 1 it can be proven that B is positive definite. Let us therefore
consider (z,y)" # (0,0)T, z,y € R. Then

() 5()=() ermsu ()
= (3T mac ()

showing that the definiteness of B is equivalent to that of H A, where

2 0
i-A= (ﬁ&m 26(1 + 00)) ' (2.25)
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From 0 € (0,0*] it follows that 4,/8(1 + 6c) > S6m and hence, using Young’s
inequality,

(fU)T (HA) (Z”) = 2% + xyBOm + 2y° (1 + bc) (2.26)

Y
> Alz||ly|\/B(1 + bc) + zyphm > 0

T
if neither = nor y is equal to 0. In that case the positivity of <Z) (HA) (;)

is also satisfied, of course. We remark that the bound 6* has no influence on
the definiteness of A.

This result can be strengthened: If 0 < 6 < 4/1/3, i.e. if the strict inequality
holds, then there exists a positive constant Ky < min{2,24} depending on 6
and 3 so that
92 62
(2~ Ko)(26 — Ky) > -

Applying Young’s inequality again and the above relation, it follows that

(2 — Kg)z% + zyBm + v (26(1 + 6c) — Kp) >

2lz||y| /28 — Kov/2 — Kg + zyB0m > 08|x||y| + zympo > 0

which is equivalent to

-
(5) (HA) <§) = 222 + zyBOm + 292 B(1 + Oc) > Ko(z* +9°).  (2.27)

This property is important for our existence proof. In fact, it provides a priori
estimates for the gradients of the variables when we exploit the entropy struc-
ture of the cross-diffusion system. More precisely, let (c, m)T be an appropriate
solution to 7. A formal computation, which is made rigorous in the
proof of theorem shows that for ¢t > 0

dE(c(t), m(t

dt()) n / (262 + BOmecamy + 2B(1 + Oc)m2) dA (2.28)
Q

C m
= / <TC(C, m) lnm‘i‘rm(c, m) In ]_—c—?’n) dA.
Q

The right-hand side is bounded for all ¢, m > 0 with ¢ +m < 1. As the inte-
grand of the second term on the left-hand side is a positive definite quadratic
form in ¢, and m, that satisfies inequality if § < 0" , we obtain gradient
estimates for ¢ and m.

Now, let us formulate the main result of this chapter.
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Theorem 2.1. Let o, v, § >0, 8> 0,0 <60 < 4/\/B and let ¢y, mo be real
measurable functions defined on Q) that satisfy

cg>0, mg>0, cg+mg<1 a.ce in Q.
Then there exists a weak solution
c,m € HL (0,00, HY(Q))
to f satisfying
e;m >0 and c+m <1 ae in Qx(0,00).

Proof of Theorem [2.1]
Step 1: Variable Transformation.

We start by assuming that there exists n € (0, 1) so that the initial data satisfy
co>n,mg>n and cg+mo <1—n7 ae. inQ. (2.29)

More precisely, the functions ¢g and mg in denote a sequence of measur-
able functions ¢ respectively m{ that converge to the functions ¢y respectively
myg given in theorem for n — 0. For the sake of convenience we omit the
7 in the following.

Next we consider system ([2.1) after the change of variables (2.22), i.e. we
investigate ([2.23|) subject to the boundary and initial conditions

Uy =v, =0 on 9, t >0, u(0,.) =wug, v(0,.) =1y in £,

where

Due to assumption (2.29) function uy and vy are defined on 2 a.e. and belong
to L>(9).

Step 2: Existence of a Time-Discrete Problem.

Let T' > 0 be arbitrary but fixed and 7,,, = 7 := T/m for m € N. We define
the time steps ¢ := k7 for £k = 0,...,m and approximations of u and v at
time t, i.e.

ug = u(ty,.), v :=v(ty,.)

for k =0,...,m. Thus, we obtain the functions
euk evk
c(ug,vg) = ————, m(ug,vp) = ———.
(ug, vg) AT (uk, vk) 1w 1 omn
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Setting
cp—1 = c(Up—1,V%—1), Mp—1 = m(Ug—1,Vk—1),

we wish to solve the sequence of approximate elliptic problems in 2 for given
functions ug_1, vg—1 € L®(Q), 1 <k <mand 7 >0

1 < c(uk, Uk) — -1 ) - (B(uk,vk) (Euk)m>>z = r(c(uk, vi), m(ug, vi)),

7 \m(ug, vg) — Mg-1 Vk)w
(2.30)
subject to the boundary conditions
(ug)z = (vg)z = 0 on ON. (2.31)

Therefore, we consider the weak formulation of (2.30)—(2.31)) and add e-terms
which ensure the uniform ellipticity of (2.30) with respect to (ug,vy), where
e > 0 is an arbitrary but fixed regularisation parameter. In other words, we

consider
Gt ) (e
/ <g>: (Blup, vy) + el) <Z:>x +e (Z’;) (Z) d= (232)
Q

/<Tc(c(ukavk)7m(ukyvk))> <Z/> A\
T (c(uk, vk ), m(ug, vi)) ) \ 2
Q
for test functions y and z, where I denotes the identity matrix in R?*2. In
order to prove the existence of solutions we formulate

Lemma 2.2. Let (up_1,vp—1) € L¥(Q)? and 0 < 6 < 4/\/B. Then there
exists a constant 0 < Ky < min{2,25} depending only on 8 and 6 and a

solution (uy,vy)| € HY(Q)? to [2.32) satisfying

E (c(ug, vg), m(ug, vg)) + TKg/ (c(u, vp)2 + m(uy, Uk)i) d\
Q

+Te/ ((uk)i + (vp)2 +ud + vz) d\ (2.33)
Q
-
< E(eup-1, vp-1), m(ug-1,v6—1)) + —(a + 7 +9).

Proof. The idea of the proof is to apply the Leray-Schauder fixed-point theo-
rem (see theorem B.5 in [73]). To this end, we linearise our problem first and
solve it using the Lax-Milgram lemma. In other words, for (7,7)" € L>®°(Q)?
we show the existence of a unique solution (u,v)" € H'(Q)? to the linear
problem

a((u,v), (y,2)) = F(y,z) forall (y,2)" € HY(Q)?, (2.34)
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§
a((u,v), (1, 2)) :Q/@) B(u,v ( )dM—eﬂ/ (U + Vo 20 + uy + v7) dA

and
et = [ (e mty) (e [ retwonmieon (2) oy

The a.e.-boundedness of @, U, ug_1 and vi_1 and the fact that they are mea-
surable imply that the functions

0 < c(m,v), m(u,v), c(u,v)+m(a,v), cp—1, mrp—1 <1

are bounded a.e. and measurable, i.e. that they are elements of L>°(€2). Thus,
the matrix elements b;; (@, v) as well as r.(c(@, v), m(4,v)), rm(c(@,v), m(u,v))
belong to L°(£2) so that the bilinear form a : H'(Q)% x H'(Q)? — R and the
linear functional F : H'(Q)? — R are well-defined due to Holder’s inequality.
Obviously, a is a bilinear form and F' a linear functional. In order to show
that a is continuous let us consider (u,v)", (y,2)" € H'(Q)2. Then

la((u,v), (¥, 2))| <
1611 (0, 9) + €|l oo () 1w | L2 () Yz | L2 ) + 1012 (@ V)| Loo () [V | L2 (00) | Y2 | 22 02) +
1621 (@, ) | oo () v | L2 () | 22| L2 (2) + [1D22(W, ©) + €]l oo () |V | L2 00 | 22 | 2 (02) +
e (lull 2 Wl L2y + vl 2@y l12ll L2 )) <
C(B,0,¢) (Huﬂc||L2(Q) + HUIHLQ(Q)) (H%&HLQ(Q) + ||Z:c||L2(Q)) +

e (lull 2 + ol z2) (Il + I2llL2@)) <

€66+ (1) o +11(4) o )

where the positive constant C(f3, 0, €) only depends on 3, 6 and €. In a similar
way we can show that F is continuous. For (y,z)" € H'(92)?, using the
Cauchy-Schwarz inequality

|F(y,2)| <
1
= (|le(a,v) - c—1llz2@ Yl 2 @) + [Im(w, v) — mkﬂ”L?(Q)HZHL?(Q)) +
n
[re(e(@, v), m(w, 0))| L2 [lyll L2 () + Irm(c(@, ), m(@,0))|| 2 ||zl L2(0) <

(a7 () o
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where C(a, 7,0, 7) is a positive constant depending on «,y,d and 7. The last
condition that has to be satisfied is the coercivity of a. Therefore, we recall
that

c(w,v), m(w,v), c(u,v)+m(w,v) € (0,1) a.e.

and that we have assumed 6 < 4/4/3. Thus, it follows that B(u,v) is positive
definite a.e. as we have seen above. In other words, using the definition

B(u,v) := A(c(u,v), m(u,v)) - H*l(c(ﬂ, v), m(u,v))
and we compute

(::) ! B(u,) <Z§) -

(H(u,v)_l (ux>>TH(u,v)B(u,v)H(u, ) H(u,v)"! <ux> =

Vg Vg

(H(u,v)1 <zz>)TH(u,v)A(u,v) (H(u,u)1 sz)) >0

a.e. in 2. This shows that a is coercive:

B
a((u,v),(u,v))zg/( > B(u,v)< >dA+e!(u§+v§+u2+v2)dA

Vg Vg

u
> ¢ (b + IolBinen) =l (&) s

By the Lax-Milgram lemma, there exists a unique solution (u,v)’ € H'(£)?

to .
Next, we define the fixed-point operator
S L®(0)% x [0,1] = L>®(Q)?
by setting, for given (%,7)" € L>®(Q)? and o € [0,1]
S(,v,0) = (u,v) ",
where (u,v)" € H'(Q)? is the solution to the linear problem
a((u,v), (y,2)) = oF(y,z) for all (y,z) € H(Q)>. (2.35)

We notice that the operator S is well-defined due to the Lax-Milgram lemma
respectively due to the uniqueness of the solution (u,v)" € H'(Q)? and that
this solution is also an element of L°°(£2)? resulting from the compact embed-
ding H*(Q) < L*°(Q) in one space dimension. Because of this embedding S
is also compact. Furthermore,

S(w,7,0) = (0,0)"
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for all (w,v)" € L>®(Q)? following from the coercivity of a. In order to show
that S is continuous we consider a sequence of functions (ty,, Uy, an)T, n €N,
converging to (u,7,0) " in (L=(Q)? x R) for n — co. We have to show that
— _ T SN T
S(n, Uny 00) = (Un, vn)  — S(W,0,0) = (u,v)

in L°°(Q2)2. Therefore, we fix (T, Un, 0,) and choose (uy, v,) as a test function

in ([2.35) so that we obtain

. / (n)e)? + ((0n)e)? + (n)? + (0n)2dA =
Q

_@ C(Tny W) — Ck—1 Un —_— — Unp,
. (m(un,vn) B mk—l) <Un) d)\-l-an/r(c(un,vn),m(un,vn)) (Un> dA.
Q Q

From a being coercive it follows

[ (f) e () o
[+ () 0+ (nPar = el (3 e
Q

Using the fact that for a,b € R the inequality

a-e*+b-eY

Tre e = Uel+ b

holds for all z,y € R and that ¢, <1 we obtain

@ C(Tn) W) — Ck—1 g
T (m(umvn) —mk—1> < ) T/ ol e @
Q

Q

Estimating

o [ et )t ) (1) a3 < (@t +9) [ (Jual + o
Q

Q

and applying Young’s inequality we finally obtain

Un,
” <’U >HH1(9)2 < 0(677—7057775)7
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where the constant C(e, 7, ,7,d) > 0 depends on €,7,«,v and J. According
to the Eberlein-Smuljan theorem there exist (not relabeled) subsequences of
(un)nen and (vp)nen and 4,9 € H'(Q), so that

Up — Uy, Uy =D (2.36)

in H'(Q) for n — oo. Because of the compact embedding H!(£2) < L>(1)
there exist furthermore (not relabeled) subsequences of (uy)nen and (vp)nen
so that

Up —> U, Up —> D

holds in L*°(Q2). Here and in the following we consider w.l.o.g. the same
subsequences. Next, we pass to the limit n — oo in

[ () s (e

/ un zYz + Un zZzr + Uny + Upzd\ =
) —
) —

(RS (e [ (o

where y, 2 € H'(Q2). From w,, — % and o, — » in L>(Q) it follows that
C(%y W) — C(ﬂv 6)7 m(%a m) — m(ﬂv 6)5 b’L] (%7 W) — b’L] (ﬂa 5)

for i,j =1,2 in L*°(Q2). The convergence ([2.36]) leads to

Up — U, Up — 67 (un)x — '&za (Un):v — Dy

in L2(9). Using the fact, that for arbitrary sequences of functions f,, € L>(1),
gn € L?(9) satisfying

frn — f in L®(Q) and g, — g in L*(Q)

we have
fagn = fg in L*(Q)

we obtain altogether

T ~
/ (Zw> B(w,v) <Z$> A\ + € / Glas + Dpzp + Ay + D2d\ =
Q Q
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for y,z € HY(Q). Thus, S(@,v,0) = (4,9)" implying that & = u and © = v.
This shows that S is continuous.

It remains to prove that there exists a constant K > 0 such that for any
(u,v,0)" € L®(2)? x [0, 1] satisfying S(u,v,c) = (u,v)", the estimate

u
1(2) oo < &

holds. For ¢ = 0 this inequality is clear. In order to prove this bound for
o # 0, we use the test function (u,v)" in ([2.35), yielding

i) Qe [ () pen ()

+ 6/(ui + 02+ u? +vh)d) = a/r(c(u,v), m(u,v)) - <Z> dx.  (2.37)
Q

Q

Setting ¢ = ¢(u,v) and m = m(u,v) we consider the discrete entropy density
h(c,m) :=c(In(c) = 1) + m(n(m) = 1)+ (1 —c—m)(In(1 —c—m) — 1)

that is defined a.e.. Interpreting h as a real function defined on the open
unit triangle D := {(z1,22)" € R? : 0 < 21, 29,71 + 29 < 1}, using Taylor’s
theorem and exploiting the convexity h with respect to (z1,x2), where its
Hessian is defined as in , we obtain

h(y) = h(x) < Vhy)ly—a) = [ > (y—a)
1-y1—y2

for T,y S D. ThU.S,
h(c m) — h(c m ) < Vh(c m) . €~ Ck-1
) k—1,TEk—-1) > ) m—mp_1

a.e.. By (2.22), Vh(c,m) = (u,v) and hence, the first term on the left-hand
side of (2.37)) can be estimated as

‘;/ (ﬂj - %;1) - Cf) d\ > g(E(c, m) — E(cx—1,mp_1)) -
0

Thus, we obtain

(2.38)

|
REAS
'Q\
RS
SN
[
SRS
N
| =
—
N~
N
S
~~
IsH
>
IN
N w
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Here, we have used the inequality

z-ln(zx) >z—-1, z>0.
We turn to the second integral on the left-hand side of (2.37)). Therefore,
we recall that ) is a real open interval implying that H!({2)-functions are
absolutely continuous, i.e. differentiable a.e.. Thus, we can apply classical

derivation rules to the functions a.e., showing that c¢(u,v) and m(u,v) are
elements of H'(Q) and because of (2.22), we have

(sr) = mem (32)

Therefore, in view of B(u,v) = A(e,m) - H(c,m)~! and (2.25)), we find that
the second integral on the left-hand side of (2.37) equals

.
Q/(m) H(c,m)B(u, v)H(c,m) (mx) i

/ (7%2) " Hem) - Ateam) (;z) d\ =

(262 + BOmcymy + 2B(1 + Oc)m?2) dA.

{Q\D

By ([2.27)) there exists a constant Ky > 0 depending on 6 (and /) such that

/ (2¢2 + BOmeymy + 2B(1 + Oc)ym?2) d\ > Ky /(ci + m2)d.
Q Q

Here, we have used the properties ¢, m > 0 and ¢ +m < 1 holding a.e. and
the strict inequality 0 < 0 < 4/+/5.

It remains to estimate the right-hand side of . Using
—1/e<zlnz <0
forall 0 <z <1 and
O0O<e,m,1—c—m<1 ae.

as well as

In(¢), In(m), In(l—c—m) <0 a.e.,
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we find that

Md%vymmw».CQ::Wd1—c—my—&nn

c

1—c—m
m

+ acm(1 —c—m)lnm

=(cloge)(l —c—m)
—yc(l—c—m)In(l —c—m)
—dclnc+ dcln(l —c—m)
+a(mlnm)e(l —c—m)
—acm(l—c—m)In(l —c—m)

<(a+y+6)e!

a.e.. Altogether, we estimate (2.37)) as

oE(c,m)+ 17Ky /(Ci +m2)d\ + Te/(ui + 02 +u? +v?)d\
Q Q
agT
< oE(ck—1,mp—1) + ?(a +7+9).

Dividing this inequality by ¢ # 0 we can deduce

E(c,m) + 1Ky /(ci +m2)d\ + Te/(ui + 02 +u® + v?)d\
Q Q
< E(Ckfl,mkfl) + 2(0& + v+ (5)

This shows (2.33)). Furthermore, we obtain, using (2.38]),

(Il gy + ol ) < Clayd.e7),

where C(a, 7,0, €,7) is a positive constant depending on «, 7, d, ¢ and 7. Thus,
u and v are bounded in H'(Q), which provides the desired uniform estimate in
L>(Q)%. We remark that we do not need the estimate of the second integral
on the left-hand side of here in order to show that (u,v)' is bounded
as we can use the coercivity of a instead. However, this estimate is needed
in the following. The assumptions of the Leray-Schauder fixed-point theorem
are verified, proving the existence of a fixed point of S(-,1), which solves
(12.32)). Q

Step 3: Piecewise Constant Functions in Time and Uniform Estimates.

Let (ug,vr)' be a weak solution to (2.32)), k € {1,...,m}, whose existence is
guaranteed by lemma We set ¢ = c(uk, vg), mi = m(ug,vr) and define
the piecewise constant functions in time

() - u0($)7 = 07 e
u (t,.’I}) { uk(.%'), te<(l€—1)7',k7'], ]{}E{l,---,m}, z €
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and
,U(T)(t :17) . UO(£)7 t=0,zx¢€ Q
T wk(2), te (k=107 k], ke{l,...,m}, x €Q
such as
() e
c (t7 JI) - = 1+ eu(T) + ev(‘r) (t7$)
[ co(z), t=0,2€0Q
| ek(x), te (k-7 k7], ke{l,...,m}, x €
and

) e
m (t’ ‘T) F= (1 + eu(T) + ev(T)) (t,ﬂj)

f mo(z), t=0,2€Q
| me(z), te(k—1)r k7], ke{l,....m}, z€Q

for t € [0,7] and x € Q2. We notice that the functions w1 and m(™)

depend not only on 7 but also on 1 and e. Furthermore, we introduce the shift
operator

- x), te(0,7], x €
se(fO)(t ) = { LJ;(EE)()t—T,x), ti ET,T]], xee Q (2.39)

and the discrete time derivative
DT(f(T))(t, T) = (f(T) (t,z) — ST(f(T))(t7m)> /T, (2.40)

where f = ¢,m and t € (0,T), z € Q. Then (¢, m)T solves

Dy (cl7) @ o [ R
(DT(mm) — (AT MO o o0 _ i | =1 mT)

int e (0,7), x € Qin the sense of distributions. More precisely, we know that

O/T << m(T >(t)’ (Z) (t)>H1(Q) dA(t)+

O/T / ( m<f )> <‘Z) dAdA(t) = (2.41)
/T / (A(c(‘r)7m(7')) (;f%) )(Z) NN (E)+
0 Q x -
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T
() ()
u y u Y
[ [ () () + (), (2) s
0 Q v v
holds for y, z € L?(0,T; H*(Q)), where the integrand of the first term on the

left-hand side has to be interpreted as the sum of the linear functionals. The
discrete entropy inequality ([2.33]) can be solved recursively to yield

k
E(ck,mi) + 7Ky Z/ ((¢j)2 + (m;)2) dA (2.42)

j:l 0O

+ TEZ/ ((uj)2 + (vj)2 + u? + v?) d\
)

7j=1
T
SE(CO,?’I’LO)"‘E((X"‘V‘F&), kzla"'vma

where T' = 7m. The definition of ¢(” and the fact that the functions ¢ are
bounded a.e. by 1 for £k = 1,...,m due to the variable transformation lead
immediately to the estimate

e oo (07200 (2)) = €58 suPe (.1 €7 ()| oo ) < 1.

From this and (2.42)) it follows that
m

132 0 ) = D Tleillin
=1

=Y 7leiliiz@ + DTl 20
j=1 j=1
<C(T,a,v,6,5,0).
Furthermore, (2.42)) leads to

m

€HU(T)H%2(O7T;H1(Q)) = EZTHu]H?—Il(Q) < C(T,a,v,&ﬁ,@),
j=1

where C(T, «t,7,9,3,0) > 0 depends on T, «,~,d,3 and 6. Analogue results
can be shown for m(™ respectively v(7). Thus, we have proven the following

Lemma 2.3. The following uniform bounds hold:
e N L2o.r.m1(0y) + 1M T L2001 ) < K,
e | oo o700 () + 1M || oo 01,2 () < K,
\@HU(T)HL%O,T;Hl(Q)) + \/EHU(T)HLZ(O,T;Hl(Q)) <K,

where K > 0 is here and in the following a generic constant independent of T,
€ and 7.
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We also need uniform estimates for the discrete time derivatives of ¢(™ and
(1)
ml\7).

Lemma 2.4. The following uniform bounds hold:
1D (N 20,301 ) + 1D (M) | L2 0.y ) < K-

Proof. Let ¢ € L*(0,T; H*(2)). Then, by (2.41]), the Holder’s inequality and
the bounds on ¢, m(7) as well as on \/eu”

T
0/ (Dele@00)) ) AN

T
// (20(7)(1 — M)l — e (m(T))ch)> GzdNAA(L)| +
0 Q

T
/ / 2860 mM (1 + 9™ )ym )gbmd)\dA(t) +
0 Q

T
e / / (ug)qu+u(ﬂ¢) dAAA(t)] +
0 Q
T
/ / (1 — D — ) = 5c<T>) SdNdA(t)| <
0

ellw | 20 722 |8 L2 0.1:220)) + €l 207020 |62 | 2207 L2 +

C(B,0)|c ”L2 o210zl L2012+
(B, Q)Hmc(zzT)HL%O,T;L?(Q))H¢:EHL2(O,T;L2(Q)) + C(v, )9l 20,522 02)) <
C(T, 0,7, 8, 8,00l 20,11 )y + 26l L2071 ) 10| 22021 (2)) =
C(T, 7,8, 8,0l 207211 () + 2V eVel|w | 20 111 ) 10| 20 k1 () <
C(T,a,7,8, 8,09l L20,7;11 ()

where we have assumed that ¢ < 1. Analogously,

<

T
O/ (Detm)a).0(0),, ANV

T
// —2dMmM el 4 go(1 - m(T))(m(T))2c¥)> GxdNAN(L)| +
0 Q
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T
/ / Qﬂm(T) m™)(1 +9c<T>)m§;>) dodNdA(t)] +
0

—e /T / (vgﬂqsﬁu(%s) dNAA(1)] +
0 Q

T
/ / acDm (1 = D — N pdAdA(t)| <
0

GHU(T)HLQ(O,T;L2(Q))H¢HL2(O,T;L2(Q)) + €HU9(CT)HL2(O,T;L2(Q)) H¢$HL2(O,T;L2(Q))+
C(B,0)||c7 ”L2(0TL2 onll@zll L2 0,m200)+
C(B,0)mO | 20 7.2 |82l 2207020 + C@ Bl L2 (0.1:22(02)) <
C(T, 0, 7,8, 8,010l 20,111 () + 2610 | 120,711 () 10N 20,7501 (02)) =
C(T, 7,8, 8,0l 201211 ) + 2VEVelv | 20 1. ) 10l L2 0 k1 00y <
C(T,,7,6, 8,0) 9l 207,11 ()

where C' denotes a generic constant being dependent on the respective con-
stants. Q

Step 4: The Limit (e, 7,m) — 0.

Before passing to the limit of ¢ — 0 and 7 — 0 we set ¢ = 7 < 1 and remark
that the convergence 7 — 0 is equivalent to m — oo. Thus, ™) and m(™
denote sequences (and not nets) of functions. In the following we will choose
w.l.o.g. same subsequences and we will not relabel them.

Lemma and lemma [2.4] allow us to apply the Aubin lemma in the version
that can be found in [31] as the embedding

HY(Q) — L*(Q)
is continuous and the embedding
L2(Q) < (H'())

is compact. Thus, we can conclude that ¢{”) and m(7) are relatively compact
in L?(0,T; L?(Q2)), i.e. there exist subsequences of ™) respectively m(™) and
functions ¢ respectively m that are elements of L%(0,T; L%(€)) such that, as
T — 0,

A e, m) = m strongly in L2(0,T; L*(12)).



2.3. EXISTENCE OF WEAK SOLUTIONS 39
As LP(0,T; LP(2)) can be identified by LP(Qr) for p € [1,00) (see [67]) there
exist subsequences so that
A — c, m™ —m
a.e. in Qr implying that
0<e, my c+m<1

a.e. in Qp := (0,T) x . We remark that we lose the strict inequalities for ¢
and m here.

As ¢(™) and m(7) are uniformly bounded in L°(0,T; L>°(R)) € LP(0,T; LP(Q))
for p = [1,00) and because of the a.e.-convergence of the sequences in Q1 we
can deduce that

7 = ¢, m™ = m strongly in LP(0,T; LP(Q)) for all 1 < p < oc.

See [23] for a general formulation of this result and a reference of its proof.

Arguing in a similar way, it can be shown that

aij(c(T) , m(T)) — a;j(c, m),
TC(C(T) ) m(T)) — Tc(c7 m)a
(™), m™)

Tm i ) — Tm(cv m)

strongly in LP(0,T; LP(2)) for 4,j = 1,2 and p € [1, 00).

Moreover, because of lemma and the Eberlein-Smuljan theorem, up to
subsequences,

A~ e, m™ ~m weakly in L(0,T; H'(Q)).

Thus,
M e, m{) —~m,  weakly in L*(0,T; L*(Q))

and

ar1 (!, mD)el — ani (e, m)es,

(c,;m)
alg(c(f), m(T))mg) — aja(c,m)my,

(c,m)cy,

(c,;m)

a22(0(7)7m(7))m¥) — a22(C,m)My,

weakly in L'(0,T;L'(2)). As these sequences are uniformly bounded in
L?(0,T; L?(£2)) the above convergences also hold in L2(0,T; L?(Q)).

Furthermore, due to lemma fore — 0

™ = VeJeu'" =0, ew™ = /ey/ew™ =0 strongly in L2(0,T; H'(Q)).
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From lemma 2.4] it follows

D () = ¢, D-(m™)—m; weakly in L*(0,T; (H(2))).

Altogether, these convergence results are sufficient to pass to the limit 7 =
e — 0 in (2.41)), so that we obtain

O/T < <77C’Zt> ©, <Z> (’5)>H1(Q) dA(t)+
T
O/ Q/ (A(c,m) <m>x> (i)xd)\d/\(t) _

T

0/ Q/ (ZZ((CQ,T:@D <'Z> dAdA(t),

where y,z € L?(0,T; H'(Q)). This shows that (c,m)" is a weak solution to
(2.1)—(2.3). The initial conditions are satisfied as

e, mD sm

in CY([0,1]; (H*(2))’). However, the initial data such as the solution function
(c, m)T still depend on 7. In view of the uniform bounds above we can perform
the limit » — 0 in the initial data. This concludes the proof since 1" has been
chosen arbitrarily.

Remark. 1. The method of our proof can be extended in principle to sev-

eral space dimensions as shown for example in [25], where the dimension
of the considered domain is less than or equal to 3, or in [24], where
arbitrary space dimensions are allowed. In this paper the method of
Galerkin approximation is used. We consider the case of one space di-
mension only, since this is the situation of the original model in [49].

. The functional E (c(uy, vg), m(uy, vg)) used in lemmaR.2for k = 0,...,m

is called the discrete entropy and inequality ([2.33) is called the discrete
entropy inequality.

. In order to prove the discrete entropy inequality we have assumed that

6 € [0,0%) so that the matrix B becomes positive definite. For general
0 > 0* and B > 0 counterexamples can be constructed showing that B
is not even positive semi-definite anymore. Thus, we need this bound in
order to apply our method. Of course, the question whether this bound
is optimal or not remains open.
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2.4 Numerical Results

In this section we investigate the tumour growth model numerically using the
scaling of Jackson and Byrne, i.e. we investigate (2.18])—(2.20]), where we set

<T£B(ca m)> _ <C<1 —c—m) - 50) , (2.43)

riB(c,m) acm(l —c—m)

In the experiments we concentrate on the behaviour of the entropy production
density since the dependence of the system on the model parameters has been
extensively studied by Jackson and Byrne in [49]. Nevertheless, we want to
summarise their results briefly.

In order to test the expansive growth hypothesis and the foreign body hypoth-
esis by means of their model Jackson and Byrne choose the parameters o and
0 appropriately. More precisely, assuming that capsule formation is a passive
reaction of the host, they choose

Oé:(), ﬁm79>07

where they suppose
a>0, 6=0

to obtain a model supporting the foreign body hypothesis. Generally, they
choose all five parameter values in such a way that the resulting simulations
coincide with experimentally observed behaviour finding out that @ < 1 and
6 >> 1 are realistic parameter values. Furthermore, they set

5 =0.35, By, = 0.0015

in most of their simulations. Their numerical results, regarding the expansive
growth hypothesis, show that the tumour grows into the surrounding tissue
with constant speed and a sharp leading edge. The ECM forms a capsule at
the migrating tumour front leading to a peak in the ECM volume fraction in
the simulations whose height and width are rather constant in time. The peak
values can be influenced by the choice of 8. We observe that the height of
the capsule such as the height of the peak becomes smaller for smaller 6 but
that the speed of tumour growth increases. Varying the parameter 8. shows
that the leading edge of the tumour and the ECM capsule respectively the
peak become smoother for smaller values. Setting a # 0 in these experiments,
i.e. assuming that both theories describe the capsule formation phenomenon
leads to an additional increase of ECM within the tumour constraining its
growth. Assuming that capsule formation is caused by an active response of
the body no peaks can be observed in the plots and there is no capsule forma-
tion. Moreover, in contrast to the expansive growth hypothesis, the numerical
results show accumulation of ECM within the tumour, suppressing tumour
growth, which increases for greater values of a.
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We discretise system (2.18)) using finite differences in space and the implicit
or explicit Euler method in time.

The Neumann boundary conditions are discretised in such a way that, in the
absence of production rates, the approximated total volume fractions [ cdx
Q
and [ mdz are exactly constant in time.
Q

It turns out that the discretisation of the formulation (2.18)) has stability prob-
lems due to the restrictions 0 < ¢, m < 1 which may be violated numerically
during the iteration procedure. The entropy variable formulation does not
require any restriction on the variables and behaves numerically more stably
than the direct formulation ([2.18)).

We have compared our results from the explicit Euler discretisation and from
the implicit discretisation (solved by Newton’s method) with the output of
the software Multiphysics from COMSOL and all three algorithms lead to the
same results.

Denoting by c¥ and m¥ the approximations of ¢(z;,tx) and m(z;,t;) respec-
tively, where
wi=ih, i=0,...,M, hM=2¢

and
tr=kr, keNk>0, 7>0
the discretisation (using an implicit time discretisation) reads as follows:
Lok k—1y_ 1 niBk k k JB.k k k
;(C' -G ) :ﬁ(Bu,i_;_l/g(ui-&-l — Uy ) + B12,i+1/2 (vi+1 - ) (2'44)
JBk ko k JBk k_ .k JB( k .k

- B117i_1/2(ui —uig) — B127i_1/2(vi —vi_y)) e (e, mg),

wherei=1,... M -1,k >1,

Bk L /omB ok k IB( k , k
B e = 5 (Bj (cix1,mix1) + By (¢, my )) )

k k

C: m>
uf = lnﬁ, ”f = lnﬁ
1—c¢' —m; 1—c¢’—m;

and ngB(c, m), i,j = 1,2, are the coefficients of the matrix
BB .= ATB(¢, m)H (¢, m).

The equation for m is discretised in a similar way. When an explicit time
discretisation is used, the index k on the right-hand side of (2.44]) has to be
replaced by k — 1.
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The numerical parameters are chosen, if not stated otherwise, as follows. We
take the interval length ¢ = 1, M = 200 grid points and the discretisation
parameters h = 1/M and 7 = 5-107°. The initial data are defined as in [49],
i.e. they are given by . In order to avoid stability problems, we add the
factor 2- 10~ to the initial cell volume fraction. The pressure coefficients are
taken as in most experiments in [49]:

Be=0.2, B, =0.0015.
First, we consider the case of vanishing production rates, i.e. we set

r‘c]B = rng =0.

Figure shows the volume fractions of the tumour cells and the ECM at
various times, where we have used the cell-induced pressure coefficient 6§ =
1000. The cross-diffusion term A3Pc, causes a drift of the ECM to the right
boundary, induced by variations of the tumour volume. The diffusion AJ% of
the ECM outside of the tumour is very small, A3¥ ~ 0.001, such that the
ECM cannot diffuse and forms a peak. The peak is not too singular since the
discrete H!'-seminorm of m, |my|1, and its maximal value, maxzeqm(z),
stay bounded when h — 0 numerically (see table . However, the peak
indicates a loss of regularity of m, and we conjecture that global classical
solutions to the tumour growth model do not exist. With increasing times,
the tumour cell front moves to the right boundary, i.e. the tumor penetrates

the surrounding ECM. The tumour cell fraction at the left boundary « = 0 is
1

decreasing in time since the total volume fraction [ cdx is constant in time.
0

M 400 600 800 1000 1200
[mallin | 4070 4.465 4.484 4.526 4.567

meaécm(a;) 0.630 0.646 0.637 0.645 0.649

Table 2.1: Discrete H'-seminorm and maximum of m as a function of the
number of grid points. Computed by using the explicit Euler scheme.

Using the scaling of Jackson and Byrne and assuming that the production
rates vanish, (2.28) becomes

A [pio= [ (262 + Boome,ms + 26,1+ 0pm2) .
%) Q

i.e. the entropy production density is equal to

p(t, ) = 2B + Bmbmeymy + 28m(1 + Oc)ym?2. (2.45)

In section we have seen that the positivity of (2.45)) is important for the
existence proof and that this property can be achieved for 8 being smaller than
a special value 0*. In the scaling used in [49] this critical value becomes

0" =4 /Bc//Bm
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Figure 2.2: Volume fractions of the tumour cells (left) and the ECM (right)
versus position using 8 = 1000 at times t = 0,1,2,3,4,5,6. The production
rates vanish, /B = 7JB = 0. The tumour cell front and the ECM peaks are
moving from left to right as time increases.

In figure we have plotted p at time ¢ = 1. It turns out that p(1,x) is non-
negative for all € [0, 1] if 0 is sufficiently small but it may become negative
at some points if @ is large enough. As a consequence, the entropy production
density does not lead to pointwise gradient estimates if 0 is sufficiently large.
This means that the existence analysis presented in section using entropy
estimates does not work for arbitrary 6. Clearly, the question remains if the
existence of global solutions can be proven by another method.
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Figure 2.3: Entropy production density p at time ¢t = 1 versus position. The
production rates vanish, /B = rJB = 0.

Figure shows that the entropy production density p is non-negative in [0, 1]
even for # = 200. However, the existence analysis works for much smaller
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values of 6 only, namely, using the above parameters,
0 < 0" ~ 46.

In the following, we explore this gap. We claim that there exist initial data
such that p(t,x) < 0 at some (t,x) for 8 close to the critical value 6*.

Indeed, let us modify the initial data by replacing 1/8 with 0.01 in the initial
tumour cell fraction and by replacing 1/8 with 0.475 in the initial ECM fraction
(the other parameters are unchanged). Figure (left) illustrates the volume
fraction of the ECM at times ¢ = 0,0.3,0.6 for # = 70. We see that no
peaks appear in the plot. This behaviour has also been observed by Jackson
and Byrne in [49] for small §. The right figure shows that the corresponding
entropy production density p becomes negative in some region:

Pmin ~ —0.0051 at t = 0.6.
This holds true even for smaller values of 8: for § = 55, we have
Pmin ~ —0.0005 at ¢ = 0.6

and for § = 50 (replacing the factor 0.01 in the initial tumour cell fraction
with 0.015)
Pmin & —1.6-107% at ¢ = 0.4.

In the last two experiments, we have taken M = 500 grid points to improve
the accuracy. However, in spite of these results it is not clear whether the
bound 6* is optimal and it might happen that solutions exist globally in time
also for cell-induced pressure coefficients larger than the critical value.

Next, we include the production terms in the equations. In figure
we see the time evolution of the volume fractions with # = 1000. In this ex-
periment, we have added the factor 5-107% to the initial cell volume fraction.
Compared to figure the cell front and the ECM peaks are moving much
faster. Furthermore, because of the production rates, the tumour cell volume
is increasing. The height of the peak becomes smaller for smaller values of 6,
see figure[2.6] This phenomenon has been also observed by Jackson and Byrne
[49]. We remark that their scaling seems to be different such that we obtain
different numerical results than those presented in [49].
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Figure 2.4: Volume fraction of the ECM versus position at times ¢t = 0,0.3,0.6
(left) and entropy production density p versus position at time ¢t = 0.6 (right)
using @ = 70. The production rates vanish, )% = 7B = 0. The minimal value
of p is —0.0051.
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Figure 2.5: Volume fractions of the tumour cells (left) and the ECM (right)
versus position using § = 1000 at times t = 0,1,2,3,4,5. The production
rates are o« = 0.1 and § = 0.35.
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Figure 2.6: Volume fractions of the tumor cells (left) and the ECM (right)
versus position using # = 100 at times t = 0, 1,2, 3,4,5. The production rates

are « = 0.1 and § = 0.35.
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Chapter 3

Existence Analysis of
Maxwell-Stefan Systems for
Multicomponent Mixtures

3.1 Introduction

Maxwell-Stefan diffusion equations or Maxwell-Stefan relations are systems of
equations that have been developed by the Austrian scientist Josef Stefan and
the Scottish physicist James Maxwell independently from each other in order
to describe the diffusion phenomenon accurately in gaseous multicomponent
mixtures (see [74], [72] and [59]).

In order to understand the importance of these equations let us consider a
gas mixture consisting of N + 1, N > 2, chemical components. According
to chapter (I}, where the diffusion process has been considered not only in the
chemical but in a more general sense, the change in the molar concentration
u; of the i*" component with respect to time considered at a fixed point in
space results from the motion of the i*® component and chemical reactions
producing this component, i.e.

(ui)r + div(J;) = Ri(t,z,u) inQ, t>0, i=1,...,N+1, (3.1)
where ) C R4 (1 <d <3)is abounded domain,
Ji = ;v (3.2)

is called the molar flux of component i and v;(¢, ) denotes its velocity. This
continuity equation, holding for binary or multicomponent mixtures, can be
found in [74] or [14] for example. If J; is a pure diffusive flux, then it is de-
scribed by Fick’s first law of diffusion most frequently, especially in the case
of binary mixtures, i.e. it is assumed that the flux of a chemical component
is proportional to the gradient of the concentration of this component—see
equation —Where the minus sign in the formula indicates that the flux

49
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goes from regions of higher concentration to regions of lower concentration.
However, as experiments show it may happen that the diffusive flux of a chem-
ical component in a mixture is not totally proportional to its concentration
gradient, that the flux goes from lower to higher concentration regions which
is called uphill-diffusion or reverse diffusion or that diffusion of a chemical
component takes place although its concentration gradient is equal to 0, being
called osmotic diffusion [15], [16], [17].

These diffusion phenomena have been observed in the well-known experiments
by Duncan and Toor. They consider a ternary gaseous mixture consisting of
hydrogen (Hz), nitrogen (N3) and carbon dioxide (C'O2) being contained in
two bulbs that are connected with a capillary tube. At the beginning of the
experiment the first bulb contains carbon dioxide and no hydrogen whereas
the other bulb contains hydrogen and no carbon dioxide. In both containers
nitrogen can be found and its mole fraction is equal almost everywhere in the
device and coincides approximately with the mole fraction of carbon dioxide
in the first and the mole fraction of hydrogen in the second bulb. Opening the
stopcock that separates the two bulbs carbon dioxide diffuses from the first
bulb to the second one and hydrogen diffuses from the second to the first bulb
according to the usual Fickian diffusion model. Although nitrogen is almost
in equilibrium at the beginning its flux goes from the first to the second bulb
and increases the concentration of Ny in the second bulb leading to uphill-
diffusion. This behaviour can be explained by the fact that carbon dioxide
drags nitrogen from the first into the second bulb due to the higher friction
forces between COy and Ny compared to those between Hs and No. When
the so-called diffusion barrier is reached the diffusive flux of nitrogen becomes
equal to 0. The influence of the concentration gradient on the diffusive flux be-
comes more important than the friction forces and nitrogen diffuses classically
so that finally the mole fractions of all three components are in equilibrium.
For details regarding this experiment we refer to [I7] and [55].

In situations as described above Fick’s first law of diffusion fails at modelling
the diffusion phenomenon accurately as it neglects the influence that the var-
ious chemical components may have on each other even if the diffusion coeffi-
cients D;, i =1,..., N + 1, are assumed to be functions of the concentrations
of all mixture components.

In the theory of non-equilibrium thermodynamics cross-effects in multicom-
ponent mixtures are taken into account by assuming that the diffusive fluxes
are linear combinations of the components’ concentration gradients, i.e. for
i=1,...,N+1

N+1

Ji=—Y_ D}Vu;,
j=1

where in general the binary diffusivities D%, i,7=1,...,N+1, depend on
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w:= (uy,...,uns1)". Thus, (3.1) becomes
ut + div(—Dyp(u)Vu) = R(u),

where R := (Ry,...,Ry4+1)" and Dy, denotes the matrix of the binary diffu-
sivities. This model requires the knowledge of all binary diffusion coefficients
and the positive semi-definiteness of the diffusivity matrix D}, which follows
from thermodynamical principles [15].

The approach of Maxwell and Stefan describes the diffusive transport in mul-
ticomponent systems by assuming interspecies force balances, relating the ve-
locities of the species in the mixture.

In [17] this model is compared to Fick’s first law of diffusion numerically with
regard to the description of diffusion in the human lung. At first, the authors
consider usual air breathing of healthy patients. It turns out that both dif-
fusion models lead to almost the same results for the mole fractions of the
mixture components and that these results coincide with experimentally de-
termined data. Next, they investigate diffusion in the lung of patients suffering
from chronic obstructive pulmonary diseases (COPD) inhaling heliox. COPD
denotes a group of chronic diseases of the lung, such as asthma, leading to
airway obstruction. Hence, ventilation has to happen faster, which is achieved
by administering heliox, being a mixture of helium and oxygen, speeding up
the transport of oxygen as the density of heliox is lower than that of air so that
the gas exchange can take place faster. The simulations for the mole fraction
of oxygen and carbon dioxide show that the Fickian and the Maxwell-Stefan
models lead to different results due to helium being present in the gas mixture.
The latter model seems to be closer to reality as experiments indicate as it
takes into account the effect that helium has on the other components. Details
can be found in [I7].

We will consider the Maxwell-Stefan relations for ideal gaseous mixtures only
consisting of N 4+ 1 components. Since we concentrate our study on cross-
diffusion effects, we suppose isothermal and isobaric conditions. More general
situations are investigated in [42] for example. Then the total molar concen-

tration
N+1

Utot = E Us
i=1

is constant and we set this constant equal to one (see section for details).
Thus, we do not have to differentiate between the molar concentration u; of a
component and its mole fraction ¢; in the following as

= Uy (3.3)

Utot

fori=1,..., N 4+ 1. Of course, the physical dimension of these two functions
is not equal. In the following we will concentrate on the components’ mole
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fractions in our formulations. Using equation (3.1)) we obtain
()¢ + div(J") =1'(), (3.4)
where ¢ := (c1,...,en41) s

= (e rNg) | = (R1/uot, - - - Ryt funon) |

and J' denotes a real (N + 1) x d-matrix whose i row is given by JiT for

1 =1,...,N + 1. The Maxwell-Stefan relations yield equations for the fluxes
J; under the assumptions that they are diffusion fluxes. For that purpose we
assume that the molar average velocity

N+1

V= Z Civ; (3.5)
i=1

vanishes (see section [3.2). Thus, we obtain using (3.3)

N+1 N+1 N+1

Z Ji = Z UV = Utot Z ¢iv; =0
i=1 i=1 i=1
which is equivalent to
N
INy1=— Z Ji. (3.6)
i=1

The Maxwell-Stefan diffusion equations can be written in matrix form (as in
[15]) as

Ve = AN ()T, (3.7)
where
N+1
— > dijc c1dio c1dy(n+1)
j=Ti#1
NZ—H d d
coda — 2;Cj - Col2(N+1
AS() = i €3 (N+1)
N4l
en+1d(vs1r ON+1dvgn2 0 = D ANy
j=12AN+1
(3.8)

and the coefficients d;; = dj;, t,7 = 1,...,N + 1, @ # j, are assumed to be
positive. The derivation of these relations is sketched in section [3.2] Thus,
we have to invert the flux-gradient relations (3.7) before inserting them into

(3.4). From

N
CN+1 = 1-— ZCZ', (3.9)
=1
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the definition of Ay 1 and the symmetry of the diffusivities d;; it follows that
the Maxwell-Stefan equations are linearly dependent showing that A, Lis not
invertible. This can also be seen immediately as the rows of Ay L are linearly
dependent. Moreover, and imply that the total production rate

vanishes
N+1

Z ri(c) = 0.

i=1
Using the Perron-Frobenius theory for quasi-positive and irreducible matri-
ces, Bothe [I5] characterised the spectrum of Ay*(c) in case that ¢; > 0 for
i=1,...,N and Zfil ¢i < 1. Under these conditions, A5 ' (c/) can be inverted
on its image (see section for details). In the engineering literature, the in-
version of Maxwell-Stefan relations is often done in an approximate way. For
instance, a numerical solution procedure for N = 2,3 in the one-dimensional
space has been developed in [6] and the special case D;j = D/(F;F}) can be
found in [7], where D denotes a reference diffusion coefficient and F; a diffusion
factor of species i = 1,..., N + 1. Giovangigli suggested in [40] an iterative
procedure, using the Perron-Frobenius theory as well.

Another approach, when dealing with Maxwell-Stefan relations, frequently
used in engineering literature, is the reduction of (3.7) to a system consisting
of N equations (rows) by removing one equation (row). Eliminating (w.l.0.g)

the (N + 1) equation from (3.4)) and (3.7) by using (3.6]) and (3.9) we obtain

(¢) +div(J) =71(c) in 0, t >0, (3.10)
where ¢ := (c1,...,en) = (r1,...,rn) ", J = (Ji,...,Jy) " and
Ve=—-A"Yc) J, (3.11)
where
-1 N, .
-1 ) ag (o) = Y. (dij —dyns1y)ej +divyr), i=1,...,N,
A7 () = G=1,j#i

a;'(e) =cildyniy —dij), 6,5=1,...,N,i#j
(3.12)
Considering the case of N = 2 this matrix becomes

A Vet e9) = ca(diz — diz) + di3 c1(d1z — di2)
b2 ca(dag — di2) ci1(dig2 — dag) + das

and its determinant
det(A™ (1, 2)) = c1diadis + cadiadas + (1 — 1 — ca)d13das

is positive for all c1,co > 0 that satisfy ¢; + co < 1. Hence, the flux-gradient
relations (3.11)) can be inverted and the inverse of A~!, denoted by A, can be
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given explicitly:

Aler, ea) = 1 <Cl(d12 — da3) + da3 ci(dia — di3) ) '
’ det(A=1(c1, ¢2)) c2(dia — da3) ca(dy2 — di3) + di3
(3.13)
Assuming that all diffusion coefficients d;; > 0 are equal in the matrix
A~! becomes a diagonal matrix that is invertible of course and reduces
to a reaction-diffusion system as considered in chapter [l} However, for general
N and general d;; the invertibility of the matrix A~1is not clear.

The aim of this chapter is to prove the global-in-time existence of solutions to
system (3.10)—(3.11]) supplemented with the initial conditions

c¢i(0,-) =¢) in Q, (3.14)
and the boundary conditions
Vei-v=0 onodQ, t>0 (3.15)
fore=1,...,N.

It has to be mentioned that there are only very few analytical results in the
mathematical literature for Maxwell-Stefan systems. Under some general as-
sumptions on the non-linearities, Giovangigli could prove that there exists a
unique global solution to the whole-space Maxwell-Stefan system if the ini-
tial datum is sufficiently close to the equilibrium state (see theorem 9.4.1 in
[42]). Bothe [I5] has shown the existence of a unique classical local-in-time
solution for general initial data. A local existence theorem in full vibrational
non-equilibrium was obtained by Giovangigli and Massot [43]. In [16] Boudin
et al. consider a ternary system (N = 2) and assume that two diffusivities are
equal. In this situation, the Maxwell-Stefan system reduces to a heat equa-
tion for the first component and a drift-diffusion-type equation for the second
species. Under these assumptions they prove the existence of a unique global
solution and investigate its long-time decay to the stationary state. Up to now,
there does not exist a global existence theory for the Maxwell-Stefan systems

(3.10)—(3.11)) for general positive symmetric d;; and general initial data.

This chapter is organised as follows. In section we sketch the derivation
of the Maxwell-Stefan relations and in section [3.3] we prove some properties of
the diffusion matrices A5 (/) and A~'(c). Some definitions and results from
matrix theory needed in section [3.3] are summarised in the appendix. Based
on these properties, the global-in-time existence of bounded weak solutions to
f satisfying f is proven in section In sectionwe
deal with the long-time behaviour of the solutions converging exponentially
fast to the homogeneous steady state when the production rates vanish.
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3.2 Derivation of the Maxwell-Stefan Relations

In this section we derive the Maxwell-Stefan equations (3.7) following [16], [74]
and [15].

We consider an ideal gaseous mixture consisting of N + 1 chemical species,
where N > 1, in a suitable subset of R¢, 1 < d < 3, for t > 0. Then the ideal
gas law

pi:’u,i‘R'T (316)

holds for each component ¢ = 1,..., N 4+ 1 of the mixture, where p; denotes
the partial pressure of the i*® component, u; its molar concentration, R is the
ideal gas constant and T' the absolute temperature. Assuming that the total

pressure of the mixture
N+1

Ptot = Z Dbi
i=1

and the temperature are constant

N+1
Prot = RT Y uj = RTugo (3.17)
i=1
shows that the total concentration utt is constant. We set this constant equal

to 1. Furthermore, we assume that pyot is positive. The molar flux J; defined
in (3.2) can be split into diffusive and convective fluxes fori =1,..., N + 1:

J; = sz + u;v,

where the molar average velocity v is defined as in (3.5)) and the molar diffusion
flux is given by
J& = (v — ).

We neglect convection by assuming that v = 0 so that J; becomes a pure
diffusive flux that has to be modelled appropriately. For that purpose we
consider —Vp;, representing the net force acting on species i per unit volume
fori =1,...,N + 1 [74], and assume that this force is balanced by the drag
forces between species i and j, where j = 1,..., N+1, j # ¢ [16]. Similarly asin
section the drag forces between two species are assumed to be proportional
to the difference of their velocities and their mole fractions. Thus, we obtain
the force balances
N+1
—Vp; = Z fij(’U@' - Uj)CiCj, t=1,....,N+1,
j=1j#i

where the proportionality constants f;; = f;; > 0 can be regarded as drag
coefficients, which is equivalent to

N—+1
Vpi 1
= — V; — V;)CiCi. 3.18
Dtot ; ADij( i vy (3.18)
J=1,j#i
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Here we have used

Dij ::’}?f’f, i i=1,...N+1,i#].
ij

Using (3.3)), (3.16)—(3.17) and the fact that T and uit are constant the left-
hand side of equation (3.18)) becomes

Vpi  RTVu;  utVe
Ptot RTutot Utot

The relation between the molar concentrations and the mole fractions (3.3)) as
well as the definition of the molar fluxes (3.2)) lead to

N+1 1 N+1
Vci = — Z diji(CjJi - CiJj) = — Z dij(CjJi - CZ'J]') (319)
=ttt j=LiAi

for ¢ = 1,..., N 4+ 1 being called the Mazwell-Stefan relations or Mazwell-
Stefan diffusion equations in ideal gaseous mixtures under isobaric and isother-
mal conditions with uiet = 1, where d;; :=1/D;j fori,j =1,... ,N+1, i # j.
The coefficients D;; are called Mazwell-Stefan diffusivities or Mazwell-Stefan
diffusion coefficients between i and j. According to the assumptions made
above these ((N +1)2— (N 41))/2 coefficients appearing in are positive
and symmetric. In general they depend on the components of the system.
Writing these equations in matrix form we obtain .

3.3 Properties of the Diffusion Matrices

Let us consider matrix Ay’ () defined in (3.8) whose elements are given by

(agt)ij == dije; ford,j=1,...,N+1, i#j

N+1

(agY)ii == — Z dije; fori=1,...,N+1,
j=1,57
where the coefficients d;; = dj;, 4,7 = 1,...,N+1, 4 # j are assumed to be pos-
itive and N > 2. In the following we assume that ¢’ := (c1,...,cnpq1) € RVH

is a strictly positive vector satisfying Zi\; J{l ¢; = 1. We refer to appendix
for the definitions and results from matrix analysis used in this section.

In [42] (section 7.7.1), the matrix with elements (—ay ');;c; is analysed and it
is shown that it is symmetric, positive semi-definite, irreducible and a singular
M-matrix as well as that a generalised inverse can be defined. Our approach
is to apply the Perron-Frobenius theory to Ag*, following [15].

Lemma 3.1 (Properties of Ay'). Let

0= dij>0

min
1,5=1,...,N+1,i#£j
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and
N+1

A:=2 Z dl]
i,J=1,i7#j

Then the spectrum o(—Ay") of —Ag" satisfies
o(=Agh) C {0} Uls,A).

The inclusion o(—Ay ") € {0} U[4, 00) is shown in [I5]. For the convenience of
the reader and since some less known results from matrix analysis are needed,
we present a full proof.

Proof. The matrix Ay L'is quasi-positive since all off-diagonal elements are

non-negative and Ay 1 cannot be equal to the zero matrix due to the fact that
N
¢N+1 = 1 — ) ¢. Furthermore, it is irreducible. Therefore, by theorem |A.2
i=1
of Perron-Frobenius for quasi-positive irreducible matrices (see appendix [A]),
the spectral bound of A7?,

s(Agh) := max{R(\) : A € a(A5h)},

is a simple eigenvalue of Ay 1 associated with a strictly positive eigenvector
and
s(Agh) > R(\) for all X € o(Ayh), A #s(A5h).

Thus,
a(Ag") S {s(Ag)}U{z € C: R(2) < s(A5 1)}

An elementary computation shows that ¢ is a (strictly) positive eigenvector
to the eigenvalue A = 0 of Aal, ie.

C1 0 C1
At = =0

CN+1 0 CN+1

According to the Perron-Frobenius theory, only the eigenvector to s(A, D is
positive. This implies that s(A5') = 0 and

o(Agh) C{0}u{z € C:R(z) <0}.

We can describe the spectrum o(A5 ') in more detail. Let

CY? .= diag(v/er, ..., /EN1)

be a diagonal matrix in RVTDXWV+D) with inverse C~1/2 that exists due to the
fact that ¢ is a strictly positive vector. Then we can introduce the symmetric
matrix

Ag =012 A5t CY?
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whose elements are given by
Ag afi = (aal)ii fori=1,...,N +1,
afj = /Cicjdi; fori,j=1,...,N+1,i#j.

The matrix Ag is real and symmetric since d;; = dj; and therefore, it has
only real eigenvalues. Since Ay Land Ag are similar matrices, their spectra
coincide:

o(Ag) = a(Agh) C{0}U{z€R: 2 <0} = (—00,0].

Now, consider the matrix

T
As(a) = AS — Oé\/g\/g 5
whose elements are given by

(a%)ii == (agl)n- —ac; fori=1,..,N +1,
(a%)ij == /cicj(dij — ) fori,j=1,...,N+1,i# j,
where o > 0 and
Ve = (et Jent) T

Then Ag(ca) is quasi-positive for a« < § and irreducible for @ < § < dj;.
Using Zf\i t1¢; =1, a computation shows that —« is an eigenvalue of Ag(a)
associated to the strictly positive eigenvector v¢. By theorem of Perron-
Frobenius, the spectral bound of Ag(«) equals —a and

o(As(a)) C (~o0, —al.

T
Since Ag(a) and aV/dVe are symmetric matrices, we can apply theorem
[A-4] of Weyl:

N(As) = M(aVaVE + As(a)) < M(aVave ) + A (As(a)),

where ¢ = 1,..., N + 1 and the eigenvalues \;(-) are arranged in increasing
order. Because of

AN+1(As(@)) = —a
and

M(@VEVe ) =0 fori=1,...,N, Ay (aVdve ) =a
due to the fact that

o( : : : ) ={0,...,0,1}
VCN+1 VCN+1
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(see proposition , we find that
Ai(Ag) < —a fori=1,...,N and Ay4+1(As) <0.
Thus, for all o < 6,
o(Ag") = o(As) € {0} U (—o0, —a],
implying that o(—A5") C {0} U [§, 00).

In fact, we can show the above inclusion more directly circumventing Weyl’s
theorem. We claim that

o(As)\{0} = o(As(a))\{-a}

for a < 6. Let
As(a)v; = Moy fori=1,..., N+ 1

with vy41 = V¢ and Ay;1 = —a. Let V :=span{vy,...,vn}. Then
RN = V @ spanv/c'.

- . . . T .
By proposition in appendix the eigenvalues of o/ are o with
eigenspace spany/¢ and 0 with eigenspace V. Then

Agv; = Ag(a)v; + a(\@\@—r)vi =\ \wv; fori=1,...,N,
since v; € V and
Agvuni1 = Ag(a)oni1 + a(\@\/gT)vNH =0.
This shows that
o(Ag )\ {0} = o(As)\{0} = o(As(a))\{~a} C (—o0, —a),

implying that
o(—AgY) € {0} U [5,00).

It remains to prove the upper bound of the spectrum. Denoting by ||.||r the
Frobenius norm, we find for the spectral radius of —A; ! that

N+1 1/2
r(=Ag) < = At le = | Y (ag )i
i,j=1
2 1/2
N+1 N+1 N+1
= 2| 2 v | + XL (dye)?
i=1 \j=1,j#i ij=1, j#i
N+1
<2 Z dz’j =: A,
ij=1, j#i

since 0 < ¢; < 1, finishing the proof. a
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Remark. Notice that the quasi-positivity of Ay ' does also hold if ¢; € [0, 1] for
i=1,...,N+1 but that A, Lis not irreducible anymore. Choose for example
M ={2,...,N +1} and assume that ¢; = 0. Then (ag')1; = 0 for all j € M.

Lemma 3.2 (Properties of restrictions of Ag' and Ag). Let

/161 = A61|im(Aal)

and
As = Aglim(ag)-

Then Ay" and Ag are invertible on the images im(Ay"') and im(Ag), respec-
tively and

o(—Agh), o(—=Ag) C[5,4), o((—As)™Y) C (1/A,1/4)]. (3.20)

Proof. Direct inspection shows that
ker(Ay') = span{c’}, im(A;") ={|: [}*

and

ker(Ag) = span{V¢'}.

By the symmetry of Ag, it follows that
RN = ker(Ag)t @ker(Ag) = im(AL) @ker(Ag) = im(Ag)@ker(Ag). (3.21)

Furthermore, using theorem since A = 0 is a semi-simple eigenvalue of
A,
RV = im(Ag!) @ ker(Ag!). (3.22)

‘We observe that both
Ayt im(Agt) — im(Ag") and Ag : ker(Ag)t — ker(Ag)t

are endomorphisms. Clearly,

o(Ag") Co(Ayt) and o(Ag) C o(Ag).

We claim that 0 is not contained in o(Ay ') or 0(Ag). Indeed, otherwise there
exists z € im(Ag") (or # € im(Ag)),  # 0, such that Ay'z = 0 (or Agz = 0).
This implies that = € ker(4;") (or @ € ker(Ag)) and because of (3.22) (or
(3.21))), it follows that x = 0, which is a contradiction. Hence, lea Dand Ag
are invertible on their respective domain and follows. a
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The above lemma shows that under the assumption that ¢; > 0 for i =
1,...,N + 1 the flux-gradient relation (3.7) can be inverted since

N+1

> Ji=0
1=1

implies that each column of J is an element of

N+1
im(Ay ") = {x e RV Z x; = 0}.
=1

In fact, we can write as

vd = flalJl
and hence, .

J/ = A()VC,.

The next step is to reduce the Maxwell-Stefan relations of N + 1 components
to a system of N components only and to use the above results for Ag Lin
order to obtain properties for the spectrum of A~ !defined as . Still, we
assume that

N+1
¢; >0 foralli=1,...,N+1 and Zcizl.
i=1
We define the matrix
0\ /1\ " 1 0 0
P . . 0 1 0
=AN+L — | ) = .
- 0 1 :
1 0 -1 -1 1
and its inverse
o /1N' /10 -~ 0
o : . 0o 1 - 0
X" =INnp+ 0 : =
1 0 11 --- 1

in RIVFDX(N+1) " where Ty is the unit matrix of RINFTDX(N+1) A compu-

tation shows that )
—A"t b
| _
X 4 X_<0...O 0)’

where A=!is an N x N-matrix and the vector b € RY is given by

bi = di(N+1)Ci7 iZl,...,N.
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Lemma 3.3 (Properties of A~%). The matriz A~ € RVXN | defined in (3.12)),

1s 1nvertible with spectrum
o(A71) C [5,A).

Furthermore, the elements of its inverse A are uniformly bounded incy,...,cNy €
[0, 1].

Proof. Since the blockwise upper triangular matrix —X 1 A4; 1X is similar to
—Ay ! their spectra coincide and

c(AHUu{0} =o(-XTA'X) = o(—Ay") C {0} U[5,A). (3.23)
Observing that 0 is a simple eigenvalue of —A; it follows that
o(A™H) C 5, A)
and hence, A~! is invertible.

It remains to show the uniform bound for the elements a;; of A. By Cramer’s
rule,

A=adj(A™1)/det AL,
where adj(A~!) is the adjugate of A~!. The definition of A~! implies that

N

lai;'] < Z dik — dinry)| +divan| = K < K, i,5=1,...,N,
k=1, ki

where K := max;—1 N Kj;. Therefore, for the elements of adj(A~1) we have
(adj(A™))j < (N = DN

fori,7 =1,...,N. By (3.23), the eigenvalues of A~! are bounded from below
by 4. Consequently, since the determinant of a matrix equals the product of
its eigenvalues,

det(A™1) > oV,

This shows that
lai;| < (N = DIKN"16N foralli,j=1,...,N.
Q

Consider the matrix H(c) defined as ([1.12) in the variables cq,...,cy whose
elements are given by
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where d;; denotes the Kronecker delta and c is defined as in section Ob-
viously, matrix H is symmetric and positive definite by Sylvester’s criterion,

since all principle minors det Hy, k = 1,..., N, of H are positive:
k
det Hy, = (c1 - cpengr) ™ (Z ci+ cNH) >0, k=1,...,N (3.24)
=1

as¢; >0fori=1,...,N and ZZJL ¢; < 1. That the above equality holds can
be seen by induction. The case k = 1 is clear. Let us assume that (3.24)) holds
for k — 1, where k € {2,.., N}. Then, applying Laplace’s formula

E

-1

1 . 1
det(Hy) = > (~1)F ——det(H”) + (—1)%(— +
i CN+1 Ck  CN+1

)det(Hk?—l)7

.
Il

where H,]jj results from Hj by removing the & row and the j*! column.
Applying elementary row operations the determinant of H :J can be shown to
be equal to
L S
ki _ k—(j+1
detHY = ] (-1 (7+1)
1115 €L ON+1L

showing that (3.24) holds. Thus, the eigenvalues of H are positive implying
that it is invertible.

Lemma 3.4 (Properties of B). The matriz B(c) := A(c)-H*(c) is symmetric
and positive definite. Furthermore, the elements of B are bounded uniformly
mcy,...,CN+1 € [0, 1].

Proof. Let us consider the inverse of B, that exists since A and H~! are
invertible, in order to prove its properties. Using

N+1

dij = dji and Z C; = 1,
i=1
fori,j=1,...,N, i # j, a calculation shows that the elements B! of B~! =

HA-! equal

) d oy 11
B (c) :==dynyy) | 1 Z Ck +

Nyl Ci  CN41

N
dk(N+1) i,

C

- 122 < CN+1 Ci) g

k=1, k#i
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fori=1,...,N and

1 di(N+1) al dj(N+1) al
Bille)=— == (1= ) e - > e
1

CN+1 k=1 ki CN+1 k=1, ket
+ Z A1) —— — dij;
k=1, k#1,j
for i,5 = 1,...,N and i # j. Hence, B! is symmetric. We have proven

above that H~! is symmetric and positive definite. According to theorem
the number of positive eigenvalues of A=! = H~'B~! equals that for
B~!. However, by , A~! has only positive eigenvalues. Therefore, also
B! has only positive eigenvalues. This shows that B! and consequently B
are symmetric and positive definite.

It remains to show the uniform boundedness of B. The inverse H~! can be
computed explicitly (see (1.13]) in chapter [1)):

H-1.— (1—¢)e; ifi=j=1,...,N,
Z] A —CZ'CJ‘ lfl#j’ 1’7]:1,,N

The elements b;; of B equal

bii :aii(l —ci)ci — E A;kCiCl 7 = 1,...,N,

k=1, k#i N
bij = —a4Cicj + aij(l - Cj)Cj — E Ak CjC, 1#£4, i,5=1,...,N.
k=1, k#i,j

By lemma the elements a;; are uniformly bounded. Thus, since ¢; € [0, 1]
fori=1,...,N,
bij| < NIKN715—N

for all 4,j = 1,..., N and the uniform bound for b;; follows. u

3.4 Existence of Weak Solutions

In this section we want to prove the existence of a weak and global-in-time
solution (c1,...,cn) " to the Maxwell-Stefan system (3.10)—(3.11]) with initial
and boundary conditions (3.14)—(3.15)) that satisfies

N

01,...,CN,ZCZ‘ S [0,1].

=1

Let us summarise the difficulties that arise in the analysis of the Maxwell-
Stefan system.
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First, the molar fluxes J; for i = 1,..., N are not defined a priori as a linear
combination of the mole fraction gradients, which makes it necessary to invert
the flux-gradient relations (3.11). However, as mentioned in section the
invertibility of A=! is not clear for 0 < ¢1,...,cn, Zf\il c <1.

Second, equations f are coupled. Assuming that A~! is invert-
ible this translates into the fact that its inverse A is generally a full matrix
with non-linear coefficients depending on the mole fractions. Thus, standard
tools like the maximum principle or regularity theory are not available. In
particular, it is not clear how to prove non-negative lower and upper bounds
for the mole fractions ¢;. Moreover, A~! and hence A is not symmetric and
in general A cannot be assumed to be positive semi-definite if it exists. In-
deed, for N = 2, where A is given explicitly by counterexamples can
be constructed showing that this is not the case. Therefore, even the proof of
local-in-time existence of solutions is non-trivial.

Third, it is not standard to find suitable a priori estimates which allow us to
conclude the global-in-time existence of solutions.

In order to overcome these difficulties we combine and extend the results pre-
sented by Bothe in [I5] with the entropy-dissipation technique used in chapter
Let us mention, that we work only with the Maxwell-Stefan systems con-
sisting of N equations respectively components—in contrast to Bothe, whose
existence result is proven for systems as and —as it turns out to be
more convenient to use our methods. Thus, we lose the “nice” structure of
the diffusion matrix A 1 of the cross-diffusion system consisting of N 41
components and consider the matrix A~! instead. However, the entropy vari-
able formulation of f restores the “nice” structure of the system
leading to a symmetric and positive definite transformed diffusion matrix.

We assume that the flux-gradient relations (3.11) can be inverted, i.e. we
invert A~! formally so that (3.10)—(3.11]) lead to the cross-diffusion system

(¢)t —div(A(c) - Ve) =r(c) inQ, t>0. (3.25)

Our main idea to handle ([3.25)) is to exploit its entropy structure. We associate
to this system the entropy density

N N
h(c) := Zci(lnci -4+ enpi(lneyyr — 1), e,...,en >0, Zci <1,
i=1 i=1

(3.26)

where
N

cN+1 =1 — Z Ci
i=1
is interpreted as a function of the other mole fractions. The corresponding
entropy functional is defined in (1.9). Notice that this entropy is a natural
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extension of the entropy (2.21]) used in chapter Furthermore, we define
the entropy variables w; as in (1.10)) so that ¢; can be written as (1.11]) for

i=1,...,N and (3.25) becomes 11.]14', where
B(w) := A(c(w)) - H Y (e(w)), (3.27)

w = (wy,...,wy) ", c(w) = (ci(w),...,en(w))" and H~! is defined as in
(1.13)). Let us recall that the mole fractions satisfy

7

N
0<c(w),...,en(w), Y ci(w)<1 (3.28)
=1

for bounded functions w;, i = 1,...,N. Under these conditions Bothe [I5]
has analysed the spectrum of matrix A; !defined in . In section we
have extended these results in order to show that A~!(c(w)) is invertible and
A(c(w)) exists (see lemma [3.3). Moreover, the matrix B(w) is symmetric and
positive definite for c(w) satisfying (see lemma [3.4)). The positive defi-
niteness of B allows us to apply the Lax-Milgram lemma to a linearised version

of (19)

An important ingredient for the global existence proof is the derivation of
a priori estimates. Therefore, we assume that (cg,... ,cN)T is a sufficient
solution to (3.10)—(3.11)) and (3.14)—(3.15)). Differentiating the entropy

E(c) := /h(c)d)\d
Q
(now h(c) is interpreted as a function of ¢y, ..., cy41) with respect to time, a

formal computation (made rigorous in lemma/3.8)) shows the entropy-dissipation
inequality for ¢t > 0

dE (e (t ' N+1 In(er)
(Cl( )7-6-it.,CN+1( )) +K/ Z |v\/a|2d)\d < /T’I(CI) . d)\d
o =1 Q In(cn41)
(3.29)
<0

—_ )

where K > 0 is a constant which depends only on the coefficients d;;, i,j =
1,...,N+ 1,4 # j and |.| denotes the Euclidean norm in R%. In order to
prove this inequality we need the formulation of the Maxwell-Stefan system
and , i.e. of the system consisting of N + 1 equations as well as the
properties of the diffusion matrices shown in section The inequality

ln(cl)
/r’(c’) . : dAg <0

Q hl(C]\H_l)
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is obtained under the assumptions made on 7/(¢/) for 0 < ¢1,...,eny41 < 1
(see below). Estimate yields H'-bounds for Ve, i=1,...,N+1. A
diffusion inequality that directly implies was first established in [41]
(also see theorem 7.6.1 in [42]).

Under the following assumptions we are able to prove the global-in-time ex-

istence of weak solutions (ci,...,cn)", where N > 2, to (3.10)-(3.11)) and
(3.14)—(3.15)) for arbitrary diffusion coefficients d;; and general initial data:

e Domain: Q) C Rd, 1 < d < 3, is a bounded domain with 9Q € CL.

e Initial data: The real functions

0 0
C1y.- - CN

are assumed to be non-negative a.e. in €2 and measurable, defining

N
0 0

cyyp i =1-— G,
i=1
and satisfy

N
ch <1 a.e. in (.

i=1

o Diffusion coefficients: The coefficients d;; are symmetric and positive
fori,j=1,...N+1,i#j.

e Production rates: The functions r; € CO([0, 1]V R), i =1,...,N + 1,

satisfy
N+1 N+1
Z ri(d) =0, Z ri(d)Ilne; <0 forall 0 <ep,...,ene1 < 1.
i=1 i=1

Theorem 3.5. Let the above assumptions hold. Then there exists a weak

solution (cy,...,cn) ! to (3.10)-(3.11) and (3.14) -([3.15)) satisfying
¢i € Lie(0,00, H'(Q)),  dhei € Lipe(0, 005 V)
fori=1,...,N and

N
Ogcl,...,cN,Zcigl a.e. in Q x (0,00),
i=1

where V' is the dual space of

Vi={feH*Q):Vf-v=0 ae on 00}
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The proof of this theorem is similar to that of theorem [2.1] in section
Proof of Theorem [3.5
Step 1: Variable Transformation.

As in the proof of theorem we assume that there exists n € (0,1) so that
the initial data satisfy

N
& >n fori=1,...,N and chgl—n a.e. in (2. (3.30)

i=1
Using the variable transformation we consider the problem
Oe(w) — div(B(w)Vw) = r(e(w)) in Q, t >0,
where B(w) is defined as in (3.27), with the boundary and initial conditions
Vwi-v=0 ondt>0, w0,.)=uw

)

0
c.
'LUZO = 1In 071 s
CN+1

satisfying wY € L>°(Q) due to (3.30).

inQ, i=1,...,N,

where

Step 2: Existence of an Approximate System.

Let T'> 0, m € N and set 7, = 7 := T'/m so that the time steps ¢, := k7 can
be defined for k£ = 0,...,m. We consider the approximate system

—(c(w®) = e¢(w 1)) = div(B(w*)VuwF) = r(c(w®)) in Q,

wa-yz() on 0, i=1,...,N,

for k=1,...,m, where w* := (w}, ..., wk) T, c(w®) = (e;(w),...,en(wWF)) T
and
N
wh = wi(ty,.), ci(wk) = ewf/ 1+ Z e (3.31)
j=1
fort=1,...,N and kK = 0,...,m. In order to find a weak solution to the

above problem we formulate its weak formulation and add additional e-terms,

i.e. we consider
1
/ (c(wk) - c(wk_1)> -vdAg —I-/VU: (B(wk)Vwk> dAg
Q

T
Q

+ 6/(Awk CAv 4w v)dhg = /r(c(wk)) cvdhg, veVY, (3.32)
Q Q
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where € > 0 is an arbitrary but fixed parameter, the Laplace operator of
a vector is defined component-by-component and “:” denotes the Hilbert-
Schmidt inner product for real N x d-matrices; in particular,

Vo : (B(wk)Vwk) = Z .

=17

(v9)a; (bin (w*) - (W)ey + - -+ bin (W) - (W), ).

d
=1

We remark that (V, .|| g2(q)) is a Banach space. The implicit Euler discreti-
sation of the time derivative makes the system elliptic which avoids problems
related to the regularity in time. The additional e-term guarantees the coer-
civity of the elliptic system.

Lemma 3.6. Let the assumptions of theorem hold and let w*=1 € L= (Q)N.
Then there exists a solution w* € VN to (3.32).

Proof. Again, we apply the Leray-Schauder fixed-point theorem (see the proof
of theorem in section [2.3). Let w € L*°(Q)" and o € [0,1]. We wish to
find a unique solution w € VN to

a(w,v) = F(v) for allv e VN, (3.33)

where

a(w,v) = /VU : B(w)VwdAg + 6/(Aw “Av+w - v)dAg,
Q Q
o

F(e)i= =7 [ (ef@) ~ ™) cvdhat o [ r(ctm) v

T
Q Q

For v,w € VN and w,w*~! € L>®(Q)Y the bilinear form a : V¥ x V¥ — R
and the linear functional F': VIV — R are well-defined since
N
0<c(@), > @), a@ ) <1
j=1
a.e. for i =1,..., N so that A(c(w)) exists a.e. (see lemma [3.3) and
bw‘(@), Ci(@), Ci(wkil) S LOO(Q)

(see lemma for i,5 =1,...,N. From the assumptions made on the pro-
duction terms it follows that r;(c(w)) € L>(Q2) fori=1,..., N.

From the triangle inequality, the a.e.-boundedness of the elements of B(w)
and Holder’s inequality it follows that @ is continuous in V¥V x VN, Indeed,
for w,v € VN

|CL(’LU,’U)’ < 0(67 d, N, dij)HwHHQ(Q)N ’ ||UHH2(Q)N7
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where C(e,d, N, d;;) > 0. Moreover, due to the fact that ¢;(w), ¢;(w*~1) and
ri(c(w)) are bounded a.e. for i = 1,..., N, it can be shown, that F' is a contin-
uous map, being bounded by a positive constant that depends on the bound
of the production terms r;, 7 and Ag(Q).

Since B(w) is positive definite a.e., by lemma a is furthermore coercive,

N d
a(w,w) = / DY (Wi, (bt (@) (w1)e, + - - + bin (W) (W), )dAa+
o =1j=1
+e [ (|Aw]* + Jw]?) dAg =
/
(wi)ay \ (w1, (wi)ag \ ' (i),
: B(w) : +...+ : B(w) : dNg+
Q (wN)m (wN)»ﬁ (wN)Z'd (wN)Id

e/ (|Aw|2 + |w|2) dhg > e/ (|Aw|2 + |w’2) d\g > %Hwﬂég(mm
Q Q

where C' > 0 is a constant. The last inequality follows from elliptic regularity,
using the assumption 9Q € C%! and the fact that w; € V satisfies homoge-
neous Neumann boundary conditions for i = 1,..., N [71].

Then the Lax-Milgram lemma provides the existence of a unique solution
w € VN to (3.33)). Since the space dimension is assumed to be at most three,
the embedding

H*(Q) — L™(Q)

is continuous (and compact) such that w € L®(Q)Y. This shows that the
fixed-point operator

S LN x [0,1] — L®(Q)Y,

defined by
S(w,o) =w,

where w is the solution to (3.33)), is well-defined. By construction,
S@,0) =0 forallw e L=(Q)V.
Standard arguments show that S is continuous and compact.

It remains to prove a uniform bound for all fixed points of S(-, o) in L>(Q)".
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Let w € L=(Q)" be such a fixed point and assume o # 0 (for o = 0 the case
is clear). Then w solves (3.33|) with w replaced by w. Taking the test function
v=w e VN, it follows that

g

T/(c(w)—c(wk_l)) -wdAd+/(Vw:B(w)Vw+e(|Aw[2+]w|2))d)\d
Q

= J/r(c(w)) - wdAg. (3.34)
Q

In order to estimate the first term on the left-hand side, we consider the
discrete entropy density h, defined as in , on the open unit simplex
D:={(x1,...,zx)" €eRN :0 < 24,... S TN, Y ioq 2 < 1} Then its Hessian
is positive definite (see the proof of lemma and hence, h is convex, i.e. we
obtain, using Taylor’s theorem,
Y1
n ((1—251%))

h(y) —h(z) < Vh(y) - (y—z) = : (y—=z) forall z,y € D.

Using w = Vh(c(w)) and arguing similar as in the proof of theorem we
find that

7 [ (et et ) cwar 2 2 (etw) e ) i

T
Q Q

1
> —;)\d(Q)(N +1).
By lemma B(w) is positive definite a.e.:

/Vw : B(w)VwdAg > 0.

N N+1

Finally, using the assumptions »_ r;(¢) = —ry4+1(c) and > ri(c)Ine; <0 for
i=1 i=1

0< Cl,...,CN,Zi]ilci <1,

Mz

/r(() Wd)\d— ( ri(c(w))(In e )—lncN+1(w))> dg
Q Q =1

N+1
_ / S ri(e(w)) ne;(w)drg < 0.

q =1
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Therefore, (3.34) becomes

a/h(c(w))d)\d—i-er/ (JAw|* + [w]?) dAg < a/h(c(wkl))d)\d.

Q Q Q

This yields an H?(Q)"-bound uniform in w and o but depending on € and 7
(and d, N, Q). The embedding H?(Q) < L>(Q) implies the desired uniform
bound in L>(2)" and the Leray-Schauder fixed point theorem gives a solution

to (3.32). Q

Step 3: Entropy Dissipation.

Since the diffusion matrix B(w*) defines a self-adjoint endomorphism a.e., the
entropy-dissipation estimate

/ Vuw® : B(w®)Vwrd\g > Z / Amin| V¥ Pd)g

le

holds, where Ay, is the smallest eigenvalue of B (wk) Unfortunately, we have
no information about the spectrum of the matrix B and we do not know
whether there is a positive lower bound of Ay independent of c(wk).

However, we are able to prove an entropy-dissipation inequality in the variables
Vei(wk) fori =1,..., N+1 with a uniform positive lower bound. Let us recall
that ¢;(w”) is defined as in (3.31]) for i = 1,..., N and

eny1(w”®) =1— E ci(w

=1

Lemma 3.7. Let w* € VY be a weak solution to (3.32). Then

N+1
/v B(w®)Vuwrdrg > /Z IVA/()E 2N,
Q
where (¢)F = (c1(w¥), ..., eni1 (W) 7.
Proof. First, we claim that
/ Vw® : B(w®)Vwrdrg = / Vin(d)* : (=Ag) V() rdNg,

where the endomorphism Ay, given in lemma applied to a matrix is defined
column by column and the logarithm of a vector is defined component-by-

component. To prove this identity we remark that because of w’f yee e ,wﬁ, €

H'Y(Q)
ci(w®) e HY(Q) fori=1,...,N
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and that these functions can be differentiated a.e. according to the classical
chain rule (see [56]). We set

z:=(z1,...,2n) = B(wh)Vu* e RV*?,

where z; € R? for i = 1,..., N and

N

ZN41 = — Zzi S Rd.
=1

Then the definitions of w* and zZN+1 yield

N
Vu® : B(w)Vuw® = Vot : 2 = Z(wa $z) =
i=1
N N
> (Vn()E = n()ip)) -2 = 3 (Vi) = V()i ) - 2 =
i=1 i=1
N+1
Z Vin(d)F -z =Vin(d)*: 2, (3.35)

where we have used In(c;(w*)) € HY() for i = 1,..., N + 1, that can be
differentiated a.e. according to the classical chain rule, due to the fact that
wk e L®°(Q) fori=1,...,N and ()% € HY(Q) fori =1,...,N+1 (see [85]),
as well as the definition 2’ := (21,..., 2N, 2n41) . Using

Vu* = H(c(w))Ve(w)

and
B(w*) = A(c(w®))H ™! (c(w®)),

where H(c(w")) is the Hessian of h and B is defined as in lemma it follows
that
z = A(c(w”))Ve(w")

or, equivalently,

A computation shows

_Aalz/ — V(c/)k
using the definition of cyy1(w¥) and the fact that each column of 2/ is an
element of im (A, 1) being mapped to an element of im(Ay 1) and consequently,

2= AV ().

Inserting this into (3.35]) proves the claim. We recall from the proof of lemma
that the images of

A= A(;l’im(Aal) and Ag := Aslim(as)
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are given by
m(4y") ={(1,....,1)"}*

and

im(As((¢)%)) = span{y/ ()} = {C72(() )z 2 € im(A5 1)},
where
CH2()4) = diag((()5) 2, ()0 F1/2) € ROVIDX VD

and the square root of a vector is defined component-by-component here and
in the following. Then the definition

_Aal _ 01/2(_AS)C—1/2
implies that
_Agl _ 01/2(_1[13)071/2
and hence,
(~Ag)™t = CTV2(=Ag)C.

We infer that

Vin(d)F : (—Ag)V(¢)* =4,/ (k- CV2(()F) (= Ag)CV2 (Y)W / ()

N-‘rl

- 4V\/7 —Ag) 1VF> — Z V(@

The inequality follows from lemma since (—Ag)~! is a self-adjoint en-
domorphism whose smallest eigenvalue is larger than 1/A and the fact that
\/(¢)k € H(Q) can be differentiated a.e. according to the classical chain rule
fori=1,...,N +1. a

Step 4: A Priori Estimates.

Next, we derive some estimates uniform in 7, € and 1 by means of the entropy-

dissipation inequality. The following lemma is a consequence of (3.34) (with
w replaced by w* and ¢ = 1), the proof of lemma and lemma

Lemma 3.8 (Discrete Entropy Inequality). Let w* € VN be a weak solution

to (3.32)). Then for 1 <k <m,

B(c(w™)) Zyv ()] d>\d+67/(\Awk|2+|wk]2) Y
Q
< E(C(’wk ),
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where E(c = fh ))dAg for k = 0,...,m. Solving this estimate

recursively, it follows that

k k
%Z > IV ei(wd) deAdJFETZ/(\AwJ‘yM [w? %) dAg
j=1

j:lg =1
< B(c(w?)).

Let w* € VN be a weak solution to (3.32) for k € {1,...,m} and set ¢* :=
c(w*). We define the piecewise-constant-in-time functions

Wt z) = wl(z), t=0, €
T wh(x), te (k-1 kr], ke{l,...,m}, 2 €Q

such as
0 T
(1) — Cl(x)7 , C (IL’)) ’t - O, X € Q
At x) { ck(:n,te((k: Vr k7], ke {l,...,m}, z€Q

for t € [0,7] and = € Q. The functions w(™) and <™ depend on 7, n and
€. Recalling the definition of the shift operator and the discrete time
derivative where f = c and ¢y = (c,...,c%)" the functions (¢(7),w(7)
solve the following equation in the distributional sense (assuming sufficient
boundary conditions):

D™ — div(A(Y V) 4+ e(A2w™) + w™) = r(c™), te(0,T),2€Q.
(3.36)

Lemma [3.8] implies the following a priori estimates.

Lemma 3.9. There exists a constant K > 0 independent of €, 7 and n such
that

Iy/el? oy + VAl lisanimoy < K (3
|| ||L2(0TH1(Q) + (| D~ C ||L2(0TV/) < K. (3.38)

fori=1,...,N.
In the following, K > 0 denotes a generic constant independent of €, 7 and 7.

Proof. From the a.e.-boundedness of ¢;(w*) fori =1,...,Nandk=1,...,m
it follows

1 e orizoe@)y IV &7 oo 0.z < 1 (3.39)

for i =1,..., N. This and the entropy inequality of lemma [3.8] yield

Ve o0z @) =



76 CHAPTER 3. MAXWELL-STEFAN SYSTEMS

2
[/ CET) H%Q(O,T;L2(Q)) +7 ( Cf) (\/%)
_ 1

L2(Q)

C(N,d,Q, A, d;))

<

zallr2(e)

as well as
ﬁ||w§T)||L2(o,T;H2(Q)) < C(N,d,Q),

where C'(N,d,Q, A, d;;) respectively C'(N, d, ) are positive constants that de-
pend on N, d, 2, A, d;; respectively N,d, {} only.

To prove (3.38), we employ the generalised Holder inequality and obtain for
t1=1,...,Nandl=1,...,d:

2
bl =4[/ (/)
w2
2 2
@) [
] L2() L>(Q)
2
"
il 2@

and thus

112200 ) = e 120 iz +T§:§ju o220y <

=1 k=1
2
<\/c7€> < C(N,d, Q. A, diy)

L2(Q)

d m
2
i 132 0,p2ay +47 9D
=1 k=1
using (337) and (339).

Leti=1,...,N and ¢ € L?(0,T;V). By (3.36) and Holder’s inequality,
T )
T <
/0 <DTCZ (1), <Z>(t)>vd)\(t)‘ <

N d
> laii () poeqo,rspoe o) 10w 220752200 (CgT)):ck z2(0,m522(0))t
=1 k=1

Ty

ellwi”|| 2 o,:L2@) 18l L2 0,722 02)) +el w2 o,:.2 ) 1A® 2 0,7:22(0)) +

75 ()| 20220 |9l 22 (0.7 L2 () -
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Using estimate (3.38) and the fact that 7;(c(™)) and a;;(c(”)) are bounded
uniformly in ¢ for i, j=1,...,N (see lemma D the above term is smaller
that or equal to

(1 + d)Vevelw | 1200 16l 20,00 +

Cril|#ll 2 0,75v) + KNTHN = 1)I(1/6M)C(N, d, 2, A, dij) ol 20,10y <
C(N7 d7 Q? A? dl]) CTi)||¢||L2(0,T;V)'
In order to obtain the last inequality we have assumed € < 1 and we have used
(B-37). Thus,
1D\ 2 0.m0) < C(N,d, 92, A, dij, Cr,),
where C(N, d,Q, A, d;;,Cy,) > 0, finishing the proof. Q

Step 5: Limits e — 0, 7 — 0 and n — 0.

As in the proof of theorem [2.1] we assume that € < 1 and we will choose w.l.0.g.
same subsequences that are not relabeled.

We apply the compactness result of [31] (theorem 1) to the family (chm))meN

for i = 1,...,N. Since the embedding H'(2) < LP(Q) is compact and
the embedding LP(§2) — V' is continuous for 1 < p < 6, (3.38) implies the
existence of a subsequence, which is not relabeled, such that, as (¢,7) — 0,

CET) — ¢ strongly in L2(0,T;LP(Q)), 1<p<6, i=1,...,N.

We set ¢ := (c1,...,cn) . As a consequence,

N N
0 < ¢y Zcigl and ¢y ::1—207;20.
i=1 i=1

a.e. in Qp := (0,7) x Q for i =1,..., N. Because of the uniform L**-bounds

for CET) and the a.e.-convergence of the sequences in )7, the above convergence
holds even in the space LP(Qr) for all 1 < p < oc.

Furthermore, by (3.37)(3.38)) and the Eberlein-Smuljan theorem, up to sub-
sequences,

(cf)ay = () weakly in L*(0,T: (),

Drcl”) = i, weakly in L2(0, T3 V),
Gwz@ — 0 strongly in L%(0,T; H*(Q2)).
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fori=1,...,Nandl=1,...,d. Since c,gT) converges strongly to ¢; in LP(Qr)

for all 1 < p < oo and since ™ and ¢; are uniformly bounded in L (Qr) by

1
1, we obtain

det(A71 (M) — det(A7(¢))

aij(c!”) — aij(c)
strongly in LP(0,T; LP(2)) for 1 <p < oo and i,j =1,...,N, as well as
det(A7'(c)) >V >0 ae,

showing that
aif (D)), = ay (e

weakly in L?(0,T;L?(Q)) fori,j =1,...,N,l=1,...,d. Furthermore,
ri(cM) = () strongly in L(0,T; L*()),
fori=1,...,N.

The above convergence results are sufficient to pass to the limit (¢,7) — 0 in
the weak formulation of (3.36[), showing that ¢ satisfies

drc — div(A(c)Ve) = r(c) in L*(0,T;V").

This proves the existence of a weak solution to (3.10)—(3.11]) and (3.14))—(3.15)

N
with initial data satisfying ¢! >n >0 a.e. fori=1,...,Nand Y ? <1-n
i=1

a.e.. In order to perform the limit  — 0, we observe that the initial entropy is
finite and that the estimates in lemma [3.9| are independent of 7 such that the
above compactness arguments can be applied. Furthermore, the coefficients
of A(c) are well-defined if ¢; = 0 or ¢; = 1 for any i = 1,..., N (see lemma
, which allows us to perform the limit also in the diffusion matrix. In this
way, we obtain the existence result for general initial data with c? > 0 a.e.
and Zf\; 1 &) < 1a.e.. This proves theoremas T has been chosen arbitrarily.

)

Remark. 1. The regularity on the boundary 9Q € C! is needed for the a
priori estimate

1 fll 20y < Cllgll2 (o)
of the elliptic problem

“Af+f=¢9g inQ, Vf-r=0 on 02

that is used to prove the existence of solutions to the time-discrete prob-
lem in step 2 of the proof. As the inequality does only holds for functions
that satisfy homogeneous Neumann boundary conditions we have chosen
the space V instead of H%(Q) in our existence proof.
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2. Notice that our proof also works for diffusion coefficients depending on
the mole fractions ci,...,cy if the coefficients d;j, 4,7 = 1,..., N + 1,
i # j, are continuous functions of ¢ that are uniformly bounded from
above and below.

3. The inequality imposed on the production rates is needed to prove that
the entropy is non-increasing in time. It is satisfied if, for instance,
N =4 and

L =73 = C2€4 — C1C3, T2 =T4 = C1C3 — C2(4

[30]. For the existence result, the inequality can be weakened by

N+1
Z ri(d)Ine; < C, forall 0 <cp,...,ene1 <1,
=1

where C). > 0 is some constant independent of ¢;, i = 1,..., N+ 1. This

condition is satisfied, for instance, in the tumour growth model in [53].

4. Our existence result is valid for at most three space dimensions. This
restriction comes from the compact embedding

H?(Q) — L™(Q)

holding for 1 < d < 3 only and the fact that this case is natural in view
of the application. The boundedness property allows us to apply the
chain rule needed for the derivation of the entropy inequality. However,
the restriction to three space dimensions can be overcome by employing
the regularisation A% in instead of A? with k > d/4, k € N.
Indeed, in this situation, the solutions of the time-discrete problem are
considered in the space H**(Q) and the embedding

HZ(Q) — L®(Q)

is compact.

3.5 Long-Time Behaviour of Solutions

We consider (3.10)—(3.11]) and (3.14)—(3.15)) under the assumptions of theorem
for vanishing production rates, i.e. we assume

r1=0,...,r8y =0,

as well as its homogeneous steady state

N
=0 =0 - =0
Cly--sCNpp =1 — g C;

i=1
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defined in (1.18). We remark that @) exists due to the assumptions made on
the initial data and that it is an element of [0,1] for ¢ = 1,..., N + 1. Under

the assumption that ﬁz) is positive for i = 1,..., N + 1 we are able to prove
that the solution (c1,...,cn41) ", where
N
cNy1 =1 - Zch
i=1

constructed in theorem [3.5] converges exponentially fast to this stationary
state. Recalling the definition of the relative entropy E*(c) for ¢ given in
(1.19) we can formulate

Theorem 3.10. Let the assumptions of theorem hold. We suppose that
r; =0 fori=1,...,N and

. 0
iflmHJ{f—i—l cillzi) > 0.

Ly

Let (cq, ... ,CN+1)T be the weak solution constructed in thearem and define

L= 8T

Then there exist constants C > 0, depending only on Q and A > 0, depending
only on Q and d;;, i,5 =1,...,N, i # j such that

lei(t,) =) < CeMVE*(0), t>0, i=1,...,N+1,
where &) is defined in ([1.18) fori=1,...,N + 1.

Let us remark that E*(c?) is non-negative which follows from

N+1 CO N+1 CO
E (") =) :/c?mcgdxd: > /cglncg—c?Jrc?dAd
i=1 ¢ ( i=1 ¢ i

and the inequality

x-ln(x)—x—i—yzo
Yy

holding for z > 0 and y > 0.
Proof of Theorem [3.10]

First, we prove that, if the production rates vanish, the L'-norms of the semi-
discrete mole fractions are bounded. We assume that there exists 0 < n < 1
such that ¢ >n a.e. fori=1,...,N + 1.

Lemma 3.11 (Bounded L'-Norms). Let v = 0. Then there exists a constant
70 > 0, only depending on c°, such that for all 0 < v < min{1,v} and
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sufficiently small € > 0, depending on v, the semi-discrete mole fractions

k= c(wk), where wk € VN solves (3.32), satisfy

Q=DM < Nl < A+ DI, i=1,...,N, (3.40)
N
X il =D Nl < lekllinig < Il + 7D 1 )
= i=1
(3.41)
for ke {l,...,m}, where CI}CV+1 = cn41(wF). Furthermore,

1
If sl = §||C9v+1||L1(Q) >0
for1 <k <m.

Proof. We recall that 7 := T/m for T > 0 and m € N. Let k € {1,...,m}.
Using the test function v = e; in ([3.32)), where e; is the i*" unit vector of R,
we find that

/cfdAd = /cf—ldAd—er/wfdAd, i=1,...,N,
Q Q Q

where we abbreviated ¢/ = ¢;(w*). Solving these recursive equations, we

obtain
/ cfdrg = / cYdAg — 672/ wldhg, 1<k<m. (3.42)
Q Q i=lg
Because of the e-terms, we do not have discrete “mass conservation” but we
will derive uniform L'-bounds.

The entropy inequality in lemma shows that

E(cF) + er (AwF)? + (wh)?) drg < E(c \Awk| lwk|?) dA
otz (o
< B(F Y, 1< i=1,...,N.

Solving this inequality recursively, we infer from E(c¥) > —\g(Q)(N +1) that
k .
er Y wlll7ai) < E() = E(c") < B(") + Xa(Q)(N +1).

Consequently, using the continuous embedding L?(Q) < L'(£2), the inequality

1/2

k k
ijgx/E Zl‘? forz; >0, j=1,...,k, keN
j=1 j=1
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(see [69]) as well as kT < T,

ETZ/WMAd < etAa(Q UQZWHLQ(Q)

J= 1Q
1/2

< et Ag(Q Z w1720

<MY/ erk(E(P) + \(Q)(N + 1))
< X\a()V2V/eT(E(P) + Ma(Q)(N +1)).

Let v > 0 and 0 < € < 1 satisfy

N —1
0<y<minq 1,7 := (22 ||C?||L1(Q)> el ¢ s (3.43)
i—1
- 0
min C
0<\/_ ymin=1,.~ [l |1 o) (3.44)

QB ) ()N T 1))

Then, in view of (3.42)),
k
A=y < lefllzi@) = Il i@ —ETZ/ wldhg < 1+7)1)]| 210
=1y

These relations hold for all i = 1,...,N and k& = 1,...,m. In the case of
E(®) 4+ X\g(Q)(N + 1) = 0 (3.40) is trivial. For i = N + 1, we estimate (using

(3-40))
N N
/cﬁmcmd = / (1 — Zcf> drg > / (1 — (1+V)Zc9> dg
Q =1 ;

Q Q =1
= /C +1dAd — ’YZ/ Qdrg > *HCN+1HL1 @ >0,
Q =19
by definition of vg for £k =1,...,m. A similar computation yields
N N
[man< | (1 -(1-) Zé’) D= 1Bl +7 3 1€
Q Q = =1
This proves the lemma. u

For the proof of theorem |3.10, we use the notation introduced in section
and define further:

k

= (k. )T =), () i=(c, )T 0<k <m,
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where w* € VN solves (3.32) for k =1,...,m and cﬂ“\,ﬂ =1- Z]L ck,

T, @

kK _ T
= (ef,...,ex

= (.. ), 0<Ek<m,

where

(]

= ()7t /Cfd)\d fori=1,...,N+1.
Q

Furthermore, we set

wh = (wh, .. wk)T and wh = @},... W),
where
Ef:zln(éf/é?vﬂ) fori=1,...,N, 1<k<m.

We recall the definition of the discrete relative entropy for 0 < k < m

N+1 Ck
B () =Y /cf In 5 dAg.
i=1§ (

Employing the test function w* — " in (3.32)), we obtain for k € {1,...,m}
1
— /(c(wk) — c(wF ) - (w* —TF)dNg + /Vwk : B(w®)VwFdg
-
Q Q

+e/(mwk|2 F - (b — TF))drg = 0.
Q
We estimate the integrals term by term.

Using the definition of c?v 41 for k= 0,...,m, recalling the variable transfor-
mation and the definition of @WF, a computation shows that

() = e(wh 1)) -k = ((¢)F = (V1) - Ine)"

and B

(e(w®) = e(wh™))-w" = ((¢)F = () - (),
where the logarithm of a vector is defined component-by-component as usual.
Therefore, by the definition of @W* we find that

/ (e(w) — e(w* 1)) - (w* — @*)dAg

(()F = (@) (@) = ((€)F = ()F) - In(@")dAg




84 CHAPTER 3. MAXWELL-STEFAN SYSTEMS

where the logarithm of the quotient of two vectors is defined as the difference
of the logarithms of the vectors. The first integral on the right-hand side can
be estimated by employing the convexity of the entropy density h as a function
of ¢1,...,cN+1, which implies that

N+1
Thus, because of > c¥ =1 and the definition of E*(c¥) for k =0,...,m
i=1

N: k-1 ()" *( k *( k-1
()" = ()"7) In"—dr\g > E*(c") — E*(c" ).
Q ¢
For the second integral, we employ the bounds (3.40)—(3.41]) as well as v < 1
and € > 0 sufficiently small, which yields

=0 =0
Lg%g 1 9 izlv"'aNa 1f§f]]€v+1§ 17
I+~ 7 ¢~ 1—v L+57 7 ey~ 1=7

for k € {1,...,m}, where 7 := y(1/&%,, — 1) € (0,1). Here, we have used
N+1

again that Y @ = 1. Then, with Cy := \g(Q),
i=1

*0

/«&k—< ) g >
Q C

N
_/Zcfln(1+'y)d)\d—/c’fv+1 In(1 +7%)dA\g
o =1 Q
N
+/Zcf 'In(1 —~ d)\d+/cN+1 n(l—7%)dAg >
Q
o LD+

(I=701-7)
We have already proven in section [3.4] that

N+1

/Vw wh)Vwkdrg > /Z IVA/()E[2dNg.

Applying Young’s inequality to the e-term, it follows for k = 1,...,m that

N+1

E*(F) — B*(FY /Z yvrﬂdxd<
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S (I+)1+7)
2/|w]d/\d+C11n(1_7)(1 .

The logarithmic Sobolev inequality (see [44] or [29] for instance) as well as the

bounds ([3.40)—(3.41)) show that

N+1 ok N+1 o N+1
Z/c lnkd)\d—i—Z/c In g < C(Q Z/|V\f| Ny
i= IQ ? 2—19 Ci i= IQ
N

+Z/c In(1 +~ d)\d—i—/clfvﬂln(l—kv)d/\d
=1 Q

N+1

/Z IVA/()E2dNg + CrIn((1+7)(1 +7)),

where C'(§2) denotes a positive constant depending on © and d only and C; > 0
depends on N and A\4(Q2), from which we infer that

(14 Cor) E*(ck) < E* (k1) ”/\ "2\ + C,

for k ={1,...,m}, where Cy :=4/(C(Q2)A) and

I+y0+7) 4G
(1-71-7) Cc)A

In the above inequality, we have assumed that 7 < 1. We can estimate w* by
using the bounds for gk of lemma,

C,:=Ciln In((1+ 7)1 +7)).

/|wk| d)\d<2/ |Inec |—|—|lncN+1|) d\g < Cs,

le

where C5 > 0 depends on the L'-norm of ¢ fori = 1,..., N +1, v, A\g(Q) and
N. Hence

E* (") < (14 Cyr)LE*(F) + %03(1 +Cor) L+ CL (1 + Cpr) 7t

Solving these recursive inequalities, we conclude that for K =1,...,m
€T b , b
E*(*) < (14 Cor)FEX() + 503 2:1(1 + Cor)” Z (14 Car)™
j: :

The sum contains the first terms of the geometric series:

k
. 1 1
(1+C —1=——
]Zl O S T Gy Cor’
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yielding

E*(d(t,) < (1+ Cor)VTE* () + G &, 0<t<T.
2Cy Oyt
Now, we choose sequences for €, 7 and v such that v — 0, C /7 — 0 and
is satisfied (then also e — 0). This is possible since C;, — 0 as v — 0. Then,
because of cET) — ¢;in L2(0,T; L?(Q)) for i = 1,..., N, the limit (¢,7,7) — 0
leads to
E*(c(t,)) < e EN(D), 0<t<T.

Moreover, we can pass to the limit  — 0. Finally, since [ ¢;(¢,-)dA\g = [ Adg
Q Q

fori=1,...,N+1,¢t> 0 (see lemma [3.11]), we can apply a Csiszar-Kullback
type inequality (see for instance [78]) to finish the proof as T has been chosen
arbitrary.



Chapter 4

Outlook

Let us mention some open problems in this chapter that could be the subject
of future research.

In chapter [2| and [3| we have considered two particular cross-diffusion systems
and could prove the existence of bounded weak solutions to the corresponding
initial-boundary-value problems. A question that remains open is whether
these solutions are unique or not.

Furthermore, in section we have shown that a solution of the tumour
growth model exists if the pressure coefficient 6 is smaller than 4//3. Al-
though our methods do not work for general 6 it would be interesting to anal-
yse whether this bound can be improved. Another important aspect would
be the investigation of other methods leading to an existence result for the
tumour growth model for arbitrary #. When we recall the numerical results
presented in section we notice that the peak in the volume fraction of
the extracellular matrix indicates a travelling wave structure of our system
so that we could use travelling wave solutions as a possible approach to the
problem. For an application of travelling wave solutions to a model arising
from biology we refer to [45], where the FitzHugh-Nagumo nerve model is
considered. The idea of analysing cross-diffusion systems with travelling wave
solutions has been used in [80] for example, where their existence is proven for
the Shigesada-Kawasaki-Teramoto model —.

Under isobaric and isothermal conditions we have proven the existence of so-
lutions to Maxwell-Stefan systems for ideal gaseous mixtures in section
The question whether there exist solutions in the non-isobaric, non-isothermal
case or for non-ideal gaseous mixtures is still open however.

It would certainly be rewarding to have a look at more general cross-diffusion
systems. In [65] a general 2 x 2-cross-diffusion system is derived for two spa-
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tially interacting populations

(Z;)t —div <A(u1, u2)V<Z;>> —0, (4.1)

where u; denotes the density of the i*® population for i = 1,2. This system is
obtained by starting from a model in one space dimension that is continuous
in time but discrete in space and passing to a model that is also continuous
in space. The coefficients in the diffusion matrix A are of general form. Ne-
glecting the external potentials respectively the right-hand side in the model
considered in [20] respectively in the Shigesada-Kawasaki-Teramoto popula-
tion model — we notice that these cross-diffusion systems are special
cases of the model analysed in [65]. It would be interesting to investigate under
which assumptions made on the coefficients of A we can prove an existence
result to (4.1) equipped with initial and homogeneous Neumann boundary
conditions using similar methods as in chapter 2| and



Appendix A

Matrix Analysis

We recall some definitions and results from matrix analysis regarding the eigen-
values of special matrices such as symmetric, quasi-positive and irreducible or
rank-one matrices. Although most of the results in this appendix are valid for
matrices with complex elements, we consider the real case only and refer to
the literature for the general situation [48], [68], [76]. In the following the unit
matrix in R™*" is denoted by I, and n € N.

Definition A.1. A vector z € R" is called positive if all components are non-
negative and at least one component is positive. It is called strictly positive if
all components are positive [76].

Definition A.2. Let A € C"*" be a square matrix and let o(A) denote its
spectrum. Then the spectral radius of A is given by

r(A) :=max{|A| : A € 0(A)}
and the spectral bound of A is defined as
s(A) == max{R(\) : A € 0(A4)}.

Definition A.3. An eigenvalue of A € C"*" is called semi-simple if its al-
gebraic and geometric multiplicities coincide and simple if its algebraic multi-
plicity (and hence also its geometric multiplicity) equals one.

The following theorem is proven in [68] (see theorem 3.4).

Theorem A.1. Let A € R™™ and let A € 0(A) be a real eigenvalue. Then X
is semi-simple if and only if

R™ =im(A — A,,) @ ker(A — AI,).

Definition A.4. A matrix A € R™ " is called quasi-positive if A # 0, i.e.
A is not equal to the zero matrix and a;; > 0 for all 4,5 = 1,...,n, ¢ # j.
For n > 2 a matrix A is called irreducible if for any proper non-empty subset
M C{1,...,n} there exist i € M and j ¢ M such that aj; # 0 and for n =1
A is said to be irreducible if A # 0.

89
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For quasi-positive and irreducible matrices, the following result holds (see
theorem A.45 and remark A.46 in [76]).

Theorem A.2 (Perron-Frobenius). Let A € R" ™ be a quasi-positive and
irreducible matriz. Then its spectral bound s(A) is a simple eigenvalue of A
associated with a strictly positive eigenvector and s(A) > R(AX) for all X €
o(A), N # s(A). All eigenvalues of A different from s(A) have no positive

etgenvector.

The spectrum of rank-one matrices can be determined explicitly (see lemma 2
in section 3.8 in [68]). Notice that any rank-one matrix A € R"*™ m,n € N,
can be written in the form A =z -y ", where € R?, y € R™.

Proposition A.1 (Spectrum of Rank-One Matrices). Let x, y € R™. Then

o(z-y")={0,...,0,2 -y},
i.e. x -y 1S a stmple eigenvalue.

We recall two results on eigenvalues of products and sums of symmetric ma-
trices.

Theorem A.3. Let A € R™" be symmetric and positive definite and let
B € R™™ be symmetric. Then the number of positive (respectively negative)
eigenvalues of AB equals that for B.

For a proof, we refer to proposition 6.1 in [6].

Theorem A.4 (Weyl). Let A, B € R™"™ be symmetric and let the eigenvalues
Ai(A) of A and X\i(B) of B, i = 1,...,n, be arranged in increasing order.
Then, fori=1,...,n,

Ai(A) + M (B) < XNi(A+ B) < N(A) + \(B).

A proof is given in [48] (see theorem 4.3.1).
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