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Kurzfassung

Beim Losen der Wellengleichung mit klassischen Finiten Elementen wiéchst fiir hohe
Frequenzen w die Anzahl der fiir eine vorgegebene Genauigkeit benotigten Unbekannten
aufgrund des sogenannten ,pollution effects” stirker als O(w?) mit d als Raumdimension
an. Als eine Moglichkeit dieses Problem in den Griff zu bekommen, werden in der vor-
liegenden Dissertation hybride Discontinuous Galerkin Methoden fiir die skalare und die
vektorwertige Wellengleichung vorgestellt.

Ublicherweise beruhen klassische Finite Element Methoden (FEM) auf stetigen Ansatz-
funktionen, wihrend Discontinuous Galerkin Verfahren Basisfunktionen verwenden, die
iiber Elementgrenzen hinweg unstetig sind. Erst zusétzliche Strafterme fiihren hier zu
einer stetigen Losung. Hybride FEMen basieren auf den selben Ansatzraumen, nur wird
jetzt die Stetigkeit liber zusétzliche Lagrangevariablen, die nur auf den Elementgrenzen
leben, erzwungen. Im Falle der Wellengleichung erméglicht die Einfiihrung eines zweiten
Satzes von Lagrangevariablen eine vollstdndige Elimination der urspriinglichen Freiheits-
grade. Dadurch kann das Problem auf ein viel kleineres, nur fiir die Lagrangevariablen
reduziert werden.

Werden Finite Elemente zum Losen eines auf einem unendlichen Gebiet gestellten
Problems verwendet, wird in der Regel das Rechengebiet eingeschréankt, was transpar-
ente Randbedingungen am neu entstandenen kiinstlichen Rand notig macht. Als Real-
isierungsmoglichkeiten fiir solche Randbedingungen werden sowohl die Hardy-Raum Meth-
ode als auch eine Zerlegung des Fernfeldes in ebene Wellen diskutiert. Letztere ist gerade
fiir die Simulation von Beugungsgittern besonders geeignet.

Fiir die zweidimensionale Helmholtzgleichung lésst sich die hybride FEM mittels einer
diskreten Eigenfunktionenbasis besonders effizient umsetzen. Auf einem Rechtecksgitter
ermoglichen eindimensionale Eigenwertprobleme, die nur von der Seitenlénge und der Poly-
nomordnung abhéngen, die Konstruktion einer solchen Basis. Durch die Eigenfunktionen-

basis vereinfacht sich die Assemblierung, und die Elimination der Volumenfreiheitsgrade
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kann billig durchgefiihrt werden. Zusammen mit der Tatsache, dass sich das Eigenwert-
problem auch fiir Polynomordnungen grofser tausend noch schnell 16sen ldsst, wird die
Verwendung von Elementen sehr hoher Ordnung méglich. Durch das Zulassen von Netzen
mit hdngenden Knoten kann die exponentielle Konvergenz von hAp-Methoden augenutzt
werden.

Eine besondere Herausforderung ist meist die Losung des resultierenden linearen Glei-
chungssystems. Hier bietet die hybride FEM auf natiirliche Weise die Mdoglichkeit, dieses
iiber Krylovraummethoden zusammen mit Gebietszerlegungsmethoden effizient zu losen.
Neben additiven und multiplikativen Schwarz Vorkonditionierern mit lokalen Gléttern,
sowie einem elementweisen BDDC-Vorkonditionierer wird ein neuer Gebietszerlegungsvor-
konditionierer vorgestellt, der in jedem Iterationsschritt Teigebietsprobleme mit Robin
Randbedingungen direkt 16st und sich folglich bestens zur Parallelisierung eignet. Nu-
merische Experimente verdeutlichen schlieflich die guten Konvergenzeigenschaften dieser

Loser.



Abstract

When the wave equation is solved for high frequencies w with a classical Finite Element
Method (FEM), the number of unknowns required to resolve the strongly oscillating solu-
tion grows due to the so called "pollution effect" faster than O(w?), where d is the space
dimension. At the same time the iterative properties of the linear system of equations
worsen. One way to cope with this difficulty are hybrid FEMs. In this thesis, we investi-
gate hybrid FEMs for the scalar and vector valued wave equation, which are equivalent to
a discontinuous Galerkin method, based on the ultra weak variational formulation.

In Discontinuous Galerkin and hybrid Discontinuous Galerkin methods the continuity
of basis functions is broken across element facets, i.e., the interfaces between them. This is
contrary to classical FEMs, which are based on continuous function spaces. While a con-
tinuous solution is obtained in Discontinuous Galerkin schemes by additional "penalty"
terms, hybrid FEMs reinforce continuity via Lagrange multipliers supported only on ele-
ment facets. For the wave equation a second set of multipliers is necessary to eliminate the
original degrees of freedom cheaply element by element. This approach allows to reduce
the system of equations to a much smaller system just for the Lagrange multipliers.

If wave type problems posed on an infinite domain are solved by FEMs, generally,
the computational domain is restricted, and appropriate transparent boundary conditions
are needed. As a realization of such a boundary condition, we discuss the Hardy space
infinite element method, and we adjust it to the introduced hybrid FEMs. Additionally,
transparent boundary conditions, based on a plane wave expansion for the far field, are
provided. It is shown that they are well suited for the simulation of diffraction gratings.

Apart from this, the work presents an optimized implementation technique of the hybrid
FEM for the two dimensional Helmholtz equation. There, a discrete eigenfunction basis,
which makes the assembly of the system matrix and the elimination of the interior degrees
of freedom computationally inexpensive, is used. For rectangular meshes the construction

of such a basis requires the solution of a one dimensional eigenvalue problem for each pair
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of edge length and polynomial order. The eigenvalue problem can be solved for polynomial
orders up to thousands. Combining this with the cheap assembly and the reduction in
problem size, we are able to use very high order basis functions efficiently. By allowing for
hanging nodes, we can benefit from exponential convergence of hp-methods.

A very challenging point is solving the resulting system of equations. Since the hybrid
formulation provides appropriate interface conditions, an efficient iterative solution with
Krylov space methods combined with domain decomposition preconditioners is possible.
Apart from multiplicative and additive Schwarz block preconditioners with local smoothers
or an element wise BDDC preconditioner, a new Robin type domain decomposition pre-
conditioner is constructed. This preconditioner solves in each iteration step local problems
on subdomains by directly inverting the system matrix. Thus, it is well suited for parallel
computations. Good convergence properties of these iterative solvers are demonstrated by

numerical experiments.
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Chapter 1
Introduction

Our daily life is influenced by a big variety of different wave type phenomena. Talking to
each other or listening to music is possible only because of sound waves, and the ability to
see is based on light waves. If we go surfing on the ocean during the holidays, we can directly
experience water waves. But not all types of wave phenomena are useful for humanity.
Just imagine the pictures from cities destroyed by earthquakes or a Tsunami. Such seismic
waves, acoustic waves or water waves, also known as mechanical waves need a material
to propagate. Another large class of waves, not restricted to media, are electromagnetic
waves. Devices like a radio or a television set as well as the communication via mobile
phones are unthinkable without such waves. Apart from light, ultraviolet radiation, x-rays
and gamma rays are other famous examples of electromagnetic waves.

Due to the fact that wave phenomena are present in almost all branches of biological
and physical sciences, problems related to waves have a big impact on the design and
optimization of devices. Typical questions could be for example how to construct a mobile
phone, such that for a strong output signal the field strength in the human head is minimal,
or how to design a laser with an optimal output. For industry it is in general much cheaper
to solve such problems on a computer instead of carrying out costly experiments or building
expensive prototypes. Thus, there is a big demand for simulations of wave problems.

These problems can be best modeled by the Helmholtz equation or, in the case of
electromagnetic waves, by Maxwell’s equations, leading to a vector valued wave equation.
Because the equations can be solved analytically just for very simple settings, numerical
methods are needed. Mostly the numerical step is realized by discretizing the underlying
partial differential equation, and a possibly linear system of equations is obtained. Nonlin-

ear problems are generally reduced by iterative methods to a sequence of linear problems.
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Among finite differences [HT95], finite volumes [PM94] or the boundary element method
[NO1] the finite element method (FEM), which is based on a discretization of the partial
differential equation via a variational formulation, is a very powerful tool for solving the
Helmholtz equation. The biggest advantage of the finite element method is that it is
applicable to a big class of different problems, which can be even nonlinear. Furthermore,
it benefits from its flexibility with respect to complex domains, varying coefficients as well as
different types of boundary conditions. A profound analysis of the method exists already for
various problem settings with important contributions from mechanics, electromagnetics
or fluid mechanics. For a detailed introduction to finite elements we recommend the books
of [Bra03, BS08|.

When the finite element method is applied to a wave type problem posed on an infinite
domain, the domain is generally restricted, and on the new artificial boundary appropriate
transparent boundary conditions are necessary. Such conditions should let an outgoing
wave cross the boundary without or with only little reflections. Easy to implement, but
not very effective is a Robin type boundary condition, also known as first order absorbing
boundary condition. Much more efficient are the widely used perfectly matched layers
[Sim79, Ber94| or Hardy space infinite elements [Nan08, HN09, NS11|. We are going to
discuss the latter ones in detail in our work. Additionally, we introduce a method, which
realizes transparent boundary conditions by replacing the field outside the computational
domain by a plane wave expansion. This technique is well suited for periodic structures.

However, when discretizing the wave equation with a standard numerical method, one
faces several difficulties. One is caused by a multiscale character of problems with high
frequency waves. For example, when calculating the scattered field of a radar wave at an
airplane, the scatterer is several magnitudes bigger than the radar wavelength, which is
typically in the centimeter region. The fact that at least a fixed number of unknowns per
wavelength has to be used to resolve the highly oscillating solution results in a large system
of equations. Thus, the total number of degrees of freedom is at least N = O(w?) for the
angular frequency w and the space dimension d. The situation gets even worse because
of the so called pollution effect [Th198]. Especially for low polynomial orders the number
of unknowns per wavelength needed to achieve a given accuracy increases with increasing
frequency. Although this effect is not so strong for higher polynomial orders, the total
number of unknowns grows faster than O(w?).

These difficulties concerning standard methods have led to the development of a variety

of different approaches for solving the wave equation within the finite element framework.
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Well known are hp methods [IB97] or discontinuous Galerkin methods [FW09], which still
use the polynomial approximation for a modified variational formulation. Other methods
are based on a set of problem-adapted functions. Most popular among them are the parti-
tion of unity method [Mel95, MB96]|, least square methods [MW99], discontinuous enrich-
ment methods [FHHO03, TF06] or the ultra weak variational formulation [CD98, Mon03|.
Our work is based on a hybrid discontinuous Galerkin method from [MSS10| which is
motivated by hybrid finite elements for the Laplace equation|BF91, CGO04].

In an hybrid discontinuous Galerkin method the normal and tangential continuity, re-
spectively, of the unknown field is broken across element interfaces and afterwards enforced
again by introducing a set of Lagrangian multipliers, supported only on the element facets.
When hybridizing the wave equation, a second set of Lagrangian multipliers representing
the normal and tangential component, respectively, of the flux field on the element facets
is required additionally. This set allows us, due to local Robin boundary conditions, to
eliminate the volume degrees of freedom element by element and to reduce the system of
equations to the considerably smaller system just for the Lagrangian multipliers. We will
present an optimized version of this method for rectangular meshes, which uses a discrete
eigenfunction basis. For such a basis an inexpensive assembly procedure without numerical
integration is applicable, and the elimination of the volume unknowns can be done very
cheaply. When constructing the basis, one has to solve a one dimensional eigenvalue prob-
lem for each pair of edge length and polynomial order. The cheap assembly, the efficient
elimination of the volume unknowns and the possibility to solve this eigenvalue problem up
to polynomial orders larger than thousand allows the usage of very high order elements. By
introducing hanging nodes, one can additionally benefit from the exponential convergence
of hp methods.

Almost independent of the discretization method for the wave equation, finding a solu-
tion for the linear system of equations is challenging, not just because of the big problem
dimension. The difficulty with the wave equation is that it leads to an indefinite and in the
presence of lossy media or absorbing boundary conditions to a complex system of equa-
tions. Consequently many preconditioners which are very effective for elliptic equations,
like multigrid, turn out to cause large iteration counts, which even grow when the frequency
is increased. Although some advances have been made [EVO04]|, good preconditioners are
not available at the moment.

One big advantage of our mixed hybrid variational formulation is that the resulting

linear system of equations for the facet degrees of freedom can be solved efficiently with
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a Krylov space method preconditioned by domain decomposition preconditioners. These
preconditioners [TWO05] are based on a division of the computational domain into consid-
erably smaller subdomains. When applying them, the problem is reduced by solving it
locally on the subdomain to a much smaller interface problem with better iterative proper-
ties. The success of domain decomposition preconditioners for the wave equation depends
strongly on the choice of interface conditions. Taking for example nodal values, as it is
done for elliptic problems, would cause large iteration counts. The mixed hybrid formula-
tion provides in a natural way, due to the two different types of facet unknowns, interface
conditions for the impedance traces, which leads to convergent schemes. In our work, we

are going to introduce and discuss several different domain decomposition preconditioners.

The thesis is organized as follows:

In Chapter 2 we introduce Maxwell’s equations and discuss possible boundary condi-
tions. We will show that under some simplifying assumptions this set of equations leads
to the vector valued wave equation or the Helmholtz equation. Additionally, the problem
settings considered throughout the thesis are posed.

Chapter 3 recalls the basic results on Sobolev spaces and variational formulations. In
this chapter we present standard variational formulations for the Helmholtz equation and
the vector valued wave equation together with existence and uniqueness results.

A short overview on the concept of the finite element method is given in Chapter 4
and conforming finite elements for the spaces L?(Q2), HY(Q), H(div,Q), H(curl,Q) are
introduced.

Chapter 5 deals with a mixed hybrid discontinuous Galerkin method for the Helmholtz
equation which is extended to the vector valued wave equation. After providing the finite
element spaces needed for the discrete formulation, we state some conservation properties.

Different solution strategies for the resulting system of equations are explained in
Chapter 6. We consider multiplicative and additive Schwarz preconditioners with local
smoothers as well as a BDDC preconditioner and a new Robin type domain decomposi-
tion preconditioner with exact subdomain solvers. Numerical examples demonstrate good
convergence properties of these solvers.

In Chapter 7 we focus on Hardy space infinite elements. We briefly overview basic
properties of this realization of transparent boundary conditions and adjust them to the
mixed hybrid formulation.

Chapter 8 is devoted to a tensor product implementation of the mixed formulation

for the Helmholtz equation which uses a high order eigenfunction basis. We discuss the
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underlying eigenvalue problem, and we illustrate the consequences onto the sparsity pattern
of the system matrix.

The simulation of diffraction gratings is the main topic of Chapter 9. There, a plane
wave expansion for the far field is used as a transparent boundary condition in order to
restrict the computational domain to the near field region. This type of boundary condition

is well suited for periodic structures like gratings.



Chapter 2

From Maxwell’s equations to Helmholtz

equation

A wide range of examples for the wave equation comes from problems in electromagnetics
and optics. Therefore, it is worth to take a closer look onto the basic equations, Maxwell’s
equations, describing such problems. In the first section of this chapter we introduce
Maxwell’s equations together with an appropriate set of interface conditions and bound-
ary conditions. The vector valued wave equation and, under additional assumptions, the
Helmholtz equation are derived from the time harmonic Maxwell’s equation in the two

subsequent sections. These two equations are the governing equations for this thesis.

2.1 Maxwell’s equations

Maxwell’s equations consist of two pairs of differential equations involving six space and
time dependent fields, where two of them represent known source fields. We should already
note that we are going to introduce Maxwell’s equations in SI units with the basic units
meter (m), kilogram(kg), second(s), Ampeére(A) and Volt (V). The involved fields are

the electric field intensity E with the unit V/m,

the electric displacement D with the unit As/m?

the magnetic field intensity H with the unit A/m,

the magnetic flux density B with the unit V's/m?,
and the source fields are

the charge density p with the unit As/m3 and

the current density j with the unit A/m?.
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For a detailed discussion on electrodynamics we recommend the books [Jac99, LL84|, and
for readers interested in optics a nice overview on the "Principles of Optics" is given in
[BW99]. Throughout the work vectors are denoted by bold letters, i is the complex unit

and complex conjugation of a quantity a is written as @.

2.1.1 Maxwell’s equations in media

The first equation we consider is Gauss law for the electric field. A volume containing
charges gives rise to an electric field, or, in other words, the charges are the source of the
electric field. Translating this into an equation, Gauss law says that the integral of the

electric displacement D over a closed surface equals the enclosed charge,

D - nyyds = / pdx, (2.1)
1%

where V' is a volume with the outer normal vector ngy and p is the charge density.
For the magnetic field an equivalent equation can be derived, Gauss law for the magnetic
field. Since magnetic monopoles do not exist, the corresponding quantity in magnetics, the

magnetic induction B, has no sources and

B -nyyds =0 (2.2)
oV
is valid.
Faraday’s law states that a varying magnetic field in time, or more precisely a changing
magnetic flux, results in an electric field E. The magnetic flux through an area A is defined
as the integral of the normal component of the magnetic induction over the area. Thus,

Faraday’s law reads as
0B

E - 1o.dl = — | — - nyds, (2.3)
04 A Ot
where 154 denotes the tangential vector on the boundary of A.
According to the last Maxwell equation, a magnetic field H is induced by a current
through an area A. This current can be either a conduction current with current density
Jc or a displacement current caused by a varying electric flux in time. Like in the magnetic

case, the electric flux is the integral of the normal component of the electric displacement
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over A. Summarizing this, we get Ampére’s law

H . ’TaAdl = / (]C + a—D) . nAds. (2.4)
oA A ot

Using Gauss’ and Stoke’s theorem, Maxwell’s equations can be derived from (2.1)-(2.4)

in differential form

divD = p, (2.5)
divB = 0, (2.6)
0B
|lE = ——— 2.
cur o (2.7)
D
curlH = jo+ aa—t (2.8)

This set of equations for the basic quantities E, H, D and B is still under determined.
In order to be able to get a unique solution for a given charge and current distribution,
we have to consider the influence of materials onto the fields, i.e. we have to complete the

system by material relations. They are usually considered to have the form

jC = j]—|—0'E (29)
D = ¢E (2.10)
B = uH, (2.11)

with material parameters o as the conductivity with the unit A/Vm, u is called magnetic
permeability measured in Am/V's and € is the electric permittivity or the dielectric constant,

respectively, with V'm/As as unit. The current density j; is called impressed current.

2.1.2 Interface and boundary conditions

Till now Maxwell’s equations are stated under the assumption that the material parameters
are continuous. But in many applications one has to deal with abruptly changing material

parameters. Therefore, interface conditions are needed.

Interface conditions

First, we are going to find an interface condition for the electric displacement. Therefore,

the following setting is considered. We assume an interface area 7" where the material
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parameters can be discontinuous. We consider a cylinder V' of a small height 6k cut by T,
such that the cylinder axis is perpendicular to 7. The circular areas on the top and on the
bottom of the cylinder which are parallel to T are denoted by d A; and by d A, respectively.
The remaining surface is denoted by F'. Considering (2.1) leads for the cylinder V' to

/ pdx = D -nsy,ds + D, -ngg,ds + Dy -npds,
1% 84, 9A, oF

where Dy, Dy and Dy are the electric displacements on dA;,dAs and F, respectively. At
the limit 0h — 0 the surface integral over F' vanishes, and assuming that there are charges

I‘[“ ()(1:1: = }A)d

is obtained. This leads to

/ pds = D, -ngp,ds + D, - nsa,ds.
0A 0A 0A

Taking ms4, = —Msa, =: Ny into account, we can conclude
D, -ny— D, nr=p,

from the fact that the position and radius were arbitrary. Consequently, in the absence of
surface charges, D is normal continuous. With the same technique one can derive normal

continuity of B from (2.2), i.e.
B1~nT—B2~nT:O.

In order to get an interface condition for the electric field E, we assume an arbitrary area
A = A; U A, where A; and Ay share the interface I'. E has the values E; and FE5 on A;

and Aj, respectively. When considering (2.3) for this area, we get
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0B 0B
0 = E - dl+/—-n ds + — -ny,ds
0A o4 Ay ot A Ao ot Az
= E'T@Adl— E"T@Aldl— E"T@Azdl
0A 0A1 A

= —/ E-TaAldl—/ E-T3A2
0A1NT 8A2OF

_ —/(El—EQ) e,
I

Here 194, = —T9a, =: T was used on the interface. Since the area was chosen arbitrarily,
we can assume tangential continuity of E, i.e. E X m is continuous on an interface with
normal n.

With similar arguments one can show tangential continuity of the magnetic field
HIX’I’L—HQX’I’L:jS,

where jg is a surface current.
Note that at interfaces with jumps in the material parameters € or y the quantities E -

n,H  -n,D xn and B X n are not continuous.

Boundary conditions

In order to reduce an infinite computational domain to a finite one, boundary conditions

are needed. We give a short list of the most frequently used boundary conditions.

e A perfectly electric conductor
On a perfectly electric conducting surface the tangential component of the electric

field is zero, i.e. E xn = 0.

e A perfectly magnetic conductor
On a perfectly magnetic conducting surface the tangential component of the magnetic

field is zero, i.e. H x n = 0.

e Surface charges

A surface charge density p is prescribed via D - n = p.

e Surface currents

A surface current jg is prescribed by H X n = jg.
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e Impedance boundary condition

The impedance boundary condition for some x € C reads as
—TLXH+I€E|| =g,

where Ej := n x (E x n) is the tangential component of E on the boundary,
while n x H represents the rotated tangential component of H. We will use such a
Robin type boundary condition later on as absorbing boundary condition to prescribe

transparent boundaries.

2.1.3 A time harmonic setting

Now we assume that the excitations, to be more precise the quantities j; and p, vary

periodically in time with the same angular frequency w. Thus,
Jr(x,t) = Re Gf(m)e—iwt) p(x,t) = Re (5S(m>e—iwt> ,

where 3[ and p are just space dependent. Under this assumption the unknown vector fields

will show the same time dependence, and we use the ansatz

E(x,t) = Re (E‘(a:)e”'”t) H(x,t) = Re (ﬁ(a:)e’“"t)

D(z,t) = Re (ﬁ(m)e—iwt) B(x,t) = Re (é(m)e—iwt) .

Inserting this into Maxwell’s equations (2.5)-(2.8), using the material laws (2.9)-(2.11) and
carrying out the time derivatives leads to the time harmonic Maxwell’s equations. For
notational reasons we neglect the tilde, so we write FE instead of E and so on. The time

harmonic Maxwell’s equations are

div(eE) = p, (2.12)

div(iuH) = 0, (2.13)

curl E —iwpH = 0, (2.14)
curl H +iweE —ocE = jj. (2.15)

The equations (2.14) and (2.15) lead to the Helmholtz equation which will be discussed in
detail later.
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2.1.4 Transversal electric and transversal magnetic modes

We assume that no charges are present and that the system is invariant in z-direction.
Thus, all z-derivatives vanish and the computational domain can be reduced to a two

dimensional one. This leads for the equations (2.14) and (2.15) to

oE, —iwpH, = 0, (2.16)

-0, F, —iwpH, = 0, (2.17)

0B, — 0 E, —iwpH, = 0, (2.18)

O H, +iweE, —cE, = ji, (2.19)

—0,H, +iweE, —cE, = jp, (2.20)

O,Hy — 0,H, +iweE, —oE, = jp,. (2.21)

Here 0, denotes the = derivative, E, is the z component of FE, etc. Taking into account
that the two divergence equations just contain F,, F, and H,, H,, respectively, the total

system of Maxwell’s equations decouples into two systems of equations.

Transversal electric modes

One system consists (besides (2.13)) of the equations (2.16), (2.17) and (2.21) and just
contains the unknowns £, H, and H,,. The fact that the total electric field is perpendicular
to the computational domain gives rise to the name transversal electric (TE) modes (also
known as o polarization). If we define H = (—H,,H,)", or in other words rotate the
magnetic field, we get from (2.16), (2.17) and (2.21)

grad B, + iwpH = 0, (2.22)
div H + welb, +oE, = —j,. (2.23)

Continuity of n x E and n x H on an interface between two different media is now
equivalent to the continuity of £, and n - H (where n. = (ng,n,)"), and the impedance
boundary condition reads as

—n-H+ kE, =g
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for some g. Assuming j; = 0 and ¢ = 0 results in the two dimensional mixed Helmholtz

equation discussed below.

Transversal magnetic modes

The remaining equations contain the components F,, E, and H,. Therefore, they are
called transverse magnetic (TM) (or m-polarized). Defining a rotated electric field E =
(—E,, E.)", equations (2.18)- (2.20) lead to

divE +iwpH, = 0, (2.24)
grad H, + iweE — o E = (=Jys Jz) - (2.25)

Again the tangential continuity of the electric and the magnetic field is equivalent to the

continuity of H, and n - E’, and the impedance boundary condition can be written as
~H.+rn-E= g

for some g. In the absence of currents 3 and with 0 = 0 the two dimensional Helmholtz

equation is obtained.

2.1.5 Electromagnetic energy

For an electric field E(x,t) and a magnetic field H (x,t) with the corresponding magnetic
induction B(x,t) the Poynting vector is defined as

1
S(x,t) = —E(x,t) x B(x,t) = E(x,t) x H(x,t).
I
The Poynting vector can be seen as an energy flux per time and area. In the time harmonic

case one can average this energy flux over time which gives a time averaged Poynting vector

(S)(@) = sRe(B(z) x H(z))

where EE and H represent for notational reasons just the spatial parts of the electric and
magnetic field.

If we consider an electromagnetic wave with amplitude E, and wave vector k (note



CHAPTER 2. FROM MAXWELL’S EQUATIONS TO HELMHOLTZ EQUATION 14

Eqlk),
E(x) = Eye’*™ and H(x) = ik x Eye*®
the time averaged Poynting vector is
(S) = L By|?Re (iz) | (2.26)
2 W

Thus, the energy density for a plane wave is space independent, and energy is transported
into the direction of the wave vector. The energy £ transported through a surface A per

time can be calculated simply as

£ = /A (S) - n4ds. (2.27)

2.2 The Helmholtz equation

The Helmholtz equation in primal and mixed form is introduced in this section . Although,
we motivate the Helmholtz equation via TE and TM problems, which are two dimensional,
we will define it for arbitrary dimensions in order to cover also applications for example
from mechanics. Thus, let us consider a domain Q C R? with dimension d = 2,3 whose
boundary is denoted by I' = 0f2.

2.2.1 The primal form of the Helmholtz equation

When solving the Helmholtz equation, one solves for a scalar function u : 2 — C which
fulfills
Au+ v’w?u =0 in €. (2.28)

Additionally, the angular frequency w € R is supposed to be constant, and v is positive, real
and space dependent. If v is constant, the fundamental solution of the Helmholtz equation
is a plane wave u = wugexp(ik - ) with amplitude uo. The wave vector k describing
the direction of propagation has an absolute value |k| = wv, and consequently v can be
interpreted as the inverse of the speed of the wave. In optics, the quantity v/vg, where 1
represents the value of v in vacuum, has the meaning of the refractive index.

For TE problems the Helmholtz equation can be obtained from the governing equations
of TE modes (2.22) and (2.23) by eliminating H and assuming that o = 0 and j, = 0.

The quantity v? is then the product of € and p where p was assumed to be constant, and
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u represents F,. Assuming in the TM equations that € is constant, o = 0, j, = j, = 0
leads as well to a Helmholtz equation with u representing H, and v? = eu. We should
mention that for acoustic problems u stands for the pressure, or in geophysics u denotes
the displacement.

In order to pose appropriate boundary conditions, we introduce incoming and outgoing

impedance traces at the domain boundary I' as

1 Ou 1 Ou
—_——tu and ——+tu
ww Onp r iww Ony
0

where T denotes the derivative in outer normal direction mp. Evaluating the in-

r

coming impedance trace for an incoming wave of the domain {2 with amplitude A,
Ui () = Ae™(r®) we obtain Inr(u;,) = 24e™(™r®)|. while an evaluation of the out-
going impedance trace yields zero. For outgoing waves the situation is vice versa. Thus by

fixing the incoming impedance trace, which results in an absorbing boundary condition
———+u=g onl, (2.29)

the energy entering the computational domain is prescribed.

2.2.2 The mixed form of the Helmholtz equation

The mixed form of the Helmholtz equation,

iweu —dive =0 in €, (2.30)
gradu — iwpo =0 in €, (2.31)

is obtained from (2.28) by introducing an additional flux field o : Q — C? which fulfills
o= ﬁ grad u. The parameter 4 € R is a positive constant, and € is chosen, such that
v? = eu. Note, by calling these two material parameters € and p, we have the TE problem
in mind, and o corresponds to H from (2.22). In the TM case o corresponds to E from
(2.24), and p and € interchange roles.

For this system, incoming and outgoing impedance traces can be rewritten as

(o), (),
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Thus, fixing the incoming impedance trace leads to the boundary condition

—\/EO' ‘nr+u=g on I'. (2.32)
€

2.3 The vector valued wave equation

In order to get a wave equation for electromagnetic waves on a computational domain
Q C R? with boundary T, we consider for the time harmonic Maxwell’s equations (2.12)-
(2.15) a non conducting material without free charges and impressed currents, i.e. o = 0,
p =0 and j; = 0. In the following we assume, that © € R is constant, and € is a real and

positive function.

2.3.1 The primal form of the vector valued wave equation

Eliminating the magnetic field H in the equations (2.14) and (2.15) results in the vector

valued time harmonic wave equation
curl(curl B) — w?epE = 0. (2.33)

The fundamental solution of this equation is for constant material parameters a plane
wave E = Eyexp(ik - ) with amplitude Ey and a wave vector of absolute value |k| =
w4/ep. Note that according to the divergence freeness of the electric field Ey and k are
perpendicular. The quantity 1/,/efi can be interpreted as the speed of the wave, i.e. the
speed of light in a medium.

In the same way as for the Helmholtz equation, we define incoming and outgoing

impedance traces on I'

1 1
( nr X curl £ + E”) and ( - nr X curl £ + EH) ‘
r

W/ e r 1w/ e
where, as already mentioned, E| := nr x (E X np) is the tangential component of EZ on I'.

Prescribing an incoming plane wave is equivalent to fixing the incoming impedance trace

as boundary condition

1
iw\/ﬁnr xcurlE+ Ej =g on I'. (2.34)
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The quantity g corresponds to two times the trace of the incoming wave at the boundary.

2.3.2 The mixed form of the vector valued wave equation

The time harmonic Maxwell’s equations (2.14) and (2.15) represent the mixed version of

the vector valued time harmonic wave equation,

iweE + curl H = 0 in €, (2.35)
curl E —iwpH =0 in Q, . (2.36)

Note that the magnetic field can be interpreted as the flux field corresponding to the electric

field. By using (2.36), the incoming and outgoing impedance traces read as

(Jemmxmem)| and (= H )

and consequently an incoming wave is fixed by the absorbing boundary condition

)
r

\/Enp xH+E =g on I (2.37)
€



Chapter 3
The variational framework

In this chapter we want to introduce standard variational formulations for both, the primal
and the mixed Helmholtz equation, as well as the primal and the mixed form of the
vector valued wave equation. Therefore, the Sobolev spaces L*(Q2), H*(Q2), H(div, ) and
H(curl, Q) are needed. The first section is devoted to these spaces, and a small list of
important properties is provided. Based on this basic existence and uniqueness results
for variational formulations are given in the second section, and the existence of a unique
solution is proven for standard weak forms of the Helmholtz equation and the vector valued

wave equation.

3.1 Some function spaces

We are going to introduce the Sobolev spaces L?(Q2), H*(Q), H(div,Q) and H (curl, Q) for
a Lipschitz domain €2 with boundary I' which is defined according to

Definition 3.1. A domain Q C R? is said to have a Lipschitz boundary I := 0 if a finite
number of domains §;, a local coordinate system (&;1,...,& q4) and a Lipschitz continuous
function f(&1,...&.4-1) exist, such that

()T U Q and TN ={(&1,.- . &a) * &Ga=f(EGnre &iam1) s
(2) QN ={(&1,---,&a) : &Ga> f(&Ga,. o &a) )
If Q has a Lipschitz boundary, we call it a Lipschitz domain.

For such a Lipschitz domain € the set of all continuous functions is denoted by C(£2)
and the set of all infinitely continuous differentiable functions by C'*°(2). The subsets of
compact support on €2 we call Cy(€2) and C§°(€2), respectively.

18
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3.1.1 The space L*(Q)

The Sobolev space of square integrable functions on a Lipschitz domain 2 is defined as
L*(Q) = {u Qo R / lu? dz < oo}.
Q
With the help of the scalar product

(u,v) 2(0) := / uv de,
Q

a norm is induced which we denote by || - ||;2@). By equipping L?*(Q2) with this norm,
L?(2) becomes a Hilbert space. In an equivalent way we can define the Hilbert space of all
square integrable functions on the boundary T' = 99, L*(T"). The definition of the L?-inner
product and the L?-norm for vector valued functions p, q € (L2(Q))d are straight forward,

i.e.
d

(p, q)L2(Q) = Z(piaQi)LQ(Q) and ||pH%2(Q) = (RP)L?(Q)-
=1

3.1.2 The space H'(Q)

In order to define the space H'(Q), or more generally H*(Q) for k € Ny, we have to
generalize a partial derivative which can be applied till now just to sufficiently smooth
functions, i.e. we have to introduce weak derivatives. We will denote a partial derivative

of degree n by 0“ where « is a multi index with |a| = n.

Definition 3.2 (weak partial derivative). For u € L*(Q) we call g = 0%u, g € L*(Q), the

weak partial derivative if

/ng dx = (—1) / u (0%) dx Yo € C5°(92).

Q

By combining the weak partial derivatives of order one, the weak gradient can be defined.
In the following we will use the symbols 0“ and grad when referring to the weak partial

derivative and gradient, respectively. This leads to the definition of the space H*(Q).

Definition 3.3. The space H*(Q) for k € Ny is defined as

H*(Q) = {u € L*(Q) : 0w € L*(Q) for all a with |a| < kz}
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If the space is equipped with the scalar product

(0, 0) iy = Y _ (0w, 0°V) 20y

| <k

and the corresponding norm

lullarioy = [ D 10320

o <k

it is a Hilbert space. Furthermore, by ‘uﬁi’“(ﬁ) = D =k H@O‘UH%Q(Q) a seminorm is pro-
vided.
Note that the space H°(Q) is identical to the space L?*(f2). For Lipschitz domains
Q H*(Q) can be identified with the closure of C*(§)) with respect to the H*(Q)-norm
(compare |[GR86]), i.e.
HNQ) = 0= () =@,
Thus, C*(Q2) and C(Q) are dense in H*(Q). The dual space we denote as H~*({) and a

norm is given via the duality relation

. (U7 U)Hk(sz)
HUHH—k(Q) = sup 5 -
vEHF(Q) HUHHk(m

In order to deal with boundary conditions, Sobolev spaces of fractional order are needed
on the boundary I'. For more details on such spaces see [McL00|. Especially, we will make
use of the space H'/%(T') := C’OO(F)H'”HW(F) with the norm

= — 7 dxdy.
HUHH1/2(F) ||uHL2(F) + /F/F iz — o] xray

In addition, the trace operator trr for continuous functions is given as
trr(u) = ulp for u € C ()

which leads us to the trace and inverse trace theorem.

Theorem 3.4 (trace and inverse trace theorem for H'(Q)). Let Q be a bounded Lipschitz

domain.

(1) Then the operator trr can be uniquely extended to a continuous operator mapping
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from HY(Q) to HY*(T"), and
o) oy < ellullipey  foru € H'(Q),
(2) For any g € HY/*(T) there exists a function u € H*(Q) with trp(u) = g and
lullir @) < ellglizeq):

This theorem allows us to define boundary conditions. Consequently, the space
Hi(Q) = {v e HY(Q) : trr(v) = 0}, required to incorporate Dirichlet boundary con-
ditions, is well defined. We will finish the discussion by introducing an essential set of
interface conditions for H'(Q) functions which will play an important role in constructing

conforming finite elements.

Corollary 3.5. Let €)y,...,Qp be Lipschitz domains which form a domain decomposition
of , ie. ;N = 0 and Q) = UZ Q. By I'y; = O, N Qj the interfaces are denoted. For
a function u with ulg, = u;, u; € H'(Q;) and trr,,(u;) = trr,, (u;) follows that v € H'(Q)
and (gradu)|q, = grad u;.

3.1.3 The space H(div, )

We start the discussion on the vector valued space H(div, 2) by generalizing the divergence

for non continuous functions.

Definition 3.6 (weak divergence). For q € (L2(Q))d we call p = divq, p € L*(Q) the

weak divergence of q if

/pvdx:—/q~(gradv)dx Yo € C5° ().
Q 0

In the following we refer to the weak divergence when using the symbol div. Based on

this generalized divergence the space H(div,2) can be introduced.

Definition 3.7. The space H(div, ) is defined as

H(div,Q) = {q e (L2(Q)" : divg e L?(Q)}.
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Combined with the inner product and the corresponding norm,

(P, Qr@ve) = 0, Q2@ + ([divp, divg)e)  and [Pl i) = (0, P)r@ivo),

H(div,Q) is a Hilbert space.
As it is shown in [GR86, Mon03], the spaces (C’OO(Q))d and (C(Q))d are dense in

H(div,2), and the space can be alternatively written as

H(div, ) = 0=(Q)

Nl e aiv, 2

In order to deal with boundary conditions, a well defined normal trace on I' is needed.

Therefore, we introduce for continuous functions the normal trace operator

=\ d
trnr(q) =q-nr for g € (C(Q))
where nr represents the outer normal vector. By using density arguments this normal
trace operator can be extended to H(div, §2).

Theorem 3.8 (trace and inverse trace theorem for H (div, 2)). Let Q be a bounded Lipschitz

domain.

(1) Then the operator tr,r can be uniquely extended to a continuous operator mapping
from H(div,Q) to H~'/?(T), and

[trnc (@12 < clalf@ee  for g € H(div, Q).
(2) For any q, € H-Y/(T) there exists a function q € H(div,Q) with tr,r(q) = ¢, and

a1 @iv.ey < cllanllFrzmy:

If furthermore (¢, 1) 2y = 0, then divq = 0 for the extension q.

Here, the dual space to H'/?(T') is denoted as H~'/?(I') with a norm obtained via a
duality identity from the H'/? norm. Based on the trace theorem, the space of functions
in H(div, Q) with zero normal trace which is needed to incorporate Dirichlet boundary

conditions can be introduced as

Ho(div, Q) = {q € H(div,Q) : trpr(q) = o}.
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Additionally, density arguments allow us to generalize the integration by parts formula.

Lemma 3.9. For a Lipschitz domain Q and for all ¢ € H(div,Q), u € H'(Q) the integra-

tion by parts formula holds

/gradu qdr =— / u div q dx —I—/trp(u) trn,r(q) ds.
Q Q r

We conclude again the subsection by presenting an essential set of interface conditions
for H(div,2) functions.

Corollary 3.10. Let Qq,...,Qx be Lipschitz domains which form a domain decomposition
of Q, ie. Q;NQ =0 and Q = U, Q. By Iy = Q; N Qj we denote the interfaces
and by m; their normal vectors. For a function q with qlo, = q;, ¢; € H(div,Q;) and
trn,r,,;(Qi) = trn, r,;(q;) follows that q € H(div,$2) and (div q)|o, = div g;.

3.1.4 The space H(curl, )

Finally, the space H(curl, Q) for Q C R? is introduced. Therefore, we need a generalized

curl operator.

Definition 3.11 (weak curl). Forp € (LQ(Q))?’ we call ¢ = curlp, ¢ € (Lz(Q))3 the weak

curl of p if
/c~'vdx = /p- (curlw) dx Vv € (CSO(Q))g.
Q Q

From now on, we refer to the weak curl when using the "curl" symbol. Based on this, the
Sobolev space H(curl, §2) is defined.

Definition 3.12. The space H(curl, Q) is defined as
H(curl, Q) := {p € (LQ(Q))3 : curlp € (Lz(Q))s}.
Together with the inner product and the corresponding norm,

(P, @) H(cun,0) = (P, @)12() + (curlp, curl q) 2 (o) and Pl eunc) = (P P) (w1 0);

H(curl, Q) is a Hilbert space.
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According to theorem 3.26 in [Mon03], H(curl,Q2) can be defined alternatively as

H(curl, Q) = Cm.o—(Q)”'HH(curl,Q).
Thus, the spaces (COO<Q))3 and (C(Q))3 are dense in H(curl, Q). This density of contin-

uous functions together with the tangential trace operator

tr-r(p) =nr X p for p € (C())”

leads to the trace theorem.

Theorem 3.13 (trace theorem for H(curl,2)). Let 2 be a bounded Lipschitz domain.
Then the operator tryr can be uniquely extended to a continuous operator mapping from

H(curl, Q) to (H™*())’, and

trr e (P)5-1/2r) < llPlfreuney — for p € H(curl, Q).

Note that the stated norm estimate is not sharp, and consequently, the inverse trace
theorem does not exist in these norms. Nevertheless, the trace theorem allows us to
introduce the space Hy(curl, Q) := {p € H(curl,Q) : tr,r(p) = 0} with homogeneous
tangential boundary conditions. Alternatively, Hy(curl, §2) can be defined as the closure of
(C’(‘)’O(Q))g with respect to the H(curl)-norm (see [Mon03]). In the following we will make

use of the partial integration rule for H (curl, 2) functions.

Lemma 3.14. For a Lipschitz domain Q2 and for p € H(curl, Q) the integration by parts

formula holds

/Q((:urlp) c¢pdr = /Qp' (curl @) dx + / trrr(p) - ¢ ds Vo € (COO(Q))S.

T

Finally, a corollary providing essential interface conditions for functions in H(curl, §2)

is provided.

Corollary 3.15. Let Qq,...,Qn be Lipschitz domains which form a domain decomposition
of Q, ie. ;NQ; = 0 and 0O = U, Q. By Iy = Q; N Qj we denote the interfaces
and by m; their normal vectors. For a function p with plo, = pi, pi € H(curl,Q;) and
trr ., (pi) = trrr, (p;) follows that p € H(curl, Q) and (curl p)|o, = curl p;.
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3.2 Variational formulations

This section is started by recalling existence and uniqueness results for primal and mixed
formulations. Then, based on the Sobolev Spaces from above, we introduce variational
formulations for the Helmholtz equation and the vector valued wave equation, and existence
of a unique solution is shown. For convenience we will use in the following the symbols
U=L2Q), Q = H(Q), V = H(div,), X = (L*(Q))°, Y = H(curl, Q) for the Sobolev

spaces. Volume integrals over a domain () are denoted as (u, v) = fQ uv dx and surface

0
integrals on a surface I' as (u,v). == [ uvds.

3.2.1 Existence and uniqueness for primal and mixed problems

First, we provide basic existence and uniqueness results for variational formulations. We

consider for a Hilbert space W with norm || - |y the primal formulation.

Formulation 3.16. Find uw € W, such that
a(u,v) = f(v) YoeW

where a : W x W — C denotes a bilinear form, and f : W — C a linear form.

Note that this variational formulation is equivalent to an operator equation Au = F
in the dual space W* of W. Here A : W — W* is defined via (Au,v) = a(u,v) with the
duality product (-,-), and F' € W* is given as (F,v) = f(v).

The following theorem (see for example [Bra03|) states existence and uniqueness for

this formulation.

Theorem 3.17 (Lax-Milgram). Let W be a Hilbert space and a : W x W — C a bounded

and coercive bilinear form, i.e. there exist constants o > 0 and 8 > 0 such that

la(u, )] < alullw o] Vue W, Yo e W,
lau,w)| > Bllull?, Vu e W,

Then there exists for each continuous linear form f : W — C a unique solution u € W of

the problem in Formulation 3.16 with

1
lullw < Z[1fllw--
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As second problem a saddle point problem for the Hilbert spaces W and M is considered.
Formulation 3.18. Findu € W and A € M, such that

a(u,v) +b(v, \) = f(v) Yo e W,
b(u, p) = g(n) Ve M,

with the bilinear forms a : W x W — C and b : W x M — C and the linear forms
f:W—=Candg: M — C.
Brezzi’s Theorem (Theorem 1.1 in [BF91| or Satz 4.3 in [Bra03]) states existence and

uniqueness for the solution of this formulation.

Theorem 3.19 (Brezzi). Let W and M be Hilbert spaces, and the bilinear forms
a: WxW —=Candb: W x M — C fulfill the following assumptions.

(1) The bilinear forms are bounded, i.e.

|a(u, v)| < callullwllv]la Vue W, voeW
[bCu, )| < elfullwllpllar Vu e W, Ve M.

(2) b is inf-sup stable. There exists a constant B > 0, such that

. b(v, 1)
1n Sup T T
neM wew ||l arl|v|lw

> .

(3) a is coercive on the kernel of b. Thus, there exists a constant o > 0, such that
aluw)| > allullly  Vu € Ker(d),

with Ker(b) = {u € W : b(u,n) =0 VY € M}.

Under these assumptions the problem from Formulation 3.18 has a unique solution u € W,
A € M satisfying

1 1 ¢
= —_ * - 1 _CL> *
[[ullw S llw +5( +—)llgllar
1

e < 5 (042l + 55 (145 lolar
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3.2.2 The variational form of the primal Helmholtz problem

The weak formulation of the primal Helmholtz problem is derived by integrating the prod-
uct of (2.28) with a complex conjugated test function v € Q = H'(Q) over the domain .
Finally, integration by parts and inserting the boundary condition (2.29) leads to

Formulation 3.20 (The standard primal Helmholtz formulation). Find u € Q, such that
for g € L*(T)

(grad u, grad T))Q — (w2y2u, @)Q — <iwl/u, @>F = —<z'w1/g, 6>F, Yo € Q. (3.1)

Lemma 3.21. Let Q be a Lipschitz domain, v € R, v > 0 and g € L*(T'). Then the
problem from Formulation 3.20 has a unique solution.

Note, that the formulation is not coercive, and Lax-Milgram is not applicable. A proof
of this Lemma is given in [Mel95]. We will repeat it in a slightly different way. In order to

proof this Lemma, we need the Fredholm Alternative (compare theorem 2.33 in [Mon03])

Theorem 3.22 (Fredholm Alternative). Let W be a Hilbert space and B : W — W a
bounded linear operator, which can be written as the sum of the identity operator T and a

compact operator K, i.e. B=171 + K. Then either

(1) The equation Bu = 0 has just the trivial solution u = 0 in W, and Bu = [ is for
f € W uniquely solvable.

(2) The equation Bu = 0 has exactly n € N linearly independent solutions.

Proof of Lemma 8.21. During the proof, we will denote (3.1) as
B(u,v) = F(v)

with a sesquilinear form B and a linear form F. The proof splits into two parts, an existence
proof and a uniqueness proof.

The existence proof is realized by transforming the formulation into an operator equa-
tion

Z+Ku=2¢
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with ¢ € L*(9), the identity operator Z and a compact operator K : L?(2) — L?(f2) and
by applying the Fredholm Alternative. In order to define KC, we introduce the sesquilinear
form

By (u,v) := B(u,v) + ((1+ w21/2)u717)97

which is bounded, and via
[Re(Ba(u, v))| = [[ullfpq

coercivity can be shown. Rewriting (3.1), we get By (u,v) — ((1+w?v?)u,v), = F(v), and

Q
inserting the operator equation u = ¢ — Ku leads to

B (¢ — Ku,v) — (1 +w?v*)u,v), = F(v), Vv e Q.

This allows us to state for any u € L?*(Q) equations for Ku € Q C L*(Q) and ¢ € Q C
L*(Q)

B (Ku,v) = —((1 +w*?)u,0),, Vv e Q,
By (¢,v) = F(v) Vv e Q.

For these two equations Lax-Milgram’s theorem is due to the boundedness and coerciv-
ity of B, applicable. Thus, ¢ and Ku exist and they are unique. From the estimate
|Kull i) < ¢llullr2@) and the compact embedding of @ in L*(€2) the compactness of
KC follows. The Fredholm Alternative states now, that the operator equation, and conse-
quently Formulation 3.20 has at least one solution.

In order to show uniqueness, we have to show that B(u,v) = 0 has just the trivial

solution. Testing this equation with v and taking the imaginary part leads to
0 = [Im(B(u,u))| = (wru, @)y > wl/||u||%2(r).
Thus, u is zero on I' and u is an eigenfunction to the eigenvalue w?v? of the problem

(grad u, grad 17)0 = w?? (u, T)) Yu € Q.

Q

Now we choose R > 0, such that €2 is contained in a sphere of radius R round the origin,
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2 C Bg(0). Then for ¢ > 1 the function

() = { u(x) for x € Q,

0 else,

is an eigenfunction of

(grad @, grad o) Bon Vo € H'(B.x(0)). (3.2)

(0) )BCR(O)

By defining u.(x) = u(cx), it is obvious that u,. is an eigenfunction of

= Aw? (uc, v

(grad u,, grad ) By Vv € H'(Bg(0)) (3.3)

(0) )BR(O)

to the eigenvalue c*w?v?. Taking ¢ € R with ¢ > 1 arbitrarily contradicts to the fact that
(3.3) has just countably infinite many eigenvalues. Thus, u. = 0 and consequently u = 0.
O

3.2.3 The variational form of the mixed Helmholtz problem

We get the variational formulation of the mixed Helmholtz problem by integrating the
product of (2.30) and (2.31), respectively, with a complex conjugated scalar test function
v e U= L*N) and a complex conjugated vector valued test function 7 € V = H(div, Q)
over the domain €). Integration by parts of the second equation gives

(iweu,v), — (dive, ), =0 YvoelU (3.4)
—(u, div 7")9 — (iwua,?)ﬂ + <u, T- nF>F =0 vVreV. (3.5)

After inserting the boundary condition (2.32) the weak formulation is obtained.

Formulation 3.23 (The standard mixed Helmholtz formulation). Findu € U and o € V,
such that for g € L*(T")

(iwew, v), — (dive, v) =0 YoeU  (3.6)

—(u,divi')Q — (iwua,i—)ﬂ + <\/Ea ‘np, T - 'np>F = —<g,'7' . np>F. VreV. (3.7)

€

Q

Lemma 3.24. Let ) be a Lipschitz domain, i is constant and real, € is a real and piecewise

continuous function with 0 < € < € < €pae and g € LQ(F). Then the problem from
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Formulation 3.23 has a unique solution.
A proof to this lemma with 4 = € = 1 can be found for three dimensions in [MSS10]

which we will repeat for € space dependent.

Proof. We start the proof by testing (3.6) with v = —ﬁ divT and 7 € V which results in

(u,div ‘7') = (L div o, div ‘7')

Q iwe @

Inserting this into (3.6) gives for all 7 € V

1
B(o,7):= (=dive,divy),— ((A)ZIMO',T)Q—<7:w\/g0'-nr,7‘-’n,r>r = (iwg, T-nr)r. (3.8)

€

For this equation existence and uniqueness will be proven.

In order to prove existence, we restrict the function space. Therefore, the equation is
tested with 7 = curlq, q € (C’SO(Q))d, which leads to —(w2;u7,curl (‘1)9 = 0. Note that
the curl of a two dimensional vector function is defined as curlq := 0,¢q, — 0,q,. Partial

integration and density arguments lead to curlo = 0, and we can exchange V' in (3.8) by
VO(Q) := H(div, Q) N H(curly, Q)

with H (curly, Q) := {7 € H(curl,Q) : curlT = 0}. The rest of the existence proof follows

the existence proof for Lemma 3.21. Thus, (3.8) is transformed to an operator equation
(Z+ K)o = ¢,

with the operator K : (L2(Q))d — (L2(Q))d and ¢ € (L2(Q))d. The function ¢ and the

operator K can be defined uniquely via a sesquilinear form

By(o,7) = Bla,7) + (1 + W*p)o, 7),

which is bounded and coercive with respect to the norm

1011 = [0l a0) + 1V el L2

The compact embedding of V() in L?(2) (compare Theorem 3.49 in [Mon03|) leads to

compactness of K, and Fredholm’s Alternative guarantees at least one solution o.
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For proving uniqueness, it remains to show that the only solution of B(o,7) = 0 is

o = 0. The proof starts by testing (3.8) with o and taking the imaginary part which leads

0= |tm(Blo,a)| 2w/ —llo - nrlfq 2 0

and consequently o - nr = 0 on the boundary. Next (3.8) is tested with 7 = curl ¢,
¢ € (C>())" which yields

to

(w?por, curl ®)g = (wpcurle, }), + (w’no x nr, ¢). = 0.

If ¢ has compact support, density arguments give w?u curl o = 0. A similar argumentation
gives o X nr = 0 and consequently o = 0 on I'. Thus, there exists a gradient field w with

w =0 on T, such that w?ue = grad w. Inserting this into (3.8), we obtain

0 = (W2€M div grad w, div ‘7')9 — (gradw,i')Q

= (Aw + wepw, div ‘T')Q.

Because the operator div maps H (div, ) surjective on L*(2) [GR86], it follows that Aw +

w2epw = 0in Q with w = 0 and o-nr = ﬁg—z = 0 on the boundary. Solving the Helmholtz
equation under such boundary conditions leads to w = 0, i.e. ¢ = 0 and v = 0. [

3.2.4 The variational form of the primal vector valued wave prob-

lem

The variational formulation corresponding to (2.33) is obtained by testing with e €

H(curl,Q) =: Y, integrating by parts and inserting the boundary condition (2.34).
Formulation 3.25 (The standard primal vector valued wave formulation). Find E € Y,

such that for g € (L2(F))3 with g -mpr =0 on T and for alle € Y

(curl E, curl é)Q — (w2e,uE,é)Q — (iw\/e nr x E,np x é>r = —(iw/epg, é>r‘ (3.9)

Like in the scalar case, we state existence and uniqueness.

Lemma 3.26. Let 1 be a positive constant, ¢ € H?*(Q) is a real valued function with
0 < €min < € < €maz, g € (LZ(F))3 with g -npr =0 on I' and Q a Lipschitz domain. Then
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a unique solution of the problem from Formulation 3.25 exists.

Remark 3.27. In chapter 4 of [Mon03] uniqueness and existence was proven for a more
general setting. There € is considered to consist of N subdomains, and € is at least in
H3(8Q;) for each subdomain Q;. Furthermore, € is allowed to be complex with an imaginary
part which is either positive and bounded away from zero by a constant or zero on each
subdomain.
We will follow this proof for our simplified setting.

For proving the Lemma, a continuation result stated in theorem 9.3 of [CK98| or the-
orem 4.13 in [Mon03] is needed.

Theorem 3.28. Let ) be an open connected domain, and E, H € H(curl,Q) fulfill on 2

weE +curlH = 0,
wupH —curl E = 0.

If € is real and continuously differentiable in Q, p is real and constant, and E is zero in a
non empty ball contained in 2, then E and H are zero on Q.
For a proof of this theorem see [CK98, Mon03].

Proof of Lemma 3.26. During the proof we will denote (3.9) as
B(E,e) =F(e) VeeY, (3.10)

with the sesquilinear form B and the linear form F. As for the other formulations, the
proof is divided in an existence and a uniqueness proof.

For the existence proof we have to restrict the function space. Therefore, we test (3.10)
with e = grad ¢, ¢ € H}(2), and we obtain (w?peE, grad 7), = 0. Thus we can exchange
the space Y by

yO(Q) = {'v € H(curl,Q) : (ev,gradq), =0 Vge H(}(Q)}

According to theorem 4.7 in [Mon03] Y () can be embedded compactly in (LZ(Q))S.
The rest of the proof follows the existence proof for Lemma 3.21, i.e. (3.10) is transformed

to an operator equation

(Z+K)E=¢
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with ¢ € (L2(Q))3 and an operator K : (L2(Q))3 — (L2(Q))3. These two quantities can
be defined uniquely via a sesquilinear form

B(E,e) := B(E,e) + ((1 + w?eu)E, e),

which is bounded and coercive with respect to the norm

1] = [0l eun.) + 1 X nrllizzy)s-

Since there exists a compact embedding of Y (?(Q) in (LQ(Q))3, the operator K is compact,
and according to the Fredholm Alternative, there exists a solution of the operator equation
and consequently of (3.10).

In order to show uniqueness, it is sufficient to show that
B(E,e)=0, VecY0(Q) (3.11)
implies E = 0. Testing equation (3.11) with E and taking the imaginary part leads to
0 = (wy/ue nr x E,np x E) > c||nr X E||%2(F).

Thus, nr x E is zero on I'; i.e. the tangential component of E is zero on the boundary.

Next we extend via the Célderon extension theorem (see [Ada75|, Theorem A.4 in
[McL00] or Theorem 3.2 in [Mon03]) the function ¢, which is according to our assumption
in H3(12), to a continuous differentiable function € on the whole domain R*. Now, we take a
ball B,.(xq) with any midpoint @y € I" whose radius r > 0 is chosen, such that € is positive
in the ball. This is possible, because € is continuous and bounded away from zero by €,
in Q. Then a function E on € := B,(x,) U Q is constructed by extending a solution E of
(3.11) by zero. Note that n,g x E =0 on 99 and that E is tangential continuous across
the interface I := I' N B,.(x,). Thus, E € Y(©(Q) (compare Lemma 3.15).

Now we realize that E solves

(curlE, Curlé)Q — (wQ,uéE, é)Q =0 Ve € Y(O)(Q),
i.e. it solves the wave equation on Q. Because E is zero on B,(zg) \ €, Theorem 3.28
implies E = 0 on 2 and consequently E = 0.

]
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3.2.5 The variational form of the mixed vector valued wave prob-

lem

Testing the equations (2.35) and (2.36) with complex conjugated test functions e € X :=
(LQ(Q))3 and h € Y := H(curl, (), integrating the second equation by parts and inserting
the boundary condition results in the variational formulation for the mixed vector valued

wave problem.

Formulation 3.29 (The standard mixed vector valued wave formulation). Find E € X
and H €Y, such that for g € (L2(I‘))3 and for alle € X and h €Y

(iweE.e), + (curl H,e),, =0 (3.12)

(. culR),, — (iwnH. B, + <\/gnp «HompxR). = (gnrxh).  (3.13)

For this setting we can guarantee existence and uniqueness.

Lemma 3.30. Let p be a positive constant, ¢ € H?*(Q) is a real valued function with
0 < émin < €< €naz, g € (Lz(lﬂ))3 and 2 a Lipschitz domain. Then a unique solution of

the problem from Formulation 3.29 exists.

Proof. We rewrite Formulation 3.29 by testing (3.12) with e = —— curl h, h € H(curl, ),

l1.e.

(E, curl f_L)Q = — (L curl H, curl f_L)Q.

we

Inserting this into (3.13) results in the equation

BUH.B) = (Scul H.owlh), - (uH.B), - <Zw\/§nr « H,np % R).

= (—iwg,npr x h), (3.14)

where H, h € H(curl, Q). The existence and uniqueness proof for this equation follows the

proof of Lemma 3.26. O



Chapter 4

The finite element method

This chapter is devoted to the finite element method. We start by describing the basic
concept of finite elements in Section 4.1, and we recall some fundamental discretization
results. When solving the problems arising from the Formulations 3.20, 3.23, 3.25 or 3.29
by a finite element method, suitable discrete approximations Uy, V},,Y, and Q) of the
infinite dimensional spaces U = L*(Q2), V = H(div,Q), Y = H(curl,Q) and Q = H'(Q)
are needed. Therefore, we introduce in Section 4.2 conforming finite elements for these

spaces.

4.1 Basic ingredients

4.1.1 The Galerkin framework and approximation results

We consider again a standard variational formulation 3.16, i.e. we search for a function
u € W which solves
a(u,v) = f(v) Yo e W. (4.1)

In a Galerkin approximation the infinite dimensional Hilbert space is replaced by a finite

dimensional space W},, which results in the discrete formulation

Formulation 4.1. Find u, € W), such that
a(up,vp) = f(uvp) Yoy, € Wi,

The subscript h stands for a discretization parameter, for example the mesh size if W), is

constructed via a triangulation. If W, C W, we call the method conforming. For a basis

35
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{b1,...,¢n} of W, the unknown function u, € W) can be expanded into this basis, i.e.

n
Up = E Uh,z'@'-
i=1

Testing the variational equation with these basis functions leads to a linear system of
equations Au = f with the matrix A € C"" where A;; = a(¢;, ¢;), a right hand side
vector f € C" with f; = f(¢;) and the coefficient vector uw € C" with u; = uy,;.

It is desirable that the approximate solution converges towards the original solution
u for finer discretizations, i.e. h — 0. For a coercive bilinear form a, or more precisely,
if the problems arising from the Formulations 3.16 and 4.1 fulfill the assumptions of the
Lax-Milgram Theorem 3.17, the discretization error ||u — uy||w can be expressed via ap-

proximation properties of the space Wj.

Theorem 4.2 (Cea). Let W), be a subspace of W, and Formulation 3.16 with the solution
u € W as well as Formulation 4.1 with the solution u, € W), fulfill the assumptions of
Theorem 3.17. Then

o
v — unllw < 3 vhlgvah |lu — vp|lw

where o and B are the continuity and coercivity constants of the formulation for continuous
spaces.

In the second part of this chapter, we will give some estimates for the approximation
error inf,, cw, ||u — vp|lw of different spaces W,.

Similar results can be obtained for the mixed formulation 3.18. By discretizing the

Hilbert spaces W and M, the discrete formulation is obtained.

Formulation 4.3. Find u, € Wy, and A\, € My, such that

a(uh,vh) + b(Uh, /\h) = f(vh) Yo, € Wy,
b(un, pin) = g(pn) Vi € My,

The following theorem (compare [BF91|) connects the discretization error with the ap-

proximation error for mixed formulations.

Theorem 4.4. Let W), and M,, be subspaces of W and M. Furthermore, Formulation 3.18
fulfills the assumptions of Brezzi’s theorem (Theorem 3.19) and Formulation 4.3 fulfills

/
a’

these assumptions with constants ¢, ¢,, o, B' independent of the discretization parameter
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h. Then

/ / /

le—unllw < (1+22) (14 2) inf fu—onllw + =% g A=
B o pn

/
A= Ml < (14+3) inf A~ uh||M+E inf u — vallw.

4.1.2 The triangulation and the finite element

For the finite element method these discrete spaces are based on a triangulation of the
computational domain €2 and the subscript h refers to the mesh size. The computational
domain Q C R? with d = 2,3 is considered to be a polygonal domain with a Lipschitz

continuous boundary. This leads to the definition of a (regular) triangulation.

Definition 4.5 (Regular Triangulation). A finite, non overlapping subdivision T =
{T1,..., Ty} of Q into elements T; of simple geometry is called a regular triangulation
of
a N
1. Q=ULT,

2. the elements are non overlapping, interior(T;) Ninterior(T;) =0 fori # j,

3. the intersection of two different elements T; N1} is either empty, a vertex, an edge
or a face of both.

Note that the last condition avoids hanging nodes. In the following we will call the set
of all vertices V := {V}, the set of all edges is called € = {E;}, and F := F; represents the
set of all interface and boundary facets. In two dimensions the facets F match with the
edges £. If the index T is added, i.e. Vp, Er, Fr, we refer to the set of vertices, edges and
facets of the element 7.

Based on a geometrical element T, a finite element can be constructed according to
Ciarlet [Cia78, BS08| as

Definition 4.6 (Finite Element). A finite element is a triple (T, Wr, X7), where

1. the element domain T C RY is a bounded closed set with non empty interior and

piecewise smooth boundary,

2. Wr is the finite dimensional space of shape functions on T,
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3. Xp ={S1,...,Sk} is a set of linear functionals on Wy which are also called degrees

of freedom.

Of course, W and Y1 can not be taken arbitrarily. They have to be chosen such that
if values of the degrees of freedom X1 are specified, a function in Wy can be determined
uniquely. If this is the case for the finite element, we call it unisolvent.

In general, any linear independent set of functions of Wy can be used to span the space
Wr. One option is the nodal basis {¢1, ..., ¢r} which is defined via the linear functionals
S; € X,

Si(¢;) = 6, fori,j=1,... k.

This requires that the function space Wy is also of dimension k, and any function w in Wy

can be written in terms of the nodal basis as

k

w(z) =Y 8;(w)d;(x).

J=1

By identifying the local degrees of freedom 7 with global ones, i.e. we take the union of

the degrees of freedom ¥ = | J. X7, we are able to construct a global finite element space

W, = {v € H Wr : S(vlg,) = S(v|g,) for all S € Xq, N ET]} .

TeT

Thus, when specifying the values of the degrees of freedom in ¥, the corresponding function
in W}, consists of functions in Wr, which are uniquely determined via the functionals Xr. It
is obvious that different choices of the degrees of freedom on the element result in different
continuity properties for the global finite element space W),. This leads us to the following

definition.

Definition 4.7 (conforming finite elements). For a function space W, the finite element
(T, Wy, Xr) is called W— conforming if the global finite element space Wy, is a subspace of
W.

4.1.3 The reference element

For an actual implementation and for analysis purposes a reference finite element
(T , WT,fJT) is rather used than the physical element (7, Wr,Y7). More precisely, the
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shape functions are defined on the reference element, and calculations, for example numer-
ical integration, are done there. The results are transfered afterwards by a transformation
Fr to the physical element. As a reference element T for the element T we usually take
an element of simple form like a triangle in 2D or a tetrahedron in 3D with size one. In
the following, quantities related to the reference element are indicated with a hat. Thus,
a represents a point in the reference element, while & represents a point in the physical
element.
As transformation
Fr:T—T

we consider a continuously differentiable function. The Jacobi matrix with respect to the
coordinate system of the reference element we denote as Jr and its functional determinant
as det Jr. For a general setting Frr is allowed to be nonlinear. Polynomial transformations
are required for example to describe polynomial shapes of elements exactly. If no curved
boundaries are involved, Fr can be assumed to be affine linear with a constant Jacobian
Jr. In this case polynomials are mapped to polynomials of the same degree which simplifies
the analysis considerably.

In our work, the transformation of the normal and the tangential vector is important.

Corollary 4.8. Let T C R?, such that T = FT(T) with Jacobian Jp. By np,mp and ng,Ts
the outer mormal vector and the tangential vector for the elements T and T , respectively,

are denoted. Then the outer normal and the tangential vector transform as

-7
Jr ng

JT‘JT
Jo T
T Ny

and TTOFT:m.
T

nro Fr
We define the size hy of an element 7" as the diameter of the smallest circle containing T,
and the mesh size h is given by

h := sup hy.
TeT

Based on this, uniform and quasi-uniform triangulations can be introduced.
Definition 4.9. Let {7} denote a family of triangulations.

(1) A triangulation Ty, is called quasi-uniform if there exists a constant k > 0 independent

of h, such that each element contains a circle of diameter pr with pr > hr/k.

(2) A triangulation Ty, is called uniform if there exists a constant k > 0 independent of

h, such that each element contains a circle of diameter pr with pr > h/k.
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4.2 Some conforming finite elements

If we want to find H', H(curl) and H(div) conforming finite element spaces, the degrees
of freedom have to be chosen, such that the continuity constraints on element interfaces
stated in the Corollaries 3.5, 3.10 and 3.15 are fulfilled. Thus, functions in H(curl) need
to be tangential continuous across element interface while normal continuity is needed for

functions in H (div).

4.2.1 An H' conforming finite element

Finite elements for Q = H'(Q) can be constructed by functionals 2? which are point evalu-
ations with points placed regularly on the element. Because of their bad stability properties
for high polynomial orders, they are not used frequently. We will stick to hierarchical finite
elements introduced in [AC03, Zag06|. In the last reference the polynomial order can be
chosen separately for edge face and cell basis functions. There, the H!-conforming finite

element (7, VVJC;2 k) Egk) of uniform polynomial order k is defined as
e 7' is a tetrahedron or triangle,
o Wj(i?k = P¥(T) with the polynomial space P*(T) of order k,
o X7, =SPUSE, USE, UDE, with

— the vertex degrees of freedom
SP(p) = {p(V) : for all V € VT},

— the edge degrees of freedom

£2,(p) = { : %gzids . {v;} a basis of P¥(E), VE € 5T},

— the face degrees of freedom (only in 3D)
Eg’k(p) = {/ Vep - Vev;dA : {v;} a basis of Pf(F), VE € fT}
F

with Vpv :=n x (Vv)|r X n,
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— and the cell degrees of freedom
Eg,k(p) = {/ Vp - Vuidz : v; a basis of P(;“(T)}.
T

This finite element is unisolvent (see [Mon03]) and in [Zag06] a polynomial basis is con-
structed explicitly.

As already mentioned in the last section, it is convenient to define the shape functions
for a reference element. In order to do this, a conforming transformation from the reference

element to the physical element is needed, which preserves the degrees of freedom.

Lemma 4.10 ( H'-conforming transformation). Let T C R%, such that T = Fp(T) with
Jacobian matriz Jp. By grad, and grad, the gradient with respect to the coordinate system
of T and T, respectively, is denoted. Then for u; € Hl(T) the transformation

o 1
u = us o I

implies uw € H'(T) and
grad, u = J; ' (gradg uz) o Fir .

By identifying the local degrees of freedom E% , with global ones, thus, EkQ = Urer E% -

we get the global finite element space of order k,

Qni = H W;?k

TeT

where h indicates the largest element diameter of the triangulation 7. If we denote the
functionals of Eg as SjQ and the corresponding nodal basis functions as qb]Q, we are able to

define the interpolation operator for any function u € H 3+ via
% = Z SJQ(U)QS?
J

For a sufficiently smooth function u € H*(€), 3+ 8 < s < k+1 the following interpolation

error estimate holds.

Theorem 4.11. (see [Mon03], Theorem 5.48) Let T denote a quasi-uniform triangulation

with mesh size h, then there exist constants cq,co independent of h and w, such that for
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S10<s<k+1

Hu—H%Mmm)S crh® Yl s (4.2)
Hu—ngHLQ(Q) < ol ||uflms)- (4.3)

4.2.2 An H(curl) conforming finite element

In order to obtain H(curl) conformity, tangential continuity of the basis functions across
element interfaces is required. Finite elements, fulfilling this condition are sometimes called
edge elements because their lowest order degrees of freedom are related to the element
edges. Two families of these elements were first introduced by Nedelec [N80] and in [N86]
with a uniform polynomial order on the whole mesh. Based on this work, in [SZ05, Zag06]
finite elements with variable polynomial order were constructed. In this work we used
Nedelec elements of second kind, (7, W}/ ks E%k) with constant polynomial order k, which

are given as

e T is a tetrahedron,
o W}, =ND/:= (Pk(T))3 with the polynomial space P*(T) of order k,
o XY, =3y, US), USY, Uy, Uy, with

— the edge degrees of freedom

Shalw) = {/ w-Tvds : {v;} a basis of P¥(E), VE € ST}
E

where T is the tangential vector to the edge F,

— the face degrees of freedom

She(uw) = {/curlpucurlpvidA : {curlpv;} a basis of
F
curly (P, (F)), ¥F € Fr},

She(u) = {/F'u,-'vidA : {v;} a basis of Vp (P (F)), VF € J':T}

where curlpv = curlv - n and Py (K) = (P’“(K))g N Ho(curl, K),
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— the cell degrees of freedom

Stp(u) = {/Tcurlu -curlvde : {curlv;} a basis of curl (P&T(T))},

Shp(u) = {/Tu-vida: : {v;} a basis ofV(Pé““(T))}.

A set of hierarchical basis functions for this finite element can be found in [SZ05, Zag06].
For defining the shape functions on a reference element, a transformation preserving

the degrees of freedom is needed.

Lemma 4.12 ( H(curl)-conforming transformation). Let T C R3, such that T = Fr(T)
with Jacobian matrix Jr. By curl, and curlg the curl with respect to the coordinate system

of T and T, respectively, is denoted. Then, for q; € H(curl, T) the transformation
q:=Jp q; o Fr'

implies ¢ € H(curl, T') and

curl, g = Jr(curly g7) o Frt

det JT

The transformation is also known as covariant transformation.
For a proof see section 3.9 in [Mon03]
Based on this finite element, the global functional space X} and the global space Yy

of order k£ with mesh size h approximating Y := H(curl, 2) read as

o= 2 Vi = [ Wiy

TeT TeT

By defining for functionals S]Y of ¥ and the nodal basis functions gb;/ the interpolation

operator
o= 38 (0)6]
J
we get the following interpolation error result.

Theorem 4.13. (see [Mon03] Theorem 8.15) Let T denote a quasi-uniform triangulation
with mesh size h. Then for u € (H$+1(Q))3, 1 < s < k, there exists a constant c
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independent of h and w, such that

|w— Iy + h| curl(u — IT}, < ch* || grsrr (ys- (4.4)

“”Lz(g) u)”m(g)

4.2.3 An H(div) conforming finite element

As already discussed, a H(div) conforming finite element space has to contain functions
which are normal continuous across element interfaces. There are two widely used finite
element families which fulfill this property, the Raviart-Thomas element [RT77| and the
Brezzi-Douglas-Marini element [BDM85]. For both elements, the lowest order degrees of
freedom are related to facets. Thus, they are sometimes called face elements. We will
restrict ourself to the Raviart Thomas element. Such elements of varying polynomial order
together with an hierarchical basis can be found in [Zag06].

The Raviart-Thomas element (T, Wy.,, X7 ;) of constant polynomial order k reads as
e T'is a tetrahedron or triangle
e Wy, =RT.:={ve (P : (v-n)pecP"YF) VF e Fr},
— the face degrees of freedom
Shp(u) = {/ w-nv;dA : {v;} a basis of PF7HF), VEF € ]-"T},
F
— the cell degrees of freedom
Sigp(u) = {/divudiv vide : {divv;} a basis of div (Péfn(T))},
T

igk(u) = {/T'u,-'vi dx : {v;} a basis of curl (Péfil(T))},

3

where PL,(K) = (PP(K))’ N Hy(div, K) and P! (K) = (PP(K))’n
Hy(curl, K).

The following transformation preserves these degrees of freedom, and it allows us to

define the shape functions on a reference element.
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Lemma 4.14 ( H(div)-conforming transformation). Let T C R3, such that T = Fp(T)
with Jacobian matriz Jr. By div, and divg the divergence with respect to the coordinate

system of T and T, respectively, is denoted. Then for pj € H(diV,T) the transformation

JTpTOFjTl

P= Qet Jp

implies p € H(div,T') and

div, p = (divsps) o Fp'.

det JT
The transformation is also known as contravariant or Piola transformation.
For a proof see section 3.9 in [Mon03]

Like for the other spaces, we are able to define the global functional space ¥} and the

global finite element space Vj; of order k approximating V := H(div, Q) via

v _ % _ v
oy = J =V Vi = [ [ Wi
TeT TET

Note that the Raviart Thomas space Vj; of order k contains the element wise polynomial
space (Pk_l)d, but it equals not the element wise polynomial space (Pk)d. The divergence
of a function in Vj,, is in P*~1(T') on the element, and its normal traces on the facets are
in P*~1(F). When defining the interpolation operator for functions u € (H%”(Q))g,

Miu=)_ 5 (u)s],
J

with the functionals S}/ from Y} and the corresponding nodal basis qb}/, we get the following

interpolation error estimates.

Theorem 4.15. (see [Mon03] Theorem 5.25, Remark 5.26) Let T denote a quasi-uniform

triangulation with mesh size h. Then for u € (HS(Q))?’, 1+0 < s <k, there eist

constants cq, co independent of h and w, such that

||u—HkV'u,HL2Q < ch®||ul s o), (4.5)
Hdiv(’u,—HkVu)”Lz(Q) < oh®|| divul gs(q). (4.6)
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4.2.4 An L? conforming finite element

We finish the discussion on finite elements by introducing an L?-conforming finite element.
In principle, one could use the H!'-conforming finite element and neglect the continuity
constraints, i.e. we do not identify the local functionals ¥ of different elements with
each other on the global level. In the following, we present an L? conforming element
(T, WTQ s Z%k) obtained by a different approach.

e 7' is a tetrahedron or triangle,
o WY, = P*(T) with the polynomial space P*(T') of order Fk,

e the cell degrees of freedom
57 (u) = {/uvl dx : {v;} a basis of Pk(T)}.
T

Based on the finite element, we obtain the global space of functionals and the global

finite element space approximating U = L?() as

U _ U _ | | U
TeT TeT

This suggests the interpolation operator for u € L*(Q)
M = 37 8% 0!
J

where SY are the functionals in ¥}/ and the ¢% are the corresponding nodal basis functions.

For u sufficiently smooth, i.e. u € H*(Q2) with 1 < s < k+1, the interpolation error estimate

o= T < el

H(Q)» for 1 <s<k+1, (4.7)

with ¢ independent of h and u can be shown.



Chapter 5

A hybrid finite element method for the
Helmholtz and the vector valued wave

equation

As already mentioned in the introduction, a large number of unknowns is necessary to
describe the highly oscillating solution of the wave equation. In fact, one needs at least a
fixed number of degrees of freedom per wavelength to get a certain accuracy for the solution.
Consequently, the total number of degrees of freedom grows for an increasing frequency
w at least proportional to O(w?) in d dimensions. Additionally, a classical H!-conforming
finite element method suffers from the pollution effect [Ih198]. This means that the number
of unknowns per wavelength, which is necessary to achieve a given accuracy, increases with
increasing frequency. Although this effect is not so strong for higher polynomial orders,
the total number of unknowns grows faster than O(w?).

In order to overcome these difficulties, a variety of different approaches within the finite
element framework was developed during the last decades. Widely used are hp methods
[IB97] or discontinuous Galerkin methods [FWO09|. They are still based on a polynomial
approximation for a modified variational formulation. Other methods, like the partition
of unity method [Mel95, MB96|, least square methods [MW99], discontinuous enrichment
methods [FHHO3, TF06] or the ultra weak variational formulation [CD98, Mon03| make
use of problem-adapted functions. In this chapter we focus on a mixed hybrid finite element
method.

The discussion on hybrid methods starts with an introduction to this topic in Section

5.1. In Section 5.2 the mixed hybrid finite element method for the Helmholtz equation from

47
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[MSS10] is presented. Apart from consistency of the continuous problem and existence and
uniqueness of its solution, energy conservation for both, the discrete and the continuous
formulation is shown. In Section 5.3 we extend this hybrid formulation to the time harmonic
Maxwell case. This approach we already published in [HPS11]. As for the Helmholtz
equation, consistency, existence and uniqueness as well as energy conservation results are

proven.

5.1 An introduction to hybridization

Before we concentrate on the hybridization of the Helmholtz equation and the vector val-
ued wave equation, we recall the basic concept of hybridization. For a detailed introduction
to hybridization see [BF91]. In [ABS85] the hybridization of Raviart-Thomas methods is
discussed, and a hybridization technique for the biharmonic problem is introduced. Fur-
thermore, [AB85]| provides error estimates for the Lagrangian multipliers obtained via
estimates for the primal variables. An error analysis just for the Lagrangian multipliers
without using the other variables, especially for finite element spaces of different poly-
nomial order, can be found in [CGO05a]. In addition to hybridization of Raviart Thomas
elements, [CGO04] covers hybridization of Brezzi Douglas Marini finite elements.

The starting point for the hybridization of an elliptic boundary value problem is a mixed

method with a linear system of equations typically of the form

(o) () ()

where * denotes the adjoint operator, g, is the coefficient vector of the finite element
function o7, representing the flux field, and w, is the coefficient vector of the scalar finite
element function w,. In general this mixed system is contrary to the primal problem
indefinite, i.e. it forms a saddle point problem, and solving for the unknown coefficients o,
and u,, is time consuming. Positive definiteness of the primal problem one could regain by
eliminating o, which makes an inversion of the block A necessary. Because the flux field
oy, fulfills continuity constraints, i.e. for the Poisson equation it is from the space H (div, 2)
and therefore normal continuous, the matrix A has entries which couple degrees of freedom
belonging to different elements, and therefore the inverse A= is a full matrix.

This drawback can be compensated by hybridization which was first used in [dV65].

There, the continuity constraints are neglected at element interfaces, for example for the
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Poisson equation o, is only element wise in H(div). Continuity is regained by adding
Lagrangian multipliers A\, which are supported only on element facets as an additional set

of unknowns. The resulting system reads as

A B* D*\ (o, F
B C 0||lw]|=]¢c (5.1)
D 0 0/ \y, 0

where )\, is the coefficient vector of the multiplier A\, and the matrix block D represents
the continuity conditions. Due to the loss of continuity in the space of o the matrix A is
block diagonal, and therefore easy to invert. This is the main advantage of this formulation.
We are now in the position to express the volume unknowns o and u; in terms of the

Lagrangian multipliers Ay,

(i:) B <;1 i) 71 <<g> ) (l?)) Ah) (5.2)
@ i> E (IOA _Af(jB*) (AO | (C—leB*)_1> (—B[ill Joc>

where I4 and I are identity matrices with the dimensions of A and C', respectively. Note

with

that the scalar field uy, is from a discontinuous function space, for example L*(€2) for the
Poisson equation. Therefore, C' — BA™!B* is also block diagonal with blocks corresponding
to elements. Now, elimination of the volume unknowns, i.e. inserting (5.2) into the third

equation of (5.1), leads to a Schur complement system for the multiplier A,
SAh - H

with
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Due to the fact that for the Poisson equation this system is symmetric positive definite,
iterative solvers, like the preconditioned cg-method, can be used for solving it. The volume
solutions o, and u;, are obtained from the multipliers via (5.2). These multipliers often
have a physical interpretation. For example in the Poisson equation they represent the
value of uy, at the facet. Note that, because of the block structure of A and C, respectively,
the computation of o, and u;, can be done element wise only using information from the
element boundary.

In former times this hybridization technique was often interpreted as an implementation
trick to deal with mixed methods. But it was realized [AB85, BDM85|, that a more accurate
solution for the scalar function u in comparison to (5.2) can be obtained by local post
processing. Apart from this, hybridization has another advantage. By static condensation
(compare [AB85|), i.e. elimination of the volume unknowns, the dimension of the system
can be reduced significantly to the number of interface unknowns \,.

Besides of Raviart Thomas and Brezzi Douglas Marini methods, hybridization has
been used for the Tangential-Displacement-Normal-Normal-Stress formulation in mechan-
ics [Sin09] and for the Stokes system [CG05b, CG05¢, CCS06]. In the last one the method
is used to construct an exactly divergence free approximation of the velocity without using
stream function variables or globally divergence free finite element basis functions. This is
done in two and three dimensions. We also mention recent works on hybrid discontinuous
Galerkin methods for Maxwell’s equations in 2D [LP11] and for 3D problems [NPC11].

5.2 A hybrid finite element method for the Helmholtz
equation

Before continuing, we have to introduce some notations. We use a regular finite element
mesh 7 with elements T and the set of element facets F' is denoted by F. The set of all
inner facets is named F;. The vector nr is the outer normal vector of an element T', np
represents the normal vector onto a facet F, and, as already mentioned, nr is the outer

normal of the domain €2 with boundary I'.

5.2.1 Hybridizing the Helmholtz equation

When hybridizing the mixed Helmholtz equation, we start with the mixed form of the
Helmholtz equation (2.30) and (2.31) and multiply it with test functions v € U := L?(Q)
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and 7 € V := H(div,Q), respectively. Carrying out integration by parts element by

element leads to

Z [ (iweu,v)T — (div a‘,v)T} =0 YveV
TeT
Z [— (u,diVT)T— (iwua,T)T+<u,‘r-nT>8T] =0 Yu € U.
TeT

For inner facets the test function 7 is normal continuous, and thus, the boundary integral
for one element cancels out with the integral from a neighboring one which would give
(3.5).

Next, the normal continuity of the flux function o across element interfaces is broken,

i.e. the space H(div, () is replaced by a broken H(div) space

V= {T e (L))" : Tlr € H(div,T) VT € T}.

In order to reinforce continuity again, we introduce, as mentioned in the last section, a

Lagrangian multiplier ur from the space
Up € UF = L2(.F)

The normal continuity of the flux o is recovered via an additional equation which forces

the jump [0' . n} ‘= o0 -np, + o - np, for inner facets ¥ € F; with the two adjacent

F
elements 7} and 75 to zero. This leads to

Z <[U'n>UF}>F = Z (<‘7'nT7UF>aT - <o"nT’UF>aTmF) =0 Vop € Vp.
FeF; TeT

Inserting the boundary condition into this equation results in the system of equations for
(u,o,up) € U X V x Up

Z :(@'weu,v)T — (diva‘,v)T] =0 Yo e U,
TeT

Z :— (u,diVT)T— (iwua,T)T+<uF,T-nT>8T] =0 V1 € 17,
TeT

Z :<0’ . nT’UF>8T] — <\/EUF,UF>F = <\/§ ,UF>F Yug € Up.

TeT
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Note that in the second equation the Lagrangian multiplier plays the role of the scalar
field u evaluated on the element interfaces. This was used in the boundary condition, and
u was exchanged by up in order to regain symmetry. Due to the fact that there is no
coupling between volume basis functions belonging to two different elements, it is possible
to eliminate the volume unknowns u and o element by element via static condensation
(compare [AB85]). The resulting system of equations has to be solved only for the multiplier
up. In order to eliminate these inner degrees of freedom, the first two equations of our
system need to be solved for any ur on each element 7. This is equivalent to solve
a Dirichlet problem consisting of (3.4) and (3.5) for = T and v = up as boundary
condition. Hence, uniqueness of the solution is lost if w matches an eigenvalue of the
Dirichlet problem.

Uniqueness can be according to [MSS10| re-established by adding a new facet unknown
oF € Vi = L*(F),
representing o - np on the facet F' via an additional equation

Zﬁ<0p—0’-np, TF>8T:0 Vrp € Vp
TeT

with some stabilization parameter 3. For symmetry reasons the consistent term » ..+ <0'
Nng —op, T- nF> o 18 added to our formulation. Collecting these terms, we get for all

(v, T,vp, TF) cUxXV xUpxVp

Z [(z’weu,v)T — (div O',U)T] =0,

TeT
Z [— (u,divT), — (iwpe,T), + (o -nr,7-nr),,.

TeT
+up, T mr)y, — Blor, T nF>8T] -

> [(o-mrve),] — () Survr) - —<[ o)y

TeT

Z [5<UF, 7)oy — B{o - Mp, TF>8T} _

TeT

Now, static condensation reduces the system of equations to the facet degrees of freedom

ur and op. Elimination of the inner degrees of freedom, i.e. solving the first two equations
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on the element level for any o and up is now, for § = \/E , equivalent to solve Formulation
3.23 with Q =T and g = —\/g(nT ‘np)op + up. Taking into account that op plays the
role of o - nr and up of u on 0T, we can redefine in- and outgoing impedance traces in

terms of the facet variables.

Definition 5.1. Let T be an element of the triangulation T, then the in- and outgoing

impedance traces in terms of the facet variables on the boundary 0T are defined via

]TL@T = —\/g(nT . ’I’LF)O'F + U

Outyr = \/g(n;p-np)ap—i—up.

In the same way Inpr and Outr can be defined.

According to this definition, we solve on the element level the mixed Helmholtz problem
for g = Ingr, i.e. with a prescribed incoming impedance trace for the element 7. Now,
uniqueness and existence of the element solution is guaranteed. By exchanging the Dirichlet
and Neumann traces up, o with the incoming and outgoing impedance traces, one obtains
an equivalent formulation which fits well into the context of the ultra weak variational
formulation of [CD98|. From this point of view, static condensation can be interpreted as
calculating in the case of § = \/g for a given incoming impedance trace the corresponding
outgoing impedance trace. Note that the outgoing impedance trace of an element is the
incoming impedance trace of the neighboring element, and the incoming impedance trace
on the domain 2 is fixed by the boundary condition.

We will show later on that this hybrid formulation is energy conserving. Because, at
least, when using a finite element discretization, a fixed number of degrees of freedom is
needed to resolve the solution of the Helmholtz equation (compare [Ain04]), high frequency
parts of the solution, which are not resolved by the mesh together with the polynomial
order, cause spurious modes. These spurious modes can be damped out by a stabilization
term with the parameter «,

Z a<u —Up,V — UF>8T
TeT
which penalizes the jump between the solution u and its corresponding facet value up.

Summarizing this, we end up with

Formulation 5.2 (the mixed hybrid formulation for the Helmholtz equation). Find @ :=



CHAPTER 5. A HYBRID FINITE ELEMENT METHOD o4

(u,o,up,op) € U X V x Up x Vi@ such that
Bso(,0) + Bsr(u,0) = Fy(0) (5.3)
for all v := (v, T,vp, Tr) € U X V x Up x Ve, with the bilinear forms

Bso(a,0) = Z [(iweu,v)T — (div a,v)T — (u,div T)T — (iqu,T)T

TeT
+<UF7 T nT>aT + <0' “nr, UF>8T

—i—6<0' ‘N — (nT . nF)UF,T ‘Nt — (nT : nF)TF>8T

+a<u — U,V — vp>8T] ,

Byr(a,v) = —<\/§UF, UF>F7

and the linear form
. €
Fy(7) = —<\/;g7vF>F-

5.2.2 Consistency, existence and uniqueness of the hybrid formu-

lation

Next, we show consistency of our formulation. In [MSS10] and [HHS10] it was already
proven that the solution of this formulation is equivalent to the solution of the mixed
Helmholtz equations (2.30) and (2.31), i.e.

Lemma 5.3. Let (u¢,0¢) be the exact solution of (2.30)-(2.32), and let u5 = u® as well

as 0% = o - np on the facets F. Then u¢ := (u®, ¢ u%, 0%) solves Formulation 5.2.

Proof. Inserting ¢ into Formulation 5.2 and making use of the boundary condition (2.32)

results in

Z [(iweue,v)T — (div ae,v)T — (ue,div T)T — (iwuae,T)T
TeT

+ (ugp, T -ngr),. + (o nr, UF>8T} — (o - nr,vp),. = 0.

Because the solution of the strong problem o is normal continuous, the term <a€-nT, v F> or

cancels for inner edges when summing up over all elements. On boundary edges ny = nr
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and the term cancels with the boundary integral. Exchanging u% by u® yields

Z [(iweue,v)T — (divae,v)T

TeT

- (z’w/w'e,T)T — (ue, div T)T + <ue,7' . nT>6T} =0.
Partial integration gives

Z [(z’weue —dive®, U)T — (iwuae — grad u®, T)T] =0
TeT

which completes the proof. [

The next lemma states existence and uniqueness for a solution of Formulation 5.2.

Lemma 5.4. Let § # 0, a = 0, pu be constant and real, € is a real and piecewise continuous
function with 0 < €in < € < €max and g € L*(T"). Then there exists a unique solution of

Formulation 5.2.

Proof. Lets consider an arbitrary inner facet F' € F;. We start the proof by testing (5.3)
with any vp € L2(]-" ) such that vg is just nonzero on F. If T} and Ty are the two adjacent
elements of F', we get o - ny|r, + o - nr|p, = 0, and because of the different signs of ny
the function o is normal continuous across element interfaces. Thus the space V in the
variational formulation can be exchanged by V = H(div, ().

Testing now (5.3) with any 77 € L?*(F) such that 7 is just nonzero on F' leads to
20F = 0 - np|p, + 0 - np|r, and because of normal continuity o = o - ng follows. For
boundary facets, this can be obtained directly by testing with 7 supported just on the
boundary.

Consequently, the 8 term in B, vanishes, and ) ;. <0' - N, vF> oy as well as

Y orer <uF, T- nT>8T simplify to <a' - nr, UF>F and <uF, T- np>F, respectively. Collect-
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ing everything gives

Z [(iweu, U)T — (diva‘,v)T] =0 Yo e U,
TeT
Z [— (u,diVT)T — (z’w/w',T)T] + <up,7' . np>F =0 Vr eV,
TeT

O N, VF)p — EUF7UF>F = —( E9711F>F Vup € Up.
N :

From the last equation it follows that up = y/p/€o - nr + g. Inserting this into the second
equation yields the standard mixed formulation 3.23, and Lemma 3.24 guarantees existence

and uniqueness. O

5.2.3 The discrete finite element spaces

To discretize Formulation 5.2, we have to define appropriate discrete counterparts
Uhp, Vip, Ur hp, Vi np to the function spaces U, ‘N/, Ur, V. Here, by h we denote the maximal
mesh size. In this work, we will use a broken Raviart Thomas space of order p + 1 for the

approximation of the discrete flux field, i.e.
Vips1 = {v € (LQ(Q))d : V| € RTpp1(T) for all T € 7'}.

Thus, the normal continuity is broken across element interfaces. By testing Formulation
5.2 with a test function (v,0,0,0) it becomes obvious that the quantity dive with o € 1%
should be approximated by u € U. Because the divergence of a function in R7,4; is a

polynomial of order p, we define
Uiy = {u e 1(9) : uly € PP() forall T € T }.

Taking into account that up € Up and 7 € Vp play the role of u and o - nr at the
element interfaces together with the fact that the normal trace of a function from R7,11

is a polynomial of order p motivates the definitions
Urnp = Vi = {u € LA(F) : ulp € PP(F) for all F € ]—“}.

We give an example of the approximation properties of the mixed hybrid finite element
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Figure 5.1: The L2-error of the mixed hybrid solution (red and green) and of a post
processed solution (blue) compared to the error of a standard finite elemental solution
(magenta) and the L? best approximation for the low order case (left) and p = 2,3 (right)

method with a two dimensional problem on the unit square. There, the right hand side
of the equation, i.e. the function g, was chosen such that the solution u of the Helmholtz
equation is a plane wave with wave length 0.2.

In Figure 5.1 the L2-error of the approximations uy, for u (red) and o, for the flux field
o (green), obtained by the mixed hybrid finite element method together with the choice
of spaces from above, is plotted against the mesh size h. For the left hand plot p =0, i.e.
up, € Uno, 0 € Vi1, upp € Uppo, Vin € Veno, was used, while p = 2 was taken for the right
hand plot. From the slopes of the curves in both plots, we can conclude that u; and oy,

converge with order hP*!,
Hu_“hHm(n) ~ ot Ho-_o-hHLQ(Q) ~ epht

which goes along with the interpolation results given in (4.7) and (4.5). Thus the conver-
gence rates are optimal.

In addition, the mixed hybrid formulation offers us the possibility, as already mentioned
in the introduction, to obtain a more accurate solution by local post processing [AB85,
BDMS5|. More precisely, the fact, that o € Vj,41, i.e. it is on the element level a polynomial

of order p + 1, allows us to compute an approximation @, € Uppt1 element by element.
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Therefore, we solve on each element

(erad iy, gradv), = (iwpor gradv), W € PP
1
/ﬂh dx /vdw: —divoy, dz /vda: Vv € PPYH(T)
T T T iwe T

for aj, € PP™(T) with o), € R7T,41 as the solution of the mixed hybrid problem. Note that
in the first equation, grad u = iwpo is used to fix @, up to a constant. This constant is
computed with the help of the equation iweu = diveo. The L? error of the post processed
solution uy, is plotted in blue in Figure 5.1. It is clearly visible that w;, has the same order
of convergence as the standard finite element solution (plotted in magenta) with an H'-
conforming finite element space of the same polynomial order, p + 1, and as the L? best

approximation in the space Upp,t1 (cyan). Thus, we get
Ju— Z~‘hHL2(Q) A chPt

which is according to (4.7) optimal.

As a conclusion, we remark that from a facet solution ug, and op, which is approx-
imated with polynomials of order p a solution for the flux field can be reconstructed by
local computations. This solution converges optimally with the order h?*!. Additionally
an element wise post processing step provides an approximation for u of the order p + 1,

which even converges with order h?*2.

5.2.4 Conservation of energy

We already mentioned that by exchanging the variables ug,opr with the incoming and
outgoing impedance traces on the element an equivalent formulation inspired by the ultra
weak variational formulation is obtained. |[MSS10] showed that, without the absorption
term (a = 0), the operator representing the Schur complement, i.e. which calculates the
outgoing trace for a given incoming trace, is an isometry. This leads us to the following

Lemma

Lemma 5.5. Let €, u, B be real, and the unknowns g? and gg are defined on each element
T as

gy = —B(nr-np)op+up

9o = B(nr-np)op+ur,
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where op and up solve the problem arising from Formulation 5.2, then

HgIBHQL?(F) = HggHQL2(F)'

Proof. Consider an arbitrary element 7" € T. By testing (5.3) with (v,0,0,0) for any
v € C(T), the density of C°(T) in L*(T) yields iweu = dive. Consequently, on the
element boundary 07 it holds that that a(u —up) = 0.

Now, consider an arbitrary inner facet F' € F; with adjacent elements 7} and 75, and
test the underlying problem with any test function vy which is nonzero just on F. Because
of vp € L*(F) and a(u —ur) = 0, we get o - nr|r, + o - nrlr, = 0. Consequently, o is
normal continuous across F'.

Using 7 with 7% just nonzero on F as test function leads to 20p = o - np|r, + 0 -np|r,,
and because of normal continuity or = o - ng follows. This result is obtained directly for
boundary facets by testing with 75.

Finally, we again consider an arbitrary element 7', and test Byq (1, 0)+ Byr(u, 0) = F4(0)
with (v,7,0,0), where v = —u and 7 = @ in T and zero elsewhere. This leads with
a(u—ur) =0 on 9T to

— iw(&u,E)T + (div o, E)T — (u, diVE) — iw(a,ﬁ)

T T

+ <uF,E~ nT>aT + 5<0' ‘N, o - nT>8T - <(nT : nF)UF,E' nT>aT = 0.

Note that ( div o, U)T— (u, div E)T =2 Im( div o, H)T and that iw (eu, H)T T

are purely imaginary. Consequently taking the real part of the equation and inserting gf

and 1w ( uo, E)
yields

Re(<9?>ﬁ' nT>aT) + Bllo - nr|lL2or) = 0.

Based on this, we get by using op = 0 - ng

Hgg”;(a:r) = Hgf +26(ng - nF)UFHi?(aT) = Hgf +2p0 - nTHiQ(BT)
= HgIBHiQ(aT) + 462}}0 ' nTHiQ(BT) + 46Re<g?,ﬁ . nT>6T

Hngi?(aT)'
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By summing up over all elements, we obtain

Z HQ?H%Q(BT) = Z ||9g||%2(aT)~

TeT TeT

The fact that g? on the boundary 0T of one element equals gg for the neighboring element

allows us to ignore the sum over inner facets, which yields

9712y = N6l zeqr:
]

Remark 5.6. If we choose 5 = \/u/e at least on T, g? = Inr and gg = Qutr on the
boundary. Because g represents the given incoming impedance trace on the domain, we

have
l9llZz) = [1nellZzm) = ||OUtFHiQ(F)'

As already mentioned, the incoming impedance trace can be, up to a phase factor, inter-
preted as the amplitude of an incoming wave, and the outgoing impedance trace is related
to the amplitude of outgoing or scattered waves. Knowing that the square of the amplitudes
absolute value is proportional to the energy of the wave, the lemma states for p = \/,u_/e
energy conservation.

Note that for the continuous problem we have energy conservation for o # 0. This is
not the case for the discrete problem, as we will see in the following. Using the discrete

spaces from the last subsection, we obtain the discrete variational formulation:

Formulation 5.7. Find ’llh = (uh, O, UFh, O’Fh) S Uhp X Vhp+1 X UF,hp X VF,hp such that
Bsﬂ<ahv f}h) + Bsf(ahy f}h) = Fs<1~}h) (54)

for all 0, := (vn, T, VEn, Trn) € Unp X Vi1 X Uppp X Vi, with the bilinear forms and the
linear form from Formulation 5.2.
If the damping parameter « is zero, energy conservation is guaranteed also for the discrete

formulation.

Lemma 5.8. Let pu,e and 8 be real, o = 0, and the unknowns gf and gg are defined on
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Figure 5.2: |uy| computed with o = 0 (left) and « # 0 (right) for a wave which can not be
resolved by the discrete space Uy,

each element T as
Q? = —B(nr-nr)op, + up
95

B(nr - np)opn + upn,

where opp, and upy, solve the problem arising from Formulation 5.7, then

Hg?HiQ(F) = HggHQL?(F)'

Proof. Due to the choice of spaces o, - np is a polynomial of order p on any facet F'. Hence
it is contained in Ug, and Vgy, respectively. Consequently, as in the continuous case, one
can show by testing with vg, and 7, that o, is normal continuous and o, = o}, - np on
F.
The rest of the proof follows the proof of Lemma 5.8. One just hast to exchange u, o,
ur, op and the corresponding test functions by the discrete quantities.
]

Because of this conservation property spurious modes can be generated for o = 0 if
the solution can not be resolved by the discrete spaces. In Figure 5.2 this is demonstrated
for an example with the unit square as computational domain. Choosing o = 0, and a

polynomial order which is too small to resolve the wave causes spurious modes (left hand

6. 000e-01
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plot). Taking a non-zero « leads to a damping out of these spurious oscillations (right
hand plot).

5.3 A hybrid finite element method for the vector valued

wave equation

In this section, we extend the hybridization technique used for the Helmholtz equation to

the vectorial case. We follow our presentation of the method in [HPS11].

5.3.1 Hybridizing the vector valued wave equation

As in the Helmholtz case, we start from the mixed form of the wave equation, (2.35)-(2.37),
multiply (2.35) and (2.36) with test functions e € X = (L*(Q2))? and h € Y = H(curl, ),
respectively, and integrate over the domain €). Element wise integration by parts in the

second equation yields

Z [(iweE,e)Q—i- (curlH,e)Q] =0 Ve € X
TeT
Z [(H,Curlh)g—(iwuH,h)Q—<E,nFXh>F] =0 Vh €Y.
TeT

Because of the tangential continuity of the test function h, the element boundary term
cancels for inner edges. Inserting the boundary condition for surface edges leads to For-
mulation 3.29.

Hybridization is carried out by breaking the tangential continuity of the flux field H.
Thus, we exchange the space Y by

V= {ve (@) : ol € Hew, ) VT eT),

a space containing functions which are element wise in H(curl). In order to regain tan-
gential continuity, a vector valued Lagrangian parameter Er which is supported only on
element facets is introduced. This Lagrangian multiplier needs to be vector valued with a

direction parallel to the facet, and we have to take

Epe Xpi={ec (13(F)" : e-np=0foral FeF|



CHAPTER 5. A HYBRID FINITE ELEMENT METHOD 63

where Ep is component wise in L?. Continuity is now achieved by setting the jump
n x H|p = ngr, X H + ngp, X H to zero for inner facets with neighboring elements 7}

and 15, i.e.

Z <[’I’L X H]F76F>F = Z (<’I'LT X H, eF>8T — <nT X H’6F>8T0F) =0 VeF S XF
FeFr TeT

Inserting the absorbing boundary condition leads to

Z [(iweE,e)T + (curl H, e)T] =0 Ve e X (5.5)
TeT
> [(B.cwlh), — (iwpH B) . ~ (Br,nr x B, | =0 VheY (5.6)
TeT

TEZT[_@%TXHJGF%T} _<\/§EF76F>F:—<\/§ er). Vepe Xp.

Note that the Lagrangian multiplier plays the role of Ej on the facets which was already
used when the boundary condition was inserted, and therefore the system of equations
stays symmetric.

As in the scalar case, static condensation of the element wise volume unknowns F
and H is problematic. Elimination of the volume unknowns is equivalent to solving the
equations (5.5) and (5.6) for any Er, and this means solving a Dirichlet problem on the
element level. If w is an eigenvalue, such a solution is not unique.

Uniquely solvable local problems are obtained by adding a facet unknown
HpeVp={he (IXF)" : h-np=0foral F e F}
which is set with the help of an additional equation

ZB<HF_nFXHahF>8T:O \V/hFEYF

TeT

to np X H on the facets with a stabilization parameter . Furthermore, symmetry is

achieved by subtracting the consistent term ZTGT <H r—np X H ngp X h> o This leads
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to

Z [(z’weE, e), + (curl H, e)T} =0 (5.7)
TeT
Z [(E,curlh)T — (iwuH,h)T +B<nT x H,np x h>8T
TeT

—6<(nT ‘np)Hp, ny X h>aT <EF,nT X h> ] (5.8)
3 [~ (e x Hoer)y - (f=Erer), = —<\f o)y
Zr[ﬁ<HF7hF>aT_B<"FXH7hF>a] -

Now, static condensation, i.c. solving (5.7) and (5.8) for E and H , is for # = /% equivalent
to solve the equations (2.35)-(2.37) on = T with right hand side \/Z(ny-ng)Hp + Ep,
and existence and uniqueness are given by Lemma 3.30.

If we take into account that Hp plays the role of np x H and Er approximates E|
on the facet, we can again redefine incoming and outgoing impedance traces as functions

of the facet variables:

Definition 5.9. Let T be an element of the triangulation T. Then the incoming and

outgoing impedance traces for the facet variables Ep and Hp are defined as

Inyr = \/g(nT'nF)HF|8T+EF‘8T
o H
O'utaT = _\/g(nT.nF>HF|BT+EF’6T'

In the same way, incoming and outgoing impedance traces for the domain Inr and Outr
can be defined.

With this definition and for § = \/,u_/e, we can interpret the elimination of the inner
degrees of freedom as calculating the outgoing impedance trace Qutyr for an incoming
impedance trace Imgr. Thus, the reaction of an element for an incoming wave is computed.
If one replaces the facet unknowns Er and Hp by the impedance traces, one obtains
an equivalent formulation which again fits into the context of the ultra weak variational
formulation.

Because, as we will see in the following, this system of equations is energy conserving,

and because a finite number of degrees of freedom per wavelength is needed to resolve the
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wave, high frequency waves, which can not be resolved, cause spurious modes. This fact

motivates an additional symmetric stabilization term with parameter «,

> olEr—Ejer—e)),,
TeoT

which damps out unresolved frequencies. Collecting everything, we end up with the hybrid

formulation.

Formulation 5.10 (the mixed hybrid formulation for the vector valued wave equation).
Find @ = (E,H,Ep,Hp) € X xY x Xp x Yp such that

By(u,v) = F,(v) (5.9)
holds for all v := (e, h,ep,hr) € X x Y x Xp x Y with the bilinear form
B,(u,v) = Z [(z’weE, e)T + (curlH,e)T + (E,curlh)T — (iwuH,h)T

TeT
—<EF,nT X h>8T — <nT x H, eF>8T + 04<EF —E|,er — e||>aT

+B<HF —MNgp X H, hF —MNgp X h>8T] — <\/§EF76F>F

Fy(9) := —<\/§ LeF )

5.3.2 Consistency existence and uniqueness of the formulation

and the linear form

The following Lemma now states the consistency of this formulation.

Lemma 5.11. Let (E°, H®) be the exact solution of (2.35)-(2.37), and let E, = Ej and
H¢ = np x H® on the facets F. Then u® := (E¢, H®, E% H%) solves the variational

formulation 5.10.

Proof. First, we insert u® together with the boundary condition (2.37) into Formulation
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5.10, and we obtain

Z [(iweEe,e)T + (CurlHe,e)T + (Ee,curlh)T — (iw,uHe,h)T

TeT

— (Ef, np x h>8T —(np x H€,€F>8T] + (nr x H676F>F = 0.

Now, we make use of the fact that the exact solution H€ is tangential continuous across
element interfaces. Thus, the term <nT x H¢ e F> o cancels out for all inner facets. On
boundary facets, where ny = mp, this term is eliminated by the boundary term. Via

E[ = Ef, this leads to

Z [(z’weEe, e)T + (curl He, e)T
TeT

_ (z’w,uHe, h,)T 4 (Ee,curl h)T — <Eﬁ,nT X h’>8T] =0

Note that Eﬁ in the facet term can be exchanged by E€, because it is only tested against

vector fields tangential to the facet. Integration by parts of the second equation results

now in
S (b et ), (B st )] 0
TeT
and the Lemma is proven. O

Additionally, the existence and uniqueness for the solution of Formulation 5.10 can be

shown.

Lemma 5.12. Let u be a positive constant, ¢ € H3(Q) is a real valued function with
0 < €min < € < €nas, g € (L2(F))3, B #0, a =0 and Q a Lipschitz domain. Then a

unique solution of Formulation 5.10 exists.

Proof. Consider an arbitrary inner facet F' € F;. We start the proof by testing (5.9) with
any er € Xp supported only on F. If 77 and 75 are the two adjacent elements of F
we get ny X H|p, + ny X H|p, = 0, and due to ny, = —ng, the field H is tangential
continuous across element interfaces. Thus, the space Y in the variational formulation can
be exchanged by Y = H/(curl, Q).

Testing now (5.9) with any hr € Yr such that hp is just nonzero on F' leads to

2Hr = np x H|p, + np x H|p,, and because of tangential continuity Hr = np x H
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follows. For boundary facets, this can be obtained directly by testing with hr supported
just on the boundary.

Consequently, the 3 term in B, vanishes, and ) ;. <nT X H’6F>8T as well as
Yorer <EF,nT X h>aT simplify to <TL1" x H, eF>r and <EF,np X h>r’ respectively. Col-

lecting everything gives

Z [(iweE,e)T—i-(curlH,e)T] =0 Ve € X,
TeT
Z [(E,curl h)T — (iw,uH, h)T} — <EF,’n,p X h>F =0 Vh €Y,
TeT

—<’I’LF XH76F>F_<\/§EF’8F>F:_<\/§ ’6F>F \V/E?F GXF.

From the last equation it follows, that Er = g — \/1/e nr x H. Inserting this into the
second equation yields the standard mixed Formulation 3.29, and Lemma 3.30 guarantees

existence and uniqueness. O]

5.3.3 The discrete finite element spaces

Now, we are in the position to search for appropriate discrete spaces X, Yip, Xrnp, Yenp
for the function spaces X, ?,X r, Yr involved in Formulation 5.10. A natural choice for

the space of the flux field H is a broken Nédélec space
Vip = {h € (13(@))" : hlp € NDI(T) forall T € T}

with polynomial order £ = p+1, i.e. a Nédélec space without any continuity constraints on
the element interfaces. The fact that the field E € X approximates curl H on the element
level, which can be seen by testing Formulation 5.10 with (e, 0,0,0), and that the curl of
a function in N'DJ!(T) is in (P”(T))3 suggests the definition

Xip = {e € (L))" : elr € (P(T))" foral T € T},

Because for H € N Dﬁrl(T) the tangential trace of H is also a polynomial of order p+ 1,

and because the facet variables Er, Hr are used to ensure the tangential continuity of H,
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Figure 5.3: The L? error of the mixed hybrid solutions E € X;,, H € Y}, calculated
with p order polynomials (red and blue) and p + 1 order polynomials (green and magenta)
on the facet. The error of a standard finite element solution is plotted in cyan.

i.e. er € Xppp, hp € Yi, are tested against ny x H, the discrete function spaces
Xenk = Ypu == {u € (LQ(]:))3 cuE (Pk(F))g, ngp-u=0foral Fe F}

with polynomial order kK = p + 1 can be motivated. On the other hand, Er plays the role
of the tangential component of the unknown field E on the facet, which is for E € Xj,
a polynomial of order p. This would justify a choice of a polynomial order £ = p for the
facet spaces.

The approximation properties for these choices of spaces were tested by solving a prob-
lem on a cube of side length two with a plane wave solution of wavelength 1.7 fixed by
appropriate absorbing boundary conditions. For the calculations the parameters § and «
were one and zero, respectively. In Figure 5.3 the L? error for E € X;,, and H € Yy, 1,
with p = 1 (left) and p = 2 (right) is plotted via the mesh size h. The red and blue lines
were calculated by using polynomial order p for the facet spaces, while the polynomial
order was increased by one for the green and the magenta lines. For comparison the error
of a standard finite element method using Nédélec elements of order p is plotted in cyan.

The slopes of the lines indicate that when using the same polynomial order for the facet

spaces and the unknown field FE, the approximations Ej and Hj, converge as

HE - Eh“m(m ~ el ||H - Hh||L2(Q) ~ eohtt
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Thus, we obtain for the electric field the same convergence order as for a standard finite
element method, and according to the interpolation results from (4.7) and (4.4) this is
optimal. Because for the magnetic field finite elements of a larger polynomial order are
used, and the tangential trace of its approximation Hj can not be approximated exactly
by the facet variables, the convergence rate for H is according to (4.4) one order smaller
as the optimal one.

If one would increase the polynomial order of the facet spaces by one such that it
matches the polynomial order of the tangential trace of the flux field, the approximation of
H converges according to the figure with the optimal rate h?™2. But, considering that in
the solution process the volume degrees of freedom are eliminated on the element level and
that the resulting system of equations needs to be solved just for the facet unknowns, this
increase in polynomial order leads effectively to a much bigger linear system of equations.
Thus, the computational cost is comparable to solve the mixed problem with E € Xj,,.4,
H c Y, Er € Xpnpi1, Hpppi1, which provides because of the higher polynomial order
for the volume functions a better convergence rate of the unknown field E. Therefore, it
is preferable to choose for the facet spaces the same polynomial order as for the unknown

E, although this leads to a non optimal convergence rate for the flux field.

5.3.4 Conservation of energy

Finally, we are going to prove the beforehand mentioned energy conservation for the con-

tinuous problem. Thus, we need the following Lemma.

Lemma 5.13. Let e, i, B be real, and the unknowns g? and gg are defined on each element
T as

gf = p(nr-np)Hp + Ep
gg = —,B(T’LT’I’LF)HF—FEF

where Hp and Er solve the variational formulation 5.10, then

Hg?HiQ(F) = ”ggHi?(F)'

Proof. First, we assume T to be any element in 7. We start by testing (5.9) with e €
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(C’(‘)’O(T))?’. Because of the density of C5°(T) in L*(T) it follows that iweE + curl H = 0,
and consequently a(Er — E)) has to be zero on 97, too.

Next, we choose any inner facet F' € F; with adjacent elements T} and T3, and we
take any ep € Xr as test function for (5.9) such that ep is just on F' different from zero.
Because o(Er — E)) = 0, we get ny x H|pr, + np x H|p, = 0, and H is tangential
continuous across element interfaces. Testing our formulation with hr € Yr with hy only
supported on F' yields 2Hpr = np x H|p, +np x H |7, which results due to the tangential
continuity of H in Hr = np x H. The same result is obtained for boundary facets just
by testing with hp.

Finally, we take again an arbitrary element 7' € 7. Choosing (e, h,0,0) with e = —F
and h = H on T as test function in (5.9) yields under the consideration that Er = Ej on
aT

— (z’weE,E)T — (curlH,E)T + (E,curlF)T — (iwuH,ﬁ)T
+,8<’I’LT X H,nT X H>8T — <ﬁ(nT . 'I’LF)HF -+ EF,’I'LT X ﬁ>8T =0.

Because (E,curlF)T — (curlH,E)T = 2z‘Im(E,curlF)T, and (iweE,E)T and

(iwuH ,H)T are purely imaginary, taking the real part of the equation from above gives
2 —_
ﬁ“nT X HHLQ(E)T) = Re<gI’B,nT X H>8T. (5.10)
By using this together with Hr = np x H, we obtain

HggHi?(aﬂ = g7 = 28(nz- ”F>HF||2L2(aT> = [lg7 —26n7 x HH;(E)T)
= 19712007 + 48°Imr x HI[}2 o) — 48Re(g] nr x H) ;.
Hgmi?(am'

: 2 2 . :
By summing up over all elements » ;.- H g’ H L2om) = Yorer HggH L2(6T) immediately
follows. Taking into account that gf of one element is gg of the neighboring element, the

sum over inner facets can be neglected, and the proof is complete.
]

Note, for 5 = y/pu/e the facet functions g? and gg are equal to the incoming and
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outgoing impedance traces Imr and OQutr, and we have

g2y = [[Inr| 2@y = [|Outr| 2.

Again, this can be interpreted as conservation of the physical energy. Note that the damp-
ing term has no influence for the continuous problem. If we choose the discrete versions of
the facet spaces Xr and Y, such that they contain the tangential component of the mag-
netic field, we are able to show energy conservation for the discrete problem with o = 0,

too. Thus, we consider in the following the formulation

Formulation 5.14. Find ﬂh = (Eh7Hh7EFh7HFh) € th X ?hp+1 X XF,hp+1 X YF,thrl
such that
B,(un,v,) = F,(vy) (5.11)

holds for all T, := (en, hn, €pn, hpn) € Xnp X Yips1 X Xpnpsr X Yipp1 with the bilinear

form and the linear form from Formulation 5.10.

Lemma 5.15. Let €, pu, B be real, o« = 0, and the unknowns g? and gg are defined on each

element T as

g? = [B(nr-np)Hp, + Epy,
gg = —f(nr-np)Hp, + Epy,

where Hpy, and Ery, solve the variational formulation 5.14, then

HglﬂHi?(r) - HggHi?(r)'

Proof. The proof of this Lemma is similar to the proof of Lemma 5.13. Because for any
facet F', the tangential component of Hy on F' is of polynomial order p + 1 and therefore
contained in Xgppr1 and Ypp,i1, respectively, testing (5.11) with hp, and ep), implies
tangential continuity of H; and Hp, = ngp x Hj, on F.

The rest of the proof follows the proof of Lemma 5.13. There, the functions E, H,
Hp, Er and the corresponding test functions have to be exchanged by their discrete
representations.

]
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Figure 5.4: |E}| calculated with o« = 0 (left) and o # 0 (right) for a wave which can not
be resolved by the discrete space Uy,

As for the mixed hybrid Helmholtz equation, we remark that if the solution can not be
resolved by the discrete spaces, this conservation property for &« = 0 can cause spurious
modes. We demonstrate this with the example from Figure 5.4. There on a cylindric
computational domain the mesh size and the polynomial order were chosen such that a
wave propagating through the cylinder can not be resolved. Taking o = 0 leads to spurious
modes (compare left hand plot), while for « # 0 the additional term damps these modes

(compare left hand plot).



Chapter 6

Iterative solvers for the mixed hybrid

formulation

When solving a partial differential equation with the finite element method, a very chal-

lenging part is to solve the resulting linear system of equations
Ax =b (6.1)

with A € CV*V and x,b € CV. In general, efficient solvers have to find a good compromise
between two criteria, a short computational time and small memory consumption. Both
criteria depend strongly on the properties of the system matrix A. The difficulty with the
Helmholtz equation is that it leads to a system matrix which is indefinite and complex in
the presence of absorbing boundary conditions or lossy media. The indefiniteness explains
best the lack of good preconditioners. Furthermore, as already mentioned, the solution
is oscillatory with a wavelength inversely proportional to the angular frequency w. Since
in numerical applications one is mainly interested in large frequencies, a large number of
unknowns N is needed and numerical solvers are expensive.

When applying a direct solver to (6.1), the matrix is most of the time brought to a form
which can be solved easier. For example in Gauss elimination the matrix is transformed to
an upper triangular one, and LU or Cholesky factorization decompose A into a product of
two triangular matrices. The resulting systems can be solved simply by backward substitu-
tion. One bottle neck of direct solvers is most of the time their memory consumption. The
number of non-zero entries for matrices obtained via a finite element discretization is pro-

portional to the number of unknowns, i.e. the matrix is sparse. Transforming such a matrix

73
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to triangular form destroys some of the sparsity pattern, and many zeros are exchanged
by non-zeros. Additionally, a direct solver requires at least O(N log N) operations in two
dimensions and O(N?) operations in three dimensions which causes long computational
times for a large number of unknowns.

An iterative solver constructs a sequence of approximate solutions which converges
against the exact one. One big advantage is that instead of the whole matrix A just its
application to a vector y is needed, i.e. we have only to know how Ay is calculated for
any y, and memory can be saved. For iterative methods mostly the computational times
and the number of iterations needed to get an accurate approximation, respectively, is the
challenging criterion. Especially, wave type problems suffer from large iteration counts
which even increase with growing frequency. The iteration number of an iterative solver
depends strongly on the condition number of the matrix A. Therefore, it is useful to
improve the properties of the matrix A by preconditioning, which can be interpreted as

multiplying (6.1) with a preconditioner matrix C'~!,
C'Ax = C™'b.

A good preconditioner has to satisfy two conditions. On the one hand, an application of
C~! has to be cheap. Thus, the computation of C 'y, which corresponds to solve Cx = vy,
should be inexpensive. On the other hand, C' has to match A as well as possible, i.e. the
condition number of C~'A has to be small.

In this chapter, which is organized as follows, new preconditioners for the wave equa-
tion are presented. The first section gives an overview on existing iterative solvers, and
our preconditioners are put into the context of these methods. Section 6.2 is devoted to
the topic of static condensation. In the Sections 6.3 and 6.4 Schwarz and BDDC precondi-
tioners, respectively, are introduced. There, we discuss how these preconditioners need to
be adapted to the mixed hybrid formulation such that convergent schemes are obtained. A
new Robin type domain decomposition preconditioner is described in Section 6.5. Finally,
in Section 6.6 these preconditioners are compared with the help of numerical examples,
and it is demonstrated that the new Robin type domain decomposition preconditioner as
well as the BDDC preconditioner are well suited to solve problems with high wave numbers
which is the main result of the thesis.

The preconditioners and some of the results we already published in [HPS11| and in
[HS12].
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6.1 State of the art

Many standard preconditioners, like a Gauss-Seidel preconditioner or the incomplete LU
factorization, which have good convergence properties for the Poisson equation turn out
to fail when they are applied to the indefinite linear system of equations arising from a
discretization of the wave equation. Even the multigrid method, which is known for its
robustness and efficiency in the elliptic case, is ineffective for the Helmholtz equation.
Convergence of multigrid can be achieved by combining it with a Krylov subspace solver
at the price of a rapidly growing iteration number with growing frequency.

Krylov subspace solvers are characterized by the fact that they search for an approx-
imation in the so called Krylov space K, = span{b, Ab, A%b, ..., A" 'b}. Most popular
among them are CG (conjugate gradient), GMRES (generalized minimum residual), QMR
(quasi minimal residual) or Bi-CGSTAB (biconjugate gradient stabilized). For further
reading on Krylov space solvers we recommend the book [vdV03|.

The bad performance of standard preconditioners when applied to the wave equations
has led to the development of a variety of methods designed especially for this problem
type. For overviews on such methods see [EG12, Erl08|.

One popular possibility is the shifted Laplace preconditioner [Erl08] combined with a
Krylov space iteration which was first introduced in [EVOO04|, and which is based on an
idea of [BGT83|. The preconditioner is obtained from a discretization of the Helmholtz

equation with a rescaled complex wave number, i.e. the corresponding operator reads as
C:=—-A-— (ﬁl + ?;52)(,02.

A delicate task is to find a good choice for the parameters 3; and especially for the complex
shift B5. On the one hand, a small value of 35 (for 8; ~ 1) is needed to cluster the spectrum
of the preconditioned operator away from zero which is essential for the convergence of
Krylov space iterations. On the other hand, it can be shown that for a large value of (3,
standard multigrid methods work, and the cost of the application of the preconditioner can
be reduced. In [Erl08| it was suggested to use (f1, 52) = (1,0.5). Although the dependence
of the number of iterations on the mesh size is removed for this preconditioner, it faces
difficulties for absorbing boundary conditions and for high frequency problems due to the
strong dependency of the number of iterations on w. Nevertheless, some interesting three
dimensional examples are presented in [RKE*07].

A relatively new preconditioner for the scalar and the vector valued wave equation is
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the sweeping preconditioner [EY1la, EY11b, TEY12] which is based on an approximate
block LDL" factorization of the discrete Helmholtz operator. In sweeping preconditioners
the elimination process of the unknowns is done layer by layer, starting with an absorbing
boundary layer. The preconditioner can be obtained by an approximation of the layer Schur
complement matrix via the hierarchical matrix framework [EY11a], or it is represented by
moving perfectly matched layers (PML) in the interior of the domain [EY11lb, TEY12].
An application of the preconditioner corresponds for the latter case to the solution of a
problem with a by one reduced spatial dimension which is realized either by a banded
LU factorization (2D) or by a multifrontal method (3D). The preconditioner was till now
just tested for a finite difference method and low order finite elements with PML boundary
conditions and smoothly varying coefficients, and it remains rather unclear how it performs
with other boundary conditions, coefficients with jumps and higher order discretizations.
However, numerical results in the given references indicate that small iteration numbers can
be reached which are almost independent of the mesh size and the frequency. Nevertheless,
we should note that the setup times for both preconditioners are rather large, especially for
large values of w. This is even worsened by the fact that the structure of the preconditioner
is sequential, and it is therefore rather difficult to benefit from a parallel architecture.

Much better suited for parallel computations are domain decomposition precondition-
ers. There, the original computational domain is partitioned into subdomains which may
be much smaller than the original one. Domain decomposition preconditioners turn out
to be very competitive if one is able to solve the underlying problems efficiently on these
subdomains. When applying them, the original problem is reduced by solving it on the
subdomains to an interface problem which is much smaller in size. Note that this can
be done very efficiently in parallel. The fact that the interface problem often has bet-
ter iterative properties than the full problem makes it, together with the reduced size of
the interface problem, very attractive in order to solve the Helmholtz equation. There,
the right choice of interface conditions is rather delicate. Taking the nodal values as un-
knowns, as it is done for the Laplace equation, turns out to have bad iteration properties,
while transmission conditions, i.e. conditions on the impedance traces, lead to convergent
schemes [Des91|. For completeness, we mention that some effort was put in finding better
transmission conditions [GMNO02]. They often turn out to be non local in nature, and local
approximations are required.

One of the most popular domain decomposition methods for solving the Helmholtz
equation is the FETI-H [FML00, TMFO1| (finite element tearing and interconnecting -



CHAPTER 6. ITERATIVE SOLVERS 7

Helmholtz) method which can be seen as an extension of the FETI method introduced in
[FRO1|. The main idea of the FETI method is to decompose the computational domain
into non overlapping subdomains, which are treated separately, including their subdomain
boundary. A set of Lagrangian multipliers guarantees the continuity across the interfaces.
The resulting saddle point problem is solved iteratively via its dual problem containing
just the introduced multipliers. This dual problem is frequently preconditioned by local
Neumann or Dirichlet problems.

There are two major differences between the FETI-H method and a conventional FETI
method. One is that in the FETI-H method singularities of the local subdomain problems
are avoided by regularizing them with an interface mass matrix. This can be interpreted
as equipping the local problems with one Dirichlet and one transmission interface condi-
tion. Furthermore, the resulting dual interface problem for the Lagrangian multipliers is
preconditioned with an auxiliary coarse problem. With the help of this coarse problem
the residual is orthogonalized in each iteration step with respect to a small set of carefully
chosen plane waves on the interface. Numerical experiments from [FMLOO] indicate that
the iteration number for the FETI-H method is at least independent from the mesh size
and the number of subdomains. By adapting the number of plane waves, the number of
iterations can be kept constant with increasing frequency. The drawback is that this leads
to a larger coarse grid problem, and the cost per iteration grows.

Closely related to FETI-H is FETI-DPH [FATLO05|, a FETI-DP (FETI dual primal)
method [FLP00| which is specialized for Helmholtz problems. In FETI-DP, a further de-
velopment of FETI, the interface unknowns are divided into dual and primal unknowns.
While continuity between the dual unknowns is still enforced by Lagrangian multipliers,
the primal degrees of freedom, which usually are related to cross nodes, i.e. nodes belong-
ing to three or more subdomains, are kept as global degrees of freedom, and they can
be interpreted as coarse space components. Applying this technique, the local subdomain
problem in FETI-DPH containing just inner and dual unknowns is non-singular, and a reg-
ularization by an interface mass matrix like for FETI-H is not needed. Because the coarse
problem in FETI-DP does not contain any specific character of the Helmholtz equation, it
is augmented in the FETI-DPH method with the help of a set of plane waves. By solving
the larger coarse problem, the residual is orthogonalized additionally on the interface with
respect to these plane waves. Finally, by applying a local Dirichlet preconditioner, scala-
bility of the iterative method with respect to the problem size can be obtained. Numerical
examples in [FATL05| indicate that the FETI-DPH is significantly faster than the FETI-
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H method, although both methods have similar scalability properties concerning to mesh
size, number of subdomains and wavenumber. The reference also includes some impressive

large scale computations in three dimension.

Our work in the context of existing literature

Our work deals with domain decomposition preconditioners. They will be applied to a lin-
ear system of equations just for the facet unknowns which is obtained after eliminating the
volume unknowns. Note that this linear system of equations is just related to the skeleton
of a mesh, and a domain decomposition of the skeleton is induced by a decomposition of the
underlying mesh. Since impedance traces are obtained from the facet functions by a simple
transformation of variables (compare Definitions 5.1 and 5.9), transmission conditions on
the interface in the sense of [Des91| can be enforced by guaranteeing the same value of
the facet unknowns of different subdomains on the subdomain interface. Thus, our mixed
hybrid formulation allows in a natural way for appropriate transmission conditions.

In this chapter Schwarz preconditioners and a BDDC preconditioner are adapted to the
system of equations for the skeleton variables, and a new Robin type domain decomposition
preconditioner is introduced. In order to obtain efficient solvers, these preconditioners
are combined with a Krylov space solver. Because our problem is complex symmetric,
the method of choice would be a GMRES iteration. There, the vector & € K,, which
minimizes the euclidean norm of the residual is selected as approximation. The GMRES
method requires storing the full basis of the Krylov space which makes it more and more
expensive with increasing iteration number. Due to this performance argument a conjugate
gradient (CG) iteration was used, although there exists no convergence theory for complex

symmetric problems.

6.2 Static condensation

All the preconditioners we will introduce in the following sections are applied to a system
of equations for the facet unknowns. Thus, the first step in the solution process is to

eliminate via static condensation [AB85| the volume unknowns in the system of equations

(96
- (6.2)
DT C wfacet b



CHAPTER 6. ITERATIVE SOLVERS 79

obtained by discretizing the Formulations 5.2 and 5.10, respectively. In (6.2) we already
distinguish between the different roles the unknown play. In @;,,., the volume unknowns
u, o and FE, H, respectively, are collected, while the degrees of freedom supported only
on the facets, up, op and Er, Hp, respectively, are contained in T jq;. B collects the
coupling entries among the volume degrees of freedom, D couples the volume degrees of
freedom with the facet degrees of freedom and so on.

Elimination of the volume unknowns is now equivalent to building the Schur comple-

ment matrix .S, i.e. the reduced system of equation reads as
STipmer =b  with  S=C—-D'B7'D. (6.3)

For this reduced system containing just the facet unknowns xs4.; we will introduce our
preconditioners. Note that constructing the Schur complement matrix requires the inver-
sion of the matrix B. Due to the broken continuity across element interfaces in the mixed
hybrid formulation the volume basis functions can be chosen such that they are supported
only on one single element. Thus, there is no coupling between volume degrees of freedom
belonging to different elements, and B is block diagonal with a block size equal to the num-
ber of volume unknowns on one element. Therefore, the inversion and static condensation,
respectively, can be done cheaply element by element. After solving the Schur complement
system, the solution on the elements can be reconstructed again on the element level by

evaluating Tinner = —B ' DT fqcer-

Remark 6.1. In an actual implementation the Schur complement is already calculated for
each element matriz during the assembly procedure, and S is constructed by assembling
these element matriz Schur complements. Thus, the matrices B and D are not needed,
and they do not have to be stored which saves a lot of memory. Note that for such an
implementation the element matrices have to be recalculated when the volume solution is

reconstructed.

Remark 6.2. Finally we want to remark that static condensation for the mized hybrid sys-
tem fits well into the concept of domain decomposition which was shortly explained in the
introduction to this chapter. Here, the elements can be interpreted as subdomains, and com-
puting the Schur complement is now equivalent to solve a subdomain or element problem,
respectively. The resulting interface system of equations is the Schur complement equation.
The constraints fixing the incoming and outgoing impedance traces can be obtained by a

simple change of variables on the facet.
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6.3 Schwarz preconditioners

The theory for this type of domain decomposition preconditioner goes back to the pio-
neering work of Schwarz [Sch70| from the 19th century. Schwarz methods are based on
a division of the finite element spaces into a set of possibly overlapping subspaces. One
possibility for such a division is to define the subspaces via coarse grids which leads to
multilevel methods. We will use in the following a splitting induced by a division of the
computational domain into subdomains. For a detailed discussion on these preconditioners

we recommend the books [TWO05] and [SBGI6.

6.3.1 Additive Schwarz preconditioners

However, independent of how the splitting is induced, we assume, in order to describe the
basics of Additive Schwarz preconditioners, a set of closed subspaces {W;,i =1,..., N} of

the finite element space W. In the following we consider the finite element problem
a(u,v) = f(v) Yoe W (6.4)

with a positive definite bilinear form a : W x W — R and the linear form f : W — R.
This equation is equivalent to a linear operator equation in the dual space W* of the space
W,

Au=F (6.5)

with w € W. Denoting the dual product in W* x W by (,), FF € W* is defined via
(F,v) = f(v) for v € W and the operator A : W — W* by (Au,v) = a(u,v) for all
veW.

The operator A; : W; — W} corresponding to A on a subspace W; is given via

(Ayw, @) = a(w, @) Vo € W;. (6.6)

On each subspace W;, we assume a positive definite bilinear form ¢; : W; x W; — R
which should approximate there the bilinear form a. This leads in operator notation to
the operator C; : W; — W/,

Cip,d) = ci(b,¢)  for v, ¢ € Wi (6.7)
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The operator C; approximates A;, or in other words, C; ' should approximately invert A;
and provide a local solution on W;. With the help of the orthogonal projection Q; : W* —
W/ onto the subspace W/, i.e. for w € W*

we are able to search for the local solution u; € W; via
ci(ug, @) = (Cius, ¢) = (QiAu, @) Vo € W, (6.9)

Thus, by
u; = Tu with T.=C QA (6.10)

the local solution operator 7; is prescribed. In an Additive Schwarz method the solution

operator 7 of the whole problem is assumed to be the sum of the local solution operators,

N N
T=> Ti=) C'QA=C"A
=1

=1

which gives rise to the definition of the Additive Schwarz preconditioner

N
c'=>c¢'o.
i=1

With the help of the variational projector P; : W — W, given by
a(u, p) = a(P;u, @) Vo e W; (6.11)
for u € W, we conclude from the relation
(Au, ¢) = a(u, ¢) = a(Piu, ¢) = (A;Pu, @) Vo € W;
that A;P;u is the orthogonal projection of Au, i.e.
QA = AP (6.12)

and consequently 7 = ZN C. ' A;P;. Note that because of the positive definiteness of the

i=1""1

bilinear form the variational projector P; is well defined.
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Remark 6.3. If the local problem is solved exactly which means C; = A;, the solution
operator T is the sum of the variational projectors, T = Zfil P;. Thus, if T,C, A and P,
are the matriz representations of the operators T,C, A and P;, the iteration matriz reads

as

N
I—C—lA:I—T:I—ZR.
=1

The preconditioner corresponds to a block Jacobi preconditioner where one block in the
preconditioner matriz C' contains the coupling entries among the degrees of freedom of one

subspace.

Remark 6.4. In the formal presentation of the Additive Schwarz preconditioner we ne-
glected, in order to keep it simple, an overlapping splitting of the space W into the subspaces
W;. If we allow for an overlapping splitting, prolongation operators R; : W; — W have to
be introduced, such that W = Zf\il R;W;. The preconditioner reads then as

N
C'=> RCIR]
=1

with the adjoint operator R .

As it was already argued, in order to get good convergence rates of iterative solvers,
the condition number x(C~'A) of the matrix C~' A, where C and A are the matrix repre-
sentations of the operators C and A, has to be small. For example the preconditioned CG
. . . \/:‘Q(CilA)—l . . —1 oy
iteration converges with a rate of ¥Y———=—. For approximating x(C~*A) of the Additive

VE(C—1A)+1
Schwarz preconditioner with an exact subdomain solver, i.e. C; = A;, the following Lemma

(compare Lemma 2.5 in [TWO05]) is important.

Lemma 6.5 (Additive Schwarz Lemma). Let C™1 be the inverse of a self adjoint and
positive definite operator C : W — W*, then

(Cu,u) = inf Hung with ||v]|, == v/a(v,v)

Note that we now allow for overlapping spaces W;. Thus, the prolongation operator from

Remark 6.4 was used. If we are able to find constants 7, and 7, which fulfill

yllullz <~ inf fluills < geflullz,

=3y, ew; Rithi
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the Additive Schwarz lemma gives spectral equivalence of C' and A, and the condition
number can be estimated by

K(C1A) < 2.
71

Bounds for 7, and v, can be found in [TWO05] or [BS08]. The constant 7, is called constant

of stable splitting, and if only a finite number of spaces R;V; overlap, the constant ~; is of
the order of O(1).

6.3.2 Multiplicative Schwarz preconditioners

The Multiplicative Schwarz preconditioner is closely related to the Additive Schwarz pre-
conditioner described in the last section. For a detailed discussion, we refer, apart from
the beforehand mentioned books [TWO05] and [SBG96], to [BZ00]. In this section we will
follow the presentation of [BPWX91].

We will again stick to the notation of the last section. Thus, we consider the finite
element problem a(u,v) = f(v) from (6.4) which corresponds to the operator equation
Au = F. We assume a splitting of the space W into N subspaces W;, and the restriction
of the operator A to W; we call A; (compare(6.6)). Furthermore, the operator C; is an
approximation of 4; and by 7; we define the local solution operator from (6.10). The
orthogonal and variational projectors we denote as in the equations (6.8) and (6.11) as Q;
and P;.

We start by describing the application of the Multiplicative Schwarz preconditioner.
Thus, finding an approximation @ € W for some initial guess ug € W corresponds to the

steps
1) Set vy = uy.

2) Compute for i =1,..., N v; by
v; = v+ C 1 Qi(F — Avi_1).

3) Set 4 = UN .

If we denote the error in the iteration step i as e; = u — v;, it is easy to verify for ¢ > 1
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that
ei = (T-C'QA) e
(6;2) (I — C;lAZPl) €i—1
= (I - 7;) €i—1

with the identity Z. Consequently, we get

u—tu=(Z—Ty) .. (T—T)(u—1up) =: H(Z—'E)(U—UO),

i=1

and the solution operator 7 reads as

N
T =T- (H(I—m)
i=1
Remark 6.6. If the local problem is solved exactly, thus C; = A;, T; can be exchanged by
the variational projector P; and (Z —T) = Hf\il(I — Pi). For the matriz representations

A, C, T, P, of the operators A,C,T,P; the iteration matrix is

N
[-CT'A=1-T=]]U-P).
i=1
Note that for non overlapping subspaces the Multiplicative Schwarz preconditioner matches

a block Gauss Seidel preconditioner with blocks corresponding to the subspaces.

Remark 6.7. We should remark that the preconditioner just introduced is not symmetric
and therefore not suitable for a preconditioned CG (PCG) iteration. In order to get a sym-
metric version, one combines the presented iteration with an iteration using a "backward”

numbering of the spaces, 1i.e.

(2

<z—fr>—(_1 -m)(Ilz-7).

Concerning convergence results, in [TWO05] it is shown under the assumption of a stable

splitting of W, local stability of a and a strengthened Cauchy Schwarz inequality that the
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norm of the error propagation operator
E=T-T,

which is the operator corresponding to the iteration matrix, can be bounded from above

by a constant smaller than one, i.e.

2 (AEu, Eu)
1€l :=sup =y <

Thus, for a positive definite problem a Richardson iteration equipped with a Multiplicative
Schwarz preconditioner converges. For the symmetric version from Remark 6.6 it can be
shown that the preconditioner does not perform worse than the corresponding Additive

method, although it is much better in many applications.

6.3.3 Schwarz methods for the mixed hybrid formulation

We will use Schwarz Methods as domain decomposition preconditioners in a CG solver for
the Schur complement problem (6.3). Thus, the space corresponding to W is UF x V¥ in
the Helmholtz case and X x Y in the vectorial case. Because the underlying problem is
an element interface and surface problem, respectively, a possible choice for the subspaces is
induced by a decomposition of the element interfaces. We will use in the numerical results
section two different choices for the subspaces W;. One choice is to split the skeleton into
single facets, and consequently W; contains just functions which are supported only on the
facet F; € F. Because basis functions in W can be chosen such that they are supported
only on one single facet, non overlapping blocks can be obtained. Collecting all the basis
functions which are supported on facets of the element 7; € T in the subspace W; leads to
overlapping blocks.

We should finally remark that the Additive Schwarz preconditioner can be easily im-
plemented in a parallel code. There, the computational domain is split into subdomains,
and each processor owns the degrees of freedom of one subdomain, or more precisely the
degrees of freedom on facets of elements belonging to one subdomain. For Multiplicative

Schwarz preconditioners parallelization is much more complicated.
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6.4 The BDDC preconditioner

This section is devoted to the BDDC (balanced domain decomposition by constraints)
preconditioner introduced by Dohrmann [Doh03a, Doh03b|. It can be seen as a further
development of BDD [Man93| algorithms and fits into the context of balancing Neumann
Neumann methods [TWO05| with a coarse component representing primal constraints. The
basic idea is to divide the computational domain into subdomains and to remove in parallel
by building a Schur complement matrix the inner degrees of freedom on the subdomain.
The resulting system of equations for the interface unknowns contains just a small number
of primal variables which are the only global variables. These primal variables are nodal
variables, or they represent constraints which should prevent floating of the subdomains,
like mean values on the interface facets.
In the description of the BDDC preconditioner we will follow the work of [LWO06|.

6.4.1 Theoretical framework

Because we want to formulate the BDDC preconditioner in the context of block Cholesky
factorization, we take a closer look onto this method.

Block Cholesky elimination

Therefore, we consider a symmetric positive definite block matrix which can be decomposed

B DT\ | Iy B Iz B-'DT (6.13)
D ¢ ] \bB! I C — DB 'DT Io '

where I and I are unity matrices of the dimension of B and C, and C — DB™'D' is

as

the Schur complement matrix we will denote as S. Note that S is positive definite as well.

Inverting the block matrix leads to

B p"\ (Iy -B'DT (B I
D C - Ic S~1) \-DB™' I¢

B~ 0 ~-B7IDT
= ( 0 0) +®S71eT, with ® = ( ) (6.14)

Ic

In the following discussion we have a problem in mind which is divided into subproblems

induced by spitting the computational domain into subdomains. The matrix A represents
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apart from the inner degrees of freedom on the subdomain the dual ones on the interfaces,
and it can be written as the direct sum of its subdomain contributions. The C' block
represents the primal unknowns on the interface which are global. The matrix ® can be
interpreted as the extensions of the canonical basis on the set of the primal unknowns to
the local degrees of freedom of the B block. Thus, ® extends any coarse function to the

subdomains.

Primal and dual degrees of freedom

In order to describe the BDDC preconditioner, we choose a positive definite problem on
a computational domain {2 where at least on some part of the boundary I'p Dirichlet
boundary conditions are imposed. This domain is divided into N subdomains €2;. The
interface of these subdomains we denote by ¥ := (|, oy 99;1n9;)\I'p. On each subdomain
Q; we can assemble for the local solution vector u(? subdomain contributions A®, f® to

the global system matrix A and right hand side f,

7 )T 7 7

G) _ AEU) A(E)I () _ fp G) _ Ug)
AV=10 40 |- = el =L e

Asy  Asy I Us

We already distinguish between inner and interface unknowns by the subscripts I and
Y. Note that the interface unknowns belong to several processors. With the help of the
restriction operators Rg) which restricts a vector vy, with interface entries to a vector vg)
just containing entries which belong to the interface unknowns on €2;, we get the global

system of equations

1) AT (1) (1)
Al Ay Uy I
(N) 7T ™ | =
A AT Y
A(EII) e A(N) AEZ us fz;

with
N N
~( DT (@ ~ DT () i ~ DT G
A9 = ROTAY, A = SORVTALRY, o= S ROTO.
i=1

=1
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By eliminating the inner unknowns on each subdomain, i.e. by building the subdomain

Schur complement
S(Z) = A(E’LZ Ag]Agz] AE[ ) fE ASI II) ](Z)7

the problem can be reduced to the interface

N N
(SR SORY) 0n =3 A"
i=1 1=1

It would be tempting to precondition this system with the sum of the inverses of the local
Schur complement. But for subdomains which are not located at I'p inverting S corre-
sponds to solving a Neumann problem, and consequently S is singular. This drawback
can be eliminated by posing additional constraints, like fixing the mean value of u on
interface facets. In [LWO06] the authors show that including such constraints corresponds
to fixing several unknowns when a change of variables is applied. These fixed interface
unknowns, called primal unknowns, we will treat as global ones and they get the subscript
I1. The other interface unknowns, the dual degrees of freedom which get the subscript A,
we consider to be local.

Thus, if we introduce a restriction operator R(r?, which restricts the whole set of primal
degrees of freedom uy to the primal degrees of freedom supported on the subdomain €2,

our system of equation reads as

1 nT T(HT 1 1
AR AL A\ [y 1
1 1 T(HT 1 1
aly A | [l i
_ = : 6.15)
N N)T N)T N N (
AR AT AT up”
N N T(N)T N N
AR AR AR [ el uy”
T(N T(N T(N T(N e N )T (2
A A AW A Am )\ un S R
with
ne )T 7 no )T 7 7 (%)
Ao AL A ATAL e SRR

Note that for a solution ug) = ug) for the commonly owned unknowns is required. For the
BDDC preconditioner this system is solved. This leads in fact to a continuous solution for

the primal variables, but in general ug) #* ug) for the unknowns supported on €2; and €2;.
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Continuity is then regained by taking a weighted average.

The preconditioner

Based on this notation and additional restriction operators, we are able to define the
BDDC preconditioner. So, Rg) restricts the interface unknowns to the dual unknowns of
the domain €2;, and Ry is the direct sum of the Rg). Thus, applying Ry, to an interface

vector vy leads to (U(E), cee U(EN))T

. Furthermore, Rg)z is the scaled version of Rg), ie. if
a degree of freedom is apart from €2; supported on n other subdomain, the corresponding
vector entry is divided by (n + 1) when it is taken. Finally, Rpys is the direct sum of the
RV

Our system of equations, i.e. the linear system for the interface unknowns obtained from
(6.15) by eliminating the inner unknowns, is of a block diagonal form comparable to (6.13).
The dual degrees of freedom correspond as already indicated to the unknowns related to
the block B and the primal ones to the degrees of freedom of the block C'. Therefore, it
makes sense to define a preconditioner with a structure comparable to (6.14). Thus, the

BDDC preconditioner can be written as

Csbpe = Rl (Tow + To) Rps

with a subdomain correction Ty,;, for the dual unknowns, which corresponds to the first
summand in (6.14). Because Ty, can be applied subdomain wise, the actual residual is split
into the subdomain contributions by Rpy, and R}y, averages the dual degrees of freedom in
order to regain continuity. Thus, when applying 7T, the inverse of the block corresponding

to the dual unknowns of the subdomain, i.e. the inverse of the Schur complement
i) i T
S(A - AAA —A )AH AA)I

has to be applied to the u! A With the help of the restriction operators this gives

Towr = Sx" 1= ZR Tgo-t

The corse grid correction Tj corresponds to the term ®S~1®" in (6.14). Because the oper-
ator Rpy decomposes a residual into subdomain contributions, ® can be split as well into

subdomain contributions. This distributed version of ® we call ¥ := (¢, .. @W ))T.
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Because not each primal degree of freedom is supported on a subdomain 2; the contri-
butions ¥ can be calculated according to the definition of ® in (6.14) locally on the
subdomain by exchanging the identity matrix with the operator R(r? which provides zero

columns for not supported primal degrees of freedom. By inserting into the definition, we

(@) 4OT\7H /0T
() [~ m (3 ) ()
v = - Ax AAA Amia

RO
11 Rg)

get

Here I(Ai) is an identity matrix with a dimension of the number of dual unknowns on §2;.
Note that for primal degrees of freedom not supported on the subdomain ¥ has a zero
column.

The matrix S in (6.14) represents the Schur complement matrix Sy with respect to the
primal degrees of freedom, and it can be obtained by adding the local Schur complements

51(111)'1 on the subdomains, i.e.
N
T ali) pli
S = 3" ROTS0RY
i=1

. . —1 .
with 8§ = A - (%) Aﬁg)( oAy (A,
AS ARy) \AR

Collecting this, we get for the corse grid correction
Ty = WS’

and
CgéDC = RBES’ElRDZ + REE\I]SHI%\IJTRDE

Remark 6.8. If all interface degrees of freedom are chosen to be primal, the preconditioner

1s the inverse of the system matriz, and a direct solver is created.

Remark 6.9. The subdomain correction Sgl 1s the sum of the inverses of the local Schur
complements SX). Thus, for parallel computations where each subdomain s treated by
one Processor, S;l can be applied in parallel subdomain by subdomain and communication
between processors is just needed during partitioning or averaging with Rps, and R}s.
The situation is different for the corse grid correction. Because Sg' is the inverse of the

sum of the local Schur complements Sl(ji), communication is needed during the application.
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Therefore, a small number of primal unknowns is desirable.

We have to note that the BDDC algorithm is closely related to the FETI-DP [FLPO0O]
method. In [MDTO5| it was proven that these two methods have for the same primal
constraints equal non zero eigenvalues which leads to the same convergence rates. How
to choose these primal constraints is still widely discussed and has a big impact onto the
convergence rate. In [MTO01] and [KWDO02] the authors showed that for positive definite
self adjoint problems in two and three dimensions, respectively, the condition number of the
FETI-DP preconditioner, and consequently of the BDDC method as well, can be bounded
polylogarithmic, i.e.

ki ( §1IDDCA) < C<1 + log (%))2

for a certain set of primal constraints. Here c¢ is a constant independent of the mesh size h

and the subdomain size denoted by H.

6.4.2 The BDDC preconditioner for the mixed hybrid formulation

For applying the BDDC preconditioner to the problems in the Formulations 5.2 and 5.10
we will change the bilinear forms consistently. In order to motivate this change, we consider
the variational formulation 5.2 of Helmholtz problem on the interval [0, 1] with constant
coefficients, ¢ = pu = 1. The computational domain [0, 1] is meshed by the points 0 =
Zo,...,xy = 1 into N elements. Note that the facets are the grid points and the functions
ur and o are just scalars. On the facets the facet normal np is considered to be 1. When

changing the facet variables according to

g*zup—l—ap

g =up—O0F,
g" represents a right going trace and g~ a left going trace. After this change of variables

and the elimination of the volume unknowns for # = 1 and o = 0 the equations at the grid

point z; in the interior of the domain have the form

o) ) (D) 6= C)

with phase factors v© and v~. Here the new facet unknowns gj and g; represent the

evaluations of g™ and ¢~ in x;. For this simple setting we can see that the right going
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trace in z; is just a phase factor times the right going trace in x;_;, and the left going
trace is the left going trace from z;,; multiplied with a phase factor. Note that a forward
Gauss Seidel step propagates an incoming wave from the left through the domain and
a backward Gauss Seidel iteration a wave coming from the right, if a correct numbering
of the degrees of freedom is assumed. Thus, the symmetrized Multiplicative Schwarz
preconditioner provides a direct solver. Furthermore, we notice that the system can be
brought into a diagonal dominant form by exchanging rows.

In order to mimic such a row exchange, we add stabilizing terms to the bilinear form

in Formulation 5.2, i.e. we search for @ = (u, o, up,op) € U X V x Ur x Vg such that
Bgso(1,7) + Bsr(,0) + By (U, 0) = Fy(0) (6.16)
for all o = (v, T,vp, 7p) € U X V x Up x Vr, with the additional term

By (1,7) = Z ’Y<<(nT : nF>0'F,UF>8T\F + (up, (nr - nF)TF>8T\F)’ veC. (6.17)
TeT

To the variational formulation 5.10 of the vector valued wave equation the term

3 7<<(nT ) Hp,er) o+ (Er, (nr - nF)hF>8T\F>, v eC. (6.18)
TeT

is added. The parameter 7 € C is a tuning parameter we choose based on numerical
experiments. For the Helmholtz equation we made good experience with v = —0.5 — 0.14,
for the vector valued wave equation v = 0.5 was taken. These additional terms are just
added for inner facets, and because of the different sign of ny - np for the two neighboring
elements, they cancel out when the global system of equations is assembled. Thus, the
problem does not change. But for domain decomposition preconditioners, which are based
on submatrices assembled just on a subdomain the situation changes. These additional
terms do not cancel out in the submatrices for degrees of freedom located on the interface
with other subdomains.

We use a BDDC preconditioner for this modified problem which is reduced by static
condensation to a facet problem. The computational domain is divided into subdomains,
and the degrees of freedom on facets which just belong to one subdomain are considered to
be primal as well as the low order degrees of freedom on interface facets. The high order
degrees of freedom on interface facets are the dual ones. This choice leads to a large global

system, the primal system which consists of weakly coupled subdomain blocks due to the
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Figure 6.1: The domain is divided into subdomains. An Application of A;* corresponds
to a solution for all degrees of freedoms on the subdomain €2;, whereas by applying A;*
we just solve for unknowns on inner (colored) facets.

missing high order unknowns at the interface.

6.5 A Robin type domain decomposition precondi-

tioner

Like the BDDC preconditioner, the new Robin type domain decomposition (RDD) pre-
conditioner will be applied to the facet system of equations Az = f obtained from the
Formulations 5.2 and 5.10, respectively, by eliminating the volume degrees of freedom and
adding the stabilization terms (6.17) and (6.18). We should mention that we made good
experience by choosing the tuning parameter as in the BDDC case.

Before describing the preconditioner, we introduce some notations. We assume, as for
the other preconditioners, that the computational domain is divided into N subdomains €2;
(compare Fig. 6.1). For each subdomain a matrix A; representing the subdomain problem
is subassembled, and the matrix A is obtained by adding these submatrices. By A; we
denote the block of A; which corresponds to degrees of freedom on inner facets, i.e. facets
which just belong to the domain €; (the colored facets in Fig. 6.1). The operator R
restricts a vector to the components corresponding to these inner degrees of freedom of
the domain §2;. The operator Rg) provides a weighted restriction to the domain €;, i.e.
when applying it, a vector entry is divided by the number of subdomains to which the
corresponding degree of freedom belongs to. Note that an application of the prolongation
R%)T results again in a division for the interface degrees of freedom. Thus, by summing

up over all subdomains, a mean value on the interface can be created.
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Using this notations, a preconditioner step for finding an approximate solution Z to the

system Ax = f reads as
(1) Yo =0,
(2) Y1="yYo + Zf\; R(i)TAiflR(i)(f — Ayo),
B) =yt XL R AR (] — Ay,
@) ws=w+ 0 ROTATIRO(f — Ayy),
(5) T =Ys.

First, in step (2), we solve the system of equations exactly for the degrees of freedom
on the inner facets under the constraint that the solution on the interface is zero. Step (3)
provides an update for the interface solution by solving the problem exactly subdomain
by subdomain. A continuous interface solution is constructed by averaging the different
subdomain solutions. Finally, in step (4) the solution is updated such that the system of
equations is solved again exactly for the degrees of freedom on inner facets. Note that the

interface solution remains unchanged.

Remark 6.10. The RDD-preconditioner can also be introduced with the notations used for
Schwarz preconditioners. The bilinear form representing the Schur complement system is
defined on the facet space W := Up X Vi ( or Xp X Yg in the vector valued case), and
it is denoted by a. The subspace of W containing the functions which are supported on
the subdomain §; is denoted by W;, and in W; functions supported only on inner facets
of the domain $); are collected. The operator representation of the restriction matrix Rg)
15 called R%) : W — W;. Thus, when applying it to any function in W, the function is
restricted to the domain €);, and its values on the interface facets are divided by the number
of neighboring subdomains. Furthermore, RW : W — Wi is the restriction operator corre-
sponding to the matriz RY, and by ROT and RO the prolongation operators are denoted.
Additionally, we use that the bilinear form a can be decomposed into the contributions a;
of the subdomains U, i.e. a =Y 1 | a;.

Based on this, we define the variational projector Pg) via Pg) = R%)Tﬁg) with the
projector 73%) : W — W; and

a;(PVu, ¢) = a(u, RYT¢) Vo € Wi
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In the same way the variational projector P with PO = ROTPO can be introduced.

Here, PO . W — W, is given via
a:(PVu,¢) = a(u,ROT¢) Vo e Wi

If the operator A corresponds to the bilinear form a, and I is the identity, the error

propagation operator £ of the RDD-preconditioner reads as

N N

£ CabpA=(1- 3 P0)(2-3P) (2 -3 P0).
=1

i=1 i=1

Remark 6.11. Because we solve always exact for the degrees of freedom on inner facets,
both sets of facet degrees of freedoms up and o (or Er and Hp in the time harmonic case)
are not needed there anymore, and the problem can be formulated just by using ugp. On the
interface both types of unknowns are still necessary in order to fir continuity conditions
of the impedance traces across the interface and to guarantee convergence of the iterative
solver. Nevertheless, neglecting one type of facet unknowns on inner facets safes a lot of

degrees of freedom in an actual calculation.

6.6 Numerical results

The numerical examples of this section were calculated with the MPI-parallel finite element
code Netgen/Ngsolve of Schoberl (see http://sourceforge.net/projects,/ngsolve or [Sch97])
on a Dell R-910 Server (4 Xeon E7 CPUs with 10 cores a 2.2 GHz, 512 GB RAM).

6.6.1 Comparison of the preconditioners

In the following, we want to compare the preconditioners, if not said differently, for a simple
model problem in two dimensions. There, we solve the Helmholtz equation (Formulation
5.2) on a square Q = [—1,1]?. An incoming wave from above with Gaussian amplitude is

fixed by g(x,1) = exp(—102?) an g = 0 else.
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Figure 6.2: Number of iterations versus polynomial order for different preconditioners

Dependence of the number of iterations on the polynomial order

With the help of Figure 6.2, which plots the number of iterations against the polynomial
order, we try to study this dependence for different preconditioners in a PCG method.
For this figure the wavelength A was chosen to be 0.2. As mesh size we took h = 0.1,
which is enough to resolve the solution at polynomial order two. According to the plot, the
BDDC and the RDD preconditioner show similar features, and the number of iterations
grows with growing polynomial order. Note that an increase in the number of subdomains
leads to a small increase in the iterations as well. The situation is different for Schwarz
preconditioners with blocks related to elements. There, the iterations seem to be almost
independent of the polynomial order. Nevertheless, it is advantageous to take a BDDC or
RDD preconditioner. They can be used in parallel codes, and for the relevant polynomial
orders the number of iterations is comparable to the Multiplicative Schwarz preconditioner.

The Additive Schwarz preconditioner needs too many iterations to be competitive.

Dependence of the number of iterations on the mesh size and wavelength

In the Tables 6.1 - 6.3 the iteration numbers for the Multiplicative Schwarz, the BDDC
and the RDD preconditioner for different wavelengths and mesh sizes are given. For all
calculations the polynomial order was kept constant to four. The cells with a gray back-
ground belong to a setting where the number of degrees of freedom is to small to resolve

the solution, and therefore, the iteration numbers are not representative.



CHAPTER 6. ITERATIVE SOLVERS 97

(P L [ 3 1 3] 5[] ]a]

L 31 |30 [ 30 ] 49 101 ] 6 5
59 | 64 | 59 | 60 | 109 | 292 | 6
118 [ 118 | 126 | 121 | 118 | 310 | 731
250 | 214 | 218 | 233 | 224 | 228
518 | 460 | 406 | 432 | 449 | 467 | 510

i‘;lw%l»—tal»—@olhubl

Table 6.1: Iteration numbers of the Multiplicative Schwarz preconditioner (p = 4) for
different mesh sizes and wavelength

A L[ (a5 56 [ 5 [ g
1549 ] 60 | 78 ] 227 | 24 | 24
51 | 48 | 56 | 73 | 113 | 820 | 22
56 | 50 | 49 | 59 | 80 | 161 | 400
63 | 57 |48 |49 | 65 | 85 | 223

66 | 62 | 56 | 50 | 50 | 74 | 101

ﬁl»—t%l»ﬂalwmh—u&h—t

Table 6.2: Iteration numbers of the BDDC preconditioner using 9 subdomains (p = 4) for
different mesh sizes and wavelength

AT LT 5 [ 5[5 (w5 |ar
78 | 65 | 61 | 64 [855] 25 | 26
05 | 84 | 71 | 70 | 84 | 430 | 24
123 96 | 83 | 73 | 72 | 116 | 504
154 | 125 | 101 | 84 | 74 | 74 | 171

202 | 164 | 127 | 111 | 89 | 82 | &9

?gl»—ngln—-a'l»aooha%h—t

Table 6.3: Iteration numbers of the RDD preconditioner using 9 subdomains (p = 4) for
different mesh sizes and wavelength

While the number of iterations seems to stay constant in wavelength or frequency,
respectively, for the Multiplicative Schwarz preconditioner (Table 6.1), it is indirect pro-
portional to the mesh size. Thus, if the mesh size is divided by two, the number of
iterations doubles. This indicates that a fixed number of iterations is needed to propagate
the information of an incoming wave across one element.

In order to describe the dependence of the iterations on the mesh size and the wave-
length for the BDDC preconditioner (compare Table 6.2), we choose a setting with A = \.
Due to a polynomial order of four, such a choice of parameters is close to the resolution

limit of the oscillatory solution. Increasing the degrees of freedom per wavelength either
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(subdoms\A [ 1[5 |4 [ s [wlm|a

4 65 | 63 | 56 | 50 | 47 | 59 | 78
9 66 | 62 | 56 | 50 | 50 | 74 | 101
16 66 | 64 | 57 | 51 | 50 | 81 | 116
25 68 | 64 | 61 | 51 | 52 | 88 | 129
36 66 | 68 | 60 | 51 | 52 | 96 | 144

Table 6.4: Iteration numbers of the BDDC preconditioner for different wavelengths and

numbers of subdomains. The polynomial order was 4 and the mesh size é.

(subdoms\A | 1 [ 5 | 3 [ 5 [ 5|5 [
1 169 | 134 | 107 | 86 | 73 | 63 | 66
9 202 | 164 | 127 | 111 | 89 | 82 | 89
16 | 240 | 184 | 150 | 123 | 104 | 93 | 105
25 | 281 | 236 | 187 | 150 | 122 | 110 | 121
36 | 365 | 259 | 205 | 164 | 139 | 127 | 143

Table 6.5: ITteration numbers of the RDD preconditioner for different wavelengths and

numbers of subdomains. The polynomial order was 4 and the mesh size 6—14.

by decreasing the mesh size or by increasing the wavelength leads first to less iterations.
A further increase of the unknowns per wavelength causes afterwards growing iteration
counts. Although, for a large wavelength and a small mesh size the RDD preconditioner
needs much more iterations than the BDDC preconditioner (compare Table 6.3), it gets
more and more competitive if the number of degrees of freedom per wavelength is reduced.
Close to the resolution limit of the solution the RDD preconditioner needs in fact fewer
iterations than the BDDC. One reason for this behavior could be the different structure of
the two solvers. While the RDD preconditioner allows just for local corrections, the BDDC
solver benefits additionally from a coarse grid solution. For a decreasing wavelength, the
solution gets more and more oscillatory, and the coarse grid correction, which provides

communication across the whole domain, loses its importance.

Dependence of the iterations on the number of subdomains

The number of iterations of the BDDC and the RDD preconditioner is also influenced
by the number of subdomains the computational domain is divided into. In the Tables
6.4 and 6.5 and in Figure 6.3 iteration counts of these two preconditioners for different

wavelengths and numbers of subdomains are provided. In the corresponding experiments
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Figure 6.3: Number of iterations plotted versus the square root of the number of sub-
domains for the BDDC and the RDD preconditioner. The polynomial order was 4 and
h= L.

64

the mesh size was kept constant to é and the polynomial order to four. For the RDD
preconditioner the number of iteration grows with the number of subdomains. Figure 6.3
indicates that this growth is proportional to the square root of the number of subdomains,
i.e. to the number of subdomains in one spatial direction. Thus a constant number of
iterations is needed to propagate the input data across one subdomain. The situation
is slightly different for the BDDC preconditioner. While it shows the same features for
small wavelengths, i.e. for settings close to the resolution limit, the iterations stay almost
constant for large wavelengths. A reason for this is that for less oscillatory solution the

BDDC preconditioner benefits from its coarse grid correction.

Comparison in computational times

Apart from iteration numbers computational times are interesting, when a preconditioner
is applied to a specific problem. For our model problem with p = 4, h = 6%1 Table 6.6
presents the timings of one iteration and the setup of our preconditioners. The RDD and
the BDDC preconditioner were used in parallel, where each subdomain was assigned to one
processor. At the first glance one can see that the Multiplicative Schwarz preconditioner
is not competitive at all. While for a similar setting one RDD iteration is just slightly
faster than one BDDC iteration, the time required for the set up process of the RDD

preconditioner is almost by a factor of ten smaller. Consequently, the RDD preconditioner
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subdoms | setup(sec.) | time per iteration(sec.)
4 14.38 0.493
9 8.39 0.280
BDDC 16 4.25 0.201
25 4.8 0.171
4 291 0.538
9 0.95 0.236
RDD 16 0.52 0.151
25 0.44 0.118
MS 2.44

Table 6.6: Timings for a setting with h = 6—14 and p =4

is considerably faster for problems where both preconditioners show a comparable number

of iterations.

Selection of the subdomains

For many practical applications the number of iterations is very sensitive to how the sub-
domains are chosen. In order to demonstrate this, we take a scattering example with the
unit square as computational domain. First, a wave of wavelength 0.01 with Gaussian am-
plitude, which is injected from the top, is scattered at a square (compare Figure 6.4, top
left). In a second example a cavity is included in the scatterer. This cavity is connected
via a small channel to the exterior region (compare Figure 6.4 bottom left). We can see
from the zoom in Figure 6.4 that in the cavity a resonance is excited via this channel. For
the computations a polynomial order p = 10 was used for the meshes of Figure 6.4. Table
6.7 gives the iteration numbers and computational times of different preconditioners for
the scattering problem at the square. The RDD and the BDDC preconditioner were based
on five subdomains. If we choose for the cavity problem the same number of subdomains
as for the squared scatterer, and if the whole cavity is contained in one subdomain, the
exact local solver of the RDD and the BDDC preconditioner takes care of internal reflec-
tions, and the whole cavity is solved exactly in each iteration. Table 6.8 shows that the
number of iterations stays for these two preconditioners approximately constant and that
the computational times grow slightly due to the bigger number of unknowns. If a sub-
domain division is used which splits the cavity among different processors or subdomains,
respectively, the preconditioners can not cope with the internal reflections anymore, which

leads to an enormous growth in iterations and computational time. This is indicated by
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Figure 6.4: Geometry and absolute value of the solution u for a scattering problem at a
square (top left) and of a square with a cavity included (bottom left); The right hand plot
shows a zoom to a channel which connects the cavity with the exterior region.

its. | time(sec.)

BDDC | 52 14.9

RDD | 43 9.1
MS 102 88.9
AS 575 186

Table 6.7: Iteration numbers and computational times for our preconditioners using 5
subdomains for the scattering problem at a square

its. | time(sec.)
BDDC | 203 45.9
RDD | 350 69.0
MS 1612 1720
AS | >10° >1h

its. | time(sec.)
BDDC | 50 18.7
RDD 39 10.4
MS 1612 1720
AS | >10° >1h

Table 6.9: Iteration numbers and com-
putational times for our preconditioners
using 6 subdomains for the cavity prob-
lem with the cavity divided among two of
them

Table 6.8: Iteration numbers and compu-
tational times for our preconditioners us-
ing 5 subdomains for the cavity problem
with the cavity included in one domain
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e[ A [AD]its | flu—unlez/lullz |

0.05 40 | 119 0.42
310.0667 | 30 | 124 0.067
0.08 25 | 129 0.025
0.04 50 | 125 0.40
41 0.05 40 | 122 0.073
0.0667 | 30 | 127 0.012
0.04 50 | 117 0.082
o1 0.05 40 | 121 0.014
0.0667 | 30 | 132 0.0026

Table 6.10: Iteration numbers of the RDD preconditioner (74 subdomains) and the relative
error of the solution for different polynomial orders and wavelengths. As computational
domain a sphere with diameter D = 2, meshed by 233000 elements (h = 0.04) was used.

polynomial order p 3 4 )
volume dofs in mio. (u+ o) | 4.8420.2 | 8.3+34.3 | 13.3+53.3
facet dofs in mio. (up +op) | 4.844.8 | 7.3+7.3 | 10.2410.2

assembling (sec) 57 220 714
setup (sec) 143 421 1160
time per iteration(sec) 3.8 8.6 17.3

Table 6.11: Computational times and number of unknowns for the settings used in Table
6.10. The computations were done in parallel on 75 processors

the numbers in Table 6.9. There, six subdomains were used, and the cavity is divided
among two of them. Note that this effect is weaker for the BDDC preconditioner, which
benefits from its corse grid solver. Finally, we remark that the Schwarz preconditioners,
which just solve exactly on the element level, suffer a lot from these reflections. They are

not suited for such a problem.

6.6.2 Large scale examples for the Helmholtz equation

We want to demonstrate the efficiency of our method for three dimensional problems with a
small ratio of wavelength to domain size with an example where a plane wave is the analytic
solution. As computational domain a sphere of diameter D = 2 was used which was meshed
by 233000 elements of maximal size h = 0.04. The resulting linear system of equations
was solved with a RDD preconditioner based on 74 subdomains. For different polynomial

orders and wavelengths the numbers of iterations are given together with the relative error
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1 05 0 05 1 0 0.025 0.05

Figure 6.5: Real part of the solution w (left) and |u — uy| (right) for the model problem
used in the Tables 6.10 and 6.11 ( A = 0.04, p = 3, A = 0.08).

Figure 6.6: Geometry of a grating cut parallel to the xy plane.

lu — unllz2(0)/||ul|lL2) of the approximate solution w; in Table 6.10. Figure 6.5, which
shows the approximate solution for p = 3 and A = 0.8 (left) as well as its error |u — uy|
(right), demonstrates that the error grows into the direction of propagation of the wave, i.e.
from bottom left to top right. For completeness Table 6.11 lists the number of unknowns
for the different settings of Table 6.10 together with the time needed for assembling the
linear system of equations and the timings of the RDD preconditioner. Thus, finding an
approximation of our problem for 50 wavelength per domain with a relative error of 0.08
takes about 33.5 minutes. For the computation about 66.6 millions of volume unknowns
and 20.4 millions of facet unknowns are necessary.

As a second three dimensional example we calculate the total field of the Helmholtz
problem for a grating shown in Figure 6.6. The grating consists of rods with a distance of

0.14 placed in a spherical domain of diameter two. Thus, assuming a wave incoming from
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Figure 6.7: Real part of the solution (left) and its absolute value (right) for a wave scattered
at the grating of Figure 6.6. The computations were done on Vienna Scientific Cluster 2

(VSC2).

Figure 6.8: A small sphere with € = 2.5 placed in the computational domain with ¢ = 1.
The computational domain is cut parallel to the xy plane.

the top with Gaussian amplitude and wavelength 0.025 corresponds to an effective domain
size of 80 wavelengths. For this setting Figure 6.7 shows the real part of the solution and its
absolute value, i.e. the diffraction pattern. In the calculation the underlying mesh (compare
Figure 6.6) had about 1.61 million elements with a maximal mesh size of 0.021. Selecting
a polynomial order of p = 4 results in approximately 288.8 million volume unknowns (56.5
mio. for u and 232.3 mio. for o) and 98.0 million facet unknowns (49.0 mio. for both,
up and op). Using 1200 subdomains, the assembly of the matrix took 58 seconds and
the setup of the RDD preconditioner 33 seconds. The problem was solved in 12.9 minutes
with 399 iterations. These results have been achieved using the Vienna Scientific Cluster
2 (VSC2).

Finally, we consider a scattering problem at a spherical obstacle. For this purpose a
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Figure 6.9: The total field u (left) and its absolute value (right) for a wave scattered at
a small sphere (compare Figure 6.8). The computations were done on Vienna Scientific
Cluster 2 (VSC2).

sphere of diameter 0.8 with ¢ = 2.5 was placed (not exactly in the center) in a spherical
domain with diameter two and € = 1. Choosing an incoming wave of Gaussian amplitude
and wavelength 0.025 results in an effective size of 80 wavelengths for the computational
domain and 50 wavelengths for the obstacle. The mesh in Figure 6.8 of about 2.67 million
elements leads together with polynomial order p = 4 to 479 million volume unknowns (94
mio. for u and 385 mio. for o) and to 161 million facet unknowns (80.5 mio. for both,
up and op). Using the Vienna Scientific Cluster 2 (VSC2), 58.3 seconds were needed for
the assembly procedure and 28.1 seconds for setting up the RDD preconditioner on 2000
processors. The solution, plotted in Figure 6.9 was obtained after 3726 iterations in 2.0
hours. The reason for this large number of iterations is that by the large refractive index
of the scatterer a cavity like object is created, which causes a standing wave close to the
surface of the scatterer (compare Figure 6.9). Because METIS, which is used in Ngsolve
to partition the computational domain, divides the scatterer among several processors, the

preconditioner suffers as discussed above from such internal reflections.

6.6.3 Large scale examples for the vector valued wave equation

As for the Helmholtz equation, we start for the vector valued wave equation with an
example, where the incoming data g was chosen such that the exact solution is a plane
wave E = (0,0,1)"e¢’*® with k = 2%(cos(¢),sin(¢),0)". As computational domain a

cube of side length two was taken. In all computations this cube is divided into about
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lp| A its. | |E— Epullr2/[ Bl |

0.133 | 237 0.35

21 0.2 | 388 0.073
0.25 | 483 0.032

0.1 | 198 0.33

31 0.133 | 326 0.068
0.2 | 538 0.011

Table 6.12: Iteration numbers of the RDD preconditioner (69 subdomains) and the relative
error of the solution for different polynomial orders and wavelengths. As computational
domain a cube side length two, meshed by 66000 elements (A = 0.08), was used.

polynomial order p 2 3
volume dofs in mio. (E+ H) | 2.0+4.0 | 4.04+7.0
facet dofs in mio. (Er + Hp) | 1.6+1.6 | 2.7+2.7

assembling (sec) 16.5 73
setup (sec) 231 1054
time per iteration(sec) 2.8 8.3

Table 6.13: Computational times and number of unknowns for the settings used in Table
6.12. The computations were done in parallel on 70 processors

-1 -0.5 0 0.5 1 0 0.025 0.05 0.075 0.1

Figure 6.10: Real part of £, (left) and |E — Ej| (right) for the model problem used in the
Tables 6.12 and 6.13 ( h = 0.08, p = 2, A = 0.25).
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Figure 6.11: Real part of the field component parallel to the rods (left) and its absolute
value (right). The computations were done on Vienna Scientific Cluster 2 (VSC2).

66000 elements with a maximal mesh size of h = 0.08. For this problem, the iteration
numbers of a RDD preconditioner based on 69 subdomains together with the relative error
|\E — E|| 120/ || E|L2(q) for different polynomial orders p and wavelengths \ are given in
Table 6.12. In Figure 6.10 the solution (left), more precisely Re(E,), is plotted together
with the error |E — Ej| for A = 0.25 and p = 2. The Figure indicates that the error
grows into the direction of propagation of the wave. For completeness Table 6.13 presents
the number of unknowns as well as the computation times for the different settings used
in Table 6.12. For example, the computation of E; for p = 3 and A = 0.133, which
corresponds to 26 wavelengths in the space diagonal, takes 1.06 hours, and a relative error
of 0.068 can be reached. For this calculation 11.0 millions of volume unknowns and 5.4
millions of facet unknowns are necessary.

As a second example, the vector valued wave equation is solved for the grating from
Figure 6.6 (left). Thus, the size of the computational domain was two, and the spacing
of the rods was 0.14. An incoming wave from the top polarized perpendicular to the
rods with a Gaussian shaped amplitude and wavelength 0.05 was assumed. Note that this
corresponds to an effective domain size of 40 wavelengths. The computational domain was
meshed by 419000 elements, which results for a polynomial order of three in 69.2 million
volume unknowns (25.2 mio. for u and 44.0 mio. for o) and 34.4 million facet unknowns
(17.2 mio. for both, up and op). In Figure 6.11 the absolute value of the solution (left)
and the the real part of its component perpendicular to the rods (right) are plotted. The
solution was obtained on Vienna Scientific Cluster 2 (VSC2) with an RDD preconditioner

based on 1500 subdomains after 1071 iterations in 19.5 minutes by using 1500 processors.
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Figure 6.12: The solution on a cross section parallel to the xy plane; The left hand plot
shows the real part of E, and the right hand plot the absolute value of E. The computations
were done on Vienna Scientific Cluster 2 (VSC2).

For the assembly of the matrix and the setup of the preconditioner 12.7 seconds and 44.5
seconds, respectively, were necessary.

We conclude the numerical results section by solving a scattering problem comparable
to the one from Figure 6.8 for the vector valued wave equation. Thus we consider a spherical
obstacle of diameter 0.8 and € = 2.5 placed not exactly in the center of the computational
domain with diameter 2 and € = 1. Assuming an incoming Gaussian shaped beam polarized
parallel to the z axis with wavelength 0.066 leads to effective sizes of 30 wavelengths
for the domain and 19 wavelengths for the obstacle. The underlying mesh consisted of
58000 elements, which corresponds for a polynomial order of three to 73.5 million volume
unknowns (26.7 for E and 46.8 for H) and 36.0 million facet unknowns (18.0 for both, Er
and Hp). Figure 6.12 shows the real part of E, and the absolute value of E on a cross
section parallel to the zy plane. Solving this problem with a RDD-preconditioner based on
1500 subdomains requires because of internal reflections in the scatterer 2941 iterations.
These iterations were done on Vienna Scientific Cluster 2 (VSC2) with 1500 processors in
1.0 hours. The assembly and the set up of the preconditioner took 13.3 seconds and 45.7

seconds, respectively.



Chapter 7

Hardy space infinite elements for the

mixed hybrid formulation

When solving the Helmholtz equation on an unbounded domain with finite elements, the
computational domain has to be restricted onto a finite domain, and appropriate boundary
conditions have to be imposed, which let outgoing waves cross freely without or with only
little reflections. These boundary conditions, called transparent boundary conditions, have
to replace somehow the Sommerfeld radiation condition, which is the correct radiation
condition at infinity.

In the previous chapters we implemented transparent boundary conditions via Robin
type boundary conditions, also known as first order absorbing boundary conditions. These
boundary conditions are only free from reflections for a certain angle of incidence and
wavelength. In the literature there exists a large variety of methods to realize transparent
boundary conditions with less or without reflections. One option is infinite elements [Ast00,
DG98|, which are based on a radial expansion following the asymptotic behavior of Hankel
functions of the first kind. The main idea of the approach is to use just the first N Hankel
functions together with approximations for the coefficients obtained by a finite element
discretization at the domain boundary. Apart from boundary integral or boundary element
techniques [HWO08| and high order local approaches |Giv04, GK95|, the perfectly matched
layer technique, also known as complex scaling, [Sim79, Ber94| is widely used. There, the
computational domain is surrounded by a perfectly matched absorbing layer. This layer is
free of reflections at the interface, independent of the frequency and direction of the wave,
and the wave decays exponentially with respect to the distance from the interface.

In the following, we will use Hardy space infinite elements (HSIE), first introduced in

109



CHAPTER 7. HARDY SPACE INFINITE ELEMENTS 110

[Nan08, HN09, NS11], in order to realize transparent boundary conditions. The method is
based on the pole condition from [Sch98a, Sch02|, where outgoing and incoming waves are
distinguished by the position of the singularities of the Laplace transform with respect to
the radial direction. When applying the HSIE method, the exterior domain is divided into
infinite elements, and the radial component of the solution is transformed via a certain
transformation to the Hardy space HT (D). A Galerkin method on the complex unit disc
D approximates now the exterior solution of the wave equation.

The basics of HSIE are explained in Section 7.1 with the help of a one dimensional
example. In Section 7.2 HSIE are brought into the new context of the mixed hybrid
formulation from Chapter 5. The discrete problem, or more precisely, the choice of basis

functions and the resulting structure of the element matrix is discussed in Section 7.3 .

7.1 Hardy space infinite element method in one dimen-
sion

In order to introduce the basic concepts of the HSIE method from a practical point of view,

we take the one dimensional example from [HN09| where the Helmholtz equation

—u"(r) — &*p(r)u(r) = 0  forr >0, (7.1)
u'(0) = g, (7.2)
lim (dyu(r) —iwu(r)) = 0 (7.3)

r—00

with the wavenumber x € C, Re(k) > 0, g € C and p € L>®(R") with p = 1 for r > a
is solved by using Hardy space boundary conditions. A very detailed discussion of this
problem can be also found in [Nan08]. We should note that the Sommerfeld radiation
condition (7.3) guarantees well posedness of the problem and that it is equivalent to a
first order absorbing boundary condition in one dimension. Thus, for the problem under
consideration simpler methods than HSIE exist. Because p is constant for » > a we can
decompose the solution u into an exterior solution ug(r) := u(a + r) for r > 0 and an

interior part u;(r) := u(r) for r < a. For the exterior part we obtain

uE<7’) = Clei”" + 0267““1 with C) +Cy = UI(CL). (74>
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Because the term Coe ™" represents an incoming wave, which is suppressed by the radiation
condition, Cy = 0 and ug(r) = ur(a)e™.
The pole condition, which is essential for HSIE, distinguishes between outgoing and

incoming waves via the Laplace transform

(en)e = [ e i) dr,

initially defined for Re(s) > 0. Transforming the exterior solution (7.4) results in

4 Cy

— + —,
S — 1k S+ 1k

(Lug)(s) = Re(s) > Im(k),

which has a holomorphic extension to C\{ix, —ix}. This gives rise to the definition of in-
and outgoing waves. We call a solution ug outgoing if its Laplace transform Lug has no
poles with negative imaginary part, and it is called incoming if the poles have no positive
imaginary part. This condition can be also formulated with the help of Hardy spaces,

which we define as

Definition 7.1. (See [NS11]) Let P, = {s € C : Im(s/kg) < 0} be the half plane below
the line koR through the origin and ko € C. The Hardy space H™(P) is the space of all

K

functions f that are holomorphic in P_ , such that

/ | f(kox — Koie)|2dx
R

1s uniformly bounded for e > 0.

Definition 7.2. (See [NS11]) The Hardy space H* (D) is the space of all functions f that
are holomorphic in D = {s € C : |s| < 1}, such that

2
||f||H+(sl) = lim ; [flre™)[dt

15 bounded.

Furthermore, due to the boundedness, any function f from the spaces H~ (P ) and H* (D),

respectively, can be identified with its boundary value in L? and vice versa. Note that these

Hardy spaces equipped with the L?-norm || - || g+(s1) of the boundary function are Hilbert

spaces [Dur70].

These Hardy spaces give us the opportunity to define outgoing waves alternatively. A
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solution w is said to be outgoing if the holomorphic extension of the Laplace transform of
its exterior part is in the space H~ (P, ), where ro with Re(ko) > 0 can be interpreted
as tuning parameter. Therefore, requiring that the holomorphic extension of the Laplace
transform of ug from (7.4) is in H~(P,) leads directly to Cy = 0. For simplicity reasons,
the symbol £ will replace the expression "holomorphic extension of the Laplace transform".

Because no convenient orthonormal basis is available in H~ (P, ), Lf is mapped from

H~=(P_) to H"(D) by the Mobius transform

z—|—1> 1
z—1’

My + H(Po) = HYH (D) with (Mg f)(2) = f(moz_ :
which is up to a factor y/2kq unitary.

Transforming the analytical solution in the exterior domain, ug(r) = uge™", with ug =
ur(a) to HT(D), we obtain

A Lap— p— uo = uo 1
i(2) = (MyoLug)(z) = ino(z + 1) —in(z — 1)  i(k+ rg) 1 — Bz’

0

Thus, using a monomial basis 2", ..., 2" in order to approximate u leads to an exponential

convergence in n. But from the identity
2’”{0@(1) = U, (75)

it becomes obvious that using a monomial basis for @ leads to coupling between all co-
efficients and wug, i.e. the solution in the interior domain, which is not really desirable.

Therefore, we take the ansatz

W(2) = (o + (= — V() = —T (uo, % )(2),

21Ko 1Kg

with 7_ : Cx HT(D) — HT(D). If we have an outgoing function f where M, Lf can

be brought into a similar form as ug, i.e. f = %7:(]30, F ), we obtain for

M Lf = My, (s(LF)(s) = fo) :mozﬂfoﬂz—l)c@_ fo

z—1 21Kg z—1

= %(fo—f‘ (Z+ 1)?) = ﬂ(fmg)v

with 7, : C x HY(D) — H*(D). This leads us to the transformation of the spatial
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derivative 0,,
Moo LD, f) = T (fo, F) = iroTo T (Mo L) =: 0 (Mo LF), (7.6)

where the inverse of the operator 7_ can be understood as a decomposition of M, Lf into
its boundary value f, and a function with zero boundary values. Note that the existence
of this inverse can be shown easily. Furthermore, we are going to use for a function f with

M, Lf € HY(D) and an appropriate test function g the identity

/OO f(r)g(r)dr = —2ikg A(/\/l,foﬁf,M,mEg) (7.7)
0
with )
A(f7§]) :% f(?)g(z)|dz|, for f:g€H+(D)a
Sl

and S' as the complex unit circle. Now we are in the position to derive a variational
formulation in order to solve the Helmholtz equation numerically. Equation (7.1) leads for

an appropriate test function v to the weak form
a o0
/ (uhv) — K*pugvr)dr +/ (upvly — K*ugvg)dr = gur(0).
0 0

Transforming the second integral with M, L to S! results in a variational equation for
ur € HY([0,a]) and % € HY(D), i.e.

/ (ujvy — K*pusvr)de — 2iko A(To (uo, %), T+ (vo, V)
0

+2Z—H2 A(i(UO,%),Z(Uo,”j/)) = ng(O)

Ko
for allv; € H'([0,a]) and ¥ € H* (D). Note that the two domains couple via the boundary
degree of freedom uy = ur(a). The interior domain can be discretized with standard H*
finite elements and % is approximated by the monomial basis 2°,...2". The matrix

representation T € CIN+2x(N+2) of the operator E|C><P” : C x PN — PNt with the
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QF

Figure 7.1: Geometry of the infinite problem.

polynomials PV up to order N is consequently

1 41 0
o1
TN = = . (7.8)
0 1

Thus, the coefficient vector @ € CV*2 of the (N + 1)-order polynomial & = T (ug, %) can
be obtained via @& = T (ug, %) from the coefficient vector % € CV*! of the polynomial
% . Because the monomials z7 are orthogonal with respect to A, i.e. A(z",27) = d;;, the
element matrix for the exterior domain reads as
oNTow |, 2R T
M = =2ikT) T +—T""T".
Ko
Here again, the degree of freedom related to the first row and column, respectively, is the

boundary degree of freedom of the interior domain.

7.2 The mixed hybrid formulation in the exterior do-
main

In this section we are going to state a variational formulation for solving a scattering
problem in two dimensions, i.e. we are interested in the field wu,.,; scattered by an obstacle
for a known incoming field u;,. Thus, we need to solve the Helmholtz equation on an

unbounded domain §2. As for the one dimensional problem from above, the computational
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domain can be divided into a bounded interior domain €27, which is for simplicity reasons
assumed to be rectangular, and an exterior domain Qg surrounding €2; (compare Figure
7.1) with an interface called I'. While Q; is supposed to contain the obstacle, the exterior
domain Qg is assumed to have constant material parameters € and p, and the incoming
wave u;, solves the Helmholtz equation there.

As shown in Figure 7.1, the interior domain §2; is meshed by a finite element triangu-
lation 7. The triangulation of {2z, we call H, contains infinite strips, which can be seen as
the extensions to elements of 7 next to the interface I'. Thus, there are no hanging nodes
on I'. For completeness, at the four corner points of I' right-angled triangles infinite in two
directions have to be added to H. The set of all infinite facets we call Fg, and the finite

facets are collected in F.

7.2.1 The formal variational formulation

Now, we are in the position to state the variational equation for the scattering problem

with HSIE. Its formal variational formulation is for @ = (u, o, up, oF)
Bsa(u,0) = Fy(0), (7.9)

where the bilinear form B,; was already defined in Formulation 5.2, with the difference,
that now € = Q; U Qg. Thus T in Formulation 5.2 has to be exchanged by 7 U H, i.e.

Bga(u,v) = Z [(@'weu,v)T — (div a‘,v)T — (u,diV,T)T
TeTUH

—(iwpo, 7)), + (up, T -nr) 4+ (0 - N1, 08)

+6<0'~nF—UF,T'nF—TF>3T+O‘<U_“F7U_UF>8T]'

The linear form Fj, reads as

Fin(0) = Z [<Um77' : nT>8TﬂF - <0'm : nT7UF>8TmF
TeH
—5<0'm "Np, T -Np — TF>8T0F - 04<Uin,v - UF>3TOF} )

with o, = ﬁ grad u;,. Note that By can be written as

Bsﬂ(ﬂv ﬁ) = BSQ] (’L~L, f}) + BSQE (ﬂa 6)7
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where Bsq, and B,q,, are defined according to Byq with triangulations 7 and H, respec-
tively.
In order to explain this variational formulation, we remark that the variational equation

in Formulation 5.2 is obtained from

Bsg(ﬁ,’ﬁ) — <0’ . TL@Q,UF>F =0

by inserting absorbing boundary conditions. Because the incoming wave wu;, solves the
Helmholtz equation in (g, the scattered field u,.; has to be a solution there as well. This

gives rise to the variational formulations

By, (1,7) — <0' "Moo, UF>F =0 on €); (7.10)

BSQE (ﬁscata f}) - <Uscat *MHQ g, UF>F =0 on QE; (711>

where Useat = (Uscat, Tscats UF scats OF scat) cONtains the functions related to the scattered
field. Using that on I' the facet functions ur ,0p, Upscet and Opseqr TEPrEsent u, o - np,

Usear ANA O geqr - M p, Tespectively, results in

UF scat = UF — Uin on I'

OFscat — OF — O * MF on I'.

Inserting this into (7.11) and adding (7.11) and (7.10) leads together with —& s - Maq,, —

O - Myg, = T - Noa, to (7.9).

Remark 7.3. In the interior domain we solve for the total solution, thus u|q, and o|q,
represent the total scalar and the total fluzx field, whereas in the exterior domain ulg, and
oo, stand for the scattered field and its flux field. The same distinction has to be made
for the Lagrangian multipliers. While up and op can be interpreted as the values of the
total field u and the normal component of the total flux field o on facets in F, these two
unknowns represent the scattered field us.q; and the normal component of the scattered fluz
field on the infinite Hardy element facets.

7.2.2 The finite element spaces

In order to define the finite element spaces and to state the variational formulation, the in-

tegrals over the infinite elements of the triangulation H have to be transformed, like in the
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Figure 7.2: Geometry of the infinite problem.

one dimensional example, to integrals in Hardy spaces. For this purpose, the same tech-
nique as in [NHSS11|, where a variational equation for time harmonic Maxwell’s equations
with HSIE is introduced, is used.

As shown in Figure 7.2, we assume that each infinite strip 7T of width hp is obtained
by an affine transformation Frp, of the element Th = Iy x [0,00) with Iy = [0,hr] (or
Tx = [0,00) x [0,00) and Fp, for infinite triangles Tx). By Fpy, the infinite direction is
mapped onto the {-direction. Thus, Fp, corresponds to a translation, combined with a
rotation by a multiple of 7, and its Jacobian J is independent of £ and n with det J = 1.
Furthermore, we need the transformation rules for surface integrals under the mapping

FTD, ie.

Lemma 7.4. Let T C R® such that T = Fp(T) with Jacobian matriz Jp. The outer
normals to T and T are called nr and n;, and they transform according to Corollary 4.8.
Furthermore, it is assumed that f € H'(T) and u,v € H(div,T) are obtained via an H'-

and H(div)-conforming transformation, respectively, (compare Lemma 4.10 and 4.14) from

f7 and wp, vy Defining J, := | det Jr|||Jr "nz|| the surface integrals transform as
fds = | faJ.ds,
T oT
/ (v-nr) fds = sign(detJ) / (v - np) f7ds
or oT
/ (u-nr)(v-nr)ds = / (us -mp)(vs - ng) J, b ds.
or o1

For a proof see [Mon03], section 3.9.

In order to define the space for the scalar field w, which is an L? function in €, we
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investigate the mass integral over an infinite strip T

hT o
(u,v)TD:/O /o (wo Fry)(vo Fr)|det J| dédn.

By applying the Laplace and the Md&bius transform with respect to &-direction, we get for
n€[0,h]

w(n,8) = MyL(uo Fry(n,e)) € H(D),
@(777 .) = Mfio[’(v © FTD<777 .>>) € H+<D)7

and consequently by using (7.7)

hr
(u,v)TD = —2@'50/ A(ti(n, o), 0(n, ®))dn =: —2irgAqgy, (@i, D).
0

Applying the rotation Fr, to the mass integral for an infinite triangle Tx reads as

(U’U)TA:/O /o (uwo Fr,)(vo Fr,)|det J| d&dn.

Note that det J = 1. Taking the Laplace and Mo6bius transform of v and v with respect to

both coordinate axis, i.e considering

~

(%, €) == M, Li(x,€) € HT(D) (7.12)

for all £ € S, and defining
| [ uneptdean — —adar, (io)
o Jo

. A A 1 AN ~ £ A ~
with Any9) = o [ [ 468 80.€)lagliaal.

S|
S»

we get
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This leads us to the definition of the space where the scalar field u is belonging to,

Uy = {v:Q—)C, vlp e LA(T) VYT €T,

|Ag, (8,8)] < 00 VTn € H, |Ap,(8,8)] <oo VIa € H} (7.13)

In order to find an appropriate space for the vector valued field o, the integrals (0', a’)T

and (div o, div 0') , for infinite elements 7" need to be bounded. Following the transfor-
mation rules for H (div, T')-functions from Lemma 4.14, we get for the Laplace and Mobius

transform of o
O

M, L(01 0 Fryy (1), @)

for n € Ir. 7.14
Mﬂoﬁ(az o FTD(U, o))) T ( )

77 (1, ) := (det J)J ! (
Using this, we obtain for strips 7T and a rotation Fr., i.e. det J =1 and J'J =1,

hr 00
(0.7),, :/0 /0(UOFTD)-(TOFTD)]detJ|d§d77
hr 00
_ / / o5 T dEdy = —2ikoArn (65, ), (7.15)
0 0

where
2

hr
Ay (@.9) =3 [ Ay (0.9).05(0.0)) i
j=1"0
Applying the transformation rules for the divergence, we obtain for the second integral
hr o)
(dive,div ’T)TD = / / (dive o Fr,)(div T o Fp,)| det J| dédn
o Jo

hr 0 1 . '

= /0 /0 m (le,S77 O'TD)(legn TTD> dfdn

= —2ikgAr,(dives, , diviy, ), (7.16)

with
divas := (8, ®id)(@); + (id @ J¢)(@)s,

where id denotes the identity. Note that for the derivative in &-direction the transformed

derivative ('35 is needed, while the original derivative 9, is still used in 7 direction. For an
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infinite triangle Ta, similar calculations lead to

(O',T)TA = _4K3A1TA(&TA7%TA) (7.17)
(dive,divr), = —4xiAz,(divés, ,diviy,), (7.18)
with
divie = (9, ®id)(@);, + (id @ Je)(@1)s,

2
Apr, (,8) = ) Ar, (i, 1;)
j=1
and &TA according to (7.14) together with (7.12). Using this, we get for the space of o

Vi = {0' . Q= C2, olr € H(div,T) VT €T, (7.19)
A, (divérs, dive s )| < 00, [Amm, (64, 67.)] <00, VIh€H,

—_ P

|Ar, (divé;, ,divé;, )| < 00, [Arr, (64,67, )] < 00, VTa € ’H}

Finally, in order to define the space of the facet functions ur and op, respectively, the
integral <u Ja] F> » for an infinite facet F' € Fg needs to be bounded. In the following, we
use the parametrization vp(§) =  + €e, € € [0, 00| for F' with @ as the starting point of

the facet and e as its normalized directional vector. This leads to
<UF7UF>F = / (uFO”yF)(UFO’}/F) dg: —2Z'I<60A<1ALF,@F),
0

with the Laplace and Mdbius transform ap = M, L(ur o yr), and the facet spaces read

as

Unp = Vgr = {v . FU Fp = C, wlp=I*F), YFeF,

|A(ip, or)| < 00, VF € ]-"E} (7.20)

7.2.3 The integrals involved

In order to evaluate the bilinear form B;q, for the exterior domain, the integrals involved

need to be discussed. Thus, we get by taking the Laplace and Mobius transform for a strip
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Tn

hr 00 1 —
(dive,v) = /0 /0 ot divoy (vo Fr,)|det J|d{dn = —2irg A, (leUTD= b),

and for an infinite triangle Ta

(dive,v),, = —dr3Ar, (divés, . 9).

Next, we investigate the boundary integrals for the infinite elements. Because the Jacobian
J of the transformations between the reference elements 7' and the element 7T is a rotational
matrix, J, = |det J|||J Tn;| needed for the transformation of surface integrals is one.
After transforming a facet function wg to the reference element, we will, in order to avoid
confusions, distinguish between wp, = wp o Fr|y—0, Wpr = wp © Frly=p, and wp, =
up © Fr |e—o for infinite strips 7i;. For infinite triangles just wg; and wpy, are needed.

Following the transformation rules from Lemma 7.4, we get for
(1, 08y = (7 13,01 © .

Note that if we exchange n; by ngr, we have to take account of the sign by a factor ny-np.

For an infinite strip T we get

<U : nTD;UF>aTD = /OOO UTDm(hTaf) v (§) d€ — /0°° UTD,W(Oaf) vpi(§) d€
—/0 TUTD,5<7770)UF17(77) dn
= 2iKg <A(6'TD,77(O,.),@FZ<.>) - A(&TD,n(th.)yﬁFr(.D
—<&TD,5(°71)7UFb(°>>IT)7

where o4, ((1,0) = 2iko04, (1, 1) was used. For an infinite triangle Ta a similar compu-

tation gives
AT RIS W (A(émm(l, o), 01(9)) + A6, (o, 1),@Fb(.))>.

Under the assumption that J is a rotational matrix, the integral <a' “Np, T - nF> oy trans-

forms as

<U'nFaT'nF>aT = <0'T'nTvTT'”T>aT‘
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Taking the Laplace and Mobius transform leads to

<O’-’I’LTD,T-')’LTD>8TD = —2@'%0(%1(%5,7,(07-),% 77(0 °) + A(oz, n(hT,.),%TM(hT,.))>
_4“3<5'TD,5( TTD e(® >1T
<0' "N, , T nTA>8TA = 82',%3 (A(ng,n(la o), ?TAW(L o)) + A(”ZQ,g(‘a 1), 751:&5(0, 1)))

For completeness, we give the following integrals, which are obtained by similar calculations

(U,0) g, = =2irio(A((0,9),0(0,8)) + A(i(hr, ®), 0z, )) )
—4ng (e, 1),0(e, 1)),
(0. 0)y, = 8m3(A(ﬁ(1,o),ﬁ(1,o))+A(Q(o,1),1§(o,1))),
(0,08, = —22',{0(,4(@(0 )vFl(o))—|—A(1l(hT,o),vFT(o))>—2mo<u(o,1),vpb(o)>I,
(w,0r)yy, = AE(A((1, @), 0(®)) + Ali(e, 1), 5rs(#)) ).
<UF’UF>6TD = —2ikp (A(@Fl(‘)ﬁm(‘)) + A(AFT(‘)aUFr(‘))) + <uFb(0),va(°)>IT,
(ur V) oy, = _22"‘50<A(@Fl(‘)7@ﬂ(°)) +A(AFT(°)7@F17(°)))7

and concerning the right hand side we list the terms including volume functions

<Um, T nT>8TDﬂF = —2mo<(uin © FTD)( TTD 5 >I ’
<0'm NP, T - nF>8TDﬁF = —2mo<( Oin - ?’LTD) ° FTD)( 0) TTD,g( ) 1)>1T’
<“in7 U>8TDOF = 22“0< Uin © F;) (o >I

7.3 The finite elements

In order to solve the variational formulation of the last section, we discuss the set of finite

elements needed to discretize the problem.

7.3.1 The finite element basis functions

Because of the special form of the infinite elements and their transformation to the reference

element, it is useful to take a tensor product ansatz for the volume basis functions on the
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reference element. Thus, a basis function for o7 has the form

o1 () 02(€)
710n8) = <a 2(n) o2 (5)) ’

where the superscript 1 is used for the n component of o and 2 for the £ component. By

—_

N

taking the Laplace and Mobius transform we obtain on the strip 7 and the triangle T)a

o = % 51 and o; = &717 &é
Tp o2 52 Ta 52 52 ’
Oy 0¢ n-E

respectively. We will first concentrate onto the infinite triangle. Because o is element wise
in H(div), we construct Raviart-Thomas like elements. Thus, if we take the ansatz from
the one dimensional model problem for the n-part of the first component (31 € HY(D),
Gy = LT (o} 00, ), 1.e. we decompose the function into the boundary value C D o,y =

iKQ

aé(()) and a functlon S € HY(D) with zero boundary values, the the &-part of the

first component 62 plays the role of a derivative. Consequently, we take the ansatz for
6¢ = Tilogy, ) with oy € C and /' € H*(D). The same argumentation for the

second component and the infinite strip leads to

b = alﬂ(aéwfgl) wd &, = [ 0D Telo, 7))
- _U 7(0507«75) ° moﬁ(ff%o,y)’f—(dgo,yf)

1K0 n

When discretizing the problem, we use for the functions in H*(D), S/ (2), 7, (2), #Z(2)
and () a polynomial ansatz with the monomials 2%, z',..., 2" as basis functions. If
the interior problem is discretized with Raviart Thomas elements of order p, the n-part
of dive has to be a polynomial of order p, i.e. it has to be from PP(Ir). Thus, we take

oy € PPt(Iy), and 07 € PP(Iy). As we will see later on, taking integrated Legendre

1
n

0727 leads to sparse element matrices. For more information on Legendre and integrated

Legendre Polynomials see Section 8.2.1. Thus, in total there are (2p + 3)(N + 2) and

polynomials as basis functions for o, and Legendre polynomials as basis functions for

2(N + 2)2, respectively, o-degrees on an element.
Using the product ansatz for a basis function of u, i.e. u o Fp = u,(n) u¢(§) and taking

the Laplace and Mobius transform results in

U =mu, te forT =Tn, and U =1y, tu forT=Tx.
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Due to the fact that u represents the divergence of o, and the divergence of a o basis

function is

divey,, = 0w, T (ok. 7)) + 03 To (08 77).

Wby, = Toloke ) T (o 72) + T2, 72) T 72).
the ansatz

U = wy, T1(ugo, %) for T = Tp,
U = Ty (wno, %) T (ugo, %) for T'="Tx

is appropriate. For %, and % again the monomials up to order /N are used as basis, and
u, € PP(Ir) is expanded into a Legendre polynomial basis. This leads to (p + 1)(N + 2)
and (N + 2)? degrees of freedom on Th and Ta, respectively.
For the facet functions, which represent the values of © and o - nr on the facet, we have
to take
up = Ty (upo, Zr), and or =T (0Fo, SF),

with a monomial basis up to order N for % and .#F in order to be consistent.

7.3.2 The element matrices

We finish the chapter about Hardy space infinite elements with a discussion on the element
matrix obtained by using this set of basis functions.

Inserting the ansatz just discussed for o and the same ansatz for 7 into the represen-
tation of the mass integral (7.15) and (7.17) leads to

(0. 7)r, = —2i0(0y: 7))y, A(Te(0g, 70), Ti (70, 7))
N
+2L ), AT (020 7). T8 72)
(0‘, T)TA = 4 A(,]:(O%m yn1)7 7:(7-7%07 271))14(7;(05107 5’21)7 7;(7-5107 %1))

+4 A(ﬂ(”gm Yi), 7;(7307 %2))14(7:(‘7?0; 5/52); 7:<7'§207 22))

The resulting element matrix just contains entries between degrees of freedoms which
are associated to the same spatial component. For the triangular element these blocks

correspond up to a constant to a Kronecker product of the matrices 7V TV and TfrV TTfrV ,
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which are both three diagonal. For infinite strips these blocks can be calculated due to
the integral relations of Legendre and integrated Legendre polynomials as the Kronecker
product of a band matrix and a diagonal matrix, respectively, with T’ frv TTJJFV )

With similar arguments one can conclude that the element matrix entries corresponding
to (u,v) T

respectively, with Tfr\] TV for the elements Th and Th.

can be written again as a Kronecker product of a diagonal matrix and TV T,

For the term coupling o and u one gets
(div o, U)TD = —27J/<a0<8770717, Un>1TA<7:r(U§Ov )y T (veo, ”//5))
_2i50<0'7277 Un>ITA(7jr(O'§207 y&)a 7-+<U£0> 7/5)) .

Because the matrix representation for <8n0'%,1}77> Ip and <ag,vn> 1, are diagonal matrices,
the resulting element matrix blocks are again of the form D ® T% TTf with a diagonal
matrix D. For infinite triangles D has to be exchanged by —4/4(2)Tiv T frv .
Representatively for the boundary integrals we investigate <0' - nr, UF> op- Lhe other
boundary integrals have similar properties concerning their element matrix contribution.

For this integral we get

(o nTD’UF>8TE| = 2iky 0717(()) A(ﬁ(aéo,Sg),ﬁ(vplo,”f/Fl))
—2ikg oy (hr) A(Ti (080, S2), To(vEro, Ver))
_<07277 uFb>1T 020’
(o nTA7vF>3TA = 2ikg 00 A(Ti (080, S¢), To-(Vrro, Vi)
2in? o2 A(To (0%, 52). T (v Vi),
Note that when using integrated Legendre polynomials for 0% the boundary values 0'71](0)
and a%(hT) are zero for polynomial orders larger than one. Consequently facet functions on
infinite facets couple just to volume basis functions of the strip Ty containing the low order
polynomials in the n-component. The corresponding coupling blocks are proportional to
I TTfrV . Facet basis functions of boundary facets on I' couple only to the £ —component of
volume basis functions containing the constant 020 via diagonal coupling blocks. On infinite
triangles it follows from a similar argumentation that the element matrix contribution of
the integral is also sparse.
Thus, choosing the basis functions as described above leads to sparse element matrices,

especially for high polynomial orders.



Chapter 8

A tensor product implementation of the

mixed hybrid finite element method

This chapter is devoted to an optimized version of the mixed hybrid formulation in two
dimensions which we already published in [HHS10|. The method makes use of high order
finite elements and is therefore suitable for the Helmholtz equation with high wave numbers.
Starting point is the mixed hybrid formulation 5.2. As already mentioned, the volume
degrees of freedom u and o can be eliminated element by element, and the system of
equations is reduced to a much smaller system containing just the introduced Lagrangian
multipliers ur and op. The reduction of the unknown functions to the element interfaces
is especially of interest for large frequencies w, where it is well known that the number of
unknowns to resolve the solution grows due to the pollution error [[hl98, IB97| faster than
O(w?) in two dimensions.

The elimination of the volume degrees of freedom is simplified by using an eigenfunction
basis for v and o on each element. For such a basis the coupling blocks for the inner
degrees of freedom are sparse, more precisely these blocks are three by three block diagonal.
Therefore, they can be inverted cheaply, even for high polynomial orders up to thousand.
For rectangular elements the two dimensional eigenvalue problem decouples into two one
dimensional problems, which considerably simplifies determining the basis functions. If the
materials are uniform, these eigenvalue problems have be solved only once for each edge
length and polynomial order.

From the literature it is well known that h refinement [Cia78| and p refinement [Sch98b|
can achieve only algebraic convergence, while hp refinement [AP02, Dem06, Sch98b| leads

to exponential convergence. In order to benefit from hp-refinement or to mesh arbitrary

126
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shaped objects, a rectangular mesh with hanging nodes has to be introduced.

That this concept is not only applicable to the Helmholtz equation under standard
boundary conditions of Dirichlet, Neumann or Robin type, we show by using the tensor
product ansatz also for Hardy space infinite elements from Chapter 7. In this case an
eigenvalue problem for the infinite direction with the dimension of the Hardy space has to
be solved additionally. The basis functions on the Hardy element are now constructed by
combining the eigenfunctions of the infinite facet with the eigenfunctions of the boundary
facet.

After stating in Section 8.1 the problem formulation and the discrete function spaces,
Section 8.2 presents the eigenfunction basis and the underlying one dimensional eigenvalue
problem. The consequences of this eigenfunction basis for the linear system of equations are
analyzed in Section 8.3. In the Sections 8.4 and 8.5, respectively, the influence of Hanging
nodes onto the global matrix and how Hardy space infinite elements can be combined with
the eigenfunction approach is discussed. The chapter is concluded by a numerical examples

section.

8.1 Preliminaries

For the beginning we consider the mixed Helmholtz equation under absorbing boundary
conditions which results for a triangulation 7 in solving the mixed hybrid formulation
5.2. In the following, we assume that p is constant on the domain and that € is piecewise

constant, i.e. € is at least constant on each element.

8.1.1 The underlying mixed hybrid formulation

By exchanging the Dirichlet and Neumann traces up and op with incoming and outgoing
impedance traces, an equivalent formulation which fits into the context of the ultra weak
variational formulation can be obtained. Thus, we define inspired by gI’B and gg in Lemma

5.5 the incoming and outgoing wave contributions G, Go for one element via

op = (nT~nF)\/;(Go—G1) (81)

urp = Go+Gy. (82)
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Because the coefficient € can jump across element interfaces, it is not uniquely defined
there. We therefore introduce € as the mean of the values of € on the two neighboring
edges. If there is a jump in €, Gp and G do not approximate the physical incoming and
outgoing waves. For any element 7' the outgoing wave G is the incoming wave G of the
neighboring element and vice versa. Due to reflections at element interfaces this is not the
case for physical waves in the presence of a jumping coefficient €. Note that because of the
difference in sign of ny - np and the exchange of G; and G for two neighboring elements,
the Lagrangian multiplier o has the same sign independent of the element. If the element
boundary is in I', nr - np is assumed to be positive, and G; and G equal the incoming
and outgoing waves of the domain, respectively. Replacing ur and oz by Gp and G; in

Formulation 5.2 and neglecting the damping term, i.e. & = 0, leads to
Formulation 8.1. Find (u,a,GI,GO) = GeUxV xUpx Ur, such that for all v :=
(U,T,g[,go) cUxV x Urp x Up

Bi(u,v) 4+ Bp(a,0) + Brp(0,4) + Br(u,v) + Br(a,0) = F(0),

with the bilinear form for the volume degrees of freedom

Bi(a,v) = Z [iwe(u,v)T — (diVU,U)T — (u,diVT)T

TeT

—iwp (o, 7), + B{o - np,T- nT>aT} ;

the bilinear forms for the facet degrees of freedom

Bp(a,v) = Z B{e/u(Go — Gr),90 = 91) o

TeT

Br(u,9) = —(\/&/u(Go+Gr), g0+ g1)p

the bilinear form coupling volume functions and facet functions

Brp(a,0) := Z [< (1 — B\/é/_u> Go, T - nT>aT + < (1 —i—ﬁ\/é/_,u) Gr,T- nT>8T}’

TeT

and the linear functional

F(v) := —<\/€/_,u 9,90 + 91) -
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We remark again that the formulation is complex symmetric and that for a choice of
g = \/t?/_u there is no coupling between the flux field & and Go. Thus, the solution in
the element depends only on the incoming waves ;. Furthermore, if there is no jump in
€ across an element interface, the physical incoming wave and G coincide. Consequently,

physically incoming waves determine the volume solution on the element.

8.1.2 The discrete finite element spaces

First, we recall the definitions of the finite element spaces involved in Formulation 8.1,

U = L*9Q),
v o= {re@?@)’ : 7|, e H@v,T) ¥TeT},
Ur = LF).

Until now no assumptions onto the mesh were made. As we will see in the following, a
rectangular mesh with equally sized elements T simplifies the calculation. We will denote
such an element 7" of width h, and height h, by

T=17xI; =g, q +hy] x [a,,q, +hy], (8.3)

where (g ,q, ) is the lower left vertex of the rectangle. For rectangular meshes, a tensor

product basis for the discrete L*-conforming space Uy, can be used, i.e.

Unp = [ P () @ PP(I).
TeT

Here, PP(I) denotes the set of all polynomials on the interval I with an order less or equal
to p. In Uy, the polynomial order p, is chosen for x direction and polynomial order p, for
y direction.

The discrete counterpart V4, of the broken Raviart Thomas space V' reads as

Vip = H (PP=HY(IT) @ PPo(I))) x (PP=(I7) @ PP TH(I])).
TeT
The polynomial orders are chosen such that the element wise divergence of a function from
Vhp 1s in the space Up,. Considering one element 7', the trace of any function u in Uy, and

the normal trace 7 - np for any T € V}, are polynomials of order p, for horizontal facets
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(facets parallel to the x axis) and polynomials of order p,, for vertical facets (facets parallel

to the y axis), respectively. This gives rise to the definition of the discrete facet space

Upip = [ [ P (F),
FeF

where pg equals p, for horizontal facets and pr = p, for vertical ones.

8.2 The eigenfunction basis

This section introduces a discrete eigenfunction basis of the space Uy X Vip X Uppp X Uppp.
By such an eigenfunction basis the contribution of the bilinear form B (%, ?) to the system
matrix is reduced to a three by three block diagonal matrix. Consequently, the interior
degrees of freedom can be eliminated cheaply on the element level, even for high polynomial
orders, and a considerably smaller system has to be solved for the incoming and outgoing
wave degrees of freedom. Additionally, the element matrices in the assembly procedure
can be calculated a priory, and costly numerical integration for high order polynomials is
avoided.

Using an unstructured mesh, the number of degrees of freedom on an element of order p
is of order p* which results in a computational cost of O(p®) for solving the eigenvalue prob-
lem. Such a construction would be much more costly than solving the original problem.
On rectangles, the two dimensional eigenvalue problem decouples into two one dimen-
sional eigenvalue problems. These one dimensional eigenvalue problems can be solved in
O(p®) operations where p is p, and p,, respectively, which makes an eigenfunction basis

competitive.

8.2.1 Legendre and integrated Legendre polynomials

In order to solve the eigenvalue problem introduced below, we expand the eigenfunctions
into integrated Legendre polynomials. This leads because of nice orthogonality proper-
ties to a sparse matrix eigenvalue problem. Although, there are several different sets of
orthogonal polynomials, integrated Legendre polynomials were chosen because of the L2-
orthogonality relation of their derivative and the possibility to evaluate them in a stable
manner via a three term recursion. Consequently, we will use this subsection for a short
introduction on Legendre and integrated Legendre polynomials. For a detailed discussion

on orthogonal polynomials see [Sze39).
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Figure 8.1: The Legendre polynomials /;(x) (left) and the integrated Legendre polynomials
L(z) (right)
Legendre polynomials

The Legendre polynomials which we denote as [;(z) for 0 <4 < p span up the polynomial

space PP([—1,1]), and they are defined according to Rodriguez formulation as

Pu(r) = i [(a — 1))

or alternatively as

- () () ()

In Figure 8.1 (left) the Legendre polynomials up to order 4 are plotted. The fact that the

Legendre polynomials fulfill the three term recursion

(t+1D)l(x) = 2i+1D)ali(x)—ili_i(x),

d
(2% — 1)%&(1’) = dxli(x) —il;1(2),
together with [o(z) = 1 and [;(z) = z allows a stable and fast evaluation of the poly-
nomials and their derivative. The major advantage of the Legendre polynomials is their

L2-orthogonality on the interval [—1, 1], i.e.
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Apart from this, the i-th Legendre polynomial has i zeros in the interval [—1, 1], and it is an
odd function if 7 is odd, and for even i the polynomial /;(x) is even, too. The polynomials

are normalized such that [;(1) = 1 for all i and consequently /;(—1) = (—1)".

Integrated Legendre polynomials

With the help of the Legendre polynomials the integrated Legendre polynomials L;(x) are
defined as

Li(z) = / li1(s)ds for i > 2.

-1
For completeness we add Lo(z) = —1 and L;(z) = z. Figure 8.1 (right) shows the first
five integrated Legendre polynomials. Taking into account that we can write any L;(z) as

a linear combination of just two Legendre polynomials,

1 1

Liyi(z) = %1 liv1(x) — %1

li_l(l’) for ¢ Z 1

leads again to a stable evaluation of these polynomials, even for high polynomial orders.
Although, the integrated Legendre polynomials do not form a set of orthogonal polyno-
mials, the last expression shows that L;(z) is L*-orthogonal on [—1,1] to almost all other

L;(z). More precisely,

1 2 f =0.1
- lse
! (2n—3)(2n—1)(2n+1) e
1 —2
/‘1 (bl dr (2n —1)(2n+1)(2n + 3)
1
/ Ly(x)Ly(x)dx = 0 for [n — m| £0,2.
—1

From the definition of the L; it is obvious that their derivatives are the [;_; and therefore
orthogonal. Again, integrated Legendre polynomials are even or odd if the index is even
or odd, respectively. Furthermore, they are, apart from Ly and L, zero on the interval

boundaries.

8.2.2 The eigenvalue problem

Now, we can define the one dimensional eigenvalue problem, needed for the eigenfunction

basis. This discrete eigenvalue problem reads as
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Problem 8.2 (The discrete eigenvalue problem). Find eigenfunctions 0 # ¢;(s) € PP ()
with the interval I = [q,q+h] and the corresponding eigenvalues \; € C for1 < j < (p+2),
such that

/@wdszmw%@ Vi € PP(I)
I

with
&wmﬂzzMWWw—B%MM@+@W+MﬂMWD

and the orthogonality relation Bp(¢;, ¢r) = 6.
Note that one eigenfunction is the constant function belonging to the eigenvalue zero. For
notational reasons this eigenfunction will get the index p 4+ 2 in the following. We should
also mention that the eigenvalue problem just depends on the edge length, the polynomial
order and the constants  and u, and it is independent of the coefficient €. Thus, it has to
be solved just once for each edge length and polynomial order, independent of the element
position.

This eigenvalue problem can be solved by expanding the discrete eigenfunctions into
an integrated Legendre polynomial basis L’(s) transformed to the interval I = [q,q + h].
The superscript ¢ indicates the polynomial order, i.e. i < p + 1. With the help of the
orthogonality relations from above the matrix entries can be computed without numerical
integration, and a sparse and well conditioned matrix eigenvalue problem is obtained. In
the following, the vector ¢; is the coefficient vector of the eigenfunction ¢; with respect
to an integrated Legendre polynomial basis. We obtain the following matrix eigenvalue

problem by using orthogonality relations.

Problem 8.3 (The matrix eigenvalue problem). Find 0 # ¢; € CP*? and \; € C , such
that

and the orthogonality relation q,’)JTMgbZ = 0;; holds. The elements of the diagonal matriz
D e C(p+2)><(p+2) are

4
D=
)
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and the nonzero entries of the matriz M € CP+2x®+2) gre

M, picoyih
ORI clse
—iwph

(25 —=3)(2/ — (25 + 1)

iwph .
{ ey 2P fori=12

ij+2 — Mj+2j:

for1 <j<np.

Because of the orthogonality relations of integrated Legendre polynomials and the fact
that they can be divided into odd and even functions, the eigenvalue problem splits into
an odd and an even problem of only half of the size of the original one, and therefore, the

whole problem is faster to solve.

For the eigenfunctions of the discrete eigenvalue Problem 8.2 we obtain

$i(s) = D> (B5),,, L),
) = () a0 = 1 (01),l ) (8.4

where [¥(s) represents the Legendre polynomial [, of order k transformed to the interval I.

8.2.3 The basis functions

After having solved the eigenvalue problems, we are in the position to define the basis

functions. The eigenfunction basis for the spaces Uy, and V},, reads as

Definition 8.4 (The volume basis functions). Let T' be a rectangle in T according to (8.3),

then for 1 < j <p,+2 and 1 < k < p,+2 the basis functions of the space Uy, are defined
as

0 else

vﬂmw:{%@wmn for (e.p) €T

and the basis functions for Vi, as

%@w<_{gM@%@ﬁf é;@weT
h(y) = {éw;(xm@)) for (e €7
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The functions ¢; are eigenfunctions of Problem 8.2 with p = p,, I = I and Aj as eigen-
values. The ¢ are eigenfunctions to the eigenvalues )\? of the same problem with p = p,
and I = IyT .

In this definition all basis functions containing the derivative of the constant eigenfunction,
namely vj; for j = p, +2 or k = p, + 2, 7 for k = p, + 2 and Tf’k for j = p, + 2 are
zero. We keep them for notational convenience, but they can be omitted in an actual
implementation.

The basis functions for the facet degrees of freedom can be defined similarly,

Definition 8.5 (The facet basis functions). Let F' € F be a facet of length h and polynomial

order pp. The basis functions for Upp, are defined via

Y;  on F,
905 =913 = 0 else

for 1 < j <pp+1. Here the ¢; are eigenfunctions of Problem 8.2 to the non zero eigen-
values for p=pr and I = F.

Again the constant eigenfunction 1,2 is not needed because of ¢! ., = 0. On a rectan-

PF+
gular element T, pr and F' are equal to p, and I if no hanging nodes are present. Thus,
for horizontal facets the v; coincide with the ¢; from the definition of the volume basis

functions. For vertical edges 1; equals ¢;.

8.3 The linear system of equations

In this section we will examine the system matrix obtained by using the eigenfunction

basis from above. Discretizing Formulation 8.1 leads to a system of equations of the form

¢ 9E)-6
— (), (8.5)
DT C U facet f

where Wjpner is the coefficient vector for the inner degrees of freedom, and w¢qce; contains

(compare section 6.2)

the facet unknowns. Therefore, the submatrix A couples the volume degrees of freedom
with themselves, the block C' connects the facet degrees of freedom with each other and
the coupling entries between this two types of unknowns are stored in D. By Ay and Dr

the element matrices collected in A and D are denoted.
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8.3.1 The coupling of the volume basis functions

First, we start to discuss the structure of the matrix block A, which represents the bilinear
form By(1,v), for the eigenfunction basis from above. Because each interior basis function
is supported only on one element, A is block diagonal with blocks equal to the element

matrices Ap, and it is therefore sufficient just to investigate Ay which we write as

AL AT AT

Ar=| AL, AL Az;xay : (8.6)
AT AT AT

Here, AT, contains the coupling elements between the basis functions v, AT,

u o, collects the

entries between the basis functions vj; and the functions ;7 and so on. Note that all the
blocks are of the dimension (p, +2)(p, +2) X (pz +2)(py +2). In the following we will use
for notational convenience

(A5U>jk,mn - (Agu)j(py+2)+k,m(py+2)+n (8.7)

for all block matrices.

Lemma 8.6. In the eigenfunction basis of Definition 8.4 the element matriz Ar of an

element T is block diagonal with three by three blocks.

Proof. This result follows directly by inserting the the definitions of the basis functions
T

uu?

into By and using the orthogonality relations. We first investigate the matrix A

(Agu)jkymn = BI((/Umna 07 Oa 0)7 (Ujka 07 Oa 0)) = iwe(”jka Umn)T

— iwe [ oiddn [ Gdidy = e Bir(66m) Biglon00)
1 1
— NN S

and thus, AL is diagonal. The block AT is also diagonal, according to

(Abos) o = Br((075,,0,0), (043, 0,0,0)) = —(vj, div 77, )

= /lh¢}¢’mdm /IT%%dy
= NN
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AT and

UGy azu

By similar computations and symmetry arguments we obtain diagonality of AZ

AT The coupling block between the 7%, reads as
oyu J

(Azzﬂz)jk,mn - BI((()? Tmm 0 O)(07 zjlm 0 O))

= (T Ton) p BT T )y

= —iwp ¢j¢mdx/ ©eh dy +ﬁ¢j(qm)¢m(q§)/ O dy
Ig T T

Yy Yy

LB by(d + WT) falg! + 1T / ol dy

T
Iy

= —Bur(¢;, dm) / PrPn Y = =X Okndjm-

T
Iy

An equivalent computation results into diagonality of Azyay. Finally,

(Afmay)jk,mn = B((0,7%,,0,0),(0,75,0,0))
= —iwp(T, T ) + B(Tf -, T, - nT>6T

= 0,

and similar arguments hold for AZU .- Because all the nine coupling blocks are either zero
or diagonal, the degrees of freedom can be reordered such that At is three by three block

diagonal. ]

Static condensation of the volume degrees of freedom corresponds to an inversion of
the matrix A which is according to this result equivalent to the inversion of 3 x 3 matrices,
and therefore, it can be done cheaply.

Note that the basis functions vy, 7 and 7 k are zero if j = p, +2 or k = p, +2. Thus,
their coefficients are set to zero by definition. If j = p, +2 or k = p, + 2 the corresponding
3 x 3 block is singular and it has just one diagonal element belonging to the basis function

T, and ’T]yk, respectively, which has to be inverted.

8.3.2 The coupling of the facet basis functions

In this subsection, we give the matrix representation C' of the bilinear form Bp + Br,
which describes the coupling between the facet degrees of freedom. Because each facet
basis function is supported just on one single facet, there is no coupling between unknowns

belonging to two different facets, and C' is block diagonal with blocks corresponding to the
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Figure 8.2: The local numbering

facets. The block coupling the unknowns of the facet F' with themselves is denoted by Cp.

When dealing just with facets, the expressions in and outgoing waves, GG; and Go,
which are related to a certain element, are not suitable anymore. We will rather change to
left and right going waves for vertical facets and down and up going waves for horizontal
facets. Up or right going waves are denoted as G, and down or left going waves by G_.
Using a local edge numbering as indicated in Figure 8.2, G corresponds to G for an
element 7" where the facet has local edge numbering 1 or 3, and for local edge numbering
2 or 4 it corresponds to Gp. For G_ the situation is reversed.

By reordering the degrees of freedom, the matrix C' can be brought according to the

following Lemma into a two by two block diagonal form.

Lemma 8.7. Using the eigenfunction basis of Definition 8.5 the matriz block Ct for a
facet F is

Cr— C£+G+ C’g+cf _ oy diag(A\F)  ay diag(AL)
C’ng+ Ct o ay diag(A\F)  as diag(A\F) )’

where the four blocks of CT are from CPr+Dxprt+l) \F 1 < k < pr+1 are the eigenvalues
of Problem 8.2 solved on F' and

1 :a3:26£, g = —203—, for FCT
f fu

a1:a3:5£_ E’ (]{2:—/85— E, else.
M M H H

Proof. Because, go,gr and g, ,g_, respectively, are from the same set of basis functions,

the integral <g.7j,g*7k>F with e % € {I,0} or {4, —}, respectively, can be written as

<90j79*k>F = /Fiﬂ;% ds = )\f@'k-
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Thus, the contribution of the term 8¢/ (Go — Gy, go — g1>aT = Be/u(G+—G_, g4 — g,>aT
from an element 7' where F is a boundary facet to Cp is $¢/pdiag();) for C§ . and
CE ., while it is —8é/pdiag(\f) for C’g+G7 and Cg,GJr- Because each inner facet has
two neighboring elements which contribute to C'*¥', the proof is completed for inner facets.

The boundary integral —\/€/u<Go + Gr,90 + 91>r = —\/€/M<G+ +G_ 9. + g,>F adds
for boundary facets F' the matrices —+/¢/u diag(AL) to each of the four blocks of Cp. [

8.3.3 The coupling between facet and volume degrees of freedom

Finally, we examine the matrix representation D of the bilinear form Bjg, or more precisely
the corresponding element matrices Dr, coupling the inner degrees of freedom of 7" to the
facet degrees of freedom of its boundary facets.

In the following, we will use the same local edge numbering as above (compare Figure

8.2). The element matrix Dr is again of block matrix structure, and for these blocks we

Tm

o.Go Contains

use a similar notation as introduced in the last section. Thus, the block D
the coupling between the volume basis functions 77 of the element T and the facet basis

functions go; of its boundary facet with local number m, and

(ng:%v'o)jk’l = (DZZHGO)j(py+2)+k’Z - BIF ((07 07 07 gOl)J (O, szlw 07 0))

Note that there is no coupling between the scalar volume basis functions v;; and the
facet basis functions. On horizontal edges with m = 1,2 the product 7 - nr is zero and
consequently BZ:}. = 0 with e = G, G;. For the coupling entries between the ’ijk and the

[-th facet basis function we get

(DI) 0y = 5t (1 + 5\/§> /I o (3.8)

with the + sign for ¢ = (G and the — sign for ¢ = Gp. The factor s, contains the
evaluation of the function ¢, at the edge, more precisely s = —gok(qg ) for m = 1 and
Sp = @k(qg + h;p) for m = 2. We should mention that, because of the expansion of the
eigenfunctions into integrated Legendre polynomials, where just the zero and first order
polynomial have values different from zero at ¢! and ¢! + hl, the eigenfunction ¢, is
simple to evaluate at these points. Thus, s is just a linear combination of the first two
components of the eigenvector ¢, of the matrix eigenvalue problem.

Besides this, it is important to mention that for uniform meshes, i.e. if no hanging nodes
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are present, ¢; and 1; are solutions of the same eigenvalue problem, and consequently

Im

The matrix block is sparse.
On vertical edges with m = 3,4 the only non zero coupling elements are the elements

between the basis functions 77 and the facet basis functions. We obtain

m ¢ » ¢
(Doe) s = ¢ (1 iﬁ\/;) /I iy = s; (1 iﬁ\/;> A

Again the + sign is taken for ¢ = G; and — for ¢ = Gp, s; = —¢;(qL) for m = 3
and s; = ¢;(¢> + hL) for m = 4, respectively. Following the same arguments, s; can be
evaluated from the first two components of the corresponding eigenvector ¢; of the matrix

eigenvalue problem.

8.3.4 Solving the system of equations

When solving the system of equations from (8.5), we first eliminate the interior degrees of

freedom (compare Section 6.2) and solve the resulting system for facet degrees of freedom
SUpeeer = f  with  S=C—-DTA'D,

First, let us take a closer look onto the structure of the Schur complement matrix S,
especially onto DT A~'D. As already mentioned, the volume basis functions are supported
on just one element. Thus there is no coupling between degrees of freedom belonging
to different elements in A and consequently in A~'. The matrix D just contains entries
between inner degrees of freedom of an element and the facet degrees of freedom of its
boundary facets. Therefore, the term D"A~'D and consequently S has just coupling
blocks between facets which are boundary facets of the same element. Thus, an inner facet
couples apart from itself to two parallel facets, and to four perpendicular facets, while
boundary facets just couple to one parallel facet and to two perpendicular ones. From
the structure of the matrices A and D it becomes obvious that coupling blocks between
parallel edges are two by two block diagonal, while coupling blocks between perpendicular
edges are full.

We solve the Schur complement system with a preconditioned conjugate gradient
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method (PCG), using the complex symmetric inner product & 'y. Although this method
works well for our numerical examples, there exists no rigorous convergence analysis. As a

preconditoner we use an Additive Schwarz block preconditoner P,
p=>"(P")"

where each block P contains the coupling entries of the Schur complement matrix S
between unknowns belonging to the facet F;. So, the P are the diagonal blocks of S, and

they can be written as block matrix,

F; F;
pFi — PGJrG+ PG+G_
pli pLi ’
G_ Gy G_G_

where each of the four blocks is diagonal. We are going to show this for PgiG+ if F;
is an horizontal facet. For the other blocks and facet types the calculation is the same.
The block Pgic+ contain apart from the matrix C’g:G+ contributions from DT A™'D via
the elements T, above the facet and T}, below the facet, where G, equals G; and G,
respectively. Because we know from Subsection 8.3.3 that D just couples wave degrees of
freedom of horizontal facets to o, degrees of freedom of the neighboring element, we get
F; _ Tal \ T ([ ATa) "L Tal T2 \T (AT~ ! T2
PG’+G+ - CG+G+ + (Da'yGI) (A )a-ya-yDoyG’I + (D(T’;GO) (A b)o-yayDo};Go'

For boundary facets just one of the last two summands has to be considered, which one
depends on if the neighboring element is above or below the facet. Taking the structure of

the involved matrices from the Subsections 8.3.1 - 8.3.3, i.e.

(Cg+G+)jk - Cf(sﬂﬁ
( Z:Z)jk,l - dJTkéﬂ’

((AT);yla-y)jkﬂm = a?kéjmékn
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with complex numbers ¢ ,d T and inserting them, we obtain

ko @j
F; - —1 Tal
(PG+G+>jk - G+G+ kT Z UyGI Pg,J (AT“)"y"y)pqmn(D”yGI>mnvk
pgmn
Ty2 -1 Ty2
pgmn
= G 5gk+ Z dTa Tgapm(sqn) (dg{ln(smk)
pgmn
+ > (dfE6p,) (aliSpmOan) (di, Om)
pgmn

— F; . Ta Ta Ta . Tb Tb Tb
- Cj jk + E d]q iq d ]k(sqn + : :d]q ]qd 0 k(sqn
—_ Fz Ta Ta Ta Tb Tb Tb
- (Cj + Z djnajnd;n + Z djnjndjs | Ojk-
n

Consequently, PgiG+ is diagonal.
Hence, the blocks P of the preconditioner are two by two block diagonal and therefore

cheap to invert.

8.4 Hanging nodes

The uniform mesh approach presented in the last section has several disadvantages. For
example in order to get a good approximation of an arbitrary domain, a very fine mesh
is needed if the domain is meshed by uniform rectangles. In regions where the material
parameters a constant and big elements with high polynomial orders are suitable, small
rectangles have to be used. Furthermore refinement to specific points of the mesh, where

a singularity of the solution is expected is not possible.

8.4.1 The mesh

One way to overcome this difficulty is to introduce a mesh which allows for hanging nodes.
For such a rectangular mesh the volume degrees of freedom can be eliminated with the same
technique introduced in the last section. The main difference is that using an eigenfunction
basis for a mesh with hanging nodes, which contains different sized rectangles, requires the
solution of an eigenvalue problem for each edge length and polynomial order. Consequently,

it is convenient to have just a small number of different sized elements. This can be achieved
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Figure 8.3: A mesh with hanging nodes

by the following refinement strategy. If an element needs to be refined, it is divided into
four equally sized elements with polynomial orders p, and p,, which are just half of the
polynomial orders of the original element. Following this, the total number of unknowns
stays approximately constant. If the refinement process is started from an uniform mesh
with edge length h, and h,, an element obtained after k£ refinement steps has the size
(1/2)*h, x (1/2)*h,. Thus, for a mesh obtained after n refinement steps at most (n + 1)
eigenvalue problems have to be solved for each spacial direction.

In Figure 8.3 a simple mesh after a few refinement steps is illustrated. When an element
is refined, each of its long boundary facets in F is exchanged by the two new ones. Thus the
shaded element in Figure 8.3 has instead of the blue facet Fjy the three smaller boundary
facets F, I3 and Fj printed in red. Like in the uniform mesh case, the facet basis functions
of these facets are derived according to Definition 8.5 by solving the eigenvalue Problem
8.2.

8.4.2 The structure of the system matrix

If we use the same definitions for the basis functions as in the uniform mesh case, i.e. the
Definitions 8.4 and 8.5, the structures of the matrix representations of B; and Bp, namely
A and C', do not change, but for the bilinear form B;r the situation is different. Now,
the coupling blocks which couple the volume degree of freedom of an element to the facet
unknowns of its boundary edges are full. In the following, we will demonstrate this for
a horizontal hanging node edge with local number f of the element T := [¢], ¢F + hl] x
g, , g, + h}]. We assume that this hanging node facet is obtained after n refinement steps
starting with the element edge. Thus, its length is hy = (%)nhf

In the uniform mesh case, as well as in the hanging node case, the entries of the coupling
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matrix D follow equation (8.8). But now the functions ¢; and 1, are obtained by solving
the eigenvalue problem 8.2 for different mesh sizes and polynomial orders. Consequently,
they are not orthogonal anymore.

In the following, we will focus on the integral | 1+ @i dz. One possibility to evaluate
this integral is numerical integration, which is costly because all the eigenfunctions have
to be evaluated at the integration points. We are going to present another option.

Therefore, we assume that the facet f of length hy = h,, and py = p,, is obtained after n
refinement steps from Iy = IT with hg = hl and py = p,. After refinement step k we obtain
by refining the facet I_; a facet Iy = [q, qr + hi] of mesh size hy = %hk_l, polynomial
order p, = %pk_l, and the vertex ¢, equals either g._; or gx_1 + hg. Additionally we
introduce transformation matrices E € CPotDx®otl) and F e CentD*@ntD) transforming
the eigenfunctions functions ¢; and ¥; into Legendre polynomials. Thus, £ and E contain
the eigenvectors ¢; and ; of the corresponding matrix eigenvalue problem, i.e. E;, =
(¢j)k+1 and By = (Y1)k+1- Note that the first component in the eigenvectors is not
needed, because it belongs to the constant integrated Legendre polynomial which has a

vanishing derivative. Together with equation (8.4) the integral under consideration can be
transformed to integrals of Legendre polynomials,

/ Pl do = / Il da
Iy

By introducing the transformation matrices T}, T}, € RPe—1+DxEet1) with

po+1 pn+1

T = @0 [ (e

1
_ ‘ i 1
(T )i = (25— 1)/ l[ 111]lj —1.0 475
the Legendre polynomial lék_l can be replaced by the Legendre polynomials lﬂ on the
interval I obtained by refining I,
pr+1

2 1 A A pr+1 A
= ( /1 z;;_llzgl dm) l] 1 _ § (TF) »zgk—l.
k

7=1

Here, we take T} if I is the left hand half of I, i.e. g» = qx—1 and T,j else. Doing this

for each refinement step, the polynomials [7*~! 151

can be expressed in terms of [7 , and we
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end up with

pn+1

g=1

4 pn+1 n _
oyde =i 30 > (BITTE) By [ 170 e
Iy 0/tn o—1 el s In

Finally, the orthogonality of the Legendre polynomials results in

/If o dr = (E(lf[lTi)ME> ,

)

where the diagonal matrix M € R®n+Dx@Ent1) hag the entries M;; = m.
For vertical edges the computation is completely similar. Because these coupling blocks
are full matrices, the coupling blocks of the Schur complement matrix between different

boundary facets of one element are also full.

8.4.3 The preconditioner

In order to solve the resulting Schur complement system, we use again a PCG solver with
an Additive Schwarz block preconditioner P containing blocks P¥i which are constructed
in a similar fashion as in the uniform mesh case.

If the facet F}, to which the block P%i belongs to, is a facet where at least one of the
endpoints is a hanging node, the facet to facet coupling block of the Schur complement
matrix is full, and therefore, especially for high polynomial orders, expensive to invert. In
this case, the block P is constructed by treating F; as a facet where none of the endpoints
is a hanging node, and where the two perhaps fictitious surrounding elements 7} and 75
share the polynomial order with the facets. Thus, the eigenfunctions ¢; for the horizontal
edge (or ¢y if the edge is vertical) needed to construct the volume basis functions of T3
and T, equal the set of eigenfunctions 1; of the basis functions of F;. Consequently, the
blocks in Dy, and Dy, which couple to the volume degrees of freedom of the hypothetical
elements 77 and 75, are again sparse. A calculation of Pp, with the formulas from Section
8.3.4 results in a two by two block diagonal matrix.

If none of the endpoints of F; is a hanging node, the corresponding diagonal block in

the Schur complement matrix is already two by two block diagonal, and it is taken for P,
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8.5 Hardy space infinite elements

In the previous sections an absorbing boundary condition was used in order to reduce the
infinite domain to a finite computational domain. In the following, we discuss how HSIE,
which were introduced in Chapter 7, can be adapted such that they fit into the setting
described above. For this purpose we stick to the notation from Section 7.2 with the
difference that the interior domain is meshed by rectangles and not, as shown in Figure

7.1, by triangles.

8.5.1 The mixed hybrid formulation

Starting from Formulation (7.9), we obtain by a change from the Dirichlet and Neumann
traces up and o on the facet to incoming and outgoing waves GG; and G, as described

in (8.1) and (8.2), an equivalent formulation, i.e.

Formulation 8.8. Find (u,a’,G;,GO) =0 €Uy xVy xUpyr xUgyp with Uy, Vg, Uyr
defined in (7.13),(7.19), (7.20), such that for all v := (v,T,91,90) € Upx Vg xUprxUpp

Br(i1,9) + Byp (@, ) + Brp(,4) + Br(ii,0) = Fiu(9).

The bilinear forms EI, EIF and EF are obtained from By, Brrp and Br in Formulation 8.1

by exchanging the triangulation T by T UH, and
Ep(0) = Z [<Um — B -np, T - nT>aTmr

TeH
_< (1 — ﬁ\/g/_,u> Cin nT>gO>8TmF
—( (1 + ﬁ\/g/_u> Tin nT791>aTmF]'

Thus, Hardy space boundary conditions are implemented by neglecting the boundary term
Br in Formulation 8.1 and adding therefore the infinite elements surrounding the domain
to the sums in the bilinear forms By, B;r and Br. Consequently, the discussion concerning
the basis functions and the element matrices from the previous sections is still valid for
the elements in the interior domain, and we can restrict ourselves onto the exterior domain
and the Hardy elements, respectively.

Note that in this formulation the damping term is neglected, thus o = 0. Furthermore,

€ is assumed to be constant in the exterior domain €2z, which leads to € = e.
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8.5.2 The eigenfunction basis

As in Chapter 7 the infinite element is transformed by a displacement combined with a
rotation Fr to the reference strip and reference triangle T, respectively. Transforming the
volume functions o and u to the reference element we obtain o = (det J).J ‘o o Fr and

wo Fp. Again, we take the ansatz

R O,l@é.l R /‘1®a.1
G, = 1778 or 6. = | 1777¢
Th 2 2 52 T 52 @ 62 )
Op & 0¢ n 13
U = Uy @ Ug or U = Uy & Ug.

for basis functions describing the Mébius and Laplace transform of o and v with respect

to the infinite coordinate axis, i.e. 64 and @ (or 67 and 4 for infinite triangles). For the

%, 0727 and u, the polynomial eigenfunction basis derived from the eigenvalue

problem 8.2 is used. If we want to generalize the approach used for rectangles in 2; to

functions o

infinite elements, a discrete eigenvalue problem needs to be solved also for the infinite
variable £&. Additionally, as we will see below, an eigenfunction basis allows for a cheap
elimination of the volume degrees of freedom. For such a basis this elimination corresponds
to the inversion of three by three matrices, while a monomial basis for the infinite variable
requires the inversion of matrices with the dimension 3(N + 2) where N is the maximal

order of the monomials.

The eigenvalue problem

The discrete eigenvalue problem for the Mobius and Laplace transform of functions related

to the infinite axis reads as

Problem 8.9. Find the eigenfunctions 0 # W;(2) € W = {v € H"(D) : v(z) € PN*1}
and the corresponding eigenvalues v; € C for 1 < j < (N + 2), such that

2ikg A(0,9(2),0,9(2)) = v,Cn(;(2), ¥(2)) VI eW
with A(, ) from (7.7),

Cn(;(2), W (2)) = —2wpro A(Y;(2), ¥(2)) — 48k ¥;(1) W(1)
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and the orthogonality relation Cn(V;, ¥y) = .

Note that the derivative 9, has to be understood in the sense of (7.6), i.e. 0, = ik T T .
We remark additionally that the evaluation of the Mobius and Laplace transform at one,
WU, (1), corresponds according to the relation (7.5) to an evaluation of the untransformed
function at zero.

Using for a function ¥ € W the ansatz

U(z) = ikoT-(¢o, Q) = 2ikyg (2/10 + (z— 1)Q(z)), with Q(z) = Z Qi7"
and ¥y € C, we obtain for the eigenvalue problem

QiKOA(Tk(wOjv Qj)7 7‘+(¢0> Q)) = QI:_OM A(7: <w0j7 Qj)? 7:<¢0a Q)) + 5w0j¢0~

This leads us to the matrix eigenvalue problem for the coefficient vector ¥, =
(¢j07 Qj0> ey QjN)T S CN+2 of the function \I/j.

Problem 8.10. Find 0 # ¥; € CN*2 and the eigenvalues y; € C such that

together with the orthogonality relation \IIJTM\Ilk = 01, 18 fulfilled. The matrices M, Tfrv are

in C(N+2)><(N+2) with
2
M= ZZ2pNTpN L gD
Ko
with TY from (7.8). All entries of D are except for Dyy = 1 zero, i.e. D;; = 0;10;1.
Because the matrix T is regular, this generalized eigenvalue problem can be easily trans-

formed to a complex symmetric eigenvalue problem.

The basis functions

With the help of these eigenfunctions and the solution of the eigenvalue problem 8.2 we
are able to define the volume basis functions for the discrete spaces approximating Uy and
V.

Definition 8.11. (The volume basis functions on infinite elements) Let Ty and Ta be an
infinite strip and an infinite triangle, respectively, in H. Then, for 1 < 7 < p+ 2 and
1 < kIl < N+ 2 the Mobius and Laplace transform of a function from the discretized
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space for Uy is represented on a reference element of To and T, respectively, by the basis

functions
~ / A — -
Vi = ¢j X 85:k on TD
U = 6,7@; & 8§Ek on Th.

The Mdébius and Laplace transform of functions from the discrete space approximating Vy

1s spanned on the reference element of Ty and T ,respectively, by the basis functions

A%‘Djk - (éf?j & 3§Ek, 0)T and +T2i:jk _ (0, <15;- ® Ek)T7
A%Alk - (@l ® aAéak; O)—r and AZ%’Alk: — (O, é@l Q Ek)T

Here, =) and ©; are eigenfunctions to the eigenvalues v; and v of Problem 8.9. The
functions ¢; are obtained by solving Problem 8.2 with polynomial order p and I = [0, hy],
where hy is the width of the strip. For strips with the infinite axis parallel to the y axis,
p = pz and p = p, else.

Note that for an eigenfunction ¥(z) = 25{0 (o + (z — 1)Q(z)) of Problem 8.9 with the

coefficients vy, Qo, - . ., Qn, the derivative 8. ¥ is of the form 9,¥(z) = s(Wo+(24+1)Q(2)).

Because the eigenfunction ¢; for j = p + 2 of Problem 8.2 is constant and corresponds to

the eigenvalue zero, the basis functions v;; and %I%Dj ., are Zero for all k. We will keep them

)

in the following for notational convenience. As basis functions on the infinite facets we
take

Definition 8.12. (The basis functions on infinite facets) Let F' € F be an infinite facet.
Then the discrete space approzimating Ugp is spanned by the basis functions gr; = goj

with the Mébius and Laplace transform

35\11]-(5) on F,

0 else,

91;(§) = 90;(§) = {
for1 <3 < N +2. The function ¥; is an eigenfunction of Problem 8.9.

8.5.3 The linear system of equations

Now, we are in the position to investigate the influence of Hardy space infinite elements

onto the structure of the system matrix. We will see in the following that the entries of
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the system matrix contain apart from constants just the precomputed eigenvalues. Thus,

numerical integration is not needed which makes the assembly procedure very competitive.

The coupling between volume basis functions

The definition of the basis functions allows, as in the absorbing boundary condition case,
for a cheap elimination of all volume unknowns in the interior and in the exterior domain,
i.e. an inversion of the matrix A in (8.5). It is easy to see that the matrix A is still block
diagonal with blocks Ar related to the elements T" € 7. As we will see in Lemma 8.13
these blocks are for Hardy space infinite elements, like for the rectangular elements, three
by three block diagonal. In the following, we will stick to the notation from (8.6) and (8.7).

Lemma 8.13. In the eigenfunction basis of Definition 8.11, the element matrix Ar of an

infinite element T s block diagonal with three by three blocks.

Proof. We will proof the lemma first for infinite strips 7. Using the notation for integrals

over infinite facets from (8.6) we get by inserting the test functions into By

(Afg)jkmn = iwe(vjk, vmn)TD = 2w&06<¢9, ¢/m>IT A(égEk;, égEn)
= 2wl€0€ BhT(¢ja ¢m) CN(Eka En)
= 2WKEEN VK0 jmOkn

and AID is diagonal. The diagonality of Azgl follows by

(Afil)jk,mn = (o divry,) o = 2ire (0, &), A(0¢Ex, 0cZn)

= 21%0)\j7k6jm6kn-

A similar calculation together with symmetry arguments leads to the diagonality of

T T T .
AY, AT and A'S . Furthermore, we obtain
uo ou g“Uu
Th _ . 2 2 2 2
(A502) s = 10T Tonn) g, + BT M T ) o

= _2w/’lllio<¢;7 ¢;1>IT A(Eka En) - 4’%(2)5<¢;7 ¢;1>[T (EkEn)}l

and by a similar argumentation (AZ'?Ul) = —2iKoVk OjmOkn. Thus, these two blocks

are diagonal as well. Finally, the orthogonality of the 'rjl and 72 leads immediately to

jkmn
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Tn
A

, = A5 ; =0. Because all nine coupling blocks are diagonal or zero, a reordering of
oo oo ?

the degrees of freedom leads to a three by three block diagonal matrix Az .

For infinite triangles the proof follows the same strategy. ]

We should mention that the three by three blocks in Az, corresponding to the basis
functions lek,T]-Qk and v;, which contain the constant eigenfunction ¢;, ie. j = p + 2
degenerate to a scalar. Because of the three by three block matrix structure elimination of
the volume degrees of freedom can be done cheaply just by inverting these three by three

matrices.

The coupling between facet basis functions

The coupling elements of facet basis functions are stored in the block C' from (8.5), which
is the matrix representation of the bilinear form Bp. If we stick to one facet F we change
the notation as previously from in and outgoing waves G, Gp to up and down or right
and left going waves G, G_, whether the facet is horizontal or vertical. Thus, G is the
outgoing wave Go for the element placed below or left of the facet, and G, equals G; for
the other element. For G_ the situation is vice versa. With the same argumentation as for

interior facets, it is sufficient just to consider the matrix blocks C related to any facet F'.

Lemma 8.14. Using the eigenfunction basis of Definition 8.5 and 8.12 the matriz block
CF for a facet F is

Cp = Cg+c;+ C&G, _ adiag(pr) —adiag(py)
057G+ Ct o —adiag(pr) adiag(px)

where the four blocks of Cr are from C"*", and 1 < k < n. For finite facets F, p; are
the eigenvalues A of Problem 8.2 solved on F' withn = p+ 1 and a = 26€/u. For infinite
facets py equals the eigenvalue v, of Problem 8.9 for n = N + 2 and a = —4iko[B€/ .

Proof. Because g5, go and g, g_, respectively, are both described by the same set of basis
functions, we get for e, x € {I,0} or {+, —}

(Gujs Guk) = ( ;”%>FA A = AkOjk for F' finite,
P —2ikg A0V, 0¢Vy) = —2ikgykdj,  for F infinite.

Thus, the contribution of Br coming from one neighboring element 7" of F' to the blocks

Ch.a.,Ch ¢ s PE/pdiag(A) and —2ikgBe/udiag(yx), respectively. For Cf o ,CE o
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it is —pé/pdiag(A\g) or 2irkgB€é/pudiag(yx). The fact that each facet is surrounded by two

neighboring elements completes the proof. ]

A reordering of the degrees of freedom leads to a two by two block diagonal matrix.

The coupling between facet and volume degrees of freedom

Facet and volume degrees of freedom couple via the bilinear form B;p. Therefore, its
matrix representation D (compare (8.5)), or more precisely the element matrix Dy for an
infinite element 7T is investigated. This element matrix has a block structure and we denote
the blocks coupling the basis functions lek, with the facet basis functions go,, of a facet
placed left (1), right (r) or at the bottom (b) of the reference element 7' by DI cor Daicy,
and DZ?GO, respectively.

If we stick to the infinite reference strip TD, szk “nr, 1s zero on infinite facets and lek “nr,
on the finite ones. Therefore 72- degrees of freedom do not couple to facet unknowns of
infinite facets and 7!-degrees of freedom not to facet unknowns of a finite facet. Thus, the
non zero coupling blocks are according to the definition of the basis functions 8.5, 8.11 and

8.12

(D) o = 2iri0(1 % BV/E/ 1) 6;(0) A(DeEx, DeW,y)
= 2iko (14 BV/E/ 1) ¢5(0) W,

(D:?:)jk,m = —2iro(1 £ BVE/ 1) 65(hr) ViOkm,

(D232 o = —2ikio (1% BV/E 1) Zx(1) Ny,

where the sign — is taken for ¢ = G and + for ¢ = G;. Note that ¢;(0) and ¢;(hy) are
just a linear combination of the first two components of the basis functions vector repre-
sentation, and = (1) is proportional to the first component of the eigenvector associated
to Ek

For completeness we list up the nonzero coupling blocks for the infinite triangle

(Df?f)jk,m = —4rg (1 £ BVE/ 1) ©;(1) Ybam,
(ngf)jk,m = —drg(1 £ BvVE/n) Ex(1) 10jm.
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8.5.4 The preconditioner

From the sparsity pattern of the blocks A, C' and D we can conclude that adding Hardy
space infinite elements and infinite facets, respectively, does not change the structure of
the Schur complement matrix S = C' — DT A~'D. Thus, coupling blocks between parallel
facets in S are still two by two block diagonal, even if the facets are infinite, and between
perpendicular facets these blocks are full.

This encourages us to use for the PCG iteration the same Additive Schwarz precondi-

tioner P introduced for the problem with absorbing boundary conditions,
P=>"(PH.

Here P collects all the coupling entries from the Schur complement matrix S between
degrees of freedom of the finite or infinite facet F;. Consequently, Pfi are the diagonal

blocks of S, and their inversion is equivalent to the inversion of two by two matrices.

8.6 Numerical results

The numerical results presented in this section were computed, if not said differently, on
a computational domain Q = (0,2)%. An incoming wave from the left with a Gaussian
shaped amplitude of u;,(0,y) = exp (—%) is prescribed. On the other boundaries

8.6.1 Absorbing boundary conditions

For the following computations first order absorbing boundary conditions were used. Thus,

the input data g has to be chosen as g = 2u;,. These results we already published in
[HHS10].

An optimal choice for

This section is started by studying the dependence of the number of iterations needed for
solving the Schur complement system via a PCG iteration with the preconditioner from
Subsection 8.3.4, on the stabilization parameter 3. First, we consider a constant value
e = 1, p = 1 and the angular frequency was chosen to be w = 10w. The domain € is

divided into 4 x 4 equally sized elements with a polynomial order of 50 in each spatial



CHAPTER 8. A TENSOR PRODUCT IMPLEMENTATION 154

S s lalals[1[2][3[4]5 |
e=:]95 |8 | 81 [76] 66 | 54 | 44 | 40 | 44
e=1 [120]105] 94 [ 78| 59 | 41 | 51 | 55 | 58
e=1 [140[121 [ 102 [73 ][ 35 | 54 | 79 | 88 | 103
e=4 [108] 86 | 62 [34] 65 | 99 | 151 [ 194 | 239
e=16] 50 | 34 | 47 [70 [ 131 | 317 | 597 [ 919 | 1366

Table 8.1: iteration numbers for different values of € and [

direction, which is enough to get a good resolution of the wave. The number of iterations
required for different values of € and [ is given in Table 8.6.1. The results show that
the iteration number is very sensitive to the choice of [ for large values of ¢ and that
the optimal choice would be g = \/u_/e, which fits well into the discussion of Subsection
5.2.1. There, we remarked that for this choice of § the local problem on the element level,
which is needed to be solved in order to eliminate the volume unknowns, corresponds to
a Helmholtz problem with absorbing boundary conditions on the element boundary, and
Lemma 5.8 guarantees energy conservation. From our problem Formulation 8.1 we can see
that for such a choice of 8 the volume solution just depends on the incoming waves G; and
that there is only indirect coupling to the outgoing waves Go.

Choosing a good value for 8 is much more difficult if € is not constant on the domain.
Following the discussion in the last paragraph, an obvious option would be to choose
b= \//T/e for each element separately. Because the eigenvalue problem 8.2 depends on (3,
it has to be solved for each element size and each [ which is expensive and compensates
the advantages of the method presented in this chapter. Furthermore, if € jumps across a
facet, a different eigenfunction basis is used on the two neighboring elements which leads
to full coupling blocks in the Schur complement for this facet. Therefore, a global choice
of f is desirable.

In order to examine the dependence of the iteration number on (3 for a non constant e,

we assume for our computational domain = (0, 2)?

e(z) = €per  for @ € (1, g) X (%, 1),
0 else,

for different values of €., and p# = 1. A uniform mesh of 6 x 6 elements, by which the
perturbation can be resolved, is used together with a polynomial order of 120 in order to

approximate the wave for w = 157. Figure 8.4 shows the iteration numbers for different
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values of €., and 3. The plots show that the iteration number increases with growing €, .
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Figure 8.4: Number of iterations depending on S for different values of € in the perturbed
region, i.e. €, = 64 (top left), €per = 16 (top right), €,e, = 4 (bottom left) and €., =
(bottom right)

L
32

Motivated by the results with constant €, we choose a global 3 as

ﬁopt =V M/E

with € as an effective € of the domain. We made good experience by taking for v/€ the

mean value of y/¢ on the domain €, i.e.

\/Ezﬁ/ﬂ\/zdx.

The value for the corresponding f3,,; is marked by a dashed line in Figure 8.4. From the
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Figure 8.5: For the red, green, blue, magenta and cyan lines w is chosen such that the size
of one element is 3, 9, 22, 56 and 143 wavelength, respectively. For the left hand plot the
mesh was 2 times 2 elements, and consequently w = 67, 187, 447, 1067 and 2867. For 12
times 12 elements in the right hand plot we took w = 367, 1087 and 264r.

numerical results one can see that f3,, is a good choice for the stabilizing parameter and

it gives almost an optimal iteration number.

Dependence of the iteration number on frequency, polynomial order and mesh

size

Now, the number of iterations is studied for different polynomial orders and angular fre-
quencies w. In the following calculations €, ;1 and 8 were chosen as one. In Figure 8.5 the
number of iterations is plotted against the polynomial order for different frequencies w, or
more precisely number of waves per element. The two plots presented there were calculated
for two different uniform meshes consisting of 2 x 2 elements (left) and 12 x 12 elements
(right). From [Ain04] we know that about at least three till four unknowns per wavelength
are needed to resolve the wave. From Figure 8.5 we can conclude that if the polynomial
order is much to small to resolve the solution, we get small iteration counts. For a growing
polynomial order the number of iterations increases rapidly, or convergence of the solver
is lost. If the polynomial order is chosen such that the wave can be resolved, thus, it is
between three and four times the number of waves per element, the number of iterations
reaches again a minimum. The number of iterations at this minimum seems to be almost
independent of the frequency, but it depends on the mesh size. For 2 x 2 elements, or h = 1
10 iterations are needed, while 12 x 12 elements or h = L results in about 100 iterations.

6
A further increase in the polynomial order leads just to a small growth of the number of
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Figure 8.6: Number of iterations for different mesh sizes. The frequency was chosen, such
that the size of one element is 22 wavelengths

iterations.

Next, we study the dependence of the iteration number on the mesh size, or more
precisely for different uniform meshes. Therefore, w was taken such that each element is
of the size of 22 wavelengths, i.e. w = 447 /h, and the polynomial order was chosen as 105,
which corresponds to about five unknowns per wavelength, and it is therefore large enough
to resolve the solution. Figure 8.6 shows that for such a setting the number of iterations
is proportional to the number of elements in one spacial direction. One interpretation of
this fact would be that a fixed number of iterations is needed to propagate the input data
given by u;, on the boundary through one element. According to Figure 8.5 this number of
iterations seems to be almost independent of the frequency if the wave is resolved. Based

on this observation, the "speed of propagation" should be also frequency independent.

Computational times

Apart from iteration counts, computational times are an issue. In Figure 8.7 the computa-
tional times on an Intel 2GHz processor are plotted against the polynomial order for two
different uniform meshes with 4 x 4 or 8 x 8 elements. The angular frequency is chosen
for both meshes such that the element has a size of nine wavelengths. Thus, a polynomial

order of about thirty is needed to resolve the wave. The plot shows that the solution time
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Figure 8.7: computational times for a uniform mesh of 4 x 4 and 8 x 8 elements

for both meshes, and the setup of the system of equations is of order p?. Taking into ac-
count that the number of iterations grows just slightly with the polynomial order, we can
conclude that one iteration is at least of complexity p?. For polynomial orders less than
30 the wave can not be resolved, and a higher iteration number is needed, which perturbs
the O(p?) behavior in the solution times. Although, solving the eigenvalue problem is of
higher complexity, the computational time needed for this is negligible compared to the

solution process for the relevant polynomial orders.

Hanging nodes

In order to study the influence of hanging nodes onto the number of iterations, we generate
a hanging node mesh by refining a uniform mesh to the point P = (1.51,1.01) according
to the following strategy. We start the procedure by meshing the computational domain
Q = (0,2)? by one single element (refinement level zero). In each refinement step the
element containing the point P is divided into four equally sized elements with half the
polynomial order. Because of approximation properties the size of neighboring elements
should not differ too much, i.e. we want to avoid arbitrary level hanging nodes. Therefore,
an element is also refined if P is in a distance of ch, where h is the edge length of the
element. The global constant ¢ defines implicitly the mesh grading. Figure 8.8 shows for

¢ = 1 a mesh of refinement level ten which contains 61 elements.
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Figure 8.8: number iterations for different refinement levels and wavelengths (left) and the
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Figure 8.9: Solution of the Helmholtz equation with a first order absorbing boundary

condition (left) and with a Hardy space boundary condition (right)

For such meshes the plot in Figure 8.8, where the number of iterations is plotted against

the refinement level for different angular frequencies, was computed. For a small refinement

level the number of iterations grows rapidly, while it stays approximately constant for

refinement levels higher than five. Contrary to the uniform mesh case, where the number

of iterations seemed to be frequency independent for a polynomial order large enough, for

hanging nodes meshes it depends on the frequency. An increase in the angular frequency,

which corresponds to an increase in the number of waves per domain, leads to a growing

iteration number.
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Figure 8.10: For the red, green, blue, magenta and cyan lines w is chosen such that the
size of one element is 3, 9, 22, 56 and 143 wavelength, respectively. The underlying mesh
consisted of 2 x 2 (left) and 12 x 12 elements (right) with infinite Hardy space elements of
order 10.

8.6.2 Hardy space infinite elements

We want to start this section with an example which shows the advantages of Hardy space

infinite elements compared to a first order absorbing boundary condition.

Comparing the boundary conditions

In Figure 8.9 the Helmholtz equation is solved on ©Q = (0,6) x (0,4) where an incident

(y—2)*
01

conditions (left) and Hardy space infinite elements (right). As underlying mesh, a mesh

beam with a Gaussian shape u;, = exp <— is prescribed via absorbing boundary
of squared elements with an edge length of one was taken, and for w = 127, which is
equivalent to 6 wavelengths per element, a polynomial order of 30 was chosen. As already
argued, absorbing boundary conditions are only exact for one single angle of incidence. If
the angle of incidence does not exactly match with the angle of incidence expected by the
boundary condition reflections appear. This can be seen in the left hand plot of Figure
8.9. There, reflections appear on the top right and bottom right corner of the domain,
which leads to an interference pattern. The right hand plot, calculated with a Hardy space
infinite elements, is free of reflections on the boundary and does not show an interference

pattern.
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Figure 8.11: Iteration counts for different mesh sizes. For the left hand plot the dimension
of the Hardy space is kept constant to 10 and the frequency is changed, while in the right
hand plot different dimensions of the Hardy space are used for 20 waves per element.

Dependence on the polynomial order

We continue the numerical results section by repeating the calculations for Figure 8.5 with
Hardy space infinite elements instead of an absorbing boundary condition. In Figure 8.10
the number of iterations for solving our model problem on € = (0,2)? with input data
Uin(x,y) = exp (—%) for x = 0 is plotted against the polynomial order for different
angular frequencies and two different uniform meshes containing 2 x 2 elements (left) and
12 x 12 elements (right). The order of the Hardy elements was kept constant to 10.
Although, solving a problem with Hardy space infinite elements requires for our pre-
conditioner more iterations, we observe by comparing Figure 8.5 and 8.10 that the major
features of the plots are the same for both types of boundary conditions. Choosing a poly-
nomial order much to small to resolve the solution requires a small number of iterations.
Increasing the polynomial order leads first to a fast growth in the iteration number. If the
polynomial order is high enough to resolve the wave, the number of iterations decreases
rapidly, and a minimum is reached for about four till five unknowns per wavelength. A
further increase in the polynomial order leads just to a small increase for the iteration

counts. Furthermore, we can see that a finer mesh requires more iterations.

Dependence on the element size and the dimension of the Hardy space

In order to investigate the dependence of the iteration counts on the mesh size for our model
problem, the number of iterations is plotted in Figure 8.11 against the number of elements

in one spatial direction. In the left hand plot the angular frequency, or more precisely the
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number of waves per element, is changed, and the dimension of the Hardy space is kept
constant to ten. Whereas the right hand plot shows the results for different dimensions of
the Hardy space and 20 waves per element. The polynomial order was chosen such that
there were five unknowns per wavelength, which is enough to get a good resolution of the
wave.

While we concluded from Figure 8.6 that the number of iterations is proportional to
the number of elements in one spatial direction for absorbing boundary conditions, Figure
8.11 indicates still a linear dependence of the iteration counts on the mesh size, but the
straight line is shifted along the iteration number axis. From the plots we can see that
the slope of a straight line trying to fit the numerical data is about the same, independent
of frequency or the dimension of the Hardy elements. Therefore increasing the number
of elements in one spatial direction by one increases the iteration counts by a constant
number. Thus, the PCG solver needs a constant number of iterations in order to transport
the data fixed by the incoming wave on the boundary across one element. Furthermore,
exchanging absorbing boundary conditions by Hardy space infinite elements increases the
number of iterations, which can be seen by the shift of the straight line fitting the numerical
data to higher iteration numbers. The right hand plot in Figure 8.11 indicates that this

shift grows with a growing dimension of the Hardy elements.

Large scale examples

To conclude the results section, we want to present a large scale problem. We assume that
an incoming beam with a Gaussian shaped amplitude is scattered at different obstacles.
In order to prescribe a beam coming from the left of the computational domain 2 :=
(0,4) x (0,3), we use u;;, = exp <—%> at * = 0 and u;, = 0 else. As obstacle an
equilateral triangle with side length 2.3 and a circle of diameter 2 were chosen. For the
triangle yo was chosen to be 1.5, while we took yy, = 2 for the circle. The shapes of these
obstacles are visualized in green in the two meshes of the computational domain in Figure
8.12. In the red area of the mesh we assumed € to be one, and the obstacle consists of a
material with € = 2. This parameter leads for w = 1207 to an effective size of the obstacles
of 195 and 170 wavelengths, respectively.

The meshes in Figure 8.12 are obtained from one single element (refinement level zero)
by eight refinement steps towards the boundary of the obstacle. In each refinement step

an element with edge length A and polynomial order p is divided into four equally sized

elements of polynomial order £, if the boundary crosses the element or if the distance
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Figure 8.12: Amplitude of the total field for scattering at a triangular (top left) and a
circular (bottom left) obstacle. The right hand side shows the underlying meshes. For
w = 1207 the size of the domain corresponds to 240 times 180 wavelengths (¢ = 1).
Considering € = 2 in the obstacles leads to an effective side length of the triangle of 195
wavelengths and to an effective diameter of the circle of 170 wavelengths.

between element and boundary is less than ch with a global constant c¢. Taking ¢ = 0.1
results in 2506 elements for the mesh with the circular obstacle and in 2440 elements for
the problem with the triangular scatterer. As polynomial order we took for the element of
refinement level zero 1500 for each spatial direction. Thus, the largest elements appearing
in the two meshes are of level two with order 375, and the smallest elements which are of
level eight have polynomial order six. Non reflecting boundary conditions were realized by
Hardy space infinite elements with dimension five.

In the left hand plots the absolute value of the total field u is plotted for the described
settings. For both settings the eigenvalue problem was solved on an Intel 2.5GHz processor
in 0.9 seconds, and for assembling the matrices 5.5 seconds for the circular obstacle and 6.7
seconds for the triangular one were needed. The by far most time consuming part is the
iterative solver. The problem with the triangular object was solved with 2622 iterations
in 3.6 hours, and for the other problem 9427 iterations and 10 hours were needed. One
reason for the high iteration numbers is that the obstacles form small cavities, and the

PCG solver suffers from internal reflections.



Chapter 9
Simulation of diffraction gratings

In the last chapters we have described methods realizing transparent boundaries. The
easiest to implement is the absorbing boundary condition. But it causes reflections, as soon
as an outgoing wave hits the boundary at a slightly different angle as expected (compare
Figure 8.9). This advantages can be compensated at the cost of more implementation
effort for example by Hardy space infinite elements. There, the region outside the domain is
meshed by semiinfinite elements, where a special set of basis function is used to approximate
the solution. In this chapter we are going to present a realization of transparent boundary
conditions which is well suited for scattering problems in periodic media also called gratings.
This method we already published in [HSSZ09|.

Diffraction gratings are of big interest in physics. While in the past gratings were mainly
used in spectroscopy, a large variety of applications appeared during the last decades.
Nowadays gratings are important in nanotechnology as anti reflection coatings or grating
couplers and in the extreme ultra violet technology. For such structures the far field, i.e.
the field in a large distance above or below the grating, consists of a finite number of
plane waves or modes with directions which are well known [BW99, Rei05] and which only
depend on the period of the structure. In order to determine the intensities of these waves,
Maxwell’s equations have to be solved. For a detailed discussion on gratings we recommend
the books of Petit [Pet80] and Neviére and Popov [NP03].

One of the most frequently used methods to deal with gratings is the rigorous coupled
wave (RCW) method, see [Li97, MG81, NP03], where the computational domain is divided
into parallel layers, and a plane wave expansion of the solution is used in each slice. Due
to the special structure a fast application of transfer operators is possible. But, because

of the slicing, the method faces difficulties approximating curvilinear geometries. Apart
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from finite difference methods [NCMC71, Vin78, Pet80], integral equation methods [Pet80,
PMMO97| are another possibility to calculate the reflection pattern of a periodic structure.
There, an induced surface distribution on the boundary of the optical element, described by
the integral form of the Helmholtz equation, is used to compute the solution at any point in
the space. This method is not restricted to an infinite periodic system and can be used also
for general scattering problems. An alternative are boundary variation methods [BR93,
BR96] which make use of the analytic dependence of the diffracted fields on variations
of the surface of the diffractive element. When using such a method, the derivatives of
the efficiency with respect to the grating height is calculated via a recursion formula. For
completeness, we have to mention the curvilinear coordinate method [CDCMS82, Gar99|
which is applicable for multi coated gratings, i.e. periodic structures of multiple layers with
equally shaped interfaces. The method is based on a transformation which transforms the
whole system to a system of parallel planes with constant coefficients.

In our method (compare [HSSZ09|) we use finite elements to solve the diffraction prob-
lem, see also [Abb91, Bao97, BD00, EHS02, Sch04, BCW05, SZB*07|. Here, the near
field domain is divided into simple elements, and the unknown field is approximated by
piecewise polynomials which satisfy continuity conditions on the element interfaces. This
approach is very flexible when modeling complicated domains. According to the theory
of Bloch-Floquet the whole periodic grating can be reduced onto one unit cell by stating
quasi periodic boundary conditions [Flo83, Blo28, Kuc01]. A difficult task is to model
the semiinfinite domains above and below the grating. Commonly used are the perfectly
matched layer (PML) technique [BCWO05, SZBT07| or transparent boundary conditions
[Abb91, Bao97, BD00, EHS02, Sch04] derived from integral equation methods. The first
one can be seen as a complex continuation of the computational domain which is free of
reflections at the interface and damps out the solution. Truncating this continued exterior
domain to a finite domain causes only small reflections which can be well controlled. The
second method mentioned above is derived by integral equation methods, and it can be
efficiently implemented on uniform grids by the fast Fourier transform.

The approach we present in this chapter uses propagating and evanescent waves in
order to describe the field in the semiinfinite far field domain. The novelty is that these
two different approximations for the near and the far field are coupled via the method of
Nitsche [Nit71, Ste98, HHLO3|, which is very similar to discontinuous Galerkin methods.
For further reading on discontinuous Galerkin methods in general see [ABCMO02, CKS00]
and [HPSS05, PSM02] for discontinuous Galerkin for Maxwell’s equations. Continuity
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between these two different approximation spaces is now enforced directly by the variational
formulation itself. Furthermore, planar layers modeled by the transfer matrix method
[NP03, Rei05] fit well into this concept.

This chapter is organized as follows. In Section 9.1 the diffraction problem is described,
and the Rayleigh expansion is stated. Section 9.2 deals with gratings periodic in one
direction. There, the variational formulation for the finite element domain under quasi
periodic boundary conditions is stated. The waves describing the far field are coupled
via the method of Nitsche to the near field approximation. In Section 9.3 this approach is
generalized to the full Maxwell case with gratings periodic in two spatial directions. Section
9.4 deals with the modeling of planar layers, and the chapter is finished with numerical

examples.

9.1 Preliminaries

In this section we derive the far field solution. Therefore, we introduce the Rayleigh

expansion.

9.1.1 The geometry

Before starting, we have to introduce some notations. We consider structures in R? which
are at least periodic in z-direction with period d,. For biperiodic gratings an additional
periodicity is assumed in y-direction with period d,. Due to the periodicity material
parameters like the electric permittivity e and the magnetic permeability p are invariant

under translation into z-direction and in the biperiodic case into y-direction as well,

e(r +ndy,y +mdy,, z) = €(z,y,2)
wlx +nd,,y +mdy, z) = p(z,y,z)

with n,m € Z. Non-orthogonal periodicity can be treated similarly. The near field domain
is according to Figure 9.1 defined as Q' := {(z,y,2) : a < z < b} with a < b, QF :=
{(:1:, Y, z) Tz > b} and Q= {(:U,y, z) 1z < a} we call the semiinfinite far field domains
above and below the grating and QF = Q* N Q.

Due to the periodicity, the infinite computational domain ! can be restricted to the
unit cell QII) (compare Figure 9.1). The restrictions of QT and Q= we call Q; and (2.
The interfaces I't and '™ we define as I't := ﬁ; N ﬁ; and '™ = ﬁ; N ﬁ;. The periodic
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Figure 9.1: Geometry of the problem

boundaries perpendicular to the x-axis are called I and I'”| and in the biperiodic case Fé
and I} describe the boundaries orthogonal to the y-axis.

In the following, we use the superscript + and — for parameters to indicate where
they are defined. In the interior domain Q! we assume € and p to be piecewise constant.
The permeability u is regarded as positive and real, while € can be complex valued with a
positive real part. The imaginary part of ¢ models absorption and emission of the material,
respectively. Above and below the grating € and p are constant with the values et, u* and

€, 1. In Q7 the permittivity is absorption free and therefore real.

9.1.2 The Rayleigh expansion

In absence of currents and free charges, we have to solve the vector valued wave equation

1
curl (— curl E) —w?eE =0 (9.1)
0

in order to compute the electric field.

Biperiodic gratings

Above and below the grating, where € and u are constant, this equation reduces to

curl (curl E) — (k*)°E =0 in QF.
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The absolute value of the wave vector k* = wr® includes the refractive index v* = /efuE.
Note that the square root is chosen such that Im(v*) > 0 and that for Im(v*) = 0 the real

part Re(v*) is positive. The fundamental solution of this equation is
E(z) = Aeilcs+iytr2)
with the restriction that
o? + B2 + 42 = (kF)? with «, 3,7 € C.

The parameters o, 3,7 can be interpreted as the components of a wave vector k* who
indicates the direction of the plane wave of constant amplitude A. The divergence freeness
of the electric field leads to k* - A = 0. Thus, the amplitude is perpendicular to the
direction of propagation.

We assume an incoming electric field with the shape of a plane wave and a wave vector
k' = (af, B85 .7¢)" =k (sin6cos ¢,sinfsin g, —cos ). (9.2)

Here 0 € [0,7] and ¢ € [0,27] are the angles of incidence. According to the theory of

Bloch-Floquet [Flo83, Blo28, Kuc01]| the total electric field is quasi periodic, i.e.

E(x+d.e,) = p.E(x),
E(x +dye,) = pyE(x)

with the canonical basis vectors e,, e, and the factors p,, p, fixed by the incoming plane
wave. Due to this quasi periodicity we get further restrictions for wave vectors of plane

waves above and below the grating,

of = a§+n2—w, (9.3)

Bt = pF+mT, (9.4)
dy

Tom = V()% — (aF)2 — (B%)2, (9.5)

where n,m € Z. Note that the coefficients af and 8E are real numbers if the material is
not absorbing, but for higher orders n and m, 7= is complex. To define the v uniquely

we take the value with Re(yZ,) > 0 if the real part is not zero, else we take  with
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Figure 9.2: The Rayleigh expansion

Im(%ﬂfm) > 0. An imaginary part in %jfm results in an evanescent mode.
Collecting everything leads to the Rayleigh expansion of the electric field in the far field

region F

E(z) = Z A:mei(a%ﬂﬁ%y—ﬁm@_i_ Z Bfmei(a%r+5$y+ﬁm2) (9.6)

mmn,=—o0 mn,=—oo

with constant amplitudes AX

and BZ . Note that by the first sum waves are described
which are propagating into negative z-direction, and the second sum consists of waves
propagating in positive z-direction. The only wave propagating towards the grating is the
incident wave in Q with wave vector k™ and a known amplitude Ag,. Thus, all coefficients
B, and A with the exception of Af, are zero (compare Figure 9.2). The coefficients

m

B and A, are unknown and need to be calculated. Summarizing this, the electric field
in OF is
E(z) - E,(x)+ Et(x) inQ"
E (x) in Q~
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with
Bola) — Ageeis i) ©7)
Et(x) = Z B;mei(aIerﬁﬁzerﬁmZ)’ (9.8)
70_07 ) ) )
E-(x) = > At (9.9)

From (2.26) and (2.27) we obtain for the transmission coefficient %, defined as the
fraction of incoming energy reflected into the mode of order n, m above the grating, and
the transmission coefficient .7;,,,, which describes the fraction of energy transmitted into

the mode of order n, m below the grating,

_|Bi"Re(7h)
Ay PRe(75,)

AL PE Re(7,,)

7. - Tm)
| A2~ Re (V)

and T

One dimensional gratings

For the special case of a one dimensional grating periodic in z-direction with an incoming

wave propagating in the zz-plane, i.e. the wave vector is given by
kT = (of,0,7)" = kT (sinf,0 —cosh)",

the whole problem is invariant under translation into y-direction. Therefore, the electro-
magnetic fields decouple into TE and TM modes (compare section 2.1.4). Thus, we can

consider instead of the vector valued wave equation (9.1) the Helmholtz equation
(1 9~
div | —gradu | +w?éu =0,
[

where u = E,,€ = € and i = p in the TE-case, and v = Hy, € = p and i = € for TM
modes. Following the same argumentation as for biperiodic gratings we obtain for the far

field solution

() — Uin(x) +ut(x)  in QF,
(=) { u” (x) in QO
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with
Uin(®) = Afel®0r709), (9.10)
ut(x) = Y Bfelerstoia), (9.11)
u_(x) = Z Az elane=rnz), (9.12)

Note that scalar amplitude Ag of the incoming wave is known and

2
of =af + nd—7T and ~vF = /(k*)? — (aF)? for n € Z.

Like in the biperiodic case reflection and transmission coefficients can be computed via

_ IBiI*Re(7y)
|Ag [PRe(75)

_ AT P Re(,,)

%n - q — 9
|AS 2~ Re(7{)

and T,

where ¢ = 1 in the TE case and for TM modes g = E—f

9.2 Problem formulations and discretizations for one di-

mensional gratings

In the last section we stated a plane wave ansatz for the solution of the Helmholtz equation
in the far field domain QF with the unknown coefficients A, B, respectively. These

coefficients can be calculated by solving the wave equation in the near field domain Qf

together with coupling conditions at the interface to the exterior domains.

9.2.1 The classical formulation

According to the theory of Bloch Floquet the solution has to be quasi periodic, i.e. u(x +
d.e;) = pyu(x), where the factor p, is defined by the quasi periodicity of the incoming

wave. Thus, p, equals e 4= The fact that the normal component of the flux field has to
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fulfill the same periodic constraint leads to the quasi periodic boundary conditions

ul(x + dye,) = pu’ () Vo € T (9.13)

1 1
—np - gradu’ (z + dye,) = po—np - gradu’ (z) vx € I, (9.14)
T T

l

x?

where np: is the outer normal vector on I';, and the superscript [ implies that u is the
solution in Q.
On the interfaces the solution on QII) has to match the solution in Q;t, and their fluxes

have to be normal continuous, i.e.

ur(x) = up(x) + vt (x) Ve e 't (9.15)

1 1
/1—+np+ -gradu! (x) = ﬁnﬁ - grad (ui,(x) + u' (z)) Ve e 't (9.16)
ur(x) = u” () Ve e I'™ (9.17)

1 1
—np - gradu’ () = —np- - gradu™ () Ve eI, (9.18)

ji ji

Summarizing this, we end up with the classical problem formulation.

Formulation 9.1 (classical formulation). Find u : Q) — C, such that
(1 I 2 1 ol
div <7 grad u ) +weu’ =0 in (9.19)
i

together with the quasi periodic boundary conditions (9.13) and (9.14) on Tl and T, the
interface conditions (9.15) - (9.18) on T'¢ and the far field ansatz (9.10) - (9.12) is fulfilled.

9.2.2 The weak formulation

Now, we are able to state the variational formulation for the near field domain QIID. Taking
the scalar Helmholtz equation, multiplying it with a test function, integrating it over the

computational domain, and integrating by parts, we get the variational formulation

1 _
Bl (u!,v) — <ﬁn89{) ~gradu1,v>m£ =0 Yo € Hl(Qf,),
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where u’ € H'(€]). The bilinear form B is given by

1 S
Bl(u,v) = <ﬁ grad u, gradﬁ)% — w’é(u, U)Q{).

Note that we still have to take care of the quasi periodic boundary conditions (9.13) and
(9.14) and the interface conditions (9.15) - (9.18).

9.2.3 The incorporation of quasi periodic boundary conditions

The next step is to incorporate the quasi periodic boundary conditions (9.13) and (9.14).

Therefore, we restrict the test function space H 1(QZI)) to the quasi periodic space

Q= {v € H'(Q)) : v(x+ dye;) = pov(z) Vo e Ffr}

p

Note that the quasi periodic constraint (9.13) is an essential one, and it is directly incor-
porated into the space. We should mention that a conforming finite element discretization
of the space QII, requires matching meshes on the two periodic boundaries. The quasi pe-
riodicity of the flux (9.14) is, as we will see in the following lemma, included in the weak

sense. Thus, it is a natural constraint.

Lemma 9.2. Any function u! € QIIJ satisfying the variational equation
B](I )_<l . dI—> VGQI
(u' v ﬁnr‘:l: gradu’, V). v v

fulfills the Helmholtz equation (9.19) together with the boundary conditions (9.13) and
(9.14).

Proof. The condition (9.13) is fulfilled by the definition of the periodic space Qf,. Integra-
tion by parts of the first term in Bf(uf,v) yields

(1 o 1 _
( — div (E grad u1> — w%ul,v)% + <ﬁn1“ - grad u17”>r;ur; =0 Yv € QZI?,

where mr is the outer normal on T and I'", respectively. Choosing test functions with

v|pe e = 0 directly leads to

1
—div (r grad u1> —wiu! =0 on QII).
[
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By transforming the integral over I'” to an integral over I'; and by using the quasi period-

icity of the test function together with np = —nr; we obtain
1 7 1 7 _
0 = <Tn1“l -gradu ,U>Fl + <7np¢ cgradu’ (¢ + de,),v(x + dxez)>Fl
e e Vit :
1 1
= (=np -gradu’,T), — (=np - gradu! (@ + dye,), p,0(2))
e e Vi .

1 1
= (=np -gradu!(z) — p,~np - gradu’ (z + do€s) V)

This results with the help of p, = pix in condition (9.14). O

Remark 9.3. The term

<énri - grad u, E>Fi

requires Neumann boundary data p ‘mp= - gradu’. Integral equation methods apply here

the Dirichlet to Neumann (DtN) map T to replace the boundary term by

<T(u1),6>ri.

In [EHS02, Sch04] this DtN operator is realized efficiently on uniform grids by the fast
Fourier transform. Qur approach uses the DtN operator provided by the Rayleigh expan-

S10M.

9.2.4 Incorporation of the interface conditions by Nitsche’s
method

Finally, the interface conditions have to be included into the variational formulation. The
outgoing plane waves vt and u~ together with the known incoming plane wave u;, have
to be coupled to the polynomial solution u! in the interior domain.

For notational reasons we define the wave vectors of outgoing waves in Q1 as k' :=
(af, )T, and the wave vectors of outgoing waves in Q= we call k, = (a;,7,)". The

wave vector of the incoming wave we denote by k™.
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Upon this, the spaces wherein we search for the solutions u™ and u~ are defined as

Qt = {v Cv = Z B:eik:m, BIGC},

Q- = {U LU= i Ay etkn® A~ G(C}.

Using the Rayleigh expansion, we can construct for any function vt € Q,

o0

2t
U+ — E B:sznm,

n=—oo

the DtN operator T as

T(ut) == Y (s kf)Bfe™ie,
o

n=—oo

For v~ € @~ and w;, the operator can be determined similarly. Furthermore, let [u]+ be

the jump of u at the interface I'%, ie. [u]y := ul —u®.

Incorporating the interface conditions (9.15)-(9.18) into our variational formulation
with Nitsche’s method [Nit71, Ste98, HHLO03|, or similarly with a discontinuous Galerkin
method [ABCM02, CKS00|, yields together with the fact that the incoming wave is known

to our problem formulation.

Formulation 9.4 (weak formulation). Find w:= (u',u",u”) € Q) x Q" x Q™ such that
Bi(u,v) = F() Vo= (0" 07) € QL x QF x @
with the bilinear form

Bi(u,v) = Bl(u' v+ <T(ui),ﬁi>Fi + <T(ui), [E]i>
([, TW) ) + 0[], 0] )

T+

and a properly chosen stabilizing parameter n. The linear form containing the incident

iktax

wave u;, = Age reads as

Fl(v) = _<T(uzn)v UI>F+ + <uim T<U+)>p+ + 7]<uim [U]+>F+'
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Next we state consistency of the weak problem formulation.

Lemma 9.5. The exact solution w = (u!,u™,u™) of the classical Formulation 9.1 is a

solution of Formulation 9.4.

Proof. Inserting the exact solution (u!,u™,u~) into B}(u,v) results together with the

interface conditions (9.15) and (9.17), i.e. [u]+ = u; on I'" and [u]- =0onI'_, in

Bi(u,v) — Fi(v) = Bl@'v")+ <T(ui),6i>ri + <7’(ui), [E]i>ri
H(T (win), U1>r+7
Bi(u,v) — Fi(v) = Bi(u" v")+ (T (Ww" +upn),v" ), + (T )" .

Note that according to the definition of the operator 7 and the interface conditions (9.16)
and (9.18) T (u™ + us,) = i *np+ - gradu! and T(u™) = g~ 'nr- - gradu!. Thus,

Bi(u,v) — Fi(v) = B{(u',0") + (" 'nr= - grad ', 0")

which is zero according to Lemma 9.2. ]

Remark 9.6. (i) In the method described in Formulation 9.4 the Rayleigh coefficients

B} and A, appear as additional unknowns in the variational equation.

(ii) For elliptic problems it is well known that the stabilizing parameter n has to be chosen
sufficiently large, i.e. n = %, to obtain an elliptic bilinear form on the finite element
space. For our indefinite problem we made good experience by taking n = iw, which

represents an impedance boundary condition for the near field domain.

(iii) Using this formulation, the gradient of the plane waves T (ut) has to be evaluated
instead of the gradient of the interior solution nr+ - gradu! when assembling the
system matriz. Because T (u™) is equivalent to the multiplication of the inner product
of mormal and wave vector with a plane wave, an evaluation of the DtN map is

equivalent to a function evaluation and therefore cheaper.

(iv) Except to the term (T (u*),v*) ., the bilinear form is hermitian. This integral of two

plane waves over the interface leads because of

dz
, 2y, 2n
/ g0tz —ilaotmaT gy — 5 d.
0
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just to diagonal entries in the system matriz. Thus, the stiffness matriz can be

decomposed into a hermitian and a diagonal matriz.

9.3 Problem formulations and discretizations for biperi-
odic gratings

In this section we provide the main points of the corresponding problem formulation for
the biperiodic grating. For a more detailed discussion see [HSSZ09].
For biperiodic gratings, the electric field E, which we call E! in QZI,, and the magnetic

field, i.e. (iwu)~! curl E have to be tangential continuous across interfaces. Furthermore,

l

on the periodic boundaries I,

I Fé, ['}, the tangential components of these two fields have
to be quasi periodic with factors p, = e d= and Py = e obtained by the incoming

wave (9.7). This leads us to

Formulation 9.7 (the classical formulation). Find a vector valued function E! : Q]IQ — C3
which satisfies
1
curl (— curl EI> —w?eE' =0 (9.20)
,u

under the quasi periodic boundary conditions

nre x E'(x + dye;) = p;np x B () Ve e T, (9.21)
1 1
—np x curtl BN (x + dye,) = pp—np x curl B! (z) vz e T, (9.22)
nry X E'(x +dye,) = pymeri, X E'(x) Va € F;, (9.23)
1 1
—npn x cwrl B (x + dye,) = p,—np x curl B! (z) Vo eI, (9.24)
e TR

and the interface conditions

nr+ x E' = nps x (B, + EY) on T, (9.25)
%nm x curl B = l%nm x curl(E;, + ET) on T (9.26)
np- x Bl =np- x E- on T, (9.27)
%nr x curl B = ,ui_np x curl E~ on I'T, (9.28)

together with the ansatz (9.7) -(9.9).
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We get by testing (9.20) with a vector valued test function and carrying out integration

by parts

1
BHE! e) - <; curl Y g1 X el>8% =0 Ve’ e H(curl, ),

with EY € H(curl, QIID) and the bilinear form for the internal domain Qé

BIE! el) .= (% CurlEI,curleI)Q, - (wQEEl,eI)Q,.

The quasi periodic boundary conditions can be again implemented by incorporating the

conditions (9.21) and (9.23) directly into the function space, i.e. restricting H (curl, Q) to

Fg}7

I._ Iy . _ _
Y, = {'U € H(curl, Q) : pynp X v|pe = np X vlry, pyTirt X 'v|1"é =mnpy X v

and by neglecting the boundary integral on the periodic boundaries.

Lemma 9.8. Any function E' € YZDI satisfying the variational equation
1
Bé(EI,eI)—<;curlE1,npi><eI>Fi:0 VeIGYPI

fulfills the differential equation (9.20) together with the quasi periodic boundary conditions
(9.25) -(9.28).
The proof of this lemma is similar to the proof of Lemma 9.2.

In order to incorporate the interface conditions, we have to define the plane wave
spaces and to introduce the DtN map 7. With the wave vectors k. = (o, 5.5, vF),

k. = (a,,B,,%.,) and kT for the incoming wave, the plane wave spaces on Q" and

read as
Y+ — {'U S = Z B:meik:gmm7 B;l_m c (C37 B;l_m . k:’;m = O},
V- = {'U S = Z A;meik;mm7 A;m c C?)’ AT—Lm . k;m = 0}

For any v™ € YT,

o
+ _ E : + ikt
v — Bnme nm ,

n,m=—00



CHAPTER 9. SIMULATION OF DIFFRACTION GRATINGS 179

the DtN map is defined via

i = ikfma
T(v") = e Z kf x Bl eknm®

n,m=—00

Similar definitions exist for functions in Y~ and E;, . Additionally, we make use of the
tangential jump [v], := nr+ x v! — nr+ x v*. This leads us to the problem formulation

with the interface conditions incorporated by Nitsche’s method.

Formulation 9.9 ( the weak formulation). Find u := (E",E*,E") € Y, x YT x Y~
such that
By (u,v) = Fy(v) Vo= (el et e”) eV x Y xY"~

with the bilinear form

Byu,v) = BY(E' )~ (T(E*),mps x €. — (T(E),[e].)
_<[E]T> T<ei)>1“i + 77<[E]T> [6]7’>p¢

T+

with a properly chosen stabilizing parameter n. The linear form reads with E;, = A(J{Oeiw“c

as
Fy(v) := (T (Ein),mr+ x €)1 — (nr+ X Eip, T(e7)) 1, +n(nre x Eig, le]r) -

For this formulation consistency can be shown in the same way as in the proof of Lemma

9.5. We should also mention that Remark 9.6 applies for this problem formulation as well.

9.4 Modeling of layers

In many practical application are often planar layers between the semiinfinite substrate
and the periodic structure. The simplest way to take these layers into account is to add
them to the computational domain Q{). This can result in a large increase of the number
of unknowns in the case of many and (or) thick substrate layers, which is not desirable.
A different possibility to model such layers is to add them via the boundary condition,
i.e. they are part of the semiinfinite domain 2. In this case, we have to allow for waves
entering the computational domain Qé from below ( Br in Figure 9.3), caused by reflections
of the outgoing waves on I'” ( A in Figure 9.3). The aim of this section is, to express the

Rayleigh coefficients of the incoming waves on I'_ by the outgoing ones via the transfer
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Figure 9.3: A stack of substrate layers

matrix method [NP03, Rei05]. By doing this, the substrate layers can be incorporated
directly into the function spaces.

In the following, we assume that the layers are parallel to the xy plane (compare Figure
9.3), and the j-th layer with thickness d; = z;_; — z; is enclosed by the planes z = z;_; and
z = zj with z;_1 > z;. Note that I'_ is the plane z = z,. We consider i to be constant on
the whole domain and € and consequently v are constant at least on each substrate layer
with values €;, v;.

Because the polarization of a wave does not change when it is reflected, it makes sense
to decompose the field into a TE and a TM component. For the described setting the
solution in one layer can be expressed as in (9.6) via the Rayleigh expansion. Knowing
that in any layer the wave of order 7,7 is reflected on the interfaces either into the wave
moving in opposite z-direction of the same order, or it is transmitted to the order 7, ;7 wave
of the neighboring layer, it is sufficient to consider each order individually. Thus, we can

restrict ourself to one up and one down going wave.

9.4.1 TE-modes

For TE modes the electric field is parallel to the layers, and we will denote it in the j-th
layer as

EH (ZE, Y, Z) - Ajei(ajx+6jy—'7jz) + Bjei(ajm—i-ﬁjy_i_,yjz).
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With the help of this representation the electric field and its normal flux at the boundaries
of the layer can be described by

Ej 1 1 A eilez+Biy—2-1)
0B = . . ’ i(aa+By+v;25-1) (929)
0z /) o=z, =iy iy ) \Bjet YT

E 1 1 k 0\ [ Aeilsz+Biy—rz-1)

o, = o (9.30)
3—2.” - —1y; 1Y 0 % Bjez(ajﬁﬁjyﬂjzj,l)

with & := €% . From this equations we get the propagation matrix for layer j

-1
1 1 k 0 1 1

Pp=|{ ) o
=iy i) \O )\t

which connects the field and its normal flux above and below the layer,

(&), -» (%)
6EH - ) 8EH
0z /) |, 0z

J
Considering a stack of m layers with interfaces at zg, 21, . . ., 2, and using that on interfaces

Zj—1
the tangential electric field (here £)) and its normal flux are continuous, we get by simple

E) - E)
<f’ﬂ> =1I7 (8&
0z 20 7=1

Oz
Combining this with (9.29) and(9.30), which connect the electric field with its Rayleigh

coefficients, we obtain a system of the form

Ar\ As
() -u(®) -

Note that because of no incoming waves from below the stack Bg was considered to be

matrix multiplication

(9.31)

Zm

zero. Elimination of Ag leads to the desired relation between Ar and B, i.e. B = Ap =

Mz,
e Ap.
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9.4.2 TM-modes

For TM-modes we repeat this calculations for the magnetic field H, which is parallel to the

layers. Here the situation is almost similar. The only difference is that now the tangential

1
2,2
w23
J

component of the magnetic field H) and % have to be continuous across interfaces.

Thus, % jumps on layer interfaces. To take care of these jumps, the propagation relation

corresponding to (9.31) has to be modified by introducing an interface matrix

1 0
Dij: 0 ﬁ )
;

_ H

and we obtain

0z

&)

This relation leads again to an equation of the form (9.32).

20 Zm

Remark 9.10. Calculating the factor ¥ wvia %—i as suggested above can lead in the case
of absorbing layers, where one has to deal with large numbers in M, to a reduced accuracy
in 9. One possibility to avoid this is to start with an arbitrary number for Ag in (9.32),
for example As = 1, and to multiply the resulting vector with one propagation matrix after
the other. Because for the calculation of ¥ just the ratio between Ap and B is needed, the

vector can be normalized after each multiplication, and large numbers are avoided.

Remark 9.11. If we use plane wave basis functions in the space Y~ which are either TE or
TM, the factor ¥ linking an up going degree of freedom with the corresponding down going
degree of freedom can be calculated as just described. Substrate layers can be implemented

then by replacing Br by 9Afr during the assembly procedure.

9.5 Numerical examples

The numerical examples presented in this section were calculated with the finite element
code Netgen/Ngsolve of Schoberl (see http://sourceforge.net/projects/ngsolve or [Sch97]),
and the linear system of equations were solved with the direct solver "PARDISO" [SG04,
SGO6|.
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Figure 9.4: The real part of the electric field for TE modes(left) and the magnetic field for
TM modes (right) of a lamellar grating. The wave vector of the incoming wave points into
the direction of (sin(30°), — cos(30°))".

9.5.1 A lamellar grating as benchmark problem

We start the numerical results section by studying a two dimensional benchmark problem
from the literature [Gar99, BCWO05]|. There, a lamellar grating of period 1um with groove-
with 0.5um and a groove-depth of 1um is taken. The material above the grating is assumed
to be vacuum with a refractive index of one, while the grating itself is highly absorbing
with a refractive index of 0.22+4-6.71¢. For such a structure an incoming wave with an angle
of incidence of 30° to normal incidence is considered.

The left hand plot of Figure 9.4 shows the real part of the electric field for an incoming
TE wave. In order to get a good approximation of the solution, geometric refinement
towards the corner points of the grating was needed. There, in each refinement step these
vertices are cut off for the actual mesh with a geometric refinement factor of 0.125. For
geometric refinement of order one and polynomial order 12, which leads for the mesh of
Figure 9.4 to 15849 unknowns, the fraction of intensity reflected into the direction of order
-1 is with 0.7342789 in very good agreement with [Gar99, BCWO05].

In the TM case, due to singularities, a finer mesh and geometric refinement of order five
was needed to get the same accuracy. Additionally, the high absorption in the substrate
leads to a strongly decaying solution, as it is shown in the right hand plot of Figure 9.4,
and a refinement of the mesh towards the interface is necessary. The calculation in this
plot was done for polynomial order 6, which results in 23122 unknowns, and an intensity

for the zero order reflection of 0.8484817 was obtained. This is again close to the results
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Figure 9.5: L?-error as a function of unknowns for different geometric refinement levels in
the lamellar grating example for the TE case (left) and the TM case (right)

of [Gar99, BCWO05].

In Figure 9.5 we investigate for both polarizations the dependence of the solution on
the number of geometric refinement levels towards the corner points of the grating profile
and on the number degrees of freedom. The number of unknowns is varied for a fixed mesh
by changing the polynomial order. In this example the L?-error was calculated via the L2-
norm on I't UT~ of the difference of the actual far field solution and a reference solution
of higher accuracy. The plotted curves show some typical features. For small polynomial
orders, in the preasymptotic range, exponential convergence of the solution can be reached.
A further increase in the polynomial order slows because of the fixed mesh the convergence
rate down to algebraic convergence. While, according to Figure 9.5, for TE modes one
level of geometric refinement is sufficient, for TM modes geometric refinement has due to
singularities at the corner points of the grating profile a large influence onto the error of
the solution.

Finally, we examine the dependence of the solution on the distance of the boundaries
I'* from the grating. In Figure 9.6 the error in the intensity of the zero order reflection is
plotted against the number of plane waves used in the calculation for different distances
(in pm). The plot shows that the bigger the distance between the grating and the artificial
boundary I'*, the less plane waves are needed to get an accurate solution for the far field.
When cutting the unit cell in a small distance from the grating, the local field at the grating
has still a large influence onto the solution on I'*, and a large number of evanescent waves
is needed to describe it correctly. For big distances the influence of the evanescent waves

decreases, and the solution at I'* is dominated by propagating waves.
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Figure 9.6: Error depending on the number of plane waves for different distances of the
boundary I'* from the surface of the grating

9.5.2 A large unit cell

This example is based on the same lamellar grating as above, with the difference that a
much larger unit cell was taken. In order to show that the presented approach is able
to treat two dimensional problems with a very small ratio of wavelength to period of the
grating, the unit cell was chosen to consist of 100 periods of the lamellar grating, while
the wavelength was kept constant. Thus, the ratio of wavelength to period is 400. For
this setting about 400 plane waves are needed to describe the far field correctly. Figure
9.7 shows the real part of the electric field on a part of the super cell. By using 18000
elements of polynomial order 8, which corresponds to about 710000 unknowns, the reflected
intensities could be calculated up to five digits. The calculation was done on a 2GHz Intel

processor within 530 seconds.

9.5.3 A biperiodic grating

We will finish this section with a three dimensional example, a grating periodic in x and
y-direction with periods of 0.6m. A sketch of the unit cell is given in Figure 9.8. There, a
strongly absorbing silicon substrate with refractive index 4.76+-5i is covered by a 1 pum thick
insulating SiO, layer with refractive index 1.5 (green in Figure 9.8), which is incorporated

as substrate layer. The SiOj is coated by a weakly absorbing layer (blue) of thickness
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Figure 9.7: Real part of the electric field for a super cell of the lamellar grating. The incom-
ing wave has a TE polarization and propagates into the direction of (sin(30°), — cos(30°))".

Figure 9.8: Geometry of the unit cell and real part of the x component of the electric field
for the biperiodic grating. The incoming wave is polarized parallel to the zz-plane, and it
propagates into the direction of (sin(30°),0, — cos(30°))".
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Figure 9.9: Zero order intensity as a function of the wavelength compared with a reference
solution for the biperiodic grating

0.08um with refractive index 2.6240.48; and a photo resist (orange) of thickness 0.3um
and refractive index 1.684-0.003:. Into this photo resist cylindric holes of radius 0.15um
are etched periodically. The refractive index above this structure and in the holes is taken
as one.

For such a structure an incoming wave propagating parallel to the xz-plane with an
electric field polarized in the plane of incidence and an angle of incidence of 30° is as-
sumed. The electric field, which has to be tangential continuous across interfaces, can be
naturally approximated by Nédélec finite elements, which provide tangential continuous
basis functions on element interfaces. Figure 9.8 shows the real part of the z-component of
the resulting electric field for a wavelength of 0.3um. There, it can be clearly seen that in
regions with a higher refractive index, like the photo resist, the wavelength is smaller, and
the complex part of the refractive index in the absorbing layer (blue) leads to a damping
out of the field.

For such a setting, the intensity of the zero order reflection was calculated for different
wavelengths, polynomial orders and meshes. In Figure 9.9 this intensity is plotted against
the wavelength, and the results are compared with a solution obtained by an RCW code
[BisO1]. For the left hand plot, the underlying mesh of the finite element solution (green)
consisted of 835 elements with polynomial order two, which corresponds to about 9100
unknowns. From the good agreement of the finite element solution with the RCW solution
in the large wavelength region, we can conclude that already small polynomial orders lead

to a good approximation of the solution.
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For small wavelengths the situation is different. Therefore, we investigate in the right
hand plot of Figure 9.9 two possibilities to get a better approximation. One option is
to refine the mesh for a constant polynomial order. The blue line was calculated for a
finer mesh consisting of 4787 elements with polynomial order two, which results in 48000
unknowns. By using this strategy just some features of the reference solution (red) can be
resolved. Another approach is to increase the polynomial order while the mesh remains
unchanged. Repeating the calculation for the original mesh of 835 elements with an in-
creased polynomial order of four leads for approximately the same number of unknowns
as above to the black line. The black line agrees much better with the reference solution,

and for wavelength larger than 0.3um they are almost identical.



Chapter 10

Summary and Outlook

Results and Conclusions

The main goal of the thesis is to develop new solvers for the Helmholtz equation and the
vector valued wave equation, which are applicable to problems with large wave numbers,
or more precisely to problems with a small ratio of wavelength to domain size.

The foundation of all our solvers is the consistent mixed hybrid formulation for the
Helmholtz equation and the vector valued wave equation, respectively, presented in Chap-
ter 5. This formulation allows to reduce the original problem to a problem posed on the
skeleton of an underlying mesh. Consequently, the number of degrees of freedom is reduced
significantly. For the mixed hybrid formulation we were able to prove existence and unique-
ness of the solution in the continuous case. In addition, it was shown that the continuous
problem as well as the discrete problem is energy conserving.

The facet degrees of freedom of this hybrid formulation are strongly related to
impedance traces. Therefore, it allows in a natural way to find for domain decomposi-
tion solvers appropriate interface conditions, and convergent methods can be obtained.
Chapter 6 was dedicated to such solvers. There, we discussed how to combine additive
Schwarz and multiplicative Schwarz solvers as well as the BDDC preconditioner with our
formulation in order to get convergent schemes. Furthermore, a new Robin type domain
decomposition preconditioner, based on direct solvers for the subdomain problems is intro-
duced. The two latter can be easily implemented in parallel environments, and they are
well suited for efficiently solving large problems with a small ratio of wavelength to domain
size. This was demonstrated by numerical examples.

In Chapter 8 we discuss an optimized implementation of the mixed hybrid formula-

189
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tion based on eigenfunctions for the two dimensional Helmholtz equation. This approach
allows for discretizations with polynomial orders up to thousands. Numerical examples
demonstrate the efficiency of this solution strategy for large regions with constant material
parameters, especially in the case of large wave numbers. A drawback of the method is
that it is limited to rectangular meshes, which requires the introduction of hanging nodes
for complicated structures, and which therefore complicates the modeling process.
Throughout the major part of the thesis robin boundary conditions are used as trans-
parent boundary conditions. In Chapter 7 it was demonstrated for the two dimensional
Helmholtz equation, that the mixed hybrid formulation can also be combined with Hardy
space infinite elements, a more powerful method in order to realize transparent boundaries.
Furthermore, as discussed in Chapter 8, it is possible to adapt these elements such that
they can be used together with the optimized implementation based on eigenfunctions.
Finally, the simulation of periodic structures for the Helmholtz and the vector valued
wave equation was discussed in Chapter 9. The presented approach combines the ad-
vantages of the finite element method, which is used to approximate the near field, with
a physical description of the solution in the semi infinite far field region, a plane wave
expansion. The originality of the method lies in the way the coupling of these two approx-
imations is realized, namely the method of Nitsche. Numerical results indicate that the
performance of our approach is more than competitive with existing methods. This is due

to the flexibility of hAp finite elements.

Future Work

Some numerical results (compare Figures 5.1 and 5.3) indicate that the solution of the
mixed hybrid problem converges for both, the Helmholtz equation and the vector valued
wave equation with optimal order. A point of further investigation would be to verify
these convergence rates theoretically. Therefore, a detailed error analysis of the hybrid
formulation is necessary.

The preconditioners presented in Chapter 6 are based on robin type boundary condi-
tions of the underlying problem. Thus, a topic of further research would be to examine these
solvers together with problem settings containing more accurate realizations of transpar-
ent boundary conditions like perfectly matched layers or the presented Hardy space infinite
elements.

Besides this, a generalization of the optimized approach from Chapter 8 based on
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discrete one dimensional eigenfunctions to higher dimensions, as well as an application of
this technique to the time harmonic Maxwell case deserves further investigation. While
such a generalization seems to be straight forward in the Helmholtz case, it is not clear,
if a competitive realization of the mixed hybrid formulation for the vector valued wave
equation using a discrete eigenfunction basis is possible.

A further promising topic is to use the hybridization technique together with domain
decomposition solvers for the simulation of diffraction gratings. This would simplify solv-
ing problems containing periodic structures a lot, and computations for a small ratio of
wavelength to period are possible. The challenging point will be to find efficient precon-
ditioners. Since the plane wave degrees of freedom couple to all facet degrees of freedom
on the boundary above and below the grating, respectively, the structure of the system
matrix is not comparable to the structure of a matrix obtained from a wave type problem

with absorbing boundary conditions.
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