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Kurzfassung

In dieser Arbeit wird untersucht, inwieweit sich Wellenph&dnomene mittels Randintegral-
methoden approximieren lassen. Derartige Methoden zeichnen sich dadurch aus, dass
anstelle einer partiellen Differentialgleichung eine Integralgleichung am Rand des Gebi-
ets betrachtet wird. Ein Vorteil dieser Formulierung ist, dass dadurch Streuprobleme auf
unbeschriankten Gebieten numerisch behandelt werden kénnen. Fiir stationére Probleme
sind Randelementmethoden bereits eine etablierte alternative zu klassischen Finite Element
Methoden. Um Randintegralmethoden fiir Zeitabhéngige Probleme anwendbar zu machen
bietet sich die Methode der Faltungsquadratur von Lubich [Lub88a] an. Diese Methode
besitzt giinstige Stabilitétseigenschaften und besitzt ein Aquivalenzprinzip zur Approxima-
tion einer Halbgruppe mittels eines passenden Zeitschrittverfahrens. Dieses Prinzip wird
in dieser Arbeit ausgenutzt um das betrachtete Diskretisierungsschema zu analysieren und
unterscheidet sich von der klassischen Herangehensweise, welche die Konvergenz mittels
Abschétzungen im Laplace-Bereich zeigt. Diese reine Zeitbereichsmethode hat den Vorteil,
dass die so erlangten Abschétzungen meist scharfer sind und mit weniger Regularitdtsan-
nahmen auskommen.

In dieser Arbeit werden drei unterschiedliche Modellprobleme betrachtet: die zeitabhéngige
Schrodingergleichung in R, diskretisiert mittels einer Kombination von Finiten- und Ran-
delementen, ein nichtlineares Streuproblem im Auflenraum, gegeben durch die lineare
Wellengleichung mit nichtlinearer Randbedingung, und ein Streuproblem fiir Komposit-
materialien mit nicht-konstanter Wellenzahl. Fiir diese Modellprobleme werden Fragen zur
Konvergenz und Stabilitdat beantwortet.

Numerische Simulationen untermauern die theoretischen Resultate.






Abstract

In this thesis, we consider different classes of time dependent wave propagation problems,
and investigate whether they can be efficiently approximated using boundary integral meth-
ods. The idea of these methods is to replace partial differential equations with an integral
equation on the boundary of the domain of interest. One of the main advantages of this
approach is that problems posed on unbounded domains can be handled without further
difficulties. For stationary problems boundary integral methods are well established as an
alternative to more classical finite element based methods. In order to treat time dependent
problems, one possibility is to apply Lubich’s method of Convolution Quadrature [Lub88a].
This approach has many favorable properties, including an equivalence principle, which re-
lates the CQ approximation to the approximation of the underlying semigroup with an
appropriate time-stepping scheme. In this work, we exploit this equivalence to analyze the
discretization schemes under consideration. Our approach differs from the more standard
way of treating time domain boundary integral equations, which relies on estimate in the
Laplace domain in order to infer convergence results. The pure time-domain approach
has the benefit of yielding stronger estimates with fewer regularity assumptions than the
Laplace domain counterpart.

In this thesis, we consider three different model problems, namely the time dependent
Schrodinger equation posed in R, treated by a coupling of Finite- and Boundary Element
Methods, a nonlinear scattering problem in the exterior domain consisting of the linear
wave equation augmented by a nonlinear impedance boundary condition, and a scattering
problem by a composite material characterized by a non-constant wave number. For all
of these model problems we answer questions regarding convergence and stability of the
discretization scheme.

Numerical simulations support the theoretical findings.
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1 Introduction

Many phenomena in nature can be modeled by the propagation of waves, from water
waves to electromagnetic scattering to the quantum wave functions on the microscopic
scale. Mathematically, these phenomena can be modeled by partial differential equations
of hyperbolic type. In this thesis, we are concerned with deriving and analyzing ways to
approximately solve these partial differential equations in a robust and efficient way.

A particular feature of many of these problems is that they are posed on an unbounded
domain, either the full space R? or the exterior of some object R? \ Q. The most widely
used discretization methods, namely Finite Element Methods (FEM) and Finite Difference
(FD) discretizations, cannot handle such domains in a straightforward way. To overcome
this limitation, oftentimes an artificial bounded domain is introduced on which the problem
is discretized using these methods. Then, some transparent boundary conditions are im-
posed on the artificially introduced boundary, such as Perfectly Matched Layer and Infinite
Element Methods.

Another possible approach, which has gained interest over the recent years, is to use
boundary integral methods to replace the differential equation on the unbounded domain
by an integral equation on the boundary. Due to this reformulation, it is possible to handle
unbounded domains without introducing additional difficulties. If the resulting integral
equations are discretized using an approach similar to the Finite Element Method, i.e., by
approximating the solution via piecewise polynomials on a triangulation of the boundary,
this is referred to as the Boundary Element Method (BEM).

For stationary problems, e.g., the Laplace or Helmholtz equations, boundary element
methods are fairly widespread and presented in the monographs [SS11; HWO08; Ste08]. The
treatment of transient problems using this approach is not yet as common, an overview can
be found in [Say16]. When discretizing time domain boundary integral equations, there are
two main approaches: space-time Galerkin methods and Convolution Quadrature (CQ).
When employing a space-time Galerkin scheme, one directly discretizes the retarded poten-
tials associated with the wave equation. This introduces the need for accurately computing
singular integrals on non-standard shapes (namely, triangles intersected with time cones),
which makes the method difficult to implement in a stable way (early works on the math-
ematical basis for these methods are [BH86; BD86]). The other common approach, which
is the one taken in this thesis, is to use Lubich’s Convolution Quadrature, as introduced
in [Lub88a; Lub88b]. This approach has the benefit that it can be implemented easily
by reusing boundary element libraries developed for the Helmholtz equation. Convolu-
tion Quadrature comes in two flavors, based on multistep and Runge-Kutta time stepping
schemes. While the multistep kind, introduced in the original works by Lubich, only allows
order up to two, the Runge-Kutta Convolution Quadrature, introduced in [LO93|, can be
implemented for an arbitrary convergence order. While it is most common to use constant
timestep size when using CQ (this will also be the class of methods considered in this
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thesis), there have also been recent developments to allow varying timesteps in order to
accommodate problems with non-smooth solutions, cf. [LS13; LS15; SS17] for generalized
CQ based on the implicit Euler method and [LS16] for the Runge-Kutta based version.

The Convolution Quadrature method has many favorable stability properties, but the
methods lead to non-local problems of convolution type. In order to efficiently solve such
problems, there have been many efforts to develop fast algorithms see [Ban10; BS09; BK14;
HKS09]).

The analysis for Convolution Quadrature based methods is most commonly carried out
in the Laplace domain. There, frequency explicit bounds lead to convergence estimates in
a very black-box kind of approach (see [Lub88a; Lub88b; BL11; BLM11] for the general
theory). These kind of estimates in the Laplace domain were already developed for simple
wave propagation problems in the works by Bamberger and Ha-Duong (cf. [BH86; BD86)),
but a much larger class of problems was not unlocked until [LS09]. There, a new approach to
formulate the spatially discrete problem using non-standard Hilbert spaces was developed.

When passing through the Laplace domain for the analysis of the discretization scheme,
one loses certain information. Namely, the regularity assumptions on the exact solution are
unnecessarily restrictive and the dependence of the discretization error on the time interval
under consideration are somewhat opaque. In order to overcome these difficulties there has
recently been interest in bypassing the Laplace domain for the analysis and carrying out
all estimates directly in the time domain ([BLS15a; HS16; Has+15]; see also [MR17; BR17]
which form part of this thesis). This will be the approach taken in this thesis.

The “strictly in the time domain” approach for the discretization relies on applying
the “exotic Hilbert space” approach by Laliena-Sayas in the context of Cy-semigroups for
the discretization in space, and an equivalence principle between the Convolution Quadra-
ture approximations and the multistep or Runge-Kutta approximations of said underlying
semigroup. Estimates on the convergence of the method are then inferred by applying
the general theory of such time-stepping methods, as developed in [BT79; BCT82; Cro76;
APO03].

1.1 Structure of this Dissertation

In Chapter 2, we collect some of the definitions and results needed for the following chapters.
Most notably, we present the theory of Cpy-semigroups in the linear and nonlinear case,
as well as the most important results on Sobolev spaces, which will feature prominently
throughout the rest of the thesis. We then present basic results on Finite- and Boundary
Element Methods, and generalize some well known results about boundary integrals for
the Helmholtz equation to the case of a class of Helmholtz-like systems.

Chapter 3 then presents the multistep and Runge-Kutta methods and introduces the
Convolution Quadrature discretization for convolution integrals. We then go on to present
results on the stability and approximation quality of Runge-Kutta methods when applied
in a semigroup setting. Most notably, we prove some new results on the convergence rates
when considering certain difference quotients and discrete integrals of RK-approximations,
which allows for norm bounds other than those of the underlying Banach space of the
semigroup.



1.1 Structure of this Dissertation

In Chapter 4 we apply the general methodology presented previously to a concrete prob-
lem, namely a discretization of the Schrédinger equation by a Runge-Kutta method in
time and a coupling of a Finite Element Method with a Boundary Element discretization
as transparent boundary condition. We then analyze the resulting fully discrete scheme in
terms of stability and convergence.

Chapter 5 showcases that time domain boundary integral methods can be used to dis-
cretize certain nonlinear problems. We consider the (linear) wave equation in the exterior
domain coupled with a nonlinear boundary condition of impedance type. We present sev-
eral convergence results, differing in the assumptions made on the underlying problem.
Most notably we show unconditional convergence, as well as full convergence rates if the
exact solution of the problem is sufficiently smooth.

Finally, Chapter 6 deals with a different kind of scattering problem, in which the scatterer
consists of a composite material with different wave speeds. Unlike Chapter 4 we use a
pure Boundary Element based method. In this case, we prove rigorous a priori estimates
for the discretization as well.






2 Background

2.1 General notation

We start by introducing some general notation used throughout the thesis. We write
Ry :={t € R: ¢ > 0} for the positive real numbers, and C; := {z € C: Re(z) > 0} as well
as C_ :={z € C: Re(z) < 0} for the complex half spaces.

For Banach spaces X and ) we write Z(X,)) for the space of all bounded linear oper-
ators between X and ) together with the shorthand Z(X) := Z(X,X). On #(X,)) we
consider the operator norm given by

| Tzl
FATPp— i
#(XY) TEX Hl‘HX

The topological dual space of X will be denoted by X’, and we define the duality bracket
as

<x',m>x,xx =2/ (x) for 2/ € X and z € X.

We will also write Id for a generic identity operator, where it should be clear from context
which spaces are involved. If A is a linear operator (or matrix) on a space X, we often
write A — X := A — \1d and define

p(A) = {)\ € C:(A—\"!exists in %’(X)}

for the resolvent set and o(A) := C\ p(A) for the spectrum. The inner product on a space
X will be denoted by (-, -) 5, using the convention that it is linear in the first and antilinear
in the second. For two spaces X and ) we write X — Y tomean X C Y and Id: X —» Y
is bounded.

For Banach spaces X, Y with X C ) we define the annihilator space

= {y eV (a)y,, =0 veex). (2.1)

We will also often write X for the topological closure of a set in a larger space ) which
should be clear from context. If we want to emphasize which norm is used, we write
clos(X, ||-]).

For operators A and B we write A C B if dom(A) C dom(B) and Ax = Bz for x €
dom(A). Also we write A for the operator obtained by taking the closure of the graph of
A.
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We introduce notation for the spaces of p-times continuously differentiable functions with
values in a Banach space X. For a bounded interval I C R, we write C?(I, X), and equip
this space with the norm

lellngr ey = ;:sg |«

.
In the same vein, we also introduce the space of essentially bounded functions L>(I, X)
with the norm [|ul| oo/ ) := esssupse; [[u(t)]] x, Where esssup denotes the supremum up to
a set of measure zero.

Throughout this thesis, C' will denote a generic constant greater than 0, which may be
different in each instance but will not depend on any of the principal quantities of interest
like mesh- or timestep size. We usually clarify the dependencies of the constant within the
context. For two quantities a,b, we also write a < b to mean a < Cb, as well as a ~ b to
mean a S b < a.

2.2 Semigroups

The phenomena considered in this dissertation can all be formulated using the theory of
operator semigroups. In this chapter we present the most important definitions. We spend
most of the time on the case of linear problems, the case of nonlinear semigroups will then
be handled in Section 2.2.2. For convenience, we collect the main results used throughout
this thesis. To keep the presentation succinct, we state all the results without proof and
refer the reader to the relevant literature.

2.2.1 Linear Semigroups

The theory of linear, strongly continuous semigroups (or Cyp-semigroups) is well developed
and can be found in most textbooks on functional analysis, see e.g. [Yos80] or, for a more
detailed treatment, see [Paz83|. In this section all spaces can either be real or complex
valued.

Definition 2.1. Let X denote a real or complex Banach space. A family of operators
T(t) € B(X) fort >0 is called a linear Cy-semigroup given that the following conditions
hold:

(i) T(0) = 14,
(i) T'(s+t) =T(s)T(t) fors,t >0,

+
(i1i) T(t) is strongly continuous at 0, i.e. || T(t)x — x| 4 =0 vrex.

Definition 2.2 (infinitesimal generator). Let (T'(t));>o be a Co semigroup. The linear
operator A defined via

T _
dom(A) := {x € X: lim M)z -z exists } (2.2)
t—0t t
Az := lim Tt -z for z € dom(A) (2.3)
t—0t t
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is called the infinitesimal generator (or just generator) of T.

The following proposition is the main reason why we are interested in Cjy-semigroups,
namely they can be used to solve initial value problems.

Proposition 2.3 ([Paz83, Chapter 4, Theorem 1.3]). A semigroup T(-) is uniquely deter-
mined by its infinitesimal generator A. For all x € X, the map t — T(t)x is continuous.
For x € dom(A), the function u(t) := T(t)x is continuously differentiable and solves the
initial value problem

W(t) == —u(t) = Au(t) ¥t >0, (2.4a)

This proposition motivates the notation et4 := T'(t) for the semigroup which emphasizes
the importance of the generator A and generalizes the usual matrix exponential.

When discussing the existence of solutions to evolution equations by using semigroup
theory, it is necessary to determine whether a given operator A is the generator of a
semigroup. The following proposition gives a characterization of all generators.

Proposition 2.4 (Hille-Yosida, see [Paz83, Chapter 1, Theorem 5.3]). Let A be a linear
(unbounded) operator on a Banach space X. A is the generator of a Cy-semigroup T(-) on
X if and only if:

(i) A is closed and densely defined, i.e. A= A and dom(A) = X,

(ii) there exist constants w > 0, M > 1, such that the resolvent set p(A) satisfies
{N:Re(A) > w} C p(A) and powers of the resolvent can be bounded by:

M

1A =2 a2) < ey~

VRe(A) > w, Vn € N. (2.5)

The semigroup then satisfies the following a priori estimate:
1T pxy < Met VL0 (2.6)

Corollary 2.5. Let A be the generator of a Cy semigroup T(+) satisfying (2.5). For initial
conditions ug € dom(A) we define u(t) := T(t)ug. Then, the following estimate holds:

il < Me | Augl
Proof. Tt is easy to calculate that (see [Paz83, Chapter 1, Theorem 2.4, c)])
u(t) = AT (t)ug = T'(t) Auo.
The estimate follows from the operator bound on 7'(¢) in Proposition 2.4. O

While Proposition 2.4 gives necessary and sufficient conditions on generators of semi-
groups, they are often not easy to verify. We will instead make use of a different set of
conditions, at the heart of which lies the following definition:
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Definition 2.6. Let A be a linear (unbounded) operator on a Banach space X. We say A
is dissipative, iff for every x € dom(A) there exists a functional ' € X' such that

(@' 2) e = ol = [l and Re(a’s Az), o <0
If X is a Hilbert space, this condition can be simplified to
Re (Az,x), <0 Vz € dom(A).
We call A mazimally dissipative, if range(A — X\o) = X for some Ao > 0.

Proposition 2.7 (Lumer-Phillips, [Paz83, Chapter 1, Theorem 4.3]). Let A be a linear
operator on a Banach space X with dense domain. Then, the following statements hold:

(i) If A is maximally dissipative, then A is the generator of a Cy-semigroup of contrac-
tions T(t), i.e., the semigroup satisfies || T(¢)|| g2y <1 VE 2 0.

(i) If T(t) is a semigroup of contractions, then A is mazximally dissipative.
This implies that in this case, the resolvent bound (2.5) becomes:

1

H(A - A)il B(X) < Re()\)

¥ Re(A) > 0. (2.7)

One last existence theorem tells us when an operator A generates a group instead of a
semigroup, i.e., we can also evaluate T'(—t) with T'(¢t)T'(s) = T'(s+t) for arbitrary s,t € R.
We first recall the definition of symmetric and self-adjoint operators:

Definition 2.8 (see e.g. [Paz83, Chapter 1, Definition 10.7]). A linear operator A on a
Hilbert space H is called symmetric, if dom(A) is dense and A C A* where A* is defined
Via

<Aw7y>7-[ = <$7A*y>’;.[ Vx € dOHl(A)

and dom(A*) := {y € H : A*y exists}. We call the operator A self-adjoint if A* = A, i.e.
A is symmetric and dom(A) = dom(A*).

We call a linear operator U unitary if it is isometric and bijective, i.e., |Ux|y = [|z]ly
and U~1 exists.

Proposition 2.9 (Stone, [Paz83, Chapter 1, Theorem 10.8]). Let A be a linear, densely
defined operator on a Hilbert space H. Then, A is the generator of linear group of unitary
operators if and only if iA is self-adjoint. This is also equivalent to the fact that A are
both maximally dissipative.

Proof. The first part is Stone’s theorem, [Paz83, Chapter 1,Theorem 10.8]. The second part
seems to be well known, but is usually not stated explicitly. Therefore we sketch a proof
for completeness. We show that generating a unitary Cy-group is equivalent to +A being
maximally dissipative. For a group of unitary operators T'(¢) it is easy to see that T'(¢) and
T'(—t) are Cp-semigroups of contractions and the generator of 7'(—t) is —A. Proposition 2.7
then implies that +A are maximally dissipative. On the other hand, if £A4 are both
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maximally dissipative, they generate semigroups of contractions 7'(¢t) and S(t). We first
show S(t) = T'(t)~!, which can be easily seen by [T'(t)S(t)] = AT(t)S(t) — T(t)AS(t) = 0,
since semigroups commute with their generator. Since S(0) = T'(0) = Id this implies
T(t)S(t) = Id. We define the function

U — T(t) t>0
T1S8(=t) t<o.

It is easy to check that (U(t))tcr is a group of operators (see also [Paz83, Chapter 1, Lemma
6.4]). To see that U(t) is unitary we note that T(¢t) and T~ 1(t) = S(t) are contractions by
Proposition 2.7 thus U(t) is isometric for ¢ > 0 and analogously for t < 0. Since U(t) is
also invertible this implies that U(t) is unitary. O

Semigroup theory can also be used for analyzing PDEs with an inhomogeneous right-
hand side. To do so, we use the following variation of the well known Duhamel formula,
which can easily be checked:

Proposition 2.10 (Duhamel’s formula, [Paz83, Chapter 4, Corollary 2.11]). Let T'(t) be
a Cy-semigroup with infinitesimal generator A on a reflexive Banach space X. Let the

given right hand side f € C([0,00),X) be locally Lipschitz continuous and also assume
ug € dom(A). Define

t
u(t) :=T(t)up + / T(t—7)f(r)dr, (2.8)
0
with the integral to be understood in the sense of Riemann. Then u solves the problem
d
%u(t) — Au(t) = f(t) vt > 0, (2.9)

u(0) = uo. (2.10)

For f € C' ((0,00), X), the assumption that X is reflexive is not needed and the following
a priori bounds holds:

hmmxéMwﬂmwx+AuﬂﬂMd{

a0l < M6 fluale+ 1O+ [ 0] o).

Proof. Existence is the content of [Paz83, Chapter 4, Corollary 2.10 and 2.11]. The a priori
bound on u follows from the definition in (2.8) and (2.6). For the bound on the derivative,
we use the representation

= "T(t)Aup + T(t) f(0) + /Ot T(t—7)f(r)dr

(the term T'(t) Aug corresponds to the homogeneous semigroup, see Corollary 2.5; the inho-
mogeneous part follows by a change of variables and the fundamental theorem of calculus,
see the proof of [Paz83, Chapter 4, Corollary 2.5]). The bound then follows from the
operator bound on T'(¢) in (2.6). O
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In order to account for non-homogeneous boundary conditions in a semigroup framework,
we will work with a lifting operator. The construction is taken from [Has+15]. Since it
highlights a common construction used throughout this thesis we include a short proof.

Proposition 2.11. Let A, be a closed linear operator on a reflexive Banach space X,
and let B : dom(A,) — M be a bounded linear operator, where M is a normed space,
and dom(Ay) carries the graph norm ||z| 4, = [|z||x + [[Asx|| . We make the following
assumptions:

(i) the operator A := Ay|ier(p) generates a Cy-semigroup,

(ii) B is surjective and has a bounded right-inverse denoted by Eg : M — dom(A,) (again
using the graph norm), which in addition satisfies A. o Ep = Ep,

(iii) the data satisfies f € C' (]0,00),X), = € C?((0,00), M) N C? ([0, 00), M).
Then, the initial value problem of finding u € C* ((0,00), X) N C? ([0, 00], X), such that

u(t) = Ayu(t) + f(t) vt > 0, (2.11a)
[Bul(t) =EZ(t) and u(0)=wup (2.11b)
has a unique solution for all uy € dom(A,) with Bug = Z(0).

 Assume that the initial conditions satisfy ug € dom(A), f(0) = 0 as well as Z(0) =
E(0) = 0. Then the solution satisfies the following a priori estimates:

()l S e [Huonx -/ RECTI e TSR df} (2.12a)

t
i) < e [HAuoHX -

= +
1.

E(T)HM + Hf(T)HX dT] . (2.12b)

Here, w is the constant in (2.5), and the implied constants depend on M from (2.5) and
the operator norm of £p.

Proof. By Proposition 2.10, there exists a solution to the problem with homogeneous
boundary values

lhom (t) = Aunom(t) + f(t) + EBE(t) — EBE(t) V>0,
uhom(O) = Uy — SBE(O),
(note that we have Bug — BEBZE(0) = Bug — Z(0) = 0 by assumption and therefore
Unom (0) € dom(A)). By defining u(t) := unom (t) + EE(t) for t > 0 we get that u solves:
W(t) = tnom(t) + EBE(t) = Aunom(t) + EBE(t) + f(2)
= Ay [unom (1) + E[E(B)]] + f(?)
— Ault) + £(2).
By definition u also satisfies [Bu](t) = Blunom(t)] + B[EE(t)] = 0 + Z(t) = E(¢). To see

uniqueness we note that the difference of two solutions satisfies the homogeneous equation
and we can therefore apply the uniqueness of semigroups (Proposition 2.3).

10



2.2 Semigroups

The a priori bounds then follow from the bounds on uyey, in Proposition 2.10 and the
continuity of £p, where the terms due to initial values of the right-hand side vanish by
assumption. We absorb the term ||Eg[Z(t)]||, in the integral of ||Z|| o for simpler presen-
tation. O

Remark 2.12. In practice M will be a Sobolev space on the boundary of a bounded do-
main (or a subspace thereof) and B will be some combination of trace operators (see Sec-
tion 2.8.2).

We end with a small lemma, relating the operator A, to the time derivative. This will
be useful when estimating errors with regards to stronger spatial norms.

Lemma 2.13. Let u denote the solution from Proposition 2.11. Assume that the right-hand
side satisfies

(i) f(t) € dom(A,) Vt >0, and A.f € C1([0,T],X),
(ii) Bf € C*([0,T], M),
(iii) 2 € C*([0,T], M),
(v) Acug € dom(A,),
(v) Bug =Z(0) = 0 and B[Aup] = Z(0) — Bf(0).
Then, the function v(t) := Asu(t) solves:
B(t) = Aow(t) + A f(t), (2.13a)
Bv(t)] = Z(t) — B[f(t)] and v(0) = Aug. (2.13b)

Proof. We define w(t) as the solution of (2.13), which exists by Proposition 2.11. Define
the function

y(t) == ug +/0 w(T) + f(r)dr

By construction, we have y(t)

get v(t) = Au(t) = a(t) — f(¢)
(2.11) are unique. We calculate:

w(t) + f(t). Thus, if we are able to show y(t) = u(t) we
= w(t). We show this by using the fact that solutions of

¢
Ay(t) = Agug + /0 Ayw(T) + A f(7) dT

= Aug + /0 w(T)dr = w(t)
=y(t) — f()

(we can exchange the integral with the operator A, since the operator is assumed closed

and both w + f and A,(w + f) are integrable by the a priori bounds (2.12)). For the
constraint we get

[1]

t
Bly(t)] = Bug + /0 2(r) dr = Z(t)

since Bug = Z(0) = 0 by assumption. Therefore, y solves (2.11), which gives y = u and
w = A,u. O

11



2 Background

2.2.2 Nonlinear Semigroups

When dealing with nonlinear evolution problems, one can hope to retain some of the
language and results of Section 2.2.1. The presentation in this chapter mostly follows
[Sho97]. We focus on the case that #H is a Hilbert space.

Following [Kom67], we make the following generalization of a contraction semigroup:

Definition 2.14. Let H be a Hilbert space. A family of (nonlinear) operators T(t) : H — H
fort >0 is called a nonlinear contraction semigroup iff:

(i) For any fized t > 0, T(t) is a continuous (nonlinear) operator defined on H into H,
(ii) for any fized x € H, the map t — T(t)x is continuous in t,
(iii) T(t+s) =T(t)T(s) for all s,t >0 and T'(0) = 1Id,
(i) |T(t)x —T(t)ylly < llz —yl| for every x,y € H and ¥Vt > 0.

The nonlinear setting has an analog to the Lumer-Phillips theorem, using the following
definition as starting point:

Definition 2.15. Let H be a Hilbert space and A : dom(A) C H — H be a (not necessarily
linear or continuous) operator with domain dom(A). We call A mazimally monotone if it
satisfies:

(i) (Ax — Ay,x —y);; <0 Va,y € dom A,
(ii) range (A —1Id) = H.

Remark 2.16. We follow the notation used in [Gral2]. Other authors, e.g. [Nev78] work
with —A instead. .

Proposition 2.17 (Komura-Kato, [Sho97, Proposition 3.1]). Let A be a maximally mono-
tone operator on a Hilbert space H with domain dom(A).

For each ug € dom(A) there exists a unique absolutely continuous function u : [0, 00) —
H, which is differentiable almost everywhere and satisfies:

u=Au and u(0)=wug (2.14)
almost everywhere in t. In addition, u is Lipschitz continuous with
[]] oo ((0,00):70) < 1 Au0ll9

and u(t) € dom(A) for all t > 0. The family of operators T(t) : dom(A) — H, defined
as T'(t)ug := u(t), where u(t) is the solution to (2.14), is called the nonlinear contraction
semigroup generated by A.

2.3 Function spaces

In this thesis, we will need several classes of function spaces. The goal of this section is
to introduce the spaces, collect their properties as needed for the subsequent results and
present the notation used.

12



2.3 Function spaces

2.3.1 Interpolation spaces

In a lot of cases, the regularity of functions can be characterized as somewhere between
two well-behaved function spaces. In order to formalize this idea, we use the concept of
real interpolation of Banach spaces. See [Tar07; Tri95] or [McL00, Appendix B] for details
and proofs.

Let Ay and X} denote two Banach spaces with continuous embedding A; C A,. For a
parameter 6 € (0,1) and p € [1, o0], we define the K-functional and the interpolation norm
as

K(t;u) := vign)gl (Hu — ’UHXO +t||UHX1) ,

o p dt\ /P
g, = ([ (K@) $) 7 oy <o

el ), . = e55uPe(0.00) (¢ 7K (1))

where esssup denotes the supremum up to a set of measure zero. We will mostly focus
on the case of p = 2. For the cases 8 = 0,1, we use the notational convention that
(X0, Xl]@,p = Xp.

The following proposition is the main reason, why we are interested in interpolation
spaces:

Proposition 2.18 ([Tar07, Lemma 22.3]). Consider two pairs of Banach spaces X1 C Xp
and Y1 C Vo. Let T : Xy — Yy be a linear operator that is bounded for both pairs of
spaces Xo — Yo and Xy — V1. Then, T is also a bounded operator mapping [Xp, X1]97p —
(Yo, Vi,

The operator norm can be bounded by

1-6 0
HT||gg([xo,xﬂe’p,[yo,yl]e,p) S IT N0, 30) 1T 0200 300 Vo € [0, 1]. (2.15)

Another simple, but important property is the following:

Proposition 2.19 ([McL00, Lemma B.1]). If x € X}, then the interpolation norm can be
estimated by

1-6 0
el < Nl el Vo€ (0,1]
Most importantly, since X1 — Xy, we have:
2l 1, S el V0 € [0,1]

Often, it becomes necessary to interpolate pairs (or more generally tuples) of spaces.
This can be done by the following proposition:

Proposition 2.20 ([Tri95, Sect. 1.18.1]). Let (X§),_, and (Xli)i]io be tuples of Banach

N
spaces satisfying X C & with continuous embedding. Consider the product spaces Xy 1=

13



2 Background

N 1/p
Hi]\;O Xl and Xy = Hz’]io X} with the norm HHXJ = (Z 115 ?-) for j=0,1 and some
=0

parameter p € [1,00). Then,

N

(X0, X1g,, = [T [46, X1,
1=0

where the product is again equipped with the corresponding ¢P-norm and the equality is in
the sense of equivalent norms.

2.3.2 Sobolev spaces

In this section, we introduce the usual Sobolev spaces, the main reference on the topic is
[AF03], other books that give good introductions include [McL00] and [Tar07].

Sobolev spaces on Lipschitz domains

In this section © C R denotes a Lipschitz domain. Its boundary will be denoted by
I' := 0Q. We also introduce the space of smooth and compactly supported test functions.
For an open set O C R? we denote them by C§°(0).

We denote the usual Lebesgue spaces by LP(2) for p € [1, oo], where we will mostly work
with complex valued functions. The norms are given by

1/p
[ull Lo () = (/Q lul? daz) for1 <p<oo, and [ull oo () := esssupq([ul).

For a multi-index a = (o, ..., a4) € N we denote the (classical) derivative by

Doy olaly
oz ... 0xy?

Derivatives will be understood in the weak sense, i.e. D%u is defined as the locally integrable
function satisfying

/ D%up da := (—1) / uD%p dz Vo € C§°(Q). (2.16)
Q Q

This definition of derivative leads to the scale Sobolev spaces for p € [1,00] and m € Ny
and their corresponding norms, defined via:

lallmoey = 3 1D ey

a€eNg
o] <m

WmP(Q) = {u € L(Q) : [lullyymn(ey < oo} .

For s € Ry with s = m 4+ r for m € Ny and r € (0,1) we define the fractional Sobolev
spaces via interpolation:

WHP(Q) := [W™P(Q), WmHr(Q)]

rp'

14



2.3 Function spaces

We also need another family of Sobolev spaces, which encode homogeneous boundary con-
ditions. For s > 0, we define:

W”’(Q) = C5 (), closure with respect to the W*P(R%)-norm.

For s € N, it is more common to use the notation W;*(Q) := /Ws’p(ﬂ). For negative s, we
define the Sobolev spaces via duality:

!/

Wor(@) = (WHr(Q)) and  WT(Q) = (WH(Q))

The most important case of Sobolev spaces is p = 2. Therefore we introduce the additional
notation for s € R:

HY Q) :=W>%(Q)  and  H(Q):= W**(Q).

The spaces H*(2) are Hilbert spaces. When working with the spaces H*(Q), it is often
convenient to characterize them as interpolation spaces:

Proposition 2.21 ([McL00, Theorems B.8 and B.9]). Let s1,s2 € R, 0 € [0,1]. Then, the
following equivalence holds:

[H™ (), H2(Q)]g » = H(Q),

H*\(Q), H*2(Q) .- H5()

with s :== (1 — 6)s1 + 0 so.

Proposition 2.22 ([McL00, Theorem 3.40(i)]). For 0 < s < 1/2, the two families of
Sobolev spaces H*(2) and H*(QY) coincide, i.e.,

H*(Q) = H*(Q)
with equivalent norms. The implied constants depend only on 2.

Proof. Theorem 3.40 (i) in [McLO00] considers the slightly different family of spaces H{(€2)

instead of H*(Q). For s # 1.3.... they are shown to coincide with H*(2) in [McL00,

Theorem 3.33]. O

When working with Sobolev functions, it is useful to be able to extend them from the
domain ) to the full space. The fact that this can be done in a stable way is the content
of the next proposition.

Proposition 2.23 (Stein extension operator, see [Ste70, Chap. V1.3]). Let Q C R? be a
Lipschitz domain. Then, there exists a linear operator £ with the following properties:

(i) for m € Ny, € : H™(Q) — H™(RY) is a bounded linear operator, satisfying

1€ull grm may < C(m, Q) [ull gy »

(ii) Eu is an extension of u, i.e. Eulq = u.

15



2 Background

We will also need the space of functions whose divergence is in L?. We define the weak
divergence analogously to (2.16) by / divvpdr = —/ v - Vodz for all p € C3°(2). The
Q Q

corresponding function space is:

Hv”%(div,ﬁ) = HUH?LZ(Q)}d + HdiVUH%Q(Q) ) (2.17)

. d
H (div, Q) = {'v e (2], 0]l gy < oo}. (2.18)
Similarly, we define the space of functions with (distributional) Laplacian in L? by:

HUH%@(Q) = ||ullf o) + 1Aul 20 »
HL (Q) = {u € LA(Q) : [lullyy ) < oo} .
It is easy to see that HA (Q) = {u € HY(Q) : Vu € H (div,Q)).

Under certain conditions, we can trade in regularity for integrability. This is contained
in the following proposition.

Proposition 2.24 (Sobolev embeddings, [AF03, Theorem 4.12]). Let Q be a bounded
Lipschitz domain in R, Let m € N and 1 < p < oo. Then for mp < d:

WmP(Q) — L1(Q) forp < q<p*:=dp/(d— mp)
and in the case mp =d:

WmP(Q) — Li(Q) forp <q <.

Sobolev spaces on the boundary and trace operators

In order to be able to treat boundary integral equations, we also need Sobolev spaces of
functions supported on the boundary of a Lipschitz domain. Most of the spaces introduced
in the previous setting have a natural correspondence on the boundary.

Let © denote a bounded Lipschitz domain, and I' := 92 be its boundary. We let LP(I")
denote the usual Lebesgue space for 1 < p < oo, and define the space H'(I') via

||U”%11(r) = ||u||2L2(F) + HVFUH%Q(F) ;
HY(T) = {u € LX) : Jlull i < oo} ,

where V denotes the surface gradient. For s € (0, 1), we then define the fractional Sobolev
spaces via interpolation as

H*(T) = [LA(T), H'(D)] -

Negative order Sobolev spaces are defined by duality H—*(T") := (H*(I"))". Since it is often
convenient, we define the sesquilinear form (-, ). on H~Y/2(T") x H'/%(T') as the continuous
extension of (u,v)p := [ uv for u,v € L*(T).
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2.3 Function spaces

Often, we need to distinguish between the interior and the exterior of the domain 2. In
order to have a unified notation we set Q= := Q and QF := R%\ Q. Many operators have a
version defined on the interior and the exterior. As a notational convention we will indicate
which domain an operator belongs to by the superscript =+.

The following two propositions characterize the fractional Sobolev spaces on I' as the
trace spaces of functions on €.

Proposition 2.25. Let QF denote either Q or the exterior R\ €.

(i) For s € (1/2,3/2) there exists a bounded linear operator H*(QF) — H3Y%(T) such
that:

'yiu = u|r foru e Coo(ﬁ) and H’Y:‘:UHHS_l/Q(F) < C(saQi) |’uHH9(Qi) :

(i) There exists a bounded linear operator ~; : H (div, QF) — H~'/2(T) which satisfies
/14
73:"’ =wv-vp forve [C (Q)] and HVfUHH—l/z(r) < C(Qi) ||’U||H(div,§2i)

where v denotes the normal vector pointing out of €.

Proof. Part (i) can be found in [Cos88b, Lemma 3.6]. Part (ii) is well known and can be
found for example in [Tar07, Lemma 20.2]. O

Proposition 2.26. Let QF denote either Q or the exterior R\ Q.

(i) For s € (1/2,3/2) the trace operator v* : H*(QF) — H*"V/2(T) is surjective and
admits a bounded right-inverse EFD, i.€.

v o &P =1d, and HEIPUHHS(Q) < C(s,0%) lwll gra=1/2(ry -

(ii) For s € (0,1/2] the normal trace operator has a bounded right inverse EN satisfying:
W o & =1d,
HEIZ‘VUH[HS(Qi)]d < O(s, Q%) lull 17245y -
For s = 0, the normal trace can be lifted into H (div, QF), i.e.

Hgl]“VUHH div.0+ < C(Qi) ”U’HH—l/?(F) :
(div, Q%)

Proof. For the proof of (i) see [Cos88b, Lemma 4.2]. The lifting from (ii) can be constructed
by solving an elliptic Neumann problem

—Ap+p=0and O,p=u

and taking the gradient. This directly gives the case s = 0. The case s = 1/2 was proven
in [JK81]. The intermediate cases can be seen by combining the mapping properties of the
Neumann-to-Dirichlet map (see [Cos88b, Lemma 3.7] or [McL00, Theorem 4.24(ii)]) with
the regularity properties of the Dirichlet mapping in (i). O
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2 Background

The trace operator for H(div) functions allows us to define the normal derivative:
O HA (QF) — HYAD), ur iV (2.19)

When working with boundary integral equations, often times the quantity of interest
is not the trace of a function but its jump across the interface. We introduce the jump
operators for s € (1/2,3/2)

[v]: H*(RI\T) — HV2(D), w—yTu— v, (2.20a)
[0,]: HA\ (Rd \ r) S HYAT),  ue 8fu—dru, (2.20b)
[v]: H (div, R\ F) — H VD), ue~yfu—u, (2.20¢)
as well as the mean values:
(v} BSRINT) > HV2D),  ues é (vru+ ), (2.21a)
10,-% . H\ (Rd \ r) SHTV2M),  ues % (O u+ 9y u) (2.21b)
R H(div,Rd\F) — H Y2, u— % (vhu+, u). (2.21c¢)

Remark 2.27. Oftentimes in the literature, the signs in the definitions of the jumps are
reversed. In our applications we are often dealing with exterior problems, i.e., with functions
vanishing in Q- and we therefore have vTu = [yu]. When dealing with spatial semi-
discretization this relation simplifies the signs in many of the formulas.

For Sobolev indices higher than 1, the spaces H*(I') are only well defined for smooth
geometries, as the definition would depend on the choice of coordinates. In order to prove
a priori estimates, we instead consider the spaces of piecewise H*-functions. For details on
these spaces, we refer to [SS11, Definition 4.1.48].

Definition 2.28. Let I' be piecewise smooth, i.e., assume there exists an open partitioning
C:={l;:1<i<gq} such thatT'=J{_,T;. For s> 1, we define the space

H (D) :={u e HYT) : ulr, € H*(T;) VI € C} (2.22)

equipped with the norm HUHIZLI;W(F) = Z HUH?{S(FI-)' For s <1, we define Hy (') := H*(T')
I, eC
with the usual norm.

The Sobolev embeddings also transfer to the spaces on the boundary. We will need the
following special case:

Proposition 2.29 (Sobolev embeddings, [Tar07, Lemma 32.1]). Let I' be the boundary of
a bounded Lipschitz domain Q C RZ. Then the following embeddings hold for s < (d—1)/2:

H*(T) < LPONT)  with BN : (2.23)
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2.4 Triangulations

For the space HY?(T') this implies:

1<p<o d=2,

1<p<2 da>3.

HY2(T) < LP(T)  for { (2.24)

Proposition 2.30 (Rellich, [McL00, Theorem 3.27]). For 0 <t < s <1 the embedding
H*(I') — H'(T)

18 compact.

2.4 Triangulations

In this work we consider discretizations of the space variables using Galerkin-type meth-
ods. In order to realize these, we need finite dimensional spaces V;, C H*(£2) with good
approximation properties. While most of the results in this work are formulated for gen-
eral (conforming) discretization spaces, in practice we will use standard finite element and
boundary element spaces. The purpose of this section is to introduce these spaces together
with the appropriate notation used throughout this thesis, as well as some projection
and (quasi)-interpolation operators, which will provide concrete constructions for the ab-
stract assumptions made when discussing the different discretizations for wave propagation
problems. Throughout this section, let @ C R? be a bounded Lipschitz polyhedron with
boundary I

Definition 2.31 (see [BS08, Definition 4.4.13]). Let Tj be a decomposition of Q C R? into
open d-simplices. We call Ty, a regular triangulation if it does not contain any hanging
nodes (i.e. the intersection of elements K N K’ is either empty, a common vertex, side or
face). We say Ty, is shape regular if the ratio diam(K)/p(K), where p(K) is the diameter
of the largest ball contained in K, satisfies

p (o) <0

for a constant v > 0 independent of the mesh size. We define the mesh size of Ty, as

h = Ir{na7>_( (diam (K) ) The triangulation is called quasi-uniform, if there exists a constant
€Tn

C > 0 such that

]r%lea% (diam(K)) < C’;{réi% (diam(K)),

i.e., h ~ minge7, (diam(K)).
To each element K € Ty, we assign the (bijective) element map Fr : K — K where K
denotes the reference element given by:

(z€R: 0<z <1} ifd=1,
K = {(:U,y)E]RQ:0§x,y§1/\0§x+y§1} if d =2,
{(x,y,z)e]R3:OSx,y,le/\OSaZ%—gJ—i—zﬁl} if d = 3.
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2 Background

We are now able to define the spaces of piecewise polynomials:

Definition 2.32. Let Ty be a regular and shape-regular triangulation of Q. For p € Ny,
denote by
span{xi, OSiSp} d=1,
Pp(K) := { span {a'y/, 0 <i+j < p} d=2,
Span{xiyjzk, 0§i—|—j—|—k§p} d=3
the space of polynomials of degree up to p on the reference element. Define the space of
piecewise polynomials as
SPO(T;) = {u € Lo(Q) s ulx o Fix € Pp(K) VK € Th} : (2.25)
SPL(Ty) == SPU(Th) N C(9). (2.26)

For d = 2, 3, all the definitions above also transfer to the discretizations of the boundary
in a natural way.

Definition 2.33 (see [SS11, Section 4.1.2]). Let T, denote a decomposition of T into line
segments/triangles with element maps Fr : K — K. The terms regular, shape-regular and

uniform are defined analogously to the case of volume meshes (see Definition 2.31). We
define the spaces

SPO(TTY = {u € L) : ulg o Fi € Py(K) VK € T,LF} : (2.27)

SPHTY) = SPY(T, ) n CO(DD). (2.28)

The approximation properties of these spaces can be found in most literature on finite

element methods, e.g. [BS08, Theorem 4.4.20]. We summarize them in the following
proposition:

Proposition 2.34. Let T;, be a quasi-uniform triangulation of a bounded Lipschitz polyhe-
dron Q. Then, the following estimates hold with constants depending on the shape-reqularity
constant 7y, , and p: For m > 0 the discontinuous spline spaces satisfy

: _ min(p+1,m) m
L int u whlay < RO g Ve HT(),

In the case of continuous approrimation spaces, we get for w € H™(Q) with m > 1:

. . _ min(p+1,m)
vheél;gm)(nu onll 2oy + P11V = Vonll gy ) < CREE) ] g

For a family of quasi-uniform triangulations (777')}120 such that the mesh size h goes to 0,

U SPL(T,) € H%(Q) is dense for s < 1,
h>0

U SPO(T,) € H*(Q) is dense for s < 0.
h>0
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2.5 Boundary integral equations for the Helmholtz equation

For approximations on the boundary I', a similar result can be shown, but one has to
take into account that Sobolev spaces are not well defined for s > 1. Instead we have the
following result:

Proposition 2.35 ([SS11, Theorem 4.3.20 and Theorem 4.1.51]). Let I" be the piecewise
smooth boundary of a Lipschitz polyhedron and let 7;? be a reqular and quasi-uniform tri-
angulation of I': Then the following estimates hold:

inf  Jlu—opll- < ORPPHL)F2 1 Vu e HS (T), s> —1/2,
vaSP,O(T{)II nllg-172(r) < el s, () (D), s>-1/

inf ) < CpMine+Ls)=1/2 11 Yue H3 (T), s>1/2.
I TP Jall (D), 521/

Sometimes, instead of relying on the abstract existence of approximating functions, we
need to construct them using linear and stable operators. These can be constructed in
multiple ways, see e.g. [KM15] for a very general construction which is robust in p. Other
ways to construct such an operator include the construction by Scott and Zhang [SZ90] (we
use the version as modified in [Aur+15, Lemma 3]) or (for low order) operators of Clément
type (see [Clé75]), see also[GE16]. In the very simple case of quasi-uniform triangulations,
the L2-projection also satisfies the necessary assumptions (see also [CT87; BY14] for other
sufficient conditions).

Proposition 2.36. Let I' be the piecewise smooth boundary of a Lipschitz polyhedron and
77{ is a regular and quasi-uniform triangulation of I'. Then, there exists an operator J}; :
LA(T) — SPYTY) with the following properties:

(i) JL : H5(T) — H*(T) is linear and bounded for s € [0,1],
(ii) the following approzimation property holds for 0 <t <1 and s > t:
Hu — Jil;uHHt(r) < OpMin(ptls)—t HUHHEW(F) Yu € HSW(F).
Analogously if Ty, is a reqular and quasi-uniform triangulation of €2, there exists an operator
Jp : L2(Q) — SPY(T) such that
(i) Jn: H?(Q) — H*(Q) is linear and bounded for s € [0,1],
(ii) the following approrimation property holds for s > 1:

lu— Tl gy + RV (= Tyr)| 2y < CH O ]|y Vu € HH(Q).

2.5 Boundary integral equations for the Helmholtz equation

In this section, we develop the theory of boundary integral equations for the Helmholtz
equation, which will form the basis for all the discretization schemes used in this thesis.
The results in this section are all standard in the literature and can, for example, be
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found in the monographs [McL00; SS11; Ste08; HWO08|. For a more time-domain oriented
introduction we refer to [Say16]. For s € C with Re(s) > 0, we consider solutions u of

~Au+s*u=0 in R4\ T, (2.29)

where I' denotes the boundary of a bounded Lipschitz domain Q.
We start with the simple fact that transmission problems are uniquely solvable:

Proposition 2.37. For s € C with Re(s) > 0 and ¢ € H-Y2(T), v € HY*(T), the
problem of finding u € H) (Rd \ I‘) such that

—Au+s*u=0 (2.30a)

[vu] =v and [o,u] =¢ (2.30b)

has a unique solution.

Proof. We only show uniqueness. Existence can, for example, be shown using the potentials
in Proposition 2.38 or the Lax-Milgram theory together with appropriate boundary liftings.

By linearity it is sufficient to consider the homogeneous problem ¢ = 1 = 0 and show
u = 0. We note that in H} (Rd \ F) the integration by parts formula holds. This can be
seen by using the density of compactly supported test-functions in Hi (Rd \ F). Multiply-
ing (2.30a) by su, integrating and integration by parts gives:

5(1VullZ2@ayry + 5 s lull72gary = 0.
Since we assumed Re(s) > 0 we can deduce ||ul| 1 (ga\ry = 0 by taking the real part. [

We introduce the fundamental solution for the differential operator —A + s

i ip(D) (s
tHy (is|z|) ford=2,

¢@w%={§£ for d— 3 (2.31)
4m|x| -

Here HSI) denotes the Hankel function of the first kind and order zero. For details,
see [McL00, Chapter 9].

Proposition 2.38. Define the single- and double-layer potentials for x € R\ T':
(5(:)5) (@) 1= | Bl = y:5)o(w) dS(0), (2.323)
(D(s)9) (@) 1= [ Doty (o = 3 5)(0) dS(0). (2.320)

If u € Hi (Rd \ I‘) solves (2.29) for s € C4, it can be written using the representation
formula

u(a) = — [S(s) [0,4] } (z) + [D(s) [yu] } (z) VreRI\T. (2.33)

Conversely, if we define u viau := —S(s)p+D(s)¢ for some boundary data ¢ € H—'/?(T)
and 1 € HY2(T), then u solves (2.29) with [d,u] = ¢ and [yu] = .
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2.5 Boundary integral equations for the Helmholtz equation

Finally, we introduce the boundary integral operators corresponding to the potentials:

(") ) (s) :=~7S5(s), "single layer operator”, (2.34a)
K(s): HY*I)— H2I), K(s):= {{’yD( )}, 7double layer operator”, (2.34b)
() (s) :={0,5(s)}, 7adjoint double layer”, (2.34c)
() (s) := —0F D(s), "hypersingular operator”. (2.34d)

In practice, these operators can be computed via explicit representation as integrals over
the boundary I'. For sufficiently smooth functions v, ¢ the following equations hold:

V(s)e = [ By 9)e(w) ar o), (2.350)
/a 1®( 9, 9)e(y) d0(y), (2.35b)

0= [ 0, ®C9.5)0(0) T (2:35¢)
) = —0, /a Yo(y) d0 (). (2.354)

Remark 2.39. Since the fundamental solution depends analytically on the wave number
for s € C4, the dependence of the boundary integral operators on s is also analytic. This
will be important, as it allows us to apply the Convolution Quadrature techniques, which
will be introduced in Section 3.3, to these operators.

2.5.1 The Helmholtz equation with matrix-valued wave number

In this section, we generalize the results from the scalar problem (2.29) to the system
of equations —AU + B2U where B € C™*™ is a matrix and U is vector valued. This
setting is common when considering Runge-Kutta type discretizations of wave propagation
problems, see Section 3.2. Most of the results of the previous section have an analogous
counterpart. We use the usual trace and jump operators also for vector valued functions,
without notational distinction. They are meant to be applied component-wise.

In order to define potentials and boundary integral operators, we need to be able to
apply the functions to a matrix. This is done using the following functional calculus:

Definition 2.40 (c.f. [Yos80, Chapter VIIL.7], [GV13, Chapter 11]). Let F' : G — AB(X,Y)
be a holomorphic function, which is defined on a domain G C C, and X, Y be Banach
spaces. Let B be a matriz with o(B) C G. We then define F(B) via the Riesz-Dunford
functional calculus for holomorphic functions:

1

F(B):= 37 s

(B~ X" @ F(\)dA,

where C C G is a closed path with winding number 1 encircling o(B). The operator ®
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denotes the Kronecker product, i.e., for a matriz A € C™*™ we write

a11F e almF
AQF = .. :
ami ' ... ammE
This defines the operator F(B), mapping from the product space [X]™ to the product space

(V|"™. For a fized matriz B € C™*™  the mapping F — F(B) is linear and an algebra
homomorphism, i.e. (FG)(B)= F(B)G(B).

Since we often need to apply the same operator A to vectors of functions, we use the
notation A := [I[d®A] = diag(4,...,A) for the diagonal product operator, where we
assume that the number of entries is clear from context.

We start with generalizing Proposition 2.37 in a straight-forward way:

Proposition 2.41. For B € C™™ with o(B) C C,, ® € [H_l/Q(I‘)]m, and ¥ €
[H1/2(F)]m, the transmission problem: find U € [HX (R4\T)]™ such that

~AU+B*U=0 @mRI\T
[WU] =¥, and [o,V]=@

has a unique solution.

Proof. We focus on uniqueness, existence follows from using potentials in Lemma 2.42. For
a solution of the homogeneous problem, i.e. ® = ¥ = 0, we can write B = XJX ! in
Jordan form. Most notably J is an upper triangular matrix. This implies —AX U +
J2X~1U = 0 with homogeneous jump conditions. Since the scalar problem has a unique
solution by Proposition 2.37, we immediately see that the last component of X ~1U must
be 0. A backward substitution argument then gives, in each step using Proposition 2.37,
that X ~'U = 0, which in turn means U = 0. ]

We now are able to generalize the representation formula (2.33):

m

Lemma 2.42. Let U € [Hi (Rd \ F)] solve the equation

~AU+B*U =0 in R\ T (2.36)
for a matriz B € C™*™ with o(B) C C4. Then U can be written as

U=-5B)[o,U]+ D(B)[yU]. (2.37)

Proof. We show that the function V := —S(B) [0,U] + D(B) [yU], defined analogously to
(2.37), solves the transmission problem:

~AV +B*V =0 in R4\ T
[Wl=hU] and [6,V]=[0,U].

Since solutions to such problems are unique via Proposition 2.41 this is sufficient. The
jump conditions follow directly from the definitions using the Riesz-Dunford calculus and
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2.5 Boundary integral equations for the Helmholtz equation

the jump properties of the scalar single- and double layer potentials. To see the differential
equation, we first look at S(B) and calculate:

_AS(B)[9,U] = -A < [B-x"esm 0.0 dA)

_ /C (B =)' [=AS\)] [8,U] dx

= —/ (B-N""® [A2S(N)] [0,U] dA
C
= —-B%S(B)[0,U],

where in the last step we used that the functional calculus is an algebra homomorphism.
The same calculation can be done for D(B). O

The representation formula can be used to derive boundary integral equations for the
jumps or traces of solutions to (2.29). While there are many ways to write these equations,
we focus on a version which allows us to easily derive an expression for the Dirichlet-to-
Neumann map.

Proposition 2.43. Let U € [Hj (Rd\F)]m solve (2.36). Then, the following identities
hold on the boundary:

ofU wW(B) —s+K7(B))\[0,U])" '
If we consider solutions to the exterior problem, i.e. —AU 4+ B2U = 0 in R?\ Q, the traces
solve
0 _ % - K(B) V(B) 7+U (2 39)
-oyU) ~\ W(B) —-i+KT'(B))\ofU)" '

Proof. Equation (2.38) follows from the representation formula and the definitions of the
boundary integral operators. In order to derive (2.39), we extend U by 0 on Q and ap-
ply (2.38). O
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3 Time-stepping and Convolution
Quadrature

In this chapter, we introduce some of the most common ways of discretizing time evolution
problems. We consider time-stepping based methods, which generate a sequence of approx-
imations at discrete times t,,. Since we are interested in applying Convolution Quadrature
based methods later, we restrict our considerations to the case where all ¢,, are multiples of
a common factor, i.e., t,, := kn for some parameter £ > 0 which we call the timestep size.
Most of the definitions and elementary results on these methods presented in this section
are taken from the books [HNW93; HW10].

We will introduce the methods by first considering a simple ODE, namely, finding u :
[0,00) — C such that

= f(t,u) and u(0) := wo, (3.1)

for some initial condition ug € C and given right-hand side f : Ry x C — C.

While all the algorithms generate a sequence of approximations at discrete times %,,
we usually assume that we are given initial conditions for ¢ < 0 such that we may define
approximations for all ¢ by shifting the initial time ty such that ¢ becomes a grid-point.
This allows us to use function notation, e.g., u*(t) for our approximating sequence.

3.1 Multistep methods

A multistep method is determined by its number of steps m and by coefficients a; and f;,
7 =0,...,m. The simplest cases are the explicit and implicit Euler methods, which approx-
imate u by u®(t,) := uF(ty_1) +k f(tn_1,uF(tn_1)) and uF(t,) = uF(tp_1) +k f(tn, u*(t,)).
Higher order methods are achieved by reusing more of the previously computed approxi-
mations. The general approximation scheme is given by the defining equation for n > m:

% Yo (tag) =D Bif (tn—j, Uk(tn—j))- (3.2)
=0 =0

To close the system we assume that we are given u®(t,) := u(t,) for n = 0,...m — 1
(in practice when using multistep methods for ODEs, these are computed approximately
using some other time-stepping method). The coefficients for the most common multistep
methods are listed in Table 3.1. These and many other examples can be found in [HNW93].
The function d(z) listed in the table is important in the context of Convolution Quadrature
and will be introduced in (3.15).

We say a multistep method is of order p, if for arbitrary initial value problems (3.1)
with sufficiently smooth exact solutions wu, the discretization error can be bounded by
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3 Time-stepping and Convolution Quadrature

Method m  ap,---Am_ Bo---Bm 6(2)
Implicit Euler/BDF1 | 1 1, -1 1,0 1—=2
Trapezoidal rule 1 1, -1 %,% %
BDF2 2 3,-21 1,0,0 2(1—2)(3—2)

Table 3.1: Examples for commonly used A-stable multistep methods

‘u(tn) — ¥ (tn)’ = O(kP), where the implied constant is allowed to depend on u and f, but
not on k.

An important class of multistep methods are the ones which preserve some qualitative
properties of the exact solution in addition to the approximation properties. We only
consider the following class of methods:

Definition 3.1. A multistep method is called A-stable, if for linear ODFEs of the form
f(t,y) := Xy with Re(\) < 0, the approzimations uF(t,) computed via (3.2) are uniformly
bounded with respect to n.

The methods listed in Table 3.1 are all A-stable (see [HW10, Sect. V.1]). A strong lim-
itation when using multistep methods for discretizing PDEs, especially using Convolution
Quadrature, is the following result on the achievable order:

Proposition 3.2 (Dahlquist’s second barrier, [HW10, Sect. V.1, Theorem 1.6]). An A-
stable multistep method must be of order p < 2.

The BDF1 and BDF2 methods have another important property which will prove useful
when investigating nonlinear problems in Chapter 5.

Proposition 3.3. The linear multistep methods BDF1 and BDF2 are G-stable. This

means, there exists a matric G = (gij)ij=1,..,m that is symmetric and positive definite
such that
m .
Re <Z%'U”_",U"> > UM - g,
j=0
where U™ = (u™, ..., u" ™)1 and
m m
HUnH%‘ — Z Zgij<unfm+27unfm+]>.
i=1 j=1

Proof. As BDF methods are equivalent to their corresponding one-leg methods, the result
follows from [HW10, Chapter V.6, Theorem 6.7] and its proof. O

3.2 Runge-Kutta methods

Proposition 3.2 limits the order achievable by A-stable multistep methods. Since we are
interested in using higher order methods, we introduce a second kind of time-stepping
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3.2 Runge-Kutta methods

method, which will not suffer from such limitations. An m-stage Runge-Kutta method is
characterized by a matrix @ € R"™*™ and two vectors b, c € R™. The approximation to the
problem (3.1) is then given by (in each step) first computing the stage vector U¥(t,) and
then using this to compute the approximation u* (tn+1) via the following defining equations:

Uk (t,) = uk (t,)1 + kQf (tn + ke, Uk(tn)) , (3.3)

WP (tni1) = uF(tn) + kBT f (tn + ke, U’f(tn)) , (3.4)

together with the initial condition u*(0) := ug. Here f (t, + ke, U*(t,)) denotes the vector
f (tn + ke1, Uf (tn))

ftn + ke, UR(t,)) := : :
f (tn + kcn, UL (t))
and 1 := (1,...,1)7 is the constant-one vector. Throughout this dissertation we require
that Q is invertible.

Completely analogous to the case of multistep methods, one can define the class of A-
stable methods by: for ODEs of the form f(¢,y) := Ay with Re(\) < 0, the approximations
uF(t,) computed via (3.2) are uniformly bounded with respect to n. In practice, it is more
useful to use the following characterization:

Definition 3.4. A Runge-Kutta method is called A-stable, if for z € C with Re(z) < 0,
(I — zQ) is invertible and the stability function

r(z):=1+2bT (I —2Q)" "1 (3.5)
satisfies |r(z)| < 1.
Corollary 3.5. For z € C_, i.e., Re(z) <0, the strict inequality holds:
Ir(2)| <1, VRe(z) < 0.

Proof. The statement is well known, and follows from the maximum principle for holomor-
phic functions. 0

Another important class of methods, which is often convenient to work with has the
property that the approximation u* (tn+1) coincides with the last entry of the stage vector
Uk(t,). Algebraically they are characterized as follows:

Definition 3.6. We call a Runge-Kutta method stiffly accurate, if it satisfies bT Q71 =
(0,...,1).

Sometimes we use the following reformulation of a Runge-Kutta step. Using the definition
r(00) :=1—bTQ7 1, we can rewrite (3.3) as:

U*(ty) = uF ()1 + kQf (tn + ke, Uk(tn)) , (3.6)
P (tnir) = r(c0)uf (t,) + bT Q71U (t,). (3.7)

When analyzing Runge-Kutta methods, the following order conditions play an important
role:
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3 Time-stepping and Convolution Quadrature

Definition 3.7. We say the Runge-Kutta method defined by Q, b, c has stage order q and
classical order p if the approximations satisfy:

u(kc)——l]k(k)‘::C?(kq+1) and )u(k)—-uﬁ(k))::CD(kp+1)

for arbitrary right-hand sides f in (3.1), as long as the exact solution is sufficiently smooth.
Using the notation ct := (cf, ...,ct) for the entry-wise powers, we use the following
order conditions satisfied by such Runge-Kutta methods:
¢t =0Qc 1, 1<¢<gq, (3.8)
1

T il —
A N R A Ay

0<j+l<p—1. (3.9)

Remark 3.8. The fact that the definition of order implies the order conditions (3.8) and
(3.9) is well known, see [AP03; OR92] and can be seen by applying the method to ODEs
with right hand sides of the form f(t,u) :=u+ g(t).

3.3 Convolution Quadrature

Convolution Quadrature (CQ) was introduced by Christian Lubich in [Lub88a; Lub88b]
as a method for discretizing convolution integrals and fractional derivatives. It possesses
very favorable stability properties due to an implicit regularization in time. For the pur-
pose of using it to discretize boundary integral equations, its main advantage is that it can
approximate convolutions without having to evaluate the convolution kernel in the time
domain. Instead it is sufficient that the Laplace transform of the kernel is well-behaved and
known explicitly. In our applications, these considerations in the Laplace domain will lead
to boundary integral methods for the Helmholtz equation with complex wave numbers, as
introduced in Section 2.5. Convolution Quadrature comes in two flavors corresponding to
an underlying time discretization via multistep or Runge-Kutta methods. We will intro-
duce the basic principles of these two methods together with some convenient operational
calculus notation in the following sections.
The general premise is to approximate convolution integrals of the form

u(t) :== /0 k(t —T1)g(T) dr (3.10)

for a given kernel function x : Ry — C and data g : R — C. We make the additional
assumption that g is a causal function, meaning that g(t) = 0 for ¢ < 0 and assume that
the Laplace transform K (s) := % [k] (s) of k can be computed explicitly, where we define
Z k] (s) := [y7 e * k(1) dr. We can rewrite (3.10) as

u(t) =27 (K () Z [g)) (3.11)

as long as the inverse Laplace transform exists (this imposes restrictions on the decay
properties of the Laplace transform .# [g] which we specify later on). The motivation for
considering convolutions of the form (3.10) when interested in wave propagation problems
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3.3 Convolution Quadrature

and the related semigroups can be seen from Duhamel’s formula (2.8). Similarly, the
boundary integral equations will be derived in convolution form from this principle.

In order to emphasize the importance of the Laplace transform K(s) in (3.11) over the
kernel function k, we introduce an operational calculus notation which is common in the
literature on Convolution Quadrature (see [Lub94]; note that the corresponding operational
calculus dates back much further, e.g., [Gen83] and[Yos84]).

Definition 3.9. Let K(s) : X — Y be a family of bounded linear operators between Banach
spaces X and Y that is analytic for Re(s) > 0. We define

K(0n)g =2 (K(")Z1g]),

where g € dom (K (0;)) is such that the inverse Laplace transform exists, and the expression
above is well defined.

Remark 3.10. [Say16, Chapter 3] contains a very general treatment of when the inverse
Laplace transform exists using the theory of distributions. If £ [g] decays sufficiently fast,
the inverse can be computed using the Bromwich integral:

K(0t)g(t) = —— / KO Z () ds >0

- 2mi
Proposition 3.11. This operational calculus has the following important properties:
(i) For kernels K1(s) and Ky(s), we have K1(0;)K2(0:) = (K1K32) (0) .
(ii) For K(s) := s, we have: K(9;)g(t) = ¢'(t) Vg € C*(R"), with g(0) = 0.
(iii) For K(s):= s~ we have: K(0;)g(t) = f(f g(&)d¢ Vg e C(RT).

The last statement motivates the notation 8{1 for the integral, which will be important
when we introduce a corresponding discrete version.

Proof. Part (i) follows directly by inserting the definitions of K1(0¢)[K2(0;)g]. Part (ii)
follows from the properties of the Laplace transform, see, e.g., [Sayl6, Section 2.3]. The
last part then directly follows from (i) and (ii). O

As an application of this calculus, we look at the following time-domain analog of repre-
sentation formula (2.33).

Proposition 3.12 (Kirchhoff’s representation formula, [Say16, Proposition 3.5.1]). Let T’
be the boundary of a bounded Lipschitz domain, and let u € CQ(R,HA (Rd \ F)) solve the
wave equation i = Au in R?\ T. Assume that u(t) = 0 for t < 0 and that an a priori
estimate Hu(t)”Hi\(Rd\F) < C(1+t) holds for all t >0 and some £ € No.

Then, u can be written as
u=—5(0) [0yu] + D(0) [yu] , (3.12)

where S and D denote the single and double layer potentials from (2.32).
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3 Time-stepping and Convolution Quadrature

3.3.1 Multistep method based CQ

The multistep based Convolution Quadrature was the original version introduced in [Lub88a;
Lub88b]. A detailed introduction to multistep Convolution Quadrature can also be found in
[Say16, Chapter 4]. An important tool when working with CQ is the so-called Z-transform.
For a sequence g := (gn)nen,, it is defined by

Z(g)(2) = gnz". (3.13)
n=0

(Note: we use the complex parameter z instead of s, as it does not directly correspond
to the Laplace parameter s. Instead the correspondence is z = e°). We also identify a
function f with the sequence (f(tn))nen when writing 27 [f]. Let (a;)7L,, (8;)7%q be the
coefficients of an m-step method as described in Section 3.1.

In order to motivate the definitions for approximating (3.10), we follow [Lub88a] and
make a (in our case purely formal) calculation. Let g : R — C be a causal function such
that (3.10) is well defined. Starting with (3.10), we use the Bromwich integral to write
k = £~ 1K], and calculate for o > 0:

u(t) :/Ot( ! K(s)esfds> ot — 1) dr

270 JoyiR

1 t
= — K(s)/ eSg(t — 1) dr ds
210 Jotir 0
_ 1 K(s) / " st (1) dr ds
2mi Joym 0 e

The inner integral is the solution to the ODE ¢’ = sy + g with y(0) = 0 by Duhamel’s
formula, which we will approximate by a multistep method. Let & > 0 denote the timestep
size used for the approximation. Since g(t) = 0 for ¢ < 0, we can equivalently start the
equation with y(—mt) = 0 in order to get the initial conditions for the multistep method
y(—jt) =0 for j =0,...,m. Denoting the approximation at time step t,, := nk (as defined
n (3.2)) by the multistep method as y*(t,; s) gives:

1

/ K(8)yk (t: 5) ds = uk (1).
iR
In order to get an explicit representation of u*(t,), we take the Z-transform to get:
k 1 k
Z {u ] =— | K(s)& {y (';S)] ds. (3.14)
2mi Jir

We need an explicit representation of 2 [yk(~; s)] . This can be derived via the Z-transform
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%Zz" Yoy (tagis) | = ZZ"Zﬂj [Syk( n—j3 ) +9(tn—j)} =
j =0
%Zajzj [ZZ" Ty (tn—ji s)| = [ZZ” T (s (b3 )+9(tn—j)>] =

sg[ ]+9ﬁ[]) —

3
Il

o
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with the generating function

Z;n:() a;z’
Z;n:o Bzl

Inserting this into (3.14) and using the Cauchy integral theorem gives:

7 [u] () = ;Ti/UHRK(S) {5(]:) _ s} U o ds— K <5(1:)> #|g.

Taking the inverse of the Z-transform in this equation then motivates the following defini-
tion:

§5(z) = (3.15)

Definition 3.13. Let K(s) : X — Y be a family of bounded linear operators between
Banach spaces which is analytic in s for Re(s) > 0. Let g : R — X be a causal function.
Let (aj)jLy, (Bj)jy originate from an A-stable multistep method. Then, we define for
teR:

[K(0F)9) (1) == 3" Wiglt = k), (3.16)
§=0
where the operators W; : X — Y are defined as the coefficients in the power series
Y Wi =K <5(]:)> (3.17)
j=0
and §(z) is defined in (3.15).

The convolution weights in (3.17) are well defined due to the following mapping property
of § and the analyticity assumption on K(s) for s € C;..

Proposition 3.14 ([HW10, Chapter V.1, Theorem 1.5]). If a multistep method is A-stable,
then its generating function §(z) as defined in (3.15) has no poles on the open unit disk
and satisfies Re(0(z)) > 0 for |z| < 1.
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3.3.2 Runge-Kutta based CQ

In order to get methods of order higher than two, the Runge-Kutta based Convolution
Quadrature method was introduced in [LO93|. The general derivation is similar to the
multistep case, replacing the approximation of the integral fg es(t=7) g(7) dm with a Runge-
Kutta based time-stepping. The analysis based on Laplace domain estimates of K (s) for
hyperbolic problems has been successively developed in [BL11; BLM11]. We will not use
those results as we instead take a pure time domain approach in the later chapters.

Convolution Quadrature is only well defined for a certain subclass of methods. We make
the following restrictions:

Assumption 3.15. The Runge-Kutta method given by (Q, b, c), satisfies:
(i) the method is A-stable,

(ii) the matriz Q is invertible.

We again introduce the Convolution Quadrature approximation using an operational
calculus notation:

Definition 3.16. Assume that the RK-method defined by Q, b, ¢ satisfies Assumption 3.15.
Let K(s): X — Y be a family of bounded linear operators between Banach spaces, which is
analytic in s for Re(s) > 0, and let g : R — X be a causal function. We define the function

5(z) == <Q+ : ]le)_l. (3.18)

1—2z

Using this, we define an analogous calculus to (3.16) via:

[K@F)g] (@) =D Wiglt =k + ke),
7=0

and the matriz operators Wj : [X]™ — [V]™ are defined as the coefficients in the power
series

> Wi =K <5(]:)> : (3.19)
j=0
where K(§(z)/k) is defined using the Riesz-Dunford calculus introduced in Definition 2.40.

We also use the same notation if G : R — [X]™ is already vector valued:

[K(af)a] (t) =Y W,G(t — jk).
j=0

Using a simple post-processing, we can compute an improved approximation. For a
function U : Ry — C™ we define

G[U](t) =0 for t <0, (3.20)
G[U](t) :=r(c0) G U] (t — k) +bTQ7U(t) fort >0, (3.21)

and analogously for Banach space valued functions. We immediately note that for stiffly
accurate methods this definition simplifies to projecting to the last component of U.
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Remark 3.17. Note that for Runge-Kutta methods, [K(9F)g](t) € [V]™ is defined to be
vector valued. Sometimes in the literature, the notation [K(9F)g](t) is instead used for the

post processing G [Z]‘?’;O Wig(t—jk+ kc)} .

In order to see that (3.19) is well defined, we need the following statement about the
spectrum of §(z):

Proposition 3.18 ([BLM11, Lemma 2.6]). Assume that the Runge-Kutta matriz defined
by Q, b, ¢ satisfies Assumption 3.15. Then, for |z| < 1, the spectrum of 6(z) satisfies

0(6(2)) Co(A Y u{weC:r(w)z =1},

where r(w) denotes the stability function from Definition 3.4. Hence, if the Runge-Kutta
method is A-stable, then o(5(z)) lies in the open right half-plane C; := {z € C : Re(z) > 0}.

While most of the classical analysis of Convolution Quadrature methods are based on
estimates in the Laplace domain and the relation of the CQ-approximation to the ap-
proximation of a Duhamel integral ([Lub88a; Lub88b; BL11; LO93; BLM11]), we take a
different approach based on studying the approximation properties directly in the time
domain. This approach has recently gained interest and was pioneered in[BLS15a; MR17].
The basis of this approach is the following lemma, which tells us that the Convolution
Quadrature approximation corresponds to the solution of a time-stepping scheme. This re-
lationship was already noticed in the early works on the topic (e.g. [LO93]). We formulate
the transformation in a general lemma:

Lemma 3.19. Let X be a Banach space and A denotes a closed, not necessarily bounded,

linear operator on X. Let functionsy: Ry — X, Y : Ry — [X]™, and F : Ry — [X]™ be
given such that the following relations hold:

Y (tn) = y(tn)1 + k[Q ® A]Y (t,) + k[Q @ Id]F(ty), (3.22)

y(ta1) = r(c0)y(tn) +bT Q7Y (t). (3.23)

Assume that the Z-transforms Y = % [Y] and F := % [F) exist for sufficiently small z as
power series in [X|™. Then, the Z-transforms solve the problem

IO 1 -1 _F
Y FAY = 1—7“(oo)zk o 1| y(0) - F, (3.24)

where the matriz-valued function §(z) is defined as in (3.18).

Proof. We begin by noting a different representation of §(z), which is a simple consequence
of the Sherman-Morrison formula. Namely, for |z| < 1 we have

B ZQfl]leQfl
1 —zr(o0)

5(z) =97t (3.25)

We consider the Z-transform of (3.23). Multiplying by 2™ and summing over n € Ny gives

G- y(0) = r(c0)j+b" QY

35



3 Time-stepping and Convolution Quadrature

or equivalently after some simple manipulations:

z

5o (b7 1V +271(0)) (3.26)

1—r(0)z
The Z-transform of (3.22) is more involved, as it involves an unbounded operator. We
multiply by 2" and sum up to a fixed N € N. This gives (after rearranging for the terms
involving A):

N N N N
E[Q®AIY 2"Y(ty) =) 2"Y(ta) = > 2" y(tn)l — k[Q®I] Y 2" F(t,).
n=0 z=0 z=0 n=0

Since A is closed, k[Q ® A] is also a closed operator. By assumption, the Z-transforms
Y, and F exist, and so does y by (3.26). Therefore by the equality above, the limit
kE[Q® A] ZTJLO Y"2" also exists for N — oo. Due to the closedness of A the equality
becomes:

E[Q®AY =Y — g1 —k[Q®Id] F.

Inserting (3.26) this becomes:

S z 5 1 ~
k AY = |[ld-——1b"07 ' |V + —————y(0)1 — & Id] F.
Q@ 4] 1 —7r(c0)z < * 1—r(oo)zy( ) (@@ 1d]
Applying Q' and rearranging the terms then gives the stated result. O

3.4 Approximation of Semigroups via Runge-Kutta methods

In this section, we look at how well a semigroup can be approximated by using a Runge-
Kutta method. We perform our analysis in a general Banach or Hilbert space setting,
which will allow us to apply the results to a variety of problems, see Chapters 4 and 6. We
note that, since we are interested in time domain BEM based approximation schemes rather
than simple time stepping, the spaces we encounter later on will be somewhat non-standard
and infinite dimensional.

For maximal generality, we consider the setting of Proposition 2.11. Let A4 be a closed
linear operator on a Banach space X. The operator B : dom A, — M is assumed to
be linear and bounded, such that A := A,|kerp generates a Cpy-semigroup. Then, the
Runge-Kutta approximation of the Problem (2.11) is given by:

UF(tp) = uF ()1 + k[Q ® AJU(t,) + k[Q ® I|F(t, + k), (3.27a)
B [Uk(tn)} == (t, + ke), (3.27b)
W (tns1) = uF(tn) + k [T @ A U (t,) + k[b" @ I|F(t, + k), (3.27¢)

for n € Ng and u*(0) := u.
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3.4 Approximation of Semigroups via Runge-Kutta methods

3.4.1 Rational functions of operators

We often work with rational functions of unbounded operators, as they provide a nice way
of transferring results from the scalar theory of Runge-Kutta methods to the semigroup
setting. The definitions are slightly awkward since rational functions over C commute, but
when dealing with operators we must pay attention to the domains.

Lemma 3.20. Let A be an (unbounded) operator on a Banach space X. Consider a family
R = (§,85)7—¢ such that §; € C, s; € {—1,1} and &; € p(A) if sj = —1. We call such a
family a rational expression of A and associate an operator and a rational function over C
to it by defining:

n

HA g] ) Hz_gj

Let q(z) := p;gig be a rational function defined by the two polynomials

P
ni n2
p1(z) :== H(z — ;) and  pa(z) = H(z —Aj).
7=0 =0
If we assume \; ¢ o(A) Vj = 0,...,ng, the function q(z) induces a rational expression
Q= (&)™ defined o3
) (g, 1) for j=0,...,n1,
(€j7 8]) = .
(Nj—pi—1,—1)  forj=mni+1,...,n1+na+ 1.

By construction, we get Q(z) = q(z). We write q(A) := Q(A) using this associated rational
exrpression.
The following statements hold:

(i) R(A) is well defined and a linear operator dom(R(A)) — X.

(i) For two rational expressions R, @Q, for which the associated rational functions co-
incide, i.e. R(z) = Q(z) Vz € C, the associated operators coincide on the shared
domain, i.e., R(A)x = Q(A)x for v € dom (R(A)) Ndom (Q(A)).

(i) If Z?:O s; <0, then R(A) has a bounded extension B € B(X) with R(A) C B. The
norm ||B||93(X) depends on q and H(A _ gj)—l

¥) for j=0,...,n with s; = —1.
For rational functions this means that, if deg(p1) < deg(p2), then q(A) is bounded.

(iv) For two rational expressions R and Q, the rational expression R - Q, defined by con-
catenating the tuples, satisfies [R- Q] = R(2)Q(z) and [R- Q](A) = R(A)Q(A).

(v) For P, Q rational expressions and p € C, the operator B := P(A) + pQ(A) has an
extension, which can be written as R(A) for a new rational expression R.
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3 Time-stepping and Convolution Quadrature

Proof. Part (i) is easily seen since we assumed that §; € p(A) for s; = —1.

Ad (ii): We write R := (§;, ;)7 and Q := (Ej,’gj)?;o. We note that for x € dom(A),
the factors satisfy (4 — &)71(A — &)z = (A — &)(A - &) la for & € p(A), & € C.
Thus we can reorder the terms in the product, such that those with s; = —1 are on the
right-most side of the expression without changing the value (but possibly extending the
domain). We also note that since linear factors (A — &) commute and so do the factors
(A—¢&)~1, we can permute these factors internally. By this insight, we observe that we may
assume that R (and by analogous considerations @) is in simplified form, meaning that for
i,j € {1,...,n1} with & = &; we always have s; = s;, as otherwise we may permute the
factors to cancel out.

Since the associated rational functions coincide over C and both expression are in sim-
plified form, the coeflicients must be a permutation of each other, ie., {; = {p(;) and
5j=s p(j)- By the previous considerations we can reorder the expression to be the same
for R(A) and Q(A). N

Ad (iii): We reorder the coefficients and set Q := (§;,5;) = ({p(;), Sp(;)) such that 5; =1
for the first nq terms and s; = —1 for the others. Since Z?:o sj < 0, we get that ny < n—nq.
Therefore, we can group the operators into pairs and define the operator:

QA) = [[TA-A-Em) | | TT (A=) ™
j=0 j=ni1+1

and its corresponding rational expression (). Since the pairings (A — g])(A — gj+n1) L are

bounded with an operator norm depending only on Ej, §j+m and H (A— §j+m)—1 H%(X), this
operator is bounded. Also, as it corresponds to a reordering of the coefficients (;, s;)

it is an extension of R(A) via (ii), which proves (iii).

Part (iv) follows trivially from the definitions.

Part (v): Since we're only talking about extensions, let w.l.o.g. P(A) = p1(A)[p2(4)]~
and Q(A) = q1(A)[g2(A)]~! with p;,¢; polynomials. Then, since the bounded operators
[p2(A)]~! and [g2(A)]~' commute, we can write for x € dom(P(A)) N dom(P(Q)):

(P(A) + nQ(A)) z = [p1(A)g2(A) + p2(A)q1 (A)] [q1(A)g2(A)] " 2.

n
]:O)

1

Since p1(A)ga(A) + p2(A)qi(A) is a polynomial in A, it can be written using linear factors.
Together with the factors of [g1(A)ga(A)]™" this gives a new rational expression R with
R(z) = P(2) + pQ(z) and P(A) + pQ(A) € R(A). O

When working with Runge-Kutta methods, it is often the case that we would like to use
(3.27a) in order to express an explicit formula for the stage vectors U*(t,). In order to do
so, we need to invert a system of equations involving the operator A. The fact that this
can be done is subject of the next lemma.

Lemma 3.21. Let A be a linear (not necessarily bounded) operator on a Banach space
X and M C C™ ™ be a matriz. Assume o(A) No(M) = () and the resolvent satisfies

H(A — MId)_alg(X) <C, for peo(M).
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3.4 Approximation of Semigroups via Runge-Kutta methods

Then, the matriz operator (A — M ®1d) mapping [dom(A)]™ — [X]|™ is invertible and
satisfies

H(A ~ M ®1d)™! H%(Xm) <ca,

The constant C > 0 depends only on M. The inverse can be written as a rational expression

(A—M@Id)_ll‘ = Rij(A), i,j=1,....m.
1)

Proof. We can bring M to Jordan form, and write M = XJX ! where J consists of
Jordan-blocks and most notably is an upper triangular matrix with eigenvalues (,uj)gnzl on
its diagonal. It is easy to see that we can write the inverse as

A-MeId) ' =[Xeld ' (A-Jold) X el

where the left-hand side exists if and only if the right-hand side does. Due to its triangu-
lar structure, (A — J ®Id)~! can be constructed by a backward substitution, each entry
involving the solution of a problem (A — ,uj)_l and linear combinations of the entries com-
puted before. Since the resolvents exist and are bounded by C,, the full inverse can then
easily be constructed, and the bound follows from the triangle inequality. The form using
rational expressions follows directly from this construction. O

An analogous result to Lemma 3.21 also holds for two different classes of problems which
will feature occasionally in this thesis. We compile these results here for ease of presentation.

Lemma 3.22. Let A be a linear (not necessarily bounded) operator on a Banach space X
and M C C™ "™ be a given matriz. Let B : dom(A) — Y be a linear operator representing
a side constraint such that for all X € o(M) and f € X, g € ) there exists a unique
u € dom(A), satisfying

Au— > u=f and Bu=yq.

matriz valued problem, given F € [X]™ and G € [Y]™, find U € [dom(A)]™ such that

Assume that this solution u satisfies the estimate |lull, < Cx ([ fllx + lglly). Then, the

AU —MU =F and BU =G

has a unique solution, which satisfies

10l < € (IFllgm + 1G yypn ) -
The constant C' > 0 depends only on M and the constants C for X\ € o(M).

Lemma 3.23. Let a(-,-) be a bilinear form on a Banach space Y. Let X be a Hilbert space
with Y C X with continuous embedding. Assume that for A\ € o(M) and f € Y’ the scalar
problems of finding u € Y such that

a(u,v) = AU, v) x = (f,0) 5y Yve)
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3 Time-stepping and Convolution Quadrature

have a unique solution with ||ul; < Cyx | flly for some norms |||, on Y and |-||, on V'
Given F € [Y'T™, the problem find U = (U;)iL, € [V]™ such that

> a(U;, Vi) = (MU, V) gym = (B, V) gy YV = (V) € V™
7=0

has a unique solution, which satisfies
Ul < max Cy | Cy ||F
U, < </\€U(]>\</[) /\) M [ F [

with the product versions of the norms ||-||; and ||-||y. The constant Cps > 0 depends only
on M.

Proof of Lemmas 3.22 and 3.25. Follows verbatim to the proof of Lemma 3.21, as we only
needed that, after transforming to Jordan form, the scalar problems had unique solutions.
O

Before we can prove the stability of Runge-Kutta methods, we need two results from
functional analysis. We will make use of the spectral theorem for self-adjoint operators.

Proposition 3.24 (Spectral theorem, [Wer07, Satz VIL.3.1, page 354] or [RS80, Theorem
VIIL4]). Let A be a (not necessarily bounded) self-adjoint operator on a Hilbert space H.
Then there exists a measure space (O, u), a measurable function F' : O — R, and a unitary
map U : H — L*(O,du) with the following properties:

(i) x € dom(A) if and only if F -Ux € L?(u),
(ii) (UAU7Yf)(2) = F(2)f(z) Vze€O.
We use this result in the following version:

Corollary 3.25. Let A be a (not necessarily bounded) self-adjoint operator on a Hilbert
space H. Then, for a rational function q(z) with |q(z)| =1 for z € R, the operator q(A) is
an isometry.

Proof. Tt is easy to see using the notation from Proposition 3.24 that, since the poles of ¢

are not on the real line, (A — ) ~! corresponds to multiplying by (F(z) —u)~!. By writing

the linear factors in the definition of g(A) as U~(F(z) — €)% U, and cancelling the pairings

U~U, we get q(A) = U~ 1q(F(-))U, where q(F(-)) denotes the multiplication operator.
Since U is unitary, this allows us to calculate the norms:

la()elf, = laFOUAEIE = [ laEF [UaEF dut2
/ U)()? dpu(z)
Sy 0

When dealing with non-self-adjoint operators we will use the following result:
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3.4 Approximation of Semigroups via Runge-Kutta methods

Proposition 3.26 (von Neumann). Let H be a Hilbert space and q(z) a rational function
with |q(2)] <1 for |z| < 1. Then, for all bounded linear operators T € AB(X):

1T gy <1 implies  [|a(T)| 500y < 1.

Proof. See [Neu51, Section 4] or [RS90, Chapter XI, Section 154]. O

3.4.2 Stability of Runge-Kutta time-stepping

The previous preparatory results allow us to show the following stability estimate:

Lemma 3.27 (Discrete Stability). Let A be a linear, mazimally dissipative operator on
a Hilbert space H. Then, for A-stable Runge-Kutta methods and arbitrary k > 0, we can
bound

(ke Al gy < 1. (3.28)

If in addition —A is also mazimally dissipative (or equivalently iA is self-adjoint), and
the RK-method satisfies |r(it)| =1 for t € R, then the operator is an isometry:

|7 (k A)ully, = [Jully Vu € H. (3.29)

Proof. In order to show (3.28) we make use of results and ideas in [Neu51]. The results
there are formulated for bounded operators A, but we will follow the same techniques.
We consider the operator ® := (A +1Id) (A —Id)™! (the existence of the inverse is guaran-
teed by the maximality assumption, see (2.7)). Then, ® is a contraction by the following
calculation for u € dom(A):

(A + Id)ull3, = (A +Id)u, (A + Id)u),, = || Aull3, + 2 Re (Au, u)y, + ||ull3,
(A= Id)u, (A —Id)u),, + 4Re (Au, u),,
< |[(A - 1d)ul)?,,

where in the last step we used the dissipativity, i.e. 4Re(Au,u),, < 0. Setting u :=
(4 — 1)1 then gives [|@plly, < ¢l or @]l < 1

Looking at the map € : z — zﬂ, it is easy to see that for Re(z) < 0 it holds that
|€(2)] <1and €(%(z)) = z. Thus ¢ maps B1(0) to {z € C: Re(z) < 0}.

Since |r(z)] < 1 for Re(z) < 0 due to A-stability, this implies that the rational func-

tion g(z) :=r <§f§> satisfies |g(z)| < 1 for |z] < 1 (where we have implicitly removed

the singularity at z = 1, since |g(1)] = |r(c0)| < 1). By Proposition 3.26 this implies
HQ(‘I’)H,@(X) <L

Since g(®) and r(A) are two rational expressions of A, both defining operators defined on
all of X, for which the rational functions satisfy g(¢'(z)) = r(€¢ 0% (z)) = r(z) by definition,
we get that g(®) = r(A) by Lemma 3.20(ii).

If —A is also maximally dissipative, this implies that ¢A is self adjoint by Propo-
sition 2.9. We can apply Corollary 3.25 to the function ¢(z) := r(—iz), to estimate
Il = gAYl = [r(~2A)ul,, = (Al 0
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In the previous theorem it is crucial that H is a Hilbert space. For general Banach
spaces the estimate does not hold. Instead, the following estimate was shown by Brenner
and Thomée:

Proposition 3.28 ([BT79]). Let A be the generator of a Cy-semigroup on a Banach space
X. Then, for nk <T, there exist constants C and k such that the following estimate holds:

Ir(k A)”Hpg(;{) < CntPermt,
where k and C depend on the a priori estimates from (2.5) but are independent of k and n.

Now that we have studied the operator r(k A), we need to make the connection to the
Runge-Kutta approximation. We start with the following simple result, showcasing the
calculus of rational functions.

Lemma 3.29. For homogeneous constraints, i.e. = = 0, and F = 0, we can reformu-
late (3.27) as

P (tps1) = r(kA)uk(t,), (3.30)

where r(z) is the stability function (3.5).
Proof. For Z=0and F =0 , the problem becomes finding U*(t,,) € [dom(A)]™ such that:
UF(tn) = u*(tn)1 + k[Q ® A U*(t,,) (3.31)
W (tnir) = uF(t,) + k [bT @ A] UR(t,). (3.32)

Bringing k [Q ® A] U¥(t,,) to the left-hand side, we can write the first equation by Lemma 3.21
as

Uk(t,) = [1d—kQ @ Al uF(t,)1.
Inserting this equation into (3.32) allows us to eliminate the stage vector U¥(t,) and get
W (tni1) = (1 +k [bT @ A [Id—kQ ® A] " 11) uF(ty).

It is easy to check that [b” ® A] [Id—kQ ® A1 is a bounded operator corresponding to
a rational expression of A. Therefore, by 3.20(ii) we can write this using our calculus for
rational functions as (3.30). O

The Runge-Kutta approximation has the following stability property:

Lemma 3.30. Let X' be a Hilbert space and A a maximally dissipative operator. For
f € L>®(0,T],X) and F € L*([0,T],[X]™), let U* and u* be a perturbed Runge-Kutta
approrimation, i.e., assume they solve:
Uk (t,) = uf (t,)1 + k[Q ® A|U*(t,) + k[Q @ Id]F(t,,),
W (tni1) = uF(t,) + & [bT @ A U*(t,) + kf (L)
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3.4 Approximation of Semigroups via Runge-Kutta methods

Then, the following estimate holds:

[k, < ||, + 53 HEE g + 171 (3.33)
j=0
For the stages this implies:
[t @] . < €[t O], + e [IF ) g + 5] 330
j=0

The constant C > 0 depends only on the Runge-Kutta method.

Proof. Using an analogous reformulation to Lemma 3.29, we can write
W (tys1) = r(k Au® + k [bT @ A] [1d —kQ ® A" kQF (tn) + kf(tn).
The operator k [b” ® A] [Id—kQ ® A]™! can be rewritten as
k[bT @Al [ld-kQ® A ' = [bT0 ' ®1d] —bT [I[d-kQ® A",

which is a bounded operator by Lemma 3.21. Estimate (3.33) then follows from (3.28)
and the discrete Gronwall lemma (see [Tho06, Lemma 10.5]). Estimate (3.34) follows from
Lemma 3.21 and the estimate on the end points u*(t,). O

3.4.3 Convergence of Runge-Kutta methods for semigroups

The approximation properties of Runge-Kutta methods for semigroups have been exten-
sively studied in the literature. Early results by Crouzeix, Brenner, and Thomé considered
the case of homogeneous problems [BT79; Cro76]. Some inhomogeneities were later al-
lowed in [BCT82]. In order to obtain convergence rates which exceed the stage order,
the authors focus on solutions satisfying u(t) € dom(A*) for £ € N, which is not suitable
when dealing with inhomogeneous boundary conditions. Later in [OR92], it was shown
that sometimes one achieves fractional orders of convergence, depending on the assump-
tion u(t) € dom(A*), but still based on the assumption p > 1. The case u € [0, 1] was later
addressed in [AP03], in which the authors proved that it is possible to regain a fractional
convergence rate, assuming that the exact solution is in some interpolation space between
X and dom(A).
We use the following notation, generalizing the interpolation spaces from Section 2.3.1

Definition 3.31. For a closed operator A on a Banach space X, we define the interpolation
space for p € Ny as

X, = [X,dom(A)] ,, := dom(A"),

where dom(A*) is equipped with the graph norm || AFul| == Y}, HAKUH_X'
For 0 < u ¢ Ny, we define the spaces by interpolation as:
Xy, = [X,dom(A)] , 5 == [dom(A*), dom(AF0T1)]

H—p10,2"

where po := || is the integer part of .
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For k > 0 and T > 0, we define the quantity px(7"), which gives an estimate on the error
propagation due to the Runge-Kutta method by

pe(T) == sup |[r(kA)" |z - (3.35)
0<nk<T

Most notably, in the case of contraction semigroups on a Hilbert space, we have pi(T) < 1
via Lemma 3.27.
The following two Propositions summarize the results of [AP03] in our notation.

Proposition 3.32 ([AP03, Theorem 1]). Let the assumptions of Proposition 2.11 hold.
Assume that the ezact solution u € CP*L([0,T],X,) for p > 0. Let u* denote the Runge-
Kutta approzimation from (3.27). Then, there exist constants kg > 0, C > 0, such that for
0<k<kyandO<nk<T the following estimate holds:

p+1
W) — uF(t, < OT pu(T) k™in(p:a+n) ) )
uttn) = wt(t)]| < CToL(TIR Z;g{%”u “M (3.36)

The constant C' depends on the Runge-Kutta method, u, and the constants M and w from
Proposition 2.4. The constant ko depends only on the constants M and w. If A generates
a semigroup of contractions, kg can be chosen arbitrarily.

Proof. We only make some small remarks on the differences in notation. [AP03] uses a
different definition of interpolation spaces, but the proof only relies on estimates of the
form (2.15). The choice of kg follows from the fact that it is only needed to ensure that
(I —kQ® A) is invertible. For contraction semigroups we have that o(kA) C C_ and
0(Q) C C4. By Proposition 3.21 this inverse exists for k£ > 0. The assumption p < p — g,
the authors of [AP03] made in their formulation of Theorem 1, can be replaced by using
the rate min(p, ¢ + p) in (3.36) as the spaces X, C X),_4 are nested for u > p —gq. O

For a subset of Runge-Kutta methods, these estimates can be improved:

Proposition 3.33 ([AP03, Theorem 2]). Let the assumptions of Proposition 3.32 hold,
and assume that, in addition, the RK-method satisfies

Ir(2)] <1 for Re(2) <OAz#0 and r(o0)# 1. (3.37)

Then, there exist constants kg > 0, C' > 0, such that for 0 < k < ko and 0 < nk < T the
following improved estimate holds:

p+1

N < CT pyp(T) kminpatitn) max Hu(@(T ’

(3.38)
P T€[0,T]

Jrutta) = (e)

X,
The constant C' depends on the Runge-Kutta method, 1, and the constants M and w from

Proposition 2.4. The constant ko depends only on the constants M and w. If A generates
a semigroup of contractions it can be chosen arbitrarily.
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3.4 Approximation of Semigroups via Runge-Kutta methods

Proof. Again, this is just a slight simplification of [AP03, Theorem 2]. We first note that,
due to our assumption on |r(z)|, we are always in the case m = 0. Since we assumed
that on the imaginary axis r(z) is not equal to 1, we directly note that for sufficiently
small k < ko, all the zeros of r(z) — 1 satisfy Re(z) > kw. By the resolvent bound (2.5)
we therefore can estimate ||(zI — kA)™! < % for Re(z) < kow, i.e., we have

B(X)
a uniform resolvent bound in the set Z,; (using their notation). We also note that we
reformulated the convergence rate such that we do not have the restriction p < p—q —1,
since the exceptional cases are already proved by Theorem 3.32. O

Remark 3.34. The assumption |r(z)| < 1 for Re(z) < 1 and r(co) # 1 is satisfied by
the Radaulla family of Runge-Kutta methods, but is violated by the Gauss methods, which
satisfy |r(z)| = 1 on the imaginary axis.

We need the following simple lemma when working with Z-transforms of semigroups.

Lemma 3.35. Let the assumptions of Proposition 2.11 hold, i.e., Ay is a closed operator
on a Banach space X, B : dom(A,) — Y is a surjective bounded linear operator such that
A= A*]ker(B) generates a Cy-semigroup. Then there exists a constant kg > 0, such that

for all F € [X])™, 2 € [V]™ and |z| < 1, the problem of finding U € [dom(A)]™ such that

5 e -~ o~
BU =2

has a unique solution for k < ko. The constant ko depends on the constants in (2.5) and
can be chosen arbitrarily for the case tat A is maximally dissipative.

Proof. To see existence, let W € [dom(A,)]™ satisfy BW =2 (B was assumed surjective).
By setting U := Uy + W, where Uj solves

5 = = -~ (5 e —
—(kZ)Uo—l—AUO = F—i-(]j)W—AW,

it is sufficient to show that the problem with homogeneous side constraint, i.e., Z =0 has
a solution. Since o (§(2)) € C4 (Proposition 3.18), and u € p(A) for Re(p) > w, where
w is the constant from (2.5). For k sufficiently small, we can apply Lemma 3.21 to get
existence.

To see uniqueness, consider the difference of two solutions U — V. Due to linearity the

difference satisfies the homogeneous problem, i.e., & = 0 and F= 0, and we can apply
Lemma 3.21 again. ]

Since we are interested in using the Runge-Kutta theory for boundary integral equations,
we often need estimates in norms which are stronger than the natural norm of the under-
lying space. The next lemma is the basis for obtaining such stronger estimates (see also
Lemma 2.13 for a continuous-in-time version).

Lemma 3.36. Let k be sufficiently small such that Lemma 3.35 holds. Let U*, u¥ solve (3.27)
with homogeneous initial conditions u¥(t) = 0 for t < 0. Define V¥ := k=1Q~1(U* — u*1)
and v* == G [Vk] Then, the following statements hold:
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(i) V¥, oF solve (3.27) with modified right-hand sides:
VE(t,) = % (t,)1 + k[Q® A VF(t,) + k[Q ® 1d]G(ty) (3.39a)
B [V’“ (tn)} = O(tn), (3.39b)
with G == 0FF, © := OFZ.
(i) V% can be related to A, U* via
éUk(tn) = Vk(tn) — F(ty + kc).
(iii) If the Runge-Kutta method is stiffly accurate, the inhomogeneities can be simplified
to Gt) =k 1Q YN (F(t+kc)— F()1) and O(t) .=k 1Q Y (E(t +kc)—Z(1)).

Proof. Ad (i): We prove that V¥ solves (3.39) by showing that the Z-transform of V*
coincides with the Z-transform of the solutions to (3.39), which will be denoted by Yk, By
Lemma 3.19 and the definition of G and ©, the transformed variable Y* := & [Yﬂ solves:

On the other hand, V* = k~1Q~! ((7’C — akn). Using (3.26), this becomes

Gk _ .-1~-1 7k z T A—177k _@Ak
Vi=kTQ (U 1—r(oo)z<bQ U>]l)_ k v

via (3.25). Therefore, VF solves:

s (8]0

and analogously for the constraint. By the uniqueness of the transformed problem, proved
in Lemma 3.35, this proves (i).

Ad (ii): Follows directly from equation (3.27a).

Ad (iii): For stiffly accurate methods, we have r(oco) = 0. Thus, we calculate

6(z)=Q 1 —z0 11T Q!
or, in terms of F:

[OFF)(tn) = kY Q 7 F(t, + ke) — QMUY Q1 F(t,_1 + kc)
kT QT F (b, + ke) — QT MLF(t,),

since stiffly accurate methods satisfy bY’Q~! = (0,...,1) and ¢, = 1. A completely
analogous computation for 9F= concludes the proof. O
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3.4 Approximation of Semigroups via Runge-Kutta methods

We now consider what happens with the approximation properties when using the dis-
crete derivative or integral, i.e., apply 8,{’“ and (8{“)7 . We prove statements analogous to
Proposition 3.32 and Proposition 3.33. Due to the technical nature of these results, we
defer the proofs to the end of the section.

Theorem 3.37. Let u solve (2.11) and let U*, u* solve (3.27) with homogeneous initial
conditions u(t) = uF(t) = 0 for t < 0. Define x(t) := 0; 'u(t). Let X, denote the
interpolation space [X,dom(A)], 5 for p € [0,00). Assume that the ezact solution satisfies
u e CP([0,T],X,) and that Ep [E(e)] € CY([0,T),Xx,) for £ = —1,...,p as well as that
FeCP([0,T],X,). In addition, assume that k is sufficiently small such that Lemma 3.35
applies.

Consider X* := (ak) 'UF and 2* = G [Xk] Then, the following statements hold:

(i) The functions X*, o* satisfy the system:

X*5(t,) = 2F(t)1 + k[Q ® A XF(t,) + k[Q ® Id]G(t,) (3.40a)
BXk(t,) =Tk(t,), (3.40D)
2 (tni1) = ( ) +kbT ® A)XFE(t,) + kbT @ 1d]G(t,), (3.40¢)
k() = fort <0, (3.40d)

where T*(t,,) is itself given by a Runge-Kutta integration:

T8 (t,) = ¥ (tn)1 + kQE(t, + kc),
V¥ (tng1) = 7*(tn) + kb E(tn + kc),
AR =0 fort <0,

and the new right-hand side is defined by G = (0F)~"

(ii) For the approzimation of the integral, there exists a parameter ko > 0 such that the
following error estimates holds for all 0 < k < kg and nk <T':

Joten) -
p+1 "
< 3 (g0

bl < CT pi(T) k™ a+#P)

o+ max (e (20 ()

+ max HF@*D(T)‘
X, 7€[0.T]

)

(3.41)

with a constant C, which depends only on the Runge-Kutta method, u, and the con-
stants M and w from Proposition 2.4. If A generates a semigroup of contractions kg
can arbitrarily be chosen.

If the Runge-Kutta method satisfies the additional assumption (3.37), then (3.41) can

47
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be improved to:

< CTpy (T)kmin(qulJr,u,p)

Hf‘/’(tn) — 2k (t,) N
p+1
< 3 (s [

+ max HF(E_I)(T)‘
X, 7€[0.T]

w)

(3.42)

o max [€s 270 ()

A similar estimate can be shown for the difference quotients 9fU*. We focus on the
stiffly accurate case.

Theorem 3.38. Let u be the exact solution to (2.11) and let v* and V* be defined as
in Lemma 3.36. Assume that the Runge-Kutta method is stiffly accurate, i.e. b7 Q71 =
(0,...,1).

Define v := 1 and assume that the exact solution satisfies v € CPT1([0,T), X,) and that
Ep [EW] € CO([0,T),&,) for £ =1,...,p+2 as well as F € CP*2([0,T],X,). Then the
following error estimate holds:

H “(tn) LS CTkmin(g+u—1,p~1)
- Z <Tgl[g?;] V) ‘XH—}_TIEH[(?:}%]HSB {E(ZH)(T)HXJTQ&% |7 (Z+1)(T)‘XH>- (3.43)

If the method also satisfies (3.37), the estimate can be improved to

o
x Z (TI;}%]HU“)W\

Remark 3.39. Most of the effort in proving the above theorem is in order to obtain a
convergence rate higher than q, even though the constraint in the stages only approrimate
with order q.

S OTE™in(g+4.p)

o me [P

o o s [200)|

%) . (3.44)

Some Lemmata regarding Runge-Kutta methods

In order to prove Theorems 3.37 and 3.38, we need some more technical lemmas, which
summarize properties of some rational functions when applied to the generator of a semi-

group.

Lemma 3.40. Let A be the generator of a Cy-semigroup on a Banach space X, and let
Xy, = [X,dom(A)], 5 for p > 0. Assume that the Runge-Kutta method given by Q, b, c
satisfies (3.37).
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3.4 Approximation of Semigroups via Runge-Kutta methods

We define the following rational functions for B € {—1,0,1}:
g(2) == 2bT [Id —zQ] *,
r(z) =14 2bT [[d—2Q] ' 1,
ro5(2) := zb’ [Id —2Q]7 ' of (cz - ZQCZ_I) .
Then, there exists a constant ko > 0, depending on the constants M and w from (2.5), such

that for £ < p, 0 < k < kg with nk <T and 8 = 0,1 the following estimates hold for all
reX, and X € [X]™:

oIk A res(k Az|| < Cpp (TR~ |z (3.45)
Jj=0 X
D [k AV gk AX|| < Cpr(T) [|1X |y (3.46)

The constant C > 0 depends only on the Runge-Kutta method, the constants M and w
from (2.5), ko, £, and u, but is independent of n, k, or x. If the Runge-Kutta method is
stiffly accurate, estimate (3.45) also holds for 8 = —1. If A generates a Cy-semigroup of
contractions, kg can be chosen arbitrarily.

Proof. We modify the proof of [AP03, Lemma 6], which only covers the case § = 0. We
first assume p — ¢ — 8 > 0 and fix u € Ny such that p <p—¥¢—f (for p > p— £ — [ we can
just redefine p := p — £ —  without changing the claimed estimate). Define the rational
function )
Jél L ’I”&B z
fé,u(z) T (T(Z) - 1) Z“'

Since we assumed r(o0) # 1, it is easy to see that ffu is bounded for z — oco. By
considering the RK-approximation of the ODE ¢y’ = zy, we get that r(z) approximates e*
with order p + 1, and since p > 1 this means 7(z) —1 = z 4+ 22/2+ ... for z — 0, and thus
0 is a simple root of the function r(z) — 1.

We recall the order conditions from (3.9):

1

GHirD(+0- @1y OSitlsp-L (3.47)

bTQij —

We now have to distinguish the different cases for 5 = —1,0,1. We prove that in all

three cases we have that r,5(z) = O(2PT17¢F) for » — 0 (for the case p = —1 we need
the additional assumption of stiff accuracy).
For 8 = —1 we first note that since we assumed the method to be stiffly accurate, we

can calculate using ¢ = Q1 and the order conditions:

¢, =b'0'c=bT"Q07 101 =b'1 =1.
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Using the definition of 7, _; and the Neumann series for (Id —2Q)~! gives:

re-1(2) = 2b" (1d—2Q) 7 'Q (¢’ — Q") = 2b" Y "1 QI Q! (¢ — £Qc )

=0

— :bTQ! (c‘ - fgc’f—l) +23 2T (! — 19

j=1
o0
=2z» b7 (" —1QcY),
j=1
where in the last step, we used that b7’ Q- 1cf = c = 1 by our assumptions together with

blct~! = % by the order condition to eliminate the first term. By the order conditions,

the next p — ¢ terms also vanish, i.e., we can start the sum at j = p+ 1 — £, which means
that rp_1(z) = O(zP27%) for 2 — 0.
For g = 0 an analogous computation, but using only the order conditions gives:
e . .
ro(z) = 2bT(Id—2Q) ! (c" = £Qc" ) =z Y b7 QI (" —1Qc" ),
Jj=p—L
which proves that ro(z) = O(zP*1=¢) for z — 0.
For 8 = 1, the order conditions lead to one less term vanishing, i.e., we have
0 . .
re1(2) = 2bT(1d —2Q) 1 Q(c* — £Qc 1) = 2 Z bl QI (! — 1Qct ),
Jj=p—1-¢
which gives ry1(z) = O(z27F).

Since we assumed 1+ < p+1—/¢— 3, and |r(z)| < 1 for z € iR\ {0}, we get that
ff u has no pole in the closed left-half plane. For kg sufficiently small, we therefore get
that o(kA) C {z € C: Re(z) < kow} and the set of poles of ffu are uniformly separated
w.r.t. k (for semigroups of contractions, we have w = 0 and therefore ky can be arbitrary).
We apply Proposition 3.20(iii) to get that ff u<k A) is a bounded linear operator with the
constant depending only on ffu and the distance of o(k A) to the poles of ffu by (2.5).

Using ff u allows us to write:

n ‘ B T(Z)n+1 -1 . P
jz;r(z)er(z)z = Wwﬁ(z) = (r(2)"" = 1), (2).
Setting z = kA gives for z € A}, (implicitly using Lemma 3.20(ii)):
> (kA p(kA)a = (r(k A" = 1) f) (kA)K" Az,
7=0
Taking the norm, using the definition of px(T') and interpolating between |u| and |[pu] + 1,
then concludes the proof for r, g in the case p — ¢ — 3 > 0.
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3.4 Approximation of Semigroups via Runge-Kutta methods

An analogous argument proves the estimate involving g. The important part is that
we get g(z) = O(z) for z — 0 also in this case, as the function (Id —zQ)™' — Id. Since
z(Id—zQ)_1 can be bounded independently of z for Re(z) < 0, this implies that the
function T(gz()zzl also has no poles and is bounded in {z € C : Re(z) < 0}. The rest of the
argument follows analogously.

It remains to show the estimate involving 7, g in the case p—¢ < 8. Since £ < p this only
happens for 3 = 1. Since we can write 7y g(2) = g(2)Q"8 (c’Z - Kchfl), the stated estimate

is weaker than the previous estimate involving just g(kA). O

When dealing with Runge-Kutta methods which do not satisfy the additional assump-
tion (3.37), we still have the following result:

Lemma 3.41. Let A be the generator of a Cy-semigroup on a Banach space X, and let

X, = [X,dom(A)], 5 for p >0 as in Definition 5.51. Define r¢ g as in Lemma 3.40.
Then there exists a constant ko > 0, depending on the constants M and w from (2.5),

such that for £ <p, 0 <k < ko and = 0,1 the following estimates hold for all x € X),;:

Ilrep(k Az < CEPEPTIZED iz, (3.48)

The constant C' > 0 depends only on the Runge-Kutta method, the constants M and w from
(2.5), ko, ¢ ,and u, but is independent of k or x.

If the Runge-Kutta method is stiffly accurate, (3.48) also holds for 8 = —1. If A generates
a Cy-semigroup of contractions, kg can be chosen arbitrarily.

Proof. The proof follows using similar techniques to Lemma 3.40. We fix u € Ny such
that p < p+1—¢— 5. We have already established in the proof of Lemma 3.40 that
T3 = O(2PT1=4=P) for z — 0 and that r¢,3 is bounded for z € C_. Therefore, we can write
re5(2) = q(2)z", where ¢(z) is a bounded rational function on C_. For k < kg sufficiently
small, the poles of ¢ and the spectrum of kA are uniformly separated (for contraction
semigroups the spectrum of A is in the left half plane so the condition is always satisfied).
Using Lemma 3.20(ii), we get:

Irep(k A)zlly < lla(kA) (KA x|, S K[| A2 -
The case for non-integer p follows again by interpolation. O

Lemma 3.42. Let A generate a Cy-semigroup on a Banach space X. Assume u €

CPTL([0,T),X,) for some u > 0. For B € {—1,0,1}, we define the rational functions

9(2), r(2) and ryg(2) as in Lemma 3.40. We set a := 1 if the Runge-Kutta method satis-

fies (3.37), i.e., |r(z)| <1 for z € iR\ {0} and r(oco0) # 1. Otherwise we set a := 0.
Define e(ty,) as

n

e(tn) == Y [r(kA)]"7 g(kA) (kQ)” [u(t; + ke) — u(ty)1 — kQu(t; + ke)].
§=0
Then, the following error estimates hold for 5 € {0,1}:
) p+1
leta)ll < Co(TITR™M+4 240 57 ma [|u(r)|
=0 T7€[0,7T X,
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If we assume that the Runge-Kutta method is stiffly accurate, i.e., bT Q™1 = (0,...,1),
then the following estimate holds for f = —1:

p+1

le(tn)lly < CTp(T) ket 4o 37 max (7).
P 7€[0,T] X,

Proof. We prove both estimates at the same time, the only place where the stiff accuracy
enters is in the applicability of Lemma 3.40. The case 8 = 0 was shown in [AP03, Theorem
1 and 2], we modify their proof slightly to also account for g = £1.

For ease of notation, we introduce a new symbol for the term in the rightmost bracket
of the definition of e(t,) and write:

AF(t) == [u(t + kc) — u(t)1 — kQu(t + ke)]. (3.49)
In the case a = 1, i.e., the Runge-Kutta method satisfies (3.37), we sum by parts, writing
Sn(z) =370 [r(2)). This gives:

e(tn) = Sn—1(k A)g(kA)(EQ)” A*(to) + So(k A)g(kA)(kQ)” A¥(ty)

+ 37 S (R A)g(kA)(KQ)” [AF(E) — AF(t;1)]

j=1
= e1(tn) + > €5 (t). (3.50)

For fixed j € Ng, we write u(t; +t) = m;(t) + ¢;(t) as its Taylor polynomial 7; of order
p, centered at t;, with remainder term ¢;. This means, we can write Ak(tj) as:
AP(ty) = [ult; + ke) — u(ty)1 — kQu(t; + kc)]
= mj(ke) + j(kc) — m;(0)1 — kQirj(ke) — kQp;(kc)

<

I
Mﬁ

Kt [ce — Qéce_l] u® (t;) + pj(ke) — kQypj(ke)

~
Il
-

[
)

Kt [cf - chf—l} uO(t;) + 0(t;) (3.51)

~
Il

1

with 0(t;) := ¢;(kc) — kQ¢;(kc) collecting the remainder terms. Due to the stage order
condition (3.8), the first ¢ terms of the above sum vanish, giving:

p
Af(t) = Y K [cf . chH] u (L) + 0(;).
l=q+1

From the integral representation of the remainder term ¢;, one can see that the following
estimates hold for 0 <t < k:

kp—i—l

lei()llx S max

. kP
I e (Rl O IO P i
* TE[Lt;

x P! Telt;tii]

u?* () Hx ’
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which implies [|0(¢;)||, = O(kPT1).
Using the definition of the rational function 7, (%), we can rewrite the error terms in
(3.50) as

p LB

eiltn) = D~ Su-a(kA)res(kA)ul? (to)
l=q+1
+ Sn1(kA)g(k A)(kQ) 6(to)
Dt = 30 K8t yse) (10(8) ;)
l=q+1

+ Sn-1(kA)g(k A)(kQ)P [6(t;) — O(t;-1)] .

We first look at the contributions egj ) (tn). Using the mean value theorem, we can write for
some & € [tj_1,t;]:

Hu(g) (tj) — ul® (tj,l)) <k max

E€ltj—1.t5]

RG]

/ 7 e )

tj—1

X, _‘ X,
m

Applying the results of Lemma 3.40, we can conclude that

p
() H < p14min(g+1+5+u,p) H (+1) ’
tn k m
HQQ ( ) XN 62;"_17—6[3‘3("] u (T) Xp,

+ || S (kA)g(k A)(RQ)? [B(E5) — (1))
To estimate the last term, we recall the definition of 6(¢;) and reorder the terms to

O(tj) — 0(tj—1) = (pj(ke) — pj-1(ke)) — kQ(pj(kec) — pj-1(kc)).

We use the integral form of the remainder in Taylor’s formula and calculate:

0 (t) —pj-1(t) = /t -t <U(p+1)(tj +7) = ulP D (7~ k)) dr

0 p!

which gives ||¢;(t) — pj_1(t)||y = O(kP*?) by again writing the difference uP+V(r) —
uPtD(7 — k) as an integral. Analogously, we can estimate ¢;(t) — ¢;_1(t) to be O(kP+1).
Combined, this gives the estimate 6(t;) — 0(t;—1) = O(kPT2). Together with the stability
of Sp—1(kA)g(kA) from Lemma 3.40 this gives:

p
< fltmin(g+l+5+up) max HU(EH) (r) ‘

X 0,T
vogin €T

Hegj) (tn)

+ O(k:p+2+ﬁ).
X

The term e;(t,) can be estimated to be O (kmin(q+1+6+u7p)) using similar estimates but

without the extra power of k due differences u(¥)(t;) — ul¥)(t;_1) etc. Inserting all these
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estimates into (3.50) and using the estimate nk < T gives the stated estimates for the case
a=1.

In the case a = 0, the proof is even simpler. We start by applying the triangle inequality
and the definition of pi(T") to get:

leta)llx < k(D)3 Jote) (kQ)" A

J=0

For fixed j € Ny, we write A¥(¢;) as its Taylor polynomial of order p (cf. (3.51)). Since
the remainder term takes the form k%g(kA)Q° (¢(c) — kQ¢(c)) and is of order kPT1H8, we
get by applying Lemma 3.41:

Hg(k‘A) (k?Q)B Ak(tj)HX N zp: A Hmﬂ(k: A)U(Z)(tj)HX + O(kPT1H0)
(=q+1

p
< S RPpminr—tp) Huw(tj)’
{=q+1

+ O(kPTIHHF)
Xy

+ O(kPTIHA),

< fmin(at 1B t1) Hu(f) (tj)‘
X

Summing over j then completes the proof. O

Proofs of Theorem 3.37 and Theorem 3.38

We can now finally give the proofs of Theorem 3.37 and Theorem 3.38. We start with a
remark on notation. Since the spectral properties are very important for the analysis and
the spectrum depends on the constraint B, we emphasize the difference between functions
in dom(A) and dom(A,) by consequently using the operator A for functions satisfying
Bu =0.

Proof of Theorem 3.87. Ad (i): For the sake of this proof, let X* be defined as the ab-
stract solution to problem (3.40). We note that, using the Z-transform, we can see that
T := 2 [I] solves the same equation as k [§(z)] ' E(z), where = := 2 [Z]. Taking the Z-
transform of problem (3.40) using Lemma 3.19, we get that X* and k [§(z)] " U*(z) solve
the same boundary value problem in the frequency domain. Due to the uniqueness result
of Lemma 3.35, X* and (af)*l U* must coincide.

Ad (ii): The proof has a similar structure as in [AP03, Theorems 1 and 2]. By applying
Propositions 3.33 or 3.32, we can reduce the problem to an approximation by a perturbed
constraint and right-hand side. To formalize this, let 7% and X* denote the solutions to
the problem (3.40) where the constraint is replaced by BX*(t,) = (8{15) (tn + kc), and
the right hand side by G = o, LF using the exact integrals. Then, the difference to the
exact solution can be bounded by Propositions 3.32/ 3.33 as

p+1

N < Cpk(T)Tkmin(q+a+“’p) max Haz(z) (7))
V4

o) = 7 (ta) > e,

3.53
o B
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where o = 0,1 depending on whether r(z) satisfies the additional assumption (3.37).

For ease of presentation, we assume a homogeneous right hand side F'(t) = 0, and only
deal with the perturbed constraint. The error due to the difference of G and G can be
treated using similar techniques, but is slightly simpler since no further corrections are
needed to enforce that the error functions are in the domain of A. We define the following
error terms:

ER(t,) = XP(tn) — XF(t,) — AF(ty), (3.54)

eF(tn) == T (tn) — 2F(tn) — 6% (tn), (3.55)
where

AR(t,) == Ep (B)}‘k(tn) - BXk(tn)> , (3.56)

6 (tn) = €5 (07 "2 (tn) = 7" (tn)) (3.57)

are corrections to ensure BE¥ = 0, which means E* € dom(A), and §* will be needed to
ensure full convergence order.

Since the Runge-Kutta method induces a quadrature formula of order p (order p + 1 in
each step, see (3.9) with j = 0) and the lifting £p is a bounded operator, we observe that
2% (tn) — a:k(tn)HX = Hek(tn) + 5k(tn)HX S Hek(t)HX + O(kP). This means, it is sufficient
to bound e*(t,).

From the definition of the error terms, we get the following error equations:

E*(t,) = e ()1 + k[Q @ AJEX(t,) — A¥(tn) + 6 (t)1 + k[Q ® A AF(t,),  (3.58)

e (tns1) = €"(tn) + k [bT @ A] E*(t,) — 6% (tps1) + 6% (tn) + k [T @ A,] A¥(t,). (3.59)

We relabel the different error terms in order to consider them separately later on:

EF(t,) = e*(t,)1 + k[Q ® A|EX(t,) + O (t,), (3.60)
e (tni1) = e (t,) + k [bT @ A] E*(t,) + ©%,(t,), (3.61)

with

Ok(t) := —A*t) + F ()1 + k[Q ® A AR (1),
O (t) == —6F(t + k) + 6%(t) + k [bT @ A,] A*(t).

Inserting the equation for the stage vector (3.60) into (3.61), we get:

() = (Id +k b7 @ A] ld—kQ @ A] ™! ]1) ek (t,)
+k[b" @ Al [ld —kQ @ A]™! O] (t,) + Of(tn)
— r(kA)H (1) + k [bT @ A] [1d—kQ © A] ™ O (1) + O (1),

where we used that the operator [b” ® A] [Id —kQ ® A]™! is bounded and thus we can use
our calculus for rational functions without worrying about domains.
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3 Time-stepping and Convolution Quadrature

By unravelling the recursion and using the initial conditions e*(0) = 0, we get using the
triangle inequality and the definition of pg(T") from (3.35):

o],

< | IrkA)™ [bT @ kA] [1d—kQ © AT OF(1)||+ (1) Y O (1) - (3:62)

We estimate the two terms separately, focusing on the term involving @]If ; first, splitting
it up further into two contributions:

Ok, (t) = Ok, (1) + 6k, (t) = (—5’“(15 k) - 5k(t)> + (k[bT ® A*]Ak(t)> .

A direct estimate of the term @If 1, Using the triangle inequality would give order O(kP) as
6% is the Runge-Kutta approximation of an integral. Instead, we rewrite the difference as:

(1) = (1) = En (107 2N (t41) =+ (t40) — 07 '5(15) + 74 (1))
= Ep ([0, 'E](tj41) — [0, 'E](t;) + kbTE(t; + k<)),
where in the last step we used the defining equation for v*(¢;41). Since b and ¢ induce a

quadrature formula of order p + 1, this term is also of order p + 1.
For the term @’f 1, We first observe that, since A,£p = £p, we can rewrite it as

Ofp(t) = k[b" @ Id]AR (),
or inserting the definition of A¥(t):

kb" @ 1d)A*(t;) = kEp[b” ®@1d] ([0, 'E](t; + ke) — [0; 'E](t;)1 — kQE(t; + kc))
— kEplb” @ 1d] (+5(t)1 - [0 'E)(t)1 )

The last term is of order O(kP!) by the approximation properties of ¥¥. Next, we write
Oy 'E(t; +t) =: m(t) + p(t) as its Taylor polynomial of degree p — 1 based in t; with
remainder term . This allows us to write:

k" @ 1d] (0, 'E(t; + ke) — 0; 'E(t;)1 — kQE(t; + kc))
= k[b? @ 1d] (n(kc) + (kc) — 7(0)1 — kQ7(c) — kQ¢p(kc))
= k[b" ®1d] (¢(ke) — kQ¢(ke)) ,
where we used that [b? ® Id] (cf —/ chfl) vanishes for £ < p — 1 due to the order condi-
tions (3.9). The functions ¢ and k¢ are of order O (kP) and their norm can be controlled
using Z). We conclude that k[b” @ Id]A¥(t,) is of order O(kP*1). Overall, the previous

calculations show that the error terms involving ©%; all have order O(kP*1) and therefore
do not impact the convergence rate, even when summed over all j =0,...,n.
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3.4 Approximation of Semigroups via Runge-Kutta methods

Next, we look the error terms involving @]f . Again, we split it into two contributions:
OF(t) =: OF (t) + Ok, (t) == [-AF(t) + ") 1] + k [Q ® A, AF(1).
Starting with ©%_, and inserting the definition of A¥(t,) and 6% (t,,), we get

AR (t) — 6% ()1 = &5 (a;la(tn +Ee) — A" (t)1l — kQE(tn + k €) — 0, 'E(t,)1 + ’yk(tn)]l>
= Ep [0, 'E(tn + ke) — (0, 'E(tn)1 + kQE(t, + k)] .

This means that the term involving @’}a in (3.62) structurally fits the setting of Lemma 3.42
for u :=&p [8[ IE] and 8 = 0. Depending on whether r(z) fulfills the additional assump-
tion (3.37), this implies convergence rates O (k™(a+1p)) op O (Emin(a+1+up)),

For the term @]}b, we note that due to the lifting property A, = £ we can drop A,
and get k[Q ® AJAF(t,) = k[Q ® 1d]A*(t,). Using the definition of A*  and inserting a

term of the form 9; 'Z — v*, we calculate
k[Q ® 1A (t,) = kQEp (a;lz(tn +ke) — /R ()1 — kQE(ty + k c))
= kQEp (0, 'E(tn + ke) — 0; 'E(tn)1 — kQE(t, + kc))
+£QEp (O 1Z(t) — (1)) 1.

The last term is of order O(kP*1) as 4*(t,) approximates the integral with order p. The
first term is again similar to a Runge-Kutta consistency error term, and fits Lemma 3.42

with 8 = 1 (due to the additional power of £Q), which implies convergence of order
O(kmin(a+1+putar)) (o = 0 or 1 depending on whether (3.37) holds). This concludes the
proof. O

Proof of Theorem 8.38. The proof is similar to the one of Theorem 3.37. Again, we reduce
the problem to the case of perturbed data by using Propositions 3.32 or 3.33. Namely, we
have the following estimate:

p+1

. < CTpk(T)kmin(Q+a+#,P) Z max HU(Z) (T)‘

Hv(t) — " (tn) par T€[0,T]

)

Xy

where o together with the stages V¥ solves (3.39) with the “exact” constraint BV¥(t) =
Z(t + k c) instead of the difference quotient and a right-hand side G(t) := F(t + k c).

What remains to estimate is the influence of the error term in the constraint and right-
hand side. Again, we drop the right-hand side term as it can be dealt with using the same
techniques, and focus on the boundary terms. We define

AR(t) = € [k—lg—l (2(t + ke) — Z(H)1) — E(t + kc)}
=k lo! [E(t 4 ke) — E(t)1 — kQE(t + kc)] ,

EF(t) := V(1) = VF(t) — AR(1),
e*(t) := oF(t) — TR (t).
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3 Time-stepping and Convolution Quadrature

We note that, by the lifting property, we have BE¥(t) = 0 and thus E*(t) € [dom(A)]™.
The stages E* satisfy the following equation:

EF(t,) = " (t,)1 + k[Q® A] X*(t,) — AF(t,) + k[Q @ Td]AF(t,),

where we used the lifting property A,Ep = Ep. Eliminating E* and using the rational
function calculus r(k A), gives for the end point:

Ftpir) =1 (kA) e (tn) + k [bT ® A] [1d—kQ @ A] ' (kQ — 1d) AF(t,).

We recursively plug in the representation of the truncation error, reorganize some terms,
and use the homogeneous initial conditions to get the representation:

n

e (tn) = Y Ir(kA)]" T g(k A) [kQ — 1] A¥(t,)

j=0
=D r(kA)" gk AJRQAN(t;) — D [r(kA)" gk A) AM(t))
J=0 3=0

=: A[(tn) + All(tn)a

with g(z) := zb” (Id—2Q) .

Both terms structurally fit the assumptions of Lemma 3.42: For A; we use 8 = 0, which
gives the rate O (kmi“(q+o‘+“’p)); For Ajr, we use 8 = —1 which gives convergence rate
O (kmin(a+r=Lp=l)+a) (note the extra term k~'Q~! hidden in the definition of A*). Thus,
we conclude that overall we get the convergence rate O (kzmin(q+“’p)) if a = 1, i.e., the
Runge-Kutta method satisfies (3.37), and O (kmin(qﬂ‘*l*p*l)) otherwise. This concludes
the proof. O
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4 FEM-BEM coupling for the Schrodinger
equation

In this section, we apply the boundary integral equation techniques to the Schrodinger
equation. The Schrodinger equation is one of the main governing equations in quantum
mechanics, and as such has a myriad of applications in the sciences. In its usual form, it
is posed on the full space R?, which makes pure finite elements impractical. By making
the assumption that the complicated dynamics of the system are localized in a bounded
domain Q~, we are able to replace the approximation on the unbounded domain R¢ with
a discretization on 2~ augmented by transparent boundary conditions using the tools of
boundary integral equations and convolution quadrature developed in the previous sections.

This discretization scheme leads to a coupling of finite element and boundary element
methods (FEM-BEM coupling). Two classical procedures for such a coupling are the
symmetric coupling introduced in [Cos88a] and [Han90], as well as the Johnson-Nédélec
coupling [JN80]. We will focus on the symmetric approach.

A first numerical study of using Convolution Quadrature for the Schrédinger equation
in 2D is given in [Sch02]. There, the author uses a Johnson-Nédélec based FEM-BEM
coupling and convolution quadrature based on the trapezoidal rule for discretization and
observes optimal convergence rates in time.

While boundary integral equations provide a convenient way of implementing transparent
boundary conditions, it is in no way the only or even the most widespread approach. Other
ways of representing these boundary conditions can be found under the names “Perfectly
matched Layer” (PML) or “infinite elements”. A recent survey of the different approaches
that may be taken for transparent boundary conditions for the Schrodinger equation is
[Ant+08].

Most of the results in this section have already appeared as part of [MR17].

4.1 Model problem and notation

We consider the time-dependent Schrodinger equation in R? for d = 2 or d = 3. For a
potential ¥ : R? — R, we seek u such that

0 . od
zau——Au—i-“//u in R?,

u(0) = uy,

where ug is a given initial condition.
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4 FEM-BEM coupling for the Schrodinger equation

By introducing the Hamilton operator

H : dom(H) C L*(R?) — L*(RY)
Hu := —Au+ 7(-)u,

this equation can be written more succinctly as
iu = Hu and u(0) = up. (4.1)
In order to be able to apply our discretization scheme, we make the following assumptions:
Assumption 4.1. We consider the 2d and 3d case, i.e., d =2 or 3.
(i) ¥ :RY = R is real valued,
(ii) ¥ (x) = ¥ for v € QT :=R4\ Q~, where Q™ is a bounded Lipschitz domain,
(iii) up € dom(H) and suppug C Q~,
(iv) the potential can be written as ¥ = ¥4 + Y5 with ¥ € L*°(RY) and ¥, € L*(RY),
(v) ¥ is bounded from below, i.e. ¥ > V_ for a constant ¥_ € R.

Remark 4.2. We note that assumption (iv) is somewhat natural to make as it leads to a
self-adjoint Hamilton operator. In the case d = 3, this assumption is, for example, satisfied
by potentials of Coulomb type which behave like |x|™ for |z| — 0. See also [RS75, Section
X] for similar assumptions.

In order to discretize this problem, we first perform a discretization in time by an A-stable
Runge-Kutta method (see Section 3.2), derive an equivalent formulation using boundary
integral equations, and then discretize those using a Galerkin method. We derive the
equations in a mostly formal way, the construction will then later be made rigorous as part
of Lemma 4.8.

4.2 The discretization scheme
The semi-discretization of (4.1) is given by

UF(tn) = uF ()1 — ik[Q @ HIU*(t,), (4.2)
P (tpy1) = uF(t,) — ik[bT @ HU(t,)

and the initial value u*(0) := u. R
By Lemma 3.19, the Z-transform of the stage vectors U* := & [U’“] solves:

G a— 1 -1nH-1
——U"—iHU" = ———k Tuyp.
k vt —Hy 1 —r(c0)z @ uo
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4.2 The discretization scheme

Restricting this equation to R? \ O~ and applying the assumption suppug C Q~ gives:

_Zi(z) O* — AU* + %0 =0,  m R\ Q- (44)

which corresponds to a Helmholtz equation with the matrix-valued wave number B(z) :=

—i0(2)

k

use the Riesz-Dunford calculus (Definition 2.40) for the matrix square root. As the solution
to a Helmholtz-type problem, we can now derive the boundary integral equations, which
will serve as transparent boundary conditions. The Z-transform U* := % [U k] satisfies
the following boundary integral equations via Proposition 2.43 (we use (2.39) and the fact
that y*U* = v~U* and 9} U* = 0, U*):

;- K(B(z)  V(B(2) TR (0
(2 W(B(2) —3 +KT(B(z))> (ayﬁk> - <_ay—ﬁk> : (4.5)

In order to simplify the notation, we introduce the new boundary integral operators
Ve =V (Vo h), K=K (Ve b)),
KT(z) = KT (V=iz+ ), W) =W (V=iz+ %)
and the modified potentials:
8()=5(V=iz+%), D) =D(V=iz+%).

By using the inverse Z-transform and the discrete operational calculus, we can derive the
following set of semi-discrete equations for U*, introducing the new unknown A* := 9+ U*:

+ % 1d. Here, we consider the branch of the square root satisfying Re(z) > 0 and

UF(tn) = uF(tp)1 — ik[Q @ HIU*(t,,) in (4.6a)
uk(thrl) = r(oo)uk(tn) + bTQ_lUk(tn), (4.6Db)

0 _(3- K@ V(o) v~ U*
C@UQ‘<%W%> ﬁ+%ﬂ%0<Ak> (460

For discretization, let Vj, € H'(Q~) and X;, € H~Y2(T') be closed (not necessarily finite
dimensional) subspaces. In order to deal with unbounded potentials, we have to make an
additional assumption:

Assumption 4.3. Let one of the following assumptions hold:
(i) Vi contains test functions, i.e., C°(27) C V,, or

(ii) Vi, is finite dimensional such that Vi, C L>®(Q27) and admits an inverse estimate
[l Lo (0-y < C(Va) @l 2(q-) Vo € Vi- The constant may depend on anything except
on p. .
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4 FEM-BEM coupling for the Schrodinger equation

Using the sesquilinear form
A(U, W) = (Uv7 W)LQ(Qf) + Y/k ([Q ® V]U, VW)LQ(Qf) ‘|‘ ’Lk ([Q ® /V]U, W)LQ(Qf) )
the discretized form of (4.6a) is then given by: Find U*" € [V},]™, AFP € [X},]™, such that

for discrete times ¢t = t,,:

AR W) +ik (@ [W (@)~ UR! = [1/2 = KT @DIAM] v~ Wh)

_ (ukvhn, Wh)Lz(m) , (4.72)

and the boundary values solve
(kA RR _iaky) A —77kR _
(V@DARQu) +((1/2= K@) U Qu) =0 (4.7b)
for all Wy, € [Vi,]™, Qn € [Xn]™. The approximation at t,41 is computed by
WP (1) = WP () + BT QTR (t,),

and we assume we are given an approximation of the initial condition u*"(0) € V,.

4.3 An equivalent formulation as an exotic semigroup

The system (4.7) is not well suited for direct analysis, as it involves the non-local in time
operators V (9F), K(0f), etc. Instead, we analyze a different system based on the exotic
Hilbert spaces from [LS09]. A similar construction has recently been presented in [HS16]
in the context of coupling FEM and BEM for the wave equation but focus on a trapezoidal
rule time discretization.

Since we will be dealing a lot with pairs of spaces, we introduce X% := L?(Q7) x L2(R4\TI")
and X' := H'(Q7) x H' (]Rd \ F), both equipped with the natural inner product. In order
to make use of the abstract setting of Section 3.4, we introduce a new operator Hy. It
is defined in such a way that A := —iHj generates a semigroup and the Runge-Kutta
approximation of this semigroup coincides with solving (4.7).

Definition 4.4. We introduce the spaces
XL = {(uh,u*) €V x H! (Rd \ r) v un = [yud] Ay ue € X;;} (4.8)

with the X' norm and inner-product, as well as X := clos (X}, ||| yo) with the X° product.
Let the operator Hy, : dom(Hyp,) C X,? — X,? be defined as Hy, : (up, uy) — (xp, z4), where
(zh,24) € XY is such that for all (wp,wy) € X}

(@h, wa) [2(q) + (Tx, W) p2(Ra)y
= (Vup, Vwn) 12(q) + (Vi, Vi) 2 gay + (P, wh) 1200y + (Hte wi) p2(ray - (4.9)
The domain is defined as
dom(Hp,) := {(up, ux) € Xpy : Izp, 24) € AP, s.t. (4.9) holds } .

We also introduce the notation ¥ (u,u) := (¥ u, You.) for elements of XV.
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4.3 An equivalent formulation as an exotic semigroup

We note that Hy, is well defined since for two solutions (z},x1), (27, 22) satisfying (4.9),

the difference solves 0 = <x}1l — x%, wh> xo T <a:i — 2, w*> yo- Since the inner product van-

ishes on a dense subset of X, we get (x},2%) = (27, 22).

Remark 4.5. The use of the space Xy is needed to treat the case Vi, == H'(Q7) and
“Vy, is finite dimensional” in the same setting. In the former case, we get X,? = X0 since
C3°(Q7) x C°(RI\T) is dense. If Vj, is finite dimensional, it becomes X = Vj, x L2(R4\T')
since Vy, is closed and the restrictions on the traces are not seen by the L?-based norm. This
also means that Hy, corresponds to either the classical weak Laplacian or a version of the
discrete Laplacian defined using the usual stiffness and mass matrices.

Using this definition, we can show the following consequence of Assumption 4.3.

Lemma 4.6. For every a > 0 there exists a constant b > 0, such that

17 ull o < a|Fau|| , +bullzo

where ﬁh denotes the Hamilton operator corresponding to ¥ =0, i.e., Hy — 7.
Additionally, the bilinear form induced by ¥ is bounded in the following sense:

(¥, ) ol < C llull r 0] 1 (4.10)

Proof. 1f Assumption 4.3(i) holds, this is well known as a consequence of [RS75, Theorem
X.15] and Assumption 4.1(iv) as Hj coincides with the classical weak definition of the
Laplacian in each component.

If Assumption 4.3(ii) holds, we can use Assumption 4.1(iv) to estimate:

1V ull vo < [[P1ullxo + [1Yullxo < 74l Lo may 1l xo + 172l 2(may 1ull Lo (-

where we used that we may choose %5 = 0 on R?\ Q= by absorbing it into #;. Since we
assumed the inverse estimate of Assumption 4.3(ii), this gives the estimate

[V ullxo < C(Xn) [ull 1o,

~y

i.e., we may even use a = 0.
To see (4.10), we estimate for the interior, unbounded contribution:

‘/ Youv
-

where in the last step we used the Sobolev embedding H'(Q7) — L*(Q7) (for d < 3)
from Proposition 2.24. The contributions of #; and the exterior part of X° can easily be
bounded by the L?-norm as the corresponding potential is bounded. O

<[

520 Lo < 1l Tulzaany 172050y Il

L2(Q7) ‘ L2(Q-

< 1%l 20 1l oy 0l oy s

Lemma 4.7. The operator Hy, is self-adjoint on X,? and —iHj, generates a unitary Cp-
group.
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4 FEM-BEM coupling for the Schrodinger equation

Proof. We start with the case ¥ = 0, i.e., we look at the operator fIh :=H; — 7. We use
the characterization of Proposition 2.9 and set A := —iH}. To see that +A is dissipative,
we calculate for v € dom(A):

Re (£Au,u) yo = £Im <ﬁhu, u>X0 = +1Im (Vu, Vu) yo = 0.

We now show that +iH;, — Id is invertible on XP. Consider f = (fo,fs) € XP. The
sesquilinear form

a(u,v) := (£iVu, V) yo — (4, v) yo

is bounded and coercive on X;'. By the Lax-Milgram lemma, we can find u = (up, us) € X},
such that a(u,v) = (f,v) yo. We need to show that u € dom(A) and FAu—u = f. Defining
l‘::u—i—fGX]?, we see that forvEX,:Ll :

<£L‘, U>X0 = <u> ’U>Xo + <f> U>X0

= (u, V) yo + a(u,v)

= (u,v) yo + (£iVu, Vv) 30 — (1, V) 1o
=

+iVu, V) 3o .

This means x satisfies the defining equation for +iHpu (see (4.9)), and therefore u €
dom(A) = dom(Hy) and +iHpu = . N
To see that +iHh generates a Cp-semigroup, we need to show that dom(Hp) is dense

in X. In the case of Assumption 4.3(i), we get that C§°(27) x Cg°(R4\ I') C dom(Hy,).
This set is dense in X,? = XY If V}, is finite dimensional, we get that functions of the
form (vp,vy) with vy, € Vi, velg- € CP(Q7), vi]a+r € C°(QF) with vTv, = v vy, are
both, contained in dom(H},) and dense in XY (note that v~ v, = 0 and [yv.] = v v, by
construction). This concludes the proof without potentials, i.e., for ﬁh.

In order to deal with the potential, we use [RS75, p. X.12], which states that if the
estimate from Lemma 4.6 is satisfied and ﬁh is self adjoint, then Hj;, = ﬁh + ¥ is also self-

adjoint. The fact that A generates a unitary C group is Stone’s theorem (Proposition 2.9).
O

The next lemma forms the basis of our future analysis. It allows us to replace the bound-
ary integrals from (4.7) with the Runge-Kutta time-stepping of a non-standard semigroup.

Lemma 4.8. If (UM, A" solves (4.7) and we define UPl .= —S(aF) AR 4 D(0F )y~ UMM,
then X*h .= (URR UFM) solves

XF(t,) = 2P ()1 — ik[Q @ Hp) X P (t,,), (4.11a)
P () = 2P (t,) + BT QTIXRA(t,). (4.11b)

Conversely, if Xkh = (Ukh UFMY, ghh = (ubh oMY solves (4.11), then (UR", AFN)
with AP .= [[&,Uf’hﬂ solves (4.7).
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4.3 An equivalent formulation as an exotic semigroup

Before we can show the equivalence, we need the following small lemma, which we prove
separately:

Lemma 4.9. Let U € L[ ([O,T], [H1/2(r)]m) and ® € L™ ([O,T}, [H—1/2(r)]m> be

given. Define the functions U, := —S(8F)® + D(OF)V and u, := G[U,]. Then these
functions have the following properties:

(i) us(t) =0 fort <0,
(ii) [YU,] =¥ and [0,U,] = @,
(iii) fort >0, U.(t) € H) (RY\T) solves:
Ui(t) — ikQAUL(t) + ik QWU (t) = u.(t)1, (4.12)

(iv) the boundary traces of U, solve the following boundary integral equations:

(XY= (0 ) (3.

Proof. We will define a function X, such that (4.12) is satisfied, and then show that X,
coincides to U,, as defined via the representation formula. To do so, we define a function
x4(t) := 0 for t < 0, and then inductively define X, such that (4.12) is satisfied and
[vXx(t)] = V(t) as well as [0, X(t)] = ®(t). By Proposition 3.22 this problem has a
unique solution. Then, defining x,(t + k) := 7(00)z(t) + b7 Q71 X, (t) allows us to define
X, (t+ k) etc. We also have the (crude) a priori estimates

HX*(t)H[Hi(Rd\F)]m < C(k) (Hx*(t)HHi(Rd\p) + H(I)(t)H[H—lﬂ(r)]m + qu(t)H[Hl/Q(r)}m> :

As such, the Z-transform X, := % [X,] exists, and solves by Lemma 3.19
N e .
AKX, + <—Zk(;) n 7/01(1) X, =0.
The traces satisfy H’y)?*ﬂ = 2 [V] and H@V)?*ﬂ = Z [®]. By the properties of the potentials
in the Laplace domain 2 [U,] solves the same transmission problem. The uniqueness result
from Proposition 2.41 gives that X, = 2 [U,] and therefore X, = U,. The rest of the

Lemma follows immediately by definition of the CQ-operators and the integral equations
in the Laplace domain (Proposition 2.43). O

We are now in a position to prove Lemma 4.8.

Proof of Lemma 4.8. Let (U, AB") solve (4.7) and define U™ := —S(OF) AR D(0F)y~ Uk,
W= @ [va"} . We show that both (U, UF") and X*" defined by (4.11) solve the fol-
lowing weak formulation for all W := (Z, Z,) € [X}ﬂm and times t = t,,:

0

(4.14)

<Y’“’h, W>X0 n <z'l<:[Q ® V]Yhh, VW>X0 + <i/~c[Q © VYR, W>X0 - <yk’h]l, W>X ,
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4 FEM-BEM coupling for the Schrodinger equation

where V is applied to both components. For Y*" ¢ X}} the solution to this problem is
unique by Lemma 3.23, and thus, if the solutions exist, they have to coincide.
We note that by (4.13) and (4.7b) we get that v~ UF" € [X2]™. The fact that Y5 .=

(URh UF") then solves (4.14) follows from (4.7a) and integration by parts in (4.12). The
boundary terms involving W (9F) and 1/2 — KT (9f) cancel due to (4.13). The boundary

term <Q H@VUf’hﬂ ,fy_VV*>F vanishes since H@VUf’hﬂ = APh € [X3]™ and v Z, € [Xpm.

The fact that Y*" := X% also solves (4.14) follows from (4.11), the definition of Hy,
and XF" ¢ [X,ﬂm by assumption.

What is left to establish is that the original system (4.7) has a solution. From the abstract
semigroup theory we get that X% exists and is unique. We show that <U kb [[&,Uf h]])

solves (4.7) by starting from (4.14). Testing with W := (0, Z,) with Z, € [C°(R?\I)]™
gives the pointwise equality

URh —ikQAUP! + ikQ#UP! = ul1. (4.15)

Hence (4.14) becomes

k,h /. +r7kh , kall - (. kh
A(UR, Z,) <z/~cQ8y Ukh, [['yZ*]]>F n <zQ [[&,U* ]] -y z*>F - (u 1, Zh)LQ(Q_) .
If we show that [[a,,Uf’h]] € [Xu]™ and —8,UF" = W(9F)y~URh 4 (~1/24- KT (9))) [{ayvah]]
this becomes (4.7a) since v~ Z, € X} and v~ Zj, = [yZ,] from the definition of X}l. To see
[[&,Uf’hﬂ € [X3]™, we choose Z € [X;]™ and W := (O,%[E]) a lifting of =. Integration
by parts and the already established (4.15) gives

0= (ikQo; U, E>F - (ikQa Uk, E>r’

ie. H@VUf’h]] € ([X3]™)° = [X4]™. The integral equations (4.7b) then follow by taking the
Z-transform via Lemma 3.19 and Proposition 2.43.
O

What is left to do is to establish the connection between the original Schrédinger equation
and the semigroup generated by —iHj,. This is content of the following lemma:

Lemma 4.10. Assume for the moment that Vi, := HY(Q) and X, := H-Y/*(I"). Then the
following equivalences hold:

(i) If w € H*(RY) solves the Schridinger equation (4.1), then y := (v,v,) defined as
v:i=1ulg- and vy = u|g+ in QT and v, ;=0 in Q~ solves the equation iy = Hypy and
y(0) = (uo,0).

(i3) If y := (v,vx) solves iy = Hpy and y(0) = (ug,0), then u:=v in Q= and u := v, in
QF solves (4.1).
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4.4 Analysis of the discretization scheme

Proof. Ad (i): Since u is in H?(RY) we get that d}u = 9, u. Inserting the definitions of
(v,v4), we get that (—Av + Pv, —Av + ¥yv) satisfies the defining equation for Hy (v, v4)
in (4.9) via integration by parts. Since ¢ = (u|q, ulq+) where 1o+ denotes the indicator
function on Q7. Therefore y is the solution to the semigroup.

Ad (i): Since y € dom(Hyp,), we can insert test functions in C§°(Q7) x C§°(R?\ I') in
(4.9) and get that Hpy = (—Av + Y'v, —Av, + %v,) using the weak Laplacian on both
domains. From the definition of X,% we get v~ v = yT vy, and integration by parts implies
that 9, v = 0, vy, since the corresponding boundary term vanishes in the weak form. This
means that v defined in the piecewise way is in H? (Rd). The differential equation then
follows from the fact that y is the semigroup solution. O

In Lemma 4.10, we have seen that H and Hj, are closely related in the case of no dis-
cretization in space. Namely, we have that Hy,(u,us) = (—Av + Yv, —Av + ¥wv). There-
fore we will extend the definition of H to pairs of functions, i.e.,

H(u,uy) := (—Av + Yv, —Av + o), (4.16)

with dom(H) = dom(H},) as defined in Definition 4.4 (using V}, := H(Q) and X, :=
H~'/2(T")). Since the corresponding semigroups are closely related this should not cause
confusion.

4.4 Analysis of the discretization scheme

This reformulation now allows us to make statements about the discretization by applying
the abstract “Runge-Kutta for semigroups” theory. We begin with stability. It is well
known that the Schrédinger equation conserves the L2 norm and energy. While we cannot
completely retain this property, we get the following similar result:

Theorem 4.11. Let (UR", AF?) solve (4.6a), define UPP via post-processing as in Lemma 4.8
and set Ut = G {Uf’h]. Then the following estimates hold for all n € N:

2 2 2

koh kol < ||, kn . '
Hu (tn) L2(07) + ) e (tn) L2(Rd) — Hu (0)‘ L2(Q-) (4.17)
For the energy H(u) := ||VUH%2(Rd) + ||7/u\|%2(97) we get for o > —Y_:
2
H(uM () + H(E(t,)) < H@ (0)) + o [u(0)| . (4.18)

If we assume that the Runge-Kutta method satisfies |r(it)| = 1 for t € R, we get conser-
vation of mass and energy:

Hum(t”) ;(Q) )ulj?h(t’» ;(Rd) - HUM(O)‘;(Q)’ (4.19)
H(uPMt,)) + HWb" (t,)) = Hw"(0)). (4.20)
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4 FEM-BEM coupling for the Schrodinger equation

Proof. To see (4.17) and (4.19), we apply Lemma 3.27 to the reformulation (4.11).

For a > —7_, the operator B := Hj, + aId satisfies (Bu,u) yo > 0. Since it is also self-
adjoint, we can use the spectral representation theorem to define B'/2 with the following
properties (see also [Ber68; Wou66] for elementary constructions of the operator square
root):

e B/2 is self-adjoint
. (B2)?=B
e dom(B"Y?) D dom(B)
e BY2 commutes with B, i.e., BBY/?2 = BY/2B.
The last statement implies that BY/2 commutes with Hj, which in turn gives that
BY2[r(iHy)] z = r(iHy) B %z for z € dom(Hy,).

This operator allows us to calculate, using the fact that r(kiHyp,) is a contraction:

H (1) o [ )|, = (B ) o )
_ Bl/2uk,h(tn+1)‘io
= ||r(ikHy) BY2u™"(t,,) ;
< Bl/%k’h(t”)‘ia

= 1 («" () + a [[u 1) ’

)

X0
we note that u®"(t) € dom(Hy) for all + > 0. The conservation of H under the stricter

assumptions follows along the same lines from the conservation of the X%-norm, we just

. . 2
note that since the L2-norms are conserved, we can just subtract the terms « Hukh()H 30
at the end. O

Corollary 4.12. For m € Ny, the discrete stability also holds for higher derivatives, i.e.,
assume that z*"(0) € dom (HY). Then we can estimate

9

XO
m, . k,h
< C’HHhx (0)‘

[z ], < 1 0)

|F )

X xo’
Proof. Applying H;, commutes with the Runge-Kutta time-stepping. Therefore, the state-

ment follows by applying the stability results from Lemma 3.30. O

Remark 4.13. The statements of Corollary 4.12 for m > 1 are mostly interesting for the
semi-discrete case of Vi, = HY(Q7) and X, = H-Y/2(T"), where they directly correspond to
reqularity assumptions on the initial data since Hy, = H is the classical (weak) Hamiltonian
(see Lemma 4.21). .
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4.4 Analysis of the discretization scheme

4.4.1 Convergence with respect to space discretization

We now study the convergence of the approximation scheme. In order to do so, we consider
two sequences of approximations X* and X*" of (4.11), where for X* we use the full spaces
Vi = HY(Q7), X, = H-Y/2(I'). We denote the corresponding Hamiltonian as defined
in (4.9) by H (or equivalently (4.16)). Since it corresponds to the pointwise Hamilton
operator, where —A+ 7 is applied to v and —A+ ¥ to uy, this should not cause confusion.

Lemma 4.14. We introduce a variation of the Ritz projector IIj, : dom(H) C X! — Xﬁ as

My, := (Hp, — i)~ Tyo (H — i)

where I yo : X0 — X0 is the L?-projection. We write i, := = Iy — IIj.
Then the followmg error estimate holds:

o (ta) = 22|, <

thxk(o) —xk’h(O)H + Hx’“(tn) — (i),
+Ckz th X"t ”)XQ + H@ X ()] on' (4.21)

The constant C > 0 depends on Q and b.

Proof. We start by noting that, by construction, the operator IIj, satisfies

HyTpz = Mo [Hzx —iz] + illpx = yoHz — ik, [z] for z € dom(H). (4.22)
The function IT, X* solves (pointwise in time):

I, X% = T,a%1 — ik[Q ® I, X" + [&X’C ~ M2t + ik [Q ® H T, X’f} .

We have a closer look at the consistency errors A* := uXk — 2%l + ik [Q ® HpIT}] Xk} .
By linearity and equation (4.11) in the semi-discrete setting, we have:

Ak = [@(Xk — M) + ik [Q ® thhxkﬂ - [Q ® I, (—ikHX*) + ik [Q ® HyII] Xk]]
=ik [[Q@ m] HX* —i[Q & ] X*], (4.23)

where in the last step we used (4.22).
Therefore, the differences E := X*" — &X’“, e := kP — I, 2* solve:

E(tn) = e(ty)1 — ik[Q @ Hp)E(t,) + AF(t,)
e(tns1) = 7(c0)e(t,) + b Q7 1E(t,,).

The stability result of Lemma 3.30, together with the triangle inequality to estimate

| ta) = o 20)

< ka(tn) k(1)

X0

k kR
o thx (tn) =" (t0)|

then implies (4.21). O
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4 FEM-BEM coupling for the Schrodinger equation

In order to estimate the approximation properties of I, we have to get our hands dirty
and see what it actually does in our concrete setting of spaces. This is done in the following
lemma:

Lemma 4.15. The operator Il has the following approximation property for all pairs
x = (u,u,) € dom(H):

lo —Myallyn < C inf Jlu—wpllyn +C inf [[Ou] = @nll vy (4.24)
whEX& pheEXh

The constant C > 0 depends only on Q™ and V_. This also immediately gives the estimate:

<C inf - C inf ||[Oyu] — - . 4.25
lrnlvo < C int = wnllyr +C int 0w = gl (429

Proof. By definition, y := I,z solves for wy, = (21, 2) € &}
(Hp, — )y, wp) po = <HX£(H - i)aj,wh>
= ((H —1i)x,wn) yo -

Using the definition of Hj, and defining a(x,w) := (Vz, Vw) vo + ((¥ — i)z, Vw) yo, this
can be written as:

X0

a(y, wn) = ((H = 4)z, wh) yo -

We note that wy, is not in the set of admissible test functions for the semi-discrete definition
of H due to the constraint v~ z, ¢ [H_l/Q(F)]O = {0}. But, since C°(R?\ T') C dom(H),
we get that the definition coincides with the weak Laplacian in both components together
with the additional condition that 9, u = 9, u,. Integration by parts then gives:

((H = i)z, wp) o = a(z, wp) + ([Opus] Y Za)p -
This means, we can alternatively characterize the Ritz projector via
a(Ilyz, wy) = a(z, wp) + ([Opus] , 7" 2)p Ywp, = (2n, 22) € &) (4.26)

We now proceed similarly to the usual proof of Céa’s Lemma. We write y, for the second
component of y. For wy, := (2p, 2x) € X,% and ¢, € X} we calculate:
a(z —y,x —y) =a(z -y, —wp) + a(z — y,wp — y)
=a(r —y,r —wp) + <[[8VU*]] Y R — 'Y_l/*>p
= a(z —y,z —wp) + ([Ovu] — on 7 2 =V Yi)p s (4.27)
where in the last step we used that v~ z,, 7"y« € X.
By using the fact that # induces an X'!-bounded bilinear form by (4.10) and Young’s
inequality, this lets us bound
la(z—y,z—y)| < [z =yl [z = wnllxr + 1Ovusd = enllg-172(0) lwn — 2]l 1

< ellz —yll3 + e 0w = nll /2y + 267" e — wplfn + e llz = yllan -
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4.4 Analysis of the discretization scheme

From the real part of (4.27), we get:
o= yll%0 < 25 7 — ylZe + e 1 10utua] — @rllZssoey + 25~ llo = wnls
Taking the imaginary part of (4.27) gives
IVz = Vylzo + (¥ (x = )2 = y) o
S 2e |z —yl3 + e 0] — enllfr-12y + 267 12— wallZ: -

We add these two estimates and note that, since ¥ is bounded from below by %, we can
choose ¢ sufficiently small to get (4.24). To see (4.25), we note that «), = (ILyo — Id) +

(Id —II3). Since the L?-projection is optimal, we can absorb the error term corresponding
to ITyo — Id into the Id I term and apply (4.24). O

Lemma 4.16. The operator 1l also has approzimation properties with respect to the
Hamiltonian, i.e. for all x € dom(H) we can estimate:

|Hz — HpIlpz|| yo < C inf |[|[Hx — wpl 3o + C ||z — pz|| yo - (4.28)
thXS
For the second component, the approximation is even better. If we write uy for the second
component of x € dom(H) and y, for the second component of Ipx, we get:
—Ay, + (0 — 1)ys = —Aup + (0 — i) uy in RT\ T,

Proof. By definition, we have Hyllpz = HX£Hx —ikp[x]. Therefore, we calculate:
[Hz — Hy Iz po < HH:C - HX;EH:::HXO + lknf] | o
< HHa: - HXSH;CHXO + H(Id —ng)xon + 1 (1d 1) o -

Since the L? projection is optimal, estimate (4.28) follows.
To see equality in the second component, we take test functions of the form (0, w,) with
w, € C°(R?\T). Inserting the definition of H and Hj, gives:
(Vy*, Vw*)Lg (Rd) + ((7/0 - i)y*7 w*)LQ(]Rd)
= (VU*7 vw*)LQ(Rd) + ((7/0 - i)U*a w*)LQ(Rd) >

where we used the equality HpIIpz — illpz = HX}o(Hx —ix). By the definition of the weak
Laplacian this concludes the proof. O

Lemma 4.17. The space X,% has the following approximation properties for all x =
(u,uy) € XY with v~ uy = 0 and [yu.] = v u:

inf — < C inf — -
wirel)(ﬁ ||z whHXof v;IethHu UhHL?(Q )

inf — < C inf - -
w;rel/\fﬁ ||33 whHXl - vileth ||U UhHHl(Q )’

where both constants depend on Q™. The function wy, = (zp, 2«) in the infima can be chosen
to satisfy v~z = 0.
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4 FEM-BEM coupling for the Schrodinger equation

Proof. For vy, € Vj,, we define the function wy, := (zp, 2+) € X}l as 2z, 1= vp, 24 1= uy on O
and 2y := Uy + 0, on QT with §, := E(v, —u). Here, £ denotes the Stein extension operator
to QF from Proposition 2.23. By definition, we have zj, € Vj,, and vz, = 0 € X;. The
Dirichlet jump satisfies:

vzl = [Yud + 7 0 =7 u+y v =y u=v"0v

due to the extension properties of £. This means w € X, }1 The L?- and H'-estimates on x —
w then follow immediately from the definitions and the stability of the Stein extension. [

While L? is a natural setting for the Schrédinger equation, we are also interested in the
convergence rate in stronger norms, most notably the convergence of the boundary variable
ARl 5 AR

Lemma 4.18. Assume that the Runge-Kutta method satisfies |r(co)| < 1, and that the
semi-discretization satisfies U*(t,) € dom(H?) for all n € Ng. Then the following error
estimate holds, where the implied constant depends only on the Runge-Kutta method:

HHhxk’h(tn) — Hak(t)

XO

S Bt ) - Bt )

X0
+ H/ﬁh Ha:k(O)} ’
n—1

k3 (o [t | e [ ]+ o [ 0]
j=0

ot th [xk(())} HX 4 HHhHhxk(O) _ Hhxk’h(o)’

XO

w)

<

We can also quantify the convergence in the H'-norm by:

[ (ta) = ¥ (8)

X1
k k
S [#* ) - k),

e (O] |+ [ [+ O + [ 0) =410

pe

w)

Proof. For ease of presentation, we assume that 2%/ (0) = I1,2%(0). The general statement
can then be recovered by using the stability from Theorem 4.11 and Corollary 4.12 when
perturbing the initial conditions.

As in the proof of Lemma 4.14, we start by again considering E(t) := X5 (¢) — I, X*(t),
e := G [E]. This quantity satisfies (cf. Lemma 4.14)

682 (o el o ], o [
j=0

E(tn) = e(tn)1 — ik[Q @ HpE(t,) + [Q ® Id|Ak(t,)
r(co)e(tn) + kb" Q7 E(ty),

Q
—~
~

3
+
—
~—
I
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4.4 Analysis of the discretization scheme

where AF := ik (kj [HX®"] — ik, [X*"]) is the consistency error from (4.23) (up to a
factor Q which is factored out to fit the setting of Lemma 3.36). By Lemma 3.36(ii), we
can write HyE(t,) = k7 1Q71 (E(t,) — e(tp)1) — A(t,), and by Lemma 3.36(i) and the
discrete stability (Lemma 3.30) we can bound

B £ Y 04 () (1.29)

J=0

XO

with ©F := [a{m’ﬂ. Next, we need to compute O explicitly. For simplicity, we focus on
the first term Af := ikk), [HX"] and set ©F := [0FA}]. Taking the Z-transform of X" via
Lemma 3.19, we get that

0(2) ok _ arok 1 ~1—1q..k
——X"=HX" "+ ———Fk 12°(0
k ! Tz r(00)z Q" 12(0)
and by linearity of kp:
6(z)

¥ [@ﬂ S [A‘f] — ikry [H‘S(]:))?’f}

= krp (Hj)?k) - [ilrl(o@znh (Hmk(0)>] 0 1.

Taking the inverse Z-transform implies for ©; by using the geometric series for m:

O} (1)) = kr, [H2X(t;)| i [r(00)) i [H2(0)] @711

The first term has the right powers of k in order to not impact the convergence rates.
For the second one, we use the geometric series and our assumption that |r(co)| < 1 to
estimate:

3ot < 03 o (B0
j=0 J=0

k3" o (w0, 4
j=0

o ¥ Czn: [r(00)’| HRh[Hmk(O)]‘ X0
=0

1—|r(0)["
1 = |r(c0)|

Kh, [ka(O)} ’

20
A completely analogous computation gives the explicit representation of @]2’“ as:

O5(t;) = —k rn (HX* (1)) +ilr(eo)l ki [2"(0)] @711,
which can be estimated along the same lines as @'f . Collecting the estimates thus far gives:

HHth’h(tn) ~HILX ()

XO

(4.30)

w)

< [asto], + ol

X0

3 (o ] [ ] o ]
§=0
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4 FEM-BEM coupling for the Schrodinger equation

Since HzP" — H,IT;25 = G [Hth’h — HhHth], we get inductively:

~

[Fa™ " (8) — T2 (1)

n
|0 S Do) | X (1) — BT X)L
j=0

A triangle inequality to relate Hz* —Hjz* to Hy [2%" —1I;,2*] and Ha* — H,IT; 2" concludes
the proof of the estimate for Hz*". To get the estimate in the X''-norm, we calculate for
any function z;, € dom(Hy,) since 7 is bounded from below:

(Vap, Vo) yo = Hpzp, 2h) o — (YT, Th) po
2
S HRzR || xo 12kl xo + 2] 30 (4.31)

S IHpzalZo + llzall 2o -

Setting xy, := [z (t,,) — Ipa™"(t,)] then gives:

[ (t) = T2 )

[0 S il o + loallvo

Therefore the estimate in the X''-norm follows from the estimate in X° and the estimate
on Hjz"" together with the triangle estimate to get to x* — z®" instead of the Ritz-
projector. O

A refined L?-estimate on convex or smooth geometries

The convergence of our method relies on the approximation properties of the Ritz-projector.
As seen in Lemma 4.15, the approximation with respect to the H'-based norm is quasi-
optimal, but for the L?-norm we would hope to get an increased rate of convergence, as
Lemma, 4.15 tells us that the space X,% does indeed have such an improved approximation
property. While we cannot obtain this rate in the fully general setting, the improved rate
can indeed be proven by using the common Aubin-Nitsche trick under slight additional
assumptions. This is the content of the following lemma:

Lemma 4.19. Assume that Q™ is conver or has a smooth boundary (such that a shift
theorem holds for the homogeneous Dirichlet problem, see [Grill]).
Assume that the spaces Vi, and X}, satisfy the following approximation property:
g 6 = vl an) + 0L 1A= @l gaey < Copprorh (¥l maamy + X pagey)
(4.32)
for all (1, \) € H>(Q™) x HY2(T).
Let v =: (u,u*) € dom(H), in particular u € HA (Q7), ux € HA (RU\T) and v u =

[vu*], as well as y~u* = 0. Then the following error estimate holds for the Ritz projector
Iy :

[ = Mpzllyo < Chllz = Tp|| 1 -

The constant C depends only on Capproz and L.
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4.4 Analysis of the discretization scheme

Proof. We write Iz =: (up,u}) for the two components. Consider the solutions 1,5 to
the following two problems:

. U — Up in O~
—Aip + (¥ —i = )
v+ ) {u*—ufl in QF
[vio1] = [0v41] =0,
A + (Yo — i) P2 = u* — uj, in Q7
Y 2 =0.
We note that v is the solution to an elliptic full space problem. Using Fourier techniques
(see e.g.,[RST5, page 52]) we can estimate |[¢1]| g2(ray S [[= A1 p2(ray + [[¥1]| g1 (ray- Due
to our assumptions on ¥ and Lemma 4.6, we can further estimate for constants 0 < a < 1/2
and b > 0:

=A%l p2gay < H [ [2gay + [V U1l 2(Ra)
< [ gty + @~ A1 2y + b1 | 2
which in turn gives due to the equation for Huy:
1011l 2 ray S HY1 ] 2ray + (911 g1 Ra)
S llz =Tz yo -

Since we assumed that a shift theorem holds for 7, and we are working with the constant
potential 7y, the same estimate holds for ¢, i.e, |2 g2(q-) < C [l — x| yo.
We rearrange the terms into

1/} = ¢1‘9*7
x P9 in Q7
w o {% in QT ’

and write y := (¢, 9*). Integration by parts then gives (again using the bilinear form a(-, -)
from the proof of Lemma 4.15:

l|u— Uh||?;2(§zf) + [Ju” — UZH%%W)
=AY+ (V' =) Y, u—un) 2g-) + (Y™ + (Yo — ) §", u" — uj) 12 (a)
= a(x,z —Iyz) — (8, ¢,y (u—up))p
= (0, ",y (W = up))p + (O T (0t — )y
= a(x, — pa) — (O, ¥, v~ (u —up) ) + (FF ", [y(u* —up)])y
+ ([0, 7~ (0" = uj))p -
Since 979 = 51 = 8y = 97" and 4~ (u — up) = [y(u* — )], this becomes:

lu = unl|Faio-y + Ilu* = whl|7egay = @ (v = M) + ([0, 7 (u* = )y
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4 FEM-BEM coupling for the Schrodinger equation

For xp := (¢n,¥}) € &} with y7¢, = 0 and Ay, pp € X;, we can use the alternative
characterization of the Ritz-projector (4.26) as well as the knowledge that v+, = 0 and
v (u—wup) € Xp , to get:

lu = unl|F2 oy + lw* = uf |72 @a)
= a(x — xnz — ) + ([0,0"] — pn v~ (0 — uf))pr

A

(I = xall e + N9"T = anllg-1/209 ) e = Tha

Here we used that the bilinear form a(, ) is bounded on X! via (4.10). The best approxima-
tion property of X}}, derived in Lemma 4.15 and the assumed approximation property (4.32)
(note that the restriction to discrete functions satisfying v~ = 0 does not impact the
best approximation property, see Lemma 4.17) then give

l|u— uh“%ﬂ(ﬂ*) + [Ju” — UZH%?(Rd) S h Yl gz-y + 11000 gy | 12— Haz | 4
S hllz = pz| yo [l = Hpa|| 1

where in the last step we used the regularity of (¢, ¢*). O

Looking back at Lemma 4.18, the argument only works for a certain class of methods,
such as the Radaulla, but does not hold for example for the Gauss methods. Since Gauss
methods are of interest due to their better conservation of energy (see Theorem 4.11), we
also show a variation of Lemma 4.14, which covers all A-stable methods but requires a
condition on the time step size, the approximation quality of V}, as well as on the geometry
of Q7.

Lemma 4.20. Assume that the requirements of Lemma 4.19 hold, namely that Q™ is convex
or has smooth boundary and that the spaces Vi, and X} have the approximation property
(4.32). Then the following error estimate holds, where the implied constants depends on
the Runge-Kutta method, Q and Copprog:

Hka(tn) - th‘k’h( tn

‘Hhx (0)—HhHhxk(O)HXQ—FHHhxk’h(tn)—HhHhxk(tn)

n—1
3 ([ [rxren] |, + [ [xMe0] )

XON‘ X0

Thus for h < k we regain full order of convergence. In the X' norm we get

[EACORELICH

‘WSHﬁ@M—HwW%w1+HWW®—HMW®)

Xl

(e + V) S (|Jsn [XED)| . + o [X* )] ] ,.)-
=0

i.e., it suffices to assume h < vk to retain full convergence rates.
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4.4 Analysis of the discretization scheme

Proof. As in the previous lemmas, we assume that %" (0) = IT;2*(0) and we consider the
quantities E(t) := X*"(t) 11, X*(t), e := G [E]. These functions satisfy (cf. Lemma 4.14)

E(tn) = e(ty)1 — ik[Q @ Hp)E(t,) + AF(t,)
6(tn+1) = T(Oo)e(tn) + kaQ_lE(tn)’

where AF := ik [[Q ® k) HX?" — i [Q ® k) Xk’h} is the consistency error from (4.23).
Using the notation g(—ikHy,) := b7 Q! [Id +ikQ ® H] ™', and using the stability function
r(—ikHyp,) we get (cf. Lemma 3.29):

e(tni1) = r(—ikHp)e(t,) + g(—ikHy) AR (t,). (4.33)
The operator kHjg(—ikH},) satisfies:
kH,g(—ikHy,) = kbT Q'Hy, [1d +ikQ @ H,]
— —ibTQ 1Q! (Id — [Id +ikQ ® Hh]“) :

We can write [Id+ikQ @ Hy] = —Q [—ik&— Q‘l]. The spectrum of Q! satisfies
Re(A) > 0 due to A-stability. From (2.7) we get that the resolvent of —ikHj, is uniformly
bounded on o(Q~!) with respect to k. This means that kHj(g — ikH},) is a bounded
operator on Xy via Lemma 3.21. Hj, commutes with 7(—ikH}), and we get from (4.33) by
applying Hj, to both sides and taking the norm:

e (t1) o < lr(—iRHA) Hye () | o + Ok [ A% (22)

X0’
Using Lemma 4.19, we can estimate the X%-norm of A¥(t,) by

)

|+ | gt

e

o S b (| ontE (1)

o+ [enlx* ()]

< kh (H(Id L) [EX (1))

X

o)

This proves the estimate for Hz* — Hy2*". Using the same argument as in Lemma 4.18
(see (4.31)), we get for the Xl-norm:

2 2
IVe(tni1)l[xo S Hre(tnt1)llxvo lle(n+1)llxo + (i)l xo

2
SEDYS HAk(tj)‘ wl T > HAk(fj)‘
j=0 Jj=0

2

X0

< k1) [ 3 [[|aa—mnmt e, + -t
j=0

o

Taking the square root, we get the stated result, after again using the triangle inequality
to estimate

kb k k_ k
Hx M H;vl <llelly1 + HHhx -z ‘ O

P2l
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4 FEM-BEM coupling for the Schrodinger equation

4.4.2 Convergence of the fully discrete scheme

In this section we investigate the convergence of the fully discrete scheme, i.e. Runge-
Kutta in time and the FEM-BEM coupling in space. This is now a simple consequence
of the previous section and the general Runge-Kutta theory for semigroups presented in
Section 3.4.

We start with a small lemma, giving a sufficient condition for the regularity of the semi-
discrete stage vector:

Lemma 4.21. Let ug € H*(27) for s > 2 and assume that ¥ is sufficiently smooth. Then
the following estimates holds:

e

< Clludllgraomy  and | UF(t)

< (o -
(o] Cluoll s oy

Hs(R%)
The constant C > 0 depends on s and the potential ¥ .

Proof. We first show the case s = 2¢ for £ € N. We have already established the following
estimates in Corollary 4.12:

Hngk(tn)

Lrrk
pocuny < Clwollsea and  [|H/U%(t,)

Since we assumed that ¥ is smooth, we can estimate ||Afu*(t,)| < C HHeuk(tn)HLQ(Rd) +

lower order terms, and using Fourier techniques (see e.g., [RS75, page 52]) this allows us
to bound

+ lower order terms.,
L2(R4)

e

<C HHfu’“(tn)

H2¢ (Rd)

By induction in ¢, we get the bound of the H?(R%) norm. The general case follows by
interpolation of the operator T}, : ug — u¥(t,). The proof for the stages follows along the
same lines. ]

We make the following assumptions on the discretization spaces:

Assumption 4.22. Let g € N be such that the pair (Vy, X},) has the following approxima-
tion properties:

(i) for allw e H™(Q2™) where m > 1:

. _ _ min(g+1,m)
v;g{?/h (||U UhHL?(Q*) +h[[Vu vvhHLQ(Q*)) < CpMmaTHm HUHHW(Q*)v

(i) for all X € Hyy (') with s > —1/2:

) < Chmin(q+1,s)+1/2 ‘

(=l M

Remark 4.23. For arbitrary q > 1, this assumption can be satisfied by choosing Vi, =
SP(Ty), Xp = ST YUTY) as defined in Section 2.4.

78



4.4 Analysis of the discretization scheme

Theorem 4.24. Let ug € dom (HPH) where p denotes the order of the Runge-Kutta
method employed. Assume that V' is sufficiently smooth, and assume that the approximation
of the initial condition satisfies Huo - uk’h(O)HA’,0 < hatl,

Then the following estimate holds for 0 <nk <T':

Huk’h(tn) — u(tn) U’i’h(tn) —u(tn)

|

< Clug)T (kP + h?).

L2(27) L2(Qt)

If Q™ is convex or has a smooth boundary, the spatial rate can be improved to

k,h _ k,h _ p q+1
Hu (tn) = wltn)| g, + ) () —ultn) |, o) < CluolT (4 557) . (4.34)
Proof. We use the equivalent characterization of (u’“h, u’,fh) as the Runge-Kutta approxi-

mation %" (t,,) from Lemma 4.8. Additionaly, we identify the exact solution with the pair

(u]q-, ux) with uy = u|g+ on Q1 and 0 on 7, as was justified in Lemma 4.10. This gives:

[ ta) = u(ta)

||k (t) = ulta)

o < 5100

L2(Q-) L2( xo’

We insert the semi-discrete approximation x*(¢,) and estimate:

Juta) = 2 ta)

o < [Jutta) = ¥t

o+ || ) — (1)

The first term is O(TkP) by Proposition 3.32. The second term can be estimated by
Lemma 4.14, the best approximation property of the Ritz-projector in Lemma 4.15, and
the assumption on the spaces of Assumption 4.22. The necessary regularity of the stages
was already established in Lemma 4.21.

The improved estimate (4.34) follows along the same lines, using Lemma 4.19 in addition
to Lemma 4.15. O

Theorem 4.25. Let ug € dom (Hp+2) where p denotes the order of the Runge-Kutta
method employed. Assume that ¥ is sufficiently smooth and the Runge-Kutta method sat-
isfies |r(oco)| < 1. Assume that Huo —u"“h(O)HA{,1 S h? and HH’LLQ —Hhuk’h(O)on S h
(this is for example satisfied for the Ritz-projector). Define \F .= G [Ak’h].

Then the following estimates hold for 0 < nk <T':

[ ) = u(t)

< p q
i = Clug) T (K + h9),

p q
H—l/Q(F) S C[UO] T(k + h )

k,h B
oy [ ) — )

HAhv’“(tn) — O u(ty,)

v

Proof. We again split the error term into |u(t,) —wk(tn)Hxl + ||2*(tn) — xk’h(tn)Hxl.
The error due to discretization in time can be estimated by |[H[u(t,) — 2*(t,)]|| yo and
Hu(tn) — xkh(tn)H o by integration by parts and the Cauchy-Schwarz inequality. Both
of these terms are of order kP by Proposition 3.32 (the operator H commutes with the
Runge-Kutta discretization). The H'-estimate in space follows from the X'!-estimate in
Lemma 4.18 with the approximation properties in Lemma 4.15.
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4 FEM-BEM coupling for the Schrodinger equation

In order to see the estimate for the normal derivative, we first note that we can write

| ¥ )03 uten)|

o= H [[ayuf’h(tn)]] - Oju(tn)‘

S | Bnubt ) — Fu(t,)

H-1/2 H71/2(F)

ufﬁ(tn) —u(ty)

L2(RI\T) ‘ H(RA\T)

by using the trace theorem in Hi (Rd \ F) and the fact that we can bound —A by H and
lower order terms. Thus what is left to do is estimate the convergence of the hamiltonians,
i.e. of Hya®" — Hu. The proof works analogously to the proof of Theorem 4.24. Since
H commutes with Runge-Kutta approximation and the continuous time evolution, we can
apply Proposition 3.32 to Hu — Hu” to get HHu(tn) - Huk(tn)HLz(Rd) = O(kP). We have

also already established the convergence of Hyz"" — Hz* in Lemma 4.18. ]
If we drop the requirement |r(co)| < 1, we can still obtain the following result:

Theorem 4.26. Let ug € dom (Hp+2), where p denotes the order of the Runge-Kutta
method employed. Assume that ¥ is sufficiently smooth and ) is convexr or has smooth
boundary, such that the assumptions of Lemma 4.19 are fulfilled. Define \"F .= G [Ak’h].
Then the following estimate holds for h < k'/2:
U’:’h(tn) — u(tn)

[ ta) = utt)

< Clug] T (kP + h9).

H1(Q) ‘ HL(QF)

If h < k, we also get the full rate for the approrimation of the normal derivative:

< Clug) T (kP + hY).

HAh’k(tn) — 8Ful(ty)

H-1/2(T)

Proof. Follows along the same line as Theorem 4.25, except that instead of Lemma 4.18,
we use Lemma 4.20. 0

For the case of an unbounded or non-smooth potential ¥, we still get the rate O(kP) in
time (assuming ug € dom(HP*2)) and quasi-optimality in space (see Lemma 4.17), but the
regularity of the semi-discrete stage vectors is less clear. As an exemplary result of what
can be expected, we treat the case of “lowest order” FEM/BEM discretization.

Theorem 4.27. Let ug € dom (Hp+1), where p > 1 denotes the order of the Runge-Kutta
method employed, and let Vi, x X, satisfy Assumption 4.22 for ¢ > 1. Then the following
estimate holds for 0 < nk <T:

Hu’“%n) — u(ty) ui" (tn) — u(tn) < CluglT (K + 7).

Lot

|

L2(Q7)

If Q= is convex or has a smooth boundary, the spatial rate can be improved to

uF () — ulty) < Clug)T (k¥ + h?). (4.35)

Huk’h(tn) —ul(ty) .

|

L2(Q7)
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4.5 Numerical results

Proof. Follows along the same lines as Theorem 4.24. We just note that the only place where
the smoothness of ¥ was used, was in the estimates for HUkHHS(Rd) and HEU]CHHS(W)' But

for the case s = 2, this is not necessary, as for v € dom(H) we can bound using Lemma 4.6:
[=Aull 2gay < [[Hullp2gay + [V ull L2 (ray
< Bl gy + 3 =l aggy + bl 2guey
for some constant b > 0. Together with the general estimate
[l 2 ray S | =Aullp2(ray + lull L2 may

this implies that we can bound both the H2-norm of the stages and of HU* uniformly,
as long as the initial condition is smooth enough. This in turn is sufficient to get the full
convergence rate for lowest order discretization in space via Assumption 4.22. O

4.5 Numerical results

In order to support our theoretical findings, we implemented the proposed method using a
combination of the finite element software package NGSolve [Sch14] and the boundary ele-
ment library BEM++ [Smi+15]. To compute the convolution quadrature contributions we
used the algorithm presented in [Banl10], which avoids computing the convolution weights
and instead replaces them with the trapezoidal discretization of Cauchy’s integral formula
computed on the fly. While this introduces an additional error that has not been accounted
for in our analysis, this error can be reduced easily and should therefore not impact the
convergence rate (cf. [BS09]).

As a model problem we consider the free Schréodinger equation, i.e., ¥ = 0, in 3D.
Following [Ant+08], given a point z. € R? and a wave number py € R?, we set the initial

condition as
(o) i { Zertemeimte—en,
T

For this initial condition, the exact solution is given by

)2 i —i|z — x| —po- (# —x) + |pol*
Uez<x7t) - ; —4¢ +7;eXp —4t + 1 '

For the computational domain we chose the cube Q= := [—4,4]2. In order to be able to
better distinguish convergence from artificial damping, we consider the case of two Gaussian
beams. One is centered at z} := (1,—1,0)7 and has wave number p} := (0,0,0), which
means it will remain stationary and we expect to only see a dispersive effect. The second
beam is centered at (—1,1,0)7 and has a wave number (1,0,0)?, which means the wave
packet will travel out of the domain 2. While this choice of initial conditions does not
satisfy the assumption suppug C 27, the decay of the functions is sufficiently fast that the
truncation at the domain boundary becomes negligible.
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4 FEM-BEM coupling for the Schrodinger equation
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Figure 4.1: Comparison of different Runge-Kutta methods for the Schrédinger equation

We look at the convergence rates for different Runge-Kutta methods, namely we compare
a one-stage Gauss method to the 2 and 3 stage Radaulla methods. For spatial discretization
we use finite and boundary elements, such that the order is the same as for the time-
stepping, i.e. we use ¢ = p for the FEM and ¢ = p — 1 for the BEM part. We compare
the maximum error for the FEM part in the L?- and the H'-norm, i.e., we compute

khoy \
n:r%aXNHu (tn) = ultn) L2(Q)

results. For the Gauss and two-stage Radau method, we see the full classical order of 2
and 3 respectively as predicted. For the higher order Radaulla method, we do not see the
predicted rate, but this might just be pre-asymptotic behavior due to the limited number
of timesteps. Nevertheless the high order method offers a beneficial ratio of number of
operations to achieved accuracy.

d H Bh(t,) — ult
an n:r%%%N u™" (ty,) — u(ty)

- Figure 4.1 collects the

H(
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5 CQ for the wave equation with nonlinear
impedance boundary condition

In this chapter, we investigate whether boundary integral methods and Convolution Quadra-
ture can be used when discretizing nonlinear problems. In order to keep the level of tech-
nicalities to a minimum, we only consider a rather simple model problem and restrict our
methods to the case of BDF1 and BDF2 based Convolution Quadrature. The problem con-
sists of the linear wave equation complemented with a nonlinear boundary condition. The
motivation for the problem under consideration comes from nonlinear acoustic boundary
conditions, as investigated in [LT93; Gral2|, and boundary conditions in electromagnetism
obtained by asymptotic approximation of thin layers of nonlinear materials [HJ02]. An-
other source of interesting nonlinear boundary conditions is [Ayg+04], which investigates
the coupling of wave propagation with nonlinear circuits. Compared with these references,
the boundary condition used in this chapter is simple, but already contains enough difficul-
ties to warrant development of new tools of analysis, which hopefully can be extended to
more involved situations. Many of the results of this section have appeared in [BR17] and
are the result of collaboration with Lehel Banjai. This model problem was first suggested
in [Banl5| and it has recently also been investigated using different techniques, namely
a positivity preservation property of the underlying boundary integral operators [BL17],
wherein the authors focus on a Runge-Kutta based discretization instead of multistep
methods.

5.1 Model problem

We consider an exterior scattering problem, using the linear wave equation and a nonlinear
boundary condition. Let Q= C R? be a bounded Lipschitz domain, and let QF := R¢ \Qi—
be the exterior. We denote the boundary by I' := 9Q2~. Given a function g : R — R and a
constant wave speed ¢ > 0, we consider the model problem:

1
gumt = Ayt in QF, (5.1a)
O u't = g (™) on T, (5.1b)

and use the initial condition u'°*(t) = u¢(¢) for ¢ < 0, where the incident wave u!™° itself
satisfies the wave equation

1

c2

Ut = Ay in QF.

We assume that at time ¢ = 0 the incident wave has not reached the scatterer yet, i.e.,
we assume that for + < 0, u!™(-,¢) vanishes in a neighborhood of Q2~. For notational
convenience, we set u™¢(z,t) := 0 for x € Q~ and Vt € R.
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5 CQ for the wave equation with nonlinear impedance boundary condition

We make the following assumptions on the nonlinearity g:
Assumption 5.1. (i) g € C*(R),
(it) g(0) =0,
(i) g(p)p >0 Yu € R,
(iv) ¢'(n) >0 YueR,

(v) g satisfies the growth condition |g(p)| < C(1+ |u|’), where

l<p<oo d=2,
l<p< g4 d>3.

(vi) g is strictly monotone, i.e., there exists f > 0, such that

(g(A) —g(w) A= p) = BIA—p* VYA, peR. (5.2)

Remark 5.2. The growth condition (v) is chosen in a way to ensure that the operator
gm(r)) holds. This
will be proved in Lemma 5.7. "

n = g(n) is bounded, i.e., the estimate ||g(u) g-1/2q) < C (1 + ||ul]

Remark 5.3. We will show well-posedness of (5.1) under these conditions on g as part
of Theorem 5.12. The well posedness of such problems has already been established with
more general boundary conditions but under slightly stronger growth conditions in [LT93]

and [Gra12]. .

5.2 Discretization using boundary integrals

In order to discretize the problem using boundary integral techniques, it is convenient to
work with homogeneous initial conditions. We therefore decompose the solution using the
fot — ginc 4 yseat - Since u!™® satisfies the wave equation and u'*(t) = u™(t) for
t <0, the scattered field u5® solves the following problem:

ansatz u

L jiscat = Agseat in Q* (5.3)
2 ’ '

C

87—Ii-uscat _ g(uscat + umc) _ a;-uinc on F, (54

¥t (t) =0 in R for all ¢t < 0.

In order to simplify the notation, we make the assumption ¢ = 1.

To derive the boundary integral equations and their discretization, we will work mostly
formally as we will not need the precise statements for the analysis. Since u@" solves the
wave equation with homogeneous initial conditions, we can apply Kirchhoff’s representation
formula (3.12) and write it as

uscat — _S(at)a;l-uscat + D(at),y—&-uscat'
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5.2 Discretization using boundary integrals

We define the Calderén operators for s € C, as

B(s) := (_slgs(l) S_II(V(;ES))’ (5.6a)
_1
Bimp(s) = B(s) + <£ ; 2OId> . (5.6b)

Taking the traces in the representation formula and inserting the boundary condition
then gives an equivalence between the boundary integral equation

Bunn(@) (£) 4 (00 £ ey ) = (o) 5.7)

and the scattering problem (5.3), namely:
(i) If usat solves (5.3), then (p, 1)), with ¢ := =9 u%@ and v := y a5t solves (5.7).
(ii) If (¢, ) solves (5.7), then us® := S(dy)p + 8; ' D(8y)1) solves (5.3).

Remark 5.4. We keep this equivalence statement purely formal and without detailed as-
sumptions as we will not make use of the continuous boundary integral equations. Instead,
we will prove a discrete version of this equivalence principle in Lemma 5.11.

For discretization, let X;, € H~Y2(I") and Y;, € HY/2(I") be closed (not necessarily finite
dimensional) subspaces and let le/h : H'/2(T') — Y}, be a stable linear operator with “good”
approximation properties, see Proposition 2.36 for possible constructions. The detailed
approximation requirements for the projection operator and the discrete spaces can be
found in Assumption 5.32 or Lemma 5.35 respectively; in practice, we used a simple L>-
projection (see [CT87; BY14] for sufficient conditions on the stability of the L?-projection).

In order to discretize in time, we use a multistep based Convolution Quadrature with
step size k > 0, see Section 3.1, based on either the BDF1 or BDF2 method. We denote
the corresponding coefficients by (ozj);”zo (for BDF methods we have fy = 1 and §; = 0
V4 > 0, thus we drop these coefficients).

The discretized version of (5.7) then reads:

Problem 5.5. Find functions ©* and ¢*, such that ©*(t) € Xy, ¥*(t) € Y}, and

(Bant@t) (50) - (5)) + (ot i )0), = (03t 69

for all (&,n) € X, x Yy, (equality to be understood as a function in t € [0,T)]). O

Remark 5.6. As always, we will only need to compute the solution to (5.8) for discrete
times t,, := nk, using continuous time just simplifies the notation.

Since we will be dealing with pairs (¢,v) € H~Y/2(T") x H'/2(I') on a regular basis, we
introduce the norm on the product space

1 I += llmsaqry + 100300720 - (5.9)
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5 CQ for the wave equation with nonlinear impedance boundary condition

5.3 Well posedness of the discretization scheme

We start by investigating under which conditions the discrete Problem 5.5 has a unique
solution. In order to do so, we start with some basic properties of the operator induced by
g and the operator Bimp(s).

Lemma 5.7. The operator g : H'/>(T') — HY*('), n ~ (g(n),)p has the following
properties:

(i) The operator g is a bounded (nonlinear) operator, satisfying

lgl-172y < € (14 Ilpusagry)

where p is the bound from Assumption 5.1(v), and the constant C > 0 depends on T’
and g.

(i) The operator g is monotone in the following sense:

(g(m) — g(m2),m —m2)p >0 for all (real valued) m, 1o € HY?(T).

(i) The map n — g(n) is continuous as a map HY?(T') — H~/2(D).
Proof. Ad (i): We recall that the following Sobolev embeddings hold (Proposition 2.29)

/

HY2(T) C LP (1) (5.10)

V1<p <o for d = 2,
Vlgp’g% for d > 3.

Using p from Assumption 5.1 (v), we fix p, ¢’ such that 1/p’ +1/¢' = 1 and both p" and pq’

are in the admissible range of the Sobolev embedding. The case d = 2 is clear. For d > 3
we use p' = 24=2 and ¢ := 242,

For n,& € HY?(T') we calculate:
[ 908 < U)oy Vel ey (L 1) Ny

S (1 Il aqr ) NENspasagry -

Ad (ii): Given 11,79 € HY/?(I'), we apply the mean value theorem to get:

(glm) —gm2),m —m)p = /Fg’(S(af))(m(af) — na(x))? da.

Since ¢’ > 0 by Assumption 5.1(iv), the integral is non-negative.

Ad (iii): We take a sequence 1, — 1 in H/?(T') and show g(nn) — g(n) in H~Y/?(T"). We
focus on the case d > 3, the case d = 2 is even simpler because all the Sobolev embeddings
hold for arbitrary LP-spaces. By the Sobolev embedding (Proposition 2.29, c.f. (5.10)), we
can estimate:

g\n)—g\nn),v
lg(n) = gl -2y = sup {g(n) — g(np), v)r
0#£veH1/2(T) ”vHHl/Q(F)

S Mgt — gl Loy »
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5.3 Well posedness of the discretization scheme

with ¢ := (2d — 2)/d.

If g, — 1 in H'/2(T), the Sobolev-embeddings give 7, — n in LI(T") for ¢ < 2;[_;22‘ By
[Bre83, Theorem IV.9] (see also the proof of [Rud87, Theorem 3.11]), this implies that there
exists a sub-sequence 7y, which converges pointwise almost everywhere and there exists a
function ¢ € L(T") such that || < ¢ almost everywhere.

From the growth conditions on g, we get that }g(nhj)} <C(1+ ]Cl\p) for all j € N. The
same calculation from the proof of part (i) gives that (1 + |(|’) € L?(T'), thus we have an
integrable upper bound.

Since g is continuous by assumption, g(ny,) converges to g(n) pointwise almost every-

where. By the dominated convergence theorem this implies fr ‘ 9(n;) — g(n)‘q — 0. The
same argument can be applied to show that every sub-sequence of g(n;,) has a sub-sequence
that converges to g(n) in H —1/2 (T"). This is sufficient to show that the whole sequence con-
verges. [

The operator Bimp(s) is elliptic in the frequency domain:
Lemma 5.8. There exists a constant 5 > 0 depending only on I, such that
. Re(s
Re(Bun(s) (5 (%)) 2 smin s 24 o (5.11)
¥ V) /v |s]

Proof. An analogous estimate to (5.11) for the operator B(s) was shown in [BLS15b,
Lemma 3.1]. Estimate (5.11) then follows directly since the difference Bimp(s) — B(s)
is skew-hermitean. O

In order to prove the solvability of the nonlinear discrete problem (5.8), we need the
following tool from functional analysis:

Proposition 5.9 (Browder and Minty, [Sho97, Chapter II, Theorem 2.2]). Let X be a
real, separable and reflexive Banach space and let A : X — X' be a (not necessarily linear)
bounded, continuous, coercive and monotone map from X to its dual space. In other words,
let A satisfy:

(i) A: X — X' is continuous,

(i1) the set A(M) is bounded in X' for all bounded sets M C X,

A y
(i)  lim M -
lull =00 [lullx

() (A(u) — A(v),u — V) pryy >0 for allu,v € X.

)

Then the variational equation

(A(u)vv>X/><X = <f>v>;\{/><X Yov € X,

has at least one solution for all f € X'. If the operator is strongly monotone, i.e., if there
exists a constant § > 0 such that

(A(u) — A(v), 4 — V) 1y y ZBHU—UHZX for all u,v € X,

then the solution is unique.
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5 CQ for the wave equation with nonlinear impedance boundary condition

Proof. The existence statement is just a slight reformulation of [Sho97, Theorem 2.2],
based on some of the equivalences stated in the same chapter. Uniqueness can be shown
by considering two solutions v and v and applying the strong monotonicity to conclude
Ju— vl =o0. 0

These preparatory results allow us to now prove that indeed, Problem 5.5 is well posed.

Theorem 5.10. Let k > 0 and (X,,Y),) € H-Y/2(T) x HY?(T') be closed subspaces. Then
the discrete system of equations (5.8) has a unique solution in the space Xp, X Yy for all
times t € Ry

Proof. We show the result for discrete times t,, = n k, the general case follows by considering
shifted initial conditions. We remark that due to the symmetry properties of the boundary
integral operators, namely B(s) = B(3S), the convolution weights are real-valued and we
can restrict all our considerations on real valued functions. We prove this by induction on
n. For n = 0 we are given the initial condition ¢* = ¥ = 0. Now assume that we have
solved (5.8) up to the n— 1st step. We denote the operators from the definition of Biyp(0F)
as Bj, j € Ny, dropping the subscript and set {bv =+ J%/humc and bring all known terms
to the right-hand side. Then, in the n-th step the equation reads

(o (5) - (), = Gdeanan) = (. (), 12

with f* = ( a+ ine ) ZB” = <¢’f ;) +Bo (Jyh ZO"C(t )>'

The right-hand side is a contmuous linear functional with respect to (£,n) due to the
mapping properties of the operators B; that are easily transferred from the frequency-
domain versions (2.34); see [Lub94].

We want to apply Proposition 5.9, we note that the operator By : H~'/2(T") x H/*(T") —
HY?(T') x H-Y2(I") is the leading term of a power series centered at zero. This means

&IS)). Lemma 5.8 and Proposition 3.14 therefore imply By is

we can compute By = Biyp

elliptic. The non-linearity satisfies: (g(n),n)p = Jp g(n)n > 0 by Assumption 5.1 (iii). This
implies that the left-hand side in (5.12) is coercive.

Since By is linear and elliptic and ¢ is monotone via Lemma 5.7(ii), the left-hand side
in (5.12) is strongly monotone. Boundedness has been proven in Lemma 5.7. The continuity
is a consequence of the boundedness of By and the continuity from Lemma 5.7(iii). O]

5.4 Convergence analysis

In this section, we will analyze the convergence behavior of the discrete solutions to the
exact ones. This is done by making use of a correspondence between the convolution
quadrature based method and the multistep approximation of a related semigroup. We
start with showing that the CQ-approximations can be written as the solution of a sequence
of multistep type problems.
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5.4 Convergence analysis

Lemma 5.11. Let k > 0, and let X, € H-'/2(T), Y}, € HY2(I') be closed subspaces.
Define

My, = {u cH (Rd \ r) [yul € Ya, v u € X;;} . (5.13)

Forn e N, let v?cjk(tn) € Hp, and w?e’k(tn) € H (div,R?\T) solve

1 & hok hk
2 o0 ) = VI, (5.14a)
1 hok hk
kzga- 1F () = div (WhF(E)) (5.14b)
|:|:7Vw?ek( ):|:| € Xh) (514C)
Wi (i) — g ([0l )] + (1)) + O () € X7, (5.14d)
where t, = nk and th(t) = ?ek( t) := 0 fort < 0. Then the following two statements

hold:

(i) If o and Y% solve (5.8) and we define u?e’k = S(OF)pk + (85)_1 D(OF)y¥, then
wih = Vuhk and v hk = 0fu "k sole (5.14).

e ie
(ii) Ifw?e’k and v?cjk solve (5.14), the jumps o* := [{'yyww ]] Pk = [{'vak]] solve (5.8).

Note: the subindex “ie”, which stands for “integral equations”, is used to separate this
sequence from the one obtained by applying the multistep method to the semigroup, as
defined in (5.25).

Proof. We first note that (5.14) has a solution in Hj.
We show this by induction on n. For n < 0 we set u F(ty) = ol k( tn) := 0. For n € N,

we consider the weak formulation, find Wi}é’k (tn,) € H (dlv, RI\T), v ( n) € Hp, such that
LS 0wl () = Tulke 5.15
%Zajwie (tn—j) = Vo~ (tn), (5.15a)
=0

1 m
hok hk

St n) (0,

J=0 L2(Rd)

— (g ([l ) + i (20)) = O u™ (1), [yan])
(5.15b)

for all z; € Hp. Multiplying the first equation by k£ and collecting all the terms in-
volving wi}:k(tj) for j < nin F, € H (div,R?\T), the condition becomes aowﬁ’k(tn) =
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5 CQ for the wave equation with nonlinear impedance boundary condition

vailf?’k (tn) + Fy,. After inserting this identity into (5.15b) and combining all known terms
into a new right-hand side F™ € H/,, the second equation becomes

% (vi};’k(tn), zh) + o]jo (Vvi};’k(tn), Vzh) +

12 (&)

(o (] + B4 o), = ()

L?(R?)
/HIhX’Hh '

Since H, is a closed subspace of H! (Rd \ F), this equation can be solved for all n € N
due to the monotonicity of the operators involved and the Browder-Minty theorem; see
Proposition 5.9 and also the proof of Theorem 5.10 for how to treat the nonlinearity.
Defining aowi}gk(tn) = k‘VviZ’k(tn) + F,,, we have found a solution to (5.15).

What still needs to be shown is that [['yl,wi};’k (tn)] € Xp. Note that it is sufficient to show
[ Z[w"(2)] € X}, for the Z-transformed variable, as we can then express [y, w!"* (t,)]

ie ie
as a Cauchy integral in X}. The details of this argument are given later.
It is easy to see that

h.k n—1 h.k
w2 (ty) w. " (t5)
H(Ua?k(t”)> <Ok (U;f,k(;) ,
e A" H(div,RID)x H1(RA\D) §=0 e 11 H(div,RI\T)x H! (RI\T)
where the constant may depend on k, but not on vi}é’k, Wi};’k or n. This implies that the

Z-transform w(z) is well defined for |z| sufficiently small.
To simplify notation, define the function G := g([[yvi}fs’k]] + Jffhﬂ""c) — Opui™. Taking

h.k
ie

@VA"@’) = Vo(z) and for z, € Hy,

((‘?)2@, zh> " + (Y5, V2) 12 (o) + <5(]:)@ [Wh]]>r o

For z, € Cg° (]Rd \ F), this implies

—AB(2) + (5(]:)>26(z) ~0.

From z;, € Hj, with z3]q- = 0 we see 9,70 — k_lé(z)@ € Yy. Let £ € X; and choose zj, as
a lifting of & to H* (Rd \ I‘), i.e., vz, = v 2, = £. Then we get by integration by parts:

<—0;—i}\,§>r + <a776a£>1—* =0,

or [9,0] € (X;)° = Xp, which in turn implies [yW] (2) = ké(2) "' [0,0(2)] € X;,. We can
use the Cauchy-integral formula to write:

the Z-transforms w := % [w ] and ¥ = & {v{gk], a simple calculation shows that

[rowt] ) = 2% /c ()] 2~ dz.
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5.4 Convergence analysis

where the contour C := {z € C : |z| = const} denotes a sufficiently small circle, such that
all the Z-transforms exist. Since we have shown that [y,w] € X}, and we assumed that

X}, is a closed space, this implies [[’yywﬁ;k(tn)ﬂ € Xp. Thus, we have shown the existence

of a solution to (5.14).

We can now show the equivalence of (i) and (ii). We start by showing that the traces
of the solutions to (5.14) solve the boundary integral equation. We have the following
equation in the frequency domain:

5 2
—AY(z) + <(I:)> v(z) =0,
- 0(z) »
o0 v(z) — (;)G(z) eyy.
For simpler notation, we define s := %Z). The representation formula then tells us that
we can write v(z) = —S(sk) [10(2)] + D(s) [vv(z)]. Introducing the new traces

U(z):=[o(x)]  and  3(2) = —slk [0,0(2)] = [vw(2)]

and inserting these definitions into the representation formula gives

v(z) = s£5(2)@(2) + D(2)¥(2)-

Taking the interior trace v~ and testing with a discrete function &, € X}, gives
0= (Y78, &)y = (s6V () Enbp + ((K () = 1/2) 6,60 ) .

Analogously, by starting from the representation formula multiplied by slzl, taking the
exterior normal derivative 9, and testing with 7, € Y}, we obtain that

(G, = (o7 ) = (/2= K7(s) Bomdy+ (S W su)m)

T

Together, this is just the Z-transform of (5.8). By taking the inverse Z-transform, we
conclude that the traces [[fyvilz;k}] and [{’yywi}gkﬂ solve (5.8). By the uniqueness of the
solution via Theorem 5.10, this implies ¥ = — [[’y,,uihe’k]] and ¢YF = [{’yvi};’kﬂ, which then
shows (ii).

For (i), we observe that due to the uniqueness of solutions to Helmholtz transmission

problems (w* v/*F) defined via (5.14) and (w"* v/**) defined via potentials have the

ie ’ Yie ie ’ Yie
same Z-transform and therefore coincide also in the time domain. O

5.4.1 A related semigroup - semi-discretization in space

In order to analyze (5.1) and its discretization by solving Problem 5.5, we reformulate the
problem using a nonlinear semigroup framework as introduced in Section 2.2.2. To do so,
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5 CQ for the wave equation with nonlinear impedance boundary condition

we switch to a first order formulation of (5.1) by introducing the new variables v := u and
w = Vu to get:

w . Vo +o + -incy o4 -inc
<1’;>_<divw) and yow =gy v+ 4" — 9, .

The next theorem lays out the functional analytic setting in detail and shows existence of
a continuous solution as well as a semi-discrete in space version.

Theorem 5.12. Consider the space X := [LQ(]Rd)}d x L?(R%) with the product norm and
corresponding inner product and define the block operator

0 V
A= <div O) ’
dom(A) := {(w,v) € X :divw € L2 (RY\T),v € My,

[uwl € Xnviw — g([vel) € Y;}. (5.16)

Then A is a mazimally monotone operator on X and generates a strongly continuous semi-
group that solves

(W) =4 <W> > w(0) = wo, v(0) =g (5.17)

for all initial data (wo,vg) € dom(A). The solution satisfies:

(i) u(t) == uo + 07 'v = up + fOt’U(T) dr solves the wave equation it = Au and satisfies
@ =v. If Vug = wy, then u satisfies Vu(t) = w(t) fort > 0. If X, = H-Y*(T') and
Y, = HY(I), then u solves (5.1).

(ii) (w(t),v(t)) € dom(A). If ug € Hp, then u(t) € Hp and v(t) € Hy, for allt > 0.
(ii) If ug € Hp, then u € C1([0,00), L2(RY)) N C%1 ([0, 00), H (R \ T)),
(iv) @ e L™ ((0,00), H' (RY\T)),
(v) i € L* ((0,00), L*(R%)).
Proof. We first show monotonicity. Let z; = (wy,v1), x2 := (W2,v2) be in dom(A). Then
(Azy — Axg, 21 — 2) v = (V1 — Vg, wi — wa) + (div wy — div wg, v1 — v2)
= (7, W1 — 7, Wa, Y vl — 7_02>p — (Wi =y wa, o — 7+U2>F

= —([wlwi = wall .y [o1 — v2l)p — (WFwi — 3w, [y(o1 — v2)]),
= —(g([yv1l) — g(Tyv2l), [v(v1 — v2))r

<0,

92



5.4 Convergence analysis

where in the last step, we used the definition of the domain of A, which contains the
boundary conditions, and the fact that [y,w;] € X;,. The definition of H; from (5.13)
gives that [y(v1 —v2)] € Y.

Next we show range(A — Id) = X, i.e., for (x,y) € X we have to find U = (w,v) €
dom(A), such that AU —U = (x,y). In order to do so, we first assume x € H (div,R?\T)

(a dense subspace of [L2 (Rd)] d). From the first equation, we get Vo—w = x, or w = Vu—x,
which makes the second equation: Av — v = y + divx. For the boundary conditions this
gives us the requirements

v v e Xy, [yv] € Y,
[vww] € X, v —g([yv]) —nix ey,

This can be solved analogously to the proof of Lemma 5.11. The weak formulation is: Find
v € Hy, such that for all &, € H,

(vah)y([gd) + (Vo, v§h)L2(Rd) + (g([vv]), |I’th]]>1“ = (yafh)Lz(Rd) + (x, vfh)Lz(Rd) .

Due to the monotonicity of the left-hand side, this problem has a solution via Proposi-
tion 5.9 (see also the proof of Lemma 5.11).

We set w = Vv — x. The fact that the conditions on [v,w] hold follows from the same
argument as in Lemma 5.11, by using test functions satisfying [v¢,] = 0 and v7¢, € X;
and the fact that (X})° = X}. We therefore have (w,v) € dom A.

For general X := (x,y) € X, we argue via a density argument. Let X,, := (X,,y,) be a
sequence in X N (H (div,R?\T') x L*(R%)), such that X,, — X. Let U, := (un, v,) be the
respective solutions to (A — Id)U,, = X,,. From the monotonicity of A, we easily see that
for n,m € N: ||U, — Upnll» < || X5n — Xom|ly, which means (U,,) is Cauchy and converges
to some U =: (w,v). From the first equation Vv, — w,, = x,, we get that v, — v in
H! (Rd \ F). From the second equation divw,, — v, = y, we get divw,, — divw in L?(R%).
Therefore, we have w,, — w in H (div, R? \ I"), which implies [, w,] — [, W] € X},. From
Lemma 5.7(iil) we get (g([vvnl). &)r — (9([vv]), &), which implies vw — g([yv]) € Yy.
The other trace conditions follow from the H'-convergence of v,. The existence of the
semigroup then follows from the Komura-Kato theorem (Proposition 2.17).

The fact that we can recover a solution to the wave equation using the definition of u(t)
is straight forward, and Vu = w follows from @ = v and w = Vv together with the initial
condition. Since Hy, is a closed subspace and ug = u(0) € Hy, it follows that u(t) € H.

The regularity results follow from the regularity statements in Proposition 2.17. Since v
is Lipschitz continuous with values in L2(R?) we get v € C11((0,T), L2(R%)). From Vu =
w + Vug — wo, we further get u € C%! ((0,T), H' (R4\T)) as long as Vugy € L*(RY). O

Approximation theory in #; and dom(A)

In this section, we collect some important properties of the space Hj,, namely how well it is
able to approximate arbitrary functions in H!(Q%) under different assumptions, and look
at how these approximation properties influence the approximation properties in dom(A).
In order to to so, we introduce several projection/quasi-interpolation operators.
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5 CQ for the wave equation with nonlinear impedance boundary condition

¢

We start by defining an operator, which in some sense represents a “volume version” of

Jik: see Lemma 5.14 (ii).

Definition 5.13. Let &P : HY/*(T') — H! (R?\T) denote the linear, continuous lifting
operator, such that 7“‘51911 =v and 5191) =0 in Q™. Then, we define the operator 11y as

I : {u cH (Rd\F) Dy U= 0} - (Hh, ||'||H1(]Rd\F))
v v —EF ((Id—lefh> 'erv) in R\ T.

Recall that leh denotes a linear, H'/2(I') — (Y3, [[[l1/2) stable operator.
In the next lemma, we collect some of the most important properties of Ilp.
Lemma 5.14. The following statements hold:

(i) if J%/”’ is a projection, then Ily is a projection,

(ii) [you] = J2* [y,

(iii) Iy is stable, with the constant depending only on I' and HJ%/" /2Dy HIA(TY

(iv) Iy has the same approzimation properties in the exterior domain as J%/h onT, ie.,

o= Mol ey < € |l = e, 10

Proof. All the statements are immediate consequences of the definition and the continuity
of EP (Proposition 2.26) and J". O

In the analysis of time-stepping schemes, it is important to construct an operator which
is well behaved with respect to the operator A. This is achieved by constructing a Ritz-type
projector, which for our functional-analytic setting takes the following form:

Lemma 5.15. Let a > 0 be a fized stabilization parameter. Define the Ritz-projector
II; - Hi (Rd \ P) — Hp, where Ilju is the unique solution to

(VILu, vzh)L2(Rd) + a (Iu, Zh)L2(Rd)
= (Vu, VZh)LQ(Rd) + o (u, Zh)LQ(Rd) + <[[8Vu]] ,’y*zh>r Vzp € Hp. (5.18)
The operator 111 has the following properties:

(i) Iy is a stable projection onto the space Hp N {u € HA (R¥\T) : [0,u] € X, } with
respect to the H' (R \ T')-norm.

(ii) 111 almost reproduces the exterior normal trace:

<8:{H1u,§>r = <8;fu,§>r V€ €Y.
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5.4 Convergence analysis

(iii) 111 has the following approximation property for all u € Hi (Rd \ I‘) :

102 Tl oy < € (i, =l ey +, 50, 100t = - )

upEHR

For w € HY(R?\ T) with y"u = 0, this approzimation problem can be reduced to the
boundary spaces Xy, Yp:

. Jr .
||(Id—H1)uHH1(Rd\F)SClyilelthv U_thHl/Q(F)+CQxhlgg(hHIIayu]]—$h|’H—1/2(F). (5.19)

All the constants depend only on I' and «.

Proof. The operator is well defined and stable as Hy, is a closed subspace of H'(R?\ T),
the bilinear form used is elliptic and the right-hand side is a bounded linear functional.

In order to prove [0,IT1u] € Xj, we follow the same argument as in the proof of
Lemma 5.11. First, we establish by using z;, € C§°(R?\ I') that ITju solves the PDE
—Allju+ allju = —Au+ au. For £ € X; we obtain by using a global H'-lifting, i.e., such
that vz, = v~ 2, = &, and using integration by parts:

([8,1Lu] , &) = ([Opu] , &)p — ([Buu] , ) = 0.

This means [0,I11u] € (X})° = X, and range(Il;) € HpN{u € HY (RY\T) : [O,u] € Xp}.
The fact that II; reproduces the normal jump follows from testing with an arbitrary
zn € Hp with v~z = 0 together with integration by parts and the PDE for 11 u.
To see that it is a projection, we note that for u € H; with [0,u] € X}, the term
([0,u] , v~ zp)p vanishes due to the requirement v~z € X}.
In order to prove the approximation property, we fix arbitrary u, € Hp and xp € Xp
and calculate:
2
13 Iy )ullgr gy r)
S (V(Id —Hl)u, V(Id _Hl)U)LQ(Rd) + « ((Id —Hl)u, (Id —Hl)u)LQ(Rd)
= (V(Id —Hl)u, Vu— VUh)LQ(Rd) + « ((Id _Hl)uv U — uh)L2 (]Rd)
+ ([8vu] — zp, v Thu — v up)p
S ll(Id _Hl)uHHl(Rd\F) Ju— “h”Hl(Rd\F)
+ | [vn] - xh”H—1/2(F) (HU - HIUHHI(Rd\r) + [Ju — Uh”Hl(Rd\r)> :

Young’s inequality concludes the proof.
For (5.19), we need to estimate inf,, cp/, ||u — uh”Hl(Rd\F)' We do this in a manner

similar to what was done for the Schrodinger case in Lemma 4.17. Let y, € Y} be arbitrary
and let 6 be a continuous H'-lifting of v u — y, to QF. Define uy, := ulg- in Q~ and
up = ulgr — 0 in Q1. Since we assumed vy~ u = 0, we get [yun] = yn € Y, and therefore
up, € Hp,. For the norm we estimate:

lv = unll g1 genry = W0l o4y < © v e =yl 12y

due to the continuity of the lifting operator (Proposition 2.26). O
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5 CQ for the wave equation with nonlinear impedance boundary condition

All the previous approximation operators require the function to have at least H'-
regularity. Since we are interested in the case of no additional regularity assumptions
on the exact solution, we also need an additional operator that is stable in an L?-setting.
The construction is very similar to the one used in Lemma 4.15 for the Schrodinger setting.
In order to be able to define such an operator, we need to make an additional assumption
on Y.

Assumption 5.16. For all h > 0, there exist spaces Yhﬂ_ C HYQ7), such that Y;, D
fy_YhQ_ and there exists a linear operator JAI : L2(Q7) — YhQ_ with the following proper-
ties: Jg’i is stable in the L?- and H'-norm and for s € {0, 1} satisfies the strong convergence

Y] _
Hu—%ﬁqhﬁwqﬁo for h — 0, Yu e H*(Q).
This allows us to define our last approximation operator.

Lemma 5.17. Let £ : H™ (QF) — H™(R?) denote the Stein extension operator from
Proposition 2.23, which is stable for all m € Ng. Then we define a new operator 1ly :
L2(QF) — Hy by
w—e ((1a-s)eru) it
u — Iou := )
0 in Q7

i.e., in order to get a correction term similar to the one for Iy, instead of relying on
traces and lifting, we extend the function to the interior, apply the approximation operator
mapping to YhQ_ and extend it back outwards.

This operator has the following nice properties:

(i) My is stable in L? and H*,

(it) for s € [0,1]: [Ju — Haul| e (g+) S

~

H(Id _Jgﬁ)SWHHs(Q*)’

(iii) for allu € L*(QF) and for h — 0, Tlau converges to u in the L?-norm without further
reqularity assumptions. For v € H'(QT), the convergence is in the H'-norm.

Proof. In order to see that ITou € Hj,, we have to show v Ilou € Y;,. We calculate:
vy ou = yTu — yTu + 7_J5ﬁ5+u €y,

due to the fact that £~ reproduces the trace and the assumptions on YhQ+. For the approx-
imation properties, we use the continuity of the Stein extension (see Proposition 2.23(i))
and estimate:

o= Mol gy = || (=gt ) €5u) | oy S [ (1= ) €]

The extension £'Tu has the same regularity as u, thus we end up with the correct conver-
gence rates of Y. O
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Remark 5.18. While Assumption 5.16 may look somewhat artificial, in most cases it is
easily verified by constructing a “virtual triangulation” of Q0= with piecewise polynomials
in the spirit of a FEM-BEM coupling procedure as for example used in Chapter 4. The
L. Y, - . . .
projection operator Jo" is then (for example) given by some stable quasi-interpolation op-
erator(see 2.36). .

Remark 5.19. We used a space on 2~ for the quasi-interpolation step as it reflects the fact
that usually a natural triangulation on Q= s given and the boundary mesh was generated
by restricting a volume mesh. This choice is arbitrary and could for example be replaced
by an artificial layer of triangles around I’ in QF. This would have allowed to drop the
extension step to the interior. "

To conclude this section, we look at some properties of the nonlinearity g, namely how
approximations in 7 impact the convergence of g(n).

Lemma 5.20. Let n € HY2(T') and n, € HY2(T) be such that n, converges to n weakly,
i.e., for € € H-Y2(T) it holds that

& mmyp = &mp  forh —0;

we write N — 1. Then the following statements hold:

(i) g(nu) — g(n) in H-Y/2(T).

(i) Assume that n, — 1 in the HY2(T') norm, and assume the stricter growth condition
lg(p)] < C(L + |pf?) with p < co ford = 2 and p < 4=L for d > 3. Then the
nonlinearity converges with respect to the L*(T')-norm as well:

lg(m) = g(mm)ll 2y = 0-

(iii) If we assume |¢'(s)| < Cy (1 +|s|?), where ¢ < oo is arbitrary for d = 2, and ¢ < 1
for d = 3, then the following estimates hold:

lg(m) = gm)llz2ry < C) I = 1l g2+ () for d =2, Ve >0,
lg(m) = g(m)ll 20y < C) lln = nnll ooy »
where the constant C(n) depends on n but does not depend on h.

() Forn € L=(T') and |[nn — 1| poo(ry < Coc we have

lg(m) = gl 2y < CUInllo » Coo) 1 = 0l L2y -
where C(||n]|y, , Coo) depends on n, Cos and g but not on h.

Proof. Ad (i): We focus on the case d > 3, the case d = 2 follows along the same lines
but is simpler since the Sobolev embeddings hold for arbitrary p € [1,00). Since weakly
convergent sequences are bounded (see [Yos80, Theorem 1(ii), Chapter V.1]), we can apply
Lemma 5.7(i) to get that g(n,) is uniformly bounded in H~/2(I"). By the Eberlein-Smulian
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theorem, see [Yos80, page 141], this implies that there exists a subsequence g(ny,), j € N,
which converges weakly to some limit § € H~'/2(I'). We need to identify the limit § as
g(n). By Rellich’s theorem, the sequence 7y, converges to n in H*(I") for s < 1/2, and using
Sobolev embeddings we get that 7, — 7 in LY (T) for p/ < %. [Bre83, Theorem 1V.9]
then gives (up to picking another subsequence) that n,; — 7 pointwise almost everywhere
and there exists an upper bound ¢ € L¥ (T') such that ’Uhj‘ < ( almost everywhere. By
the growth condition on g, we get that [g(n)| < C(1 + |¢”) and since p < 2% < p/, the
function 1 + [(]” is integrable. By the continuity of g we also get g(nn;) — g(n) almost
everywhere. For test functions ¢ € C*°(T"), we get:

/Fg(nhj)¢—>/rg(n)¢

by the dominated convergence theorem (note that ¢ is bounded). On the other hand,
since C(I") € HY?(T), we get <g(77hj),qb>r — (g, ¢)r due to the weak convergence.
Since C*®(I') is dense in H'/2(I"), we get g(n) = g. This proof can be repeated for every
subsequence, thus the whole sequence must converge weakly to g(n). Ad (ii): The proof
follows along the same lines as in Lemma 5.7(iii). Instead of estimating the H ~1/2_norm by
the p/ norm via the duality argument, we can directly work in L?. Due to our restrictions
on g and the Sobolev embedding, we get an upper bound C (14 |n[”) in L?(T'), which allows
us to apply the same argument as before to get convergence.
Ad (iii): Using the growth condition on ¢’ we estimate for fixed = € T":

(x)
9(n(@)) — g(m(@))| = / GO de| < Im(@) —n@)] s |g©)]
() E€nn(x),n(z)]

< [ () — ()| € (1 + max (jnn ()|, [n(2)[7)) - (5.20)

In the case d = 3, we use the Cauchy-Schwarz inequality to estimate:

H(Tl—nhﬂ

S (1 Il aagry + 103 a0y ) 100 = )y

lo(m) = gm) 2z S |1+ max(mel?, [ni*)?|

L2(T) L2(T)

S (L Iz + nll3gasaey ) 160 = ) ey

where in the last step we used the Sobolev embedding. Since weakly convergent sequences
are bounded, the first term can be uniformly bounded with respect to h, which shows (iii)
for d > 3.

In the case d = 2, we have by Sobolev’s embedding that |max(|n], |77])\|Lp/(r) can be
bounded independently of h for arbitrary p’ > 1. Using (5.20) to estimate the difference
and applying Holders inequality then proves (iii) in the case d = 2.

Ad (iv): Since g is assumed to be continuously differentiable, ¢’ is bounded on compact
subsets of R. Arguing as before and using the bounds on n and 7y, the derivative ¢'(£(x))
is therefore uniformly bounded in this case. The statement then follows again by using
Holders inequality. O
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5.4 Convergence analysis

Convergence of the semi-discretization in space

We can now give an estimate of how the discretization in space, due to the choice of spaces
X}, and Y}, and represented in the domain of the semigroup in Theorem 5.12, impacts the
solution. In order to do so, it is easier to work in a weak formulation of the semigroup.

Lemma 5.21. Let Hy be defined as in Lemma 5.11. Then the semi-discrete solution
to (5.17) denoted by (w",v")(t) solves

(9 00200) gy = (T O) (5.21a)
(bh(t)’zo () (Wh(t)’vzh> L2(re)]t <g (th]]) ’ [Wh]]>r (5.21b)

for all (qn, 2) € H (div,RY\T) x Hj, and t > 0. The ezact solution satisfies
(W(t)7Qh)[L2(Rd)]d = (vv(t)7Qh)[L2(Rd)]d ) (5.22a)
(0(t), Zh)L2(]Rd) = —(w(?), VZh)[LZ(Rd)]d (5.22b)

= (g(veD), yznldr = (lwwl v~ 20)

for all (qn,zp) € H (div,Rd \ F) X Hp and t > 0. We note that we also have the function
u(t) € CH(Ry, HY (R\T)) such that Vu=w and @ = v.

Proof. This is a simple consequence of (5.14), the definition of dom(A) and integration
by parts. The last term in (5.22b), which would not appear in a straight-forward weak
formulation of the exterior scattering problem (5.1), is due to the fact that we replaced 2y,
with [yz5] in the boundary term containing the nonlinearity. In comparison to (5.21) with
X, and Y}, as the full space, the additional term is there because the condition v~z € X},
which would imply v~z = 0 for the full space case, is violated for our admissible test
functions in (5.22). O

Theorem 5.22. Assume that there exists an L*-stable operator Iy, which takes values in
Hp, with [|[v = Havl| 2+ — 0 for b = 0 as described in Lemma 5.17.
Introducing the error functions

0= (50) = (7T
0(t) =g
e(t) :=u

the convergence can be quantified as

th(t) - v(t)‘

[0 = WO g8 [ [0 - Bt

2
dr
L2(R9) L3(T)

< @ o)

n Hwh(O) . w(O)H (5.23)

L2(R9) [22(R)]*

t
+T/0 o3 + HVPU(T)IIsz(Rd)]d + e 72@ay + 871072y dr.

99



5 CQ for the wave equation with nonlinear impedance boundary condition

The implied constant depends only on the stabilization parameter o from (5.18).
If the operator g : HY/?(I') — L*(T") is continuous (see Lemma 5.20(ii) for a sufficient
condition), then the right-hand side converges to zero for h — 0.

Proof. The additional error function

(ew(®) (W' —VILiu
et) = <ev(t)> T < vl — Tyw >
solves for fixed ¢t > 0

(éw> Qh)[Lg(Rd)]d = (Vev, Qh)[Lz(Rd)]d - (pW7qh)[L2(Rd)]d + (vp’LHQh)[LQ(Rd)]d

for wy, € H (div, R%\ F) and z, € Hp, as well as

(€o, Zh)L2(Rd) = —(ew, vzh)[L2(Rd)]d - <9([[Uh]]) — g([2v]), [[’Yzhﬂ>r
+ (pvy Zh)LQ(Rd) + o (57 Zh)LQ(Rd) + <97 [['Yzh]]>1“ .

Testing with ¢ := ew and zp, := e, and adding the two equations gives, using the strong

monotonicity:

1 d 2 2 < (¢ h H

3 lellx + Blivellzewy < (6 e)x + (9([0"]) — gz [y0]), [yes] )
= - (pWa ew)[LQ(Rd)]d =+ (me ew)L2(Rd)

+ (pu, ev)L2<Rd) + a (e, 6v)L2(Rd) + (0, [ves )

A

< 1l el + 1900l g lew g

+ allellL2gay leoll L2 ray + 101l L2y 1Tveolll L2y

S (10l + 1900l e + el ) el
+ 1101 20y Hveulll L2y -
Young’s inequality and integrating then gives:
2 ! 2 ! 2 2 2 2
|€HX+5/O Ilveu]llz2 ST/O ()% + vaU(T)H[Lz(Rd)]d—i_HE(T)HL?(Rd) + 10122y dr
t
77 [ el + Ibenmag dr

Gronwall’s inequality ([Tes12, Lemma 2.7]) then lets us bound ||e|| + 3 fg H[’yev]]Hiz(p) by
the right hand side of (5.23). The triangle inequality || (w" — w,v" —v) ||, < [lelly + lloll
then completes the proof of (5.23).

In order to see convergence, we need to investigate the different error contributions.
By Theorem 5.12, we have u,v € L ((O,T),Hl(ﬂ)). p measures the approximation of
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5.4 Convergence analysis

Vi = Vv and 0. By the approximation properties of II; in the H'-norm and Il in the
L%mnorm (see Lemmas 5.15 and 5.17) we get convergence of [|j||y. The term llell L2 ray
also converges due to the properties of the Ritz-projector. The term |[Vp,| is also no
problem as IIy has approximation properties in the full range of Sobolev spaces in [0, 1].
This means, as long as the nonlinear term converges, we obtain convergence of the fully
discrete scheme. O

Remark 5.23. It might seem advantageous to use the Ritz projector 11y throughout the
proof of Theorem 5.22 (or a Ritz-type operator adapted to (d(i)v g)) as this choice elim-

inates the term ||V pyl|p2ga\ry, but the Ritz projector is not defined for v € L2(RY). Thus,
we have to either assume additional reqularity or use the projector 1ls. u

5.4.2 Time discretization analysis

The next step in analyzing the discretization quality of our numerical method is to investi-
gate the error made due to the Convolution Quadrature treatment. Lemma 5.11 hints that
it is sufficient to look at the multistep approximation of the related semigroup introduced
in the previous section. This will be the topic of this section. We start with a general result
from the literature regarding the approximation of semigroups by multistep methods.

Proposition 5.24. Let A be a maximally monotone operator on a separable Hilbert space H
with domain dom(A) C H, and let u denote the semigroup solution from Proposition 2.17.
For k > 0, we define the multistep approzimation u* by

1 m
- D ajuf(ty ) = AuF(ty), (5.24)
j=0

where we assumed uF(t) = wu(t) for t < mk, and the coefficients a; originate from the
implicit Fuler or the BDF2 method.

Then u® is well-defined, i.c., (5.24) has a unique sequence of solutions, with u(t,) €
dom(A). If u*(t) € dom(A) for t < mk, then the following estimate holds for nk < T:

) — uk(t
ﬁgl’;Hu(n) uk (k)

) < C'|| Auglly, [k: LTl2p1/2 g <T+T1/2) kl/S} .

Assume that v € CPTL([0,T],H), where p is the order of the multistep method. Then

t.) — ul(t
%Hmw uk (k)

< C(u)TkP.
L =cw

Here the constant C(u) depends on u and its derivatives but not on k.

Proof. The general convergence result was shown by Nevanlinna in [Nev78, Corollary 1].
The improved convergence rate is shown in [HW10, Chapter V.8, Theorem 8.2] or follows
directly by inserting exact solution into the discrete scheme, applying the stability theorem
[Nev78, Theorem 1] and estimating the consistency error by Taylor’s theorem. O
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5 CQ for the wave equation with nonlinear impedance boundary condition

Remark 5.25. We will use a shifted version of the previous proposition, where we assume
uF (t) = u(t) for t <0 and define all uF(t) via (5.24) for all t =ty +kn with ty € (—mk,0]
and n € N. This does not impact the stated results. "

We are now able to define the multistep approximation sequence (ugék, Usg ) C dom(A)
of the (spatially discrete) semigroup from Theorem 5.12 as

oWl (tnj) = Vuig" (tn), (5.25a)

I =
OMS !';MS

J

1
% a;v Sg Fltn_j) = leW (tn), (5.25b)

together with the initial conditions ugg’k (t) = uimc(t), vélgk (t) = (¢ for t < 0; see Propo-
sition 5.24.

Comparing this definition to (5.14), we see that due to the way we dealt with 4™, the
approximation of the semigroup does not coincide with the approximation induced by the
boundary integral equations. This discrepancy does not compromise the convergence rates,
as is shown in the following lemma.

Lemma 5.26. Let p > 0 denote the order of the multistep method and assume
tine € O ((0,7), H'(RI\T)) ,
itine € C* ((0,7), L*(RT\T))

for > 1. Using the operators Ho (md 114, as deﬁned as m Section 5.4.1, we define the
shifted version of u?e’k via ﬁ?ék = u ko ume, v ~h’ 8’“ +H0u and {ivv?ék = Vﬂ?e’k.
Then the following error estzmate holds:
9 1/2
’[m(md)]d)

( 2
< Ein(pp—1)p H (vumc’ uinc) HCH((O,T),X) +k i H (Id _J%’h) + mC(t )H

~ h.k

PE (t) — V" ()

sg ie

+ Hw - W

L2(R9)
H1/2 (1‘*)

S 156 =l (- 7]

fﬂhG h

The same convergence rates hold if we use u™ and 1™ instead of the projected versions
on the left hand side. Thus, in practice, we do not depend on the non-computable operators
Iy and I1;.

Proof. Inserting the definition of Wik and Eﬁ’k into the multistep method, using (5.14), we
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5.4 Convergence analysis

~h,k ~h,k

see that (w;)",v,.") solves

with right-hand sides

1 & : :
et) = ¢ > aTu™ (¢ — t5) — o™ (t),
j=0

1 & . .
H(t) = % Z OéjH()umC (t - tj) — AHlumC(t).
=0

In Theorem 5.12 we have shown that A is maximally monotone. From the properties of Il
and II;, we have (7% (t,), 7% (t,)) € dom(A) (Lemmas 5.14 and 5.15). This means, we

1€ ? Y1e

can apply the stability estimate [Nev78, Theorem 1] to get for the differences:

< ?L?(Rd)]d) :

n 1/2
<13 (10 ey + 190 g )

J=0

~hk
:gk(tn) — Yo (tn)‘

2
h,k ~ h,k
a@ey T sté (tn) = Wi™ (tn)

It remains to estimate the error terms [|6]| 2 gay and ”VEH[ We start with ¢ and

L2( Rd)]
rewrite it as

Z aju 1nc t —t 1nC(t) (HO o Hl) [ 1nc(t)] _

Due to the H! stability of II; and the approximation properties of Il and II; this gives
for the norm of the gradient:

1 . - inc
[Ve(t )”[Lz )] a S kzo e ( T
N H(RAT)
| (ra=5") ui“<t>HM +int 107 0) = 21y

The first term is O (kmin(pv/“”_l)) as the consistency error of a p-th order multistep method.
A similar argument can be employed for 8; noticing that All;u = Aw and arranging the
terms as above gives

1 % - inc inc inc
10N 2ray S %Z@ju (t —t;) — Au™(t) +](1d —TTo) Au™ (1) || 12 ey -
Jj=0 LZ(Rd)
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5 CQ for the wave equation with nonlinear impedance boundary condition

Since we assumed that u™° solves the wave equation, we can recognize the first term as

another consistency error (this time for i), and replace Au™® with 4. This means, we
can estimate:

10| 2(ray < O (kmin(p’“_1)> +CY |d _Ho)ﬁim(tn)HL?(Rd)’
=0

which, together with the approximation properties of Iy and II;, concludes the proof. [

Summarizing the previous results, we get the following convergence for a pure time-
discretization:

Theorem 5.27. Assume for a moment that X, = H™Y?(T) and Y}, = HY2(I'). The
discrete solutions, obtained by u'* = S(8F)p* 4+ (OF)"1D(OF)Y* converge to the exact

ie

solution u of (5.17) with the rate

< C(u)T k'3,
[L2(R4))4
< C(u)T k3.

h,k o nc
£2§]]vu(tn)—vuie (tn) — V™ (t,)

. hk i
TIL%%):/E Hu(tn) — v, (tn) — W"(ty)

L2(R)

If we assume that the exact solution satisfies (Vu, ) € CPT1 ([0, T], X), then we regain the
full convergence rate of the multistep method

h.k )
v, nc < p
71;1}33}( H Vu(tn) — VUw (tn) — U (tn)H[ 2(Rd)d C(U)Tk: 5

. h.k L
ma [[i(ta) — 0¥ () — (1)

< C(u)TKP.
L2(R4)
For the fully discrete setting, the same rates in time hold, but with additional projection
errors due to u'™; see Lemma 5.26. All the constants depend on the exact solution u and
on u'™ but are independent of k.

Proof. This statement is easily obtained by combining Proposition 5.24 with Lemma 5.26.
O
5.4.3 Convergence of the fully discrete scheme

Finally, we are able to answer the question under which conditions the solutions to the
fully discrete boundary integral equations (5.8) converge to the exact solutions. This will
be answered in Corollary 5.28. We also look at the case of what happens if we make the
additional assumption that the exact solution satisfies additional smoothness properties.

The non-smooth case

We start by investigating the case of no assumed regularity. This case can be handled
easily by combining the estimates from the previous sections which immediately give a
convergence result for the full discretization:
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5.4 Convergence analysis

Corollary 5.28. Assume that the incoming wave satisfies (Vu'™ 4"¢) € C*((0,T),X)

for u > 1. Setting ﬂ?@’k = u?e’k + 4™ and 5?6’]“ = v?e’k + 4", the discretization error can
be quantified by:
~hk B ~hk .
Hvuie (tn) = D) | e+ [T ) = ),

< T (HAu(O)HX + (Y, ) o (Mm) Lmin(a—1,1/3)

3 100 -) 2760+ 0, 70 )
7=0

tn 1/2
Y ( [ 11 + 19 B dr)

)
j=0

. 1/2
/2 (]ﬁ Hu__]jluH%QGRQ +—ﬂ‘l/2H0(T)H%2aU d7>

where the error terms satisfy

inf {|077d = @ 12y

5Ol < inf [l — o[- el
1Pl < ok i =yl oy + [Ji = Jgt€¥a] , o+ inf

. Y; + .
19000 oy i = T e il oo

16 L2y = lg(Tyel) = g(II2oD)ll L2 ry -

Assuming |g(p)| < (1 + |,u|%) for d > 3, this gives strong convergence
Vult + Va5 Vi L ((o, ), L2 (Rd)]d> ,

e

AFulF 4 i L ((0, ), LQ(Rd)> ,

with a rate in time of kY3 and quasi-optimality in space.

Proof. We just collect all the estimates from the previous sections. The stronger growth
condition on g is needed to ensure that the error in the nonlinearity 6 converges in L?(T")
(see Lemma 5.20(ii)). O

The smooth case

While the general convergence result of Corollary 5.28 is nice, it does not provide any
insight into how fast the convergence with respect to the spatial discretization is, and in
time we were only able to prove the reduced rate of (’)(k:l/ 3). Both of these shortcomings
can be overcome if we make further assumptions on the regularity of the exact solution.
Namely we assume:

Assumption 5.29. Assume that the exact solution of (5.1) has the following reqularity
properties:
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5 CQ for the wave equation with nonlinear impedance boundary condition

(i) we CP((0,T), H (Q)),
(i) w e CP((0,T),L*(QT)),
(iii) vtu,ytu € L® ((0,T), H¥(T)),
(v) O u,8fa € L ((0,T), H1(T)),
(v) i€ L>((0,T), H*(27)),
(vi) vt e L>® ((0,T) x T),
for some s > 1/2. Here p denotes the order of the multistep method that is used.

Remark 5.30. We need the strong requirement of v u € L ((0,T) x T') in order to be
able to apply Lemma 5.20 (iv). Alternatively, we can make stronger growth assumptions
on ¢’ instead and drop this requirement. "

Since we only made assumptions on the exact solution u, instead of on the continuous-
in-time/discrete in space solution of (5.17), we can not use the procedure of splitting the
discretization steps into first in space then in time and analyze them separately as was done
in 5.28. Instead, we will look at the discretization in space and time separately and repeat
the argument of Theorem 5.22 in a time discrete setting. The main tool for this argument
will be the G-stability of the linear multistep method used.

Lemma 5.31. Let u};gk, vsg denote the sequence of approrimations obtained by applying

the BDF1 or BDF2 method to (5.17), as defined in (5.25), and let u be the exact solution
of (5.1) with v := 4. We will use the finite difference operator OF, defined as

1 k
.—%Z u(t —t;)
7=0

(This is consistent with Definition 3.13 for K(s) = s since we are using a BDF method).
We introduce the following error terms:

O;(t) =Ty ([oFu)(r) — (1))
Orr(t) =1 ([oFel(t) — 6(1))
@]H(t) = (Hl — HQ)U(t),
Oy (t) := (Id —IIz) 0(t),

Ov(t) := g([ro()]) — 9([y120(8)])
Ov1(t) := (Id I, uf().
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5.4 Convergence analysis

Then
2
( vsg tn —v(tn) )
Wiy (tn) — Vu(t)

» +5kZH[{ Usg "(t)) _U(tj))]H

kz IVt gy + 1011 () gy + VO g

2

LA(I)

+ kZ 1019 () 2y + 1O () 2 qry + 10V (E5) 22 g,

The implied constant depends only on the parameter o in the definition of 11;.

Proof. The proof is fairly similar to the ones of Theorem 5.22 and Lemma 5.26 and many
similar terms appear. We define the additional error functions

- <€w> [ VILiu — ng’“
T \ew) IIhv — vfgk '

The overall strategy of the proof is to substitute e in the defining equation for the multistep
method and compute the truncation terms. We then test with e in order to get discrete
stability just as we did in Theorem 5.22. The proof becomes technical, due to the many
different error terms that appear.

The error e(t) solves the following equation for all fixed times ¢ > 0 and for all ¢, €
H (div,Rd \ F) and zp, € Hy, see (5.22),

CATRTS .
(9Flerksan) gy = = e Vo0 e = (915D — 9B Tlz0l). braad )

+ (O +01v +abyy, Zh)L2(Rd) +(Ov, [vzu])r

« = (Vey, Qh)[Lz(Rd)]d +(V(©r+0Or111) 7qh)[L2(Rd)}d

By testing with ¢, := Ve, z, := e, we get from the strict monotonicity of g:

(9Flele) +Blbredlzam < (V(Or+61m1) ew)pa(zay + OV, e
+(©r1 +Orv +aByy, ev>L2(Rd) .
We write E" := (e(t,), ..., e(tn—m))" and use the G-stability of the BDF methods (Propo-

sition 3.3) to obtain a lower bound on the left-hand side. Using the Cauchy-Schwarz and
Young inequalities on the right-hand side then gives after multiplying by k:

B[ — [|E" 1|7 + Bk I Tves (b2 )

< k HV@[ + VGHIH[LQ Rd ]d +k H@VHLQ + k ”@H + O + Oé@VIHL2 R9)

Summing over n and noting the equivalence of the G-induced-norm to the standard R™

norm gives the stated result.
O
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5 CQ for the wave equation with nonlinear impedance boundary condition

We close this section by writing down explicit convergence rates for the approximation
instead of the best-approximation properties. In order to do so, we make the following
assumptions on the spaces X and Yy:

Assumption 5.32. Assume that the spaces Xy, Yy and the operator J;fh satisfy the fol-
lowing approximation properties

inf H(p - xh”H—l/Q(F) < Ch1/2+min(q+1,5) ”QOHng(I‘) VQO S H;w(r)v (5263‘)

zh€Xp

v =50,

for parameters h > 0 and q € N, with constants that depend only on I' and q. Assume
urther that the fictitious space Y¥ and the operator JX% from Assumption 5.16 also satisfy
h Q

min(q+1,8)—1/2 s
i a Wl ) V¥ € Hpy(T), (5.26b)

Hu - JgfzuHLz(m < CR™™) ooy Y€ HY(Q). (5.27)

Theorem 5.33. Let Assumptions 5.29 and 5.32 be satisfied and assume that we use
BDF1(p = 1) or BDF2(p = 2) discretization in time. Assume either |¢'(s)] < 1+ |s|"
with v € N arbitrary for d =2 or r <1 for d = 3, or assume that |[Ilat[| e gay < C s
uniformly bounded w.r.t. h. Then the following convergence result holds:

! )]

The implied constant depends on I', g, «, the regqularity of u as required in Assumptions
5.29, and the constants from Assumption 5.52.

U?ék (tn) — u(ty)

. ngj(tn) — Vaulty)

L?(Rd [L?(R)]

Proof. We already have proven all the necessary estimates, and only need to combine
them with our additional assumptions. We combine Lemma 5.31 with the approximation
properties of the operators from Section 5.4.1. ©; and O are the local truncation errors of
the multistep method and therefore O(kP) (the operators Iy, Iy are stable). To estimate
Oy, the assumptions on g or Il are such that we can apply Lemma 5.20. O

Remark 5.34. The assumptions on the spaces Xy, Yy are satisfied, if we use standard
piecewise polynomials of degree q for Y, and g — 1 for X; on some triangulation Ty, of T
(Proposition 2.85). In this case, the approzimation property (5.27) holds via the construc-
tion from Lemma 5.17 using some standard quasi-interpolation operator from the FEM
theory (see Proposition 2.36). The requirements on Ilaw can be fulfilled in numerous ways,
e.g., in 2D and 3D it can be shown by balancing approxzimation and inverse estimates, as
is for example done in [Tho06, Lemma 13.3]. The same result could also be achieved by
replacing Ila by some operator which also provides L°°-stability like nodal interpolation. =

The case of more general nonlinearities g

Up to now, we only considered nonlinearities, which were strictly monotone. This was
needed in order to get control over the boundary values of v. Since many authors, e.g.,
[Gral2] treat this assumption as optional, we investigate in what sense we can recover the
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5.4 Convergence analysis

convergence results of the previous sections. We first generalize Theorem 5.22 to the new
setting, where the lack of strict monotonicity requires us to weaken the convergence and
drop the explicit error estimates. Instead we get:

Lemma 5.35. Assume the families of spaces (X3)ns0 and (Yy)nso are dense in H—'/?(T)
and H'?(T) respectively. Assume that g satisfies Assumption 5.1(i)~(v) but is not neces-
sarily strictly monotone.

Then, for h — 0, the sequence of solutions w"(t),v"(t) of (5.21) converges weakly towards
the solution of (5.22) for almost all t € (0,T).

Proof. We fix t € (0,7T]; all the arguments hold only almost everywhere w.r.t ¢, which
is sufficient to obtain the stated result. Since g([vv"]) - [vo"] > 0, testing (5.21) with
qn = wh(t) and z, = v"(t) in (5.21) gives

[(w000)], = [ (w0.70)

By the Eberlein-Smulian theorem, see [Yos80, page 141], the sequence (w"(t),v"(t)) has
a weakly convergent sub-sequence; for ease of notation again denoted by (w”(t),v"(t)),
uniqueness of the solution will give convergence of the whole sequence anyway. We write
(w(t),v(t)) for the weak limit. Since the convergence is with respect to the spatial dis-
cretization, it is easy to see that w" — w and 9" — 0.

As the incident wave vanishes at the scatterer for t < 0, we get for the initial condition
(u™c(0),4™"°(0)) € dom(A). The a priori estimate in Proposition 2.17 then implies

H (Wh(t%@"(t)) HX < C(a").

Since w = Vo”, this implies that th(t)H H1(RAT) is uniformly bounded and therefore

I |

(up to another sub-sequence) the trace also converges: [v"(t)] — [yv(t)] in HY2(I'). Tt
was already shown in Lemma 5.20(i) that this implies g ([o"(¢)]) = g ([yv(t)]). Overall,
we have shown that there exists a sub-sequence of (w”,v"), which converges weakly to a
solution of (5.22). Since the same argument can be applied to each sub-sequence of (wh, vh)
and the limit is unique, due to the uniqueness from Proposition 2.17, we get that the full
series converges weakly. d

The convergence of the time-discretization in Proposition 5.24 does not depend on the
strong monotonicity of g. This insight immediately gives the following corollary:

Corollary 5.36. Assume the families of spaces (Xp)n>0 and (Yi)pso are dense in H=/?(T')
and H1/2(F) respectively and assume that the operator J%/h converges strongly to the iden-
tity, i.e., for ally € HY?(T') we have that le/hy — y converges for h — 0.

Let ﬂ?e’k,@}-:k again be defined using the representation formula and adding back u™¢
(see Lemma 5.11; we note that this is defined for all t € R by using the staggered initial
conditions). Then these approzimations converge weakly towards the solution of (5.1) for

almost allt € (0,T) for k — 0 and h — 0.

Proof. Inspecting the proof of Lemma 5.26 and Theorem 5.27, we did not require g to
be strictly monotone. This means that Vﬁi};’k and ”1712’16 converge (strongly) to w” and v"
respectively. The stated result then follows directly from Lemma 5.35. O
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5 CQ for the wave equation with nonlinear impedance boundary condition

Convergence of the boundary traces

In the previous sections, we have looked at convergence of the solutions obtained by ap-
plying the representation formula to the boundary data. Since it is hard to compute the
norms of these functions on the unbounded domain Q% in practice, we look at what these
convergence results imply for the boundary traces themselves. To prove convergence of the
traces, we first need the following simple result.

Lemma 5.37. Let f € C"((0,T),X), f € C((0,T),X) for some Banach space X and
T € Ry with 0= f(0) = f/(0) = --- = f=1(0) = £(0) and r < p, where p is the order of
the multistep method used. Then

o 10~ | (o) 7]

max
te[0,T]

el ot g o=,

Proof. We split the error into two terms by writing

- () ey o-n),

The stated estimate then follows from the standard theory of convolution quadrature; see
[Lub88a, Theorem 3.1], noting that 0, Lis a sectorial operator. O

=lartr- (o) s

This allows us to prove convergence estimates for ¢* and ¢".
Lemma 5.38. Let u solve (6.3), write u*®(t) := u(t) — u'™°(t), and define the continuous

traces (t) := yTus(t) and @(t) := —OFus?. Let uF omF solve (5.14) with correspond-

ing traces pF := — Hﬁyu?e’kﬂ, P = [{vvz}-:kﬂ solving (1568}) Zf?hen
o7~ | (9) "]
ot [0 ¢

holds for all t < T, with constants that depend only on I' and the end time T, and where r
is the smaller of the two regularity indices of ¥(t) and p(t).

. scat h,k
u — Uie

S Hvuscat o vuize,k

| O (k")
L2(R%) L2(R4)

r

Proof. From the definition of 1) and the properties of the operational calculus, we have that

() = 8 T )t ] -

and analogously 0, Ly = [[’yuscat]]. The standard trace theorem then gives the estimate

We can further estimate the L? contribution in the norm above by noting

|

scat h,k
u ie

o7 u(tn) — (0F) " wh(ta)

sc‘

H/2(D) ‘Hl (RAT)

-1

uscat(tn) - uh,k(tn) — Hat—lascat(tn) _ (8tk) Ui}gk(tn)

ie

L2(R4)
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5.5 Numerical results

and applying Lemma 5.37.
Since u?ek solves (5.14) and A is linear, we note that

A (af)fl ulk — (atk)*l Aulth — (af)f1 oF ok = ok,

and analogously A (8{ 1u5°at) — g scat
From the definition of ¢ and the stability of the normal trace operator in HX (R?\T)
we have

o7 eltn) — (0F) " (1)

‘H—l/Q(F)

<C Hatluscat(tn) - (af)fl Wl (1)

HA (RAD)

<C

1e

Jor e - (o)l

|

1 (1,) — ol 1)

’Hl(Rd\F) L2(Rd)] '
We apply Lemma 5.37 twice to estimate the H'-term of the integral by the L?-norm of the
gradient and to estimate the L?-norm of the derivative up to higher order error terms. [

5.5 Numerical results

We again implemented the methods proposed in this chapter in order to compare the
performance of the method to the theoretical findings. Since the problem is nonlinear, we
need to solve the system in a time-stepping fashion. This is achieved in an efficient way by
the FFT-based algorithm in [Banl0]. For the boundary integral operators we rely on the
BEM+—+ software library [Smi+15].

A scalar example

We start by a simple example, which allows us to efficiently compute the approximation.
We follow the ideas by [SV14] and consider the case of scattering by a spatially homogeneous
incident wave by the unit sphere. Since the constant functions are eigenfunctions of the
boundary operators, we can replace them by multiplication with the eigenvalue and the
resulting scattered wave is also constant in space. This means that we can reduce the 3D
problem to the scalar case. Since an explicit expression for the exact solution is not known,
we compute the numerical approximation to a high degree of accuracy and compare it to
the previous approximations, i.e., the reference solution was computed with at least twice
the number of timesteps compared to the approximate solutions.

Example 5.39. Let g(u) := jpu+ |p| p and consider the incident wave
uinc(l-’ t) := Cos(27rt)6*(t*to)/a’

where we set ty := 7/2, a = 1/5. In Figure 5.1, we see that the exact solution is not
smooth. The first derivative has several kinks and the second derivative has singularities.
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5 CQ for the wave equation with nonlinear impedance boundary condition

Nevertheless, the convergence graphs of Figure 5.2 show that the numerical method gives
optimal convergence rates, not only in the integrated norm but also for v itself.

() (1)
T T 20 F I I |
0
0
20 .
| | =20 b | | il | |
0 2 4 6 0 2 4 6 0 2 4 6
t t t

Figure 5.1: Exact solution to Example 5.39
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Figure 5.2: Convergence rates for Example 5.39

Scattering from a non-convex domain

In order to test our method on a more realistic problem, we consider the scattering from a
three-dimensional non-convex domain, as was also used in [Banl0].

Example 5.40. We chose g(p) := 4 +|u| p, and u™™(z,t) := ¢(p-x—t) with p := (1,0,0)T
and

_ (t—t)?

o(t) := cos(wt)e™ o2

We chose tg :== 3, 0 := 0.5 and w := 4w, computing up to an end-time T = 10. We applied
a BDF2 method for the Convolution Quadrature and chose a fixed mesh consisting of 4074
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5.5 Numerical results

I 5
=.1,0006+01

Figure 5.3: Geometry for Example 5.40

vertices and 8688 triangles. We used lowest order BEM spaces and computed the difference
to the reference solution, which was computed by using 1024 timesteps.

In Figure 5.4 we see that in this case the method does not provide us with the optimal
convergence rate, but instead the rate appears to be reduced to linear convergence.

Since it is difficult do determine the asymptotic behavior for the full 3D problem, we
return to the case of scattering from a sphere. In order to capture the difficulty of the non-
convex domain, we consider the case of a “completely trapping sphere”, i.e., we assume
that the wave starts inside the sphere and has no way to escape. Mathematically, this
means we solve the boundary integral equations

( OV (9F) —K(df)—%) <so) +( 0 )_ (0)
3 HETOF) (@n)7'w©or)) \¥ g (¥ +a") 0/
We use a similar model problem to Example 5.40, namely g(y) := §+|u| 1 and an incoming

wave of the form u'"®(x,t) := ¢(t), with the same parameters to := 3, o = 0.5 and w = 4.
Figure 5.5 shows that the BDF2 method no longer offers the full convergence rate of O(k?).
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5 CQ for the wave equation with nonlinear impedance boundary condition
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Figure 5.4: Convergence for Example 5.40
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Figure 5.5: Convergence rates for the scattering by the completely trapping sphere
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6 Scattering by composite media

In this chapter, we look at a scattering problem, where the scatterer is not made up of a
homogeneous material, but instead consists of layers of materials with different wave prop-
agation speeds. Mathematically, this means we deal with the wave equation with piecewise
constant coefficients. One way to handle these difficulties would be to use a coupling of
Finite Element and Boundary Element Methods, similar to what we did in Chapter 4
when discussing the Schrodinger equation. This approach was for example taken in [HS16].
An alternative view, which will be the approach taken in this chapter, is to do a pure
Boundary Element formulation of the problem. This is achieved by considering separate
scattering problems on subdomains, where the coefficient functions are constant and en-
forcing continuity conditions across subdomain boundaries. In the setting of time harmonic
scattering, this formulation was pioneered in [CS85] for the case of two subdomains and in
more generality in [Pet89]. There is a multitude of possible formulations for the boundary
integral equations, based on both a single- and multitrace formulation and boundary inte-
gral equations of the first and second kind, see, e.g., [Clall; CH13; HJ12]. We restrict our
considerations to a singletrace approach of first kind.

In the case of time-domain scattering, the case of two domains and of “nested domains”,
in which domains are layered within each other, not allowing multiple domains to touch in
a single point was investigated in [QS16] and [Qiul6] respectively. Our work generalizes
these results in a unified framework by working in abstract spaces, which reduces to the
specific constructions of the Costabel-Stephan system in the two domain case. The results
of this chapter are part of a joint work with Francisco-Javier Sayas. This chapter also
serves as a showcase for the power of the results on general Runge-Kutta approximation of
semigroups as presented in Section 3.4.

6.1 Model problem

The scattering problem we are interested in is given by Lipschitz domains €1, ...,, for
L € N, where we assume that the domains are pairwise disjoint and bounded. We define
the exterior and the skeleton as

L L
= Rd\ U Q, and T := U 0.
/=0 /=1

The material properties of the scatterer, determined by the functions x, ¢: R — R, are
assumed to be piecewise constant and positive, i.e., we write

Klo, = ke >0 and o, =c >0, £=0,...,L,

for coefficients kg, ¢y € R.
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6 Scattering by composite media

uscatt uscatt

Figure 6.1: Example of geometric situation

We are interested in solutions of the wave equation u*t € C? (R+, Hl .

(RY)) satisfying:

¢ 20t (t) = div (kVu'' (1)) , (6.1a)
utt(t) = u"(t) for t <0, (6.1b)

where u!™® is a given initial condition. Just like in Chapter 5, we make the additional

assumption that «'° is an incoming wave, as formalized in the next assumption.

C

Assumption 6.1. The incident wave u'™ satisfies:

(i) u™¢ solves the wave equation in the exterior:

05211 = KkolAu in Qy, (6.2)

(ii) suppu™©(t) C Qg fort < 0.

For notational convenience, we define u!"(z,t) := 0 for 2 € R?\ Qg. Just like in
Chapter 5, we make the decompositional ansatz u*°* = u+u"°. In order to get a convenient
formulation for the continuity conditions across interfaces, let B C R? be a sufficiently large
ball containing the skeleton, i.e., assume that Qy, C B for all £ = 1,..., L. This gives us
the model problem: find u € C? (R, H! (Rd \ F)), such that:

ii(t) = div(kVu(t)) in R4\ T, (6.3a)
u(t) — u™(t) € HY(B), (6.3b)
KV (u(t) — u™(t)) € H (div, B), (6.3c)

and initial condition wu(t) = u(t) = 0 for ¢ < 0. We are now interested in deriving a
boundary integral based discretization scheme for (6.3).

6.2 A multiply overlapped wave problem

In this section, we reformulate (6.3) in a way that makes it more easily treatable by bound-
ary integral methods. We will do this by splitting the equation (6.3) into subproblems on
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6.2 A multiply overlapped wave problem

the domains €2, and imposing the jump conditions in a clever way. This means we will end
up with L+1 fields uo, . .. ur, with uy = u|q,. In order to derive this formulation we need to
introduce some additional notation, which mainly extends the definitions of Section 2.3.2
to the multi-domain case. For £ =0, ..., L, we define the traces, jumps and means

WA e L e s HY (R 09 ) — HY2(000),

where the interior and exterior traces are self-explanatory (note that for the boundary
of unbounded domain €2y, the interior trace is taken from €, i.e., it corresponds to the
external trace of the scatterer) and

[veul == u = u, {{reud} = 3 (30" u + 25 ).
Similarly, we introduce the normal traces
int _ext . . . H (di Rd 89 H—1/2 OQ
Yots Voot s e 1 e -3 iv, R\ 0Q ) — (0%),

where we note that the normal is always taken to point out of the domain; most notably
for {2y it points into the scatterer.
The fields we consider live in a certain class of product spaces. We define:

L L
=T H (div, RO\ O0), =] H (Rd \ %)), (6.4)
fzo ezo
H2 =T H? (090), 12 =T HY? (090), (6.5)
£=0 £=0

all endowed with the corresponding product norms. On these spaces, we define the diagonal
trace operators

,Yint7,7ext’ [[")’ ']]’ {{'7 }} . rHl N Hl/Q,
YA T v B Y - 12
We make the convention that (-, -). denotes the extension of the L? product to H~ Y2 xH/2,

while (-,-), denotes the same on H =2 (9Q,) x HY?(99y). Since we will often be working
with pairs of functions on the boundary, we define the product norm on H Y2 x H/2 by

IO D) = Iz + 191302

In order to enforce continuity between the different components across the interfaces
0y N 0, we follow ideas by [Pet89] (but use the notation by [CH13]) and introduce the
single-trace spaces:

= {Oituk,  ue H'®RY}
={wen'?: 3ue H'RY v = y"u} (6.62)
X = { (vmo)Ey veH(dlv Rd>}
- {)\ eH V2 e H (div,]Rd) A = Aty } (6.6b)
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6 Scattering by composite media

(Note: we have committed a slight abuse of notation by applying the diagonal trace op-
erators to a single function, this is to be understood as the function copied L + 1 times.)
Since the trace operators are bounded, it is easy to see that X and ) are closed subspaces
of H~/% and H'/? respectively.

In order to derive a discretization scheme with respect to the space variable, we consider
closed subspaces A, C X and Y, C Y. We will later present possible ways to construct
such spaces in Section 6.3.1. The annihilator spaces take the following form

Xy = {¢€H1/21<Ma¢>1“:0v“€xh}’
Ve = {Ae?—ﬁm : <A,X>F:0Vxeyh}.

(Note that we are using the annihilators with respect to the full spaces HE/2 instead of
the single trace spaces X and )). In the case that X, = X and )}, = Y, it can be shown
(see [Clall, Proposition 2.1]) that X° =) and Y° = X, most notably, we have

ANY)p=0 forAeXandyp e ). (6.7)

When working with the spaces, we often need to change our point of view from the
“global field satisfying jump conditions” to the “family of fields on each subdomain”. This
is formalized in the next lemma:

Lemma 6.2 (Restricting and gluing). Let U = (ug)l_, € H' satisfy [YU] € Y and
YU € Y. Then u : R — R, defined by ulg, = wlq, is in HY(RY). Similarly, for
VvV = (W)fzo € HY satisfying [v, V] € X and vV € X, the function v : R? — R
defined as v|q, = v¢|q, is in H (div,]Rd).

Proof. The conditions imply v™U € ) and 4™V € X. The statements then follow from
the definition of X', ) as they enforce that the traces of the functions defined domain-wise
match up. O

Using these preparatory results, we can now present a new formulation of the model
problem as a multiply overlapped transmission problem, which will be more amendable
to discretization via boundary integral methods and the analysis thereof. (Note that the
choice of transmission conditions is motivated by the Galerkin discretization of the under-
lying boundary integral equations. The reasons for these particular conditions will become
apparent in Section 6.3.)

Problem 6.3. Given boundary data 8° : [0,00) — H'/? and B* : [0,00) — H~V2, find
Uh = (ub)ly i [0,00) = HY and V" =: (v!)]_, 1 [0,00) — HE such that:

(i) the individual fields satisfy the wave equation in its first order form:
ult = ¢ div(v]), O = kVul  in R\ 0Qp forl=0,... L, (6.8a)
(ii) the following trace relations hold fort > 0:

YU"I®) +B(t) € Ve [% V() +BL(1) € Ay, (6.8b)
Y UMt) € X7, ~ V() e 8, (6.8¢)
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6.3 Time domain boundary integral equations

(iii) the functions satisfy homogeneous initial conditions:

utoy=0  v"o0)=o. (6.8d)

The relationship between (6.8) and (6.3) is laid out in the next lemma. As a short remark
on notation, we write 1, for the characteristic function of the set {2y and 9; Ly = f(f u(T)dr
for the integral of a function wu.

Lemma 6.4. Let 8° := (y{"u'™,0,...,0) and B := (noy,gljgvagluim,o, ...,0), and take
Xp =X and Yy, =Y. Then the following equivalence holds:

(i) If (U™, V") solves Problem 6.3, then u : [0,00) — H R\ T) defined as u(t)|q, :=
ull(t)]q, solves (6.3).

(i) If u solves (6.3), then the fields U™, V", defined via
uff = uplq, and v = 07 Vup,
solve Problem 6.5.

Proof. Follows by inspection and Lemma 6.2. ]

6.3 Time domain boundary integral equations

In this section, we relate Problem 6.3 to an equivalent system of boundary integral equa-
tions, which is better suited for practical computations. We will then discretize these using
a Runge-Kutta convolution quadrature approach. The boundary integral equations also
motivate the choice of transmission conditions for (6.8b) and (6.8c).

In order to adapt the results from Section 2.5, we need to introduce some further notation.
For £ = 0,...,L, we define the potentials Sy(s) and D, as the single- and double layer
potentials corresponding to the subdomain €2, in the following modified form:

(Se(s)A) (x) := /89 O(x —y;s/mp)Ay) do(y),

(De(s)9) (x) := - D) @(x —y;5/me)d(y) do(y),
14
where my := cy\/ky is the effective wave speed on the subdomain. Using the operator

calculus, these operators induce time-domain counterparts S;(9;) and Dy(9;). We collect
the operators on the subdomains into the diagonal operators

S()A = S(0)(A)izo = (Se(D)Ae) i
D ()¢ = D(9)(¢e) = := (De(0r)be) o

and collect those operators again into the Green representation operator

G(at) = [—S(@t), D(é?t)] .
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6 Scattering by composite media

Just like we did for trace and normal trace, we introduce the vector version of the normal
derivative @, and the corresponding interior and exterior traces, jumps and means.
We introduce the spaces

L L

=] [LQ(Rd)], =] [LQ(Rd)}d.

=0 =0

It is convenient to introduce the component-wise differentiation operators V : H! — £?
and div : H% — L2, which are defined in the natural way. We also introduce the diagonal
scaling operators T2 : £2 — £2 and T, : L? — L? defined by

L
T2 (ug)jg = (cfue) and T (vo)i—g = (Keve)ig -

We will now derive a system of continuous in time boundary integral equations. We pro-
ceed in a mostly formal way, as we do not need the equivalence principle on the continuous
level. The equivalence can be made rigorous using the theory of Laplace transformable
causal distributions, as is presented in [Say16]. We will instead prove the rigorous equiva-
lence in the time-discrete setting later on in Section 6.5.

Solutions to the wave equation, given by

U="T.div(V), and V =T,.VU,
can be written using Kirchhoffs formula (3.12) as
U = =S(:)[8,U] + D(3:)[U] = ~S(8:)[% T, ' V] + D(8)[vU]
= c)Q:" (V1 01)

with the diagonal scaling operator Q. (X, @) := (T'w\, »)?. We define the Calderén oper-
ator as

{5 V(o) —K(9) |’
(the operators K1(0;) etc. are to be understood as the diagonal operators on each sub-
domain and using the modified wave number with the additional factor m;l). From this
definition and the jump conditions of G, we immediately get
[6ext

ext

C(0y) = [ ffo, - ] G0, - [ KT(0) W(o)

} G(r) = C(A)) — %Id. (6.9)

We collect the right hand sides into the vector ® := (Bl, ,BO)T, and write for the boundary
traces A" i= (A", "7 = ([ VI + 8, U]+ 8°).

. T
Writing U = G(0,)Q;;* <[[’7u V], [[’yU]]) , and taking the exterior normal derivative then
immediately gives the following boundary integral equations if the jump relations (6.8b)
and (6.8c) hold:

Qx <C(3t) - ;Id> Q! (Ah - @> €Yy x Xy.
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6.3 Time domain boundary integral equations

Since Xj, x V), C V5 x XS (see (6.7)), the statement still holds if we drop the factor 2A”.
On the other hand, one can prove using a similar approach that the following equivalence
holds:

(i) If A" : R — &) x ) solves

(QeC@)Q; A" n) = <Qn <C<8t) - ;Id> Q;f@,n> (6.10)

r
for all n € &}, x Y, and A" (t) = (0,0)T for ¢ < 0, then
U = G(9,)Q} (Ah - @) and V=TV U

solve Problem 6.3.
(ii) If (U", V") solves Problem 6.3, then A" := ([[‘y,,V]] + Bl, [vU"] + BO) solves (6.10).

This shows that the transmission conditions in Problem 6.3 correspond to a conforming
Galerkin discretization using the spaces & and ), of the equivalent boundary integral
equations. By using the formalism of convolution quadrature, we can immediately formu-
late the fully discrete boundary integral problem:

Problem 6.5 (Fully discrete formulation 1). Given © := (,Bl,BO)T with ©(t) = (0,0)7
fort <0, find A R — [Xn x Vp]™, such that AP = (0,0)T fort <0 and

(Quoeba 8 n) = (q.(coh - J1a) oo e Pux ., G

T

where equality is understood as a function in t. The approximation of the traces at time t
is again given by A"*(t) := G [Ah’k} and YE(t) == G [Qh’k].

The analysis of an equivalent problem will reveal that it is advantageous to consider the
following fully discrete problem:

Problem 6.6 (Fully discrete formulation 2). Given ¥ := (Ell,BO)T with X(t) = (0,0)7
fort <0, find AMF R — [&) x V], such that A™F(t) = (0,0)T fort <0 and

<Q,§C(af)Q;1M”“,g>F = <QH (C(af) — ;Id> Qﬁlj(af)z,n> Vn € [V x X",
T
(6.12)

where equality is understood as a function in t and J(s) := diag(1,s~') denotes the discrete
integral in the second argument. The approximation of the traces at time t is then given by

N () = G [A"F] and 9" (t) == G [p"F].

Theorem 6.7. Problems 6.5 and 6.6 are well posed, i.e., they have a unique solution.
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6 Scattering by composite media

Proof. We show the theorem for Problem 6.5. Since the left-hand sides are the same the
statement for Problem 6.6 follows. By induction on n, the existence and uniqueness of
solutions can be reduced to the question if

<QNC <5(k0)) Qﬁlﬂc,n>F =(Fmp, Ve Vyx )"

can be solved for all right-hand sides F € [X] x V;]™ (see the proof of Lemma 5.10). We
note that the bilinear form induced by the operator Q,C(s)Q,! is coercive on the product
space H~1/2 x H/? for Re(s) > 0. This can be seen since on each subdomain the operators
are coercive by [BLS15b, Lemma 3.1](cf. Lemma 5.8, the diagonal scaling by s and s~1/2
does not impact the coercivity). Since (6.10) is just a restriction of this bilinear form, it is
also coercive on X}, x V. This means the scalar version of (6.11) has a unique solution for
Re(s) > 0. Let B(s) : X x YV — A, x V), denote the operator induced by this bilinear form.
Then B~!(s) exists and is bounded for Re(s) > 0 by the previous considerations. Since

Re(6(0)) > 0, we therefore get that B! (&]g)) is well defined using the Riesz-Dunford

calculus and is the inverse of B (%E))) due to the homomorphism property. O

6.3.1 One possible construction for X}, and )/,

In this section, we present one possible way to construct spaces A} and ), such that the
resulting spaces have good approximation properties, and they can be easily implemented
using existing boundary element technology. We assume that all domains €, are Lips-
chitz polyhedra. We separate I' into a finite collection of (relatively) open, flat surfaces
I'y,...,Ta such that for all ¢ € {0,...,L} there exists an index set Z(¢) C {1,..., M},
such that

o0y = U T;.

i€Z(0)

Let 7;LF denote a regular and shape-regular triangulation of T' (see Section 2.4) which
respects this subdivision, i.e., for all K € T, either K C T'; or K NT; = (). This can be
constructed by generating a volume mesh 7;, of O U --- U Qp, such that no tetrahedral
element intersects I', and then setting 7;? := Ty|r for the restriction.

On T we use the usual spaces of piecewise polynomials S™O(T,') and S"THH(TL) as
defined in Definition 2.33. In order to define a conforming subspace of ), we define:

W, = {(wh!am)fzo Dy € 5r+1’1(7;,,r)} : (6.13)

It is easy to prove that )}, and ST+1’1(7;LF) are isomorphic and the corresponding map can
easily be implemented in practice by exploiting the association of basis functions to the
geometric quantities of the mesh.

In order to define X}, we need to deal with the orientation of the boundaries. For that
purpose we introduce a sign function. For ¢ € {0,..., L}, we define a function s, : I' —
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6.3 Time domain boundary integral equations

{-=1,0,1}, which is constant on each face I';, such that sy := 0 outside of 9y and |sy| =1
on 0)y. We assume that common faces have opposite signs, i.e.,

se+s,=0 on I'; for all i € Z(¢) N Z(k).

Such a function can be constructed by assigning a normal vector to each face I';, and then
write sg|p, := 1 if the normal vector on 0€); matches the chosen one on I'; and s/|p, := —1
otherwise. This allows us to define the conforming space A;, C X by

X, = {(SMhlam)eL:o DA € ST’O(EF)} : (6.14)

Proposition 6.8. For r € Ny, the spaces X, and Yn have the following approximation
property:

. _yh r+3/2
= HHA/ < Ch § 1A ell 741 002 (6.152)
: 1k r+3/2
B H?—H/? < Ch Z”W”H;#(aﬂn (6.15b)

for all X := (A& Lo € X with Ay € HJF1(0) and all ¢ := ()b € Y with ¢y €
H 52 (09) and with the additional restriction that the lifting u € HY(R?) from (6.6a) is
continuous on I'.

Proof. We start with the estimate for A. For each i € {0, ..., M}, we pick a subdomain €y,
such that i € Z (¢;), and set A\*|r, := sy, II; \¢|p,, where TI;\, € Sm’o(’ﬁlr) is the orthogonal
projection with respect to the L?-product on T';. Since Smo(ﬁf) is only required to be

L2-conforming, this defines a function in A} via A" := ()\h) = (SﬁAh|aﬂ€)£:0. We calculate
for ¢ €0,...,L:

e

h _
200 Z HM — 80\ H Z Ise;seXe = sednl 72,

where in the last step we used that for A € H~1/2, the components of two subdomains
sharing a face I'; differ only by a sign, and sy = 0 if the components do not share a face.
By definition of A\, we can therefore estimate

M M
h . r41
e =X 0, = DI =T ey S 3 e

< prtt Z IXell gzt 00

where we used the approximation property of Proposition 2.35.

123



6 Scattering by composite media

To get an estimate in the H~/2-norm, we calculate for ¢ € {0,..., L}, using the fact

that Ay — )\? is orthogonal to the piecewise polynomials on each face:

H)\ /\hH sp <)\£ — )\?, X>8§25 sup <)\g — )\?, X>FZ~
0 — Y = = B —
H209)  g2yeHY/2(09) ”X||H1/2(am) 0AXEHY2(0%%) ;67 (p) ”X||H1/2(am)

<)\€ - )‘?7 X — H2X>FZ
= sup

075X€H1/2(6Qg) iEI(f) HX||H1/2(8Q[)

h
\/E sup H)\é - /\g HLQ(Fi) HX”H1/2(FZ-)

0AXEH2(00) 1 E700) XM ez 90,

SﬁH)\e—A?)

S

L2(6%)

For estimating 1, we note that our assumptions on the lifting u implies that the functions
1y are continuous on 0€)y, most notably at the boundary of the facets. Therefore, we may
employ a nodal interpolation operator I, : C(98) — SPTH1(T I sq,) (where T, o, denotes
the restriction of the triangulation to the subdomain 9y). It is well known that

+3/2
e = Zetbell 2o,y S B2 el gz o0,
see [SS11, Theorem 4.3.22].
Since the functions 1, ¥y, are assumed to be traces of a continuous function u, they must

coincide on 0§y N €. This means that the interpolated functions I;1, also coincide on
0y N OSYy, or (I€¢€)£L:0 e Ay, OJ

6.4 Analysis of the transmission problem - the semigroup setting

Now that we have derived the model problem and a suitable discretization scheme, we
would like to analyze its properties. In order to do so, we fit the problem into the abstract
semigroup framework from Section 2.2. We start with the case of continuous time.

While the spaces H', HIY are a natural setting to formulate problem 6.3, they are not
the right spaces if one wants to use semigroup theory. Just like in the previous chapters, it is
advantageous to adopt an L?-based view. The spaces most convenient to recast Problem 6.3
into the semigroup framework, as introduced in Proposition 2.11, are defined as follows:

H:=£*xL*> and  V:=H xH
where V is equipped with the usual norm, and for H we use the norm:

L L
(U, V) = ((ue)izo: (ve)izo) — U V) =D ¢ 2 luel Zogmay + > st lvel 72 gay
=0 =0

and the corresponding inner product. In order to enforce the boundary conditions of (6.8b)
and (6.8c), we introduce the space M := (V¢) x (Xg) x X} x Y, where V5 and X), are
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6.4 Analysis of the transmission problem - the semigroup setting

equipped with the #~1/2-norm, Ay and ), with the H'/2-norm and M carries the product-
dual norm of these spaces.
We define the operators A, : V— H and B : V — M by

YUy

U\ _ (Tediv(V) U\ _ [V
)= () m(v) = | T
7§Xtv|yh

Here, the restrictions are using the same notational convention as [Has+15]. Namely we
regard the traces as functionals via the Riesz-map and restrict the functionals. This means
we define:

<[[7U]Hy,3,u>(y£),x(yﬁ) = (p, [vU)r Ve Y5,

<[[7VV]”X}S7X>(X}(L))’><(X}?) = <|I’YVV]]7X>F VX € X]‘u

YU 200 1) s, = (YU Yy € Xy,
<'Y§Xtv|yhvx>y;lxyh = <716/XtVaX>p- Vx € Vh.

Using this notation, we can recast Problem 6.3 in the following form.

Problem 6.9. Given E(t) : [0,00) — M, defined by
=(t) = — (B O)lyg. B 1)z 0,0) .

find X" := (UM V") : [0,00) = V satisfying

X"t) = A X"t) and BX"t)=E@) ¥t>0 with X"(0)=0.

We remark that ||Z(t)|p S HBO(t)HHl/2 + Hﬁl(t)HH_l/Q. This problem fits the abstract
framework of Proposition 2.11, we just have to check some conditions. This will be content
of the next section.

6.4.1 Checking the semigroup requirements

In order to apply the abstract semigroup theory, we need to check some conditions. We
start by characterizing the kernel of B.

Lemma 6.10. (U, V) € ker(B) is equivalent to the four conditions

[YU] € Vs, [V V] € Az, (6.16a)
~*U € Xy, NV € Yy, (6.16b)

Proof. If [yU] € Y4, then the functional & — (&, [YU]) vanishes for £ € Yy by definition
of the annihilator, thus [yU]|y. = 0. An analogous consideration shows that the conditions
in (6.16) imply (U, V) € ker(B). On the other hand, if (U, V) € ker(B), we get for the
first component 0 = (&, [YU]) for all & € Yy, or [vU] € (V5)° = W, since we assumed Y,
to be closed. O
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6 Scattering by composite media

Lemma 6.10 also establishes that Problem 6.9 is indeed equivalent to Problem 6.3.

Lemma 6.11. A, is dissipative on the kernel of B, i.e.,
(AX, X), =0 VX € ker(B).
Proof. We write X =: (U, V) with U =: (w)ZL:O and V =: ('vg)eL:O for the different fields.
Integration by parts then gives:
L
-2

Cp <C% div vy, UZ>L2(Rd) + Z Iié_l (keVuyg, Uz>[L2(Rd)]d
0 =0

I
M=

(AX, X))y,

4

M=

<711/r71£vf7 ’Y}ntw>g - <’Y§f}twa ’YE’XtW>Z

l
= ([ VIA™U)p + (V5 V, [ U]y - (6.17)

Il
=)

By Lemma 6.10, the second term vanishes by definition of the polar sets.

To see that the first term also vanishes, we write v™U = U — [yU]. Since Y, C
Y CX°C X by (6.7), we get [yU] € X, v™U € X; was already established in (6.16).
Since [v, V] € A}, the corresponding term in (6.17) also vanishes. O

Lemma 6.12. For all (F,G) € H and E € M, there exists a unique (U, V') € V solving
U, V)= AU V) +(F,G)  and B(U,V)=E.

There exists a constant C' > 0 depending only on the geometry and the physical parameters
K, ¢, such that

U W)y < COIE Gy + [1Ellny )-
In the special case (F,G) = (0,0), we write E[Z] for the solution to U = AU and
BU =E.
Proof. We write F = (fo)l,, G = (g,)f, and
B = (&1,62,83. &) € (V) x (AR)" x Ay x V.

We rewrite the equation as a second order elliptic system. To that end, we define

L
a(U, W) = Z ¢, (ue, We) r2(rdy T

Ke(Vug, ng)[
=0

£2(R\09 )|
P
W) = ¢ (foswe) 1o ey —
£=0 0
+ (Y™ W) (xeyeas + (Ea YWDy v

M- 1M+

(g0, Vwe) 12 (R1\6Q )

Il
=)
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6.4 Analysis of the transmission problem - the semigroup setting

using the space
W= {W e H' : [yW] € Y, ¥™'W € X2} = {W € H' : (W,0) € ker B}.
We now look for U € H! satisfying

a(U, W) =b(W) YW €W, (6.18a)
[VUllye = €1, Y™ Ulx, = &. (6.18b)

The bilinear form a can be checked easily to be bounded and coercive with respect to the
H! norm, with constants depending only on the physical coefficients. The linear form b is
bounded by

bl < CUEF, Gl + IEln) -

In order to show that the inhomogeneous problem (6.18) has a solution, we need to show
that the trace conditions have a bounded right-inverse. The general solution is then con-
structed by lifting the boundary data and solving a modified homogeneous problem via
Lax-Milgram.
The map
HY S U —s (U], vU) € HYV/? x 12

admits a bounded right-inverse by using the lifting operators from Proposition 2.26. The
restriction map
7_[1/2 X HI/Q _ (H—I/Q)/ % (%—1/2)/ N (y}ob)/ % X}/L

admits a norm-preserving right-inverse via Hahn-Banach’s theorem [Rud91, Theorem 3.3].
This shows that the linear map that imposes the essential transmission conditions in (6.18b)
admits a bounded right-inverse with bound independent of the choice of A}, and )},. Overall,
this shows that (6.18) has a unique solution. Define V' := T, VU +G. 1t is then straightfor-
ward to prove by using smooth test functions which on the skeleton, that T 2 divV +F = U
(in particular V' € H4V). Integration by parts then gives for arbitrary W € W:

(W VEA™ W) + (30 WD = (60,9 ) oo + 66 W D) gy sy, YW €W,

Using the fact that the map W 3> W — (¥™W, [yW]) € X x V), is surjective, the missing
two conditions to obtain B(U, V') = = are proved. The rest of the proof is straightforward.
O

The following lemma allows us to conveniently infer results about —A, from their coun-
terpart about A,:

Lemma 6.13. The sign flipping operator ® : H — H, (U, V) — (U,—V) is an isometric
involution that leaves ker(B) invariant and satisfies PA, = —A, .

Proof. Follows directly from the definitions. O
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6 Scattering by composite media

Theorem 6.14. Problem 6.9 is well-posed, the operator A := A,|xer B generates a unitary
Co-group. For (B°,8') € C? ([O,oo),’;'-[l/2 X 7-[71/2) with B°(0) = ,6'0(0) = 0 as well as
B(0) = ,81(0) = 0, the solution satisfies:

[0 v@)], <o [ 1E .8l + |6 0.8 ), o
[CRERA)| MEry N (CHGNRE I [ChEN-AE) R

If in addition (ﬁo,,ﬁl) e C? ([0,00),7-[1/2 X ?-[_1/2) and (BO(O),BI(O)> = (0,0), we can

estimate:
[CRURA0)] WLy XN I ONE)

vo [|B @8], o 69

Proof. By Lemma 6.11 and 6.12, the operator A is maximally dissipative. By using the
sign flip, this implies that —A is also maximally dissipative. To see that dom(A) is dense
in H, we consider the set

[C@"(Rd \ r)}L+1 X ([CS"(RQ’ \ r)f) o C dom(A),

(the boundary conditions are trivially fulfilled). Since this set is dense in H, we can apply
Stone’s theorem (Proposition 2.9), which then gives that A generates a unitary Cp-group.
The lifting operator Eg[E| was already defined in Lemma 6.12 and is bounded with con-
stants depending only on the geometry, x, and c¢. Therefore, we are in the setting of
Proposition 2.11, which gives existence, uniqueness, and the a priori bounds.

The bound of (6.19) follows by using Lemma 2.13, and using the a priori bounds for this
initial value problem. O

Remark 6.15. Higher derivatives of (Uh, Vh) can also be estimated by inductively using
Lemma 2.13 and Theorem 6.14.

6.4.2 Convergence of the space discretization

Now that we have done the preparatory work, we can analyze how the choice of A}, and
Yy, impacts the convergence rates. We consider solutions X := (U, V') of Problem 6.3
in the case A, = X and ), = ) (or equivalently the solution of (6.3)) and the solution
X .= (U, Vh) for general conforming subspaces X C X and )V, C Y. The convergence
rate is characterized in the following theorem:

Theorem 6.16. Let B := —(ﬁ0|y}ol,,81|;gﬁ,0,0) e C3(Ry, M) be given, with ZU)(0) = 0
for j € {0,1,2}. Let X := (U,V) denote the solution to Problem 6.3 for X = X and
V=Y, and let X" := (", Vh) be the solution for general conforming subspaces Xp C X
and Y € Y.
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6.5 Runge-Kutta discretization

Define the traces X := ™V + ,31, P = AU + B°, and set A := (X, v). Then the
following estimates hold, using the best approximation operator Il : X x Y — X X Vp:

HX( - x| <c Z/ WA HAU')(T)(HF dr, (6.20a)
HX( -x"| <c Z/ WA HA@')(T)(HF dr. (6.20D)

For the discrete boundary traces X" := 'yi,ntV + ﬁ and P" = AU + B°, we get:

Hw(t) - ¢h(t)HH71/2 <C 22: /0 t H(AU)(T) - HA(j)(T)“‘F dr, (6.21a)

HA( e H I/Q_CZ/ )HA HA(j)(T)H’F dr. (6.21b)

Proof. We consider the difference E = (E1, E2) == X — X k. This function solves the
differential equation E = A, E, and the transmission conditions satisfied by X" give the
following transmission conditions for E:

[VEW)(t) — [vUT(t) — B(t) € Vi, [wE2](t) — [v VI(t) — B'(t) € Xy,
Y E(t) € Xy, v Es(t) € Yy

for all ¢ > 0. Secondly, we notice that these conditions are invariant under subtracting
discrete functions, i.e., for x;,(t) € Vn, puy,(t) € Ay, the following conditions are equivalent:

[YE() = 9(t) + xu(t) € Yy [wB2](t) — 8 A(E) + py(t) € X,
YHEL(t) € X, VB () € yha

where we also inserted the definitions of 1 and A to shorten notation. Using the best
approximation operator II, setting (X (t), py(t)) := IIA(t) and applying the stability esti-
mate of Theorem 6.14 gives the estimate (6.20a). To get (6.20b), we use the estimate on
E from Theorem 6.14 and the equation A, E = E to bound the stronger norm. To bound
the traces A and 1, we use the bounds on E (see also (6.19)) and the trace theorem from
Proposition 2.25. O

6.5 Runge-Kutta discretization

Since we have already established the semigroup setting, we can immediately write down
the Runge-Kutta approximation X% := (U™F, VIk) as

XPk(t,) = XPE(t,)1 + k[Q ® AJXMF(t,), (6.22a)
BXME(1,) = ((af) B Z(tn),0,0> : (6.22b)
XMk, 1) = R(oo) XM (t,) + bT Q71 XM (t,), (6.22¢)
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6 Scattering by composite media

and X"*(0) := 0. Note that instead of using the boundary data © = (8, 3;), we used
the differentiated version X := (BO, 61) as introduced in Problem 6.6. If instead of using
(0F)~1% we used (8°, (8,{“)_1,31), we would end up with a system equivalent to Problem 6.5.

Theorem 6.17. The system (6.22) and the fully discrete system of integral equations (6.12)
are equivalent in the following sense:

(i) If X"* solves (6.22), then the traces A" .= F [, V"] —f—,@l and ™F = [yUM] +
(8;“)*150 solve Problem 6.6.

(ii) If AMF = (Ah’k,gh’k) solves Problem 6.6, then
UM = GEHQ (AM - a@hs), V=T @D UM (6.29)
Uk .— @ [Qh,k} 7 vk .— @ [Kh,k} (6.24)
solves (6.22).

Proof. We show that both approximations satisfy the following problem in the Z-domain:

AY —s5Y =0, (6.25)
WY+ 2 |8 e, wYal+s'2 |8 enm,  (620)
S SR YRV eI, (627)

with s = € C™*™_ Since the boundary conditions fit the semigroup setting, this
problem has a unique solution via Lemma 3.35. The fact that the Z-transform of the Runge-
Kutta approximation in (6.22) solves this problem is an easy consequence of Lemma 3.19
and the definition of (9F)~".

By Theorem 6.14, Problem 6.6 has a unique solution. From the proof of the theorem it
is also straight forward to see that we have some a priori estimate

wel,)

Thus, as long as 3(7) is uniformly bounded, the Z transform ih’k(z) = Z [Ah’k} (2)
exists (for |z| sufficiently small). The requirement on ¥ does not impact the result, as we
may consider a modified problem where 3 is cut off for sufficiently large times without
impacting the approximating sequences at finite times ¢,, < T

Using the Z-transform for the potentials, we get that the Z-transform of the function
U™k as defined in (6.23) satisfies

(=)
k

Jartcen], < c) (m 12+ o

0<7<tn 0<7<tn—1

(=) = Gs0)Q:" (A - 3(s0)%) .
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6.5 Runge-Kutta discretization

with Ah’k =% [Ah’k] and 3 = & [¥]. Since the potentials solve the Helmholtz equation,
we get that Y = (Qh’k,ih’k) solves (6.25). We write Ah’k = (zh’k,@h’k) for the two

. . ~h,k ~h,k _ -0
components. From the jump properties, we get [yU "] = ¢ = — sklc@” [B ], as well as

~ hk _1<hk  _ . . ~hk ~h.k
[vwV 7] = s N7 — skl.,@p [,31}, and therefore (6.26) since A = € A}, and ¢ = € V.
To see the conditions on the exterior traces, we calculate using the frequency analogue
of (6.9):

~ ok
SEYEV

| =@ (G0 - y1a) @t (B ~a(019),

which is in [V§ x X2]™ by (6.12). Since the multiplication with s, in the first component
leaves the space ), invariant, this concludes the proof. O

Now that we have established the equivalence of the TDBIE formulation and the Runge-
Kutta approximation, we can use the theory from Section 3.4 to easily derive error esti-

mates. For notational convenience, we introduce the interpolation space H,, := [H, dom(A)] 02
where p1 > 0. For p € N, we write ||-HpT]H” = |l llee o,y w,) and if p = 0, we also write
H'HT,]HM = H'HC’([O,T],]H#)'

Theorem 6.18. Set 2 := (X,0,0). Let X" be the solution to Problem 6.3 and assume
X" e ort3((0,T),Hy,) as well as Ep[EWY] e C([0,T),H,) for£=0,...,p+3. Set v:=1
if the Runge-Kutta method satisfies (3.37) and o := 0 otherwise. If X™F s the solution
to (6.22), then the following error estimates hold for 0 < t, <T':

p+1
h h,k min(q+p+o, h =(—1
X (tn) = X7 (tn) H < Tt p)_ X p+l,T,]HH+§ ’53 [H( )} )T,]Hu] ’
(6.284a)
i p+2
Xh(tn) - Xh,k(tn) S Tkmin(q+,u+a,p) Xh + ’ Ep [5(271)” ] ’
v p+2,T,H, T,H,
(6.28)

where p and q denote the classical and stage order of the Runge-Kutta method employed.
For the traces in (6.12), the following estimates can be shown:

) — 9|, S TR [HX hHMmjg s [=¢2] HT,HJ '

(6.28¢)
If the Runge-Kutta method is stiffly accurate, we can also estimate A" by:
) p+3
poeasstl, s et ST
o (6.28d)

The constants depend on the Runge-Kutta method and p.
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6 Scattering by composite media

Proof. (6.28a) follows from Theorem 3.37, since we are in the situation of an integrated
boundary condition. In order to get an estimate on A.(X" — X"¥), we use Lemma 3.36
and Lemma 2.13. Namely, we get that Y?* := A, X"* solves

YR () = Y (1)1 + K[Q @ AJY (1), (6.29a)
BXME(t,) = (af(af)‘lz(tn),o,o) — (2(tn),0,0), (6.29D)
YR (1) = R(oo) Y (t,) + b7 QLY ¥ (¢,,), (6.29¢)

while Y" := A, X" solves Y" = A,Y" and BY" = (3,0,0). Therefore we we can apply
Proposition 3.32 or 3.33 to get the estimate

T s [ s ol S
TR =0 o

Together with the H-estimate we can estimate the V-norm. The trace theorem then im-
mediately gives (6.28¢c).

In order to estimate A" — A* we need to control div(Vh) — div(G [8tkzhk]) This
can be estimated by applying Lemma 3.36 again and using Theorem 3.38 to estimate the
differentiated error. O

Remark 6.19. This is the point, where it became advantageous to use Problem 6.6 instead
of Problem 6.5 for the discretization. In Problem 6.5, we would already have a consistency
error when estimating OF X in (6.29). Thus, we would have to use Theorem 3.38 instead
of Proposition 3.33 and would lose a convergence rate of one for the V-norm (and get no

result for X).

6.5.1 Determining the value of ;

The convergence rates in Theorem 6.18 depend on the condition Eg[E®] € C([0,T],T,,)
for some interpolation space H,, between H and dom(A). While the regularity of £g[E] is
not an issue since it is in dom(A,) by construction, the boundary condition B (£p[E]) =0
is violated, unless when dealing with the homogeneous problem Z = 0. The goal of this
section is to determine under what conditions we can expect convergence rates with g > 0.

In order to not get lost in notation, we often silently identify spaces of the form Hf:o [H{)?

d
with [HEL:() H 4 . This should not cause confusion within the context. We will need some

Sobolev spaces in addition to H*'/2 and H!. For s € [0,1], we write:

L L
HIRINT) = [[H RN\ 09),  H(RIN\T) = [[H R\ 99y),
=0 /=0

L
1) =[] B (090).
=0
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6.5 Runge-Kutta discretization

¢ )

In order to differentiate “volume” and “boundary” spaces, this means we will now add the
parameters R?\ " and T" respectively, whereas up to now it was clear from the index of the
space whether it was a boundary or volume space.

We start with the following lemma, relating the interpolation spaces H, to Sobolev
norms:

Lemma 6.20. Let 0 < p < 1/2. Then the following estimates holds for all (u,V') €
HU(R\T) x [HH (R4 T)]%:
1(u, VIl S llullzn@avey + 1V e eveya

where Hy, := [H, dom(A)], 2. The implied constant depends only on the geometries Q, ...,y
and p.

Proof. 1t is easy to see that the space with zero traces satisfies:
H; = H'(R\T) x [HY(R?\ T)]¢ C ker(B) = dom(A).

Thus, by interpolating the identity operator we estimate, using Proposition 2.20 to split
the norms of the two components:

e V), < G V)l = el ooy @aveie 1V o gy 7 gy

u,2}

For ;1 < 1/2, the interpolation spaces H*(R? \ T') and H*(R%\ I') coincide with equivalent
norms by Proposition 2.22 (again using Proposition 2.20 to deal with the product spaces).
Thus, we can further estimate:

16t Ve, = Wl ey e 1V o oy sy )
S Nullygn@avry + 1V 1 g mayrya - B

With this previous lemma, we have answered the question of admissible p for the case of
functions which have additional Sobolev regularity. As a final tool to show lower bounds for
1, we investigate the mapping properties of the lifting operator £p by splitting the result
into a part in dom(A) and a part with higher regularity.

Lemma 6.21. Let 0 < 1 < 1/2, and assume
2= (&,&,8&,8) € My, 1= HYZH(D) x HTV2HT) x HY2PT) x B2,

We identify E with its induced functional in M = (V5)" x (X)) x X x Y} via the Riesz-
and restriction maps. Then Eg[E] can be estimated in the following stronger norms:

IE5El, < C =y,

where C' depends on the geometries Qg, ..., and u, but not on the spaces Xy or V.
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6 Scattering by composite media

Proof. We write Eg[E] =: (U, V) for the two components. Since the transmission con-
ditions of dom(A) are independent for U and V', we can perform the interpolation of
the spaces independently in each of the two components. We note that for each domain

Q there exist continuous lifting operators £ [H1/2+“(8Qg)}2 — HYHRE\ 09Q) and
gZN : [H‘1/2+“(8Qg)]2 — [HMR?\ 894)]d satisfying the following lifting properties:

[veEP (m, x)] = n, ¥ EP (0, x) = x,
[yt (N )] = A, VOLEY (A ) = p.

They can be constructed by the Dirichlet- and Neumann-liftings from Proposition 2.26.
We collect the operators on each subdomain into the diagonal operators ED and &N,

We define functions U := SD(§1 &3) and Vo= 8N(§2,§4) By construction, we have
that B(U,V) = 2, which implies by linearity (U — U,V — V) € ker(B) = dom(A). We
calculate, using the fact that the interpolation spaces are nested:

U V), <

) H, + H(U"?)’ H,

L, +l)

H,

The first term can be estimated by the H!(R?) x H4V-norm of (U, V') and (ﬁ, ‘7), which
are both bounded by the My norm of E due to the continuity of £g and the lifting opera-

tors. To estimate H(U , V)HIH , we apply Lemma 6.20 together with the stricter regularity
assumptions and mapping prgperties of the liftings. O
Corollary 6.22. For p € [0,1/2) and m € Ny, let yu™™ € C™ ([0,T], HY/*#(0%y))

and d,u™ € C™ 1 ([0,T] ,H_1/2+“(8Q0)), and assume that the solution to Problem 6.3
satisfies X" € O™ ([0,T],V). Then X" is also in C™ ([0, T],T,,).

Proof. For 2 := — (ﬂo,ﬁl,0,0), and B° := (vuinc,(), e ,0), Bl = (ﬁoﬁyﬁfluinc,O, e ,0)
we write X" = (X Xh—¢p [Z]) + £p[E]. Due to the boundary conditions on X" we get
(X"(t) — EB[E(t)]) € dom(A) and we can estimate:

| (x") - epl=en) .

< (- mmon)], +a (x|

< | Xm0, + 1= I -

H

The term [[€5[E(?)]||, can be estimated by Lemma 6.21. O

6.6 Convergence of the fully discrete scheme

In order to quantify the convergence rates of the full discretization, we make the following
assumption on the spaces X} and ), (see Section 6.3.1 for a way to satisfy this assumption).
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6.6 Convergence of the fully discrete scheme

Assumption 6.23. For a parameter r € Ny, the discrete spaces X and Yy satisfy the
following approximation property for all X := ()\g)fzo € X with \y € HSV‘VH (0Q) and all
P = (W)KL:O € Y with ¢y € HIF? (0Qy), such that the lifting in (6.6a) is continuous on I':

L
inf . B < r+3/2 N .
0L, I = Mulloare < ORIl g oy (6.302)
L
: . r+3/2
b 1% = Pulre < COh ;me;#(am), (6.30b)

where the constant C' depends on r, and the geometry but not on h, X or 1.
Then the following theorem holds:

Theorem 6.24. For u € [0,1/2), let yu™™ € CP*3([0,T], HY**#(090)) and d,u™ €
CP+3 ([0, ,H_1/2+“(8Q0)). Assume that the traces of the exact solution satisfy Ay €
C3 ([0,T], H S (09)) and ¢y € C?([0,T], Hyt?(0)) for a parameter r € No. Also
assume that Y9 admits a lifting to HY(RY) which is continuous on T for £ =0,...,3 (see
Assumption 6.23).

Let p denote the classical order of the Runge-Kutta method and q its stage order. Set
a := 1 if the method satisfies assumption (3.37) (i.e. |r(z)] < 1 for 0 # z € iR and
r(00) # 1), and set « := 0 otherwise. Let Assumption 6.23 be satisfied for Xy and Yy for
r € Np.

Let X™F APk and ™% denote the solutions to Problem 6.6. Then the following esti-
mates hold for t, = nk with t, <T':

| Xt = X7 (e)

[w(ta) = vt )|

If the method is stiffly accurate, we get:

y < O(X) (hr+3/2 I kmin(q+a+u,p)> 7 (6.31a)

r+3/2 min(g+p+a,p)
e SOX) (h + min(atptap ) . (6.31D)

[A®) = XN (k)

_— < C(X) (hr+3/2 + kmin(q-ﬁ-u—l,p—l)-&-a) _ (6.310)

The constant C(X) depends on the exact solution, the incoming wave, the geometry, T,

the Runge-Kutta method, and the constants in Assumption 6.23, but is independent of h
and k.

Proof. We estimate

| Xt = XMt S [ X 0) - XM (0)

o HXh(tn) — XPR(t,)

v

The convergence of the semi-discretization in space is quasi-optimal by Theorem 6.16. The
convergence with respect to time can be estimated by Theorem 6.18, where Lemma 6.21
and Corollary 6.22 tell us that we may use the value p > 0 determined by the regularity
assumptions. The bounds on 1 — ¥™* follows from the continuity of the trace operator.
The trace on A — A* follows along the same lines but using the stronger bounds proved
in Theorems 6.16 and 6.18. O

135



6 Scattering by composite media

6.7 Numerical examples

In order to verify our theoretical findings, we implemented the proposed schemes (6.11)
and (6.12) using the 2D boundary element code developed by F.-J. Sayas and his work
group at the University of Delaware. For the Convolution Quadrature, we used the al-
gorithm presented in [BS09] as implemented in the deltaBEM package (see [Sayl7]). As
the underlying geometry, we used a simple checkerboard consisting of 2 x 2 squares with
differing wave numbers, see Figure 6.2.

In order to be able to quantify the convergence, we prescribe an exact solution in the

following way: On each subdomain €2, for £ = 1,..., L, the solution u, is given as a plane
wave with
w(x,t) =G (dp - x — Kt — tiag)) 5 where  G(t) := e 2% sin(t).

Here, d; is the direction the wave is traveling. We chose the following parameters for our
example:

d, = {%5(1, —1T)T 14 ?s even ’
%(17 1) ¢ is odd
tlag = 5/2, and « := 1/4. On the exterior, we chose ug := 0 in order to not have to worry
about radiation conditions.

The boundary traces were chosen in the following way, using the function ¢(t) := 9 e=2
to ensure homogeneous initial conditions:

Y(x,t) == ¢(t) sin(xq) cos(z2) and Aa, t) := ¢(t) cos(zq)sin(z2).

(These functions are to be understood as functions on the skeleton. A is then built by
restricting to the subdomains and multiplying with a sign function as is done in Sec-
tion 6.3.1). The boundary data B° and B! were then calculated accordingly in order to
yield these solutions.

Example 6.25. In this example, we are interested in the convergence with regards to the
time discretization. Therefore, we fix a fine uniform mesh with h ~ 0.03125 and use
r =4, i.e. quartic polynomials for the discontinuous space and quintic for the continuous
splines. We applied a two-stage Radaulla method which satisfies ¢ = 2 and p = 3. By
Theorem 6.24, we expect order O(k3) for the Dirichlet trace and O (k2'5*5) for the Neumann
trace when using (6.12). As a comparison, we also compute the solutions using (6.11).
Figure 6.3 shows the result. Most notably, it shows that when using (6.12), the Neumann
trace outperforms our predictions and converges with the full classical order. We also see
that using (6.11) gives a reduced order of 2 when approximating X.

Example 6.26. We perform the same experiment as in Example 6.25, but use a 3-stage
Radaulla method. We expect orders O(k*>=¢) and O(k35¢) for the Dirichlet and Neu-
mann traces respectively. Again the method (6.12) outperforms our expectations, giving the
full classical order 5, while using (6.11) gives a reduced rate.
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6.7 Numerical examples

Figure 6.2: Example geometry and wave-numbers used throughout Section 6.7

We also look at the convergence rate with respect to the space discretization.

Example 6.27. We use the same model problem as Example 6.25, but we fiz the time
discretization at k = 0.015 using a 3-stage Radaulla method. We vary the approzimation
in space by performing successive uniform refinements of the grid, and compare different
polynomial degrees s =0,...,3. Since it is easier to compute, we consider the L*-norm of
the errors. As we see in Figure 6.5, we get the optimal convergence rates, up to an error
of = 1075, at which point other error contributions prohibit further convergence.
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Figure 6.3: Convergence rates using a 2-stage Radaulla method. Comparison of discretiza-
tion schemes
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Figure 6.4: Convergence rates using a 3-stage Radaulla method. Comparison of discretiza-
tion schemes

138



6.7 Numerical examples

10!

107!

1073

L2-error

107°

1077

102

10°

1072

L2-error

1074

106

L] L1 o

102 103
dim(Yy)

(a) Convergence 1) — "

102 102

(b) Convergence A — A"

Figure 6.5: Convergence rates w.r.t. the spatial discretization
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