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Abstract

Vagueness is ubiquitous in our language and thinking. Reasoning with
vague information therefore is a highly relevant task for information systems
and artificial intelligence. In this thesis, we study non-classical logics for reason-
ing under vagueness.

Supervaluationism is one of several theories of vagueness that are discussed
in analytic philosophy. The idea of supervaluationism is to consider all ways
of making vague statements completely precise. In every such precisification,
formulas are interpreted like in classical logic. Vague situations are modeled by
precisification spaces which are sets of different precisifications. The supervalu-
ationist’s notion of truth is supertruth, which is defined as truth in all precisifica-
tions. Due to the similarity to Kripke semantics, the supervaluational approach
results in a modal logic.

Fuzzy logics have a background in control engineering and are a well-studied
class of many-valued logics. The fuzzy-logic approach has two main features:
the unit interval is taken as the set of truth degrees and formulas are evaluated
according to truth functions. We consider those fuzzy logics in which the truth
function for conjunction is a continuous t-norm and the truth functions of the
other connectives are also fully determined by the choice of the t-norm. Fuzzy
logics are often extended by the A-operator that indicates whether a formula has
the truth value 1. The most important fuzzy logics for this thesis are Lukasiewicz
logic and Godel logic. We show that in some natural sense Godel logic is the only
“logic of comparison”.

We combine supervaluationism and fuzzy logic to a hybrid logic by equip-
ping every precisification space with a measure on its set of precisifications. We
determine the truth value of each propositional variable by measuring the set of
precisifications of the space in which it is true. The truth functions of the con-
nectives are determined by a t-norm, like in fuzzy logic. In this way we obtain a
hybrid logic for every continuous t-norm. We also add a modal operator S to the
logic that indicates whether a formula is supertrue in the precisification space.

We obtain a normal form for the hybrid logic in which nestings of the
S-operator are not necessary. Furthermore, we show that Godel fuzzy logic
with the A-operator can be embedded into Lukasiewicz hybrid logic and that
Lukasiewicz hybrid logic can be embedded into fuzzy Lukasiewicz logic with the
A-operator. We also consider certain natural restricted versions of precisification
spaces and show the following: Lukasiewicz hybrid logic is the only hybrid logic
in which truth in all precisification spaces is equivalent to truth in all precisifica-
tion spaces with a measure of strictly positive range. In both Lukasiewicz hybrid
logic and Godel hybrid logic, truth in all precisification spaces with a measure
of strictly positive range is equivalent to truth in all precisification spaces with
a uniform measure.
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Zusammenfassung

Vagheit ist ein allgegenwirtiges Phdnomen unserer Sprache und unseres
Denkens. Das Schlussfolgern aus vager Information ist daher duferst relevant
fiir Informationssysteme und fiir Kiinstliche Intelligenz. Diese Arbeit beschéftigt
sich mit nichtklassischen Logiken fiir das Schlussfolgern in vagen Kontexten.

Supervaluationismus ist eine von mehreren Theorien der Vagheit, die in der
analytischen Philosophie diskutiert werden. Die Idee dahinter ist, dass alle Mog-
lichkeiten beriicksichtigt werden sollen, eine vage Aussage vollstindig prazise
zu machen. In jeder Préizisierung werden Formeln wie in der klassischen Logik
interpretiert. Vagheit wird durch Prazisierungsraume, d.h. durch Mengen ver-
schiedener Prazisierungen, modelliert. Der supervaluationale Wahrheitsbegriff
ist Superwahrheit, welche als Wahrheit in allen Prézisierungen definiert wird.
Aufgrund der Ahnlichkeiten zur Kripke-Semantik, ergibt sich aus diesem Ansatz
eine modale Logik.

Fuzzy-Logiken stammen urspriinglich aus der Kontrolltechnik und sind ei-
ne Klasse mehrwertiger Logiken. Fuzzy Logik hat zwei Hauptbestandteile: Zum
einen wird das Einheitsintervall als die Menge der moglichen Wahrheitswerte
verwendet und zum anderen ergibt sich der Wahrheitswert von Formeln durch
Wahrheitsfunktionen. Wir betrachten jene Fuzzy-Logiken, bei denen die Wahr-
heitsfunktion der Konjunktion eine stetige T-Norm ist und auch die Wahrheits-
funktionen der restlichen Konnektive vollstdndig durch die Wahl der T-Norm be-
stimmt werden. Fuzzy-Logiken werden oft um den Operator A erweitert, der an-
gibt, ob eine Formel den Wahrheitswert 1 erhalt. Die wichtigsten Fuzzy-Logiken
fiir diese Arbeit stellen die Lukasiewicz-Logik und die Godel-Logik dar. Wir zei-
gen, dass die Godel-Logik in einem gewissen, natiirlichen Sinn die einzige “Logik
des Vergleichs” ist.

Wir kombinieren Supervaluationismus und Fuzzy-Logik zu einer hybriden
Logik, indem wir jeden Prazisierungsraum mit einem Maf} auf seiner Menge von
Prézisierungen ausstatten. Wir bestimmen den Wahrheitswert jeder propositio-
nalen Variable durch das Maf jener Prazisierungen, in denen sie als wahr er-
achtet wird. Die Wahrheitsfunktionen der Konnektive werden, wie in der Fuzzy-
Logik, durch eine T-Norm bestimmt. Auf diese Art und Weise erhalten wir eine
hybride Logik fiir jede stetige T-Norm. Weiters fiigen wir einen modalen Opera-
tor S hinzu, der angibt, ob eine Formel im Prézisierungsraum superwahr ist.

Wir erhalten eine Normalform fiir die hybride Logik, bei der S-Operatoren
nicht geschachtelt werden miissen. Wir zeigen auflerdem, dass die Godel-Logik
mit A-Operator in die hybride Lukasiewicz-Logik eingebettet werden kann und
dass die hybride Lukasiewicz-Logik in die Lukasiewicz-Logik mit A-Operator
eingebettet werden kann. Dariiber hinaus betrachten wir bestimmte Einschrén-
kungen fiir Prazisierungsrdaume und zeigen Folgendes: Die hybride Lukasiewicz-
Logik ist die einzige hybride Logik, in der Wahrheit in allen Prizisierungsrdaumen
aquivalent ist zu Wahrheit in allen Prézisierungsraumen, bei denen das Maf} ei-
nen strikt positiven Wertebereich hat. Sowohl in der hybriden Lukasiewicz-Logik
als auch in der hybriden Godel-Logik ist Wahrheit in allen Prazisierungsraumen
mit einem strikt positiven Maf§ dquivalent zu Wahrheit in allen Préizisierungs-
rdumen mit einem uniformen Maf3.
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CHAPTER

Introduction

1.1 Overview

Consider the following two statements:
(i) A person with a height of 2 m or more is tall.

(i) If a person with a height of x mm is tall, then also a person with a height of
x — 1 mm is tall.

Although both premises seem to be intuitively correct, we arrive at a conclusion that
is certainly not: Starting with the fact that a person with a height of 2m is tall, we
successively apply the second premise and conclude that even a person with a height
of 40 cm is tall. This line of reasoning leads to the contradictory statement that even
babies, the smallest among all people, are tall. A situation like this is called a sorites
paradox. Sorites paradoxes were first formulated by the ancient Greek. Other variants
of this argument address the property of being young and the age in seconds, the
property of being bald and the number of hairs, or, in its classical formulation, the
property of being a heap and the number of grains of sand.

Strictly speaking, there is of course no contradiction. Nothing is wrong with our
well-known classical logic in this example: the second statement just cannot be true
according to the classical notion of truth. However, this answer seems a bit unsat-
isfactory because, intuitively, the second statement is also not completely false, it is
somewhat true. Even if we accept the second premise as somewhat true, the con-
clusion still seems completely unacceptable. The reason for this complication is that
adjectives like “tall” are not completely precise in the sense that it is always possible to
label every person as tall or small. We call such adjectives vague. As our example in-
dicates, there seems to be a certain style of human reasoning in the presence of vague
information that deviates from classical logic. Adequate formal models of reasoning
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under vagueness would be valuable for many applications. Therefore it is natural to
ask: how should we deal with vagueness?

Computer science has an answer to that question: fuzzy logic or related degree-
based approaches are the prevalent logical approach towards vagueness and alterna-
tives are hardly ever discussed. In contrast to that, there is an ongoing debate about
theories of vagueness in analytic philosophy. One of these theories is called supervalu-
ationism and is diametrically opposed to fuzzy approaches. The goal of this thesis is to
bring the two research fields closer together. Supervaluationism will be presented in
a way that makes it accessible for logicians and computer scientists. Fuzzy logic will
be presented in a way that makes a discussion of its appropriateness for vagueness
possible. Finally, we consider a hybrid logic that combines fuzzy logic and supervalu-
ationism in a specific way. Note that we do not just borrow ideas from philosophy as
a source of inspiration, but also want to point out which consequences certain design
choices for a theory of vagueness have. This, in turn, might be of particular interest
for philosophers.

To overcome any scepticism concerning the usefulness of philosophical discussions
for computer science in advance, we want to remind the readers that modal logic ini-
tially was developed out of purely philosophical concerns. However, nowadays modal
logics are a central tool for the verification of hardware and software. Furthermore it
will become apparent that a discussion of logics for vagueness includes many aspects
that are technically challenging.

This thesis consists of two kinds of contributions: reviews of the key literature and
theoretical results. The organisation is as follows:

+ We start with a review of supervaluationism in Chapter 2. Here we consider
Fine’s classical article [40] as well as current research papers with an emphasis
on technical results. Furthermore, we show that a certain variant of supervalu-
ationism is not suitable for so-called higher-order vagueness.

« Fuzzy logics based on t-norms, as studied in Chapter 3, are the prevalent man-
ifestation of degree-based reasoning. We give a review of the state of the art
with a focus on aspects that are relevant for the discussion of vagueness.

« Chapter 4 is devoted to Godel logic, one of the most important fuzzy logics.
The central feature of Godel logic is that its truth functions only compare truth
values and do not involve any arithmetic operations. In principle there might
be other logics with this behaviour. We prove that, under certain preconditions,
Godel logic is the only fuzzy logic of comparison.

 In Chapter 5 we consider a hybrid logic that combines supervaluational and
fuzzy reasoning. We slightly generalize the concept introduced by Fermiiller
and Kosik [38] and investigate the resulting logics. Our results include a normal
form for formulas and certain embeddings to or from fuzzy logics. Furthermore,
we introduce natural restrictions of the corresponding semantics and show un-
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der which choices of the truth functions for logical connectives these restrictions
affect the notion of validity.

In our presentation we assume that the reader is familiar with the basic notions
of classical logic. We remark that consistency of notation was one of the goals of this
thesis. This entails that cited results are often formulated in a different manner than
in the original paper.

1.2 Theories of vagueness

Before we dig deeper into the subject it seems useful to give a short overview on the
vagueness landscape. We follow the survey by Fermiller [36] for presenting the main
aspects needed to provide some background.

Vagueness is a highly discussed topic in analytic philosophy that also is of potential
interest to logicians. Several monographs have been published, each one arguing in
favor of one of the existing approaches on vagueness (see for example [[72, p3, P4, 101]).
Unsurprisingly, there is no consensus on how vagueness is to be defined. However, it
seems to be clear that one has to deal with the following phenomena of vagueness [36,
72]:

+ Borderline cases: Vague predicates usually admit borderline cases. This means
that there are objects for which it is “unclear whether or not the predicate ap-
plies” [72]. Note that the existence of borderline cases is not due to a lack of
precision. Even if we knew the height of every person accurate to the nanome-
ter, it would still be hard to decide for some people whether they should be
counted as tall or not tall.

+ No sharp boundaries: The classical conception says that the extension of a
predicate consists of all objects for which the predicate applies. If an object is
not in the extension, then it is clear that it is not subsumed by the predicate.
Vague predicates do not have such sharp boundaries in the form of well-defined
extensions. The boundary between the extension and the “anti-extension” of a
vague predicate is “fuzzy”. Note that this concept is in a way very similar to
the existence of borderline cases and it is sometimes argued that both concepts
coincide.

« Sorites paradoxes: A good theory of vagueness should help us to resolve the
sorites paradox described in the introduction: In a line of persons in which every
person is 1 mm smaller than her left neighbor, it seems intuitive to argue as
follows: if a person in the line is considered tall, the right neighbor should be
considered tall, too. If we assume that the first person in the line is tall, repeated
applications of modus ponens lead to the paradoxical conclusion that there can
never be a person in the line that is not tall.

« Higher-order vagueness: “Vague” itself is a vague predicate. Just as there are
borderline cases of vague predicates, one can also think of objects for which
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one cannot definitely determine whether they are borderline cases or not. Thus,
there might be borderline cases of borderline cases. This idea can be formulated
up to arbitrarily high levels.

There are many suggestions how to deal with these phenomena. Among the most
important theories of vagueness proposed by philosophers are the following:

+ Gap theories: Two views are subsumed under this notion. The first one is that
in the presence of vagueness there is no way of doing proper reasoning at all.
The second one admits that there are statements that are neither true nor false.
Technically, this can be modeled with an additional truth value and leads to a
three-valued logic.

« Epistemicism: Epistemic theories consider vagueness as a lack of knowledge.
The main idea is that in principle all predicates, also the vague ones, have exact
extensions. However, the exact boundaries of some predicates are not known
to us and therefore appear to be vague.

+ Supervaluationism: The baseline of supervaluationism is that a vague state-
ment is definitely true if it is true for all ways of making it completely precise.
The different precisifications correspond to fully classical interpretations of a
vague predicate. A borderline statement then is true in some but not all pre-
cisifications. Obviously, there is a connection between supervaluationism and
Kripke-style semantics for modal logics.

« Degree-based theories: Borderline statements receive truth values between ab-
solute truth and absolute falsehood. Fuzzy logics are one well-known implemen-
tation of this approach. However, there are also other degree-based approaches.
In a more recent contribution, Smith proposes a degree-based approach where
he takes fuzzy interpretations—as opposed to classical interpretations—as pre-
cisifications [p4].

» Pragmatic theories: Some philosophers consider our use of language as the
source of vagueness. Under this view, a language is always completely precise
but its meaning depends on the context. Since it is not always determined which
language a community of speakers uses, the phenomenon of vagueness arises.

+ Contextualism: Contextualism assumes that over time or with context the
meaning of vague terms might change. Such shifts in context might occur quick-
ly, even during the course of a conversation. In particular, contextualism consid-
ers the possibility that in certain situations “a competent speaker of the language
can go either way in the borderline area of a vague predicate” [93].

Philosophers usually end up in defending exactly one theory of vagueness. How-
ever, Fermiiller argues that it is adequate to pursue competing approaches because
vagueness is a “complex and multi-faceted phenomenon” [34]. Different applications
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may justify different means of dealing with vagueness. This thesis follows this point
of view. We focus on supervaluationism and fuzzy logics as an instantiation of degree-
based reasoning because the two concepts are complementary to each other and are
both well-developed in their respective communities.






CHAPTER

Supervaluationism

The baseline of supervaluationism is that a vague statement should be considered true
if it is true for all ways of making it completely precise. Although similar ideas have
already been expressed by others, Fine’s seminal article [40] is the standard reference
on supervaluationism. In the following we try to present the canonical supervaluation
theory based on Fine’s article. In particular, we are interested in the logics arising
from the supervaluational concepts. Higher-order vagueness and specification spaces
based on partial interpretations are two topics that deserve special attention and are
discussed separately. Finally, we also give an overview on some newer, more technical
results that mostly concern different forms of entailment for supervaluational logic.

2.1 Fine’s specification space approach

Fine motivates his approach by his view on vagueness: “I take it [vagueness] to be
a semantic notion. Very roughly, it is deficiency of meaning” [40]. Hence, he ties
vagueness to the existence of truth-value gaps. His central idea is the following: “A
vague sentence can be made more precise; and this operation should preserve truth
value” [40]. One possibility to deal with truth-value gaps is to simply introduce a third
truth value for neither-true-nor-false. Fine dismisses truth-value approaches of that
kind and presents an alternative framework for which the specification space is the
central notion. As a simplification, he carries out his analysis for vague predicates
only and does not consider vague names or vague quantifiers.

A special requirement that Fine imposes on a theory of vagueness is that it can
deal with penumbral connections. He explains that a penumbral connection is a log-
ical relation that holds among indefinite statements. “Truths that arise, wholly or
in part, from penumbral connection [are called] truths on a penumbra or penumbral
truths” [40]. His example is the following: Assume a blob whose color is on the border
between red and pink. Although both statements “The blob is red” and “The blob is
pink” are indefinite, the statement “The blob is red and pink” is clearly false because
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being pink and being red are contraries in this setting. On the other hand, if the blob
is also a borderline case of small, the statement “The blob is small” is indefinite as well
as the statement “The blob is red and small”. Note that this example already indicates
that the resulting logic for vagueness is not truth-functional.

Fine’s approach can be summarized as follows: He considers a space of specifica-
tion points that correspond to ways of making vague statements precise. At a specifica-
tion point, a statement can be true, false, or neither-true-nor-false. Some specification
points are complete, i.e., all vagueness is resolved. At these complete specification
points, every statement is either (classically) true or (classically) false. At incomplete
specification points, statements can also be neither-true-nor-false. Fine introduces a
notion of truth suitable for specification spaces that is central to his approach: a vague
statement is supertrue if it is true for all ways of making it completely precise. In the
following we define Fine’s abstract concepts more formally.

A specification space is a triple S = (P, =, (|||l s);ep) that consists of a nonempty
set of specification points P, a partial ordering’ > on P called extension relation and
a function (|| - ||, ¢)sep that assigns to every s € P a partial function || - ||; 5. The
specification points “correspond to the different ways of making the language more
precise” [40]. The intuition behind the expression ¢ > s, which should be read as “t
extends s, is that 7 is a precisification of s: it resolves some of the vagueness in ¢. For
every s € P, the partial function || - ||; s assigns a truth value ||@||; s € {0,1} to
some statements @. The function might be undefined for some statements because
their truth value might not be settled at the specification point s.

Fine imposes the following constraints on every specification space .S

« Admissibility: A specification space should be admissible which means that
the truth value assignment at each specification point is “in accordance with
the intuitively understood meanings of the predicates” [40]. In particular, ad-
missibility guarantees that penumbral connections are not violated.

« Base point: There is a base point b € P such that s > b for each s € P.

« Completeability: “Any point can be extended to a complete point within the
same space” [40]. For every s € P there is a complete point t € P such that
t > 5. Fine does not explicitly define what it means for a specification point to
be complete, but it seems reasonable to call a specification point s € P complete
if thereisnot € P such thatt # s and ¢t > s.

« Fidelity: “The truth values at a complete point are classical” [40]. If s € P is
complete then there is a classical interpretation M| such that, for every state-
ment @, ||l¢ll;s = lloll M, (where the right hand side denotes the classical in-
terpretation function). Therefore the function || - || 5,5 is not partial when s is a
complete specification point.

'A partial ordering is a reflexive, transitive and antisymmetric relation.
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« Stability: “Truth values are preserved under extension of points” [4Q]. If for a
statement ¢ we have ||¢||; ¢ € {0,1} and ¢ > s, then ||¢ll, s = l|l9ll;.s-

Fine also imposes two further constraints that we will not state formally because
they are rather technical. In essence, these two conditions state that every specification
point can be identified with the nonempty set of its complete extensions and vice versa.
This means that the function that assigns to every specification point the set of its
complete extensions is a bijective mapping between the set of specification points and
the powerset of the set of complete specification points. The base point, for example,
can be identified with the set of all complete specification points.

Fine’s abstract approach allows several possibilities to define the function || - ||, s
for every s € P. Due to the fidelity condition, the only freedom in defining || - ||, &
for a complete specification point s is to choose a classical interpretation that fully
determines || - || s. Thus, the interesting case concerns the incomplete specification
points. We present Fine’s standard approach in the following.?

Fine says that the truth value of a statement ¢ at an incomplete specification point
s € P depends on the classical interpretations of the statement at all complete exten-
sions of s in the following way:

1 if|l@ll, s = 1 for every complete point # € P with ¢ > s

lell,s =
55 0 if ||ell; s = O for every complete point r € P with ¢ > 5.
Note that this definition makes || - || s a partial function because it might be the case
that there are two complete extensions t;,7, € P of s such that ||(p||,l’ s = land
lol,,.s = 0.

Besides this local notion of truth, Fine also introduces a concept of global truth in a
specification space S. A statement ¢ is supertrue iff it is true at the base point b, i.e., if
l@ll,s = 1. With Fine’s local notion of truth, truth at the base point means truth at all
of its complete extensions and since the base point is extended by every specification
point, supertruth can be identified with truth at all complete specification points. For
the remainder of this chapter it is a very important observation that this notion of
supertruth in a specification space only depends on the complete specification points
of the space, and not on any incomplete specification point.

Another important aspect of Fine’s paper is the introduction of a “definitely” oper-
ator D. Fine’s definition is that a statement @ is definitely true iff it is true at the base
point which is equivalent to being supertrue, i.e., ||[D@ll, s = ||¢ll, . Furthermore,
Fine defines an indefinitely operator that indicates that a statement is “borderline” true.
It is neither definitely true nor definitely false: the statement I is an abbreviation for
D@ A =“D-@. Under this definition, the D-operator is not suitable for higher-order
vagueness because it does not admit nontrivial iterations. We discuss Fine’s approach
on higher-order vagueness in Section p.4.

?As an alternative, Fine offers a “bastard intuitionistic account” [40] that however has not gained the
same perception as Fine’s standard approach. On the bastard intuitionistic approach the truth condition
for implication for example is the following: ||@ D yl|; ¢ = 1 if and only if for every t € ' such that
t>s,if ||oll, s = 1, then |lyl|, s = 1.
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It is interesting to note that Fine modifies the stability condition in presence of the
D-operator. We can associate with each specification point s in a specification space S
a subspace S with s as its base point. The set of complete precisifications of S then
is a subset of the complete precisifications of §. The “proper form of stability” [40]
then is:

If | @ll,,s = 1 and 7 > s, then [|@l|, 5 = 1.

The reason why the original stability condition might be violated is that the D-operator
“ignores any improvement in specification that may have taken place” [40]. Consider
a specification space §' in which # > s and a statement ¢ such that ||¢]| ¢ is unde-
fined and ||@||, s = 1. Then, by the definition of the D-operator, ||D¢||; ¢ = 0 and
ID@|l, s = 1 which would violate the original stability condition.

2.2 Supervaluational logic

We now review some properties of the logic emerging from Fine’s concepts. The lan-
guage of supervaluational logic is that of classical first-order logic together with the
unary D-operator. Our language has predicate symbols, but no constant symbols, no
function symbols and no identity sign. The reason for this choice is that supervalua-
tionists are mainly interested in vague predicates. Sometimes only D-free formulas, in
the language of pure classical first-order logic, will be considered. In this case it will
be explicitly mentioned.

2.2.1 'The standard approach

From a formal point of view all relevant questions concerning a specification space
can be answered by knowing its set of complete specifications points and their corre-
sponding classical interpretations.

Definition 2.2.1. A precisification space S is a triple S = (P, D, (M,),cp) that con-
sists of a nonempty set P of precisifications, a nonempty set D, the domain of .S, and
a function (M), p that assigns a classical first-order interpretation M with domain
D to every precisification s € P. As a simplification, we may write s € S instead of
s€P.

Note that we require that all first-order interpretations have the same domain.
The vagueness then comes from different interpretations of predicates in that domain.
This definition corresponds to the definition of interpretation structures for a version
of modal predicate logic, but without an accessibility relation [69]. The set of possible
worlds in modal logic corresponds to the set of precisifications in supervaluational
logic.

The terms specification space and precisification space are usually used synony-
mously. We will stick to the following convention: a specification space refers to Fine’s
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approach of modeling vague situations by supervaluation and the precisification space
is the notion of an interpretation structure for supervaluational logic.

We now define how formulas are interpreted in a precisification space. Apart
from the D-operator, this is straightforward. Just like in classical first-order logic, the
interpretation function is defined modulo a variable assignment.

Definition 2.2.2. Let S be a precisification space with domain D. A function v that
assigns to every object variable an element of D is called variable assignment of S.

Definition 2.2.3. For every precisification s € S of a precisification space .S and every
variable assignment v of S, the interpretation of formulas is defined inductively. For
atomic formulas, the defining clause is

lolls.0.s = ll@llp, 0

where ||| M, 18 the classical interpretation of ¢ in M, under the variable assign-
ment v. The classical connectives are defined in their standard way and the interpre-
tation of the D-operator is given by the clause

1 ifllell,, s =1foreverytr € S

IDel| =
sw.§ 0 otherwise.

We will at several occasions consider a different semantics of the D-operator, in
particular in our discussion of higher-order vagueness (see Section p.4). There, the
formula D will be true if ¢ is true at all precisifications that are accessible according
to a binary relation on the precisifications. To avoid confusion, we will always men-
tion if we deviate from this original definition. Note that some authors use the term
“determinately” to describe the D-operator.

We now define the standard logical notions for supervaluational logics, i.e., we
define what truth, validity and logical consequence mean in supervaluational logic.
To define these notions we only consider closed formulas where every occurrence of
an object variable is bound by a quantifier. Therefore we omit the index for the variable
assignment in the interpretation function. First we define the supervaluational notion
of truth, namely supertruth.

Definition 2.2.4. A formula ¢ is supertrue in a precisification space S iff @ is true at
each precisification, i.e., ||@||; s = 1 for every s € S.

One can also call formulas that are false at every precisification superfalse. A
formula then is superfalse if and only if its negation is supertrue. As these definitions
indicate there might be formulas that are neither supertrue nor superfalse in a given
precisification space. Note that with our above semantics of the D-operator, a formula
De is true at some precisification if and only if ¢ is supertrue.

Validity in our supervaluational logic is then naturally defined from supertruth.

Definition 2.2.5. A formula ¢ is valid iff @ is supertrue in every precisification space.
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Besides validity, which is a property of formulas, we also want a notion of logical
consequence, which is a relation between formulas. Fine takes logical consequence as
preservation of supertruth.

Definition 2.2.6. A set of formulas I" globally entails a formula y (written I' F, ¢)
iff for every precisification space S the following condition holds: if every premiss
@ € I is supertrue in .S, then the conclusion y is supertrue in .S

It will become clear later on, why it is called global entailment. Later in this
chapter, we will also learn about other entailment relations for supervaluational logic.

We now investigate some simple properties of this logic that have already been
pointed out by Fine [40]. As usual, validity amounts to being a logical consequence of
the empty set of premisses.

Proposition 2.2.7. A formula ¢ is valid if and only if @ &, ¢.
As Fine remarks, there is a strong connection to classical logic.

Proposition 2.2.8. Let I" be a set of formulas and @ a formula, both in the language
of classical first-order logic (i.e., without the D-operator). Then I' &, ¢ if and only if
I B¢ @, where B¢ is the classical entailment relation.

This means that the classical notions of validity and logical consequence are re-
tained in supervaluational logic. Fine comments that “the supertruth theory makes a
difference to truth, but not to logic” [40]. This fact is seen as one of the main advan-
tages of supervaluationism by its defenders—Keefe [[72] for example shares this point
of view.

Note that supervaluational logic does deviate from classical logic for multiple-
conclusion entailment. In this form of logical consequence an argument is valid if
in the case that all premisses are true then at least one of the conclusions is true. For
example, the argument p v g E {p, q}, where p and g are propositional variables, clas-
sically holds, but does not hold in our supervaluational logic. This deviation from
classical logic is sometimes part of the criticism of supervaluationism [99]. Entailment
relations with multiple conclusions are considered by Kremer and Kremer [77] (see

Section p.5.), and Varzi [9] (see Section .5.1).

At the level of validity an even stronger connection, namely to modal logic, holds.

Proposition 2.2.9. A formula ¢ is valid in supervaluational logic if and only if @© is
valid in S5 where = denotes the result of replacing every occurrence of the D-operator
in @ by the necessitation operator 1.

Remark. We obtain an axiomatization of the valid formulas of supervaluational logic
by adding to a Hilbert-style system for classical first-order logic the S5-axioms

(K) D(¢ D y) D (Dg D Dy)

(TYDe D g
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(5) "D > D-Dg

and the necessitation rule “From ¢, infer Dg” [69].
The global entailment relation has a central property: it is always possible to elim-
inate or introduce the D-operator [[101].

Proposition 2.2.10. For every formula @, we have Dg I=g @ and @ I=g De.

But this does not mean that the D-operator is redundant because, for example, the
formula p D Dp, where p is a propositional variable, is not valid.

One of Williamson’s objections against supervaluationism is that the following
deductive principles, which are well-known for classical logic, do not hold in super-
valuational logic in presence of the D-operator [[101]:

« Contraposition: From I, ¢ E v, infer I,y E —¢.

Counterexample: p =, Dp, but =Dp ¥, p

« Conditional proof: From I', ¢ F y, infer I' F ¢ D .

Counterexample: p =, Dp, but ¥.,p>Dp

« Argument by cases: From I, ¢ F yand Iy E y,infer I,p Vy FE y.
Counterexample: p I=g DpvD-pand —p I=g DpVvD=p,but pv-p }fg DpvD-p

« Reductio ad absurdum: From I', ¢ Ey and I, ¢ E ~wy, infer I" E —.
Counterexample: p A—Dp I, Dp and p A =Dp &, =Dp, but #,=(p A ~Dp)
The failure of the principle of conditional proof means that the deduction theorem

does not hold.

As a response to Williamson, Keefe suggests to modify these deductive princi-
ples [72]. In presence of the D-operator, the following inference patterns,® which hold
in supervaluational logic, should be considered instead of their classical counterparts.

« Contraposition: From I', ¢ E y, infer I, -y = =De.

« Conditional proof: From I', ¢ F y, infer I' E D@ D .

« Argument by cases: From I, ¢ F y and I,y E y, infer I, Do vV Dy F y.

« Reductio ad absurdum: From I, ¢ E y and I, ¢ E —, infer I' E =Dg.

*Keefe’s rules have been slightly adapted to match Williamson’s original rules.
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2.2.2 Local entailment

As seen above, supervaluational logic has many similarities to modal logic. Just as in
modal logic, one can also consider the principle of preservation of truth at every world
in the supervaluation framework. The corresponding consequence relation is usually
called local entailment and it seems that Williamson was the first one who discussed
it in the context of supervaluationism [[101].

Definition 2.2.11. A set of formulas I" locally entails a formula y (written I" F; @)
iff for every precisification space S and every precisification s € S the following
condition holds: if ||@||; s = 1 for every ¢ € I', then ||ly||; g = 1.*

Note that in modal logics both concepts, global and local entailment, are well-
known. However, the local entailment relation is usually taken as the standard one in
modal logics [9].

By its definition, local entailment does not rely on the notion of supertruth. There-
fore, Williamson argues that global entailment is the consequence relation of super-
valuationism. However, other authors (see for example Varzi [09], Section P.5.1, or
Asher, Dever, and Pappas [[1], Section ) argue that local entailment should indeed
be considered as a suitable consequence relation for supervaluationism.” Furthermore,
due to strong connections between global and local entailment, it might be useful to
develop proof systems for global entailment from proof systems for local entailment
that are very well-studied because local entailment is the standard in modal logics (see
for example Cobreros [23], Section p.5.9). Therefore we review some of the properties
of local entailment that Williamson mentions [[101].

Just like in the case of global entailment, validity means being entailed from the
empty set of premisses.

Proposition 2.2.12. A formula @ is valid if and only if @ F; .

Thus, at the level of validity both, the global and the local view, coincide. Also
the connection to classical logic for D-free formulas carries over to local entailment,
which makes both entailment relations coincide with the classical one.

Proposition 2.2.13. Let I" be a set of formulas and @ a formula, both in the language
of classical first-order logic (i.e., without the D-operator). Then I' | @ if and only if
I’ B @ whereE| is the classical entailment relation.

In general, local entailment is the stronger notion because it implies global entail-
ment.

“At this point we could introduce pointed precisification spaces as pairs (.S, s) where S is a precisifi-
cation space and s is a precisification of .S. Then we could take pointed precisification spaces as our base
notion for interpretation structures and could formulate the local entailment relation as preservation of
truth in pointed precisification spaces.

>Some care has to be taken because some authors speak of validity when they mean entailment.
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Proposition 2.2.14. Let @ be a formula and I a set of formulas. Then I =, @ implies
TI'E, @.
g

The converse direction does not hold because p F, Dp by Proposition R.2.1d, but
p ¥ Dp.

2.3 Partial interpretations for specification spaces

As seen above, only the complete specification points are relevant for Fine’s notion
of supertruth. There are other approaches that also take into account the incomplete
specification points. Such approaches are usually based on the following idea: Just as
we assign a classical interpretation to every complete specification point, we can also
assign a partial interpretation to every incomplete specification point. The idea behind
partial interpretations is to modify classical interpretations in a way that they leave
some things unspecified. The most prominent approach for partial interpretations is
the following one [1L, 71, [77, 93].

Definition 2.3.1. A partial (first-order) interpretation is a triple M = (D, I, 17)
where D is a nonempty set, the domain of discourse, and I * and I~ are functions
that assign to each n-ary predicate symbol a subset of D". For every predicate sym-
bol Q, I'(Q) is called the extension of Q and I~ (Q) is called the anti-extension
of Q. We require that the extension and the anti-extension of Q are disjoint, i.e.,
I"(Q)Nn I (Q) = @. A partial interpretation is complete iff I*(Q)U I~ (Q) = D" for
every predicate symbol Q that has some arity ».

For this definition of partial interpretations there is a very natural way of “making
more precise”.

Definition 2.3.2. Let M; = (D, I, I7) and M, = (D,, I}, I;) be two partial

interpretations. Then M, extends M, (written M, > M,) iff
(i) Dy =D,
(i) I 1+(Q) C I; (Q) for every predicate symbol O

(iii) I, (Q) € I, (Q) for every predicate symbol QO

The symbol > denotes an extension relation and the symbol > denotes the con-
crete extension relation on partial interpretations. Note that the definition of com-
pleteness for partial interpretations matches the definition of completeness for specifi-
cation points given in Section .1 since a partial interpretation that is complete can be
only extended by itself.

In this setting one can take the following view on specification spaces: the base
point of the specification space is a partial interpretation. Other partial interpretations
extend the base point by filling up the gap between extensions and anti-extensions in
various ways, under consideration of the admissibility constraint. The hierarchy of
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extensions goes on until finally the complete specification points are reached, where
there are no gaps left between the extensions and anti-extensions.

In his book [p3], Shapiro essentially takes this approach, but without demanding
that there is a complete extension for every incomplete specification point. He intro-
duces new operators with sophisticated truth conditions that in particular take into
account the extension relation. Since Shapiro’s agenda mainly is to defend contextu-
alism, we do not treat his approach here.

Note that there is a natural way to assign a partial interpretation to every specifi-
cation point s in a specification space .S. We define the partial interpretation M, =
(D, I'*,I”) by setting D to the domain of .S and setting

. (dy,...,d,)) € I''(Q)ifand only if |Q(x, ..., x,)ll,,, =  every t > s such that
t is complete

« (dy,...,d,) € I"(Q)ifand only if || O(x, ..., x,)|l;, = O every ¢ > s such that
t is complete

where Q is a predicate symbol of arity #n and v is a variable assignment on .S such that
v(x;) =d; forevery 1 <i < n.

2.3.1 Kleene semantics

Independent from the question of truth at a specification point in a specification space,
for D-free formulas one might also be interested in a notion of truth in a partial in-
terpretation isolated from the other specification points. This is usually done with
a 3-valued Kleene semantics where i denotes the additional truth value ‘indefinite’.
There are two Kleene schemes, the weak and the strong Kleene scheme. Both Kleene
schemes are truth-functional and their connectives behave classically for the classical
truth values. The weak Kleene scheme returns the truth value i whenever some part
of a statement is indefinite. Under the strong Kleene scheme, a truth function returns
a definite truth value whenever every assignment of 0 or 1 instead of i would result in
the same truth value. But note that this rule only applies at the level of truth functions
and not at the level of whole formulas. Kleene introduced these 3-valued semantics
in his book on metamathematics [73], but not with any application to vagueness in
mind. Tye gave an example of a theory of vagueness revolving around Kleene’s ap-
proach [98].

In the following, we describe the strong Kleene scheme because it is the more
important one. It is used as a semantics for single specification points in a specification
space by Shapiro [93] and in a suggestion of an extended notion of supertruth, truth at
all specification points (including incomplete ones), by Asher, Dever, and Pappas [[1].

For the classical connectives, the strong Kleene scheme is given by the truth func-
tions of Table .1,



2.3. PARTIAL INTERPRETATIONS FOR SPECIFICATION SPACES 17

=1
—_ = O >
o OO

i
0
i
i

—_ e O =
—_— = O <

0
0
i
1

[ —
—_ = Ol U

0
1
i
1

O ==
bk ke ke | e
e e | e
S = = =

0

Table 2.1: Truth functions of the strong Kleene scheme

These principles can also be extended to the first-order case. The interpretation of
a predicate symbol Q is given by

0 if(v(x)),....v(x,)) €I(Q)
10 (x5 s X)) g =41 i (0 (x1) v (x,)) € T7(QUITH(Q)
1 if (v(x)),....v(x,)) € I7(Q)

where M is a partial interpretation in which Q has the extension I*(Q) and the anti-
extension I~ (Q) and v is a variable assignment.
The interpretation of quantified formulas is given by

(0 if l@ll prypu(ray = O forevery d € D
I3x@llp, =41  if there is some d € D such that el pmpuixsay =1

1 otherwise

(0 if there is some d € D such that el pmpuixsay =0
1

IVxollp = 3 if |@ll mpuixmay = 1 for every d € D

i otherwise
where M is a partial interpretation with domain D and v U {x ~ d} is the variable
assignment v’ that is defined by

, d ifv=x
v(v) =
{v(v) ifo#x.

A natural way to define validity is to say that a formula ¢ is valid iff ¢ is always
true, where truth in the Kleene scheme amounts to the truth value 1. The formula
pVpisnot valid any of the two Kleene schemes, as opposed to classical logic and our
supervaluational logic introduced in Section .4, Even more, it can easily be seen that
the set of valid formulas is empty for both Kleene schemes. Asher, Dever, and Pappas
therefore dismiss the idea of supertruth as truth in all specification points, including
the incomplete ones [11].

Note that for both Kleene schemes the extension relation > for partial interpreta-
tions satisfies the stability condition, i.e., the truth values 0 and 1 are preserved under
extension.
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2.3.2 Definite truth

For specification spaces built from partial interpretations, Asher, Dever, and Pappas [11]
as well as Varzi [99] offer an alternative semantics of the D-operator. Under this se-
mantics, the truth of the statement D¢ indicates that @ is true at the base specification
point, which resembles Fine’s concept of “truth at the base point”. However, these
ideas are very different from each other. As explained above, for Fine, truth at the
base point is equivalent to truth at all complete specification points. The other ap-
proach however equates determinate truth with truth at the base partial interpretation
according to a semantics for partial interpretations, as for example Kleene semantics.
This would lead to the following definition of the D-operator:

ID@lls0.s = ll@llpm, 0

where || - || M, 18 the interpretation function of the partial interpretation M, assigned
to the base point under the variable assignment v. This operator captures a notion of
prior truth. It behaves as an actuality operator and leads to a logic at least as strong as
S5 [99]. Asher, Dever, and Pappas as well as Varzi, do not further pursue this reading of
the D-operator and instead go for a necessity-style operator as discussed in Section p.4.
Still, this idea seems worth mentioning.

2.4 Higher-order vagueness

The concept of higher-order vagueness arises from the observation that vague itself
is a vague predicate [40]. Not only would one like to be able to express statements
like “Kim is borderline tall” but also “Kim is a borderline case of a borderline case of
tallness” For this purpose, an adequate semantics of the D-operator has to be found.
This of course also affects its counterpart, the indefinitely operator I that is defined as
follows: Ig is an abbreviation for =D@ A =D—¢, i.e., neither ¢ nor its negation are
definitely true.

Up to now we defined definite truth as truth at all specification points, i.e., su-
pertruth. Our first statement can be written as IT(k), where T is the predicate for “tall”
and k stands for Kim, and we can adequately model the situation with the framework
that we have presented so far. However, the second statement II7(k) would always
turn out to be false because I7T(k) is either true at all specification points or false at all
specification points.

Similar examples all fail because the axioms (4) DgODDg and (5) "D—@2>D-D-¢
are validated under the given semantics of the D-operator. As the formula Dg vV -Dg
is valid, also all formulas of the form D"D¢ V D"-Dg are valid, where D" denotes n
iterations of the D-operator. According to Williamson, “[on] this semantics, it cannot
be indefinite whether something is definite” [101]. Thus, our framework so far can deal
with what is called “first-order vagueness” but not with “second-order vagueness” or
any higher levels. But a standard requirement of a proper theory of vagueness is that
it is possible to express n-th order vagueness for any n.
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2.4.1 Relative admissibility

We will now discuss two approaches towards higher-order vagueness. The first one
was given by Fine and the second one is an abstraction of Fine’s ideas that has become
the standard approach.

Fine’s approach

Fine offers a treatment of higher-order vagueness of which he admits that it is rather
complicated [40]. In essence, we follow Williamson’s presentation [[101] of this frame-
work which simplifies some ideas of Fine’s original article.

The main idea of the new framework is to generalize the concept of specification
spaces. Instead of just picking a complete specification point in a specification space
one also has to decide in which one of several possible specification spaces the specifi-
cation point lies, and so on. We define a level-based hierarchy of interpretations where
each interpretation at a certain level specifies which interpretations of those that lie
one level below are admissible.

Fine inductively defines the hierarchy of interpretations as follows:

+ A O-th level interpretation is a classical interpretation of statements.
« An n + 1-th level interpretation is a set of n-th level interpretations.

+ An w-interpretation is a sequence sy5;55 ... such that each s; is a i-th level
interpretation and s; € 5,1, fori > 0.

The intuition behind this definition is that an n 4+ 1-th level interpretation considers
exactly those n-th level interpretations admissible that it contains. Note that by our
usual approach we could take a 0-th level interpretation as a complete specification
point and a first level interpretation as the set of complete specification points of a
specification space.

Fine connects these notions to the supervaluational framework by considering
higher-order specification spaces, in which every complete specification point is an
w-interpretation. In order to obtain a semantics for the D-operator, he first defines
an admissibility relation among w-interpretations as follows: an w-interpretation s =
5987 ... admits an w-interpretation t = 1yt ... iff t; € s5;, for every i > 0. By R we
denote the relation corresponding to admissibility: s R t iff s admits . Note that by
definition every w-interpretation admits itself which means that R is reflexive.

We now show how vague statements are interpreted in a higher-order specification
space §' in which every complete specification point is an w-interpretation. If ¢ is an
atomic statement, then the interpretation at an w-interpretation s = sys; ... is given
by®

lells.s = llell,

°Fine and Williamson do not explicitly define how atomic formulas should be evaluated in this
framework, but the approach that is presented here should be the only one that makes sense.
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where s is the starting point of s and || - ”So denotes the classical 0-th level interpre-
tation according to s,. The new semantics of the D-operator takes into account the
admissible specifications of the higher-order space:

1 if||@ll, s =1 foreveryt € S such that s R ¢
IDolls.s = )
0 otherwise.

The other connectives are interpreted as usual. Note that the clause “truth at all ad-
missible specification points” characterizes both, the old and the new semantics of
the D-operator. The only difference is that in a setting with higher-order vagueness
admissibility is not global.

In Fine’s framework, the admissibility relation R of a higher-order space is given
by the structure of the w-interpretations. It determines for each complete specification
point which other complete specification points are to be regarded as admissible. This
concept is similar to the accessibility relation in Kripke semantics for modal logics.
By its definition R is reflexive and the resulting logic is, according to Fine, the modal
logic T. Reflexivity seems very natural because each specification point should regard
itself as admissible. Fine remarks that one can also think of further restrictions on
R. If for example one would only be interested in at most n-th order vagueness for a
concrete n, then one could demand that in every w-interpretation s = s;s; ... one has
Siy1 = {s;} for every i > n.

To illustrate these definitions, we now investigate a simple example that a theory
of higher-order vagueness should be able to model.

Example. Let us assume a scenario where Kim is a borderline case of definite tallness.
Let p denote the propositional variable standing for “Kim is tall” Then we want the
formula IDp to be true. Under a classical interpretation, “Kim is tall” is either true or
false. We denote the classical interpretation in which “Kim is tall” is true by [p] and
the one in which “Kim is tall” is false by [—p].

We model this situation with a higher-order specification space .S that consists
of the w-interpretations given in Table p.2. In this example, we maximally deal with
second-order vagueness. Therefore, we “stop” all w-interpretations after the second
level, ie., s;\y = {s;}, t;;y = {t;} and u; | = {u;} fori > 2.

level 0 level 1 level 2
s [p] {[p]} {{[p1}, {[p]. [=p1}}
t pl] {[pl,[=p1}  {{[p1}, {[p], [-p1}}
u [=p]  A{lpL[=pl} {{lp1}. {[p). [=PI}}

Table 2.2: Higher-order specification space with w-interpretations

According to Fine’s definitions, the admissibility relation R is the one given in
Figure P.1. We for example have u R s because the 0-th level interpretation [p] of s is
contained in the first level interpretation {[p], [-p]} of u and the first level interpreta-
tion {[p]} of s is contained in the second level interpretation {{[p]}, {[p], [-p]}} of u.
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We do not have s Ru because the 0-th level interpretation [p] of u is not contained in
the first level interpretation {[p]} of s. Note that this admissibility relation is neither
symmetric nor transitive.

Figure 2.1: Admissibility relation

We now verify that we have found a model of our scenario:

Ipllss =1 Ipll,s =1 lpll,s =0
IDpllss =1 IDpll, s =0 IDpll,s =0
I-Dpll;.s =0 I-Dpll, s =1 I-Dpll,.s =1
IDDpl;,s =0 IDDpl|, s =0 IDDpll,.s =0
I-DDpl|;.s = 1 I-DDpll, s = 1 I-DDpll, s = 1
ID-Dpl;.s =0 ID-Dpll, s =0 ID-Dpll,,s =0
|[=-D-Dpll, s =1 |=-D-Dp|l, s = 1 I=-D-Dp|l, s = 1

Since IDp is an abbreviation for “-DDp A =D-Dp, we get ||[IDp|| ¢ = 1. Note that our
w-interpretations at the second level contain two first level interpretations. The first
one is {[p]}, where Kim is definitely tall, and the second one is {[p], [7p]} where Kim
is a definite borderline case of tallness. We simply consider all w-interpretations that
contain this second level interpretation.

Abstract framework

The idea of modeling higher-order vagueness with the concept of relative admissibil-
ity is a very prominent one in the literature on supervaluation. In Fine’s framework
described above the admissibility relation is explicitly defined on w-interpretations.
In many cases, an abstraction of this framework is considered where one works with
an admissibility relation that is at least reflexive without explicitly specifying it. This
point of view might be taken because Fine stressed the fact that his account on the
D-operator results in the modal logic T. Under the more abstract point of view the
admissibility relation is usually taken directly on the complete specification points [,
23, by].
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In the higher-order specification space of w-interpretations we can assign to every
complete specification point the classical interpretation that it starts with. Therefore,
this abstraction is indeed a generalization of Fine’s framework.

The abstract necessity-style D-operator is the standard in the literature on super-
valuation and we therefore modify our definition of a precisification space.

Definition 2.4.1. A precisification space is a quadruple (P, R, D, (M) p) that con-
sists of a nonempty set P of precisifications, a binary admissibility relation R on P,
a nonempty set D, the domain of S, and a function (M) p that assigns a classical
first-order interpretation M, with domain D to every precisification s € P.

The interpretation of formulas at precisifications in a precisification space .S is
standard, with exception of the D-operator:

1 if|lell,, s =1forevery t € P such that s R¢

[IDel| =
s.S 0 otherwise

where s € § and v is a variable assignment of .S..

Let us now turn to the logic that results from the new semantics of the D-operator.
The set of valid formulas is just the set of valid formulas of the modal logic K, where D
is taken as the necessity operator [J. Therefore we obtain a Hilbert-style proof system
for this logic by enriching a proof system for classical first-order logic with the axioms

(K) D(¢ D y) D (D¢ D Dy)
(BF) VxDg D DVx¢

and the rule of necessitation “From ¢, infer D¢” [[1]]. Axiom (BF) is the Barcan formula
and combines modal and first-order reasoning [69]. This axiom is needed because we
required that all classical first-order interpretations in the precisification space have
the same domain. Hughes and Cresswell remark that in some modal systems, like for
example S5, the Barcan formula does not have to be included because it can be derived
from the other axioms [69].

It is often the case that one only considers certain classes of precisification spaces.
Usually one demands that the admissibility relation has to fulfill a certain property.
As explained above one might postulate that the admissibility relation be reflexive.
In such cases, our logical notions are then to be understood as relative to the set of
precisification spaces in which this property holds. A formula then for example is
called valid iff it is supertrue in all precisification spaces in which the admissibility
relation fulfills this property. It is well-known from modal logics [[12] that in certain
cases a property P on the admissibility relation can be characterized by an axiom A
in the following sense: for every precisification space .S, A is supertrue in .S if and
only if § has the property P. Table .3 gives an overview over the most important
characterizable properties.

"The symbols used in the description of these properties should be understood as mere abbreviations
of informal language, e.g., Vs stands for “for every precisification s of the precisification space”.
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Axiom schema Property of admissibility relation’

(T) DepDe reflexive Vs:sRs

(B) ¢@>D-D-¢p symmetric VsVt :sRt=1tRs

(D) D@ > - D¢ serial Vsdt : s Rt

(4) D@ > DDg transitive  VsViVu : s Rt &t Ru=sRu

(55 —D-@>D-D-g euclidean VsViVu:sRt&sRu=>tRu

Table 2.3: Correspondence between axioms and properties of the admissibility relation

One obtains a Hilbert-style proof system for a certain class of precisification spaces
by adding the corresponding axioms to our proof system for the logic K. If for exam-
ple we restrict ourselves to precisification spaces with reflexive admissibility relations,
then the axiom (T) is added. If we demand reflexivity, symmetry and transitivity,
then we arrive at the additional axioms (T), (B), and (4). It can be shown that these
axioms characterize the logic S5 and therefore, at the level of validity, reflexivity, sym-
metry, and transitivity yield our previous semantics of the D-operator as defined in
Section p.d.

Concerning global entailment, we remark that the inference ¢ F, Dg also holds
for the new semantics of our D-operator. However, the converse inference from Dg to
@ is only possible if every precisification is admissible for some other precisification, a
principle inverse to seriality. This is for example the case in the class of precisification
spaces with reflexive admissibility relations.

We will at some occasions also consider an operator called D,, where u stands
for “universal access”. We want this operator to indicate supertruth which is truth at
all precisifications. Thus, this operator ignores the admissibility relation. This corre-
sponds to Fine’s first definition for a definitely operator that, as we have seen, is not
suited for higher-order vagueness (see Definition P.2.3).

Definition 2.4.2. Let S be a precisification space, s € .S a precisification and v a
variable assignment of §. Then the operator D,, is interpreted as follows:

1 if =1 foreveryt e .S
Il s = § o NPl = orevery
o 0 otherwise.

2.4.2 Inexpressibility of higher-order vagueness under certain
admissibility relations

We now show that certain classes of admissibility relations are not suited for model-
ing higher-order vagueness. In particular, we consider formulas of the form ID¢ that
express that it is indefinite whether @ is definitely true. This is Williamson’s proto-
typical example of second-order vagueness that cannot be expressed with a universal
semantics of the D-operator (see Definition p.2.3). Williamson mentions that the ad-
missibility relation must be allowed to be non-transitive for modeling higher-order
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vagueness. In the following, we extend Williamson’s analysis by showing with sim-
ple arguments that formulas of the form ID¢ are unsatisfiable in certain classes of
precisification spaces.®

There are two types of satisfiability of a formula ¢ that one can consider. The
first one is that there is precisification space in which ¢ is supertrue. The second one
is that there is a precisification space and a precisification s in that space such that
@ is true at s. Note that the first notion has a global flavor and the second notion
has a local flavor. The first notion of satisfiability is in some sense stronger than the
second one because it implies the second one. It seems more intuitive that the first
notion of satisfiability should be considered for supervaluation. But, just as one can
argue about global entailment versus local entailment, one could also discuss which
notion of satisfiability is more suitable. Therefore we will in the following always be
precise which form of (un)satisfiability we mean. What matters for our concerns is
that a formula that is not satisfiable in the second sense is also not satisfiable in the
first sense.

We start with a basic property of the I-operator.

Lemma 2.4.3. If ||lg||; ¢ = 1 for a precisification s in a precisification space S and a
formula @, then there are precisificationsu,t € S such thats Rt, s Ru, ||o|l, s = 1,

loll,s =0andt #u.

Proof. Let s € S be a precisification such that ||Ig]||; ¢ = 1. Suppose that there is no
precisification u € § such that s R u and ||¢||, s = 1. Then [|¢@||, s = O for every
precisification u that is admissible for s. Therefore we get ||D—¢||; ¢ = 1 from which
ImD=¢l|; s = 0 and therefore, by definition of the I-operator, ||Ip||; ¢ = O follows.
This contradicts our initial assumption and therefore we may conclude that there is
some u € § such that s R u and ||@||, ¢ = 1. With the same argument we get that
there is some # € .S such that s Rt and ||@||, g = 0. Dueto [|@]l, s =1 #0=|loll, s
we can conclude that ¢ # u. ]

Note that from this proposition, seriality follows for the admissibility relation if a
formula of the form I is true at every precisification. We now show unsatisfiability
in the second sense for euclidean admissibility relations.

Proposition 2.4.4. If the admissibility relation R is euclidean, then any formula of the
formIDg@ cannot be true at any precisification (i.e. ID@ is false at all precisifications).

Proof. Let S be a precisification space with a euclidean admissibility relation R and
suppose that there is a precisification s € .S such that ||[IDg||; ¢ = 1. Then by Lem-
ma there are two precisifications #,u € § such that s R#, s R u, [|Dol|, s = 1
and ||Del|, s = 0. Due to [|[Dg||, s = 0 there must be a precisification v € .S such
that |||, ¢ = 0. Since R is euclidean, we know that u R ¢ and therefore also 7 R v.
But then ||@][, ¢ = 1 is a contradiction to || Del|, s = 1. ]

*We remark that very similar results can be obtained for formulas of the form Ilg that express the
property of being a borderline case of a borderline case. However, the arguments then get longer.
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Note that we could have also argued by assuming that axiom (5) holds, which is
the axiom corresponding to a euclidean admissibility relation. Our result can easily
be extended to admissibility relations that are symmetric and transitive.

Proposition 2.4.5. If the admissibility relation R is symmetric and transitive, then
any formula of the form ID@ cannot be true at any precisification (i.e. IDg is false at
all precisifications).

Proof. The claim follows from the following property: if a binary relation R on a set S
is symmetric and transitive, then it is euclidean. Let s,f,u € S such that s R f and
s R u. Since R is symmetric we also have t R s. Due to transitivity, from ¢ R s and
s R u, we conclude t R u. O

We now show that the first notion of unsatisfiability is already given if the admis-
sibility relation is symmetric or transitive.

Proposition 2.4.6. Ifthe admissibility relation R is symmetric, then any formula of the
form IDg cannot be true at all precisification (i.e. ID@ is false at some precisification).

Proof. Let S be a precisification space with a symmetric admissibility relation R and
suppose that [[IDg||; ¢ = 1 for every precisification s € S. Let s € S be an arbitrary
precisification. By assumption |[IDg||; s = 1 holds and therefore by Lemma
there is a precisification # € .S such that || Dg||, ¢ = 0. By the definition of D-operator
this means that there is a precisification u € § such that ||¢]|, s = 0. Since by as-
sumption [[IDg]|, ¢ = 1 holds, we know by Lemma that there is a precisification
v € S such that u R v and ||Dgl|, g = 1. Because R is symmetric, also v R u holds.
But then ||@]|, s = 0 is a contradiction to ||Dgl]|, ¢ = 1. O

Proposition 2.4.7. Ifthe admissibility relation R is transitive, then any formula of the
formID@ cannot be true at all precisifications (i.e. IDg is false at some precisification).

Proof. Let S be a precisification space with a transitive admissibility relation R and
suppose that ||IDgl|; g = 1 for all precisifications s € S. Let s € .S be an arbitrary
precisification. Since by assumption [[IDg||; ¢ = 1 holds, we know by Lemma
that there is a precisification # € § such that ||Dgl|, s = 1. Again, by assumption
IID@||, s = 1 holds and by Lemma there is a precisification u € .S such thatt Ru
and [|Dgl|, s = 0. By the definition of the D-operator there must be a precisification
v € S such that ||@][, ¢ = 0 and u R v. Since R transitive we conclude 7 R v. But
then ||@||, s = 0is a contradiction to ||Dg||; s = 1. O

We remark that the reflexivity of the admissibility was no ingredient in any of our
proofs.

This investigation shows that no precisification space with a symmetric or tran-
sitive admissibility relation can model a situation of higher-order vagueness. This
indicates that the question of the nature of the admissibility relation should be taken
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seriously. The possibility of constraints like symmetry and transitivity on the admis-
sibility relation have been mentioned by Asher, Dever, and Pappas [[I] as well as Co-
breros [23]. However, the motivation of introducing a necessity-style D-operator was
the deficiency of the D,-operator to express higher-order vagueness. Therefore it can
be questioned whether a necessity-style D-operator based on admissibility relations
with constraints like symmetry or transitivity is then necessary at all.

2.4.3 Fara’s argument

In her 2003 paper [B3], Fara raises an objection against theories of vagueness that
admit a gap between definite cases and definite non-cases of a predicate in the context
of higher-order vagueness. In supervaluationism this is the case because only one of
the following conditions can hold: Dg, "D Vv ~D-¢, or D—¢@.

First of all, Fara argues that the inference rule of D-introduction ¢ D¢ should be
accepted. She gives the reason that in the presence of truth-value gaps the D-operator
means something like “it is true that” and it seems impossible that a statement is true
whereas the statement stating that it is true is not true. The global entailment rela-
tion with a necessity-style D-operator indeed verifies this rule, and Cobreros sees this
argument as an argument in favor of the global entailment relation [23].

Fara assumes the following scenario: Consider a finite sorites series for a vague
predicate Q and objects x, ... x,, in which the first object x, is “definitely Q”, the
last object x,, is “definitely not Q” and x,,; is the successor of x;, for 1 <i <i—1.
Since Q has borderline cases, there is a gap between those objects that are “definitely
Q” and those that are “definitely not Q”. We arrive at the gap principle: if a member
of the series is “definitely Q”, then its successor in the series is “not definitely not Q”.
If the successor were “definitely not Q”, then an object that is “definitely Q” would
be followed by an object that is “definitely not Q” which would mean that there is
no gap in our sorites series. Thus the implication DQ(x;) > ="D=Q(x;, ) should hold
for every 1 < i < m — 1. In the sorites series there are also borderline cases of
being “definitely Q” and therefore there is also a gap between “definitely definitely
Q” and “definitely not definitely Q”. The same idea can be iterated which leads to the
generalized gap principle: The formula

DD"Q(x;) > -D-D"Q(x;)

should hold for every 1 < i < m — 1 and every n > 0 where D" is a concatenation
of n D-operators. Fara’s argument uses an equivalent formulation of the generalized
gap principle. the formula

D-D"Q(x;) > -DD"Q(x;_,)

should hold for every 2 <i < mand every n > 0.
Now it is clear that, by first applying D-introduction and then the generalized gap
principle in its second formulation, we get that the inference

-D'Q(x,,_;) F "D O(x,,_i11))
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holds for every 0 < i < m — 2. Thus, by iterating this derivation k times, we conclude
that the inference

_‘DiQ(xm_i) F _‘DHkQ(xm_(Hk))
holds for i + k < m — 1. Finally, we set i = 0 and k = m — 1 and get that
=~0(x,,) E =D"1Q(x))

holds.

On the other hand we get the inference
O(x) ED"'0(x)

by m—1 applications of the D-introduction rule. Fara concludes that the D-introduction
rule and the generalized gap principle are inconsistent. As she explains, the main rea-
son for this fact is that there cannot be a dense linear order on a finite set. Varzi derives
from this argument the objection that supervaluationism cannot deal with unrestricted
higher-order vagueness [99].

2.5 The discussion on local entailment and miscellaneous
results

In the following we take a rather non-systematic look at some interesting recent results
on supervaluational logic. Most of them deal with the question of suitable entailment
relations.

2.5.1 Varzi

The main goal of Varzi’s paper [99] is to argue in favor of local entailment as the
standard notion of logical consequence for supervaluationism because it has two ad-
vantages in comparison to global entailment. First, he shows that supervaluational
logic with local entailment does not suffer from the most common objections against
supervaluationism. Second, he emphasizes that global entailment is definable from
local entailment.

Entailment relations galore

Varzi discusses entailment relations with multiple conclusions that follow variations
of a scheme that, in classical logic, can be formulated as follows: “if all of the premisses
on the left hand side are true, then at least one conclusion on the right hand side is
true”. Remember that formulas in a precisification space are one of the following:

« supertrue: true at all precisifications

» superfalse: false at all precisifications



28 CHAPTER 2. SUPERVALUATIONISM

« neither supertrue nor superfalse: true at some precisifications and false at others

Thus, in a certain sense, supervaluational logic has three truth values. Varzi considers
a necessity-style D-operator following Definition with an admissibility relation
that is at least reflexive.

Definition 2.5.1. Four global entailment relations are defined as follows.

« I'E, X iff for every precisification space S, if every premiss ¢ € I is supertrue
in S, then some conclusion y € X is supertrue in S.

o I' By X iff for every precisification space .S, if every conclusion y € X is
superfalse in S, then some premiss ¢ € I’ is superfalse in S.

« I'E 2 iff for every precisification space .S, if every premiss ¢ € I is supertrue
in S, then some conclusion y € X is not superfalse in S.

« I' Ep 2 iff for every precisification space .S, if every conclusion y € X is not
supertrue in S, then some premiss @ € I’ is superfalse in S.

The counterparts of these global entailment relations in classical logic are all equiv-
alent due to the principle of bivalence: true and false are the only possible truth values.
Varzi gives easy examples that prove that none of these four entailment relations co-
incide in the case of supervaluation. For single conclusion arguments, A-entailment
and C-entailment as well as B-entailment and D-entailment coincide in absence of the
D-operator. In the usual notation of this chapter, A-entailment refers to the entailment
relation F,.

The same scheme can now be applied to local entailment.

Definition 2.5.2. Four local entailment relations are defined as follows.

« I' F, X iff for every precisification space S and every s € S, if |||, ¢ = 1 for
every premiss @ € I', then ||yl ¢ = 1 for some conclusion y € X.

« I' By X iff for every precisification space § and every s € S, if [|y][; s = O for
every conclusion y € X, then ||¢||; g = O for some premiss ¢ € I'.

« I' B, X iff for every precisification space S and every s € S, if |||, s = 1 for
every premiss @ € I', then |ly/|; ¢ # O for some conclusion y € X.

« I' kg X iff for every precisification space S and every s € S, if ||yl ¢ # 1 for
every conclusion y € X, then ||¢||; g = O for some premiss ¢ € I'.

Due to bivalence of classical interpretations, a-, -, y- and d-entailment are all
equivalent. Therefore it is sufficient to restrict the discussion to a-entailment, which,
in the usual notation of this chapter, refers to the entailment relation F,. For D-free,
single conclusion arguments, a-entailment is equivalent to A- and C-entailment. But
in general, a-entailment is different from A-, B-, C- and D-entailment.

Varzi presents another possibility how multiple-conclusion entailment could be
understood in a supervaluational logic.
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Definition 2.5.3. Four collective entailment relations are defined as follows.

« I'Ex 2 iff for every precisification space 3, if for every s € .S and every premiss
@ € I, ||pll;,s = 1 holds, then for every s € S there is some conclusion y € X
such that |lyl; ¢ = 1.

« I' By X iff for every precisification space S, if for every s € S and every
conclusion v € X, ||lyl[; s = O holds, then for every s € S there is some
premiss @ € I" such that |||, ¢ = 0.

« I'E, 2 iff for every precisification space .S, if for every s € .§' and every premiss
@ € I, ||pl|l;,s = 1 holds, then for every s € S there is some conclusion y € X
such that ||y, ¢ # 0.

« I' By X iff for every precisification space S, if for every s € S and every
conclusion v € X, ||lyl[; s # 1 holds, then for every s € S there is some
premiss ¢ € I such that |ly]|; g = 0.

The intuition behind the collective entailment relations is to relate the conjunction
of the premisses to the disjunction of the conclusions. Varzi observes that Z-entailment
is equivalent to X-entailment and W-entailment is equivalent to Y-entailment. Fur-
thermore, X-entailment and Y-entailment are not equivalent to each other and are
also not equivalent to any other entailment relation considered by Varzi so far.

In summary, only the following types of entailment are all pairwise distinct: A, B,
C, D, a, X, Y. The following relations hold:

+ A-entailment implies C-entailment.
+ D-entailment implies B-entailment.
« a-entailment implies X-entailment.
« o-entailment implies Y-entailment.

+ For an empty set of premisses I = @ and a singleton set of conclusions ~ = {y},
all entailment relations coincide.

« For an empty set of conclusions X = @ and a singleton set of premisses I' = {@},
all entailment relations coincide.

Varzi discusses three popular objections”® against the theory of supervaluation and
analyzes for which entailment relations the objections apply. The result of this analy-
sis is that a- and Y-entailment are the only entailment relations for which none of the
objections apply. Varzi’s judgement concerning A-entailment, which is seen as the

°Varzi considers the following objections: (1) Non-classicality of multiple-conclusion entailment (see
Section ), (2) Williamson’s objections (see Section , (3) Fara’s argument (see Section ) Varzi
emphasizes that he does not necessarily share these objections, but only compiled this list of important
objections against supervaluationism.
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standard approach towards supervaluational entailment, is that it “yields a logic that
is both far from classical and far from acceptable in the presence of higher-order vague-
ness” [99]. Moreover, Varzi argues that supervaluationists should prefer a-entailment
over Y-entailment because Y-entailment is merely preservation of non-falsehood and
not preservation of truth.

Reduction to local entailment

In another part of his paper, Varzi introduces two operators T and F that amount to
being supertrue and being superfalse.

Definition 2.5.4. Let .S be a precisification space, s € .S a precisification, and v a
variable assignment of S. The interpretation of formulas is extended as follows:

1 if ||e]l = 1foreveryt € §
Tl s = oS
0 otherwise

1 if|le|l,, s =0foreveryt € .§
IFollsps = "
0 otherwise.

Note that the T-operator has the same semantics as the D,-operator of Defini-
tion P.4.3. Varzi shows how these operators can be used to reduce the global and the
collective entailment relations to the local one:

« 'Ey 2Yifandonlyif {Tep |pe INE ATy |y e X}
« 'Eg Xifandonlyif {Fy |y e X} E {Fp | @ e I}
e 'Ec Xifandonlyif {Top | e I''E, {-Fy |y e X}
e 'Ep XYifandonlyif {-Ty |y e 2} F, {Fp | @ € I'}

« 'Ex Zifandonly if {T(@p; A...A@,) |n>0,¢,...,0, € '} F, {T(y; vV
V) [ n>0,y,...,y, € X}

« I'Ey Y ifand only if {Fyy V...Vy,) | n>0,y,....y, € 2} E, {F(p; A
o AN@) | n>0,¢,....,0, €T}

The fact that all other entailment relations become definable from a-entailment
in presence of the two operators T and F is, according to Varzi, a major advantage of
a-entailment.

2.5.2 Kremer and Kremer

As mentioned above, supervaluational logic deviates from classical logic for a multiple-
conclusion entailment relation also without the D-operator (see Section R.2.1). In their
work [77], Kremer and Kremer study supervaluational entailment relations with mul-
tiple conclusions for a fully classical language, i.e., without the D-operator. They make
two basic distinctions:
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« Preservation of supertruth, preservation of superfalsehood and both

« Arbitrary specification spaces and specification spaces without admissibility
constraint

Kremer and Kremer consider a full first-order language with predicate symbols, func-
tion symbols, constants and the identity sign.

Arbitrary precisification spaces.

Throughout their paper, Kremer and Kremer consider three types of entailment rela-
tions. Using our terminology from above, we can say that their entailment relations
have a “global” flavor.

Definition 2.5.5. Let I and 2 be sets of formulas.

« I'E, X iff for every precisification space .S the following holds: if every ¢ € I
is supertrue in S, then some y € X is supertrue in S.

« I'Fy 2 iff for every precisification space § the following holds: if every y € X
is superfalse in S, then some ¢ € I is superfalse in S.

e FE, Ziff FEyZand I'E, 2.

Kremer and Kremer are especially interested in the axiomatizability of their entail-
ment relations. An entailment relation is axiomatizable iff the relation that it defines
between finite sets of formulas on its left and right hand side is recursively enumerable.
If an entailment relation is not axiomatizable, then it is not possible to find a sound
and complete proof system. They remark, that for a language without the identity
sign, there is a rather trivial axiomatization by connecting the entailment relations to
classical logic. Thus, a proof system can be easily obtained for the entailment relations.

Theorem 2.5.6 (Axiomatizability). Let I' and X be sets of formulas. If the identity
sign does not occur in any formula of I'U X then

e I' E, X if and only if either I' Ec| y for some w € X or I' is classically
inconsistent.

e I'Ey X ifand only if either @ | X or o Ec| X for somep € I

e I' Fy, X if and only if both I' B y for somey € X and @ Ec X for some
pel.

The symbol | denotes the classical multiple-conclusion entailment.

Kremer and Kremer also provide sound and complete proof systems for =, and k=,
in the case that the identity sign does occur in the premisses or the conclusions. These
systems can then be combined to a proof system for . The proof system for =, for
example consists of the following axioms:
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(i) '+, @if I is classically inconsistent
(i) 'Hywif F'Eq v
(i) @y w,y

Its rules are weakening, cut, and negation introduction. Kremer and Kremer also ex-
tend this proof system to what they call non-classical relations. A relation is non-
classical iff its interpretation is the same in every precisification of the space.

As usual, compactness follows from the axiomatization.

Theorem 2.5.7 (Compactness). The entailment relations =, E, and F, are compact:
Let =, be on of the three consequence relations™ and let I' and X be sets of formulas
such that I' &, X. Then there are finite subsets I’ C I' and X' C X such that
re, =

Precisification spaces generated from partial interpretations.

Kremer and Kremer also study their consequence relations when they are restricted
to a certain class of precisification spaces. The idea is to consider a specification space
with a base point and all complete extensions of the base point but without any ad-
missibility constraint. Technically, this idea is implemented by assuming that the base
point has a partial interpretation that at all complete specifications has to be extended
faithfully. We use the concepts of a partial interpretation and the extension relation >
on partial interpretation as introduced in Section P.3.

Definition 2.5.8. The precisification space Sy, generated from a partial interpreta-
tion M has the set of precisifications given by

Py = {M "| M’ > M and M’ is a classical interpretation} .

and the same domain as M. We say that a precisification space is generated iff it is
generated from some partial interpretation.

For the rest of this short review of the Kremer and Kremer paper, we adapt the
definitions of the entailment relations as follows.

Definition 2.5.9. Let I" and X be sets of formulas.

o I I="f 2 iff for every generated precisification space S the following holds: if
every @ € I is supertrue in .S, then some y € X is supertrue in .S

- I=§ 2 iff for every generated precisification space .S the following holds: if
every y € X is superfalse in .S, then some ¢ € I' is superfalse in S.

« FE, Ziff =y Zand I'ES 2.

*The symbol % is to be understood as a placeholder.
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As already mentioned in Section P.J, the global entailment relation has very strong
connections to classical logic that can also be seen for these three entailment relations
of Kremer and Kremer.

Proposition 2.5.10. Let I and X be sets of formulas and let ¢ and w be formulas.
Then the following relations the classical multiple-conclusion entailment relation Eq|

hold:
. Fh%wifandonlyifFI:CLy/
. (pl=gZifandonlyif(pl=CLZ
c oLy ifandonly if o ¢ w

Kremer and Kremer also discuss the question of axiomatizations for these three
entailment relations. In the cases of the previous proposition, the entailment relations
are axiomatizable because their classical counterparts are. In all other relevant cases,
Kremer and Kremer show that an axiomatization is not possible.

Theorem 2.5.11 (Non-axiomatizability). If the language contains two two-ary rela-
tions symbols, then the following sets are not recursively enumerable:

. {(F, ) | I is a finite set of formulas, v is a formula and I’ I=§ 1//}

{(F, ) | I is a finite set of formulas, v is a formula and I’ I=§ 1//}

{{@. Z) | @ is a formula, X is a finite set of formulas and ¢ l=“f Z}

{((p, 2 | @ is a formula, X is a finite set of formulas and ¢ I=§ Z}

{(F, 2) | I" and X are finite sets of formulas and I l=“f Z}

{(F, 2) | I' and X are finite sets of formulas and I’ I=§ Z}

{{I, 2) | I and X are finite sets of formulas and I l=§ z}.

Kremer and Kremer remark that the nonaxiomatizability theorem can be strength-
ened to languages containing only one two-ary predicate symbol, but the proof gets
more difficult.

Besides axiomatizability, Kremer and Kremer are again also interested in the com-
pactness of their entailment relations. They show that compactness fails for the class
of generated precisification spaces.

Theorem 2.5.12 (Non-compactness). The entailment relations I=(f, I=§ and I=§ are not
compact, i.e., for each I=i of the three entailment relations, there are sets of formulas
I and X such that ' =5 X but I'" ¥, X' for all finite subsets I'' C I' and X' C X.

Note the divergence between both meta-theorems: although all three multiple-
conclusion entailment relations can be axiomatized and are compact for arbitrary
precisification spaces, neither of the two properties holds for the narrower class of
generated precisification spaces.
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2.5.3 Cobreros

Cobreros’ paper [23] also discusses global and local entailment for supervaluationism.
His main contributions are a tableaux-style proof system for supervaluational logic
and a new entailment relation called regional entailment. Cobreros’ D-operator is the
necessity-style operator of Definition whose evaluation depends on an admissibil-
ity relation among the specification points where in principle no constraints are put on
the admissibility relation. At some parts he also analyzes the special cases of reflexive
or transitive relations. He also considers the operator D, as given by Definition p.4.7.

Proof systems

First, Cobreros points out a connection between global and local entailment. Using
the D,-operator, Cobreros reduces global entailment to local entailment. Varzi made
the same observation with his operator T [99] (see Section .5.1).

Proposition 2.5.13. Let I" be a set of formulas and ¢ a formula. Then
I'e, @ ifandonlyif{D“wlwe F} F .

Cobreros presents a tableaux system for local entailment that considers both op-
erators, D and D,. Such systems are well-known for related modal logics (see for
example [90]). Due to the just mentioned reduction of global entailment to local en-
tailment, this tableaux system can then be used as a proof system for supervaluational
logic with global entailment.

In a related paper [22] uses another well-known relation between global and local
entailment [9].

Proposition 2.5.14. Let I" be a set of formulas and ¢ a formula. Then
I'E, @ ifandonly if {D"w |y € ILn €N} F .

Cobreros uses this result to develop a proof system for global entailment in which
he incorporates Keefe’s suggestion of modified rules for certain deduction principles

(see Section P.2.1)).

Regional entailment

In the second part of his paper, Cobreros introduces a new notion of logical conse-
quence: regional entailment is preservation of truth at precisifications that are rela-
tively admissible.

Definition 2.5.15. A set of formulas I" regionally entails a formula ¢ (written I, @)
iff for every precisification space .S with admissibility relation R and every precisifi-
cation s € S the following condition holds: if for every premiss w € I' and every
t € S such that s R ¢, ||yll; ¢ = 1, then for every 1 € S such that s R ¢, |||, s = 1.
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Cobreros explains that “‘definitely’ is introduced in the object language in order to
express the supervaluationist notion of truth” [23]. He argues that this notion of truth
in relatively admissible precisifications for a necessity-style D-operator should also be
preserved by logical consequence.

By its definition, regional entailment can be reduced to local entailment.

Proposition 2.5.16. Let I" be a set of formulas and ¢ a formula. Then
T'E,@ifandonly if Dy |y € I'} F Dg.

Cobreros’ tableaux system for local entailment therefore also gives a proof system
for regional entailment.

Cobreros also provides some analysis of the regional entailment relation.’* He ex-
plains that regional entailment “oscillates between global and local [entailment]” [23].
Regional entailment is stronger than local entailment and weaker than global entail-
ment. But the concrete strength of the regional entailment relation depends on the con-
straints that are put on the admissibility relation. One might for example only want to
consider the class of precisification spaces with reflexive admissibility relations. If we
want to consider entailment modulo a certain class of precisification spaces, we adapt
the definition of entailment by not quantifying over all precisification spaces but only
over the precisification spaces in that class.

Theorem 2.5.17. Let I" be a set of formulas and ¢ a formula.
* In any class of precisification spaces, we have:
I' = @ implies ' E, @
I E, @ implies I F, .
e In the class of all precisification spaces, we have

I'F, @ impliesI F|@.

e In the class of precisification spaces with reflexive and transitive admissibility
relations, we have

e, e impliesI' E, @.

e In the class of precisification spaces with reflexive admissibility relations, there
is a set of formulas I' and a formula @ such that I &, @, but I' ¥, ¢.

* In the class of all precisification spaces, there is a set of formulas I' and a for-
mula @ such that I' B, @, but I' ¥, ¢.

"'The full analysis can only be found in a draft version of his paper that was available on his website:
Pablo Cobreros. Supervaluations and Logical Consequence: Retrieving the Local Perspective, October
2006.
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Cobreros emphasizes that the rule of D-introduction
@ EDg
does not hold for regional entailment. However, the related inference rule
{¢."Do} F, L

holds and can be seen as a weak form of D-introduction. He argues that the failure of
D-introduction means that Fara’s argument (see Section P.4.3) does not apply. How-
ever, just as with global entailment, some classically valid inference patterns do not
hold for regional entailment with a necessity-style D-operator (see also Williamson’s
objections in Section P.2.1).

Comparing global, local and regional entailment, Cobreros judgement is the fol-
lowing: Local entailment should be dismissed because it preserves truth at every pre-
cisification, and therefore does not allow failures of bivalence, i.e., that a statement is
neither true nor false. “If we want to explain the semantic indeterminacy character-
istic of vagueness in terms of truth-value gaps, we cannot be committed to the local
notion” [23]. He also argues that regional entailment is better suited for supervalua-
tionism than global entailment, because on the one hand Fara’s argument does not
apply to regional entailment and on the other hand the rule of D-introduction is also
available for regional entailment in its weaker form.

2.5.4 Asher, Dever, and Pappas

In their article [[1], Asher, Dever, and Pappas criticize the supervaluation theory as
proposed by Fine. They say that “the central insight of supervaluation theory is that
vagueness is a modal phenomenon” [[1]. For this reason they disagree with Fine’s treat-
ment of supertruth as a notion of “simple truth” [[1]. Instead it should be treated as a
“mode of truth” [[1]. Therefore, logical consequence should not be preservation of su-
pertruth as considered by Fine, but instead should be based on a “world-indexed notion
on truth” [f].

First approach

Based on an analysis of the frameworks proposed by Fine and others, Asher, Dever,
and Pappas show which approach they prefer. They consider two operators for “def-
initely”. The first one is the operator D, of Definition .4.. The second one, called
D, is a necessity-style operator like in Definition with the constraint that the ad-
missibility relation is always assumed to be reflexive. First, they compare the logics
arising from global and local entailment by comparing which principles from modal
logic hold in these logics. They distinguish between the “axiomatic logic” as the set
of valid formulas and the “inferential logic” as properties of the entailment relation.
These two notions might come apart when the deduction theorem fails. Tables .4
and P.5 show which axioms and inference rules hold in both notions of entailment.
Note that in these tables, the symbol [J is either replaced by D, or by D.



2.5. MISCELLANEOUS RESULTS 37

global F, local I

axiom b, D D, D
K O@o>w>o>@e>Oy) v v V V
(T) Og>de VA S
(5) -O¢>0O-O¢ S ox /X
(T) e>0O¢@ X X X X

Table 2.4: Comparison of axioms for global and local entailment

global F, local I,

inference rule b, D D, D
K) O@dwE@e>Ow) v vV V
(T) OeFe v v v/
(5) ~-O¢FO-O¢ o/ /X
(T) eFOe v / x X

Table 2.5: Comparison of inference rules for global and local entailment

The right sides of both tables are obvious because local entailment is the standard
notion of logical consequence in modal logic, which has the deduction theorem [f]]. In
the case of D, the admissibility relation is reflexive and therefore the corresponding
modal logic is KT. In the case of D,,, the corresponding modal logic is S5. Furthermore,
as already seen before, the set of valid formulas coincides for global and local entail-
ment. Therefore, in Table 2.4, the columns of D and D, coincide for global and local
entailment. In Table P.5, the crucial observation for global entailment is that the reflex-
ivity of the admissibility relation makes the inference DgF, ¢ possible. The “triviality”
of global entailment then comes from the fact that both ¢ F, D@ and D¢ F, ¢ hold.

Asher, Dever, and Pappas also consider the case that a partial interpretation is
assigned to every incomplete specification point where partial interpretations have a
Kleene-semantics (as introduced in Section P.3). However they dismiss this approach
because it does not preserve classical logical truths which they take as one of the main
features of supervaluationism.

Since they want to avoid the inference rule (T,) (usually also called D-introduction),
their preferred approach for supervaluational logic is local entailment. Due to the cor-
respondence with modal logic, the axiomatization of supervaluational logic with local
entailment depends on the constraints on the admissibility relation. They remark that
one could check whether principles like reflexivity, symmetry, and transitivity make
sense for specification spaces. However, they want to keep an abstract perspective
and avoid talking about the nature of specification points.'”>. Therefore they want to
keep their constraints on the admissibility relation minimal. However, they do impose
reflexivity because they “take the move from D¢ to @ to be partly constitutive of the

ey suggest such considerations about the nature of specification points as an “optional extra in
?They suggest such iderati bout the nat f specification point “optional extra i
constructing supervaluation theory” [I1]
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concept of determinacy” [[1]. We discuss constraints on the admissibility relation in a
setting with higher-order vagueness in Section p.4.3.

A major advantage that they see is that Fara’s argument concerning higher-order
vagueness [33] (see Section P.4.3) does not apply because their logic does not support
D-introduction. In fact, they manage to give an easy example of a precisification space
in which all of the “gap principles” are satisfied.

Refined approach

Supertruth does not play any role in the definition of the local entailment relation. The
final suggestion of Asher, Dever, and Pappas is to reintroduce supertruth by adding an
actuality-style operator S that indicates supertruth. The truth function of this operator
is based on a subset of precisifications in the precisification space, the base precisifi-
cations, “supposed to specify the D-free facts” [[1]. In the following we redefine our
central notions according to this new framework.

Definition 2.5.18. A precisification space is a quintuple S = (P, A, R, D,(M,)cp)
that consists of a nonempty set P of precisifications, a nonempty subset A C P of
actual precisifications, a binary admissibility relation R on P, a nonempty set D, the
domain of §, and a function (M) p that assigns a classical first-order interpretation
M with domain D to every precisification s € P.

The semantics of the classical connectives and the predicates is standard. The
interpretation of the operators D and S is given by

1 if||lell,,s=1forallt € Pwiths Rt
IDells0.s = o
0 otherwise

0 otherwise

1 if ||g]| =1forallte A
I1S@ll; 0.5 = { LS

where S is a precisification space, s € S and v is a variable assignment of S.

Note that a formula S¢ is true in a precisification if and only if it is true in all
precisification. In this case one can therefore also think of S¢ being true in the spec-
ification space. Thus, a formula is defined to be supertrue iff it is true in all base
precisifications.

Definition 2.5.19. A formula ¢ is supertrue in a precisification space .S with actual
precisifications A iff ||@|| s = 1 for every s € A.

An equivalent formulation is that ¢ is supertrue if S is true at any precisification
in A.

Local entailment in this framework is defined in the standard way. The global
entailment relation is just defined from the local one, which is similar to the connec-
tion between global and local entailment in presence of Varzi’s T-operator [99] (see

Section .5.1).
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Definition 2.5.20. A set of formulas {@,...,®,} globally entails a formula y iff
S, ....S¢, F Sy.»?

In this logic, the following connections hold between the S- and the D-operator:
« Sp D DS¢p
« °Sp D D-S¢
The following relation is also desirable for a supervaluational logic:
(SD) S¢ > D¢, for D-free ¢.

For this principle to hold, the following constraint has to be fulfilled: if a precisifi-
cation s € .S is an admissible precisification, i.e., there isa t € S such that # R s, then
there is an actual precisification u € A such that their classical interpretations are the
same, ie, M, =M,

The advantage of this logic (including the constraint for the (SD)-principle), as
seen by Asher, Dever, and Pappas, is that Williamson’s examples of failures of classical
inference patterns (compare Section P.2.1) can easily be fixed.

*Asher, Dever, and Pappas give a definition for finite sets, but the extension of the definition to
infinite sets is unproblematic.






CHAPTER

Fuzzy logics based on t-norms

This section consists of a review of relevant aspects of mathematical fuzzy logic. We
follow Hajek’s monograph [56] for introducing the basic theory of t-norm based fuzzy
logics. Unless noted otherwise, all results in this section are taken from this book. An-
other valuable source is Gottwald’s monograph on many-valued logics [44] that gives
a systematic overview of the knowledge on many-valued logics, including fuzzy log-
ics. The most important facts can also be found in several survey papers by Hajek and
Gottwald [45-47, 61]. In a recent survey [20], Cintula and Hajek sum up the knowl-
edge on t-norm based predicate fuzzy logics as of 2009. Another recent paper [19]
summarizes the completeness results for various kinds of semantics.

Concerning proof theory we only present axiomatizations in the form of Hilbert-
style calculi. For a systematic treatment of the proof theory of fuzzy logic, with an
emphasis on Gentzen-style systems, we refer to the book by Metcalfe, Olivetti, and
Gabbay [B82].

3.1 Motivation of fuzzy logic

A set S can be identified with its characteristic function

) 1 ifxes
x) =
s 0 ifxé.s

that defines for each object x if it is a member of .S or not. Zadeh introduced fuzzy
sets [[104] by allowing the full unit interval [0, 1] as the range of characteristic func-
tions. Intuitively speaking, fuzzy sets allow infinitely many membership degrees.
Zadeh demonstrated suitable functions on fuzzy sets that generalize set operations
like union, intersection and complement.

The relation of fuzzy sets to logic arises from the usual semantics of logic that
interprets predicates as sets. For example, the set T' of tall individuals could be the

41
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meaning of the predicate zall. Classically, the statement “Kim is tall” is true if Kim
belongs to T and is false otherwise. If T is a fuzzy set, the statement might be true
to a certain degree. Fuzziness is introduced to logic by taking [0, 1] as the set of truth
values together with suitable connectives that are inspired by operations on fuzzy sets.
Set intersection, for example, corresponds to conjunction in logic.

The success of fuzzy logic is due to the application of its principles in control engi-
neering. In a nutshell, a fuzzy controller approximates functions with input and out-
put variables about which partial, imprecise knowledge is given by IF-THEN rules [b1].
Zadeh’s idea of linguistic variables enables formulations of rules close to natural lan-
guage, like for example

IF temperature is high THEN heating is low.

The controller associates each input and output value with a degree of membership to
a linguistic variable. A value of 19°C for example could be a “high temperature” to
degree 0.7. A process called fuzzy inference computes the membership degrees of the
output values from the membership degrees of the input values.

Fuzzy control is little concerned with mathematical logic. Zadeh therefore sug-
gests to distinguish between fuzzy logic in a wide sense as a toolkit for approximate
reasoning, and fuzzy logic in a narrow sense as a formal system of many-valued log-
ic in which traditional logical questions arise [[105]. One of the main motivations of
fuzzy logic in a narrow sense is to offer a logical foundation for fuzzy control. A recent
development is to view mathematical fuzzy logic as a degree-theoretic approach for
reasoning under vagueness [36].

As stated in the introduction we follow Hajek’s approach towards mathematical
fuzzy logic because it is the most influential one. Before we present any of his results,
it seems useful to examine Hajek’s “design choices” on formalizing fuzzy logic.

« Truth values: The unit interval [0, 1] is the set of truth values with 1 meaning
absolute truth and 0 meaning absolute falsehood. The usual linear order < on
the real numbers imposes a comparative notion of truth.

« Truth-functionality: The truth value of a compound formula should only de-
pend on the truth values of its parts. For a two-ary connective o, the truth value
of pow is f,(x,y) where f, is a function, x is the truth value of ¢ and y is the
truth value of .

+ Generalization of classical logic: The truth functions of fuzzy logic behave
classically for the truth values 1 and 0. A conjunction, for example, receives the
truth value O if one of its conjuncts does.

« T-norm conjunction: The truth function of conjunction is a continuous t-norm.
T-norm conjunctions are called strong conjunctions. Gottwald explains that in
the 1980s the fuzzy community reached the consensus that set intersection, the
equivalent to conjunction, should be defined from a t-norm [46].
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+ Other connectives: The choice of a t-norm determines the whole logic. Other
connectives are defined from the t-norm: implication, negation, disjunction and
also a second connective for conjunction called weak conjunction.

Besides standard semantics with truth functions on the unit interval that are de-
fined from a t-norm, Hajek also studies general semantics with generalized truth func-
tions on abstract truth degree structures. We can compare this situation to classical
logic where Boolean algebras provide a lattice semantics. In the following, we focus
on the standard semantics because they are more relevant for fuzzy logic as a degree-
based theory of vagueness.

3.2 Truth functions

In the following, we introduce the connectives that will be used for fuzzy logic. We
also discuss some alternatives to the truth functions proposed by Hajek. For an in-
depth “exploration” of the space of possible truth functions we recommend Gottwald’s
monograph on many-valued logics [44].

3.2.1 Conjunction

The main requirement on a truth function of conjunction is formulated by Hajek as
follows: “A large truth degree of [the conjunction “@ and y”] should indicate that
both the truth degree of ¢ and the truth degree of y is large, without any preference
between @ and y” [56]. By formalizing this requirement, Hajek arrives at the class of
t-norms as good candidates for truth functions of conjunction.

Definition 3.2.1. A binary operation * on the real unit interval [0, 1] is a triangular
norm (short: t-norm) iff it satisfies the following conditions for all x, y, z € [0, 1]:

(T1) = is associative:

xx(yxz)=(xXxy)*z

(T2) * is commutative:

X*ky=py%kX

(T3) * is non-decreasing in both arguments:
x <yimpliesx*z<y#*z
x < yimplieszxx < z*y
(T4) * has 1 as its neutral element and O as its zero element:

lxx=x
Oxx=0
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Note that in condition (T3) it would be sufficient to demand non-decreasingness in
one argument and in (T4) it would be sufficient to demand that 1 is the neutral element.
Héjek argues that these conditions are quite natural to demand from a truth function
of conjunction and thus the concept of a t-norm offers a very wide generalization
of adequate truth functions of conjunction. Indeed, conditions (T1), (T2) and (T4)
seem to be very intuitive for a truth function of conjunction. Condition (T3) can be
explained as follows: If the truth degree of a conjunct is increased, the truth degree
of the conjunction should not decrease. Consider for example the conjunction “¢ and
v’ and the statement y. Furthermore assume that y has a higher truth value than y.
Then the fuzzy logician’s intuition is that the truth value of the conjunction “¢ and »”
should not be lower than the truth value of “p and y”.

Following Hajek’s monograph [56], we will restrict ourselves to t-norms that are
continuous. Informally speaking, continuity means that small changes in the argu-
ments of a function lead only to small changes in the result of the function. This con-
dition is formalized with the usual e-6-criterion in the two-dimensional space [0, 1]2.
For t-norms, continuity is equivalent to continuity in each argument [44].

Proposition 3.2.2. A t-norm * is a continuous binary function if and only if for every
a € [0, 1] the unary function f, characterized by the equation

faxX)=x%*a
is a continuous (unary) function.
Example. The most important continuous t-norms are the following:
(i) Lukasiewicz t-norm: x %, y = max(x +y —1,0)
(ii) Godel t-norm: x *g y = min(x, y)
(iii) Product t-norm: x %py =x -y

These three t-norms are important from a historical point of view. The Lukasiewicz
t-norm generalizes the conjunction used in Lukasiewicz’ system of many-valued log-
ic [79, 80]. Godel, in his proof that intuitionistic logic is not a finite-valued logic [41],
defined a finitely-valued non-classical logic with minimum conjunction that Dummett
extended to infinitely many truth values [2¢]. Goguen, in his paper on fuzzy logic [43],
suggested that multiplication and division are adequate truth functions of conjunction
and implication in the unit interval. The concept of a continuous t-norm can be seen
as a generalization of these three truth functions of conjunction.

The second importance of these these three t-norms arises from the fact that each
continuous t-norm is a combination of these three fundamental t-norms. It can be
shown that for any continuous t-norm s the unit square [0, 1]*> can be decomposed into
a partition of disjoint sets (X;);c; such that, for every i € I,  restricted to X is either
Lukasiewicz, Godel or the product t-norm. For a precise formulation of this statement
we have to introduce the concepts of an order isomorphism and a generalized ordinal
sum [§44].
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Definition 3.2.3. Let [a;, b;] C [0, 1] and [a,, b,] C [0, 1] be subintervals of the unit
interval. An order isomorphism between [a,, b;] and [a,, b,] is a bijective function
f :lay, b1 = lay, by] such that

x < yifand only if f(x) < f(»).

Theorem 3.2.4 (Generalized ordinal sum representation). For every continuous t-norm
there is a countable family ([a;, b;], f;, *;);c; With the following properties:

1

e Foreveryi € I, [a;, b;] is a subinterval of [0, 1] that is not a singleton.

e Foralli,j € I such thati # j, the intersection [a;, b;] N la;,b;]is either empty
or a singleton.

e Foreveryi € I, f; is an order isomorphism from [a;, b;] onto [0, 1].

e Foreveryi € I, the t-norm %, is either equal to the Lukasiewicz t-norm or to the
product t-norm.

¢ 'The t-norm * can be characterized as follows:

X% y= {fk_l (1) %, fr())  ifx,y € |ay. by] for somek € I

min(x, y) otherwise

Note that the index set I is allowed to be empty
Another important notion that we will need several times are idempotents.

Definition 3.2.5. An element x € [0, 1] is an idempotent of a continuous t-norm * iff
X %X =X

In the ordinal sum representation of a continuous t-norm, the idempotents are
exactly those points that are end-points of a subinterval or not contained in any subin-
terval at all.

Due to their central role in fuzzy logic and fuzzy control, t-norms themselves have
become a field of study and many properties about them are known. A standard
reference is the monograph by Klement, Mesiar and Pap [[74].

3.2.2 Implication

The next preliminary that we have to settle is the truth function of implication. The
standard approach is to take the residuum of a continuous t-norm.

Definition 3.2.6. Let * be a continuous t-norm. Then the residuum = of * is defined

by

x=>,y=max{z €[0,1] | x*z < y}.
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Hajek spends some time in his book to justify this choice. First he observes that
the residuum has some properties that should be demanded from a truth function of
implication. It behaves classically for O and 1 and it is non-increasing in the first
argument, the antecedent, and non-decreasing in the second argument, the succedent.
Intuitively, an increase in the truth value of the antecedent should not yield an increase
in the truth value of the implication because it gets more difficult for the implication
to be applicable. Conversely, an increase in the truth value of the succedent should
make it easier for the implication to be applicable which means that the truth value
of the implication should not decrease. As Hajek puts it: “A large truth value of [the
implication “¢ implies y”] should indicate that the truth value of ¢ is not too much
larger than the truth value of w” [54].

He then shows that the residuum is not only suitable but also the best choice.
His main argument is that the truth function of implication should allow a form of
fuzzy modus ponens which, as he shows, imposes a characterizing condition. The
argument goes as follows: Let = denote a truth function of implication. Now consider
the following situation for the implication “p implies y”, its antecedent ¢, and its
succedent y. Let a be a lower bound of the truth value x of ¢ and let b be a lower
bound of the truth value x = y of “p implies w”. Then we want to find out how true
v is, i.e., we want to compute a lower bound ¢ of the truth value y of y.

Now the question is how the lower bound ¢ should be computed from the lower
bounds a and b. This means that we are searching for a binary operation o such that
¢ = a o b. Hajek argues that a natural requirement on o is that it is non-decreasing
in both arguments: The higher a is, the more we know that ¢ is true and the more
the implication “¢ implies y” should apply which makes y more true and thus also
increases c. The higher b is, the more we know that the implication “¢p implies y” is
true and the more true it should be to conclude y from ¢ which again increases c. As
Hajek notes it is difficult to find arguments why the operation o should be associative
and commutative. Nevertheless he suggests that it would be useful to take a t-norm
for this operation.

Thus we get the following condition on =:

Ifa<xand b <(x= y),thenaxb=c<y.
By setting a = x and writing z instead of b we get
Ifz<(x=y),thenxxz<y. (3.1)

A second constraint emerges by the wish to make the implication as powerful as
possible: Hajek demands that whenever in condition (B.1) the conclusion holds also
the premiss should hold. Therefore, whenever x#z < y holds, z is a possible candidate
for the truth value x = y. Thus we get a stronger condition:

z<(x=>y)ifandonlyifx*xz < y. (3.2)

Hajek then shows that for every continuous t-norm =, the residuum, which computes
the maximal z satisfying x * z, is the unique operation that satisfies condition (B.2).
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Proposition 3.2.7. Let * be a continuous t-norm and x, y, z € [0, 1]. Then
(xxz)<yifandonlyifz<(x=,y).
The residuum =, is the only operation that has this property.

Gottwald explains that due to this property, residua generalize the characterization
of intuitionistic implication connectives in Heyting algebras [46]. As the discussion
above shows, the principle of fuzzy modus ponens holds for the residuum. This is the
content of the next result.

Proposition 3.2.8. Let * be a continuous t-norm and x,y € [0, 1]. Then
xx(x=>,y)<y.

The inequality in this proposition can be made precise: For every continuous
t-norm, the left term in the inequality defines the function that computes the mini-
mum of two values, which is exactly the Godel t-norm. In the fuzzy logics that we
will work with, one therefore usually considers two conjunction connectives. The first
one is a strong conjunction given by a continuous t-norm and the second one is a weak
conjunction given by the Godel t-norm.

Proposition 3.2.9. For every continuous t-norm and all x,y € [0, 1] we have
min(x,y) =x*(x =, y).

The main reason why the continuity of the t-norm was demanded is to ensure
that the residuum is well-defined. However this seems to be a rather shallow justi-
fication compared to Hajek’s other design choices. Alternatively one can relax this
constraint to left-continuity and the definition of the residuum would still work, but
left-continuity seems even harder to justify. And still it would leave the problem why
one demands (left)-continuity for the truth function of conjunction but not for the
truth function of implication. Gottwald argues that the class of all t-norms is not yet
well understood and therefore the restriction to continuous or left-continuous t-norms
is a reasonable simplification [46].

We close our discussion of residua by stating two simple but important properties.

Proposition 3.2.10. Let * be a continuous t-norm. Then we have the following proper-
ties:

(i) x <yifandonlyif(x=>,y) = 1.
(i) 1=,y =y.

According to Gottwald [46], an alternative to residua is to introduce implication
using either disjunction and negation or using conjunction and negation. For exam-
ple one could read the implication “¢ implies y” merely as an abbreviation for “not
@ or y” if the truth functions of negation and disjunction have already been defined
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independently from the truth function of implication. Such truth functions of impli-
cation are called S-implications in the fuzzy community whereas residua are called
R-implications. Gottwald argues that this approach has some difficulties with the
main disadvantage being the following: In the residuum-based approach we get a nat-
ural lower bound on the truth degree of the succedent of an implication due to fuzzy
modus ponens, as seen above. A similar property in general fails for S-implications
in many cases. A survey by Klement and Navara [[75] mentions as an advantage of
the S-implication based approach that the truth function of implication is continuous
if the other truth functions are continuous, too, whereas a continuous t-norm does
not guarantee a continuous residuum. However, they explain, the residuum-based ap-
proach allows deeper logical results. We will not explicitly deal with S-implications
in the following with the exception of Lukasiewicz logic where the S-implication and
the residuum coincide. For results on S-fuzzy logics, in particular concerning axioma-
tizations, compactness, and comparisons to the residuum-based approach we refer to
the papers [L0, 68, 5]

3.2.3 Biimplication

As usual, two statements @ and y are considered equivalent iff both “¢ implies y”
and “y implies ¢” hold

Definition 3.2.11. The truth function of biimplication <, of a continuous t-norm # is
given by the relation

xXe, y= (x=>*y)>x<(y=>*x)

One might wonder if it would be better to define the biimplication with the weak
minimum conjunction instead of the strong conjunction. It turns out that it does not
matter because both approaches are equivalent.

Proposition 3.2.12. For every continuous t-norm % and all x, y € [0, 1] we have
xc}*y:min((x:}* y) , (y:>* x)) .

With Proposition it is easy to check that the biimplication evaluates to 1
only if the left hand side and the right hand side are equal and thus it is really suited
to capture equivalence of formulas.

Proposition 3.2.13. For every continuous t-norm * and all x, y € [0, 1] we have
xe,y=1lifandonlyifx=1y.

3.2.4 Negation

Hajek suggests an “implies falsum” negation like in intuitionistic logic, which means
that its truth function is defined from the residuum and the truth value 0.



3.2. TRUTH FUNCTIONS 49

Definition 3.2.14. For every continuous t-norm *, the precomplement —, of * is the
unary relation on the real unit interval [0, 1] given by

— ()= (x=,0) .

Example. The precomplements of Lukasiewicz and the Gédel t-norm are two impor-
tant examples of truth functions of negation.

» Lukasiewicz negation:

- (x)=1-x

+ Godel negation:

) 1 ifx=0
—_ xX) =
G 0 otherwise

Note that Godel negation only returns the “crisp” values 0 and 1. This property
could be seen as a disadvantage in applications [[75]. It can be shown that several other
t-norms have Godel negation as its precomplement.

Proposition 3.2.15. If the continuous t-norm * fulfills the condition**
xxy=0impliesx=00ry=0
forallx,y € [0, 1], then its precomplement —,, is equal to Godel negation —.
Due to Proposition only the negation of falsehood returns truth.
Proposition 3.2.16. Let * be a continuous t-norm. Then —,(x) = 1 ifand only ifx = 0.

Note that this relation does not hold when the roles of 1 and 0 are exchanged:
Godel negation is a counterexample.

It would also be possible to allow negation functions based on other considerations.
Strong negation functions seem to be the most important class of alternative negation
functions [44].

Definition 3.2.17. A unary relation » on the unit interval [0, 1] is called strong nega-
tion function iff it satisfies the following conditions for all x € [0, 1]:

(N1) nis classical negation on {0, 1}:

n(0) = 1
n(1) =0

“In algebraic terms, this condition states that % has no nontrivial zero divisors.
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(N2) n is strictly decreasing:

x < y implies n(x) > n(y)

(N3) n is continuous

(N4) n is involutive:

n(n(x)) = x

Esteva, Godo, Hajek, and Navara remark that condition (N3) is redundant [30].

Remark. The Lukasiewicz negation is a strong negation function. Gddel negation is
not a strong negation function.

3.2.5 Disjunction

One possibility to define a truth function of disjunction would be to make similar
considerations as for the truth function of conjunction. Dually to t-norms, one then
arrives at t-conorms as good candidates for such truth functions.

Definition 3.2.18. A binary operation @ on the real unit interval [0, 1] is a triangular
conorm (short: t-conorm) iff it satisfies the following conditions for all x, y, z € [0, 1]:

(S1) @ is associative:
xS =Dy Dz
(S2) 6 is commutative:

x@y=ybx

(S3) @ is non-decreasing in both arguments:

x <yimpliesx®z<yPz
x<yimpliesz@®x<z@y

(S4) @ has 0 as its neutral element and 1 as its zero element:

0bx=x
1x=1

Note that the conditions (S1)-(S3) for t-conorms are exactly the same as (T1)—-(T3)
for t-norms.

In the presence of a strong negation function it is possible to define a t-conorm
from a t-norm and vice versa using DeMorgan’s laws [44].
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Proposition 3.2.19. Let n be a strong negation function. For every t-norm %, the func-
tion given by

x @y = n(n(x) * n(y))

is a t-conorm. For every t-conorm @, the function given by

x *y = n(n(x) ® n(y))
is a t-norm.

Although t-conorms seem to be a natural choice for truth functions of disjunction,
and are also used in fuzzy control, Hajek’s approach mostly disregards them. Instead,
only a weak disjunction connective corresponding to the maximum operator is intro-
duced. This maximum disjunction is definable from the continuous t-norm and its
residuum.

Proposition 3.2.20. For every continuous t-norm and all x,y € [0, 1] we have

max(x, y) = min ((x =, y) =, y, (y =, x) =, x) .

3.3 Logical notions for fuzzy logics

Before we proceed with presenting concrete fuzzy logics, we discuss how the central
logical notions satisfiability, validity and entailment can be defined in a logic based
on the truth value set [0, 1] with the usual order < on the truth values. We compare
different definitions for these concepts as they occur in the literature. Relatedly, we
also discuss some aspects of provability.

In the following, we want to define logical notions for a fuzzy logic X. We assume
that there is a set of formulas and a set of possible interpretations I. Each interpreta-
tion M € I determines an interpretation function || - ||XM that maps formulas to truth
values in the unit interval [0, 1]. The concrete syntax and semantics of our degree-
theoretic logic will be left unspecified. Instead, an abstract framework will be present-
ed with the idea being that a concrete syntax and semantics can easily be “plugged in”
to define a concrete logic.

Note that we only consider “crisp” approaches towards validity, entailment and
provability. For example we assume that a formula can be either valid or not, but we
do not consider that a formula might be valid to a certain degree. It is of course also
possible to transfer the concept of fuzziness to the outer logical level and to work with
graded notions of validity, entailment and provability. We shortly describe one such
approach called Pavelka logic in Section B.7.

3.3.1 Designated truth values

The crucial question for a many-valued logic is which truth value(s) should be regarded
as designated [44]. The usual assumption is that 1 should be a designated truth value in
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any case and that O should not. The following options for the designated truth values
appear to be quite natural:

(i) 1 is the only designated truth value.

(if) Every value in (0, 1] is designated, i.e., O is the only truth value that is not desig-
nated.

(iii) Every value in [g, 1] is designated for a concrete € € [0, 1].

(iv) Every value in [g, 1] is designated, but we abstract from a concrete choice of €.
Every € € [0, 1] should be considered.

Option (i) is the prevalent way of defining satisfiability, validity and entailment. In
the following definitions we will speak of 1-models, 1-satisfiability, 1-validity and
1-entailment, but later we will occasionally omit the 1-prefix because it is standard
to do so. Option (ii) is usually considered only in the scope of the complexity of
satisfiability and validity in fuzzy logics. Option (iii) can be made for every many-
valued logic with a comparative notion of truth [44]: as soon as a certain € € [0, 1] is
considered designated, also every 6 > € has to be considered designated. The intrinsic
problem seems to be how a concrete choice of € can be justified and—to the best of our
knowledge—this approach has only little relevance for mathematical fuzzy logics. A
further possibility would be to consider the possibility of an arbitrary subset of [0, 1]
being designated, as it is done by Cintula and Navara who studied different forms of
compactness in fuzzy logics [21]. However, this approach does not seem to fit together
with the idea of a comparative notion of truth which is why we do not pursue it here.
Option (iv) is advocated by Priest [90] and only makes a difference to option (i) when
it comes to entailment relations.

Similar to satisfiability, validity and entailment with regard to truth, one could
also be explicitly interested in the analogous relations for falsehood. In this case it
would be necessary not only to look at the designated truth values, but also at the
anti-designated ones [44], where 0 is usually anti-designated 1 is usually not anti-
designated. However, we omit this discussion because in t-norm based fuzzy logics
the relations for falsehood should in principle be dual to the relations for truth and
therefore no fundamentally new insights can be expected. Furthermore, due to our
choice of truth functions and Proposition B.2.16, we know that a formula evaluates
to 0 if and only if its negation evaluates to 1. Therefore most interesting relations
concerning falsehood should be transformable to their counterparts for truth.

3.3.2 Satisfiability

First, we define a satisfaction relation between interpretations and formulas, or sets of
formulas respectively. This relation denotes whether a formula is true in an interpre-
tation, where the notion of truth depends on the set of designated truth values.

Definition 3.3.1. Let M be an interpretation, ¢ a set of formulas and € € [0, 1].
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- M is a 1-model of  (ME} @) iff || ]|}, = L.

« M isa (>0)-model of p (M I=)>(0 @) iff ||(p||XM > 0.

« M is a (>¢)-model of p (M I=§£ @) iff loll}, > e.

« M is a a-model of p (M I=§ @) iff Mlz)z((s for every 6 € [0, 1].

Let % be one of the following:** 1, (>0), (=¢) or a. We say that ¢ is K -satisfiable
iff it has a %-model. Let I" be a set of formulas. Then M I=§( riff M I=§( y for every
vel.

Note that a-satisfiability and 1-satisfiability trivially coincide. In the literature,
1-satisfiability and (>0)-satisfiability are the dominant concepts, especially when the
complexity of satisfiability in a propositional fuzzy logic is studied. Therefore it is
convenient to define the following sets of satisfiable propositional formulas.

Definition 3.3.2. For every fuzzy logic X we define the following sets:

SAT)I( = {@ | @ has a 1-model of X}
SATé0 = {@ | @ has a (>0)-model of X} .

3.3.3 Validity

As usual we say that a formula is valid iff it is true for every interpretation where the
meaning of truth depends on our notion of satisfaction. This means that a formula ¢
is valid iff every interpretation is a model of ¢.

Definition 3.3.3. Let ¢ be a formula and € € [0, 1].
o @is 1-valid ifft M I=>1< @ for every interpretation M.
o @ is (>0)-valid iff M i=§0 @ for every interpretation M.
o @is (=¢)-valid ifft M ':)2( . @ for every interpretation M.
« @ is a-valid iff @ is (>6)-valid for every 6 € [0, 1].

Note that a-validity and 1-validity trivially coincide. Again the most important
concepts are 1-validity and (>0)-validity which is why we make an additional defini-
tion for the corresponding sets of propositional formulas.

Definition 3.3.4. For every fuzzy logic X we define the following sets:

TAUT = {¢ | ¢ is 1-valid in X}
TAUT}, = {¢ | ¢ is (>0)-valid in X}

“The symbol % is to be understood as a placeholder.
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3.3.4 Entailment

Finally, we take a look at the entailment relation. The entailment relation denotes
whether a formula ¢, the conclusion, is a logical consequence of a set of formulas I,
the premisses. In this case we also say that I" entails ¢. An entailment relation should
always be truth-preserving which means that the conclusion should always be at least
as true as the premisses. We define different entailment relations according to our four
options for the set of designated truth values.

Definition 3.3.5. Let I" be a (possibly infinite) set of formulas and ¢ a formula.
o I I=)1( pift M I=)]( I' implies M I=)1( I for every interpretation M
- |=§0 piff M |=§0 I implies M |=)><0 I for every interpretation M
« I'EX @iff M =X I implies M =X T for every interpretation M
. F|=fx<goifffl=§qoforevery5€ [0,1]

As usual, validity amounts to being a logical consequence of the empty set of
premisses.

Proposition 3.3.6. Let ¢ be a formula and % one of the following: 1, (>0), (=€), or a.
Then

@ is %-valid if and only if @ E, @ .

As Priest points out, there is an easy characterization of the fourth consequence
relation [90].

Proposition 3.3.7. For every formula @, I E) ¢ if and only if
inf ({||u/||)]il | w e F}) < ||(p||)1il for every interpretation M.

The infimum inf (S) of a set S is its greatest lower bound.

Following the idea of truth preservation, it would of course be legitimate to define
an entailment relation according to this characterization in the first place.

Priest also mentions the following reduction to 1-validity. In a finite set, the infi-
mum is equal to the supremum. If we consider a fuzzy logic FL(x) based on a continu-
ous t-norm #, a notion that we make precise in Section .4, and a finite set of formulas
I', then I' F, @ if and only if min(||y, ||XM, e ||l[/n||§4) < ||(p||)l(w for every interpre-
tation M. Define the formula y as (y; A ... Ay,,) D @. Then, our truth functions of

fuzzy logic guarantee that for every interpretation M, we have || y|| ;;(*) if and only if

min(||y, ||)Ii,[, cees ||t//n||)]il) < ||(p||)]<w. Thus we obtain the following result.

Proposition 3.3.8. Let I' = {y, ..., y,} be a finite set of formulas and @ a formula.
Then I’ F=£L(*) @ if and only if the formula (y; A ... Ay,,) D @ is 1-valid in FL(x).
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According to Priest, this connection justifies focusing on 1-validity as the cen-
tral notion for studying mathematical fuzzy logic [90]. To the best of our knowledge,
there are no approaches towards fuzzy logic that are based on (>0)-entailment or
(>¢)-entailment.

3.3.5 Provability

Usually one is not only interested in semantic definitions of a logic but also in syntactic
characterizations in the form of proof systems. A proof system, also called calculus,
determines a set of provable formulas and a provability relation for which we will use
the symbol I, usually together with an index that indicates for which logic the proof
system is intended. If I' is a set of formulas and ¢ a formula, then I ¢ means
that @ is provable from I" and ¢ means that ¢ is provable from the empty set of
formulas. We will concentrate on Hilbert-style proof systems that consist of a set of
axiom schemata and a set of rules. Furthermore we will identify a proof system with
its provability relation.

When a proof system for a logic is developed, the natural question to ask is whether
it is an adequate syntactic characterization of the logic under consideration. In such a
case we say that the logic can be axiomatized or has an axiomatization. The first con-
dition one imposes on such a proof system is that its proofs, as syntactic objects, have
finite length. The second condition is that the set of proofs must be recursively enu-
merable, i.e., the question whether an arbitrary syntactic object is a legal proof in the
given proof system is decidable. The two remaining conditions are called soundness
and completeness that we define in the following. Both refer to the set of valid for-
mulas of a logic and its entailment relation. Precisely speaking we will, unless noted
otherwise, always mean 1-validity and 1-entailment as discussed in section B.3.

Definition 3.3.9. Let |- be a provability relation and X a logic (with a notion of validity
and an entailment relation EX).

+ | is sound for X iff for every formula ¢

k@ implies @ is valid in X.
« b is strongly sound for X iff for every set of formulas I" and every formula ¢
'k @implies ' =X ¢.
« b is complete for X iff for every formula ¢
@ is valid in X implies F ¢.

« | is strongly complete for X iff for every set of formulas I" and every formula ¢

I'EX @ implies '+ .
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| is finitely strongly complete for X iff for every finite set of formulas I and
every formula ¢

I'= o implies I' - ¢ .

Remark. For the logics that we consider, the set of valid formulas is always equal to
the set of formulas that are entailed by the empty set of formulas. Therefore we have
the following relations:

« Strong soundness implies soundness.
« Strong completeness implies finite strong completeness.
« Finite strong completeness implies completeness.

We will only explicitly mention the strongest result known for every logic that we
present.

Soundness proofs are usually a routine matter whereas completeness proofs often
demand mathematical depth. Usually it makes little sense to talk about proof systems
that are not sound.

For fuzzy logics, a further distinction has to be made between general complete-
ness and standard completeness. Standard completeness refers to completeness with
regard to standard semantics with their t-norm based truth functions on the unit in-
terval [0, 1] as defined in Section B.4. General completeness refers to completeness
with regard to algebraic semantics that generalize truth functions and truth degree
structures. In this thesis, we always state standard completeness results because the
standard semantics are more relevant for a logic of vagueness.

Sometimes it is not possible to obtain strong completeness, but only finite strong
completeness. This situation usually occurs when the entailment relation is not com-
pact [90].*¢

Definition 3.3.10. An entailment relation F is compact iff whenever I' E ¢ for a set
of formulas I" and a formula ¢ there is some finite subset I/ C I' such that I’ E .

Remark. If an entailment relation F is not compact, then there is no strongly sound
and complete proof system for . Every proof can only use finitely many premisses.
If we had a strongly sound and complete proof system we would therefore obtain
compactness.

Furthermore we will see cases where completeness is not possible for any adequate
proof system. The reason then usually is that the set of valid formulas is not recursively
enumerable. Once we know that completeness is not possible, we also know that
strong completeness and finite strong completeness are not possible.

“Attention: In most other contexts, compactness refers to compactness of the satisfaction relation
which we do not discuss in this thesis. Cintula and Navara study this form of compactness [21].
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Remark. There is no sound and complete proof system with a recursively enumerable
set of legal proofs for a logic where the set of valid formulas is not recursively enu-
merable. If we had such a proof system it would give us a recursive enumeration of
the set of valid formulas

3.4 Propositional fuzzy logics

After having settled all preliminaries, we now define some propositional t-norm based
fuzzy logics and present the most important results about them.

3.4.1 Syntax and semantics
First, we define the set of legal formulas.
Definition 3.4.1. The language of fuzzy logic is generated by a set of propositional

variables, the truth constant 0, and the two-ary connectives & and D. We use the
following abbreviations:

1 abbreviates -0
Ay abbreviates & (@pDy)
QVy abbreviates (@o2w) DY) A((w D) Do)
- abbreviates >0
QO=y abbreviates (poyw) & (y D @)

The connective & is called strong conjunction and the connective A is called weak
conjunction.

These abbreviations guarantee that the corresponding connectives will receive the
intended semantics as discussed in Section B.4. While the abbreviations for negation
and biimplication are fairly standard, it would be less clear how the abbreviations
for weak conjunction and weak disjunctions could be justified without the knowledge
that they will be interpreted as the minimum and the maximum operator for every
continuous t-norm.

We now define how formulas of propositional fuzzy logic are interpreted. The idea
is that the truth value of a formula depends on the truth values of the propositional
variables and on the semantics of the connectives, which is fully determined by the
choice of a continuous t-norm.

Definition 3.4.2. An evaluation of propositional variables is a function e that assigns
to each propositional variable a truth value in [0, 1].
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Definition 3.4.3. Let * be a continuous t-norm and e an evaluation of propositional
variables. Then the interpretation of formulas is inductively defined as follows:

lpll; = e(p)

10l; =0
o &wli; = llellz * lwll;
ledwll; = llell; =. llvll;

It can now easily be checked that the abbreviated connectives receive their intend-
ed semantics (see the discussion in Section .J).

Proposition 3.4.4. Let % be a continuous t-norm and e an evaluation of propositional
variables. Then for all formulas ¢ and yw

I=ell; = —. (llell})
llo Awll; = min ([lllZ. lwll;)
lo v wll; = max (llell;, lwll})
le =wlil; = llell; <, vl

The semantics of a t-norm based fuzzy logic is now defined in the obvious way:
We fix a continuous t-norm * and take all evaluations as possible interpretations. Sat-
isfiability, validity and entailment are then defined as outlined in Section B.3. The
propositional t-norm based logic defined in this way will be called FL(x). We use the
following abbreviations:

« Lukasiewicz logic is £ = FL(x*, ) where #, is the Lukasiewicz t-norm.
+ Godel logic is G = FL(*¢) where * is the Godel t-norm.
« Product logic is P = FL(#p) where #p is the product t-norm.

It is this notion of a t-norm based logic that we are mainly interested in. However
it is also of interest to know which relations hold for all continuous t-norms. For this
purpose we also define a logic called basic logic BL.

Definition 3.4.5. A BL-interpretation is a pair (%, e) that consists of a continuous
t-norm * and an evaluation e. Every BL-interpretation M = (%, e) determines an
interpretation function || - ||%} given by

BL
ey = llell -

Basic logic BL is the logic emerging from all BL-interpretations together with the
usual definitions of 1-satisfaction, 1-validity and 1-entailment."”

"The usual approach to define basic logic is the following: A *-tautology is a formula that always
evaluates to 1 for a continuous t-norm #*. A t-tautology is a formula that is a *-tautology for every
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3.4.2 Basic logic

Strictly speaking, basic logic is not a t-norm based logic because it was not defined
from a single t-norm, but the class of all continuous t-norms. Despite this special
status, basic logic is very important as a common theoretical ground for logics based
on continuous t-norms. In particular, we obtain proof systems for our three basic
propositional logics by extending a proof system for basic logic. We define this Hilbert-
style proof system in the following.

Definition 3.4.6. The proof system 5L is given by the axiom schemata
(A1) (@2¥) D (WD 2 (@>D )
(A4) (@ Aw) D (WA @)
A5) (@D WD) ={p&y)dy)
(A6) (@ 2>w) D ND(((WwD9)D DY)
A7) 0D @
and the deduction rule modus ponens “From ¢ and ¢ D y, infer y”.

We remark that after the publication of Hajek’s monograph [56] two of Hajek’s
original axioms, called (A2) and (A3), have been shown to be redundant, whereas the
remaining axioms are independent [[14, 18]. For historical reasons we keep the origi-
nal names of the axioms. Axiom schema (A1) expresses the transitivity of implication.
(A4) is the commutativity of weak conjunction. (A5) expresses residuation and deresid-
uation corresponding to Proposition B.2.7. (A6) is a variant of the proof by cases. (A7)
says that 0 is the bottom element, it implies everything (ex falso quodlibet).

It can easily be seen that this deduction system is sound by checking that every
instance of an axiom schema is valid and that if ¢ and ¢ D y are valid, also y is valid.
This soundness does not only hold for basic logic but also for every propositional fuzzy
logic FL(x) based on a continuous t-norm s.

The completeness of this proof system with regard to basic logic was not yet known
when Hajek’s monograph [56] was written. A proof of this fact was given by Cignoli,
Esteva, Goda, and Torrens [16], building on Hajek’s subsequent work [48]. Montagna
mentions in the introduction of one of his papers [83] that the proof given in [16] also
establishes finite strong completeness.

continuous t-norm and basic logic consists of all t-tautologies. But it makes sense to explicitly define
the interpretation structure for basic logic as above because in our framework also 1-satisfiability and
1-entailment then correspond to satisfiability and entailment as they are usually understood for basic
logic. However, one could be interested in alternative notions of satisfiability for a formula ¢ in basic
logic: One could for example demand that for every continuous t-norm there is a 1-evaluation for ¢, or
even more, demand that there exists one 1-evaluation that satisfies ¢ for every continuous t-norm
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Theorem 3.4.7 (Finite strong completeness). For every finite set of formulas I' and
every formula ¢ we have

I Bt @ ifand only if I I='13L Q.
Finally, we want to mention that basic logic enjoys a variant of the deduction

theorem.

Theorem 3.4.8. Let ¢ and y be formulas and let I' be a set of formulas. Then I' U
{p} |='13L v if and only if there is an n such that I’ I=?L @" Dy where @" denotes the
formula @ & ... & @ with n factors.

3.4.3 Lukasiewicz logic

Historically, Lukasiewicz logic is the first fuzzy logic. It is also a very important one
because it has many pleasing properties. We start with an overview on its truth func-
tions that are have already been implicitly defined by our previous definitions.

Proposition 3.4.9. The truth functions of Lukasiewicz logic are given by

lo & wlly = max (ll@lls + llwlls — 1.0)
llo 2wl =min (1 - lloll + llwlls. 1)
lo=wlle =1~ llole — llwlel
I~elle =1~ llolle
where @ and y are arbitrary formulas and e is an evaluation.

It can be seen that the law of double negation =—1¢ D @ holds in Lukasiewicz logic
because the truth function of negation is a strong one and therefore it is involutive
(see Section B.2.4). The following completeness result shows that this condition char-
acterizes Lukasiewicz logic.

Definition 3.4.10. The Hilbert-style proof system F* consists of all axiom schemata
and rules of B together with the additional axiom schema of involution

(INV) =@ D @.

Theorem 3.4.11 (Finite strong completeness). For every finite set of formulas I' and
every formula ¢ we have

Fl—t(pifandonlyifFI:T(p.

Strong completeness is not possible for Lukasiewicz logic because the entailment
relation I=T is not compact.

Ignoring the relation to basic logic, it is also possible to give a shorter axiomati-
zation of Lukasiewicz logic. We present a list of four axioms that, together with an
additional fifth axiom, was initially conjectured by Lukasiewicz [80]. Rose and Ross-
er then proved the completeness of Lukasiewicz’ conjectured axioms [91]. The fifth
axiom was then shown to be derivable from the others [[13, 81].
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Definition 3.4.12. The Hilbert-style proof system FE s given by the axiom schemata
(E1) 9> WD)
(£2) (p2w) D (w22 (@D N)
(£3) (7@ 2> ~y) D> (w D @)
(£4) (@2w) DY) D (W D) D 9)
and the deduction rule modus ponens: “From ¢ and ¢ D y, infer y”.

Proposition 3.4.13. For every set of formulas I' and every formula ¢ we have
'+t @ ifand only if T -t Q.

In the following we look at the truth functions of Lukasiewicz logic in more detail.
In Lukasiewicz logic, strong conjunction can be defined from implication and negation
which means that every formula is equivalent to a formula containing only implication
and 0. Furthermore a shorter definition of minimum conjunction is possible.

Proposition 3.4.14. For all formulas ¢ and y and every evaluation e we have

lo & wllt = lI-(@ > ~w)lI:
lo Vvl =ll@>w) dwl.

One usually introduces a second conjunction connective to Lukasiewicz logic.

Definition 3.4.15. The two-ary connective V is called strong disjunction. For all for-
mulas @ and y we take @ V y as an abbreviation for ¢ D .

Strong disjunction in Lukasiewicz logic is interesting because it allows the ad-
dition of truth values. Furthermore, DeMorgan’s laws hold for strong conjunction,
strong disjunction and negation. Together with Proposition B.2.19, this shows that
the truth function of strong disjunction is a t-conorm. Note that, following Hajek’s
approach, Lukasiewicz logic is the only one of the important fuzzy logics where a
t-conorm is relevant. It would also be possible to define the implication from strong
disjunction and negation which means that Lukasiewicz implication can be seen as
both, an R-implication and an S-implication.

Proposition 3.4.16. For all formulas ¢ and y and every evaluation e we have

lo ¥ wils = min (llelll + lwlls. 1)
lo v wllt = I-(-p & =)t

lo & wllt = lI=(=@ ¥ )t

e Dwllt = llme vyl
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Another peculiarity of Lukasiewicz logic is that the residuum resulting from the
Lukasiewicz t-norm is continuous. This fact is also characteristic for Lukasiewicz logic
as has been pointed out, for example, by Fermiiller and Kosik [38].

Proposition 3.4.17. The residuum =, of a continuous t-norm * is continuous if and
only if * is order isomorphic to the Lukasiewicz t-norm *,, i.e., there is an order iso-

morphism f such that x %y = N f(x) *, f(y)) forallx,y € [0, 1].

It must be noted that in our framework order isomorphic t-norms yield the same
logics. Thus Lukasiewicz logic is the only fuzzy logic based on a continuous t-norm
that has a continuous truth function of implication.*®

3.4.4 Godel logic

Godel logic was introduced by Godel as a by-product of his proof that intuitionistic
logic is not a many-valued logic [41] and later extended to an infinite set of truth
values by Dummett [26]."” We will see that it has some nice properties and in a way
is “nearer” to classical logic than other fuzzy logics.

We first give an overview on the truth functions of Gédel logic. In particular,
weak and strong conjunction coincide and it would be possible to omit one of these
connectives.

Proposition 3.4.18. The truth functions of Godel logic are given by

G G : G G
lo &wlle = llo Awlle = min (oIl lwll)

. G G
a_ )1 ifllelle < llwlle
“(P ) l:U”e - G .
llwll; otherwise
. G G
1 ifllelle = llwlle
— G _ G G G
le=vlle =3llelle  ifllelle <l

G . G G
lwlle  ifllelle > llwlle

=4 L flelle=0
¢ 0 otherwise

for all formulas @ and w and every evaluation e.

Note that the truth functions in Godel logic only take into account the relative
order of the truth values and not their concrete values. In fact, Godel logic is charac-
terized by this property as we show in Chapter [{. It seems therefore suitable to call

*The class of Yager t-norms provides examples of continuous t-norms with continuous residua that
are not equal to the Lukasiewicz t-norm. For every p > 0, the function * given by x % y = max(0, 1 —
((1 = x)” + (1 = y)»') is in the class of Yager t-norms and isomorphic to the Lukasiewicz t-norm [[74].

*Dummett considered the truth value set {1/n | n > 1} U {0} instead of [0, 1]. Due to Theorem
this difference does not affect the sets of valid formulas of Gédel logic.
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Godel logic “the logic of order” [82]. This relationship is important if one considers rea-
soning under vagueness [35]: Degree-based approaches are often criticized because in
many cases it seems not clear how the assignment of particular numbers in the unit
interval as truth values can be justified. Godel logic avoids this criticism because only
an order on the truth value has to be settled which seems to be a weaker commitment.

The distinguishing feature of the Godel t-norm is that every x € [0, 1] is idempo-
tent due to x *; x = min(x, x) = x. The characterizing axiom of Godel logic expresses
this fact.

Definition 3.4.19. The Hilbert-style proof system F° consists of all axiom schemata
and rules of -5 together with the additional axiom schema of contraction

O ed>p&aq.

In Godel logic, we get a completeness theorem where the finiteness of the set of
premisses is not necessary.

Theorem 3.4.20 (Strong completeness). For every set of formulas I' and every formu-
la @ we have

I'tS @ ifand only if I I=(13(p.

In contrast to other propositional fuzzy logics, Godel logic has a classical deduction
theorem.

Theorem 3.4.21 (Deduction theorem). Gddel logic is the unique fuzzy logic that has
the deduction theorem:

(i) For every set of formulas I and all formulas ¢ and y we have

Fu{go}l=?y/ ifandonlyifl“l=(13 (pDy).

(ii) If a logic FL(x) based on a continuous t-norm has the above classical deduction
theorem, then * is the Godel t-norm.

In Godel logic, another entailment relation than the standard one is also relevant,
namely a-entailment as defined in Section B.3.5.

Proposition 3.4.22. For every set of formulas I' and every formula ¢ we have
FI=IG @ ifand only if TES @.

As an interesting side note, we remark that propositional Godel logic, as a set of
valid formulas, is an intermediate logic, i.e., it is a logic that includes intuitionistic
logic and is included in classical logic. A sound and complete Hilbert-style calculus
for Godel logic is obtained by adding the linearity axiom (¢ D w) V (y D @) to a
Hilbert-style calculus for intuitionistic logic [26]. Furthermore, the law of excluded
middle ¢ V =@, which separates intuitionistic and classical logic, is not valid in Godel
logic.
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3.4.5 Product logic

In contrast to Lukasiewicz and Godel logic, product logic was introduced by Hajek, Go-
do, and Esteva not long ago [62], using truth functions of conjunction and implication
that can be traced back to Goguen [43]. We first give its truth functions.

Proposition 3.4.23. The truth functions of product logic are given by

p p p
le & wll, = llolle - llwlle

p_)1 iflelle < llwlle
lwll/ll@ll, otherwise

o=yl = J lelevlle ifllelle < vy
© LIl otherwise

1 ifllelf =0
||ﬂ<o||£’={ Flielle

0 otherwise
for all formulas @ and w and every evaluation e.

The truth function of implication is also called Goguen implication. Note that the
truth function of negation is Godel negation.
Also in product logic we get the desired completeness result.

Definition 3.4.24. The Hilbert-style proof system " consists of all axiom schemata
and rules of F-8 together with the additional axiom schema

(A) @D (@D e &y) D (y&-wy)).

Theorem 3.4.25 (Finite strong completeness). For every finite set of formulas I' and
every formula ¢ we have

Fl—P(pifandonlyiffh':(p.

The result that only one additional axiom schema is necessary is due to Cintula [[17].
Furthermore he showed that it is not possible to find an according axiom schema with
only one variable. In contrast to Lukasiewicz and Gédel logic, it seems to be hard to
find an intuitive interpretation of this additional axiom, or the original two [56¢], that
does not refer to certain properties of t-norms.

As a side note we remark that Lukasiewicz logic can be embedded into product
logic [4], which means that many properties of Lukasiewicz logic also hold in product
logic, e.g., the non-compactness of the entailment relation.

Theorem 3.4.26. For every formula @ we can construct a formula ¢’ such that ¢ is
valid in Lukasiewicz logic if and only if ¢’ is valid in product logic.
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3.4.6 Relations between logics

In the following, we present some properties that concern relations between the propo-
sitional logics that we have introduced or that hold for all propositional fuzzy logics.
It should mainly be seen as a reference for interesting results.

Combining results from [49, 56, 67] we get some connections between different
sets of satisfiable and valid formulas. Note that these relations imply several results
on the complexity of satisfiability and validity checking. The logic CL is classical
propositional logic.

Theorem 3.4.27. The following holds for sets of satisfiable formulas:
BL _ FL(*)
SATS" =[] SAT;
BL _ FL(*)
SAT; = () SATL,

SAT{ = SATS = SAT| = SAT,
= SAT" C SAT! = SAT®" C SAT! ) = SATZ;

All inclusions are strict.
Theorem 3.4.28. The following holds for sets of valid formulas:
TAUT}" = [ TAUT}"”
*
TAUTY; = () TAUT. "

TAUT # TAUT}
TAUTS c TAUTS
TAUT! # TAUTS"
TAUT}" c (TAUTY n TAUTS n TAUTY)
t t _ BL CL _ G _ P
TAUT{ c TAUT, = TAUTS; c TAUT®" = TAUTS, = TAUT? |

All inclusions are strict.

3.5 First-order fuzzy logics

The extension of our propositional systems to the first-order case is straightforward
in Hajek’s framework. Instead of fuzzy propositions we now consider fuzzy relations.
The only crucial question is how the quantifiers should be interpreted. The interpreta-
tion of formulas gets a bit more complicated, which makes some definitions necessary
that are mostly like in classical predicate logic.
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Definition 3.5.1. The language of first-order fuzzy logic consists of a set of object
variables, a set of predicate symbols, and the usual connectives. Formulas are built in
the usual manner.

Definition 3.5.2. A fuzzy predicate on a nonempty set .S of arity » is a function from
the set S” to the unit interval [0, 1].

Definition 3.5.3. A variable assignment on a set S is a function v that assigns to each
object variable x an element v(x) in S.

Definition 3.5.4. A first-order fuzzy interpretation is a pair M = (D, I) where the
domain D is a nonempty set, the universe of discourse, and I is a function that assigns
a fuzzy predicate I(Q) on D of suiting arity to each predicate symbol Q.

We now define the interpretation of formulas in a first-order fuzzy interpretation.

Definition 3.5.5. Let * be a continuous t-norm, M = (D, I} a first-order fuzzy inter-
pretation and v a variable assignment on D. The interpretation of formulas is defined
inductively like in the propositional case with the following additions:

||x||*M, , = V(x) for every object variable x

”Q(xh 9xn)||>;{,v

10) <||x1 ||l*w,v’ o ||xn||’;l’v> for every predicate symbol Q
inf { “(p”L’vu{x»—»d} | de D}
sup { ||(p“>(]<u,yu{x>—>d} |d e D}

where v U {x + d} is the variable assignment v’ that is defined by

IVxellyy,

13xell%,,

v (v) = d ifo=x
v(v) ifv#x.

This means that for a universally quantified formula Vx¢ we compute the infimum
of all interpretations with a concrete value of x and for an existential quantification we
compute the supremum. Note that these definitions of the quantifiers behave classical-
ly for the truth values O and 1. In classical predicate logic, universal quantification can
be seen as a “possibly infinite conjunction” and existential quantification as a “possibly
infinite disjunction”. This point of view can also be taken in fuzzy logic because the
truth function of weak conjunction is the minimum operator which generalizes to the
infimum for infinite sets and the truth function of weak conjunction is the maximum
operator which generalizes to the supremum.

As in the propositional case, our definitions give us a first-order fuzzy logic FLV(x)
for every continuous t-norm * with the usual notions of 1-satisfaction, 1-validity and
1-entailment where we only consider closed formulas.

By giving a suitable definition of its interpretations we also get a first-order variant
of basic logic.
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Definition 3.5.6. A BLV-interpretation is a pair (%, M) that consists of a continuous
t-norm * and a first-order fuzzy interpretation M.

Unlike in the propositional case, there are no completeness result for the standard
semantics of first-order fuzzy logics in most cases. This situation can occur if the
set of valid formulas is not recursively enumerable which makes an axiomatization

impossible (see section B.3.5).

Theorem 3.5.7. The following sets are not recursively enumerable:
* 'The set of formulas valid in first-order basic logic
* The set of formulas valid in first-order Lukasiewicz logic
¢ The set of formulas valid in first-order product logic

Hajek gave a proof of the first proposition after his monograph appeared [54]. The
second proposition was proved by Scarpellini in the early 1960s [92]. The third propo-
sition was shown by Baaz, Hajek, Svejda, and Krajicek by finding an embedding of
predicate product logic into predicate Lukasiewicz logic [4]. As this theorem indicates,
an axiomatization exists for Godel logic.

We present a Hilbert-style proof system for predicate basic logic that although not
complete can at least be shown to be sound.

Definition 3.5.8. The Hilbert-style proof system B consists of all axiom schemata
and rules of F-8" together with the additional axiom schemata

(V1) (Vxe(x)) D @(1)

(31) @(1) D (Ixep(x))

(V2) (Vx(y D @) D (y D Vx@)
(32) (Vx(¢ D ¥)) D ((3xe) D y)
(V3) (Vx(@ V ¥)) D (Vx@) V y)

where x is not free in y and the additional deduction rule of generalization: “From ¢,
infer Vx¢”.

Definition 3.5.9. The Hilbert-style proof system Y consists of all axiom schemata
and rules of B together with the additional axiom schema of contraction

Cedep&ko.

Theorem 3.5.10 (Strong completeness). For every set of formulas I' and every formula
@ we have

'+ @ ifand only if I I=10Vgo

where GV refers to first-order Godel logic.
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3.6 Modalities

Since linguistic modalities are highly relevant for the purpose of reasoning under
vagueness we show some examples of such modalities in fuzzy logic. We consider
both, modalities that are truth-functional and modalities that are not.

3.6.1 Projection modalities

We first introduce two projection modalities that were first studied in the context of
Godel logic [2]. Their semantics is defined as follows.

Definition 3.6.1. Let * be a continuous t-norm. We extend the language of fuzzy logic
by the two unary connectives A and v, called projection modalities. The interpretation
of formulas is extended by

1 ifflell, =1
lagll; = llell;] = e
0 if|lell, #1
. . 1 if|lell, #0
v = =
Ivell. = Tlell.] {0 i llollE = 0

where |-] is the floor and [-] is the ceiling function. The operator A is also called
globalization.

Thus A¢g indicates that the formula ¢ is absolutely true and v¢ indicates that ¢
is not absolutely false. Therefore the role of the A-operator for fuzzy logic is similar
to the role of the D-operator for supervaluational logic (see Section P.J).

We only have to discuss A because v is definable from A as an abbreviating for-
mula. Furthermore it can be seen that A—¢ corresponds to Godel negation for every
choice of the continuous t-norm and thus v corresponds to double Gddel negation.
Also note that for each of the operators only the most inner application is relevant.

Proposition 3.6.2. For every formula ¢, every continuous t-norm * and every evalua-
tion e we have

la=glls = —c (lell?)
Ivoll; = —c (=c (ll9lly)) = lamaGe)ll;
and
lazell, = 20l Ivaell, = 2ol
lavell, = lIvell Ivvel = llvell. -
Baaz obtained an axiomatization of the A-operator [2].

Definition 3.6.3. We denote by -, the extension of a Hilbert-style calculus - with
the axiom schemata
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(al) apD @

(A2) A@p D AL

(a3) A(@ D) D (A@ D Ay)

(ad) Ap V —AQ

(a5) A(p V) D (apV Ay)
and the A-rule “From ¢ infer Ap”.

Note that the axiom schemata (A1), (A2), (A3) and the A-rule correspond to the
modal axioms of the logic S4 and its necessitation rule. Hajek comments that in the
axiom schema (A4) the A-operator rather behaves as possibility than necessity.

All the completeness results that we encountered so far also hold in presence of
the A-operator [20].

Theorem 3.6.4. The completeness results for FBL FE O, FOY and HP extend to I—EL,
Fo HS RS and Y.

As a side remark we mention a connection between 1-entailment and 1-validity as
well as between (>0)-entailment and 1-entailment in the presence of the projections
(see Section for the difference between these notions).

Remark. For every finite set of formulas I' = {y/, ..., y, }, every formula ¢ and every
continuous t-norm * we have

I' E] ¢ if and only if (Awl A A Ay/n) D Ag is 1-valid in FL(x).

Remark. For every finite set of formulas I = {y, ...,y }, every formula ¢ and every
continuous t-norm * we have

I'EL, @ifand only if vIE] ve

where vI= {vy |y € I'}.

3.6.2 Hedges

An early idea of Zadeh was that fuzzy logic should make reasoning with vague modi-
fiers like very true or quite true possible [[102, 103]. Lakoff discusses modifiers of that
kind from a linguistic point of view [78]. In the following we shortly discuss some
modalities for this purpose. In the context of fuzzy logics, such modalities are called
hedges and are usually assumed to be truth-functional. Hedges can, according to this
understanding, also be seen as fuzzy truth values [b9].

Definition 3.6.5. A hedge is a function from the real unit interval [0, 1] to itself.
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In particular, the globalization operator A is a hedge. We discussed it separately
from other hedges because of its prominence in the literature.

Hajek introduced a modality to fuzzy logic that can be interpreted as “very true”
by defining a class of truth-stressing hedges [59, 61].

Definition 3.6.6. A hedge v is *-truth-stressing (or: a *-truth stresser) for a continu-
ous t-norm  iff it fulfills the following conditions for all x, y € [0, 1]:

v(l)=1
v(x) < x (sub-diagonal)
v(ix=>,y) <vx)=>, v0) (s-regular)

Example. The following are some natural examples of truth stressers:

« The identity function v(x) = x is a trivial example of a truth stresser for every
continuous t-norm.

« The function v(x) = |x] is the truth function of the globalization operator A
and a truth stresser for every continuous t-norm, as can be seen from the ax-
iomatization of A.

« The function v(x) = x % x is a truth stresser for every continuous t-norm .
A corresponding operator vt can be syntactically defined by taking vte as an
abbreviation for ¢ & @.

« The function v(x) = x2, which corresponds to x sp x for the product t-norm, is
also a truth stresser for the Lukasiewicz and the Godel t-norm.

+ The function v(x) = max(2x — 1,0), which corresponds to x #, x for the
YLukasiewicz t-norm, is also a truth stresser for the Godel t-norm but not for
the product t-norm.

The extension of the usual semantics to truth stressers is straightforward. We
define our logical notions with regard to the class of all truth stressers which creates
a situation similar to basic logic where we quantify over all continuous t-norms.

Definition 3.6.7. Let % be a continuous t-norm. A vt-interpretation for * is a pair
(e, v) where e is an evaluation and v is a truth stresser for *.

We extend the language of fuzzy logic by the unary connective vt. The interpreta-
tion of formulas is defined in the usual way with exception of the vt-operator where
the defining clause is

Ivtelly, , = v (IIQ)II}'},U)) :

The logical consequence relation E, is defined as usual by 1-truth preservation

(see Section B.3.4).
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Hajek also suggests an axiomatization of the vt-operator.

Definition 3.6.8. We denote by I, the extension of a Hilbert-style calculus - with
the axiom schemata

(VE1) vtp D @
(VE2) vt(p D w) D (Vte D vty)
(VE3) vt(e V y) D (Vte V vty)
and the deduction rule of truth confirmation: “From ¢ infer vte.”

The axiom schema (VE1) says that a statement that is very true is also true. The
meaning of (VE2) is the following: if both @ and ¢ D y are very true, then also y is
very true. The schema (VE3) states that if a disjunction is very true, then one of its
disjuncts is very true.

The calculi introduced for propositional and first-order basic, Godel, Lukasiewicz,
and product logic can be shown to be sound for the extension with the vt-operator.
Hajek also proves general strong completeness for these logics. However, it seems
that to date the standard completeness with regard to the class of all truth stressers is
still an open problem for t-norm based fuzzy logics, with exception to Gddel logic.

Theorem 3.6.9 (Strong standard completeness). Let I be a set of formulas and ¢ a
formula. Then I’ I—S’tv @ if and only if I I=Stv Q.

In a related investigation, Vychodil studies truth-depressing hedges [[100]. Dual to
the interpretation of truth-stressers as “very true”-operators, truth-depressing hedges
can be interpreted as operators for “slightly true”. Vychodil obtains two completeness
results with regard to algebraic semantics: First, he provides an axiomatization of
basic logic together with Hajek’s “very true”-operator and his “slightly true”-operator.
From this result, axiomatizations of the corresponding variants of Lukasiewicz, Godel
and product logic immediately follow. Second, an axiomatization of the slightly true-
operator for Lukasiewicz, Godel and product logic is given without adding the very
true-operator.

Besides general truth stressers, Hajek also studied two concrete hedges [60]. For a
truth value x, the two hedges are defined as

« the (unique) greatest idempotent < x (called /(x)) and
« the (unique) least idempotent > x (called u(x)).

The corresponding connectives are denoted by L and U and may be interpreted as
“very true” and “more or less true”, respectively. Hajek provides an axiomatization
of basic logic together with A, L and U with regard to the standard semantics. Note
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that the hedge / is a truth stresser for every continuous t-norm [[7].*° Hajek’s defini-
tion of / corresponds to the storage operator which was introduced by Montagna [84].
Montagna provides an axiomatization with finite strong standard completeness for
propositional basic, Lukasiewicz, Gédel and product logic with storage operator.

Related work for hedges in fuzzy logic is relatively sparse. A hedge with the mean-
ing “more or less true” was presented for Godel logic by Hajek and Harmoncova [63].
In a discussion of the sorites paradox, a connective for “almost true” is introduced and
several examples for a possible semantics are given [64]. Truth stressers for extensions
of MTL, the logic of left-continuous t-norms, are studied by Ciabattoni, Metcalfe, and
Montagna [115], but without explicitly covering basic, Lukasiewicz and product logic.
Esteva, Godo, and Noguera propose definitions of truth-stressers and truth-depressers
that are different from those of Hajek [59] and Vychodil [[100] with the advantage that
they can show that the corresponding axiomatizations preserve the standard complete-
ness of the original logic.

3.6.3 Probably and many

In his monograph [56], Hajek presents a framework in which a modal operator with
the meaning “probably” can be introduced. We summarize the main ideas at this point
because they are related to the hybrid logic for reasoning under vagueness that will
be discussed in Chapter B,

Hajek suggests to determine the probability of an event by its number of occur-
rences in a Kripke-style set of classical worlds. Events are described by classical propo-
sitional formulas and a modal operator for probability extracts their probability. Then
the usual fuzzy logic machinery is applied to the extracted truth values.

Definition 3.6.10. The language of fuzzy probability logic consists of formulas of the
following form:

« Atomic formulas are formulas of the type P@ where P is a unary connective and
@ is a classical propositional formula.

+ All formulas are built from atomic formulas using the usual propositional fuzzy
connectives.

Hajek defines an interpretation of this logic as a set of worlds, each with a classi-
cal interpretation of the propositional variables, and a function that measures sets of
worlds. The truth value of the statement “ is probable” is then just the measure of
the set of worlds in which ¢ is true.

Definition 3.6.11. An interpretation of fuzzy probability logic Pt is a triple IT =
(W, (M);cw, 1) where W is a set of worlds, (M),cy is a function that assigns a
classical propositional interpretation M, to every world w € W and u is a finitely

**This can be shown using the following property: for a continuous t-norm #, the greatest idempotent
which is less or or equal to x is the infimum of the set {x, x * x, x % x % x,...}.
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additive probability measure on a field of subsets of W such that for each propositional
variable p the set {w € W | ||p|| M, = 1} is measurable, i.e., in the domain of u.

The interpretation of formulas has the usual inductive definition with Pg for an
atomic formula ¢ being interpreted as

1Pelly, = u ({weWllel, =1}) -

The logical consequence relation "t is defined as usual by 1-truth preservation

(see Section B.3.4).

Hajek also defines another semantics for which the P-operator has the meaning
“For many worlds ¢ is true”.

Definition 3.6.12. An interpretation of the fuzzy logic of “many” ML is a pair IT =
(W, (M,),cy ) where W is a finite set of worlds and (M,),cy, is a function that
assigns a classical propositional interpretation M, to every world w € W.

The interpretation of formulas has the usual inductive definition with P for an
atomic formula ¢ being interpreted as

[{wewiloly, =1}
I

IPolly; =

where | W] denotes the cardinality of W'.
The logical consequence relation M is defined as usual by 1-truth preservation

(see Section B.3.4).

Technically, the fuzzy logic of “many” arises from setting the probability measure u
to the uniform distribution.

Despite the generality of these definitions, Hajek suggests to use the truth func-
tions determined by the Lukasiewicz t-norm for the “outer” connectives because then
the truth functions are well suited to capture some properties of probability. For this
case he gives an axiomatization.?® His proof system combines classical reasoning for
the classical propositional formulas inside the modal operator and fuzzy reasoning in
Lukasiewicz logic.

Definition 3.6.13. The Hilbert-style proof system "t consists of all axiom schemata
and rules of F* together with the additional axiom schemata

(P1) Pp > (P(9 D w) D Py)
(P2) P(-g) = —Po

(P3) P(@ vV y) = (Pp D P(¢ Ay)) D Py)

*Precisely speaking, Hajek gives an axiomatization of rational Pavelka logic extended by the P-
operator. Completeness for pure Lukasiewicz logic then immediately follows.



74 CHAPTER 3. FUZZY LOGICS BASED ON T-NORMS

and the deduction rule of necessitation: “If ¢ is classically provable, then deduce Pg.”**

Theorem 3.6.14 (Finite strong completeness). Let I" be a finite set of formulas and ¢
a formula. Then

I'+Pt @ ifand only if T EPt ¢
and
I'+Pt @ ifand only if T EME ¢

Note that the completeness result also shows that the two logics coincide for finite
sets of premisses.

Further refinements of this framework include conditional probabilities that can be
treated by introducing product conjunction in addition to Lukasiewicz conjunction. A
related approach is the introduction of a belief operator using Dempster-Shafer belief
functions for which Godo, Hajek, and Esteva present an axiomatization [42].

3.7 Other topics

Besides the material presented in this chapter many other topics have been explored.
In the following we give a short overview on the most important developments.

We presented an axiomatization of Lukasiewicz, Godel and product logic with
regard to their standard semantics. This can be generalized: Esteva, Godo, and Mon-
tagna gave an algorithm that computes an axiomatization of any fuzzy logic based on
a continuous t-norm and its residuum [31].

Besides the standard semantics one might also be interested in rational semantics,
i.e., allowing only rational numbers between 0 and 1 as the set of truth values. These
semantics could be of particular importance for applications due to the necessity of
discretization. Concerning the previously introduced logics, we can summarize the
results of the two central papers on this topic [[19, 27] as follows:

« Propositional basic, Lukasiewicz, Godel and product logic enjoy strong com-
pleteness for rational semantics.

« First-order Lukasiewicz, Godel and product logic enjoy strong completeness for
rational semantics.

« First-order basic logic enjoys strong completeness for rational semantics when
one axiom is added.

**We could also be more explicit by taking all formulas Pg as axioms where ¢ is an axiom of a
Hilbert-style calculus for classical propositional logic, together with an adapted version of classical modus
ponens.
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An idea that goes back to one of the first treatments of mathematical fuzzy logic
by Pavelka [86-88] is to consider fuzzy sets of formulas for logical deductions instead
of crisp sets where the goal is to “prove partially true conclusions from partially true
premisses” [b6]. In this way, one consequently arrives at graded notions of validity
and entailment. A syntactic correspondence to the graded consequence relation in the
form of a suitable calculus for a graded provability relation can be gained by adding
truth value constants to the language: for every real r € [0, 1] a constant 7 is de-
fined and, in every evaluation e, 7 is interpreted by itself, i.e., e(r) = r. This concept
can be defined in any fuzzy logic, but in Lukasiewicz logic it has some essential well-
behaving properties due to the characteristic continuous implication connective. A
logic enjoys strong Pavelka-style completeness iff the degree of provability and the de-
gree of entailment always coincide for every fuzzy set of formulas. This is the case for
propositional and first-order Pavelka Lukasiewicz logic. Hajek’s analysis showed that
this result also holds for the relaxed version of the concept where only rational truth
value constants for r € Q N [0, 1] are considered, which keeps the language count-
able [p2, p3]. The propositional version of this rational Pavelka Lukasiewicz logic en-
joys finite strong standard completeness [56]. Furthermore, for formulas without truth
value constants validity in usual Lukasiewicz logic and (rational) Pavelka Lukasiewicz
logic coincide [64]. For a more detailed introduction, Gottwald’s papers [44, 5] can be
recommended.” The standard reference on Pavelka-style fuzzy logic is the monograph
by Novak, Perfilieva, and Mockor [85].

Another important direction is to consider additional connectives with truth func-
tions obtained from another t-norm. Esteva, Godo, Hajek, and Navara have enriched
t-norm based logics with Godel negation by a strong negation connective (see Defini-
tion B.2.17) [B0]. They remark that in the presence of a strong negation ~ the following
connectives can be defined as abbreviating formulas:

« A strong disjunction @ V y can be defined as ~(~¢ & ~y) because the function
defined by n(n(x) * n(y)) is always a t-conorm for a t-norm * and a strong
negation function # (see Proposition .2.19).

« A contrapositive implication (also called strong implication) ¢ < y can be de-
fined as ~p V .

« In the presence of both, an involutive negation ~ and Gddel negation —, the
globalization A can be defined as ~~@.

For propositional and first-order Goédel logic together with the connective ~ inter-
preted as Lukasiewicz negation, they obtain standard completeness. For propositional

»As an interesting side note we remark that Gottwald distinguishes between t-norm based logics
and fuzzy logic. With the former he refers to the usual approach as presented in this thesis where only
crisp versions of validity, entailment and provability are considered. With the latter he refers to Pavelka-
style versions of t-norm based logics. Relatedly, Hajek writes that Novak considers Pavelka logic, with
graded consequences and truth value constants, as the fuzzy logic and that he (Hajek) does not share this
opinion [61].
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product logic together with the connective ~ they get semi-standard completeness
meaning that a formula is provable if and only if it is a tautology for all involutive
negation functions of ~.

A related approach is pursued with the logic £P that combines Lukasiewicz and
product logic and was introduced by Esteva, Godo, and Montagna [32]. It consists
of Lukasiewicz implication, product conjunction, product implication and the truth
constant 0. For the logic £ P% the additional truth value constant %, which is always
interpreted as %, is defined. For both logics, an axiomatization with finite strong stan-
dard completeness can be obtained. Furthermore, the following connectives can be
defined as abbreviating formulas: Lukasiewicz negation, Godel negation, A-operator,
Lukasiewicz conjunction, strong Lukasiewicz disjunction, weak minimum conjunc-
tion, weak maximum disjunction and Godel implication. Furthermore the rational
numbers are definable in £P%. With this in mind it can be shown that most of the
important concrete® fuzzy logics can be embedded into tP%.

There are several ways to generalize the presented approach towards fuzzy logic.
For example, recall our definition of the residuum =, of a t-norm *. It is the unique
function that fulfills the condition

x=>,y=max{z € [0,1] | x * z < y}.

For the residuum to be well-defined, the t-norm * has to be left-continuous and not
necessarily continuous as we have demanded. Similar to basic logic, it is possible to de-
fine monoidal t-norm logic MTL [28] which is the logic of left-continuous t-norms [70].
An example of a t-norm that is left-continuous but not continuous is the nilpotent min-
imum t-norm defined by

min(x,y) ifx+y>1
X*y=
0 otherwise .

Another generalizations arises when the constant 0 is removed from the language
which allows only a falsehood-free set of truth values, e.g., the half-closed interval
(0, 1]. In this way one arrives at hoop logics [29]. Or one could give up the commu-
tativity of conjunction which makes sense in certain contexts, e.g., some conjunction
connectives in natural language. T-norms without commutativity are called pseudo
t-norms and the corresponding logic is called pseudo basic logic [55, 57]. If all three
generalizations are considered, i.e. non-commutative left-continuous pseudo t-norms
without falsehood, one gets Hajek’s flea logic [50], which is a very weak fuzzy logic.

Another generalization of fuzzy logic is to consider intervals of truth-values. In-
stead of assigning a concrete truth value in [0, 1] to a proposition one just gives a
lower bound a and an upper bound b of its truth value, hence saying that the truth
value is in [a, b] C [0, 1]. This framework adds a flavor of imprecision to fuzzy log-
ic. An overview on interval-valued fuzzy logic is given by Cornelis, Deschrijver, and

*By a concrete fuzzy logic we mean a fuzzy logic that is based on a single t-norm and not a class of
t-norms. Thus, Godel logic with A would be a concrete fuzzy logic and basic logic would not.
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Kerre [24]. A further analysis and some philosophical motivation of this approach was
provided by Fermiiller [37].






CHAPTER

Godel logic as the fuzzy logic of
comparison

One of the main criticism of degree-based theories of vagueness is the concern that
the choice of a concrete real number, like for example /v/2, as the exact truth value of a
vague proposition can usually hardly be justified and might be artificially precise [65,
72, P5]. One can address this criticism by proposing that only the order of the truth
values matters and not the concrete values [35].

Gadel logic as introduced in Section is such a logic in which truth values are
only compared and no real arithmetic, as for example in Lukasiewicz and product logic,
has to be carried out. As we see in this chapter even more holds: Godel logic, with
the globalization operator, is in some very natural sense the only logic of comparison
over a set of linearly ordered truth values. To prove this statement we need to settle
our notion of a “logic of comparison”.*> We will understand such a logic as specified
over the theory of a set of linearly ordered truth values. The overall result might not
be completely new (see [5]), but nevertheless a detailed proof seems to be valuable.

4.1 Specified logics

In the following, we define the class of specified logics. Our definitions are slight
generalizations of those for projective logics given by Baaz and Fermiiller [3].

We distinguish between the syntax and semantics of an underlying theory and the
logic that is specified by using terms and formulas of this theory. We allow arbitrary,
classical first-order theories with their usual syntax and semantics.

»*Qur concept of logics of comparison should not be confused with Casari’s comparative logics [[11].
Casari introduces his logics in order to formalize certain aspects of comparative reasoning in natural
language. The goal of this chapter is a different one: we explore the space of possible logics when the
truth functions of the connectives are defined by conditions on the order of truth values.

79
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Definition 4.1.1. A theory is a set of first-order formulas.

We assume that a theory implicitly determines a first-order language. The theory
is meant to describe the truth values of the specified logic. Therefore the domain of a
model of the theory is taken as the set of truth values of the specified logic.

The language of the specified logic consists of a set of variables, a set of truth
constants, and a set of connectives. The set of propositional variables of the specified
logic is equal to the set of object variables of the theory with regard to which the logic
is specified. Also the set of constants is the same in both languages. The semantics of
the specified logic will mainly be given by special rules that we call specifications.

Definition 4.1.2. A S-evaluation e for a nonempty set .S is a function that assigns to
each propositional variable an element in S. For a first-order interpretation M with
domain D we call a D-evaluation also M -evaluation.

Note that we take evaluations as both, assignments of object variables in the un-
derlying theory and evaluations of propositional variables in the specified logic.

In this section we use the notation @[x,, ..., x,] to indicate that the free variables
of the formula ¢ are among the set {x,, ..., x,}. The notation @[y, ..., y,] should
indicate that each occurrence of x; has been replaced by y; for every 1 <i < n.

Definition 4.1.3. A specification of an n-ary connective [J with respect to a theory T
is a rule of the form

Xy, ..ox,] A [x, ..., x,]
O(x,....x,) = :
talxys ..o x, 1 if A, [x,...,x,]

where each x; is an object variable, each 1; is a term and each condition Aj is a
quantifier-free formula of T. The free variables of each 7; and each A; are among
the set {x,...,x,}.

The conditions of the specification have to satisfy the following two properties.

« Totality. At least one condition must hold: T E Vx, ...Vx, \//2, 4;.

« Functionality. If two conditions hold simultaneously, then they must yield the
same result. For all models M of T and every M -evaluation e: if M, e F A;
and M,eF A, then ||7{|pre = |I7; | me-

The specification is called projective iff each 7,[x,, ..., x,] is either a constant or
one of the variables in the set {x;,...,x,}.

Note that we only allow quantifier-free conditions. In Section f.5 we investigate
what happens if this condition is relaxed. Besides the specifications of connectives we
also need a mechanism that specifies the designated truth values and thus the valid
formulas.
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Definition 4.1.4. A designating predicate is a first-order formula D[x] with exactly
one free variable x.

We will assume that the variables x,, ...x, of a specification and the variable x
of a designating predicate are always fresh. This means that these variables occur
nowhere else. Note that specifications and designating predicates are merely syntactic
objects that should capture a natural way of defining the semantics of a logic. We use
the specifications to define a semantics for a propositional logic by defining the truth
function corresponding to a connective in the obvious way.

Definition 4.1.5. Let [0 be a connective that has a specification with respect to a the-
ory T as in Definition and M a model of T with domain D. Then the truth
function 0y, of O is defined by

Ntilxys s xulllage  if MoeE Ajlxy,....x,]
Opr (dl,...,dn)=
Ntlxys s XMl pre i MoeFE A, lxy, ..., x,]
for all d; € D and every D-evaluation e such that e(x;) = d;, for 1 < i < n. This

means that e assigns to each variable of the specification its corresponding argument
of the truth function.

Remark. Due to the two requirements of totality and functionality in Definition k.1.3,
the truth function [0, is always well-defined.

Definition 4.1.6. Let {(J;,...,;} be a finite set of connectives, each with a speci-
fication with regard to a theory T as in Definition .1.3, M a model of T, and e an
M -evaluation. Then the interpretation of formulas in the specified logic S is induc-
tively defined as follows:

||E||§W’e = ||C|| ps for every truth constant ¢

||X||§u’e = e(x) for every variable x
S ~ S S .
10:(@1s s @) e = Oim <||(p1||M’e, s ||(pn||M,e> for every connective [J; .
Now, together with the designating predicate we can define a logic.

Definition 4.1.7. Let {0, ..., O} be a finite set of connectives, each with a specifica-
tion with regard to a theory T as in Definition .1.3, D[x] a designating predicate, and
M a model of T. A formula ¢ is valid in the specified logic S of M iff M, ¢’ E D[x],
where e’ is an M -evaluation with e’(x) = || go||§u’ »» for every M -evaluation e.

4.2 Linear orders with endpoints

We have to make precise what we mean by comparison of truth values without losing
the generality of the idea of “logics of comparison.” The abstract concept of comparison
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that seems adequate for our situation is the linear order. In a linear order we can
always impose an order on two values that are not equal. As the intended domain
of our theory are truth values, we also include a maximal element for truth and a
minimal element for falsehood.

We consider a language with a two-ary relation symbol < and the constants 1
and 0. Since this language has no function symbols, every term is either a variable or
a constant.

Definition 4.2.1. The theory LOE of linear orders with endpoints is the deductive
closure of the following formulas.

(LOE1) Vx(—(x < x)) (irreflexive)

(LOE2) VxVyVz(x < y Ay < z) D x < z (transitive)
(LOE3) VxVyVz(x = yV x < yV y < x) (linear)
(LOE4) Vx(x = 0 v 0 < x) (minimal element)

(LOE5) Vx(x = 1 V x < 1) (maximal element)

(LOE6) =(0 = 1) (distinct)
We use the abbreviation x < yforx < yVvV x = y.

Now we show some minor results that are important for our discussion of Godel
logic, which we will define as a certain specified logic over the theory LOE.

Lemma 4.2.2. The following formulas are equivalent in the theory LOE.
e °(x < y)isequivalent toy < x.
e a(x=0)is equivalent to 0 < x.
e =(x = 1) is equivalent to x < 1.

Proof. Let M be amodel of LOE and e an M -evaluation. Assume that M, eF—(x < y).
Since x < yis an abbreviation for x < yV x = y we then know that M, e Z x < y and
M, e ¥ x = y. Then, by the axiom of linearity (LOE3), we know that M,e F y < x.

Now assume that M,e F y < x. Suppose that M,e F x = y. Then we get
M, e x < x which is not possible due to the axiom of irreflexivity (LOE1). Therefore
the opposite holds and we know that M, e E ~(x = y). Suppose that M,e F x < y.
Then, by the axiom of transitivity (LOEZ2), we also get the contradiction M, e F x < x.
Therefore the opposite holds and we know that M, e E —~(x < y). Putting together
both of these results we get M, e F =(x < ).

The other two equivalencies directly follow from (LOE4) and (LOE5) respectively
(for the left-to-right direction), and the irreflexivity axiom (LOE1) (for the right-to-left
direction). O
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Lemma 4.2.3. The following formulas are theorems of the theory LOE.

0=0 0<0
I=1 1<1
-(0=1) 0<1
~(1=0) =(1 <0)

Proof. The formulas 0 = 0 and 1 = 1 are theorems due to the definition of identity
in classical first-order logic. By the definition of < then also 0 < 0 and 1 < 1 are
theorems.

The formula =(0 = 1) is axiom (LOE6) of the theory. Since identity, by definition,
is symmetric, the formula =(1 = 0) is also a theorem of the theory.

Since 1 is the maximal element by axiom (LOE5), we get the theorem 0 = 1v0 < 1.
Because —(0 = 1) is axiom (LOE6), we conclude that 0 < 1 is a theorem. By the
definition of < this means that that 0 < 1 is a theorem. And, by Lemma , 0<1
is equivalent to =(1 < 0) which is therefore also a theorem. ]

We will see that for Godel logic only the cardinality of the truth-degree structure
is relevant. For finite cardinalities this also holds for models of LOE. We will see that
two models with cardinality n are always equivalent up to renaming. To make this
idea precise, we need the notion of an isomorphism.

Definition 4.2.4. Let M| and M, be two models of LOE with domains D; and D,,
respectively. A function f : D; — D, is a homomorphism f : M, — M, iff the
following structure-preserving properties hold:*®

« £ (I0pr,) = 1001, and £ (ITllag, ) = 1Tl as,.
+ M,,eEx < yifandonlyif M,, f - e F x < y for every D,-evaluation e.
« M,eEx=yifand only if M,, f - e E x = y for every D,-evaluation e.

The symbol e denotes the operator for the composition of functions, i.e., (f o €)(x) =
f(e(x)) for every variable x. A bijective homomorphism is called isomorphism. Two
models are called isomorphic iff there is an isomorphism between them.

We remark that, due to the inclusion of the identity sign, the third condition im-
plies that the homomorphisms that we consider are always injective.

Lemma 4.2.5. Every model M of LOE with finite cardinality n is isomorphic to the
model M™ defined as follows:

e The domain ofM(") isD™ = {0,...,n—1}.

 10]| pye0 = 0 and || 1| yyo0 = n— 1.

**Precisely speaking, these conditions define strict homomorphisms. However, since we never work
with non-strict homomorphisms, we omit this distinction.
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e Forevery D" -evaluatione, M, eEx < y iffe(x) < e(y) where < is the usual
smaller-than relation on the natural numbers.

Proof. First of all it is clear that M™ is indeed a model of LOE because natural num-
bers are a prototypical example of a linear order.

Let D denote the domain of M. We proof our claim by induction on n. Due to
axiom (LOE6) a model of LOE must have at least two distinct elements. Therefore we
do not have to care about the case n = 1. Thus, consider the case n = 2. Then it is
clear that f defined by f(0) = ||0]|,, and f(1) = ||1]| is an isomorphism between
M™ and M.

Now consider the case n > 2. We want to define a restriction of M to the domain
D’ = D\ {||1]|;}- To do this, we just need to find a maximal element for the constant
1 in the set D’, all other axioms of LOE also hold in D’. Suppose that the following
formula is true in M:

Vx(=(x =)D Iy=(y =D Ax < y).

Then clearly M cannot have finite cardinality, because, starting from the minimal
element, we always find a strictly greater element. Therefore the formula is false in M
and its negation is true which means that we find a maximal element in the set D’.
Since D’ has cardinality at least 2, the maximal element is distinct from the minimal
element. Therefore the restriction M’ of M to the domain D’ is a model of LOE.
Because M’ has cardinality n— 1, we know by our induction hypothesis that there
is an isomorphism f’ : MY — M’  Now define the function f : D™ — D by

Uy ifi=n-1
S0 = {f'(i) otherwise .

Clearly, f is bijective because f’ is bijective. It is easy to see that f is structure-
preserving. We only have to consider the cases that are not already handled by f’. By
our definition we have f(||T||M(n>) = f(n—1) = ||1]|p . Itis clear that M® eEx=1
if and only if M, f o e E x = 1 for every M™-evaluation e. Since both M and
M are models of LOE, we have M™ . e ¥ 1 < x and M,foek1 < x for every
M _evaluation e. For the same reason we have M, e E x < 1 A =(x = 1) and
M, foekx <1A=(x=1)forevery M™-evaluation e. Therefore M, e E x < y
if and only if M, f o e E x < y for every M"-evaluation e with e(x) = T[] pge0 OF
e(y) = ||l ppen-

O

Since all models with cardinality n are isomorphic to a certain model and the
property of being isomorphic is transitive, it follows as a corollary that all models
with a fixed finite cardinality are isomorphic.

Corollary 4.2.6. For every natural number n, all models of LOE with cardinality n are
isomorphic.
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4.3 Godel logic

In Section we defined Godel logic as a fuzzy logic over the truth-value interval
[0, 1]. Now we define Godel logics for more general truth-degree structures.

Definition 4.3.1. For every model M of the theory LOE, the Gédel logic G of M with
globalization is given by the following specifications:

x ifx<y x ify<x
XAy= xXVy=

y if=(x <y) if =(y < x)
x3y={

ifx<y {T ifx=0
x=< _
0

—I
~<

if 7(x < y) if =(x = 0)

1 ifx=1
AX = _ _
0 if-(x=1)

Its designating predicate is Dg[x] = 1 < x.

<

In Godel logic, disjunction is implemented by the maximum operator and con-
junction is implemented by the minimum operator. An implication is true if and only
if the left argument is smaller than or equal to the right argument. Negation is the
implication of falsehood and the globalization connective A has a definition inverse
to negation. In the following, we always speak of Godel logic when we mean Godel
logic with globalization.

Remark. It is obvious that the specifications for Godel logic fulfill the requirements
of totality and functionality because each specification consists of two contrary con-
ditions. Furthermore, the negated conditions have their intuitive meanings (compare

Lemma k.2.9).

Lemma 4.3.2. For every model M of LOE, the connectives of Gddel logic behave clas-
sically for the truth values ||1|| py and ||0]| p-

10 A OlI5; = 1101l pr
10 A TIS, = 1101l
IT A OIS, = 1101l

ITA TS, = 1Tl pr

102005 = ITlly
102 TI5, = Tl y
T2 0l = 110llar

1T TG, = Iy

10V Oll§; = 1101l pr
10V TG = 1Tl
1TV ONS, = Tl

TV TG = 1Tl p

1=0015; = 1Tl o
I=T115, = 1101l o
140115, = 1101l o

ATl = Tl
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Proof. Let e be an evaluation such that e(x) = ||¢;||3s and e(y) = ||&,|| s Where ¢,
and ¢, are two truth constants from the set {0, 1} and let A[x, y] be a formula with at

most two free variables. Then M, e E A[x, y] if and only if M, e E A[¢,, ¢,].
Therefore it can easily be verified that the truth functions of Godel logic behave
classically by checking, in the list of Lemma k.2.3, for each condition whether it applies.
O

We now start an investigation with the aim of showing that for Godel logics only
the cardinality of the truth-degree structure is relevant. All Gédel logics of models
with a fixed finite cardinality coincide. For models with infinite cardinality, even more
holds: their sets of valid formulas all coincide. This result is well-known but to make
the material in this chapter self-contained we include our elementary proofs.

We first formulate our central technical lemma that states that for Godel logics it
does not matter whether we first apply a homomorphism and evaluate afterwards or
if we first evaluate and then apply the homomorphism.

Lemma 4.3.3. Let M, and M, be two models of LOE such that there is a homomor-
phism f : M; - M,. Let ¢ be a formula of Gédel logic and e an M -evaluation.
Then

G G
1 (1015, ) = 1015, .o
Proof. The proof claim is by induction on the complexity of ¢.
« @ = x for a variable x: Trivially, f(||x||§ll’e) = fle(x)) = (f - e)(x).

« @ = ¢ where ¢ is one of the truth constants 0 or 1: Since f isa homomorphism,
e - = =|G
we have f(l12S, ) = fUIellar,) = el = NSy, ..

+ @ = y A y: First, define the M, -evaluation e, and the M,-evaluation e, as

follows:
Iy, . ifv=x WISy, e ifo=x
e (v) = ||)(||%41,e ifo=y e, (v) = ||X||S42,f°e ifo=y
e(v) otherwise foe() otherwise .

The interpretation of the formula yw A ¢, by the definition of conjunction in
Godel logic, depends on e, and e, in the following way:

G .
_ ) Iwlly,, ifMye;Ex<y

lw A xS . = .
NG, i Mye Ex<y

G .
G IWling, e if Ma,es Ex <y
”W/\ X”Mz’foe = G .
||)(||M27f°e it My, e, Ex<y.
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By the induction hypothesis we get

£ (il ,.) ifo=x
ex® =17 (145, ) o=y

foe(v) otherwise .

and therefore e, = f o e;.

Since f is a homomorphism, the following relations hold:

M,,e,Ex<yifandonlyif M,, fee, Ex<y
if and only if My, e, Ex <y

M, e,Ex=yifandonlyif M,, fee,Fx =y
ifand only if M,,e, Ex =y.

Since x < y is an abbreviation for x < y V x = y, we then know that

M,,e,Ex <yifand only it M,,e, F x < y.

First, consider the case that M|, e, E x < y. Then also M,, e, E x < y. By the
definition of conjunction in Gédel logic and the induction hypothesis we then
get

G G G G
(A Sy ) = £ (1S, o) = 1wl e = o A 2SS

Second, consider the case that M, e; ¥ x < y. Then also M,, e, ¥ x < y. By
the definition of conjunction in Gédel logic and the induction hypothesis we
then get

F (A2 ) =1 (15,0 ) = 105y, e = N A S

In both cases, we get f(||y A )(llﬁll,e) =|lwA 1||§42,foe~

+ The proofs for the other connectives work in the same manner as for A.

O]

Now we build upon our results for the theory LOE to show that all Godel logics
of truth-degree structures with a fixed finite cardinality coincide.

Lemma 4.3.4. Let M, and M, be models of LOE such there is an injective homomor-
phism f : M; — M,. Then every formula that is valid in the Gidel logic of M, is
also valid in the Godel logic of M.



88 CHAPTER 4. GODEL LOGIC AS THE FUZZY LOGIC OF COMPARISON

Proof. By Lemma [£.3.3 we know that f(||(p||%[1,e) = ||(p||§\;lz’f°e. Since @ is valid in the

Godel logic of M, we have ||(p||]C“l2 foe

also have f(||I||M1) = ||I||M2. Thus, we get f(||(p||§'ll,e) = f(||I||M1) and since f is

injective this means that ||q0||§41 o=l 1] M, Since e was an arbitrary M -evaluation,
we may conclude that ¢ is valid in the Gddel logic of M. O

= ||I||M2. Because f is a homomorphism we

Since an isomorphism gives an injective homomorphism in both directions, we
get an easy corollary.

Corollary 4.3.5. Let M| and M, be two isomorphic models of LOE. Then a formula
@ is valid in the Godel logic of M if and only if ¢ is valid in the Godel logic of M.

Since all models of LOE with a fixed finite cardinality are isomorphic (see Corol-

lary k.2.6), we already get our desired result for finite-valued Godel logics.

Corollary 4.3.6. For every natural number n, the set of valid formulas is the same for
all Gadel logics based on a model of LOE with cardinality n.

Remark. The consequences of Lemma for isomorphic models M; and M, of LOE
are even stronger, namely that ¢ has a designated truth value in M, if and only if it
has a designated truth value in M,. Therefore the two Godel logics also coincide at the
level of logical consequence. However, we do not consider entailment in this chapter
because the overall result we aim at only holds for validity and not for entailment.

Finally, we show that for infinite cardinalities, no distinction can be made between
different Godel logics in terms of valid formulas. The theorem and its proof idea are
taken from Gottwald’s monograph [44].

Theorem 4.3.7. For every formula @ of Gddel logic the following statements are equiv-
alent:

(i) For every model M of LOE with infinite cardinality, ¢ is valid in the Gédel logic
of M.

(ii) For some model M of LOE with infinite cardinality, @ is valid in the Gédel logic
of M.

(iii) For every model M of LOE with finite cardinality, ¢ is valid in the Godel logic
of M.

We are mainly interested in the equivalence between (i) and (ii). The equivalence
to (iii) is just an interesting by-product that is however essential for the proof.

Proof. The step from (i) to (ii) is trivial because a model of LOE with infinite cardinality
exists.

For the step from (ii) to (iii) we first show that for every model M, of LOE with
finite domain D, and every model M, of LOE with infinite domain D,, there is an in-
jective homomorphism from M, to M,. Since D, is infinite, there is a subset A € D,
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such that |A| = |D,|. Clearly, we also find such a set A such that ||(_)||M2 € A and
Il m, € A. Now we define M " to be the restriction of M, to the domain A. By re-
striction we mean that ||0]| 5, = ||(_)||M2 €A |y = ||I||M2 € Aand M',eEx <y
ift M,,e F x < yfor every M’ -evaluation e.?’ Clearly, M’ is a model of LOE.

Since both M| and M’ have the same finite cardinality, there is an isomorphism f
between M; and M’ due to Corollary f.2.d. The function f is also an injective ho-
momorphism from M, to M,. Now let e be an arbitrary M -evaluation. Then by
Lemma we have f(||(p||§ll,e) = ||(p||(;427f°e. Since ¢ is valid in the Godel logic

of M, we know that_||¢||§42,f°e = ||T||M2 = f(||T||Ml). Because f is injective, the
identity ||(,o||§l1 o= [ 1]| M, follows. Since e was an arbitrary evaluation, ¢ is valid in
the Godel logic of M.

We now show the step from (iii) to (i). Let x,,... x,, denote the n variables oc-
curring in @. Suppose that that there is a model M of LOE with infinite cardinal-
ity such that ¢ is not valid. This means that there is an M -evaluation e such that
||(p||§l’e # |11|lps. Now we define M’ to be the restriction of M to the domain
(0l pgs 1Tl ag- €Cxp)s - €Ge) Y, e [100pg = 10llags 1T lar = N1l and M’ e &
x < yiff M, e’ E x < y for every M’-evaluation e’. Obviously, M’ is also a model of
LOE and has finite cardinality.

Consider the following M’-evaluation e’:

e,(v):{e(v) if0€ (xp,.0 %, )

0]l 5y otherwise.

It can easily be seen that ||(p||§4,e = ||(p||§4,’e,. But ||(p||§4’e # 1 1llpr = NI1]l 5 then
is a contradiction to the assumption that ¢ is valid in every model of LOE with finite
cardinality. O

Due to this result it makes sense to speak of the n-valued Godel logic and the
infinite-valued Godel logic. Note that n-valued Godel logic and infinite-valued Godel
logic do not coincide. For example, the formula x vV —x is valid in 2-valued Godel
logic, which is just classical propositional logic, but not in any n-valued Godel logic
for n > 2 nor in infinite-valued Godel logic.

Another question that one might ask is whether our presentation of Godel logic
is optimal. Some of our connectives could be defined syntactically from other connec-
tives:

. - is equivalent ¢ D 0
« @V isequivalentto (g Dyw) Dyw) A ((w D @) D @)
« 1isequivalent to x D x

« 0 is equivalent to =1

“’Note that every M -evaluation is also a M,-evaluation
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For the other connectives, such syntactic definitions are not possible:
+ Conjunction is not definable from implication, disjunction and negation [8].
« Implication is not definable from conjunction, disjunction and negation [96].
« Globalization cannot be defined from the remaining connectives [89].

In the remainder of this chapter we will need the globalization operator A very of-
ten. It is therefore interesting to know that this operator is really needed for the full
expressibility of Godel logic.

4.4 Logics of comparison

In the following, we show that any logic that is specified over the theory of linear
orders is already contained in a Godel logic. We show that this statement holds in
a very strong sense. Every connective that can be specified with respect to LOE is
syntactically definable from the connectives of Godel logic.

Note that the theory LOE is purely relational. Therefore every specification over
LOE is projective.

Lemma 4.4.1. Let @[xy,...,x,] be a formula of LOE with free variables among the
set {xy,...,x,}. Then we can construct a formula Fq,[xl, ..., Xx,] of Godel logic such
that for every model M of LOE and every M -evaluation e:

n

s I M.e & g, then [ F IS, = ITlly-
e If‘M’e# @, then “F(p”%{’e = ”(_)”M
Proof. The proof is by induction on the structure of ¢.

« If @ is a classical truth constant we simply define F,, = Tif ¢ = T and F, =0
if @ = L. This is correct because M,e F T and M, e ¥ L in any case.

« If ¢ is of the form #; < 7, for two terms 7, and #,, then we define F, as
A(t; Dty) AA(E, D ty). We then arrive at the following evaluations for the
left and the right part of F:

a2 ). = {IIATII%& %fM,e Et <t

: “AtleM,e if M,elE—(t; <t,)
-2l ifMeFn <t
a5, if MieE=(t, <1)).

G
=4ty D)y = {

By the specifications of A and — in Gédel logic, we get ||AI||§“ = |15, and
|[-~al ||§“ = ||0]] ps. Now we investigate the second branches of the truth func-
tions. Suppose that M, e F =(t; < 1,) and that ||£;][p7, = [IT]l 5. Since 1 is
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the maximal element by axiom (LOE5) we know that M,e F t; < t, which
contradicts our first assumption. Therefore we get [|7,]pr, # II1lly which
means that ||A12||§4’ e = 0]l ps. With the same argument, under the assump-
tion that M, e F (¢, < 1), we get that [[]|p, # IT]] 4 Which means that
=415, = 11Tl ag-

Finally, we end up with the following truth functions:

1]y ifM,ekEt, <t,

G
INGE=Y! =9
latt 2 1)l 3 {“O“M if Mye1, <1

0]l ifM,ekEt, <t

A=t DS =<
142 > 1)l e {||1||M ifM,eEt, <t,.

Now it is clear that if M,e F t; < t,, then ||F(p||§“ = ||1]|p. If howev-
er M,e ¥t <t,, then by Lemma M.e =1, < t| and therefore we get

e # i <
IE NS, = 101ar-

« If ¢ is of the form #; = ¢, for two terms 7, and f,, then we define F, as
Aty Dty) A A(ty D ty). We omit the proof because it is very similar to proof
of the previous case.

« If @ is a composed formula, we apply Lemma [£.3.4. If ¢ is a negation -y then
we know by the induction hypothesis that there is a formula F,, with the desired
property and we define F, as 7 F,,.

- If M, eF—y then M, e #y. The induction hypothesis gives us ||Fv,||§le =
01| »s- Therefore by Lemma we get || F,ll5. = I7F, 5. = Il u-

. . . G _

- If_M ,eFy then M, eFy. By the induction hypothesis we get || F, || Me =
11|l 5s. Therefore by Lemma we get [|F, [l = I7F, 5. = 100l pr-

If @ is a conjunction yA y then we know by the induction hypothesis that there
are formulas F,, and F, with the desired property and we define F, as F,, A F,,.

- If M, eFwA y then M, eEy and M, ek y. The induction hypothesis gives
us || F, I3, = ITllpr and [[F,lI5;, = IIT]lp. Therefore by Lemma
we get |F, 11, = 1, A F 1S, = 1Tl

- If M, e ¥ y A y then one of the following three cases applies:

* If M, ey and M, eF y, then, by the induction hypothesis, || F,, ”%le =
1011 g and [1F, 1S, = 110 3s-

* If M, eFy and M, e y, then, by the induction hypothesis, ||Fy, ||§L o=
11l and [1F, 1S, = 1101 3s-

* If M, ey and M, ek y, then, by the induction hypothesis, || F,, ||§L o=

1011 a7 and [1F, 157, = Tl pr-
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. G G N
In either case we get [|F,[IS, , = IIF, A F, IS, = 0]l s by Lemma 3.2

The two remaining cases can be handled analogously. If ¢ is a disjunction wA y,
then we define F, as F, A F,, and if ¢ is an implication y D y, then we define
F,as F,DF,.

O]

Lemma 4.4.2. Let[d be a connective of a logic S that is specified over LOE with a truth
function defined by a specification of the form

tl[xl,...,xn] l:fAl[xl,...,xn]
O(xy, X)) =19
talxg, ..o, x,] lfA [Xp, .., x,].

Then we can construct a formula F[xy, ..., x,] of Godel logic such that

S G
1BGes - x)lpge = HFalxrs o Xl 3y e
for every model M of LOE and every M -evaluation e.

Proof. We define the formula F[x,...,x,] as
(Fy, Ati[xy, s x, DV VI(Fy Ayl x,D).

where each F Y (1 < j < m)is determined by Lemma fs.4.1.
Note that by Lemma [i.4.1 the following holds for every 1 < j < m:

« If M,eF A;, then ||FAJ_||§M = ||1|| ; and therefore 1Fy, A tj||§l,e = 1111l pe-
« If M,e ¥ A}, then ||FAJ_||§‘;,,€ = ||0]| »; and therefore 14, A tj||§’l’e = {|0]] -

Now assume that ||[O(xq, ..., x )”Me = ||z; ||Me for some 1 < j; < m. Then
M,eFA; . Letl <jp<m such that ||FAj2 ”M,e ;é 0. Then, as seen above, it must be
the case that M, e E A; . Dueto functionality we get that ||tjl lpe = ||tj2 Il pg.e-

Therefore, for every 1 < j < m, we have ||FAj A tj”%l,e = It [ me OF ||FAj A
tj”%l,e = ||0]| ps. Thus, by the definition of Gédel disjunction, ”FD”Sl,e = 1t Ime =
10 - )y e O

Lemma 4.4.3. For every formula ¢ of a logic S that is specified over the theory LOE
we can construct a formula F,, of Gédel logic such that ||(p||§u’e = ||F(p||§l’e for every
model M of LOE and every M -evaluation e.

Proof. The proof is by induction on the structure of ¢.

« Ifp =0,9 = 1or ¢ = x for a variable x, we take F, = @ and the identity
clearly holds.
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« If = O;(yy,....w,) for one of the connectives [J;, then we know by the
induction hypothesis that, for every 1 < j < n, there is a formula ij such that

”Wj”il,e = ||Fy,j ||]C"Le. Now we take some fresh variables x, ..., x,, and define

the evaluation e’ by

() = ”Wj”il,e ifv=x;forsomel <j<n
otherwise .
Due to truth-functionality we get
S S S
1ol e = N1 o W e = NOGe ey
Now we apply Lemma and conclude

S G G
10 s X age = (| F Dxrs o ,xn]”M’e, = |y LF,,. s F, ] Mo -
Thus, FDi [Fy,l s Fwn] is the desired formula F,.
O

In the last step we also have to take into account that the status of validity of the
transformed formula depends on the designating predicate of the specified logic.

Theorem 4.4.4. For every formula @ of a logic S that is specified over the theory LOE
we can construct a formula ¢’ such that for every model M of LOE, @ is valid in the
specified logic S of M if and only if ¢ is valid in the Godel logic of M.

Proof. Let @ be a formula of the specified logic S. By Dg[x] we denote the designating
predicate of S and by Dg[x] we denote the designating predicate of Gédel logic.
Now by Lemma we know that there is a formula Fp,_[x] such that

M. e = Dg[x] if and only if || Fp [x]||, . = 1Tl (4.1)

for every model M of LOE and every M -evaluation e.

By Lemma there is a formula F,, such that ||(p||il’ . = ||F(p||§4’ , for every
model M of LOE and every M -evaluation e.

We denote by F DS[F(p] the formula where each occurrence of the free variable x
in the formula F Dy [x] is replaced by F,. We want to take F Dy [F,] as our Q.

Let e be an arbitrary evaluation. Now we define the following evaluations:

S .
oy 2 [ 19l ifo=x
e(v) ifv#x

G .
e'(v) = {”FDS[Fcp]“M,e ifv=x
e(v) ifv#x

G .
) = [Folly, ifv=x
e(v) ifv+#x



94 CHAPTER 4. GODEL LOGIC AS THE FUZZY LOGIC OF COMPARISON

Since ||(p||§we = ||F(p”$\;le’ the evaluations e’ and e* are equal. Now we get the

following chain of equivalences:
M, e* E Dg[x]

is equivalent to
1Fo,LF, 5y, = 1Tl ag

because the designating predicate of Godel logic is x = 1. The last statement is equiv-
alent to

”FDS[X]||§;,6X = “i”M

because the connectives are necessarily truth-functional. Due to the equality of ¢’ and
e this statement is equivalent to

G -
[ Fp x1[ oy o = N1l ar -
Finally, we may apply (k.1) from above and get that the last statement is equivalent to
M, e = Dg[x].

Now since e was an arbitrary evaluation and e’ and e* were suitably defined we
may conclude that ¢ is valid in the specified logic of M if and only if ¢’ is valid in
the Godel logic of M.

O

This shows that every logic that is specified over a model of LOE can be embedded
into the corresponding Gédel logic. Note that our proof is fully constructive which
means that we can extract an explicit procedure that tells us how the formula ¢’ can
be constructed.

4.5 Dense linear orders with endpoints

So far, the conditions of the specifications were required to be quantifier-free (compare
Definition [£.1.3). The natural question to ask is whether this requirement is necessary
for obtaining the preceding result.

We can easily show that this is indeed the case by introducing the concept of
density. A linear order is dense if between two non-identical points we always find a
third one that lies in between.

Definition 4.5.1. The theory DLOE of dense linear orders with endpoints is the de-
ductive closure of the theory LOE together with the additional axiom of density

D) VxVy(x < yDIz(x<zAz<Y)).
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Clearly, DLOE only has models with infinite cardinality. A natural example of a
dense, linearly ordered set is the real unit interval [0, 1] with the usual smaller-than
relation on the real numbers. We call this model M*!. An example of a model of
LOE in which the density axiom does not hold is the set N U {o0} which is the set
of natural numbers with the usual smaller-than relation together with an artificial
maximal element co. We call this model M,

We can now specify a connective that simply checks whether the density property
holds for two elements.

{T ifx<yd>3Iz(x<zAz<X)
D(x,y) = ,
0 otherwise.

Consider now the specified logic D that only consists of the connective D and
has the designating predicate x = 1. Although this logic is rather meaningless it
serves as a simple counterexample that our theorem can fail for specifications allowing
quantifiers. It is clear that the formula D(x, y) is valid in the specified logic D of a
model M of LOE if and only if M fulfills the density axiom.

Suppose, for the sake of contradiction, that Theorem still holds. The formula
D(x, y) is valid in the logic D of the LOE-model M (011 hecause the set [0, 1] is dense.
By our theorem we therefore know that there is a formula ¢’ such that ¢’ is valid
in the Gédel logic of M®!1. Since all infinite-valued Godel logics coincide, we can
apply Theorem and get that ¢’ is valid in the Godel logic of M®. Now we go
back again with Theorem and conclude that the formula D(x, y) is valid in the
logic D of the model M (°) " But this cannot be the case because the set N U {0} is
not dense. Therefore the connective D cannot be defined as an abbreviating formula
with connectives of Gddel logic.

However, there might still be special cases in which the full generality of our result
is possible. One important case in fact is the theory DLOE. It is well-known that
DLOE admits quantifier elimination (see for example the classic book by Kreisel and
Krivine [76])

Theorem 4.5.2. For every formula @ of DLOE there is an equivalent quantifier-free
formula ¢’ such that DLOE kE ¢ if and only if DLOE E ¢'.

Note that the usual proof gives an explicit procedure that puts a formula in its
quantifier-free form. Therefore every specification over DLOE can be transformed
into a quantifier-free specification and thus our result can still be applied. Since DLOE
only has models with infinite cardinality, every specified logic over DLOE is subsumed
by infinite-valued Gédel logic.






CHAPTER
A hybrid logic

In this chapter, we consider, for every continuous t-norm #, a logic that we call S.
We follow the definitions of [38] where the logic St, obtained from the Lukasiewicz
t-norm, was discussed. We restrict ourselves to the propositional case.

The main idea in this approach is to measure the amount of truth of propositional
variables in a precisification space which can be attributed to Kamp [71]. This mea-
sure determines the truth values of propositional variables. Complex formulas are
interpreted according to the truth functions given by a continuous t-norm. Further-
more, a supertruth operator is added that expresses truth in all precisifications. This
approach is particularly interesting because it addresses the question how the truth
values of atomic statements should be determined.

Hajek’s “probably” modality [56] has some similarities to our system (compare
Section B.6.9). The main differences are that Hajek does not include something like the
supertruth modality and does not only measure propositional variables but arbitrary
formulas. Furthermore, the questions studied in the following are of a different nature
than the ones answered by Hajek.

There is also another way of “plugging together” fuzzy logic and supervaluation-
ism: An approach complementary to ours is Hajek’s generalization of Shapiro’s ma-
chinery [93] to interval-based fuzzy logics [58]. In that framework, the interpretation
of a formula at a precisification is not classical, but based on a t-norm, and every
propositional variable receives a set of possible truth values [a, b]. Precisifying then
means to reduce the set of truth values to a subinterval [c, d] C [a, b]. In a complete-
ly sharp precisification all truth value intervals of propositional variables collapse to
single truth values.

5.1 Definitions and basic properties

As explained above, the basic idea of our hybrid logic is to measure the “amount of
truth” in a precisification space. For this purpose we have to make precise what we

97
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mean by measuring. We define the measure in a way that allows us to obtain truth
values for propositional variables from it. The concept that is needed here is that of a
probability measure. As a simplification, we restrict ourselves to precisification spaces
with only countably many precisifications.

Definition 5.1.1. A probability measure on a countable set .S is a function u from §
to the unit interval [0, 1] such that )’ ses M(s) = 1. To simplify notation we extend u
to subsets of S as follows: u(T) = Y . u(s) for every TC S.

There are some basic properties of probability measures that we will need quite
often.

Proposition 5.1.2. Let u be a probability measure on a set S. Then the following holds:

e IfT C S and U C S are two disjoint subsets of S, i.e, TNU = @, then
uwTuU)=uT)+ ulU).

« FTCUC S, then u(T) < u(U).
c fTCUCS, thenu(U\T) = uU) — u(T).

Proof. The first property follows directly from the definition. Assume that TNU = @.
Then we have

uTUU) = Y p(s) = us)+ Y u(s) = u(T) + u(U).

seTuU seT seU

If TC U, we have

pU)= Y ws)= Y u(s)+ Y, us)=puT+ Y uis).

seU sET seU\T seU\T

Since u(s) > 0O for every s € .S we get ZSeU\T u(s) > 0 and therefore u(U) > u(T).
Furthermore we get

WU\T)= Y u(s)=pU) = u(T).

seU\T

O]

We now consider precisification spaces that are equipped with a probability mea-
sure on the set of precisifications and give appropriate definitions for the truth values
of formulas in such a structure. We will only work in the simplest possible setting:
we restrict ourselves to propositional variables and do not impose an admissibility re-
lation on the precisifications. As will be seen in the following, already in this simple
setting many interesting questions can be asked.
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Definition 5.1.3. A precisification space S is atriple §' = (P, (M), p, ) that consists
of a nonempty, countable set P of precisifications, a function (M,)cp that assigns a
classical propositional interpretation M| to every precisification s € P, and a prob-
ability measure u on P. As a simplification, we may write s € § instead of s € P.
Furthermore, we define the interpretation of formulas in a precisification space with
an associated continuous t-norm .

The local truth value ||@||; s of a formula ¢ at a precisification s € .S in a precisi-
fication space S is inductively defined by:

101l5,s =0
1 iflplly =1
= s for atomic
”p”S’S {O otherwise P
1 ifflegllys =1and [yl s =1
& — S, S,
o W”S’S {0 otherwise
0 ifllell;s=1and |lyll,s =0
le o wlls = oS >
1 otherwise
1 if|lg|l; g =1foreveryt e S
ISell,.s = oS
0 otherwise.

The global truth value ||@||s of a formula @ for a continuous t-norm * and its
residuum =, is inductively defined as follows:

10l =0

lplly = u ({s e Sllplys = 1}) for atomic p
lo &yl = llel = vl
le D wlls = llels =, vl

1 if||p|l, g =1foreverys e S
ISl = 5
0 otherwise.

We sometimes omit the superscript in || - || if the result does not depend on the t-norm.
If a conjunction is in the scope of an S-operator, we usually write @ A y instead of
@ & y for convenience. If a conjunction is not in the scope of an S-operator, then
@ & y refers to the strong conjunction connective of fuzzy logic and @ A y refers to
the weak conjunction connective of fuzzy logic and is an abbreviation for ¢ & (@ D y)

(see Sections and B.4).

Using precisification spaces as interpretation structures of formulas, we obtain, for
every continuous t-norm #, a logic that we call S*. The notions of truth and validity
in this logic are defined in the standard way.
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Definition 5.1.4. Let * be a continuous t-norm. A formula ¢ is true for * in a precisi-
fication space S iff |||y = 1. A formula @ is valid in S iff @ is true for * in every
precisification space S.

Furthermore, we introduce some simplifying notation.

Definition 5.1.5. Let .S be a precisification space with probability measure u. For a
formula ¢, the extension of ¢ is

[pls ={se S| lels=1}

and the measure of @ is

lolls = u([@ls) -

Note that by definition ||p||g¢ = [p]] g for every propositional variable p in a pre-
cisification space .S

Remark. For every formula ¢ and every precisification space .§ with a set of precisifi-
cations P, the following statements are equivalent:

() lSells =1

(ii) [ISell;s = 1 for some s € P
(iii) [ISell;s = 1foralls € P
(iv) [pls =P

(v) [Sels =P

Example. Consider a precisification space . with probability measure y consisting of
two precisifications s, and s,. The local truth values for a propositional variable p are
given by ||p||sl,s = 1 and ||p||s2’s = 0 and y is defined by u(s;) = 1 and u(s,) = 0.
Then we get ||pllg = 1 and ||Sp|lg = 0. Thus, in that precisification space supertruth
and 1-truth come apart for propositional variables.

One possibility to overcome the issue of this example is to forbid precisifications
with measure 0, which leads to the concept of positive precisification spaces.

Definition 5.1.6. A precisification space .S with probability measure u is positive iff
u(s) > 0 for every s € S. In such a case, y is called a positive probability measure.

One could argue that it makes no sense to give the measure 0 to any precisifica-
tion because in this case the precisification should not be included in the precisification
space anyway. Following this argument, all precisification spaces should be positive.
In positive precisification spaces the notions of truth and falsehood in terms of truth
values and in terms of supertruth and superfalsehood coincide for propositional vari-
ables.
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Proposition 5.1.7. For every positive precisification S and every p a propositional
variable the following holds:

* llplls = 1 if and only if ||Sp|ls = 1
* |lplls = 0 if and only if ||S—plls = 1

Proof. In both cases, the direction from right to left holds for all precisification spaces
and directly follows from the definitions.

Assume that [[p||g = 1 and suppose that there is an s € .S such that ||p||,; ¢ = 0.
Then the sets [p]g and {s} are disjoint and by Proposition we have

1> pu([plg U is}) = pu ([pls) + u(s) = lIplls + p(s) = L+ u(s) > 1 +0 =1

which is a contradictory statement. Therefore ||p||; s = 1 for all s € § which means
that ||Spllg = 1.

Assume that ||p|| ¢ = 0 and suppose that there is an s € S such that ||=p||, s = 0.
Then ||p|l; s = 1 and therefore {s} C [p]g. By Proposition we then get

0=lplls = u ([pls) = u({s}) = u(s) >0

which is a contradictory statement. Therefore ||-pl|; g = O for all s € .S which means
that [|[S—p|ls = 1. O

Another basic question that we answer now is to give a simple condition under
which precisification spaces agree on the truth values of formulas.

Proposition 5.1.8. Let.S| and S, be two precisification spaces, * a continuous t-norm,
and P a set of propositional variables. Then ||(p||§1 = ||(p||§,2 for every formula ¢
containing only propositional variables of P if and only if the following two conditions
hold:

(i) lplls, = llplls, for every propositional variable p € P.

(ii) IISwlls, = ISwlls, for every formula ¢.

Proof. The direction from left to right is clear, we simply set ¢ = p or ¢ = Sy
respectively. We prove the direction from right to left by induction on the structure
of @.

« =0 [0ll5, = 0= 0ll,.

@ = p € P: Then by condition (i) we have ||p||S1 = ”P”Sz-
« @ = Sy: Then by condition (ii) we have ISwlls, = ISylls,-

« @ = w& y: By the induction hypothesis we have ||q/||i;1 = ||t//||§2 and ||)(||§1 —
I )(Ilgz. Therefore we get

& 2, = lwlls, = Nl = iy, = lLells, = lw & 2115,
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« @ =y D y: By the induction hypothesis we have ||1//||i‘s,1 = ||l,,||§2 and ||}(||§l —
I }(Il*sz. Therefore we get

lw > iy, = (Iwily, = el ) = (Iwlly, = 112l ) = lw > 211,

O]

We can make the second condition in the previous proposition more precise.

Proposition 5.1.9. Let S| and S, be two precisification spaces and P a set of proposi-
tional variables. Then ISwlls, = ISwlls, for every formula @ containing only propo-
sitional variables in P if the following two conditions hold:

(i) For every precisification s; € S| there is a precisification s, € S, such that
pll,.s, = lpll,.s, for every propositional variable p € P.

(ii) For every precisification s, € S, there is a precisification s, € S| such that
plls,.s, = llpll, s, for every propositional variable p € P.

Proof. Assume that conditions (i) and (ii) hold. We first prove the following claim:

(i’) For every precisification s; € S, there is a precisification s, € S, such that
llells, s, = ll®ll,,s, for every formula .

(ii") For every precisification s, € .S, there is a precisification s; € S| such that
llell,.s, = ll®ll, s, for every formula .

The proof is by induction on the structure of @. Let ¢ be a formula. We may
assume that (i’) and (ii’) hold for all formulas that are “smaller” than ¢. We show that
condition (i’) also holds for ¢, the proof of condition (ii’) uses the same arguments.

Let s; € §;. By condition (i) there is an s, € S such that ||p||S1,S1 = ||p||52,s2 for
every propositional variable p € P. We have to show that ||¢||s1, s, = ||(p||s2’ s, for
every formula ¢.

+ @ =0: Then [|0]l,, 5, = 0 = |[0l]

55,8,"
+ @ = p € P: There is nothing to show because ||p||S1’S] = ||p||S2’52.

« @ = Sy: We show that ||St//||sl,51 = 1 if and only if ||Sy/||s252 = 1. Since

ISwll,,.5, € (0.1} and [ISyll5, € (0,1} this implies that ISwll, 5, =
ISwll,, s.-
Assume that ||St;/||sl’s1 = 1 and suppose that ||Sl[/||52’52 = 0. Then there is
some t, € .S, such that lwll;,s, = 0. By the induction hypothesis, (ii’) holds
and there is some ¢; € S such that ”W”tlssl’ ||l;/||,2’S2 = 0. Then ||Sl[/||sl’sl =0
which contradicts our assumption. Therefore ||Sy/|| 5.8, = 1. The direction from
right to left can be shown using the same argument.



5.1. DEFINITIONS AND BASIC PROPERTIES 103

« @ = wA y: By the induction hypothesis we know that ”V’”sl,Sl = ||l//||52,S2 and
w5, = lIwll,, s, Therefore also lw A #ll, s, = Il A £l,..s,.

For the remaining connectives the same argument as for conjunction applies.
Wenow show that ||Sy/|| s = 1ifand only if |Syl| 5, = 1 which implies ||Sy|| s, =
||Sl,u||S2 = 1. Assume that ||Su/||51. Then there is some s; € S such that ”SW”S.,& =
1. By the claim we just proved there is an s, € S, such that ||Sy/|, s = 1. Then
we know that ||Sy/|| s, = L The other direction can be shown using the same argu-
ment. O

We also have a certain finite model property, observed in [3§] where it is formu-
lated for the logic St.

Proposition 5.1.10. Let S be a (positive) precisification space and @ a formula that
contains n different propositional variables. Then there is a (positive) precisification
space S’ with 2" precisifications such that ||¢|l s = ||l -

Proof. We prove the proposition in two steps. First, we show that we can reduce the
number of precisifications to some m < 2". In the next step, we show that in the case
m < 2" we can also get an equivalent precisification space with 2" precisifications. By
P we denote the set of propositional variables contained in ¢.

Let S be a precisification space with a set of precisifications P and a probability
measure p. For every subset .S C P we define the formula ¢ ¢ by

Qs = /\P/\ /\ p.

pES  peP\S

We define a precisification space S’ that has certain subsets of P as elements of its set
of precisifications P’ and a probability measure z’ by

P ={SCP|lpsls # D}
u(S) = u (losls)

1 ifpesS
lpllss =

0 otherwise

forall S € P and p € P.

First we show that .S is well-defined. Due to ||p|l; s € {0, 1} for every p € P and
every s € P it is clear that for every precisification s € P there is exactly one S € P’
such that [|@gll; s = 1. Therefore we have a disjoint partition P = Usep [@s]s and
we get

L=uP)=u| Jlosls|= D ullosls) = D, #(S)=u'(P).

SCP’ SeP’ SepP’
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Now we show that ||¢|| s = ||@|| s for every formula ¢. Note that ||p||; g = 1 if
and only if there is some .S € P’ such that ||@g]| s,s = 1 and p € S. Therefore we
have a disjoint partition [p]g = USeP’,peS[(Ps]S and we get

Iplls = w (Ipls) = u| [ losls|= D u(lesls)

SeP’ SeP’

PES pES
= Z WS =pu(lpls) = lplls

SeP’

peS

because ||pl|s ¢ = 1 ifand only if p € S.

For every s € S, there is some s’ € S’ such that lpllss = lplly s for every
p € P: we know that there is some S C P’ such that ||¢g]| s,s = 1 and therefore
pick s’ = S. Also the converse holds: for every S € S " there is some s € S such
that ||plls.s = llplls.s for every p € P. Since S C P’, there is some s € S such that
loslls,s = 1.

By Proposition and Proposition we then know that ||@|lg = ||@||s for

every formula @. Since the set P has 217! = 2" subsets, the precisification space S’
has at most 2" precisifications. If § was a positive precisification space, then, by the
definitions of 4’ and P’, S’ clearly is a positive precisification space, too.

We now prove the second part. Assume that S is a precisification space with a set
P of m < 2" precisifications and a probability measure u. Lett € P # @ be one of the
precisifications of §. Then we consider a set S of k = 2" — m new precisifications. We
define the precisification space S’ with a set of precisifications P’ and a probability
measure y by setting P’ = P\ {t} U S and

, u(s) ifse P\ {t}
u(s)= {

uT) .
= otherwise
S|

for every s € P.
Then we have u(S) = Y, cg u(T)/|S| = |S| - u(T)/|S| = u(T). We now show
that u is well-defined:

Do)=Y, us)+ Y us) = (L= () + () = 1

sEP’ sEP\{t} SES

Now let p be a propositional variable. If ¢ & [p]g, then [plg = [plg € P\ {t}
and therefore [|plls = #'([pls) = u(lpls) = ullpls) = lIplls. It € [pls, then
[plg =[plg \ {t} US. Since [plg \ {t} and S are disjoint we get

Iplls =4 (Ipls) = 1’ ([P)s \ {1}) + 4'(S)
= u ([pls \ {1}) + u(T)
= p ([pls) — w(T) + u(T)
=u(lpls) = lplls-
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For every s € S, there is some s* € S’ such that lpllss = lplly s for every
propositional variable p: if s # ¢, then pick s’ = s and if s = ¢, then pick any s’ € S.
Also the converse holds: for every s’ € §’, there is some s € .S such that ||p|| 5.8 =
llplls,s for every propositional variable p. If s & .S, then pick s =sandifs € S,
then pick s = 1.

By Proposition and Proposition we then know that ||@|lg = ||@||s for
every formula ¢. If S was a positive precisification space, then, by the definition of 4/,
S’ clearly is a positive precisification space, too. O

Corollary 5.1.11. A formula ¢ is valid in S* if and only if ||@|ls = 1 for every pre-
cisification spaces S with a finite set of precisifications.

Note however that a finite precisification space is not necessarily a “finitary object”
because its probability measure allows all the real numbers in the interval [0, 1].

As already discussed in Section .3, precisification spaces can also be seen as in-
terpretation structures of the modal logic S5. This connection affects the notion of
validity in Sx in a certain way that has been pointed out by Fermiiller and Kosik [38].

Proposition 5.1.12. For every continuous t-norm *, a formula of the form S¢ is valid
in Sx, if and only if @5 is valid in S5 where @ denotes the following translation of
@ into a formula of modal logic: every occurrence of the S-operator is replaced by
the necessitation operator [0 and every occurrence of the conjunction connective & is
replaced by A.

A similar question is how the two logics S and FL(x), the fuzzy logic based on
the continuous t-norm *, relate.

Proposition 5.1.13. For every continuous t-norm, every precisification space S and
every evaluation e the following holds:

e There is an evaluation eg such that ||(p||*S = ||(p||:S for every S-free formula @.
* There is a precisification space S, such that ||p|l, = |l@llg for every S-free
formula .

Proof. We show the easy proof of the first claim. The second claim will be covered
by Lemma in Section b.6. Define the evaluation e s by es(p) = ||p|l s for every
propositional variable p. Let @ be a formula that does not contain any S-operator.
Then all connectives and truth constants occurring in @. are defined in the same way
for S and FL(x). The truth value of @ in both cases then only depends on the truth
values of the propositional variables and therefore we get ||@||’y = ||(p||:s. O

A simple corollary of this observation allows us to relate validity in S* to validity
in the corresponding fuzzy logic (as pointed out in [38]).

Corollary 5.1.14. For every continuous t-norm * and every S-free formula ¢ the fol-
lowing holds: @ is valid in S if and only if @ is valid in FL(x).
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Next, we show that a certain deduction rule, that is usually called necessitation
rule, holds for our logic.

Proposition 5.1.15. For every continuous t-norm * and every formula ¢ the following
holds: if @ is valid in S, then also S is valid in S.

Proof. Assume that @ is valid in S and let .S be an arbitrary precisification space with
a set of precisifications P and a probability measure u. For every s € S we define the
precisification space .S, that has P as its set of precisifications, the same local truth
values as S, and a probability measure 4, that is given by

) = 1 iftr=s
Hs8D = 0 otherwise
forevery t € §,.

For every formula of the form Sy we clearly have ||Sy/|; ¢ = ISyl s = ||Sl,l/||sy.
Furthermore, ||pll;.s = lIpll s, € {0, 1} for every propositional variable p which be-
comes clear by a simple case distinction. If ||p||; ¢ = 1, then also [|pll, s, =1 and
we have Iplls, = ulpls) = p(s) =1 which means that llplls, = 1. If ”P”sS =0,
then also [pll, s = 0 and we have [plls, = u(Ipls,) = 1 — u([=pls) < 1 — piy(s) =
1 — 1 = 0 which means that ||p||S =0.

Since these two facts hold we have [|@||; 5 = ||qo||§x because the t-norm based
connectives behave classically for the truth value set {0, 1}. Furthermore we know
that ¢ is valid and therefore ||@||’ 5. = = 1. Hence, our argument shows that ||¢|[; g = 1
for every s € S and therefore ||Sgo|| s = 1. Since .S was an arbitrary precisification
space we get that S¢ is valid. O

Together with Proposition we get the following corollary.

Corollary 5.1.16. For a continuous t-norm x and every formula ¢ the following holds:
If @ is valid in Sx, then @ is valid in S5 where @ denotes the following translation
of @ into a formula of modal logic: every occurrence of the S-operator is replaced by
the necessitation operator [0 and every occurrence of the conjunction connective & is
replaced by A.

One way of syntactically characterizing a logic is giving an axiomatization in the
form a Hilbert-style proof system. Although we do not give a sound and complete
proof system for our hybrid logic, we want to gain some intuition on what an axioma-
tization could look like. Due to the relations shown above we take the axiomatizations
of S5 and AFL(x) as the starting point of our little investigation, where A is the global-
ization operator that was discussed in Section B.6.1. We distinguish between two kinds
of axioms: modal axioms (containing one of the operators S, O or A) and non-modal
axioms.

Let us first take a look at the non-modal axioms. An axiomatization of AFL(*) can
be obtained by adding to an axiomatization of FL(x) a certain set of modal axioms.
Due to Corollary it is clear that every axiom of FL(x) is also valid in S. The
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logic S5 also has non-modal axioms which are exactly those of classical logic. Some
of these axioms, in particular those relating to the law of excluded middle ¢ V —¢ do
not hold in the fuzzy logic FL(x). However, if ¢ is an axiom of S5, then S¢ is valid in
S due to Proposition f.1.17.

The interesting question now is what the axioms for the S-operator might be. In
Tables b.1 and .4 we have listed all modal axioms of S5 and AFL(x). For each modal
axiom we have checked whether its “translation” to Sx is valid.

Axioms of S5 translation into S* valid?
K)O@ow)>@Oe>0Oyw) S@d>w)d>SedSy) vV
(MO D e SpDe X
(5) e DO =S¢ D S-S v

Table 5.1: Validity of S5-axioms in S

Axioms of AFL(x) translation into S valid?
(al)apD @ SpD e X
(A2) Ap D AAQp Se O SS¢ v
(A3) A(pDy) D (AapDAy) S(@Dw)D(SeDdSy) vV
(ad) Ap V AP SpVv-Se v
(A5) Al Vy) D (apVay) S(eVy)D(SeVSy) X

Table 5.2: Validity of AFL(x)-axioms in S

For the schemata that are not valid in S it might still be the case that there are
certain instances of the schemata that are valid in S#. One can for example ask the
question which instances of S D @ are valid in St. We do not give a complete char-
acterization, but only hint at some formulas of that form that are valid in S* for every
continuous t-norm * (p and q are propositional variables, ¢ is a formula):

*SpDp

* (S7p) D (p)

* S(p2>9)>(@>D9)
* SeA@®D(PAQ)

. SS¢ D Se.

Note that, as these considerations indicate, the set of valid formulas in S is not closed
under substitution: Sp D p is valid whereas S(p V ¢) D (p V ¢) is not valid. Things get
even more difficult because there are instances of the schema S¢ D @ that are only
valid for particular continuous t-norms.?

28We give an example in Proposition f.3.9.
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5.2 Normal Form

In the following we show that formulas of Sx can be put in a certain normal form.
There are many motivations why normal forms are desired. We expect a simplified
analysis of S with normal forms. Our result will be that every formula of Sx is
equivalent to a formula with no nested S-operators. Note that the normal form does
not depend on the t-norm. Therefore the results in this section hold for every choice
of a continuous t-norm.

The normal form for S is based on well-known normal forms for classical logic
and the modal logic S5. The following definitions show what these normal forms look
like.

Definition 5.2.1. A classical literal is a propositional variable or its negation. A clas-
sical clause is a disjunction of classical literals. A formula is in classical conjunctive
normal form iff it is a conjunction of classical clauses.

A modal literal is an S-free formula or a formula of the form S¢ or =S¢ where ¢
is an S-free formula. A modal clause is a disjunction of modal literals. A formula is
in modal conjunctive normal form iff it is a conjunction of modal clauses.

We will base our normal form for S# on the modal conjunctive normal form that
is available for the modal logic S5 [69].

Theorem 5.2.2. For very formula ¢ of S5 there is a formula ¢’ in modal conjunctive
normal form such that @ = ¢’ is valid in S5.

Proposition 5.2.3. For every formula of the form Sg there is a formula S’ where @' is
in modal conjunctive normal form such that ||Se|| s = ||S¢’|| s for every precisification

space S.

Proof. We ignore the syntactic difference between the modalities S and (J and use S
instead of the necessity operator [J in formulas of S5. Let ¢ be a formula and ¢’ the
equivalent formula in modal conjunctive normal form of Theorem b.2.4. Since ¢ = ¢’
is valid in S5 we know by Proposition that S(¢ = ') is valid in Sx. Therefore
we get [|S(¢ = ¢)||g = 1 and thus ||¢ = (p’||S’S = 1 for every s € S. From this we
conclude that [|@ll, s = |¢|l,s = 1 for every s € S.

Assume that ||Se||¢ = 1 and let s € §' be an arbitrary precisification. Then we
know that ||@||; s = 1 and therefore also ||‘P,||s,s =1 =||S¢||g. Since s was arbitrary
we then get [|S¢/||g = 1.

Now assume that [[S@||g # 1. Then we have ||S¢||g = 0 and therefore there is
an s € S such that ||@l||; g = 0. Therefore also ||(P’||s,s = 0 and we get ||S¢'||s =
0= [ISolls. 0

With this proposition we know now that every formula is equivalent to a formula
in which every nesting of S-operators has at most depth two. The further strategy now
is to show that we can get rid of the remaining inner S-operators. For this purpose
some equivalences will be very helpful.
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Lemma 5.2.4. The following equivalences hold for every precisification space S:

IS AWlls = IS A Syl s
ISSe VvV wlls =I1ISe V Sylls
IS=Sep Vw)lls = I7Se Vv Sy|s .

Proof. The left hand side and right hand side formulas can only have the truth values
0 or 1. Thus, it is sufficient to prove that the truth value of the left hand side formula
is 1 if and only if the truth value of the right hand side formula is 1. We do this by
showing both directions for every formula. Remember that the truth functions of A
and V behave classically for the truth value set {0, 1}.

IS(e Aw)lls = lISe A Swlls:

Assume that ||S(pAy)||s = 1andlet s € S. Then [|pAy]|; s = 1 and therefore
lellys = 1 and [lyll; s = 1. Since s was an arbitrary precisification we get
ISplls =1 and ||Sy|| ¢ = 1. Therefore we may conclude [|Sp A Syl = 1.

Now assume that ||Sp A Sy||g¢ = 1. Then ||Se||s = 1 and [|Syllg = 1. Let
s € §. Then we get ||@l||; s = 1 and ||ly]|; § = 1. Therefore we may conclude
lleAwlls s = 1. Since s was an arbitrary precisification we get [|S(@Aw)|| s = 1.

1SS v w)lls = lISe v Syl s:

Assume that ||S(Se Vy)llg = 1. If |Se|| s = 1, then trivially |[Sep Vv Syl ¢ = 1.
Now assume that [[S¢|| s = 0 and let s € S Then clearly ||S¢||; ¢ = 0. Since
ISSe Vv y)lls = 1, we have ||Sp v y||; s = 1. Therefore ||yl s = 1 must
hold. Since s was an arbitrary precisification we get ||Sy|| g = 1 and therefore
ISp v Syllg =1.

Assume that [[Sp vV Syllg = 1. If [[Se|lg = 1, then [[S¢l||; s = 1 for every
s € S. Therefore also [|Sp V w|l; ¢ = 1 for every s € §. This means that
ISSe v yllg = 1. If ||Sp|ls = O, then ||Sy|lg = 1 must hold because
of ISp v Syllg = 1. Thus, |lyl|l;s = 1 for every s € S and consequently
ISp v yll; s =1forevery s € §. Therefore we also get ||S(Sp V y)||g =1 in
this case.

IS=Se vV ylls = I=Se v Syl s:

Assume that [[S(=S¢@ V y)|lg = 1. If [[Sp|lg = O, then ||=S¢||¢ = 1 and
therefore also ||=S¢ Vv Sy||¢ = 1. Consider now the case ||S¢|lg = 1 and
let s € §. Then ||S¢l||; s = 1 which means that ||[=S¢||; ¢ = 0. Because of
IS(=Se vV y)lls = 1 we have ||=S¢ Vv y|; ¢ = 1. Therefore ||yl ¢ = 1 must
hold. Since s was an arbitrary precisification, we get ||Sy||g¢ = 1 and thus
=S¢ Vv Syllg = 1.

Assume that [|[=7S¢ Vv Sy||g = 1. If ||Syl[g = 1, we get |lyll; s = 1 for every
s € §. Thenalso [[=Se@Vyl|; ¢ = 1 forevery s € S which means that [|S(=S¢gV
Wl = 1. If[[Sy]lg = 0, wehave || =S¢|| ¢ = 1 dueto || =S@VSy|| ¢ = 1. From
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this we get ||Sg|| s = 0. This means that there is a precisification € .§ such that
l@ll, = 0. Now let s € S Then, due to the existence of #, we have ||S¢||; ¢ = 0
which means that [|[=S¢||; ¢ = 1. Then we may conclude |[=S¢ V Sy||; ¢ = 1.
Since s was an arbitrary precisification, we get ||S(=S¢ V y)||s = 1.

O]

Theorem 5.2.5. For every formulaSe there is a formula ¢’ that does not contain nested
S-operators such that ||@||s = ||¢'||s for every precisification space S. Furthermore,
there is such a ¢’ such that if ¢’ contains a subformula Sy, then y is a disjunction of
classical literals.

Proof. We start with the proof of the first part of the theorem. If ¢ does not contain an
S-operator, there is nothing to prove. Otherwise, let Sy be a subformula of . Again,
if y does not contain an S-operator, there is nothing to prove. Otherwise, we know by
Proposition that there is formula ' in modal conjunctive normal form such that
ISwlls = lIS¥’|l g. The formula y is a conjunction of modal clauses, i.e., y = AI_; C;.
By iterated application of the equivalence for conjunction of Lemma we get

s</\c) Asc

Now let C; be one of the modal clauses that contains an S-operator and let L
be one of the modal literals that contains an S-operator. Then C; is equivalent to a
formula L Vv y, ie. ||SCi|lg = [IS(L V p)|ls, because classical commutativity and
associativity hold and therefore ||C;||; ¢ = [[L V xll; s for every s € S. Note that in
the case C; = L we can set y = 0. Now we proceed with a case distinction on the
shape of the modal literal L:

ISylls =

S S

« Case 1: L = Sa for an S-free formula «

Due to Lemma we get

ISCills = IISCLV Dlls = [ISSa Vv Dlls = ISa Vv Sxls -

« Case 2: L = —Sa for an S-free formula «

Due to Lemma we get

ISCills = ISCL vV Vs = IS(=Sa Vv s = [[7Sa v Sxlls .

The same procedure can now be applied to the smaller formula y which is again a
disjunction of modal literals.

So far we have showed that for every formula ¢ there is an equivalent formula ¢’
such that @’ does not contain nested S-operators. The second part of the theorem is
easy to show. Let Sy be a subformula of ¢’. Then there is a formula v’ in classical
conjunctive normal form such that ||yl|; ¢ = I 5.5 for every s € .S and therefore
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also [|Sylls = ||Sy’|lg. The formula y’ is a conjunction of classical clauses, i.e., ' =
/A\i—; C;. Again we iteratedly apply the equivalence for conjunction of Lemma

and get
i=1 Ky i=1 Ky

where each C; is a disjunction of classical literals. O

IS¥'lls =

5.3 Bounding measures and truth degrees

In this section, we want to show some relations for the extension [¢], the measure
@] and the truth value ||@]|| of a formula ¢.

Proposition 5.3.1. For every precisification space S with a set of precisifications P
and all formulas @ and y the following holds:
DClpls € P
[~els = P\ [¢ls
[ Ayls = [@ls N lyls
loVvls =lols VUlyls
[0 D yls = P\lols Ulyls
[Splg = {P iflpls = P

@ otherwise.

Proof. The relation @ C [@]g C P trivially holds because [@]g by its definition is a
subset of P. Furthermore, we have:
[-¢ls = {s € P| |I-oll,s =1}
={seP|lol,s=0}
={seP|llol,s #1}
=P\ {sePllol,s=1}
= P\ [¢ls
[pAvls={s€P|loryl,s=1}
= {s € Plllol,sand v, s =1}
={s€Pllol.s}n{sePllyl,s=1}
=[pls Nwls
[pVvyls={s€P|lloVvyl,s=1}
={sePllol,sorlyls=1}
={sePllol,s}u{sePllyls=1}
= [pls Vlvls
l[poyls =@ Vyls =[~@lUlyls = P\ [pls Ulwls.
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We prove the last relation by a case distinction. If [p]g = P, then {s € P| |l¢||; s =
1} = P. Therefore |||, s = 1 for every t € P. Then it follows that [|S¢||; ¢ = 1 for
every s € P and we get [Sp]g = {s € P| [|So|l; s =1} = P.

Now assume that [¢]¢ # P. Then we know that [¢]¢ C P which means there is
at € P suchthatt & [¢]g. This means that [|@||, ¢ # 1 and therefore [|Se||; 5 # 1
for every s € P. Thus we get [Splg = {s € P| [|S¢ll;s =1} = @. O

We give some useful bounds on the measure of a formula that partly have been
pointed out by Fermiiller and Roschger [39].

Proposition 5.3.2. For every precisification space S and every formula @ the following
holds:

0<[ells <1
[~olls =1-[ols
levyls =lels+ lvls— leAvls
max ([¢l s, [Wls) < [Vl < lols+ [vls
[olls+ [wls —1 < loAyls <min ([, [vls)
max (1 - [olls. [Wls) < ledwlls <1-[ols+ [Wls
[Sells < [lels]-

If S is a positive precisification space we also have the lower bound

Llells] < [Sels -
The function |-| is the floor function.
Before we give a proof of this statement, note the following:
+ The identity for negation corresponds to Lukasiewicz negation.

« The upper bound for conjunction corresponds to the Godel t-norm, which is the
truth function of weak conjunction in all of our fuzzy logics. The lower bound
for disjunction corresponds to Godel t-conorm, which is the truth function of
disjunction in all of our fuzzy logics.

+ The lower bound for conjunction corresponds to the Lukasiewicz t-norm and
the upper bound for disjunction corresponds to Lukasiewicz t-conorm, which is
the truth function of strong disjunction in Lukasiewicz logic.

« The upper bound for implication corresponds to the residuum of the Lukasiewicz
t-norm.

+ The bound for the S-operator corresponds to the truth function of the A-operator

(see Section P.6.1)).
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Proof of Proposition 5.3.4. Let S be a precisification space with a set of precisifications
P and a probability measure y. Most of the inequalities can be obtained by applying

Proposition p.3.1.
« 0 < [¢lls < 1: Directly follows from the definition of a probability measure
because @] g = u(l@ls).

© [mels =1-lels:
By Proposition and Proposition we get

[molls = u ([_'(P]s) =H (P\ [(P]s) =pu(P)—u ([(P]s) =1-[ols-

* lovvls =lols + lvls - loAvls:
We mainly use Proposition to prove this part.

lovyls=u(levyls) = u(lelsUlwls)

= u ([ols U (wls \ [@ls))

= u ([@ls) +u ([¥ls \ [ols)

= u (lols) + 1 (lwls \ (wls Nlels))
=M<[(P]s) ([ll/]s) ([lllsn[(l’]s)
= u (lols) + 1 (lwls) —u (lo Ayls)

= lels + wls - leAvls.

» max ([l s, [wlls) < levvls < [o]s+ Mvls:
Due to

[pls ClelsUlvls =@ Vylg

and
[vls Clels Ulyls =@ Vylg

we have [¢l s < [[o V yl s as well as [[w] g < [[@ V w] g by Proposition 5.1.3.
Therefore max([¢] s, [wls) < [[@ V yl g holds. The second inequality follows

from the previous item:

levvls =lels + wls — leAvls < [ols + wls-

s Jolls+ Mvls =1 < lloAwls <min(le]s, [vls):
We simply apply relations that we have already proved:

[ Avlls =[~(oV-wls=1-["oV-yls>1-([-ols+ [vls)
=1-(1-[els+1-[wls)=lels+ lvls—1
loAyls=1-[~¢V-ylg<1-max([-¢ls. [~v]s)
=1-max (1 - [¢]ls.1 - [wlls) =min ([els. [wls) -
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. max(l - el s» [[l//]]s) <leovls <1-[ols+ wls

Again we apply relations that we already know:

[e2>vls=[oVyls>max ([-¢]s [¥]s)=max (1 - [¢l]s. [v]s)
lpovls=[~eVvvls <[-@ls+¥ls=1-lels+ wl]s-

[Sells < Llols]:

If [S@] ¢ = 0 then the bound holds because in any case [[¢]] ¢ > 0 and therefore
also | [[@lls| = 0. If [Se[ ¢ # O then we necessarily have [S¢[| ¢ = 1 which
means that u([Sglg) = 1. Since u(@) = 0 we know that [Sp]g # @. Therefore
there is some ¢ € P such that ||[S¢||, g = P which means that ||¢||; s = 1 for
every s € P. Thus we get [p]g = 1 and we conclude

Llels] = lulels)] = [uP)] = [1] =1 = [Sel s

llells] < [Sells:

Assume now that .S is a positive precisification space. If | [[¢] | = 0, the bound
holds because [[S¢] ¢ > 0 in any case. If | [@]l | = 1 we have [[¢]] ¢ = 1. Due
to Proposition we get

1=u(P)=pu(lplsUP\Ilols) =u(lels) +u (P\lols)
= [l s + 1 (P\[@ls) =1+ u (P\lols)

and thus u(P\ [@]ls) = 0. Then it must be the case that P\ [¢]g = @ because
if there were some s € P\ [@]g we would, with Proposition b.1.d, arrive at
the contradictory statement 0 = u(P\ [@lg) > u({s}) = u(s) > 0as Sisa
positive precisification space. This means that [p]g = P and we get [S¢[l g =

H(lpls) = u(P) =1= [l s].

O]

We now try to extend the previous result. The fact that all the bounds are available

as truth functions in Lukasiewicz logic suggests that a stronger property should hold
in St. Due to the normal form of Theorem we concentrate on formulas where
each subformula inside an S-operator is a disjunction of classical literals.

Definition 5.3.3. For a formula ¢ that is a disjunction of classical literals we denote
the formula where all occurrences of the disjunction sign V are replaced by the strong
disjunction sign V by ¢Y.

Lemma 5.3.4. Let S be a precisification space and @ a formula that is a disjunction of
classical literals. Then we have

lolls < lels < lle*l
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Proof. We know that ¢ is a disjunction of classical literals, i.e, ¢ = [; V... V[,. We
prove the claim by induction on the number of literals n. We consider two base cases,
n=0andn = 1. For n = 0, ¢ is an empty disjunction that has the truth value O in all
three cases. For n = 1, we have two cases, either /; = p or /; = —p for a propositional
variable p, which are both easy to check:

Ipl s = lplly = llp*I
[=pls = 1= [pls = 1= lIplls = I=plls = 1p)*I

Now we prove the induction step: Let @ be a disjunction of #n + 1 classical literals,
ie. @ =1, vV y where y is a disjunction of » classical literals. For both bounds we
apply the induction hypothesis on /; and .

[olls = [, Vwlls > max ([[11]]& Hllf]]s) 2 max (||11||L’ ”Wllts) =, VII/”qu
lols = [l vvls < [Lls + [wls < IS + vl

Since also [[¢f] ¢ < 1 we get

llls < min (1515 + v Il 1) = 15 v vl = lle¥ils

With these bounds we can now easily prove the validity of a certain formula.
Proposition 5.3.5. For all classical literals , ..., 1, the formula
SUyv..vi)oUyy...vl)

is valid in St.
This statement does not hold for SG.

Proof. Define p asl; Vv ... VI,. Let S be an arbitrary precisification space. By com-
bining the bounds of Proposition and Lemma we get

ISells = [Sells < Llels] < lels < le¥ls =11, Y ... Y 1,15

due to which [|S(; V... V) D (V... Y )l = 1.

To prove the second part we construct a simple counterexample. Pick /; = -p and
I, = g and consider the precisification space S with probability measure y and two
precisifications s and ¢ such that

» lIplls,s = L liqllss = 0, and p(s) = 0.5

* lIpllss =0, llqlls.s = 1, and u(s) = 0.5

Then clearly ||S(=p V =¢)llg = 1 and ||p|ls = llglls = 0.5 . The formula =p Vv —q is
an abbreviation for =(——p & —=—¢g) and we have

I=(==p & I = 17(=0 & =0)||§ = [[=(T & DI = [I-1]I§ =0

Therefore ||S(=pV —g) D (-pV ﬂq)llg =0. ]
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5.4 Validity in positive and uniform precisification spaces

In this section, we consider two very natural restrictions that can be imposed on pre-
cisification spaces. The first one is the restriction to positive precisification spaces that
we have introduced with Definition F.1.4. Another natural restriction that we consid-
er is giving each precisification equal weight. Under this restriction, the local truth
value of a propositional variable can be simply determined by counting the number of
precisifications at which it is true.

Definition 5.4.1. A finite precisification space .S with probability measure u is uni-
form iff u(s) = u(T) for all s € §. In such a case, u is called a uniform probability
measure.

Proposition 5.4.2. Let .S be a uniform precisification space with a finite set of precisi-
fications P and probability measure yu. Then the following holds:

e u(s) = |P| foreverys € §.

e |Iplls = lﬂ’ﬁf' for every propositional variable p.
Proof. By the definition of a probability measure we know that ), _p #(T) = 1. Since
the measures of all precisifications in P are equal we know that u(s) = u(T') for every
t € Pand get ), _p u(s) = 1. Since P is a finite set we conclude |P| - u(s) = 1 and
because P is nonempty we get u(s) = 1/|P|.
The second claim then easily follows:

Iplls = (Ipls) = ) wuis) =

s€[pls sE€lpls

177 = 75l -

Based on these concepts we now define two restricted form of validity.

Definition 5.4.3. Let * be a continuous t-norm and ¢ a formula. We call ¢ p-valid in
S iff ||(p||§ = 1 for every positive precisification space .S and we call ¢ u-valid in S*
iff ||l@|l’s = 1 for every uniform precisification space S.

In the context of p-validity and u-validity we sometimes refer to our unrestricted
notion of validity (see Definition b.1.4) as general validity.

Proposition 5.4.4. If a formula is generally valid then it is also p-valid and if it is
p-valid then it is also u-valid.

Proof. This follows just from the definitions and the fact that every uniform probability
measure is positive. t

In the rest of this section we study the relationship between validity, p-validity
and u-validity for different logics.
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5.4.1 Equivalence of validity and u-validity in St

The first result that we will see is that in St we can reverse Proposition Our three
variants of validity then coincide, which has to do with the fact that the residuum of
the Lukasiewicz t-norm is continuous (see Proposition B.4.17).

Proposition 5.4.5. If a formula @ is u-valid in St, then ¢ is also generally valid in St.

For the proof of this proposition we need the following technical lemma which
will be proved directly after the proof of Proposition f.4.5.

Lemma 5.4.6. Let S be a finite precisification space with probability measure p such
that u(s) € Q° for every s € S. Then there is a uniform precisification space S’ such
that ||@|ls = |l@llg for every formula ¢.

Proof of Proposition 5.4.3. The overall structure of the proof is as follows:

« From Lemma we conclude that u-validity implies truth in all precisification
spaces where the probability measure only gives positive, rational measures to
precisifications.

« With this in mind, we construct a sequence of precisification spaces with posi-
tive rational probability measures in which ¢ is valid such that the limit of the
probability measures approaches an arbitrary real-valued probability measure.

« Finally, we use the fact that the residuum of the Lukasiewicz t-norm is continu-
ous and conclude that if ¢ is valid “in the limit”, it is valid.

Let @ be a formula that is u-valid in St and let .S be a precisification space with
probability measure u and a finite number of precisifications P= {s,, ..., s, }, which
is sufficient due to Corollary . We have to show that ||go||’g =1.

We define the vector i = (py, ..., p4,) = (u(sy), ..., u(s,)) which means that
Ui, ..., 4, are real numbers that add up to 1. Since Q is dense in R [97], there is a se-
o)

quence of rational numbers qfl), ql@, ...suchthatlim;_,  q;” = p; forevery l <i <n.

If y; =0, then lim,_, , 1/k = 0 = y;. Without loss of generality we may assume that
ql@ > 0for 1 <i<nandj> 1. In vector notation, we have lim;_, , d"Y) = i where
qv = (qgj), g for j > 1.

The problem with 7/ is that its components need not necessarily add up to 1. We

fix this by defining a sequence r rl(.z), ...for1 <i<nby

i b
)
O _ 4
I
Yo q;
for j > 1. Then, for j > 1, we get that qi(j) is a rational number such that 0 < rgj) <1
and
n n q(j) 1 n
0 _ i _ ) _
Zri _Z T oyon (j)Zqi =1

)
i=1 i=1 Z?’:l ql./j 2,~=1 g, i=1
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We now apply the well-known rules for computing limits of sums and quotients [97]
and get

)] )]

lim ¥ = lim i 0o 4 = A A Hi
oo | = . i n it
Jmee el ) q(J) et lim;_ fI,-U) ZiciHi 1
In vector notation, we have lim;_, , 7 7Y = ji where 7V = (r(j) rg,j)) for j > 1.
For every vector of real numbers X = (x|, ..., x,) such that Xy + - +x,=1we

define the precisification space S as having the same set of precisifications P as S
together with the same local truth values and a probability measure y; that we define
as pz(s;) = x; for each s; € P. Furthermore, we want to define a certain evaluation
function f (p()?) that depends on our initial formula ¢. For this purpose, we first define
the following constants for every propositional variable p and every formula y where

1<i<nm
1 if lplly s =1
mpi = S'jS
’ 0 otherwise

{1 if ||lwll, s =1 forevery s € P
Sy = ’

0 otherwise.

Then we inductively define a function f,,.(X) for every formula ¢* which also gives
us the desired function f,,(X):

It is easy to see that

[, (%) = leolls. -

Furthermore, f » 1s a continuous function because *,, =, , addition and multiplication
are continuous functions.

By Lemma we know, for each j > 1, that for the precisification space S5
there is a uniform precisification space .S, such that ||¢| S = llell S, Since @ is

u-valid by assumption we have ||¢|| s, =1.

Plugging together these results and using the fact that f is continuous [97], we get
lolls = llells, = £, (F) = lim 7, ()

= lim llells,, = lim llells = lim1=1
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Since §' was an arbitrary finite precisification space we conclude that ¢ is valid. [

Proof of Lemmal5.4.6. Let S be a precisification space with a finite set of precisifica-
tions P = {s{,...,s,,} and a probability measure u such that u(s) € Q> for every
s € P. Then for every 1 < i < m, there are natural numbers k; and n; such that
u(s;)) =k;/n;and 0 < k; < n;.

Now we define a set of precisifications P’ that contains N = n; - n, - ... - n,
precisifications by “duplicating” precisifications of P. For this purpose we define the
function d for duplicating precisifications by

_ Y] (N-kiln;)
d(sl-)—{si seees S }
and define the set P’ as
1) (N-ky/ny) (N (N-k,,/In,,)
P= | d(s)= {1,...,1 O s }

1<i<m

Then we define the uniform precisification space S’ as having P’ as its set of
precisifications and the uniform probability measure y’ on P’. The local truth values
of the precisifications are given by || pllsgj)’ s = lpll 5,8 for every propositional variable,
1 <j< N-kj/n;and 1 <i < m. By our definitions, for every precisification in s € S
there is a precisification s’ € S’ that gives the same local truth values to propositional
variables, and vice versa. Now let p be a propositional variable and let Sips oo Si,
denote the precisifications of .S at which the local truth value of p is 1, i.e.,

{Sil""sil} = [plg.

Then we have

' {sGS’Illpll s=1})

v
W (46 Ud(%)
(@
(

Iplls

!/

(s >> u'(

=u d
(Nk/ ) (N-kj,In;)
= ({s... " } +"'+”'({S$)v---’si, i1 })
N - k; /n, N - k; In;
= ' 1 L
N N

ki, ki,
= — 4 oo —

n; n;

]

o))
=u <{si|,...sil}>

= u(lpls) = lIplls -

Thus by Proposition p.1.§ and Proposition b.1.9, we have ||¢|| s = |l@llg for every
formula ¢. O
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Theorem 5.4.7. Let @ be a formula. Then the following propositions are equivalent:
(i) @ is valid in St.
(ii) @ is p-valid in St.

(iii) @ is u-valid in St..

Proof. (i) = (ii) and (ii) = (iii) are Proposition and (iii) = (i) is Proposition b.4.5.
O

The equivalence between validity and u-validity in St has the further advantage
that validity has been reduced to a finitary notion because the possibility of real-valued
probability measures has been eliminated.

The natural question to ask now is whether the equivalences of the above theorem
also hold for S* when * is not isomorphic to the Lukasiewicz t-norm. For every contin-
uous t-norm that is not isomorphic to the Lukasiewicz t-norm, validity and p-validity
in S* do not coincide, as we will show next. We also show that p-validity and u-
validity coincide for the Godel t-norm. The question whether p-validity and u-validity
coincide for continuous t-norms different from the Lukasiewicz t-norm and the Godel
t-norm remains open.

5.4.2 Characterization of the equivalence of validity and p-validity

For every continuous t-norm * that is not isomorphic to the Lukasiewicz t-norm we
want to find a counterexample formula that is p-valid in S# but not valid in S*. Re-
member that a continuous t-norm is isomorphic to the Lukasiewicz t-norm if and only
if its residuum is continuous (see Proposition B.4.17). This means that we have to find
a counterexample for every continuous t-norm with a non-continuous residuum. An
important class of continuous t-norms with non-continuous residua are the continuous
t-norms that have Godel negation as their precomplement, as for example the Godel
t-norm and the product t-norm (see Proposition B.2.15). Our strategy is to distinguish
between those continuous t-norms that have Godel negation as their precomplement
and those that have not. For the first case it is relatively easy to find a counterexample.
The second case needs a more involved analysis. There we exploit the fact that all such
t-norms “start” with an isomorphic copy of the Lukasiewicz t-norm in the generalized
ordinal sum representation (see Theorem j.2.4).

Lemma 5.4.8. If the precomplement —, of a continuous t-norm * is equal to Gédel
negation —¢, then general validity and p-validity do not coincide in S.

Proof. The main idea is that Godel negation allows us to check whether the truth value
of a formula is greater than 0. For positive precisification spaces, we can enforce that
a propositional variable p receives a truth value greater than 0. Let * be a continuous
t-norm with Gédel negation and define the formula ¢ as

(=S=p) D (=7p).
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We refer to =S—p as the antecedent of ¢ and to —=—p as the succedent of ¢.
Godel negation is the unary truth function given by

) 1 ifx=0
— X) =
G 0 otherwise.

A twofold application of this function gives

0 ifx=0
. (_c,(x)) _ { if x

1 otherwise.

Thus, we can define the projection operator v with the help of Godel negation (com-
pare Section B.6.1). This means that

I==plls = ¢ (= (llplls)) = Tlplis]

for every precisification space .S

We first show that ¢ is p-valid. Let .S be an arbitrary positive precisification space
with probability measure . The antecedent of ¢ always has the truth value 1 or 0.
If its truth value is O, then ¢ trivially has the truth value 1. Assume now that the
antecedent of @ has the truth value 1. Then due to ||[=S-p|| ¢ = 1 we know that there
is a precisification s € .S such that ||p||; g = 1. Since pu(s) > 0 and s € [p]s , we get
lplls = Tyepy, #(T) = u(s) > 0. Therefore [=pll§ = [llplls] = 1 which means
that the succedent of ¢ is true. Since both the antecedent and the succedent of @ have
the truth value 1, also @ has the truth value 1. Because .S was an arbitrary positive
precisification space, @ is p-valid.

Finally, we show that ¢ is not generally valid. Consider the precisification space .§
consisting of two precisifications s, and s, with a probability measure u given by
u(sy) = 1 and u(s,) = 0. We define the interpretation of the propositional variable p
in the precisifications as follows: ||P||31,S = 0 and ||p||SZ,S = 1. Then ||p|lg = 0 and
thus we have |[=-p|g = ||ﬂ—|(_)||§ = 0 for the succedent of ¢ because t-norm based
connectives behave classically for the truth value set {0, 1}. Clearly, the antecedent of
@ has the truth value 1 because ||[S—p||g = 0 due to lplls,.s = 1. Therefore [|@|g = 0
and thus @ is not generally valid in Sx* for any continuous t-norm . O

Due to Theorem every continuous t-norm can be represented by a general-
ized ordinal sum of isomorphic copies of Lukasiewicz or the product t-norm. In the
following we need the property that this representation carries over to the residuum
of the t-norm. We provide a proof of this fact and then go on with finding our coun-
terexample for the remaining cases.

Lemma 5.4.9. If f is an order isomorphism between [a,,a,] C [0, 1] and [b;,b,] C
[0, 1], then f(a,) = b, and f(a,) = b,.
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Proof. Suppose that f(a;) > b;. Then by the definition of an order isomorphism we
get a; = f~1(f(a)) > f~1(b)) € [a,.,a,] which contradicts the fact that a, is the
maximal element of [a,, a,]. If we suppose that f(a,) < b,, then we arrive at the
contradictory statement a, = f~!(f(ay)) < f~1(b,) € [a,a,]. m

Lemma 5.4.10. Let[a, b] C [0, 1] be a subinterval of the unit interval, f : [a,b] — [0, 1]
an order isomorphism, and % and o continuous t-norms such that

~ {f—l(ﬂx)of(y» ifx,y € [a, b]
X®y=

min(x, y) otherwise.
Then for all x,y witha < y < x < b we have
(x=.9) = /7 (fC) 26 ) -
holds where = is the residuum of % and = is the residuum of o.

Proof. We define w = (x =, y), v = (f(x) =, f(), and w' = f~'(v). By the
definition of residua we have

w=max{z € [0,1]| x %z < y}
and
v=max{z € [0,1]] f(x) oz < f(y)}.
First of all, we verify that w' is contained in the set {z € [0,1] | x * z < y}.
xxw =xx ()

= (fof(fw))
= ' (f(x) o v)

Since f(x) o v < f(y) and f is an order isomorphism we get

xxw' = (fx)ov) < [T =y
Now we show that w € [a, b]. Suppose first that w > b. Then we get the contra-
dictory inequality
y>x*w=min(x,w)=x>y.

Now suppose that w < a. Then x * w = min(x, w) = w. We also have

x#xa= f"'(f(x)o f(a))
= f(f(x) 0 0)
= £710)

=a
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Then, x * a = a < y and furthermore x * a = a > w = x * w which contradicts the
maximality of w as the residuum x =, y. Thus we conclude that w € [a, b].

Suppose that w > w' = f ~!(v). Since w € [a, b] and f is an order isomorphism
we get

fw) > f () =v.

Because w is the residuum x =, y we have x * w < y and since f is an order isomor-
phism we get f(x * w) < f(y). Thus, we have

J(x) o fw) = flx*w) < f(y).

But since f(w) > v, this statement contradicts the maximality of v as the residuum
f(x) =, f(y). Therefore we know that our assumption w > w’ was wrong which
means that the residuum candidate w’ is in fact the residuum x =, y. O

Lemma 5.4.11. Let % be a continuous t-norm such that the residuum = is not contin-
uous. If the precomplement —, is not Godel negation, then validity and p-validity do
not coincide in S.

Proof. If % were an isomorphic copy of the product t-norm on the first interval [0, u]
(with u # 0) in the generalized ordinal sum representation (see Theorem B.2.4), then
the precomplement —, would be Gédel negation. Therefore it must be the case that *
is an isomorphic copy of the Lukasiewicz t-norm on [0, u]. Furthermore it must be the
case that u < 1 because otherwise * would be isomorphic to the Lukasiewicz t-norm
on the complete unit interval and therefore continuous.

We can now define a formula ¢ that is p-valid but not generally valid. As in
the previous proof, the main idea is that for positive precisification spaces there is a
simple way to enforce that p receives a truth value greater than O that does not work
in general. Define ¢ as the following formula:

(=S=p) D (=g D (-pDq).

Then —S—p is the antecedent of @ and =g D (—p D q) is the succedent of .

We first show that ¢ is p-valid. Let .S be an arbitrary positive precisification space.
The antecedent of ¢ either has the truth value O or to 1 in S. If it has the truth value 0,
there is nothing to show because @ is trivially true. Assume now that the antecedent
of @ has the truth value 1. Then we have ||[=S-p||g = 1 and furthermore ||p||g > O
because .S is a positive precisification space. We now have to show that the succedent
of @ also has the truth value 1.

Consider first the case that ||p|| ¢ > u. We now want to calculate ||-p|| g. By the
definition of the residuum of * we have

I=plis = 1lp > 0lI5 = (llplls =.0) = max {z € [0, 11| llplls + z < O} .

By the generalized ordinal sum representation, ||p|| ¢ lies in an interval [a, b] such that
the continuous t-norm * restricted to [a, b] is an isomorphic copy of either Lukasiewicz
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or the product t-norm. Because the intervals of this representation do not overlap and
lIpllg > u we know that @ > u. If z € [a, b], then also ||p|| g * z € [a, b] and therefore
Iplls*z>u>0.Ifz & [a,b] and z > 0, then ||p|| g * z = min(]||p|| 5, 2) > O because
llpllg > u > 0. This leaves the case z = 0 for which we get ||p|| ¢ * z = 0. This means
that ||=p||’y = 0 and therefore ||=p D qll'¢ = 1 and ||==¢ > (=p D p)|l§ = 1.

Consider now the case that || p|| ¢ < u. We have to distinguish two subcases: either
llgllg = uor ||g|ls < u. Assume that ||g||g > u. Since 0 < ||p|lg < u we know by
Lemma 4.1 that [|-plls = llp 2 Oll§5 € [0,ul. This gives |-plls < u < llglls.
Therefore ||=p D ¢l = 1 and thus ||==g > (=p D p)|Is = 1.

Assume that ||q||g < u. If [|gl| s = 0, then ||==g]|; = [[==0]|s = [I=1]I; = 0 and
therefore ||==g D (=p D p)|l'y = 1. Thus we assume in the following that ¢ > 0. If
I=plls < llglls, then |[=p D glI'; = 1 and therefore ||==g D (=p D p)|I'¢ = 1. Hence
we assume in the following that ||-p|l'g > llqlls.

Because 0 < p < wand 0 < g < u, we now apply Lemma several times
to calculate the truth value of =—=¢ D (=p D p). Let f denote the order isomorphism
between [0, u] and [0, 1] of the generalized ordinal sum representation. First of all,
since ||p||s > O, we have

1

S (min (1= £ (llplls) + £0). 1))
= /7" (min (1= f (llplls) +0.1))
= /7" (min (1= (lIplls).1))
=7 (1=f (llplls))

I=plls = llp 20l = min

(1=

and since ||q|| ¢ > O we have

I=all = £~ (1= f (llalls)) -

Now because [|-p|l’s > llqlls we get

I~p2alls =71 1(mm( £ (I-pll%) + £ (llglls) . 1))
=/ (min (1= £ (/7" (1= £ (llells))) + f (llalls) . 1))
=/~ (min (1= (1= 7 (lIplls)) + / (lglls) . 1))
= 7" (min (£ (Iplls) + £ (lglls) . 1)) -
Since ||q|| g > 0 we get f(l|qlls) > f(0) because f is an order isomorphism. Therefore

1 = f(lglls) > 0 and thus || =gll’s = f~'(1 = f(lglls)) > f~'(0) = 0. This means
that we may apply Lemma again and we get

==l = 77" (1= £ (II=all§))
=/ (-r (=1 (lalls))))
=/ (1= (1= (llqlls)))
=/7"(f (lqlls))
= llqlls -



5.4. VALIDITY IN POSITIVE AND UNIFORM PRECISIFICATION SPACES 125

Since ||plls > 0 and |lglls < u we have f(lIplls) > f(0) = 0 and f(llqlls) <
f() = 1 because f is an order isomorphism. Therefore the inequality

f (llglls) <min (f (llplls) + f (lalls) . 1)

holds. Since f is an order isomorphism we conclude

I==glls = £~ (f (lalls)) < £~ (min (f (llplls) + f (llalls) . 1)) = lI=p 2 alls-

Therefore we get [|[==¢ D> (=pD p)llg = L.

We have showed that ||=—g D (-pD p)||§ = 1 in all possible cases. This means that
the succedent of @ is true which means that ¢ is true in S. Since § was an arbitrary
positive probability space, we conclude that ¢ is p-valid.

Finally, we show that ¢ is not generally valid. Consider the precisification space
S consisting of three precisifications s;, s, and s; with the probability measure u
given by u(s;) = 0 and u(s,) = u and u(s3) = 1 — u. The propositional variables are
interpreted at the precisifications as follows:

lplls, s =1 lplly, s =0 lplly,s =0
lglly,.s =0 lalls,.s =1 llglls,s = 0.

Then we have ||—|S(—|p)||§ = 1 because ||p||SI,S = 1. Thus, the antecedent of ¢ is true.
Furthermore, ||plls = 0 and ||gll ¢ = u. Then [|-plls = [|=0]I = 1 and we get

Imp2gllg=1124qllg=llglls=u<1.
Since ||qllg = u we get |||y = 0 and ||==g]|y = 1. Thus, we get
I==¢> (pogls=I1DCEpD gl =Il-pDgllg<1.

Therefore, the succedent of @ does not have the truth value 1 which means that ¢ does
not have the truth value 1. ]

Theorem gave a sufficient condition for the equivalence p-validity and general
validity. Our investigation showed that this condition is also necessary.

Theorem 5.4.12. For every continuous t-norm * the equivalence
For every formula ¢, @ is valid in S% if and only if ¢ is p-valid in S.

holds if and only if * is isomorphic to the Lukasiewicz t-norm.

5.4.3 Equivalence of p-validity and u-validity in SG

In the following we give a prove that p-validity and u-validity coincide in SG. The
key idea is that in Godel logic only the order of evaluations of propositional variables
is relevant. In our setting, the evaluations of propositional variables are sums of mea-
sures of precisifications. We show that every order on sums of measures that can
be expressed with positive precisification spaces can also be expressed with uniform
precisification spaces.



126 CHAPTER 5. A HYBRID LOGIC

Lemma 5.4.13. Let X be a system set of linear equations and inequalities of the form

n n

Zaij-xi=00r Zaij-xi<0

i=1 i=1

where each a;; is a rational number, 1 <i < nand1 < j < m. Then X has a positive,”’
rational solution if and only if X has a positive, real solution.

Proof. Obviously, every rational solution of X is also a real solution of X. The pa-
per [25] describes an algorithm for finding a positive solution of a system X of linear
equations if it has one. From the constructions of the algorithm it can be seen that the
found solution is rational if the coefficients of X are rational.

We denote by X’ the system that is the result of replacing in X every inequality
of the form Y\, a;; - x; < 0 by an equation ), a; - x; +1; = 0 where ¢; is a
fresh slack variable. If X has a positive solution xT, ..., Xy, then also X ! that has a
positive solution. We simply set every slack variable 7; that we introduced to t;‘ =
- Y a; - x{. We know that f; cannot be negative or 0 because then x7, ..., x;,
would violate the original inequality. Since X’ only contains linear equations and
all coefficients (including those of the slack variables) are rational, we know by the
algorithm mentioned above that X’ has a positive, rational solution. This solution of

X' then also is a solution of X. O

Lemma 5.4.14. Let X be a system set of linear equations and inequalities of the form

n n

i=1 i=1

where each a; isa rational number, 1 < i < nand1 < j < m. If X has a positive,
rational solution, then X also has a positive, rational solution such that the constraint

Z?:l aj; - Xx; = 1 isfulﬁlled.

Proof. Let x},...,x} be a positive, rational solution of X. We define b = Y\, x;.
Since x:‘ is rational and x:‘ > 0 for every 1 < i < n, also b is rational and b > 0. Now
we simply define

%k

i

vy
for every 1 < i < n. Since x} is a positive rational number for every 1 <i < nand a
is a positive rational, also x)* is a positive rational number. We verify that x>1<, e X

has the desired property:

x*

n n - 1 n 1

** A number is positive iff it is strictly greater than 0.
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Now it can easily be checked that x>1<, ..., x) is indeed a solution of X. We clearly
have

N
N
%

n * _ n x _ 1 n * _ 1 _ n *
If Yy a;x; =0,then 7 a;; - x] = ;~Zi:1 a;-x; =3-0=0. If Y a;x; <0,

then Y\ a;;-x = %-Zle a;-x; < %-0 = 0 because 1/b > 0. Therefore x, ..., x)

is indeed a solution of X. O

We can now construct from a precisification space with real, positive measures a
second precisification space with rational, positive measures such that they are con-
nected by certain conditions. We will subsequently show that these conditions are
strong enough to determine the set of true formulas.

Lemma 5.4.15. Let S be a positive precisification space with a finite set of precisifica-
tions and P a set of propositional variables. Then there is a precisification space S’
with probability measure u' such that u'(s) € Q>° for every s € S’ and the following
conditions hold:

* [Splls = IS@lls for every formula ¢
* |Iplls < llglls if and only if ||plls < llqlls for all p,q € P
* llplls = 1 ifand only if ||plls = 1 for every p € P

+ llplls = 0 if and only if | plls = O for every p € P

Proof. Let S be a positive precisification space with a finite set of precisifications P
and a probability measure y. We consider a variable x, for every s € P. For every
propositional variable p € P we define the linear combination L, by

L,= Z X

s€[pls

where the sum of the empty set is 0. We define x§ = pu(s) > 0 for every s € P. Note
that, for every p € P we have ), selpls xi = ||plls- We define the following system of
linear equations and inequalities where p, g € P that we call X:

L,=L,if|plls = llqlls
L,<L,if|plls < liqlls
L,<L,iflplls > llqlls-
It is clear that, by subtracting the right hand sides, the system X is equivalent

to a system X' that fulfills the precondition of Lemma f.4.13. Note that in X’ only
rational coefficients appear. Since (x%),cp is a real, positive solution of X’ we know
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by Lemma that there exists a rational, positive solution (x3),cp of X’. Due to

Lemma we may assume that )’ sEP x? =1
We define a precisification space S’ that is just like S but with a different proba-

bility measure. This means that the set of precisifications of S’ is P and the local truth
value of a propositional variable p, for every s € P is ||pll; s = l|pll;s. We define
the probability measure y’ of S’ by setting p'(s) = x% for every s € P. Then u’ is

well-defined because
WP =D W)= X =1.

seP seP

Furthermore S’ is a positive precisification space because, for every s € P, p'(s) =
x¥ > 0 since (x)),cp is a positive solution. We now show that S’ has the desired
properties.

Since S and S’ have the same sets of precisifications with the same sets of truth
values assigned to them we have [p]g = [@]g for every formula . Therefore the
following equivalences hold for every formula ¢:

IS@|lg = 1 if and only if
[plg = P if and only if
[¢lg = P if and only if

ISells =1

Since, for every formula @, ||[S¢|lg € {0,1} and [|S¢|lg € {0, 1} we may conclude
ISells = lISells-
We now apply Proposition and we get the equivalences
llpllg = 1 if and only if
ISpllg = 1 if and only if
ISpll s = 1 if and only if
Iplls =1

and

lIplls = 0 if and only if
IS—pll¢ = 1 if and only if
IS—pll g = 1 if and only if
lplls =0

Since [@]lg = [@]lg for every formula ¢, we in particular have [p]lg = [p]lg for
every p € P. Therefore we get, for every p € P,

lpls = D, W=D W= Y, x.

s€[plg s€lpls s€lpls
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*

Now assume that ||p|l s < ||¢ll - Since ||plls = Zse[p]s x; and ||qllg = Zse[q]s X}
we then have ), selpls X5 < 236[ dls x;. Since an inequality that is equivalent to L, <

. . . / X X .
L, is contained in X ,Xwe get Zse[p]s Xy < Zse[q]s x3. Since |Ipllsy = X
and [lglls = ¥e, X5 we conclude [lplls < llgls-

Now assume that ||p|ls £ llqlls- If lIplls > llglls, then the same reasoning as
before applies and we get ||pllg > [lqlls and therefore ||p|llg £ llglls- If lIpllg =
|l¢l| s, then also a similar argument as before will give us ||p|| s = [|¢|| s and therefore

lplls £ llglls - m

X
s€[pls Xs

We now show that the conditions of the previous lemma are sufficient for two
precisification spaces to have the same sets of true formulas.

Lemma 5.4.16. Let @ be a formula, P the set of propositional variables of ¢, and S,
and S, precisification spaces such that the following conditions hold:

. ||Sl//||S1 = ||Sl//||52 for every subformula Sy of @
* lIplls, < ll4qlls, if and only if Iplls, < llqlls, for all p,q € P
« lIplls, = 0 if and only if | plls, = O for every p € P
* lplls, = 1 ifand only if ||Iplls, = 1 for everyp € P
Then llgll§, =1 if and only if @], = 1.

Proof. We first show that ||P||S] = ||q||Sl if and only if||p||S2 = ||q||S2 forall p,q € P.

Assume that ||p||S1 = ||q||Sl and suppose that ||p||S2 # ||q||52. Then either
Iplls, < llals, or Iplls, > lalls, 1 lplls, < llalls,, then llplls, < llglls, and
therefore ||p|| s, # llalls, which contradicts our assumption. If || pll s, > lldlls,, then
[l s, > llgll s, and therefore ||p|| s, F gl s, which contradicts our assumption.
Therefore it must be the case that ||pllg, = llglls,- The other direction holds due
to the same argument.

We define the following two models M; and M,, with domains D, and D,, of
the theory of linear orders with endpoints LOE (see Section [£.9) and two evaluations
e, and e,:

D, ={0,1} U {llplls, | p € P} D, ={0,1} U {llplls, | p € P}
10113, =0 101l p, =0
1Tllpy, =0 1Tllpg, = 0

We interpret < as the standard strict smaller-than relation on real numbers in both
models. Then it is clear that both models satisfy all axioms of the theory LOE.

We denote by ¢’ the result of replacing every subformula Sy of ¢ that is not in
the scope of another S-operator by a new propositional variable p,,. Furthermore, we
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define the D-evaluation e; and the D,-evaluation e, as follows:

e\(v) = {”SW”SI U ex(v) = {”SW”SI e

[0l s, otherwise [|o]| s, otherwise

Note that e, and e, are well-defined because ||Sl//||S1 = ||Sl//||S2 € {0, 1}. Further-
more, e;(p) = e,(p) for every propositional variable p & P and we clearly have

lell§, = llellg, and llolS, = llelle,
We define the following function f : Dy — D,:

0 ifd=0
fld)y=11 ifd=1
||p||S2 if there is some p € P such that d = ||P||S,

First, we have to show that f is well-defined. If || p|| s, =0, then also ||p|| s, =0 and
therefore f(llplls,) = llplls, = 0 = (0). If lplls, = 1, then also [lpll5, = 1 and
therefore f(lIplls) = lIplls, = 1 = £(1). ¥ lIplls, = llqlls; then also [Ipll, = llqlls,

and therefore f(l[plls,) = liplls, = llalls, = f(ldlls):
We further show that f is a homomorphism M; — M,. We clearly have

S (I0llpg,) = £0) = 0 = [|0]] o,
S (1Tl ) = fA) =1 =T, -

Now let a,b € D;. We have to show that a < b if and only if f(a) < f(b). We start
with the direction from left to right: Assume that a < b. Then it is not possible that
a =1 or that b = 0. We go through all possible cases:

o Assume that a = 0and b = 1. Then f(a) = f(0) =0< 1 = f(1) = f(b).

« Assume that ¢ = 0 and 0 < b < 1. Then there must be some p € P such that

b= lIplls,. Suppose that £(b) = 0. Then 0 = £(b) = f(lplls,) = llplls,. We
get 0 = ||pl| s, =b which contradicts b > 0. Therefore f(b) > 0 and we get

f(@) = f(0) =0 < f(b).

« Assume that b = 1 and 0 < a < 1. Then there must be some p € P such that

a = lIplls,. Suppose that f(a) = 1. Then 1 = f(a) = f(lplls,) = llplls, We
get 1 = |lplls, = a which contradicts a < 1. Therefore f(a) < 1 and we get

fla) <1 = f(1) = f(b).

+ Assume that 0 < a < 1and 0 < b < 1. Then it must be the case that a = ||p|| 5,
and b = llall s, for some p, g € P, then we have lplls, < llglls, and therefore

f@) = 1 (Iplls,) = Iplls, < llalls, = 7 (llalls,) = £®).
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Now we show the direction from right to left indirectly. Assume that a £ b. Then
we know that a > b. If a > b, then we know, due to the proof of the direction from
left to right, that f(a) > f(b) and therefore f(a) £ f(b). If a = b, then f(a) = f(b)
and thus f(a) £ f(b).

The last thing that we have to show is that @ = b if and only if f(a) = f(b). For
the direction from left to right there is nothing to show. We prove the other direction
indirectly. If a # b, then eithera < bor b < a. If a < b, then f(a) < f(b) and if b < a,
then f(b) < f(a). Thus, in both cases we have f(a) # f(b). Note that this also shows
that f is injective.

Now we may apply Lemma and get f(||go||§'ll,el) = ”g"”IC\'lz,foel' Note that
f e e, = e,: Let p be a propositional variable. If p € P, then f(e,(p)) = f(||p||Sl) =
||p||s2 = e,(p). If p & P, then we know that e;(p) = e,(p) € {0,1}. If e;(p) = O,
then f(e;(p)) = f(0) = 0 = e,(p) and if e;(p) = 1, then f(e;(p)) = f(1) =1 = e,(p).

Now we get
G _ G _ G _ G _ G
£ (1S, ) = £ (10U, 0, ) = 1005y, 1o, = NNy, ., = IS,

If||go||g’,l = 1, we get

lollg, = 7 (ol ) = s =1

because f is a homomorphism. We can now show the claim of the lemma. If ||(p||g2 =
1, then ||(p||g1 = 1 for suppose ||(p||gi] # 1, then f(||(p||g]) # 1 because f is injective
and f(1) = 1. ]

Theorem 5.4.17. For every formula @, ¢ is u-valid in SG if and only if ¢ is p-valid
in SG.

Proof. Assume that ¢ is u-valid and let .S be a positive precisification space with a
set of precisifications P and a probability measure y. By Proposition we may
assume that P is finite. By Lemma there is a precisification space S’ with
probability measure u’ such that u’(s) € Q>0 for every s € P’ and the following
conditions hold:

» |ISyllg = lISyll s for every subformula Sy of ¢

« llplls < llqlls if and only if ||plls- < lIqlls for all p,q € P
* |Iplls = 0if and only if ||p||g = O forall p € P

* |lpllg =1ifand only if ||p||lg = 1 forallp e P

By Lemma we then know that ||(p||g = 1 if and only if ||(p||§ = 1. By Lem-
ma there is a uniform precisification space .S, such that ||(p||§,, = ||(p||§ . Since

@ is u-valid we know that ||(p||g = 1. Therefore we get ||(p||g = 1and ||(p||g =1
As S was an arbitrary positive precisification space we conclude that @ is p-valid. [
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5.5 Embedding St into AL

In the following, we show that St can be embedded in Lukasiewicz logic with A-
operator. By embedding we mean that for every formula ¢ of St we can construct a
formula ¢’ of At such that ¢ is valid in St if and only if ¢’ is valid in At. For the
construction, all propositional variables that occur in ¢ have to be known beforehand.
Therefore the translation cannot be defined purely inductively on the complexity of ¢.
Furthermore, ¢’ might be exponentially larger than ¢, which means that the embed-
ding cannot be used to obtain complexity results by polynomial-time reductions. For
these reasons, our notion of embedding slightly differs from what is usually implicitly
understood by an embedding of one logic into another one. Nevertheless the embed-
ding that is considered here shows some interesting connections between St and At.
The starting point for the embedding is the following observation.

Proposition 5.5.1. For every precisification space S with and every propositional vari-
able p we have

plls = Y min (u(s), lIpll;.s)

SES

||_‘P”S = Z min (M(S)a ”_'P“s,S) :

SES

Our main strategy to obtain the embedding is as follows: For every precisification
in the precisification space we create a propositional variable that corresponds to the
measure of the precisification. Furthermore, we create propositional variables that
indicate the truth or falsehood of the classical propositional variables in the precisifi-
cations. Since every formula only has finitely many propositional variables and every
precisification space is equivalent to a space with a finite number of precisifications,
we create only finitely many new propositional variables. By the above proposition,
we can ensure that all of the original propositional variables obtain the truth values
that correspond to their measure in the precisification space. To make our proof go
through we have to restrict ourselves to positive precisification spaces which is no
problem because validity and p-validity coincide in St. As a simplification we on-
ly consider formulas in normal form. This requirement is not really necessary but
simplifies our proves.

Proof of Proposition [5.5.1. Let P denote the set of precisifications of §. We show the
first part by the following chain of identities:

lplls = p(Ipls) = D, w(s)
sE€[pls
= 2 u-lpls+ Y, us)-llplls
s€lpls s€P\[pls

2 u(s) - llplly.s

seP
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= Z min (M(S)a “p”Y,S) ‘

seP

The second part needs a very similar argument. O

In the following, we will always have the following situation: We have a set of
propositional variables P and a set of precisifications P and for every precisification
s € P we have a propositional variable §. By abuse of notation we will write s
instead of §. Thus P is also a set of propositional variables. We assume that P and P
are disjoint. We also assume that p, is a new propositional variable for every p € P
and every s € P.

Lemma 5.5.2. Let S be a positive precisification space with a set of precisifications
P={sy,...s,} and P a set of propositional variables. Then there is an evaluation e
such that

lplls.s = e(p) forevery p € P and every s € P
lplls = e(p) for everyp € P
and for everyp € P
sl =1 for everys € P
llps v =pglle = 1 foreverys € P

lp=ps, AsDY ... V(D Asle=1
I=p = ((=ps, ASDY ... X (mpg As)IlE =1

Proof. We simply define an evaluation e as follows:

e(p) =lplls for every p € P
e(py) = lIplls.s for every p € P and every s € P
e(s) = u(s) for every s € P

It is clear that e is well-defined because ||pl| 5, l|pll;.s, u(s) € [0, 1].

Since S is a positive precisification space we have e(s) = u(s) > 0 for every
s € P and therefore ||VS||:L3 = 1. Due to the definition of the local truth value we
know that, for every p € P and every s € P, e(p,) = ||pll;,s € {0, 1} and therefore
llps v =p,lls = 1.

Furthermore we have ||p A sllg = min(||p||§, ||s||§)) for every p € P and every
s € P. Therefore, for every p € P, we get

(s, AsD Y ... Y (ps A s,)llE = min <Z lIps A slles 1)

seP

= min <2 min ([Ip; 1%, l1slle) . 1>

seP

= min <Z min (||p||s7s,/4(s)) , 1)

seP
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Due to min(||pls, u(s)) < u(s) we get

Y, min (IIpll,.s 1)) < Y pls) =1

seP seP

and therefore by Proposition we get

IpAsS)Y ...X (pAsHIE = Z min (Ipll.s» #(s)) = lIplls -
seP

Thus, ||[p = ((Psl AS)Y ...V (Psm A Sm))ll’; = 1. A similar argument shows that
lI=p = (s, ASDY ... ¥ (=p, As e =1. -

Lemma 5.5.3. Let e be an evaluation and P and P= {s, ..., s,,} sets of propositional
variables such that

wsllt =1 foreverys € P

llps vV ﬂpslljg =1 foreverys € P

llp = ((ps, ASDY ... Y.(ps, A sm))lljg =1 foreveryp e P
I=p = ((=pg, ASDY ... ¥ (7pg A s,)IE =1 foreveryp € P

Then there is a positive precisification space S with P as its set of precisifications such
that

llplls.s = e(py) foreveryp € Pand everys € P
lIplls = e(p) foreveryp € P

Proof. We will define a precisification space § with P as its set of precisifications and
a probability measure y. In all cases we have to make sure that .S is a well-defined.

We define the local truth values by ||pll; s = e(p,) for every p € P and every
s € P. Since ||p, V -|ps||f3 = 1 we know that e(p,) € {0,1}: Suppose that 0 <
e(p) < 1. Then |Iplls < 1 and [I-plls = 1= llp,lls < 1. Thus, [Ip, V =plle =
min(|| psllt , ||—-ps||§) < 1 which contradicts our assumptions. Therefore, the assign-
ment ||p||; ¢ = e(p,) € {0, 1} is a proper definition of the local truth value.

We consider now first the case that for every p € P either e(p) = 0 or e(p) = 1.
We define y by u(s) = 1/m for every s € P. Then clearly pu(s) > 0 and Y, p u(s) =
Zsep I/m=m-(1/m) = 1. Let p € P. If e(p) = 1, then there cannot be an s’ € P
such that e(py) = 0 for the following reason: If e(py) = 0, then ||—|ps/||*e‘ = 1and
therefore min(||-py ||’;, ||s'||t) = ||s'||J; > 0. Then we arrive at the contradiction

t : t t . L t
0= [=plls = Y min ([I=p,lI%, lIslIt) > min ([[=pylI% [Is'1%)
seP

. t L
= min (1, ”S,”e) = ”s’”e >0.

Therefore we may assume that ||p||; ¢ = 1 forall s € P and we get [|pll s = u([pls) =
u(P) =1 = e(p). If e(p) = 0, then, for a similar reason as before, there cannot be
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an s € P such that e(p;) = 1. Therefore, ||p||; s = O for all s € P and we get
Iplls = u(pls) = u(@) = 0 = e(p).
The second case that we have to consider is that there is some p € P such that
0 < e(p) < 1. Then we simply define u by setting u(s) = e(s) for every s € P. We
first show that y is well-defined. Since ||VS||L' = 1 we know that u(s) = e(s) > 0 and
thus S is positive. For well-definedness, we still need to show that )’ . p u(s) = 1.
Since ||p||’; =e(p) < 1and ||—|p||’; =1 — e(p) < 1 our assumptions give us

llplls = min <2 min (||p,lI%. lIslI%) . 1)

seP
= Z min (“pY”Ié’ ||S||§)
seP
= Z min (”ps”s,s9 M(S))
seP

and

I=pllt = min (Z min (1|, 15, 1s11%) 1>

seP

=) min ([-p,lI%. l1s1)

seP

= Z min (”_'ps“s,S’ //I(S)) '

seP

Since [|p;ll;.s € {0,1} and 0 < u(s) < 1 we get

min (||pll.s. #(s)) + min (|17p;lls 5. 4(s)) = u(s)

and thus we have

L=llplls + 1 llpll}
= [lplls + I=pll}
= > min (||p,ll,.5. #(s)) + D min (|-, I 5. 4(s))

seP seP

=Y (min (lIp,ll, . #()) +min (I7p, 1l 5. 1(5)))

seP

= Z u(s)

which we had to show.
Let p € P. Since min(||p;/l; g, #(s)) < pu(s) for every s € P we get

3 min (Il 5 1(9) < 3 u(s) = 1

seP seP
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and therefore have

e(p) = ||pll5 = min (Z min ([Ip; 1%, l1sll) . 1)

seP

= min <Z min (||p5||1‘e', ,u(s)) , 1>
seP

= min (lIp ;5. 4(s)) -

seP

By Proposition the right hand side is equal to || p|| g. Therefore we gete(p) = ||pll g
for every p € P. O

Note that in this proof it is really necessary to have the restriction to positive
precisification spaces to show the well-definedness in the first case.

Definition 5.5.4. Let P be a set of propositional variables and P= {s, ..., s,,} a finite
set of propositional variables. For every formula ¢ and every s € P, we define ¢* as
the result of replacing every occurrence of any propositional variable p € P in ¢ by
p,. For every formula ¢ that only contains propositional variables of 7 we inductively
define the formula ¢’ as follows:

Sw)' =\ w®

seP
0=0
p=p

w& ) =y' &y
wop =y'>)

Lemma 5.5.5. Let * be a continuous t-norm, S a precisification space with a set of
precisifications P, e an evaluation, and P a set of propositional variables such that

llplls.s = e(py) foreveryp € Pandeverys € P
lIplls = e(p) for everyp € P
Then, for every formula ¢ in normal form, |||y = ll¢'|l};.

Proof. Due to e(p,) = ||pll;.s € {0, 1} we obviously have, for every formula y that
does not contain an S-operator, ||yl s = ||y/(3)||: for every s € P because t-norm
based connectives behave classically for the truth value set {0, 1}. Now consider any
subformula of ¢ that is of the form Sy. Since ¢ is in normal form, we know that y
does not contain an S-operator. It is then easy to show that ||Sy/|| ¢ = [|(Sw)’||%.
Assume that |[Syllg = 1. Then |lyl|l; 5 = 1 for every s € P. By our argu-
ment above, then also ||1//(S)||: = 1 for every s € P. Thus, we get ||[(Sy))|i =

I /\sep W(S)”Z =1=|Sylls.
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Assume that ||Sy|lg = 0. Then [|y|;s = O for some s € P. By our argu-
ment above, we then have ||l//(s)||: = 0 for some s € P. Thus, we get ||(Sy/")|; =

I Asep wll = 0= lISwlls.
A straightforward induction on the structure of gp—similar to the proof of Propo-

sition b.1.§—then shows that llells =l O

Definition 5.5.6. For every formula ¢, we construct the formula C,, as follows. We de-

fine P as the set of propositional variables contained in ¢, m = 2Pl and P= {$1,... 8,1}
The formula C,, is the conjunction of all formulas

vs
Ps V 7D
P=((ps, ASDY ... V(P ASp))
P =((ps, ASPDY ... Y (g Asy))
forall p e Pandall s € P.

Theorem 5.5.7. For every formula ¢ in normal form, ¢ is p-valid in St if and only if
aC, D @' is valid in AL.

Proof. Let e be an arbitrary evaluation. We know that ||AC(p||t € {0, 1}. In the case
||AC¢||§ = 0 we trivially get ||AC, D fP,”E =1.1f ||AC¢,||§ = 1, then ||Cq,||§ = 1and
by Lemma and Lemma there is a positive precisification space S such that
||(p||LS = ||(p'||§. Since ¢ is p-valid, we have ||(p||t‘q = 1 and therefore get ||(p'||’f3 = 1.
Hence, [|aC, D go'lljf3 = 1. Since e was an arbitrary evaluation, AC,, D @’ is valid
in AL,

Let S be an arbitrary positive precisification space. By Proposition there is
a positive precisification space S” with m = 2!”! precisifications such that ||(p||§ =
||(p||§,. Then by Lemma and Lemma b.5.5, there is an evaluation e such that
lells = l¢'ll, and IC,|I5 = 1. Then we also have ||aC, |5 = 1. Since AC,, > ¢’
is valid in AL, we get ||aC, D (p’llj‘e‘ = 1. Therefore we get ||(p'||2‘ = 1. We then have
||(p||LS = ||(p||§ = ||(p’||§ = 1. Since § was an arbitrary positive precisification space,
we conclude that ¢ is p-valid in St. O

Since validity and p-validity coincide in St by Theorem and every formula
is valid if and only if its normal form is valid, we have an embedding of St into At.

Corollary 5.5.8. For every formula ¢, ¢ is valid in St if and only if AC,, D @' is valid
in AL.

Note that our proof was fully constructive: we can give an algorithm to compute
@ from ¢. Since checking for validity in At is decidable, we get a simple decision
procedure for checking whether a formula g is valid in St: just check whether ¢’ is
valid in AtL.

Corollary 5.5.9. Checking for validity in St is decidable.
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5.6 Embedding AG into St

The following investigation is concerned with a certain type of precisification spaces.
Remember that in fuzzy logic the truth values of the propositional variables are lin-
early ordered. We can also introduce the concept of linearity to the framework of
precisification spaces.

Definition 5.6.1. A precisification space S is linear in a set of propositional vari-
ables Piff for all p,q € P, [plg C [qlg or [q]lg C [Pls-

We now show how to construct a precisification space from an evaluation such
that the truth values of propositional variables are preserved. This construction will
give us a linear precisification space, which is the reason why we include the proof in
this section.

Lemma 5.6.2. Let e be an evaluation of propositional variables and P = {py, ..., p,, }
a finite set of propositional variables. Then there is a positive precisification space
S' that is linear in P such that ||p||s = e(p) for every p € P. This implies that
||(p||*S = ||@l|; for every S-free formula ¢ containing only propositional variables of P
and every continuous t-norm .

Proof. Our proof has two parts. First, we prove that a precisification space with the
desired properties exists that is not necessarily positive. After that we show how from
such a precisification space we obtain a positive precisification space that has the de-
sired properties. If ||p|| ¢ = e(p) for every p € P, then ||(p||’§ = ||@||} for every S-free
formula @ containing only propositional variables of P because the interpretation of
formulas based on the continuous t-norm * is exactly the same in both cases.
Without loss of generality we assume that the truth values of the propositional
variables are linearly ordered, ie., e(p;) < ... < e(p,). We define a precisification
space S that has a set of precisifications P= {sy,...,s,,;}. The local truth value of a
propositional variable p; at the precisification 5; (with 1 <i <nand1 <j<n-1)

is defined as follows:
1 ifj<i
”pi”s~ = R .
s 0 ifj>i.

Furthermore, we define the probability measure u of §' as follows:

e(p) ifj=1
/‘(Sj)= e(Pj)—e(p,_l) ifl<j<n+1
1-e(p,) ifj=n+1.
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It can easily be verified that y is well-defined:

n+1

2, 1) =2 (s))

SES

n

=/4(51)+Z“(Sj) + 4 (501

—eln)+ Re(n) - Be(n) +1-¢(n)
—eln)+ Be(n) - Zeln) +1-e (0
= j e(p;) - j e(p))+1=1

Furthermore, the precisification space .§' has the desired properties. For every
propositional variable p; € P we have

Ipills = u (Ipils)
u({s;esli<iy)

- Yeln)-Teln)

j=1 j=1
We also verify that .§' is linear in P. Let pisDi, €P. Then [pils = {s; € S|j<i}
and [p;,lg = {s; € S| j < ip}. If i} < iy, then [p; 1g € [p;,]s and if iy > i, then
[piz]S c [P,'l]s‘
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We now show that we can also find a positive precisification space with the de-
sired properties. Let S be a precisification space with a set of precisifications P and a
probability measure y that is linear in 7 such that ||p|| g = e(p) for every p € P. Then
there is a positive precisification space S’ that also has these properties. We define S’
by giving its set of precisifications P’, its probability measure x’ and its local truth
values:

P = {s€ P| u(s) >0}
u'(s) = u(s) for every s € P’
pllss = lIplls,s for every s € P’ and atomic p.

Then we have

L= u) =D us)+ D, u)= Y us)+ Y, 0= uls)

sEP SEP’ SEP\P' SEP’ SEP\P’ SEP’

and therefore S is well-defined. Clearly, .S is positive by the definitions of 4’ and P’.
Now we show that the desired properties still hold. Due to Proposition f.1.d, for
every p € P, we have

e(p) = llplls = u ([pls)

1 (([plsn P ) U (lpls N (P\ P')))

u([pls N P') +u([pls 0 (P\ P'))
#(Ipls) +0

=u(lpls) = llplls -

Now let p,q € P’ and assume that [pls C [qls. Since [plg = [plg N P’ and
[qls = [gq]ls N P’, we have [plg C [glgs. Since [pls C [qls or [glg C [pls for all
P, q € P, we then also have [plg C [¢qlg or [qlg C [plg for all p,q € P. Thus, S’ is
linear in P. ]

It is an easy, but crucial, observation that the concept of linearity can be expressed
by a formula.

Lemma 5.6.3. A precisification space S is linear in a set of propositional variables
P = {p,...p,} if and only if there is a permutation = of {1,...,n} such that the
formula S(py1y D Pr2) A -+« AS(Pr(n—1y D Pr(ny) s true in S.

Proof. It is clear that for every precisification space . and all formulas ¢ and y we
have ||S(¢ D yw)||g = 1 if and only if [@]¢ C [w]s.

If .S is a precisification space that is linear in P, then C is a linear order on the set
{[plg | p € P}. Therefore every subset of {[p]g | p € P} contains a minimum with
respect to C. This means that we can label the elements of P by a permutation 7 of
{1,...,n} such that [p, )]s C ... C [pyls- Thus, that the formula S(p,;) D pr2) A

- AS(Pr(n=1) D Pr(ny) is true in S.

Now assume that there is a permutation z of {1, ..., n} such that [|S(p1, D P2))A

< AS(Prn—1) D Pzl s = 1. Then we know that [p,)]s C [Py2)]ss -+ [Prin-1)ls €
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[P(n)ls- For two propositional variables p,;, p,;, € P we then get [p, ;)]s C [Pyl
if i <jand [pyls C [pyls if j < i. Therefore S is linear in P.

Since P is a finite set, there are only finitely many permutations. We therefore can
characterize the property of being linear in P by transforming the existential statement
of the previous lemma into a disjunctive formula.

Corollary 5.6.4. Let P = {p,, ... p,} be a set of propositional variables and define the
formula yp by

Vp = \/ S (Pact) 2 Pr) A -+ AS (Patu-1) D Pair))
n€ll(y  n

where Il denotes the set of all permutations of {1, ..., n}. Then a precisification
space S is linear in P if and only if wp is true in S.

In the following we show tight connections between Godel logic with A-operator
and the logic S, for any continuous t-norm #, restricted to linear precisification spaces.
We consider all “levels” of our semantics: extensions, measures, and truth values. This
will give us an embedding of AG into S in the sense that we discussed at the begin-
ning of Section b.5. We first define two syntactical translations of formulas of AG to
formulas of S#. As usual we treat formulas of G6del logic that contain disjunction or
negation symbols as abbreviations for formulas that do not contain them.

Definition 5.6.5. Let @ be a formula of Godel logic with A-operator. The local S-
translation @' of @ inductively defined as follows:

0'=0
p' = p for atomic p
(ay) = Sy

WAy =y Ay
wopn' =S@woy)vi.

The global S-translation @® of ¢ is defined as follows: We denote by ¢’ the result
of iteratedly replacing every maximal® subformula of ¢ of the form y D y that is
not in the scope of a A-operator by (A(y D y)) V y. The global S-translation then is

g _ I
v =(¢p).

Note that we assume that the formulas of Godel logic only have one conjunction

sign A and that in the translated formulas A is read as the weak conjunction sign.

Our next observation is that for certain formulas ¢, the “value” of [¢] in a linear
precisification space .S can be computed according to the truth functions of Godel
logic.

*Maximality of a subformula y D y of @ means that there is no subformula w* > y* of ¢ such that
w D y is a subformula of w* or y D y is a subformula of y*.
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Lemma 5.6.6. Let S be a precisification space that is linear in a set of propositional
variables P and let @ be a formula of Godel logic with A consisting only of propositional
variables contained in P. Then the following holds:

(i) One of the following conditions holds:
‘ [(pl]s =P
° [(pl]s =0
¢ There is some p € P such that [(pl]s = [pl]s.

(ii) [(pl] s can be computed as follows:

w'ls iflv']sclrs

'U¢=w&mmmhﬂs={uq otherwise
< .

P if [‘/’l]s =P
@ otherwise.

P il clrs
[)(1] ¢ Otherwise.

o If o = Ay, then [qol]s = {

« Ifop =y D, then [¢1]S={

Proof. We prove both claims in conjunction by induction on the structure of .

« Ifp=1,¢9 =0 or @ = p for some propositional variable p, then the first claim
trivially holds due to 1] s = Pand [0] s = @ and there is nothing to show for
the second claim.

+ @ =y & y: Note that in any case we have
[W]s=lw&n]s=[wrrls=[w]sn[r]s-

The crucial observation now is that for two sets S| and .S, such that .S; C .S,
we get Sl N 52 = Sl‘

If [1//1]5 C [;(l]s, then we get [(pl]s = [wl]sn[)(l]s = [1//1]5. Now assume that
[l[/l] sZI )(l] s- Then, by the induction hypothesis, [l[/l] g =Por [wl] s = [p]
for some p € P and [;(I]S =g or [)(I]S = [q] for some g € P.>* If [t//l]s = P,
then we get

[0]s=w]sn[#]s=Pnlr]s=1[r]s
because [;(I]S CP.If [)(I]S = @, then we get

[o']s=[v']sn[d]s=w]sno=0=[/]-

31The cases [u/]]s = @ and [)(I]S = P cannot occur because @ C [w]]s Cc P.
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The remaining case now is that [1//1] s =[plgand [ )(1] s = [gl g for some propo-
sitional variables p,q € P. Since § is linear, we know that [p]g C [g]g or

[qls C [plg. It cannot be the case that [p]lg C [qlg due to [plg = [l//l]s o
[ ;(1] s = [qlg. Therefore we know that [¢q]¢ C [plg and get

[@'] g = [w']sn [£'] g = pls Nlals = [qls =[] -

Having considered all cases we conclude the following:

e {1 s

This means that our second claim holds in the case that ¢ is a disjunction.

By the induction hypothesis the result of [l[/l] s as well as [ )(1] s is either P, @
or [p]¢ for some propositional variable p € P. Since the result of [(pl] g is either
[q/l] g or [ )(1] s> the same property holds for [(pl] s- Thus, also our first claim
holds in the case that ¢ is a disjunction.

« @ = Ay: We prove this case by showing that for every formula y we have

P if =P
[S;(]S={ it [x]s

@ otherwise.

Note that the induction hypothesis will not be needed to prove this statement.

If [x]g = P, then by the definition of the S-operator the formula Sy is true at
every precisification s € P and we get [Sylg = P. If [y]g # P, then there is
a precisification s € P at which y is not true and therefore [Sy]¢ = @. Thus,
we get

@ otherwise.

P if =P
[S)(]s={ if [x]s

Since @' = (ay)' = Sy we can set y = y' to prove that both claims hold for
this case.

« @ =y D y: We use the observation of the previous case and obtain

[S(w'> x5 = {

P if[y/l:);(l]szP

@ otherwise.

It can be easily seen that [1//l D )(I]S = P if and only if [l[/l]s C [;(l]s and
therefore we get

stuta 2= { 0 il € el

@ otherwise.
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Now we have

[P]s=[S(w' o) vals=[sSw' 2 x)]sur]s
_ {PU [As it [v']s € [d]s
U [ )(1] 5 otherwise

_ {P if [v'] 5 € [#] s

[ )(1] ¢ otherwise

which proves the second claim. By the induction hypothesis we know that the
result of [ )(]] g is P, @ or [plg for some p € P. Therefore also the first claim
has been shown.

O]

Note that it was necessary to prove both statements at once because of the con-
junctive case.

The next result states that linearity in a set of propositional variables induces lin-
earity in a certain set of formulas.

Lemma 5.6.7. Let S be a positive precisification space that is linear in a set of proposi-
tional variables P and @ andy formulas in the language of Gédel logic with A-operator
consisting only of propositional variables contained in P. Then [¢'lg C [w'lg or

'l C [0']s.

Proof. Let P denote the set of precisifications of .S. If [¢'] s=0, [¢'] s =P, '] s =
@, or [l//l] s = P, then the claim trivially holds. Otherwise, we know by Lemma
that [qol] s = [plg and [l[/l] s = [q]s for some propositional variables p, g € P. Since
S is linear in P, we have [p]s C [qls or [g]ls C [p]lg and therefore [(pl]s - [l,ul]s or
[v']s C [0 O

The next step now consists in extending the relation to Godel logic with A to
the level of measures of formulas. Note that from now on linearity is not the only
requirement, we also demand that the precisification spaces be positive.*?

Lemma 5.6.8. Let.S be a positive precisification space that is linear in a set of proposi-
tional variables P and @ andy formulas in the language of Gédel logic with A-operator
consisting only of propositional variables contained in P. Then [[¢'] ¢ < [w'] s if and

only if[¢'ls C [w']s.

It should be possible to weaken the requirement that the precisification space .S is positive to the
following two conditions that have to hold for every propositional variable p € P (see Proposition b.1.7):

« Ifflplls = 1, then [|Splls = 1.
- If||plls = 0, then [|S=plls = 1.

The proof of the case ¢ = y A y for Lemma will then be more complicated but should still go
through.
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Proof. Let u denote the probability measure of §. Assume that [(pl] s € [1//1] s- Then
[¢'ls = u(9'ls) < uly'ls) = [l s by Proposition b.1.4.

Now assume that [qol] s & [l[/l] s. Then [u/l] s C [qol] s by Lemma . Since
[y/l]s # [(pl]s, thereisan s € [(pl]s such that s & [l[/l]s. Since S is positive we know
that u(s) > 0 and therefore [y] ¢ < [¢] g. This means that [¢] ¢ £ (¥ s- O

Lemma 5.6.9. Let S be a positive precisification space that is linear in a set of propo-
sitional variables P and ¢ a formula in the language of Godel logic with A-operator
consisting only of propositional variables contained in P. Then 'l 5= ||(p||g.

Proof. We prove the claim by induction on the structure of .
+ 9=0: [¢']s = [0 s = u(0ls) = u(@) =0 = [10]§ = lloll§.

« @ = p for a propositional variable p: Then by the definition of the truth value
of the propositional variable p we have ||(p||g = ||p||g =[pls = Il s-

« @ = Ay: By Lemma we get

[#]5 = {P tlvls=r

@ otherwise

and the induction hypothesis gives us ||t//||gi = v'] s- Furthermore, since S'isa
positive precisification space, we know that [[y']] ¢ = 1ifand only if [y']g = P.

Therefore we get

_— o ) H(P) if['lll]szp
[[(p]]s—ﬂ([(l’]s)_{”(g) otherwise

_ {1 if [v'] g =P

0 otherwise

_ {1 if '] =1

0 otherwise
_ 1 iflvlg =1
0 otherwise
which is exactly the truth function of the A-operator. Thus, we have [[¢'] s =

lawll§ = llell§.

s P=YWAy: ByLemmawe get

] = { s i) < [2)s

[ ;(1] s otherwise.
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Furthermore, the induction hypothesis gives us ||1//||§ = [y'] s and || )(llg =
L'l s- By Lemmab.68, [w'lls < '] s if and only if [y']s C [']-

Therefore we get

(@' = u([¢)]5) = {”([‘/’l]s) if [w']s €[]

u ([ )(1] S) otherwise

_ {[[V’l]]s if [w'] g €[]
[[ )(1]] s otherwise

_ {HW‘HS if [w'] g < ['] s
[ s

otherwise

G G G
) livllg ifllwlly < lixllg
[| ;(llg otherwise

which is exactly the truth function of conjunction in Gédel logic. Thus, we have
lo'ls = v A S = llel.

« The case ¢ = yw D y can be proved with exactly the same arguments.

Finally, we get an even stronger result at the level of truth values.

Lemma 5.6.10. Let * be a continuous t-norm, S a positive precisification space that is
linear in a set of propositional variables P and ¢ a formula in the language of Giodel
logic with A-operator consisting only of propositional variables contained in P. Then
||(p||g = ||(pg||§, where @*® is the global S-translation of ¢ (see Definition ).

Proof. The proof is by induction on the structure of ¢.

« @ = 0 or ¢ = p for a propositional variable p: Then it is clear that ||(p||§ =
lells = lle®ls.

* @ = y A y: By the induction hypothesis we know that ||1//||§ = ||u/g||*s and
1 ;(llg = || x8|l’. Since the for any continuous t-norm the truth function of weak
conjunction is exactly the minimum-conjunction in Godel logic we get

min ([ly¢lls, Ilx81ls)
min (lw IS, 1x1S) = v A IS = llel§

lo8ll’s = llw® A £l

« @ = Ay: Then we have @® = (Ap)® = (ay) = Sy'. Since S is a positive
precisification space we know that [w']g = P if and only if [y']g = 1. By
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Lemma we also know that [Jy/'] s = ||1//||g. Thus we get

Loifllylls =1
G G )
= ||A =
lells = llayllg {0 otherwise
. 1 _
_J1ifw ]]s =1
0 otherwise
_Jr it [Wl]s =P
~ 1 0 otherwise
* *
= [ISw'lls = "Il -
Note that we do not need the induction hypothesis in this case.

« @ = y D y: By the induction hypothesis we know that ||,(||g = |lx8lg. It
is obvious that ||(p||(; =|lwD )(Ilg = |lay D y)V )(llg. We use the previous
case, which needed no induction hypothesis, to obtain ||A(y D ) ||g = ||(a(y D
2))E|ls. Since for all continuous t-norms the truth function of disjunction is the
same, we get

max (|law 2 VIS, Ix15)
max ([l(aly > 2. l1x8lls)
Ialy 2 )V 28llg

= ll®llg

loll§ = llaw > Vv xIIS

O

It is now possible to embed Gddel logic with A into the logic given by all positive,
linear precisification spaces. Since linearity can be expressed by a formula, we can
embed Godel logic with A into the logic of all positive precisification spaces, which
corresponds to the concept of p-validity.

Theorem 5.6.11. Let @ be a formula in the language of Gédel logic with A-operator and
% a continuous t-norm. Let P denote the finite set of propositional variables contained
in @ and let yp denote the characterizing formula of precisification spaces that are
linear in P as defined in Corollary .6.4. Then the following holds:

(i) @ is valid in Gédel logic with A if and only if wp D @® is p-valid in S.
(ii) @ is valid in Gédel logic with A if and only if wp D @® is valid in St.

Proof. The second statement follows from the first statement due to Theorem b.4.7. To
prove the first statement, assume that ¢ is valid in Godel logic with A. Let S be an
arbitrary positive precisification space. We want to show that ||yp D @5 I =1

If lypll’g = 0, then trivially ||1//p3(pS||’§ = 1. Assume now that [lyp||’s # 0. Then
it must be the case that ||1//p||§ = 1. By Corollary we then know that S is linear
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in P. Therefore we may apply Lemma and get ||(p||g = |5 ||*S The formula ¢
does not contain any S-operator which means that its truth value only depends on the
truth values of the propositional variables. Therefore we can define an evaluation e
by e(p) = ||p||g, for every propositional variable p and get ||(p||g, = ||(p||S. Since ¢
is valid in Gédel logic with A we get ||@||S = 1. Putting all things together we get
||(PS||§ = 1 and then also |lyp D (pS||§ =1

Now assume that y;, D @° is p-valid in S and let e be an arbitrary evaluation.
We want to show that [|@||S = 1. By Lemma there is a positive precisification
space S, that is linear in 7 such that ||go||g' = ||(p||§e Since yp D @S is p-valid we

get |lyp D qosll*s = 1. Because S, is linear in P we know that ||yl = 1 and
therefore also ||(pS||f;e = 1 must hold. By Lemma we then get ||@||, = ||(p||ge =

||(pS||*S = 1. Since e was an arbitrary evaluation we conclude that ¢® is valid in
Godel fogic with A. O



Conclusions

Supervaluationism and fuzzy logic are two concepts that can both be applied to dealing
with vagueness; however the corresponding research areas greatly differ in their focus.
Research in supervaluationism primarily compares supervaluationism—or one of its
variants—to other proposed theories of vagueness by arguing about its advantages and
disadvantages. Traditional logical questions, like model theory and proof theory, are
secondary. Fuzzy logics are nowadays highly developed from a logical point of view
due to many technical contributions in the last two decades. However, fuzzy logic as a
theory of vagueness in the philosophical sense is only a narrow field. Therefore, topics
like higher-order vagueness, which is for example very central in supervaluationism,
are barely discussed in the “mainstream” literature on fuzzy logics.

Many philosophers reject fuzzy logic as a suitable way of modeling vagueness,
mostly due to concerns about the nature of truth values. In some sense, this thesis
has shown two ways of coping with this criticism. The first approach is to relax the
“strength” of the truth values: if only the order of the truth values counts, we arrive
at Godel logic. The second approach introduced truth values to the supervaluational
model in a natural way.

We outlined a very general approach of specifying propositional logics of compar-
ison and showed that all these specified logics are already captured by Godel logic.
We defined our logics of comparison using the framework of projective logics as in-
troduced by Baaz and Fermiiller [3], for which they presented analytic Gentzen-style
proof systems. A natural question is how this framework can be extended to first-order
logics. This also leads to the question how quantifiers can be generalized.

By adding a means of measuring truth to precisification spaces we arrived at a
hybrid logic for which we were concerned with several problems revolving around
the notion of validity. We pointed out connections between some of the hybrid logics
to certain fuzzy logics with globalization operator by studying embeddings between
them. It seems plausible that more embeddings of that kind exist. In another effort,
we related different forms of validity for the hybrid logic arising from restrictions im-
posed on precisification spaces. We showed that p-validity and u-validity coincide for
both the Lukasiewicz and the Godel variant of our hybrid logic. The arguments for
obtaining this result are very different for those two logics. For the Lukasiewicz vari-
ant even more holds: u-validity and general validity coincide due to the continuity of
all truth functions. The question whether p-validity and u-validity also coincide for
continuous t-norms different from Lukasiewicz and the Gddel t-norm remains open,

149



150 CONCLUSIONS

in particular for the product t-norm. It must be noted that some of our arguments
involving positive precisification spaces only need the property of a certain “faithful-
ness” of fuzzy truth with respect to supervaluational truth (see Proposition b.1.7). It
would therefore make sense to study the class of precisification spaces that have this
property in its own right.

The next important step would be to properly develop the proof theory of the
hybrid logic. A tableaux system based on a dialogue game characterization for the
logic St was given by Fermiiller and Kosik [38]. The fundamental open question is
to find Hilbert- and Gentzen-style proof systems for these logics.*> We saw that the
variant of the hybrid logic based on the Lukasiewicz t-norm has many properties that
make it interesting. Therefore it might be a good idea to focus on this special case first.

Supervaluationism and fuzzy logic are just two starting points for a “logic of vague-
ness”. Further tasks arise from the logical analysis of other theories of vagueness, in
particular the rich frameworks of Shapiro [93] and Smith [94]. Building upon research
in linguistics it should also be possible to define appropriate logical modalities for
vague modifiers like “very” and “clearly” [6, B9, 71] that follow other ideas than the
fuzzy hedges presented in Section B.6.d.

**A Hilbert-style prove system for St was conjectured by Fermiiller and Kosik [38].
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