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1. INTRODUCTION

Throughout this work, we consider an open two-dimensional set () whose boundary I'
can be parametrized by some piecewise smooth path v, and a subset I'p of the boundary.
For given right hand side F' € H'/?(I'p), we want to numerically approximate the solution

xS f[‘l/2(1"p) of the boundary integral equation
Vo =F. (1.1)

Here V : HY/2('p) — HY2(I'p) denotes a continuous and linear operator such that
(x, ) = (Vx, 1) defines an elliptic bilinear form on f[‘l/2(TD). This problem is of practical
interest, since the Dirichlet problem of elliptic partial differential equations can equivalently
be written in such a form; see e.g. [McL00, Ste08|.

As example serves the Poisson problem with Dirichlet boundary conditions for a two-
dimensional bounded Lipschitz domain €2: Find u such that

—Au = f in(,

u=g¢g onl. (1.2)

Here f is a given volume force on €2 and g are given Dirichlet boundary conditions on I'. A
classical solution u € C*(Q) satisfies (1.2) pointwise. In general, one can not expect that
classical solutions exist. Instead one seeks for so-called weak solutions u in the Sobolev space
H'(Q) with u|p = g and

Yo € Hy(Q) 1 (Vu, Vv) 2y = (f,0). (1.3)

Here, we assume that f € H-Y(Q) and ¢ € HY(T'). There always exists a unique weak
solution. The normal derivative ¢ := du/0v € H~/?(T") of this weak solution solves Symm s
integral equation

Vo= (K+1/2)g— Nof =: F, (1.4)
with the the single-layer operator V : H=Y2(T') — HY/2(T'), the double-layer operator K :
HY2(I') — HYX(T), and the Newton operator Ny : H™L(Q) — HYX(T). If we assume
diam(2) < 1 for the two-dimensional case, the single-layer operator has exactly the properties
as the integral operator V from above. This especially implies the unique solvability of
Symm’s integral equation. Therefore, the solution ¢ € H~2(I") of Symm’s integral equation
determines the weak solution u € H'(2) of the Dirichlet problem via the representation
formula

w=Veé—Kg+Nof, (15)

with the Newton potential Ny : H='(€2) — H'(), the single-layer potential V : H=1(Q) —
HY(Q) and the double-layer potential K : HY%(I') — H(Q). For more details and proofs,
see for example [Ste08, Chapter 4.1.1, 6.1, 6.2, 6.4 and page 136-143]. Steinbach denotes
the double-layer potential with W instead of K.

For the numerical solution of elliptic partial differential equations, one often assumes the
considered domain to be a polygon. In [CHB09|, Thomas Hughes and collaborators consider
three dimensional geometries whose boundaries are so called NURBS surfaces, and propose
to use transformed NURBS functions, corresponding to this geometry, as finite element
method (FEM) approximation space. Indeed, computer aided design (CAD) is mainly based

on NURBS, wherefore nearly all geometries of practical interest are of such a form. This new
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concept is called isogeometric analysis (IGA). Since designers usually construct the surface
of the geometry rather than the geometry itself, FEM requires to generate a volume mesh
for the use of IGA. This drawback motivates the use of boundary element method (BEM).
Here, one writes the partial differential equation (if possible) as boundary integral equation
and then applies Galerkin method. Hence, for BEM only a description and discretization of
the surface (boundary) of the computational domain is needed. In this sense, BEM is the
natural method of IGA.

In this work, we consider BEM for the boundary integral equation (1.1). Following the idea
of IGA, we use NURBS transformed to the boundary as approximation space. Notice that
piecewise polynomials, which are usually considered for BEM, are just special NURBS. We
introduce an adaptive algorithm which is based on the local Faermann error estimator devel-
oped in [Fae00]. Assuming that v is an arc length parametrization and taking transformed
piecewise polynomials as approximation space, Faermann proved efficiency and reliability of
this estimator.

In Section 2 and 3, we generalize Faermann’s results to abstract approximation spaces sat-
isfying a certain assumption (Assumption 2.10). Moreover we prove reliability of a weighted
residual error estimator in Section 3. In the next Section we define B-splines and NURBS,
show that their transformed linear span fulfills Assumption 2.10, and introduce the adaptive
algorithm, Algorithm 4.15. In contrast to Faermann, we allow non arc length parametriza-
tions v for the transformation to the boundary. Then, in Section 5 we develop methods for
the implementation of Symm’s integral equation (1.4). The stiffness matrix, the right-hand
side vector and the Faermann estimator are approximated by tensor-Gauss quadrature. Fi-
nally, Section 6 provides some numerical experiments. Here we compare conventional and
isogeometric approaches as well as uniform and adaptive mesh refinement. Yet we have not
been able to prove convergence of the algorithm. However, the numerical examples even
show certain convergence rates. The thesis is concluded with the Appendix, where we prove
some assertions for piecewise smooth paths v, needed throughout the work. Moreover the
codes for the implementation of the numerical examples can be found there.
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2. LOCALIZATION OF THE SOBOLEV-SLOBODECKIJ NORM

Througout this section, we assume that Q C R? is an open set such that the boundary
02 =: I' can by parameterized by a fixed regular closed curve v : [a,b] — I with a < b
as in Definition A.1. With v we denote the (b — a)-periodic extension of v to R, and with
~'t and " its left resp. right derivative. The fact that « is a regular closed curve now just
means that it is closed, continuous, piecewise continuously differentiable, |, is bijective,
7Ye(t) #0,97(t) # 0 for all t € R and that v (t) + ¢y (t) # 0 for all ¢ € R and all ¢ > 0.

Theorem A.3 implies that ¥|qiepie) @ (@ +t,0+1) = T'\ {y(a +1t)} is a homeomorphism
for all £ € R. We consider a fixed subset I'p C I', where either I'p =T or I'p = y([ap, bp])
with ap < bp € R and bp —ap < b— a.

With ~;, we denote the arc length parametrization of v from Lemma A.7 as well as its
L-periodic extension.

Lemma 2.1. There exists Cr > 0 with

t _
Vs,t € R with 0 < |t — s| < ZL: ool < m('i _Z‘L(S” < Cr. (2.1)

Proof. For s,t € R, with the substitution rule proves

/:V/L(T)dr = ‘(t_s)/017/L(7”(t—s)+s)dr

{M:s,teR,s#t}

e (t) —vo(s)| =

Hence, the set

t—s
is bounded above by some positive constant Cy. For each r € [0, L] there exists £ € {0,...,7}
with 5 [ ot
_'_
-L| C|=-L,—L]|. 2.2
e 3 < [gn (22)
Due to Corollary A.6, VL‘[‘}L +7L} is Lipschitz continuous, i.e. there exists a positive constant
sbh
C(¢) with
0 0+7 ]
wste [GLETL] sl £ COPLD - o)l
Defining Cy := max,—g_. 7 C({), we get_with (2.2) for any r € [0, L]
g "
Vs, t e {7“77” + ZL b [t =8| < Cofyr(t) —ye(s)]-

This implies because of the periodicity of 7,
3
Vs,t € R with |t — 5] < ZL c )t = s] < Colyrn(t) — yi(s)].

With the definition Cr := max(C1, C) we finally get (2.1). O
Definition 2.2. For any measurable subset 'y of I, we define with the Lebesgue measure
Aon R

pr(To) == A(v ' (To)).
We call pr the surface measure on I'. Obviously it holds ur(I') = L.
13



Remark 2.3. For arbitrary parametrizations 7 as in the beginning, one can define
() = [ o). 23)
3~ (To)

This definition is not dependent on the considered path 7, wherefore it coincides with the
definition from above. To see this, let a = §, < --+ < §,. = b with Aie;—1.6,) € CH([65-1,&5])
for j = 1,...,n5. Then U;‘;”y’((gj_l,gj)) is a manifold and the functions 7|, , ¢, are
embeddings (see [Kalll, Definition 15.2.1]). The surface measure on I" introduced in (2.3),
is just the extension of the surface measure on this manifold (see [Kalll, page 73-75|) with
ur(Y({&})) =0 for j =0,...,n5. It does not depend on 7 , but only on I'.

Let u be a measurable function on a measurable subset I'y C I'. Then the transformation
theorem of measure theory shows

/F u(a) dpup(x) = / u(y (1)) dA(), (2.4)

—1

7L (FO)
where one side exists if and only if the other one exists. The following lemma is a general-
ization of this assertion.

Lemma 2.4. Let u be a measurable function on a measurable subset 'y C I'. Then for all
seR

[ wle) o) = [ u(1u(0)) AN(), (25)
Ty YLl eg 1y (T0)
where one side exists if and only if the other one exists.

Proof. We define sy, := [{]L. Because of the L-periodicity of 7z, we then have

/ w(r(t)) dA(H)
VL‘(?HL)(FO)

- / - w(yn(t)) dA(t) + / u(ve(t)) dA(?)
vz (To)N(s,sL)

vz (Co)N(sL,s+L)

w(yn(t — L+ 1)) dA(E) + / (v (t+ 1)) dA(E)

/le(Fo)ﬂ(SJrL—SL,L) 71 (To)N(0,5+L—sr)

-/ | M) 4N

Here the first term exists if and only if the last one exists. The assertion follows from(2.4). O

Remark 2.5. For arbitrary parametrizations 7 as in the beginning of the section, there holds

an analogous version of Lemma 2.4. Indeed we have because of Remark 2.3 and [Kalll, page
77] instead of (2.4)

/F ule) dur(x) = / w07 (6)] AA(). (2.6)

=1 (To)
Now one can repeat the proof of Lemma 2.4 to see

[ dm@ = [ @, 27)
To 'Y|(5}5+L)(F0)
14



where one side exists if and only if the other one exists.

Definition 2.6. Let I'y C ' be measurable. For a real square-integrable v € L?*(Ty), we
define the Sobolev-Slobodeckij seminorm!

Ju(z) — u(y)|”
0y = / ) = I Gpur () dur(y) € [0, ]
I'o JTo |,',U y‘
and the Sobolev-Slobodeckij norm
||U||§11/2(r0) = HUH%Z(FO) + |U|§{1/2(r0) € [0, oc].

Moreover, we define the Sobolev space H'/?(T') := {u € L*(Ty) : [l /2y < 00} endowed
with

(s = [ aeyota) o) + [ | | W)@ = 0W) 4 ) apr(y).

Ix —y|?

For finite nonempty intervals I C R, we define analogously |- | g2y, || - | zr1/2(r) and HY2(I).

Theorem 2.7. Let I'y C I' be nonempty and measurable. Then, H1/2(l"0) 15 a real Hilbert
space. An analogous result holds for finite nonempty intervals I.

Proof. We define the measure v(-) = f(_) md(,up X pr)(x,y) on I'y x I'y and ®(u) =
((z,y) — u(x) — u(z)) for u € L*(I'y). Now we note that
)

Yu € L2(F0 |u|H1/2(Fo) = H(I)(U)HLQ(V)

and

H'*(To) ={ue L*(Ty) : ®(u) € L*(v)}.
Therefore H'/2(T'y) is a vector space. Obviously (-, ) H1/2(ry) 18 @ scalar product on HY2(Ty)
which induces the norm || - || 1/2(r)-

It remains to show completeness. Let (u,)nen be a Cauchy sequence in H'/2(Ty). Because
of the completeness of L?*(Ty) and L?(v), the sequence (uy,)nen converges with respect to
|- |l 2(ry) to some limit u € L*(I'y) and the sequence (®(u,))nen to some limit U € L*(v) with
respect to || - [|2(,). Hence there exists a subsequence (u,, )ren converging almost everywhere
to u. Then (®(uy,))ren converges almost everywhere to ®(u). Since (P(uyn, (7)))ren also
contains a subsequence which converges almost everywhere to U(x, y), this implies U(x,y) =
®(u) almost everywhere. Therefore (u,)nen converges with respect to || - || z1/2r,) to u €

H'%(Ty). The proof for intervals I is analogous. O

Lemma 2.8. Let I C R be a nonempty interval with length A\(I) < %L and u a measurable
function on y,(I). Then, there holds

Cr?lu 07L|§{1/2(1) < ‘uﬁp/zwL(I)) < Cilu 07L|§{1/2(1)- (2.8)

Proof. Due to Lemma 2.4, there holds

/% /( e \x_y|2)|2d’w( / /|u 105 _u%%))\? IA(s) dA(E).

The assertion of the lemma now follows immediately from Lemma (2.1). O

IThe set {(z,y) €To x Ty : =y} has measure 0.
15



Definition 2.9. If ' =I'p let
{#; :j=1...,n} with a<i <Ip<---<dp=0>

be a set of nodes on (a,b]. We define the corresponding data:

e The nodes on R and the nodes on I

Tjon =2;+(b—a) for jeZ and xj=~(z;) for jeZ.
e The elements on R and the elements on I'

Tj = [#j_1,4;] for jEZ and T; :==~(T;) for je€Z

e The length of the elements

hi, =% — %1 for jeZ and hr, == pr(T;) for jeZ

Due to Remark 2.5, it holds
inf |7/([a, )| - hz, < ha, < sup|y'(a,b])] - g, (2.9)

If v is even an arc length parametrization, it holds hy, = th.We also define the
maximal length of the elements on I

e The set of nodes
Nh::{ij:jzl,...,n} and Nh::{xj:jzl,...,n}.
e The mesh on [a, b] and the mesh on I'
ﬁl::{Tj:jzl,...,n} and E::{Tj:j:l,...,n}.
e The two nodes of an element 7}
Tr1 = T and TT 2 1= T
e If n > 2, the two elements containing the node z;
Ty =1 and Ty =Tj1
e If n > 3, the two neighbours of an element T}
T =~(Tj)  and T} = (Tju).

Indeed the elements TjjE are just the two elements in 7}, with TjjE # T and TjjE NT; # 0.
e The shape regularity constant of the mesh on [a,b] and on T’

k() := max ({hf/hf, LT € Ty y(T) Ny (T7) # @}),
k(Th) := max ({hT/hTr T, T € Th, TNT' #+ @})

16



e The patch function of first order
wy: P(C) = PI) : T | J{T €T : TNTo # 0}

and the patch function of arbitrary order

wp, 1= idp(r)>p(r)

wh =wpow ' for €N,

For £ € Ny and z € T, we write wy () := wp,({z}) and wf () := wi({x}).
If FD # I let
{#; :j=0,...,n} with ap==F¢ <& < - <Ty=bp
be a set of nodes on [ap, bp]. In this case we do not extend them to nodes on R. The n+ 1
nodes on I'p, the n elements, their length, the sets of nodes consisting here of n + 1 points
and the meshes can be defined analogously. For inner nodes x; with j € {1,...,n — 1}, we

define the elements containing z; analogously. We set T,, := T} and T}, := T,,. We also
define the neighbours of an element 7} as before, where we set

TQ = @ and Tn+1 = @

Although it would be canonical to define hTf and hp+ as 0, it will be more convenient for
us to define them as pr(I'\ T'p)

hpe = hpg = pir (Y([En, Zo + b — al)).

If v is even an arc length parametrization, Lemma 2.4 yields hT{ = hp+ = &g+ L — &y,
Exchanging I' with I'p, the definitions of the shape regularity constant and of the patch
function look exactly the same.

For the rest of this section, we consider fixed mesh data with

pr(C) L
h < R (2.10)
This implies |7,| > 4 for I' = I'p. For simplicity, we will also assume |7,| > 4 for I' #
['p. Moreover we assume for the rest of the section that v coincides with the arc length
parametrization yy. This is no restriction, since the following results are all formulated on

the boundary I' itself and not on the parameter domain [a, b]. There holds a = 0 and b = L.

We suppose that we are given m € Ny and a subspace S™(7,) of L?*(T'p) which satisfies
the following assumption.

Assumption 2.10. There holds:

(i) For all T € T, there exists a fixed function® ¢ € S™(T},) with connected support

supp(¢r) and
T C supp(or) C wy'(1). (2.11)

2Since S™ (Tn) consists of equivalence classes, we actually we mean that ¢ is one particular representative
of an element of S™(7,). Note that it is not necessarily possible to replace ¢ here by another element of
the corresponding equivalence class.
17



(ii) There exists a constant gspece € (0, 1] such that for all 7" € Ty,
||]- - ¢T||%2(supp(¢T)) < (]- - quaC@)MF(Supp(QST))' (212)

Our aim is to prove the following localization result whose proof is mainly based on
Proposition 2.13 and Proposition 2.16.

Theorem 2.11. There exists a constant Cyain > 0 such that for allu € HY?(I'p) satisfying

Vo e S™(Tu): (u,v)r2r,) =0, (2.13)
there holds
||u||?{1/2(1"D) S Cmain Z |u|§{1/2(wh(m))' (214)
Z‘EN}L

The constant is explicitly given by
Cmaz'n =1+ CIOCCpOinC‘

Here, Cioe is the constant in Proposition 2.13, and Cpoine = Cpoinc(hy K(Th), M, @space) @S the
constant in Proposition 2.16.

This theorem, as well as of the following lemmata and propositions needed for its proof,
are inspired by similar versions of [Fae00, Section 2]|. The theorem corresponds to [Fae00,
Theorem 2.2]. She considered I'p = T" and || - [|gsrp) with s > 0 instead of || - || g2,
Instead of the space S™(7T},), she used transformed piecewise polynomials on [0, L], see [Fae00,
page 206]. It is also notable that Faermann did not prove any analogous version of Lemma
2.1, but just assumed that (2.1) holds, see [Fae00, Assumption 2.1].

The converse inequality even holds without orthogonality.

Theorem 2.12. Let u € H/*(Tp). Then,

2 Nl ey < 2ellfpa,) (2.15)
xeML
Proof of Theorem 2.12 for I'p = I'. We define for y # 2z € I’
Ju(y) — u(z)]?
Uly,z) = ———.
) ly — 2|7
There holds
D ulipsany = D [ulinsegors
Z‘EN}L TETh
_Z(// (y, 2) dpr (y) dpr (2 //+ (y, 2) dpr (y) dpr (2 ))
T

TeTh

R (A
// (y, 2) dur(y) dur(z).

The last term is just 2]Jul?, s2(ry» Which concludes the proof. O

TeT,

18



Proof of Theorem 2.12 for I'p # I'. The proof reads nearly the same

D ulisaaney = D ulinsegors) + [ulipem,

2N =
B s ] s
+7;(/ /T+ (y, ) dpr(y) dur(z //T+ (y,2) dpr(y) dur(z ))

+/T1 /T1 Uy, z) dur(y) dpr(z)
//FD (y, 2) dpr(y) dur(2).

The last term is just 2||u||H1/2(FD), which concludes the proof. O

TeT,

Proposition 2.13. For u € H'?(I'p), we have

||U||§11/2(1“D) < Z |u|§{1/2(wh(m)) + Cloc Z (h + hT+)||u||L2(T (2.16)
Z‘EN}L Teﬁl
with the constant
o _mEAck fTp=T
e D yc2 ifTp £T.

Proof of Proposition 2.13 for I'p = I'. To simplify the notation, we define for x,y € I'

Uta,g) = =00

First, we estimate [u|g1/2(r,,). Up to sets of measure zero, we have w,(T) =T~ UT U T,

which shows
|U|H1/2(FD / / (z,y) dur(z) dur(y // (z,y) dpr(x) dur(y)
I'p JTp TET, I'p

_Z<// (z,y) dpr(z) dur(y // U(z,y) dur(z) dur(y)

TEeT,;

//T+ z,y) dur(z) dur(y //FD\% y) dur(z )d,up(y)) (2.17)

J/

~
=:FEr

1
< Z < ‘U‘Hl/Q(TUT*) T Q‘“ﬁfl/Q(TuTﬂ * ET)

TeT,
2
=) lul 2 @) > Brn
zeN}, TET,

19



We have

By = / / U, y) dpr(z) dur(y) < Brs + Ers (2.18)
FD\W}L(T)

with

Bpy e 2 / ()P / & — g2 dpar () dpar(y)
T T'p\wn(T)

and

Bpy 2 / () ? / 1 — g2 dpur(y) dur (@),
T'p\wr(T) T

To estimate Ery, let j € {1,...,n} with T =T}, y € T; and § € T; with v() = y. For any
t e Mj with

L L L L
M; =57 Tp \wa(T)) N (55]' — 5t 5) = <53]~ - §>5fj—2) U («'i"jﬂ,i“j + 5) , (2.19)

it holds because of (2.10)

L 3
t= gl <l — a5+l — 25l < 5 + by, < 5L (2:20)

Because of Lemma (2.1) and Lemma 2.4, we therefore get that

/ & — ] dur(z) = / (8 — (@) (D)
T'p\wn(T) M,

J

<ct [ Je-gae
M

Ct j—1)72dA — )72 dA
< ( /( I AU CE /[ T <t>)
= CR((§ = Fj—2) " + (11 —9) 7).

Since y € Tj, we have for y € T
/F o |z —y| " dur(z) < CR(hy' | + by ) = CR(hy! + hiy). (2.21)
D \Wh

This implies

> By <202 (hl + hib)llulliag,)- (2.22)

TeT TeT
20



For Ery, we have

S Bra=2Y [ qu@F [ o= sl durly) durta)

TET, TET, D\“h(T
—zz/ ~ N @)al@)l [ o=yl dur (o) dpe(e)
TeTh
:2/ |U($)|2<Z( = Xwn(T /|$—y| ?dpr( ))dur(if)
I'p TETs

=g(z

—QZ (z) dur(z).

T'€Th
Let T,7" € T, and x € T\ N;,. Then, we have the equivalences
Xwp (T) ([L’) =1 — x € wh(T)
— Te{T, 7,17}
Thus, (2.21) shows for almost every x € 7" that

g = 3 /|x—y|2dur)

TeTh
T¢{T'—, 7,7}

= [ eyl () < CR i),
I'p\wn(T")

Therefore, we get

S Ero <202 S (4 ) llulage

TeT T'eTh

) (2.23)
=207 Z (hyt + hT+)||“||L2
TeT,
Combining (2.17), (2.18)), (2.22) and (2.23) shows
‘“‘?11/2(&,) < Z ‘“‘21/2(%(95)) + 4012 Z (hfl + hfi)HuH%Z(T)- (2.24)
zeN, TET
[t remains to estimate ||u||2L2(FD). From (2.10), we get
8
< (hyl +hyi). 2.25
MF(P) ( T T+) ( )
Therefore
)
lallZepy = D lul3aer < & 8 > (hg +hpb)lullZeer (2.26)
TETh TeT,
Adding (2.24) and (2.26) gives the assertion of the proposition. O
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Proof of Proposition 2.13 for I'p # I'. The proof follows essentially as for I'p = I' . We
therefore only consider the differences. In (2.17) the last "=" has to be replaced by "<".
With z_4 := &, — L and &, := @ + L, the last "=" of (2.19) has to be replaced by "C".
To see this, we define wr = wp(T) U~y ([En, Zo + L]) for T =T, or T =T, and wy := wy,(7T)
else. Then we get (up to two points if T'=T; or T'=T,)

M; =~y (Tp \wn(T)) N (jj B g’jj " g)

L L
g,y—l(F\wT) N (i’j — E,Zi’j—FE)

5 L 5 5 L
= l’j—g,l'j_g U l’j+1,l’j—|—§ .

Proceeding as before, we see again that for any y € T
/ |z —y| 7 dur(x) < CR(h;E + hil).
I'p\wn(T)

Finally in (2.25) — (2.26), one must replace 8 by 4, since we do not necessarily have —4— <

I
h=! or < h-t s O
/iy pr(@) = Tk

To prove Theorem 2.11 it remains to estimate ZTeTh(hgl + h;i)||u||2L2(T). Whereas we

didn’t use the orthogonality (2.13) for Proposition 2.13, it will be essential for this estimate
given in Proposition 2.16.

Lemma 2.14. Let I C R be a finite interval with length \(I) > 0. Then, there holds for all
u € L(I) the Poincaré-type inequality
/ w(t) dA(¢)
I

Pmof Assume || 172y < 00, otherwise the assertion holds trivially. The definition E :=
7 u( ) leads to

/ / [u(s) — u(®)[? dA(s) dA(2)
// // 12 dA(s) dA(t _2// 5) dA()

oI /I()d)\() 2E? = A1) ) — 252

This implies

Dl — 26 = [ [P0 - e v

o [ [ luls) = ult)? e p
1 / / R ) A = AUl

and concludes the proof. O
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Lemma 2.15. For all u € L*(I'p) satisfying (u, v) 2y = 0 for allv € S™(Ty), there holds
for all T € Ty,

||U||2L2(T) < CpatchhT|u|§{1/2(T> if m =0,
||u||%2(supp(¢>;p)) < CpatChMF(supp((bT)) Zxéw?il(T)ﬂNh ‘u‘zlm(wh(gp)) me > 07

with the constant

(2.28)

cz oo
C _ 2¢space me o 0
atch — 2
patch E (14 2(T)™ " ifm > 0.

2‘13pace

Here, the constant qspace s the one from Assumption 2.10.

Proof of Lemma 2.15 for I'p =T'. Since supp(¢r) is connected, there is an interval I of
length A(I) < L with v(I) = supp(¢r). We use Lemma 2.14 and get

1 1
o) < GADIo A + 575 | [ 002000

~—
=:E2

2
2

We use Lemma 2.4, the orthogonality (2.13) and Assumption 2.10, (ii), to get

2
E? =

/ u(y)(1 = 60(y)) dAw)
supp(ér7)

2

= ‘/1 (u o 'y(t)) (1 — ¢ o 'y(t)) dA(t)

<1t = (@r o Nz llw o Loy < (1= Gupace) NIl 0 YlIZ2 -

Using the previous inequality, we therefore get

1
||uo 7||%2(1) < 5)‘([)|u ° 7|§11/2(1) + (1= Gapace)[[u-o WH%W)’

which implies
pir (supp(¢r))
gy < L)
Qspace
If m = 0 we are done due to (2.10) and Lemma 2.8. To estimate |u o fy|§{1/2(1) for p > 0, we
use induction on ¢ to prove the following assertion:

|uo’y|§{1/2(1). (2.29)

-1
VWeN:VjeZ: |uo 7@1/2([@71,%%) < (14 26(T)) Z |uo 7|§{1/2(TQUTQ+1)‘ (2.30)
q=J
For ¢ =1 it is obvious. The induction hypothesis for £ —1 > 1 is
-2
Vi€Z: uolings, g,y S TH2K(T) T Y0 lwolinag,r,,, (231)
9=

For r, s € R we introduce

O(r.s) = \U(v(r‘)i - ;(27(8))\2.
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For j € Z, we have to estimate

/ Ul(r,s)dA(r) dA(s)
[#j-1,%j46-1] / [Zj—1,Z540-1]

/ / U(r,s)d\(r)dA(s +2/ / Ul(r,s) dA(r) dA(s)
Tive JTjqe Tjie J [Zj-1,85+0-1]

[ 0esamae e

|“07|H1/2<:v3 vEjd) T /

e |u o 7‘H1/2([5€j717jj+271]) + |u ¢} 7|H1/2(Tj+z) + 2/T

4+ 9 / / U(r,s) dX(r) dA(s)
Tige J[#j-1,8540-1] _

=F

2 2
< luo 7|H1/2([ij7175/’j+2—1}) +luo 7|H1/2(Tj+Z71UTj+Z) t2F.

For r <t < s e R, we have

G s) < 200D O

[u(y() = u(r(DI* _ o
|r—sf? |r = s? -

Ulr,t) 4+ 2U(t, s),

hence with hy := hy for g € Z

PEEE. / / / U (r, ) dA(r) dA(s) dA()
Piver Sy ooy e Jiago1dy00ms)

. Ut |
hj+f—1 Tyyer J[#j-1,2510-2 T;

J

|
2 -
) / / 0t s) / 1dA(r) dA(s) dA(t)
hjte—1 Tjve-1 Y Tjye (2512540 2]

1dA(s) dA(r) dA(E)

h; T
j+¢ JH+e=2 —
< I |uon)? —|uonl; )
> H1/2 Ygr/2¢r. o UT: )"
h]—l—f 1 ([#j-1,Zj4e-1]) h]—l—f 1 ( Ge—1UTjqe)
There holds
¥ 7 J+E-2 j+e—2 0—1
j+6—2 — 1 jte—1— Z
J Y E h E KJ(IEL)]—M 1—q 5(77;)
j—l—f 1 —j j4+4—1 g=j g=1

This implies

K(Th)%

1

E< K(ﬁ)|UO7|H1/2($ 1,85 4e-1] + |u07|H1/2 (Tjre—1UTj40)

q
Inserting this into our estimate (2.32) and using

1423 (T < (14 26(T) !

q=1
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as well as the induction hypothesis (2.31), we obtain

2
‘u © 7|H1/2([i'j—17jj+€])
< (1+ 26(Ta)) w0 Y] F2

-2
< (14 26(Tp)) " Z luo 7|?{1/2(TquTq+1) + (14 26(Th) Hfuo YNy, oty 0
q=J
1
=(1+ 2’{(771))6_1 Z luo 7|?{1/2(TqUTq+1)'

q=J

p T (1+26(Tn) Huo 7|§{1/2(T.

[E5—1,2540-1 jre—1UT)qe)

This concludes the induction step and thus proves (2.30). There is a j € Z with

7([11:7—1, fmin(j+2m,j—1+n)]) = W}T(T)-

Because of Assumption 2.10, (i), one can choose I such that I C [Z;_1, Emin(j+2m,j—14n)]- We
use (2.29) and (2.30) for £ = min(2m,n — 1) to see

min(j+2m,j—14+n)—1

pir (supp(¢r)) o
HUH%Q(Spr(qﬁT)) < Tm(l + 26(Th)) (2m,=1+n)=1 Z |uo7‘iﬂ/2(TquTqﬂ)
q=J
min(j+2m,j—1+n)—1
pir (supp(¢7)) .
= 2qs—pace(l + 26(T0)) Z luo ’7‘?{1/2(TQUTH1)'
q=j

We use Lemma 2.8 and

{zg: q=7j,....min(j+2m,j —1+n)— 1} Cwp () NN,

to get
min(j+2m,j—1+n)—1 min(j+2m,j—1+n)—1
2 2 2
Z [w oY a12z,0m,,0) < OF Z (%0 V512 ()
q=j q=J
2 2
<G Y ulie,w)
walel(T)ﬂNh
which concludes the proof. O

Proof of Lemma 2.15 for I'p # I'. As before we see (2.29), where we choose I C [ap, bp].
For m = 0 we are again done. There holds an analogous version of (2.30)

VeN:Vje{l,...,n}:

P Ay , (2.33)
D < (]- + 2'%(7;1)) Z |U © 7|H1/2(TquTq+l).

q=J

jHesn = uorfiug,

Ljte

This can be proven just as before. Let j € {1,...,n} with y([Z;_1, Zmin(+2mn)]) = Wi (T)
and I C [Zj_1, Tmin(j+2m,n))- Note that ¢ := min(j + 2m,n) — j € N and £ + j < n. Hence,
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we may apply (2.33) to see

‘U, © 7|?;Il/2([) S ‘U; o 7‘?11/2([1‘3'—17jmin(j+27rl,n)})
min(j+2m,n)—1
<OA+26(T) T DY we e,
q=J
min(j+2m,n)—1
< (1 + 2’{(7;»27”_1 Z ‘u © V‘EI/Z(TquTqH)‘
q=J
Using Lemma 2.8, we see

min(j+2m,n)—1

2 2 2
Z ‘UOV|H1/2(TquTq+1) <Cr Z ‘U‘Hl/z(wh(l‘))

q=Jj waTﬁl(T)ﬂNh
and conclude the proof. O
Proposition 2.16. For all u € H'/?(Tp) satisfying (u,v) 2,y = 0 for all v € S™(Ty,),
there holds
Z (h + hT+)||u||L2 < Choine Z |u|§{1/2(wh(;p))> (2.34)
TeTs, €N},
with the constant
Chatent(Th) if I'p=1 and m = 0.
o 4Cpatchm(1 + 2 Z?Ltl n(ﬁl)g) if I'p=T and m > 0.
porne Chater, Max (W (ﬁ)) if 'p #T and m = 0.
4C patenm max ( ("Zlf\lpD 1+2 Z;nﬁl K(Th) ) if T'p # T and m > 0.

Here, Cpuien, @5 the constant of Lemma 2.15.

Proof of Proposition 2.16 for I'p =1". For m = 0, Lemma 2.15 implies

Z(h _'_hT7L |u||L2(T < Z h’ +h’ patchhT|u|H1/2( T)
T€eTh TET;,

< Z Cpatchﬁ(ﬁJ <|u|§{1/2(T) + ‘uﬁﬂ/z(T+))

TeTh
S Cpatch/{(ﬁl) Z |u|?{1/2(wh(x))'
xENh
For m > 0, Assumption 2.10, (i), and Lemma 2.15 give
[ll 720y < NullZ2ouppiory) < Coatentir (Wi (T)) Z |4 F1/2 0 ) (2.35)
mew;n*l(T)ﬂNh
Let j € {1,...,n} with T'= T;. Then, we have with h := hy, for £ € Z

i@ (1)) dam = Fyom R by R . Sy
b S R T2 T S 2 FUS1e2) s (239
T j—1 f=—m~+1 j—1 f=—m~+1 /=1
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and

-« . m—1 m— m+1
pr(Wi' (1)) _ Tjem — Tj—1-m g+1+é 1
< = R(Th)" <1+2 77L . (2.37
hT+ hj-l—l Z:; 1 Z ; )

Combining (2.35), (2.36) and (2.37), we obtain with C' := Cpatch(1 + 237 K(TR)Y)

D (et 4 hglulizy <C Y| X Whnegeyt D lulieew)

TeTh TeTh \zew Y (T)NN;, zew ™ H(T)NN,

=20 > lulipseg,e)

TeT;, xEN,
zEw," Ty

=20 > ulpee,w)

zeNy,  TeT,
TEWy' 1 (T)

=4Cm Y [ul3, @) (2.38)
Z‘EN}L

This is just the assertion of the proposition. O

Proof of Proposition 2.16 for I'p # I'. For m = 0, Lemma 2.15 implies
Z (h + hT* ||u||L2(T < Z h + h patchhT|u|H1/2 (1)

TeTh TeT,

Now, we split the sum into two sums, shift the indices in the second one, and see

Z (h + hT+)HUHL2 < Chaten Max (m’ ’%(ﬁl))

TeT

Z <|U|§{1/2(T)) + < Z <|U|§{1/2(T+)) + ‘“‘?{1/2@1))

TeTh TeTn\{Tn}
h
<C atc R
< Cpa e (— i )ZN i
h
For m > 0, we have again (2.35). Let j € {1,...,n} with T'="Tj. If j = 1, we have
pr(wit(T)) _ Twin(emm — o _ (m A+ 1Dh
he- pr(U\Tp) = pr(IT'\I'p)
If j # 1, we have with hy:= hy, for £=1,...,n

m . . min(m+1,n—j+1)
MF(wh (T)) _ Tmin(j4+m,n) — Tmax(j—1—m,0) < Z hj—l'i‘é
. I = I,

{=max(—m+1,—5—2) i-1

min(m+1,n—j5+1) m+1
< Z R(T) < 1+2 Z k()"
{=max(—m+1,—5—2) (=1
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This implies

meT m+1
%Sma}{((r\% 1“2 72)

Analogously one shows

mww»gmax((mﬂ H;”Z“ E)

hp+

With )
(m + 1 m+
C = C ate 1 2 )
‘patch NAX ( ST\Tp)’ + Z (Tn)*
we get again (2.38), if we replace the last "=" with a ”§”. O

Now we can finally prove the main result of this section.

Proof of Theorem 2.11. The theorem follows directly from Proposition 2.13 and Proposition
2.16

lallzrnay < D Tulissg ey + Cioe D (hzt +hb)llullfae

€N} TeTs

< (1+ CrocCroine) Y 111720 (2))-
mGNh

This concludes the proof. O
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3. LocAL ERROR INDICATORS

In this section let {2 be an open set and I'p a subset of the boundary I', which is
parametrized by 7 : [a,b] — T, as in Section 2. We introduce H~'/%(I'p) := HY*(I'p)’
as the topological dual space of H'/?(T'p) endowed with the dual norm || - ||z 1/, For

I'p = we also write H~/2(I'p) := H-Y%(I'p). We consider a bounded linear mapping
V. HY2(Dp) — HY*(I'p)
such that
(0,9) = Vo, 9)

defines an elliptic bilinear form on H=*2(I'p). For a given right-hand side F € HY2(I'p),
we want to find a solution ¢ € H~/2(T'p) of
V¢ =F.

It follows from the Hahn-Banach theorem that the topological dual space of a normed space
separates points, see e.g. [Rud91, page 60|. Hence, we get

Yy e HVA(Tp) . (Vo,u) = (F)

which has a unique solution due to the Lax-Milgram lemma, see e.g. [BS08, Theorem 2.7.7|.
This also implies the bijectivity of the operator V.
The following definition and lemma are taken from [SS11, page 29-30].

Definition 3.1. If X < Y are real Hilbert spaces such that the identity I : X — Y is a
continuous and dense embedding, we call (XY, X’) a Gelfand triple.

Lemma 3.2. Let (X,Y,X') be a Gelfand triple. Then Y' is continuously, densely and
injectively embedded in X' by the mapping y' — v'|x.

Proof. First we check that the mapping really maps to X’. Let ¢ € Y’ and x € X. Then
we have

' (@) < 1Yl llzlly < 1Y v ll=llx 1 X = Y.
The continuity of the mapping follows from

|y ()]
|y'|x]|x = sup < ly |1 : X =Y.
zex\{o} |17l x

We prove that Y'|x is dense in X’ by showing that the orthogonal complement of Y’|x/ in
X'is {0}. Let 2’ be an element of the complement and z := Jy'2’, with the Riesz mapping

Jx : X = X' 1z (2)x.
Then, we have with the Riesz mapping Jy : Y — Y’
0= (7, (Jyx)lx) = (z, Jx' (Jy2)|x))x = (Jyz)(2) = (z,2)y

and hence 2’ = 0. The injectivity directly follows from the fact that two continuous functions

on Y coincide if they coincide on the dense subset X. U
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Due to the Riesz representation theorem one can identify the Hilbert space Y with its
dual space Y’ by the Riesz mapping

Jy: Y =Y 1y (L yy.
Because of Lemma 3.2, we can identify Y with Jy(Y)|x which is a dense subspace of X'.

Hence, we have
X<Y <X,

where every inclusion is dense.

Lemma 3.3. The spaces X := HY2(T'p),Y := L*(I'p), and H-Y*(I'p) define a Gelfand
triple.

Proof of Lemma 3.3 for T'p = I'. Obviously the identity I : H*/?(I') — L?(I') is continuous.
To see the density of H'/?(T') in L?(I") we proceed as follows.

First we note that C’OO((a, b)), the space of all continuous functions with compact support
in (a,b), is dense in L?((a,b)). This is a direct consequence of the fundamental lemma of
calculus of variations.

Because of Lemma 2.4 we have for all measurable u on (a, b)

u_lxzdpx: w(®)[? A1),
L Il @) ety = [ urare

(a,b)
This implies that the mapping (-) o 7|&1b) is an isometric isomorphism from L?((a,b)) to
L2(T\ {v(a)}). Therefore Coo((a,b)) o 7|(_a%b) is dense in L?(T" \ {y(a)}). We recall that
Y|(ap) is & homeomorphism to I' \ {y(a)}. Moreover each element of Cy((a,b)) o 7|(_alb)

can be extended continuously at the point -y(a) with the value 0. Hence we can identify
Coo((a, b)) OfY|(_a%b) as subset of C'(T"). Since I is compact and L*(T'\ {7(a)}) can be identified
with L?(T"), we conclude that C(T') is a dense subset of L*(T).

Obviously Lip(I'), the space of all Lipschitz functions on I', is a subspace of H'/?(I"). Due
to [Geo67], Lip(T") is dense in C'(I") with respect to || - || = (ry and therefore also with respect
to || - || z2(r), which concludes the proof. O

Proof of Lemma 3.3 for I'p # I'. Because of the fundamental lemma of calculus of varia-
tions, the space C’([aD, bD]) is dense in Lz([aD, bD]). Applying Lemma 2.4 gives

| Ol Pl = [ P,

D l[ap,bp]

This shows that (-) 07\[;}3 »p) 18 an isometric isomorphism from L?([ap, bp]) to L*(I'p). Since
Yljapbp] 18 & homeomorphism to I'p, we conclude that C(I'p) is dense in L*(T'p). Finally,
we see as before that H'/?(T'p) is dense in L?(T'p). O

Because of this lemma, it makes sense to discretize the problem by introducing a finite
dimensional Galerkin trial space S < L?>(I'p) < H~'?(T'p). Because of the Lax-Milgram
lemma there exists a unique ¢g € S such that

Vipg € S0 (Vs ¥s)r2rp) = (Fs) r2(rp)- (3.1)
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The Lemma of Céa, see for example [BS08, Theorem 2.8.1], states quasi-optimality
||¢ - ¢S||ﬁ71/2(pD) < CCea wi;lefs ||¢ - wSHﬁflﬂ(pD)a (3-2)

where Cg, is the ratio of the continuity constant of the operator V' and the ellipticity
constant of the bilinear form. For adaptive mesh-refinement, we want to estimate the dis-
cretitization error

es = ¢ — g5 € f[—l/2(rD)

by computable local quantities. After the calculation of ¢g, one can compute the residual
rg:=Ves=F —Vog € HY*(Tp).

Due to the open mapping theorem, see for instance [Rud91, Chapter 2.11], there holds for
Y e H V()

ConallVO ey < 101G 1oy < ConallVel 2z

with the constants C,,; := |V||7? and C,,2 := ||V 7!||>. Therefore, the error is equivalent
to the residual, i.e.

Copallrs ey < lleslG o,y < CopellrslZags. (33)

Using this and the results of Section 2, we can construct three different local error es-
timators. We present them and show their efficiency resp. reliability in the following two
subsections.

3.1. Faermann-Estimators. Analogous theorems as in this subsection have first been
proven by Faermann, see [Fae00, Theorem 3.1 and Theorem 3.2|. She considered I'p =T’
and instead of the space S™(7}), she used transformed piecewise polynomials on [0, L], see
[Fae00, page 206].

Theorem 3.4. Let m € Ny, T, be a mesh on T'p with |T,| > 4 and h < up(T')/4 and ®
S = S"™(Ty) < L*(T'p) a finite dimensional trial space satisfying Assumption 2.10. Then,
there holds

O ST P @R < sl p, < CF 3 ni @), (34)
€N} €N}
where for x € N,
7751(95)2 = |TS|§{1/2(wh(gc)) (35)
and
F COPJ Fy
CEff — 2 O/nd CTEl — Cop,2Cmain-

Here, Crain = Crain(hy K(Th), M, @space) s the constant of Theorem 2.11. Note that Ciain
depends in a monotonously decreasing way on h, whereas the dependence on the other pa-
rameters is monotonously increasing.

3Indeed, the trial space only needs to be a superspace of S™(Tp,).
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Proof. The lower estimate follows directly from Theorem 2.12 and (3.3)
2
Z 7751(1')2 = Z |7°S|H1/2 (wh(2)) < 2||TS||H1/2(FD) < 5 C ||6S||H 12(Ip)"
zeN}, zeN}, op,1

The residual rg is orthogonal to S™(7,) due to (3.1). Hence the upper estimate is a conse-
quence of (3.3) and Theorem 2.11

lesliE g < Conallrsley) < ConaConain 3 N2y = € S n @)
€N}, €N}

This concludes the proof. O

Theorem 3.5. Let m € Ny, Ty be a mesh on U'p with |T,| > 4 and h < pp(T)/4, and *
S = S"(T,) < L*(T'p)a finite dimensional trial space satisfying Assumption 2.10. For
x € N, we define

n,fz(xf = ‘TS|§{1/2(wh(x Tx2||TSHL2(T11 +th1HT5||L2 Ty.2)? (3.6)
if © is an interior node’, else we set
7752 (z0)* := ‘TS‘?ql/z(wh(x)) + h;} HTSH%Z(Tx)v (3.7)
and

7752($|n\)2 = ‘7"5@1/2(%(;0)) + h;}HTSH%%Tx)? (3.8)
Then there holds
ff Z 7] < ||65||H 1/2(FD) = rel Z 7] ) (39)
€Ny €N}

where

C1op 1
_ and C*2 = max(1, Cioe)Cop a.
(1+Cpoinc) rel ( l ) D,2
Here, Cpoine = Cpoinc(h, £(Th), M, @space) @5 the constant of Proposition 2.16. Note that Cain,
depends in a monotonously decreasing way on h, whereas the dependence on the other pa-
rameters is monotonously increasing.

Cff

e

Proof. The upper estimate is an immediate consequence of (3.3) and Proposition 2.13

leslZ vagy < Copellrslipnegey,

< Copa Z |7“S|?{1/2(wh(m)) + Cop.2Cioc Z (hfl + h;bHTSH%?(T)
xENh TETh
<ck

rel Z 7752 (I)2

SCENh

“Indeed, the trial space only needs to be a superspace of S™(Ty).
5This means that Tp =T, or, I'p # ' and z # 29 and x # 2|7,
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The residual rg is orthogonal to S due to (3.1). Therefore the lower estimate holds because
of Proposition 2.16, Theorem 2.12 and (3.3)

S0l @ = 3 rsPrsn + S (5 + b sl

zEN;, zeN}, TeT,

S (1 -+ Cpoinc) Z ‘TS|?;II/2(UJh(1’))
€N},

< (14 Cpoine)2[17s 1 i1/

<1+ CpoiHC)C 1||6S||H 1/2(Pp)’
op,

This concludes the proof. O

3.2. Weighted-residual error estimator. Before we present the weighted-residual estima-
tor it and show its reliability, we start with the following lemma and proposition. Analogous
versions have been proved by Carstensen and Faermann in [CF01, Theorem 7.2, Lemma 7.4].
The proof of the following lemma was inspired by [NPV11, Proposition 2.2]

Lemma 3.6. Let I C R be a finite nonempty open interval. Then, there holds for all
ue HY(I)

(e < 20Dl ). (3.10)

Proof. We recall that H 1(I) coincides with the space of all absolutely continuous functions
on I with L? derivative, i.e.

H'(I)={ue AC(I) : u' € L*(I)}; (3.11)

for a proof, see e.g. [Kall3, Beispiel 19.1.6]. First we consider I = (0,1). We use the
transformation theorem, with r = p(s —t) +¢ and s — t = o, as well as the Cauchy Schwarz
inequality to get

_ /1 /1 Jiowy () dA(ri:Ltﬂovt) W/ (r) dA(r)
/// /(P(S—t)+t)d>\()2

dA(s) dA(?)
///\u (s — ) + 1) |* dA(p) dA(s) dA(#)

_ /1 /(_M_t) /1 [ (po + 1) [ dA(p) dA(0) dA(E).
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dA(s) dA(t)

2

dA(s) dA(t)




We formally extend v’ to R, by defining it on R\ I as zero. This and the Fubini theorem
lead to

/ 2
|ulFi/ey < |/ (po + )| dA(p) dX(o) dA(2)
I1J(-1,1)JI

<[ [ 1o f e axe axe)
1J11 Jr
_ / / 22 gy dN(0) dA(p) = 2JufZs g
1J(-1,1)
Hence, we have

[ult20.0) < 2eliro)- (3.12)

If I = (a,b) is arbitrary, we define the function w1y : (0,1) = R : 7 +— u(7(b — a) + a).
Obviously the function is in H'((0,1)), where (o) (T) = (b —a)u’ (7(b—a) + a) for almost
every 7 € (0,1). We use the transformation theorem, with s = o(b—a)+a,t =7(b—a)+a
and r = p(b — a) + a, as well as (3.12) for u( 1) to get

s = | [
H1 2([) s
~Jondow

= |u(071)|§{1/2((o,1)) < 2|u(071)|%{1((o,1))

7 /(0,1) |u(o,1)(P)] AN (p) = 2(b — a) /1 [/ (1) 2 dA(r) = 2X(1) || g1 (1),

2

L; - ?(t) dA(s) dA(?)

u(o(b—a)+a) —u(r(b—a) + a) ’

o—T

dA(s) dA(t)

This is just the assertion of the lemma. U

Let I be a real interval with length 0 < A(/) < L. With the L-periodic extended arc
length parametrization v, of v as in Lemma A.7, we define®

H' (yo(D)) = {u e L*(vo(I)) : wor|, € HY(I)}.
For u € H*(v.(I)), we set for almost every ¢ € I
Oru(vr(t)) == (wo L)' (t).
Moreover we define
H'T):={ue L*(T) : uo~|; € H'(J) for all finite intervals J C R}.
For u € H'(T'), we set for almost every t € R
Iru(yL(t) = (uor)'(t).

SHere, we actually mean H'(I°), where I° denotes the interior of I. Note that (1) = v(I5) for intervals
Iy, I, with length smaller than L, implies I; = Is 4+ gL with some g € Z.
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Proposition 3.7. Let T, be a mesh on I'p with h < up(T')/4. Then, there holds for all
u e Hl(FD)
‘uﬁ{l/2(wh(l‘)) < 2Cur (wn(2)) HéruH%z(wh(x))‘ (3.13)

Here, Cr is the constant of Lemma 2.1.

Proof. Let I be a real interval with v.,(I) = wp(z). Lemma 2.8 and Lemma 3.6 show
|u|§11/2(%(1)) < Cfluo 7L|§11/2(1) < 2Cfur (Wh(x)) luo '7L|%{1(1)-

Due to Lemma 2.4, |uo 7L|§{1(I) just coincides with ||8pu||%2(wh(x)). O

Theorem 3.8. Let m € Ny, T, be a mesh on U'p with |Ty| > 4 and h < up(T')/4 and 7

S = S™(Ty) < L*(T'p) a finite dimensional trial space satisfying Assumption 2.10. For
rg € HY(T'p), there holds

||6S||%*1/2(1"D) < C?il Z 77;?(93)2> (314)
€N},
where for x € N,
M ()% = pr(wn (@) 10071720, ) (3.15)
and
Ch =2C%0m.

Here, Cr is the constant of Lemma 2.1 and C’ill 1s the constant of Theorem 3.4.

Proof. Due to Theorem 3.4 and Proposition 3.7 there holds
HeSH%q/Q(FD) < Crilz Z ‘TS|§{1/2(%(;C)) < Cﬁl Z n}?(x)a
€N} €Ny
concluding the proof. O

Remark 3.9. In Theorem 3.4, Theorem 3.5, and Theorem 3.8, the error estimators are node
based. With these theorems it is easy to construct element based estimators. Indeed, if
Nk () is a node based error estimator, one can define for 7' € Ty,

mn(T)? = mn(r1)” + mu(2r2)®. (3.16)
If the node based error estimator is efficient and reliable with constants Cess and C,, the
element based one satisfies

Ce
LS (TP < el < Cra 3 m(T) (317
TeTh TeTh
In Theorem 3.8, we can also define another element based version as
m (T)? = he|0rrs||72er) (3.18)
for T € Tp,. Tt is reliable with constant C,o = 2(k(T5) + 1)CE

rel”

"Indeed, the trial space only needs to be a superspace of S™(Tp,).
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4. ADAPTIVE ALGORITHM WITH B-SPLINES AND NURBS

Let © C R? be an open set, I'p a subset of the boundary I', which is parametrized by
v : [a,b] — T, as in Section 2. Additionally, we assume that 7 is piecewise two times
differentiable. We consider the problem V¢ = F, where V : H™Y/2(I'p) — HY2(I'p) and
F € HY*(T'p) are as in Section 3.

It is our goal to approximate the solution ¢. To this end, we will use the linear span of
B-splines and NURBS, transformed to the boundary by the parametrization v, as approxi-
mation spaces. They will be presented in the first subsection. Here, we will also show that
the transformed span satisfies Assumption 2.10 of Section 2. In [Fae00|, Faermann only con-
sidered the span of B-splines, transformed to the boundary by an arc length parametrization
of the boundary. In the second subsection, we introduce an adaptive algorithm based on the
error estimators of Section 3.

4.1. B-splines and NURBS. Throughout this subsection, we consider a sequence of knots
K= (t;)iez on R with ¢,y <t; for i € Z and lim; 1, t; = +00. For the multiplicity of any
knot t; we write #t;. We denote the corresponding set of nodes N := {ti S Z} = {i'j :
JE€ Z} with @,y < &, for j € Z.

Definition 4.1. For i € Z, we define by inductivity the i-th B-Spline of degree p

Bi,O =X i—1,ti)9
[ti—1.t:) <4.1)
Bip = Bi—1pBip-1+ (1 = Bip)Bir1p—1 forpeN,
where, for t € R
t—t; : ) )
O
0 if tl = ti—l—p-
We also use the notations pr = B,, and fp := B, to stress the dependence on the

knots .
The following assertions about B-splines are mainly taken from [dB86|.

Lemma 4.2. For p € Ny, the following assertions hold:
(i) Forie Z and { € Z, B;plit, .1, %5 a polynomial of degree p.
(ii) For i € Z, B,, vanishes outside the interval [t;—1,t;+,). It is positive on the open
interval (ti—h ti—‘,—p)-
(i) Fori € Z, it holds t;—y = t;1, if and only if B;, = 0.
(iv) Fori € Z, B;, is completely determined by the p+2 knots t;_y, ..., t;1,. Therefore, we
will also use the notation

B('|ti_1, e ?tH—p) = Bi,p- (42)
(v) Fori € Z and s € R, we have
. s+K (1) _ pK
VteR: BjIM(t) = B, (t —s), (4.3)
and for ¢ > 0
. Ky - pk
VteR: B (t)=B;,(t/c). (4.4)

36



(vi) For{ €N, let K, = (tie)icz be a sequence of knots such that #t,, = #t; for all i € Z.

If (K¢)sen converges pointwise to K, then ( flf)ZeN converges almost everywhere to pr
for all i € N.
(vii) The B-splines of degree p form a partition of unity, i.e.
> Bi,=1 onR (4.5)

1€EZL

Proof. The proof for (i)—(iv) can be found in [dB86, Section 2|. To prove (v), we note that
for all ¢ € Z and t € R there holds

Xistte 15+t0) (8) = Xfto 1,000 (E = 8)  and ety etrs) () = Xty (£/€)
as well as
t— (s+t) (t—s)—t t —cty t/c—ty
Gitn) (it -t ™ G Td T bt

Hence, the assertion is an immediate consequence of the definition of B-splines. (vi) is proved
by induction, noting that for all p’ € N and i € Z, we have

ﬁlK pp fp/ and B;:CO‘ 5 Bfo.
(vii) is proved in [dB86, page 9-10]. O

With Lemma 4.2, (ii), we can define for any p € Ny the vector space

yp(lé) = {Z a'iBLp ta; € R} . (46)
i€z
Note that the sum is locally finite.
The following two theorems are proved in [dB86, Theorem 5, Theorem 6|.

Theorem 4.3. The space SP(K) coincides with the space of all right-continous piecewise
polynomials of degree lower or equal p with break points (t;);cz which are, for all i € Z, at
least p — #t; times continuously differentiable at t; if p — #t; > 0.

Theorem 4.4. Let I = [a,b) be a finite interval and p € Ny. Then
{Bi’p|[ 11 € Z, Bi7p|[ 7A O} (47)

is a basis for the space of all right-continuous piecewise polynomials of degree lower or equal
p on I with breakpoints N N (a,b) and which are, at each break point t;, p — #t; times
continuously differentiable if p — #t; > 0.

Remark 4.5. If we assume #t; < p+ 1 for all i € Z, Lemma 4.2, (ii), implies that each

element in .?(K) has a unique representation of the form
Z aiBm,.
i€z

For the proof of the following corollary and two lemmas, we refer to [dB86, Corollary 2,

Algorithm 11, Section 10].
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Corollary 4.6. Let p € Ny. If K' is a refinement of K, i.e. K = (t;)iez is a subsequence of
R = (#)icz, then V

SP(K) C SP(K). (4.8)
Lemma 4.7. Let p € Ny, { € 7 with t;_1 < t; and K' the refinement of K, obtained by
adding t' := (ti—1 +ts)/2 such thatt, =1t'. Ifa; € R, i € Z, are some coefficients there exist

a; € R with
> Bl =) aBf (4.9)
i€Z i€Z
The new coefficients can be chosen as follows
a; =< (1— Z-’C_Lp(t’))ai_l + @’C_Lp(t’)ai ifl+1—p<i</¥,
;-1 'lf£ +1 S 1.

Lemma 4.8. Let p € N. Then we have

P p
ip titp—1 — ti—1 p—1 A +1,p—1 ( )
where we set § := 0.

In addition to the given knots K = (t))iez, let W := (w;);ez be a sequence of fixed positive
weights w; > 0. Then, we define the corresponding NURBS functions.

Definition 4.9. For i € Z and p € Ny, we define the i-th non-uniform rational B-Spline of

degree p or shortly NURBS as
wiBi,p

ZZGZ weBy, '
Note that the denominator is never zero because of Lemma 4.2 (ii) and (vii). We also use

the notation REI;W = R;,.

For NURBS functions there hold analogous properties as for B-splines.

RZ’JJ : (411)

Lemma 4.10. For p € Ny, the following assertions hold:
(i) Fori € Z andl € Z, Riplp, ,1,) 5 @ rational function with nonzero denominator, which
can be extended continuously at t,.
i) For i € 7Z, R;, wvanishes outside the interval |t;_1,t;2,). It is positive on the open
( ) ’ P ) Vitp p P
interval (ti—h ti—‘,—p)-
(i) Fori € Z, it holds t;_y = t;1, if and only if R;, = 0.
(iv) Fori € Z, R;,, is completely determined by the 3p + 2 knots t;_,_1,...,tire, and the
2p + 1 weights w;—p, . .., Witp,. Therefore we will also use the notation

R(-|ticp—1, -+ tigop, Wip, - -, Wisp) 1= Ry p.

(v) Fori €Z and s € R we have

VieR: RISV = RSV - s), (4.12)
and for ¢ >0 ) )
. ckKC, W _ pkw
VteR: R = REY(1/0), (4.13)
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(vi) For ¢ € N, let K, = (tie)icz be a sequence of knots such that #t,, = #t; for all i € Z
and, Wy = (w;0)icz o sequence of positive weights. If (IC;)een converges pointwise to K

and (Wy)een converges pointwise to W, then (Rflf’wl) converges almost everywhere

to R for alli € N,
(vii) The NURBS functions of degree p form a partition of unity, i.e.

> Ri,=1 onR. (4.14)
i€z
(viil) For all ¢ € Z each NURBS function R;,, is at least p — #t, times continuously differ-
entiable at ty if p— #ty > 0.

(ix) If all weights are equal, then R;, = B;, for alli € Z. Hence, B-splines are just special
NURBS functions.

LeN

Proof. The lemma is an easy consequence of Lemma 4.2 and Theorem 4.3. We only show
(vi). Let

Mi={teR: lim BEt(t) = BX(t) for all i € 2}

Due to Lemma 4.10, (vi), M is a set of measure zero. For i € Z and t € M, there exists a
finite index set I such that for all / € N

Ke,W, 024,
RE (1) = Lt
qul Wy, Byp
as well as
K
KW w; Bj,
REY(0) = (1)
2 ger WaBg,
This implies the convergence of Rfﬁ’w‘f (t). O

With Lemma 4.10, (ii), we can define for any p € Ny the vector space

JVp(IC,W) = {Z CLiRZ‘,p ta; € R} = ;LIC) (415)

K
i€z iez WiBi,
Note that the sums are locally finite.

Remark 4.11. As in Remark 4.5, #t; < p+ 1 for all © € Z implies the uniqueness of the

representation
E a; Ri,p .
i€Z

For the proof of her main result [Fae00, Theorem 2.2|, Faermann needed a similar version
of the following lemma. In the proof of [Fae00, Lemma 2.6|, she only considered B-splines
of degree p = 0, p = 1 and p = 2, induced by a strictly increasing sequence of knots. The
following lemma generalizes her result to arbitrary NURBS functions. Note that the proofs

are totally different.
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For a finite sequence of knots sy < --- < sj; and corresponding nodes 9o, . . ., Jm, we define
the regularity constant

(80, 80m) = max{?{jﬂtyj,?{j — Y1 cj=1,...,m— 1}, (4.16)
Yi —Yj—1 Yj+1 — Yy
where we define the maximum as 1 if m < 1.

Lemma 4.12. Let I be a compact interval with nonempty interior, Kmax => 1, 0 < Wpin <
Wmax Teal numbers, p € Ny, and 0 : [ — RT a piecewise continuously differentiable function
with positive infimum. Then there exists a constant

gNURBS = ANURBS ("{maxa Wmin; Wmax, P; 9) € (07 1]

such that for arbitrary knots so < -+ < sgp01 € I with K(So, ..., S3p+1) < Kmax, Weights

Winin < U1y« vy Vopi1 < Wiax and all 0 € {p+1,...,2p+ 1},
| (1= R(-Is0, .-, S3p1, 01, - -, U2pr1)) '9HL1( ) < (U= aqvors) 10l L1 spysy- (4:17)

Note that there holds

[se—1,5¢]

Supp(R('|SOa <5 83p+1, V1 - UQp-i—l)) = [Spa 82p+1]'

qNURBs depends in a monotonously decreasing way of Kmax aNd Whyay, and in a monotonously
mcreasing way of Wyin-

Proof. We prove the lemma in five steps.
(1) We give an abstract formulation of the problem. For 1 < v < 3p + 1, we define the
bounded set
MI/ = {('gOa s 7?)1/7”1) s >'U2p+1) S [V X [wminawmax]zp—‘rl . ?]0 < ?Jl,
1

Vg € {2 vk —— (e — Ta2) <= For < (o1 — Gg2) -

'%max
Note that (g,v) € M, already implies gy < --- < ,. For a vector of multiplicities
k€ Nt with 77k, = 3p + 2 we introduce the function

. 3p+2 . ([ - ~ > > ~
Grew  RY = RP™ (Goy ooy U) = (Goy e e o3G0 e ey s e v o5 U
SN—— S——

ko—times k., —times

Moreover we define for ¢ € {p+1,...,2p + 1} the function, setting % =0,

(L= BCloew(@).0)) Ol 11 o0 r0s e 1)

1011 L2 (g1 () e—1.08.0 @)e))

Our aim is to show that for arbitrary k, ¢, v there holds sup(©y.,(M,)) < 1. Then we
define the constant (1 — gyyrps) as the maximum of all these suprema. Note that the
maximum is taken over a finite set. Before we proceed, we show that (1 — qnyrps)
really has the desired properties. Without loss of generality, we can assume that not all
considered knots sy, ..., s3,11 are equal. The corresponding nodes %o, . . ., 9, and weights
U1, ..., U911 are in M,. If k is the corresponding multiplicity vector, (4.17) can indeed
be equivalently written as

@k,&r/ . M,, —R: (g,’l}) —

Okev(U,v) < (1 — qnurBs)-
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(2)

The monotonicity of gnyrps is an immediate consequence of the definition of M,,.

We fix k, {, v, where we assume without loss of generality that there exists 0 < v < v
such that ¢/ — 1 = ZZ:O k,, this just means that the appearing integrals have nonempty
integration domains [gy ,(9)e—1, gk (¥)e]. Using Lemma 4.10, (ii) and (vii), we see that
for (y,v) € M,, the function R(-|gk. (), v) attains only values in [0, 1] and is positive on
the interval (gm,(y)g 15 G (U)o ) This implies

Oken(M,) C[0,1). (4.18)

Because of Lemma 4.10, (vi), we can apply Lebesgue’s dominated convergence theorem
to see that Oy, is continuous. If M, was compact, we would be done. Unfortunately
it is not.

Now, we prove the lemma for 6 = 1. In the definition of M, we replace the interval I by
R to define a superset of M,

MV,R = {('gav) S R” x [wminawmax]2p+1 . 'gO < gla
1
Vge{2,...,v}:

We extend the function Oy, to

('gq—l - 'gq—2) S Yqg — gq—l S Rmax (gq—l - gq—2)}~

max

) s Hl - |gk V( U)"Ll([gk,u(g)f—lygk,u(g)l])'
G (D)o = Grew(§)e-1
We define a closed and bounded and hence compact subset of M,
MS’]Ilﬁ ={(9,v) € Myr : Jo=0,5h =1}.
If (g,v) € M, g, then ( gt v) € Mo’é and due to the substitution rule and Lemma 4.10,

y Y

(v), there holds with the notation f t)dt = f ()(t)dt/(d—c)

@kzui uR—>R (

_ 9k, (9)e
Ounli) =F (1= Rtlgnoly) )0t
Ik, (D)e—1
¥1—90

Ik,v (Pe—1-90 (

— R(t(?jl — go) + ?j0|gk7u(g)’ U))edt
= ék,&u (?_y} ,U) :
Y2 — U1

Ok,en(M,) = ék,e,u(MS,’]é).

As in (2) one sees that Oy, only attains values in [0,1) and is continuous. Since Mg’é
is compact we get

Hence we have

sup (@k,Z,V(MV)) S sup (ék,Z,V(Mu,R)) < L.

This proves the lemma for § = 1.
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(4)

We prove the lemma for 6 = clx(_oovT)h + C2X[T,oo)‘[ with ¢, > 0 and T € I. Again,
we extend the function Oy, to M, g

@kéu . V]R —R:
1(1 = RC1ge(9) ) (e1X(oer) + 2X17.0)) }}Ll([gk,uw)efl,gk,u(g)m

[e1X (—o0,) + C2X(T00) | L2 (g1 @) 1.9 @)e])

(4, v

For the proof of the lemma, it is sufficient to show sup (éu,,,(MV,R)) < 1. Due to the
substitution rule and Lemma 4.10, (v), we can assume without loss of generality that
T = 0. Because of (3) it only remains to show that

sup (O ({(7,v) € Myz = 0 <0< g }) < 1.

As in (2), one verifies that ék,Z,V only attains values in [0, 1) and is continuous. Moreover,
due to the substitution rule and Lemma 4.10 (v), we have for any (§,v) € {(4,v) € M, :

g0 <0 <3}
fgk u(y (1 — R(t| g1 (7,0))) (€1X(=00,0) (t) + CoX[0,00) (£)) it

~ . 9k, v
@k,ﬁ,u(ya ) gili,;y(g)z—l C1X (~00,0) (t) + C2X[O,oo)(t) dt
Ik, (@)
Fultidt (1= B(H = 50)l960(5.))) (e0x-e00(1) + o) (1))
= e 9k, (g
f% C1X (=00,0) (t) + C2X[0,00) (t) de
9190

and hence
ék,@,l/({(g>v) € MV,R . gO S 0 S gu})
= ék,e,u({@,v) EMygr 9 —Uo=L10<0<y}).

The second set is compact, since it is the image of a closed and bounded set under a
continuous mapping. Therefore it attains a maximum smaller than one. This concludes
the proof for 6 = ¢1X(—oo,1)|1 + C2X[7,00) |1

Finally, we are in the position to prove the assertion of the lemma for arbitrary functions
0 with the desired properties. Let (( m vm))meN be a sequence in M, such that the O .-
values converge to sup(©y,(M,)). Because of the boundedness of M, we can assume
convergence of the sequence, where the limit (gjoo,vw) is in M,, i.e. (§°°,v>®) € M, or
(7, v°) € 1Y X [Wnin, Wiax) PTL with g5° = -+ = ¢°. In the first case, we are done
because of (4.18) and the continuity of Oy . For the second case, we deﬁne

A = G (J"5 0™ )01, b = G (P70 and - Ry, = R(-|y™,0™).
Note that a,, < b,,, and that the sequences (a,,)men and (bm)meN converge to the limit
T:=g°=--=9yr€el.

We consider two cases.
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Case 1. If 6 is continuous at the limit 7', it is absolutely continuous on the interval
(@, by for sufficiently big m € N. Hence we have for sufficiently big m € N

e (1= R (1)0(0) dt
Op,ep(y",0™) = ff:e(t) ”
(L= Roa(0) (B(am) + [, 0'(7) dr) dt
f (Q(am)—l—f 0'(1)dr) dt
I (1= R (£)) () dt + (b — ) 2|6 || oe(r)

< am
N ( m am) (am> ( m am)2H9/HL°°(1)

The second summand converges to zero. We consider the first summand. For any C' > 1,
there holds for sufficiently big m € N

(b — am)0(am) — (b — am)2H9/HL°"(I) > (b — am) <9(am) - éinf@(t))

tel

> (b — am)e(am)%.

Hence, (3) shows

Jor (L= Ru(0)0@m)dt [ (1= R))Olcm) 1
(b — am)0(am) — (bm — am)2||9/||L°°(I) N )H(Clm)%

S <1 — YNURBS | Fmax; Wmin, Wmax; P, 1)) .

(b
C
C—1

Since C' was arbitrary, this implies

sup (@k,Z,V(Mu)) < (1 — dNURBS (K'maxa Wmin; Wmax, P, 1)) <1

Case 2. If 6 is not continuous at the limit 7" we proceed as follows. For sufficiently
big m € N, 6 is absolutely continuous on [a,,, T and on [T, b,,]. By considering suitable
subsequences, we can assume that a,, < b,, <T,T < a,, < b, or a,, <T < b,, each
for all m € N. In the first two cases, we can proceed as in Case 1. In the third case, we

argue similarly as in Case 1 to see, with the left-handed limit #¢(7") and the right-handed
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limit 6"(T") for m € N big enough

Oken(y™,v"™) = f‘f?: (L~ Rm(t))é’(t) de

f ot
S (1= Run(1)) (0 L 0'(r) dr) dt
fj:e ) dt
N [ (1= Rn()) (67(T) + [0/ (7) dr) dt
Jor o) at
L ( — Ron(8)) (04(T) X (oo (1) + 0" (T) X700 (£)) dt
fbm oL(T 1)) + 0" (T) X7 00) (1) At — 2(by, — )2 ]|0/|| oo ()

N 26 = an 0=
2 0 DIX ey () + 67 (T)X1e(8) 0 — 2001 — 20 e

Again, the second summand converges to zero, wherefore it remains to consider the first
one. For any C' > 1, there holds for sufficiently big m € N

b’!n
/ O (T) X (—o0,1) () 4+ 07 (T) X1,00)(t) At — 2(by, — @) *[|0/|| oo ()

bm 1
>/ Wﬂmmﬂ@+Wﬂmm@@—@wwm5mﬂﬂ

tel

Hence, (4) shows
S (1= Run(8)) (0°(T) X ooy (t) + 07 (T) Xir,o0 (£))
S 04T )X ooy () + 07 (T)X(,00) () = 2(b = )2 [[0/]| oo 1)
< fa . (1= Rin()) (04(T) X (=00, (1) + 0" (T) X (1,00 (1)) At
S 04T )X (o0 (1) + 07 (T) X100 (1) dE S5

<1 — YNURBS ('%maxa Wmin, Wmax, P, QZ(T)X(—OO,T) |I + 0" (T)X[T,oo) |I))

< -
-1

Since C' was arbitrary, this implies
sup (@k,Z,V(Mu))
< (1 — qnURBS (Kmaxs Wimins Wimaxs Py 0 (T) X (—oorm)| 1 + 9T(T)X[T,oo)|1)> <1,

which concludes the proof.
O

To create a link between NURBS and our problem V¢ = F| we have to extend Defini-

tion 2.9.
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Definition 4.13. If I'p =T, let N}, = {:I:j ci=1,... ,n} be a set of nodes on (a, b] with
&, = b. To each node & € Nj,, we assign a corresponding multiplicity ##. This induces a
sequence of non decreasing knots K, = (t;)Y, on (a,b]. Let W, = (w;)Y, be a sequence
of weights on these knots. We extend the knot sequence (b — a)-periodically to (t;);cz and
the weight sequence to (w;);ez by wy1; := w; for i € Z. For the extended sequences we also
write K, and W,. We set

NP (K, Wa) = A (K, Wa)l(ay © Y- (4.19)

IfTp #T, let N}y = {jtj S O,...,n} be a set of nodes on |ap,bp] with &y = ap
and &, = bp. To each node & € N}, we assign a corresponding multiplicity # such that
#ap = #bp = p+ 1. This induces a sequence of non decreasing knots Kj, = (t;)X, on
[ap,bp]. Let Wy = (w;)Y5” be a sequence of weights. We extend the sequences arbitrarily
to Kp = (t;)iez with a > t; = —oco fori < 0 and b < t; — oo for i > N, and W, = (w;)iez
with w; > 0. We define the space®

NP(Kny Wh) == AP (K, Widltap.bp] © V]! (4.20)

[U‘D 7bD] ’

Due to Lemma 4.10 (ii) and (iv), this does not depend on how the sequences are extended.

With the following theorem we conclude that Theorem 2.11, Theorem 3.4, Theorem 3.5
and Theorem 3.8 hold for the span of transformed NURBS functions. To the best of our
knowledge, this result is new. For her corresponding results of the first three mentioned
theorems [Fae00, Therorem 2.2, Theorem 3.1, and Theorem 3.2|, Faermann only considered
transformed spline functions as trial space, see [Fae00, page 206|. She only allowed arc length
parametrizations v : [0, L] — I for the transformation of the splines onto the boundary, while
our result is essentially independent of 7.

Theorem 4.14. Let p € Ny and m := [p/2]. Then, the space e/l?p(léh, Wh) is a subspace of
L*(T'p) which satisfies Assumption 2.10 with

Gspace = qnurps (£(Th), min(Wy,), max(Wy), p, 0),

where 0 = |y|}| with I = [a — (b —a)(m + p),b+ (b —a)(2p —m)]. Note that qspace depends
in a monotonously decreasing way on k(Ty)and max(W},), and in a monotonously increasing
way of min(W,,).

Proof of Theorem 4.1/ for Tp = T'. Lemma 4.10, (i) and (ii), implies A7 (Kj,, W;,) < L*(R).
Using Remark 2.5, we see

‘/I/p(léhjwh)ha’b) o 7|[_a:,lb) < L2(FD).

Let T' be an element of the mesh 7, j € {1,...,n} with 7' =T}, and i € {1,..., N} with
Tj_1 =t;— and &; = t;. We define ¢p(t) := R;_, ,(t) for t € [a,b) and extend it continuously
at b. We set ¢p := dr|jap) o 7\[;11)). Because of Lemma 4.10 (ii), there holds

Ty C [ticm—1, timmip) N [a, 0] = supp(d7) C [Fjom1s Tj—mip] C [Fjomo1s Tjym) - (4.21)

8Lemma 4.10 (ii) and (vii) imply that the space always contains x(4,}|[ap.bp]- Since we will consider it
as a subset of L?(I'p), this is not problematic.
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Since V(a4 (v—a)/2] A0 V| (a4 (b—a)/2,5 are homeomorphisms, there holds
Y(supp(dr)) =7 ({t € a,8) + dr(t) #0})

={zev(la,a+(b—0a)/2]) : ¢(x) #0} U{z ev([a+ (b—a)/2,b)) : ¢(x)# 0}
= supp(¢r),

(4.22)
wherefore supp(¢r) is connected. Moreover, this shows with (4.21)
T C supp(¢r) € wy'(T).

This implies Assumption 2.10, (i). For Assumption 2.10, (ii), we want to apply Lemma 4.12.
Note that R;_,,, is completely determined by the knots in I and their weights. This is
due to I O [tiom—p-1,titop—m] and Lemma 4.10, (iv). The regularity constant of these
knots as in (4.16), is obviously smaller or equal than (k). Since 7 is piecewise two times
continuously differentiable and its left and right derivative vanishes nowhere, |7/| is piecewise

continuously differentiable and is bounded from above by some positive constant. Hence, we
get with Remark 2.5, Lemma 4.12 and (4.22)

1= bl 2 uppiory) = / (=)W ()] dA®) < / (=) ()] dA(®)
supp (ér supp(ér
= (L = )0l La ity rsts et < (L= anorBs) 1O L1 1oyt

=(1- C_INURBS)/ Y @1 dA().

supp(¢r)
The last term is due to Remark 2.3 just
(1 — gnurss)pr (supp(or)).
Hence Assumption 2.10, (ii), is also fulfilled. This concludes the proof. U

Proof of Theorem 4.14 for I'p # I". We extend the knots by t_; := tg — i(ty11 — to), tnti ==
tn + ity — tn—p-1) for i € N, and the weights by w;_; := wy, wy_p4; := wn_p. Defining
¢r(t) = Ricpmpliapbp) and ¢ = ¢ o 7|[;L7bD}, the proof follows as for I'p = I'. Equal-
ity (4.22) becomes

v(supp(¢r)) =7 ({t € [ap,bp] : or(t) # O}) ={zelp : ¢r(x) # 0} = supp(¢r),

because v|(qp,55] 15 @ homeomorphism. O

4.2. Adaptive Algorithm. In this subsection, we will present an adaptive algorithm to
solve the problem V¢ = F of Section 3. Let 0 < ¥ < 1 be an adaptivity parameter, p € Ny
a polynomial order, and K., a bound for the shape regularity constant. We start with

some nodes ./Vho =N, = {:Eg-o] D] = 1,...,n0} on (a,b] with &,, = b resp. ./Vho =Ny =

{jgo] :j=0,... ,no} on [ap,bp| with &9 = ap and Z,, = bp. Each node has a multiplicity
lower or equal p 4+ 1, where for I' # I'p we assume #ap = #bp = p + 1. This induces
knots IChO = IC = (t[ NN resp. Kny = Ko = (t™)N,. Let Wy, = Wy = (™)) resp.

’l

W, = ( ) 7 be some positive start weights. We extend the knots and weights as
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in Definition 4.13 and use the same notation for the extended sequences. We denote ﬁm =T
and Ty, = Ty for the 0-th mesh on the parameter domain resp. on the boundary. For this
initial mesh, we make the following assumptions

K(T0) < Kmax,
ho < ur(T')/4,
N Z 47
p+1< No.

(4.23)

As the initial trial space, we consider
S(To) :== NP (Ko, Wo) < L*(Tp) < H-V3(T'p). (4.24)
The start approximation of ¢ is ¢ with

Vo € S(To) : (Vgo, Vo) r2rp) = (£ %) 12(rp)
To monitor the local error, we apply one of the local element based error estimators 7, = 1o
of Section 3, see Theorem 3.4, Theorem 3.5, Theorem 3.8 and Remark 3.9. In the k-th step
of the algorithm, we use analogous notation. The adaptive algorithm with Dérfler marking
reads as follows:

Algorithm 4.15. INPUT: Initial knots Ko and weights W,, polynomial degree p € Ny,
adaptivity parameter 0 < 9 < 1, bound kmax for the shape regularity constants.
Loop: Fork=0,1,2,... do (i) — (iv)
(i) Compute discrete approzimation ¢y,.
(ii) Compute refinement indicators ni(T) for all T € Ty.
(iii) For 0 <9 < 1, determine set (of minimal cardinaltiy) My C Ty such that

9 (T < Y m(T)? (4.25)
TET; TeM,,
If ¥ =1, we choose My, = Ty.
(iv) Refine at least the marked elements T € My, by knot insertion (see below) to obtain
/Ckﬂ and Wyi1 such that

> uBl = S ul gl 25
i€z i€Z
and K(Ter1) < Fomax-
OUuTPUT: Approximate solutions ¢ and error estimator ny for all k € N.

We explain how knot insertion in (iv) works:

With M, C 7 the set of marked elements, let M, C R, C T, be the set of all elements
which are refined, i.e., Ry = Ty \ Tgs1, and Ry be the corresponding elements in Tr. We
add {t . ¢ midpoint of some T € 7%}, each midpoint assigned with multiplicity one, to the

knots K, = (tz[k])ﬁ\fl resp. Ky = (tz[k])ﬁ\fo and obtain Ky, = (tl[k})]\i‘fl resp. K1 = (tl[-k})f-v:"gl.

(2

We extend Ky, as in Definition 4.13. Due to Remark 4.5 and Corollary 4.6, there exist

unique weights (wl[kﬂ])iez with
Z wl[k]prk _ Z wz[k+1}B£’C;+1.
i€z i€z
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We have to show that the new weights are again of the form as in Definition 4.13. If ' =I'p
they are indeed periodic thanks to Lemma 4.10 (v) and their uniqueness. For I # I'p, there
is nothing to show. Corollary 4.6, and Equation (4.15) and (4.26) imply nestedness of the
spaces, i.e., for k € Ny holds

S(Te) < S(Tk4)- (4.27)

The new weights can even be calculated explicitly. Without loss of generality, we assume
Ry = {v([te—1,te])} for some ¢ € {1,..., N} and denote t' = (t[k] tLM)/Q. For |Ry| > 1,
one just has to repetitively apply the following procedure.

C[ase] I' # Tp. Now we even have ¢ € {p+1,..., Ny — p}. We add t’ to (tgk})iez to get
(t k+1

)

)iez With t[kJrl = t’. Applying Lemma 4.7 shows for i = 1,..., N1 —p

(k]

w; if i <0 —p,
[k+1] _ Ki k . .
wp =4 (1= 5i—k1,p(t)) +5 W ZH ifl+1—-—p<i<l/,
wz[}l ifl+1<q.

From this formula it is not hard to check that (wz[kﬂ])fvz’“f "7 depends only on (t[ }) k and
on (wl[k})ﬁvz’cl_p , but not on their (arbitrary) extensions. The new weights are even convex
combinations of the old ones.

Case I' =T'p. We cannot directly apply Lemma 4.7, because theoretically we have to add

infinitely many knots. First, we add {¢'+ (b—a)q : ¢ € Z\{—1,0,1}} to the knots ), and
obtain K’ = (!)sez with t) = t[ok} ! t[k There exist unique weights W' = (w));ez with

Zw[k BK’c = Zw B’C/

1€EZL 1€EZ
With [ := [t[_k}l, tE@C +1) there holds because of Lemma 4.2 (ii) and (iv), and our assumption
p+1< Ny <N
Np+1 Ni+1 Np+1
S By 3 Bl 3 B
i=—p i=—p i=—p

With tE@L < tE@LH, it is not hard to check that B’Ck\l # 0 for i = 0,..., N;. Hence,

Theorem 4.4 implies wl[M =w} for i = 0,..., Ng. It just remains to add the knots ' — (b—a),
t" and t' + (b —a). To this end we can apply Lemma 4.7. We start adding ¢ — (b —a) to K’
and obtain K" = (t/);ez with ] =t #/ =t} There exist unique weights W” with

' K " nRK!
E wz-BLp = E w; Bim .
IE€EL IE€EL

Because of Lemma 4.7, we have w[k] =w, =w! for i =0,..., N;. Now, we add the knot ¢’
to K" and obtain K" = (t");ez with ¢}’ = t'. There exist unique weights with

Z w//BIC” Z w///BIC”’

€L iE€EZ
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Lemma 4.7 implies for i = 1,..., Ny + 1

wl[k] if i </ —p,
wl' = (L= pF ) + 88w i 1-p i<,
wz[lill if 041 <.
We even have f_”l’p = Bi* . Finally, we add ¢ + (b — a) = (t] 5, + t/ x,+1)/2 and end up

with Ki1 = (" )icz with 77 = #/. The weights w;"™" of

11 k-+1 Clk+1]
2 :w///BIC § :w'5[+]B£Cp ’

iE€EZ 1EL
have for i = 1,..., Nyy1 = Ny + 1 the following form
1) ) wi’ it i <0+ Np1—p,
i (1— BT (' + (b —a))w!, +BET w0+ Ny +1—p <.

Again the new weights are just convex combinations of the old ones.

In practice, one can determine a suitable set Ry O My, such that the shape regularity
constant stays bounded by Kpax, as follows. Whenever an element 7" € 7Ty is refined, we
check if hg /(hj/2) > Kmax for those elements 7" in the current mesh with TN7" # (). Due
to K(Ty) < Kmax, this can only happen if 77 € T;. In this case, we refine T" as well, whether
or not it is marked. Since T contains only finitely many elements, this procedure terminates
and at most all elements in T are refined. Indeed, this procedure delivers the minimal set
R with the desired properties.

The following theorem shows that convergence of the error estimator

> m(T)* =0
TETy
already implies convergence of our approximations ¢ to the exact solution ¢. If the used

error estimator is even efficient, both convergences are equivalent.

Theorem 4.16. There holds reliability
||¢ ¢k||H 1/2(p < Crel Z nk(T)2 (428)
TET,
We abbreviate the constant of Theorem 4.1/,

space = ANURBS (Fmax, min(Wy), max(Wo), p, [7[71),
where I = [a— (b—a)([p/2] +p),b+ (b—a)(2p — [p/2])], and set
SUD¢ela,b) V(1)
infiefy |7/ ()]

We hO/U@ Crel — Cr (h(), max) [p/2—‘ QSpace) Crel = fel’ or Crel Crel(ho, max [p/2—‘ QSpace)
resp. Chg = 2(KmX + 1)CE (ho, Kuaxs [P/2], @space) with the constants of Theorem 3.4,
Theorem 3.5, and Theorem 3.8. If we use the element based estimator of Theorem 3.4 or
Theorem 3.5, there even holds efficiency

Ceff Z nk( < ||¢ (kaH 1/2(Tp)? (429)

TeTy

Kmax ‘= Rmax
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where Cepyp = Cf]}f/2 or Cepp = Cg?f(ho,KmaX, [D/2], Gspace) /2 with the constants of the
corresponding theorems.

Proof. Note that the weights w € Wy of each step are just convex combinations of W,
wherefore there holds for any k£ € Ny

min(Wp) < min(W;) < max(Wy) < max(W).
Equation (2.9) shows
K(Tk) < Kuax-

Due to Theorem 4.14, our approximation spaces S(7}) satisfy Assumption 2.10. The theorem
immediately follows from Theorem 3.4, Theorem 3.5, Theorem 3.8, and Remark 3.9. 0

Because of (4.27) and the definition of the approximations ¢ of ¢, there holds the orthog-
onality

VkeNg:  (V(ékr1 — or) dx) =0

and hence
Vk€No:  |Gre1 — Gklly = lldnealli = onlly (4.30)
with the energy norm || - [|? := (V(-),-) on H=%/?(I'p). Note that the properties of V imply
equivalence of the energy norm and || - || z-1/2(r,,)- The same argumentation shows
VkeNo: ¢ —ailli = 10l7 — llonlli- (4.31)

Equation (4.30) and (4.31) show that the error in the energy norm is always monotonously
decreasing. However, a mathematical convergence proof for the proposed adaptive strategy
(Algorithm 4.15) remains open. Nevertheless, many numerical examples confirm the conver-
gence conjecture. One can even observe certain convergence rates. Some of these examples
are found in Section 6.
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5. NUMERICAL SOLUTION OF SYMM’S INTEGRAL EQUATION

Let © € R? be an open set as in Section 2. This time, we assume that the parametrization
is even two times piecewise differentiable and consider I'p =T Let a = 75 < --- < i) =10
such that 7\[@71@} is two times continuously differentiable for j = 1,...,n,. We denote
v(7]) = zj. We additionally require that € is a Lipschitz domain with diam(Q2) < 1; see
[Ste08, Definition 2.1]. We assume that « is positively orientated, i.e. the outer normal v at
any point © = y(s) € '\ {«7,..., 2]} satisfies

0 1) (s)
v(z) = ( ) .
—1 0/ 1y(s)l
We will use the notation 7/(s)* := v((s))|7/(s)|. For z #y € I'\ {z]... 2] } we define
the fundamental solution on the boundary

G(r,y) = 5= n(lz — )

and its normal derivative with respect to y

1 (z—y,v(y
0,G(x,y) := 0y Gla,y) = %ﬁ

In this section, we consider for given g € HY2(I') Symm’s integral equation of Section 1
without volume force
1

Vo= (K + 5I) g, (5.1)

with the continuous and linear single-layer operator®

Vaﬁﬂm»+ﬂmww¢H(maﬁamwwwmwm) (5.2)

the continuous and linear double-layer operator
K0 > 020 s o (o0 [00@imanw) . 63
r

and the identity I : HY/2(I') — HY?(T"), see [Ste08, page 119 and 125].

Note that for 1 € L?(T') and f € HY?(T') the integrals in (5.2) and in (5.3) exist for
almost every x € I' in the measure theoretical sense, i.e., the moduli of the integrands are
integrable. To see this, fix x = y(s) € '\ {z{,...,2]_}. For the single-layer operator, we

9The definition of V is a little bit sloppy. To be precise one should first define it on L?(T"). Then it can
be continuously extended to H~'/2(T).
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have

[ 16G 0] o)
< /FG(I,y) dur(y)/rtb(y)Zdur(y)

= Gz, 7))y (t)| dA(t) - H¢||2L2(F)

[a,0]

L (PO e ) il
o (n( ) inls =) I N) - [6130

|s =]

The term w can be continuously extended by |y/(s)| if s = ¢. It is positive for

t € [a, b], wherefore In(|y(s) —(t)|/|s —t|) is bounded. Elementary computations show that
t — In(|s — t|)? is integrable. For the double-layer operator we have

L[ () — A0 05 1
/ 9.6z y)f )'d“F”—W/[ab] 6 —1OF )]

At s =t the integrand can be continuously extended by %

dA@) - 1/l 72y -

because for t # s sufhi-
ciently close to s, the path 7 is two times continuously differentiable on [min(s, ), max(s, t)],
which implies

(v(s) = v(), YO (YO (s—t)+ [7A"(1)(s — 1) dr, (8)*F)

NOEEIGI. () =P
B0 om0 - Ddry @)
() =P
_ </1 't + (s — )7)(1 — 7) dr, 7'(t)L> st
: () =P

In [Ste08, Theorem 6.23| it is shown that (¢,v%) — (V@ 1) defines a symmetric elliptic
bilinear form on H~'/2(T"). Hence V is an operator as in Section 3. We set F := Kg + g/2.

In this section we want to study step (i) and (ii) of Algorithm 4.15. Let p € Ny and
Ny = {ij C g = 1,...,n} ) {i] S j = 1,...,n7} a set of nodes™ on (a,b] with i, = b.
To ecach node # € N, we assign a corresponding multiplicity #4& < p 4+ 1. This induces a
sequence of non decreasing knots K, = (¢;,)Y, on (a,b]. Let W, = (w;)¥, be a sequence
of positive weights on these knots. As in Definition 4.13, we periodically extend the knot
sequence to K, = (t;);ez and the weight sequence to Wy, = (w;)iez. We use JV”(/Q, W) as
approximation space S(7), and want to compute the unique solution of

Vo, € S(Tw) = (Vén, ¥n) 2y = (F, ¥n) L2y (5.5)

Since we assumed that the multiplicity of each knot is lower equal p+ 1, we see with Lemma
4.2 (ii) and Corollary 4.4 that

{Riplapy : 1= (1 =p)s-.. . N=#b+ 1} oq| ] (5.6)

10Note the difference between the knots Z; of the currently considered mesh and the break points j:;y of

the fixed parametrization ~.
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is a basis of S(7;). We abbreviate R; := R; [ and }A%Z-,p =R, 0 7|[:L1b). There exist unique

coeflicients ¢;, = (ch,l_p, el Ch,N—#b+1) with ¢, = Zﬁ;ﬁ“ chﬂ-f%i. With the real symmetric
positive definite matrix
A N—#b+1
V= <<VRj,R,~>L2(F)>ji:1_p (5.7)
and the right-hand side vector
. N—#b+1
Fy = (<F, Ri>L2<F>)i:1_p (5.8)
there holds
thh = Fh. (59)

To calculate ¢, we just have to solve this system of linear equations. In the following
subsections, we will simplify the entries of the matrix V}, and the vector F} such that we can
use tensor-Gauss quadrature to numerically approximate the appearing integrals. Moreover,
we will approximate the Faermann estimator 77}{7 ' of Theorem 3.4. For this, we also have to
numerically evaluate the residual r, := F — V¢,

For fixed positive weight functions 6y, 60, € L*([0,1]) and ny, ny € N, we define the tensor-

Gauss quadrature as

Qm,m : C([O’ 1]2) —R: f = Z Z f(thha 527112)"‘)17111“02#27 (510)

q1=1q2=1

where &4, resp. o4, and wy g, TESp. Wi, are the nodes and weights for the Gaussian
quadrature on [0, 1] with weight function 6, resp. 6, see e.g. |Pra06, Chapter 6.3]. We
denote

Q:C([0,12) —>]R:f»—>/[01] Mf(s,t)el(s)ez(t)dA(t)dA(s) (5.11)

and

Emmz = Q - in,nz’ (512)
For ¢ = 1,2 we denote the linear functionals on C([0, 1])

ne

le = Z () (€t )wWe e

C= [ ())8(r) N,
Q /[ JRCOUENG
o

We prove an estimate for the quadrature error and show convergence.

Theorem 5.1. There holds the error estimate

Bovna (D] < Wallrqoay | max (B2, £, + 101l goall max [ELS (0] (5.13)
for arbitrary f € C([O, 1]2), where the right-hand side converges to zero for ny — oo and
No — OO.

53



Proof. The proof for the estimate works analogously as in [SS11, Theorem 5.3.15]. We only
prove convergence of the right-hand side. It suffices to consider the first summand, the
argumentation for the second one is analogous. Let sm € [0,1] such that

|E71Llf(3n17 )| - rn[g“}f] | (Sv )|

Let (\E}M(k)f(sm(k) )Dken be a subsequence. Due to the compactness of [0, 1] there exists a
subsequence (snl(k(] ) of (sm )k oy Which converges to some limit s € [0,1]. We have

| By i S Sk ) S 1By wiin (S5 ) = By g f (8000 )|+ 1By iy f (8000 |-

The second summand is the quadrature error of a standard Gauss quadrature on [0, 1] with
weight function. It is well known that this error converges to zero, see e.g. [Pra06, Kapi-
tel 6.3]. It remains to estimate the first summand

| Eny ki f (Sm(km» ) = By (800, °)]
< |Q f(snl ) Q f(sooa )| + |Qn1 (Sn1(k(]))> ) — Q'}Ll(k(]))f(sooa )|
< 2”‘91””([0,1] Hf(Sm k(5)) ) = f (00, )||L°° ([0,1])

The last term converges to zero, since the mapping s — f(s,-) from [0, 1] to C([0, 1]) is con-
tinuous. We have thus shown that each subsequence of (|E,, f(sy,,-)|)n,en has a subsequence
converging to zero. This concludes the proof. U

5.1. Numerical Approximation of Vj. In this subsection we use the following abbrevia-
tions:

Gs.1) = G(1(5), (1))
Hg = tg - tg_l

Ggth(S, t) = é(tgl_l + H€15> to,—1 + Hth)
Ry(s) := Ry(s)1Y(5)|
ng(S) =R (tg_1 + Hgs)

There holds for i,j = (1 — N —#b+1

<VR¢,R]'>L2 // €T y ( )d,ul“( )d,ur(l')
:/b]/[b G(1(5),7(8)) Ro(5) R; (1)1 () |17/ (£)] dA(E) dA(s)

mln(z-{—p N) min j-‘rp N)

_ /[t - /t - Gi(s, 1) Ry(s) By (£) dA(E) dA(s)

1= max(zl ) £a=max(j,1)

min(i+p,N) min(j+p,N)

-y S Hm, / /[ | G50, (), 1) N NG,

¢1=max(i,1) fo=max(j,1)

Now, we want to calculate each summand

/[01} o Gyt (s, t)Rzgl( )RMQ( ) dA(t) dA(s)
| 54



with Hy,, Hy, > 0.

Case 1. 7([2541_1,1541]) N 7([%_1,%]) = (): Since the integrand has no singularities, no
further simplification is necessary. We use tensor-Gauss quadrature with weight function 1.
Theorem 5.1 can be applied.

Case 2. 7([15@1 1, Lo, ) = 7([15@2 1,15@2]) This implies ¢; = #5. There holds

/01/01Gé1€1 St 151( )R]él()d)\()d)\( )
- /[01]/0 Gzl,zl(S,s —t)Rm(S)Ej,el(s — ) dA(t) dA(s) (5.14)
/[01]/ . Gel o(s )Ri,zl(S)JAi;Nl(s — £) dA () dA(s).

For the first summand in (5.14) we use the Duffy transformation (s,t) — (s, st) on [0, 1] x

0, 1] with Jacobi determinant s. This transforms the singular points to s = 0 or ¢ = 0. Then
we apply the addition theorem for In. Formally this reads as

/ / Gioner (5,5 — 8) R () By (s — 1) AA() dA(s)
[0,1] J[0,s]
_ / / Grvor (5,5 — st Rugy (5)Rys (s — st)s AA(1) dA(s)
[01] [0,1]

/[01]/[01] (w te 1+ Hys) — (tgl L+ Hys (1—t))\) .

Rm R (s(1—1))sdA(t) dX(s)
/01/[01] Rig, (s Ej,gl(s(l—t))sdk(t)d)\(s)

/01 /[01] Ry, (3) Ry (s(1 = 1)) s AA(t) dA(s).

For the second summand of (5.14), we use again the Duffy transformation (s,t) — (s, st)
and the addition theorem for In, to see

/ / Ggl 51 —s,1—s5+ t)R, gl(l )RJ 51(1 — s+ t) d)\(t) d)\(s)
0,1 J[0,s]

= / Ggl (1 =51 =54 s)Ris (1 — 8)Rj, (1 — s+ st)sdA(t) dA(s)
[0,1]

/ / Y(te1 + He (1= 8)) = y(te,-1 + Hey (1 + s(t — 1)))]
011 Jjo] st (5.16)

R; n(l—=s)R; R, (14 s(t— 1))sd)\(t) dA(s)
1 /[01] /[01 (8) Ry (1 — 8)Ryp, (14 s(t — 1)) s dA(t) dA(s)
1 /[01] /01 Rig (1= 8)Rje, (14 s(t—1))sdA(t) dA(s).
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To approximate the six final integrals, we use tensor-Gauss quadrature with weight function
1, In(s) resp. In(t). Due to the following lemma, we can apply Theorem 5.1.

Lemma 5.2. ]f the parametrization vy is g > 2 times continuously differentiable on [z),_,, )]

form e {1,...,n,}, the integrands of the final terms in (5.15) and in (5.16) are, up to In(s)
resp. In(t), ¢ — 1 times continuously partially differentiable on [0, 1] x [0, 1].

Proof. We only prove the assertion for (5.15) and note that (5.16) can be treated analogously.
For the second and third summand the assertion is obvious. For the first summand we
consider for s,t € (0, 1]

V(th—l + Hhs) _ 7(t€1—1 + HZ1S(1 _ t))
st
(tgl_l + Hgls - tél—l - Hgls(l — t)) f[O,l] ’y/(tgl_1 + Hgls(l — t) + HglstT)) d)\(T)
N st
= Hy, / 7’(%_1 + Hy(s(1—1t)+ StT)) dA(7).
[0,1]

This term can be continuously extended for s = 0 or ¢ = 0 by He,V|j, | ,,(te—1+ Heys). Due
to the smoothness of the integrand, it is ¢ — 1 times continuously partially differentiable.
Because of the injectivity of 7 and the fact that 4/ vanishes nowhere, its modulus is positive
for all s,t € [0,1]. Hence, applying In(|-|) to it, preserves the differentiability. The remaining
factors in the integrand obviously have the same smoothness. U

Case 3. h([tgl_l, tgl]) ﬂW([%—n tgz]) } = 1: We only consider the case, where the singularity
in the integrand appears at s = 0 and ¢ = 1. The other case can be treated analogously. We
have ty, 1 = t;, or t, = b Aty 1 = a. There holds

/[]/ Gl (5. Ry () Ry (1) AN(E) dA(s) =
_/[01] . }Gélfz( — t) Ry, (5) R0y (1 — ) dA() dA(s) (5.17)

+ / Giy(8,1 = 1) Rig, () Ry (1 — £) AA(£) AA(s).
[0,1] /s,1]

We consider the first summand in (5.17) and use the Duffy transformation (s,t) — (s, st),
transforming the singularity to s = 0, and the addition theorem for In

/ Goio(8,1 = 1) Rig, () Ry (1 — £) AA(£) dX(s)
[0,1] J0,s]

— / / Glrty (8,1 — 5t) Ry g, ()R, (1 — st)s dA(t) dA(s)
[01] [0,1]

/[01]/[01] (h by + Hyys) — (% 1+H52(1—st))\) (518)

Ml Rje, (1 — st)sdA(t)dA(s)
/01 /[01] R (8)Rj g, (1 — st)s dA(t) dA(s).
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For the second summand in (5.17) we apply Fubini, the Duffy transformation (s,t) — (st,t),
transforming the singularity to ¢t = 0, and the addition theorem for In

/ Gel (5, t)ﬁz o (s)ﬁm(l — 1) dA(t) dA(s)
0,1]
/[01]/0 Gel (s )Eijl(S)éj,gz(l — t)dA(s) dA(t)
— /01] /01 Gty (st, 1 — )Ry g, (st)Rj 0, (1 — t)t dAA(£) dX(s)

/ / (Iv to -1+ Hyst) — y(tp—1 + He (1 — t))\)
01 t
— #)tdA(t) dA(s)

(5.19)

161 St jé

/ / Rioy (58) Ry (1 — ) dA(E) dA(s).
0.1 o,

To approximate the final four integrals, we use tensor-Gauss quadrature with weight function
1, In(s) resp. In(t). Due to the following lemma, we can apply Theorem 5.1.

Lemma 5.3. ]f the parametrization vy is g > 2 times continuously differentiable on [z),_,, )]

form e {1,...,n,}, the integrands of the final terms in (5.18) and in (5.19) are, up to In(s)
resp. In(t), ¢ — 1 times continuously partially differentiable on [0, 1] x [0, 1].

Proof. We only prove the assertion for (5.18) and note that (5.19) can be treated analogously.
For the second summand the assertion is obvious. For the first summand, let firstly ¢y, 1 =
te,. We consider, for s € (0,1], ¢t € [0, 1],

/
Y(te—1+ Heys) — y(t,—1 + Hy, (1 — st)) _ f[tg2—H523t,t52+Hlls] v (1) dA(T)
s s

- / v (te, + s7) dA(T).
[—Heyt He, ]

This term can be continuously extended for s = 0 by tH,~"“(ts,) + He, 7" (ts,). Due to
the smoothness of the integrand on [Hy,t,0] and on [0, Hy,], it is ¢ — 1 times continuously
partially differentiable. Because of the injectivity of v and the fact that v'¢(,,) is no negative
multiple of v (t4,), its modulus is positive for all s,¢ € [0, 1]. Hence, applying In(] - |) to it
preserves the differentiability. The remaining factors in the integrand of the first summand
in (5.18) obviously have the same smoothness. Now let ts, = b A ty,_1 = a. If one shifts t,,
to ty, + (b — a) = b, the proof works as before. O
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5.2. Numerical Approximation of Fj,. In this subsection we use the following abbrevia-

tions:

9,G(s,t) :== 9,G(v(s),7(1))
Hg = tg — tg_l
0VC¥@17@2(3, t) = 8yé(tgl_1 + Hgls, tgz_l + Hg2t)

%i(s) = Ri(S)W(S)\

We want to calculate F), = (g/2+ Kg, RZ’>L2(1") fori=(1-p),...,N—#b+ 1. There holds

1

(0/2 Ry = 5 [ 9le) Rua) (o)

1 5
=—/ G5 R() (5)] dA(s)
2 [a,b]
min(i+p,N)
= ) / s) dA(s)
¢=max(i,1) [te— 1tl
1 min(i+p,N)
-2 / G(5) Bu(s) dA(s).
¢=max(i,1) [0.1]

We use classical Gauss quadrature to approximate these integrals. Now we consider

(Kg, R =

//(9Ga:y Ri(x) dpr(y) dpr()
/[b] o 9,G(s,8)a(t)Ri(s)|7 (s)]]7/ (1) AA () dA(s)

min(i+p,N)

zz/

¢1=max(i,1) 2=1 tfl 1t51

/t t 8,G(s,t)R;(s)g(t) dA(t) dA(s)

min(i+p,N)

> ZHnggz / 8y Glorty (5,1 Rig, ()72, (1) AA(E) dA(s).

¢1=max(i,1) f2=1 [0.1]

For the calculation of each summand with Hy,, Hy, > 0, we have again three cases. They
can be treated similarly to Subsection 5.1.

Case 1. 7([2541_1,1541]) N 7([%_1,%]) = (): Since the integrand has no singularities, no
further simplification is necessary.
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Case 2. v([ts,-1,t0]) = 7([te,—1,te,]): This implies ¢4 = £5. There holds
[ RO AUERGENE
0,1 /[0,1]

_ / 0y Ciosn (5,5 — D) Foes (3)70, (5 — 1) AA(E) dA(s) (5.20)
0,1 J[0.s

]
+ / 8,,67@1,@1(5, s —t)Rie, (5)ge, (s — t) dA(E) dA(s).
0,1 J[s—1,0]

Using the Duffy transformation (s,t) — (s, st) on [0,1] x [0, 1] with Jacobi determinant s,
which transforms the singularities to s = 0 or t = 0, one gets for the first summand in (5.20)

/ 0,Cl (515 — 1) By ()3, (5 — £) dA(E) dA(s)

(0.1] J10:¢ (5.21)

= / 8, Gy, (5,8 — st)Ri g (8)0, (s — st)s dA(t) dX(s)
[0,1] J/[0,1]

For the second summand of (5.20), we use again the Duffy transformation (s, t) — (s, st) to
see

/ 8,Go 0 (1— 5,1 —s+t)Rig (1 — 8)Gs, (1 — s + ) dA(t) dA(s)

0.1 /10,51 (5.22)

= / 8,Go0(1— 5,1 — s+ st)Ris (1 —5)Ge, (1 — s + st)s dA(£) dA(s)
[0,1] J/[0,1]

To approximate the final two integrals, we use tensor-Gauss quadrature with weight func-
tion 1. Due to the following lemma, we can apply Theorem 5.1.

Lemma 5.4. If the parametrization y is ¢ > 2 times continuously differentiable on [¥]_,, ]
forj € {1,...,ny} and if g o~y is ¢ — 2 times continuously differentiable on [z} |, &]] for

Jj € {1,...,ny}, the integrands of the final terms in (5.21) and in (5.22) are ¢ — 2 times
continuously partially differentiable on [0,1] x [0, 1].

Proof. We only prove the assertion for (5.21), (5.22) can be treated analogously. For s,t €
(0, 1] we see as in (5.4) that

0, Ge, i (s,5(1 = 1)) - 27|y (t, 1 + Heys(1 — 1))
_ </[01] V" (tey -1 + Heys(1 —t) + Hyy (s — s(1 — ))7) (1 — 7) dA(7),

H? |s —s(1—1t)]?
h/(t@l—l + H515> - V(tfl—l + Hﬁls(l - t))P

Mty + Hiys(1 t>>L>

The first factor of this term can be continuously extended at s =0 or t = 0 by

1
3 <7|/[Ql1,1,tz] (b1 + Hey8), YNy, g (b1 + Hels)L> :
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Due to the smoothness of the integrand, it is ¢ — 2 times continuously partially differentiable.
For the second factor of the term we have

H |s —s(1—1t)]?
h/(t@l—l + H515> - 7(t51—1 + Hfls(l - t>>|2
_ Hj (st)?
N HZ (St)2| f[O,l] ”y/(tgl_1 + Hgls(l — t) + HglstT) d)\(T)|2
1
| f[071} YV (tey—1 + Hpy s(1 —t) + Hy str) dA(7)[*

which can be continuously extended at s =0 or ¢t = 0 by 1/‘7”%1717%1}(15@1_1 + Hgls)f. Due

to the smoothness of the integrand it is ¢ — 1 times continuously partially differentiable.
Altogether this shows that (s,t) — 0,Gy, ., (s,s(1 —t)) is ¢ — 2 times continuously partially
differentiable on [0, 1] x [0,1]. The remaining factors in the integrand of (5.21) obviously
have the same smoothness. U

Case 3. |v([te,—1,te,])) Ny ([te,—1, te]) | = 1: We only consider the case, where the singularity
in the integrand appears at s = 0 and ¢ = 1. The other case can be treated analogously. We
have ty,_1 = t;, or t, = b Aty 1 = a. There holds

/ 0y Gty a5, 1) Rorn ()5 (1) AA(E) AA(s)
[0,1] /[0,1]
_ / 0y Crors(5:1 — ) Rogs ()7 (1 — £) dA(E) dA(s) (5.23)
[0,1] Y [0,s]

+ / 8y Gloy ity (5,1 — )Ry g, (5) G2, (1 — £) A () AA(s).
[0,1] J/[s,1]

We consider the first summand in (5.23) and use the Duffy transformation (s,t) — (s, st),
transforming the singularity to s = 0,

/ 8, Glorty (5,1 — )Ry g, (8)Ge, (1 — 1) AX(E) dA(s)

011710, (5.24)

= / 8, Gty (5,1 — 5t) Ry g, (5) G2, (1 — st)s dAA(t) dA(s)
[0,1] 4 [0,1]

For the second summand in (5.23), we apply Fubini and the Duffy transformation (s,t) —
(st,t), transforming the singularity to ¢t = 0,

/ 0, Ciosia(5,1 — 1) Ro (8)Fea(1 — £) AA(£) dA(s)
[0,1] J[s,1]
- / 0 Grrin(5:1 — ) Rus ()50 (1 — £) dA(s) A1) (5.25)
[0,1] J[0,t]

= / 8, Gty (st, 1 — ) Rig, (s1)Ge, (1 — 1)t A () dA(s)
[0,1] ¥ [0,1]

To approximate the final two integrals, we use tensor-Gauss quadrature with weight func-

tion 1. Due to the following lemma, we can apply Theorem 5.1.
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Lemma 5.5. If the parametrization y is ¢ > 2 times continuously differentiable on [¥]_,, ]
forj € {1,...,ny} and if go~y is ¢ — 1 times continuously differentiable on [&]_,,Z]] for

Jj € {1,...,ny}, the integrands of the final terms in (5.24) and in (5.25) are ¢ — 1 times
continuously partially differentiable on [0,1] x [0, 1].

Proof. We only prove the assertion for (5.24), (5.25) can be treated analogously. Firstly we
assume that ty,_; = t,,. For s € (0,1], t € [0, 1], there holds

V(th—l + Hhs) - 7(‘%2—1 + Hfz(l - St>) .S
|7(t51—1 + Hgls) - 7(t52—1 + Hfz(l - 8t>)|2

= s> . V(tfl—l + Héls) - V(tb—l + Hfz(l - St))
V(1 + Heys) = V(-1 + He, (1 = )2 s

— 82 . j‘[tgz —H528t7te2+He18} 7/(7) d)\(T)
| j‘[tZQ—HZQSt,t(2 +H(1 s 7/(7—) d)\(T)|2 S

B f[_Hthlel] Y (te, + s7) dA(T)
|ty (a + 57) AA(T) 2

At s = 0, this term is continuously extended by

Hfz’y/l (tfz)t + H€17/T (tfz)
|H427,Z (tfz)t + H€17/T (t€2)|2’

since 7'¢(ts,) is no negative multiple of 77 (ts,). The continuous extension is even g — 2
times continuously partially differentiable. This proves that (s,t) — 9,Gy, (s, 1 — st) on
[0,1] x[0,1] is ¢— 1 times continuously differentiable. The remaining factors in the integrand
of (5.24) obviously have the same smoothness. Now let t,, = b A ty,_1 = a. If one shifts t,
to ty, + (b — a) = b, the proof works as before. O

5.3. Numerical Evaluation of V. For given v, in our approximation space S(7;) and

s € |a,b) \ {Zo,...,%n}, we want to evaluate Vb, (y(s)). In this subsection we use the
following abbreviations:



Let j, € {1,...,n} with x € [£;,_1,%;,]. There holds

/F Gl y)on(y) dur(y) = [ Cls.t)dn(t)l7/(B)] AA()

[a,b]

=Y [ Gnmman

j=1 Y [#j-1,%]

_Z/ G(s, )n(t)d (H/[_ V_]G(s,t)ih(t)dk(t)

J#Js
=2 hif Gl Gi(s, ) () dA(2).
; o St)whj(> (t)+/[jj31’jjs} (s, t)n(t) dA(t)
]#]S

For the integrals in the big sum, we use Gauss quadrature with weight function 1. To
calculate the single summand we split the integral and use the addition theorem for In

/ G, )i (1) dA(t) = / G, (1) (1) + / G(s, )0 () dA(E)
[£5s—1,%5] [£j5—1,5]

[5,%j5]
~ =) [ =g () =l = s = )l = s = 7)) 0D
+ (&5, — 8)/ NEN (17(s) = v(s + (&, — 5)))¥n(s + (&5, — 5)) dA(2)
[0,1] 2w
= (8 — jjs—l) /[0’1] —% In (h(S) - 7(8 —tt(S — xjs—l))‘) Jh(s . t(s . i’js—l)) d)\(f,)

(s — ) /m - — ) dn(s — t(s — &5, 1)) dA(®)

2m
(o= [ gt (P = G, - anty

+ (5, — 9) /[071} —% In(t)n (s + t(z;, — s)) dA(t).

(5.26)

To approximate the final four integrals, we use Gauss quadrature with weight function 1
resp. In(t). The following lemma states, that for some piecewise smooth parametrization +,
the integrands are, up to In(t), smooth.

Lemma 5.6. If the parametrization v is ¢ > 2 times continuously differentiable on [:c] 1 x;’]
for j € {1,...,n,}, the integrands of the final terms in (5.26) are ¢ — 1 times continuously
differentiable on [0, 1].

Proof. We only consider the first summand. For ¢ € (0, 1] there holds

V(s) = (s —t(s = Fj—1)) . 3. o ts— 7. s .
t = (s~ #5,1) /[06,12]”( H(5 — 1) s — B5,0)7) AA(7).



At t = 0, this term can be continuously extended by (s — #;,_1)7'(s). It is ¢ — 1 times
continuously differentiable and its modulus is positive for all ¢ € [0,1]. The application of

In(-) preserves the differentiability. Moreover ¢ — 1, (s — (s — #;,—1)) obviously has the same

smoothness. O
5.4. Numerical Evaluation of Kg. Let s € [a,b]\{Z,...,4) } and j; € {1,...,n,} with
s € [#] 1,7 ] . In this subsection we use the following abbrev1at10ns

There holds

/8 Gle,9)gly) dur(y) = | 0,G(x,y)g(y) dur(y) = :1 /” . 0,G (s, 1)g(t) |1y (1) dA ()
-3 /[ |, 0CE0I0O + [ 260050 ax) | . Q0T
jjj's
ﬁé%m/mayéjstgj JAA() /[;sl,s]m ><>dA<>+/WaG< (1) A1)
—Zm a G(s,1)g;(t) dA(D)
J#Js

+ (s =2 ) /[0 , 9,G(s,5— (s — T _)t)g(s — (s — &) _)t) dA(t)

+ (:E;’ —3) 8,,@(5, s+ (:Z’;’ — s)t)ﬁ(s + (:Z’;’ — s)t) dA(¢).
[0,1]

(5.27)

To approximate the final three integrals, we use Gauss quadrature with weight function 1.
This is justified by the following lemma.

Lemma 5.7. If the parametrization vy is ¢ > 2 times continuously differentiable on [j:;-’_l, i';’]
forje{l,...,n,} and if go~y is ¢ —2 times continuously differentiable continuously differ-
entiable on [T]_,,&]] forj € {1,...,n,}, the integrands of the final terms in (5.27) are ¢ —2
times continuously differentiable on [0, 1].
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Proof. For the sum over j, the assertion is trivial. We only consider the second summand,
the third one can be treated analogously. As in (5.4) we see for ¢ € (0, 1]

0,G (5,5 — (s — &)_)t) - 21/ (s — (s — ], _,)0)|

- < /[01} V(s = (s — &) _)t+ (s — & _)tr) (1 —7)dX(7),

(s — &5, )t

Y(s = (s =& _)I*

/ <y L
Y s—(s—2! )t >
i
For the second factor of this term, we have

[ 1
A1) == (=&, JDP [ Joy 76 — (5= &, (=t + 1) AP

wherefore the term can be continuously extended at t = 0 by HON OIS S q — 2 times

21 (s)I?
continuously differentiable on [0, 1]. This implies that the integrand in the second summand
of (5.27) is ¢ — 2 times continuously differentiable as well. O
5.5. Numerical Approximation of |ry|y1/2(,, ;). Let j € {1,...,n}. In this subsection

we use the following abbreviations:




There holds

|rh - ’l“h( )|
‘Th|H1/2 (wn(z5)) /wh(x] /wh(x] |a; _ y|2 dMF(ZU) d,ur(x)
— (1) , .
/[xa 1,%541] /xj 1,541 |”y ()‘2|7( )ny (t>|d)\(t) d)\( )
- / “ / P, )Y ()1 ()] dA () dA(s)
[Z5—1,25] J[25-1,%;]
’ P(s, )l ()| |7/ ()] dA(t) dA(s
’ /[5% Zjy1 /[fy 1,35] ( t)h( )||’7 (t)| (t) ( )
P(s, )| (s)||7 ()| dX(t) dA(s
! /[fjvi’ﬂﬂ /[fj,fcjﬂ] (s; )Y (s)[1Y ()] dA(E) dA(s)

:h?/ / Py (s, )95 (s) 1 (8)| dA(E) dA(s)
[0,1] J/[0,1]
+2hjhj+1/[ }/[ }Pj+1,j(8,t)|7}+1(8)||7}(t)|dA(t)dA(s)
0,11 J[0,1

(5.28)

i /[ 1] /[ (Pl DI s A A,

The first summand in (5.28) is due to the symmetry of the integrand just

/01/0 i ()5 (s — £) | dA(E) dA(s).

This term can be treated nearly exactly as in Case 2 of Subsection 5.2. It becomes
/[01]/[01] (5, 5(1 = 1)) 175 (s(L = 1))]s AA(E) dA(s)- (5.29)

For the third summand in (5.28) one proceeds analogously. The second one can be treated
nearly exactly as in Case 3 of Subsection 5.2. It becomes

/[ }/[ }pjﬂd(s’ 1 — st) 41 (8)][75(1 = st)]s dA(E) dA(s)
0,1 0,1

[ | [ | j—i—l,j(St, — t>| ); 1(5t>|| y;(l - t)|td>\(t) d)\(5>
0,1 0,1

To approximate the final three integrals, we use Gauss quadrature with weight function 1.
Thanks to the following lemma, Theorem 5.1 can be applied.

Lemma 5.8. If the parametrization y is ¢ > 2 times continuously differentiable on [Z;_1, &;]
for j € {1,...,n,} and if r, oy is ¢ — 1 times continuously differentiable on [%;_q,Z;]
for j € {1,...,n}, the integrands of the final terms in (5.29) and (5.30) are ¢ — 1 times
continuously partially differentiable on [0,1] x [0, 1].
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Proof. For s,t € (0, 1] there holds
P& 4 hys) = Fr(Ei -1 + hys(1 — t)”
Y(Zj1 + hys) — (L1 + hys(1 — 1))
(@1 + hys) — (@1 + hys(1—1)1* (st)?
(st)? Y(&j—1 + hys) = (&1 + hys(1 — 1))

2
Sy Pl Rys(1 = 1) + hystr) dA(T)

Pj,j(sv 8(1 - t))

;.
o 7/ (i1 + hys(1 = 1) + hystr) dA(7)|

At s =0 or t = 0, this term can be continuously extended by
|7V’h|/[:ej,17:ej](jj—1 + hys)[?
Vi, 1, (Ei1 £ hys)[?
It is ¢— 1 times continuously partially differentiable on [0, 1] x [0, 1]. Therefore, the integrand
in (5.29) has the same smoothness.
For s € (0,1],t € [0, 1] we have
. ¥ (71 h. — o (T hi(1 — st 2
Pii1j(s,1— st) = |7ﬂh(‘ffj + hjs1s) Th(vxj 1+ hy( s ))l
V(&5 + hjr1s) = v(Zj-1 + hy(1 = st))]
_ |f’h(i’j + hj+18) - fh(i’j_l + hj(l - St))|2 ) 82
52 7(Z; + hjrrs) = Y(Zj—1 + hy(1 — st))?
() dA(T)[? 52

B | f[gzj—hjst,fj+hj+1s}

52
_ | f[—hjt,hjﬂ] (25 + s7) dA(T)[?
| f[—hjt,hjﬂ} V(25 + s7) dA(7) 2
At s = 0 this term can be continuously extended by
(hjt’f/e (Zi'j) + hj+1ff=/7- ([i’]))2
|ty (E5) + iy (£5)]7
It is ¢ — 1 times continuously partially differentiable on [0, 1] x [0,1]. Therefore, the first

integrand in (5.30) has the same smoothness. For the second one, one proceeds analogously.
O

(1) dA(T)[?

| f‘[:ij—hjst,ij-l-thrls}
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6. NUMERICAL EXAMPLES

In this section, we apply Alogrithm 4.15 developed in Section 4 to Symm’s integral equation
Vo = Kg+ g/2 of Section 5. From Section 1, we see that the normal derivative of a weak
solution of the Laplace problem with Dirichlet boundary conditions, i.e.

—Au =0 in €,

u=g¢g onl, (6.1)

solves Symm’s integral equation. Conversely the weak solution of the Laplace problem can
be calculated via the representation formula from the solution of Symm’s integral equation.

We present three test examples for which the exact solution is known. In each example,
the parametrization v of the boundary I' has the special form

v(t) =S CIRE M (1) (6.2)
1€EZ

for all t € [a,b]. Here, p, € N is the polynomial degree, K and W are periodic knots and
weights of length N, as in Definition 4.13 and (C;);ez are N,-periodic control points in R?.
Curves of this type are called NURBS curves.

circle square
0.1r 1
1 Y(0.75)
sl y(1)
0.051 1 0.4
0.31
or ¥
02}
-0.05¢ ] 0.1r
ol
oal Y(0.25) Y(0.5)
: 0.75
1 1 L y( L ) L L L _01 L L L L L L L L L L
-0.15 -0.1 -0.05 0 0.05 0.1 0.15 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

pacman

0.1r

0.05r

-0.051

—0.1f

. . . . . . .
-0.15 -0.1 -0.05 0 0.05 0.1 0.15

FIGURE 6.1. Geometries for the experiments.
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We choose the same polynomial degree p := p, for our approximation spaces S(7g).
As initial knots and weights for the algorithm, we take the same as for the geometry, i.e.
Ko := K7 and W, := W". This approach just reflects the main idea of isogeometric analysis.
For comparison, we shall also consider a rather conventional approach by choosing

C e (Y 25 =Y 7Y Y
Ko:=(&],...,8],89,...,&g..., Ty ..., &} ),
- -
p+1 times p+1 times p+1 times

with the nodes (i})?;l of K7, and all weights equal to one. According to Theorem 4.4

and Lemma 4.2, (viii), the start space coincides with the transformed space of piecewise
polynomials on [a,b) with break points {qu g =1,...,n9 — 1}. Recalling that the
refined weights are just convex combinations of the old ones, we see that the space S(7%)
coincides with the transformed space of piecewise polynomials on [a,b) with break points
{:I:g-k] cy=1,...,n — 1} which are p — 1 times differentiable at each point of {:i:gk} C g =
1,...,np — 1} \ {jgo] i =1,...,n9 — 1}. In each case we choose Kmayx as 2k(7g). We
consider uniform refinement, i.e. ¥ = 1, and adaptive refinement with ¥ = 0.75. For uniform
refinement and smooth solution ¢ we expect the convergence rate O(h3/*7) = O(n=3/277)
in accordance to [SS11, Corollary 4.1.34].

To calculate the energy error, we use that the error is orthogonal to the approximation
space

l6 = delly = ISl — lléelly-

The energy norm of the discrete solution ¢y reads ||¢x||3 = cn, - Vi, cn, with the stiffness
matrix V},, and the coefficient vector ¢, as in Section 5. The unknown energy norm ||@||y is
either computed exactly or obtained by Aitkin’s A? extrapolation of the sequence of values
for discrete solutions of the conventional approach with adaptively refined meshes.

The code for the following experiments can be found in Appendix B.

6.1. Smooth solution on circle. We consider problem (6.1) on the circle with midpoint
(0,0) and radius 1/10 with exact solution u(z,y) = x*+2zy —y* and solve the corresponding

Symm’s integral equation. The normal derivative ¢ := Ou/0v is smooth on the whole
boundary
¢la,y) = 20(a + 2xy — °). (6.3)
The geometry is parametrized on [0, 1] by the NURBS curve induced by!!
p“{ - 27
5 112233
y_ (- 22272
’C <4’47474’4’4’171’1)’
1

= (0 GG C) ()66 )

In Figure 6.1 we can see the geometry and the ~-values of the initial nodes. As can be
seen in Figure 6.2, ¢ o 7y is smooth on the whole parameter domain.

HNotice that this parametrization does not coincide with ¢ — (cos(t), sin(t)).
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0.4 0.6 . 08 1
parameter domain

FIGURE 6.2. Experiment on circle geometry. The smooth solution ¢ o v is plotted.
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FIGURE 6.3. Experiment on circle geometry. Error and estimator are plotted
versus the number of nodes.

Figure 6.3 and Figure 6.4 show the error and the error estimator for the conventional ap-
proach with piecewise polynomials and for the isogeometric one with NURBS corresponding
to the geometry. All values are shown on a log-log scale so that the experimental conver-
gence rates are visible as the slope of the corresponding curves. For the calculation of the
error we used the exact energy norm of the solution ||¢||3; = 7/5000, calculated in Maple.
As expected, the conventional approach with uniform refinement leads to the optimal rate
n~7/2, and adaptive refinement leads to the same rate. The isogeometric approach shows
nearly the same convergence behavior. In each case, the curves for the error and its corre-
sponding estimator are parallel up to a multiplicative constant, which appears in the log-log
scale as additive constant, nearly identical. This empirically confirms the proven efficiency
and reliability of the Faermann estimator n*. In Figure 6.5 the error is plotted over the

computational time. All curves show similar rates. However, since the solution does not
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lack any regularity, we can observe (at least) a better multiplicative constant for uniform
refinement.

10°F

energy error

o[ —B—conv., unif.
10 "t —A—conv., ad. N J
-0~ IGA, unif. .
o #IGA, ad.
10

10° 10

! 10° 10°
number of nodes n

FIGURE 6.4. Experiment on circle geometry. The error is plotted versus the
number of nodes.
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o HIGA, ad.
10 = ‘O
10 10 ) 10 10
computational time [sec]|

FIGURE 6.5. Experiment on circle geometry. The error is plotted versus the
computational time.

6.2. Piecewise smooth solution on square. We consider problem (6.1) on the halved unit
square Q = [0, 1/2]? with exact solution u(z,y) = exp(z) cos(y) and solve the corresponding
Symm’s integral equation. The normal derivative ¢ := Ju/0v is piecewise smooth on the
boundary with discontinuities at the corners

_ [ exp(x)cos(y) \ x
Pz, y) = (_ eXp(;g) sin(y)) (z,y). (6.4)
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FIGURE 6.7. Experiment on square geometry. Error and estimator are plotted

versus the number of nodes.

The geometry is parametrized on [0, 1] by the NURBS curve induced by

Dby
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W
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The geometry and the v-values of the initial nodes are plotted in Figure 6.1. In Figure 6.6
we can observe that ¢ o« is piecewise smooth on the parameter domain with jumps at the
initial nodes. In this special example the approximation space S(7) for the isogeometric
approach, transformed onto the parameter domain, consists of all piecewise linear continuous
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FIGURE 6.8. Experiment on square geometry. The error is plotted versus the
number of nodes.
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FIGURE 6.9. Experiment on square geometry. The error is plotted versus the
computational time.

polynomials on the mesh. In contrast, the conventional approach does allow discontinuities
at the initial nodes. Therefore, we expect the conventional approach to be superior in this
case.

Indeed, in Figure 6.7 and in Figure 6.8 we can observe suboptimal convergence rate n~
for IGA with uniform refinement. However this problem can be solved by adaptivity. Now,
one obtains (at least asymptotically) a similar convergence rate as for the conventional
approach, i.e. O(n°2). For the calculation of the error we use extrapolation and get
l6]|3 = 0.219715794638521. The efficiency and reliability of the Faermann estimator n’*
is again confirmed. In Figure 6.9, the error is plotted over the computational time. For
adaptive refinement, we plot in Figure 6.10 the indices of the knots in (a,b] = (0,1] of
the last refinement step over the knots. Big increase of the curve at any point ¢ indicates

high refinement at this point. The conventional approach refines nearly uniformly outside
72
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FIGURE 6.10. Experiment on square geometry. The indices of the last knot
vector versus the knots are plotted.

of the interval [0.25,0.5], where the transformed solution ¢ o 7 vanishes. As expected, the
isogeometric approach mainly refines at the jump points of ¢ o v, 0.25,0.5 and 0.75, to
deal with the discontinuity of the solution there. Note that by periodicity, 0 resp. 1 is
as well a jump point. However, here no refinement is necessary, since the elements of the
approximation space do not need to be periodic.

solution

0 0.2 0.8 1

0.4 0.6 .
parameter domain

FIGURE 6.11. Experiment on pacman geometry. The singular solution ¢ o«
with jump is plotted.

6.3. Singular solution on pacman. As third example we consider, for the parameter
T =4/7, problem (6.1) on

0= {r(cos(a),sin(a)) ; 0; r< 1—10,a € (—%, %)} (6.5)
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FIGURE 6.12. Experiment on pacman geometry. Error and estimator are
plotted versus the number of nodes.
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FIGURE 6.13. Experiment on pacman geometry. The error is plotted versus
the number of nodes.

with exact solution
u(x,y) =r"cos(Ta) in polar coordinates (x,y) = r(cos«,sin ). (6.6)
The normal derivative of u is

cos(a) cos (Tar) + sin(a) sin (Ta)
sin(a) cos (Ta) — cos(a) sin (Tav)

o(z,y) = vz, y)-TorTh (6.7)

It has a singularity at (0,0). With w = cos(7/7), the geometry is parametrized on [0, 1] by
the NURBS curve induced by
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FIGURE 6.14. Experiment on pacman geometry. The error is plotted versus
the computational time.
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sin(w/7-(=2)/6)) |

In Figure 6.11, the solution is plotted over the parameter domain. We can see that it has
beside the singularity at t = 0.8 as well two jumps, one at 0 resp. 1 and one at 0.6.

In Figure 6.12 and in Figure 6.13, the error and the error estimator for the conventional
approach with piecewise polynomials and for the isogeometric one with NURBS correspond-
ing to the geometry are plotted. For the calculation of the error, we have extrapolated
|6]]2 = 0.083525924784109. Since the solution lacks regularity, the conventional approach
with uniform refinement leads to the suboptimal rate n=*7, whereas adaptive refinement
leads to the optimal rate n=7/2. The isogeometric approach shows nearly the same conver-
gence behavior. In Figure 6.14, the error is plotted over the computational time. This time,

adaptive refinement is by far superior to uniform refinement. The conventional and the iso-

geometric approach show the same rate. For adaptive refinement, we plot in Figure 6.15 the
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indices of the knots in (a, b] = (0, 1] of the last refinement step over the knots. Big increase
of the curve at any point t indicates high refinement at t. For the conventional approach,
we see that the algorithm mainly refines the mesh at ¢ = 0.8, which is the point where the
singularity occurs. The isogeometric algorithm refines additionally at the jump point ¢ = 0.6
but not at the jump point ¢ = 0 resp. ¢t = 1. As in the previous example, this follows from
the continuity of the functions in S(7x) oy at the point ¢ = 0.6.
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FIGURE 6.15. Experiment on pacman geometry. The indices of the last knot
vector versus the knots are plotted.
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APPENDIX A. DIFFERENTIAL GEOMETRY

Definition A.1. A regular closed curve is a closed path v : [a,b] — I' C R, where d > 2,
with the following properties: It is continuous, piecewise continuously differentiable, and
Va5 is bijective. The (b — a)-periodic extension of v to R is denoted by v as well. Further-
more, we demand ~"(t) # 0,4"7(t) # 0 for t € R and that v'¢(t) 4+ ¢y (¢) # 0 for all ¢ > 0,
where "¢ and 7'~ denote the left resp. right derivative of ~.

We call two regular closed curves v : [a1,b1] — R? and 7y : [ag, by] — R? equivalent, if
there exists a parameter transformation from [aq,b] to [ag, bo], i.e. a bijective, continuous
and piecewise continuously differentiable ¢ : [ay,b1] — [ag, bo] such that ¢¢(¢) > 0 resp.
@' (t) > 0 for all t € [ay, by], with 71 = v 0 .

Note that if 75 : [ag,by] — I is a regular closed curve and ¢ : [aj,b;] — [ag,b] is a
parameter transformation, 7, o ¢ is also a regular closed curve.

Remark A.2. The inverse of a parameter transformation is again a parameter transforma-
tion. Therefore, the defined relation between regular closed curves is symmetric. Since the
composition of parameter transformations is again a parameter transformation, it is as well
transitive. Moreover it is obviously reflexive and hence an equivalence relation.

In the following we consider some assertions about regular closed curves.

Theorem A.3. Lety : [a,b] — I' be a reqular closed curve. Then 7|(_T£ra b

continuous for all r € R.

) 18 locally Lipschitz

Proof. Without loss of generality we assume that » = 0. First we show that 7|&Sb) is contin-
uous. Let (fy(tn))neN with t,, € (a,b) for n € N be a sequence converging to some limit ()
with ¢ € (a,b). If (y(tn,)), oy is a subsequence, compactness of [a, b] provides a convergent
subsequence of (t,, Jxey with limit ¢’ € [a,b]. Since 7 is continuous, we have y(t) = y(t')
and hence t = t/. This proves the continuity. In particular, this implies that v|(a,b) is a
homeomorphism from (a,b) to I'\ {v(a)}.

Now, let x € '\ {y(a)}, Z € (a,b) with v(Z) = 2, and I C (a,b) a compact interval
such that the interior of I contains & and + is differentiable on I\ {#}. Since |« is a
homeomorphism, v(7) is a neigbourhood of z. It remains to show that the function

(1) — ()

g:[x[\{(s,t)€R2:s;ét}J—HR:(s,t)H P—

=:D

has a positive infimum. Because of the substitution rule, there holds for s,t € I x I \ D

%/gtv’(p)dp‘ = /017’(p(t—8)+8) dp‘-

Let ((Sn’t”))neN be an infinizing sequence in I x I \ D which converges to some limit
(Soortoo) € I x I. If the limit is in [ x [ \ D the infimum is a positive minimum. If
the limit is in D \ {(#, %)}, the Lebesgue dominated convergence theorem yields

g(s,t) =

[ ot~ 1)+ 1) dp\ — W(t)] £0.

"

Q(Smtn> -



Finally, we consider the case (S, oo) =
either s,,t, < &,ors, <1 <t,, orx <
resp. T < Sp,t,, we have

g(Snrtn) = V(@) #0  resp.  g(sn,tn) = |77 (2)] # 0.
Finally for s, < & < t,,, there holds

(Z,2). Without loss of generality we, assume that
Sn, tn, each for all n € N. In the cases s,,t, < &

= 1
sonsts) = | [Vt = 4 s) o [ (plt=9ts)dpl. ()
I et

Because of % € [0, 1], we can assume convergence of (%)%N to some limit ¢ € [0, 1].

For any p € [0, q), it holds p < % for sufficiently large n € N and therefore

~ (p(tn — Sn) + sn) — (7).
Hence we may use Lebesgue’s dominated convergence theorem, to see that the first summand
in (A.1) converges to ¢7"(&). Analogous considerations for the second summand show that

9(sn>tn) = g7 (%) + (1 = q)7" (2)] # 0.
We conclude that in each case the limit of (g(sn, t"))neN’ which is just the infimum of g on
I x I\ D, is greater than zero. O

Lemma A.4. Let (X,dx) and (Y,dy) be metric spaces and f : X — Y locally Lipschitz
continuous. Then f|k is Lipschitz continuous for each compact subset K C X.

Proof. Without loss of generality we may assume that X = K. We prove the assertion by
contradiction. If f was not Lipschitz continuous, for all n € N there would exist z,,, 2!, € X

with
dy (f(xn), f(27,)) > ndy (f(z ),f(fﬁib))- (A.2)

Because of the compactness we can choose (x,,)neny and (2),),en such that they converge to
some limit € X resp. 2/ € X. Moreover the range of the mapping f(X) is compact, since
f is continuous and X is compact. This implies the boundedness of f(X) and hence

x (i, 24) <~y (), £()) = 0.

We therefore have x = a’. In a sufficiently small e-neigbourhood of z, the function f is
Lipschitz continuous. Thus, there exists a constant C' > 0 with

Vo, T 7€ X: max (dX(SL’,f),dX(SL’,f,)) <€e=dy (f(f), f( )) < Cdx(N ~/)
For sufficiently large n € N, we have max (dx(z, z,), dx(z,2})) < €, and hence
dy (f(@), f(@)) < Cdx (2, z},).
This contradicts (A.2) and concludes the proof. O

Remark A.5. If X is even locally compact, a function f : X — Y is locally Lipschitz
continuous if and only if f|x is Lipschitz continuous for each compact subset K C X.

Corollary A.6. Let 7 : [a,b] — ' be a regular closed curve. Then, for all r € R, 7|
is Lipschitz continuous on each compact subset of T\ {~v(r +a)}.

(r+a,r+b)
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Proof. This is an immediate consequence of Theorem A.3 and Lemma A.4. O

Lemma A.7. Each regular closed curve v : |a, b] — T with length L is equivalent to a
unique regular closed curve yr, : [0, L] — T with |y} (t)| = 1 for t € (0, L] and |77 (t)| =1 for
tel0,L).

Proof. We define the parameter transformation
t
¥ la,b] = [0,L] it — / |7/ ()] dr.

Then the inverse ¢ := 1) is also a parameter transformation. It holds for ¢ € [0, L]

1 v (o))
Ve (o) [y ()]

(yop)er(t) =" (@(t) @ (t) =~ (o))

Hence 7, := v o ¢ has the desired properties.
The uniqueness of v, resp. the corresponding parameter transformation ¢ follows from
the uniqueness of the inverse 1. The inverse is unique because for t € [a, b]

e @) = P (@O)[[0r (@) =" () and  w(a) =0.
This concludes the proof. O
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APPENDIX B. IMPLEMENTATION

In this section, the generation of the Galerkin matrix for Symm’s integral equation V}, and
of the right-hand side vector F} of Section 5 is implemented for the special case that the
parametrization v is a NURBS curve. This means

2Wt) =D CIRE™ (1) (B.1)
i€z
for all t € [a,b]. Here, p, € N is the polynomial degree, K7 and W are periodic knots and
weights of length N, as in Definition 4.13, and (C;);cz are N,-periodic control points in R?
Moreover, we implement the Faermann estimator n,f ! for the corresponding solution, Dérfler
marking, and a refinement procedure which refines all marked elements such that the shape
regularity constant stays bounded.

B.1. Functions.h. In this file we define some help functions and the Dirichlet boundary
conditions g.

#ifndef Functions_h
#define _Functions_h

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

#define EPS le—15

inline int mod(int x, int vy) {
int z=x%y;

if (z<0) {z=z+y;}
return z;

inline int floordiv(int x, int y) {

if (x >= 0) {return x/y; }else{return (x—y+1)/vy;}

inline double min (double x,double y) {
if (x<=y) {return x; }else{return y;}

inline double max (double x, double y) {
if (x<=y) {return y; }else{return x;};

inline int nearly_equal (double x,double y) {
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if (fabs(x—y)<EPSxmax (fabs(x), fabs(y))) {
return 1;

}else(
return O;

inline double norm(doublex vector) {
return sqgrt (vector[0]*vector[0]+vector[l]*vector[l]);

inline double g (doublex x) {

return x[0]*x[0]—x[1]*x[1]+2+x[0]*x[1];

#endif

B.2. Structures.h. In this file we define the structures NURBSData and QuadData.

#ifndef _Structures_h_
##define _Structures_h_
#include <stdio.h>
#include <stdlib.h>

typedef struct _NURBSData_ {
double 3a;
doublex* knots;

int N;

doublex weights;
int p;

doublex* nodes;
int n;

int is_rational;

}INURBSData;
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NURBSDatax new_NURBSData (double a,doublex knots,int N,double* weights, int p,
double* nodes,int n,int is_rational) {

NURBSDatax Data = malloc (sizeof (NURBSData) ) ;

Data—>a = a;

Data—>knots = knots;

Data—>N = N;

Data—>weights = weights;
Data—>p = p;
Data—>nodes=nodes;

Data—>n=n;
Data—>is_rational=is_rational;

return Data;

NURBSDatax del_ NURBSData (NURBSDatax Data) {
if (Data != NULL) {
free (Data) ;
}
return NULL;

inline double get_NURBSData_a (NURBSDatax Data) {return Data—>a;}

inline double* get_NURBSData_knots (NURBSDatar Data) {return Data—>knots;}
inline int get_NURBSData_N (NURBSDatax Data) {return Data—>N; }

inline double* get_ NURBSData_weights (NURBSDatax Data) {return Data—>weights;}
inline int get_NURBSData_p (NURBSDatax Data) {return Data—>p; }

inline double* get_NURBSData_nodes (NURBSDatar Data) {return Data—>nodes;}
inline int get_NURBSData_n (NURBSDatax Data) {return Data—>n;}

inline int get_NURBSData_is_rational (NURBSDatax Data)

{return Data—>is_rational;}

typedef struct _QuadData_({
doublex* nodes;
doublex weights;
int n;

}QuadData;

QuadDatax new_QuadData (double* nodes,doublex weights,int n) {
QuadDatax Data = malloc (sizeof (QuadData)) ;

Data—>nodes = nodes;
Data—>weights = weights;
Data—>n = n;
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return Data;

QuadDatax del_QuadData (QuadDatax Data) {
if (Data != NULL) {
free (Data) ;
}
return NULL;

inline double* get_QuadData_nodes (QuadDatax Data) {return Data—>nodes; }
inline double* get_QuadData_weights (QuadDatax Data) {return Data—>weights; }
inline int get_QuadbData_n (QuadDatax Data) {return Data—>n;}

#endif

B.3. Spline.h and Spline.c. In Spline.c the evaluation of NURBS and its first derivative
is implemented. It is mainly based on [dB86, Algorithm 9 and Algorithm 10].

#ifndef _Spline_h
#define _Spline_h

#include "Structures.h"
#include "Functions.h"

inline double knotseq(NURBSDatax Data,int 1i);

int find_Span (NURBSDatax Data, double t);

double deBoor_help (NURBSDatax Data,int i, doublex coeffdata,int coefftype,
int 1,double t);
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double deBoorDeriv_help (NURBSDatax Data, int i, doublex coeffdata,
int coefftype,int 1,double t);

double deBoor (NURBSDatax Data, doublex coeffdata, int coefftype,double t);

double deBoorDeriv (NURBSDatax Data,doublex coeffdata,int coefftype,double t);

double eval_NURBS (NURBSDatax Data, int i, double t);

double eval NURBSDeriv (NURBSDatax Data,int i, double t);

void eval_NURBSCurve (double* output, NURBSDatax Data, double* wcpointsl,
doublex wcpoints2, double t);

void eval_NURBSCurveDeriv (doublex output, NURBSDatax Data, doublex wcpointsl,
doublex wcpoints2, double t);

double eval_ NURBSComb (NURBSDatax Data, doublex wcoeffs, double t);
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#endif

#include "Spline.h"

inline double knotseq(NURBSDatax Data,int i) {

double a= get_NURBSData_a (Data);

doublex knots=get_NURBSData_knots(Data);
int N=get_NURBSData_N(Data);

double b=knots[N—1];

if (mod(i,N)!=0) {

return knots[mod(i,N)—1]+ (b—a)+floordiv (i, N);
} else {

return a+ (b—a)+floordiv (i, N);

int find_Span (NURBSDatax Data, double t) {

int N=get_NURBSData_N(Data);

int low=0, high=N+1;

int index=(low+high)/2;

double t_index=knotseqg(Data, index) ;
double t_indexpl=knotseqg(Data, index+1);

while (t<t_index || t>=t_indexpl) {
if (t<t_index) {
high=index;
} else {

low=index;
}
index= (low+high) /2;
t_index=knotseqg(Data, index) ;
t_indexpl=knotseqg(Data, index+1);
}

return index;

double deBoor_help (NURBSDatax Data,int i, doublex coeffdata,int coefftype,
int 1,double t) {

int N=get_NURBSData_N(Data);
int p=get_NURBSData_p(Data);
int k,m;
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48 double beta;

49 double t_k,t_kppmmpl;
50 double A[1+1];

51
52
53 for (k=(i—1);k<=1i;k=k+1){

54 switch (coefftype) {

55 case O:

56 A[k+1l—i]=coeffdatalk+p]; break;

57 case 1:

58 if (mod(k+1,N)!=0) {

59 Alk+1l—i]=coeffdata[mod (k+1,N)—1];
60 } else {

61 Alk+1—i]l=coeffdata[N—17];

62 } break;

63 case 2:

64
65 if ( ((int) coeffdatal0]) == (k+1) ) {
66 Alk+1-1]1=1;

67 } else {

68 A[k+1-1]1=0;

69 }break;

70 }

71 }

72
73
74 for (m=1;m<=1;m=m+1) {

75 for (k= (i—1+m);k<=1i;k=k+1) {

76 t_k=knotseqg(Data, k) ;

7 t_kppmmpl=knotseq(Data, k+p—m+1) ;
78
79 if (! (nearly_equal (t_k,t_kppmmpl))) {
80 beta=(t—t_Xk) / (t_kppmmpl—t_k) ;

81 } else {

82 beta=0;

83 }

84
85
86 A[k+l—i—m]=(l—beta) *A[k+1—1i—m] + betaxA[k+l—i—m+1];
87 }

88 }

89
90 return A[0];
91 | }
92
93
94 |double deBoorDeriv_help (NURBSDatax Data, int i, doublex coeffdata,
95 int coefftype,int 1,double t) {

96
97 int N=get_NURBSData_N(Data);
98 int p=get_NURBSData_p (Data);
99 int k,m;

100 double beta;
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101 double t_k,t_kppmm, t_kpp;

102 double tmpl, tmp2;

103 double A_prime[l+1];

104

105

106

107 for (k=(i—1);k<=1i;k=k+1) {

108 t_k=knotseqg(Data,k);

109 t_kpp=knotseg(Data, k+p) ;

110 switch (coefftype) {

111 case 0:

112 if (nearly_equal (t_kpp,t_k)) {

113 A_primel[k+1—i]= 0;

114 }else(

115 A_prime[k+1l—i]=p=* (coeffdatalk+p]—coeffdatalk+p—11])
116 / (t_kpp—t_Xk);

117 } break;

118 case 1:

119 if (mod(k,N)!=0) {

120 tmpl=coeffdata[mod(k,N)—-1];

121 } else {

122 tmpl=coeffdata[N-1];

123 }

124 if (mod(k+1,N)!=0) {

125 tmp2=coeffdata[mod (k+1,N)—1];
126 } else {

127 tmp2=coeffdata[N-1];

128 }

129 if (nearly_equal (t_kpp,t_k)) {

130 A_prime[k+1—-i]= O;

131 } else {

132 A_primel[k+1—i]=p* (tmp2—tmpl) / (t_kpp—t_k);
133 } break;

134 case 2:

135

136 if (((int) coeffdata[0]) == (k+1)){
137 if (nearly_equal (t_kpp,t_k)) {
138 A_primel[k+1—-1]1=0;

139 lelse(

140 A_prime[k+1—i]=p/ (t_kpp—t_Kk);
141 }

142 } else {

143 if (((int) coeffdata[0]) == k) {
144 if (nearly_equal (t_kpp,t_k)){
145 A_primel[k+1l—i]= 0;

146 }else(

147 A_primel[k+1—i]= —p/ (t_kpp—t_k);
148 }

149 } else {

150 A_primel[k+1—-1]1=0;

151 }

152 } break;

153 }
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154 }
155
156
157 for (m=1;m<=1;m=m+1) {

158 for (k= (i—1+4m);k<=1i;k=k+1){

159 t_k=knotseqg(Data, k) ;

160 t_kppmm=knotseq(Data, k+p—m) ;
161
162 if (! (nearly_equal(t_k,t_kppmm))) {
163 beta= (t—t_k) / (t_kppmm—t_k) ;

164 } else {

165 beta=0;

166 }

167
168
169 A_prime[k+1l—i—m]=(l—beta)«A_prime[k+1l—i—m]
170 + betaxA_prime[k+1—i—-m+1];

171 }

172 }

173
174 return A_prime[0];
175 | }

176
177
178 |double deBoor (NURBSData*x Data, doublex coeffdata, int coefftype,double t) {
179
180 int p=get_NURBSData_p(Data);

181 double index=find_Span(Data,t);
182
183 return deBoor_help(Data, index, coeffdata, coefftype,p,t);
184 |}

185
186
187 |double deBoorDeriv (NURBSDatax Data,doublex coeffdata,int coefftype,double t) {
188

189 int p=get_NURBSData_p (Data);

190 double index=find_Span(Data,t);

191

192 return deBoorDeriv_help(Data, index,coeffdata, coefftype,p—1,t);
193 | }

194

195

196 |double eval_NURBS (NURBSDatax Data, int i, double t) {
197

198 int N=get_NURBSData_N(Data);

199 doublex weights=get_NURBSData_weights(Data);

200 int is_rational=get_NURBSData_is_rational (Data);
201 double weight, nominator,denominator;

202 double coeffdata[l]={ (double)i};

203

204 if (is_rational==0) {

205 return deBoor (Data, coeffdata, 2,t);

206 }else(
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if (mod(i,N)!=0) {
weight=weights[mod(i,N)—1];

} else {
weight=weights[N—-1];

}

nominator=weight+deBoor (Data,coeffdata,2,t);

denominator=deBoor (Data,weights,1,t);

return nominator/denominator;

double eval_ NURBSDeriv (NURBSDatax Data,int i, double t) {

int N=get_NURBSData_N(Data);

doublex weights=get_NURBSData_weights(Data);

int is_rational=get_NURBSData_is_rational (Data);

double weight, nominator, nominator_prime,denominator, denominator_prime;
double coeffdata[l]={ (double)i};

if (is_rational==0) {
return deBoorDeriv (Data, coeffdata,2,t);
}else(

if (mod(i,N) !=0) {

weight=weights[mod (i,N)—11];
} else {

weight=weights[N—-1];
}
nominator=weight+deBoor (Data,coeffdata,2,t);
nominator_prime=weight+deBoorDeriv (Data,coeffdata,2,t);
denominator=deBoor (Data,weights, 1,t);
denominator_prime=deBoorDeriv (Data,weights,1,t);
return (nominator_primexdenominator—nominatorxdenominator_prime)
/ (denominatorxdenominator) ;

void eval_NURBSCurve (doublex output, NURBSDatax Data, doublex wcpointsl,
doublex wcpoints2, double t) {

int N=get_NURBSData_N(Data);

doublex weights=get_NURBSData_weights(Data);

int is_rational=get_NURBSData_is_rational (Data);
double nominatorl, nominator2, denominator;

if (is_rational==0) {
output [0]=deBoor (Data,wcpointsl,1,t);
output [1l]=deBoor (Data,wcpoints2,1,t);
}else(
nominatorl=deBoor (Data,wcpointsl,1l,t);
nominator2=deBoor (Data, wcpoints2,1,t);
denominator=deBoor (Data,weights,1,t);
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260

261 output [0]=nominatorl/denominator;

262 output [1l]=nominator2/denominator;

263 }

264 | }

265

266

267 |void eval_NURBSCurveDeriv(doublex output, NURBSDatar Data, double* wcpointsl,
268 doublex wcpoints2, double t) {

269

270 int N=get_NURBSData_N(Data);

271 doublex weights=get_NURBSData_weights(Data);

272 int is_rational=get_NURBSData_is_rational (Data);

273 double nominatorl,nominator2, denominator;

274 double nominatorl_prime,nominator2_prime,denominator_prime;
275

276 if (is_rational==0) {

277 output [0]=deBoorDeriv (Data,wcpointsl,1,t);

278 output [l]=deBoorDeriv (Data,wcpoints2,1,t);

279 }else(

280 nominatorl=deBoor (Data,wcpointsl,1l,t);

281 nominator2=deBoor (Data,wcpoints2,1,t);

282 denominator=deBoor (Data,weights,1,t);

283 nominatorl_prime=deBoorDeriv(Data,wcpointsl,1,t);

284 nominator2_prime=deBoorDeriv(Data,wcpoints2,1,t);

285 denominator_prime=deBoorDeriv (Data,weights,1,t);

286

287 output [0]=(nominatorl_primexdenominator—nominatorl+«denominator_prime)
288 / (denominatorxdenominator) ;

289 output[l]=(nominator2_primexdenominator—nominator2+«denominator_prime)
290 / (denominatorxdenominator) ;

291 }

292 |}

293

294

295 |double eval_NURBSComb (NURBSDatax Data,doublex wcoeffs, double t) {
296

297 doublex knots=get_NURBSData_knots(Data);

298 int N=get_NURBSData_N(Data);

299 doublex weights=get_NURBSData_weights(Data);

300 int p=get_NURBSData_p (Data);

301 int is_rational=get_NURBSData_is_rational (Data);

302 double b=knots[N—1];

303 int multb=0;

304 while (nearly_equal (knots[N—multb—1],b)) {multb=multb+1;}
305 double weight, nominator,denominator;

306

307 if (is_rational==0) {

308 return deBoor (Data,wcoeffs,0,t);

309 }else(

310 nominator=deBoor (Data,wcoeffs,0,t);

311 denominator=deBoor (Data,weights, 1,t);

312 return nominator/denominator;
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313 }
314 |}

B.4. Vmatrix.h and Vmatrix.c. The computation of the Galerkin matrix is based on Sub-
section 5.1.

#ifndef Vmatrix_h
#define _Vmatrix_h

#include <math.h>
#include <stdio.h>
#include "Spline.h"

—_ =
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double SquareIntegrand_V_smooth (NURBSDatax Data_Gamma,double* wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
double s,double t,int i,int k,
double denominator,double Jdet) ;

s W W W W W Ww
= O © 0 N O O

double SquareIntegrand_V_1log(NURBSDatax Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
double s,double t,int i, int k,double Jdet);

e el
T W N

91




46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7

© 00 N O Utk W N

e e e e e
0 N O Ul W NN = O

double SquareIntegral_V_Identical (NURBSDatax Data_Gamma, double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,QuadDatax Data_LogGauss,
int i,int k,int 1);

double SquareIntegral_V_Adjacent (NURBSDatax Data_Gamma, doublex wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,QuadDatax Data_LogGauss,
int i,int k,int 11,int 12);

void build_Vmatrix (doublex output,NURBSDatax Data_Gamma, doublex wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,QuadDatax Data_logGauss) ;

#endif

#include "Vmatrix.h"

double SquareIntegrand_V_smooth (NURBSDatax Data_Gamma, double* wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
double s,double t,int i, int k,
double denominator,double Jdet) {

double tmpl[2];

double tmp2([2];

double diff_gam[2];

double R_til_i,R_til_k;

eval_NURBSCurve (tmpl,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);

eval_NURBSCurve (tmp2,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t) ;

diff_gam[0] = tmpl[0] — tmp2[0];
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diff_gam[l] = tmpl[l] — tmp2[1l];
eval_NURBSCurveDeriv(tmpl,Data_Gamma,wcpointsl_gam,wcpoints2_gam, s) ;

eval_NURBSCurveDeriv (tmp2,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t);

R_til_i = eval_ NURBS (Data_Basis, i, s) * norm(tmpl);
R_til_k eval_NURBS (Data_BRasis, k, t) * norm(tmp2);

return —log (norm(diff_gam) /denominator) / (2«M_PI)*R_til_i *R_til_kxJdet;

double SquareIntegrand_V_log(NURBSDatax Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
double s,double t,int i,int k,double Jdet) {

double tmpl[2];
double tmp2[2];
double R_til_i,R_til_k;

eval_NURBSCurveDeriv (tmpl,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);
eval_NURBSCurveDeriv (tmp2,Data_Gamma,wcpointsl_gam,wcpoints2_gam,t);
R_til_i = eval_NURBS (Data_Basis, i, s) * norm(tmpl);

R_til_ k eval_NURBS (Data_Basis, k, t) % norm(tmp2);
return R_til_1i *R_til_k*Jdet/ (2«M_PI);

double SquareIntegral_V_Identical (NURBSDatax Data_Gamma, double* wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss, QuadDatax Data_lLogGauss,

int i,int k,int 1) {

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;
doublex weights_gauss=get_QuadData_weights (Data_Gauss);
int n_gauss=get_QuadData_n (Data_Gauss) ;

doublex nodes_loggauss=get_QuadData_nodes (Data_LogGauss) ;
doublex weights_loggauss=get_QuadData_weights (Data_LogGauss) ;
int n_loggauss=get_QuadData_n (Data_LogGauss) ;

int gl,g2;

double t_1lml=knotseqg(Data_Basis,1—1);

double t_l=knotseg(Data_Basis,l);

double H_1=t_1—-t_1ml;

double squareint=0;

double intpointl, intpoint2;

double denominator;

double Jdet;

for (gl=0;gl<n_gauss;gl=gl+l) {
for (g2=0;g92<n_gauss;g2=g2+1) {
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for

for

(al=

for

(gl=

for

intpointl=t_1lml+H_lxnodes_gauss[gl];

intpoint2 = t_1ml + H_1x (nodes_gauss[gl] * (l—nodes_gauss[qg2]));

denominator=nodes_gauss|[gl]*nodes_gauss[g2];

Jdet=nodes_gauss[qgl];

squareint += weights_gauss|[gl] * weights_gauss[g2]

*SquarelIntegrand_V_smooth(Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,1i,k,
denominator, Jdet) ;

intpointl=t_1lml+H_1*(l—nodes_gauss|[qll]);

intpoint2 = t_1ml + H_1 % (l+nodes_gauss[gl]* (nodes_gauss[g2]—1));

denominator=nodes_gauss[gl] xnodes_gauss|[g2];

Jdet=nodes_gauss[qgl];

squareint += weights_gauss[gl]xweights_gauss[g2]

*Squarelntegrand_V_smooth (Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2, i, k,
denominator, Jdet) ;

0;gl<n_loggauss;gl=gl+1l) {
(g2=0;9g2<n_gauss; g2=qg2+1) {

intpointl=t_1lml+H_l+nodes_loggauss[gl];

intpoint2 = t_1ml + H_1x (nodes_loggauss|[qgl]x(l—nodes_gauss[g2]));

Jdet=nodes_loggauss[gl];

squareint += weights_loggauss[gl]*weights_gauss|[g2]

*SquarelIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,i, k, JdJdet);

intpointl=t_1lml+H_1*(l—nodes_loggauss|[qll);

intpoint2 = t_1lml+H_1lx* (l+nodes_loggauss[gl]* (nodes_gauss[g2]—1));

Jdet=nodes_loggauss[gl];

squareint += weights_loggauss[gl]*weights_gauss[g2]

x*SquarelIntegrand_V_log(Data_Gamma, wcpointsl_ gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,i, k, JdJdet);

0;gl<n_gauss;gl=gl+l) {
(g2=0;g2<n_loggauss; g2=g2+1) {

intpointl=t_1lml+H_lxnodes_gauss[gl];

intpoint2 = t_1lml+H_1lx* (nodes_gauss|[gl]*(l—nodes_loggauss[g2]));

Jdet=nodes_gauss[qgl];

squareint += weights_gauss[gl]xweights_loggauss[g2]

*SquarelIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,i, k, Jdet);

intpointl=t_1lml+H_1x(l—nodes_gauss[ql]);
intpoint2 = t_Iml+H_1x (l+nodes_gauss[gl]* (nodes_loggauss[g2]—1));
Jdet=nodes_gauss[gl];
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}

return

double Squa

doublex
doublex
int n_g
doublex
doublex
int n_1
int gl,
double
double
double
double
double
double
double
double
double
double

for (gl
for

squareint += weights_gauss[gl]*weights_loggauss|[g2]
*SquarelIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,i, k, Jdet);

squareint;

reIntegral_V_Adjacent (NURBSDatax Data_Gamma,double* wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss, QuadDatax Data_LogGauss,
int i,int k,int 11,int 12) {

nodes_gauss=get_QuadData_nodes (Data_Gauss) ;
weights_gauss=get_QuadData_weights (Data_Gauss) ;
auss=get_QuadData_n (Data_Gauss) ;
nodes_loggauss=get_QuadData_nodes (Data_LogGauss) ;
weights_loggauss=get_QuadData_weights(Data_LogGauss);
oggauss=get_QuadData_n (Data_LogGauss) ;

az;

t_llml=knotseqg(Data_Basis,11-1);
t_ll=knotseqg(Data_Basis,1ll);

H_11=t_11—t_11ml;

t_12ml=knotseqg(Data_Basis,12-1);
t_l2=knotseqg(Data_Basis, 12);

H_12=t_12—t_12ml;

squareint=0;

intpointl, intpoint2;

denominator;

Jdet;

=0;gl<n_gauss;gl=ql+1l) {
(g2=0;g2<n_gauss; g2=qg2+1) {

intpointl=t_11ml+H_1llxnodes_gauss[qgl];

intpoint2 = t_12ml + H_12 =« (l1—nodes_gauss[gl] xnodes_gauss|[g2]) ;

denominator=nodes_gauss[ql];

Jdet=nodes_gauss[gl];

squareint += weights_gauss[gl]xweights_gauss[g2]

*SquarelIntegrand_V_smooth (Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2, i, k,
denominator, Jdet) ;

intpointl=t_11lml+H_ll*nodes_gauss[gl]+nodes_gauss[g2];

intpoint2 = t_12ml + H_12 % (l—nodes_gauss[g2]);

denominator=nodes_gauss[g2];

Jdet=nodes_gauss[g2];

squareint += weights_gauss[gl]xweights_gauss[g2]

x*SquarelIntegrand_V_smooth(Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,1i,k,
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denominator, Jdet) ;

for (gl=0;gl<n_loggauss;gl=qgl+l) {
for (g2=0;g2<n_gauss;g2=g2+1) {
intpointl=t_11ml+H_1llxnodes_loggauss[qgll];
intpoint2 = t_12ml+H_12x (l—nodes_loggauss[gl]xnodes_gauss[qg2]);
Jdet=nodes_loggauss[gl];
squareint += weights_loggauss[gl]*weights_gauss[g2]
*SquarelIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,i, k, Jdet);

for (gl=0;gl<n_gauss;qgl=gl+l) {
for (g2=0;g2<n_loggauss;g2=g2+1) {
intpointl=t_11ml+H_ll+nodes_gauss|[gl]+*nodes_loggauss[g2];
intpoint2 = t_12ml + H_12 % (l—nodes_loggauss[g2]);
Jdet=nodes_loggauss[g2];
squareint += weights_gauss[gl]xweights_loggauss[g2]
*SquarelIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, intpointl, intpoint2,i, k, Jddet);

}

return squareint;

void build_Vmatrix (doublex output,NURBSDatax Data_Gamma, doublex wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,QuadDatax Data_l.ogGauss) {

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;

doublex weights_gauss=get_QuadData_weights (Data_Gauss);

int n_gauss=get_QuadData_n(Data_Gauss);

doublex nodes_loggauss=get_QuadData_nodes (Data_LogGauss) ;
doublex weights_loggauss=get_QuadData_weights (Data_LogGauss) ;
int n_loggauss=get_QuadData_n (Data_LogGauss) ;

doublex knots=get_NURBSData_knots(Data_Basis);

int N=get_NURBSData_N (Data_Basis);

int p=get_NURBSData_p (Data_Basis);

double tmp[2];

int i,k,11,12,9l1,92;

double b=knots[N—1];

int multb=0;

while (nearly_equal (knotseqg(Data_Basis,N—-multb),b)) {multb=multb+l;}
double R_til[N—multb+l+p] [p+1l] [n_gauss];

double gammal [N] [n_gauss];

double gammaZ2 [N] [n_gauss];
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231
232
233 double squareint;

234 double t_11ml,t_11,H_11,t_12ml,t_12,H_12;
235
236 double intpoint;
237
238
239
240
241 for (i=1—p;i<=(N-multb+1);i=i+1) {
242
243 for (ll=max(i,1l);ll<=min(i+p,N);11=11+1) {
244
245 for (gl=0;gl<n_gauss;gl=gl+l) {

246 t_llml=knotseqg(Data_Basis,1l1-1);

247 t_ll=knotseqg(Data_Basis,1l1l);

248 H_1l=t_11—t_11ml;

249 intpoint=t_11ml+H_llxnodes_gauss[qgl];

250 eval_NURBSCurveDeriv (tmp,Data_Gamma,wcpointsl_gam,

251 wcpoints2_gam, intpoint) ;

252 R_til[i—1+p][1l1—i] [gl]l=eval_NURBS (Data_Basis, 1i,intpoint)
253 *norm(tmp) ;

254 }

255 }

256 }

257
258 for (11=1;11<=N;11=11+1){

259 for (gl=0;gl<n_gauss;gl=ql+1l) {

260 t_llml=knotseq(Data_Basis,1l1-1);

261 t_ll=knotseqg(Data_Basis, 1ll);

262 H_11=t_11-t_11ml;

263 intpoint=t_1l1lml+H_llxnodes_gauss[qgl];

264 eval_NURBSCurve (tmp, Data_Gamma, wcpointsl_gam,wcpoints2_gam,
265 intpoint);

266 gammal[l1l—1][gl]l=tmp[0];

267 gamma2 [11—-1] [gl]l=tmp[1l];

268 }

269 }

270
271
272
273
274 for (i=1—p;i<=(N-multb+1);i=i+1) {
275
276 for (k=1—-p;k<=1i;k=k+1) {

277 output [i+p—1+ (k+p—1) * (N—multb+1l+p) ]=0;
278
279 for (ll=max(i,1l);ll<=min(i+p,N);11=11+1) {
280
281 for (12=max(k,1);12<=min (k+p,N);12=12+1) {
282 t_llml=knotseqg(Data_Basis,11-1);

283 t_ll=knotseqg(Data_Basis,1ll);
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t_l2ml=knotseqg(Data_Basis,12-1);
t_l2=knotseqg(Data_Basis, 12);
H_11=t_11—t_11ml;
H_12=t_12—t_12ml;

if

(O<min (H_11,H_12)) {

squareint=0;
if (('nearly_equal(t_11ml,t_12ml))
&& (!nearly_equal(t_1lml,t_12))

&& (!'nearly_equal(t_11,t_12ml))

&& (!'nearly_equal(t_11,t_12))

&& ((11!=(N—multb+1)) || (12!=1))

&& ((12!'=(N—multb+1)) || (11!=1))) {

for (gl=0;gl<n_gauss;gl=gl+l) {
for (g2=0;g2<n_gauss;g2=g2+1) {

tmp[0]=gammal[11—-1][gl]
— gammal[l2—-1][g2];
tmp[l]=gamma2[11-1] [gl]
— gammaz2[12—-1][g2];
squareint+=
—weights_gauss|[gl] *weights_gauss[g2]
*log (norm(tmp) ) *R_til[i—1+p][11—1i] [gl]
* R_til[k—1+p][12—k][g2]/ (2+«M_PI);

else {

if (11==12) {
squareint=Squarelntegral_V_TIdentical(
Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis,Data_Gauss,
Data_LogGauss, i, k,11);

else({

if (nearly_equal(t_11lml,t_12)
[l ((12==(N—-multb+1l)) && (1ll==1))) {
squareint=Squarelntegral_V_Adjacent (
Data_Gamma, wcpointsl_gam, wcpoints2_gam,
Data_BRasis,Data_Gauss,Data_LogGauss,
i,k,11,12);

else/{
squareint=Squarelntegral_V_Adjacent (
Data_Gamma, wcpointsl_gam, wcpoints2_gam,
Data_Basis,Data_Gauss,Data_LogGauss,
k,i,12,11);
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}
output [1i+p—1+ (k+p—1) x (N—multb+1l+p) ] +=
H_11+H_l2xsquareint;

}

if (i!=k) {
// V symmetric
output [k+p—1+ (i+p—1) * (N-multb+l+p)] =
output [1+p—1+ (k+p—1) * (N—multb+1+p)];

B.5. Fvector.h and Fvector.c. The computation of the right-hand side vector is based
on Subsection 5.2.

#ifndef Fvector_h
##define _Fvector_h

#include <math.h>
#include <stdio.h>
#include "Spline.h"

/* parameters:

Data_Gamma...NURBSData+ for geometry Gamma, see Structures.h
wcpointsl_gam...first component of weighted control points
w_1"\gammax*C_1"\gamma for geometry corresponding to knots
wcpointsZ2_gam...second component of weighted control points
w_1"\gamma+C_1"\gamma for geometry corresponding to knots
Data_Basis...NURBSData* for Basis of approximation space
Data_Gauss...QuadDatax for quadrature with weight function 1 on [0,1],
see Structures.h

Data_Gauss_small...QuadDatax (see Structures.h) for quadrature with weight
function 1 on [0,1] (with smaller number of nodes as Data_Gauss),

used for quadrature for identical elements or adjacent elements

in function build Fvector

comments:

we assume that:

—)path gamma induced by Data_Gammais and wcpoints _gam 1s positively
orientated regular closed curve, which parametizes boundary Gamma
of Lipschitz domain Omega with diam(Omega) <1

—) #t_ 1 gamma<=p_gam+1

—)number of different entries in knots of Data_Gamma >= 4
—){t_i"gamma:i=1...N_gam}<={t_1i:i=1...N}

—)#t_i<=p+1

*/
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double SquareIntegrand_K (NURBSDatax Data_Gamma, doublex wcpointsl_gam,
doublex wcpoints2_gam, NURBSDatax Data_Basis,
int i,double s,double t,double Jdet);

double SquareIntegral_XK_Identical (NURBSDatax Data_Gamma, double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,
int i,int 1);

double SquareIntegral_K_Adjacent (NURBSDatax Data_Gamma, doublex wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,
int i,int 11,int 12,int singtype);

void build_Fvector (doublex output,NURBSDatax Data_Gamma, doublex wcpointsl_gam,

double* wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,QuadDatax Data_Gauss_small) ;
#endif
#include "Fvector.h"
double SquareIntegrand_K (NURBSDatax Data_Gamma,doublex wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
int i,double s,double t,double Jdet) {
double tmpl[2];
double tmp2[2];
double diff_gam[2];
double R_til_i,g_nul,g_nu2;
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eval_NURBSCurve (tmpl,Data_Gamma,wcpointsl_gam,wcpoints2_gam, s) ;
eval_NURBSCurve (tmp2,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t);

diff_gam[0] = tmpl[0] — tmp2[0];

diff_gam[l] = tmpl[l] — tmp2[1l];

g_nul = g(tmp2);

g_nu2 = g(tmp2);
eval_NURBSCurveDeriv (tmpl,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);

eval_NURBSCurveDeriv (tmp2,Data_Gamma,wcpointsl_gam,wcpoints2_gam,t);

R_til_i = eval NURBS (Data_Basis,i, s) % norm(tmpl);

g_nul = tmp2[1l];

g_nu2 *= —tmp2[0];

return ((diff_gam[0]xrg_nul + diff_gam[1l]xg_nu2) / (2+«M_PIxnorm(diff_gam)))
* (Jdet/norm(diff_gam)) = R_til_ij;

double SquareIntegral_XK_Identical (NURBSDatax Data_Gamma, double* wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,int i,int 1) {

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;
doublex weights_gauss=get_QuadData_weights (Data_Gauss);
int n_gauss=get_QuadData_n (Data_Gauss) ;

int gl,q92;

double t_lml=knotseqg(Data_Basis,1—1);

double t_l=knotseqg(Data_Basis,l);

double H_1=t_1—t_1ml;

double squareint=0;

double intpointl, intpoint2;

double Jdet;

for (gl=0;gl<n_gauss;gl=gl+l) {
for (g2=0;g92<n_gauss;g2=g2+1) {

intpointl=t_1lml+H_lxnodes_gauss[gl];

intpoint2 = t_1ml + H_1 % nodes_gauss[gl] * (1 — nodes_gauss[g2]);

Jdet=nodes_gauss[qgl];

squareint+=weights_gauss[gl]weights_gauss|[g2]

*SquarelIntegrand_K(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, i, intpointl, intpoint2, Jdet);

intpointl=t_1lml+H_l*nodes_gauss[qgl];

intpoint2 = t_1ml

+H_1x (nodes_gauss[gl]+nodes_gauss[g2]x (l—nodes_gauss[qgl]));

Jdet=(l—nodes_gauss[gl]);

squareint+=weights_gauss[gl] xweights_gauss[g2]

x*SquarelIntegrand_K(Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis, i, intpointl, intpoint2, Jdet);
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}

return squareint;

double SquareIntegral_K_Adjacent (NURBSDatax Data_Gamma, doublex wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,

QuadDatax Data_Gauss,
int i,int 11,int 12,int singtype) {

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;
doublex weights_gauss=get_QuadData_weights (Data_Gauss);
int n_gauss=get_QuadData_n (Data_Gauss) ;

int gl,g2;
double t_llml=knotseqg(Data_Basis,11-1);
double t_ll=knotseqg(Data_Basis,1l1l);
double H_11=t_11—t_11ml;

double t_12ml=knotseqg(Data_Basis,12—1);
double t_12=knotseqg(Data_Basis,1l2);
double H_12=t_12—t_12ml;

double squareint=0;

double intpointl, intpoint2;

double Jdet;

if (singtype==0) {

for

}
} else {
for

(ql=

for

(gql=

for

0;gl<n_gauss;gl=qgl+l) {
(g2=0;g2<n_gauss; g2=qg2+1) {

intpointl=t_11lml+H_llxnodes_gauss|[ql];

intpoint2 = t_12ml+H_12x (1l—nodes_gauss[gl] *nodes_gauss[g2]);

Jdet=nodes_gauss|[gl];

squareint+=weights_gauss[gl] xweights_gauss[g2]

*Squarelntegrand_K(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, i, intpointl, intpoint2, Jdet);

intpointl=t_11ml+H_ll+nodes_gauss[gl]x (l—nodes_gauss[g2]) ;

intpoint2 = t_12ml + H_12 % nodes_gauss[g2];

Jdet=1—nodes_gauss[qg2];

squareint+=weights_gauss[gl] xweights_gauss[g2]

*Squarelntegrand_K(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, i, intpointl, intpoint2, Jdet);

0;gl<n_gauss;gl=qgl+l) {
(g2=0;g2<n_gauss; g2=g2+1) {

intpointl=t_1l1lml+H_11*(l—nodes_gauss|[gl]*nodes_gauss[qg2]);

intpoint2 = t_12ml + H_12 =xnodes_gauss[g2];

Jdet=nodes_gauss|[g2];

squareint+=weights_gauss|[gl] xweights_gauss[qg2]

*Squarelntegrand_K(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, i, intpointl, intpoint2, Jdet);
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intpointl=t_1l1lml+H_llxnodes_gauss|[qll];

intpoint2 = t_12ml

+ H_12 % nodes_gauss[g2] * (1 — nodes_gauss[qgll);

Jdet=1—-nodes_gauss|[ql];

squareint+=weights_gauss[gl] xweights_gauss[g2]

*Squarelntegrand_K(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis, i, intpointl, intpoint2,Jdet);

}

return squareint;

void build_Fvector (doublex output,NURBSDatax Data_Gamma, doublex wcpointsl_gam,

doublex wcpoints2_gam,NURBSDatax Data_Basis,
QuadDatax Data_Gauss,QuadDatax Data_Gauss_small) {

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;

doublex weights_gauss=get_QuadData_weights (Data_Gauss);

int n_gauss=get_QuadData_n (Data_Gauss) ;

doublex nodes_gauss_small=get_QuadData_nodes (Data_Gauss_small);
doublex weights_gauss_small=get_QuadData_weights(Data_Gauss_small);
int n_gauss_small=get_QuadData_n (Data_Gauss_small);

doublex knots_gam=get_NURBSData_knots (Data_Gamma) ;

int N_gam=get_NURBSData_N (Data_Gamma) ;

doublex knots=get_NURBSData_knots(Data_Basis);

int N=get_NURBSData_N(Data_Basis);

int p=get_NURBSData_p (Data_Basis);

double tmp[2];

int i,k,11,12,91,92;

double b=knots[N—1];

int multb=0;

while (nearly_equal (knotseqg(Data_Basis,N—-multb),b)) {multb=multb+l;}
double R_til[N—-multb+l+p] [p+1l][n_gauss];

double gammal [N] [n_gauss];

double gammaZ2 [N] [n_gauss];

double g_nul[N] [n_gauss];

double g_nu2[N] [n_gauss];

double squareint;
double Jdet;
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172 double diff_gam[2];

173 double t_1Iml,t_11,H_11,t_12ml,t_12,H_12;

174

175 double intpointl, intpoint2;

176 int index;

177

178

179

180 for (i=1l—-p;i<=(N-multb+1l);i=i+1) {

181

182 for (ll=max(i,1l);ll<=min(i+p,N);11=11+1) {

183

184 for (gl=0;gl<n_gauss;gl=gl+1l) {

185 t_llml=knotseqg(Data_Basis,1l1-1);

186 t_ll=knotseqg(Data_Basis,1ll);

187 H_1l=t_11—t_11ml;

188 intpointl=t_1l1lml+H_llxnodes_gauss|[ql];
189 eval_NURBSCurveDeriv (tmp,Data_Gamma, wcpointsl_gam,
190 wcpoints2_gam,intpointl);
191 R _til[i—1+p][1l1—-i][gl] = eval_NURBS (Data_Basis,i,intpointl)
192 * norm(tmp) ;

193 }

194 }

195 }

196

197

198

199 for (12=1;12<=N;12=12+1) {

200 for (g2=0;g2<n_gauss;g2=g2+1) {

201 t_12ml=knotseq(Data_Basis,12-1);

202 t_12=knotseqg(Data_Basis, 1l2);

203 H_12=t_12—-t_12ml;

204 intpoint2=t_12ml+H_12+nodes_gauss[qg2];

205 eval_NURBSCurve (tmp, Data_Gamma, wcpointsl_gam,wcpoints2_gam,
206 intpoint2);

207 gammal [12—1] [g2]=tmp[0];

208 gamma2 [12—1] [g2]=tmp[1];

209 g_nul[l2—-1][g2] = g(tmp);

210 g_nu2[l2—-1][g2] = g(tmp);

211 eval_ NURBSCurveDeriv (tmp,Data_Gamma,wcpointsl_gam,wcpoints2_gam,
212 intpoint?2);

213 g _nul[l2—-1][g2] *= tmp[l];

214 g_nu2[l12—1][g2] *= —tmp[0];

215 }

216 }

217

218

219

220

221 for (i=1—p;i<=(N-multb+1);i=i+1) {

222 output [1+p—1]1=0;

223

224 for (ll=max(i,1l);ll<=min(i+p,N);11=11+1) {
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for

(12=1;12<=N;12=12+1) {
t_llml=knotseqg(Data_Basis,1l1-1);
t_ll=knotseqg(Data_Basis,1ll);
t_12ml=knotseqg(Data_Basis,12-1);
t_l2=knotseqg(Data_Basis, 12);
H_1l1=t_11—t_11ml;
H_12=t_12—t_12ml;

if (O<min(H_11,H_12)){
squareint=0;

if ((!nearly_equal(t_11lml,t_12ml))
&& ('nmearly_equal(t_1lml,t_12))

&& ('nmearly_equal(t_11,t_12ml))

&& (!nearly_equal(t_11,t_12))

&& ((11!'=(N—multb+1)) || (12!'=1))

&& ((12!'=(N—multb+1)) || (11'=1))) {

for (gl=0;gl<n_gauss;gl=gl+l) {
for (g2=0;g92<n_gauss;g2=g2+1) {

tmp[0] = gammal[11—1][gl]
— gammal[l2—-1][g2];
tmp[l] = gamma2[11—1][gl]

— gammaz2[12—-1][g2];

squareint +=

(weights_gauss[gl] *weights_gauss[g2] *
(tmp[0]+g_nul[12—1][g2]+tmp[l]+g_nu2[12—1][g2])
/norm (tmp) ) /norm (tmp) *R_til[i—1+p] [11—1i] [gl]

/ (2*M_PTI);

else {

if (11==12){
squareint=SquareIntegral_K_TIdentical (
Data_Gamma, wcpointsl_gam, wcpoints2_gam,
Data_Basis,Data_Gauss_small,i,11);

else(

if (nearly_equal(t_1lml,t_12)
[l ((12==(N—multb+1l)) && (ll==1))) {
index=1;
while (!'nearly_equal(t_12,knots_gam[index—1])) {
index=index+1;
if (index==(N_gam+l) ) {break;}

if (index==(N_gam+1l)) {
squareint=Squarelntegral_K_Adjacent (
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for

Data_Gamma, wcpointsl_gam, wcpoints2_gam,
Data_Basis,Data_Gauss_small,i,11,12,0);

else {
squareint=SquarelIntegral_K_ Adjacent (
Data_Gamma, wcpointsl_gam, wcpoints2_gam,
Data_Basis,Data_Gauss,i,11,12,0);

else{
index=1;
while (!'nearly_equal(t_11,knots_gam[index—1])) {
index=index+1;
if (index==(N_gam+l) ) {break;}

if (index==(N_gam+1l)) {
squareint=Squarelntegral_K_Adjacent (
Data_Gamma, wcpointsl_gam,wcpoints2_gam,
Data_Basis,Data_Gauss_small,i,11,12,1);

else {
squareint=Squarelntegral_K_Adjacent (
Data_Gamma, wcpointsl_gam, wcpoints2_gam,
Data_Basis,Data_Gauss,i,11,12,1);

}
output [i+p—1] += H_11 % H_12 % squareint;

(i=1—p;i<=(N—multb+1l);i=1i+1) {

for (ll=max(i,1l);ll<=min(i+p,N);11=11+1) {
t_llml=knotseq(Data_Basis,11-1);
t_ll=knotseqg(Data_Basis, 1ll);
H_ 11=t_11—t_11ml;

if

(O<H_

for

11){

(ql=0;gl<n_gauss;gl=qgl+l) {

eval_NURBSCurve (tmp,Data_Gamma,wcpointsl_gam,wcpoints2_gam,
t_11ml+H_llxnodes_gauss[gl]);

output [i+p—1] += H_11 « weights_gauss[gl]
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x g(tmp) /2 * R_til[i—1+p][11—i][ql];

B.6. FaerlEstimator.h and FaerlEstimator.c. The computation of the Faermann esti-
mator 7' is based on Subsection 5.3, 5.4 and 5.5.

#ifndef FaerlEstimator_h
##define FaerlEstimator_h

#include <math.h>
#include <stdio.h>
#include "Spline.h"

/% parameters:

Data_Gamma...NURBSData+ for geometry Gamma, see Structures.h
wcpointsl_gam...first component of weighted control points
w_1"\gamma+C_1"\gamma for geometry corresponding to knots
wcpointsZ_gam...second component of weighted control points
w_1"\gammax*C_1"\gamma for geometry corresponding to knots
Data_Basis...NURBSData* (see Structures.h) for basis of approximation space
weighted c...vector with weighted coefficients
w_{lI-p}+c_{1-p}, ..., w_{N—#b+1}+c_{N—#b+1}

of approximative solution corresponding to Data_Basis
Data_Gauss...QuadDatax for quadrature with weight function 1 on [0,1],
see Structures.h

Data_Gauss_V...QuadDatax for quadrature with weight function 1 on [0,1],
see Structures.h, used to evaluate V(\phi_h)

Data_LogGauss_V...QuadDatax for quadrature with weight function —log(x)
on [0,1], see Structures.h, used to evaluate V(\phi_h)
Data_Gauss_F...QuadDatax for quadrature with weight function 1 om [0,1],
see Structures.h, used to evaluate right—hand side F

comments:

we assume that:

—)path gamma induced by Data_Gamma is and wcpoints_gam is positively
orientated regular closed curve,

which parametizes boundary Gamma of Lipschitz domain Omega with diam(Omega) <1
—) #t_ 1 gamma<=p_gam+1

—)number of different entries in knots of Data_ Gamma >= 4
—){t_i"gamma:i=1...N_gam}<={t_1i:i=1...N}

—) #t_i<=p+1

*/

double Integrand_V_smooth (NURBSDatax Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam, NURBSDatax Data_Basis,
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double* wcoeffs,double s,double t,
double denominator);

double Integrand_V_log (NURBSDatax Data_Gamma,doublex wcpointsl_gam,
doublex wcpoints2_gam,NURBSDatax Data_Basis,
double* wcoeffs,double t);

double eval_Vpsi (NURBSDatax Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis, doublex
QuadData* Data_Gauss,QuadDatax Data_LogGauss,double

double Integrand_K (NURBSDatax Data_Gamma,doublex wcpointsl_gam,
doublex wcpoints2_gam,double s,double t);

double eval_F (NURBSDatax Data_Gamma, doublex wcpointsl_gam,
double* wcpoints2_gam, NURBSDatax Data_Basis,
QuadDatax Data_Gauss,double s);

double SquareIntegrand_P (NURBSDatax Data_Gamma,doublex wcpointsl_gam,
double* wcpoints2_gam, NURBSDatax Data_Basis,
doublex weighted_c, QuadDatar Data_Gauss_V,

wcoeffs,
s);

QuadDatax Data_logGauss_V, QuadDatax Data_Gauss_F,

double s,double t);

void build_FaerlEstimator (doublex output,NURBSDatax Data_Gamma,

doublex wcpointsl_gam,double*x wcpoints2_gam,

NURBSData» Data_Basis, doublex weighted_c,

QuadDatax Data_Gauss, QuadData> Data_Gauss_V,
QuadDatax Data_lLogGauss_V, QuadDatax Data_Gauss_F);
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#endif

#include "FaerlEstimator.h"

double Integrand_V_smooth (NURBSDatax Data_Gamma, doublex wcpointsl_gam,
double* wcpoints2_gam, NURBSDatax Data_Basis,
doublex wcoeffs,double s,double t,
double denominator) {

double s_hat[2];

double t_hat[2];

double tmp[2];

double psi_til;

eval_NURBSCurve (s_hat,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s) ;
eval_NURBSCurve (t_hat,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t);

eval_NURBSCurveDeriv (tmp,Data_Gamma,wcpointsl_gam,wcpoints2_gam,t);

psi_til = eval_NURBSComb (Data_Basis,wcoeffs,t) * norm(tmp);
tmp[0]=s_hat[0]—t_hat[0];

tmp[l]=s_hat[l]—t_hat[1l];

return —0.5/M_PI x log(norm(tmp)/denominator) = psi_til;

double Integrand_V_log (NURBSData> Data_Gamma, double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis,
doublex*x wcoeffs,double t) {

double tmp[2];
eval_NURBSCurveDeriv (tmp,Data_Gamma,wcpointsl_gam,wcpoints2_gam,t);

return 0.5/M_PI * eval_NURBSComb (Data_Basis,wcoeffs,t) * norm(tmp);

double eval_Vpsi (NURBSDatax Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam,NURBSDatax Data_Basis, doublex wcoeffs,
QuadDatax Data_Gauss, QuadDatax Data_lLogGauss,double s) {

double a=get_NURBSData_a (Data_Gamma) ;

doublex nodes=get_NURBSData_nodes (Data_Basis);

int n=get_NURBSData_n (Data_Basis);

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;

doublex weights_gauss=get_QuadData_weights (Data_Gauss);

int n_gauss=get_QuadData_n (Data_Gauss) ;

doublex nodes_loggauss=get_QuadData_nodes (Data_LogGauss) ;
109




48 doublex weights_loggauss=get_QuadData_weights (Data_LogGauss) ;

49 int n_loggauss=get_QuadData_n (Data_LogGauss) ;

50 int j,qg;

51 double output=0;

52 double x_ch_jml,x_ch_j,h_3j;

53 double intpoint;

54

55 for (j=1; j<=n; j=73+1) {

56 if (j==1) {x_ch_Jjml=a;} else {x_ch_jml=nodes[j—2];}

57 x_ch_j=nodes[j—1];

58 h_j=x_ch_j—x_ch_jml;

59 if ((x_ch_jml>s) || (x_ch_j<s)){

60 for (g=0;g<n_gauss;g=g+l) {

61 intpoint = x_ch_jml + h_j * nodes_gauss|[q];

62 output += h_7j * weights_gauss[q]

63 * Integrand_V_smooth (Data_Gamma, wcpointsl_gam,wcpoints2_gam,
64 Data_Basis,wcoeffs, s, intpoint,1);
65 }

66 }else{

67

68 for (g=0;g<n_gauss;g=g+1l) {

69

70 intpoint = s — (s — x_ch_7jml) % nodes_gauss|[q];

71 output += (s — x_ch_jml) » weights_gauss[q]

72 + Integrand_V_smooth(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
73 Data_Basis,wcoeffs, s, intpoint,

74 nodes_gauss|[q]) ;

75

76

7 intpoint = s + (x_ch_j — s) x nodes_gaussI[q];

78 output += (x_ch_7j — s) * weights_gauss[q]

79 * Integrand_V_smooth (Data_Gamma, wcpointsl_gam,wcpoints2_gam,
80 Data_BRasis,wcoeffs, s, intpoint,

81 nodes_gauss|[q]) ;

82 }

83

84 for (g=0;g<n_loggauss;g=g+l) {

85

86 intpoint = s — (s — x_ch_jml) % nodes_loggauss[q];

87 output += (s — x_ch_jml) * weights_loggauss[q]

88 + Integrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
89 Data_Basis,wcoeffs,intpoint);

90

91

92 intpoint = s + (x_ch_j — s) x nodes_loggauss[qgl;

93 output += (x_ch_7j — s) * weights_loggaussI[q]

94 +*Integrand_V_log(Data_Gamma, wcpointsl_gam, wcpoints2_gam,
95 Data_Basis,wcoeffs, intpoint);

96 }

97 }

98 }

99 return output;

100 | }
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double Integrand_K (NURBSDatax Data_Gamma,doublex wcpointsl_gam,
doublex wcpoints2_gam,double s,double t) {

double g_nul2];
double s_hat[2];
double t_hat[2]
double tmp[2];
eval_NURBSCurve (s_hat,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);
eval_NURBSCurve (t_hat,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t);

4

eval_NURBSCurveDeriv (tmp,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t) ;

g_nul[0] = g(t_hat) % tmpl[l];
g nul[l] = —g(t_hat) » tmp[0];
tmp[0] = s_hat[0] — t_hat[0];
tmp[l] = s_hat[l] — t_hat[1l];
return 0.5 * (tmp[0]l*g_nu[0] + tmp[l]l*g_nu[l]) / (M_PI*norm(tmp))

/norm (tmp) ;

double eval_F (NURBSDatar Data_Gamma, doublex wcpointsl_gam,
double* wcpoints2_gam, NURBSDatax Data_Basis,
QuadDatax Data_Gauss,double s) {

double a=get_NURBSData_a (Data_Gamma) ;

doublex nodes=get_NURBSData_nodes(Data_Basis);

int n=get_NURBSData_n (Data_Basis);

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;
doublex weights_gauss=get_QuadData_weights (Data_Gauss);
int n_gauss=get_QuadData_n (Data_Gauss) ;

int j,qg;

double output=0;

double x_ch_jml,x_ch_3j,h_7j;

double intpoint;
double s_hat[2];
eval_NURBSCurve (s_hat,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);

for (j=1;3j<=n;j=3j+1){
if (j==1) {x_ch_jml=a;} else {x_ch_jml=nodes[j—21];}
x_ch_j=nodes[]j—1];
h_j=x_ch_j—x_ch_Jjml;

if ((x_ch_jml>s) || (x_ch_j<s)){
for (g=0;g<n_gauss;g=g+1l) {
intpoint = x_ch_jml + h_j * nodes_gauss|[q];

output += h_7j * weights_gauss[qg] » Integrand_ K(
Data_Gamma, wcpointsl_gam,wcpoints2_gam, s, intpoint);

111




154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206

}
}else(
for (g=0;g<n_gauss;g=g+1l) {

intpoint = s — (s — x_ch_Jjml) % nodes_gauss[qgl;
output += (s — x_ch_jml) % weights_gauss[g] » Integrand_K(
Data_Gamma, wcpointsl_gam,wcpoints2_gam, s, intpoint);

intpoint = s + (x_ch_j — s) x nodes_gaussI[q];
output += (x_ch_7j — s) * weights_gauss[g] » Integrand_ K(
Data_Gamma, wcpointsl_gam,wcpoints2_gam, s, intpoint);

}
return output + g(s_hat)*0.5;

double SquareIntegrand_P (NURBSDatax Data_Gamma,doublex wcpointsl_gam,
double* wcpoints2_gam, NURBSDatax Data_Basis,
double* weighted_c, QuadDatar Data_Gauss_V,
QuadDatax Data_logGauss_V, QuadDatax Data_Gauss_F,
double s,double t) {

double tmpl[2];
double tmp2[2];
double diff_gam[2];
double diff_ Res;

eval_NURBSCurve (tmpl,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);

eval_NURBSCurve (tmp2,Data_Gamma, wcpointsl_gam,wcpoints2_gam,t) ;

diff_gam[0] = tmpl[0] — tmp2[0];
diff_gam[l] = tmpl[l] — tmp2[1l];
diff_Res = eval_Vpsi (Data_Gamma,wcpointsl_gam,wcpoints2_gam,Data_Basis,

weighted_c,Data_Gauss_V,Data_LogGauss_V, s)
—eval_F (Data_Gamma, wcpointsl_gam,wcpoints2_gam,Data_Basis,Data_Gauss_F, s)
—eval_Vpsi (Data_Gamma, wcpointsl_gam,wcpoints2_gam,Data_Basis,weighted_c,
Data_Gauss_V,Data_LogGauss_V, t)
+eval_F (Data_Gamma,wcpointsl_gam, wcpoints2_gam,Data_Basis,Data_Gauss_F,t);
eval_NURBSCurveDeriv (tmpl,Data_Gamma, wcpointsl_gam,wcpoints2_gam, s);

eval_NURBSCurveDeriv (tmp2,Data_Gamma,wcpointsl_gam,wcpoints2_gam,t);

return pow (diff_Res/norm(diff_gam),2)* norm(tmpl) *norm(tmp2) ;

void build_FaerlEstimator (doublex output,NURBSDatax Data_Gamma,
doublex wcpointsl_gam,doublex wcpoints2_gam,
NURBSData*x Data_Basis, doublex weighted_c,
QuadDatax Data_Gauss, QuadData» Data_Gauss_V,
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QuadDatax Data_logGauss_V, QuadDatax Data_Gauss_F) {

double a=get_NURBSData_a (Data_Gamma) ;

doublex nodes_gam=get_NURBSData_nodes (Data_Gamma) ;

int n_gam=get_NURBSData_n (Data_Gamma) ;

doublex nodes=get_NURBSData_nodes (Data_Basis);

int n=get_NURBSData_n(Data_Basis);

doublex nodes_gauss=get_QuadData_nodes (Data_Gauss) ;
doublex weights_gauss=get_QuadData_weights (Data_Gauss);
int n_gauss=get_QuadData_n(Data_Gauss);

int j,q9l,q92;

double x_ch_7jml,x_ch_7j,x_ch_jpl;

double h_j,h_7Jjpl;
double squareintl;

double squareint2;
double squareint3;

double intpointl, intpoint2,Jddet;
double r_patch[n];
int index;

for (3J=1;j<=n;j=3+1) {

if (j==1) {x_ch_Jjml=a;} else {x_ch_jml=nodes[]j—2];}
x_ch_j=nodes[]j—1];

if (j==n) {x_ch_jpl=nodes[0]; }else{x_ch_jpl=nodes[]j];};
h_j=x_ch_j—x_ch_jml;

if (j==n){h_jpl=nodes[0]—a; }else{h_jpl=x_ch_Jjpl—x_ch_7j;}

if (J==1){
squareintl1=0;
}else(

squareintl=squareint3;
}

squareint2=0; squareint3=0;

for (gl=0;gl<n_gauss;gl=qgl+l) {
for (g2=0;9g2<n_gauss;g2=g2+1) {
if (j==1){

intpointl=x_ch_jml+h_Jjxnodes_gauss[ql];
intpoint2 = x_ch_jml

+ h_j * nodes_gauss[gl] * (1 — nodes_gauss[g2]);
Jdet=nodes_gauss[gl];
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for

squareintl+=

h_jxh_j*weights_gauss|[gl] xweights_gauss[g2] xJdet

x*SquarelIntegrand_P (Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,weighted_c,Data_Gauss_V,
Data_LogGauss_V,Data_Gauss_F,
intpointl, intpoint2);

intpointl=(x_ch_jpl-h_1Jjpl)+h_Jjplxnodes_gauss[qgll;

intpoint2 = x_ch_Jjml

+h_j* (1—nodes_gauss|[gl] *nodes_gauss[g2]) ;

Jdet=nodes_gauss|[gl];

squareint2+=

h_j*h_Jjplxweights_gauss[gl] *weights_gauss[g2]«Jdet

*Squarelntegrand_P (Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,weighted_c,Data_Gauss_V,
Data_LogGauss_V,Data_Gauss_F,
intpointl, intpoint2);

intpointl=+(x_ch_Jjpl-h_jpl)

+h_jpl*nodes_gauss[gl] *nodes_gauss[g2];

intpoint2 = x_ch_Jjml+h_7j* (l—nodes_gauss[g2]);

Jdet=nodes_gauss|[g2];

squareint2+=

h_jxh_Jjpl+weights_gauss[gl]xweights_gauss[g2]xJdet

*Squarelntegrand_P (Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,weighted_c,Data_Gauss_V,
Data_LogGauss_V,Data_Gauss_F,
intpointl, intpoint2);

intpointl=(x_ch_jpl-h_jpl)+h_jplxnodes_gauss[gl];

intpoint2 = (x_ch_jpl—h_7jpl)

+h_jpl * nodes_gauss[gl] » (1 — nodes_gauss|[g2]);

Jdet=nodes_gauss|[gl];

squareint3+=

h_jplxh_jpl+weights_gauss[gl]*weights_gauss[g2]xJdet

*Squarelntegrand_P (Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,weighted_c,Data_Gauss_V,
Data_LogGauss_V,Data_Gauss_F,
intpointl, intpoint2);

}

r_patch[j—1] = 2% (squareintl+squareint2+squareint3);

(J=1;J<=n;J=3+1){
if (J==1){

output [j—1]=sqgrt (r_patch[n—1]+r_patch[j—11);
}else(

output [j—1]=sqgrt (r_patch[j—2]+r_patch[j—1]);
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313 }
314 |}

B.7. MEX files. All the codes of the previous subsections can be used in MATLAB with the
help of MEX. Here one example.

1 |#include <mex.h>

2 |#include "Spline.c"

3 |#include "Vmatrix.c"

4

5

6 |void mexFunction(int nlhs, mxArrayx plhs[], int nrhs, const mxArray* prhs[]) {
7 double a=+mxGetPr (prhs[0]);

8 doublex knots_gam=mxGetPr (prhs[1l]);

9 doublex weights_gam=mxGetPr (prhs[2]);

10 int p_gam=(int) »mxGetPr (prhs[3]);

11 doublex nodes_gam=mxGetPr (prhs[4]);

12 int is_rational_gam=(int) *mxGetPr (prhs[5]);
13 doublex cpoints_gam=mxGetPr (prhs[6]);

14 doublex knots=mxGetPr (prhs([7]);

15 doublex weights=mxGetPr (prhs[8]);

16 int p=(int) *mxGetPr (prhs[9]);

17 doublex nodes=mxGetPr (prhs[10]);

18 int is_rational=(int) *mxGetPr (prhs[11]);
19 doublex nodes_gauss=mxGetPr (prhs[1l2]);

20 doublex weights_gauss=mxGetPr (prhs[13]);
21 doublex nodes_loggauss=mxGetPr (prhs[14]);
22 doublex weights_loggauss=mxGetPr (prhs[15]);
23 doublex output;

24 int 1;

25

26 int N_gam=mxGetM(prhs[1l]);

27 int n_gam=mxGetM(prhs[4]);

28 int N=mxGetM (prhs[7]);

29 int n=mxGetM (prhs[10]);

30 int n_gauss=mxGetM(prhs[12]);

31 int n_loggauss=mxGetM (prhs[14]);

32 double b;

33 int multb=0;

34 NURBSDatax Data_Basis;

35 NURBSDatax Data_Gamma;

36 QuadDatax Data_Gauss;

37 QuadDatax Data_logGauss;

38 double wcpointsl_gam[N_gam];

39 double wcpoints2_gam[N_gam];

40

41 b=knots[N—1];

42 while (nearly_equal (knots[N—multb—1],b)) {
43 multb=multb+1;

44 if (multb==N) {break;}

45 }
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plhs[0]=mxCreateDoubleMatrix (N—-multb+l+p, N—multb+1l+p, mxREAL) ;
output=mxGetPr (plhs[0]);

if (is_rational_gam==0) {
for (1=0;1<N_gam;1=1+1) {
wcpointsl_gam[l]=cpoints_gam[0+2x1];
wcpoints2_gam[l]=cpoints_gam[1l+2x1];

}else(
for (1=0;1<N_gam;1=1+1) {
wcpointsl_gam[l]=weights_gam[l]*cpoints_gam[0+2x1];
wcpoints2_gam[l]=weights_gam[l]*cpoints_gam[1l+2x1];

Data_Basis=new_NURBSData (a, knots,N,weights, p,nodes,n,is_rational);
Data_Gamma=new_NURBSData (a, knots_gam,N_gam, weights_gam, p_gam, nodes_gam,
n_gam, is_rational_gam);
Data_Gauss=new_QuadData (nodes_gauss,weights_gauss,n_gauss) ;
Data_LogGauss=new_QuadData (nodes_loggauss,weights_loggauss,n_loggauss);

build_Vmatrix (output,Data_Gamma,wcpointsl_gam,wcpoints2_gam,Data_Basis,
Data_Gauss,Data_LogGauss) ;

Data_Basis=del_NURBSData (Data_Basis);
Data_Gamma=del_NURBSData (Data_Gamma) ;
Data_Gauss=del_QuadData (Data_Gauss) ;
Data_LogGauss=del_QuadData(Data_LogGauss) ;

B.8. markElements.m. This file implements Dorfler marking.

function marked = mark_Elements(indicators, theta)

if thetax<l
[indicators_tmp,tmp] = sort(indicators, 'descend’);
sum_indicatorssq = cumsum(indicators_tmp."2);
index = find(sum_indicatorssqg >= (sum_indicatorssg(end) xtheta),1l);
marked = sort (tmp(l:index));

else
marked=(l:length(indicators))';

end

B.8.1. refine_BoundaryMesh.m. Here, refinement of the marked elements is implemented.
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function [knots_fine,weights_fine]=refine_BoundaryMesh (a,knots,weights, ...

p,marked, kappa_max)

b=knots (end) ;

weights_current=weights;
knots_current=knots;
N_current=length (knots_current);
nodes_current=unique (knots_current);
n_current=length (nodes_current);
nodes(0_current=[a;nodes_current];
marked_current=marked;

while ~isempty (marked_current)
refine=marked_current (1) ;
1=find (knots_current==nodes_current (refine), 1) ;

t_lml=knotseqg(a, knots_current,1-1);
t_l=knotseqg(a, knots_current,l);

if (refine~=1)
h_ch_left=nodes(0_current (refine) —nodes0_current (refine—1);
else
h_ch_left=b—nodes0_current (n_current) ;
end
h_ch=nodesO_current (refine+l) —nodesO_current (refine);
if (refine ~= n_current)
h_ch_right=nodesO_current (refine+2) —nodesO_current (refine+l);
else
h_ch_right=nodesO_current (2)—a;
end
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53

54

55 if max((h_ch/2)/h_ch_left,h_ch_left/(h_ch/2))> (kappa_max+le—15)
56 marked_current=unique ([refine—1+n_currentx (refine==1); ...
57 marked_current]) ;

58 end

59 if max((h_ch/2)/h_ch_right,h_ch_right/ (h_ch/2))> (kappa_max+le—15)
60 marked_current=unique ([marked_current;...

61 refine+l—n_currentx (refine==n_current)]);

62 end

63

64

65 t_pr=(t_lml+t_1)/2;

66 weights_tmp=zeros (N_current+1,1);

67 weights_tmp(l: (1—p))=weights_current (l: (1—-p));

68 for i=max (1, (1+1-p)):1

69 t_iml=knotseqg(a, knots_current,i-1);

70 t_imlpp=knotseq(a, knots_current,i—1+p);

71 if t_iml<t_imlpp

72 beta=(t_pr—t_iml)/ (t_imlpp—t_iml);

73 else

74 beta=0;

75 end

76 weights_tmp(i)=(l—-beta) xweights_current (i—1+N_current«* (i==1)) ...
7 +betaxweights_current (1) ;

78 end

79 weights_tmp ((1+1) : (N_current+1l))=weights_current (1:N_current);
80 weights_current (1:min (N_current+1, 1+N_current+l—p))=...

81 weights_tmp(l:min (N_current+1l, 1+N_current+l—p));

82 for i=(l+N_current+2—p) : (N_current+1l)

83 t_im2=knotseq(a,knots_current,i-2);

84 t_im2pp=knotseq(a, knots_current, i—2+p);

85 if t_im2<t_im2pp

86 beta=(t_pr+b—a—t_im2)/ (t_im2pp—t_im2) ;

87 else

88 beta=0;

89 end

90 weights_current (i)=(l—beta) xweights_tmp(i—1)...

91 +betaxweights_tmp(i);

92 end

93

94

95 knots_current=[knots_current (l: (1—1));t_pr;knots_current (l:end)];
96 N_current=N_current+1;

97 nodes_current=unique (knots_current) ;

98 n_current=length (nodes_current);

99 nodes(0_current=[a;nodes_current];

100 marked_current=[marked_current (marked_current<refine);...

101 l+marked_current (marked_current>refine)];

102 |end

103 | knots_fine=knots_current;

104 |weights_fine=weights_current;

105 | end
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function output=knotseq(a,knots, i)

b=knots (end) ;

N=length (knots) ;

if (mod(i,N) ~=0)
output=knots (mod (i, N) )+ (b—a) »floor (i/N) ;

else
output=a+ (b—a) rfloor (i/N) ;

end

end
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