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1. Introduction

Throughout this work, we consider an open two-dimensional set Ω whose boundary Γ
can be parametrized by some piecewise smooth path γ, and a subset ΓD of the boundary.
For given right hand side F ∈ H1/2(ΓD), we want to numerically approximate the solution

φ ∈ H̃−1/2(ΓD) of the boundary integral equation

V φ = F. (1.1)

Here V : H̃−1/2(ΓD) → H1/2(ΓD) denotes a continuous and linear operator such that

(χ, ψ) 7→ 〈V χ, ψ〉 defines an elliptic bilinear form on H̃−1/2(ΓD). This problem is of practical
interest, since the Dirichlet problem of elliptic partial differential equations can equivalently
be written in such a form; see e.g. [McL00, Ste08].

As example serves the Poisson problem with Dirichlet boundary conditions for a two-
dimensional bounded Lipschitz domain Ω: Find u such that

−∆u = f in Ω,

u = g on Γ.
(1.2)

Here f is a given volume force on Ω and g are given Dirichlet boundary conditions on Γ. A
classical solution u ∈ C2(Ω) satisfies (1.2) pointwise. In general, one can not expect that
classical solutions exist. Instead one seeks for so-called weak solutions u in the Sobolev space
H1(Ω) with u|Γ = g and

∀v ∈ H1
0 (Ω) : 〈∇u,∇v〉L2(Γ) = 〈f, v〉. (1.3)

Here, we assume that f ∈ H̃−1(Ω) and g ∈ H1/2(Γ). There always exists a unique weak
solution. The normal derivative φ := ∂u/∂ν ∈ H−1/2(Γ) of this weak solution solves Symm’s
integral equation

V φ = (K + 1/2)g −N0f =: F, (1.4)

with the the single-layer operator V : H−1/2(Γ) → H1/2(Γ), the double-layer operator K :

H1/2(Γ) → H1/2(Γ), and the Newton operator N0 : H̃−1(Ω) → H1/2(Γ). If we assume
diam(Ω) < 1 for the two-dimensional case, the single-layer operator has exactly the properties
as the integral operator V from above. This especially implies the unique solvability of
Symm’s integral equation. Therefore, the solution φ ∈ H−1/2(Γ) of Symm’s integral equation
determines the weak solution u ∈ H1(Ω) of the Dirichlet problem via the representation
formula

u = Ṽ φ− K̃g + Ñ0f, (1.5)

with the Newton potential Ñ0 : H̃
−1(Ω) → H1(Ω), the single-layer potential Ṽ : H̃−1(Ω) →

H1(Ω) and the double-layer potential K̃ : H1/2(Γ) → H1(Ω). For more details and proofs,
see for example [Ste08, Chapter 4.1.1, 6.1, 6.2, 6.4 and page 136–143]. Steinbach denotes

the double-layer potential with W instead of K̃.
For the numerical solution of elliptic partial differential equations, one often assumes the

considered domain to be a polygon. In [CHB09], Thomas Hughes and collaborators consider
three dimensional geometries whose boundaries are so called NURBS surfaces, and propose
to use transformed NURBS functions, corresponding to this geometry, as finite element
method (FEM) approximation space. Indeed, computer aided design (CAD) is mainly based
on NURBS, wherefore nearly all geometries of practical interest are of such a form. This new
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concept is called isogeometric analysis (IGA). Since designers usually construct the surface
of the geometry rather than the geometry itself, FEM requires to generate a volume mesh
for the use of IGA. This drawback motivates the use of boundary element method (BEM).
Here, one writes the partial differential equation (if possible) as boundary integral equation
and then applies Galerkin method. Hence, for BEM only a description and discretization of
the surface (boundary) of the computational domain is needed. In this sense, BEM is the
natural method of IGA.

In this work, we consider BEM for the boundary integral equation (1.1). Following the idea
of IGA, we use NURBS transformed to the boundary as approximation space. Notice that
piecewise polynomials, which are usually considered for BEM, are just special NURBS. We
introduce an adaptive algorithm which is based on the local Faermann error estimator devel-
oped in [Fae00]. Assuming that γ is an arc length parametrization and taking transformed
piecewise polynomials as approximation space, Faermann proved efficiency and reliability of
this estimator.

In Section 2 and 3, we generalize Faermann’s results to abstract approximation spaces sat-
isfying a certain assumption (Assumption 2.10). Moreover we prove reliability of a weighted
residual error estimator in Section 3. In the next Section we define B-splines and NURBS,
show that their transformed linear span fulfills Assumption 2.10, and introduce the adaptive
algorithm, Algorithm 4.15. In contrast to Faermann, we allow non arc length parametriza-
tions γ for the transformation to the boundary. Then, in Section 5 we develop methods for
the implementation of Symm’s integral equation (1.4). The stiffness matrix, the right-hand
side vector and the Faermann estimator are approximated by tensor-Gauss quadrature. Fi-
nally, Section 6 provides some numerical experiments. Here we compare conventional and
isogeometric approaches as well as uniform and adaptive mesh refinement. Yet we have not
been able to prove convergence of the algorithm. However, the numerical examples even
show certain convergence rates. The thesis is concluded with the Appendix, where we prove
some assertions for piecewise smooth paths γ, needed throughout the work. Moreover the
codes for the implementation of the numerical examples can be found there.
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2. Localization of the Sobolev-Slobodeckij Norm

Througout this section, we assume that Ω ⊂ R
2 is an open set such that the boundary

∂Ω =: Γ can by parameterized by a fixed regular closed curve γ : [a, b] → Γ with a < b
as in Definition A.1. With γ we denote the (b − a)-periodic extension of γ to R, and with
γ′ℓ and γ′r its left resp. right derivative. The fact that γ is a regular closed curve now just
means that it is closed, continuous, piecewise continuously differentiable, γ|[a,b) is bijective,
γ′ℓ(t) 6= 0, γ′r(t) 6= 0 for all t ∈ R and that γ′ℓ(t) + cγ′r(t) 6= 0 for all t ∈ R and all c > 0.

Theorem A.3 implies that γ|(a+t,b+t) : (a + t, b+ t) → Γ \ {γ(a+ t)} is a homeomorphism
for all t ∈ R. We consider a fixed subset ΓD ⊆ Γ, where either ΓD = Γ or ΓD = γ([aD, bD])
with aD < bD ∈ R and bD − aD < b− a.

With γL we denote the arc length parametrization of γ from Lemma A.7 as well as its
L-periodic extension.

Lemma 2.1. There exists CΓ > 0 with

∀s, t ∈ R with 0 < |t− s| ≤ 3

4
L : C−1

Γ ≤ |γL(t)− γL(s)|
|t− s| ≤ CΓ. (2.1)

Proof. For s, t ∈ R, with the substitution rule proves

|γL(t)− γL(s)| =
∣∣∣∣
ˆ t

s

γ′L(r) dr

∣∣∣∣ =
∣∣∣∣(t− s)

ˆ 1

0

γ′L
(
r(t− s) + s

)
dr

∣∣∣∣ .

Hence, the set {
γL(t)− γL(s)

t− s
: s, t ∈ R, s 6= t

}

is bounded above by some positive constant C1. For each r ∈ [0, L] there exists ℓ ∈ {0, . . . , 7}
with [

r, r +
3

4
L

]
⊆
[
ℓ

8
L,
ℓ+ 7

8
L

]
. (2.2)

Due to Corollary A.6, γL|−1[
ℓ
8
L, ℓ+7

8
L
] is Lipschitz continuous, i.e. there exists a positive constant

C(ℓ) with

∀s, t ∈
[
ℓ

8
L,
ℓ+ 7

8
L

]
: |t− s| ≤ C(ℓ)|γL(t)− γL(s)|.

Defining C2 := maxℓ=0,...,7C(ℓ), we get with (2.2) for any r ∈ [0, L]

∀s, t ∈
[
r, r +

3

4
L

]
: |t− s| ≤ C2|γL(t)− γL(s)|.

This implies because of the periodicity of γL

∀s, t ∈ R with |t− s| ≤ 3

4
L : |t− s| ≤ C2|γL(t)− γL(s)|.

With the definition CΓ := max(C1, C2) we finally get (2.1). �

Definition 2.2. For any measurable subset Γ0 of Γ, we define with the Lebesgue measure
λ on R

µΓ(Γ0) := λ
(
γ−1
L (Γ0)

)
.

We call µΓ the surface measure on Γ. Obviously it holds µΓ(Γ) = L.
13



Remark 2.3. For arbitrary parametrizations γ̃ as in the beginning, one can define

µΓ(Γ0) :=

ˆ

γ̃−1(Γ0)

|γ̃′(t)| dλ(t). (2.3)

This definition is not dependent on the considered path γ̃, wherefore it coincides with the

definition from above. To see this, let ã = ξ0 < · · · < ξnγ̃
= b̃ with γ̃|[ξj−1,ξj ] ∈ C1([ξj−1, ξj])

for j = 1, . . . , nγ̃ . Then
⋃nγ̃

j=1 γ̃((ξj−1, ξj)) is a manifold and the functions γ̃|(ξj−1,ξj) are
embeddings (see [Kal11, Definition 15.2.1]). The surface measure on Γ introduced in (2.3),
is just the extension of the surface measure on this manifold (see [Kal11, page 73–75]) with
µΓ(γ̃({ξj})) = 0 for j = 0, . . . , nγ̃. It does not depend on γ̃ , but only on Γ.

Let u be a measurable function on a measurable subset Γ0 ⊆ Γ. Then the transformation
theorem of measure theory shows

ˆ

Γ0

u(x) dµΓ(x) =

ˆ

γ−1
L (Γ0)

u(γL(t)) dλ(t), (2.4)

where one side exists if and only if the other one exists. The following lemma is a general-
ization of this assertion.

Lemma 2.4. Let u be a measurable function on a measurable subset Γ0 ⊆ Γ. Then for all
s ∈ R

ˆ

Γ0

u(x) dµΓ(x) =

ˆ

γL|
−1
(s,s+L)

(Γ0)

u(γL(t)) dλ(t), (2.5)

where one side exists if and only if the other one exists.

Proof. We define sL := ⌈ s
L
⌉L. Because of the L-periodicity of γL, we then have

ˆ

γL|
−1
(s,s+L)

(Γ0)

u(γL(t)) dλ(t)

=

ˆ

γ−1
L (Γ0)∩(s,sL)

u(γL(t)) dλ(t) +

ˆ

γ−1
L (Γ0)∩(sL,s+L)

u(γL(t)) dλ(t)

=

ˆ

γ−1
L (Γ0)∩(s+L−sL,L)

u(γL(t− L+ sL)) dλ(t) +

ˆ

γ−1
L (Γ0)∩(0,s+L−sL)

u(γL(t+ sL)) dλ(t)

=

ˆ

γ−1
L (Γ0)

u(γL(t)) dλ(t).

Here the first term exists if and only if the last one exists. The assertion follows from(2.4). �

Remark 2.5. For arbitrary parametrizations γ̃ as in the beginning of the section, there holds
an analogous version of Lemma 2.4. Indeed we have because of Remark 2.3 and [Kal11, page
77] instead of (2.4)

ˆ

Γ0

u(x) dµΓ(x) =

ˆ

γ̃−1(Γ0)

u(γ̃(t))|γ̃′(t)| dλ(t). (2.6)

Now one can repeat the proof of Lemma 2.4 to see
ˆ

Γ0

u(x) dµΓ(x) =

ˆ

γ̃|−1
(s,s+L)

(Γ0)

u(γ̃(t))|γ̃′(t)| dλ(t), (2.7)
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where one side exists if and only if the other one exists.

Definition 2.6. Let Γ0 ⊆ Γ be measurable. For a real square-integrable u ∈ L2(Γ0), we
define the Sobolev-Slobodeckij seminorm1

|u|2H1/2(Γ0)
:=

ˆ

Γ0

ˆ

Γ0

|u(x)− u(y)|2
|x− y|2 dµΓ(x) dµΓ(y) ∈ [0,∞]

and the Sobolev-Slobodeckij norm

‖u‖2H1/2(Γ0)
:= ‖u‖2L2(Γ0)

+ |u|2H1/2(Γ0)
∈ [0,∞].

Moreover, we define the Sobolev space H1/2(Γ0) :=
{
u ∈ L2(Γ0) : ‖u‖H1/2(Γ0) <∞

}
endowed

with

〈u, v〉H1/2(Γ0) :=

ˆ

Γ0

u(x)v(x) dµΓ(x) +

ˆ

Γ0

ˆ

Γ0

(
u(x)− u(y)

)(
v(x)− v(y)

)

|x− y|2 dµΓ(x) dµΓ(y).

For finite nonempty intervals I ⊆ R, we define analogously | · |H1/2(I), ‖ · ‖H1/2(I) and H1/2(I).

Theorem 2.7. Let Γ0 ⊆ Γ be nonempty and measurable. Then, H1/2(Γ0) is a real Hilbert
space. An analogous result holds for finite nonempty intervals I.

Proof. We define the measure ν(·) :=
´

(·)
1

|x−y|2 d(µΓ × µΓ)(x, y) on Γ0 × Γ0 and Φ(u) :=(
(x, y) 7→ u(x)− u(x)

)
for u ∈ L2(Γ0). Now we note that

∀u ∈ L2(Γ0) : |u|H1/2(Γ0) = ‖Φ(u)‖L2(ν)

and
H1/2(Γ0) =

{
u ∈ L2(Γ0) : Φ(u) ∈ L2(ν)

}
.

Therefore H1/2(Γ0) is a vector space. Obviously 〈·, ·〉H1/2(Γ0) is a scalar product on H1/2(Γ0)
which induces the norm ‖ · ‖H1/2(Γ0).

It remains to show completeness. Let (un)n∈N be a Cauchy sequence in H1/2(Γ0). Because
of the completeness of L2(Γ0) and L2(ν), the sequence (un)n∈N converges with respect to
‖·‖L2(Γ0) to some limit u ∈ L2(Γ0) and the sequence (Φ(un))n∈N to some limit U ∈ L2(ν) with
respect to ‖·‖L2(ν). Hence there exists a subsequence (unk

)k∈N converging almost everywhere
to u. Then (Φ(unk

))k∈N converges almost everywhere to Φ(u). Since (Φ(unk
(x)))k∈N also

contains a subsequence which converges almost everywhere to U(x, y), this implies U(x, y) =
Φ(u) almost everywhere. Therefore (un)n∈N converges with respect to ‖ · ‖H1/2(Γ0) to u ∈
H1/2(Γ0). The proof for intervals I is analogous. �

Lemma 2.8. Let I ⊆ R be a nonempty interval with length λ(I) ≤ 3
4
L and u a measurable

function on γL(I). Then, there holds

C−2
Γ |u ◦ γL|2H1/2(I) ≤ |u|2H1/2(γL(I))

≤ C2
Γ|u ◦ γL|2H1/2(I). (2.8)

Proof. Due to Lemma 2.4, there holds
ˆ

γL(I)

ˆ

γL(I)

|u(x)− u(y)|2
|x− y|2 dµΓ(x) dµΓ(y) =

ˆ

I

ˆ

I

|u(γL(s))− u(γL(t))|2
|γL(s)− γL(t)|2

dλ(s) dλ(t).

The assertion of the lemma now follows immediately from Lemma (2.1). �

1The set
{
(x, y) ∈ Γ0 × Γ0 : x = y

}
has measure 0.
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Definition 2.9. If Γ = ΓD let
{
x̌j : j = 1, . . . , n

}
with a < x̌1 < x̌2 < · · · < x̌n = b

be a set of nodes on (a, b]. We define the corresponding data:

• The nodes on R and the nodes on Γ

x̌j+n = x̌j + (b− a) for j ∈ Z and xj := γ(x̌j) for j ∈ Z.

• The elements on R and the elements on Γ

Ťj := [x̌j−1, x̌j] for j ∈ Z and Tj := γ(Ťj) for j ∈ Z.

• The length of the elements

hŤj := x̌j − x̌j−1 for j ∈ Z and hTj := µΓ(Tj) for j ∈ Z.

Due to Remark 2.5, it holds

inf |γ′([a, b])| · hŤj ≤ hTj ≤ sup |γ′([a, b])| · hŤj . (2.9)

If γ is even an arc length parametrization, it holds hTj = hŤj .We also define the
maximal length of the elements on Γ

h := max
j=1,...,n

hTj .

• The set of nodes

Ňh :=
{
x̌j : j = 1, . . . , n

}
and Nh :=

{
xj : j = 1, . . . , n

}
.

• The mesh on [a, b] and the mesh on Γ

Ťh :=
{
Ťj : j = 1, . . . , n

}
and Th :=

{
Tj : j = 1, . . . , n

}
.

• The two nodes of an element Tj

xTj ,1 := xj−1 and xTj ,2 := xj

• If n ≥ 2, the two elements containing the node xj

Txj ,1 := Tj and Txj ,2 := Tj+1

• If n ≥ 3, the two neighbours of an element Tj

T−
j := γ(Ťj−1) and T+

j := γ(Ťj+1).

Indeed the elements T±
j are just the two elements in Th with T±

j 6= Tj and T±
j ∩Tj 6= ∅.

• The shape regularity constant of the mesh on [a, b] and on Γ

κ(Ťh) := max
({
hŤ/hŤ ′ : Ť , Ť ′ ∈ Ťh, γ(Ť ) ∩ γ(Ť ′) 6= ∅

})
,

κ(Th) := max
({
hT/hT ′ : T, T ′ ∈ Th, T ∩ T ′ 6= ∅

})
.
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• The patch function of first order

ωh : P(Γ) → P(Γ) : Γ0 7→
⋃{

T ∈ Th : T ∩ Γ0 6= ∅
}

and the patch function of arbitrary order

ω0
h := idP(Γ)→P(Γ)

ωℓh := ωh ◦ ωℓ−1
h for ℓ ∈ N.

For ℓ ∈ N0 and x ∈ Γ, we write ωh(x) := ωh({x}) and ωℓh(x) := ωℓh({x}).
If ΓD 6= Γ let

{
x̌j : j = 0, . . . , n

}
with aD = x̌0 < x̌1 < · · · < x̌n = bD

be a set of nodes on [aD, bD]. In this case we do not extend them to nodes on R. The n+ 1
nodes on ΓD, the n elements, their length, the sets of nodes consisting here of n + 1 points
and the meshes can be defined analogously. For inner nodes xj with j ∈ {1, . . . , n− 1}, we
define the elements containing xj analogously. We set Tx0 := T1 and Txn := Tn. We also
define the neighbours of an element Tj as before, where we set

T0 := ∅ and Tn+1 := ∅.
Although it would be canonical to define hT−

1
and hT+

n
as 0, it will be more convenient for

us to define them as µΓ(Γ \ ΓD)
hT−

1
:= hT+

n
:= µΓ

(
γ([x̌n, x̌0 + b− a])

)
.

If γ is even an arc length parametrization, Lemma 2.4 yields hT−

1
= hT+

n
= x̌0 + L − x̌n.

Exchanging Γ with ΓD, the definitions of the shape regularity constant and of the patch
function look exactly the same.

For the rest of this section, we consider fixed mesh data with

h ≤ µΓ(Γ)

4
=
L

4
. (2.10)

This implies |Th| ≥ 4 for Γ = ΓD. For simplicity, we will also assume |Th| ≥ 4 for Γ 6=
ΓD. Moreover we assume for the rest of the section that γ coincides with the arc length
parametrization γL. This is no restriction, since the following results are all formulated on
the boundary Γ itself and not on the parameter domain [a, b]. There holds a = 0 and b = L.

We suppose that we are given m ∈ N0 and a subspace Sm(Th) of L2(ΓD) which satisfies
the following assumption.

Assumption 2.10. There holds:

(i) For all T ∈ Th there exists a fixed function2 φT ∈ Sm(Th) with connected support
supp(φT ) and

T ⊆ supp(φT ) ⊆ ωmh (T ). (2.11)

2Since Sm(Th) consists of equivalence classes, we actually we mean that φT is one particular representative
of an element of Sm(Th). Note that it is not necessarily possible to replace φT here by another element of
the corresponding equivalence class.
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(ii) There exists a constant qspace ∈ (0, 1] such that for all T ∈ Th
‖1− φT‖2L2(supp(φT )) ≤ (1− qspace)µΓ(supp(φT )). (2.12)

Our aim is to prove the following localization result whose proof is mainly based on
Proposition 2.13 and Proposition 2.16.

Theorem 2.11. There exists a constant Cmain > 0 such that for all u ∈ H1/2(ΓD) satisfying

∀v ∈ Sm(Th) : 〈u, v〉L2(ΓD) = 0, (2.13)

there holds
‖u‖2H1/2(ΓD) ≤ Cmain

∑

x∈Nh

|u|2H1/2(ωh(x))
. (2.14)

The constant is explicitly given by

Cmain = 1 + ClocCpoinc.

Here, Cloc is the constant in Proposition 2.13, and Cpoinc = Cpoinc(h, κ(Th), m, qspace) is the
constant in Proposition 2.16.

This theorem, as well as of the following lemmata and propositions needed for its proof,
are inspired by similar versions of [Fae00, Section 2]. The theorem corresponds to [Fae00,
Theorem 2.2]. She considered ΓD = Γ and ‖ · ‖Hs(ΓD) with s > 0 instead of ‖ · ‖H1/2(ΓD).
Instead of the space Sm(Th), she used transformed piecewise polynomials on [0, L], see [Fae00,
page 206]. It is also notable that Faermann did not prove any analogous version of Lemma
2.1, but just assumed that (2.1) holds, see [Fae00, Assumption 2.1].

The converse inequality even holds without orthogonality.

Theorem 2.12. Let u ∈ H1/2(ΓD). Then,
∑

x∈Nh

|u|2H1/2(ωh(x))
≤ 2‖u‖2H1/2(ΓD). (2.15)

Proof of Theorem 2.12 for ΓD = Γ. We define for y 6= z ∈ Γ

U(y, z) :=
|u(y)− u(z)|2

|y − z|2 .

There holds∑

x∈Nh

|u|2H1/2(ωh(x))
=
∑

T∈Th

|u|2H1/2(T∪T+)

=
∑

T∈Th

(
ˆ

T

ˆ

T

U(y, z) dµΓ(y) dµΓ(z) +

ˆ

T

ˆ

T+

U(y, z) dµΓ(y) dµΓ(z)

)

+
∑

T∈Th

(
ˆ

T+

ˆ

T+

U(y, z) dµΓ(y) dµΓ(z) +

ˆ

T

ˆ

T+

U(y, z) dµΓ(y) dµΓ(z)

)

≤ 2
∑

T∈Th

ˆ

T

ˆ

Γ

U(y, z) dµΓ(y) dµΓ(z).

The last term is just 2‖u‖2
H1/2(Γ)

, which concludes the proof. �
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Proof of Theorem 2.12 for ΓD 6= Γ. The proof reads nearly the same
∑

x∈Nh

|u|2H1/2(ωh(x))
=
∑

T∈Th

|u|2H1/2(T∪T+) + |u|2H1/2(T1)

=
∑

T∈Th

(
ˆ

T

ˆ

T

U(y, z) dµΓ(y) dµΓ(z) +

ˆ

T

ˆ

T+

U(y, z) dµΓ(y) dµΓ(z)

)

+
∑

T∈Th

(
ˆ

T+

ˆ

T+

U(y, z) dµΓ(y) dµΓ(z) +

ˆ

T

ˆ

T+

U(y, z) dµΓ(y) dµΓ(z)

)

+

ˆ

T1

ˆ

T1

U(y, z) dµΓ(y) dµΓ(z)

≤ 2
∑

T∈Th

ˆ

T

ˆ

ΓD

U(y, z) dµΓ(y) dµΓ(z).

The last term is just 2‖u‖2
H1/2(ΓD)

, which concludes the proof. �

Proposition 2.13. For u ∈ H1/2(ΓD), we have

‖u‖2H1/2(ΓD) ≤
∑

x∈Nh

|u|2H1/2(ωh(x))
+ Cloc

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ), (2.16)

with the constant

Cloc =

{
µΓ(Γ)

8
+ 4C2

Γ if ΓD = Γ.
µΓ(Γ)

4
+ 4C2

Γ if ΓD 6= Γ.

Proof of Proposition 2.13 for ΓD = Γ. To simplify the notation, we define for x, y ∈ Γ

U(x, y) :=
|u(x)− u(y)|2

|x− y|2 .

First, we estimate |u|H1/2(ΓD). Up to sets of measure zero, we have ωh(T ) = T−
.∪ T

.∪ T+,
which shows

|u|2H1/2(ΓD) =

ˆ

ΓD

ˆ

ΓD

U(x, y) dµΓ(x) dµΓ(y) =
∑

T∈Th

ˆ

T

ˆ

ΓD

U(x, y) dµΓ(x) dµΓ(y)

=
∑

T∈Th

(
ˆ

T

ˆ

T

U(x, y) dµΓ(x) dµΓ(y) +

ˆ

T

ˆ

T−

U(x, y) dµΓ(x) dµΓ(y)

+

ˆ

T

ˆ

T+

U(x, y) dµΓ(x) dµΓ(y) +

ˆ

T

ˆ

ΓD\ωh(T )

U(x, y) dµΓ(x) dµΓ(y)

︸ ︷︷ ︸
=:ET

)

≤
∑

T∈Th

(
1

2
|u|2H1/2(T∪T−) +

1

2
|u|2H1/2(T∪T+) + ET

)

=
∑

x∈Nh

|u|2H1/2(ωh(x))
+
∑

T∈Th

ET .

(2.17)
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We have

ET =

ˆ

T

ˆ

ΓD\ωh(T )

U(x, y) dµΓ(x) dµΓ(y) ≤ ET,1 + ET,2 (2.18)

with

ET,1 := 2

ˆ

T

|u(y)|2
ˆ

ΓD\ωh(T )

|x− y|−2 dµΓ(x) dµΓ(y)

and

ET,2 := 2

ˆ

ΓD\ωh(T )

|u(x)|2
ˆ

T

|x− y|−2 dµΓ(y) dµΓ(x).

To estimate ET,1, let j ∈ {1, . . . , n} with T = Tj , y ∈ Tj and y̌ ∈ Ťj with γ(y̌) = y. For any
t ∈Mj with

Mj := γ−1
(
ΓD \ ωh(T )

)
∩
(
x̌j −

L

2
, x̌j +

L

2

)
=

(
x̌j −

L

2
, x̌j−2

)
∪
(
x̌j+1, x̌j +

L

2

)
, (2.19)

it holds because of (2.10)

|t− y̌| ≤ |t− x̌j |+ |y̌ − x̌j | ≤
L

2
+ hŤj ≤

3

4
L. (2.20)

Because of Lemma (2.1) and Lemma 2.4, we therefore get that

ˆ

ΓD\ωh(T )

|x− y|−2 dµΓ(x) =

ˆ

Mj

|γ(t)− γ(y̌)|−2 dλ(t)

≤ C2
Γ

ˆ

Mj

|t− y̌|−2 dλ(t)

≤ C2
Γ

(
ˆ

(−∞,x̌j−2]

(y̌ − t)−2 dλ(t) +

ˆ

[x̌j+1,∞)

(t− y̌)−2 dλ(t)

)

= C2
Γ

(
(y̌ − x̌j−2)

−1 + (x̌j+1 − y̌)−1
)
.

Since y̌ ∈ Ťj, we have for y ∈ T

ˆ

ΓD\ωh(T )

|x− y|−2 dµΓ(x) ≤ C2
Γ(h

−1
Tj−1

+ h−1
Tj+1

) = C2
Γ(h

−1
T− + h−1

T+). (2.21)

This implies
∑

T∈Th

ET,1 ≤ 2C2
Γ

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(ΓD). (2.22)
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For ET,2, we have

∑

T∈Th

ET,2 = 2
∑

T∈Th

ˆ

ΓD\ωh(T )

|u(x)|2
ˆ

T

|x− y|−2 dµΓ(y) dµΓ(x)

= 2
∑

T∈Th

ˆ

ΓD

(1− χωh(T )(x))|u(x)|2
ˆ

T

|x− y|−2 dµΓ(y) dµΓ(x)

= 2

ˆ

ΓD

|u(x)|2
(
∑

T∈Th

(1− χωh(T )(x))

ˆ

T

|x− y|−2 dµΓ(y)

︸ ︷︷ ︸
=:g(x)

)
dµΓ(x)

= 2
∑

T ′∈Th

ˆ

T ′

|u(x)|2g(x) dµΓ(x).

Let T, T ′ ∈ Th and x ∈ T ′ \ Nh. Then, we have the equivalences

χωh(T )(x) = 1 ⇐⇒ x ∈ ωh(T )

⇐⇒ T ∈ {T ′−, T ′, T ′+}.
Thus, (2.21) shows for almost every x ∈ T ′ that

g(x) =
∑

T∈Th
T /∈{T ′−,T ′,T ′+}

ˆ

T

|x− y|−2 dµΓ(y)

=

ˆ

ΓD\ωh(T ′)

|x− y|−2 dµΓ(y) ≤ C2
Γ(h

−1
T ′− + h−1

T ′+).

Therefore, we get
∑

T∈Th

ET,2 ≤ 2C2
Γ

∑

T ′∈Th

(h−1
T ′− + h−1

T ′+)‖u‖2L2(T ′)

= 2C2
Γ

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ).
(2.23)

Combining (2.17), (2.18)), (2.22) and (2.23) shows

|u|2H1/2(ΓD) ≤
∑

x∈Nh

|u|2H1/2(ωh(x))
+ 4C2

Γ

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ). (2.24)

It remains to estimate ‖u‖2L2(ΓD). From (2.10), we get

8

µΓ(Γ)
≤ (h−1

T− + h−1
T+). (2.25)

Therefore

‖u‖2L2(ΓD) =
∑

T∈Th

‖u‖2L2(T ) ≤
µΓ(Γ)

8

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ). (2.26)

Adding (2.24) and (2.26) gives the assertion of the proposition. �
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Proof of Proposition 2.13 for ΓD 6= Γ. The proof follows essentially as for ΓD = Γ . We
therefore only consider the differences. In (2.17) the last "=" has to be replaced by "≤".
With x̌−1 := x̌n − L and x̌n+1 := x̌0 + L, the last "=" of (2.19) has to be replaced by "⊆".
To see this, we define ωT := ωh(T ) ∪ γ([x̌n, x̌0 + L]) for T = T1 or T = Tn and ωT := ωh(T )
else. Then we get (up to two points if T = T1 or T = Tn)

Mj := γ−1
(
ΓD \ ωh(T )

)
∩
(
x̌j −

L

2
, x̌j +

L

2

)

⊆ γ−1
(
Γ \ ωT

)
∩
(
x̌j −

L

2
, x̌j +

L

2

)

=

(
x̌j −

L

2
, x̌j−2

)
∪
(
x̌j+1, x̌j +

L

2

)
.

Proceeding as before, we see again that for any y ∈ T
ˆ

ΓD\ωh(T )

|x− y|−2 dµΓ(x) ≤ C2
Γ(h

−1
T− + h−1

T+).

Finally in (2.25) – (2.26), one must replace 8 by 4, since we do not necessarily have 4
µΓ(Γ)

≤
h−1

T−

1

or 4
µΓ(Γ)

≤ h−1

T+
n

. �

To prove Theorem 2.11 it remains to estimate
∑

T∈Th
(h−1

T− + h−1
T+)‖u‖2L2(T ). Whereas we

didn’t use the orthogonality (2.13) for Proposition 2.13, it will be essential for this estimate
given in Proposition 2.16.

Lemma 2.14. Let I ⊆ R be a finite interval with length λ(I) > 0. Then, there holds for all
u ∈ L2(I) the Poincaré-type inequality

‖u‖2L2(I) ≤
1

2
λ(I)|u|2H1/2(I) +

1

λ(I)

∣∣∣∣
ˆ

I

u(t) dλ(t)

∣∣∣∣
2

. (2.27)

Proof. Assume |u|H1/2(I) < ∞, otherwise the assertion holds trivially. The definition E :=
´

I
u(t) dλ(t) leads to

ˆ

I

ˆ

I

|u(s)− u(t)|2 dλ(s) dλ(t)

=

ˆ

I

ˆ

I

u(s)2 dλ(s) dλ(t) +

ˆ

I

ˆ

I

u(t)2 dλ(s) dλ(t)− 2

ˆ

I

ˆ

I

u(s)u(t) dλ(s) dλ(t)

= 2λ(I)

ˆ

I

u(s)2 dλ(s)− 2E2 = 2λ(I)‖u‖2L2(I) − 2E2.

This implies

2λ(I)‖u‖2L2(I) − 2E2 =

ˆ

I

ˆ

I

|u(s)− u(t)|2
|s− t|2 |s− t|2 dλ(s) dλ(t)

≤ λ(I)2
ˆ

I

ˆ

I

|u(s)− u(t)|2
|s− t|2 dλ(s) dλ(t) = λ(I)2|u|2H1/2(I),

and concludes the proof. �
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Lemma 2.15. For all u ∈ L2(ΓD) satisfying 〈u, v〉L2(ΓD) = 0 for all v ∈ Sm(Th), there holds
for all T ∈ Th{

‖u‖2L2(T ) ≤ CpatchhT |u|2H1/2(T )
if m = 0,

‖u‖2L2(supp(φT )) ≤ CpatchµΓ(supp(φT ))
∑

x∈ωm−1
h (T )∩Nh

|u|2
H1/2(ωh(x))

if m > 0,
(2.28)

with the constant

Cpatch =

{
C2

Γ

2qspace
if m = 0.

C2
Γ

2qspace
(1 + 2κ(Th))2m−1 if m > 0.

Here, the constant qspace is the one from Assumption 2.10.

Proof of Lemma 2.15 for ΓD = Γ. Since supp(φT ) is connected, there is an interval I of
length λ(I) ≤ L with γ(I) = supp(φT ). We use Lemma 2.14 and get

‖u ◦ γ‖2L2(I) ≤
1

2
λ(I)|u ◦ γ|2H1/2(I) +

1

λ(I)

∣∣∣∣
ˆ

I

u ◦ γ(t) dλ(t)
∣∣∣∣
2

︸ ︷︷ ︸
=:E2

.

We use Lemma 2.4, the orthogonality (2.13) and Assumption 2.10, (ii), to get

E2 =

∣∣∣∣
ˆ

supp(φT )

u(y)(1− φT (y)) dλ(y)

∣∣∣∣
2

=

∣∣∣∣
ˆ

I

(
u ◦ γ(t)

)(
1− φT ◦ γ(t)

)
dλ(t)

∣∣∣∣
2

≤ ‖1− (φT ◦ γ)‖2L2(I)‖u ◦ γ‖2L2(I) ≤ (1− qspace)λ(I)‖u ◦ γ‖2L2(I).

Using the previous inequality, we therefore get

‖u ◦ γ‖2L2(I) ≤
1

2
λ(I)|u ◦ γ|2H1/2(I) + (1− qspace)‖u ◦ γ‖2L2(I),

which implies

‖u‖2L2(supp(φT )) ≤
µΓ(supp(φT ))

2qspace
|u ◦ γ|2H1/2(I). (2.29)

If m = 0 we are done due to (2.10) and Lemma 2.8. To estimate |u ◦ γ|2
H1/2(I)

for p > 0, we

use induction on ℓ to prove the following assertion:

∀ℓ ∈ N : ∀j ∈ Z : |u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ])
≤ (1 + 2κ(Th))ℓ−1

j+ℓ−1∑

q=j

|u ◦ γ|2
H1/2(Ťq∪Ťq+1)

. (2.30)

For ℓ = 1 it is obvious. The induction hypothesis for ℓ− 1 ≥ 1 is

∀j ∈ Z : |u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ−1])
≤ (1 + 2κ(Th))ℓ−2

j+ℓ−2∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
. (2.31)

For r, s ∈ R we introduce

Ǔ(r, s) :=
|u(γ(r))− u(γ(s))|2

|r − s|2 .
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For j ∈ Z, we have to estimate

|u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ])
=

ˆ

[x̌j−1,x̌j+ℓ−1]

ˆ

[x̌j−1,x̌j+ℓ−1]

Ǔ(r, s) dλ(r) dλ(s)

+

ˆ

Ťj+ℓ

ˆ

Ťj+ℓ

Ǔ(r, s) dλ(r) dλ(s) + 2

ˆ

Ťj+ℓ

ˆ

[x̌j−1,x̌j+ℓ−1]

Ǔ(r, s) dλ(r) dλ(s)

= |u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ−1])
+ |u ◦ γ|2H1/2(Ťj+ℓ)

+ 2

ˆ

Ťj+ℓ

ˆ

Ťj+ℓ−1

Ǔ(r, s) dλ(r) dλ(s)

+ 2

ˆ

Ťj+ℓ

ˆ

[x̌j−1,x̌j+ℓ−1]

Ǔ(r, s) dλ(r) dλ(s)

︸ ︷︷ ︸
:=E

≤ |u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ−1])
+ |u ◦ γ|2H1/2(Ťj+ℓ−1∪Ťj+ℓ)

+ 2E.

(2.32)

For r < t < s ∈ R , we have

Ǔ(r, s) ≤ 2
|u(γ(r))− u(γ(t))|2

|r − s|2 + 2
|u(γ(t))− u(γ(s))|2

|r − s|2 ≤ 2Ǔ(r, t) + 2Ǔ(t, s),

hence with hq := hŤq for q ∈ Z

E =
1

hj+ℓ−1

ˆ

Ťj+ℓ−1

ˆ

Ťj+ℓ

ˆ

[x̌j−1,x̌j+ℓ−2]

Ǔ(r, s) dλ(r) dλ(s) dλ(t)

≤ 2

hj+ℓ−1

ˆ

Ťj+ℓ−1

ˆ

[x̌j−1,x̌j+ℓ−2]

Ǔ(r, t)

ˆ

Ťj+ℓ

1 dλ(s) dλ(r) dλ(t)

+
2

hj+ℓ−1

ˆ

Ťj+ℓ−1

ˆ

Ťj+ℓ

Ǔ(t, s)

ˆ

[x̌j−1,x̌j+ℓ−2]

1 dλ(r) dλ(s) dλ(t)

≤ hj+ℓ
hj+ℓ−1

|u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ−1])
+
x̌j+ℓ−2 − x̌j−1

hj+ℓ−1

|u ◦ γ|2
H1/2(Ťj+ℓ−1∪Ťj+ℓ)

.

There holds

x̌j+ℓ−2 − x̌j−1

hj+ℓ−1

=

j+ℓ−2∑

q=j

hq
hj+ℓ−1

≤
j+ℓ−2∑

q=j

κ(Th)j+ℓ−1−q =
ℓ−1∑

q=1

κ(Th)q.

This implies

E ≤ κ(Th)|u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ−1])
+ |u ◦ γ|2H1/2(Ťj+ℓ−1∪Ťj+ℓ)

ℓ−1∑

q=1

κ(Th)q.

Inserting this into our estimate (2.32) and using

1 + 2
ℓ−1∑

q=1

κ(Th)q ≤ (1 + 2κ(Th))ℓ−1
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as well as the induction hypothesis (2.31), we obtain

|u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ])

≤ (1 + 2κ(Th))|u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ−1])
+ (1 + 2κ(Th))ℓ−1|u ◦ γ|2H1/2(Ťj+ℓ−1∪Ťj+ℓ)

≤ (1 + 2κ(Th))ℓ−1

j+ℓ−2∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
+ (1 + 2κ(Th))ℓ−1|u ◦ γ|H1/2(Ťj+ℓ−1∪Ťj+ℓ)

= (1 + 2κ(Th))ℓ−1

j+ℓ−1∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
.

This concludes the induction step and thus proves (2.30). There is a j ∈ Z with

γ([x̌j−1, x̌min(j+2m,j−1+n)]) = ωmh (T ).

Because of Assumption 2.10, (i), one can choose I such that I ⊆ [x̌j−1, x̌min(j+2m,j−1+n)]. We
use (2.29) and (2.30) for ℓ = min(2m,n− 1) to see

‖u‖2L2(supp(φT )) ≤
µΓ(supp(φT ))

2qspace
(1 + 2κ(Th))min(2m,−1+n)−1

min(j+2m,j−1+n)−1∑

q=j

|u ◦ γ|2
H1/2(Ťq∪Ťq+1)

≤ µΓ(supp(φT ))

2qspace
(1 + 2κ(Th))2m−1

min(j+2m,j−1+n)−1∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
.

We use Lemma 2.8 and
{
xq : q = j, . . . ,min(j + 2m, j − 1 + n)− 1

}
⊆ ωm−1

h (T ) ∩ Nh,

to get

min(j+2m,j−1+n)−1∑

q=j

|u ◦ γ|2
H1/2(Ťq∪Ťq+1)

≤ C2
Γ

min(j+2m,j−1+n)−1∑

q=j

|u ◦ γ|2H1/2(ωh(xq))

≤ C2
Γ

∑

x∈ωm−1
h (T )∩Nh

|u|2H1/2(ωh(x))
,

which concludes the proof. �

Proof of Lemma 2.15 for ΓD 6= Γ. As before we see (2.29), where we choose I ⊆ [aD, bD].
For m = 0 we are again done. There holds an analogous version of (2.30)

∀ℓ ∈ N : ∀j ∈ {1, . . . , n} :

j + ℓ ≤ n =⇒ |u ◦ γ|2H1/2([x̌j−1,x̌j+ℓ])
≤ (1 + 2κ(Th))ℓ−1

j+ℓ−1∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
.

(2.33)

This can be proven just as before. Let j ∈ {1, . . . , n} with γ([x̌j−1, x̌min(j+2m,n)]) = ωmh (T )
and I ⊆ [x̌j−1, x̌min(j+2m,n)]. Note that ℓ := min(j + 2m,n) − j ∈ N and ℓ + j ≤ n. Hence,
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we may apply (2.33) to see

|u ◦ γ|2H1/2(I) ≤ |u ◦ γ|2H1/2([x̌j−1,x̌min(j+2m,n)])

≤ (1 + 2κ(Th))ℓ−1

min(j+2m,n)−1∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)

≤ (1 + 2κ(Th))2m−1

min(j+2m,n)−1∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
.

Using Lemma 2.8, we see

min(j+2m,n)−1∑

q=j

|u ◦ γ|2H1/2(Ťq∪Ťq+1)
≤ C2

Γ

∑

x∈ωm−1
h (T )∩Nh

|u|2H1/2(ωh(x))

and conclude the proof. �

Proposition 2.16. For all u ∈ H1/2(ΓD) satisfying 〈u, v〉L2(ΓD) = 0 for all v ∈ Sm(Th),
there holds ∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ) ≤ Cpoinc
∑

x∈Nh

|u|2H1/2(ωh(x))
, (2.34)

with the constant

Cpoinc =





Cpatchκ(Th) if ΓD = Γ and m = 0.

4Cpatchm
(
1 + 2

∑m+1
ℓ=1 κ(Th)ℓ

)
if ΓD = Γ and m > 0.

Cpatchmax
(

h
µΓ(Γ\ΓD)

, κ(Th)
)

if ΓD 6= Γ and m = 0.

4Cpatchmmax
( (m+1)h
µΓ(Γ\ΓD)

, 1 + 2
∑m+1

ℓ=1 κ(Th)ℓ
)

if ΓD 6= Γ and m > 0.

Here, Cpatch is the constant of Lemma 2.15.

Proof of Proposition 2.16 for ΓD = Γ. For m = 0, Lemma 2.15 implies

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ) ≤
∑

T∈Th

(h−1
T− + h−1

T+)CpatchhT |u|2H1/2(T )

≤
∑

T∈Th

Cpatchκ(Th)
(
|u|2H1/2(T ) + |u|2H1/2(T+)

)

≤ Cpatchκ(Th)
∑

x∈Nh

|u|2H1/2(ωh(x))
.

For m > 0, Assumption 2.10, (i), and Lemma 2.15 give

‖u‖2L2(T ) ≤ ‖u‖2L2(supp(φT )) ≤ CpatchµΓ(ω
m
h (T ))

∑

x∈ωm−1
h (T )∩Nh

|u|2H1/2(ωh(x))
. (2.35)

Let j ∈ {1, . . . , n} with T = Tj . Then, we have with hℓ := hŤℓ for ℓ ∈ Z

µΓ(ω
m
h (T ))

hT−

≤ x̌j+m − x̌j−1−m

hj−1

=
m+1∑

ℓ=−m+1

hj−1+ℓ

hj−1

≤
m+1∑

ℓ=−m+1

κ(Th)|ℓ| ≤ 1 + 2
m+1∑

ℓ=1

κ(Th)ℓ (2.36)
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and

µΓ(ω
m
h (T ))

hT+

≤ x̌j+m − x̌j−1−m

hj+1
=

m−1∑

ℓ=−m−1

hj+1+ℓ

hj+1
≤

m−1∑

ℓ=−m−1

κ(Th)|ℓ| ≤ 1+ 2
m+1∑

ℓ=1

κ(Th)ℓ. (2.37)

Combining (2.35), (2.36) and (2.37), we obtain with C := Cpatch
(
1 + 2

∑m+1
ℓ=1 κ(Th)ℓ

)

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ) ≤ C
∑

T∈Th




∑

x∈ωm−1
h (T )∩Nh

|u|2H1/2(ωh(x))
+

∑

x∈ωm−1
h (T )∩Nh

|u|2H1/2(ωh(x))




= 2C
∑

T∈Th

∑

x∈Nh

x∈ωm−1
h (T )

|u|2H1/2(ωh(x))

= 2C
∑

x∈Nh

∑

T∈Th
x∈ωm−1

h (T )

|u|2H1/2(ωh(x))

= 4Cm
∑

x∈Nh

|u|2H1/2(ωh(x))
. (2.38)

This is just the assertion of the proposition. �

Proof of Proposition 2.16 for ΓD 6= Γ. For m = 0, Lemma 2.15 implies
∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ) ≤
∑

T∈Th

(h−1
T− + h−1

T+)CpatchhT |u|2H1/2(T ).

Now, we split the sum into two sums, shift the indices in the second one, and see

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T ) ≤ Cpatchmax

(
h

µΓ(Γ \ ΓD)
, κ(Th)

)




∑

T∈Th

(
|u|2H1/2(T )

)
+

(
∑

T∈Th\{Tn}

(
|u|2H1/2(T+)

)
+ |u|2H1/2(T1)

)



≤ Cpatchmax

(
h

µΓ(Γ \ ΓD)
, κ(Th)

) ∑

x∈Nh

|u|2H1/2(ωh(x))
.

For m > 0, we have again (2.35). Let j ∈ {1, . . . , n} with T = Tj . If j = 1, we have

µΓ(ω
m
h (T ))

hT−

=
x̌min(1+m,n) − x̌0
µΓ(Γ \ ΓD)

≤ (m+ 1)h

µΓ(Γ \ ΓD)
.

If j 6= 1, we have with hℓ := hŤℓ for ℓ = 1, . . . , n

µΓ(ω
m
h (T ))

hT−

=
x̌min(j+m,n) − x̌max(j−1−m,0)

hj−1

≤
min(m+1,n−j+1)∑

ℓ=max(−m+1,−j−2)

hj−1+ℓ

hj−1

≤
min(m+1,n−j+1)∑

ℓ=max(−m+1,−j−2)

κ(Th)|ℓ| ≤ 1 + 2

m+1∑

ℓ=1

κ(Th)ℓ.
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This implies

µΓ(ω
m
h (T ))

hT−

≤ max

(
(m+ 1)h

µΓ(Γ \ ΓD)
, 1 + 2

m+1∑

ℓ=1

κ(Th)ℓ
)
.

Analogously one shows

µΓ(ω
m
h (T ))

hT+

≤ max

(
(m+ 1)h

µΓ(Γ \ ΓD)
, 1 + 2

m+1∑

ℓ=1

κ(Th)ℓ
)
.

With

C := Cpatchmax

(
(m+ 1)h

µΓ(Γ \ ΓD)
, 1 + 2

m+1∑

ℓ=1

κ(Th)ℓ
)
,

we get again (2.38), if we replace the last "=" with a "≤". �

Now we can finally prove the main result of this section.

Proof of Theorem 2.11. The theorem follows directly from Proposition 2.13 and Proposition
2.16

‖u‖H1/2(Γ) ≤
∑

x∈Nh

|u|2H1/2(ωh(x))
+ Cloc

∑

T∈Th

(h−1
T− + h−1

T+)‖u‖2L2(T )

≤ (1 + ClocCpoinc)
∑

x∈Nh

|u|H1/2(ωh(x))
.

This concludes the proof. �
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3. Local Error Indicators

In this section let Ω be an open set and ΓD a subset of the boundary Γ, which is

parametrized by γ : [a, b] → Γ, as in Section 2. We introduce H̃−1/2(ΓD) := H1/2(ΓD)
′

as the topological dual space of H1/2(ΓD) endowed with the dual norm ‖ · ‖H̃−1/2(ΓD). For

ΓD = Γ we also write H−1/2(ΓD) := H̃−1/2(ΓD). We consider a bounded linear mapping

V : H̃−1/2(ΓD) → H1/2(ΓD)

such that

(φ, ψ) 7→ 〈V φ, ψ〉

defines an elliptic bilinear form on H̃−1/2(ΓD). For a given right-hand side F ∈ H1/2(ΓD),

we want to find a solution φ ∈ H̃−1/2(ΓD) of

V φ = F.

It follows from the Hahn-Banach theorem that the topological dual space of a normed space
separates points, see e.g. [Rud91, page 60]. Hence, we get

∀ψ ∈ H̃−1/2(ΓD) : 〈V φ, ψ〉 = 〈F, ψ〉
which has a unique solution due to the Lax-Milgram lemma, see e.g. [BS08, Theorem 2.7.7].
This also implies the bijectivity of the operator V .

The following definition and lemma are taken from [SS11, page 29–30].

Definition 3.1. If X ≤ Y are real Hilbert spaces such that the identity I : X → Y is a
continuous and dense embedding, we call (X, Y,X ′) a Gelfand triple.

Lemma 3.2. Let (X, Y,X ′) be a Gelfand triple. Then Y ′ is continuously, densely and
injectively embedded in X ′ by the mapping y′ 7→ y′|X .

Proof. First we check that the mapping really maps to X ′. Let y′ ∈ Y ′ and x ∈ X. Then
we have

|y′(x)| ≤ ‖y′‖Y ′‖x‖Y ≤ ‖y′‖Y ′‖x‖X‖I : X → Y ‖.
The continuity of the mapping follows from

‖y′|X‖X′ = sup
x∈X\{0}

|y′(x)|
‖x‖X

≤ ‖y′‖Y ′‖I : X → Y ‖.

We prove that Y ′|X is dense in X ′ by showing that the orthogonal complement of Y ′|X′ in
X ′ is {0}. Let x′ be an element of the complement and x := J−1

X x′, with the Riesz mapping

JX : X → X ′ : x 7→ 〈·, x〉X .
Then, we have with the Riesz mapping JY : Y → Y ′

0 = 〈x′, (JY x)|X〉 = 〈x, J−1
X ((JY x)|X)〉X = (JY x)(x) = 〈x, x〉Y

and hence x′ = 0. The injectivity directly follows from the fact that two continuous functions
on Y coincide if they coincide on the dense subset X. �
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Due to the Riesz representation theorem one can identify the Hilbert space Y with its
dual space Y ′ by the Riesz mapping

JY : Y → Y ′ : y 7→ 〈·, y〉Y .
Because of Lemma 3.2, we can identify Y with JY (Y )|X which is a dense subspace of X ′.
Hence, we have

X ≤ Y ≤ X ′,

where every inclusion is dense.

Lemma 3.3. The spaces X := H1/2(ΓD), Y := L2(ΓD), and H̃−1/2(ΓD) define a Gelfand
triple.

Proof of Lemma 3.3 for ΓD = Γ. Obviously the identity I : H1/2(Γ) → L2(Γ) is continuous.
To see the density of H1/2(Γ) in L2(Γ) we proceed as follows.

First we note that C00

(
(a, b)

)
, the space of all continuous functions with compact support

in (a, b), is dense in L2
(
(a, b)

)
. This is a direct consequence of the fundamental lemma of

calculus of variations.
Because of Lemma 2.4 we have for all measurable u on (a, b)

ˆ

Γ\{γ(a)}

∣∣u
(
γ|−1

(a,b)(x)
)∣∣2 dµΓ(x) =

ˆ

(a,b)

|u(t)|2 dλ(t).

This implies that the mapping (·) ◦ γ|−1
(a,b) is an isometric isomorphism from L2

(
(a, b)

)
to

L2(Γ \ {γ(a)}). Therefore C00

(
(a, b)

)
◦ γ|−1

(a,b) is dense in L2(Γ \ {γ(a)}). We recall that

γ|(a,b) is a homeomorphism to Γ \ {γ(a)}. Moreover each element of C00

(
(a, b)

)
◦ γ|−1

(a,b)

can be extended continuously at the point γ(a) with the value 0. Hence we can identify
C00

(
(a, b)

)
◦γ|−1

(a,b) as subset of C(Γ). Since Γ is compact and L2(Γ\{γ(a)}) can be identified

with L2(Γ), we conclude that C(Γ) is a dense subset of L2(Γ).
Obviously Lip(Γ), the space of all Lipschitz functions on Γ, is a subspace of H1/2(Γ). Due

to [Geo67], Lip(Γ) is dense in C(Γ) with respect to ‖ · ‖L∞(Γ) and therefore also with respect
to ‖ · ‖L2(Γ), which concludes the proof. �

Proof of Lemma 3.3 for ΓD 6= Γ. Because of the fundamental lemma of calculus of varia-
tions, the space C

(
[aD, bD]

)
is dense in L2

(
[aD, bD]

)
. Applying Lemma 2.4 gives

ˆ

ΓD

∣∣u
(
γ|−1

[aD,bD ](x)
)∣∣2 dµΓ(x) =

ˆ

[aD,bD]

|u(t)|2 dλ(t).

This shows that (·)◦γ|−1
[aD,bD] is an isometric isomorphism from L2

(
[aD, bD]

)
to L2(ΓD). Since

γ|[aD,bD ] is a homeomorphism to ΓD, we conclude that C(ΓD) is dense in L2(ΓD). Finally,

we see as before that H1/2(ΓD) is dense in L2(ΓD). �

Because of this lemma, it makes sense to discretize the problem by introducing a finite
dimensional Galerkin trial space S ≤ L2(ΓD) ≤ H̃−1/2(ΓD). Because of the Lax-Milgram
lemma there exists a unique φS ∈ S such that

∀ψS ∈ S : 〈V φS, ψS〉L2(ΓD) = 〈FψS〉L2(ΓD). (3.1)
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The Lemma of Céa, see for example [BS08, Theorem 2.8.1], states quasi-optimality

‖φ− φS‖H̃−1/2(ΓD) ≤ CCea inf
ψS∈S

‖φ− ψS‖H̃−1/2(ΓD), (3.2)

where CCea is the ratio of the continuity constant of the operator V and the ellipticity
constant of the bilinear form. For adaptive mesh-refinement, we want to estimate the dis-
cretitization error

eS := φ− φS ∈ H̃−1/2(ΓD)

by computable local quantities. After the calculation of φS, one can compute the residual

rS := V eS = F − V φS ∈ H1/2(ΓD).

Due to the open mapping theorem, see for instance [Rud91, Chapter 2.11], there holds for

ψ ∈ H̃−1/2(ΓD)

Cop,1‖V ψ‖2H1/2(ΓD) ≤ ‖ψ‖2
H̃−1/2(ΓD)

≤ Cop,2‖V ψ‖2H1/2(ΓD)

with the constants Cop,1 := ‖V ‖−2 and Cop,2 := ‖V −1‖2. Therefore, the error is equivalent
to the residual, i.e.

Cop,1‖rS‖2H1/2(ΓD) ≤ ‖eS‖2H̃−1/2(ΓD)
≤ Cop,2‖rS‖2H1/2(ΓD). (3.3)

Using this and the results of Section 2, we can construct three different local error es-
timators. We present them and show their efficiency resp. reliability in the following two
subsections.

3.1. Faermann-Estimators. Analogous theorems as in this subsection have first been
proven by Faermann, see [Fae00, Theorem 3.1 and Theorem 3.2]. She considered ΓD = Γ
and instead of the space Sm(Th), she used transformed piecewise polynomials on [0, L], see
[Fae00, page 206].

Theorem 3.4. Let m ∈ N0, Th be a mesh on ΓD with |Th| ≥ 4 and h ≤ µΓ(Γ)/4 and 3

S = Sm(Th) ≤ L2(ΓD) a finite dimensional trial space satisfying Assumption 2.10. Then,
there holds

CF1

eff

∑

x∈Nh

ηF1

h (x)2 ≤ ‖eS‖2H̃−1/2(ΓD)
≤ CF1

rel

∑

x∈Nh

ηF1

h (x)2, (3.4)

where for x ∈ Nh

ηF1
h (x)2 := |rS|2H1/2(ωh(x))

(3.5)

and

CF1

eff =
Cop,1
2

and CF1

rel = Cop,2Cmain.

Here, Cmain = Cmain(h, κ(Th), m, qspace) is the constant of Theorem 2.11. Note that Cmain
depends in a monotonously decreasing way on h, whereas the dependence on the other pa-
rameters is monotonously increasing.

3Indeed, the trial space only needs to be a superspace of Sm(Th).
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Proof. The lower estimate follows directly from Theorem 2.12 and (3.3)

∑

x∈Nh

ηF1
h (x)2 =

∑

x∈Nh

|rS|2H1/2(ωh(x))
≤ 2‖rS‖2H1/2(ΓD) ≤

2

Cop,1
‖eS‖2H̃−1/2(ΓD)

.

The residual rS is orthogonal to Sm(Th) due to (3.1). Hence the upper estimate is a conse-
quence of (3.3) and Theorem 2.11

‖eS‖2H̃−1/2(ΓD)
≤ Cop,2‖rS‖2H1/2(ΓD) ≤ Cop,2Cmain

∑

x∈Nh

|u|2H1/2(ωh(x))
= CF1

rel

∑

x∈Nh

ηF1

h (x)2.

This concludes the proof. �

Theorem 3.5. Let m ∈ N0, Th be a mesh on ΓD with |Th| ≥ 4 and h ≤ µΓ(Γ)/4, and 4

S = Sm(Th) ≤ L2(ΓD)a finite dimensional trial space satisfying Assumption 2.10. For
x ∈ Nh we define

ηF2

h (x)2 := |rS|2H1/2(ωh(x))
+ h−1

Tx,2
‖rS‖2L2(Tx,1)

+ h−1
Tx,1

‖rS‖2L2(Tx,2)
, (3.6)

if x is an interior node5, else we set

ηF2
h (x0)

2 := |rS|2H1/2(ωh(x))
+ h−1

T−
x
‖rS‖2L2(Tx)

, (3.7)

and

ηF2
h (x|Th|)

2 := |rS|2H1/2(ωh(x))
+ h−1

T+
x
‖rS‖2L2(Tx)

, (3.8)

Then there holds

CF2
eff

∑

x∈Nh

ηF2
h (x)2 ≤ ‖eS‖2H̃−1/2(ΓD)

≤ CF2
rel

∑

x∈Nh

ηF2
h (x)2, (3.9)

where

CF2
eff =

Cop,1
2(1 + Cpoinc)

and CF2
rel = max(1, Cloc)Cop,2.

Here, Cpoinc = Cpoinc(h, κ(Th), m, qspace) is the constant of Proposition 2.16. Note that Cmain
depends in a monotonously decreasing way on h, whereas the dependence on the other pa-
rameters is monotonously increasing.

Proof. The upper estimate is an immediate consequence of (3.3) and Proposition 2.13

‖eS‖2H̃−1/2(ΓD)
≤ Cop,2‖rS‖2H1/2(ΓD)

≤ Cop,2
∑

x∈Nh

|rS|2H1/2(ωh(x))
+ Cop,2Cloc

∑

T∈Th

(h−1
T− + h−1

T+)‖rS‖2L2(T )

≤ CF2
rel

∑

x∈Nh

ηF2
h (x)2.

4Indeed, the trial space only needs to be a superspace of Sm(Th).
5This means that ΓD = Γ, or, ΓD 6= Γ and x 6= x0 and x 6= x|Th|.
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The residual rS is orthogonal to S due to (3.1). Therefore the lower estimate holds because
of Proposition 2.16, Theorem 2.12 and (3.3)

∑

x∈Nh

ηF2
h (x)2 =

∑

x∈Nh

|rS|2H1/2(ωh(x))
+
∑

T∈Th

(h−1
T− + h−1

T+)‖rS‖2L2(T )

≤ (1 + Cpoinc)
∑

x∈Nh

|rS|2H1/2(ωh(x))

≤ (1 + Cpoinc)2‖rS‖2H1/2(ΓD)

≤ (1 + Cpoinc)
2

Cop,1
‖eS‖2H̃−1/2(ΓD)

.

This concludes the proof. �

3.2. Weighted-residual error estimator. Before we present the weighted-residual estima-
tor ηRh and show its reliability, we start with the following lemma and proposition. Analogous
versions have been proved by Carstensen and Faermann in [CF01, Theorem 7.2, Lemma 7.4].
The proof of the following lemma was inspired by [NPV11, Proposition 2.2]

Lemma 3.6. Let I ⊆ R be a finite nonempty open interval. Then, there holds for all
u ∈ H1(I)

|u|2H1/2(I) ≤ 2λ(I)|u|2H1(I). (3.10)

Proof. We recall that H1(I) coincides with the space of all absolutely continuous functions
on I with L2 derivative, i.e.

H1(I) =
{
u ∈ AC(I) : u′ ∈ L2(I)

}
; (3.11)

for a proof, see e.g. [Kal13, Beispiel 19.1.6]. First we consider I = (0, 1). We use the
transformation theorem, with r = ρ(s− t) + t and s− t = σ, as well as the Cauchy Schwarz
inequality to get

|u|2H1/2(I) =

ˆ

I

ˆ

I

∣∣∣∣
u(s)− u(t)

s− t

∣∣∣∣
2

dλ(s) dλ(t)

=

ˆ

I

ˆ

I

∣∣∣∣∣

´

(0,s)
u′(r) dλ(r)−

´

(0,t)
u′(r) dλ(r)

s− t

∣∣∣∣∣

2

dλ(s) dλ(t)

=

ˆ

I

ˆ

I

∣∣∣∣
ˆ

I

u′
(
ρ(s− t) + t

)
dλ(ρ)

∣∣∣∣
2

dλ(s) dλ(t)

≤
ˆ

I

ˆ

I

ˆ

I

∣∣u′
(
ρ(s− t) + t

)∣∣2 dλ(ρ) dλ(s) dλ(t)

=

ˆ

I

ˆ

(−t,1−t)

ˆ

I

∣∣u′
(
ρσ + t

)∣∣2 dλ(ρ) dλ(σ) dλ(t).
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We formally extend u′ to R, by defining it on R \ I as zero. This and the Fubini theorem
lead to

|u|2H1/2(I) ≤
ˆ

I

ˆ

(−1,1)

ˆ

I

∣∣u′
(
ρσ + t

)∣∣2 dλ(ρ) dλ(σ) dλ(t)

≤
ˆ

I

ˆ

(−1,1)

ˆ

R

∣∣u′
(
ρσ + t

)∣∣2 dλ(t) dλ(σ) dλ(ρ)

=

ˆ

I

ˆ

(−1,1)

‖u′‖2L2(R) dλ(σ) dλ(ρ) = 2|u|2H1(I).

Hence, we have

|u|2H1/2((0,1)) ≤ 2|u|2H1((0,1)). (3.12)

If I = (a, b) is arbitrary, we define the function u(0,1) : (0, 1) → R : τ 7→ u
(
τ(b − a) + a

)
.

Obviously the function is in H1
(
(0, 1)

)
, where u′(0,1)(τ) = (b− a)u′

(
τ(b− a) + a

)
for almost

every τ ∈ (0, 1). We use the transformation theorem, with s = σ(b− a) + a, t = τ(b− a) + a
and r = ρ(b− a) + a, as well as (3.12) for u(0,1) to get

|u|2H1/2(I) =

ˆ

I

ˆ

I

∣∣∣∣
u(s)− u(t)

s− t

∣∣∣∣
2

dλ(s) dλ(t)

=

ˆ

(0,1)

ˆ

(0,1)

∣∣∣∣∣
u
(
σ(b− a) + a

)
− u
(
τ(b− a) + a

)

σ − τ

∣∣∣∣∣

2

dλ(s) dλ(t)

= |u(0,1)|2H1/2((0,1)) ≤ 2|u(0,1)|2H1((0,1))

= 2

ˆ

(0,1)

|u′(0,1)(ρ)|2 dλ(ρ) = 2(b− a)

ˆ

I

|u′(r)|2 dλ(r) = 2λ(I)|u|H1(I).

This is just the assertion of the lemma. �

Let I be a real interval with length 0 < λ(I) < L. With the L-periodic extended arc
length parametrization γL of γ as in Lemma A.7, we define6

H1
(
γL(I)

)
:=
{
u ∈ L2

(
γL(I)

)
: u ◦ γL|I ∈ H1(I)

}
.

For u ∈ H1
(
γL(I)

)
, we set for almost every t ∈ I

∂Γu
(
γL(t)

)
:= (u ◦ γL)′(t).

Moreover we define

H1(Γ) :=
{
u ∈ L2(Γ) : u ◦ γL|J ∈ H1(J) for all finite intervals J ⊆ R

}
.

For u ∈ H1(Γ), we set for almost every t ∈ R

∂Γu
(
γL(t)

)
:= (u ◦ γL)′(t).

6Here, we actually mean H1(I◦), where I◦ denotes the interior of I. Note that γ(I1) = γ(I2) for intervals
I1, I2 with length smaller than L, implies I1 = I2 + qL with some q ∈ Z.
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Proposition 3.7. Let Th be a mesh on ΓD with h ≤ µΓ(Γ)/4. Then, there holds for all
u ∈ H1(ΓD)

|u|2H1/2(ωh(x))
≤ 2C2

ΓµΓ

(
ωh(x)

)
‖∂Γu‖2L2(ωh(x))

. (3.13)

Here, CΓ is the constant of Lemma 2.1.

Proof. Let I be a real interval with γL(I) = ωh(x). Lemma 2.8 and Lemma 3.6 show

|u|2H1/2(γL(I))
≤ C2

Γ|u ◦ γL|2H1/2(I) ≤ 2C2
ΓµΓ

(
ωh(x)

)
|u ◦ γL|2H1(I).

Due to Lemma 2.4, |u ◦ γL|2H1(I) just coincides with ‖∂Γu‖2L2(ωh(x))
. �

Theorem 3.8. Let m ∈ N0, Th be a mesh on ΓD with |Th| ≥ 4 and h ≤ µΓ(Γ)/4 and 7

S = Sm(Th) ≤ L2(ΓD) a finite dimensional trial space satisfying Assumption 2.10. For
rS ∈ H1(ΓD), there holds

‖eS‖2H̃−1/2(ΓD)
≤ CR

rel

∑

x∈Nh

ηRh (x)
2, (3.14)

where for x ∈ Nh

ηRh (x)
2 := µΓ(ωh(x))‖∂ΓrS‖2L2(ωh(x))

. (3.15)

and
CR
rel = 2C2

ΓC
F1
rel.

Here, CΓ is the constant of Lemma 2.1 and CF1
rel is the constant of Theorem 3.4.

Proof. Due to Theorem 3.4 and Proposition 3.7 there holds

‖eS‖2H̃−1/2(ΓD)
≤ CF1

rel

∑

x∈Nh

|rS|2H1/2(ωh(x))
≤ CR

rel

∑

x∈Nh

ηRh (x),

concluding the proof. �

Remark 3.9. In Theorem 3.4, Theorem 3.5, and Theorem 3.8, the error estimators are node
based. With these theorems it is easy to construct element based estimators. Indeed, if
ηh(x) is a node based error estimator, one can define for T ∈ Th

ηh(T )
2 := ηh(xT,1)

2 + ηh(xT,2)
2. (3.16)

If the node based error estimator is efficient and reliable with constants Ceff and Crel, the
element based one satisfies

Ceff
2

∑

T∈Th

ηh(T )
2 ≤ ‖eS‖2H̃−1/2(ΓD)

≤ Crel
∑

T∈Th

ηh(T )
2. (3.17)

In Theorem 3.8, we can also define another element based version as

ηRh (T )
2 := hT‖∂ΓrS‖2L2(T ) (3.18)

for T ∈ Th. It is reliable with constant Crel = 2(κ(Th) + 1)CR
rel.

7Indeed, the trial space only needs to be a superspace of Sm(Th).
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4. Adaptive Algorithm with B-splines and NURBS

Let Ω ⊂ R
2 be an open set, ΓD a subset of the boundary Γ, which is parametrized by

γ : [a, b] → Γ, as in Section 2. Additionally, we assume that γ is piecewise two times

differentiable. We consider the problem V φ = F , where V : H̃−1/2(ΓD) → H1/2(ΓD) and
F ∈ H1/2(ΓD) are as in Section 3.

It is our goal to approximate the solution φ. To this end, we will use the linear span of
B-splines and NURBS, transformed to the boundary by the parametrization γ, as approxi-
mation spaces. They will be presented in the first subsection. Here, we will also show that
the transformed span satisfies Assumption 2.10 of Section 2. In [Fae00], Faermann only con-
sidered the span of B-splines, transformed to the boundary by an arc length parametrization
of the boundary. In the second subsection, we introduce an adaptive algorithm based on the
error estimators of Section 3.

4.1. B-splines and NURBS. Throughout this subsection, we consider a sequence of knots
Ǩ := (ti)i∈Z on R with ti−1 ≤ ti for i ∈ Z and limi→±∞ ti = ±∞. For the multiplicity of any
knot ti we write #ti. We denote the corresponding set of nodes Ň :=

{
ti : i ∈ Z

}
=
{
x̌j :

j ∈ Z
}

with x̌j−1 < x̌j for j ∈ Z.

Definition 4.1. For i ∈ Z, we define by inductivity the i-th B-Spline of degree p

Bi,0 := χ[ti−1,ti),

Bi,p := βi−1,pBi,p−1 + (1− βi,p)Bi+1,p−1 for p ∈ N,
(4.1)

where, for t ∈ R

βi,p(t) :=

{
t−ti

ti+p−ti
if ti 6= ti+p,

0 if ti = ti+p.

We also use the notations BǨ
i,p := Bi,p and βǨ

i,p := βi,p to stress the dependence on the

knots Ǩ.

The following assertions about B-splines are mainly taken from [dB86].

Lemma 4.2. For p ∈ N0, the following assertions hold:

(i) For i ∈ Z and ℓ ∈ Z, Bi,p|[tℓ−1,tℓ) is a polynomial of degree p.
(ii) For i ∈ Z, Bi,p vanishes outside the interval [ti−1, ti+p). It is positive on the open

interval (ti−1, ti+p).
(iii) For i ∈ Z, it holds ti−1 = ti+p if and only if Bi,p = 0.
(iv) For i ∈ Z, Bi,p is completely determined by the p+2 knots ti−1, . . . , ti+p. Therefore, we

will also use the notation

B(·|ti−1, . . . , ti+p) := Bi,p. (4.2)

(v) For i ∈ Z and s ∈ R, we have

∀t ∈ R : Bs+Ǩ
i,p (t) = BǨ

i,p(t− s), (4.3)

and for c > 0

∀t ∈ R : BcǨ
i,p (t) = BǨ

i,p(t/c). (4.4)
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(vi) For ℓ ∈ N, let Ǩℓ = (ti,ℓ)i∈Z be a sequence of knots such that #ti,ℓ = #ti for all i ∈ Z.

If (Ǩℓ)ℓ∈N converges pointwise to Ǩ, then
(
BǨℓ
i,p

)
ℓ∈N

converges almost everywhere to BǨ
i,p

for all i ∈ N.
(vii) The B-splines of degree p form a partition of unity, i.e.

∑

i∈Z

Bi,p = 1 on R. (4.5)

Proof. The proof for (i)–(iv) can be found in [dB86, Section 2]. To prove (v), we note that
for all ℓ ∈ Z and t ∈ R there holds

χ[s+tℓ−1,s+tℓ)(t) = χ[tℓ−1,tℓ)(t− s) and χ[ctℓ−1,ctℓ+s)(t) = χ[tℓ−1,tℓ)(t/c)

as well as

t− (s+ tℓ)

(s+ tℓ+p)− (s+ tℓ)
=

(t− s)− tℓ
tℓ+p − tℓ

and
t− ctℓ

ctℓ+p − ctℓ
=

t/c− tℓ
tℓ+p − tℓ

.

Hence, the assertion is an immediate consequence of the definition of B-splines. (vi) is proved
by induction, noting that for all p′ ∈ N and i ∈ Z, we have

βǨℓ
i,p′

a.e.−→ βǨ
i,p′ and BǨℓ

i,0
a.e.−→ BǨ

i,0.

(vii) is proved in [dB86, page 9–10]. �

With Lemma 4.2, (ii), we can define for any p ∈ N0 the vector space

S
p(Ǩ) :=

{
∑

i∈Z

aiBi,p : ai ∈ R

}
. (4.6)

Note that the sum is locally finite.
The following two theorems are proved in [dB86, Theorem 5, Theorem 6].

Theorem 4.3. The space S p(Ǩ) coincides with the space of all right-continous piecewise
polynomials of degree lower or equal p with break points (ti)i∈Z which are, for all i ∈ Z, at
least p−#ti times continuously differentiable at ti if p−#ti ≥ 0.

Theorem 4.4. Let I = [a, b) be a finite interval and p ∈ N0. Then
{
Bi,p|I : i ∈ Z, Bi,p|I 6= 0

}
(4.7)

is a basis for the space of all right-continuous piecewise polynomials of degree lower or equal
p on I with breakpoints Ň ∩ (a, b) and which are, at each break point ti, p − #ti times
continuously differentiable if p−#ti ≥ 0.

Remark 4.5. If we assume #ti ≤ p + 1 for all i ∈ Z, Lemma 4.2, (ii), implies that each
element in S

p(Ǩ) has a unique representation of the form
∑

i∈Z

aiBi,p.

For the proof of the following corollary and two lemmas, we refer to [dB86, Corollary 2,
Algorithm 11, Section 10].
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Corollary 4.6. Let p ∈ N0. If Ǩ′ is a refinement of Ǩ, i.e. Ǩ = (ti)i∈Z is a subsequence of
Ǩ′ = (t′i)i∈Z, then

S
p(Ǩ) ⊆ S

p(Ǩ′). (4.8)

Lemma 4.7. Let p ∈ N0, ℓ ∈ Z with tℓ−1 < tℓ and Ǩ′ the refinement of Ǩ, obtained by
adding t′ := (tℓ−1 + tℓ)/2 such that t′ℓ = t′. If ai ∈ R, i ∈ Z, are some coefficients there exist
a′i ∈ R with ∑

i∈Z

aiB
Ǩ
i,p =

∑

i∈Z

a′iB
Ǩ′

i,p (4.9)

The new coefficients can be chosen as follows

a′i =





ai if i ≤ ℓ− p,

(1− βǨ
i−1,p(t

′))ai−1 + βǨ
i−1,p(t

′)ai if ℓ+ 1− p ≤ i ≤ ℓ,

ai−1 if ℓ+ 1 ≤ i.

Lemma 4.8. Let p ∈ N. Then we have

B′r
i,p =

p

ti+p−1 − ti−1

Bi,p−1 −
p

ti+p − ti
Bi+1,p−1, (4.10)

where we set p
0
:= 0.

In addition to the given knots Ǩ = (ti)i∈Z, let W := (wi)i∈Z be a sequence of fixed positive
weights wi > 0. Then, we define the corresponding NURBS functions.

Definition 4.9. For i ∈ Z and p ∈ N0, we define the i-th non-uniform rational B-Spline of
degree p or shortly NURBS as

Ri,p :=
wiBi,p∑
ℓ∈ZwℓBℓ,p

. (4.11)

Note that the denominator is never zero because of Lemma 4.2 (ii) and (vii). We also use

the notation RǨ,W
i,p := Ri,p.

For NURBS functions there hold analogous properties as for B-splines.

Lemma 4.10. For p ∈ N0, the following assertions hold:

(i) For i ∈ Z and ℓ ∈ Z, Ri,p|[tℓ−1,tℓ) is a rational function with nonzero denominator, which
can be extended continuously at tℓ.

(ii) For i ∈ Z, Ri,p vanishes outside the interval [ti−1, ti+p). It is positive on the open
interval (ti−1, ti+p).

(iii) For i ∈ Z, it holds ti−1 = ti+p if and only if Ri,p = 0.
(iv) For i ∈ Z, Ri,p is completely determined by the 3p + 2 knots ti−p−1, . . . , ti+2p and the

2p+ 1 weights wi−p, . . . , wi+p. Therefore we will also use the notation

R(·|ti−p−1, . . . , ti+2p, wi−p, . . . , wi+p) := Ri,p.

(v) For i ∈ Z and s ∈ R we have

∀t ∈ R : Rs+Ǩ,W
i,p (t) = RǨ,W

i,p (t− s), (4.12)

and for c > 0

∀t ∈ R : RcǨ,W
i,p (t) = RǨ,W

i,p (t/c). (4.13)
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(vi) For ℓ ∈ N, let Ǩℓ = (ti,ℓ)i∈Z be a sequence of knots such that #ti,ℓ = #ti for all i ∈ Z

and, Wℓ = (wi,ℓ)i∈Z a sequence of positive weights. If (Ǩℓ)ℓ∈N converges pointwise to Ǩ
and (Wℓ)ℓ∈N converges pointwise to W, then

(
RǨℓ,Wℓ
i,p

)
ℓ∈N

converges almost everywhere

to RǨ,W
i,p for all i ∈ N.

(vii) The NURBS functions of degree p form a partition of unity, i.e.
∑

i∈Z

Ri,p = 1 on R. (4.14)

(viii) For all ℓ ∈ Z each NURBS function Ri,p is at least p− #tℓ times continuously differ-
entiable at tℓ if p−#tℓ ≥ 0.

(ix) If all weights are equal, then Ri,p = Bi,p for all i ∈ Z. Hence, B-splines are just special
NURBS functions.

Proof. The lemma is an easy consequence of Lemma 4.2 and Theorem 4.3. We only show
(vi). Let

M :=
{
t ∈ R : lim

ℓ→∞
BǨℓ
i,p (t) = BǨ

i,p(t) for all i ∈ Z
}

Due to Lemma 4.10, (vi), M is a set of measure zero. For i ∈ Z and t ∈ M , there exists a
finite index set I such that for all ℓ ∈ N

RǨℓ,Wℓ
i,p (t) =

wi,ℓB
Ǩℓ
i,p∑

q∈I wq,ℓB
Ǩℓ
q,p

(t)

as well as

RǨ,W
i,p (t) =

wiB
Ǩ
i,p∑

q∈I wqB
Ǩ
q,p

(t).

This implies the convergence of RǨℓ,Wℓ
i,p (t). �

With Lemma 4.10, (ii), we can define for any p ∈ N0 the vector space

N
p(Ǩ,W) :=

{
∑

i∈Z

aiRi,p : ai ∈ R

}
=

S
p(Ǩ)

∑
i∈Z wiB

Ǩ
i,p

(4.15)

Note that the sums are locally finite.

Remark 4.11. As in Remark 4.5, #ti ≤ p + 1 for all i ∈ Z implies the uniqueness of the
representation ∑

i∈Z

aiRi,p.

For the proof of her main result [Fae00, Theorem 2.2], Faermann needed a similar version
of the following lemma. In the proof of [Fae00, Lemma 2.6], she only considered B-splines
of degree p = 0, p = 1 and p = 2, induced by a strictly increasing sequence of knots. The
following lemma generalizes her result to arbitrary NURBS functions. Note that the proofs
are totally different.
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For a finite sequence of knots s0 ≤ · · · ≤ sM and corresponding nodes y̌0, . . . , y̌m, we define
the regularity constant

κ(s0, . . . , sM) := max

{
y̌j+1 − y̌j
y̌j − y̌j−1

,
y̌j − y̌j−1

y̌j+1 − y̌j
: j = 1, . . . , m− 1

}
, (4.16)

where we define the maximum as 1 if m ≤ 1.

Lemma 4.12. Let I be a compact interval with nonempty interior, κmax ≥ 1, 0 < wmin ≤
wmax real numbers, p ∈ N0, and θ : I → R

+ a piecewise continuously differentiable function
with positive infimum. Then there exists a constant

qNURBS = qNURBS
(
κmax, wmin, wmax, p, θ

)
∈ (0, 1]

such that for arbitrary knots s0 ≤ · · · ≤ s3p+1 ∈ I with κ(s0, . . . , s3p+1) ≤ κmax, weights
wmin ≤ v1, . . . , v2p+1 ≤ wmax and all ℓ ∈ {p+ 1, . . . , 2p+ 1},
∥∥(1−R(·|s0, . . . , s3p+1, v1, . . . , v2p+1)

)
· θ
∥∥
L1([sℓ−1,sℓ])

≤ (1− qNURBS)‖θ‖L1([sℓ−1,sℓ]). (4.17)

Note that there holds

supp
(
R(·|s0, . . . , s3p+1, v1, . . . , v2p+1)

)
= [sp, s2p+1].

qNURBS depends in a monotonously decreasing way of κmax and wmax, and in a monotonously
increasing way of wmin.

Proof. We prove the lemma in five steps.

(1) We give an abstract formulation of the problem. For 1 ≤ ν ≤ 3p + 1, we define the
bounded set

Mν :=
{
(y̌0, . . . , y̌ν, v1, . . . , v2p+1) ∈ Iν × [wmin, wmax]

2p+1 : y̌0 < y̌1,

∀q ∈ {2, . . . , ν} :
1

κmax

(
y̌q−1 − y̌q−2

)
≤ y̌q − y̌q−1 ≤ κmax

(
y̌q−1 − y̌q−2

)}
.

Note that (y̌, v) ∈ Mν already implies y̌0 < · · · < y̌ν . For a vector of multiplicities
k ∈ N

ν+1 with
∑ν

q=0 kq = 3p+ 2 we introduce the function

gk,ν : R
ν → R

3p+2 : (y̌0, . . . , y̌ν) 7→ (y̌0, . . . , y̌0︸ ︷︷ ︸
k0−times

, . . . , y̌ν, . . . , y̌ν︸ ︷︷ ︸
kν−times

).

Moreover we define for ℓ ∈ {p+ 1, . . . , 2p+ 1} the function, setting 1
0
:= 0,

Θk,ℓ,ν :Mν → R : (y̌, v) 7→
∥∥(1− R(·|gk,ν(y̌), v)

)
· θ
∥∥
L1([gk,ν(y̌)ℓ−1,gk,ν(y̌)ℓ])

‖θ‖L1([gk,ν(y̌)ℓ−1,gk,ν(y̌)ℓ])

.

Our aim is to show that for arbitrary k, ℓ, ν there holds sup(Θk,ℓ,ν(Mν)) < 1. Then we
define the constant (1 − qNURBS) as the maximum of all these suprema. Note that the
maximum is taken over a finite set. Before we proceed, we show that (1 − qNURBS)
really has the desired properties. Without loss of generality, we can assume that not all
considered knots s0, . . . , s3p+1 are equal. The corresponding nodes y̌0, . . . , y̌ν and weights
v1, . . . , v2p+1 are in Mν . If k is the corresponding multiplicity vector, (4.17) can indeed
be equivalently written as

Θk,ℓ,ν(y̌, v) ≤ (1− qNURBS).
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The monotonicity of qNURBS is an immediate consequence of the definition of Mν .
(2) We fix k, ℓ, ν, where we assume without loss of generality that there exists 0 ≤ ν̃ ≤ ν

such that ℓ− 1 =
∑ν̃

q=0 kq, this just means that the appearing integrals have nonempty

integration domains [gk,ν(y̌)ℓ−1, gk,ν(y̌)ℓ]. Using Lemma 4.10, (ii) and (vii), we see that
for (y̌, v) ∈Mν , the function R(·|gk,ν(y̌), v) attains only values in [0, 1] and is positive on
the interval

(
gk,ν(y̌)ℓ−1, gk,ν(y̌)ℓ

)
. This implies

Θk,ℓ,ν(Mν) ⊆ [0, 1). (4.18)

Because of Lemma 4.10, (vi), we can apply Lebesgue’s dominated convergence theorem
to see that Θk,ℓ,ν is continuous. If Mν was compact, we would be done. Unfortunately
it is not.

(3) Now, we prove the lemma for θ = 1. In the definition of Mν we replace the interval I by
R to define a superset of Mν

Mν,R :=
{
(y̌, v) ∈ R

ν × [wmin, wmax]
2p+1 : y̌0 < y̌1,

∀q ∈ {2, . . . , ν} :
1

κmax

(
y̌q−1 − y̌q−2

)
≤ y̌q − y̌q−1 ≤ κmax

(
y̌q−1 − y̌q−2

)}
.

We extend the function Θk,ℓ,ν to

Θ̃k,ℓ,ν :Mν,R → R : (y̌, v) 7→
∥∥1− R(·|gk,ν(y̌), v)

∥∥
L1([gk,ν(y̌)ℓ−1,gk,ν(y̌)ℓ])

gk,ν(y̌)ℓ − gk,ν(y̌)ℓ−1
.

We define a closed and bounded and hence compact subset of Mν

M0,1
ν,R :=

{
(y̌, v) ∈ Mν,R : y̌0 = 0, y̌1 = 1

}
.

If (y̌, v) ∈Mν,R, then
(
y̌−y̌0
y̌1−y̌0

, v
)
∈M0,1

ν,R and due to the substitution rule and Lemma 4.10,

(v), there holds with the notation
ffl d

c
(·)(t) dt =

´ d

c
(·)(t) dt/(d− c)

Θ̃k,ℓ,ν(y̌, v) =

 gk,ν(y̌)ℓ

gk,ν(y̌)ℓ−1

(
1−R(t|gk,ν(y̌), v)

)
θ dt

=

 

gk,ν (y̌)ℓ−y̌0
y̌1−y̌0

gk,ν (y̌)ℓ−1−y̌0
y̌1−y̌0

(
1−R

(
t(y̌1 − y̌0) + y̌0|gk,ν(y̌), v

))
θ dt

= Θ̃k,ℓ,ν

(
y̌ − y̌1
y̌2 − y̌1

, v

)
.

Hence we have

Θk,ℓ,ν(Mν) = Θ̃k,ℓ,ν(M
0,1
ν,R).

As in (2) one sees that Θ̃k,ℓ,ν only attains values in [0, 1) and is continuous. Since M0,1
ν,R

is compact we get

sup
(
Θk,ℓ,ν(Mν)

)
≤ sup

(
Θ̃k,ℓ,ν(Mν,R)

)
< 1.

This proves the lemma for θ = 1.
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(4) We prove the lemma for θ = c1χ(−∞,T )|I + c2χ[T,∞)|I with c1, c2 > 0 and T ∈ I. Again,
we extend the function Θk,ℓ,ν to Mν,R

Θ̃k,ℓ,ν :Mν,R → R :

(y̌, v) 7→
∥∥(1−R(·|gk,ν(y̌), v)

)(
c1χ(−∞,T ) + c2χ[T,∞)

)∥∥
L1([gk,ν(y̌)ℓ−1,gk,ν(y̌)ℓ])

‖c1χ(−∞,T ) + c2χ[T,∞)‖L1([gk,ν(y̌)ℓ−1,gk,ν(y̌)ℓ])

.

For the proof of the lemma, it is sufficient to show sup
(
Θ̃k,ℓ,ν(Mν,R)

)
< 1. Due to the

substitution rule and Lemma 4.10, (v), we can assume without loss of generality that
T = 0. Because of (3) it only remains to show that

sup
(
Θ̃k,ℓ,ν(

{
(y̌, v) ∈Mν,R : y̌0 ≤ 0 ≤ y̌ν

})
< 1.

As in (2), one verifies that Θ̃k,ℓ,ν only attains values in [0, 1) and is continuous. Moreover,
due to the substitution rule and Lemma 4.10 (v), we have for any (y̌, v) ∈

{
(y̌, v) ∈Mν,R :

y̌0 ≤ 0 ≤ y̌ν
}

Θ̃k,ℓ,ν(y̌, v) =

ffl gk,ν(y̌)ℓ
gk,ν(y̌)ℓ−1

(
1− R

(
t|gk,ν(y̌, v)

))(
c1χ(−∞,0)(t) + c2χ[0,∞)(t)

)
dt

ffl gk,ν
gk,ν(y̌)ℓ−1

c1χ(−∞,0)(t) + c2χ[0,∞)(t) dt

=

ffl

gk,ν (y̌)ℓ
y̌1−y̌0

gk,ν (y̌)ℓ−1
y̌1−y̌0

(
1−R

(
t(y̌1 − y̌0)|gk,ν(y̌, v)

))(
c1χ(−∞,0)(t) + c2χ[0,∞)(t)

)
dt

ffl

gk,ν (y̌)ℓ
y̌1−y̌0

gk,ν (y̌)ℓ−1
y̌1−y̌0

c1χ(−∞,0)(t) + c2χ[0,∞)(t) dt

= Θ̃k,ℓ,ν

(
y̌

y̌1 − y̌0
, v

)

and hence

Θ̃k,ℓ,ν(
{
(y̌, v) ∈Mν,R : y̌0 ≤ 0 ≤ y̌ν

})

= Θ̃k,ℓ,ν(
{
(y̌, v) ∈Mν,R : y̌1 − y̌0 = 1, y̌0 ≤ 0 ≤ y̌ν

})
.

The second set is compact, since it is the image of a closed and bounded set under a
continuous mapping. Therefore it attains a maximum smaller than one. This concludes
the proof for θ = c1χ(−∞,T )|I + c2χ[T,∞)|I .

(5) Finally, we are in the position to prove the assertion of the lemma for arbitrary functions
θ with the desired properties. Let

(
(y̌m, vm)

)
m∈N

be a sequence inMν such that the Θk,ℓ,ν-

values converge to sup(Θk,ℓ,ν(Mν)). Because of the boundedness of Mν , we can assume
convergence of the sequence, where the limit (y̌∞, v∞) is in Mν , i.e. (y̌∞, v∞) ∈ Mν or
(y̌∞, v∞) ∈ Iν × [wmin, wmax]

2p+1 with y̌∞0 = · · · = y̌∞ν . In the first case, we are done
because of (4.18) and the continuity of Θk,ℓ,ν. For the second case, we define

am := gk,ν(y̌
m, vm)ℓ−1, bm := gk,ν(y̌

m, vm)ℓ and Rm := R(·|y̌m, vm).
Note that am < bm, and that the sequences (am)m∈N and (bm)m∈N converge to the limit

T := y̌∞0 = · · · = y̌∞ν ∈ I.

We consider two cases.
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Case 1. If θ is continuous at the limit T , it is absolutely continuous on the interval
[am, bm] for sufficiently big m ∈ N. Hence we have for sufficiently big m ∈ N

Θk,ℓ,ν(y̌
m, vm) =

´ bm
am

(
1− Rm(t)

)
θ(t) dt

´ bm
am

θ(t) dt

=

´ bm
am

(
1− Rm(t)

)(
θ(am) +

´ t

am
θ′(τ) dτ

)
dt

´ bm
am

(
θ(am) +

´ t

am
θ′(τ) dτ

)
dt

≤
´ bm
am

(
1−Rm(t)

)
θ(am) dt + (bm − am)

2‖θ′‖L∞(I)

(bm − am)θ(am)− (bm − am)2‖θ′‖L∞(I)

.

The second summand converges to zero. We consider the first summand. For any C > 1,
there holds for sufficiently big m ∈ N

(bm − am)θ(am)− (bm − am)
2‖θ′‖L∞(I) ≥ (bm − am)

(
θ(am)−

1

C
inf
t∈I

θ(t)

)

≥ (bm − am)θ(am)
C − 1

C
.

Hence, (3) shows

´ bm
am

(
1− Rm(t)

)
θ(am) dt

(bm − am)θ(am)− (bm − am)2‖θ′‖L∞(I)

≤
´ bm
am

(
1− Rm(t)

)
θ(am) dt

(bm − am)θ(am)
C−1
C

≤ C

C − 1

(
1− qNURBS

(
κmax, wmin, wmax, p, 1

))
.

Since C was arbitrary, this implies

sup
(
Θk,ℓ,ν(Mν)

)
≤
(
1− qNURBS

(
κmax, wmin, wmax, p, 1

))
< 1.

Case 2. If θ is not continuous at the limit T we proceed as follows. For sufficiently
big m ∈ N, θ is absolutely continuous on [am, T ] and on [T, bm]. By considering suitable
subsequences, we can assume that am < bm ≤ T , T ≤ am < bm or am ≤ T ≤ bm, each
for all m ∈ N. In the first two cases, we can proceed as in Case 1. In the third case, we
argue similarly as in Case 1 to see, with the left-handed limit θℓ(T ) and the right-handed
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limit θr(T ) for m ∈ N big enough

Θk,ℓ,ν(y̌
m, vm) =

´ bm
am

(
1− Rm(t)

)
θ(t) dt

´ bm
am

θ(t) dt

=

´ T

am

(
1−Rm(t)

)(
θℓ(T )−

´ T

t
θ′(τ) dτ

)
dt

´ bm
am

θ(t) dt

+

´ bm
t

(
1− Rm(t)

)(
θr(T ) +

´ t

T
θ′(τ) dτ

)
dt

´ bm
am

θ(t) dt

≤
´ bm
am

(
1− Rm(t)

)(
θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t)

)
dt

´ bm
am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt− 2(bm − am)2‖θ′‖L∞(I)

+
2(bm − am)

2‖θ′‖L∞(I)
´ bm
am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt− 2(bm − am)2‖θ′‖L∞(I)

.

Again, the second summand converges to zero, wherefore it remains to consider the first
one. For any C > 1, there holds for sufficiently big m ∈ N

ˆ bm

am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt− 2(bm − am)
2‖θ′‖L∞(I)

≥
ˆ bm

am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt− (bm − am)
1

C
inf
t∈I

θ(t)

≥
ˆ bm

am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt
C − 1

C
.

Hence, (4) shows
´ bm
am

(
1− Rm(t)

)(
θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t)

)
dt

´ bm
am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt− 2(bm − am)2‖θ′‖L∞(I)

≤
´ bm
am

(
1−Rm(t)

)(
θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t)

)
dt

´ bm
am

θℓ(T )χ(−∞,T )(t) + θr(T )χ[T,∞)(t) dt
C−1
C

≤ C

C − 1

(
1− qNURBS

(
κmax, wmin, wmax, p, θ

ℓ(T )χ(−∞,T )|I + θr(T )χ[T,∞)|I
))

Since C was arbitrary, this implies

sup
(
Θk,ℓ,ν(Mν)

)

≤
(
1− qNURBS

(
κmax, wmin, wmax, p, θ

ℓ(T )χ(−∞,T )|I + θr(T )χ[T,∞)|I
))

< 1,

which concludes the proof.

�

To create a link between NURBS and our problem V φ = F , we have to extend Defini-
tion 2.9.
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Definition 4.13. If ΓD = Γ, let Ňh =
{
x̌j : j = 1, . . . , n

}
be a set of nodes on (a, b] with

x̌n = b. To each node x̌ ∈ Ňh, we assign a corresponding multiplicity #x̌. This induces a
sequence of non decreasing knots Ǩh = (ti)

N
i=1 on (a, b]. Let Wh = (wi)

N
i=1 be a sequence

of weights on these knots. We extend the knot sequence (b − a)-periodically to (ti)i∈Z and
the weight sequence to (wi)i∈Z by wn+i := wi for i ∈ Z. For the extended sequences we also
write Ǩh and Wh. We set

ˆN
p(Ǩh,Wh) := N

p(Ǩh,Wh)|[a,b) ◦ γ|−1
[a,b). (4.19)

If ΓD 6= Γ, let Ňh =
{
x̌j : j = 0, . . . , n

}
be a set of nodes on [aD, bD] with x̌0 = aD

and x̌n = bD. To each node x̌ ∈ Ňh we assign a corresponding multiplicity #x̌ such that
#aD = #bD = p + 1. This induces a sequence of non decreasing knots Ǩh = (ti)

N
i=0 on

[aD, bD]. Let Wh = (wi)
N−p
i=1 be a sequence of weights. We extend the sequences arbitrarily

to Ǩh = (ti)i∈Z with a > ti → −∞ for i < 0 and b < ti → ∞ for i > N , and Wh = (wi)i∈Z
with wi > 0. We define the space8

ˆN
p(Ǩh,Wh) := N

p(Ǩh,Wh)|[aD ,bD] ◦ γ|−1
[aD,bD]. (4.20)

Due to Lemma 4.10 (ii) and (iv), this does not depend on how the sequences are extended.

With the following theorem we conclude that Theorem 2.11, Theorem 3.4, Theorem 3.5
and Theorem 3.8 hold for the span of transformed NURBS functions. To the best of our
knowledge, this result is new. For her corresponding results of the first three mentioned
theorems [Fae00, Therorem 2.2, Theorem 3.1, and Theorem 3.2], Faermann only considered
transformed spline functions as trial space, see [Fae00, page 206]. She only allowed arc length
parametrizations γ : [0, L] → Γ for the transformation of the splines onto the boundary, while
our result is essentially independent of γ.

Theorem 4.14. Let p ∈ N0 and m := ⌈p/2⌉. Then, the space ˆN p(Ǩh,Wh) is a subspace of
L2(ΓD) which satisfies Assumption 2.10 with

qspace = qNURBS
(
κ(Ťh),min(Wh),max(Wh), p, θ

)
,

where θ = |γ|′I | with I = [a− (b − a)(m+ p), b+ (b− a)(2p−m)]. Note that qspace depends
in a monotonously decreasing way on κ(Ťh)and max(Wh), and in a monotonously increasing
way of min(Wh).

Proof of Theorem 4.14 for ΓD = Γ. Lemma 4.10, (i) and (ii), implies N p(Ǩh,Wh) ≤ L2(R).
Using Remark 2.5, we see

N
p(Ǩh,Wh)|[a,b) ◦ γ|−1

[a,b) ≤ L2(ΓD).

Let T be an element of the mesh Th, j ∈ {1, . . . , n} with T = Tj, and i ∈ {1, . . . , N} with

x̌j−1 = ti−1 and x̌j = ti. We define φ̌T (t) := Ri−m,p(t) for t ∈ [a, b) and extend it continuously

at b. We set φT := φ̌T |[a,b) ◦ γ|−1
[a,b). Because of Lemma 4.10 (ii), there holds

Ťj ⊆ [ti−m−1, ti−m+p] ∩ [a, b] = supp(φ̌T ) ⊆ [x̌j−m−1, x̌j−m+p] ⊆ [x̌j−m−1, x̌j+m] . (4.21)

8Lemma 4.10 (ii) and (vii) imply that the space always contains χ{bD}|[aD,bD ]. Since we will consider it

as a subset of L2(ΓD), this is not problematic.
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Since γ|[a,a+(b−a)/2] and γ|[a+(b−a)/2,b] are homeomorphisms, there holds

γ(supp(φ̌T )) = γ
({
t ∈ [a, b) : φ̌T (t) 6= 0

})

=
{
x ∈ γ([a, a + (b− a)/2]) : φ(x) 6= 0

}
∪
{
x ∈ γ([a + (b− a)/2, b)) : φ(x) 6= 0

}

= supp(φT ),
(4.22)

wherefore supp(φT ) is connected. Moreover, this shows with (4.21)

T ⊆ supp(φT ) ⊆ ωmh (T ).

This implies Assumption 2.10, (i). For Assumption 2.10, (ii), we want to apply Lemma 4.12.
Note that Ri−m,p is completely determined by the knots in I and their weights. This is
due to I ⊇ [ti−m−p−1, ti+2p−m] and Lemma 4.10, (iv). The regularity constant of these
knots as in (4.16), is obviously smaller or equal than κ(Ǩh). Since γ is piecewise two times
continuously differentiable and its left and right derivative vanishes nowhere, |γ′| is piecewise
continuously differentiable and is bounded from above by some positive constant. Hence, we
get with Remark 2.5, Lemma 4.12 and (4.22)

‖1− φT‖2L2(supp(φT )) =

ˆ

supp(φ̌T )
(1− φ̌T )

2|γ′(t)| dλ(t) ≤
ˆ

supp(φ̌T )
(1− φ̌T )|γ′(t)| dλ(t)

= ‖(1− φ̌T )θ‖L1([ti−m−1,ti−m+p]∩[a,b]) ≤ (1− qNURBS)‖θ‖L1([ti−m−1,ti−m+p]∩[a,b])

= (1− qNURBS)

ˆ

supp(φ̌T )

|γ′(t)| dλ(t).

The last term is due to Remark 2.3 just

(1− qNURBS)µΓ

(
supp(φT )

)
.

Hence Assumption 2.10, (ii), is also fulfilled. This concludes the proof. �

Proof of Theorem 4.14 for ΓD 6= Γ. We extend the knots by t−i := t0 − i(tp+1 − t0), tN+i :=
tN + i(tN − tN−p−1) for i ∈ N, and the weights by w1−i := w0, wN−p+i := wN−p. Defining

φ̌T (t) := Ri−m,p|[aD,bD ] and φT := φ̌T ◦ γ|−1
[aD,bD], the proof follows as for ΓD = Γ. Equal-

ity (4.22) becomes

γ(supp(φ̌T )) = γ
({
t ∈ [aD, bD] : φ̌T (t) 6= 0

})
=
{
x ∈ ΓD : φT (x) 6= 0

}
= supp(φT ),

because γ|[aD,bD] is a homeomorphism. �

4.2. Adaptive Algorithm. In this subsection, we will present an adaptive algorithm to
solve the problem V φ = F of Section 3. Let 0 < ϑ ≤ 1 be an adaptivity parameter, p ∈ N0

a polynomial order, and κmax a bound for the shape regularity constant. We start with

some nodes Ňh0 = Ň0 =
{
x̌
[0]
j : j = 1, . . . , n0

}
on (a, b] with x̌n0 = b resp. Ňh0 = Ň0 ={

x̌
[0]
j : j = 0, . . . , n0

}
on [aD, bD] with x̌0 = aD and x̌n0 = bD. Each node has a multiplicity

lower or equal p + 1, where for Γ 6= ΓD we assume #aD = #bD = p + 1. This induces

knots Ǩh0 = Ǩ0 = (t
[0]
i )N0

i=1 resp. Ǩh0 = Ǩ0 = (t
[0]
i )N0

i=0. Let Wh0 = W0 = (w
[0]
i )N0

i=1 resp.

Wh0 = W0 = (w
[0]
i )N0−p

i=1 be some positive start weights. We extend the knots and weights as
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in Definition 4.13 and use the same notation for the extended sequences. We denote Ťh0 = Ť0

and Th0 = T0 for the 0-th mesh on the parameter domain resp. on the boundary. For this
initial mesh, we make the following assumptions

κ(Ť0) ≤ κmax,

h0 ≤ µΓ(Γ)/4,

n0 ≥ 4,

p+ 1 ≤ N0.

(4.23)

As the initial trial space, we consider

S(T0) := ˆN
p(Ǩ0,W0) ≤ L2(ΓD) ≤ H̃−1/2(ΓD). (4.24)

The start approximation of φ is φ0 with

∀ψ0 ∈ S(T0) : 〈V φ0, ψ0〉L2(ΓD) = 〈F, ψ0〉L2(ΓD)

To monitor the local error, we apply one of the local element based error estimators ηh0 = η0
of Section 3, see Theorem 3.4, Theorem 3.5, Theorem 3.8 and Remark 3.9. In the k-th step
of the algorithm, we use analogous notation. The adaptive algorithm with Dörfler marking
reads as follows:

Algorithm 4.15. Input: Initial knots Ǩ0 and weights W0, polynomial degree p ∈ N0,
adaptivity parameter 0 < ϑ ≤ 1, bound κmax for the shape regularity constants.
Loop: For k = 0, 1, 2, . . . do (i)− (iv)

(i) Compute discrete approximation φk.
(ii) Compute refinement indicators ηk(T ) for all T ∈ Tk.
(iii) For 0 < ϑ < 1, determine set (of minimal cardinaltiy) Mk ⊆ Tk such that

ϑ
∑

T∈Tk

ηk(T )
2 ≤

∑

T∈Mk

ηk(T )
2 (4.25)

If ϑ = 1, we choose Mk = Tk.
(iv) Refine at least the marked elements T ∈ Mk by knot insertion (see below) to obtain

Ǩk+1 and Wk+1 such that
∑

i∈Z

w
[k]
i B

Ǩk
i,p =

∑

i∈Z

w
[k+1]
i B

Ǩk+1

i,p (4.26)

and κ(Ťk+1) ≤ κmax.

Output: Approximate solutions φk and error estimator ηk for all k ∈ N.

We explain how knot insertion in (iv) works:
With Mk ⊆ Tk the set of marked elements, let Mk ⊆ Rk ⊆ Tk be the set of all elements

which are refined, i.e., Rk = Tk \ Tk+1, and Řk be the corresponding elements in Ťk. We
add

{
t : t midpoint of some Ť ∈ Řk

}
, each midpoint assigned with multiplicity one, to the

knots Ǩk = (t
[k]
i )Nk

i=1 resp. Ǩk = (t
[k]
i )Nk

i=0 and obtain Ǩk+1 = (t
[k]
i )

Nk+1

i=1 resp. Ǩk+1 = (t
[k]
i )

Nk+1

i=0 .
We extend Ǩk+1 as in Definition 4.13. Due to Remark 4.5 and Corollary 4.6, there exist

unique weights (w
[k+1]
i )i∈Z with

∑

i∈Z

w
[k]
i B

Ǩk
i,p =

∑

i∈Z

w
[k+1]
i B

Ǩk+1

i,p .
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We have to show that the new weights are again of the form as in Definition 4.13. If Γ = ΓD
they are indeed periodic thanks to Lemma 4.10 (v) and their uniqueness. For Γ 6= ΓD, there
is nothing to show. Corollary 4.6, and Equation (4.15) and (4.26) imply nestedness of the
spaces, i.e., for k ∈ N0 holds

S(Tk) ≤ S(Tk+1). (4.27)

The new weights can even be calculated explicitly. Without loss of generality, we assume

Rk = {γ([tℓ−1, tℓ])} for some ℓ ∈ {1, . . . , Nk} and denote t′ = (t
[k]
ℓ−1 + t

[k]
ℓ )/2. For |Rk| > 1,

one just has to repetitively apply the following procedure.

Case Γ 6= ΓD. Now we even have ℓ ∈ {p + 1, . . . , Nk − p}. We add t′ to (t
[k]
i )i∈Z to get

(t
[k+1]
i )i∈Z with t

[k+1]
ℓ = t′. Applying Lemma 4.7 shows for i = 1, . . . , Nk+1 − p

w
[k+1]
i =






w
[k]
i if i ≤ ℓ− p,

(1− βǨk
i−1,p(t

′))w
[k]
i−1 + βǨk

i−1,pw
[k]
i if ℓ+ 1− p ≤ i ≤ ℓ,

w
[k]
i−1 if ℓ+ 1 ≤ i.

From this formula it is not hard to check that (w
[k+1]
i )

Nk+1−p
i=1 depends only on (t

[k]
i )Nk

i=1 and

on (w
[k]
i )Nk−p

i=1 , but not on their (arbitrary) extensions. The new weights are even convex
combinations of the old ones.
Case Γ = ΓD. We cannot directly apply Lemma 4.7, because theoretically we have to add
infinitely many knots. First, we add

{
t′ + (b− a)q : q ∈ Z \ {−1, 0, 1}

}
to the knots Ǩk and

obtain Ǩ′ = (t′i)i∈Z with t′0 = t
[k]
0 , t′1 = t

[k]
1 . There exist unique weights W ′ = (w′

i)i∈Z with

∑

i∈Z

w
[k]
i B

Ǩk
i,p =

∑

i∈Z

w′
iB

Ǩ′

i,p.

With I := [t
[k]
−1, t

[k]
Nk+1) there holds because of Lemma 4.2 (ii) and (iv), and our assumption

p+ 1 ≤ N0 ≤ Nk

Nk+1∑

i=−p

w
[k]
i B

Ǩk
i,p |I =

Nk+1∑

i=−p

w′
iB

Ǩ′

i,p|I =
Nk+1∑

i=−p

w′
iB

Ǩk
i,p |I .

With t
[k]
Nk

< t
[k]
Nk+1, it is not hard to check that BǨk

i,p |I 6= 0 for i = 0, . . . , Nk. Hence,

Theorem 4.4 implies w
[k]
i = w′

i for i = 0, . . . , Nk. It just remains to add the knots t′− (b−a),
t′ and t′ + (b− a). To this end, we can apply Lemma 4.7. We start adding t′ − (b− a) to Ǩ′

and obtain Ǩ′′ = (t′′i )i∈Z with t′′0 = t
[k]
0 , t′′1 = t

[k]
1 . There exist unique weights W ′′ with

∑

i∈Z

w′
iB

Ǩ′

i,p =
∑

i∈Z

w′′
iB

Ǩ′′

i,p .

Because of Lemma 4.7, we have w
[k]
i = w′

i = w′′
i for i = 0, . . . , Nk. Now, we add the knot t′

to Ǩ′′ and obtain Ǩ′′′ = (t′′′i )i∈Z with t′′′ℓ = t′. There exist unique weights with

∑

i∈Z

w′′
iB

Ǩ′′

i,p =
∑

i∈Z

w′′′
i B

Ǩ′′′

i,p .
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Lemma 4.7 implies for i = 1, . . . , Nk + 1

w′′′
i =






w
[k]
i if i ≤ ℓ− p,

(1− βǨ′′

i−1,p(t
′))w

[k]
i−1 + βǨ′′

i−1,pw
[k]
i if ℓ+ 1− p ≤ i ≤ ℓ,

w
[k]
i−1 if ℓ+ 1 ≤ i.

We even have βǨ′′

i−1,p = βǨk
i−1,p. Finally, we add t′ + (b− a) = (t′′′ℓ+Nk

+ t′′′ℓ+Nk+1)/2 and end up

with Ǩk+1 = (t
[k+1]
i )i∈Z with t

[k+1]
ℓ = t′. The weights w

[k+1]
i of

∑

i∈Z

w′′′
i B

Ǩ′′′

i,p =
∑

i∈Z

w
[k+1]
i BǨ[k+1]

i,p ,

have for i = 1, . . . , Nk+1 = Nk + 1 the following form

w
[k+1]
i =

{
w′′′
i if i ≤ ℓ+Nk+1 − p,(
1− βǨ′′′

i−1,p(t
′ + (b− a))

)
w′′′
i−1 + βǨ′′′

i−1,pw
′′′
i if ℓ+Nk+1 + 1− p ≤ i.

Again the new weights are just convex combinations of the old ones.
In practice, one can determine a suitable set Rk ⊇ Mk, such that the shape regularity

constant stays bounded by κmax, as follows. Whenever an element T ∈ Tk is refined, we
check if hŤ ′/(hŤ/2) > κmax for those elements T ′ in the current mesh with T ∩ T ′ 6= ∅. Due
to κ(Ťk) ≤ κmax, this can only happen if T ′ ∈ Tk. In this case, we refine T ′ as well, whether
or not it is marked. Since Tk contains only finitely many elements, this procedure terminates
and at most all elements in Tk are refined. Indeed, this procedure delivers the minimal set
Rk with the desired properties.

The following theorem shows that convergence of the error estimator
∑

T∈Tk

ηk(T )
2 → 0

already implies convergence of our approximations φk to the exact solution φ. If the used
error estimator is even efficient, both convergences are equivalent.

Theorem 4.16. There holds reliability

‖φ− φk‖2H̃−1/2(ΓD)
≤ Crel

∑

T∈Tk

ηk(T )
2. (4.28)

We abbreviate the constant of Theorem 4.14,

qspace = qNURBS(κmax,min(W0),max(W0), p, |γ|′I |),
where I = [a− (b− a)(⌈p/2⌉ + p), b+ (b− a)(2p− ⌈p/2⌉)], and set

Kmax := κmax

supt∈[a,b] |γ′(t)|
inf t∈[a,b] |γ′(t)|

.

We have Crel = CF1
rel(h0, Kmax, ⌈p/2⌉, qspace), Crel = CF2

rel, or Crel = CR
rel(h0, Kmax, ⌈p/2⌉, qspace)

resp. Crel = 2(Kmax + 1)CR
rel(h0, Kmax, ⌈p/2⌉, qspace) with the constants of Theorem 3.4,

Theorem 3.5, and Theorem 3.8. If we use the element based estimator of Theorem 3.4 or
Theorem 3.5, there even holds efficiency

Ceff
∑

T∈Tk

ηk(T )
2 ≤ ‖φ− φk‖2H̃−1/2(ΓD)

, (4.29)
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where Ceff = CF1

eff/2 or Ceff = CF2

eff(h0, Kmax, ⌈p/2⌉, qspace)/2 with the constants of the
corresponding theorems.

Proof. Note that the weights w ∈ Wk of each step are just convex combinations of W0,
wherefore there holds for any k ∈ N0

min(W0) ≤ min(Wk) ≤ max(Wk) ≤ max(W0).

Equation (2.9) shows
κ(Tk) ≤ Kmax.

Due to Theorem 4.14, our approximation spaces S(Tk) satisfy Assumption 2.10. The theorem
immediately follows from Theorem 3.4, Theorem 3.5, Theorem 3.8, and Remark 3.9. �

Because of (4.27) and the definition of the approximations φk of φ, there holds the orthog-
onality

∀k ∈ N0 : 〈V (φk+1 − φk), φk〉 = 0

and hence
∀k ∈ N0 : ‖φk+1 − φk‖2V = ‖φk+1‖2V − ‖φk‖2V (4.30)

with the energy norm ‖ · ‖2V := 〈V (·), ·〉 on H̃−1/2(ΓD). Note that the properties of V imply
equivalence of the energy norm and ‖ · ‖H̃−1/2(ΓD). The same argumentation shows

∀k ∈ N0 : ‖φ− φk‖2V = ‖φ‖2V − ‖φk‖2V . (4.31)

Equation (4.30) and (4.31) show that the error in the energy norm is always monotonously
decreasing. However, a mathematical convergence proof for the proposed adaptive strategy
(Algorithm 4.15) remains open. Nevertheless, many numerical examples confirm the conver-
gence conjecture. One can even observe certain convergence rates. Some of these examples
are found in Section 6.
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5. Numerical Solution of Symm’s Integral Equation

Let Ω ⊂ R
2 be an open set as in Section 2. This time, we assume that the parametrization γ

is even two times piecewise differentiable and consider ΓD = Γ. Let a = x̌γ0 < · · · < x̌γnγ
= b

such that γ|[x̌γj−1,x̌
γ
j ]

is two times continuously differentiable for j = 1, . . . , nγ . We denote

γ(x̌γj ) = xγj . We additionally require that Ω is a Lipschitz domain with diam(Ω) < 1; see
[Ste08, Definition 2.1]. We assume that γ is positively orientated, i.e. the outer normal ν at
any point x = γ(s) ∈ Γ \ {xγ1 , . . . , xγn} satisfies

ν(x) =

(
0 1
−1 0

)
γ′(s)

|γ′(s)| .

We will use the notation γ′(s)⊥ := ν(γ(s))|γ′(s)|. For x 6= y ∈ Γ \ {xγ1 . . . , xγnγ
} we define

the fundamental solution on the boundary

G(x, y) := − 1

2π
ln(|x− y|)

and its normal derivative with respect to y

∂νG(x, y) := ∂ν(y)G(x, y) =
1

2π

〈x− y, ν(y)〉
|x− y|2 .

In this section, we consider for given g ∈ H1/2(Γ) Symm’s integral equation of Section 1
without volume force

V φ =

(
K +

1

2
I

)
g, (5.1)

with the continuous and linear single-layer operator 9

V : H−1/2(Γ) → H1/2(Γ) : ψ 7→
(
x 7→

ˆ

Γ

G(x, y)ψ(y) dµΓ(y)

)
, (5.2)

the continuous and linear double-layer operator

K : H1/2(Γ) → H1/2(Γ) : f 7→
(
x 7→

ˆ

Γ

∂νG(x, y)f(y) dµΓ(y)

)
, (5.3)

and the identity I : H1/2(Γ) → H1/2(Γ), see [Ste08, page 119 and 125].
Note that for ψ ∈ L2(Γ) and f ∈ H1/2(Γ) the integrals in (5.2) and in (5.3) exist for

almost every x ∈ Γ in the measure theoretical sense, i.e., the moduli of the integrands are
integrable. To see this, fix x = γ(s) ∈ Γ \ {xγ1 , . . . , xγnγ

}. For the single-layer operator, we

9The definition of V is a little bit sloppy. To be precise one should first define it on L2(Γ). Then it can
be continuously extended to H−1/2(Γ).
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have
ˆ

Γ

|G(x, y)ψ(y)| dµΓ(y)

≤
ˆ

Γ

G(x, y)2 dµΓ(y)

ˆ

Γ

ψ(y)2 dµΓ(y)

=

ˆ

[a,b]

G(x, γ(t))2|γ′(t)| dλ(t) · ‖ψ‖2L2(Γ)

=
1

4π2

ˆ

[a,b]

(
ln

( |γ(s)− γ(t)|
|s− t|

)
+ ln(|s− t|)

)2

|γ′(t)| dλ(t) · ‖ψ‖2L2(Γ).

The term |γ(s)−γ(t)|
|s−t|

can be continuously extended by |γ′(s)| if s = t. It is positive for

t ∈ [a, b], wherefore ln(|γ(s)−γ(t)|/|s− t|) is bounded. Elementary computations show that
t 7→ ln(|s− t|)2 is integrable. For the double-layer operator we have

ˆ

Γ

|∂νG(x, y)f(y)| dµΓ(y) ≤
1

4π2

ˆ

[a,b]

〈γ(s)− γ(t), γ′(t)⊥〉2
|γ(s)− γ(t)|4

1

|γ′(t)| dλ(t) · ‖f‖
2
L2(Γ).

At s = t the integrand can be continuously extended by 〈γ′′(s),γ′(s)⊥〉2

4|γ′(s)|5
because for t 6= s suffi-

ciently close to s, the path γ is two times continuously differentiable on [min(s, t),max(s, t)],
which implies

〈γ(s)− γ(t), γ′(t)⊥〉
|γ(s)− γ(t)|2 =

〈
γ′(t)(s− t) +

´ s

t
γ′′(τ)(s− τ) dτ, γ′(t)⊥

〉

|γ(s)− γ(t)|2

=

〈
(s− t)

´ 1

0
γ′′(t+ (s− t)τ)(s− t)(1− τ) dτ, γ′(t)⊥

〉

|γ(s)− γ(t)|2

=

〈
ˆ 1

0

γ′′(t+ (s− t)τ)(1− τ) dτ, γ′(t)⊥
〉 |s− t|2

|γ(s)− γ(t)|2 .

(5.4)

In [Ste08, Theorem 6.23] it is shown that (φ, ψ) 7→ 〈V φ, ψ〉 defines a symmetric elliptic
bilinear form on H−1/2(Γ). Hence V is an operator as in Section 3. We set F := Kg + g/2.

In this section we want to study step (i) and (ii) of Algorithm 4.15. Let p ∈ N0 and
Ňh =

{
x̌j : j = 1, . . . , n

}
⊇
{
x̌γj : j = 1, . . . , nγ

}
a set of nodes10 on (a, b] with x̌n = b.

To each node x̌ ∈ Ňh we assign a corresponding multiplicity #x̌ ≤ p + 1. This induces a
sequence of non decreasing knots Ǩh = (ti)

N
i=1 on (a, b]. Let Wh = (wi)

N
i=1 be a sequence

of positive weights on these knots. As in Definition 4.13, we periodically extend the knot
sequence to Ǩh = (ti)i∈Z and the weight sequence to Wh = (wi)i∈Z. We use ˆN

p(Ǩh,Wh) as
approximation space S(Th), and want to compute the unique solution of

∀ψh ∈ S(Th) : 〈V φh, ψh〉L2(Γ) = 〈F, ψh〉L2(Γ). (5.5)

Since we assumed that the multiplicity of each knot is lower equal p+1, we see with Lemma
4.2 (ii) and Corollary 4.4 that

{
Ri,p|[a,b) : i = (1− p), . . . , N −#b+ 1

}
◦ γ|−1

[a,b) (5.6)

10Note the difference between the knots x̌j of the currently considered mesh and the break points x̌
γ
j of

the fixed parametrization γ.
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is a basis of S(Th). We abbreviate Ri := Ri,p|[a,b) and R̂i,p := Ri ◦ γ|−1
[a,b). There exist unique

coefficients ch =
(
ch,1−p, . . . , ch,N−#b+1

)
with φh =

∑N−#b+1
i=1−p ch,iR̂i. With the real symmetric

positive definite matrix

Vh :=
(〈
V R̂j , R̂i

〉
L2(Γ)

)N−#b+1

j,i=1−p
(5.7)

and the right-hand side vector

Fh :=
(〈
F, R̂i

〉
L2(Γ)

)N−#b+1

i=1−p
(5.8)

there holds

Vhch = Fh. (5.9)

To calculate φh, we just have to solve this system of linear equations. In the following
subsections, we will simplify the entries of the matrix Vh and the vector Fh such that we can
use tensor-Gauss quadrature to numerically approximate the appearing integrals. Moreover,
we will approximate the Faermann estimator ηF1

h of Theorem 3.4. For this, we also have to
numerically evaluate the residual rh := F − V φh.

For fixed positive weight functions θ1, θ2 ∈ L1([0, 1]) and n1, n2 ∈ N, we define the tensor-
Gauss quadrature as

Qn1,n2 : C
(
[0, 1]2

)
→ R : f 7→

n1∑

q1=1

n2∑

q2=1

f(ξ1,q1, ξ2,q2)ω1,q1ω2,q2, (5.10)

where ξ1,q1 resp. ξ2,q2 and ω1,q1 resp. ω2,q2 are the nodes and weights for the Gaussian
quadrature on [0, 1] with weight function θ1 resp. θ2, see e.g. [Pra06, Chapter 6.3]. We
denote

Q : C
(
[0, 1]2

)
→ R : f 7→

ˆ

[0,1]

ˆ

[0,1]

f(s, t)θ1(s)θ2(t) dλ(t) dλ(s) (5.11)

and

En1,n2 := Q−Qn1,n2. (5.12)

For ℓ = 1, 2 we denote the linear functionals on C([0, 1])

Qℓ
nℓ

=

nℓ∑

qℓ=1

(·)(ξℓ,qℓ)ωℓ,qℓ,

Qℓ =

ˆ

[0,1]

(·)(r)θℓ(r) dλ(r),

Eℓ
nℓ

= Qℓ −Qℓ
nℓ
.

We prove an estimate for the quadrature error and show convergence.

Theorem 5.1. There holds the error estimate

|En1,n2(f)| ≤ ‖θ2‖L1([0,1])‖ max
s∈[0,1]

|E1
n1
f(s, ·)|+ ‖θ1‖L1([0,1])‖ max

t∈[0,1]
|E2

n2
f(·, t)| (5.13)

for arbitrary f ∈ C
(
[0, 1]2

)
, where the right-hand side converges to zero for n1 → ∞ and

n2 → ∞.
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Proof. The proof for the estimate works analogously as in [SS11, Theorem 5.3.15]. We only
prove convergence of the right-hand side. It suffices to consider the first summand, the
argumentation for the second one is analogous. Let sn1 ∈ [0, 1] such that

|E1
n1
f(sn1, ·)| = max

s∈[0,1]
|E1

n1
f(s, ·)|.

Let (|E1
n1(k)

f(sn1(k), ·)|)k∈N be a subsequence. Due to the compactness of [0, 1] there exists a

subsequence
(
sn1(k(j))

)
j∈N

of
(
sn1(k)

)
k∈N

which converges to some limit s∞ ∈ [0, 1]. We have

|E1
n1(k(j))

f(sn1(k(j)), ·)| ≤ |E1
n1(k(j))

f(sn1(k(j)), ·)−E1
n1(k(j))

f(s∞, ·)|+ |E1
n1(k(j))

f(s∞, ·)|.
The second summand is the quadrature error of a standard Gauss quadrature on [0, 1] with
weight function. It is well known that this error converges to zero, see e.g. [Pra06, Kapi-
tel 6.3]. It remains to estimate the first summand

|E1
n1(k(j))f(sn1(k(j)), ·)− E1

n1(k(j))f(s∞, ·)|
≤ |Q1f(sn1(k(j)), ·)−Q1f(s∞, ·)|+ |Q1

n1(k(j))
f(sn1(k(j)), ·)−Q1

n1(k(j))
f(s∞, ·)|

≤ 2‖θ1‖L1([0,1])‖f(sn1(k(j)), ·)− f(s∞, ·)‖L∞([0,1]).

The last term converges to zero, since the mapping s 7→ f(s, ·) from [0, 1] to C([0, 1]) is con-
tinuous. We have thus shown that each subsequence of (|E1

n1
f(sn1, ·)|)n1∈N has a subsequence

converging to zero. This concludes the proof. �

5.1. Numerical Approximation of Vh. In this subsection we use the following abbrevia-
tions:

Ǧ(s, t) := G
(
γ(s), γ(t)

)

Hℓ := tℓ − tℓ−1

Ǧℓ1,ℓ2(s, t) := Ǧ(tℓ1−1 +Hℓ1s , tℓ2−1 +Hℓ2t)

R̃q(s) := Rq(s)|γ′(s)|
R̃q,ℓ(s) := R̃q(tℓ−1 +Hℓs)

There holds for i, j = (1− p), . . . , N −#b+ 1

〈
V R̂i, R̂j

〉
L2(Γ)

=

ˆ

Γ

ˆ

Γ

G(x, y)R̂i(x)R̂j(y) dµΓ(y) dµΓ(x)

=

ˆ

[a,b]

ˆ

[a,b]

G
(
γ(s), γ(t)

)
Ri(s)Rj(t)|γ′(s)||γ′(t)| dλ(t) dλ(s)

=

min(i+p,N)∑

ℓ1=max(i,1)

min(j+p,N)∑

ℓ2=max(j,1)

ˆ

[tℓ1−1,tℓ1 ]

ˆ

[tℓ2−1,tℓ2 ]

Ǧ(s, t)R̃i(s)R̃j(t) dλ(t) dλ(s)

=

min(i+p,N)∑

ℓ1=max(i,1)

min(j+p,N)∑

ℓ2=max(j,1)

Hℓ1Hℓ2

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ2(s, t)R̃i,ℓ1(s)R̃j,ℓ2(t) dλ(t) dλ(s).

Now, we want to calculate each summand
ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ2(s, t)R̃i,ℓ1(s)R̃j,ℓ2(t) dλ(t) dλ(s)
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with Hℓ1Hℓ2 > 0.
Case 1. γ

(
[tℓ1−1, tℓ1]

)
∩ γ
(
[tℓ2−1, tℓ2 ]

)
= ∅: Since the integrand has no singularities, no

further simplification is necessary. We use tensor-Gauss quadrature with weight function 1.
Theorem 5.1 can be applied.
Case 2. γ

(
[tℓ1−1, tℓ1 ]

)
= γ

(
[tℓ2−1, tℓ2]

)
: This implies ℓ1 = ℓ2. There holds

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ1(s, t)R̃i,ℓ1(s)R̃j,ℓ1(t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,s]

Ǧℓ1,ℓ1(s, s− t)R̃i,ℓ1(s)R̃j,ℓ1(s− t) dλ(t) dλ(s)

+

ˆ

[0,1]

ˆ

[s−1,0]

Ǧℓ1,ℓ1(s, s− t)R̃i,ℓ1(s)R̃j,ℓ1(s− t) dλ(t) dλ(s).

(5.14)

For the first summand in (5.14) we use the Duffy transformation (s, t) 7→ (s, st) on [0, 1]×
[0, 1] with Jacobi determinant s. This transforms the singular points to s = 0 or t = 0. Then
we apply the addition theorem for ln. Formally this reads as

ˆ

[0,1]

ˆ

[0,s]

Ǧℓ1,ℓ1(s, s− t)R̃i,ℓ1(s)R̃j,ℓ1(s− t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ1(s, s− st)R̃i,ℓ1(s)R̃j,ℓ1(s− st)s dλ(t) dλ(s)

= − 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln

( |γ(tℓ1−1 +Hℓ1s)− γ(tℓ1−1 +Hℓ1s(1− t))|
st

)

R̃i,ℓ1(s)R̃j,ℓ1

(
s(1− t)

)
s dλ(t) dλ(s)

− 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln(s)R̃i,ℓ1(s)R̃j,ℓ1

(
s(1− t)

)
s dλ(t) dλ(s)

− 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln(t)R̃i,ℓ1(s)R̃j,ℓ1

(
s(1− t)

)
s dλ(t) dλ(s).

(5.15)

For the second summand of (5.14), we use again the Duffy transformation (s, t) 7→ (s, st)
and the addition theorem for ln, to see

ˆ

[0,1]

ˆ

[0,s]

Ǧℓ1,ℓ1(1− s, 1− s+ t)R̃i,ℓ1(1− s)R̃j,ℓ1(1− s+ t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ1(1− s, 1− s + st)R̃i,ℓ1(1− s)R̃j,ℓ1(1− s+ st)s dλ(t) dλ(s)

= − 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln

(∣∣γ
(
tℓ1−1 +Hℓ1(1− s)

)
− γ
(
tℓ1−1 +Hℓ1(1 + s(t− 1))

)∣∣
st

)

R̃i,ℓ1(1− s)R̃j,ℓ1

(
1 + s(t− 1)

)
s dλ(t) dλ(s)

− 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln(s)R̃i,ℓ1(1− s)R̃j,ℓ1

(
1 + s(t− 1)

)
s dλ(t) dλ(s)

− 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln(t)R̃i,ℓ1(1− s)R̃j,ℓ1

(
1 + s(t− 1)

)
s dλ(t) dλ(s).

(5.16)
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To approximate the six final integrals, we use tensor-Gauss quadrature with weight function
1, ln(s) resp. ln(t). Due to the following lemma, we can apply Theorem 5.1.

Lemma 5.2. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌γm−1, x̌
γ
m]

for m ∈ {1, . . . , nγ}, the integrands of the final terms in (5.15) and in (5.16) are, up to ln(s)
resp. ln(t), q − 1 times continuously partially differentiable on [0, 1]× [0, 1].

Proof. We only prove the assertion for (5.15) and note that (5.16) can be treated analogously.
For the second and third summand the assertion is obvious. For the first summand we
consider for s, t ∈ (0, 1]

γ(tℓ1−1 +Hℓ1s)− γ(tℓ1−1 +Hℓ1s(1− t))

st

=
(tℓ1−1 +Hℓ1s− tℓ1−1 −Hℓ1s(1− t))

´

[0,1]
γ′(tℓ1−1 +Hℓ1s(1− t) +Hℓ1stτ)) dλ(τ)

st

= Hℓ1

ˆ

[0,1]

γ′
(
tℓ1−1 +Hℓ1(s(1− t) + stτ)

)
dλ(τ).

This term can be continuously extended for s = 0 or t = 0 by Hℓ1γ|′[tℓ−1,tℓ]
(tℓ1−1+Hℓ1s). Due

to the smoothness of the integrand, it is q − 1 times continuously partially differentiable.
Because of the injectivity of γ and the fact that γ′ vanishes nowhere, its modulus is positive
for all s, t ∈ [0, 1]. Hence, applying ln(| · |) to it, preserves the differentiability. The remaining
factors in the integrand obviously have the same smoothness. �

Case 3.
∣∣γ
(
[tℓ1−1, tℓ1 ]

)
∩γ
(
[tℓ2−1, tℓ2 ]

)∣∣ = 1: We only consider the case, where the singularity
in the integrand appears at s = 0 and t = 1. The other case can be treated analogously. We
have tℓ1−1 = tℓ2 or tℓ2 = b ∧ tℓ1−1 = a. There holds

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ2(s, t)R̃i,ℓ1(s)R̃j,ℓ2(t) dλ(t) dλ(s) =

=

ˆ

[0,1]

ˆ

[0,s]

Ǧℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)R̃j,ℓ2(1− t) dλ(t) dλ(s)

+

ˆ

[0,1]

ˆ

[s,1]

Ǧℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)R̃j,ℓ2(1− t) dλ(t) dλ(s).

(5.17)

We consider the first summand in (5.17) and use the Duffy transformation (s, t) 7→ (s, st),
transforming the singularity to s = 0, and the addition theorem for ln

ˆ

[0,1]

ˆ

[0,s]

Ǧℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)R̃j,ℓ2(1− t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ2(s, 1− st)R̃i,ℓ1(s)R̃j,ℓ2(1− st)s dλ(t) dλ(s)

= − 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln

( |γ(tℓ1−1 +Hℓ1s)− γ(tℓ2−1 +Hℓ2(1− st))|
s

)

R̃i,ℓ1(s)R̃j,ℓ2(1− st)s dλ(t)dλ(s)

− 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln(s)R̃i,ℓ1(s)R̃j,ℓ2(1− st)s dλ(t) dλ(s).

(5.18)
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For the second summand in (5.17) we apply Fubini, the Duffy transformation (s, t) 7→ (st, t),
transforming the singularity to t = 0, and the addition theorem for ln

ˆ

[0,1]

ˆ

[s,1]

Ǧℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)R̃j,ℓ2(1− t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,t]

Ǧℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)R̃j,ℓ2(1− t) dλ(s) dλ(t)

=

ˆ

[0,1]

ˆ

[0,1]

Ǧℓ1,ℓ2(st, 1− t)R̃i,ℓ1(st)R̃j,ℓ2(1− t)t dλ(t) dλ(s)

= − 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln

( |γ(tℓ1−1 +Hℓ1st)− γ(tℓ2−1 +Hℓ2(1− t))|
t

)

R̃i,ℓ1(st)R̃j,ℓ2(1− t)t dλ(t) dλ(s)

− 1

2π

ˆ

[0,1]

ˆ

[0,1]

ln(t)R̃i,ℓ1(st)R̃j,ℓ2(1− t)t dλ(t) dλ(s).

(5.19)

To approximate the final four integrals, we use tensor-Gauss quadrature with weight function
1, ln(s) resp. ln(t). Due to the following lemma, we can apply Theorem 5.1.

Lemma 5.3. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌γm−1, x̌
γ
m]

for m ∈ {1, . . . , nγ}, the integrands of the final terms in (5.18) and in (5.19) are, up to ln(s)
resp. ln(t), q − 1 times continuously partially differentiable on [0, 1]× [0, 1].

Proof. We only prove the assertion for (5.18) and note that (5.19) can be treated analogously.
For the second summand the assertion is obvious. For the first summand, let firstly tℓ1−1 =
tℓ2 . We consider, for s ∈ (0, 1], t ∈ [0, 1],

γ(tℓ1−1 +Hℓ1s)− γ(tℓ2−1 +Hℓ2(1− st))

s
=

´

[tℓ2−Hℓ2
st,tℓ2+Hℓ1

s]
γ′(τ) dλ(τ)

s

=

ˆ

[−Hℓ2
t,Hℓ1

]

γ′(tℓ2 + sτ) dλ(τ).

This term can be continuously extended for s = 0 by tHℓ2γ
′ℓ(tℓ2) + Hℓ1γ

′r(tℓ2). Due to
the smoothness of the integrand on [Hℓ2t, 0] and on [0, Hℓ2], it is q − 1 times continuously
partially differentiable. Because of the injectivity of γ and the fact that γ′ℓ(tℓ2) is no negative
multiple of γ′r(tℓ2), its modulus is positive for all s, t ∈ [0, 1]. Hence, applying ln(| · |) to it
preserves the differentiability. The remaining factors in the integrand of the first summand
in (5.18) obviously have the same smoothness. Now let tℓ2 = b ∧ tℓ1−1 = a. If one shifts tℓ1
to tℓ1 + (b− a) = b, the proof works as before. �
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5.2. Numerical Approximation of Fh. In this subsection we use the following abbrevia-
tions:

∂νǦ(s, t) := ∂νG
(
γ(s), γ(t)

)

Hℓ := tℓ − tℓ−1

∂νǦℓ1,ℓ2(s, t) := ∂νǦ(tℓ1−1 +Hℓ1s , tℓ2−1 +Hℓ2t)

R̃i(s) := Ri(s)|γ′(s)|
R̃i,ℓ(s) := R̃i(tℓ−1 +Hℓs)

ǧ(s) := g(γ(s))

g̃(s) := ǧ(s)|γ′(s)|
g̃ℓ(s) := g̃(tℓ−1 +Hℓs)

We want to calculate Fh = 〈g/2+Kg, R̂i〉L2(Γ) for i = (1− p), . . . , N −#b+ 1. There holds

〈g/2, R̂i〉L2(Γ) =
1

2

ˆ

Γ

g(x)R̂i(x) dµΓ(x)

=
1

2

ˆ

[a,b]

ǧ(s)Ri(s)|γ′(s)| dλ(s)

=

min(i+p,N)∑

ℓ=max(i,1)

ˆ

[tℓ−1,tℓ]

g̃(s)R̃i(s) dλ(s)

=
1

2

min(i+p,N)∑

ℓ=max(i,1)

Hℓ

ˆ

[0,1]

g̃ℓ(s)R̃i,ℓ(s) dλ(s).

We use classical Gauss quadrature to approximate these integrals. Now we consider

〈Kg, R̂i〉L2(Γ) =

ˆ

Γ

ˆ

Γ

∂νG(x, y)g(y)R̂i(x) dµΓ(y) dµΓ(x)

=

ˆ

[a,b]

ˆ

[a,b]

∂νǦ(s, t)ǧ(t)Ri(s)|γ′(s)||γ′(t)| dλ(t) dλ(s)

=

min(i+p,N)∑

ℓ1=max(i,1)

N∑

ℓ2=1

ˆ

[tℓ1−1,tℓ1 ]

ˆ

[tℓ2−1,tℓ2 ]

∂νǦ(s, t)R̃i(s)g̃(t) dλ(t) dλ(s)

=

min(i+p,N)∑

ℓ1=max(i,1)

N∑

ℓ2=1

Hℓ1Hℓ2

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ2(s, t)R̃i,ℓ1(s)g̃ℓ2(t) dλ(t) dλ(s).

For the calculation of each summand with Hℓ1 , Hℓ2 > 0, we have again three cases. They
can be treated similarly to Subsection 5.1.
Case 1. γ

(
[tℓ1−1, tℓ1]

)
∩ γ
(
[tℓ2−1, tℓ2 ]

)
= ∅: Since the integrand has no singularities, no

further simplification is necessary.
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Case 2. γ
(
[tℓ1−1, tℓ1 ]

)
= γ

(
[tℓ2−1, tℓ2]

)
: This implies ℓ1 = ℓ2. There holds

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ1(s, t)R̃i,ℓ1(s)g̃ℓ1(t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,s]

∂νǦℓ1,ℓ1(s, s− t)R̃i,ℓ1(s)g̃ℓ1(s− t) dλ(t) dλ(s)

+

ˆ

[0,1]

ˆ

[s−1,0]

∂νǦℓ1,ℓ1(s, s− t)R̃i,ℓ1(s)g̃ℓ1(s− t) dλ(t) dλ(s).

(5.20)

Using the Duffy transformation (s, t) 7→ (s, st) on [0, 1] × [0, 1] with Jacobi determinant s,
which transforms the singularities to s = 0 or t = 0, one gets for the first summand in (5.20)

ˆ

[0,1]

ˆ

[0,s]

∂νǦℓ1,ℓ1(s, s− t)R̃i,ℓ1(s)g̃ℓ1(s− t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ1(s, s− st)R̃i,ℓ1(s)g̃ℓ1(s− st)s dλ(t) dλ(s)

(5.21)

For the second summand of (5.20), we use again the Duffy transformation (s, t) 7→ (s, st) to
see

ˆ

[0,1]

ˆ

[0,s]

∂νǦℓ1,ℓ1(1− s, 1− s+ t)R̃i,ℓ1(1− s)g̃ℓ1(1− s+ t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ1(1− s, 1− s+ st)R̃i,ℓ1(1− s)g̃ℓ1(1− s+ st)s dλ(t) dλ(s)

(5.22)

To approximate the final two integrals, we use tensor-Gauss quadrature with weight func-
tion 1. Due to the following lemma, we can apply Theorem 5.1.

Lemma 5.4. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌γj−1, x̌
γ
j ]

for j ∈ {1, . . . , nγ} and if g ◦ γ is q − 2 times continuously differentiable on [x̌γj−1, x̌
γ
j ] for

j ∈ {1, . . . , nγ}, the integrands of the final terms in (5.21) and in (5.22) are q − 2 times
continuously partially differentiable on [0, 1]× [0, 1].

Proof. We only prove the assertion for (5.21), (5.22) can be treated analogously. For s, t ∈
(0, 1] we see as in (5.4) that

∂νǦℓ1,ℓ1(s, s(1− t)) · 2π|γ′(tℓ1−1 +Hℓ1s(1− t))|

=

〈
ˆ

[0,1]

γ′′
(
tℓ1−1 +Hℓ1s(1− t) +Hℓ1(s− s(1− t))τ

)
(1− τ) dλ(τ),

γ′(tℓ1−1 +Hℓ1s(1− t))⊥
〉

H2
ℓ1
|s− s(1− t)|2

|γ(tℓ1−1 +Hℓ1s)− γ(tℓ1−1 +Hℓ1s(1− t))|2

The first factor of this term can be continuously extended at s = 0 or t = 0 by

1

2

〈
γ|′′[tℓ1−1,tℓ]

(tℓ1−1 +Hℓ1s), γ|′[tℓ1−1,tℓ]
(tℓ1−1 +Hℓ1s)

⊥
〉
.

59



Due to the smoothness of the integrand, it is q−2 times continuously partially differentiable.
For the second factor of the term we have

H2
ℓ1
|s− s(1− t)|2

|γ(tℓ1−1 +Hℓ1s)− γ(tℓ1−1 +Hℓ1s(1− t))|2

=
H2
ℓ1
(st)2

H2
ℓ1
(st)2|

´

[0,1]
γ′(tℓ1−1 +Hℓ1s(1− t) +Hℓ1stτ) dλ(τ)|2

=
1

|
´

[0,1]
γ′(tℓ1−1 +Hℓ1s(1− t) +Hℓ1stτ) dλ(τ)|2

,

which can be continuously extended at s = 0 or t = 0 by 1/
∣∣γ|′[tℓ1−1,tℓ1 ]

(tℓ1−1 +Hℓ1s)
∣∣2. Due

to the smoothness of the integrand it is q − 1 times continuously partially differentiable.
Altogether this shows that (s, t) 7→ ∂νǦℓ1,ℓ1(s, s(1− t)) is q − 2 times continuously partially
differentiable on [0, 1] × [0, 1]. The remaining factors in the integrand of (5.21) obviously
have the same smoothness. �

Case 3.
∣∣γ
(
[tℓ1−1, tℓ1 ]

)
∩γ
(
[tℓ2−1, tℓ2 ]

)∣∣ = 1: We only consider the case, where the singularity
in the integrand appears at s = 0 and t = 1. The other case can be treated analogously. We
have tℓ1−1 = tℓ2 or tℓ2 = b ∧ tℓ1−1 = a. There holds

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ2(s, t)R̃i,ℓ1(s)g̃ℓ2(t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,s]

∂νǦℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)g̃ℓ2(1− t) dλ(t) dλ(s)

+

ˆ

[0,1]

ˆ

[s,1]

∂νǦℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)g̃ℓ2(1− t) dλ(t) dλ(s).

(5.23)

We consider the first summand in (5.23) and use the Duffy transformation (s, t) 7→ (s, st),
transforming the singularity to s = 0,

ˆ

[0,1]

ˆ

[0,s]

∂νǦℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)g̃ℓ2(1− t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ2(s, 1− st)R̃i,ℓ1(s)g̃ℓ2(1− st)s dλ(t) dλ(s)

(5.24)

For the second summand in (5.23), we apply Fubini and the Duffy transformation (s, t) 7→
(st, t), transforming the singularity to t = 0,

ˆ

[0,1]

ˆ

[s,1]

∂νǦℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)g̃ℓ2(1− t) dλ(t) dλ(s)

=

ˆ

[0,1]

ˆ

[0,t]

∂νǦℓ1,ℓ2(s, 1− t)R̃i,ℓ1(s)g̃ℓ2(1− t) dλ(s) dλ(t)

=

ˆ

[0,1]

ˆ

[0,1]

∂νǦℓ1,ℓ2(st, 1− t)R̃i,ℓ1(st)g̃ℓ2(1− t)t dλ(t) dλ(s)

(5.25)

To approximate the final two integrals, we use tensor-Gauss quadrature with weight func-
tion 1. Due to the following lemma, we can apply Theorem 5.1.
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Lemma 5.5. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌γj−1, x̌
γ
j ]

for j ∈ {1, . . . , nγ} and if g ◦ γ is q − 1 times continuously differentiable on [x̌γj−1, x̌
γ
j ] for

j ∈ {1, . . . , nγ}, the integrands of the final terms in (5.24) and in (5.25) are q − 1 times
continuously partially differentiable on [0, 1]× [0, 1].

Proof. We only prove the assertion for (5.24), (5.25) can be treated analogously. Firstly we
assume that tℓ1−1 = tℓ2. For s ∈ (0, 1], t ∈ [0, 1], there holds

γ(tℓ1−1 +Hℓ1s)− γ(tℓ2−1 +Hℓ2(1− st))

|γ(tℓ1−1 +Hℓ1s)− γ(tℓ2−1 +Hℓ2(1− st))|2 · s

=
s2

|γ(tℓ1−1 +Hℓ1s)− γ(tℓ2−1 +Hℓ2(1− st))|2 · γ(tℓ1−1 +Hℓ1s)− γ(tℓ2−1 +Hℓ2(1− st))

s

=
s2

|
´

[tℓ2−Hℓ2
st,tℓ2+Hℓ1

s]
γ′(τ) dλ(τ)|2 ·

´

[tℓ2−Hℓ2
st,tℓ2+Hℓ1

s]
γ′(τ) dλ(τ)

s

=

´

[−Hℓ2
t,Hℓ1

]
γ′(tℓ2 + sτ) dλ(τ)

|
´

[−Hℓ2
t,Hℓ1

]
γ′(tℓ2 + sτ) dλ(τ)|2 .

At s = 0, this term is continuously extended by

Hℓ2γ
′ℓ(tℓ2)t +Hℓ1γ

′r(tℓ2)

|Hℓ2γ
′ℓ(tℓ2)t+Hℓ1γ

′r(tℓ2)|2
,

since γ′ℓ(tℓ2) is no negative multiple of γ′r(tℓ2). The continuous extension is even q − 2
times continuously partially differentiable. This proves that (s, t) 7→ ∂νǦℓ1,ℓ2(s, 1 − st) on
[0, 1]× [0, 1] is q−1 times continuously differentiable. The remaining factors in the integrand
of (5.24) obviously have the same smoothness. Now let tℓ2 = b ∧ tℓ1−1 = a. If one shifts tℓ1
to tℓ1 + (b− a) = b, the proof works as before. �

5.3. Numerical Evaluation of V ψh. For given ψh in our approximation space S(Th) and
s ∈ [a, b] \ {x̌0, . . . , x̌n}, we want to evaluate V ψh(γ(s)). In this subsection we use the
following abbreviations:

Ǧ(s, t) := G
(
γ(s), γ(t)

)

hj := x̌j − x̌j−1

Ǧj(s, t) := Ǧ(s, x̌j−1 + hjt)

ψ̌h(t) := ψh(γ(t))

ψ̃h(t) := ψ̌h(t)|γ′(t)|
ψ̃h,j(t) := ψ̃h(x̌j−1 + hjt)
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Let js ∈ {1, . . . , n} with x ∈ [x̌js−1, x̌js]. There holds
ˆ

Γ

G(x, y)ψh(y) dµΓ(y) =

ˆ

[a,b]

Ǧ(s, t)ψ̌h(t)|γ′(t)| dλ(t)

=

n∑

j=1

ˆ

[x̌j−1,x̌j ]

Ǧ(s, t)ψ̃h(t) dλ(t)

=

n∑

j=1
j 6=js

ˆ

[x̌j−1,x̌j ]

Ǧ(s, t)ψ̃h(t) dλ(t) +

ˆ

[x̌js−1,x̌js ]

Ǧ(s, t)ψ̃h(t) dλ(t)

=
n∑

j=1
j 6=js

hj

ˆ

[0,1]

Ǧj(s, t)ψ̃h,j(t) dλ(t) +

ˆ

[x̌js−1,x̌js ]

Ǧ(s, t)ψ̃h(t) dλ(t).

For the integrals in the big sum, we use Gauss quadrature with weight function 1. To
calculate the single summand we split the integral and use the addition theorem for ln

ˆ

[x̌js−1,x̌js ]

G(s, t)ψ̃h(t) dλ(t) =

ˆ

[x̌js−1,s]

G(s, t)ψ̃h(t) dλ(t) +

ˆ

[s,x̌js ]

G(s, t)ψ̃h(t) dλ(t)

= (s− x̌js−1)

ˆ

[0,1]

− 1

2π
ln
(
|γ(s)− γ(s− t(s− x̌js−1))|

)
ψ̃h(s− t(s− x̌js−1)) dλ(t)

+ (x̌js − s)

ˆ

[0,1]

− 1

2π
ln
(
|γ(s)− γ(s+ t(x̌js − s))|

)
ψ̃h(s+ t(x̌js − s)) dλ(t)

= (s− x̌js−1)

ˆ

[0,1]

− 1

2π
ln

( |γ(s)− γ(s− t(s− x̌js−1))|
t

)
ψ̃h(s− t(s− x̌js−1)) dλ(t)

+ (s− x̌js−1)

ˆ

[0,1]

− 1

2π
ln(t)ψ̃h(s− t(s− x̌js−1)) dλ(t)

+ (x̌js − s)

ˆ

[0,1]

− 1

2π
ln

( |γ(s)− γ(s+ t(x̌js − s))|
t

)
ψ̃h(s+ t(x̌js − s)) dλ(t)

+ (x̌js − s)

ˆ

[0,1]

− 1

2π
ln(t)ψ̃h(s+ t(x̌js − s)) dλ(t).

(5.26)

To approximate the final four integrals, we use Gauss quadrature with weight function 1
resp. ln(t). The following lemma states, that for some piecewise smooth parametrization γ,
the integrands are, up to ln(t), smooth.

Lemma 5.6. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌γj−1, x̌
γ
j ]

for j ∈ {1, . . . , nγ}, the integrands of the final terms in (5.26) are q − 1 times continuously
differentiable on [0, 1].

Proof. We only consider the first summand. For t ∈ (0, 1] there holds

γ(s)− γ(s− t(s− x̌js−1))

t
= (s− x̌js−1)

ˆ

[0,1]

γ′
(
s− t(s− x̌js−1) + t(s− x̌js−1)τ

)
dλ(τ).
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At t = 0, this term can be continuously extended by (s − x̌js−1)γ
′(s). It is q − 1 times

continuously differentiable and its modulus is positive for all t ∈ [0, 1]. The application of

ln(·) preserves the differentiability. Moreover t 7→ ψ̃h(s− t(s− x̌js−1)) obviously has the same
smoothness. �

5.4. Numerical Evaluation of Kg. Let s ∈ [a, b]\{x̌γ0 , . . . , x̌γnγ
} and js ∈ {1, . . . , nγ} with

s ∈ [x̌γjs−1, x̌
γ
js
] . In this subsection we use the following abbreviations:

∂νǦ(s, t) := ∂νG
(
γ(s), γ(t)

)

hγj := x̌γj − x̌γj−1

∂νǦj(s, t) := ∂νǦ(s, x̌
γ
j−1 + hγj t)

ǧ(t) = g(γ(t))

g̃(t) := ǧ(t)|γ′(t)|
g̃j(t) := g̃(x̌γj−1 + hγj t)

There holds

ˆ

Γ

∂νG(x, y)g(y) dµΓ(y) =

ˆ

Γ

∂νǦ(x, y)g(y) dµΓ(y) =

nγ∑

j=1

ˆ

[x̌γj−1,x̌
γ
j ]

∂νǦ(s, t)ǧ(t)|γ′(t)| dλ(t)

=

nγ∑

j=1
j 6=js

ˆ

[x̌γj−1,x̌
γ
j ]

∂νǦ(s, t)g̃(t) dλ(t) +

ˆ

[x̌γjs−1,s]

∂νǦ(s, t)g̃(t) dλ(t) +

ˆ

[s,x̌γjs ]

∂νǦ(s, t)g̃(t) dλ(t)

=

nγ∑

j=1
j 6=js

hγj

ˆ

[0,1]

∂νǦj(s, t)g̃j(t) dλ(t) +

ˆ

[x̌γjs−1,s]

∂νǦ(s, t)g̃(t) dλ(t) +

ˆ

[s,x̌γjs ]

∂νǦ(s, t)g̃(t) dλ(t)

=

nγ∑

j=1
j 6=js

hγj

ˆ

[0,1]

∂νǦj(s, t)g̃j(t) dλ(t)

+ (s− x̌γjs−1)

ˆ

[0,1]

∂νǦ
(
s, s− (s− x̌γjs−1)t

)
g̃
(
s− (s− x̌γjs−1)t

)
dλ(t)

+ (x̌γjs − s)

ˆ

[0,1]

∂νǦ
(
s, s+ (x̌γjs − s)t

)
g̃
(
s+ (x̌γjs − s)t

)
dλ(t).

(5.27)

To approximate the final three integrals, we use Gauss quadrature with weight function 1.
This is justified by the following lemma.

Lemma 5.7. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌γj−1, x̌
γ
j ]

for j ∈ {1, . . . , nγ} and if g ◦ γ is q− 2 times continuously differentiable continuously differ-
entiable on [x̌γj−1, x̌

γ
j ] for j ∈ {1, . . . , nγ}, the integrands of the final terms in (5.27) are q−2

times continuously differentiable on [0, 1].
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Proof. For the sum over j, the assertion is trivial. We only consider the second summand,
the third one can be treated analogously. As in (5.4) we see for t ∈ (0, 1]

∂νǦ
(
s, s− (s− x̌γjs−1)t

)
· 2π|γ′

(
s− (s− x̌γjs−1)t

)
|

=

〈
ˆ

[0,1]

γ′′
(
s− (s− x̌γjs−1)t+ (s− x̌γjs−1)tτ

)
(1− τ) dλ(τ),

γ′
(
s− (s− x̌γjs−1)t

)⊥
〉 |(s− x̌γjs−1)t|2
|γ(s)− γ(s− (s− x̌γjs−1)t)|2

.

For the second factor of this term, we have

|(s− x̌γjs−1)t|2
|γ(s)− γ(s− (s− x̌γjs−1)t)|2

=
1

|
´

[0,1]
γ′(s− (s− x̌γjs−1)(−t + tτ)) dλ(τ)|2 ,

wherefore the term can be continuously extended at t = 0 by 〈γ′′(s),γ′(s)⊥〉
2|γ′(s)|2

. It is q − 2 times

continuously differentiable on [0, 1]. This implies that the integrand in the second summand
of (5.27) is q − 2 times continuously differentiable as well. �

5.5. Numerical Approximation of |rh|H1/2(ωh(xj))
. Let j ∈ {1, . . . , n}. In this subsection

we use the following abbreviations:

řh(s) = rh(γ(s))

P̌ (s, t) :=
|řh(s)− řh(t)|2
|γ(s)− γ(t)|2

hℓ := x̌ℓ − x̌ℓ−1

P̌ℓ,q(s, t) := P̌ (x̌ℓ−1 + hℓs, x̌q−1 + hqt)

γ′ℓ(s) := γ′(x̌ℓ−1 + hℓs)
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There holds

|rh|H1/2(ωh(xj))
=

ˆ

ωh(xj)

ˆ

ωh(xj)

|rh(x)− rh(y)|2
|x− y|2 dµΓ(y) dµΓ(x)

=

ˆ

[x̌j−1,x̌j+1]

ˆ

[x̌j−1,x̌j+1]

|ř(s)− ř(t)|2
|γ(s)− γ(t)|2 |γ

′(s)||γ′(t)| dλ(t) dλ(s)

=

ˆ

[x̌j−1,x̌j ]

ˆ

[x̌j−1,x̌j ]

P̌ (s, t)|γ′(s)||γ′(t)| dλ(t) dλ(s)

+ 2

ˆ

[x̌j ,x̌j+1]

ˆ

[x̌j−1,x̌j]

P̌ (s, t)|γ′(s)||γ′(t)| dλ(t) dλ(s)

+

ˆ

[x̌j,x̌j+1]

ˆ

[x̌j ,x̌j+1]

P̌ (s, t)|γ′(s)||γ′(t)| dλ(t) dλ(s)

= h2j

ˆ

[0,1]

ˆ

[0,1]

P̌j,j(s, t)|γ′j(s)||γ′j(t)| dλ(t) dλ(s)

+ 2hjhj+1

ˆ

[0,1]

ˆ

[0,1]

P̌j+1,j(s, t)|γ′j+1(s)||γ′j(t)| dλ(t) dλ(s)

+ h2j+1

ˆ

[0,1]

ˆ

[0,1]

P̌j+1,j+1(s, t)|γ′j+1(s)||γ′j+1(t)| dλ(t) dλ(s).

(5.28)

The first summand in (5.28) is due to the symmetry of the integrand just

2

ˆ

[0,1]

ˆ

[0,s]

P̌j,j(s, s− t)|γ′j(s)||γ′j(s− t)| dλ(t) dλ(s).

This term can be treated nearly exactly as in Case 2 of Subsection 5.2. It becomes

2

ˆ

[0,1]

ˆ

[0,1]

P̌j,j(s, s(1− t))|γ′j(s)||γ′j(s(1− t))|s dλ(t) dλ(s). (5.29)

For the third summand in (5.28) one proceeds analogously. The second one can be treated
nearly exactly as in Case 3 of Subsection 5.2. It becomes

ˆ

[0,1]

ˆ

[0,1]

P̌j+1,j(s, 1− st)|γ′j+1(s)||γ′j(1− st)|s dλ(t) dλ(s)

+

ˆ

[0,1]

ˆ

[0,1]

P̌j+1,j(st, 1− t)|γ′j+1(st)||γ′j(1− t)|t dλ(t) dλ(s).
(5.30)

To approximate the final three integrals, we use Gauss quadrature with weight function 1.
Thanks to the following lemma, Theorem 5.1 can be applied.

Lemma 5.8. If the parametrization γ is q ≥ 2 times continuously differentiable on [x̌j−1, x̌j ]
for j ∈ {1, . . . , nγ} and if rh ◦ γ is q − 1 times continuously differentiable on [x̌j−1, x̌j ]
for j ∈ {1, . . . , n}, the integrands of the final terms in (5.29) and (5.30) are q − 1 times
continuously partially differentiable on [0, 1]× [0, 1].
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Proof. For s, t ∈ (0, 1] there holds

P̌j,j(s, s(1− t)) =
|řh(x̌j−1 + hjs)− řh(x̌j−1 + hjs(1− t))|2
|γ(x̌j−1 + hjs)− γ(x̌j−1 + hjs(1− t))|2

=
|řh(x̌j−1 + hjs)− řh(x̌j−1 + hjs(1− t))|2

(st)2
· (st)2

|γ(x̌j−1 + hjs)− γ(x̌j−1 + hjs(1− t))|2

=

∣∣∣
´

[0,1]
ř′h(x̌j−1 + hjs(1− t) + hjstτ) dλ(τ)

∣∣∣
2

∣∣∣
´

[0,1]
γ′(x̌j−1 + hjs(1− t) + hjstτ) dλ(τ)

∣∣∣
2 .

At s = 0 or t = 0, this term can be continuously extended by

|řh|′[x̌j−1,x̌j ]
(x̌j−1 + hjs)|2

|γ|′[x̌j−1,x̌j]
(x̌j−1 + hjs)|2

.

It is q−1 times continuously partially differentiable on [0, 1]× [0, 1]. Therefore, the integrand
in (5.29) has the same smoothness.

For s ∈ (0, 1], t ∈ [0, 1] we have

P̌j+1,j(s, 1− st) =
|řh(x̌j + hj+1s)− řh(x̌j−1 + hj(1− st))|2
|γ(x̌j + hj+1s)− γ(x̌j−1 + hj(1− st))|2

=
|řh(x̌j + hj+1s)− řh(x̌j−1 + hj(1− st))|2

s2
· s2

|γ(x̌j + hj+1s)− γ(x̌j−1 + hj(1− st))|2

=
|
´

[x̌j−hjst,x̌j+hj+1s]
ř′h(τ) dλ(τ)|2

s2
· s2

|
´

[x̌j−hjst,x̌j+hj+1s]
γ′(τ) dλ(τ)|2

=
|
´

[−hjt,hj+1]
ř′h(x̌j + sτ) dλ(τ)|2

|
´

[−hjt,hj+1]
γ′(x̌j + sτ) dλ(τ)|2

At s = 0 this term can be continuously extended by

(hjtř
′ℓ(x̌j) + hj+1ř

′r(x̌j))
2

|hjtγ′ℓ(x̌j) + hj+1γ′r(x̌j)|2
.

It is q − 1 times continuously partially differentiable on [0, 1] × [0, 1]. Therefore, the first
integrand in (5.30) has the same smoothness. For the second one, one proceeds analogously.

�
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6. Numerical Examples

In this section, we apply Alogrithm 4.15 developed in Section 4 to Symm’s integral equation
V φ = Kg + g/2 of Section 5. From Section 1, we see that the normal derivative of a weak
solution of the Laplace problem with Dirichlet boundary conditions, i.e.

−∆u = 0 in Ω,

u = g on Γ,
(6.1)

solves Symm’s integral equation. Conversely the weak solution of the Laplace problem can
be calculated via the representation formula from the solution of Symm’s integral equation.

We present three test examples for which the exact solution is known. In each example,
the parametrization γ of the boundary Γ has the special form

γ(t) =
∑

i∈Z

Cγ
i R

Ǩγ ,Wγ

i,pγ
(t) (6.2)

for all t ∈ [a, b]. Here, pγ ∈ N is the polynomial degree, Ǩγ and Wγ are periodic knots and
weights of length Nγ as in Definition 4.13 and (Ci)i∈Z are Nγ-periodic control points in R

2.
Curves of this type are called NURBS curves.
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Figure 6.1. Geometries for the experiments.
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We choose the same polynomial degree p := pγ for our approximation spaces S(Tk).
As initial knots and weights for the algorithm, we take the same as for the geometry, i.e.
Ǩ0 := Ǩγ and W0 := Wγ . This approach just reflects the main idea of isogeometric analysis.
For comparison, we shall also consider a rather conventional approach by choosing

Ǩ0 := (x̌γ1 , . . . , x̌
γ
1︸ ︷︷ ︸

p+1 times

, x̌γ2 , . . . , x̌
γ
2︸ ︷︷ ︸

p+1 times

. . . , x̌γnγ
, . . . , x̌γnγ︸ ︷︷ ︸

p+1 times

),

with the nodes (x̌γj )
nγ

j=1 of Kγ , and all weights equal to one. According to Theorem 4.4
and Lemma 4.2, (viii), the start space coincides with the transformed space of piecewise

polynomials on [a, b) with break points
{
x̌
[0]
j : j = 1, . . . , n0 − 1

}
. Recalling that the

refined weights are just convex combinations of the old ones, we see that the space S(Tk)
coincides with the transformed space of piecewise polynomials on [a, b) with break points{
x̌
[k]
j : j = 1, . . . , nk − 1

}
which are p − 1 times differentiable at each point of

{
x̌
[k]
j : j =

1, . . . , nk − 1
}
\
{
x̌
[0]
j : j = 1, . . . , n0 − 1

}
. In each case we choose κmax as 2κ(Ť0). We

consider uniform refinement, i.e. ϑ = 1, and adaptive refinement with ϑ = 0.75. For uniform
refinement and smooth solution φ we expect the convergence rate O(h3/2+p) = O(n−3/2−p)
in accordance to [SS11, Corollary 4.1.34].

To calculate the energy error, we use that the error is orthogonal to the approximation
space

‖φ− φk‖2V = ‖φ‖2V − ‖φk‖2V .
The energy norm of the discrete solution φk reads ‖φk‖2V = chk · Vhkchk with the stiffness
matrix Vhk and the coefficient vector chk as in Section 5. The unknown energy norm ‖φ‖V is
either computed exactly or obtained by Aitkin’s ∆2 extrapolation of the sequence of values
for discrete solutions of the conventional approach with adaptively refined meshes.

The code for the following experiments can be found in Appendix B.

6.1. Smooth solution on circle. We consider problem (6.1) on the circle with midpoint
(0, 0) and radius 1/10 with exact solution u(x, y) = x2+2xy−y2 and solve the corresponding
Symm’s integral equation. The normal derivative φ := ∂u/∂ν is smooth on the whole
boundary

φ(x, y) = 20(x2 + 2xy − y2). (6.3)

The geometry is parametrized on [0, 1] by the NURBS curve induced by11

pγ = 2,

Ǩγ =

(
1

4
,
1

4
,
2

4
,
2

4
,
3

4
,
3

4
, 1, 1, 1

)
,

Wγ =

(
1,

1√
2
, 1,

1√
2
, 1,

1√
2
, 1, 1,

1√
2

)
,

(Ci)
Nγ

i=1 =
1

10
·
((

0
1

)
,

(
−1
1

)
,

(
−1
0

)
,

(
−1
−1

)
,

(
0
−1

)
,

(
1
−1

)
,

(
1
0

)
,

(
1
0

)
,

(
1
1

))
.

In Figure 6.1 we can see the geometry and the γ-values of the initial nodes. As can be
seen in Figure 6.2, φ ◦ γ is smooth on the whole parameter domain.

11Notice that this parametrization does not coincide with t 7→ (cos(t), sin(t)).
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Figure 6.2. Experiment on circle geometry. The smooth solution φ ◦ γ is plotted.
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Figure 6.3. Experiment on circle geometry. Error and estimator are plotted
versus the number of nodes.

Figure 6.3 and Figure 6.4 show the error and the error estimator for the conventional ap-
proach with piecewise polynomials and for the isogeometric one with NURBS corresponding
to the geometry. All values are shown on a log-log scale so that the experimental conver-
gence rates are visible as the slope of the corresponding curves. For the calculation of the
error we used the exact energy norm of the solution ‖φ‖2V = π/5000, calculated in Maple.
As expected, the conventional approach with uniform refinement leads to the optimal rate
n−7/2, and adaptive refinement leads to the same rate. The isogeometric approach shows
nearly the same convergence behavior. In each case, the curves for the error and its corre-
sponding estimator are parallel up to a multiplicative constant, which appears in the log-log
scale as additive constant, nearly identical. This empirically confirms the proven efficiency
and reliability of the Faermann estimator ηF1. In Figure 6.5 the error is plotted over the
computational time. All curves show similar rates. However, since the solution does not
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lack any regularity, we can observe (at least) a better multiplicative constant for uniform
refinement.
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Figure 6.4. Experiment on circle geometry. The error is plotted versus the
number of nodes.
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Figure 6.5. Experiment on circle geometry. The error is plotted versus the
computational time.

6.2. Piecewise smooth solution on square. We consider problem (6.1) on the halved unit
square Ω = [0, 1/2]2 with exact solution u(x, y) = exp(x) cos(y) and solve the corresponding
Symm’s integral equation. The normal derivative φ := ∂u/∂ν is piecewise smooth on the
boundary with discontinuities at the corners

φ(x, y) =

(
exp(x) cos(y)
− exp(x) sin(y)

)
· ν(x, y). (6.4)
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Figure 6.6. Experiment on square geometry. The piecewise smooth solution φ ◦ γ.
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Figure 6.7. Experiment on square geometry. Error and estimator are plotted
versus the number of nodes.

The geometry is parametrized on [0, 1] by the NURBS curve induced by

pγ = 1,

Ǩγ =

(
1

4
,
2

4
,
3

4
, 1

)
,

Wγ = (1, 1, 1, 1),

(Ci)
Nγ

i=1 =
1

2
·
((

0
0

)
,

(
1
0

)
,

(
1
1

)
,

(
0
1

))
.

The geometry and the γ-values of the initial nodes are plotted in Figure 6.1. In Figure 6.6
we can observe that φ ◦ γ is piecewise smooth on the parameter domain with jumps at the
initial nodes. In this special example the approximation space S(Tk) for the isogeometric
approach, transformed onto the parameter domain, consists of all piecewise linear continuous
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Figure 6.8. Experiment on square geometry. The error is plotted versus the
number of nodes.
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Figure 6.9. Experiment on square geometry. The error is plotted versus the
computational time.

polynomials on the mesh. In contrast, the conventional approach does allow discontinuities
at the initial nodes. Therefore, we expect the conventional approach to be superior in this
case.

Indeed, in Figure 6.7 and in Figure 6.8 we can observe suboptimal convergence rate n−1

for IGA with uniform refinement. However this problem can be solved by adaptivity. Now,
one obtains (at least asymptotically) a similar convergence rate as for the conventional
approach, i.e. O(n−5/2). For the calculation of the error we use extrapolation and get
‖φ‖2V = 0.219715794638521. The efficiency and reliability of the Faermann estimator ηF1

is again confirmed. In Figure 6.9, the error is plotted over the computational time. For
adaptive refinement, we plot in Figure 6.10 the indices of the knots in (a, b] = (0, 1] of
the last refinement step over the knots. Big increase of the curve at any point t indicates
high refinement at this point. The conventional approach refines nearly uniformly outside
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Figure 6.10. Experiment on square geometry. The indices of the last knot
vector versus the knots are plotted.

of the interval [0.25, 0.5], where the transformed solution φ ◦ γ vanishes. As expected, the
isogeometric approach mainly refines at the jump points of φ ◦ γ, 0.25, 0.5 and 0.75, to
deal with the discontinuity of the solution there. Note that by periodicity, 0 resp. 1 is
as well a jump point. However, here no refinement is necessary, since the elements of the
approximation space do not need to be periodic.
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Figure 6.11. Experiment on pacman geometry. The singular solution φ ◦ γ
with jump is plotted.

6.3. Singular solution on pacman. As third example we consider, for the parameter
τ = 4/7, problem (6.1) on

Ω :=

{
r(cos(α), sin(α)) : 0 ≤ r <

1

10
, α ∈

(
− π

2τ
,
π

2τ

)}
(6.5)
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Figure 6.12. Experiment on pacman geometry. Error and estimator are
plotted versus the number of nodes.
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Figure 6.13. Experiment on pacman geometry. The error is plotted versus
the number of nodes.

with exact solution

u(x, y) = rτ cos (τα) in polar coordinates (x, y) = r(cosα, sinα). (6.6)

The normal derivative of u is

φ(x, y) =

(
cos(α) cos (τα) + sin(α) sin (τα)
sin(α) cos (τα)− cos(α) sin (τα)

)
· ν(x, y) · τ · rτ−1. (6.7)

It has a singularity at (0, 0). With w = cos(π/τ), the geometry is parametrized on [0, 1] by
the NURBS curve induced by
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Figure 6.14. Experiment on pacman geometry. The error is plotted versus
the computational time.
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5
,
3

5
,
4

5
,
4

5
, 1, 1, 1

)
,

Wγ = (1, w, 1, w, 1, 1, 1, 1, 1, 1, w) ,

(Ci)
Nγ

i=1 =
1

10
·
((

cos(π/τ · (−1)/6)
sin(π/τ · (−1)/6)

)
,
1

w

(
cos(π/τ · 0/6)
sin(π/τ · 0/6)

)
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(
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sin(π/τ · (−3)/6)

)
,

(
cos(π/τ · (−3)/6)
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)
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1
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.

In Figure 6.11, the solution is plotted over the parameter domain. We can see that it has
beside the singularity at t = 0.8 as well two jumps, one at 0 resp. 1 and one at 0.6.

In Figure 6.12 and in Figure 6.13, the error and the error estimator for the conventional
approach with piecewise polynomials and for the isogeometric one with NURBS correspond-
ing to the geometry are plotted. For the calculation of the error, we have extrapolated
‖φ‖2V = 0.083525924784109. Since the solution lacks regularity, the conventional approach
with uniform refinement leads to the suboptimal rate n−4/7, whereas adaptive refinement
leads to the optimal rate n−7/2. The isogeometric approach shows nearly the same conver-
gence behavior. In Figure 6.14, the error is plotted over the computational time. This time,
adaptive refinement is by far superior to uniform refinement. The conventional and the iso-
geometric approach show the same rate. For adaptive refinement, we plot in Figure 6.15 the
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indices of the knots in (a, b] = (0, 1] of the last refinement step over the knots. Big increase
of the curve at any point t indicates high refinement at t. For the conventional approach,
we see that the algorithm mainly refines the mesh at t = 0.8, which is the point where the
singularity occurs. The isogeometric algorithm refines additionally at the jump point t = 0.6
but not at the jump point t = 0 resp. t = 1. As in the previous example, this follows from
the continuity of the functions in S(Tk) ◦ γ at the point t = 0.6.
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Figure 6.15. Experiment on pacman geometry. The indices of the last knot
vector versus the knots are plotted.
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Appendix A. Differential Geometry

Definition A.1. A regular closed curve is a closed path γ : [a, b] → Γ ⊆ R
d, where d ≥ 2,

with the following properties: It is continuous, piecewise continuously differentiable, and
γ|[a,b) is bijective. The (b− a)-periodic extension of γ to R is denoted by γ as well. Further-
more, we demand γ′ℓ(t) 6= 0,γ′r(t) 6= 0 for t ∈ R and that γ′ℓ(t) + cγ′r(t) 6= 0 for all c > 0,
where γ′ℓ and γ′r denote the left resp. right derivative of γ.

We call two regular closed curves γ1 : [a1, b1] → R
d and γ2 : [a2, b2] → R

d equivalent, if
there exists a parameter transformation from [a1, b1] to [a2, b2], i.e. a bijective, continuous
and piecewise continuously differentiable ϕ : [a1, b1] → [a2, b2] such that ϕ′ℓ(t) > 0 resp.
ϕ′r(t) > 0 for all t ∈ [a1, b1], with γ1 = γ2 ◦ ϕ.

Note that if γ2 : [a2, b2] → Γ is a regular closed curve and ϕ : [a1, b1] → [a2, b2] is a
parameter transformation, γ2 ◦ ϕ is also a regular closed curve.

Remark A.2. The inverse of a parameter transformation is again a parameter transforma-
tion. Therefore, the defined relation between regular closed curves is symmetric. Since the
composition of parameter transformations is again a parameter transformation, it is as well
transitive. Moreover it is obviously reflexive and hence an equivalence relation.

In the following we consider some assertions about regular closed curves.

Theorem A.3. Let γ : [a, b] → Γ be a regular closed curve.Then γ|−1
(r+a,r+b) is locally Lipschitz

continuous for all r ∈ R.

Proof. Without loss of generality we assume that r = 0. First we show that γ|−1
(a,b) is contin-

uous. Let
(
γ(tn)

)
n∈N

with tn ∈ (a, b) for n ∈ N be a sequence converging to some limit γ(t)

with t ∈ (a, b). If
(
γ(tnk

)
)
k∈N

is a subsequence, compactness of [a, b] provides a convergent

subsequence of (tnk
)k∈N with limit t′ ∈ [a, b]. Since γ is continuous, we have γ(t) = γ(t′)

and hence t = t′. This proves the continuity. In particular, this implies that γ|(a, b) is a
homeomorphism from (a, b) to Γ \ {γ(a)}.

Now, let x ∈ Γ \ {γ(a)}, x̌ ∈ (a, b) with γ(x̌) = x, and I ⊆ (a, b) a compact interval
such that the interior of I contains x̌ and γ is differentiable on I \ {x̌}. Since γ|(a,b) is a
homeomorphism, γ(I) is a neigbourhood of x. It remains to show that the function

g : I × I \
{
(s, t) ∈ R

2 : s 6= t
}

︸ ︷︷ ︸
=:D

→ R : (s, t) 7→
∣∣∣∣
γ(t)− γ(s)

t− s

∣∣∣∣

has a positive infimum. Because of the substitution rule, there holds for s, t ∈ I × I \D

g(s, t) =

∣∣∣∣
1

t− s

ˆ t

s

γ′(ρ) dρ

∣∣∣∣ =
∣∣∣∣
ˆ 1

0

γ′
(
ρ(t− s) + s

)
dρ

∣∣∣∣ .

Let
(
(sn, tn)

)
n∈N

be an infinizing sequence in I × I \ D which converges to some limit

(s∞, t∞) ∈ I × I. If the limit is in I × I \ D the infimum is a positive minimum. If
the limit is in D \ {(x̌, x̌)}, the Lebesgue dominated convergence theorem yields

g(sn, tn) →
∣∣∣∣
ˆ 1

0

γ′
(
ρ(t∞ − t∞) + t∞

)
dρ

∣∣∣∣ = |γ′(t∞)| 6= 0.
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Finally, we consider the case (s∞, t∞) = (x̌, x̌). Without loss of generality we, assume that
either sn, tn ≤ x̌, or sn ≤ x̌ ≤ tn, or x̌ ≤ sn, tn, each for all n ∈ N. In the cases sn, tn ≤ x̌
resp. x̌ ≤ sn, tn, we have

g(sn, tn) → |γ′ℓ(x̌)| 6= 0 resp. g(sn, tn) → |γ′r(x̌)| 6= 0.

Finally for sn ≤ x̌ ≤ tn, there holds

g(sn, tn) =

∣∣∣∣∣∣

ˆ
x̌−sn
tn−sn

0

γ′
(
ρ(t− s) + s︸ ︷︷ ︸

≤x̌

)
dρ+

ˆ 1

x̌−sn
tn−sn

γ′
(
ρ(t− s) + s︸ ︷︷ ︸

≥x̌

)
dρ

∣∣∣∣∣∣
. (A.1)

Because of x̌−sn
tn−sn

∈ [0, 1], we can assume convergence of
(
x̌−sn
tn−sn

)
n∈N

to some limit q ∈ [0, 1].

For any ρ ∈ [0, q), it holds ρ < x̌−sn
tn−sn

for sufficiently large n ∈ N and therefore

γ′
(
ρ(tn − sn) + sn

)
→ γ′ℓ(x̌).

Hence we may use Lebesgue’s dominated convergence theorem, to see that the first summand
in (A.1) converges to qγ′ℓ(x̌). Analogous considerations for the second summand show that

g(sn, tn) → |qγ′ℓ(x̌) + (1− q)γ′r(x̌)| 6= 0.

We conclude that in each case the limit of
(
g(sn, tn)

)
n∈N

, which is just the infimum of g on

I × I \D, is greater than zero. �

Lemma A.4. Let (X, dX) and (Y, dY ) be metric spaces and f : X → Y locally Lipschitz
continuous. Then f |K is Lipschitz continuous for each compact subset K ⊆ X.

Proof. Without loss of generality we may assume that X = K. We prove the assertion by
contradiction. If f was not Lipschitz continuous, for all n ∈ N there would exist xn, x

′
n ∈ X

with
dY
(
f(xn), f(x

′
n)
)
> ndY

(
f(xn), f(x

′
n)
)
. (A.2)

Because of the compactness, we can choose (xn)n∈N and (x′n)n∈N such that they converge to
some limit x ∈ X resp. x′ ∈ X. Moreover the range of the mapping f(X) is compact, since
f is continuous and X is compact. This implies the boundedness of f(X) and hence

dX(xn, x
′
n) <

1

n
dY
(
f(xn), f(x

′
n)
)
→ 0.

We therefore have x = x′. In a sufficiently small ǫ-neigbourhood of x, the function f is
Lipschitz continuous. Thus, there exists a constant C > 0 with

∀x̃, x̃′ ∈ X : max
(
dX(x, x̃), dX(x, x̃

′)
)
< ǫ⇒ dY

(
f(x̃), f(x̃′)

)
≤ CdX(x̃, x̃

′).

For sufficiently large n ∈ N, we have max
(
dX(x, xn), dX(x, x

′
n)
)
< ǫ, and hence

dY
(
f(x̃), f(x̃′)

)
≤ CdX(xn, x

′
n).

This contradicts (A.2) and concludes the proof. �

Remark A.5. If X is even locally compact, a function f : X → Y is locally Lipschitz
continuous if and only if f |K is Lipschitz continuous for each compact subset K ⊆ X.

Corollary A.6. Let γ : [a, b] → Γ be a regular closed curve. Then, for all r ∈ R, γ|−1
(r+a,r+b)

is Lipschitz continuous on each compact subset of Γ \ {γ(r + a)}.
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Proof. This is an immediate consequence of Theorem A.3 and Lemma A.4. �

Lemma A.7. Each regular closed curve γ : [a, b] → Γ with length L is equivalent to a
unique regular closed curve γL : [0, L] → Γ with |γ′ℓL(t)| = 1 for t ∈ (0, L] and |γ′rL (t)| = 1 for
t ∈ [0, L).

Proof. We define the parameter transformation

ψ : [a, b] → [0, L] : t 7→
ˆ t

a

|γ′(τ)| dτ.

Then the inverse ϕ := ψ is also a parameter transformation. It holds for t ∈ [0, L]

(γ ◦ ϕ)′ℓ,r(t) = γ′ℓ,r
(
ϕ(t)

)
ϕ′ℓ,r(t) = γ′ℓ,r

(
ϕ(t)

) 1

ψ′ℓ,r
(
ϕ(t)

) =
γ′ℓ,r

(
ϕ(t)

)
∣∣γ′ℓ,r

(
ϕ(t)

)∣∣ .

Hence γL := γ ◦ ϕ has the desired properties.
The uniqueness of γL resp. the corresponding parameter transformation ϕ follows from

the uniqueness of the inverse ψ. The inverse is unique because for t ∈ [a, b]

|γ′ℓ,r(t)| =
∣∣γ′ℓ,rL

(
ψ(t)

)∣∣|ψ′ℓ,r(t)| = ψ′ℓ,r(t) and ψ(a) = 0.

This concludes the proof. �
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Appendix B. Implementation

In this section, the generation of the Galerkin matrix for Symm’s integral equation Vh and
of the right-hand side vector Fh of Section 5 is implemented for the special case that the
parametrization γ is a NURBS curve. This means

γ(t) =
∑

i∈Z

Cγ
i R

Ǩγ ,Wγ

i,pγ (t) (B.1)

for all t ∈ [a, b]. Here, pγ ∈ N is the polynomial degree, Ǩγ and Wγ are periodic knots and
weights of length Nγ as in Definition 4.13, and (Ci)i∈Z are Nγ-periodic control points in R

2.

Moreover, we implement the Faermann estimator ηF1
h for the corresponding solution, Dörfler

marking, and a refinement procedure which refines all marked elements such that the shape
regularity constant stays bounded.

B.1. Functions.h. In this file we define some help functions and the Dirichlet boundary
conditions g.

1 #ifndef _Functions_h

2 #define _Functions_h

3

4 #include <stdio.h>

5 #include <stdlib.h>

6 #include <math.h>

7 #define EPS 1e−15
8

9

10 inline int mod(int x, int y){

11 // returns x mod y for integer x and positive integer y

12 int z=x%y;

13 if (z<0) {z=z+y;}

14 return z;

15 }

16

17

18 inline int floordiv(int x, int y) {

19 // returns floor(((double)x)/((double)y)) for int x and pos. int y

20 if (x >= 0) {return x/y;}else{return (x−y+1)/y;}
21 }

22

23

24 inline double min(double x,double y){

25 if (x<=y){return x;}else{return y;}

26 }

27

28

29 inline double max(double x, double y){

30 if (x<=y){return y;}else{return x;};

31 }

32

33

34 inline int nearly_equal(double x,double y){
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35 if (fabs(x−y)<EPS*max(fabs(x),fabs(y))){
36 return 1;

37 }else{

38 return 0;

39 }

40 }

41

42

43 inline double norm(double* vector){

44 return sqrt(vector[0]*vector[0]+vector[1]*vector[1]);

45 }

46

47

48 inline double g(double* x){

49 // returns g(x) for x in Gamma

50

51 // quadratic:

52 return x[0]*x[0]−x[1]*x[1]+2*x[0]*x[1];
53

54 // exponential:

55 // return exp(x[0])*cos(x[1]);

56

57 // singular:

58 // double tau=4.0/7.0;

59 // return pow(norm(x),tau)*cos(tau*atan2(x[1],x[0]));

60 }

61

62

63 #endif

B.2. Structures.h. In this file we define the structures NURBSData and QuadData.

1 #ifndef _Structures_h_

2 #define _Structures_h_

3 #include <stdio.h>

4 #include <stdlib.h>

5

6

7 // NURBSData

8 typedef struct _NURBSData_{

9 double a; // left point of real interval [a,b]

10 double* knots; // non−decreasing points in (a,b],

11 //t_1=knots[0],...,t_N=knots[N−1]=b with #t_i<=p+1

12 int N; // number of t_i in (a,b

13 double* weights; // positive weights correspoding to knots

14 int p; // polynomial degree

15 double* nodes; // unique(knots)

16 int n; // number of nodes

17 int is_rational; // 0 if all weights are one, 1 else

18 }NURBSData;

19

20
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21 NURBSData* new_NURBSData(double a,double* knots,int N,double* weights,int p,

22 double* nodes,int n,int is_rational) {

23 NURBSData* Data = malloc(sizeof(NURBSData));

24

25 Data−>a = a;

26 Data−>knots = knots;

27 Data−>N = N;

28 Data−>weights = weights;

29 Data−>p = p;

30 Data−>nodes=nodes;
31 Data−>n=n;
32 Data−>is_rational=is_rational;
33

34 return Data;

35 }

36

37

38 NURBSData* del_NURBSData(NURBSData* Data) {

39 if (Data != NULL) {

40 free(Data);

41 }

42 return NULL;

43 }

44

45

46 // get NURBSData

47 inline double get_NURBSData_a(NURBSData* Data){return Data−>a;}
48 inline double* get_NURBSData_knots(NURBSData* Data){return Data−>knots;}
49 inline int get_NURBSData_N(NURBSData* Data){return Data−>N;}
50 inline double* get_NURBSData_weights(NURBSData* Data){return Data−>weights;}
51 inline int get_NURBSData_p(NURBSData* Data){return Data−>p;}
52 inline double* get_NURBSData_nodes(NURBSData* Data){return Data−>nodes;}
53 inline int get_NURBSData_n(NURBSData* Data){return Data−>n;}
54 inline int get_NURBSData_is_rational(NURBSData* Data)

55 {return Data−>is_rational;}
56

57

58

59

60 // QuadData

61 typedef struct _QuadData_{

62 double* nodes; // nodes of Gauss quadrature in [0,1]

63 double* weights; // weights of Gauss quadrature in [0,1]

64 int n; // number of nodes resp. weights

65 }QuadData;

66

67

68 QuadData* new_QuadData(double* nodes,double* weights,int n) {

69 QuadData* Data = malloc(sizeof(QuadData));

70

71 Data−>nodes = nodes;

72 Data−>weights = weights;

73 Data−>n = n;
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74

75 return Data;

76 }

77

78

79 QuadData* del_QuadData(QuadData* Data) {

80 if (Data != NULL) {

81 free(Data);

82 }

83 return NULL;

84 }

85

86

87 // get QuadData

88 inline double* get_QuadData_nodes(QuadData* Data){return Data−>nodes;}
89 inline double* get_QuadData_weights(QuadData* Data){return Data−>weights;}
90 inline int get_QuadData_n(QuadData* Data){return Data−>n;}
91

92 #endif

B.3. Spline.h and Spline.c. In Spline.c the evaluation of NURBS and its first derivative
is implemented. It is mainly based on [dB86, Algorithm 9 and Algorithm 10].

1 #ifndef _Spline_h

2 #define _Spline_h

3

4 #include "Structures.h"

5 #include "Functions.h"

6

7 /* parameters:

8 Data...NURBSData*, see Structures.h

9 i...arbitrary unfixed integer

10 t...arbitrary unfixed evaluation point in [a,b)

11 wcpoints1...first component of weighted control points w_l*C_l

12 for geometry corresponding to knots

13 wcpoints2...second component of weighted control points w_l*C_l

14 for geometry corresponding to knots

15 */

16

17

18 inline double knotseq(NURBSData* Data,int i);

19 // returns t_i, (knots (b−a)−periodic extended)

20

21 int find_Span(NURBSData* Data, double t);

22 // returns integer index between 0 and N−1 with t in [t_index,t_{index+1})

23 // using binary search

24

25 double deBoor_help(NURBSData* Data,int i, double* coeffdata,int coefftype,

26 int l,double t);

27 // help function for function deBoor which returns

28 // a_i^[l](t)=(1−\beta_{i,p−l+1}(t))*a_{i−1}^[l−1](t)
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29 // +\beta_{i,p−l+1}(t)*a_i^[l−1](t), where a_i^[0]=c_{i+1}

30 // (see B−Spline Basics: Algorithm 9 with k=p+1 and a_i=c_{i+1}),

31 // for parameter description see function deBoor

32

33

34 double deBoorDeriv_help(NURBSData* Data, int i, double* coeffdata,

35 int coefftype,int l,double t);

36 // help function for function deBoorDeriv which returns

37 // (not derivative of function a_i^[l])

38 // a_i'^[l](t)=(1−\beta_{i,p−l})*a_{i−1}'^[l−1]+\beta_{i,p−l}*a_i'^[l−1] with

39 // a_i'^[0]=a_i'=p*(a_i−a_{i−1})/(t_{i+p}−t_i)
40 // (see B−Spline Basics: Algorithm 9 and Algorithm 10 with k=p+1 and

41 // a_i=c_{i+1}), for parameter description see function deBoorDeriv

42

43

44 double deBoor(NURBSData* Data, double* coeffdata, int coefftype,double t);

45 // returns sum_{i in Z}c_i*B_{i,p}(t) using deBoor algorithm, where:

46 // if coefftype=0: coeffdata[i+p−1]=c_i for i=(1−p)...(N−#b+1)
47 // if coefftype=1: coeffdata[i−1]=c_i for i=1...N, c_i N−periodic extended

48 // if coefftype=2: coeffdata[0] is unique integer i where c_i!=0, it is c_i=1

49

50 double deBoorDeriv(NURBSData* Data,double* coeffdata,int coefftype,double t);

51 // returns sum_{i in Z}c_i*D^r(B_{i,p})(t) using deBoor algorithm and formula

52 // for derivative coefficients c_i', where:

53 // if coefftype=0: coeffdata[i+p−1]=c_i for i=(1−p)...(N−#b+1)
54 // if coefftype=1: coeffdata[i−1]=c_i for i=1...N, c_i N−periodic extended

55 // if coefftype=2: coeffdata[0] is unique integer i where c_i!=0, it is c_i=1

56

57 double eval_NURBS(NURBSData* Data, int i, double t);

58 // returns R_{i,p}(t)

59

60

61 double eval_NURBSDeriv(NURBSData* Data,int i, double t);

62 // returns D^r(R_{i,p})(t) by using quotient rule

63

64

65 void eval_NURBSCurve(double* output, NURBSData* Data, double* wcpoints1,

66 double* wcpoints2, double t);

67 // turns output[0] resp. output[1] into first resp. second coordinate of

68 // sum_{l in Z} C_l*R_{l,p}(t)

69 // =(sum_{l in Z} w_l*C_l*B_{l,p}(t))/(sum_{l in Z} w_l*B_{l,p}(t))

70

71 void eval_NURBSCurveDeriv(double* output, NURBSData* Data, double* wcpoints1,

72 double* wcpoints2, double t);

73 // turns output[0] resp. output[1] into first resp. second coordinate of

74 // right derivative of

75 // sum_{l in Z} C_l*R_{l,p}(t)

76 // =(sum_{l in Z} w_l*C_l*B_{l,p}(t))/(sum_{l in Z} w_l*B_{l,p}(t))

77 // using quotient rule

78

79 double eval_NURBSComb(NURBSData* Data,double* wcoeffs, double t);

80 // returns sum_{l in Z} c_l*R_{l,p}(t), where wcoeffs[l+p−1]=w_l*c_l
81 // for l=(1−p),...,(N−#b+1)
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82

83

84 #endif

1 #include "Spline.h"

2

3

4 inline double knotseq(NURBSData* Data,int i){

5

6 double a= get_NURBSData_a(Data);

7 double* knots=get_NURBSData_knots(Data);

8 int N=get_NURBSData_N(Data);

9 double b=knots[N−1];
10

11 // t_i=t_{i mod N}+(b−a)*floor(i/N)
12 if (mod(i,N)!=0) {

13 return knots[mod(i,N)−1]+(b−a)*floordiv(i,N);
14 } else {

15 return a+(b−a)*floordiv(i,N); // a=t_0

16 }

17 }

18

19

20 int find_Span(NURBSData* Data, double t){

21

22 int N=get_NURBSData_N(Data);

23 int low=0, high=N+1; // t in [t_low,t_high)

24 int index=(low+high)/2;

25 double t_index=knotseq(Data,index); // t_index

26 double t_indexp1=knotseq(Data,index+1); // t_{index+1}

27

28 while (t<t_index || t>=t_indexp1) {

29 if (t<t_index) {

30 high=index;

31 } else {

32 low=index;

33 }

34 index=(low+high)/2;

35 t_index=knotseq(Data,index);

36 t_indexp1=knotseq(Data,index+1);

37 }

38 return index;

39 }

40

41

42 double deBoor_help(NURBSData* Data,int i, double* coeffdata,int coefftype,

43 int l,double t){

44

45 int N=get_NURBSData_N(Data);

46 int p=get_NURBSData_p(Data);

47 int k,m;
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48 double beta; // beta_{k,p−m+1}
49 double t_k,t_kppmmp1; // t_k, t_{k+p−m+1}
50 double A[l+1]; // help vector

51

52 // calculation of a_k^[0]=a_k=c_{k+1}=A[k+l−i]
53 for (k=(i−l);k<=i;k=k+1){
54 switch(coefftype){

55 case 0:

56 A[k+l−i]=coeffdata[k+p]; break;

57 case 1:

58 if (mod(k+1,N)!=0) {

59 A[k+l−i]=coeffdata[mod(k+1,N)−1];
60 } else {

61 A[k+l−i]=coeffdata[N−1];
62 } break;

63 case 2:

64 // c_{k+1}=∆_{k+1,coeffdata[0]}

65 if ( ((int) coeffdata[0]) == (k+1) ){

66 A[k+l−i]=1;
67 } else {

68 A[k+l−i]=0;
69 }break;

70 }

71 }

72

73 // calculation of a_k^[m]=A[k+l−i−m]
74 for (m=1;m<=l;m=m+1){

75 for (k=(i−l+m);k<=i;k=k+1){
76 t_k=knotseq(Data,k);

77 t_kppmmp1=knotseq(Data,k+p−m+1);
78 // \beta_{k,p−m+1}
79 if (!(nearly_equal(t_k,t_kppmmp1))) {

80 beta=(t−t_k)/(t_kppmmp1−t_k);
81 } else {

82 beta=0;

83 }

84 // a_k^[m]=(1−\beta_{k,p−m+1})*a_{k−1}^[m−1]
85 // + \beta_{k,p−m+1}*a_k^[m−1]
86 A[k+l−i−m]=(1−beta)*A[k+l−i−m] + beta*A[k+l−i−m+1];
87 }

88 }

89

90 return A[0];

91 }

92

93

94 double deBoorDeriv_help(NURBSData* Data, int i, double* coeffdata,

95 int coefftype,int l,double t){

96

97 int N=get_NURBSData_N(Data);

98 int p=get_NURBSData_p(Data);

99 int k,m;

100 double beta; // beta_{k,p−m}
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101 double t_k,t_kppmm,t_kpp; // t_k, t_{k+p−m}, t_{k+p}

102 double tmp1,tmp2;

103 double A_prime[l+1]; // help vector A'

104

105

106 // calculation of a_k'^[0]=a_k'=c_{k+1}'=A'[k+l−i]
107 for (k=(i−l);k<=i;k=k+1){
108 t_k=knotseq(Data,k);

109 t_kpp=knotseq(Data,k+p);

110 switch(coefftype){

111 case 0:

112 if (nearly_equal(t_kpp,t_k)){

113 A_prime[k+l−i]= 0;

114 }else{

115 A_prime[k+l−i]=p*(coeffdata[k+p]−coeffdata[k+p−1])
116 /(t_kpp−t_k);
117 } break;

118 case 1:

119 if (mod(k,N)!=0) {

120 tmp1=coeffdata[mod(k,N)−1]; // c_k

121 } else {

122 tmp1=coeffdata[N−1]; // c_k

123 }

124 if (mod(k+1,N)!=0) {

125 tmp2=coeffdata[mod(k+1,N)−1]; // c_{k+1}

126 } else {

127 tmp2=coeffdata[N−1]; // c_{k+1}

128 }

129 if (nearly_equal(t_kpp,t_k)){

130 A_prime[k+l−i]= 0;

131 } else {

132 A_prime[k+l−i]=p*(tmp2−tmp1)/(t_kpp−t_k);
133 } break;

134 case 2:

135 // c_{k+1}=∆_{k+1,coeffdata[0]}

136 if (((int) coeffdata[0]) == (k+1)){

137 if (nearly_equal(t_kpp,t_k)){

138 A_prime[k+l−i]=0;
139 }else{

140 A_prime[k+l−i]=p/(t_kpp−t_k);
141 }

142 } else {

143 if (((int) coeffdata[0]) == k){

144 if (nearly_equal(t_kpp,t_k)){

145 A_prime[k+l−i]= 0;

146 }else{

147 A_prime[k+l−i]= −p/(t_kpp−t_k);
148 }

149 } else {

150 A_prime[k+l−i]=0;
151 }

152 } break;

153 }
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154 }

155

156 // calculation of a_k'^[m]=A'[k+l−i−m]
157 for (m=1;m<=l;m=m+1){

158 for (k=(i−l+m);k<=i;k=k+1){
159 t_k=knotseq(Data,k);

160 t_kppmm=knotseq(Data,k+p−m);
161 // \beta_{k,p−m}
162 if (!(nearly_equal(t_k,t_kppmm))) {

163 beta=(t−t_k)/(t_kppmm−t_k);
164 } else {

165 beta=0;

166 }

167 // a_k'^[m]=(1−\beta_{k,p−m})*a_{k−1}'^[m−1]
168 // +\beta_{k,p−m}*a_k'^[m−1]
169 A_prime[k+l−i−m]=(1−beta)*A_prime[k+l−i−m]
170 + beta*A_prime[k+l−i−m+1];
171 }

172 }

173

174 return A_prime[0];

175 }

176

177

178 double deBoor(NURBSData* Data, double* coeffdata, int coefftype,double t){

179

180 int p=get_NURBSData_p(Data);

181 double index=find_Span(Data,t);

182

183 return deBoor_help(Data,index,coeffdata,coefftype,p,t);

184 }

185

186

187 double deBoorDeriv(NURBSData* Data,double* coeffdata,int coefftype,double t){

188

189 int p=get_NURBSData_p(Data);

190 double index=find_Span(Data,t);

191

192 return deBoorDeriv_help(Data,index,coeffdata,coefftype,p−1,t);
193 }

194

195

196 double eval_NURBS(NURBSData* Data, int i, double t){

197

198 int N=get_NURBSData_N(Data);

199 double* weights=get_NURBSData_weights(Data);

200 int is_rational=get_NURBSData_is_rational(Data);

201 double weight, nominator,denominator;

202 double coeffdata[1]={(double)i};

203

204 if (is_rational==0){

205 return deBoor(Data,coeffdata,2,t);

206 }else{
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207 if (mod(i,N)!=0) {

208 weight=weights[mod(i,N)−1]; // w_i

209 } else {

210 weight=weights[N−1]; // w_i

211 }

212 nominator=weight*deBoor(Data,coeffdata,2,t);

213 denominator=deBoor(Data,weights,1,t);

214 return nominator/denominator;

215 }

216 }

217

218

219 double eval_NURBSDeriv(NURBSData* Data,int i, double t){

220

221 int N=get_NURBSData_N(Data);

222 double* weights=get_NURBSData_weights(Data);

223 int is_rational=get_NURBSData_is_rational(Data);

224 double weight, nominator, nominator_prime,denominator, denominator_prime;

225 double coeffdata[1]={(double)i};

226

227 if (is_rational==0){

228 return deBoorDeriv(Data,coeffdata,2,t);

229 }else{

230 if (mod(i,N)!=0) {

231 weight=weights[mod(i,N)−1]; // w_i

232 } else {

233 weight=weights[N−1]; // w_i

234 }

235 nominator=weight*deBoor(Data,coeffdata,2,t);

236 nominator_prime=weight*deBoorDeriv(Data,coeffdata,2,t);

237 denominator=deBoor(Data,weights,1,t);

238 denominator_prime=deBoorDeriv(Data,weights,1,t);

239 return (nominator_prime*denominator−nominator*denominator_prime)
240 /(denominator*denominator);

241 }

242 }

243

244

245 void eval_NURBSCurve(double* output, NURBSData* Data, double* wcpoints1,

246 double* wcpoints2, double t){

247

248 int N=get_NURBSData_N(Data);

249 double* weights=get_NURBSData_weights(Data);

250 int is_rational=get_NURBSData_is_rational(Data);

251 double nominator1, nominator2, denominator;

252

253 if (is_rational==0){

254 output[0]=deBoor(Data,wcpoints1,1,t);

255 output[1]=deBoor(Data,wcpoints2,1,t);

256 }else{

257 nominator1=deBoor(Data,wcpoints1,1,t);

258 nominator2=deBoor(Data,wcpoints2,1,t);

259 denominator=deBoor(Data,weights,1,t);
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260

261 output[0]=nominator1/denominator;

262 output[1]=nominator2/denominator;

263 }

264 }

265

266

267 void eval_NURBSCurveDeriv(double* output, NURBSData* Data, double* wcpoints1,

268 double* wcpoints2, double t){

269

270 int N=get_NURBSData_N(Data);

271 double* weights=get_NURBSData_weights(Data);

272 int is_rational=get_NURBSData_is_rational(Data);

273 double nominator1,nominator2,denominator;

274 double nominator1_prime,nominator2_prime,denominator_prime;

275

276 if (is_rational==0){

277 output[0]=deBoorDeriv(Data,wcpoints1,1,t);

278 output[1]=deBoorDeriv(Data,wcpoints2,1,t);

279 }else{

280 nominator1=deBoor(Data,wcpoints1,1,t);

281 nominator2=deBoor(Data,wcpoints2,1,t);

282 denominator=deBoor(Data,weights,1,t);

283 nominator1_prime=deBoorDeriv(Data,wcpoints1,1,t);

284 nominator2_prime=deBoorDeriv(Data,wcpoints2,1,t);

285 denominator_prime=deBoorDeriv(Data,weights,1,t);

286

287 output[0]=(nominator1_prime*denominator−nominator1*denominator_prime)
288 /(denominator*denominator);

289 output[1]=(nominator2_prime*denominator−nominator2*denominator_prime)
290 /(denominator*denominator);

291 }

292 }

293

294

295 double eval_NURBSComb(NURBSData* Data,double* wcoeffs, double t) {

296

297 double* knots=get_NURBSData_knots(Data);

298 int N=get_NURBSData_N(Data);

299 double* weights=get_NURBSData_weights(Data);

300 int p=get_NURBSData_p(Data);

301 int is_rational=get_NURBSData_is_rational(Data);

302 double b=knots[N−1];
303 int multb=0; // #b

304 while (nearly_equal(knots[N−multb−1],b)) {multb=multb+1;}

305 double weight,nominator,denominator;

306

307 if (is_rational==0){

308 return deBoor(Data,wcoeffs,0,t);

309 }else{

310 nominator=deBoor(Data,wcoeffs,0,t);

311 denominator=deBoor(Data,weights,1,t);

312 return nominator/denominator;
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313 }

314 }

B.4. Vmatrix.h and Vmatrix.c. The computation of the Galerkin matrix is based on Sub-
section 5.1.

1 #ifndef _Vmatrix_h

2 #define _Vmatrix_h

3

4 #include <math.h>

5 #include <stdio.h>

6 #include "Spline.h"

7

8 /* parameters:

9 Data_Gamma...NURBSData* for geometry Gamma, see Structures.h

10 wcpoints1_gam...first component of weighted control points

11 w_l^\gamma*C_l^\gamma for geometry corresponding to knots

12 wcpoints2_gam...second component of weighted control points

13 w_l^\gamma*C_l^\gamma for geometry corresponding to knots

14 Data_Basis...NURBSData* for Basis of approximation space

15 Data_Gauss...QuadData* for quadrature with weight function 1 om [0,1],

16 see Structures.h

17 Data_LogGauss...QuadData* for quadrature with weight function −log(x)
18 on [0,1], see Structures.h

19

20 comments:

21 we assume that:

22 −)path gamma induced by Data_Gammais and wcpoints_gam is positively

23 orientated regular closed curve,

24 which parametizes boundary Gamma of Lipschitz domain Omega with diam(Omega)<1

25 −)#t_i^gamma<=p_gam+1
26 −)number of different entries in knots of Data_Gamma >= 4

27 −){t_i^gamma:i=1...N_gam}<={t_i:i=1...N}
28 −)#t_i<=p+1
29 */

30

31

32 double SquareIntegrand_V_smooth(NURBSData* Data_Gamma,double* wcpoints1_gam,

33 double* wcpoints2_gam,NURBSData* Data_Basis,

34 double s,double t,int i,int k,

35 double denominator,double Jdet);

36 // returns −1/2pi*log(|\gamma(s)−\gamma(t)|/denominator)
37 // *\tilde{R}_i(s)*\tilde{R}_k(t)*Jdet,

38 // where s!=t in [a,b), i,k in {1−p,...,N−#b+1}, denominator>0 and Jdet in \R

39

40

41 double SquareIntegrand_V_log(NURBSData* Data_Gamma,double* wcpoints1_gam,

42 double* wcpoints2_gam,NURBSData* Data_Basis,

43 double s,double t,int i,int k,double Jdet);

44 // returns 1/2pi*\tilde{R}_i(s)*\tilde{R}_k(t)*Jdet,

45 // where s!=t in [a,b), i,k in {1−p,...,N−#b+1} and Jdet in \R
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46

47

48 double SquareIntegral_V_Identical(NURBSData* Data_Gamma,double* wcpoints1_gam,

49 double* wcpoints2_gam,NURBSData* Data_Basis,

50 QuadData* Data_Gauss,QuadData* Data_LogGauss,

51 int i,int k,int l);

52 // returns \int_0^1 \int_0^1 \check{G}_{l,l}(s,t) \tilde{R}_{i,l}(s)

53 // \tilde{R}_{k,l}(t) dt ds,

54 // where i,k in {1−p,...,N−#b+1} and

55 // l in {max(i,1),...,min(i+p,N)} \cap {max(k,1)...,min(k+p,N)} with H_l>0

56

57

58 double SquareIntegral_V_Adjacent(NURBSData* Data_Gamma,double* wcpoints1_gam,

59 double* wcpoints2_gam,NURBSData* Data_Basis,

60 QuadData* Data_Gauss,QuadData* Data_LogGauss,

61 int i,int k,int l1,int l2);

62 // returns \int_0^1 \int_0^1 \check{G}_{l1,l2}(s,t)

63 // \tilde{R}_{i,l1}(s) \tilde{R}_{k,l2}(t) dt ds for adjacent elements,

64 // i.e. \gamma([t_{l_1−1},t_{l_1} \cap \gamma([t_{l_2−1},t_{l_2}]) consists

65 // of one point, singularity at s=0 and t=1,

66 // i,k in {1−p,...,N−#b+1}, l1 in {max(i,1),...,min(i+p,N)} and

67 // l2 in {max(k,1),...,min(k+p,N)} with min(H_l1,H_l2)>0

68

69

70 void build_Vmatrix(double* output,NURBSData* Data_Gamma,double* wcpoints1_gam,

71 double* wcpoints2_gam,NURBSData* Data_Basis,

72 QuadData* Data_Gauss,QuadData* Data_LogGauss);

73 // turns output[(i+p−1)+(k+p−1)*(N−#b+1+p)] into

74 // <V \hat{R}_i,\hat{R}_k>_{L^2(Gamma)} for i,k=1−p...N−#b+1,
75 // \hat{R}_i=R_{i,p} circ gamma^(−1) are the transformed basis functions

76

77 #endif

1 #include "Vmatrix.h"

2

3

4 double SquareIntegrand_V_smooth(NURBSData* Data_Gamma,double* wcpoints1_gam,

5 double* wcpoints2_gam,NURBSData* Data_Basis,

6 double s,double t,int i,int k,

7 double denominator,double Jdet){

8

9 double tmp1[2];

10 double tmp2[2];

11 double diff_gam[2];

12 double R_til_i,R_til_k; // \tilde{R}_i(s), \tilde{R}_k(t)

13

14 eval_NURBSCurve(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

15 // gamma(s)

16 eval_NURBSCurve(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

17 // gamma(t)

18 diff_gam[0] = tmp1[0] − tmp2[0];
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19 diff_gam[1] = tmp1[1] − tmp2[1];

20 eval_NURBSCurveDeriv(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

21 // gamma'(s)

22 eval_NURBSCurveDeriv(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

23 // gamma'(t)

24 R_til_i = eval_NURBS(Data_Basis, i, s) * norm(tmp1);

25 R_til_k = eval_NURBS(Data_Basis, k, t) * norm(tmp2);

26 return −log(norm(diff_gam)/denominator) / (2*M_PI)*R_til_i *R_til_k*Jdet;

27 }

28

29

30 double SquareIntegrand_V_log(NURBSData* Data_Gamma,double* wcpoints1_gam,

31 double* wcpoints2_gam,NURBSData* Data_Basis,

32 double s,double t,int i,int k,double Jdet){

33

34

35 double tmp1[2];

36 double tmp2[2];

37 double R_til_i,R_til_k; // \tilde{R}_i(s), \tilde{R}_k(t)

38

39 eval_NURBSCurveDeriv(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

40 // gamma'(s)

41 eval_NURBSCurveDeriv(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

42 // gamma'(t)

43 R_til_i = eval_NURBS(Data_Basis, i, s) * norm(tmp1);

44 R_til_k = eval_NURBS(Data_Basis, k, t) * norm(tmp2);

45 return R_til_i *R_til_k*Jdet/(2*M_PI);

46 }

47

48

49 double SquareIntegral_V_Identical(NURBSData* Data_Gamma,double* wcpoints1_gam,

50 double* wcpoints2_gam,NURBSData* Data_Basis,

51 QuadData* Data_Gauss,QuadData* Data_LogGauss,

52 int i,int k,int l){

53

54 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

55 double* weights_gauss=get_QuadData_weights(Data_Gauss);

56 int n_gauss=get_QuadData_n(Data_Gauss);

57 double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);

58 double* weights_loggauss=get_QuadData_weights(Data_LogGauss);

59 int n_loggauss=get_QuadData_n(Data_LogGauss);

60 int q1,q2;

61 double t_lm1=knotseq(Data_Basis,l−1); // t_{l−1}
62 double t_l=knotseq(Data_Basis,l); // t_{l}

63 double H_l=t_l−t_lm1; // H_l

64 double squareint=0; // integral over square

65 double intpoint1, intpoint2; // first and second integration point

66 double denominator;

67 double Jdet; // Jacobi determinant for Duffy transformation

68

69 // smooth integrals

70 for (q1=0;q1<n_gauss;q1=q1+1) {

71 for (q2=0;q2<n_gauss;q2=q2+1) {
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72 // first double integral

73 intpoint1=t_lm1+H_l*nodes_gauss[q1];

74 intpoint2 = t_lm1 + H_l*(nodes_gauss[q1] * (1−nodes_gauss[q2]));
75 denominator=nodes_gauss[q1]*nodes_gauss[q2];

76 Jdet=nodes_gauss[q1];

77 squareint += weights_gauss[q1] * weights_gauss[q2]

78 *SquareIntegrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

79 Data_Basis,intpoint1,intpoint2,i,k,

80 denominator,Jdet);

81 // second double integral

82 intpoint1=t_lm1+H_l*(1−nodes_gauss[q1]);
83 intpoint2 = t_lm1 + H_l * (1+nodes_gauss[q1]*(nodes_gauss[q2]−1));
84 denominator=nodes_gauss[q1]*nodes_gauss[q2];

85 Jdet=nodes_gauss[q1];

86 squareint += weights_gauss[q1]*weights_gauss[q2]

87 *SquareIntegrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

88 Data_Basis,intpoint1,intpoint2,i,k,

89 denominator,Jdet);

90 }

91 }

92 // integrals with s−logarithmic singularity

93 for (q1=0;q1<n_loggauss;q1=q1+1) {

94 for (q2=0;q2<n_gauss;q2=q2+1) {

95 // first double integral

96 intpoint1=t_lm1+H_l*nodes_loggauss[q1];

97 intpoint2 = t_lm1 + H_l*(nodes_loggauss[q1]*(1−nodes_gauss[q2]));
98 Jdet=nodes_loggauss[q1];

99 squareint += weights_loggauss[q1]*weights_gauss[q2]

100 *SquareIntegrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

101 Data_Basis,intpoint1,intpoint2,i,k,Jdet);

102 // second double integral

103 intpoint1=t_lm1+H_l*(1−nodes_loggauss[q1]);
104 intpoint2 = t_lm1+H_l*(1+nodes_loggauss[q1]*(nodes_gauss[q2]−1));
105 Jdet=nodes_loggauss[q1];

106 squareint += weights_loggauss[q1]*weights_gauss[q2]

107 *SquareIntegrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

108 Data_Basis,intpoint1,intpoint2,i,k,Jdet);

109 }

110 }

111 // integrals with t−logarithmic singularity

112 for (q1=0;q1<n_gauss;q1=q1+1) {

113 for (q2=0;q2<n_loggauss;q2=q2+1) {

114 // first double integral

115 intpoint1=t_lm1+H_l*nodes_gauss[q1];

116 intpoint2 = t_lm1+H_l*(nodes_gauss[q1]*(1−nodes_loggauss[q2]));
117 Jdet=nodes_gauss[q1];

118 squareint += weights_gauss[q1]*weights_loggauss[q2]

119 *SquareIntegrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

120 Data_Basis,intpoint1,intpoint2,i,k,Jdet);

121 // second double integral

122 intpoint1=t_lm1+H_l*(1−nodes_gauss[q1]);
123 intpoint2 = t_lm1+H_l*(1+nodes_gauss[q1]*(nodes_loggauss[q2]−1));
124 Jdet=nodes_gauss[q1];
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125 squareint += weights_gauss[q1]*weights_loggauss[q2]

126 *SquareIntegrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

127 Data_Basis,intpoint1,intpoint2,i,k,Jdet);

128 }

129 }

130 return squareint;

131 }

132

133

134 double SquareIntegral_V_Adjacent(NURBSData* Data_Gamma,double* wcpoints1_gam,

135 double* wcpoints2_gam,NURBSData* Data_Basis,

136 QuadData* Data_Gauss,QuadData* Data_LogGauss,

137 int i,int k,int l1,int l2){

138

139

140 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

141 double* weights_gauss=get_QuadData_weights(Data_Gauss);

142 int n_gauss=get_QuadData_n(Data_Gauss);

143 double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);

144 double* weights_loggauss=get_QuadData_weights(Data_LogGauss);

145 int n_loggauss=get_QuadData_n(Data_LogGauss);

146 int q1,q2;

147 double t_l1m1=knotseq(Data_Basis,l1−1); // t_{l_1−1}
148 double t_l1=knotseq(Data_Basis,l1); // t_{l_1}

149 double H_l1=t_l1−t_l1m1; // H_{l_1}

150 double t_l2m1=knotseq(Data_Basis,l2−1); // t_{l_2−1}
151 double t_l2=knotseq(Data_Basis,l2); // t_{l_2}

152 double H_l2=t_l2−t_l2m1; // H_{l_1}

153 double squareint=0; // integral over square

154 double intpoint1, intpoint2; // first and second integration point

155 double denominator;

156 double Jdet; // Jacobi determinant of Duffy transformation

157

158 // smooth integrals

159 for (q1=0;q1<n_gauss;q1=q1+1) {

160 for (q2=0;q2<n_gauss;q2=q2+1) {

161 // first double integral

162 intpoint1=t_l1m1+H_l1*nodes_gauss[q1];

163 intpoint2 = t_l2m1 + H_l2 * (1−nodes_gauss[q1]*nodes_gauss[q2]);
164 denominator=nodes_gauss[q1];

165 Jdet=nodes_gauss[q1];

166 squareint += weights_gauss[q1]*weights_gauss[q2]

167 *SquareIntegrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

168 Data_Basis,intpoint1,intpoint2,i,k,

169 denominator,Jdet);

170 // second double integral

171 intpoint1=t_l1m1+H_l1*nodes_gauss[q1]*nodes_gauss[q2];

172 intpoint2 = t_l2m1 + H_l2 * (1−nodes_gauss[q2]);
173 denominator=nodes_gauss[q2];

174 Jdet=nodes_gauss[q2];

175 squareint += weights_gauss[q1]*weights_gauss[q2]

176 *SquareIntegrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

177 Data_Basis,intpoint1,intpoint2,i,k,
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178 denominator,Jdet);

179 }

180 }

181 // integral with s−logarithmic singularity

182 for (q1=0;q1<n_loggauss;q1=q1+1) {

183 for (q2=0;q2<n_gauss;q2=q2+1) {

184 intpoint1=t_l1m1+H_l1*nodes_loggauss[q1];

185 intpoint2 = t_l2m1+H_l2* (1−nodes_loggauss[q1]*nodes_gauss[q2]);
186 Jdet=nodes_loggauss[q1];

187 squareint += weights_loggauss[q1]*weights_gauss[q2]

188 *SquareIntegrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

189 Data_Basis,intpoint1,intpoint2,i,k,Jdet);

190 }

191 }

192 // integral with t−logarithmic singularity

193 for (q1=0;q1<n_gauss;q1=q1+1) {

194 for (q2=0;q2<n_loggauss;q2=q2+1) {

195 intpoint1=t_l1m1+H_l1*nodes_gauss[q1]*nodes_loggauss[q2];

196 intpoint2 = t_l2m1 + H_l2 * (1−nodes_loggauss[q2]);
197 Jdet=nodes_loggauss[q2];

198 squareint += weights_gauss[q1]*weights_loggauss[q2]

199 *SquareIntegrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

200 Data_Basis,intpoint1,intpoint2,i,k,Jdet);

201 }

202 }

203 return squareint;

204 }

205

206

207 void build_Vmatrix(double* output,NURBSData* Data_Gamma,double* wcpoints1_gam,

208 double* wcpoints2_gam,NURBSData* Data_Basis,

209 QuadData* Data_Gauss,QuadData* Data_LogGauss){

210

211 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

212 double* weights_gauss=get_QuadData_weights(Data_Gauss);

213 int n_gauss=get_QuadData_n(Data_Gauss);

214 double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);

215 double* weights_loggauss=get_QuadData_weights(Data_LogGauss);

216 int n_loggauss=get_QuadData_n(Data_LogGauss);

217 double* knots=get_NURBSData_knots(Data_Basis);

218 int N=get_NURBSData_N(Data_Basis);

219 int p=get_NURBSData_p(Data_Basis);

220 double tmp[2];

221 int i,k,l1,l2,q1,q2;

222 double b=knots[N−1];
223 int multb=0; // #b

224 while (nearly_equal(knotseq(Data_Basis,N−multb),b)) {multb=multb+1;}

225 double R_til[N−multb+1+p][p+1][n_gauss];
226 // R_til[i−1+p][l1−i][q1]=\tilde{R}_{i,l1}(nodes_gauss[q1])
227 double gamma1[N][n_gauss];

228 // gamma1[l1−1][q1] is first component of

229 // gamma(t_{l1−1}+H_l1*nodes_gauss[q1])
230 double gamma2[N][n_gauss];
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231 // gamma2[l1−1][q1] is second component of

232 // gamma(t_{l1−1}+H_l1*nodes_gauss[q1])
233 double squareint; // integral over square

234 double t_l1m1,t_l1,H_l1,t_l2m1,t_l2,H_l2;

235 // t_{l1−1},t_l1,H_l1,t_{l2−1},t_l2,H_l2
236 double intpoint; // integration point

237

238

239 // calculation of R_til

240 // R_i

241 for (i=1−p;i<=(N−multb+1);i=i+1) {

242 // elements with nonemty intersection with support of R_i

243 for (l1=max(i,1);l1<=min(i+p,N);l1=l1+1) {

244 // quadrature points

245 for (q1=0;q1<n_gauss;q1=q1+1) {

246 t_l1m1=knotseq(Data_Basis,l1−1);
247 t_l1=knotseq(Data_Basis,l1);

248 H_l1=t_l1−t_l1m1;
249 intpoint=t_l1m1+H_l1*nodes_gauss[q1];

250 eval_NURBSCurveDeriv(tmp,Data_Gamma,wcpoints1_gam,

251 wcpoints2_gam,intpoint);

252 R_til[i−1+p][l1−i][q1]=eval_NURBS(Data_Basis, i,intpoint)

253 *norm(tmp);

254 }

255 }

256 }

257 // calculation of gamma1, gamma2

258 for (l1=1;l1<=N;l1=l1+1){

259 for (q1=0;q1<n_gauss;q1=q1+1){

260 t_l1m1=knotseq(Data_Basis,l1−1);
261 t_l1=knotseq(Data_Basis,l1);

262 H_l1=t_l1−t_l1m1;
263 intpoint=t_l1m1+H_l1*nodes_gauss[q1];

264 eval_NURBSCurve(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,

265 intpoint);

266 gamma1[l1−1][q1]=tmp[0];
267 gamma2[l1−1][q1]=tmp[1];
268 }

269 }

270

271

272 // calculation of Vmatrix

273 // R_i

274 for (i=1−p;i<=(N−multb+1);i=i+1) {

275 // R_k

276 for (k=1−p;k<=i;k=k+1) {

277 output[i+p−1+(k+p−1)*(N−multb+1+p)]=0;
278 // elements with nonemty intersection with support of R_i

279 for (l1=max(i,1);l1<=min(i+p,N);l1=l1+1) {

280 // elements with nonemty intersection with support of R_k

281 for (l2=max(k,1);l2<=min(k+p,N);l2=l2+1) {

282 t_l1m1=knotseq(Data_Basis,l1−1);
283 t_l1=knotseq(Data_Basis,l1);
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284 t_l2m1=knotseq(Data_Basis,l2−1);
285 t_l2=knotseq(Data_Basis,l2);

286 H_l1=t_l1−t_l1m1;
287 H_l2=t_l2−t_l2m1;
288 // quadrature

289 if (0<min(H_l1,H_l2)){

290 // elements with no intersection

291 squareint=0;

292 if ((!nearly_equal(t_l1m1,t_l2m1))

293 && (!nearly_equal(t_l1m1,t_l2))

294 && (!nearly_equal(t_l1,t_l2m1))

295 && (!nearly_equal(t_l1,t_l2))

296 && ((l1!=(N−multb+1)) || (l2!=1))

297 && ((l2!=(N−multb+1)) || (l1!=1))) {

298 for (q1=0;q1<n_gauss;q1=q1+1) {

299 for (q2=0;q2<n_gauss;q2=q2+1) {

300 tmp[0]=gamma1[l1−1][q1]
301 − gamma1[l2−1][q2];
302 tmp[1]=gamma2[l1−1][q1]
303 − gamma2[l2−1][q2];
304 squareint+=

305 −weights_gauss[q1]*weights_gauss[q2]
306 *log(norm(tmp))*R_til[i−1+p][l1−i][q1]
307 * R_til[k−1+p][l2−k][q2]/(2*M_PI);
308 }

309 }

310 }

311 // elements with intersection

312 else {

313 // identical elements

314 if (l1==l2){

315 squareint=SquareIntegral_V_Identical(

316 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

317 Data_Basis,Data_Gauss,

318 Data_LogGauss,i,k,l1);

319 }

320 // adjacent elements

321 else{

322 // singularity at s=0,t=1

323 if (nearly_equal(t_l1m1,t_l2)

324 || ((l2==(N−multb+1)) && (l1==1))){

325 squareint=SquareIntegral_V_Adjacent(

326 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

327 Data_Basis,Data_Gauss,Data_LogGauss,

328 i,k,l1,l2);

329 }

330 // singularity at s=1,t=0

331 else{

332 squareint=SquareIntegral_V_Adjacent(

333 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

334 Data_Basis,Data_Gauss,Data_LogGauss,

335 k,i,l2,l1);

336 }
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337 }

338 }

339 output[i+p−1+(k+p−1)*(N−multb+1+p)]+=
340 H_l1*H_l2*squareint;

341 }

342 }

343 }

344 if (i!=k){

345 // V symmetric

346 output[k+p−1+(i+p−1)*(N−multb+1+p)] =

347 output[i+p−1+(k+p−1)*(N−multb+1+p)];
348 }

349 }

350 }

351 }

B.5. Fvector.h and Fvector.c. The computation of the right-hand side vector is based
on Subsection 5.2.

1 #ifndef _Fvector_h

2 #define _Fvector_h

3

4 #include <math.h>

5 #include <stdio.h>

6 #include "Spline.h"

7

8 /* parameters:

9 Data_Gamma...NURBSData* for geometry Gamma, see Structures.h

10 wcpoints1_gam...first component of weighted control points

11 w_l^\gamma*C_l^\gamma for geometry corresponding to knots

12 wcpoints2_gam...second component of weighted control points

13 w_l^\gamma*C_l^\gamma for geometry corresponding to knots

14 Data_Basis...NURBSData* for Basis of approximation space

15 Data_Gauss...QuadData* for quadrature with weight function 1 on [0,1],

16 see Structures.h

17 Data_Gauss_small...QuadData* (see Structures.h) for quadrature with weight

18 function 1 on [0,1] (with smaller number of nodes as Data_Gauss),

19 used for quadrature for identical elements or adjacent elements

20 in function build_Fvector

21

22 comments:

23 we assume that:

24 −)path gamma induced by Data_Gammais and wcpoints_gam is positively

25 orientated regular closed curve, which parametizes boundary Gamma

26 of Lipschitz domain Omega with diam(Omega)<1

27 −)#t_i^gamma<=p_gam+1
28 −)number of different entries in knots of Data_Gamma >= 4

29 −){t_i^gamma:i=1...N_gam}<={t_i:i=1...N}
30 −)#t_i<=p+1
31 */

32
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33 double SquareIntegrand_K(NURBSData* Data_Gamma,double* wcpoints1_gam,

34 double* wcpoints2_gam,NURBSData* Data_Basis,

35 int i,double s,double t,double Jdet);

36 // returns \partial_\nu\check{G}(s,t)*\tilde{g}(t)*\tilde{R}_i(s)*Jdet,

37 // where s!=t in [a,b), i,k in {1−p,...,N−#b+1} and Jdet in \R

38

39

40 double SquareIntegral_K_Identical(NURBSData* Data_Gamma,double* wcpoints1_gam,

41 double* wcpoints2_gam,NURBSData* Data_Basis,

42 QuadData* Data_Gauss,

43 int i,int l);

44 // returns \int_0^1 \int_0^1 \partial_\nu\check{G}_{l,l}(s,t)

45 // \tilde{R}_{i,l}(s) \tilde{g}(t) dt ds,

46 // where i in {1−p,...,N−#b+1} and l in {max(i,1),...,min(i+p,N)} with H_l>0

47

48

49 double SquareIntegral_K_Adjacent(NURBSData* Data_Gamma,double* wcpoints1_gam,

50 double* wcpoints2_gam,NURBSData* Data_Basis,

51 QuadData* Data_Gauss,

52 int i,int l1,int l2,int singtype);

53 // returns \int_0^1 \int_0^1 \partial_nu\check{G}_{l1,l2}(s,t)

54 // \tilde{R}_{i,l1}(s) \tilde{g}(t) dt ds for adjacent elements,

55 // i.e. \gamma([t_{l_1−1},t_{l_1} \cap \gamma([t_{l_2−1},t_{l_2}]) consists

56 // of one point, if singtype=0: singularity at s=0 and t=1

57 // else singularity at s=1 and t=0,

58 // i in {1−p,...,N−#b+1}, l1 in {max(i,1),...,min(i+p,N)} and l2 in {1,...,N}

59 // with min(H_l1,H_l2)>0

60

61

62 void build_Fvector(double* output,NURBSData* Data_Gamma,double* wcpoints1_gam,

63 double* wcpoints2_gam,NURBSData* Data_Basis,

64 QuadData* Data_Gauss,QuadData* Data_Gauss_small);

65 // turns output[i+p−1] into <Kg+g/2,\hat{R}_i>_{L_2(Gamma)}

66 // for i=1−p...N−#b+1, \hat{R}_i=R_{i,p} \circ gamma^(−1) are the transformed

67 // basis functions

68

69

70 #endif

1 #include "Fvector.h"

2

3 double SquareIntegrand_K(NURBSData* Data_Gamma,double* wcpoints1_gam,

4 double* wcpoints2_gam,NURBSData* Data_Basis,

5 int i,double s,double t,double Jdet){

6

7 double tmp1[2];

8 double tmp2[2];

9 double diff_gam[2]; // gamma(s)−gamma(t)
10 double R_til_i,g_nu1,g_nu2; // \tilde{R}_{i,p}(s), first resp. second

11 // coordinate of \check{g}(t)|\gamma'(t)|\nu(\gamma(t))

12
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13 eval_NURBSCurve(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

14 // gamma(s)

15 eval_NURBSCurve(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

16 // gamma(t)

17 diff_gam[0] = tmp1[0] − tmp2[0];

18 diff_gam[1] = tmp1[1] − tmp2[1];

19 g_nu1 = g(tmp2);

20 g_nu2 = g(tmp2);

21 eval_NURBSCurveDeriv(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

22 // gamma'(s)

23 eval_NURBSCurveDeriv(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

24 // gamma'(t)

25 R_til_i = eval_NURBS(Data_Basis,i, s) * norm(tmp1);

26 g_nu1 *= tmp2[1];

27 g_nu2 *= −tmp2[0];
28 return ((diff_gam[0]*g_nu1 + diff_gam[1]*g_nu2) / (2*M_PI*norm(diff_gam)))

29 *(Jdet/norm(diff_gam)) * R_til_i;

30 }

31

32

33 double SquareIntegral_K_Identical(NURBSData* Data_Gamma,double* wcpoints1_gam,

34 double* wcpoints2_gam,NURBSData* Data_Basis,

35 QuadData* Data_Gauss,int i,int l){

36

37 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

38 double* weights_gauss=get_QuadData_weights(Data_Gauss);

39 int n_gauss=get_QuadData_n(Data_Gauss);

40 int q1,q2;

41 double t_lm1=knotseq(Data_Basis,l−1); // t_{l−1}
42 double t_l=knotseq(Data_Basis,l); // t_{l}

43 double H_l=t_l−t_lm1; // H_l

44 double squareint=0; // integral over square

45 double intpoint1, intpoint2; // first and second integration point

46 double Jdet; // Jacobi determinant for Duffy transformation

47

48 for (q1=0;q1<n_gauss;q1=q1+1) {

49 for (q2=0;q2<n_gauss;q2=q2+1) {

50 // first double integral

51 intpoint1=t_lm1+H_l*nodes_gauss[q1];

52 intpoint2 = t_lm1 + H_l * nodes_gauss[q1] * (1 − nodes_gauss[q2]);

53 Jdet=nodes_gauss[q1];

54 squareint+=weights_gauss[q1]*weights_gauss[q2]

55 *SquareIntegrand_K(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

56 Data_Basis,i,intpoint1,intpoint2,Jdet);

57 // second double integral

58 intpoint1=t_lm1+H_l*nodes_gauss[q1];

59 intpoint2 = t_lm1

60 +H_l*(nodes_gauss[q1]+nodes_gauss[q2]*(1−nodes_gauss[q1]));
61 Jdet=(1−nodes_gauss[q1]);
62 squareint+=weights_gauss[q1]*weights_gauss[q2]

63 *SquareIntegrand_K(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

64 Data_Basis,i,intpoint1,intpoint2,Jdet);

65 }
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66 }

67 return squareint;

68 }

69

70

71 double SquareIntegral_K_Adjacent(NURBSData* Data_Gamma,double* wcpoints1_gam,

72 double* wcpoints2_gam,NURBSData* Data_Basis,

73 QuadData* Data_Gauss,

74 int i,int l1,int l2,int singtype){

75

76 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

77 double* weights_gauss=get_QuadData_weights(Data_Gauss);

78 int n_gauss=get_QuadData_n(Data_Gauss);

79 int q1,q2;

80 double t_l1m1=knotseq(Data_Basis,l1−1); // t_{l_1−1}
81 double t_l1=knotseq(Data_Basis,l1); // t_{l_1}

82 double H_l1=t_l1−t_l1m1; // H_{l_1}

83 double t_l2m1=knotseq(Data_Basis,l2−1); // t_{l_2−1}
84 double t_l2=knotseq(Data_Basis,l2); // t_{l_2}

85 double H_l2=t_l2−t_l2m1; // H_{l_1}

86 double squareint=0; // integral over square

87 double intpoint1, intpoint2; // first and second integration point

88 double Jdet; // Jacobi determinant of Duffy transformation

89

90 if (singtype==0){

91 for (q1=0;q1<n_gauss;q1=q1+1) {

92 for (q2=0;q2<n_gauss;q2=q2+1) {

93 // first double integral

94 intpoint1=t_l1m1+H_l1*nodes_gauss[q1];

95 intpoint2 = t_l2m1+H_l2*(1−nodes_gauss[q1]*nodes_gauss[q2]);
96 Jdet=nodes_gauss[q1];

97 squareint+=weights_gauss[q1]*weights_gauss[q2]

98 *SquareIntegrand_K(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

99 Data_Basis,i,intpoint1,intpoint2,Jdet);

100 // second double integral

101 intpoint1=t_l1m1+H_l1*nodes_gauss[q1]*(1−nodes_gauss[q2]);
102 intpoint2 = t_l2m1 + H_l2 * nodes_gauss[q2];

103 Jdet=1−nodes_gauss[q2];
104 squareint+=weights_gauss[q1]*weights_gauss[q2]

105 *SquareIntegrand_K(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

106 Data_Basis,i,intpoint1,intpoint2,Jdet);

107 }

108 }

109 } else {

110 for (q1=0;q1<n_gauss;q1=q1+1) {

111 for (q2=0;q2<n_gauss;q2=q2+1) {

112 // first double integral

113 intpoint1=t_l1m1+H_l1*(1−nodes_gauss[q1]*nodes_gauss[q2]);
114 intpoint2 = t_l2m1 + H_l2 *nodes_gauss[q2];

115 Jdet=nodes_gauss[q2];

116 squareint+=weights_gauss[q1]*weights_gauss[q2]

117 *SquareIntegrand_K(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

118 Data_Basis,i,intpoint1,intpoint2,Jdet);
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119 // second double integral

120 intpoint1=t_l1m1+H_l1*nodes_gauss[q1];

121 intpoint2 = t_l2m1

122 + H_l2 * nodes_gauss[q2] * (1 − nodes_gauss[q1]);

123 Jdet=1−nodes_gauss[q1];
124 squareint+=weights_gauss[q1]*weights_gauss[q2]

125 *SquareIntegrand_K(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

126 Data_Basis,i,intpoint1,intpoint2,Jdet);

127 }

128 }

129 }

130 return squareint;

131 }

132

133

134 void build_Fvector(double* output,NURBSData* Data_Gamma,double* wcpoints1_gam,

135 double* wcpoints2_gam,NURBSData* Data_Basis,

136 QuadData* Data_Gauss,QuadData* Data_Gauss_small){

137

138 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

139 double* weights_gauss=get_QuadData_weights(Data_Gauss);

140 int n_gauss=get_QuadData_n(Data_Gauss);

141 double* nodes_gauss_small=get_QuadData_nodes(Data_Gauss_small);

142 double* weights_gauss_small=get_QuadData_weights(Data_Gauss_small);

143 int n_gauss_small=get_QuadData_n(Data_Gauss_small);

144 double* knots_gam=get_NURBSData_knots(Data_Gamma);

145 int N_gam=get_NURBSData_N(Data_Gamma);

146 double* knots=get_NURBSData_knots(Data_Basis);

147 int N=get_NURBSData_N(Data_Basis);

148 int p=get_NURBSData_p(Data_Basis);

149 double tmp[2];

150 int i,k,l1,l2,q1,q2;

151 double b=knots[N−1];
152 int multb=0; // #b

153 while (nearly_equal(knotseq(Data_Basis,N−multb),b)) {multb=multb+1;}

154 double R_til[N−multb+1+p][p+1][n_gauss];
155 // R_til[i−1+p][l1−i][q1]=\tilde{R}_{i,l1}(nodes_gauss[q1])
156 double gamma1[N][n_gauss];

157 // gamma1[l1−1][q1] is first component of

158 // gamma(t_{l1−1}+H_l1*nodes_gauss[q1])
159 double gamma2[N][n_gauss];

160 // gamma2[l1−1][q1] is second component of

161 // gamma(t_{l1−1}+H_l1*nodes_gauss[q1])
162 double g_nu1[N][n_gauss];

163 // g_nu1[l2−1][q2] is first component of

164 // {{0,1},{−1,0}}*gamma'(t_{l2−1}+H_l2*nodes_gauss[q2])
165 // *\check{g}(t_{l2−1}+H_l2*nodes_gauss[q2])
166 double g_nu2[N][n_gauss];

167 // g_nu1[l2−1][q2] is second component of

168 // {{0,1},{−1,0}}*gamma'(t_{l2−1}+H_l2*nodes_gauss[q2])
169 // *\check{g}(t_{l2−1}+H_l2*nodes_gauss[q2])
170 double squareint; // integral over square

171 double Jdet; // Jacobi determinant of Duffy transformation
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172 double diff_gam[2];

173 double t_l1m1,t_l1,H_l1,t_l2m1,t_l2,H_l2;

174 // t_{l1−1},t_l1,H_l1,t_{l2−1},t_l2,H_l2
175 double intpoint1, intpoint2; // first and second integration point

176 int index; // help index

177

178 // calculation of R_til

179 // R_i

180 for (i=1−p;i<=(N−multb+1);i=i+1) {

181 // elements with nonemty intersection with support of R_i

182 for (l1=max(i,1);l1<=min(i+p,N);l1=l1+1) {

183 // quadrature points

184 for (q1=0;q1<n_gauss;q1=q1+1) {

185 t_l1m1=knotseq(Data_Basis,l1−1);
186 t_l1=knotseq(Data_Basis,l1);

187 H_l1=t_l1−t_l1m1;
188 intpoint1=t_l1m1+H_l1*nodes_gauss[q1];

189 eval_NURBSCurveDeriv(tmp,Data_Gamma,wcpoints1_gam,

190 wcpoints2_gam,intpoint1);

191 R_til[i−1+p][l1−i][q1] = eval_NURBS(Data_Basis,i,intpoint1)

192 * norm(tmp);

193 }

194 }

195 }

196

197

198 // calculation of gamma1, gamma2, g_nu1, g_nu2

199 for (l2=1;l2<=N;l2=l2+1){

200 for (q2=0;q2<n_gauss;q2=q2+1){

201 t_l2m1=knotseq(Data_Basis,l2−1);
202 t_l2=knotseq(Data_Basis,l2);

203 H_l2=t_l2−t_l2m1;
204 intpoint2=t_l2m1+H_l2*nodes_gauss[q2];

205 eval_NURBSCurve(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,

206 intpoint2);

207 gamma1[l2−1][q2]=tmp[0];
208 gamma2[l2−1][q2]=tmp[1];
209 g_nu1[l2−1][q2] = g(tmp);

210 g_nu2[l2−1][q2] = g(tmp);

211 eval_NURBSCurveDeriv(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,

212 intpoint2);

213 g_nu1[l2−1][q2] *= tmp[1];

214 g_nu2[l2−1][q2] *= −tmp[0];
215 }

216 }

217

218

219 // calculation of <Kg,\hat{R}_i>_{L_2(Gamma)}

220 // R_i

221 for (i=1−p;i<=(N−multb+1);i=i+1) {

222 output[i+p−1]=0;
223 // elements with nonemty intersection with support of R_i

224 for (l1=max(i,1);l1<=min(i+p,N);l1=l1+1) {
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225 // all elements

226 for (l2=1;l2<=N;l2=l2+1) {

227 t_l1m1=knotseq(Data_Basis,l1−1);
228 t_l1=knotseq(Data_Basis,l1);

229 t_l2m1=knotseq(Data_Basis,l2−1);
230 t_l2=knotseq(Data_Basis,l2);

231 H_l1=t_l1−t_l1m1;
232 H_l2=t_l2−t_l2m1;
233 // quadrature

234 if (0<min(H_l1,H_l2)){

235 squareint=0;

236 // elements with no intersection

237 if ((!nearly_equal(t_l1m1,t_l2m1))

238 && (!nearly_equal(t_l1m1,t_l2))

239 && (!nearly_equal(t_l1,t_l2m1))

240 && (!nearly_equal(t_l1,t_l2))

241 && ((l1!=(N−multb+1)) || (l2!=1))

242 && ((l2!=(N−multb+1)) || (l1!=1))) {

243 for (q1=0;q1<n_gauss;q1=q1+1) {

244 for (q2=0;q2<n_gauss;q2=q2+1) {

245 tmp[0] = gamma1[l1−1][q1]
246 − gamma1[l2−1][q2];
247 tmp[1] = gamma2[l1−1][q1]
248 − gamma2[l2−1][q2];
249 squareint +=

250 (weights_gauss[q1]*weights_gauss[q2]*
251 (tmp[0]*g_nu1[l2−1][q2]+tmp[1]*g_nu2[l2−1][q2])
252 /norm(tmp))/norm(tmp)*R_til[i−1+p][l1−i][q1]
253 /(2*M_PI);

254 }

255 }

256 }

257 // elements with intersection

258 else {

259 // identical elements

260 if (l1==l2){

261 squareint=SquareIntegral_K_Identical(

262 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

263 Data_Basis,Data_Gauss_small,i,l1);

264 }

265 // elements with point intersection

266 else{

267 // singularity at s=0,t=1

268 if (nearly_equal(t_l1m1,t_l2)

269 || ((l2==(N−multb+1)) && (l1==1))){

270 index=1;

271 while(!nearly_equal(t_l2,knots_gam[index−1])){
272 index=index+1;

273 if (index==(N_gam+1)){break;}

274 }

275 // t_l2 no knot of Gamma

276 if (index==(N_gam+1)){

277 squareint=SquareIntegral_K_Adjacent(
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278 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

279 Data_Basis,Data_Gauss_small,i,l1,l2,0);

280 }

281 // t_l2 knot of Gamma

282 else {

283 squareint=SquareIntegral_K_Adjacent(

284 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

285 Data_Basis,Data_Gauss,i,l1,l2,0);

286 }

287 }

288 // singularity at s=1,t=0

289 else{

290 index=1;

291 while(!nearly_equal(t_l1,knots_gam[index−1])){
292 index=index+1;

293 if (index==(N_gam+1)){break;}

294 }

295 // t_l1 no knot of Gamma

296 if (index==(N_gam+1)){

297 squareint=SquareIntegral_K_Adjacent(

298 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

299 Data_Basis,Data_Gauss_small,i,l1,l2,1);

300 }

301 // t_l1 knot of Gamma

302 else {

303 squareint=SquareIntegral_K_Adjacent(

304 Data_Gamma,wcpoints1_gam,wcpoints2_gam,

305 Data_Basis,Data_Gauss,i,l1,l2,1);

306 }

307 }

308 }

309 }

310 output[i+p−1] += H_l1 * H_l2 * squareint;

311 }

312 }

313 }

314 }

315

316

317 // calculation of <Kg+g/2,R_hat_i>_{L_2(Gamma)}

318 // R_i

319 for (i=1−p;i<=(N−multb+1);i=i+1) {

320 // elements with nonemty intersection with support of R_i

321 for (l1=max(i,1);l1<=min(i+p,N);l1=l1+1) {

322 t_l1m1=knotseq(Data_Basis,l1−1); // t_{l1−1}
323 t_l1=knotseq(Data_Basis,l1); // t_l1

324 H_l1=t_l1−t_l1m1;
325 // quadrature

326 if (0<H_l1){

327 for (q1=0;q1<n_gauss;q1=q1+1) {

328 eval_NURBSCurve(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,

329 t_l1m1+H_l1*nodes_gauss[q1]);

330 output[i+p−1] += H_l1 * weights_gauss[q1]
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331 * g(tmp)/2 * R_til[i−1+p][l1−i][q1];
332 }

333 }

334 }

335 }

336 }

B.6. Faer1Estimator.h and Faer1Estimator.c. The computation of the Faermann esti-
mator ηF1

h is based on Subsection 5.3, 5.4 and 5.5.

1 #ifndef _Faer1Estimator_h

2 #define _Faer1Estimator_h

3

4 #include <math.h>

5 #include <stdio.h>

6 #include "Spline.h"

7

8

9 /* parameters:

10 Data_Gamma...NURBSData* for geometry Gamma, see Structures.h

11 wcpoints1_gam...first component of weighted control points

12 w_l^\gamma*C_l^\gamma for geometry corresponding to knots

13 wcpoints2_gam...second component of weighted control points

14 w_l^\gamma*C_l^\gamma for geometry corresponding to knots

15 Data_Basis...NURBSData* (see Structures.h) for basis of approximation space

16 weighted_c...vector with weighted coefficients

17 w_{1−p}*c_{1−p},...,w_{N−#b+1}*c_{N−#b+1}
18 of approximative solution corresponding to Data_Basis

19 Data_Gauss...QuadData* for quadrature with weight function 1 on [0,1],

20 see Structures.h

21 Data_Gauss_V...QuadData* for quadrature with weight function 1 on [0,1],

22 see Structures.h, used to evaluate V(\phi_h)

23 Data_LogGauss_V...QuadData* for quadrature with weight function −log(x)
24 on [0,1], see Structures.h, used to evaluate V(\phi_h)

25 Data_Gauss_F...QuadData* for quadrature with weight function 1 om [0,1],

26 see Structures.h, used to evaluate right−hand side F

27

28 comments:

29 we assume that:

30 −)path gamma induced by Data_Gamma is and wcpoints_gam is positively

31 orientated regular closed curve,

32 which parametizes boundary Gamma of Lipschitz domain Omega with diam(Omega)<1

33 −)#t_i^gamma<=p_gam+1
34 −)number of different entries in knots of Data_Gamma >= 4

35 −){t_i^gamma:i=1...N_gam}<={t_i:i=1...N}
36 −)#t_i<=p+1
37 */

38

39

40 double Integrand_V_smooth(NURBSData* Data_Gamma,double* wcpoints1_gam,

41 double* wcpoints2_gam,NURBSData* Data_Basis,
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42 double* wcoeffs,double s,double t,

43 double denominator);

44 // returns −1/2pi * log(|\gamma(s)−\gamma(t)| / denominator)

45 // * \psi_h(\gamma(t))*|\gamma'(t)| for s!=t in [a,b) and denominator>0,

46 // where wcoeffs is a vector with weighted coefficients

47 // w_{1−p}*coeffs_{1−p},...,w_{N−#b+1}*coeffs_{N−#b+1} of

48 // function \psi_h in the approximation space

49

50

51 double Integrand_V_log(NURBSData* Data_Gamma,double* wcpoints1_gam,

52 double* wcpoints2_gam,NURBSData* Data_Basis,

53 double* wcoeffs,double t);

54 // returns 1/2pi \psi_h(\gamma(t))*|\gamma'(t)| for t in [a,b),

55 // where wcoeffs is a vector with weighted coefficients

56 // w_{1−p}*coeffs_{1−p},...,w_{N−#b+1}*coeffs_{N−#b+1} of function \psi_h in

57 // the approximation space

58

59

60 double eval_Vpsi(NURBSData* Data_Gamma,double* wcpoints1_gam,

61 double* wcpoints2_gam,NURBSData* Data_Basis,double* wcoeffs,

62 QuadData* Data_Gauss,QuadData* Data_LogGauss,double s);

63 // returns V(\psi_h)(\gamma(s)) for s in [a,b)−{check{x}_0,...,check{x}_n},
64 // where wcoeffs is a vector with weighted coefficients

65 // w_{1−p}*coeffs_{1−p},...,w_{N−#b+1}*coeffs_{N−#b+1} of function \psi_h in

66 // the approximation space

67

68

69 double Integrand_K(NURBSData* Data_Gamma,double* wcpoints1_gam,

70 double* wcpoints2_gam,double s,double t);

71 // returns \partial_\nu\check{G}(s,t)*\check{g}(t)*|\gamma'(t)| for

72 // s!=t in [a,b)

73

74

75 double eval_F(NURBSData* Data_Gamma,double* wcpoints1_gam,

76 double* wcpoints2_gam,NURBSData* Data_Basis,

77 QuadData* Data_Gauss,double s);

78 // returns F(\gamma(s)) for s in [a,b)−{check{x}_0,...,check{x}_n}
79

80

81 double SquareIntegrand_P(NURBSData* Data_Gamma,double* wcpoints1_gam,

82 double* wcpoints2_gam,NURBSData* Data_Basis,

83 double* weighted_c,QuadData* Data_Gauss_V,

84 QuadData* Data_LogGauss_V,QuadData* Data_Gauss_F,

85 double s,double t);

86 // returns \check{P}(s,t)*|gamma'(s)|*|gamma'(t)|

87

88

89 void build_Faer1Estimator(double* output,NURBSData* Data_Gamma,

90 double* wcpoints1_gam,double* wcpoints2_gam,

91 NURBSData* Data_Basis,double* weighted_c,

92 QuadData* Data_Gauss,QuadData* Data_Gauss_V,

93 QuadData* Data_LogGauss_V,QuadData* Data_Gauss_F);

94 // turns output[j] into j−th component of first element based Faermann

108



95 // estimator for j=1,...,n

96

97 #endif

1 #include "Faer1Estimator.h"

2

3

4 double Integrand_V_smooth(NURBSData* Data_Gamma,double* wcpoints1_gam,

5 double* wcpoints2_gam,NURBSData* Data_Basis,

6 double* wcoeffs,double s,double t,

7 double denominator){

8

9 double s_hat[2]; // \gamma(s)

10 double t_hat[2]; // \gamma(t)

11 double tmp[2];

12 double psi_til; // \tilde{\psi_h}(t)

13 eval_NURBSCurve(s_hat,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

14 eval_NURBSCurve(t_hat,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

15

16 eval_NURBSCurveDeriv(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

17 // \gamma'(t)

18 psi_til = eval_NURBSComb(Data_Basis,wcoeffs,t) * norm(tmp);

19 tmp[0]=s_hat[0]−t_hat[0]; // \gamma(s)−\gamma(t)
20 tmp[1]=s_hat[1]−t_hat[1];
21 return −0.5/M_PI * log(norm(tmp)/denominator) * psi_til;

22 }

23

24

25 double Integrand_V_log(NURBSData* Data_Gamma,double* wcpoints1_gam,

26 double* wcpoints2_gam,NURBSData* Data_Basis,

27 double* wcoeffs,double t){

28

29 double tmp[2];

30

31 eval_NURBSCurveDeriv(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

32 // \gamma'(t)

33 return 0.5/M_PI * eval_NURBSComb(Data_Basis,wcoeffs,t) * norm(tmp);

34 }

35

36

37 double eval_Vpsi(NURBSData* Data_Gamma,double* wcpoints1_gam,

38 double* wcpoints2_gam,NURBSData* Data_Basis,double* wcoeffs,

39 QuadData* Data_Gauss,QuadData* Data_LogGauss,double s){

40

41 double a=get_NURBSData_a(Data_Gamma);

42 double* nodes=get_NURBSData_nodes(Data_Basis);

43 int n=get_NURBSData_n(Data_Basis);

44 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

45 double* weights_gauss=get_QuadData_weights(Data_Gauss);

46 int n_gauss=get_QuadData_n(Data_Gauss);

47 double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);
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48 double* weights_loggauss=get_QuadData_weights(Data_LogGauss);

49 int n_loggauss=get_QuadData_n(Data_LogGauss);

50 int j,q;

51 double output=0;

52 double x_ch_jm1,x_ch_j,h_j; // \check{x}_{j−1},\check{x}_j,h_j
53 double intpoint;

54

55 for (j=1;j<=n;j=j+1){

56 if (j==1) {x_ch_jm1=a;} else {x_ch_jm1=nodes[j−2];}
57 x_ch_j=nodes[j−1];
58 h_j=x_ch_j−x_ch_jm1;
59 if ((x_ch_jm1>s) || (x_ch_j<s)){

60 for (q=0;q<n_gauss;q=q+1){

61 intpoint = x_ch_jm1 + h_j * nodes_gauss[q];

62 output += h_j * weights_gauss[q]

63 * Integrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

64 Data_Basis,wcoeffs,s,intpoint,1);

65 }

66 }else{

67 // smooth integrals

68 for (q=0;q<n_gauss;q=q+1){

69 // first integral

70 intpoint = s − (s − x_ch_jm1) * nodes_gauss[q];

71 output += (s − x_ch_jm1) * weights_gauss[q]

72 * Integrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

73 Data_Basis,wcoeffs,s,intpoint,

74 nodes_gauss[q]);

75

76 //second integral

77 intpoint = s + (x_ch_j − s) * nodes_gauss[q];

78 output += (x_ch_j − s) * weights_gauss[q]

79 * Integrand_V_smooth(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

80 Data_Basis,wcoeffs,s,intpoint,

81 nodes_gauss[q]);

82 }

83 // log integrals

84 for (q=0;q<n_loggauss;q=q+1){

85 // first integral

86 intpoint = s − (s − x_ch_jm1) * nodes_loggauss[q];

87 output += (s − x_ch_jm1) * weights_loggauss[q]

88 * Integrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

89 Data_Basis,wcoeffs,intpoint);

90

91 //second integral

92 intpoint = s + (x_ch_j − s) * nodes_loggauss[q];

93 output += (x_ch_j − s) * weights_loggauss[q]

94 *Integrand_V_log(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

95 Data_Basis,wcoeffs,intpoint);

96 }

97 }

98 }

99 return output;

100 }
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101

102

103 double Integrand_K(NURBSData* Data_Gamma,double* wcpoints1_gam,

104 double* wcpoints2_gam,double s,double t){

105

106 double g_nu[2]; // \check{g}(t)|\gamma'(t)|\nu(\gamma(t))

107 double s_hat[2]; // \gamma(s)

108 double t_hat[2]; // \gamma(t)

109 double tmp[2];

110 eval_NURBSCurve(s_hat,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

111 eval_NURBSCurve(t_hat,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

112

113 eval_NURBSCurveDeriv(tmp,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

114 // \gamma'(t)

115 g_nu[0] = g(t_hat) * tmp[1];

116 g_nu[1] = −g(t_hat) * tmp[0];

117 tmp[0] = s_hat[0] − t_hat[0]; // \gamma(s)−\gamma(t)
118 tmp[1] = s_hat[1] − t_hat[1];

119 return 0.5 * (tmp[0]*g_nu[0] + tmp[1]*g_nu[1]) / (M_PI*norm(tmp))

120 /norm(tmp);

121 }

122

123

124 double eval_F(NURBSData* Data_Gamma,double* wcpoints1_gam,

125 double* wcpoints2_gam,NURBSData* Data_Basis,

126 QuadData* Data_Gauss,double s){

127

128 double a=get_NURBSData_a(Data_Gamma);

129 double* nodes=get_NURBSData_nodes(Data_Basis);

130 int n=get_NURBSData_n(Data_Basis);

131 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

132 double* weights_gauss=get_QuadData_weights(Data_Gauss);

133 int n_gauss=get_QuadData_n(Data_Gauss);

134 int j,q;

135 double output=0;

136 double x_ch_jm1,x_ch_j,h_j;

137 // \check{x}_{j−1},\check{x}_j,h_j
138 double intpoint; // integration point

139 double s_hat[2]; // \gamma(s)

140 eval_NURBSCurve(s_hat,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

141

142

143 // calculation of Kg(\gamma(s))

144 for (j=1;j<=n;j=j+1){

145 if (j==1) {x_ch_jm1=a;} else {x_ch_jm1=nodes[j−2];}
146 x_ch_j=nodes[j−1];
147 h_j=x_ch_j−x_ch_jm1;
148

149 if ((x_ch_jm1>s) || (x_ch_j<s)){

150 for (q=0;q<n_gauss;q=q+1){

151 intpoint = x_ch_jm1 + h_j * nodes_gauss[q];

152 output += h_j * weights_gauss[q] * Integrand_K(

153 Data_Gamma,wcpoints1_gam,wcpoints2_gam,s,intpoint);
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154 }

155 }else{

156 for (q=0;q<n_gauss;q=q+1){

157 // first integral

158 intpoint = s − (s − x_ch_jm1) * nodes_gauss[q];

159 output += (s − x_ch_jm1) * weights_gauss[q] * Integrand_K(

160 Data_Gamma,wcpoints1_gam,wcpoints2_gam,s,intpoint);

161 //second integral

162 intpoint = s + (x_ch_j − s) * nodes_gauss[q];

163 output += (x_ch_j − s) * weights_gauss[q] * Integrand_K(

164 Data_Gamma,wcpoints1_gam,wcpoints2_gam,s,intpoint);

165 }

166 }

167 }

168 return output + g(s_hat)*0.5;

169 }

170

171

172 double SquareIntegrand_P(NURBSData* Data_Gamma,double* wcpoints1_gam,

173 double* wcpoints2_gam,NURBSData* Data_Basis,

174 double* weighted_c,QuadData* Data_Gauss_V,

175 QuadData* Data_LogGauss_V,QuadData* Data_Gauss_F,

176 double s,double t){

177

178 double tmp1[2];

179 double tmp2[2];

180 double diff_gam[2]; // gamma(s)−gamma(t)
181 double diff_Res; // \check{r}_h(s)−\check{r}_h(t)
182

183 eval_NURBSCurve(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

184 // gamma(s)

185 eval_NURBSCurve(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

186 // gamma(t)

187 diff_gam[0] = tmp1[0] − tmp2[0];

188 diff_gam[1] = tmp1[1] − tmp2[1];

189 diff_Res = eval_Vpsi(Data_Gamma,wcpoints1_gam,wcpoints2_gam,Data_Basis,

190 weighted_c,Data_Gauss_V,Data_LogGauss_V,s)

191 −eval_F(Data_Gamma,wcpoints1_gam,wcpoints2_gam,Data_Basis,Data_Gauss_F,s)
192 −eval_Vpsi(Data_Gamma,wcpoints1_gam,wcpoints2_gam,Data_Basis,weighted_c,
193 Data_Gauss_V,Data_LogGauss_V,t)

194 +eval_F(Data_Gamma,wcpoints1_gam,wcpoints2_gam,Data_Basis,Data_Gauss_F,t);

195 eval_NURBSCurveDeriv(tmp1,Data_Gamma,wcpoints1_gam,wcpoints2_gam,s);

196 // gamma'(s)

197 eval_NURBSCurveDeriv(tmp2,Data_Gamma,wcpoints1_gam,wcpoints2_gam,t);

198 // gamma'(t)

199 return pow(diff_Res/norm(diff_gam),2)* norm(tmp1)*norm(tmp2);

200 }

201

202

203 void build_Faer1Estimator(double* output,NURBSData* Data_Gamma,

204 double* wcpoints1_gam,double* wcpoints2_gam,

205 NURBSData* Data_Basis,double* weighted_c,

206 QuadData* Data_Gauss,QuadData* Data_Gauss_V,
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207 QuadData* Data_LogGauss_V,QuadData* Data_Gauss_F){

208

209 double a=get_NURBSData_a(Data_Gamma);

210 double* nodes_gam=get_NURBSData_nodes(Data_Gamma);

211 int n_gam=get_NURBSData_n(Data_Gamma);

212 double* nodes=get_NURBSData_nodes(Data_Basis);

213 int n=get_NURBSData_n(Data_Basis);

214 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

215 double* weights_gauss=get_QuadData_weights(Data_Gauss);

216 int n_gauss=get_QuadData_n(Data_Gauss);

217 int j,q1,q2;

218 double x_ch_jm1,x_ch_j,x_ch_jp1;

219 // check{x}_{j−1}, check{x}_{j}, check{x}_{j+1} corresponding to nodes

220 // exceptionally we set check{x}_{n+1}=check{x}_1

221 double h_j,h_jp1; // h_j, h_{j+1}

222 double squareint1;

223 // 0.5 * \int\check{x}_{j−1}..\check{x}_j,\check{x}_{j−1}..\check{x}_j
224 double squareint2;

225 // \check{x}_{j−1}..\check{x}_j,\check{x}_j..\check{x}_{j+1}
226 double squareint3;

227 // 0.5 * \int\check{x}_j..\check{x}_{j+1},\check{x}_j..\check{x}_{j+1}

228 double intpoint1,intpoint2,Jdet;

229 double r_patch[n]; // |r_h|_{H^{1/2}(omega_h(x_j))}^2

230 int index; // help index

231

232 // calculation of |r_h|_{H^{1/2}(omega_h(x_j))}^2

233 // elements

234 for (j=1;j<=n;j=j+1) {

235 // nodes

236 if (j==1) {x_ch_jm1=a;} else {x_ch_jm1=nodes[j−2];}
237 x_ch_j=nodes[j−1];
238 if (j==n){x_ch_jp1=nodes[0];}else{x_ch_jp1=nodes[j];};

239 h_j=x_ch_j−x_ch_jm1;
240 if (j==n){h_jp1=nodes[0]−a;}else{h_jp1=x_ch_jp1−x_ch_j;}
241

242

243 // definition of squareints

244 if (j==1){

245 squareint1=0;

246 }else{

247 squareint1=squareint3;

248 }

249 squareint2=0; squareint3=0;

250

251 // quadrature

252 for (q1=0;q1<n_gauss;q1=q1+1) {

253 for (q2=0;q2<n_gauss;q2=q2+1) {

254 if (j==1){

255 // squareint1

256 intpoint1=x_ch_jm1+h_j*nodes_gauss[q1];

257 intpoint2 = x_ch_jm1

258 + h_j * nodes_gauss[q1] * (1 − nodes_gauss[q2]);

259 Jdet=nodes_gauss[q1];
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260 squareint1+=

261 h_j*h_j*weights_gauss[q1]*weights_gauss[q2]*Jdet

262 *SquareIntegrand_P(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

263 Data_Basis,weighted_c,Data_Gauss_V,

264 Data_LogGauss_V,Data_Gauss_F,

265 intpoint1,intpoint2);

266 }

267 // squareint2: first double integral

268 intpoint1=(x_ch_jp1−h_jp1)+h_jp1*nodes_gauss[q1];
269 intpoint2 = x_ch_jm1

270 +h_j*(1−nodes_gauss[q1]*nodes_gauss[q2]);
271 Jdet=nodes_gauss[q1];

272 squareint2+=

273 h_j*h_jp1*weights_gauss[q1]*weights_gauss[q2]*Jdet

274 *SquareIntegrand_P(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

275 Data_Basis,weighted_c,Data_Gauss_V,

276 Data_LogGauss_V,Data_Gauss_F,

277 intpoint1,intpoint2);

278 // squareint2: second double integral

279 intpoint1=+(x_ch_jp1−h_jp1)
280 +h_jp1*nodes_gauss[q1]*nodes_gauss[q2];

281 intpoint2 = x_ch_jm1+h_j*(1−nodes_gauss[q2]);
282 Jdet=nodes_gauss[q2];

283 squareint2+=

284 h_j*h_jp1*weights_gauss[q1]*weights_gauss[q2]*Jdet

285 *SquareIntegrand_P(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

286 Data_Basis,weighted_c,Data_Gauss_V,

287 Data_LogGauss_V,Data_Gauss_F,

288 intpoint1,intpoint2);

289

290 // squareint3

291 intpoint1=(x_ch_jp1−h_jp1)+h_jp1*nodes_gauss[q1];
292 intpoint2 = (x_ch_jp1−h_jp1)
293 +h_jp1 * nodes_gauss[q1] * (1 − nodes_gauss[q2]);

294 Jdet=nodes_gauss[q1];

295 squareint3+=

296 h_jp1*h_jp1*weights_gauss[q1]*weights_gauss[q2]*Jdet

297 *SquareIntegrand_P(Data_Gamma,wcpoints1_gam,wcpoints2_gam,

298 Data_Basis,weighted_c,Data_Gauss_V,

299 Data_LogGauss_V,Data_Gauss_F,

300 intpoint1,intpoint2);

301 }

302 }

303 r_patch[j−1] = 2*(squareint1+squareint2+squareint3);

304 }

305

306 // element based estimator

307 for (j=1;j<=n;j=j+1){

308 if (j==1){

309 output[j−1]=sqrt(r_patch[n−1]+r_patch[j−1]);
310 }else{

311 output[j−1]=sqrt(r_patch[j−2]+r_patch[j−1]);
312 }
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313 }

314 }

B.7. MEX files. All the codes of the previous subsections can be used in MATLAB with the
help of MEX. Here one example.

1 #include <mex.h>

2 #include "Spline.c"

3 #include "Vmatrix.c"

4

5

6 void mexFunction(int nlhs, mxArray* plhs[], int nrhs, const mxArray* prhs[]) {

7 double a=*mxGetPr(prhs[0]);

8 double* knots_gam=mxGetPr(prhs[1]);

9 double* weights_gam=mxGetPr(prhs[2]);

10 int p_gam=(int)*mxGetPr(prhs[3]);

11 double* nodes_gam=mxGetPr(prhs[4]);

12 int is_rational_gam=(int)*mxGetPr(prhs[5]);

13 double* cpoints_gam=mxGetPr(prhs[6]);

14 double* knots=mxGetPr(prhs[7]);

15 double* weights=mxGetPr(prhs[8]);

16 int p=(int)*mxGetPr(prhs[9]);

17 double* nodes=mxGetPr(prhs[10]);

18 int is_rational=(int)*mxGetPr(prhs[11]);

19 double* nodes_gauss=mxGetPr(prhs[12]);

20 double* weights_gauss=mxGetPr(prhs[13]);

21 double* nodes_loggauss=mxGetPr(prhs[14]);

22 double* weights_loggauss=mxGetPr(prhs[15]);

23 double* output;

24 int l;

25

26 int N_gam=mxGetM(prhs[1]);

27 int n_gam=mxGetM(prhs[4]);

28 int N=mxGetM(prhs[7]);

29 int n=mxGetM(prhs[10]);

30 int n_gauss=mxGetM(prhs[12]);

31 int n_loggauss=mxGetM(prhs[14]);

32 double b;

33 int multb=0; // #b

34 NURBSData* Data_Basis;

35 NURBSData* Data_Gamma;

36 QuadData* Data_Gauss;

37 QuadData* Data_LogGauss;

38 double wcpoints1_gam[N_gam];

39 double wcpoints2_gam[N_gam];

40

41 b=knots[N−1];
42 while (nearly_equal(knots[N−multb−1],b)) {

43 multb=multb+1;

44 if (multb==N){break;}

45 }
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46 plhs[0]=mxCreateDoubleMatrix(N−multb+1+p,N−multb+1+p,mxREAL);
47 output=mxGetPr(plhs[0]);

48

49 if (is_rational_gam==0){

50 for (l=0;l<N_gam;l=l+1){

51 wcpoints1_gam[l]=cpoints_gam[0+2*l];

52 wcpoints2_gam[l]=cpoints_gam[1+2*l];

53 }

54 }else{

55 for (l=0;l<N_gam;l=l+1){

56 wcpoints1_gam[l]=weights_gam[l]*cpoints_gam[0+2*l];

57 wcpoints2_gam[l]=weights_gam[l]*cpoints_gam[1+2*l];

58 }

59 }

60

61 Data_Basis=new_NURBSData(a,knots,N,weights,p,nodes,n,is_rational);

62 Data_Gamma=new_NURBSData(a,knots_gam,N_gam,weights_gam,p_gam,nodes_gam,

63 n_gam,is_rational_gam);

64 Data_Gauss=new_QuadData(nodes_gauss,weights_gauss,n_gauss);

65 Data_LogGauss=new_QuadData(nodes_loggauss,weights_loggauss,n_loggauss);

66

67 build_Vmatrix(output,Data_Gamma,wcpoints1_gam,wcpoints2_gam,Data_Basis,

68 Data_Gauss,Data_LogGauss);

69

70 Data_Basis=del_NURBSData(Data_Basis);

71 Data_Gamma=del_NURBSData(Data_Gamma);

72 Data_Gauss=del_QuadData(Data_Gauss);

73 Data_LogGauss=del_QuadData(Data_LogGauss);

74 }

B.8. markElements.m. This file implements Dörfler marking.

1 function marked = mark_Elements(indicators,theta)

2 % input:

3 % indicators...column vector of error indicators

4 % theta...constant for Doerfler marking

5 % output:

6 % marked...column vector of indices of marked elements

7

8

9 if theta<1

10 [indicators_tmp,tmp] = sort(indicators,'descend');

11 sum_indicatorssq = cumsum(indicators_tmp.^2);

12 index = find(sum_indicatorssq >= (sum_indicatorssq(end)*theta),1);

13 marked = sort(tmp(1:index));

14 else

15 marked=(1:length(indicators))';

16 end

B.8.1. refine_BoundaryMesh.m. Here, refinement of the marked elements is implemented.
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1 function [knots_fine,weights_fine]=refine_BoundaryMesh(a,knots,weights,...

2 p,marked,kappa_max)

3 % input:

4 % a...left interval boundary of [a,b]

5 % knots...column vector of knots in (a,b],

6 % where kappa(\check{\mathcal{T}})<=kappa_max

7 % weights...column vector of positive weights corresponding to knots

8 % marked...column vector with indices of marked elements

9 % kappa_max...maximal allowed mesh constant

10 % output:

11 % knots_fine...column vector of refined knots (via knot insertion),

12 % where kappa(\check{\mathcal{T}}_fine)<=kappa_max, at least all

13 % marked elements are

14 % refined, no element is refined more than one time

15 % weights_fine...column vector of new weights corresponding to knots_fine

16 % comments:

17 % we assume that

18 % −) number of knots N<=p+1

19 % −) number of nodes n>=4

20

21 b=knots(end);

22

23 % start data

24 weights_current=weights;

25 knots_current=knots;

26 N_current=length(knots_current);

27 nodes_current=unique(knots_current);

28 n_current=length(nodes_current);

29 nodes0_current=[a;nodes_current];

30 marked_current=marked; % marked elements of current mesh

31

32 % loop, in each step one refinement

33 while ∼isempty(marked_current)
34 refine=marked_current(1); % element to be refined

35 l=find(knots_current==nodes_current(refine),1);

36 % marked element = [t_{l−1},t_l]
37 t_lm1=knotseq(a,knots_current,l−1);
38 t_l=knotseq(a,knots_current,l);

39

40 % length of first marked element and its neighbours

41 if (refine ∼= 1)

42 h_ch_left=nodes0_current(refine)−nodes0_current(refine−1);
43 else

44 h_ch_left=b−nodes0_current(n_current);
45 end

46 h_ch=nodes0_current(refine+1)−nodes0_current(refine);
47 if (refine ∼= n_current)

48 h_ch_right=nodes0_current(refine+2)−nodes0_current(refine+1);
49 else

50 h_ch_right=nodes0_current(2)−a;
51 end

52
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53 % mark neighbours of first marked element if necessary

54 % to guarantee kappa<=kappa_max (+1e−15)
55 if max((h_ch/2)/h_ch_left,h_ch_left/(h_ch/2))>(kappa_max+1e−15)
56 marked_current=unique([refine−1+n_current*(refine==1);...
57 marked_current]);

58 end

59 if max((h_ch/2)/h_ch_right,h_ch_right/(h_ch/2))>(kappa_max+1e−15)
60 marked_current=unique([marked_current;...

61 refine+1−n_current*(refine==n_current)]);
62 end

63

64 % refine element

65 t_pr=(t_lm1+t_l)/2; % t'

66 weights_tmp=zeros(N_current+1,1); % w'''

67 weights_tmp(1:(l−p))=weights_current(1:(l−p));
68 for i=max(1,(l+1−p)):l
69 t_im1=knotseq(a,knots_current,i−1);
70 t_im1pp=knotseq(a,knots_current,i−1+p);
71 if t_im1<t_im1pp

72 beta=(t_pr−t_im1)/(t_im1pp−t_im1);
73 else

74 beta=0;

75 end

76 weights_tmp(i)=(1−beta)*weights_current(i−1+N_current*(i==1))...
77 +beta*weights_current(i);

78 end

79 weights_tmp((l+1):(N_current+1))=weights_current(l:N_current);

80 weights_current(1:min(N_current+1,l+N_current+1−p))=...
81 weights_tmp(1:min(N_current+1,l+N_current+1−p));
82 for i=(l+N_current+2−p):(N_current+1)
83 t_im2=knotseq(a,knots_current,i−2);
84 t_im2pp=knotseq(a,knots_current,i−2+p);
85 if t_im2<t_im2pp

86 beta=(t_pr+b−a−t_im2)/(t_im2pp−t_im2);
87 else

88 beta=0;

89 end

90 weights_current(i)=(1−beta)*weights_tmp(i−1)...
91 +beta*weights_tmp(i);

92 end

93

94 % update data

95 knots_current=[knots_current(1:(l−1));t_pr;knots_current(l:end)];
96 N_current=N_current+1;

97 nodes_current=unique(knots_current);

98 n_current=length(nodes_current);

99 nodes0_current=[a;nodes_current];

100 marked_current=[marked_current(marked_current<refine);...

101 1+marked_current(marked_current>refine)];

102 end

103 knots_fine=knots_current;

104 weights_fine=weights_current;

105 end
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106

107 function output=knotseq(a,knots,i)

108 % returns t_i

109 b=knots(end);

110 N=length(knots);

111 if (mod(i,N) ∼= 0)

112 output=knots(mod(i,N))+(b−a)*floor(i/N);
113 else

114 output=a+(b−a)*floor(i/N);
115 end

116 end
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